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The Orlik-Solomon algebra of a hyperplane arrangement first appeared from
the Brieskorn and Orlik-Solomon theorems as the cohomology of the complement
of this arrangement (if the ground field is complex). Later, it was discovered that
_this algebra plays an important role in many other problems. In particular, define
the cohomology of an Orlik-Solomon algebra as that of the complex formed by
its homogeneous components with the differential defined via multiplication by
an element of degree one. Cohomology of the Orlik-Solomon algebra is mostly
studied in dimension one, and very little is known about the higher dimensions.

We study this cohomology in higher dimensions.
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CHAPTER I
INTRODUCTION

The theory of hyperplane arrangements is an area of mathematics with ap-
plications in algebra, combinatorics, topology, analysis (hypergeometric functions),
and physics (KZ-equations). The allure of hyperplane arrangements lies both in
the straightforward definitions needed to begin studying the topic but, more impor-
tantly, in the ability to pose interesting, yet understandable, problems and examples.
We therefore begin our discussion with two motivating examples.

EXAMPLE 1.1. 1t is not a difficult task to determine that removing n distinct
points from the real line leaves n+1 regions. However, by raising the dimension just
one, determining the number of regions which remain in the plane after removing n
lines is dependent on the [ines themselves and not merely n. For instance, removing
the collection of lines in R? given by {z = 0,y = 0,z +y = 0} leaves 6 regions. But
the collection {z = 0,y = 0,z +y = 1} leaves 7 regions when removed from the
plane. This question, of course, can be raised to any dimension: given a collection of
codimension one affine spaces in R?, how many regions are left when this collection
is removed from R¢?

In Example 1.1, we considered a finite collection of affine subspaces of codimen-
sion one in RY. More generally, we can take F' to be be any field and define the
same notion.

DEFINITION 1.2. Let F be a field. A hyperplane is an affine subspace of
codimension one in F*t. A hyperplane arrangement in F* is a finite collection of

hyperplanes in F¢, written A = {H,... ,Hy}.
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EXAMPLE 1.3. We now switch our attention to an arrangement of hyper-
planes in C®. In Example 1.1, we considered the space obtained by removing the
hyperplanes from R?. Similarly, we define the complement space M := C* VU H.
Momentarily, let £ == 1 and we see the hyperplanes of C are points in the complex
plane (the hyperplanes have complex codimension one); hence, M is path connected.
In general, for any hyperplane arrangement in C¢ with £ > 1, we have M is a path
connected space. So, the question of the number of connected components of M is a
trivial gquestion. However, one can consider the cohomology algebra with coefficients
in a commutative ring K, denoted H* (M, K) and ask the question: can H*(M,K)
be represented by generators and relations related to the collection of hyperplanes?

Allowing Example 1.1 to guide and motivate us, it is apparent the intersections
of the hyperplanes play an important role as to the number of components of the
complement space; in fact, the pattern of intersections of the hyperplanes is the
determining factor. It is also apparent in Example 1.3 that the pattern of inter-
sections of the hyperplanes is pivotal to understanding A*(M,K). Encoding the
pattern of intersections of the hyperplanes in a combinatorial object is the purpose
of the following definition, given first by Zaslavsky in [14].

DEFINITION 1.4. Let A be an arrangement of hyperplanes in V = F£. We
define the partially ordered set L{.A) with objects given by NyepH for B C A and
NuepH # U; order the objects of L(A) opposite to inclusion. Notice § C A gives
Ve L(A) with V < X for all X € L(A). For X € L{A), we define rank(X) :=
codim X. We define rank(A) := maxxe () rank(X).

In Example 1.3, we considered the complement of the hyperplanes in C¢ and
denoted this space M. The problem of expressing H* (M, K) in terms of generators
and relations was first studied by Arnold [2] in the case A was the braid arrangement

and K = C; that is, A was the collection of hyperplanes {z; —z;: 1 <¢ < j </{}.
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This problem was later studied by Brieskorn 4] for an arbitrary arrangement. Orlik
and Solomon [11] have found a purely algebraic characterization of H* (M, K).

These results can be briefly summarized as follows. An algebra A(A) (referred
to as the Orlik-Solomon algebra) over K is constructed in terms of generators and
relations using only L({.A). This is a graded algebra with A(A) = H*(M, K). Hence,
in Example 1.3, H*(M, K) can be determined by L{A).

The Orilik-Solomon algebra A(A) can also be used to answer the question posed
in Example 1.1. Zaslavsky has proven in [15] for a hyperplane arrangement in R?,
the number of regions of the complement space is the sum of the dimensions of the
homogeneous components of A(A); that is, Zf:l dim A; (A}

The answers to the questions posed in Example 1.3 and Example 1.1 are impor-
tant results in that topological invariants of the complement space were expressed
in term of combinatorics. Indeed, a central question in the theory of hyperplane
arrangements is the problem of expressing topological invariants of the complement
space in terms of combinatorics. In this manner, it is a natural question then to
consider a generalization of H*(M, K} to cohomology with local coefficients.

For a € A;(A), one can define a local coefficient system L{a). It turns out that
H*(M, L{a)) relates closely to the cohomology of the Orlik-Solomon algebra. The
connection between H*(M, L{a)) and the cohomology of the Orlik-Solomon algebra,
has been studied in many papers, for instance (§].

The cohomology of the Orlik-Solomon algebra is defined below. For a hyper-
plane arrangement A = {Hy,...,H,}, we let {a; : H; € A} denote a basis for
A1(A). This basis is discussed in Chapter III.

DEFINITION 1.5. We construct a cochain complex on the graded linear space
A(A) as follows. Let a € 4;(A) with a = Z’\iai for A; € K. Multiplication by

i=1
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a giving the differential dy, : Ax(A)——= A 1(A) forms a complex (A(A),a). The
cohomology of this complex is said to be the cohomology of the Orlik-Solomon
algebra and is denoted H*(A(A),a).

Recently, there have been many results concerning dim H 1(A(A)_,a). In the
case char KC = 0, it has been shown in [8] that dim H*(A4(A), a) can be determined
by a particular set of elements from L{A). |

However, little is known about the higher dimensions HP{A(A),a) for p > 1
[13], and this is what our work is devoted to.

Here is an outline of the thesis.

We begin Chapter 11 by discussing basic constructions and notions of arrange-
ments. We define some of them here as these definitions are needed for the state-
ments of the main theorems.

DEFINITION 1.6. A hyperplane arrangement A is central if Nge 4 H # 0.

DEFINITION 1.7. Let A; be an arrangement in ¥; = F* and let Ay be an

arrangement in V3 = F*. Let V = V; @ V4. Define the product arrangement by
A X.Azz{Hl & Vy: Hy EA1}U{V1 e H,: Hy & Vz}.

DEFINITION 1.8. Let A be an arrangemént in V. We say A is reducible if it
is linearly isomorphic to a product of two nontrivial arrangements.

In Chapter 111, the Orlik-Solomon algebra is defined. The definition of A(A) is
presented here as can be found in [12].

DEFINITION 1.9. Let A = {H,,..., Hn_} be a hyperplane arrangement in V =
F* for some field F. We fix an order on A; that is, for hyperplanes H; and H 4 in

A, we have H; < H; if and only if i < j.




5
Let K be a commutative ring. Let F; be the linear space over X on n generators.

Let E(A) := A(E1) be the exterior algebra on E;. We have E(A4) = EBEP is a

pz0
graded algebra over K. The standard K-basis for £ is given by

e - e, 1< <. <dp <p

Any ordered subset S = {H; , ..., H; } of A corresponds to an element es := ¢;, ---¢;
in E(A).
DEFINITION 1.10. We

]

efine the map 3 : E(A) — F(A) via the usual

=y

differential. That is,

(1) =0,
3(61) ::1,
P
and for p > 2, O(e;, -+ -e,) = Z(—l)k_leil sy €y
k=1

DEFINITION 1.11. Let S = {If;,,.., H; } be a subset of A We say S is
dependent if NS £ § and rank(NS) < |S]. '
DEFINITION 1.12. We define I{.4) to be the ideal of E(.A) which is generated
by
{d{eg) : S is dependent } U{es: NS =0}

DEFINITION 1.13. The Orlik-Solomon algebra, A(A), is defined as
A(A) .= E(A)/I(A).

Let #: E(A) — A(A) be the canonical projection. We write ag to represent the
image of eg under 7.
In Chapter III, a linear basis for A{A) is defined. We show this basis can be

obtained as normal forms to a Grébner basis for I(A). We give conditions for when
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I{A) has a quadratic Grobner basis; this is dependent not only on A but on the
order of the hyperplanes in .A. In this case, we say A is quadratic with respect to
the order.

In the last section of Chapter I1I, we define the cohomology of the Orlik-Solomon
algebra (see Definition 1.5) and recall some results. For a central hyperplane ar-
rangement A and 3. ; Ma; with >0 Ay # 0, we have H*(A(A), a) = 0, see [13].
Therefore, we may assume for A central that Z?:l A =0

For char K = 0, it has been shown in [8] that dim H'{A(A),a)} is determined
by the set

X(a) = {X € L{A) : rank(X) =2,|X| > 2, Z A =0, Z Aa; # 0}

Hi<X H<X
It would be interesting to know whether dim HP{A{A), a) is determined combi-
natorially and, if so, whether X' (a) determines dim HP(A(A), a) for any p. Towards
this end, we proceed by determining when H*(A(A),a) = 0.
This problem is a particular case of a more general problem of skew commutative
algebras, i.e. studying modules over an exterior algebra E, see [1]. If M is such a

module, then a € E; is said to be regular on M if and only if
H*(M,a) = {z € M; az =0}/aM = 0;

otherwise, a is said to be singular. The set of all singular elements is called a singular
variety of M, denoted Sing(M). So we will compute Sing{ A{A)) as E(A)-modules.

In Chapter IV, we let X = R or C and establish a necessary and sufficient condi-
tion for H*(A(A),a) = 0. We show H*(A(A),a) = 0 if and only if H*(A(A),a) =0,
where rank(A) = ¢. The following theorem, which is one of the main results of this

paper, gives a necessary and sufficient condition for H¢(A(A),a) = 0.



THEOREM 4.3.11. Let 4 be an affine f-arrangement. We may write
A=A x Ay x--- x A X B,

where A; are each central and B not central and they contain no proper central
factors. Let a € A1(A). We have dim H*(A(A),a)} # 0 if and only if Ymea, Ni=0
for all j.

In Chapter V, we need more definitions (see the chapter for more details).
In particular, we deal with a famous class of arrangements called supersolvable
arrangements. We define supersolvable arrangements here, see §2.2 and §3.2 for

examples and some equaivalent definitions.
Assume A is central. A pair (X,Y} € L(A) x L(A) is called a modular pair if
forall Z € L{A) with Z <Y

ZV(XAYY=(ZVX)ANY.

An element X € L(A) is called modular if (X,Y"} is a modular pair for all Y € L{.A).

We call A supersolvable if L(.4) has a maximal chain of modular elements
V:X0<X1<-"<Xg‘—=ﬂH€AH.

If A is supersolvable, we say the order on the hyperplanes respects the super-

solvable structure if for a maximal modular chain
V=Xg<Xi1<---<Xp=NgeaH

in L(A) we have
1. X, is the smallest hyperplane, i.e. X; = Hy
2. For ¢ > 1, we have X; = ﬂ;‘;IHj and if a hyperplane H < X; then H ¢
{Hi1,...,H.}.
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For A supersolvable, if the order respects the supersolvable structure then the
respective Grobner basis is quadratic. We use this characterization throughout
Chapter V. The following is an assumption maintained thoughout Chapter V.

CONDITION A. Let A be a hyperplane arrangement with NI H,; # 0, and
assume A is supersolvable. Fix X € L(A) with rank(X) = 2 and X a member of a
maximal modular chain in L{A4}. Fix an order on the hyperplanes so that the order
respects the supersolvable structure.

We consider @ € Ai(A) so @ = 3 4 _x Aig;. Again, we assume ¢ # 0 and
o A = 0. We call such an @ concentrated under X.

We show dim H*(A(A), a) is determined combinatorially by another main result
of this paper.

THEOREM 5.1.11. Let A and X € L{A) be as in Condition A. Let 0 #
a € A1(A) be concentrated under X. Then we can compute the Hilbert series for
H*(A(A), a) in terms of the Hilbert series for A(A) as follows:

H(H™(A(A), a),t) = T—i_(%%

H(A(A), t).

In §5.2, we study the kernel, Z(a) = ©.7;(a), of the chain complex (A{A), a) as
an ideal of A(A). We do this with the idea in mind that if Zy(a) = Ax(A) - Z1(a),
then X'(a) together with dim Ag(A) will determine dim Zi(a). We show in the case
A and X € L(A) satisfy Condition A with a concentrated under X, this result
holds, except for the top dimension. This is given in the following result.

THEOREM 5.2.9. Suppose A and X € L(2, A) satisfy Condition A. Suppose
£> 3. Let a € A1(A) be a nonzero element concentrated under X. We have Zi(a)
is generated by Zi(a) for k < £. _

In Chapter VI, we study dim H2(A(A),a). We let char X = 0 and use the

description of dim H!(A(A),a) in terms of X(a) as given in [8]. We begin by
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studying H%(A(A), a) for rank({.A) = 3. To do this, we demonstrate a relationship
between Z;(a) and Zs(a). In particular, we prove
THEOREM 6.1.15. Let A be a central rank three hyperplane arrangement. We

have
dim Zy(a) = dim Z;{a) + |{7jk: 1 < j < k < n,rank(H, N H; N Hy) = 3 for o < j}|.

We then use this description to study H*(A(A),a) for rank.4 > 3. For X
L{A) and a € A1(A), we define a(X) = 3 5 . x Aai. Similar to the definition of
X (a), we define the set '

S(a) :={X € L(A); rank(X) = 3,1X| >3, > X =0,a(X) # 0}.
Hi<X

In determining dim Z (a), it is said that &X(a) is affine to describe a particular
situation. In particular, X(a) affine means dim Z;(a) may be greater than one;
whereas, X'(a) is not affine means dim Z;(a) = 1.

THEOREM 6.2.9. Let Abe a central hyperplane arrangement. Let a,b € A,(A)

with

n ™
a = E Ajai, b= E 0.
i=1 i=1

Suppose z’“: A= Zn: o; = (. In addition, suppose the following criteria are satisfied:
1. We have S(a) = S(b).
2. We have X{a) = X(b).
3. For X € L(A)\ 8(a) with rank(X) = 3, we have a{X) = H(X) =0.
4. For X € S(a) = S(b), we have X (a(X)) is affine (hence, X'(b(X))} is affine).
Then dim H?{a) = dim H?(b).
We give plenty of examples in Chapter VI which demonstrate the various results

of the chapter.
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CHAPTER 1I
AN ARRANGEMENT OF HYPERPLANES AND ITS LATTICE

In this chapter, we define an arrangement of hyperplanes and a partially ordered
set associated to an arrangement. In §2.1, we define an arrangement of hyperplanes
and discuss some basic constructions. We show that coning and deconing are mutu-
ally inverse. In §2.2, we discuss the combinatorics of a hyperplane arrangement by
defining the partially ordered set L(A). We discuss properties of L(A) and consider
L{A) for product arrangements.

We establish the following conventional notations to be used throughout this
paper. Let F be a field. Let V = F? be a finite dimensional linear space over F.
Let V* be the dual space of V.

§2.1 Arrangements of Hyperplanes

In this section, basic constructions such as products of arrangements, deletion
" and restriction, and coning and deconing are discussed, see [12].

DEFINITION 2.1.1. A hyperplane is an affine subspace in V of codimension
one. A hyperplane arrangement is a finite collection of hyperplanes in V. For a
hyperplane arrangement, we write 4 = {Hq,... ,H,}, with hyperplanes H; C V.
We write [A] = n.

DEFINITION 2.1.2. An arrangement A = {H,,... , H,} is central if NH; # §.
We call an arrangement A = {Hy,... ,H,} affine if either NH; # § or NH; = 0.

Fix a basis {z1,... ,x¢} for V* over F. Let S be the symmetric algebra of V.

Choose a basis {e1,... ,e¢} in V and let {x4,...,2¢} be the dual basis in V* so that
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zi(e;) = 8;;. We may identify S with the polynomial algebra in £ indeterminants
over F, that is, S = F(zq,...,z¢. BEach hyperplane H € A is the kernel of a
polynomial oy of degree one defined up to a constant.

DEFINITION 2.1.3. A defining polynomial of A is Q(A) = [y 4 0H-

EXAMPLE 2.1.4. Let A be the arrangement given by Q(A) = z1 - - - x5. We
call A the Boolean arrangement. Note that A is central.

EXAMPLE 2.1.5. Let Q(A) = [[cicj<e(ri — 7;). We call A the Braid ar-

rangement. Note that A is central with the intersection of the hyperplanes given

EXAMPLE 2.1.6. Let I' be a finite field of g elements. We can consider the
arrangement given by A = {all hyperplanes of F* which pass through the origin}.

EXAMPLE 2.1.7. Let Q(A) = zy(z + y -+ 1). We have that .4 is an affine
arrangement which is not central.

DEFINITION 2.1.8. Let A; be an arrangement in Vi, and let A be an ar-

rangement in Va. Let V = V] @ V,. Define the product arrangement by
Al x Ay = {Hl@Vzt H; EAI}U{V& G Hy: Hy E‘/z}

DEFINITION 2.1.9. Let .A be an arrangement in V. We say A is reducible if,
after a change of coordinates, (A4, V) = (A1 x Ay, V1 @ V;). Equivalently, after a
linear change of variables if necessary, J(A;) and Q(A2) have no common variables.
In this case, we write A = A4; X As.

EXAMPLE 2.1.10. The Boolean arrangement Q(A) = x1 - - - 24 is a product of
{ arrangements Q(A;) = z;.

We now define deletion and restriction. This construction takes an arrangement

A, fixes a hyperplane Hy € A, and then forms two arrangements A" and A" with
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the result |A'[,}A”| < |A|. Because |A’|,|A”| < | A}, deletion and restriction is an
important construction which allows one to induct on [A].
DEFINITION 2.1.11. Let A be an arrangement in V = F¢. Let Hy € A. We

define the arrangements
A'={H: He A\ Ho} in V,and

.AH:{HoﬂH: HEA&HdHﬂH@#@} -IIIHQ%FE‘-I.

EXAMPLE 2.1.12. Let Q(A) = zy(z +y + 2}(2z +y + 2)z. Fix Hy to be given
by z = 0. We have A" is given by Q(A") = y{z + y+ 2)(2z + y + 2)z, and A" is
given by Q(A") = y(y + 2)z in {xe = 0}. Notice Hy N H may equal Hy N K for
hyperplanes H # K.

We now discuss two operations; one operation (coning) will take an affine ar-
rangement to a central arrangement. The other operation (deconing) will take a
central arrangement to an affine arrangement. These operations are inverse to each
other. We begin by discussing deconing; this will take a central arrangement in F*
to an affine arrangement in F* 1.

DEFINITION 2.1.13. Let A be a central arrangement in F*. We define the
deconed arrangement dA in F¢~'. Fix Hy € A. Choose coordinates so that Hy =
Ker(zg). Let Q(A) € Flzg,x1,. ..,z be a defining polynomial for A. The defining
polynomial Q(dA) is obtained by substituting 1 for z¢ in Q(A).

.LEMMA 2.1.14. Let A be an arrangement given by Q(A) = [[ a:. Fix Hy € A.
Let ag = 0 be an equation for Hy. The deconed arrangement, d.A, is equivalent up
to linear isomorphism to the arrangement in Hy := {ag = 1} given by {H; N Hy :
H; € A\ {Ho}}.

PROOF. By Definition 2.1.13, d A is found by a linear change of coordinates via

oq — g then substituting zo = 1 into Q(.A). This is equivalent (up to the change
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of coordinates) as intersecting the hyperplanes H; € A\ {Hp} with the space given
by {ag=1}. 8

EXAMPLE 2.1.15. Let A be given by Q(A} = zy{z + y}z. By deconing about
the hyperplane given by y = 0, we obtain Q(dA) = z(z + 1)z, an arrangement
which is not central. However, if we decone about the hyperplane given by z = @,
we obtain Q{dA) = zy(z + y), a central arrangement.

REMARK 2.1.16. Example 2.1.15 demonstrates the deconed arrangement de-
pends upon the choice of hyperplane about which one decones.

DEFINITION 2.1.17. Let f,g € K[zy,... ,z¢l. We define f homogenized about,
the factor g to be f := g8 f(x,/g,... ,zs/q).

EXAMPLE 2.1.18. Let f = z(y + 1). We have f homogenized about z given
by 2(y + z). Moreover, f homogenized about z — 1 is given by z(y + z — 1).

DEFINITION 2.1.19. Let A be an affine arrangement in F¥. We define the
central arrangement, cA, in F®*! as follows. Let Q' € Flzg,x1,...,z¢ be the
polynomial Q{A) homogenized about the factor zo, and define Q(cA) = zoQ'.
Note that |cA} = |A| + 1.

LEMMA 2.1.20. Let A be an arrangement given by Q(4). As in Definition
2.1.19, consider the arrangement cA. Let {e1,...,es} be a basis for V over F.
Consider F**! with the basis {eg, e1,-.. ,es}. Let Hp be a hyperplane in F*+! with
defining equation ag = 0 for ap € Flzo,x1,... %] \ Flx1,... ,z¢]- Up to linear
isomorphism, cA is equivalent to the arrangement obtained by homogenizing the
polynomial J(.A} with the parameter oy and adding the factor ap.

PROOF. Since ap € Flzo, x1,... ,z¢] \ Fi®1,... ,z¢], the linear change of coor-
dinates given by «g —+ x¢ is a lincar isomorphism. o

REMARK 2.1.21. In Definition 2.1.19, we can describe the hyperplanes of cA
geometrically. For A € A, let the coned hyperplane cH in F**! be given by the
linear span of A, and the origin. Then c A = {Hy,cH : H € A and Hy = Ker(xg)}.
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We construct a similar geometric interpretation as in Lemma 2.1.20 when coning
about Hy = Ker(ap) with ag € Flzg,z1,... .2 \ Flzy,...,z¢). We consider
V < F* as the hyperplane {(v0,v1,...,7¢) € F* ap(vo. 71, ,ve) = 1}
In this fashion, H; can be considered as a subset of F*¢*1. Since Hy # V', we have
H,NHy =T; # 0. For H; € A, we define the coned hyperplane in F**1, written cH;,
to be given by the linear span of H; and T; in F¥*'. Then the coned arrangement
in F*1 is given by cA = {Hy,cH; : H; € A}.

REMARK 2.1.22, Unlike the deconing construction, Lemma 2.1.20 shows the
coned arrangement does not depend upon the choice of hyperplane about which one
cones.

EXAMPLE 2.1.23. Let A be given by Q(A4) = z{z + 1}y. By coning about the
hyperplane given bjf z = 0, we obtain Q(cA) = z(z + z)yz. By coning about the
hyperplane given by =+ 2+ 1 = 0, we obtain Q(cA) = z(x +z+ 2+ L)y(z + 2+ 1).
Notice by the linear change of coordinates z + y + 1 = z, these arrangements are
equivalent.

PROPOSITION 2.1.24. The coning and deconing are inverse operations in the
following sense:

1. Let A be an arrangement. Fix Hy € A. Let dA represent the arrangement

deconed about Hg. Then by coning about zg, we have c¢(dA) is A.

2. Let A be an arrangement. Let c.A denote the coned arrangement about zo as

given in Definition 2.1.19. If cA is deconed about zg, then d(cA) is A.

PROOQF. The proposition follows from Lemma 2.1.14 and LEMMA 2.1.20. o
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§2.2 Combinatorics of Hyperplane Arrangements

In this section, we associate to each arrangement a combinatorial object, L{.A).
Properties of L{A} are discussed which make L{.A) a matroid in the case A is central.
We also prove L{A; x A;) is a product of L(A;) and L{Az).

DEFINITION 2.2.1. Let A = {H,,...,Hy,} be an arrangement of hyperplanes.

Let L{A) be the partially ordered set with objects given by
{ﬂHeBH: BC Aand Ngep H # @},

the objects of L(A) are ordered opposite to inclusion.

DEFINITION 2.2.2. Let (£, <) be a partially ordered set; let X, Y € P. The
jomof X and Y isgivenby X VY :=inf{Z € P: Z> X and Z > Y}. The mest
of X and Yisgiven by X AY i=sup{Z € P: Z2<Xand Z<Y} HXVY and
X AY exists in P for all X,Y € P, then P is a lattice.

DEFINITION 2.2.3. Let (P, <) be a partially ordered set with V' € P so that
V < X for all X € P. We say P is a ranked and write rank(X) = p if for
any X ¢ P and any two maximal chains V = Xy < X3 < -+ < X, = X and
V=Yy<Y -<Y,=X wehaver =s=p.

DEFINITION 2.2.4. For X € L{A), define rank(X} := codim X. For X €
L{A) with rank(X) = p, we write X € L(p, A). For the rank of an arrangement,
we define rank(.A4) := maxx 14 rank(X).

DEFINITION 2.2.5. Let A be an arrangement of hyperplanes. We call H € A4
at atom. Notice rank(H) =1 for all H € A.

PROPOSITION 2.2.6. Let A be an arrangement. We have

1. L(A) is atomic; that is, each X € L(A)\ V is a join of hyperplanes.
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2. L{A) is ranked via codimension; that is, for each X € L(A), the length of any

maximal chain V = Xy < X; <--. < X, = X is equal to codim X.

3. If Ais central, then L{A) is semi-modular; that is, for any X, Y € L(A) we
have rank(X) + rank(Y) > rank(X A Y) 4+ rank(X VY.

PROOF. This is adapted from Lemma 2.3 in [12].

Property (1) follows from the definition of L(A).

To verify property (2), fix X € L(A). Consider a maximal chain in L(.A) given
by V= Xo < Xy < --- < X, = X. Since the inequalities are strict, we have
codim X > p. For a hyperplane H; < X, notice X; N H; = X, if X; € H;, and
XiNH; =X if X; € H;. Therefore, the codim X,;21 in X; is one.

To verify property (3), first notice dim(X + V) +dim(X NY) = dim X +dimY
for X,Y € L(A). Since X +Y C X AY, we have dim(X +Y) < dim(X AY).
Hence, rank(X) + rank(Y) > rank(X AY) + rank(X VY). o

DEFINITION 2.2.7. A lattice which is atomic, ranked, and semi-modular is a
matroid.

EXAMPLE 2.2.8. If A is a central hyperplane arrangement, then L{A) is a
matroid.

DEFINITION 2.2.9. Let P and P’ be. two partially ordered sets. Then P x P’
is a partially ordered set defined by (a,b) < (&, 8) if and only if a < « (in P) and
b< g (in P').

DEFINITION 2.2.10. Let P and Q) be two partially ordered sets. We say P is
isomorphic to @ if there exists an order preserving bijection 7 : P — Q.

PROPOSITION 2.2.11. Let Ay and As be two arrangements with A4; an ar-
rangement in ¥, and A; an arrangement in V5. The partially ordered set L(A4;) x

L(A3) is isomorphic to the partially ordered set L(A; x As).
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PROOF. The statement of this proposition can be found in Proposition 2.14 in
2],

Define 6 : L{A1) x L(A3) — L{A; x Ap) via (X, Y) =X Y.

First, notice X &Y € L(A; x Ay). Since X € L(A;), there exists 3y C A,
so that X = N{H; : H; € By}. Similarly, Y = N{K; : K, € B} for some
By C As. Hence X @Y = (Ng,ep, {H; ® Va}) 0 (Nk,en,{V1 @ K;}) as required to
verify X @ Y € L{A; x Az).

Now, § is surjective. An element in L(Aj X A2) is the intersection of hyperplanes
in Vi @ Va; hence, it has the form (Mg e, {H: & Va}) M{Nk,ep,{V1 ® K;}) for some
Bi € Ay and B, C A;. Thus

0(Nm.ep, Hiy Nk e, Ki) =(Nm,en, 1) ® (Nken, Ki)
=(Nwen, {Hi & V2}) N (N e,{V1 @ Ki}).

Also,  is injective since X @Y = X' @Y implies X = X' and Y =Y.

Finally, @ preserves the order of the lattices. Suppose (X,Y) < (X', Y"} in
L(A;) x L(A2). Then X < X" and Y < Y’ which implies X’ C X and Y’ C Y.
Hence, X' Y’ ' C X @Y in L(A; x A;). ©

We now define a particular central subarrangement which will be used in later
chapters.

DEFINITION 2.2.12. Let A = {H,,...,H,} be a hyperplane arrangement.

Fix X € L{A). Define
Ax = {HZ : H € A and H; SX}

Notice Ax is a central subarrangement of A with rank(Ax) = rank(X). We write
| X1 to denote [Ax].

EXAMPLE 2.2.13. Let Q(A) = z(x + 1)y; order the hyperplanes as they are
written. Fix X 6 L{A) to be given by Hy N H3. Then Q(Ax) = zy.
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The following definitions are standard definitions for lattices in general and will
be used in later chapters.

DEFINITION 2.2.14. Let .A be a central hyperplane arrangement. A pair
(X,Y) € L{A) x L{A) is called a modular pair if for all Z € L{A) with Z <Y

ZNV(XANY)=(ZVvX)NY.

DEFINITION 2.2.15. Let A be a central hyperplane arrangement. An element
X € L{A) is called modular if (X,Y) is a modular pair for all ¥ ¢ L{A).

DEFINITION 2.2.16. Let A be a central hyperplane arrangement in V. Let
rank{A4) = £.. We call A supersolvable if L{A) has a maximal chain of modular
elements

V=Xo<X1<--- < Xg=NpgeaH.

EXAMPLE 2.2.17. The Boolean arrangement Q(A) = Hle x; is supersolvable
as all the elements in L{A) are modular.

EXAMPLE 2.2.18. The arrangement given by
Q(A) =z(z — y)(z +y)y(z — 2}z + 2)(y + 2)(y — 2)z
is supersolvable as a maximal chain of modular elements is given by

V<{z=0} <{z=y=0}< {0}
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CHAPTER I1I1
ORLIK-SOLOMON ALGEBRAS AND THEIR COHOMOLOGY

In this chapter, we define the Orlik-Solomon algebras and their cohomology.
In §3.1, we define the Orlik-Solomon algebras and discuss a linear basis for such
an algebra. In §3.2, we demonsirate the relationship between the basis found in
§3.1 with a Grobner basis. In §3.3, we define the cohomology of an Orlik-Solomon

algebra and discuss some results on the dimension of the first cohomology group.

3.1 The Orlik-Solomon Algebra and the Broken Circuit Basis

In this section, we define the Orlik-Solomon algebra and a linear basis for this
algebra, referred to as the broken circuit basis; see Chapter 3 in {12]. The Orlik-
Solomon algebra is a factor algebra of the exterior algebra by an ideal I{A). In §3.2,
we show the relationship between the broken circuit basis and a Grobner basis for
I(A).

Let A = {Hq,..., Hy} be a hyperplane arrangement in V = F* for some field ¥
We fix an order on A; that is, for hyperplanes H; and H; in A, we have H; < H; if
and only if 1 < 7.

We begin by defining the Orlik-Solomon algebra.

Let K be a commutative ring. Let E; be the linear sﬁace over K on n generators,
€1,..-,6n. Let E(A) := A(Ey) be the exterior algebra on E;. We have F(A4) =

@ E, is a graded algebra over K. The standard K-basis for E, is given by
p>0

{ei, -, 0 1 <4 <. <dp <}
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Any ordered subset S = {H;,, ..., H; } of A corresponds to an element eg 1= €;,---¢;
in £(A).
We define the map 0 : E(A) — E(A) via the usual differential. That is,

P

a(1) :=0,
d(ei} =1,
k— 1 -
and for p > 2, 8(e;, - - eq,) Z( 1) R A
EXAMPLE 3.1.1. As an example of the differential on the exterior algebra, we

have O{ey - ex-e3) =€ez-e3 —ey-e3+ep- e

DEFINITION 3.1.2. Let S = {H;,, ..., H;, } be a subset of A. We say S is de-
pendent if NS # § and rank(NS) < |S|. Equivalently, S is dependent if polynomials
o, € Flz1,...,x)] defining the hyperplanes H;, are linearly dependent.

DEFINITION 3.1.3. We define I(A) to be the ideal of E{A) which is generated

by the elements
{B(eg) : S is dependent } U{es: NpyegH = 0}.
DEFINITION 3.1.4. The Orlik-Solomon algebra, A(.A), is defined as
A(A) .= E(A)/I{A).

Let 7 : E(A) — A(A) be the canonical projection. We write ag to represent the
image of eg under 7.
We demonstrate that A(A) is a free graded K-module by defining the broken
circuit basis for A(A). By Theorem 3.1.6 to follow, this is indeed a basis for A(A).
DEFINITION 3.1.5. Let S = {H;,,..., H;,} be an ordered subset of .4 with

iy < -+ <ip. Wesay ag is basic in Ap(A) if
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1. S is independent, and
2. For any 1 < k < p, there does not exist a hyperplane A € A so that H < II;,

with {H, H;,, H;, ., .., Hi,} dependent.

k10
The set of {ag} with S as above form the broken circuit basis for A(A), whose name
is justified by the following theorem.

THEOREM 3.1.6. As a K-module, A(A) is a free, graded module. The broken
circuit, basis forms a basis for A(A).

PRQOF. This is proven in Theorem 3.55 in [12]. o

The following two examples demonstrate the use of the broken circuit basis for
computing dim Ay, (A).

EXAMPLE 3.1.7. Let A be a central generic arrangement; this means for any
collection {f;,... ,H;,} € A with p < £, we have {H;,,...,H,,} is independent.
Hence, for p < £, there are no dependencies, so dim A,(A) = dim E, = (2) for
p < £ Forp=¢ any S C {1,2,..n} with |S| = £+ 1 is dependent, so Ay(A)
has a broken circuit basis of {a;s : & C {2,3,...,n} with |{§| = £ — 1}. Hence,
dim A, (A) = (377).

EXAMPLE 3.1.8. Let dim V = £, and let A be the braid arrangement in V
given by Q(A) = H (z; — x;). Let Hy; correspond to the hyperplane given by
zi —x; = 0. Ord(;lEg ;ﬁjegﬁyperplanes lexicographically; that is, H;; < H,,, if either
i <mori=mand j <n. Wewill write ag,, = a;; in A;(A).

In order to compute dim A,(A), we need to describe the elements of the broken
circuit basis in Ay(A). Let @ := a4, 5, @iy, -+~ 4,5, De an element of the broken circuit
basis in 4,(A). By definition of the hyperplanes, we have 15 < k.

Suppose j1 = j». Without loss of generality, we may assume iy < 2. Then
{Hi i, Hiyjyr Hiyiy } 18 dependent with H; ;, being minimal in the set; this contra-

dicts the assumption a is in the broken circuit basis. In a similar fashion, we have
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J1 < ja <+ - < jp. Moreover, if iy = iy, then {H;,j,, Hiyj,, Hj, 5,1 is dependent;
but the minimal element of this set is H;, ;. Therefore, a is still an element of the
broken circuit basis. Hence, there are no restrictions on iy other than j, > .

It is now just a matter of counting the possibilities we have for {iij1,...,1,7p}
with the restrictions j; < jé <- - <jpand i <jpfork=1,...,p

Fix ji, ..., jp. There are £ — j;, choices for i) for each k = 1, .., . Thus,

£-1 f—p+1 £—-p p

dim A,(A) = S - 3T ST e- )

ip=1+’5p_1 to=14+21 i1=1 k=1

= > 132+ Jp-

1<) <ja<<jp<t—1
As usual, if p = 0, then this sum is taken to be 1.

The dimensions of A4;(A) and A2(A) can be easily simplified. Obviously, we
have dim A;{A) = (5) For the dimension of Az(A), consider circuits with three
hyperplanes. Any such circuit must be of the form {Hy;, Hiu, Hyr : @ < j < k}.
There are (g) of these circuits. Hence, dim As(A) = dim Fy — (g) Using the fact
n = (£), we arrive at dim Ay(A4) = LG,
DEFINITION 3.1.9. For the algebra A(A), we define

Poin(A(A), 1) .= _ dim A, (A)tP

p=>0

X(A(A)) = Poin(A(A), —1) = > _(—1)? dim A, (A).

p=0
From Theorem 3.68 in [12], we have Poin{A(.A),t) depends only on L{A). Let
Hy € A, and consider the deconed arrangement, d.A, obtained by deconing about
Hy. From Corollary 2.58 in {12], we have Poin{A(A),t) = (1 + ¢)Poin(A(dA), ).
Hence, as in Proposition 2.7 of [13], x(A(d.A)) depends only on .4 and not on the

choice of hyperplane about which one decones.
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§3.2 A Grobner Basis for I(A)

In this section, we establish the relationship between the broken circuit basis
and a Grobner basis for the ideal I{A).

We now establish some definitions and notations regafding Grébner bases.
These are standard notations and results which can be found in [7].

Let V be a module over a commutative ring X. Let B C V be a K-basis.
Suppose B is ordered with <; this means the order is linear and that (B, <) is well
ordered.

DEFINITION 3.2.1. Let v € V. Since B is a K-basis, we can write v = Z cr;b;
. b, eB
for a; € K and b; € B. Since B is ordered and there are only finitely many nonzero

terms in the summation‘, there is a maximal element b; € B with o; # 0; say this
element is b;. We define Tip(v) := 6;.

DEFINITION 3.2.2. Let W C V. We define TipW := {Tip(w) : w € W}.
Define the non-tips of W to he NT(W) := B\ TipW. ‘

THEOREM 3.2.3. Let V be a module over K with an ordered basis (B, <). Let
W(C_i V be a submodule of V' with the condition:
(*) for any w € W, there exists w' € W such that

1. Tip{w) = Tip(w’) and

2. w' = Tip{w') + 3> vb;, for v; € K and b; € B\ {Tip(w')}.
Then V = W & (NT(W)). |

PROOF. We begin by showing W n{NT(W)) = 0. Let v € WN{NT(W?)). We
have Tip(v) € TipW since v € W. But v € (NT(W)) implies Tip(v) € NT(W).
Hence, v = 0 as required.

Suppose W + (NT(W)) # V. Choose v € V \ (W + (NT(W))) with Tip(v)
minimal; that is, Tip{v) < Tip{w) for any w € V\ (W +(NT(W)}). Let 0 £ a € K
so that v = aTip(v) + > oyb; for a; € K and b; € B\ {Tip(v)}.
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Suppose Tip(v) € NT(W). We construct an element with a smaller tip by
considering v — aTip(v). Then Tip{v — a Tip(v)) < Tip{v); hence, v — a Tip(v) €
W + (NT(W)). This implies v — ¢ Tip(v) = w +n for w € W and n € (NT(W)).

We solve the equation for v to see that
v=w+ (n+ aTip(v)) € W+ (NT(W)).

This is a contradiction to the choice of v,

Suppose Tip(v) € TipW. Then there exists w € W so that Tip(v) = Tip(w).
By the condition (*) on W, we may assume w = Tip(w) + > b for v € K
and & € B\ {Tip{w)}. Then Tip(v — aw) < Tip(v); hence, by the choice of
v, v — aw € W + (NT(W)). This implies v — aw = w' +n for w' € W and
n € (NT(W)). By solving for v, we have v = (W' + aw) +n € W+ (NT(W)), a
contradiction. o '

COROLLARY 3.2.4. Let V be a vector space over a field X with an ordered
basis (B,<). If W C V is a subspace of V, then V =W & (NT(W)).

PROOF. Tt will suffice to show W satisfies condition (*) as given in Theorem
3.2.3. Let w € W. Then we have that w = v Tip(w) + 3 vb; for 0 # v,% € K
and that b; € B\ {Tip(w)}. Since W is a subspace of V and K is a field, we have

1 1

we W, and we take w' ;= v lw. o 7
DEFINITION 3.2.5. Given a module V over K with an ordered basis (B, <)
and a submodule W C V| we define ¢ C W to be a Grébner basis of W if Tip ¢
= TipW.

EXAMPLE 3.2.6. Let V be a 4-dimensional vector space over a field X with an

o

ordered basis defined by (B, <) := {b; > b3 > b3 > bs}. Let W be the 3-dimensional
linear subspace of V generated by the set % := {by — by, by — b3, by — by}. Consider
G := {b1 — by, by — b3, b3 — by}. Then Tip ¢ = {b1,ba,b3} = TipW; hence, G is a
Grobner basis of W. However, if we consider #, then Tip # = {b;} # Tip W; hence,

H is not a Grobner basis for W.
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We now define Grobner bases in algebras. Again, these are standard and can
be found in [7] for the case R is commutative.

Let R be a K-algebra and let B be a K-basis of R. Suppose (B, <) is well
ordered; that is, the order is linear and any subset €' C B has a minimal element
c€C.

EXAMPLE 3.2.7. Consider the exterior algebra on n generators, E{.A), with
the standard basis B = {e;, - --e;, + 1 <d3 <--- <ip < p}. We can give B the
degree lexicographic (Deglex) order. That is,

o if p<g, thene, - e, <e ¢,
o if kp = min{k : ig # ji} With g, < jg,, thene;; ---e;, <ej - -¢;.
Then B is a K-basis of E(A) and with respect to DegLex, (B, <) is well ordered.

DEFINITION 3.2.8. Let R be a K-algebra, and let B be a K-basis of R.
Let (B, <) be well ordered. We say B is monomial if for any b,¥ € B we have
Tip(#'b), Tip(b'b) € B unless they are zero.

DEFINITION 3.2.9. Consider E(A) with the well ordered basis (B, <) given
in Example 3.2.7. Then B is monomial.

DEFINITION 3.2.10. Let R be a K-algebra and let B be a K-basis of R. Let
(B, <) be well ordered, and let B be monomial. We say the order (B, <) is monomial
if the following are satisfied: ’

1. Let by, ba,c € B with by > ba.  cb; # 0 for ¢ = 1,2, then Tip(ch;) > Tip(cha)
and Tip(byc) > Tip(bac).
2. IfleB,thenl1 <bforalll#bc B. If1¢ B, then for all b;' € B we have

Tip(bt') > 6,8 and Tip(b'd) > b, unless zero appears.

EXAMPLE 3.2.11. Consider the exterior algebra E{A) with the standard basis

B ordered with the Deglex order as in Example 3.2.7. Then (B, <) is monomial.
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DEFINITION 3.2.12. Let R be a K-algebra, and let B be a KC-basis of R. Let
(B, <) be well ordered and monomial. Let ¢ C R. Let {Tipg) C B be defined by
the smallest set contaiﬁing Tip ¢ so that the following holds:

for any g € (Tip ¢) and any b € B, we have either Tip(bg), Tip(gb) € (Tip )

or bg = 0. |

DEFINITION 3.2.13. Let R be a fCl—algebra,, and let B be a K-basis for K. Let
(B, <) be well ordered and monomial. Let I<R. Let ¢ € I. We say ¢ is a Grobner
basis for I if (Tip ¢) = Tip/.

DEFINITION 3.2.14. Let R be'a K-algebra, and let B be a JC—BasiS for R. Let
(B, <) be well ordered and monomial. Let I a R. Define NT'(I) := B\ (Tip I).

THEOREM 3.2.15. Let R be a K-algebra, and let B be a K-basis of B. Let
(B, <) be well ordered and monomial. Let I<R. If Cis a field, then R = IG(NT(I))
as K-modules. Moreover, NT'(I) is a K-basis for R/I.

PROOQOF. The statement B = J & (NT(I)) as K-modules follows from Corollary
3.24. Let m: R — (NT(I)) be the canonical projection. It follows that NT(I} is
a K-basis for R/I. o

DEFINITION 3.2.16. Let R be a K-algebra, and let B be a K-basis of R. Let
(B, <) be well ordered and monomial. Let ¢ € R. We say {c(g} = 1 if the following
holds:

for any g € ¢ with g = y Tip(g)+ 3 vb; for 0 # v,y € K and b; € B\ {Tip(g)},

we have v = 1.

THEOREM 3.2.17. Let R be a K-algebra, and let B be a K-basis for R. Let
(B, <) be well ordered and monomial. Let I < R with I =(G) as an ideal in R.
Suppose lc(g) = 1. Then ¢ is a Grobner basis of I if and only if R = I & (NT(g))

as K-modules.
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PROOF. Suppose ¢ is a Grobner basis of I. Then Tip I = (Tip¢) by Definition
3.2.13. Hence, NT(G) = NT(I). Since ic(g) = 1, R = [ & (NT(g)) follows from
Thc_aorem 3.2.3.

Suppose R =1 & {NT(g)). We need to show TipI = (Tipg).

Let g € Tipg and b € B so that Tip(bg) # 0. Since g € Tipg, there exists h € ¢
so that Tip(k) = g. Since h € ¢ and [ is generated by ¢, we have h € I. Hence,
bh € I and Tip(bh) € TipI. Since the order is monomial, Tip(bh} = Tip(bg) or
bg = 0. Therefore, Tip{bg) € Tip 1.

Let g € Tip{. Then there exists h € I so that Tip(h) = g. Since B is a linear
basis for R over K, we have h = > a;b; Tip(g:) + > Bin; for oy, 3 € K, b; € B,
g; € 6, and n; € NT(g). Since R =1 @ (NT(g)} and h € I, we must have 3; = 0
for all #. Hence g = Tip(h) € (Tipg) as required. o

We now apply this theory to the Orlik-Solomon algebra A(A). Recall that for
any set of ordered hyperplanes S = {H;,,...,H;,}, we have es = e;, - -~ ¢;, € E(A).

THEOREM 3.2.18. Let A{A) be the Orlik-Solomon algebra. Let B be the
standard basis for E{(A) with the Deglex order. Let

¢ ={8(es): S is dependent} U{es: NgecgH = 0}.

NT(g) is a linear basis for A(A).

PROOF. By definition, ¢ generates I{A) as an ideal in E(A). Also, le(g) = 1.

We show ¢ is a Grobner basis of I(A).

Let Tip{(bg) € {Tipg) for b € B and g = Tip(h) for h € g. Since ¢ generates
I(A), h € I(A). Since I(.A) is an ideal, bh € I{A), so Tip(bh) € TipI(A). But
Tip(bh) = Tip(bg).

Let g € TipI(A). Then g = eg for S = {H;,,..., H;, } C A We consider

different cases for S.
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If NgegH =0, then eg € Tipg.

Suppose MyesH # @ for the remainder of the proof.

If § is dependent, then let H := minS. Then eg\(zy € Tipg. We then have
g = Tipleges\(ay) € (Tipg).

Suppose S is independent. If there exists Hp with Hy < min & and {Hp} U S
is dependent, then by definition of ¢ we have g = eg € Tipg.

Suppose § is independent, and suppose there does not exist Hy < min § so
that {Hg} U S is dependent. Then eg € NT'(9). |

We may apply Theorem 3.2.17 to conclude ¢ is a Grobner basis for I and
(NT(g)) is a K-basis for A(A). o

We now consider the case that A is central and give a characterization of when
Tip ¢ is generated by elements of degree two; that is, any element g € Tip ¢ may be
written as Tip{eger) for |T| =2

DEFINITION 3.2.19. A Grdbner basis ¢ is quadratic if for any ¢ € Tipg, there
exists h € G so that deg(h) = 2 and g = Tip(bh) or g = Tip(hb) for some b € B.

DEFINITION 3.2.20. A subset § := {H;,,... . H;,} € A is minimally de-
pendent means S is dependent but {Hj,,... ,ffip, ..., H; } is independent for all
1<p<k.

DEFINITION 3.2.21. Let A be a central hyperplane arrangement. Ordér the

hyperplanes via <. Let
BC:={SC A: thereis H < minS so that {H} U S is minimally dependent}.

We say A is quadratic with respect to < to mean for S € BC, there exists 7' € BC
with T C S and |T| = 2.

PROPOSITION 3.2.22. Let A be a central hyperplane arrangement. If A
is quadratic under an order < of the hyperplanes, then Tip I{A) is generated by

elements of degree two, i.e. ¢ is a quadratic Grobner basis.



29

PROOF. Let § € A be dependent. Let B C § be minimally dependent. Fix
Hpy o= minkR; let B := R\ {Hy}. Then R € BC. Since A is quadratic, there exists
T € BC with T C R and |T} = 2. Then er € Tip¢ with degree two. Moreover,
es\min§ = TIP(€g\(TUmin §) * €7} as Tequired. a

Recall a central hyperplane arrangement A is called supersolvable if L(A) has

a maximal chain of modular elements
V:X0<X1<-'-<Xg:mHeAH.

DEFINITION 3.2.23. Let A be a central hyperplane arrangement with order
< on the hyperplanes. If A is supersolvable, we say the order on the hyperplanes

respects the supersolvable structure if for a maximal modular chain
V=Xo<Xi< - <Xp=0NgrcaH

in L{A) we have
1. X; is the smallest hyperplane, i.e. Xy = Hy
2. For ¢ > 1, we have X; = ML, H; and if a hyperplane H < X; then H &

(Hi,... Hy}.

THEOREM 3.2.24. (Bjorner and Ziegler [3]) Let A be a central hyperplane
arrangement. A is supersolvable if and only if A is quadratic under an order that
respects the supersolvable structure.

PROOF. This is Theorem 2.8 in [3]. o

EXAMPLE 3.2.25. This example illustrates the importance of the choice of or-
der on the hyperplanes. Let @A) = z(z~y)(z+y)y(z—2z)(z+2)(y+2)(y—2)z; order
the hyperplanes as they are written. Then A is supersolvable; see Example 2.2.18.

Under the current order, we see the indices for the broken circuit basis for A3(.A) are
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{12,13, 14,15, 16,17,18,19, 25, 26, 27, 28, 29, 35, 36, 37, 38, 39, 45, 46, 47, 48, 49}. We
can check to see that .4 is quadratic with this order. Notice the element H; N Ho N
H3NH, € L{A) is modular and part of a maximal modular chain in L{A). However,
it Q(A) = (x — y)(z — 2)(y — 2)x(z + y)y{z + 2)(y + 2)z with the hyperplanes or-
dered as they are written, then the indices for the broken circuit basis for 4;{A) are
{12,13,14,15,16,17, 18,19, 24, 25, 26, 27, 28,29, 34, 35, 36, 37, 38, 39, 48, 59, 67}. We
also have A is not quadratic under this order because § = {f1, Hy, Hy, Hg} is min-
imally dependent so {Hj, Hy, Hs} € BC. However, {H,, Hy}, {Hy, Hg}, {Hy, Hg} &

BC. Notice the element H; N Hy N H3 € L{A) is not modular.

§3.3 Cohomology of the Orlik-Solomon Algebras and dim H'(A(A), a)

In this section, we define the cohomology of the Orlik-Solomon algebra and
discuss recent results from the literature on dim H'(A(A),a). We refer to [8] for
expository accounts on this subject and for a more detailed bibliography than will
be presented here. |

Let A be an arrangement, and let A(A) be the Orlik-Solomon algebra. By §3.1,
we have that A(A) = &A,(A).

DEFINITION 3.3.1. We construct a cochain complex 02 the homogeneous
components of A(A) as follows. Let a € A;(A) with a = Z)\z-a,g for X; € K.
Multiplication by a giving the differential dy, : Ak(A)LAkHEjf) forms a complex
(A(A),a). The cohomology of this complex is said to be the cohomology of the
Orlik-Solomon algebra and is denoted H*{4(A), a).

THEOREM 3.3.2. Let A be a central hyperplane arrangement. Let a = i AiG;

=1

for A; € K. If 3 Ai #0, then H*(A(A),a) = 0.
i=1
PROOQF. This is given in Proposition 2.1 in [13].
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EXAMPLE 3.3.3. Let Q(A) = zy(z +y); let a = a1 — az- Considering
HY(A(A),a), we see that b := a; — a3 is in the kernel of dy but not in the im-
age of dp. Hence, 0 # [b] € HY(A{A), a).

DEFINITION 3.3.4. Let X € L{A). Let a € A;(A) with a = Zn:)\iai. We

i=1

define
a(X) = Z Ai;.

H,<X

The following results regarding dim H*(A(A),a} are from (8]. The results are
presented here in a simplified version for our purposes.

DEFINITION 3.3.5. Let

X(a):={X e L2, A): |X[>2a(X)#0, > X =0}
) H; <X

DEFINITION 3.3.6. Let I(a) C {1,...n} be defined as follows. We have

i € Ifa) if
(i) H; < X for some X € &(a), and
(ii) if A; = 0, then there does not exist A; # 0 for which H;, H; are not in any

X € X(a). '

DEFINITION 3.3.7. Let I" be the graph with vertices ¢ € I{a) and edges defined
as follows. Define an edge from i to j if H; V H; € A'(a). We then have a partition
of I{a} via the path components of I'; let II be the partition of I into its connected
components.

DEFINITION 3.3.8. The incidence matrix J is the |¥(a)| x [I{a)| matrix with
Jx; = 1if H; < X and zero otherwise.

Let E be the |I{a}| x |I(a)}| matrix with ones in every entry. Let @ = J*J — E.

Decompose @ into the direct sum of its principle indecomposable submatrices so

that Q@ = @ Cr-

Kell
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DEFINITION 3.3.9. A matrix M over R is affine if it is positive semidefinite and
its null space is spanned by a positive vector, meaning all coordinates are positive.
A matrix M is indefinite if there exists a vector u > 0 so that Mu < 0.

THEOREM 3.3.10. Let char K = 0. For an arrangement A, there are only two
possibilities:

1. For each K, we have Qg is either affine or has only the zero vector for its kernel.
In this case, we say X' (a) is affine.

2. There exists an unigque Kj so that Q, is indefinite and for all other K we have
that (Jx has only the zero vector for its kernel. In this case, we say X(a) is
indefinite.

PROOF. This is given in Proposition 2.2 in [8]. o

THEOREM 3.3.11. Let char K = 0. We have the following:

1. If X(a) is affine, then Z1(a) = Ker JN {3 ,c 1oy 2i =0} N{z; =0 if i & I(a)}.

2. If X(a) is indefinite or X{a} = @, then dim Z1(a) = 1.

PROOF. This is given in Theorem 3.4 in [8]. o

EXAMPLE 3.3.12. Let char X = 0. Let A be the arrangement given by Q(.A4) =
ry{z + y); order the hyperplanes as they are written. Let a := a3 —ap € A1(A). We
compute X (a} = {H; N Hy N H3}, I(a) = {1,2,3}, and Il = {{1,2,3}}. Moreover,
the matrix J = {1 1 1) gives J to be the 3 x 3 matrix of zeros. Since @ is affine,
Theorem 3.3.11 gives us that Z;(a) = Ker JO {3 ;10 % = 0} = {3 ic1(0) T = O}
Hence, Zi(a) = {30, zia; * @1 -+ T2 + x5 = 0}. Therefore, dim Z1(a) = 2.

EXAMPLE 3.3.13. Let char K = 0. Let A be the arrangement given by
QR(A) = zy(z + y){z + y + z)z; order the hyperplanes as they are written. Let

a:=ay — ay + ag — as. We compute

X(CI.) = {H1 OHZ ﬂHg,Hs OH4 ﬂH5},
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I{a)=1{1,2,3,4,5},and

I={{3},{1,2,4,5}}.

The matrix
{1 1 1 0 0
/= ( 001 11 )
gives us
o 0 06 -1 -1
o 0 0 -1 -1
=10 0 1 0 0O

-1 -1 ¢ 0 0
-1 -1 0 0 0

Since @ is indefinite, Theorem 3.3.11 gives us dim Zy(a) = 1.
EXAMPLE 3.3.14. Let char X = (. Let 4 be the arrangement given by

Q(A) = zyz(x — y)(z — z)(y — z)(x +y); order the hyperplanes as they are written.

Let a := a1 — a2 — a5 + ag. We compute
‘)(,)(CL) ={H1 NH,NH s Hy  HHNHs WV Hy, Ha N Hys MV Hg, Hy 1 Hy, ﬁHﬁ},

I(a) ={1,2,3,4,5,6},and

I ={{1,6},{2,5}, {3,4}}.

The maftrix
11 0 1 0 0
J = 1 01 010
011 001
000 1 11
gives us
1 0 0 g 0 -1
g 1 0@ g -1 0
= 6 0 1 -1 0 0
g 0 -1 1 4] g
-1 0 0O 0 0 i

Since @ is affine, Theorem 3.3.11 and some linear algebra gives us dim Z;(a) = 2.
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EXAMPLE 3.3.15. Let char £ = 0. Let 4 be the arrangement given by
Q(A) = zyzw(x + y); order the hyperplanes as they are written. Let a := a; — ag,

and let b :=ay — az + a3 — a4. By computing, we have
X(a) = X(b) = {H, " Hy N Hg},
I(a) ={1,2,5}, and

I(b) =1{1,2}.

Therefore, dim Z)(a) = 2 and dim Z;(b) = 1.
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CHAPTER IV
THE VANISHING OF H*(A(A),q)

In this chapter, our main goal is to establish a necessary and sufficient condition
for the vanishing of H*(A(A},a). In §4.1, we employ tools from operator theory
to prove the upper semicontinuity of the map ¢ — dim H?{A(A),t) for any p > 0
and for any t ¢ A;(A). In §4.2, we analyze tensor products in the category of
graded commutative algebras in order to express the cohomology of a reducible
arrangement in terms of the cohomology of each factor of the arrangement. In §4.3,

we apply results discussed in §4.1 and §4.2 to achieve the goal.

§4.1 The Upper Semicontinuity of ¢ — dim HP(A(A),t)

Let A= {H,,...,H,} be an arrangement. Let X = C or R. Let A(A) be the
Orlik-Solomon algebra over K.

In this section, we show the function A;(A} — Z given by ¢ — dim HP(A(A), t)
is upper semicontinuous in ¢ for any p. We show this in the more general setting
of finite dimensional vector spaces and hence begin by establishing some standard
definitions and notational conventions, which can be found in {5].

Let V' be an n-dimensional vector space over K. Relative to a basis {by,... ,b,}
for V over K, for v € V we express v = (vy,... ,Up) a8 U = ifuz—bi.

i=1
Since K = C or R, we define the standard Euclidean norm, || - {lv, on V as

lolly = w1, s vn)lly == Voity 4 - - - + Unln,
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relative to the standard orthonormal basis {e1,... ,en} for V.

With respect to the norm | - ||y, we define the unit sphere in V" by
SWV)y={veV: |lv|y =1L
We also have the corresponding standard inner product, (-, -), defined on V as
(r,y) =z191+ -+ Tnfn for z,y € V.

We define the orthogonal complement relative to the inner product. Let X C V

be a linear subspace. Then
Xt:={veV: (v,z)=0forall z ¢ X}.

Let X €V be a linear subspace and v € V. We define the distance from v to
X to be
dist (v, X) :=inf{|lv —zilv : z € X}.

Note there exists an unique z¢ € X for which dist (v, X} = dist (v, zo).

For the remainder of this section, we fix two finite dimensional vector spaces V'
and W over K. Tix 0 # A € Homg (V, W).

DEFINITION 4.1.1. Define

~(A) := inf{||AR|lw : k€ S(V) N (Ker A)*}.

LEMMA 4.1.2. If 0 # A € Homg (V, W), then v(A4) > 0.
- PROOF. Clearly, v(A)} = 0. Suppose that v{A) = 0. By definition of the
infimum, there exists a sequence {h;} C S(V) N (Ker A)* so that ||Ah;[lw — 0.
This implies jlirg{o h; € Ker AN (Ker A)* = {0}. But ||-|| is continuous in the metric;

hence, lim ||h;|lv = 1. This contradiction proves the lemma. o
j—oo
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LEMMA 4.1.3. If A € Homg(V,W) and if h € V, then we have
v(A) - dist (h,Ker A) < || Ah|lw.

PROOF. Let p: V — (Ker A)! be orthogonal projection of V onto (Ker A)*.

We relate the norm to the distance by noticing ||phlly = dist (h,Ker A). Hence,
| Allw =l Aphllw
2v(A4) - [iphitv
=~(A) - dist (h,Ker A).
The lemmma now follows. o

LEMMA 4.1.4. If V},V, C V are linear subspaces with dimV; > dim V5, then
there exists 0 # vy € Vi so that [jv;{lyv = dist (v1, V2).

PROOF. Let p; be the orthogonal projection of V' onto V;. We have the in-
equality dim p;(V2) < dim V5 < dim V1, so p1(V2) is a proper linear subspace of V;.
Take 0 # v1 € V3 N (p1(V3))1. Then for any v, € Vo, we have

0 =(p1{v2),v1)
=(vz, p1(v1))
=(vg,v1).
Thus, vy € Vi Consequently, |Jvq|]y = dist (v1, 2). o
DEFINITION 4.1.5. Let B € Homg(V, W). The operator norm of B is defined

to be
| Bllop := sup{||Bh|lw : he€ S(V).}

We note that for any h € V| the inequality holds:

1Bhllw < [1Bllopllhllv-
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PROPOSITION 4.1.6. If B € Homy(V, W) with {|Bi|op < v(A) then
dimKer(A + B) < dimKer A.

PROOF. If 0 # h € Ker(A + B), then Ah = —Bh. By Lemma 4.1.3, we have
~v(A) - dist (h,Ker A) <|jAhjlw
=|{|Bh|lw
<lBllop - HlAllv
<y(A) - Ihllv.
Thus, dist (h,Ker A) < ||h|lv, for all 0 # h € Ker(A + B). By Lemma 4.1.4, we
have dimKer(A + B) < dimKer A. o
DEFINITION 4.1.7. Let A € Homg(V, W) We define the adjoint of A, denoted
by A* € Hom(W, V), by (z, A*y) := (Az,y) for all z € V and for all y € W.
LEMMA 4.1.8. If A € Homx(V, W), then Ker A* = (range A}L.
PROOF. Let y € KerA*. Then y € (Ax)t fo!r any x € V. Thus y €
(range A)t.
Let y € (range A)~. Then for any ¢ € V, we have 0 = (Az,y) = {z, A*y). This
implies A*y = 0; hence, y € Ker A*. o
PROPOSITION 4.1.9. Let A, B € Homg(V, W). If IB*|lop < 7(4*), then we
have rank(A + B) > rank A.
PROOF. From Proposition 4.1.6, we have

dimKer(A + B)* = dimKer(A" + B*) < dimKer A™.
Since dim Ker A* = dim{range A)* = dim W — rank A, it follows that

dim W - rank(A + B) < dimW —rank(A4). o
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DEFINITION 4.1.10. Let X be a topological space. Let f : X — R be a
real-valued function; f is said to be upper semicontinuous if for any real number «
the set {x € X : f(zr) < a} is open. Alternatively, for X a metric space we may
define f to be upper semicontinuous at g € X if

limsup f(z) < f (o).

T—+IQ

Recall from Chapter IT1 that for an arrangement A, we have the Orlik-Solomon
algebra A{A) over K. Moreover, this is a graded algebra A(A) = ©A,(A). Since
K =Ror C, we have Ap(.A4) is a finite dimensional vector space. For any t € A;(A),
let the map t- : Ap(A) — Ap41(A) be given by multiplication by ¢. Let Z,(A(A), )
denote the kernel of the map t- 1 Ay(A) — Apy1(A); let Bo(A(A),t) denote the
image of the map t-: Ap(A) — Apr1(A).

LEMMA 4.1.11. If ||t — tofln — 0, then ||t %o - jlop — O.

PROOF. We have 4,(A) and E,(A) are finite dimensional vector spaces over

K. We use the standard basis for E,(A) given by {e;,---e; + 1 <4y < ... < i, <p}.

We use the broken circuit basis for A,(A). Then |- ||z, 4y and ||-|la, ¢4y are defined
as previously.

It will suffice to show ||(t — to)(v)|l 4,4y — O for any v € Ay ;(A). But the
maps given by (¢t — t9)- : Ep_1{A) — E,(A) commute with the projection map

m: Ep(A) — Ap(A); that is,
Epi(A) "8 Ey(4)
L= WS 1=
Ap1(A) =5 A(A)

Hence, it will suffice to show [|(t - to) - v[|g,a) — O for any v € £, . (A).
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We need only show that {[{t - o) - bj|g,(4) — O for any standard basis element

be By 1(A). We write b=¢; ---e;, ,, where 1 <173 <... <ip 1 <n. Then

= to) - bl cay =li(E = t0) - €5, e, I,

ﬂ](i(fi - té)ez)en LB, ”25,3,

i=1

SO DR GET

PE L yipo1
As ||t = tollc= — 0, we have [|(t — o) - bll3, 4y — O as required. o
THEOREM 4.1.12. Let A be a hyperplane arrangernent with n hyperplanes.
Let A(A) be the Orlik-Solomon algebra on A over the field K, where K is either C
or R. The function ¢ +— dim H?(A(A),t) from A;(A) to Z is upper semicontinuous.
PROOF. We first identify A;(A) with K™
The result clearly holds for tp =0 € A;(A). That is,

lim sup dim HP(A(A), t) < dim HP(A(A),0) = dim 4,(A).

t—0

Fix 0 # tp € K™ Let ¢ = min{~y(to-),y(to-")}. By Lemma 4.1.2, ¢ > 0. As

t — to in K™, by Lemma 4.1.11, we have ||t - —£o - |lop — 0. Hence, there exists § > 0
s0 that {|[t- —to - {lop < € whenever |[t — tofx- < 4.

Consequently, we use Proposition 4.1.6, Proposition 4.1.9, and Lemma 4.1.11 to

see dim Ker(A(A),t) < dimKer(A(A), t5) and rank(A(A), ¢) > rank(4,#o). Thus,
dim HP(A(A), £) = dim Z,(A(A), t) — dim B,_; (A(A), )
< dim Z,(A(A), to) — dim Bp_1 (A(A), fo)
= dim H?(A(A), to).

The assertion now follows. o
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£§4.2 Tensor Products in the Category of Graded Commutative Algebras

Let K be a commutative ring. We introduce the following definitions and nota-
tional conventions, as can be found in [9].

DEFINITION 4.2.1. {Tensor Product of Modules) Let M and N be K-modules.
The tensor product M ® N is the abelian group with generators being all symbols
m®n for m &€ M and n € N subject to the relations (k € K)

(i) (m +m!,m) — (m,n) — (m', )

(ii) {m,n 4+ n') — (m,n) — (m,n')

(iii) (km,n) — (m, kn).

There exists a bilinear map ¢ : M x N — M ® N so that ¢(m,n) = m @ n.
We have the following universal property. Let A be a K-module. For any bilinear
homomorphism f : M x N — A, there exists an unique f : M ® N — A so that
fm,n) = fm@n).

DEFINITION 4.2.2. {Graded Module) We say M is a graded K-module if there
is a family of K-modules {My}n>0 so that M = €, o M. For m € My, we write
deg(m) = n.

DEFINITION 4.2.3. (Tensor Product of Graded Modules) Let M and N be

graded K-modules. The tensor product M ® N is the graded module given by

(4.2.3.2) (M&N),= B MeN,
ptg=n

Let A be a graded K-module. Let f : M X N — A be any bilinear graded
homomorphism, there exists an unique graded homomorphism f : M@N — Aso
that f(m,n) = f(m ®n).

DEFINITION 4.2.4. (Graded Commutative Algebra) M is said to be a graded

commutative K-algebra if the following are satisfied:
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1. M is a graded K-module.
2. There is an associative multiplication in M so that M, M, C M.

3. {Commutative) For homogeneous elements a,b € M we have

ab = (_1)deg(a)‘deg(b) ba.

DEFINITION 4.2.5. (Tensor Product of Graded Commutative Algebras) Let
M and N be graded commutative K-algebras. The tensor product M @ N is the
graded commutative K-algebra given by

1. M ® N is a graded K-module defined in {4.2.3.a).
2. Multiplication is defined by (m ® n)(m/ @ n') := (-1)dee(n) deglm’) e’ & np/,
Note: One can check that this multiplication is commutative.

We have the following universality description of Af @ N. Let A be graded
commutative K-algebra. Let f: M x N — A be a bilinear graded homomorphism
with

F((m,n)(m/, ') = (—1) 2 480 £ ) £ (!, ).

There exists an unique f : M @ N — A so that flm,n) = f(m @ n).

EXAMPLE 4.2.6. Let A; be arrangements. Let A(A;) denote the Orlik-
Solomon algebra on the arrangement A; over the commutative ring K. Then A({A4;)
is a graded commutative algebra over K. Hence, we have defined ), A(A;).

We recall the product arrangement as defined in Chapter II. Let A; be an
arrangement in Vi, and let A5 be an arrangement in Vo, If V = V] © 15, then we
put

A=A x Ay ={HaV,: He L1 U{VI®H: He A}

We recall the broken circuit basis for the Orlik-Solomon algebra A(A). Let
S ={H;,,...,H;,} be an ordered subset of 4 with iy <--- < i,. We say ag is basic
in Ay(A) if
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1. S is independent, and
2. For any 1 < k < p, there does not exist a hyperplane H € A so that H < H;,

with {H, H;, , H;, .y, -, Hy, } dependent.

LEMMA 4.2.7. If ay € A,( A1) and a, € Ay(A2) are basic, then a,a, is basic
in A(A; x Ag).

PROOF. Order the hyperplanes in A4; x Aj; via

L. HepV, <KW it H<Kin A

2 VioH<VigKifH<KinA

3. HoVa< Vi@ KifHe A and K € Ay

Let ay € Ap( A1) and a, € Ay (Az) be basic (ie. in the broken circuit basis).
Suppose A; is an arrangement in Vj and A, is an arrangement in V5. Suppose avaq
is not basic in A(A; X Az). By definition of the broken circuit basis, there are only
two possibilities. Suppose {(Nge,(H & Va)) N {Naes(Vi & H)) = 0. This happens
only if Npe,H = 0 or Ngeo H = @. This is not possible since a, and a, are basic.

Suppose there exists a hyperplane H € A; x Ay and a subset p of v U o with
H < p so that {H, p} is dependent. But this implies the linear functionals defining
the hyperplanes are linearly dependent. Since Q(A;) and (2(Az) have no common
variables, this implies H is dependent upon pN~y or pNe. This contradicts the fact
ay and a, are basic. Our assertion now follows. &

LEMMA 4.2.8. For the product arrangement, we have A(4; x Az) =2 4(A4) ®
A(As).

PROOF. We define the ﬁap ¢: A(A;)x A(Az) — A(A; x Az) on the generators

by ¢(a,as) := aya,, and we extend the map ¢ bilinearly.
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Moreover, we have
#((a4,00) - (@, 857)) = By, a001)
= ey Oy By s
— (_1)deg(o)~deg(7’)a7aaa7,aa,

- (_1)deg{a)-deg('r’)¢(a% o) - DAy, Ggr).
By the universal mapping property, there exists

~

¢ A(A) @ A(Az) — A(A1 x Ag)

so that ¢ = ¢m, where 7 : A(A;) x A(Az) — A(A;) ® A(A) is the canonical
projection. Now, q3 is clearly surjective. All that remains is to verify injectivity.
Let ay € Ay(A;) and a, € A,(Asz) be basic. Suppose $(3 ooy, @ ag,) = 0.
Then by the linearity of ¢, we have 3 @i, a0, = 0. Since a,, and a,, are basic
in A(A;) and A(Ay), we have a,a,, is basic in A(A; x Az). Hence, we must have

a; =0 for each 7. b

Suppose A = A; x A;. By Lemma 4.2.7, A;(A) can be identified with the linear
space A; (A1) @ A1(Az). Let a € A;(A). We may express a = a1 + a uniquely for
a1 € A1(A) and a2 € A1(Ap). For the chain complexes (A( A1), a1) and (A(Az), as),
we recall tensor products of chain complexes; see [10].

Let the differential (multiplication by a;) for the complex {A({A4;), a;) be denoted
d; for i = 1,2. The differential for the chain complex (A(A4),a1) ® (A(Az), az),

written dy & dsg, is defined on generators as
(d1 @ do){ay ® ap) == 010, @ ag + (ul)deg(‘”)a,y ® agas.

LEMMA 429 Let A = 4 x Ay, Let a € A;(A) with a = a; + ay for
a1 € A1(A1} and for a; € A1(Az). As chain complexes, (A{A4; x Az), a) = (A(A;}®
A(Az), dy ® da)
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PROOF. From Lemma 4.2.8, we have A(A; x As) = A(A;) ® A{A3). For a
basic element a, € A,(4; x Ap), we may write a, = a, - a, with a, € A, (A1)
and a, € An(Az) and m + n = p. Hence, multiplying by a in the chain complex
A{A; x Ay) gives the differential defined on generators as

a-a, =(ar +az){a, - aq)
=010y - Qg + (—1)‘1eg(‘3°"f)a,y Qg0

The result follows immediately. ©

THEOREM 4.2.10. Let A = A; x Ay be a preduct arrangement. et a €
A{A] x Ay). Write a = a3 + aq for ag € A (A1) and as € A(Ay). Let K be a
field. We have:

H™A(AL x A2),a) = D HP(A(A),a1) @ HY(A(A2), ag).

pg=m
PROOF. By Lemma 4.2.9, this is a direct application of the Kiinneth Formula

(see [9]) to the cochain complex (A(A1} ® A(Az),d; ®dy). O

§4.3 H*(A(A), a)

In this section, we use the results of §4.1 and §4.2 to establish necessary and
sufficient conditions for H*(A(A),a) = 0.

Let A be an affine arrangement. We may write
A=A; x Ay x -+ x A x B,

where A; are each central and B is not central. Moreover, we may assume each A;
contains no proper central factors and B contains no central factors; otherwise, we
 would decompose the arrangement further. For a € A1(A), write @ = ay+---+ar+as
for a; € A1(A4;) and ag € A1(B).

EXAMPLE 4.3.1. Let Q{A) = z(x — L)y(y — 1). Atlhough A is a product of

affine arrangements, A contains no central factors. Hence, A = B in this case.
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We recall the deconed arrangement from Chapter [1. Suppose A is central. We
form the deconed arrangement d.A as follows. Let «; be the functional corresponding
to H;. Without loss of generality, we may assume oy = x;. Decone at a3 =z, by
setting 1 = 1.

LEMMA 4.3.2. If A is a central hyperplane arrangement and .4 contains no
proper central factor, then d.A contains no central factor.

PROOF. Suppose dA contains a central factor. There exist subarrangements
Cy and C; of dA so that d.A = C; xCy. Moreover, we may assume C; is central. Since
C; is central, by taking a linear change of coordinates if necessary, we may assume
the hyperplanes of Cy pass through the origin; i.e. we are assuming the defining
equation Q(Cy) consists of linear functionals. Then by coning, we obtain A. Since
the defining equation of C; is unaffected by coning the arrangement d.A, we have
constructed a central factor of A. This contradicts the assumption that A contains
no central factors. o

EXAMPLE 4.3.3. To demonstrate the proof of Lemma 4.3.2, we consider an
arrangement A where both 4 and dA contain a central factor. Let Q(A) = z(z —
2}y —2)(w—2z)w. When deconing at z = 1, we have Q(dA) = (z—1)(y—1){w—1)w.
Take Q(C1) = (- Dy —1) and Q(Cy) = (w — L)w. Let =z —land g =y — 1.
We have Q(dA) = 2§(w — 1)w. When coning, we have Q((dA)°) = zij(w — z)w.
By taking the linear change of coordinate £ = # — z and § = y — 2, we sce that A
and (d.A)° are linearly isomorphic.

We recall the Euler characteristic of an arrangement A. Let rank(A) = £. The
Euler characteristic is given by

€

X(A) = _(—1)" dim A;(A).

i=1

We also note that y(d.A) depends only on L(A).
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Let A be an arrangement. Let Hy € A. We recall the arrangements given by

deletion and restriction
A ={H: He A\ Hp},and

A" ={HoNH: He Aand O N Hy # 0}.

Recall 7(A) = max x ¢ (4 rank(X).

We need the following lemmas and proposition, established in [6].

LEMMA 4.3.4. Let A be an affine arrangement with r(A) > 1. It A does not
contain a central factor, then for any distinguished hyperplane Hy € A either A or
A" does not contain a central factor.

PROQF. We refer to the proof given in Lemma to Theorem Il in [6]. o

We define
BA) = (-1 x(4).

LEMMA 4.3.5. Let A be an arrangement with {4} > 1. If A is not central,
then there exists Hg € A so that rank(A’) = rank(A). With respect to Hyp, we have
the equality B(A) = B(A") + B(A"). If A is central, then this inequality holds for
any H € A.

PROOQOF. Suppose A4 is not central. Then there exists a maximal element T €

L(A) and a hyperplane Hy £ T'. Hence, T is a maximal element in L({A4"). Since
x(A) = x(A"Y — x(A") by Theorem 2.56 in [12], we have

(=1)" W (A) = (=1)" A x(A) = (~1)T W x(A").
We have (A"} = r(A) — 1 and rank(A’) = rank(.A4), so

B(A) = BA) + B(A").
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If Ais central, then A" and A” are both central, so x(4) = x(A) = x(4") =0. o

LEMMA 4.3.6. If A is an arrangement, then 8(A) > 0.

PROOF. We induct on |.A|.

If A=90, then S(A) = 1. If |A| = 1, then 3(A) = 0.

Assume 3(B) > 0 for all arrangements B with |B| < k. Suppose Al =k > 1.
By Lemma 4.3.5, we have 3(A) = 3(A") + 8(A”) for some hyperplane Hy € A. By
the induction hypothesis, we have 5(A"), B(A") > 0. We therefore have 3(A4) > 0
as required. © |

PROPOSITION 4.3.7. Let A be an affine arrangement. We have x(A4) # 0 if
and only if A contains no central factors.

PROOF. Suppose A contains a central factor; that is, A = B x C, where B is
central. Then x(A) = x(B)x(C); see Lemma 2.50 in [12]. Since B is central, we
have x(B) = 0; see Proposition 2.51 in [12]. Hence, x{A4) = 0.

Suppose A contains no central factors. We want to show x(A) # 0. It will
suffice to show F(A4) # 0. We proceed by induction. Suppose |A] = 2, then A
consists of two hyperplanes which don’t intersect; hence, x(A) = —1.

Suppose for any I3 with |B| < k (k > 1) for which B contains no central factors,
we have 8(B) # 0 (hence, x¥(B) # 0). Fix Hy € A so that 3(A) = 8(A") + 5(A").
We apply Lemma 4.3.6 to see that A’ or A" contains no central factors. By the
induction hypothesis, #(A') > 0 or G(A") > 0. Since #(A) = 8(A") + (A") and
B(A"), B(A”) > 0 with at least one positive, we have F(A} > 0. Hence, x{A) # 0 as
required. o

THEOREM 4.3.8. Let A be an affine arrangement. We may write

A:Alegx---xAka,
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where A; are each central and B not central and they contain no proper central
factors. For a € A;(A), write a = a;+---+ap+ag for a; € A1(4;) and ap € A,(B).
We have H*(A(A),a) #0ifand only if 375 oo A =0forall 1 <j < k.

PROOF. We use the Kiinneth Formula from Theorem 4.2.10; that is,

H™(A(A),a) =

D HP(AA) @) ® - ® H™ (A(A), ) © HP (A(B), as).

T e—

Suppose 3 4, (4,) A¢ 7 0 for some j. We have H*(A;,a;) = 0since A, is central;
we refer to [13]. By the Kiinneth Formula, it follows that #/*{A, a} = 0.

Suppose A:(A;) A; = 0 for all 5. By the-Kiinneth Formula, it will suffice to
show H*(A(A;),as) # 0 and H*(A(B),ag) # 0. Since B contains no central factors,
we have x(B) # 0. Hence, H*(A(B),ag) # 0.

Take @ = Zn: Xia;. We consider the chain complex formed by multiplication by

i=2
i, {dA,a); here, dA is A deconed at H;. Since we have the short exact sequences,

see [13]
0 — HP71A(dA),a) — HP(A(A;),a) — HP(A(dA),a) — 0,

it will suffice to show H*(A(dA;),d) # 0. But by Lemma 4.3.2, dA; contains no
central factors, so by Proposition 4.3.7 x{(dA;} # 0; hence, H*(A(dA;),a) # 0 as

required. o

We recall the following theorem from [13].
THEOREM 4.3.9. (Yuzvinsky [13]) Let A = {Hi,...,Hy,} be an arbitrary
k)
arrangement with rank(A4) = ¢. Let a = Z dia; € A (A) and satisty the condition

i=1
> X #0for all X € L{A) such that x(dA(Ax)) # 0. Then H?(A(A),a) =0

XCH;
for every p < £.
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We use Theorem 4.3.9 in conjunction with the upper semicontinuity of the
map t — dim HP(A(A),t) discussed in §4.1 to establish conditions under which
dim H*(A(A), a) # 0 for an affine f-arrangement A.

THEOREM 4.3.10. Let Abe an arbigrary {-arrangement with |A| = n. Suppose

A contains no central factors. Let a = Z Aiai € A1(A). We have:

=1

HY(A(A), q) # 0.

PROOF. If @ = 0, then H*(A(A),a) = Z,(A(A),a) = A;(A) # 0. Hence, we
may assume g # 0 for the remainder of the proof.

Let
S={X e L{A): Y X #0}
jeX

Since a # 0, we have § # §). We define

ko=min {| Y Ajl: X €S}

jeXx
Since S # 0, & > 0.

We now construct a sequence «; € F™ so that (ay); — A; as i — oco. Fori € N,

define
K
It is clear that {o;); — A; as ¢ — co. Moreover, we now show Z(a@)j £ () for any
JjeX

X € L(A) and any ¢ € N.

Fix X € L(A). If Y " X; =0, then Y _(a:); # 0 since & > 0.

jex jex
Suppose Z Aj # 0. If Z A; > 0, then Z(Qi)j > 0 since 55 > 0.
jex JEX jex
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Suppose Z A; < 0. Then
jEX

S(eds =+ =)

jeX jeX
_ X &
jeX
<(Z/\-)+i
- ‘ ¥ 2%
jeX
<,

where the last inequality is true because of the definition of «.

Therefore, for any 7 € N, we have «; satisfies the condition of Theorem 4.3.9
ensuring that dim H?(A(A),qa;) = 0 for p < £. Since .A contains no central fac-
tors, we have H*(A(A),a;) # 0; hence, dim H*(A(A), ;) # 0. By Theorem
4.1.12, the function t — dim H*(A(A),t) is upper semicontinuous in ¢; therefore,
dim H*(A(A),a) > 0. o

THEOREM 4.3.11. Let A be an affine f-arrangement. We may write

A=A x Ay x--- x A x B,

where A; are each central and 5 not central and they contain no proper central
factors. Let a € A;(A). We have dim H*(A(A), a) # 0 if and only if ZHieAj A =0
tor all j.

PROOF. Let A; be an £;-arrangement, and let B be an {z-arrangement. Then
k

Als an (fg + Z {;)-arrangement. Since we have the short exact sequences
i=1

0 — HP"Y(A(dA;), ) — HP(A(A;), ) . HP(A(dA;),d) — 0

and the Kinneth Formula
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H™(A(A),0) =

@ HPI(A(AI),GI) & -® Hp"(A(Ak),ak) ® HPk—H(A(B),aB),

P11+ PETPRF1=M

it will suffice to show H%1(A(dA;),d;) # 0 and H*#{A(B),ag) # 0. This result
was established in Theorem 4.3.10. o

THEOREM 4.3.12. Let A be an arrangement with £ = rank(A). Fixa € A;(A).
Then H*(A(A),a) = 0 if and only if HY(A(A),a) = 0.

PROOQF. This follows immediately from Theorem 4.3.11 and Theorem 4.3.8. o
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CHAPTER V
THE DIMENSION OF H*(A(A),a) FOR A SPECIAL CASE

In this chapter, we determine the dimension of H*(A(A),a) while imposing
special conditions on o and A. In particular, we require .A to be supersolvable.
In §5.1, we determine the dimension of Zx(a) for this special case and compute
the Hilbert series for H*(A(A), a} in terms of the Hilbert series for A(A). In §5.2,
we study the ideal Z(a) = @Zi(a} under the same conditions and show Zg{a) =
Ap 1{A) - Z1(a) for k < £. In §5.3, we consider examples. illustrating the results
from the first two sections.

Throughout this chapter, we maintain the following assumption.

CONDITION A. Let A be a central hyperplane arrangement, and assume A is
supersolvable. Fix X € L(A) with rank(X) = 2 and X a member of a maximal
modular chain in L{A). Fix an order on the hyperplanes so that the order respects
the supersolvable structure. Then we have Ax = {H1,... ., Hn, }.

Recall from §3.2 that A satisfying Condition A implies A is quadratic under

this order.

5.1 The Dimension of Zi(a) for a Special Case

Let A= {Hq,..., H,} be a central hyperplane arrangement in V. The lattice,
L(A), of subspace intersections formed by the hyperpla.nes is ranked (via codimen-
sion) and atomic; see chapter I1. This allows us to discuss the rank of each element
from the lattice and to associate to it the hyperplanes which contain it. The follow-

ing notational conventions are maintained throughout the chapter.
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NOTATIONAL CONVENTIONS:
1. For X € L{A), we write i € X to mean X is contained in the hyperplane H;.
2. For X € L(A), we write X = {4;,...,%p} t0 mean
(i) X is the intersection of the hyperplanes {H;, ..., H; },
(i) if X C H then H € {H;,,..., H; }.
3. If rank(X)} = p, then we write X € L(p, A).
We recall the Orlik-Solomon algebra for the central case. Let K be a field. Let
F1 be the linear space over K on n generators. Let E{A) := A(F1) be the exterior
algebra on Fy. We have that any ordered subset S = {H,,, ..., H ip} of A corresponds
in E(A). We say S is dependent if rank(NS) < |S|.

to an element eg = e;, - - - e,

We define the map & : E(A) — E{A) via the usual differential. That is,
(1) :=0,
6(6 H) ::1,

P
and for p > 2, d(eq, ---en,) = Z(—I)’“_ley1 € req,.
‘ k=1

We define I(A) to be the ideal of E(A) which is generated by d(eg) for all
dependent S. The Orlik-Solomon algebra is defined as A(A) := E(A)/I{A).
We have A(A) is a free graded K-module. We recall the broken circuit basis
for Ap(A). Fix an order on A. Consider an ordered subset S = {H;, ..., H; } of A
with 1 <43 < -+ < i, < n. Then ag is basic in A, if
1. S is independent, and
2. For any 1 < k < p, there does not exist a hyperplane H € A so that H < H,,

and {H, H,;, , H; .,H;,} is dependent.

k410"
Let By := {{i1,... ,9p) : @4, - @y, is in the broken circuit basis for A,(A)}.
We recall the cohomology of the Orlik-Solomon algebra from Chapter I1I. We

construct a cochain complex on the homogeneous components of A(A) as follows.
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Let a € A;(A). Multiplication by a giving the differential di : Ay 25 A,y forms a
complex (A(A), a).

DEFINITION 5.1.1. Let Mj, be the matrix of the map dy : Ax——Ag. 1 in the
broken circuit basis.

DEFINITION 5.1.2. Let X € L{2, A). Let a be a nonzero element of A;(A4);
write a = i Aia;. Assume A; =0 for i ¢ X and ). ; A; = 0. In this case, we say
a is concerit:rlated under X,

In the setting of Definition 5.1.1 and Definition 5.1.2, My is a [Bg1| x | Bkl
matrix. We compute the rank of M} by considering the span of the column space of
M. Let X ={1,...,nx} € L(2, A). We need to consider the types of basic elements
of Ak. Let ; = {j1,.... Jp} be a subset of 7. For A satisfying Condition A, we have
the following types of elements from Bk..

1. § = (a,f) for j€ Bx.1and 7 C {ny+1,.,n}and a € {1,..,nx}.
2. 5= (1,7) for j; € {2,...,nx} and j € By_1.
3. §=jtor jC {ny+1,..,n} and j € By.

LEMMA 5.1.3. Let A and X € L(2, A) be as in Condition A. Let 1 < k < £.
Let 0 # a € A1{A) be concentrated under X. Fix jcC {nx+1,..,n} and 7 € Bi_1.
Then the set of columns of M labeled by 17, 23, yTux] are the same. If k = 1,
then the columns of Mj, labeled by 1,2,... ,nx are the same.

PROOF. Fix j C {ny +1,..,n} and j € Bx_,. Notice (a,7) € By for any

a€e{l,...,nx}. For a € {l,..,nx}, we have

nx
a-aaj—-: E )\z'%a}"_ E }\iam;.

(L dls” t=a+1

hx
If a =1, then we have a-a > = — Z )\ial,ﬁ. If o > 1, then we have
=2

nx
a-aaj.-:/\lam}—i— E z\«;am5~ E A,;am;.

1<i<a i=a+1
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However,
Ciaj =07 — G145
Qoij =014 — Glag, and
ki)
E /\?; =0
i=1
implies a - a of =~ E )\10:11-5‘- Therefore, the «j columns are the same for any

2<a<nx
1 < a < nyx as required. Since A is quadratic under this order, a, 7 # 0. That is, if

{Hn, 1, H;} is dependent, then {4, H;} is minimally dependent since ; € Bj_1.
Hence, {H;, H;, } is minimally dependent for some j,. But this implies H;, € X, a
contradiction.

Notice that in the case & = 1, the same proof works. o

In light of the above theorem, we define
l7€By: jC{nx +1,...,n}:=1

for ease in computations.

LEMMA 5.1.4. Let A be a central hyperplane arrangement with rank(.4) = £.
Let 0 < k < {. Let X = {1,...,n,} be in L(2, A). Let 0 3£ a € A; be concentrated
under X. Fix j € By ; with j; € {2,... ,nx}. The column of My, labeled by 15 is
the zero column.

PROOF. This is immediate since any three elements under X are dependent;

in particular, we have

Y
a-Gy;= E Aiaig;=10.0
i=1

LEMMA 5.1.5, Let Aand X € L(2, A) be as in Condition A. Let 0 # a € A;(A)
be concentrated under X. Let 0 < k < {. The set of columns given by j for

j"g {nx+1,..,n} and 5 € By, are linearly independent.
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PROOF. This follows because a,5 is basic in Ax1(A) for i € {1,...,nx} since
A is quadratic under this order. Indeed, if a;; is not basic, then we have two cases.
Let S = {Hj,...,H;}. I {H;} UT is dependent for any T' ¢ S, then a; is not
basic, a contradiction. If there exists H < H; so that {H, H;} U S is dependent,
then this set is minimally dependent since ag is basic. Since A is quadratic, this
implies H;, < X for some k, a contradiction. o

THEOREM 5.1.6. Let A and X € L(2, A) be as in Condition A. Let 0 < k < £.
Let 0 # a € A1(A) be concentrated under X. We have

rank d;, = H;E Bi_: j’g {nx + 1,...,n}}‘ - HFG By - ;T'Q {ny + ln}}f

PROOF. Lemmas 5.1.3, 5.1.4, and 5.1.5 imply the rank di, is the number of 15
for j’ C {nx +1,..,n} and ;_f € By 1 and the number of j for j C{nyx +1,...,n}
and 3 € Bg.

Notice in the case that k£ = 0, we have rank dy = 1 since a # 0. o

THEOREM 5.1.7. Let A and X € L(2,.A) be as in Condition A. Let 0 < k < £.
Let 0 # a € A; be concentrated under X. We have dim Z(a) = (nx — 1) rank dj_1.

PROOF. We use Theorem 5.1.6 and calculate:

dim Zy (a) = dim Ay, — rank di

=|{j € By} - Hj"e Br_1: jC {ny+ 1,...,n}H

-_‘{Efe Bi: 7 C{nx +1a--~=n}}'

—

:Hj’e Bi: j1¢€ {1,...,nx}}‘ — Hi"e Bi_1: 7C {ny+ 1,...,n}H.

Consider the first term above. Since A is quadratic, for any a € X and 5 € B o,

we have laj € Bi. Hence,

H}'e Bi: 7 E{l,...,nx}}}Z!{cﬁe By: a€X,j€Br1,51 > nx}

+ H].CE‘;E Br:ac X,;E Bi 2,71 > nx}l
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Returning to our calculations, we now have
dim Zy(a) ={{e] € By: a € X,7 € By_1,j1 > nx}|
+{lafe€By:ae X,7€ By o,j1 >nxH — 7€ Broy g1 > nx ).
Consider the first and third terms. Since A is quadratic, for any 5 & By_, with
j1 > mx, we have a}' € By, for any o € X. Hence, the sum of the first and third
terms can be expressed as (ny — 1)|{} € Br—1: Jj1 > nx}|. The middle term as
written above is [{1laj € By : a € X, € Br_2,u1 > nx}{, and gives nx — 1 choices
for cv. Hence, the middle term can be simplified to (n, — )17 € Br_a: j1 > nx}.
Continuing with our calculations, we have
dim Z(a) =(nx — 1) {7 € Br—1: j1 > nx}l + (nx — 1) - {7 € B2 : j1 > nx}|
=(nx —1) rankd;_;. o
THEOREM 5.1.8. Let A and X € L(2,A) be as in Condition A. Let k < £.

Let 0 # a € A;(A) be concentrated under X. Then
dim H*(A(A), a) = (ny — 2) rank dg_1.

PROOF. We use Theorems 5.1.6 and 5.1.7 to compute:
dim H*(A(A), a) = dim Zg{a) — rank d1

=(nx — 1)rankdi_, — rankdy_1
=(ny — 2jrankdg_1. o

THEOREM 5.1.9. Let A and X € (2, A} be as in Condition A. Let 0 # a €

A;(A) be concentrated under X. Then for 0 < k < £, we have
k
dim H*(A(A),0) = (nx —2)>_(—=1)""Hnx — 1) dim Ay _;,

=1
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and for k = £, we have
E . .
dim H*(A(A),a) = dim Ay + Y _(=1)(nx — 1)""" dim 4.

PROOF. We consider the first statement. For & = 1, the statement clearly hold
true as dim HY(A(A),a) = ny — 2. Fix 1 < k£ < £~ 1 and suppose the statement is
true for & — 1. By Theorem 5.1.8, Theorem 5.1.7, and the induction hypothesis, we
have |

dim Hk(A(A), a) =(nx — 2)rankdg_1
=(nyx — 2){dim Ag_; — dim Z_;{a)]
=(nx —2)dim Ay_; — (nx —2)dim Z_;(a)
={nx —2)dim Ag_; — (nx — 1) dim Zx_1(a) + dim Zy_1(a)
=(nyx —2)dim Az .1 — (nx — 1) dim Zx_(a)
+ (nx — 1)rankdp_»
=(nx —2)dim Ag—; — (nx — 1) dim H*"1(A(A), a)

=(ny — 2)dim Ag_,

k—1
~ ((nx — D{nx — 2) D_(-1)" Hnx — 1) dim Ag- 1
i=1
k
=(nx — 2} Y (~1)""Y(nx — 1)*"' dim Aj_i.

i=1

We now consider the second statement. We first prove for 1 < & < ¥,
k . . .
dim Zy(a) = ¥ _(=1)" " (nx — 1) dim A ;. (x)

For k = 1, (*) holds since dim Z3(a) = nx — 1. Fix 1 < k < £ and suppose (*) holds
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for ¥k — 1. Then
dim Zx(a) =(nx — 1) rank dy

=(nx — 1)(dimA;c?1 — dimZk-l(a))

k—1
=(nx — D dimApy — (nx = 1) (1) (nx — 1)* dim Ag-1-4
i=1

k
= Z(—l)é‘l(nx - 1}3' dim Ag_;.

i=1
Hence, (*) is true for all 1 <k < £—1 and we use it to prove the second statement
of the theorem.
Indeed, we have the following which proves the theorem:

dim H(A(A),a) =dim A; — rank d;_;

=dim Ay — dim Ay +dim AR (a)
£—1 . -
=dim Ay — dim Ag—1 + > (=1 {nx — 1) dim Ae -1

i=1
e . .
=dim A+ Y _(~1)'(nx — 1) 1 dim Ags. ©
i=1
DEFINITION 5.1.10. We define the Hilbert series of a graded algebra A over
K to be

o2

H(A, 1) =) (dimx 4;)t".
i=1

THEOREM 5.1.11. Let A and X € L(2,.A) be as in Condition A. Let 0 #
a € A;(A) be concentrated under X. Then we can compute the Hilbert series for

I*(A(A),a) in terms of the Hilbert series for A(A} as follows:

tiny —2)

H(H(A(A),0)t) = 7707

H(A(A),1).
PROOF. In the proof of Theorem 5.1.9, we have for 1 < k<t

dim H*(A(A),a) = (nx — 2) dim Ay—1 — (nx — 1) dim H* "1 (A(A), a).
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So, the series holds for & < £.
We now check for £ = £. For k£ < £, we have

dim Zg(a) =(ny — 1) rank di_y
=(n, — 1){dim Ay_; — dim Zy_1(a)).
Hence, we may use the series Y oo T%}%H (A(A),a) to compute dim Zi(a)
for k < 4. Since dim H¥(A(A),a) = dimAs — dim Ay;_; + dim Z,_;, we find
dim H*(A(A),a) by taking the coefficient of t* in the series (1 + t)H(A(A),t) +
l—i(%ﬁ—;%—)f[ (A(A),a). By obtaining a common denominator and adding, we have

dim H(A(A),a) is given by the coefficient of ¥ in the series %H(A(A),t)

as required. o

§5.2 The Ideal Z(a) = ®Z;(a) for a Special Case

We now consider Z(a) = ®Zi(a) as an ideal of A(A). We endeavor to show that
if Aand X € (2, A) are as in Condition A with o concentrated under X, then we
have Zi(a) is generated by Zi(a)} (that is, Zy(a) = Ax_1(A) - Z1(a)) except in the

top dimension £.

We recall the following description of Zy(a) from Libgober and Yuzvinsky [8].
n
Let A be a central hyperplane arrangement. Let z = inai € Ay(A). Then z €
i=1
Zy(a) if and only if the following conditions hold:
1. For every Y € L(2) with Y] > 2 and a(Y) # 0 but Z}\i:(), we have
icY

i€Y
2. For every other Y € L(2) and every pair ¢ < j from Y, we have Xz, — Ajz; = 0.

We use this description to prove the following lemma.

LEMMA 5.2.1. Let A be a central hyperplane arrangement. Let X = {1, ..., nx}
be in L(2, A). Let 0 # a € A1(A) be concentrated under X. If z,w € Z;{a) and
both nonzero, then z € Z;(w) and dim(z - A;({A)) = dim(w - A;(A)}).
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PROOF. Let z,w € Z;(a). It will suffice to show z € Z;(w). We show condi-
tions (1) and (2} above hold for any Y € L(2, 4). Let Y € L(2) with Y = {dy,...,ix }.
We consider the following three cases.

Case 1. Suppose Y = X. If | X| > 2, then since z,w € Zi{a), a({X) # 0, and

Z A; = 0, condition (1) gives Z Z; = Z w; = 0 as required. If [ X| = 2, then

i€ X ie X icX

condition (2) together with a(X) # 0 gives 21 = —~zz and wy = —ws; hence,

z1we — Zowy = 0 as required.

Case 2. Suppose i; > ny. In this case, we have a(Y) = 0. It will suffice to

show z(Y) and w(Y) are both zero. Since a # 0, we may assume without loss

of generality that A; % 0. Consider the element W; € L(2) which contains

{H, H;;}. Then a{W;) # 0 and Z A = Ay # 0. By condition (2}, we have

2z, =wy, =0forall1 <j <k o

Case 3. Suppose i3 € X. Then Z)\i = Xi;. If Ay, # 0, then by condition (2),

icY

zi;,wy; = 0 for all j > 1. Hence, z;;w;,, — i, wy; =0 forany H; ,H;, €Y.

If X;, = 0, then we follow the same approach as Case 2 to obtain z(Y) and

w(Y} are linearly dependent. In particular, assume A; # 0. Then consider W;

as defined previously, noting Wy = X. We have z;, =w;, =0 forall 2 < j < k.

Hence, 2(Y) and w(Y') are linearly dependent. The lemma now follows. o

LEMMA 5.2.2. Let A be a central hyperplane arrangement. Let X € (2, A4)
with X = {1,...,nx}. Let 0 # a € A; be concentrated under X. Assume A\ # 0.
Then Z;(a) has a basis given by {a1 — ax} for 2 < k < ny.

PROOF. By straightforward computation and the assumption Z‘i)\i =0, we

=1

have that a1 — ax € Z1(a) for 2 < k < ny. Indeed, we compute

a- (a1 — ag) :(ZX Aiai)(a — ag)
i=1

=— :\i AiG1; — Z AiGik + Z AiQki-
i=2

i<k k<i<nx
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Since ag, = a1 — @1 and a; = a1 — a1k, we substitute and have

- (Gl_ak E/\ a1k
=(}.

Obviously, {a1—ax : 2 <k < nx} is a set of linearly independent elements from
A;{A). Let z € Zy(a). By the proof of Lemma 5.2.1, we have 2; = 0 for any ¢ > ny.
Moreover, gizi = 0 implies 2 is a linear combination of {a; - ar: 2<k<nx} o

THEOEE;}M 5.2.3. Let A be a central hyperplane arrangement. Let X =
{1,...,nx} € L(2, A). Let 0 # o € A;(A) be concentrated in X € L(2, A). We have

the following description of Z;(a):

n | n
:{Zmiai: :[:j:[)forjgéX,Z:Ei:O}
i=1 =1

PROOF. This follows immediately from Lemma 5.2.2. o

LEMMA 5.2.4. Let A be a central hyperplane arrangement. Let X € L(2,.A)
with X = {1,...,nx}. Let 0 # a € A;(A) be concentrated under X. Let z;, z; be
basic elements of Z;(a)} as given in Lemma 5.2.2. We have A;(A)z; N Ay (A)z, = 0.

PROOF. Suppose z; = a; —a; and zx = a1 — ax. Let v € A;(A). Then by

computation

Zy = (Z'Yg)@lz+ Z YiG1; — Z Yiij-

irnx Jo>nx

So, for z;y = zzo with v,0 € A;(A), we have

nx
(n)oncr v 5 = (BerJous 3 o= X v
i»nx irnx j=1 jrnx Jrnx
Since © # k, Y3257 = ;05 = 0. Since ¢ # & and nx < j < n, ax; and a5

are distinct basic elements of As(.A); this forces o; = 7; = 0 for ny < 7 < n. By

Theorem 5.2.3, this implies v, ¢ &€ Z((a) as required. o
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THEOREM 5.2.5. Suppose A and X € L(2, A) satisfy Condition A. Let a €
A1 (A) be a nonzero element concentrated under X. We have Zs(a) is generated by
Zl (a), ie. Zz(a) = Al(fl) : Zl (CL)

PROOF. We follow the argument given in Theorem 5.1.7 and compute
dim Zy(a) = (nx — 1)(n —nx) +nx — L.
By using Lemma 5.2.1 and Lemma 5.2.4, we compute dim A;(A) - Z (a) to be
{ny - Dn—ny+1).

Since these two quantities are equal and we have the containment A,(A) - Z;{(a) C
Zs(a), the result now follows. o

LEMMA 5.2.6. Suppose A and X € L(2,.A) satisfy Condition A. Let £ > 3.
Let a € A1(A) be a nonzero element concentrated under X. Let 5 € By for k < 4.
Suppose ya; € Zi(a) for some v € K. If j; > ny, then vy = 0.

PROOF. Suppose 73 > nx. Since A4 is quadratic, ay7 € By.q for any oo € X.
Since ~ya; € Zy{a), we must have v = 0. o

LEMMA 5.2.7. Suppose A and X € L(2, A) satisfy Condition A. Let a € A;(A)
be a nonzero element concentrated under X. Let 5 € By for 2 < k < £. Suppose
az € Zk(a). If j1 = 1 and j2 € X, then a; € A1(A) - Z1(a).

PROOF. Without loss of generality, we may assume A; # 0. Suppose j; = 1
and jp € X. Then (a1 — aq)ai;, = 0 for all 2 < a < ny. Hence, a1, € Z3(a), and
by Theorem 5.2.5, Z;(a) is generated by Zi(a). Thus, a; € A1(A) - Z1(a). ©

LEMMA 5.2.8. Suppose A and X € L(2,A) satisfy Condition A. Let 0 #
a € A;(A) be concentrated under X. Let 3:;’ € Bi_; with J_i" NX =0, If
nzx'yaaa;, € Zi(a) for k < £ and v, € K, then i’i’aaa? € Ap_1(A} - Zi(a).

a=1 a=1
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PROOF. Suppose 7N X # 0 with j; € X and jo € X. Then 7' = {jz, ..., i} is

in Bi_y. Since A is quadratic, we have a_=» ¢ By for any o« € X. Assume Ay # 0.
C%
nx

By Lemma 5.2.2, we may express a as a = Z ¢ala1 — ag). By computing,
a=2
ny nx
oaz = (L ca o= 3 cotg
=2 a=2

But aff begins with aj; for 2 < a < nx. For ji =1, we have

nx
aa; = ) | Caliygj.

=2

If 53 # 1, then o is not basic and we have a7 =a;5— @ but we still obtain

3 1cz;";
nx
aaz = E ;Caa’la}".
a=32

Fix j' € Be.1 with 3’" N X = @. For any o € X, we have «j € Bg. Let v, € K so
nx :

that Z Yalyz € Z(a) as in the assumption of the lemma. We have

a=1
X nx nx nx X
o( 3 .7) = e Doz ) =2 (2o Jaang
=1 a=1 =2 =2 “a=1
nx X ny
Since Z Yoy € Zy(a), we have Z ~o = 0. Hence, Z’yaaa € Z1(a) by Theo-
=1 a=1 a=1

rem 5.2.3, so ”ZX Yol 38 generated by Z;(a). o

THEOREOi\;/iI&Z.Q. Suppose A and X € L(2, A) satisfy Condition A. Suppose
£> 3. Let a € A;(.A) be a nonzero element concentrated under X. We have Zi(a)
is generated by Z;(a} for k < £.

PROOF. Theorem 5.1.8 shows Zs(a) is generated by Z;(a). Let v € Zg(a) for
kE>3. Then~y=>" V707 for 7 € By. We now decompose v by considering different

types of j. There are three possibilities for j.
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1. Suppose j; > nx Then by Lemma 5.2.6, we have ;= 0.

2. Suppose 71 = 1 and j3 € X. Then by Lemma 5.2.7, we have ay is generated by
Zi(a).

3. Suppose j; € X and js € X. Then jl = {ja, -, Jr} is in Bg._1. We have

X
z Vo ai € Zi(a).
a=1

X
By Lemma 5.2.8, this implies E’Yaifaaj" is generated by Z7(a). Since each

a=1

summand of v is generated by Z;(a), this implies v is generated by Zi(a). o

§5.3 Examples

In this section, we provide examples demonstrating the results of the previous
two sections and examples where dropping hypotheses cause the results to fail.

EXAMPLE 5.3.1. Let Q{ A} = z(z—y)(z+y)y(z—2)}{z+2)(y+2)(y—2)z; order
the hyperplanes as they are written. Then 4 is supersolvable and the order respects
the supersolvable structure. Let a be concentrated under X = {1,2,3,4} € L(2, A).

The indices for the broken circuit basis for A;(A) are
{12,13,14,15,16,17,18,19, 25, 26, 27, 28, 29, 35, 36, 37, 38, 39, 45, 46, 47, 48, 49}.

Checking Theorem 5.1.11, we see

BN, S S =——" (149t + 23t% + 15¢
1+t(nx—1)H(A(A)’t) 1—!—3t( + 96+ 2387 + 158
=(2t)(t + 1)(5¢ + 1)

=10t° + 12¢% + 2¢

We now check the dimensions of H*(A(A), a) by computing

dim Z;(a) = 3 and rankd; = 6,
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dim Z5{a) = 18 and rankd; = 23 - 18 = 5.

Therefore, the dimensions of H*( A(A), a) match the Hilbert series above.
Moreover, dim Za(a) = 18 and dim A; - Z1(a} = 18, so Zz{a) = A1 - Z1(a).
EXAMPLE 5.3.2. However, f Q(A) = (z—-y){z—2z)(y—2)z{z+y)y(z+2)(y+2)2

with the hyperplanes ordered as they are written, then the indices for the broken

circuit basis for Az(A) are
{12,13,14,15,16,17, 18, 19, 24, 25, 26, 27, 28, 29, 34, 35, 36, 37, 38, 39, 48, 59, 67} .

We also have A is not quadratic under this order because S = {H1, Hy, Hyq, Hg} is
minimally dependent but |{ Hz, Hs, Hg}| # 2. Notice the element H; N Hy N Hj €
L(A) is not modular. Even though A is supersolvable arrangement, we show the
formulas derived earlier do not hold in this case because the order does not respect
the supersolvable structure. Let a be concentrated under {1,2,3} € L(2, A). Then
dim Z5{a) = 17 and rankdy = 7, so dim Z3(a) # 2 - rank d;.

Moreover, dim Zo(a) = 17 and dim A, - Z1{a) = 14, so Zy(a) # A1 - Z1(a).

EXAMPLE 5.3.3. Let Q(A) = zy(z + v)z(z + 2)(y + z)(z + y + 2). Then A
is not supersolvable since no rank two element in L{A) is modular. If we take a
concentrated in X = {1,2,3} € L(2,.4), then the previous formulas do not hold.

The indices for the broken circuit basis for A3(A) are
{12,13,14, 15,16, 17, 24, 25, 26, 26, 34, 35, 36, 37, 56, 57}..

We have
dim Z;{a) = 2 and rankd; =5

dim Zy(a) = 12 andrank d; = 4.
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Hence, dim H(A(A),a) = 1,dim H2(A(A),a) = 7,dim H® = 6. We therefore have
H(H*(A(A),a),t) =t + T2 +6t°.
However, the series given in Theorem 5.1.11gives
t
——{1 16¢% + 10¢°
1+2t( + 7t + 16t + 10¢7)

and 1+ 7t + 16¢2 + 10t is not divisible by 1 -+ 2t.
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CHAPTER VI
THE DIMENSION OF H2(A(A), a)

In this chapter, we study the dimension of H?(A(A),a) with char £ = 0. In
§6.1, we construct a matrix description for Z3(A(A),a) for the case rank(A) = 3.

In §6.2, we construct a matrix description of Z2{A(A), a) for rank(4) > 3.

6.1 Dimension of H?(A(A),a) For Rank Three Central Arrangements

Let A= {H;,..., H,} be a hyperplane arrangement.

We recall the coned arrangement c¢A is formed as follows. Let {zy,...,z¢} be a
basis for V*. Let ¢V* have basis {z¢,21,...z¢}. Then cA will be an arrangement
in ¢V. Each H € A can be identified to a linear functional o € V*. Let a” be the
homogenization of . We define cA to be the arrangement given by the functionals
{zo} U {a"a € A}

Let A= A(A), and let cA = A({cA). We define maps

t: A - cAvia t(ag) == (—=1)¥lapass

s:cA — A via s(apacs) = 0, s(aes) 1= ag.
We want t and s to also be cochain maps. For this, we introduce & € A;(c.A). Put
Ag 1= — 5_}:/\1-. Let @ := zn:/\iai. Then (cA,a) is a cochain complex and we have

i=1 i=0
the short exact sequence for any p > 0

(6.1.0.) 0 — HP~Y(A, a) — HP(cA,5) — HP(A,a) — 0.

LEMMA 6.1.1. Let 0 # a € A;(4). We have dim H*(4, ¢} = dim H'(cA4, a).
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PROOF. Take p =1 in the short exact sequence (6.1.0.a). Since 0 # a, we have
HY(A) = 0. The result is immediate. o

Suppose A is central. Recall we can reverse the coning process to form the
deconed arrangement d.A as follows. Let «; be the functional corresponding to H;.
Without loss of gel?llerality, we may assume @1 = 1. Decone at a-l = x7 by setting
zi=1 Takea = Z Aia;, and consider the chain complex formed by multiplication

=2
of @, (dA4,d). Let dA := A(d.A). As in (6.1.0.a), we have the short exact sequence:
(6.1.1.) 0 — HP1(dA,a) — HP(A,a) — HP(dA,&) — 0.

LEMMA 6.1.2. Let A be a central rank three arrangement. Let a € A,(A).
Let & € Ay(dA) be as defined in the paragraph following Lemma 6.1.1. We have
dim H?(dA, @) = dim H*(4, a).

PROOF. From the short exact sequence (6.1.1.a}, we have
0 — H*(dA,a) — H*(A,a) — H*(dA,a) — 0

Since rank(d.A) = 2, we have dA; =0, so H3(dA,a) =0 . o
Recall for the algebra A{A), we define

Poin(A,t) := Z dim A, (A)tF

p=>0

X(A) == Poin(A, ~1) = > (~1)P dim A4,

p20

From [12], we have Poin{A(A),t) depends only on L{A). Also from [12], we
have Poin(A(A),¢) = (1 + t)Poin(A(dA),t). Hence, x(dA)} depend only on A, see
[13]. This implies x(A{d.4)) does not depend on the choice of hyperplane about

which one decones.
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LEMMA 6.1.3. Let Abea rank three central hyperplane arrangement. Fix a
nonzero @ € A;(A), where a = Z Aia; and Z)\ = 0. We have

=1 i=1

dim H%(A, a) = x(dA) + dim H' (4, a).

PROOF. From Lemma 6.1.2, we have dim H*(A) = dim H?(dA). Let d; repre-
sent the linear map dA; — dA, given by multiplication of @; let Z; be the kernel of
d;. Since a # 0 and Z X = 0, we have @ # 0; hence, dim Z; = dim H'(dA4,a) + 1.

i=1
We compute:

dim H?(dA, @) = dimdA; — rank d,
=dimdAy + dim Zy - dim d4;
=dimdA; - dimdAy + 1 + dim H*(dA, &)
=x(dA) + dim H*(4, a). o
LEMMA 6.1.4. Let Abea rank three central hyperplane arrangement. Fix a
nonzero a € Aj(A), where a = Z A;a; and z/\ = (. We have

i=1 i=1

dim H?(A) = dim H'(A) + dim H>(A).
PROOF. From the short exact sequence (6.1.1.a), we have
0 — H'(dA,a) — H*(A,a) — H*(dA, &) — 0.

By Lemma 6.1.1, we have H1(dA,a) = H'(A,a). Thus, H*(dA,a) = H?(4,a)
follows from Lemma 6.1.2. o
The following assertion is a consequence of Lemma 6.1.3 and Lemma 6.1.4.
THEOREM 6.1.5. If A is a rank three central hyperplane arrangement, then
we have dim HP(A, a) depends only on x(dA) and dim (A} for any p.
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In order to study precisely how dim HP({A) depeﬂds on x(dA) and dim H'(A),
we use the broken circuit basis.

We have A(A) is a free graded K-module. We recall the broken circuit basis
for Ap(A). Fix an order on A. Consider an ordered subset S = {H;,,..., H; } of A
with ¢; < --- < ip. Then ag is basic in A4, if |

1. S is independent, and
2. For any 1 < k < p, there does not exist a hyperplane H € A so that H < H;,
and {H, H;,, I, ,, ..., H;, } is dependent.

DEFINITION 6.1.6. Let B, denote the broken circuit basis for the linear space
Ap(A).

The following two lemmas are obvious by the definition of the broken circuit
basis.

LEMMA 6.1.7. If A is a rank three central hyperplane arrangement, then As
has broken circuit basis Bg = {a1;; : ai; € B2, > 2}.

PROOF. Let a;; € By with ¢ > 2. By definition of the broken circuit basis, we
have {H;, H;, H;} is independent. Indeed, if there exists a < i so that { H,, H;, H,}
is dependent, then this contradicts a;; € By. Hence, ayi; € Bs.

Suppose a;;x € Bs. If i > 1, then since A is rank three, we have the set
{H1,H;,H;, H} is dependent. So, ¢ = 1. Since ayjr € Bs, there does not exist
a < j so that {Hy, H;, H;} is dependent. Hence, aj; € B;. ©

LEMMA 6.1.8. Let A be a central arrangement. We define

02 = {(1.1,,; 2 _<_ 1 f n} U{c‘?(aljk) Lajk € Bg,j 2 2}.

Then Y is a basis for A,.
PROOF. Let aj, € B, with j > 2. Since

By ={ay:2<i<n}U{ap: aj € Bsy,j >2}
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is a bagsis for A, and 8(a1jk) = a,k — G1x + 015, the proof is immediate. o

Let z € Ao. Using the basis (5, there exist constants x1; and x;; so that

(6.1.8.a} T = Z””“a“ + Z zik0(a1;k)-

jkCBy,j22
LEMMA 6.1.9. Let A be a rank three central hyperplane arrangement. Let

a = Z A a% be an element of A;(A4). Suppose Z A; = 0. Then a - 8{aq;k) = 0.
=1
PROOF. Since a € A;(A), we have

Ha - ayjr) = Oa)arjx ~ adlayjk)-

But d(a} = Z)” = 0. Moreover, a;ay;, = 0 for all 1 < ¢ < n. Since ¢ is linear,
=1
this implies d(a - a1;1) = 0 and the result follows. a
DEFINITION 6.1.10. Let H;, Hy € A. Let Xy = {i: H; N He C Hy}.

THEOREM 6.1.11. Let .4 be a rank three central hyperplane arrangement. Let
i ki3
a = Xa; € Aj(A) with Y X =0.
=1 i=1
Let z € Ay be decomposed as in (6.1.8.a) using the basis C3. In the product a - z,
the coefficient of ayj; is given by

(—- > Ai)wlk—}—)\k( > ;ch-),

€ X\ {k} t€X ;e\ {k}

PROOF. Using Lemma 6.1.9, we need only to compute a - Z T1:G14-
=2

a- i TGl = ( z”: Maﬁ) (Zﬂiliau)
=1

=2 =2

= - E )\,;:cljanj—l- E )\iazljalji.

i<j F<i
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Suppose a;; € Ba. Let o be minimal in X;;. Then ay;; == @14 — @144 Using this,

we compute the coefficient of a1 for ajx € B, j > 2 to be

— A1k + ApT1j — Z A1k + Z AeZ 1

i<kt Xk ki i€ X
+ E ARTy1s — E Ail1k-
i<k,ie X, k<ite X

By combining like terms, the result follows. o

Suppose A is central. Then we can form the deconed arrangement d.A as follows.
Let a; be the functional corresponding to H;. Without loss of generality, we may
assume ¢y = r1. Decone at oy = x1 by setting x; = 1.

We write dA = {dH,, ...,dH,}, where dH; denotes the hyperplane correspond-
ing to the functional «; where z; = 1. Denote the Orlik-Solomon algebra of d.A4 by
dA. We write dB; to mean the broken circuit basis for dA.

LEMMA 6.1.12. Let A be a central arrangement. We have:
dBy = {ajx : j > 2,7k € Bz}

PROOF. Suppose ajx € B2,j > 2. To show a; € dB;, we need only check the
intersection dH; NdHy # 0. Since aji € By with j > 2, we have {H, H;, I} are
independent; hence, dH; N dH, 0.

Suppose ajx € dB3. Then by definition aj; € B2. o

DEFINITION 6.1.13. Let A be a central arrangement. For 2 < j < k < n, we
set

Yk ={i: 2<v<n, H; HHEQH@}

THEOREM 6.1.14. Let A be a rank three central hyperplane arrangement. In
Al(d.A), let

bl n
a:= E Ma; and x = Z%‘a«;-

=2 =2
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Then in the product @ -z € As(dA), the coefficient of a; is

(2

iEij\{k} iGij\{k}

PROOF. By computing the product, we have:

=2 =2
= Z (AZEJ - Ajﬂ?i)a@j.

2<i<j<n
Suppose a;; € dBy. If dH; NdH; = 0, then a;; = 0. Otherwise, let & be minimal
in Y;;. Then a;; = Gqoj — @qs. Using this, we compute the coefficient of a,; to be as
required. o
THEOREM 6.1.15. Let A be a rank three central hyperplane arrangement. We
have |

dim Z5(a) = dim Z; (a)} + [{a;x € B2(A): j > 1}
PROOF. We apply Theorems 6.1.11 and 6.1.14 to see that
dimZg(a) = d1le(€L) -+ Hafj]c < BZ(A) S 1}]

Furthermore by Lemma 6.1.1, we have dim Z; (a) = dim Z;(@). ©

As a brief summary of the results thus far obtained, we decomposed

T
T = Z a1 + Z Tyk(ajk — a1k + Gy )

i=2 a5 € B2 (A)5>1

so we could show dim Zp{A4) = dim Z1{A) + [{a;x € Ba(A): j > 1} for Z A = 0.

But now we change the basis of A3(A) back to the broken circuit basis. We do this

by noting

Ziﬂuau + Ziﬂjkajk = Z(Ilz + Eitjz' - Zl‘ij)au + Z«’Cjk(fljk —aik + aij)-
J J
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n
Moreover, we let a be arbitrary, dropping the condition Z A; = 0. We do this
i=1
so that we may obtain equations describing z € Z»(a) in an arbitrary setting.
Let a;i € B2 A) with j > 1. For each fixed a5 € Ba(A) with j > 1, we obtain

the equation:

(Z ATk = ( Z Aa)( Z Tik — Zﬂ?kz)
i=1

i€ X . \{k} 1<i<k i>k
(¥ (E aw-Tew) =0
1EX (k) 1<p<i P>

This equation can be simplified to

(3" Mz —( D AN D (@~ 7wa))

i€ X5 i€ X\ {k} Xk

(6.1.15.a) +)\k( Z (Y (i — :m-p)) =0

i€X 6\ k} pEX;n
In {8, dim Z;(a) was found by encoding the structure of 4 and a into an in-
cidence matrix. We will recall their construction and then proceed to use this
construction to obtain a matrix description for dim Z5(a). However, it will not be
an incidence matrix; it will be a matrix with entries from {0, 1, —1}.
Recall from Chapter {11 the following notations and results established in [8].
Let

x(@) ={X € L@): |X}>2,aX)#0,> X=0}
ieX

Let I(a) C 7 be defined as follows. We have i € I(a) if

(i) H; < X for some X € X(a), and

(ii) if A; = 0, then there does not exist A; # 0 for which H;, H; are not in any
X € X(a).
In this setting, the incidence matrix J is the | X(aj| x |I{a}| matrix with Jx ; =1

if H; < X and zero otherwise. The matrix J describes dim Zi(a) for a # 0, see [8].
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We say a matrix M is affine if it is positive semidefinite and its null space is
spanned by a positive vector, meaning all coordinates are positive. We say a matrix
M is indefinite if there exists a vector v > 0 so that Mwu < 0.
Let Q = J*J. Decompose @ into the direct sum of its principle submatrices so
that = @ Q- Then by [8], we have only two possibilities
1. For eacjli K, we have (Q i is either affine or has only the zero vector for its kernel.
In this case, we say A'(a) is affine. Since for x € Z1{a) and i € [(a), we have
r; = 0, we may assume I{a) = @. Then Zi(a) = Ker J N {37, z; = 0}; we
refer to [§].
2. There exists an unique Ky so that Qg is indefinite and for all other K Qi has
only the zero vector for its kernel. In this case, we say A'(a) is indefinite. If
X (a) is indefinite, then dim Z;(a) = 1 by [8].
In order to use the matrix J to describe the dimension of Z3{a), we first establish
some technical lemmas.
LEMMA 6.1.16. Let A be a rank three central hyperpla,ne arrangement. Let
x € Zi{a) WlthJC——ZiCtaz We have & = ( Zmﬁ)al J—Zmﬁat € Zy{a).
PROOF. We compute

(i -ai) ((—» img)al + iﬂ::jaé)

at =
i=1
:Z 150415 + Z(ij YAio1; + Z (As iT5 — Ag mt)(alj — ay;)
i=2 $==2 j=2 2<i<j<n
=Z ()\l:cz + Al ij) - Z XN — Ajx;) -+ Z(Ajm?; — /\z-.rj)) a1
=2 i i<] i3

n

Z Z Aj )xzalz

=2
={}. o



78
LEMMA 6.1.17. Let A be a rank three central hyperplane arrangement. Using
the basis Cy, we decompose ¢ € A;(A) as in (6.1.8.a); that is,
T = i::cliah- + z Tk 001k
i=2 §>1
If £ € Z3(a), then
(~ Z T1i)a1 + i z1:6; € Z1(a).
i=2 i=2

PROOF. We apply Theorems 6.1.11 and 6.1.14 to see Zn: T1:015 € Z1(a). Our
conclusion now follows from Lemma 6.1.16. o =

We will use the broken circuit basis instead of the basis Cs of Lemma 6.1.8, and
we will construct the matrix K similarly to the matrix J. We distinguish between
the cases where X(a) is affine and A'(a) is indefinite. We begin by establishing an

analogue to I(a).

DEFINITION 6.1.18. Let
Y(a) == {jk: az € Ba(A)}

Let K be the (|X(a)| +n — [I{a}]) x |¥(a)| matrix constructed by using the
matrix J. To do this, we notice the following for X € X'(a) via the change of base
from Cy to Bs.

1. For 1 <i<mnand H; < X, z; for x € Z1(a) corresponds to 1, + Y T;i ~ 3 Ti;
for z € Zy(a).
2. For Hy < X, z1 for z € Z;1(a) corresponds to — i z1; for z € Zy(a).

=2
For X(a) affine, the matrix K is given by the following for jk € ¥(a), X € X{a) U

{Ho: agI(a)}):
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K}(?jkzl, ifHkSXbutHjEX
=1, if H; < X but Uy £ X

= (J, otherwise.
THEOREM 6.1.19. Let A be a rank three central arrangement. If X(a) is
affine, then Z;(a) = Ker K. Hence,

dim H%(A,e) = dim{Ker K) — rank d;.

PROOF. Let z € Z;(a) written as

n
r = E X115 + E TikGjk
=2

i>1
n
= E (E Tii — E :z:,;j)al,;—l— E iCjka(lljk.
1=2 j<i i>e i>1

By Lemma 6.1.17,

i

T (*Zmu)aq -+ Z(Z Tji — inj)aé = Zl(a).
=2

7 =2 j<i g>i
We have that Z;{a) C KerJ. Hence, & € KerJ. Fix X € X{a). Since & € Ker J,
we have ) &; = (; but this gives

O:Zjéz Z Tj; — Z Tij
X iEX,jEX 1eX,jeX

as required to verify z € Ker K.

Let z € Ker K, written as in the previous paragraph. Let # be defined as in
the previous paragraph. Since z € Ker K, we have

Z iy — Z Ti; = 0 for all X € X(a)

i€ X, jEX e X jeX
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This gives

Z(Zxﬂ — :L‘@'j) =0.

ieX
Hence, & € Ker J. Morcover, since z € Ker K, we have &, = 0 for i ¢ I{a). Since
A(a) is affine and the sum of the coefficients of & is zero, we have & € Z1(a). By
Theorems 6.1.11 and 6.1.14, it now follows = € Z2(a).
Therefore, Z»(a) = Ker K. o
EXAMPLE 6.1.20. Let Q(A) = zyz(x + y), ordered as they are written; let

a = a1 — az. Then X{a) = {124}, I(a) ={1,2,4}, ¥{a) = {12,13,14,23,34}. The

0 -1 0 -1 1
K—(o 1 0 1 —1)

And rankd; = 2. So, dmH? = 4 — 2 = 2, and this coincides with the results of

matrix K is given by

Theorem 6.1.15. By direct computation, it is easily verified that Ker K = Zy(a).
EXAMPLE 6.1.21. Let Q(A) = zy{z +y)(z +y -+ 2)z; order the hyperplanes as
they are written. Let a = a1 — ay. We have I(a) = {1,2,3} # 7 and X(a) is affine.
With w(a) = {12, 13,14, 15,24, 25, 34, 35}, we have
00 -1 -1 -1 -1 -1 -1

oo 1 ¢ 1 0 1 0
o0 o 1 0 1 0 1

K

I

Hence, dimKer X = dim Z3(a) = 6.

EXAMPLE 6.1.22. In the previous examples, it was enough to consider only
the equations generated by ¢ & I{a). In this example, we must consider X € X(a).
Let Q(A) = zyz(z — y)(z — 2)(y — z){z + y); order the hyperplanes as they are
written. Let a := a; — a2z — a5 + ag. In Example 3.3.14, it was shown that X{q)

is affine and I(a) = {1,2,3,4,5,6}. Now, X(a) = {1247,135,236,456} and ¢(a) =
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{12,13,14,15,16, 17, 23, 25, 26, 34, 37,45, 46,57,67}. Hence, the matrix K is given
by

¢ -+ 6 -1t -1 0 -1 -1 -1 1 1 -1 -1 1 1
-1 0 -1 06 -1 -1 1 1 0 -1 -1 1 0. -1 O
1 1 0 0 1 0 o -1 0 -1 -1 ¢ 1 0 —1
0 0 1 1 1 0 0 1 1 1 0 0 0 -1 -1
0 0 0 0 0 1 0 0 0 0 1 0 0 1 1

We can now see that dim Ker X = 11 = dim Zz(a).

EXAMPLE 6.1.23. Let Q(A) = (z~y){z—2){y- 2)z(z+y)y(@+2)(y+ z)z and
let 2 = a; — ay. In Example 5.3.2, we computed dim Z3(a) = 17 but were unable
to use the formulas of Chapter V as the order on the hyperplanes did not respect
the supersolvable structure of A. Iowever, we can compute dim Z,(a) by using the
matrix K. We have X(a) = {123} and is affine, and I(a) = {1,2,3}. We compute

¥(a) to be
{12,13,14,15,16,17, 18,19, 24, 25, 26, 27, 28, 29, 34, 35, 36, 37, 38, 39, 48, 59, 67}.

We label the rows of K by {123,4,5,6,7,8,9}. After computing, we have rank K =
6. Hence, dim Z3(a) = 23 — 6 = 17 and the answer agrees with what we computed
earlier.

We now consider the case where X(a) is indefinite or X'(a) = @; in this case,
dim Zl(a) = 1. Hence, for any ¢ € Z;(a) we have that z = £a for some £ € K. In

Zo(a), this corresponds to
ai€Ba(A) i€ Ba{A)

By treating £ as a variable, we have a homogeneous system of equations describing

Z3(a). Notice there are n — 1 linearly independent equations in this system. Notice
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this is the same as the matrix K as done for the affine case for I{a) == {1} except
for the introduction of €.

DEFINITION 6.1.24. Let K be the (n — 1) x (|Bs] + 1) with rows indexed by
{2,... ,n} and columns indexed by {jk : a;rz € B2(A)} U{£} be the matrix given

by
Kogn=1,iftk=a

=-1,ifj=a
= (), otherwise.
Kig =—X
THEOREM 6.1.25. Let A be a rank three central hyperplane arrangement. If
X(a) is indefinite, then Z2(a) = Ker K.
PROOF. This is immediate by the discussion prior to Definition 6.1.24. o
EXAMPLE 6.1.26. Let Q(A) = zy(x + y)(z + y + 2)z; order the hyperplanes
as they are written. Let a = ¢ — ag + a4 — a5. In Example 3.3.13, it was shown

that X(a) is indefinite. Now K will be a matrix whose columns are indexed by

{12,13,14,15,24, 25,34, 35,£} and whose rows are indexed by {2, 3, 4,5}, giving

100 0 -1 -1 0 0 1
7 019060 ¢ 0O -1 -1 0
001 0 1 0 1 ¢ -1
00 01 0 1 0 1 1

By elementary linear algebra, we sce dim Ker K = 5; hence, dim Z,(a) = 5.
DEFINITION 6.1.27. Let
X(a) := X{a)UA\ I(a), if X(a) is affine,
=7\ {1}, if A(a) is indefinite.

Let R
¥(a) = {jk € Ba(A)}, if X(a) is affine,

= {jk € Bo{A)} U {£}, if X(a) is indefinite.
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Let X
K = K, if X(a) is affine,

= K, if X(a) is indefinite..
THEOREM 6.1.28. Let A be a rank three central hyperplane arrangement. If
0+ a € A1(A), then Ker K = Z5(a).
PROOF. By considering the two cases where X' (a) is affine or X'(a) is indefinite,

the theorem follows immediately. o

§6.2 Dimension of H?(A, a) For Central Arrangements

i
Tet A= {H1,...,H,} be a central arrangement. Let a = Z)\ia‘i in A;(A).

g=1

Since Z Xi # 0 implies H*(A4,a) = 0, refer to [13], we assume Z A; = 0.
i=1 i=1
DEFINITION 6.2.1. Fix X € L(A). Then a(X) = > Xa;. Similarly, for
H; <X

z € A{A), we have z = z-az. We define z{X) := z-az in A1{Ax).
P 73 3

aEEBP a;EBp(.AX}

THEOREM 6.2.2. Let A be a central arrangement. Let o = Z Aia; in Aq(A)

i=1
with Zn:/\,- =0. We have z € Zkr(a,) if and only if x(X) € Zi(a(X)) for all X €
Lk +1).

PROOF. Let a3 € Bjy1. Let X € L(k + 1) with § € X. It will suffice to show
the coefficient of ay in the product az is the same coefficient of az in the product
a(X)x(X).

Let 7 := (J1,.--»dke1). Let 7% i= (jraeoesdinesdhsr) for i = 1,k + L.
Since 7 € Byy1, we have j_‘“ € By for all 1 <4 < k+1. We have three cases where az
may have a nonzero coefficient as a product of an element from B; and an element

from B,.
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1. We have aj,az = a; by the definition of E{A).
2. We have aqa; for e € X'\ 7 by the dependencies in the definition of A.
3. We have a,a; for {a, ﬁ} = 7! and ie B;. by the dependencies in the definition
of A.
Since any of the three cases give the same result in A or Ax, the result follows. o

Let a = ZA a; be in A;1(A) so that Z)\ =0. Let z = Z TjkGx be in
i=1 =1 a;x€B2
Zy(a). Then z(X) € Zy(a(X)) for all X € L(3).

Let X € L(3) so that a(X) # 0. Let 1x denote the minimal element of X. We

decomposed

JZ(X) = Z SEle‘alxi‘l- Z mjk(ajk—~alxk+a1xj)

ieX\{1x} ajx€Ba(Ax}.ji>lx

g0 that we could show
dim Zo{Ax) = dim Z; (Ax) + {{a;x € B2(Ax) : > 1x}]

But now we change from the basis Cy(Ax) back to the broken circuit basis. We
let aji € Ba{Ax) with j > 1x. Let X, := {i: H; Ny € H;}. We obtain the

equation:

(Z)H’)ﬁ?jk“( Z AN Z l‘«;k—zﬂ%z')

e X ’iGXjk\{k} 1_x§'b<k i>k
§ : ( § : Tpi — E m‘i'p)) =0
iexjk\{k;} 1x<p<i p>i

We can simplify this equation:

Sz > 0 DD (@ — Tw)

i€X\ Xk i€ X\ {k} 1EX\ Xk

+ 0l D () (@p—zip)))

e X\ b} PEX\ Xk

(6.2.2.a)
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The system of equations given by equation (6.2.2.a) for X ¢ L(3) with a(X) # 0
describes Zz(a).

The image of d; should also be considered. Suppose x = ay for some y € A;{A).
Then by computation, we have for each jk € B2(A),

(6.2.2.1) Tk = ( > Ai)yk - /\k( > y)

ie X\ {k} e X\ {k}

DEFINITION 6.2.3. Let

S(a) = {X € L(3): a(X) #0,Y_ A\ =0,X[>3}.
te X

THEOREM 6.2.4. Let « € Z(a).

(1) If aji, & Ba(Ax) for any X € S{a) and a{X;x) = 0, then z(X,;;) = 0.

(2) If ajx & Ba(Ax) for any X € S(a) and X;r € X(a) and a(X,i) # 0, then the
cohomology class [z} € H?(a) is equivalent to a class [w] where w € Z,(a) and
w(Hg V H;) = 0 for any Hg < X, and any ¢ # 3.

(3) Consider the set {X1,..., X, X; € X{(a), X £Y forany Y € S(a)}. Then
the cohomology class [z} € H?(a) is equivalent to a class [w] where w € Zy(a)
and w(X;) = 0 for any X; in this set.

PROOF. We begin by showing (1). Suppose a;i & By(Ax) for any X € 8(a).
If a(X;x) = 0, then we use equation (6.2.2.a) to see x(X;¢) = 0.

To show (2), let @ & X;i. Let X, € L(3) contain {¢, j, k}. Notice a(X;) # 0,
so we have a(X,) # 0and X, € S(a). Thus, H*(A(Ax,_),a(X4)) = 0; in particular,
H%*(a(X4)) = 0. Hence, there exists z, € A{Ax, )} so that z(X,) = a(X4s)2a-

Since dim Z1{a(X;z)) = 1, we may assume zo(Xjr) = 2o (Xjx) for any a,of €
X,k That is, for @, & X, we have z4(Xjx) — 2o (Xjx) = ca(Xj) for ¢ a
constant. Hence, we may define 2’ := 2’ — ¢a(X4/). Then #'(X;r) = z(X;) and

A X Yoo = a(Xa)zar = o(Xar )
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Therefore, we define z € 4,(A) via
2 = (Za)i if H; < X,.

Let w = —az € Z3(a). For Hg < Xi and 1 # (3, we have w(Hg V H;) = 0 as
required.

To prove (3), we will proceed similarly as in (2) by constructing z ¢ A1(A) so
that * — az satisfies z — az(X;) = 0. We will construct z recursively. Begin by
noticing that if |X; A X[ = 0 for all ¢ # 7, then the problem is solved easily. That
is, for each X; fix a hyperplane H £ X;. There exists z;(X; V H) which satisfies
a(X; v H)z(X; V H) =2{X; V H). Define z € A1{ A} to be

zi =(z;)s f Hy < X
=0 otherwise.
Then by Equation 6.2.2.b, we have a(X;)z(X;) = (X;) for each i.

We now assume there exists ¢, j so that | X; AX;| = 1. Without loss of generality,
agsume | X1 A X3 = 1. We now construct z recursively.

1. Begin with X; and X;. Since rank(X,; V X3} = 3, then there exists z(Xy vV X3)
so that a(X; V X2)z(X, vV X3) = (X V X9).
2. Suppose Z is defined so that az(X;) = x(X;) for all i < k.

If | Xe AX;] = 1 forall 1 < i < k, then notice X;, < X; V X,. By our
construction, a(X)z(Xg) = z(Xy).

If | X A X;| # 1 for some 1 < i < k, then by equation 6.2.2.b, we have | X — 1
degrees of freedom in choosing z(Xy) so that a(Xg)z(Xg) = 2(Xy). We define z on
Xy accordingly. Then az(X;) = z(X;) for all ¢ < k as required. o

When studying dim 74 (a}, it was shown that z; = 0 for any ¢ ¢ I{a); thus, we
assumed 7t = [{a). By Theorem 6.2.4, we may assume for any a;; € B2(.A) there

exists X € S{a) so that a;; € Ba(Ax).
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We use the matrix descriptions given earlier for Zs(a) for Ax with X € S(a).
Notice that in the case X (a(X)) is not affine, we introduce £x.

DEFINITION 6.2.5. Let
T(a) ={(V,X) X € S,Y € x(a(X))}.

Let

¥(a):= | dla(X)).

Xe8
The matrix K we obtain is a |T(a)] x [¥(a)| matrix whose entries are
K(X,Y),jk =1, if Hy <X but H; <« X and Gk € BQ(AY)
=—1, if H; < X but Hy £ X and aj; € Ba{Ay)

= (J, otherwise.

THEOREM 6.2.6. Let A be central hyperplane arrangement. Let a € Ay(A)
with ¢ = zn:)\iai and i)‘i = 0. Ifa(X) = 0 for all X € L(3)\ S(a), then
Za(a) = Ker K 1 {23 = 0 if jk & U(a)}.

PROOF. Let x € Zy(a). If X € S(a), then (X} € Z3(a(X)) by Theorem 6.2.2.
Hence, © € Ker K. By Theorem 6.2.4, we have x5 = 0 if jk &€ ¥(a).

Let ¢ € Ker K N {zjx = 0if j& & ¥(a)}. Then x(X) € Zy(a(X)) for all X €
S(a). If X € L(3) \ S(a), then o(X) = 0 by assumption; hence, 2(X) € Zz(a(X)).
By Theorem 6.2.2, it follows that z € Z3(a). o

EXAMPLE 6.2.7. Notice in the proof of Theorem 6.2.6, it suffices to show for
X € L(3)\ S{a), we have (X) € Z,(a(X)). Suppose for any X € L(3)\ S(a) with
a{X) 3 0 there exists Y € L(2, Ax) with the following properties:

1. Y ¢ L(2, Az) for all Z € S(a), |
2. a(Y) =0, and
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3. JAx \VAy) =1
Then a(X) - z(X) = 0. Hence, the result of Theorem 6.2.6 holds.

Let Q(A) = zyzw(z + y); order the hyperplanes as they are written. Let
a = ay - az. Then Y(a) = {{125,1235), (3,1235), (125,1245), (4,1245)} and ¥ =
{12, 13, 14,15, 23,24, 35,45}. The matrix K we obtain is

0 -1 0 0 -1 0 1 0
k{0 1 0 0 1 0 -1 0
00 -10 0 -1 0 1
60 1 0 0 1 0 -1

Therefore, dim Zz{a) = 6.

EXAMPLE 6.2.8. Theorem 6.2.6 fails if the condition a(X) = 0 for X €
L(3)\ 8(a) is dropped. Let Q(A) = zy(z +y)zw(w +z +y), and let a = a; —az +
as — ag. We compute dim H?(A,a) by first deconing the arrangement about the
hyperplane given by z = 0. We obtain @(dA) = zy(z + v)w(w + = + y). Order the
hyperplanes as they are written. Then @ = a7 — as + a4 — a5 and we consider the
chain complex (A(d.A),d). In Example 3.3.13, we computed dim Z;(a) = 1. Hence,
dim H1(A(A),a) = dim H(A(d.A),d) = 0. Since we have the short exact sequence

0 — H'(A(dA),&) - H*(A(A),a) — H*(A(dA),a) — 0,
it will suffice to compute H2(A(d A}, @). Since dA is central, we have dim Z(a) = 1+
4 = 5 by Theorem 6.1.15. Hence, dim H?(A(A), a) = dim H?(A(dA),d) = 5—4 = 1.

However, if we now compute the matrix K, we will have |¥(a)] —'ra,nk(K ) -

rank d; # 1.

We have the following:
X(a) ={123, 356}, I(a) = {1,2,3,5,6}

S(a) ={1234, 12356, 3456}
Y(a) ={(123,1234), (4, 1234), (2, 12356), (3, 12356),
(5,12356), (6, 12356), (356, 3456), (4, 3456)}

U(a) ={12,13,14, 24, 34, 15, 16, 25, 26, 35, 36, 45,46, £ }
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where £ is introduced because for X = {12356} we have X(a(X)) is indefinite.

Notice {245} € L(3, A) \ S(a) and a{{245}) # 0. The matrix K is

60 -1 -1 -tr0oo0o o ¢ ¢ ¢ 00 O 0 \
0 0 1 1 1 00 0 O O O 0 0o 0
1o ¢ o0 o 00 ~-1 -1 0 0 0 0 1
c1 ¢ o o 060 0 0 -1 -1 0 0 0
00 6 o0 0 1 0 1 O r 0 0 0 -1
oo 0 O O 661 0 1 0 1 0 0 1
g¢o 0O O -1 00 0 0 0O O 1 1 0
g 6 0 @ r o0 0 0 O O -1 -1 0 )

Hence, rank K = 6. But {¥(a)| —rank K = 13 — 6 = 8 # dim Z,(a).
THEOREM 6.2.9. Let 4 be a central hyperplane arrangement. Let a,b € A;(A)

with

T T
a = E )\iai, b= E Q.
=1

=1

Suppose i Ay = En: a; = 0. In addition, suppose the following criteria are satisfied:
1. We have S(a) = S().
2. We have X(a) = X(b).
3. For X € L(3)\ 8(a), we have a(X)} = 0. For X € L(3)\ S(b), we have b(X) = 0.
4. For X € 8(a) = §(b), we have X(a(X)) is affine (hence, X(b(X)) is affine).

Then dim H?(a) = dim H*(b).

PROOF. In the matrix description given in Definition 6.2.5, both a and b will
give the same matrix. Hence, Zy(a) = Z2(b). Moreover, since X{a) = X(b)
and is affine, we have rankd;(a) is equal to the image of rankd,(b). Therefore, -
dim H?(a) = dim H?(b). o

Relaxing the conditions slightly, we obtain the equality of Z3{a) and Z5(b) in

the following theorem.
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THEOREM 6.2.10. Let A be a central hyperplane arrangement. Let a,b €
Al (.A) With

n 7
a = E /\i(li, b= E T
i=1 =1

Suppose i Ay = i: o; = 0. In addition, suppose the following criteria are satisfied:
1. We have S(a) = S(b).

We have X (a(X)) = X(b(X)) for all X € S{a).

For X € L(3)\S(a), we have a(X) = 0. For X € L(3)}\ S(b), we have b(X) = 0.

For X € S(a) = S(b), we have X(a(X)) is affine (hence, X(h(X)) is affine).

L

Then Zz(a.) = Zg(b)
PROOF. In the matrix description given in Definition 6.2.5, both a and b will

give the same matrix. Hence, Za(a) = Z2(b). o
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