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DISSERTATION ABSTRACT
Karl P. Schmidt
Doctor of Philosophy
Department of Mathematics
June 2018

Title: Factorizable Module Algebras, Canonical Bases, and Clusters

The present dissertation consists of four interconnected projects. In the first,
we introduce and study what we call factorizable module algebras. These are U,(g)-
module algebras A which factor, potentially after localization, as the tensor product of
the subalgebra A™ of highest weight vectors of A and a copy of the quantum coordinate
algebra A,[U], where U is a maximal unipotent subgroup of G, a semisimple Lie group
whose Lie algebra is g.

The class of factorizable module algebras is surprisingly rich, in particular
including the quantum coordinate algebras A,[Mat,, ], A,G] and A,[G/U]. It is
closed under the braided tensor product and, moreover, the subalgebra A™ of each
such A is naturally a module algebra over the quantization of g*, the Lie algebra of
the Poisson dual group G*.

The aforementioned examples of factorizable module algebras all possess dual
canonical bases which behave nicely with respect to factorization A = A*®@A,[U]. We
expect the same is true for many other members of this class, including braided tensor
products of such. To facilitate such a construction in tensor products, we propose
an axiomatic framework of based modules which, in particular, vastly generalizes

Lusztig’s notion of based modules. We argue that all of the aforementioned U,(g)-
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module algebras (and many others) with their dual canonical bases are included,
along with their tensor products.

One of the central objects of study emerging from our generalization of Lusztig’s
based modules is a new (very canonical) basis B°" in the n-th braided tensor power
A,JG/U]. We argue (yet conjecturally) that A,[G/UJ" has a quantum cluster
structure and conjecture that the expected cluster structure structure on A,[G/U|2"
is completely controlled by the real elements of our canonical basis B°".

Finally, in order to partially explain the monoidal structures appearing above,
we provide an axiomatic framework to construct examples of bialgebroids of Sweedler
type. In particular, we describe a bialgebroid structure on u,(g) x QCs, where u,(g)
is the small quantum group and C} is the cyclic group of order two.

This dissertation contains previously published co-authored material.
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CHAPTER I

INTRODUCTION

This dissertation consists of four interconnected projects, the first of which is
based on the published paper [6], co-authored with Arkady Berenstein. Material from

[6] appears in Chapter II1.

1.1. Factorizable Module Algebras

Let g be a complex semisimple Lie algebra. We say that a U,(g)-module algebra
A is factorizable over a U,(g)-equivariant subalgebra A, if the restriction of the
multiplication map of A, p : AT ® Ay — A, is an isomorphism of vector spaces.

We will focus on the case when Ay = A,[U].

Theorem 1.1. Up to a localization, the n-fold braided tensor power of A,[G /U],

A = A,G/UE", is factorizable over Ay = A,[U] for any n > 1.

Factorizability of module algebras in this setting is easy to establish and

reproduce.

Theorem 1.2. For any complex semisimple Lie algebra g, we have:

(a) (Theorems 3.9 & 3.12) Let A be a U,(g)-module algebra containing a U,(g)-
module subalgebra isomorphic to A,[U] and let A" denote the subalgebra of all
highest weight vectors in A. Then the vector space A’ = AT ®A,[U] has the structure
of a U,(g)-module algebra and is factorizable over A,[U].

(b) The assignments A + A’ define a functor R, from the category Af of

U,(g)-module algebras containing a U,(g)-module subalgebra isomorphic to A,[U]



to the category C{ of U,(g)-module algebras which are factorizable over A,[U], a full

subcategory of A{.

We can think of R, as a “remembering” functor because it is right adjoint to
the “forgetful” functor Fy : C — AL Clearly, the composition R, o Fy is the identity
functor on C!. In order to tensor multiply objects of these categories, we need to
“trim” it a bit. Namely, we consider the full subcategory A! consisting of weight
module algebras in A7 satisfying some additional mild conditions (see Section 3.1.).
It turns out that A has a natural braided tensor product which we denote by ® (see,
e.g. [24] and Corollary 2.23 below). For A,B € Al, A®B is naturally in A? with
an embedding A,[U] = 1®A4,[U] € A®B. This natural multiplication lacks a unit
object.

Since C{ is a full subcategory of Af, we can define C{ as the intersection of C{

and Af.

Proposition 1.3. (Proposition 3.17) CZ is closed under the braided tensor

multiplication in Af.

That is, the category C{ of factorizable U, (g)-weight module algebras is “almost”
monoidal but it lacks a unit object.

We can build factorizable module algebras over A, [U] out of U,(g*)-module
algebras, where g* is the dual Lie bialgebra of g and all factorizable algebras are

obtained this way.

Main Theorem 1.4. (Theorems 3.9 & 3.14) For any semisimple Lie algebra g, the
assignments A +— A" defines a functor P, from A to the category U,(g*)-ModAlg
of U,(g*)-module algebras. Moreover, the composition P, o F} is an equivalence of

categories C{—U,(g*)-ModAlg.



Remark 1.5. The theorem asserts that the assignment A — AT is the forgetful

functor which “remembers almost everything.”

The functor P, from Theorem 1.4 is highly nontrivial: it involves a quite
mysterious U,(g*) action on A such that A" is a U,(g*)-equivariant subalgebra.
Namely, the Cartan subalgebra action of U,(g*) is inherited from that of U,(g), but

the action of the generators F;; and F; 5 of U,(g*) is given by the formulas

xa— K7 a)x, v K
? z_(l) ’L’ EQDGZ et ) —
qi — q; qi — q;

Ya) — ax;

F,iva = Fy(a) —

for a € A%, where K is the i-th Cartan generator of U,(g), ¢; = ¢%, and z; is the

i-th generator of A,[U] C A.

1.2. Based Module Algebras

The search for “good” bases plays a central role in representation theory,
especially that of quantized enveloping algebras. Many U,(g)-module algebras (such
as Aq[Mat,, ], A ]G], and A,[G/U]) possess dual canonical bases, which behave
nicely with respect to the factorization of Chapter III. The goal of Chapter IV is to
generalize Lusztig’s notion of based modules in [23] to include these examples and
find dual canonical bases in the braided tensor products of such module algebras.

We use the key idea of Lusztig (and others) that “good” bases should consist
of elements fixed by an antilinear involution of the underlying module. We therefore
introduce a category of barred modules U,(g)-BarMod, the objects of which are pairs
(M, ~), where M is a U,(g)-weight module and ~ : M — M is a compatible antilinear

involution, which we hereafter call a bar.

Theorem 1.6. (Theorem 4.4) U,(g)-BarMod is monoidal.
3



The preceding theorem is very similar to theorems that can be found in [23].
The key difference is in our choice of the bar on the tensor product. Namely, Lusztig
defines it by m ® m’ := O(m @ m’), where we define it by m @ m’ := Rq1(m @ m/).
Here © is his quasi-R-matriz and R, ; is the opposite of the universal R-matriz. The
effect of this choice is best seen on an appropriately defined category of barred module
algebras U,(g)-BarModAlg. The objects of U,(g)-BarModAlg are barred modules

(A, 7) such that the bar is a Q-algebra anti-involution.

Theorem 1.7. (Theorem 4.8) U,(g)-BarModAlg is monoidal, where we take the

braided tensor product of the underlying module algebras.

Coming from the point of view of quantum cluster algebras, the axiom that the
bar is an algebra anti-involution is very natural. We therefore view the reproduction of
this property in braided tensor products to be a major advantage of our construction.

With a natural way for bars to reproduce in tensor products, we now turn our
attention to our actual goal: “good” bases. In Definition 4.10, we give an alternate
definition of based modules, vastly generalizing that of [23]. Definition 4.20 gives
a version for module algebras. The dual canonical bases of A,[Mat,,.|, A,G],
A,G/U], and other quantized coordinate rings all fit within this framework, even
some which are not locally finite. With this definition, we play the balancing act of
generalizing enough to include our examples, but retaining enough structure to use

established strategies.

Main Theorem 1.8. (Corollary 4.16, Theorem 4.23) The categories of based

modules and based module algebras are monoidal.

The preceding theorem gives a way to find “good” bases in tensor products of

modules and module algebras containing “good” bases. In particular, it results in a
4



new (very canonical) basis in each braided tensor power of A,[G/U], a central object
of study for us. We conjecture that upper global crystal bases also reproduce under

this process.

1.3. Quantum Cluster Algebras

It very often happens that quantum cluster algebras have a natural grading by an
Abelian group (not necessarily Z). For instance, if a quantum cluster algebra is also
a U,(g)-weight module algebra with homogeneous cluster variables (like A,[Mat,, ],
A,G], and A,[G/U]), then it is graded by the weight lattice P.

In our study of factorizable module algebras, we observe that it sometimes
happens that a U,(g)-weight module algebra can be written as a graded tensor
product of subalgebras. Specifically, the braided tensor products A,[U]®.A4,[U] and
A,[B]®A,|B] are isomorphic to the graded tensor products of the same algebras. In
particular, both factors are quantum cluster algebras and the factors skew-commute,
depending on the grading. This naturally leads to the idea of a monoidal structure
on some category of quantum cluster algebras that happen to be nicely graded.

In Chapter V, we formalize the notion of a graded quantum cluster algebra. As
in the case of regular quantum cluster algebras, these are defined by specifying certain
initial data and “mutating” to generate a subalgebra of a division algebra. The key

feature is that these structures reproduce under graded tensor products.

Main Theorem 1.9. (Theorem 5.17) The graded tensor product of graded quantum

cluster algebras is naturally a graded quantum cluster algebra.

Corollary 1.10. (Corollary 5.18) For any n > 1, A,[U]2" and A,[B]2" are graded

quantum cluster algebras.



Unlike with A,[U] and A,[B], A,[G/U]€" is not isomorphic the n-fold graded

tensor product. Nevertheless, we make the following conjecture.

Conjecture 1.11. For any n > 1, the n-fold braided tensor product A,[G/U]€" is a

graded quantum cluster algebra.

The preceding conjecture is well-known to be true for G = SLy, since
A SLy /U = A [Mats ;] and therefore, A,[SLy/UE™ = A [Maty 2" = A, [Maty ).
In Chapter V, we outline a program, so to speak, for proving the conjecture in the
general setting, then implement the program to prove the conjecture in the case

G =SLsand n=2.

1.4. Bialgebroids

It is well-known that if A is a bialgebra over a commutative ring K, the category
A-Mod of A-modules is closed under tensor products over K. In the dual setting,
the same can be done in the category A-Comod of comodules over A. It is a little
less known that to achieve the same outcome, bialgebras can be generalized to what
is known as a bialgebroid.

Early nontrivial examples of bialgebroids were introduced by Sweedler in [25]
under the name X 4-bialgebras and as a slight generalization of the usual notion
of bialgebra over a commutative ring A. A few years later, Takeuchi generalized
Sweedler’s x 4-bialgebras in [26] to include noncommutative A. Later still, Lu defined
bialgebroids in [22], which are equivalent to Takeuchi’s x 4-bialgebras.

We will focus on a class of bialgebroids over a commutative ring K, which we call
bialgebroids over K of Sweedler type. These are actually equivalent to Sweedler’s x k-
bialgebras, but we call them by a different name to avoid confusion with Takeuchi’s

generalization. In Chapter VI, we construct a class of bialgebroids by “crossing” a

6



bialgebra or Hopf algebra A with a bialgebroid H acting on A in a certain way. The

construction which follows is the chapter’s main result.

Main Theorem 1.12. (Theorem 6.5) Let B be a cocommutative bialgebroid over
K of Sweedler type and let A be a B-module and a K-bialgebra, such that my, 74,
and €4 are B-module homomorphisms. Suppose further that R: B -+ A®g A is a

(left) K-linear map such that

1L R1)=1®1 (€ Ao A)
2. R(bb') = R(b)) (b2 > R(V)) (€ Aok A)
3. R(ba))(be) > Aa(a)) = Au(ba) > a)R(bw) (€ A®k A)

4. (A4 ®1da)(R(ba))) Ria(be)) = (ida ® Aa)(R(ba))) Ras(be)) (€ Awx A®k A)
5. mao((naces)®idg)oR=ngo0ep=mao (ida® (naoea))o R (e A)

where we use the notation R;;(b) (1 <14 < j < 3) to denote that R(b) appears in the
ith and ;' places of the three-fold tensor and we also use sumless Sweedler notation
to write Ag(b) = by ® brz). Then the K-ring A x B may be given the structure of a

bialgebroid over K of Sweedler type via the additional assignments

Afa o b) = (ay(ba) " e b)) ® (a@)(ba)® e b)), e(aeb) =ecala)es(b)

where we use Sweedler-like notation to write R(b) = bV @ b2).

Roughly speaking, this construction explains the monoidality of barred modules
in Chapter IV. Namely, U,(g) x QC; is almost a bialgebroid of Sweedler type over

Q(qﬁ). To make this precise, one passes to the small quantum group u,(g), which

7



has a true quasitriangular structure. In fact, it was this very example that provided
the inspiration for our construction, to which the use of R for the map B — A ®x A

is an homage.



CHAPTER II

PRELIMINARIES

2.1. Fundamental Algebraic Objects

Fix a commutative ring with identity K. Denote the category of left K-
modules by K-Mod and the category of K-bimodules by K-Bimod. We use the
symbols ®x and gx®g for their respective natural tensor products. Of course, for
K-bimodules U and V, there is a canonical way to consider U ®g V as a left K-
module, but two (possibly distinct) right K-module structures: (v ® v)k = (uk) ® v
and (v ®v)k = u ® (vk). The following definition, due to Sweedler [25], formalizes
the left K-submodule on which these two right actions agree and hence on which there

is a canonical right action.

Definition 2.1. Let U and V be K-bimodules. Define

For an element x € U xg V, we will sometimes use Sweedler-like notation and

write = z[3) ® xJ9) since U Xg V' is not necessarily spanned by pure tensors.

It’s worth mentioning here that if the left and right actions of K on U and V
coincide, then U xx V = U ®g V. Now given K-bimodules U and V, Ux®xV and
U xg V each have a canonical K-bimodule structure. Unless otherwise specified,
we will also give U ®k V' the following K-bimodule structure: k(u ® v) = (ku) ® v
and (u ®@ V)k = u ® (vk) for k € K, v € U, and v € V. Namely, in all tensor

products which follow, the left action of K is given by the left action on the left-

9



most factor and the right action of K is given by the right action on the right-
most factor, assuming these make sense. Also, given any right K-module U, K-
bimodule V', and left K-module W, there is a natural isomorphism of abelian groups
(Ux@kV)g@xW — UrQr(Vi@xW), (u®v) @ w — u ® (v ® w), for which we
will either omit notation or simply denote =. We will similarly denote the natural

isomorphisms Kx®xV — V., k@ v — kv and Ug®@kK — U, u ® k — uk.

Definition 2.2. A K-ring is a monoid object in K-Bimod. In other words, it is a
triple (A, m,n), where A is a K-bimodule and m : Agx®xA — A and n: K — A are
homomorphisms of K-bimodules such that the following diagrams commute.

(Ax®@rA)r®@xA mady AgRkA

N

~ A

s

Ax®x (Ax®xA) o Ag®gA

Kg®rA LN Ag®kA Ag@xK At Ag®gA
T I T I
A homomorphism between K-rings (A, mq,n;) and (Ay, ma, 12) is a homomorphism

of K-bimodules f : A; — As so that the following diagrams commute.

Ag®rA —— A

K
f®fl lf % Y
A, / s Ay

Aopx@r Ay —> Ao

A K-ring on which the two actions of K agree is called a K-algebra or an algebra over

K and homomorphisms of K-algebras are simply homomorphisms of K-rings.

It is sometimes more useful to define a K-ring as a pair (A, n), where A is a ring

and 7 : K — A is a ring homomorphism. For instance, in this language, it is easy
10



to state the difference between a K-ring and a K-algebra: a K-algebra is a K-ring
in which the image of 7 is central. Additionally, we can easily define a K-ring A to
be commutative if it is a commutative ring, i.e. if ba = ab for all a,b € A (which
implies that A is a K-algebra). In practice, we will go back and forth between these
two definitions of K-ring, using the one that suits each circumstance. The following

lemma makes use of our original definition.
Lemma 2.3. If (A, my,71) and (Ay, ma, 72) are K-rings, then so is (A; xx Aa, m, 1),
where

m((zp) @ 2p) @ (Y @ Y1) = ma(zp) ® ypy) @ ma(zp) © yp)

and n(k) = m(k) @ (1)
Since every K-ring is a priori a ring, we may consider its modules. Using 7,

they are automatically K-modules, which leads to the following formal definition of

modules over a K-ring.

Definition 2.4. Let A be a K-ring. A pair (V,>) is called a (left) A-module if V is a
left K-module, > : Ax@xV — V is a (left) K-linear map, and the following diagrams

commute.

(Ax@xA)x@V "2 Ay @V

Kg®xV a3y, Ag @V K
\\7>\\\$ s v
Vv /

Ag®x (Ax®kV) T Ax@rV

R

A homomorphism between A-modules (U, >y) and (V,>y) is a K-linear map
f U — V such that the following diagram commutes.

Ax@rgU da®l, Ax@xV

oo | |ov

v—"1 vy

11



Given a K-ring A, A-Mod is the category whose objects are A-modules and

whose morphisms are homomorphisms of A-modules. Mod-A is defined analogously.

Definition 2.5. A K-coring is a comonoid object in K-Bimod. In other words, it
is a triple (C, A, ¢), where C' is a K-bimodule, A : C — Cx®gC and ¢ : C — K are

homomorphisms of K-bimodules, and the following diagrams commute.

CroxC 2298 (Cx®xC)x®@kC

>

C

NN

Cx@xC P Cx®k(Cx®kC)

1%

C -2 Cx@rC C —2 CxexC
R l;;@idc R lidceas
Kr®@rC CxrorK

A homomorphism between K-corings (C7,Aq,e1) and (Cs,Ag,e9) is a

homomorphism of K-bimodules f : C; — Cj so that the following diagrams commute.

C; —2 C1x®xCh 4 ! > Oy
| Jsos N4
Cy 7 Cox®@rCo K

A K-coring on which the two actions of K agree is called a K-coalgebra or a
coalgebra over K. A K-coalgebra is called cocommutative if A? := 70 A = A, where

7: ARk A — A®g A is the K-linear map such that 7(a ® b) = b® a for all a,b € A.
Analogous to modules over a K-ring, K-corings have comodules.

Definition 2.6. Let C' be a K-coring. A pair (V,9) is called a left C-comodule if V'
is a left K-module, 6 : V — Cx®kV is a K-linear map, and the following diagrams

commute.
12



V L) CxRxV /
R lg@idv VvV
Kx®xV X‘

Cx®kV m Cx®k(Cxk®kV)

1R

A homomorphism between C-comodules (U, dy) and (V,dy) is a K-linear map

f : U — V such that the following diagram commutes.
f

| Js

CK@KU W CK@KV

Right C-comodules are defined analogously.

Definition 2.7. A tuple (B, m,n, A, ¢) is called a bialgebroid of Sweedler type over

K if the following conditions hold.
1. (B,m,n) is a K-ring.
2. (B,A¢) is a K-coalgebra such that A(B) C B xg B.
3. The corestriction of A to B xg B is a homomorphism of K-rings.
4. e(1) =1.
5. For bt/ € B, g(bb') = (be(V')).

A homomorphism between bialgebroids of Sweedler type over K (By,m, Ay, e1)
and (Bay,m2,As,e5) is a (left and right) K-linear map B; — By which is a
homomorphism of K-rings and K-coalgebras.

A bialgebroid of Sweedler type is called commutative (resp. cocommutative) if
the associated K-ring (resp. K-coalgebra) is commutative (resp. cocommutative) and

one on which the two actions of K agree is called a K-bialgebra or a bialgebra over K.
13



Here, as usual, we suppress m and 7, writing b’ for m(b ® ') and k for n(k).
We will also use sumless Sweedler notation, writing A(b) = bn) ® bey. In practice,
we will denote a bialgebroid of Sweedler type (B, m,n, A, ¢) by B, with the structure

maps implied.

Definition 2.8. If (H,m,n, A ¢) is a K-bialgebra and S : H — H is a K-linear map
so that the following diagram commutes, then we say that (H,m,n, A, ¢, S) is a Hopf

algebra over K.

H—° yK "

N Ifm

H®KH >H®KH

S®idg, idg®S

A homomorphism between Hopf algebras over K (Hy,my,n1,Aq,€1,S51) and
(Hy,ma, 19, Ao, €9, S5) is a homomorphism f : H; — H, of the underlying K-
bialgebras so that f oS} = S50 f, i.e. the following diagram commutes.

H1L>H2

sl s

H1 T) H2
As with previous objects, we generally omit the structure maps and simply denote
a Hopf algebra over K (H,m,n, A, e, S) simply by H. The following proposition is

probably well-known, but a reference was not quickly found. We therefore include a

proof here.

Proposition 2.9. Let (H,m,n, A, ) be a K-bialgebra and p : H — H a K-algebra
automorphism. Set A, := (p®@p)oAop ! ande,:=cop~t. Then (H,m,n,A, ¢c,)
is a K-bialgebra. Furthermore, p is an isomomorphism of K-bialgebras.

If, additionally, (H, m,n, A, €, S) is a Hopf algebra over K, then (H,m,n, A, €,,5,)
is a Hopf algebra over K (where S, = po Sop™') and p is an isomorphism of Hopf

algebras over K.
14



Proof. Since p, p~1, A, and ¢ are algebra homomorphisms, so are A, and ¢,,. Further,

for h € H, we have

ep(RNAP = (g0 p M) (p([p " (W] ) p([p~ ' ()] (2))
=e([p (M]w)e(p™ (W)])

= ple(lo™" (M]w)lp™" ()] 2)

and

Sp(hh = (po S o p™)(p(lo™ (M]w)e(le™ (M)]@)

where we write A(h') = Ry @ hiy) and A, (1) = (') @ (h')®) in sumless Sweedler
notation. Similarly, hMe,(h?) = h and hVS,(h?) = ¢,(h) for all h € H. Hence
(H,m,n,A,,€,,S,) is a Hopf algebra. By design, it is immediate that p is an

isomorphism of Hopf algebras. m

The following theorem is a special case of a well-known theorem about

bialgebroids (see, for instance, [10, Section 3.5] or [11, Section 31.7 (3)]). In the more
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general theorem, B-modules are naturally K-bimodules, but in our setting these left

and right actions coincide. Hence, we use ®k instead of x®x.

Theorem 2.10. If B is a bialgebroid of Sweedler type over K, then B-Mod is

monoidal with tensor product ®x and unit object K (where b > k = £(bk)).

Definition 2.11. Let B be a bialgebroid of Sweedler type over K. A B-module
algebra is a monoid object in B-Mod. In other words, it is a K-algebra A such that
the multiplication m4 : A ®x A — A and unit 4 : K — A are homomorphisms of
B-modules.

A homomorphism of B-module algebras is a B-module homomorphism A — A’
which is also a K-algebra homomorphism.

We denote by B-ModAlg the category whose objects are B-module algebras

and whose morphisms are homomorphisms of B-module algebras.

The following lemma is an easy analogue of the standard theorem for module

algebras over bialgebras.

Lemma 2.12. Let B be a bialgebroid of Sweedler type over K and let A be a B-
module algebra. Then A x B is a K-ring with base abelian group A ®x B, and

structure given by

nk)=Fkel (aob)(a ob) =a(bqy>a)ebyl.

In particular, if B is a K-bialgebra, then A x B is a K-algebra.

2.2. Quantized Enveloping Algebras

Let I be a finite index set, C' = (¢;;) an I x I Cartan matrix (in particular, of

finite type), P an integer lattice of dimension at least |I|, and (-,-) : P x P — 1Z a
16



symmetric pairing for some fixed d € Z~o. Suppose {a;}icr and {w;}ier are linearly
independent subsets of P, such that
2(vi, o) 2(v, wj)

(azaal) >0, (ai7ai) Cl,j7 (ai7ai) 9,9 aln

2(a;, @)

(v, o)

e

fori,j € I, and a € P. Set d; := 22 € 7., Q1= Y., Zay, QF 1= ., Lo,

and PJF = Zie[ ZZOWZ"

Convention 2.13. If C is of type A,, then we take P = Z"*! with standard basis
{e;}74] and the standard pairing satisfying (e;,¢;) = d;; for 1 < 4,5 < n. We set

wi=¢€e1+ -+egand a; =¢; —g;4q1 for 1 < i < n.

Let g be the semisimple complex Lie algebra with Cartan matrix C'. g has
a triangular decomposition g = n_ @& bh @& ny, where h is a Cartan subalgebra
with dimb = |I|. Let W be the Weyl group of g, i.e. the Coxeter group with
Cartan matrix C, generated by the simple reflections {s; | i € I}. Given w € W,
we denote by f(w) the smallest nonnegative integer such that there exists some
i= (i1 2, ... i) € '™ with s;,s;, - Siywy = w and call {(w) the length of w.
Such an i is called a reduced expression for w and we denote by R(w) the set of
all reduced expressions for w. W has a unique element of maximal length, which we
denote w,. Furthermore, the assignment s;(a) = a — %az defines an action of W

on P. This restricts to an action of W on Q and also defines actions on %P and %Q.

Set @ :={w(w;) | i€, we W} and &t := PN At Then & = T U (—D7).

2.2.1. U,(g)

1

Let g2a be an indeterminate. U,(g) is the Q(q2d)-algebra generated by elements
1
{KiiQ,Ei, F; | i € I} subject to the relations
17



B
Il
o

(—)FE®R E E ™ = 04 4 £

B
Il
o

4 ="
4 —q "

1
a Q-graded algebra with grading given on generators by ]Kzi 2l =0, |E| = o, and

n) _ 1

where y, " = [n]qi!yln, n)g! = a2 - Mg M, and ¢; = ¢%. Tt is

|F;| = —a, for i € I. Uy(g) is a Hopf algebra with comultiplication A, counit €, and

antipode S given on generators by

1 1 1 1 1
AK ) =K oK, K ) =1 SK ) =K

1
AF)=FoK:+K,*@F,; €F)=0 S(F)=—q¢"'F,.

We'll denote by U,(ny), Uy(n_), K, Uy(by), and Uy(b_) the Q(g24)-subalgebras
of U,(g) generated by {E; |i € I}, {F |ie I}, (K2 |ie I}, (K2 B, | iel),
and {KljE %, F; | i € I}, respectively. The last three are Hopf subalgebras of U,(g).

Actually, U,(g) has several different frequently used Hopf algebra structures in

addition to the one given above. We describe these presently. In light of Proposition
18



2.9, we consider the Q qﬁ -algebra automorphism o : U,(g) — U,(g) satisfying
q q

1 1
o(K, %) = K,

1

_1
2

1
, 0(F;) = K, *E;, and o(F;) = F;K?. We then have, for example,

Ag(E) =E;® Ki+1® E;, AF)=F®1+K;'®F,
A (B)=E®1+K'®FE, Aa(F)=F3K+1QF,
AP?(E) =E; ® K[% + Kﬁ ® E;j, AP(F)=FE® K[% + Kf ® F,
AP(E;) = E; @1+ K; ® Ej, AP(F)=Fo K '+1®F,
A? (B)=FE @K '+19FE, A%, (F)=F®1+K,®F,

In [23], Lusztig defines automorphisms T} of U,(g) for each i € I. We'll denote

these simply by T;. To simplify notation, we set

K, = HK{”, for a = Zaiai € %Q.

i€l el

Then for each ¢ € I, T; is defined on generators by the following (with j € I\ {i} and
o € %Q):
Ti(Ka) = Ks,(a), T\(E;) = —FK;, T(F)= _Ki_lEia
T(E) = Y (VqEVBEY. )= Y (-DEVER.
ktl=—c; ; kHl=—c; ;
These automorphisms have the property that, given ¢+ € I and homogenous
u € U,(g), Ti(u) is homogeneous with graded degree |T;(u)| = s;(|u|). Giveni € R(w,)
and o € ®T, it is well-known (cf. [13, 8.1.D]) that there is a unique k& € [1, £(w,)] so

that o = s;, -+ - 84, (). We set

o ‘= iy, E, =T, “.ﬂk—1<Eik)7 and Fo = Ti1 o j—;k—l(ﬂ )

19



2.2.2. U,(g")

1

U,(g*) is the Q(g2a)-algebra generated by elements {KEEQ,EJ,E’Q | i e I}

subject to the relations

1 1 =L
KiFjo K * = q; * Fip, FiaFjo = FjoFig,

(1) FOF FO ™ — 0 if i # .

k=0

1
It is a Q-graded algebra with grading given on generators by |KZjE 2| = 0 and
|Fir] = —ay for ¢ € I and r € {1,2}. U,(g*) is a Hopf algebra with comultiplication

A, counit €, and antipode S given on generators by

Like U,(g), U,(g*) has multiple similar Hopf algebra structures. Consider the

Q(g2)-algebra automorphism o, : U,(g*) — U,(g*) satisfying 0*(Kii5) = KZ-jEE and

1
o.(Fi,) = Fi, K. We then have, for example,

20



Ap (Fi)=F, 01+ K '® Fi, Ay (Fip) = Fa®@ K ' +1® Fio,
A (Fi) = Fia@ K +1® Fg, A, (Fip) = Fia® 1+ K; @ F,
AP(Fy) = Fiy ® K, + K? @ Foy, AP(Fp)=Fiy®K? + K, ? ® Foy,
AP(Fip)=F @K '+1®F,, AP(F,)=F,91+K,'®F_,,

AZ&(Fi,l) =F.1®1+K;® Fj, Azlil(Fz’,Q) =Fo@ K, +1Q Fs.
2.3. Modules over Quantized Enveloping Algebras

We make the universal assumption that, for a U,(ny)-module M, m € M, and
i € I, there exists some n € Zxq such that E'(m) = 0. Some results hold without this
assumption, but all examples that we will see have this property. For such a module
M, weset M :={m & M | E;(m)=0Vi € I} and call M the set of highest weight
vectors. It is immediately obvious that if A is a U,(g)-module algebra, then A% is a
JC-module subalgebra of A.

A U,(g)-module M is called locally finite if the cyclic submodule U,(g)m is
finite-dimensional over @(q;?) for all m € M. For each A\ € P*, there is a unique
finite-dimensional (and hence locally finite) simple U,(g)-module V), generated by an

element vy € V4 and such that
1
E;(vy) =0, and KfQ(U)\) — qi%(ai,k)m

forall 7 € 1.

A module M over U,(g) or U,(g*) is called a weight module if it is P-graded and,
for ¢ € I and homogeneous m € M, Kii%(m) = qi%(o‘ﬂm')m. If, additionally, A is a
module algebra over U,(g) or U,(g*) (respectively), we say that it is a weight module
algebra. U,(g)-WMod and U,(g*)-WMod are the full subcategories of U,(g)-Mod

and U,(g*)-Mod, respectively, whose objects are weight modules. Similarly, U,(g)-
21



WModAlg and U,(g*)-WModAlg are the full subcategories of U,(g)-ModAlg and
U,(g*)-ModAlg, respectively, whose objects are weight module algebras.

Implicit when we speak of module algebras is a specific choice of bialgebra
structure. Unless otherwise specified, we use those we have denoted with the standard
notations, i.e. A and e, rather than (for instance) A, or A -1. However, there are
natural relationships between the respective categories. Namely, we have the following
theorem, which is probably well-known. In any case, the proof is trivial, so we omit

it here.

Theorem 2.14. Let (B, m,n, A, ¢) be a bialgebra over a commutative ring K and
suppose p : B — B is a K-algebra homomorphism. Writing B,-ModAlg for the
category of B-module algebras using A, and ¢, in place of A and ¢, there is an

equivalence of categories

7, : B-ModAlg — B-ModAlg
A=A,

f=1

where A, = A as K-modules, but the action of B on A, is given by b>,a := p(b) > a.

It is clear that if A is a module algebra over U,(g) or U,(g*) (with any
comultiplication and counit) and is also a weight module, then so is the corresponding
Ags or A,s for any s € Z. We will therefore sometimes prove results for U,(g)q-
WDModAlg or U,(g*),:-WModAlg for some s € Z, then translate results back to

U,(9)-WModAlg or U,(g*)-WModAlg via the equivalence.
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There are several main U,(g)-weight module algebras that will attract most of
our attention: A,[U], A,[T], A,[B], and A,[G/U]. We define them presently and
present some of their properties, all of which roughly matches [4].

A,[U] is isomorphic to U,(n_) as a Q-graded Q(gza)-algebra, but is written with
generators {z; | ¢ € I}, rather than {F; | i € I}. It has a U,(g)-weight module algebra

structure determined by the assignments

B xiK%(x) - K, *(x)x;

N

[

1
K2 (x)) = 52 @)y, By(xy) =6y, and Fy(z) = - ,
q; — ¢;

for i,j € I and x € A,[U].

A, [T is the commutative K-module algebra with Q(q2a)-basis {vy | A € ZP*},
multiplication v\v, = vyy, for A, u € ZPT, and K-action Kz-i%(v,\) = gF2@Ny, | Tt
is P-graded by |vy] = .

A,[B] is the graded tensor product A,[U]®A,[T] as an algebra. Namely, it has
the unique algebra structure on A,[U]® A,[T] satisfying (1Qy)(r®1) = ¢I#¥z )y
for homogeneous = € A,[U] and y € A,[T]. It is also a U,(g)-weight module algebra

satisfying

K+

7

N|=

Ei(x ®@vy) = q%(ai’A)Ei(x) ® vy,

1 _
(z; @ D)K? (z @ 0y) — K
g —q;

[NIES

(z@u)(z:®1)

Fi(z®uy) =

for i € I, A € ZP*, and homogeneous x € A,[U]. We will usually suppress the tensor

symbol when writing elements of A,[B].
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A,|G/U] is the U,(g)-module subalgebra of A,[B] generated by {vy | A € P*}.

It is locally finite and decomposes nicely as a U,(g)-module. Namely,

AG/U] = 6{) Uq(g)va

Aept

and for each A € PT and U,(g)ux = Vi, vy — 0.
Finally, for integers m,n > 1, A,[Mat,, ] is the Q(qi)—algebra generated by

{z;; | 1 <i<m, 1 <j<n}, subject to the relations

Ti0Ti5 = qT; T4 (n>2)
Tk,jTij = qT4,jTk,j (m > 2)
TkjTig = TifTk,j (m,n > 2)
TroTij = TijTre + (@ — ¢ ) TipT (m,n >2)

where ¢ < k and/or j < £ if both indices occur in the same equation. If m > 2, then

A, [Mat,,,] is a U,(g)-module algebra with

+1 5. i—5: )
2 _
Ki (J7j,k) = ¢ H—LJ;L»].JC?

Ei(zjr) = 0i41,Ti ks

E(xgk> = 5i,jfli'i+1,k-

2.4. Universal R-Matrices for U,(g)

Recall that, according to Proposition 2.9, (U,(g),m,n, Ags, €55, Sps) is a Hopf

algebra for any s € Z.
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Lemma 2.15. For any s € Z and i € I, 0° 0T, = T, 00° 0 Ad(Kf/2), where

Ad(K?) (w) = KPuK; " for u € Uy(g).

Proof. 1t suffices to check when s = 1 and since the compositions are algebra
homomorphisms, it also suffices to check this case on generators. We do this explicitly,

assuming j € I\ {i}, except for when showing

(00 T)(K;

N

) = (Tr 00 0 Ad(K?))(K?),

i

where we allow j = 7.

1 Cij )
iia,iq: Q’Jai

=K
:‘:%Oé]':F

)

el

= Ti(K}?)

J
+

= (Tioo o Ad(K}))(K;?)

N|=
D=

(00 Ti)(E:) = o(=FK;)
_ LK’
= 4K FK,
_1
2

= Ti(%‘Ki Ez)

= (Tio0)(¢:Er)

N|=

= (T, 000 Ad(K}?))(E;)

25



(0o Ty)(F) = o(=

(GoT)(BE)=c | > (-1 ENEE"
kt+l=—a; ;
_1 _1 _1

= Y (=D (K PE)W(K P E) (K, 2E)Y
k-‘rf:—ai,]'

_ Z ( 1)kqi,¢(qi%[k(k—1)+e(z-1)+ai,]-(1c+é)+21ce]K_l
k—&—E:—ai,]- :
%ai,j — k J4

=q7 TR 1, 4o, Yo (Vg BV BB

k+l=—a; ;

=Ti(q?"" K; * )

= (Ti00) (¢ E;)

= (Ti 0 0 0 Ad(K7))(E})

26
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(oo T)(F)=a| > (~1'qFIFFY

k—i—f:—ai,j

—Llk(k— 1)tay
_ Z (_Dkqfﬂ(mﬂﬂ(k)(% 3 [E(k=1)-H(E= V)i (k04280 1
2

cig, )
SO0 — 5 a;

k—i—E:—ai,j

~30i; k00 1 (k)
=4 ’WZ (D G FORFVE, o
—

&2

_lg. 1
=Ti(q; * " FK7)

= (Tioa)(q; > Fy)

N|=

= (Tioo o Ad(K?))(F;) O

Corollary 2.16. Let s € Z, k € Z>g, i € I*, and j € I. Set o = s;,84, -+~ 8;, ().

Then

(0% 0Ty 0 0 T, )(E)) ® (0" o T,y 0--- 0 T, )(F)

= K./ (Tiy 0 0 Ty )(By) @ (T, 0 -+ o T, ) (Fy) K2

Proof. Once again, it suffices to check for s = 1. To do so, we simply compute
(O-OTil O Oﬂk)(Ej) and (UoTil O Ole)<FJ)

1 1

(00T 00T, )(E;) = (T 0 Ad(Kf’l) o---0T; oAd(Ki) o0)(E;)

i1
1 1 _

= (T, 0 Ad(K2) 00T, o Ad(K?2))(K; *E})

= g3 Znmr Ot S @)(T) oo T ) (K %Ej)

11

= g2 ZmerOmsi s () UN(T, oo T ) (E)
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(UO iy 00T )(F]):<Tz OAd<Ki§1)O"'O k-1
1 1

= (T;, 0 Ad(K2) o+ 0T o Ad(K2))(F;K?)

_ q_%Z’;nzl(am,simﬂ~--sik(aj))(Ti 0-+-0 le)(Fle%)

1
— q*%an:l(am,sim+1---Sik(aj))<Til 0--+0 j”lk)<FZk)KO%

The result is now clear. O

For any r € %Z and U,(g)-weight modules M; and M,, we have an invertible

1

Qg% )-lincar map II" : My ® My — My ® My, defined by
Hr(ml ® mZ) = qr(‘mllr‘mQI)ml ® ma

for homogeneous m; € M; and my € M. We extend this definition to n > 2
tensorands by assigning I17 ;(my @ ma @ -+ - @ my,) = "™ Hmilmy @ my @ -+~ @ my,
for 1 <i < j <nand my,...,m, homogeneous elements of U,(g)-weight modules

My, ..., M,, respectively.

Remark 2.17. In what follows, we often consider elements of U,(g) ® U,(g) (or
infinite sums of such) as operators on tensor products of two arbitrary U,(g)-weight
modules. Hence, in order to make sense of some equalities, they must be applied
to elements of such weight modules. This is especially true when we apply maps to

infinite sums of elements of U,(g) ® U,(g).

Lemma 2.18. Given n > 2, 1 < i < j < n, r € %Z and homogeneous

Uy .oy Up € Uq(Q),

HT'O(U1®"'®U7L>OH;;‘":Ul®"‘®Kr\uj|ui®"‘®UjKr|ui\®"'®Un-

Z?J
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Proof. Let M,...,M, be U,(g)-weight modules with homogeneous -elements

my € My, for each 1 < k < n. We directly compute:

I ((w @ - @ ) (I (my @ -+ @ myy))
_ q—r(|mi\7|mj|)1‘[£j((ul ® - @ Up)(my @ my))
= ¢~ b DIT (g (1) © - - © wn (M)
= g lusbmal s HmD=r(imalimi Dy, () @ - -+ @ (M)
— (rlualluslima D+l dms ) (m1) @ -+ @ up(my)
= ur(m1) @« ++ @ Kopuy ui(mi) @ - @ i Koy (M) @+ -+ @ g (M)

:(ul®"'®Kr\uj'|ui®"'®qu7'|ui\®"'®un)(ml®"'®mn)- ]

Let © be as in [23, 4.1.2]. We view it simultaneously as an infinite sum of
elements of U,(g) ® U,(g) (i.e. in some completion) and as an invertible operator
on any tensor product of two U,(g)-weight modules (recalling that E; acts finitely so
that this is well-defined). Note that its inverse operator can be viewed similarly. We
also write O4; for the operator 70 © o 7 or, equivalently, the element 7(0), where 7

is the “flip” linear map r ® y — y ® x. @2_% is similar.
Corollary 2.19. For all s € Z, (0° ® 0%)(057) =112 0 ©57 o I 2.
Proof. Note that ©, 1 is multiplicative:

I e R () A S
o1 =[] (Z% T e @t

acd+ \ k=0 or*

where ¢, Fq, and F, are as in 2.2.1. (cf. [13, Theorem 8.3.9]). Here E, and F,, as
well as the order in which the product is taken depend on the choice of a reduced

expression for w,, but ©, 1 does not.
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Since 0® ® ¢* and conjugation by II¥/? are algebra homomorphisms, it therefore

suffices to show that

(0" ®@0*)EF @ FF) =120 (EF¥ ® FF)oll 2.

Now applying Corollary 2.16 and Lemma 2.18, we see

0*(By) @ 0°(Fy) = (K" Ea)" @ (FaK3?)"
_ (qzn(n—l)/2K;ns/2Eg) ® (q;sn(n—l)/2F;LK&Ls/2>
— K;nS/QEZ ® F(;LK(’;ZS/Q

=TI 0 (E"® F") oIl 2. O

Lemma 2.20. Suppose II} ; 0 2 o II; T = Z forsome 1 <i<j<n,rce %Z, and
2,2 € Uy(g)®" withn > 2. Then II} ;0 (0° ® --- ® 0°)(2) o IT" = (0° ® - - - ® 0°) (/)

for all s € Z.

Proof. 1t suffices to show the result when z = u; ®- - -®u,, for u;, € U,(g) homogeneous.
Then by Lemma 2.18, 2 = u; ® - -+ @ Kyt @ -+ - @ uj Ky, @ -+ ® up. So since

|o®(ug)| = |ug| for 1 < k < n, we have

I} jo(0* ® - - @ 0°)(2) o II; }
=117 ;0 (0%(u1) ® - @0 (uy)) o II7"
=0"(u1) @+ & Kypuy 0% (i) @ -+ - ® 0 (uj) Kooy @ -+ - ® 0°(un)
:(US®"'®US)(U1®"'®KT|Uj|ui®"'®quT|u¢\®"'®un)

=(*®---®05%)(2). O
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Set (R := Il o (6*' ® 0*7')(©3]). In what follows, we apply ;R to tensor
products in various ways. Given a tensor product of three U,(g)-weight modules
M, @ My ® Mz and 1 < i < j < 3, we write /R;; for the application of J/R to
the i-th and j-th tensorands. Given a similar tensor product, we write R 23 for
the application of (R to the iterated tensor product M; ® (Ms ® Ms). Similarly, we
write (Rio3 for the application to (M, ® M) ® Mz. We write I}, 5 and IIj 53 for the
application of IT" to the respective tensor product. In short, the subscripts tell which
tensorands it acts on, in what order, and whether to use the opposite comultiplication
or not. We can do this with an arbitrary number of tensorands.

Given a permutation p € S, (denoted in cycle notation), we will write 7, for
the linear permutation of factors M; ® --- ®@ M, + M,1) ® -+ @ M,,). In a slight

departure from this notation, if n = 2, we write 7 in place of 7(12).

Theorem 2.21. 7o (/R is a braiding for the monoidal category of U,(g),-weight

module algebras.

~1 o 7, where

Proof. T o JR is clearly a linear isomorphism with inverse (R
SRP= (01 ®0 1) (Oy1) o II"!. So it remains to show that 7 o /R is a natural
homomorphism of U,(g)-modules and satisfies the hexagon axioms.

We first show that 7 o (R is a homomorphism of U,(g)-modules. To do so, we
must show (7 0 (R) o Ags(u) = Ags(u) o (10 ,R) for all u € Uy(g) or, equivalently,
sRoAgs(u) o R = AZ (u).

According to the proof of [23, Theorem 32.1.5], Ooll 1o A, (v/) = A%P(u)Ooll™!
for all u' € U,(g). This is equivalent to IT 0 ©;1A,(u/)Oy; o II"! = A%(u/) and

according to Lemma 2.18, this implies that for any s’ € Z,

o (0% © 0) (018, (0)0n1) o II™! = (0 @ o) (AL (W)).
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Combining all of this, we see that for u € U,(g) and s € Z,

sRoAgs(u)o R P=Tlo(c*'® 08_1)(@Q_&Ag(al_s(u))@m) oIl™!
= (0"t @0 (AP (0" ()

= A% (u).

To see that 7 o /R is natural, let f : M; — N; and g : My — Ny be
homomorphisms of U,(g)-weight modules. Then it is clear that (o*7' @ 0*7!)(05])
and f ® g commute. And since f and g preserve grading on the factors, II commutes

with f ® g as well. Therefore (R and f ® g commute. It follows that

ToRo(f®g)=(g® f)oTo R

and so 7 o (/R is natural.

In order to show the hexagon axioms, we must verify that

T(123) © sR12,3 = T@12) © SRLQ O T(23) © sRa3 and

T(132) © sRi23 = T(23) © sR2,3 0 T(12) © sRi12,

or equivalently, ;Ri23 = sRi30 sRa3 and JR123 = sR130 sRi2. We'll show that
sR130sR1230,R13 = 1®1®1 and omit the proof that (Ri30,Ri230,Ry35 = 1®1®1

as it will be very similar. According to [23, Theorem 32.2.4],

(A? ®1)(0) o Ilj55 0 T(132) = O23 0 I35 0 723 0 O1 2 0 111§ 0 719

~1 ~1
= 03011300, 301l 30 7(39).
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Hence (1 ® A,)(02,1) oI 35 = Oa5 0 Hf; 0 O3, oIl7} and so

30 (1® Aa)(@ﬁ) =130 @?j ollj0 @2_%

It’s clear that Hl_é oIl 23 = Il 2, so we see

20 (1®A,)(051)021 0111 = O31.

We’re now ready to compute.

sRi3osRigsoRiy

= (0@ @0" 1) (Os1) ol 30l 5350 (1@ Ays)((0° ' @ 0°)(031))
o(c* ' ®o !t ®o" 1) (Oy) 0 Hfé

=(0* '@ ®0o* ) (Os1) oo ((0° ' @0 @ ) o (1®A,))(057)
o (0" ' ® 0" @ 0* 1) (091) o T4

— (* 1@ 0" ® 0" 1) (Os,)
olljo0 (05—1 Rl ® 03—1)((1 ® Aa)(@ﬁ)@Zl) o Hl_é

="' ®@o T @ (O3 T @ o) ((031)7Y)

=1®1®1 [l

sR is called the universal R-matrix for U,(g),s. It behaves like a true R-matrix,

satisfying the quantum Yang-Baxter equation, for instance.

Corollary 2.22. ;R satisfies ;R120R130sR23 = 3sRo30sR130R12.
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Proof. As in the proof for usual R-matrices, we compute sR; 32 two different ways.

We will, however, need the obvious fact that ;R preserves degree, yielding

r o r
H1,23 0sRa3=3sRaz0 1_[1,23

for all r € %Z. Then

sR1,32 = T(23) © 3R1,23 O T(23)
= T(23) © sRl,S © 5R1,2 © T(23)

=Rip0Ri3

and

Rige =130 (1®AZ)0 (0 ' ®@0°"))(O57)
=11 9303Re30(1®A:)0 (0" ' ® 05—1))(@2—&) o st_:l%
= Ragollipso (18 Ay:)0 (0" @0 ))(Oz1) 0 Ry
= sRa30sRi230 sRE};

-1
= sR2,3 o sR1,3 o SRLQ o 5R2,3

Combining these, we find

sRl,Z o sR1,3 o 3R273 = sR1,32 o 5R2,3 = 8R2,3 o SR173 o 5R1,2~ [

As a result of the braiding 7 o (R, algebra objects in U,(g),--WMod (that
is, weight module algebras) reproduce under tensor products. Namely, we have the
following.
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Corollary 2.23. If A and B are U,(g),--weight module algebras, then the U,(g),-

weight module A ® B may be given the structure of a weight module algebra via

(a®1)(d'@b) = ad' @b, (a®b)(1®b) =axbl, and (1&b)(d'®1)= Ra1(d'®D)

fora € Aand b € B.

The U,(g),s-weight module algebra in the preceding corollary is called the braided

tensor product of A and B and is denoted AQB.

Example 2.24. Given integers m > 2 and ny,no > 1, the assignment

Ti; ®1 ifl1<;j<m
xi,j'_>

1®xz‘,j—n1 1fn1+1§]§n1+n2

gives rise to an isomorphism of U, (sl,,)-weight module algebras

A [Mat, nyn,| = Ag[Mat, n, |QAG [ Mat, ]

2.5. Quantum Cluster Algebras

In this section, we largely follow [16]. All definitions and results can either be
found there or are equivalent to ones found there.

For integers m < n, we’ll write [m, n] to denote the set {m,m +1,...,n}. Given
positive integers m, n, p, and s, as well as A € Mat,,,(Z), B € Mat,,(k), and

C € Mat,,(Z) for any commutative ring k, we define an m x s matrix 4B with
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entries in k by setting the (i, j)-th entry to be

Qi kCe, 5
H bk>e
k.

whenever this makes sense.
For N € Zsq, elements of Z" will be thought of as column vectors with the

standard basis elements e; for i € [1, N]. Given ¢ = Zfil cie; € N, we write

N N
]+ = Zmax(ci, 0)e; and [c]- := Zmax(—ci, 0)e;.
i=1 i=1

Fix a field K and N € Zx,.

A matrix q € Maty n(K) is called multiplicatively skew-symmetric if ¢;; = 1 and
¢,;9;; = 1 for 7, j, € [1, N]. Such a matrix yields a quantum torus, i.e. the K-algebra
T4 generated by {X;*! | i € [1, N]} subject to the relation X;X; = ¢;;X;X; for all
i,j € [1,N]. Given a unital subring k of K containing all ¢, ;, we denote by 7;k the
k-subalgebra of 7, generated by all X*'. Equivalently, 7:1“‘ could be defined as the k
algebra on the same generators and relations as 7g.

Given a multiplicatively skew-symmetric matrix q € Maty y(K), denote by q?

the multiplicatively skew-symmetric matrix whose (7, j)-th entry is qﬁ ;- Tq2 then has

a distinguished K-basis {X(©) | ¢ € Z"}, where

X = Sg(c) X X5 - X = ( 1T q;jicf> XO X5 X

1<i<j<N

Definition 2.25. Let F be a division algebra over K. A map M : ZV — F is called a
toric frame if there exists a multiplicatively skew-symmetric matrix q € Maty y(K)

such that
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1. The assignment p(X;) = M(e;) for i € [1, N] defines an algebra embedding

oum : Tq2 — F such that F = Frac(om(Tq2)).
2. For all c € ZV, M(c) = o(X©).

Given a toric frame M : ZV — F, the matrix q appearing in the definition is

easily recovered via the formula
Gij = M(e:)M(e;)M(e; +e5) 7"

for 1 <i < j <N, then setting ¢;,; = qifjl. We write q(M) to denote this matrix.
Fix ex C [1, N]. By an “N X ex” matrix, we mean an N X |ex| matrix with

columns indexed by ex.

Definition 2.26. Given a multiplicatively skew-symmetric matrix q € Maty n(K)
and an N x ex integer matrix B such that the ex x ex submatrix of B is skew-

symmetrizable, we say the pair (q, B) is compatible if

N2

N
1. quk.’j =1foralli € [1, N] and j € ex with i # j and
k=1

N
2. H qzkf is not a root of unity for any j € ex.
k=1

Given a compatible pair (q, B), some k € ex, and € € {+,—}, E. and F, are the

N x N and ex X ex integer matrices with entries given by

i if 5 # &

(Eo)ij =4 —1 ifi=j=k (Equation 2.1.)

max(—eb; ;,0) ifi#j=k

\
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i ifi#k
(Fo)ig = -1 ifi=j==k- (Equation 2.2.)

max(eby ;,0) if j#£i=k

\

We can now define mutation of compatible pairs. Namely, we set

paa. B) = (). (B)) = (% o™, E.BF.).

Proposition 2.27. [16, Proposition 2.6] Let (q, B) be a compatible pair. Then

ux(q, B) is a compatible pair which does not depend on the choice of .

Definition 2.28. A quantum seed of a division algebra F is a pair (M, B), where
M :ZN — Fis a toric frame and B is an N x ex integer matrix so that (q(M), B)

is a compatible pair.

Proposition 2.29. Given a quantum seed (M, B) and some k£ € ex, there is a unique

toric frame p (M) of F so that

M([bk]+—€k)+M([bk]_—6k) ifi=k
pue(M)(e;) = )
M (e;) else

where b* denotes the column of B indexed by k. Furthermore, (ug(M), jux(B)) is a

quantum seed.

Now, similarly to for compatible pairs, we define the mutation of a quantum seed

in the direction k € ex to be ur(M, B) = (ux(M), ux(B)).
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Proposition 2.30. [16, Corollary 2.11] For all quantum seeds (M, B) of F and

k € ex, we have q(ux(M)) = ur(q(M)) and p2 (M, B) = (M, B).

In light of the preceding proposition, two quantum seed will be called mutation-
equivalent if they can be obtained, one from another, by a sequence of mutations.
The fact that mutation is involutive guarantees that this is a well-defined equivalence

relation.

Definition 2.31. Given inv C [1, N] \ ex and any unital subring k of K containing
¢;,;(M) for all 4, j € [1, N], we define the quantum cluster algebra k(M, B,inv) to be
the unital k-subalgebra of F generated by M(e;)~! with ¢ € inv and by M’(e;) with
i € I for all quantum seeds (M’, B') of F which are mutation-equivalent to (M, B).

For ¢ € Z" with ¢; > 0 if i ¢ inv, we call M’(c) a quantum cluster monomial.

Theorem 2.32 (Quantum Laurent Phenomenon). For all quantum seeds (M, B) of
a division algebra F, subrings k containing ¢; ;(M) for all 4,j € [1, N], and subsets

inv C [1, N] \ ex, we have the inclusion
k(M, B,inv) C @M(EE?M).Q).

Since the triple (q(M),B,inv) determines the k-algebra k(M,B,inv) up
to isomorphism, we will write k(q(M),é,inv) in place of k(M,B,inv), when

convenient.

2.6. Single-Parameter Quantum Cluster Algebras

We retain the assumptions of the previous section that K is a field, N € Zxo,

and ex C [1, N].
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Suppose ¢ € K* is not a root of unity and has a specified 2d-th root qTId. We

then have an altered definition of compatible pair.

Definition 2.33. Let A be an N x N skew-symmetric integer matrix and B an N x ex

integer matrix. The pair (A, B) is compatible if for each i € ex and j € [1, N],

N
D beidy = 0i5ds
k=1

for some d; € Z.

If (A, B) is a compatible pair, then the ex x ex submatrix of B is automatically
skew-symmetrizable and we see that ((¢2Iy)*, B) is a compatible pair in the sense
of Section 2.5.. Furthermore, it is clear that compatible pairs of this type are

T .
EcAEe e therefore write

preserved under mutation with uk((q%IN)A) = (q%IN)
pr(A) = ETAE,. (which matches the original definition in [8]). Since ¢ is not a
root of unity, p,(A) is independent of sign. We write qy 4 := (q%]N)A and note that

e (QA,q) = Yu(A),q-

Definition 2.34. A quantum seed (M, B) is called a single parameter quantum seed
if q(M) = qu, for some ¢ as above and skew-symmetric matrix A € Maty y(Z) so

that (A, B) is a compatible pair.

A single parameter quantum seed is a priori a quantum seed. Therefore, there
is no need to define single parameter quantum cluster algebras except to say that
they are quantum cluster algebras coming from a single parameter quantum seed.

However, when convenient, we will denote K(qy 4, B, inv) instead by K, (A, B, inv).

Remark 2.35. The assumption that ¢ is not a root of unity implies that A can be

. 1. . . .
recovered from qu ,, assuming ¢ is known. Given a toric frame M : Z" — F which
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is part of a single parameter quantum seed, we may therefore write A(M) for the

unique skew-symmetric NV x N integer matrix so that q(M) = qar),q-
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CHAPTER III

FACTORIZABLE MODULE ALGEBRAS

This chapter contains material which originally appeared in the paper [6], which
was co-authored with Arkady Berenstein. We developed the results over the course
of many meetings and, as is often the case with collaborative work, it is difficult to
attribute specific ideas either to Berenstein or myself.

For the sake of convenience, we will use the comultiplication A,, counit €., and
antipode S, for U,(g) throughout this chapter. Therefore, we also use the universal
R-matrix ;R = o O, 1. However, again for convenience, we denote them by A, ¢,

S, and R unless stated otherwise.

3.1. Definitions, Notation, and Results

In this section, we will recall and introduce the relevant definitions and notation
necessary to present our main results of the chapter, which will also be included.

First, suppose M is a U,(b;)-module. For each i € I and = € M \ {0}, set
0i(z) = max{l € Zso | EX(z) # 0} and E' () = B (2). Given i € I™ for some
m >0 and z € M \ {0}, we also use the shorthand

E.(top) (ZE) _ E'(top)E'(top) o E.(top) (IL‘)
im Tm—1

1 11

and define v : M\ {0} = ZZ, = (a1, az, ..., ay) by the following:

ap = L (BYV B - B (2)).

lg—1 k-2

Lastly, for j = (j1,...,Jm) € ZZ,, we set Ei(j) = EZ-(im)Ei(i”:l) e EZ-(ljl).
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Definition 3.1. Let A be a U,(by)-module algebra, w € W, and i € R(w). If
E"P)(2) € A* for all 2 € A\ {0}, then we say A is i-adapted. We say a basis B for

1

A is an i-adapted basis if
1. EXP)(b) =1 for all b € B.

2. The restriction of 14 to B is an injective map B — ZT,, where m is the length

of w.

If there exists any w € W and i € R(w) so that A is i-adapted, then we say more

generally that A is adapted.

Remark 3.2. Our notion of an i-adapted U,(b,)-module algebra is different than
P. Caldero’s notion of adapted algebra in [14], though they do have some examples
in common. On the other hand, our notion of i-adapted basis is stronger than the

similar notion of an adapted basis for (4, ;) as in [18].

It turns out that if Ay possesses an i-adapted basis for some i € R(w) and is a
“large enough” U, (b )-module subalgebra of A, then A is factorizable over Ay. The

following theorem makes this precise.

Theorem 3.3. Let A be a U,(b,)-module algebra. Suppose Ay is a U, (b )-module

subalgebra of A possessing an i-adapted basis B for some reduced i. Then:

1. The restriction u : AT ® Ag — A of the multiplication in A is an injective

homomorphism of U, (b, )-modules.

2. The map p is an isomorphism if and only if A is i-adapted and

(AN {0}) = vi(Ao \ {0}).
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We will prove Theorem 3.3 in Section 3.2.1.. Theorem 3.3 demonstrates a
close relationship between being i-adapted and being factorizable over a U, (b, )-
module subalgebra possessing an i-adapted basis. The following theorem explores

this relationship from a different angle.

Theorem 3.4. Let A be an i-adapted U,(b;)-module algebra for some reduced i
and suppose Ag is a U,(by)-module subalgebra of A. Then p : AT ® Ay — A as
in Theorem 3.3 is an isomorphism of U,(b;)-modules if and only if Ay possesses an

i-adapted basis and 15(Ap \ {0}) = mi(A\ {0}).

Theorem 3.4 is proved in Section 3.2.2.. We now restrict our focus to a specific
U,(g)-module algebra, namely A,[U],-1. Recall that, as a Q(gza)-algebra, A U] is

generated by the set {x; | i € I'}, subject to the quantum Serre relations:

1—=ci;

ST (DM = 0 i #
k=0

The U,(g)-module structure on A,[U],-1 (denoted just A,[U] for the rest of the

chapter) is summarized in the following equations:

K, *(z;)=q 2ax; forallijel

EZ(IJ) = 62'7]‘ for all Z,j el

r— K1 .
Fi(x) = Tit ! 7(1:]6)% for all i € I and x € A,[U].
4; — g;

NI

Of course, the actions of Kii and E; must be extended to all of A,[U] by the

rules
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+1 1 , . ,
(z2') = K, *(2)K; ? (/) forallie I and z,2' € A, U]

2 K3

K

(2

N[

Ei(z2") = Ej(2)K;(2") + xE;(2") for alli € I, and z,2" € A,[U].

Berenstein and Zelevinsky observed in [7, Proposition 3.5] that A,[U] possesses
a basis B such that, for i € R(w,), the restriction of 745 to B4 is injective. Note
that they use the notation A in place of A,[U] and view it only as a U,(n;)-module.
As hinted by the notation, B is the so-called dual canonical basis. In Section 3.2.3.,

we prove the following proposition.
Proposition 3.5. Given any i € R(w,), B is an i-adapted basis for A,[U].

Remark 3.6. Based on the recent paper [20], we expect that the dual canonical basis
B N\ U,(w) in each quantum Schubert cell U,(w) is i-adapted for any reduced word

1 for w.

Combining Proposition 3.5 with Theorem 3.3, we are led to the following

corollary, though it does still require some proof.

Corollary 3.7. Let A be a U,(g)-module algebra containing A,[U] as a U,(g)-module
subalgebra. If there exists a U,(g)-module algebra A’ containing A as a U,(g)-module
subalgebra, such that A’ is generated by (A)* as a U,(g)-module algebra, then

p: AT @ A U] — A as in Theorem 3.3 is an isomorphism of U, (b, )-modules.

Corollary 3.7 will be proved in Section 3.2.4. and provides us with the means to

prove Theorem 1.1, which we do in Section 3.2.5..

Example 3.8. Recall that A,[Mats,] is generated by {z;; | 1 <i <3, 1 <j <2},

subject to relations
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Tk, iTi; = T Tk 5 if 1 < k},
TikTi; = qu; ;T if 7 <K,
TroTij = LTk if i < k and ] > f’

ThaTij = TijThe + (@ — ¢ aipry, if i < kand j < L.
Then

Ag[Mats)[x11, Ay

+1 +1 1 —1 1 -1
= A, [%717%1,2, AT @ A, [$1,1$2,17$171$3,1>A2 (z11%32 — ¢ w1 0731)]

where Ay = 211792 — ¢ 'm19721 and A [—] denotes the subalgebra of
Ag[Matss)[x11, Ay'] generated by those elements appearing inside the brackets.
The natural action of U,(sl3) extends to the localized algebra and a short

examination verifies that
_ RPN
(Ag[Matss)lzry, A1) = Ag [#77, 712, A7"]  and

A, [ﬁf&l"z,b 1751_,%963,1, A51($1,1$3,2 — q_1$1,2$3,1)] = C[U],

where the isomorphism is an isomorphism of U,(sl3(C))-module algebras and the
generators 1 and xs of A,[U] are mapped to by xl’jxg,l and Ay (211732 —q 212731,

respectively.

There are two families of quantities that arose in the proof of Corollary 3.7:

K %(a) —
ria — Ki(a)r; and Fj(a) + xiL)_la
q; — q;
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where i € I and a € A’. These quantities are equally valid to consider for a € A,
without the assumed presence of A’. If a € AT, then both of these quantities are also

in A*. It is therefore natural to ask what relations the families of operators L; — R; K;

-1

and F;+ L;——— satisfy, where L; (respectively R;) represents left (respectively right)

K2
qi—q
multiplication by x;. Or to put it another way, do these operators indicate the
action of a known algebra which is somehow related to U,(g)? We can answer in the
affirmative. It can be proved that both of the families of operators observed in fact
satisfy the quantum Serre relations and the two families “almost” commute with each
other. This resembles an action of the Hopf algebra U,(g*)

After some tweaking and combining of our operators with the inherited Cartan
action, we see that our operators really do indicate the presence of a U,(g*)-module

algebra structure. The following theorem summarizes this and is proved in Section

3.2.6..

Theorem 3.9. Let A be a U,(g)-module algebra containing A,[U] as a U,(g)-module

subalgebra. Then A is a U,(g*)-module algebra with action given by

1 1 xa— K7 a)x; ;K7 a) — ax;
KiiQDa:KiiZ(a), Fiira=F(a)— = 27(1) f, Fapa=—"- ( )71 -
qi — q; i — q;

In particular, the subalgebra AT is preserved by this action of U,(g*) and is therefore

a U,(g*)-module subalgebra.

Theorem 3.9 is in some sense a statement about the existence of a functor. To
make this precise, we introduce a category whose objects bear properties similar to

those found in Theorem 3.3.

Definition 3.10. Let C{ be the category whose objects consist of pairs (A, ¢a),

where
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— A is an adapted U,(g)-module algebra such that v;(A \ {0}) = vi(A,[U] \ {0})

for all i € R(w,).
— a: AyU] — A is an embedding of U,(g)-module algebras.

A morphism (A, ¢a) — (B, ¢p) in C{ is a homomorphism of U,(g)-module algebras

1 : A — B such that ¢ o ps = ¢p.

Given a homomorphism of U,(g)-module algebras ¢» : A — B, it follows that
W(AT) C BT, s0 1|4+ may be thought of as a map of Q(q2¢)-algebras AT — BT, If
1 is a morphism in C{, (A, a)—(B,¥p), then actually ¢|4+ is a homomorphism of

U,(g*)-module algebras. As a consequence, we have the following corollary.

Corollary 3.11. There is a functor (—)* : CI — U,(g*)-ModAlg (denoted P, o [, in
Section 1.1.) which assigns to an object (A, ) of C{ its subalgebra of highest weight
vectors AT, equipped with the U,(g*)-module algebra structure of Theorem 3.9. The

functor (—)7 is given on morphisms by restriction.

Theorem 3.3 strongly suggests that (—)* might actually be an equivalence of
categories. In fact, this is the case, but in order to describe a quasi-inverse, we need
the following theorem which describes a U, (g)-module algebra structure on A® A,[U]

if A is a U,(g*)-module algebra.

Theorem 3.12. If A is a U,(g*)-module algebra, then A ® A,[U] has the structure

of a U,(g)-module algebra determined by:
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Qi — qi_l)Fi,QKi(a) ® 1,

(
1 1
K2 v(a®a) =K, *(a) @ K, *(z),

(l@zi)(e®1) = Ki(a) ® i +

N

Ei>(a®z)=a® Eix),

Eir(a®@x) = (Fii(a) + FipKi(a) @ ,

K;(a) — K1
i <C;). — q—zl @ ® ziw + K (a) ® Fi(z).

Theorem 3.12 will be proved in Section 3.2.6.. Since the action of each E; is
completely described on the A,[U] factor and A,[U] is adapted, we have the following

corollary.

Corollary 3.13. There is a functor (—) ® A[U] : U,(g*)-ModAlg — C? which
assigns to a U,(g*)-module algebra A, the pair (A® A,[U],1®1id), where A® A,[U] is
given the U,(g)-module structure of Theorem 3.12. The functor (—) ® A,[U] is given

on morphisms by ¢ — ¢ ® id.

The following theorem says that (—) ® A,[U] is the promised quasi-inverse for
(=)™

Theorem 3.14. The functors

()" :C! = Uy(g")-ModAlg and (—) ® Al[U] : Uy(g")-ModAlg — C!

are quasi-inverses of each other and thus provide equivalences of categories.

Theorem 3.14 is proved in section 3.2.7.. We define a subcategory of C{ on which
the braided tensor product of U,(g)-weight module algebras can be used to create

another tensor product.
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Definition 3.15. Let C{ be the full subcategory of CI whose objects consist of pairs

A, ), where A is additionally assumed to be a U,(g)-weight module algebra.
( 790 )7 y q g g g
The following proposition is then clear.

Proposition 3.16. The functors (—)* and (=) ® A,[U] restrict to equivalences
between C! and U,(g*)-WModAlg.

If (A, p4) and (B, pp) are objects of Cf, then we already saw that A®DB is also
a U,(g)-weight module algebra. Furthermore, it is obvious that 1 ® pp and g4 ® 1
are injections A,[U] — A®B. However, it is not immediately obvious that A®B is
adapted with 14(A®B\ {0}) = 14(A,[U] \ {0}) for all i € R(w,). Nevertheless, this is

the case, which the following proposition asserts.

Proposition 3.17. If (A, p4) and (B, pp) are objects of C!, then (ARB,1®pp) and

=g’

(A®DB, pa ® 1) are objects of C as well.

Proposition 3.17 is proved in Section 3.2.8.. Proposition 3.16 allows us to turn
Proposition 3.17 into a statement about U,(g*)-module algebras. We define two
“fusion” products on the category of U,(g*)-weight module algebras, namely the

following;:

AxB:= (A AJU)(B® AJU]),1®1®1xid)",

AxBi= (A® AJU)R(B @ AJU]), 1®id® 1 1)*.

These fusion products are associative, but not monoidal due to the easy
observation that there is no unit object. The reader may be bothered that the objects
(A®B,1 ® pp) and (A®DB,pa ® 1) are not (necessarily at least) isomorphic despite

having equal underlying U,(g)-module algebras. An attempt to force a common

20



quotient leads to the discovery of an interesting U,(g*)-module algebra structure on

A® B if A and B are U,(g*)-weight module algebras.

Proposition 3.18. Let A and B be U,(g*)-weight module algebras. Then the Q(qfld)—
vector space A® B has the structure of a U, (g*)-weight module algebra satisfying the

following equations

(a®@b)(d V) = ¢ D gqa @ bb

1
K2>@ob) =K,

(SIS

(a) @ K, (0)
Fia> (a®b) = K (a) ® F3(b)

Fia> (a®b) = Fys(a) @ K (D).

for i € I and weight vectors a,a’ € A and b,V € B.

Proposition 3.18 is proved in Section 3.2.9. and induces a fusion product on C{:
(A, 04) o (B, ¢p) = (A, 0a)" @ (B, pp)") ® AU], 1 ® 1 ®@id).

Just like for * and x, there is no unit object for ¢, so it is not a monoidal tensor

product.

3.2. Proofs

In many proofs, we will use the fact that ZZ, is well-ordered by the lexicographic
order. For given w € W, i € R(w), and U,(b,)-module M, we have that v;(M) is

well-ordered, allowing us to induct on v;(z) for z € M.
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3.2.1. Proof of Theorem 3.3

For j € 15(B), let b; be the unique element of B such that v;(b;) = j.

1. We first observe that since A is a U,(g)-module algebra and A% and A, are
U,(b,)-submodules, p is a homomorphism of U, (b, )-modules. Hence we simply

show that p is injective. Now each nonzero element a € AT ® Ag can be written

a = Zak (9 bjk
k=1

for some n > 0, ar € AT\ {0}, and ji € v5(Ap\ {0}). We may assume j;, < j; if
1 <k <l<nsothat

) 0 ifk<l

1

1 ifk=1¢

Suppose for the sake of contradiction that p(a) = 0. Then

which is a contradiction. Hence p(a) = 0 if and only if a = 0, showing that u is

injective.

2. (=) Suppose p is an isomorphism. Given nonzero a € A, write

a=p (Zak@bjk>
k=1

as in (1). Then, since p is injective, it is clear that vi(a) = j, = vi(b;,),

showing that 14(A \ {0}) C 1»5(Ao \ {0}). But since Ay C A, it follows that
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vi(A\{0}) = 15(Ap \ {0}). Also, as seen above
E'P)(q) = Ei(.")(a) = pla, ®1) =a, € AT,

1

so we see that A is i-adapted.

(<) Suppose that A is i-adapted and 14(A \ {0}) = v5(Ap \ {0}). By (1), we
already know that p is an injective U, (b, )-module homomorphism. Hence we
simply use induction to show that pu is surjective. We first note that since A is

i-adapted, if v5(a) = (0,0,...,0), then a = Ei(mp)(a) € A*. In other words,
{a € A\{0} | »i(a) = (0,0,...,0)} = AT\ {0} C (A" @ Ay).

Let a € A\ {0} and suppose a' € u(AT ® Ag) for all a’ € A\ {0} such that

vi(d') < vi(a). We have
B (a = (B (a) ® byw)) = 0.

Hence either a — p( ES (a) @ bui(a)) = 0 or vi(a — W(EP () ® bu(a)) < vi(a).

In the former case, a € u(A* ® Ap). In the latter case,
0 — (B (a) @ bya)) € p(AT @ Ag)
and so

a = (a— p(E"(a) @ buw)) + 1B (a) ® bya) € p(A* @ 4y).
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So we have shown that a € u(A*t ® Ag). By induction, p is surjective. Hence p

is an isomorphism. O

3.2.2. Proof of Theorem 3.4

(<) Suppose Ag possesses an i-adapted basis and 1;(A4y \ {0}) = 15(A4 \ {0}).
Then by Theorem 3.3, 1 : AT ® Ay — A is an isomorphism of U, (b )-modules.

(=) Suppose p : AT ® Ay — A is an isomorphism of U, (b, )-modules. Hence
we must have (Ag)t = Q(q2a) or else 1 would fail to be injective. Also, since A
is i-adapted, Ay is as well. Now for each j € 15(Ap \ {0}) choose b; € Ay \ {0}
such that Ei(wp)(bj) = 1 and 14(bj) = j (note that bg,...0) = 1). We claim that
B ={b|je iAo\ {0})} is an i-adapted basis for Ay. To prove that B is linearly
independent and spans Ay, we mimic the proofs that u is injective and surjective

(respectively) in Theorem 3.3. Suppose

n

Z rkbjk =0

k=1

1

for some 7, € Q(g2d) and ji € 143(Ap \ {0}) such that ji < j; if £ <. Then

k=1

By induction, each r, = 0. It follows that B is linearly independent. Note that

L\x
C .
2d)* C span, L (B)

{a c A(] \ {0} ‘ Vi(a) = (0707 R 70)} = (A0>+ \ {O} = Q<q 2d)

Let a € Ap \ {0} and suppose a' € spatl, L (B) for all ' € Ag \ {0} such that

(g2d)

vi(a') < vi(a). We have
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B 0~ B @) = 0.

Hence either a — E(mp)(a)byi(a) =0or y(a— E.(wp)(a)byi(a)) < vi(a). In the former

i i

case a € span_ 1 )(B). In the latter case a — Ei(tOp)(a)bl,i(a) € span, (B) and so

Q(q24 (q2d)

a=(a— B (a)byw) + B (a)by) € span_ 1 (B).

So we have shown that a € span, 1 )(B). By induction, B spans Ay. Hence we have
shown that B is a basis for Ag. By construction, it is in fact an i-adapted basis for
Ap.

In light of B’s existence, a typical element of A is of the form u (i ap ® bjk)

k=1
for some a, € AT and ji, € v5(Ap \ {0}). It is now clear that

Vi (u <Zak®bjk>> =max{jy | k=1,...,n}
k=1

so that 14(Ag \ {0}) D 15(A\ {0}). Since Ay C A, we have v5(Ag \ {0}) C 15(A\ {0})
and so v3(Ap \ {0}) = 15(A\ {0}). O

3.2.3. Proof of Proposition 3.5

We have already observed that for any i € R(w,), the restriction of v; to B is
an injective map B™* — ZZ, where m is the length of w,. Hence it suffices to show
that Ei(wp J(b) =1 for all i € R(w,) and b € B!, To do this we need the following

lemma.

Lemma 3.19. Given w € W and i,i’ € R(w), B (b) = EP(b) for all b € B,

1/
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Proof. Now A,[U] factors as the product of two subalgebras:

(see [19], for example, where they are respectively denoted U, (> w,—1) and
U_ (< w,—1)). In fact, these subalgebras can be described explicitly as follows. For

any reduced word i € R(w,) such that s;, - - - s;, = w, consider elements Xy, --- , X, as

k
in [3, Section 4], where m is the length of w,. This choice guarantees that monomials
X® = X" X for a € ZZ, form a basis for A,[U]. It follows that those X® with
ag = 0 for £ > k form a basis for A,[U]<, and those X? with a; = 0 for ¢ < k form
a basis for A,[U]s,. Since X; = x;, and these two subalgebras are orthogonal with

respect to Lusztig’s pairing (under which multiplication by x; and action by E; are

adjoint), we obtain the following well-known fact:
Ei(AglU]>w) = 0
for any ¢ € I such that ¢(s;w) < ¢(w). In particular, this implies that
Ei(AgUlsw,,) = Ej(Ag[U]sw,,) =0,

where w; ; is the longest element in the subgroup generated by s; and s;.

It is well-known that any two reduced words for a fixed w € W are related by a
series of rank two relations. Hence it suffices to show the lemma when i and i’ differ
by a single rank two relation. But it is also well-known that E](.wp '(b) € Bl for
all j € I and b € B™, For any j € R(w), the operator Ej(wp ) is by definition just

the composition of operators EJ(ZOP ). E](SOP )E](-:”p ). where £ is the length of w. This
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reduces the problem to the case when w is the longest element of a rank two parabolic
subgroup of W. We will therefore assume for the rest of the proof that i = (4,7, ...)
and i’ = (j,4,...) the only two distinct reduced words for w; ;. An explicit (and
apparently well-known) computation verifies that

E‘(tOp) (Aq[U]Swi,j N Bdual) _ E.i(/top) (Aq[U]Swi,j N Bdual) -1

1

According to [19, Theorem 3.14], for each b € B there exist b € Ay[U]sy, , NB™,

V' € AglU)<w,, N B™! and & € A,[U] such that 14(§) < 15(b), vv(§) < vy (D), and
WY = b+ €.

Hence

E.(top) (b) — E~(t0p) (b + é—) _ E.(tOp) (b/bl/) — b/E-(tOp) (bl/) — b/.

1

Likewise, E\'” )(b) = U/, so the lemma is proved. O

i/

In light of Lemma 3.19, given w € W and b € B™ we may unambiguously
define ESP) (b) := Ei(wp)(b) for any i € R(w). Now given j € I, there exists some
i € R(w,) such that if i = (1, ..., %p), then i, = j. It follows that E;(E{™ (b)) = 0
for all j € I, i.e. ES(b) € (A[U])* = Q(g2). Since E](tOP)(b) € Bl for all j € I

and b € B%e it follows that Eﬁffp)(b) =1 for b € B, O

3.2.4. Proof of Corollary 3.7

Let i € R(w,). As previously remarked, A,[U] possesses an i-adapted basis.
Then Theorem 3.3 (1) says that i/ : (A")T®.A4,[U] — A’is an injective homomorphism

of U,(b)-modules.
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We now show that p/((A)*®.A4,[U]) is a U,(g)-module subalgebra of A" and hence
is equal to A’ by the assumption that (A’)* generates A’. To see that 1/ ((A")T®.4,[U])
is a subalgebra of A’, it suffices to show that z,a € p/((A")* ® A,[U]) for i € I and

a € (A")*. For this, we observe that

Ei(z;a — Kj(a)x;) = 6i;Ki(a) — 6;K;(a) =0

and hence z;a — Kj(a)z; € (A')". Then

zia = Ki(a)vit(via—Ki(a)r;) = p' (Ki(a)@vi+ (zia— Ki(a)z;)®1) € 1/ ((A")T@A,[U]).

So (/((A")* @ A,[U]) is a subalgebra of A’.

Now we need to show that u/((A")" ® A,[U]) is closed under the action of
U,(g). By Theorem 3.3 (1), g/ is U,(by)-equivariant and hence it suffices to show
that p/((A)* @ A,[U]) is closed under the action of F; for i € I. Observe that for
a € (A)" and x € A U], p/(a ® z) = ax, so we will simply compute the action of
F; on such an element. However, before doing so, we note that for a € (A")™ and

1,7 € I, we have

K*(a)—a Ki(a) — K; ' (a K;'(a) — Ki(a
Qj_q]‘ qi — q; qi — g;
. Kj 2(a)—a
showing that Fj(a) + z;————=— € (A’)*. Now we compute:
4i — g,
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Far) = Fays + K; @B
— (Bl o Sy B k)
qi q; 4q; 4q;

= ((Fi(a) + xw) @1+ K *a)® Fz-(x))

qi — q;

K %(a)—a
_M/(1®xz),u/< 7 ()_1 ®£L’)

qi — 4q;

€ p((A)" @ AU]).

So (/((A)* ® A,[U]) is closed under the action of U,(g) and we may conclude that
W((AN)T®A,U]) = A'. Hence p is an isomorphism. By Theorem 3.3 (2), this implies
that A’ is i-adapted and v;(A"\{0}) = 15(A,[U]\{0}). We deduce that A is i-adapted

and
ni(AgUINA0}) € m(AN{0}) € 1a(A"\ {0}) = 1a(Ag[U] \ {0}),
ie. v(A U]\ {0}) = rs(A\ {0}). Hence applying Theorem 3.3 (2) again, p is an

isomorphism. O

3.2.5. Proof of Theorem 1.1

Before showing the factorizability of A,[G/U] after localization, we recall the
definition of right Ore sets (which allow for Ore localizations and are sometimes also

called right denominator sets) for the reader’s convenience.

Definition 3.20. Let R be any unital ring. A submonoid & C R\ {0} is called a

right Ore set if the following conditions are satisfied for r € R and s € S

1. rS§NsR # @.
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2. If sr =0, then ds’ € S such that rs’ = 0.

Recall (see, e.g., [17]) that an element p of a ring R is normal if pR = Rp. Tt
is immediate (and well-known) that for any ring R, any submonoid S C R\ {0}
consisting of normal elements that aren’t zero-divisors is automatically both right
and left Ore. In what follows, we will refer to these as mormal Ore sets. In
particular, S = {v) | A € PT} € A,[G/U]is a normal Ore set and the Ore localization
(ALG/U))[S™Y] is isomorphic to A,[B] as U,(g)-module algebras. The following
lemmas allow us to create normal Ore sets in the n-fold braided tensor product

A G UEn

Lemma 3.21. Let k be any field and suppose A and B are k-algebras such that the

k-vector space A ®y B has the structure of a k-algebra satisfying

(a®1)(d@V)=0ad @V, (a®@b)(1RV)=0ac b

for a,a’ € A and b, € B. If § is a normal Ore set in B such that

(T@s)((A\{0ph)@1) = ((A\{0}) ©1)(1@s)

fors€ S, then 1® S :={1®s | s € S} is a normal Ore set in A ® B.

Proof. 1t is clear that 1 ® § is a multiplicative set containing 1 ® 1 and that

(1®s) (AR B)= (A B)(1®s)

for s € S, so we simply show that 1 ® S does not contain any zero-divisors. Fix

s € §. Now an arbitrary nonzero element x € A ®; B can be written in the form
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xr =Y ap ® by for some ar € A\ {0} and b, € B\ {0}. We may assume that
k=1

{br}7_; is a linearly independent set. Since s is not a zero-divisor in B, it follows

that {sb,}}_; is a linearly independent set, as is {bxs}}_;. Also, by assumption, for

each k =1,...,n, there exists aj, € A\ {0} such that (1® s)(ar ® 1) = a}, ® s. Then

(1®s)r=(1®s) (Zak®bk> :Za;€®sbk7é0,

k=1 k=1

r(l®s) = (iak(@bk) (1®s)—iak®bks7ﬁ0.

k=1 k=1

Since x was an arbitrary element of A ®, B, we have shown that 1 ® s is not a

zero-divisor in A ®y B. O

Lemma 3.22. Let A and B be U,(g)-weight module algebras and let S be a normal
Ore set in B consisting of highest weight vectors. Then 1 ® § is a normal Ore set in

the braided tensor product AQB.

Proof. In light of Lemma 3.21, it suffices to show that

(T@s)((A\{0h @ 1) = ((A\{0h) ©1)(1@s)

for s € §. Since S consists of highest weight vectors in B, we have the commutation
relation

for weight vectors a € A and s € S of weight |a| and |s|, respectively. Let us denote
Gs.a = q*D. Now an arbitrary nonzero element a € A\ {0} is of the form >}, ay,

where each a;, € A\ {0} is a weight vector. We may assume |ag| # |a;| if & # [. Then

61



for s € S,

Z qs,a;, Ak 7£ 0 and Z q;;kak # 0.
k=1 k=1

Therefore since

(16s) ((Zak)@u) <(Zq>®1> (19s) and
() n-eon(())

it follows that (1 ® s)((A\{0}) ®1) = ((A\ {0}) ® 1)(1 ® s) for s € S and so the

lemma is proven. [

By Lemma 3.22 and induction, &’ ;= 1® --- ® 1 ® § is a normal Ore set in

A,G /U2, Furthermore, it is clear that
A[GIUIE"[S" ] = A[G /U VRA,[B)
as U,(g)-module algebras and A,[G/UJ2"V®.A,[B] is generated by
(A [G/UIP" DA, [B)*
as a U, (g)-module algebra. We now have an embedding of U, (g)-module algebras
A U] = A,[B] € AJJG/UIE" Vo A,[B].

Then by Corollary 3.7, A,[G/UI2"YRA,[B] = (A,[G/UIE")[S!] is factorizable
over A,[U]. O
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3.2.6. Proofs of Theorems 3.9 and 3.12

Let H be a Hopf algebra with invertible antipode (e.g. H = K). We will
refer to Yetter-Drinfeld modules of various kinds: #YD, z YD, and YDE (see, e.g.,
[12, Section 2]|). The side of the subscript denotes the side on which H will act,
while the side of the superscript denotes the side on which H will coact. We use
sumless Sweedler notation to write left coactions = + (=1 ® 2(®) and right coactions
r > 2@ ®zM. To distinguish the structure maps of a Nichols algebra (a Hopf algebra
in the appropriate Yetter-Drinfeld category, see for example [2]) from those of H, we
underline them. For instance, we write the braided comultiplication A(b) = by ®by).

We start with some results that will play key roles in the proofs of the Theorems

3.9 and 3.12.

Theorem 3.23. Let A be a left H-module algebra and suppose V € ZYD is such
that the Nichols algebra B(V) is a left H-module subalgebra of A, where #YD is
the category of left-left Yetter-Drinfeld modules over H. Then A can be given a left

B(V)-module structure via
vi>a=va— (v (a))?.
Proof. Consider the Hopf algebra H := B(V) x H, where
Au) = ugy () @ (u)”

and S(u) = S(u)Su®) for u € B(V). Then H can naturally be considered as a

subalgebra of A:= Ax H. Hence A is an H-module algebra under the adjoint action:
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h>a= h(l)ZiS(h(Q)).

We observe that A is preserved under the restriction of this action to B(V') (note that

for convenience we will write, e.g., a instead of a ® 1):

u > a = unyaS(uew))

= u(1)(2(2))(_1)‘15((@(2))(0))(_1))&((2(2)>(0))(0))

I
e
S
=
=
S
—
S
P
[\v]
»
N—
—
&
—
)
SN——
N—
Ve
S
P
[\&]
»
N—
T
[N}
N
N
—
—
=
S
(3]
S
N—
—
|
=
N—
[tn

( (Q(Q) ) © )

for u € B(V) and a € A. In fact, it is clear that A has become a left H-module

algebra. Now computing the given action for v € V and a € A, we find

vba= Q(I)((g(2))(_1)(a))S((v(Q))(O)) =va+ U(_l)(fl)ﬁ(v(o)) =va— U(_l)(a)v(o),

as required. The second and third equalities follow from the fact that every element

of V' is a primitive element of the braided Hopf algebra B(V). O

Of course, Theorem 3.23 has a natural counterpart with “left” replaced by

“right”.

Theorem 3.24. Let A be a right H-module algebra and suppose V' € YD is such

that the Nichols algebra B(V) is a right H-module subalgebra of A. Then A can be
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given a right B(V')-module structure via

a 4v=av—v9((a)pW).

Given any ring R, a right R-module is naturally a left R°’-module, giving us the

following obvious corollary.

Corollary 3.25. In the assumptions of Theorem 3.24, if H is commutative, then A

can be given a left B(V)°-module structure via

v a=av—v0wY(a)).

Remark 3.26. If A is a (B(V) x H)-module algebra (e.g. Theorem 3.23), then
we can form the braided cross product AxB(V') which, as a vector space, is just
AR B(V)C Ax(B(V)x H) and it is a subalgebra. Furthermore, it is an H-module
algebra. We note that if A is additionally a B(V)-module algebra in #YD; then our
definition of AxB(V') matches that of A x B(V'). However, we don’t require that A is
even an H-comodule, which is why we use a different notation. Similarly, we can form
the braided tensor product AQB(V') (which is an H-module algebra) even if A is an H-
module algebra and is not in 2D, simply satisfying (1®v)(a®1) = (v >a) @0,
This corresponds to the braided cross product AxB(V'), where B(V) x H acts on A

by the “trivial” action: (u® h)>a=¢(u)h>a forue B(V), he H, a € A.

Theorem 3.27. Let V € #YD and suppose A is an H-module algebra containing

B(V) as an H-module subalgebra. Then the linear map

T:=(ua®id)o(id® 1 ®id)o (id® A) : AxB(V) = AQB(V)
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is an H-module algebra isomorphism with inverse

Tl = (ua®id) o (id® 1 ®id) o (id® S ®id) o (id ® A)

, where ¢ : B(V') — A is the inclusion and the implied B(V) x H action on A is that

of Theorem 3.23.

Proof. We first verify that 7 and 77! are truly mutually inverse (and hence that we

are justified in using the name 771). For a € A and b € B(V), we directly compute

(ror )(a®b) = 7(aS (b)) @ b))
= aS(b))b) ® b
= a€(b)) ® by

=a® €(byy)be =a®b,

(7—_1 oT)(a®b) = 7'_l(ab(l) ® Q(Q))
= al_)(l)ﬁ(l_)(Q)) ® l—)(3)
= aé(@u)) ® by

=a®€(by)bp =a®b.

Since 7 o 77! and 77! o 7 act as the identity on pure tensors, they are both the

L are mutually inverse. We conclude by

identity homomorphism. Hence 7 and 7~
verifying that 7 is actually a homomorphism of algebras (and hence that 771 is as

well). For v € V, a,a’ € A, and b € B(V'), we have

66



T(a®@v)T(d @b) = (av @1+ a®@v)(a'by) @ b))
= ava'byy @ by + a(v"V (a'by)) @ v @by
= ava'byy ® by + a(v(_z)(a'))(v(_l)(1_7(1))) ® U(O)Q(2)
= ava'byy ® by — a(v(_l)(a’))v(o)l_)(l) ® by
+ a0 (@)v by © by + a(v?(d)) (0 (bry)) © vy
= 7(avd’ @ b — a(vV ()@ @ b+ a(v"V(d') @ vVb)
= 7(a(va’ — (v (d))v @) @ b+ a(vV (")) @ vVb)
=7(a(v>ad) @b+ a(vV(d)) ®vOb)

=7((a®v)(d ®Db)).
It is clear that
{beB(V)|m(a@b)r(d V) =7((a®b)(d @V")) Va,a' € A,V € B(V)}

is a subalgebra of AxB(V). We have shown it contains V, so it must be equal to
B(V). Now, since pure tensors span AXB(V') and 7 is a linear map, it follows that 7

respects multiplication. The theorem is proved. O

Corollary 3.28. Let V € ¥YD. Then there are injective H-module algebra
homomorphisms B(V) — B(V)xB(V) and B(V) — B(V)®@B(V) given by

v 1®uv—v®land v — 1 ®v+v® 1, respectively, for v € V.

Proof. Let 7 be as in Theorem 3.27, where A = B(V). Restrict 77! to
B(V) = 1@B(V) C B(V)®B(V) and observe that 7' (1 ®v) = 1®@ v —v ® 1 for

veV.
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Similarly, restrict 7 to B(V) = 1xB(V) C B(V)xB(V) and note that

Tlev)=10v+v®1forveV. O

Theorem 3.29. Let V € £YD and set H = B(V) x H. Let A be a left H-module
algebra and suppose A contains an H-module subalgebra isomorphic to B(V) with

the “adjoint” action:

(u@h)>u = g(l)([(u(z))(_l)h](u’))ﬁ((g@))(o)) for u,u’ € B(V), h € H.

Then there is a left B(V') action » on A given by
v a=(v>a)—[va— (V)] forveV, ae A

Proof. We first observe that B(V)xB(V) is an H-module subalgebra of AxB(V'). By
Corollary 3.28, the elements 1®v—v®1 € AxB(V) (v € V) generate an H-module

algebra isomorphic to B(V'). Then by Theorem 3.23, we can define an action of B(V)
on AxB(V) by

v-(a®@u)=10v—v31)(a®u)— v (a®u)]1lev® —v® 1)

Now we need only observe that this action preserves A = Ax1 C AxB(V) and

acts in the prescribed manner:

v-@e)=(10v-ve)eol) - (el - 1)
=(@wr>a)®1l+ (v(_l)(a)) @09 —va®1
_ (v(_l)(a)) @ v© 4+ (v(_l)(a))v(O) ® 1

= [(v> ) — va — WV (@) O] @ 1. 0
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Theorem 3.30. Let V € £YD and set H = B(V) x H. Let A be a left H-module
algebra and suppose A contains an H-module subalgebra isomorphic to B(V) with

the trivial action:

(u@h)>u = [e(u)h|(v) for u,u’ € B(V), h e H.

Then there is a left B(V) action » on A given by

v a=(>a)+ [va— )] forveV, ac A

Proof. By Corollary 3.28, the elements 1 @ v + v ® 1 € AxB(V) (v € V) generate

an H-module algebra isomorphic to B(V'). Then by Theorem 3.23, we can define an
action of B(V') on AxB(V) by

v-(a®u)=10v+v®1)(a®u)— v Y (a®u)]1ev® +00e1).

Now we need only observe that this action preserves A = Ax1 C AxB(V') and acts

in the prescribed manner:

v-(a@l)=1v+vel)(eel) - Ve 1)]1ev?+v® 1)
=@w>a)®l+ 0 a) @+l
— (U(fl)(a)) ® v — (U(fl)(a))v(o) ®1

= (v a) + [va — (VD (a))w V] @ 1. 0
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Theorem 3.31. Let A be a left H-module algebra and suppose that V; € #YD and

Vs € gD are H-submodules of A. For v; € V;, define the following actions on A:

(0) 0, (q)

-1
v > a=via— v )(a)vl Vg B4 =y Uy — avy.

If
(1) v1 > vy = vy » vy =0 and
—2 0 —1 1 0 0 1 —1 2 0
(2) 117 (sl (W (@)ol” = v us" (01 (@) (01)

forallviEViandaefl,thenvlb(vgba)zvg>(Ulba)forvieviandaefl.

Proof. We first note that if v; > vy = vy » v1 = 0, then

VIUy = v(fl)(UQ)vgo) = véo)vél)(vl)

and for a,b € A, we have v; > (ab) = (v; > a)b + v(fl)(a)(vgo) > b) and

vy » (ab) = (v > @)l () + a(vy > b). Now we simply compute:

v > (ve > a) =1 > (véo)vél)(a) — avs)

= (v1 & v§)us" (a) + o) V() (0] > v (a))
— (v > a)vy — v(fl)(a)(vgo) > vg)
= o{ V(W) (0" > v (a) — (v1 > a)vy
= of V(W) (0”08 (a) — (W) D (05 (a)) (7))

— (na—vi (@)},

-1 0 0) (1 -2 0 -1 1 0
= o )0l o) = o 0ot (0 (@)

— viavy + v(fl)(a)v@vg,

70



vg B (V1 > a) = vg B (v1a — vg_l)(a)vio))
= (05" » v1)vi (@) + v1 (2 @) — (03 > o]V (@)l (0]”)
+01 (@) (20 0)”)
= v (va > @) — (08 > vf V()5 (v]”)
= 01 (08”05 (@) — avy) — ((WS) X (WD (0§ (a))
—vf Y(a)ui )5 ()
(0),.(1) (0), (1)

= 0305 (@) — viavy — v v (017 (@))os? (0])

-1 1
+ o1 V(@) (),

Comparing terms, we see that the two quantities are indeed equal. O

We are now ready to prove Theorem 3.9.
Proof of Theorem 3.9. Let V = span, {F;|ielI} cU,(b_). Then V € KYD

with structure given by

1 c.
K, ’>Fj=q 2 F; O0p(F)=F®K"

Note that we can also consider V' as an object of yD’,g since K is commutative.
It is well-known (see, e.g., [1] or [23], though Lusztig never used the term “Nichols
algebra”) that the corresponding Nichols algebras are isomorphic to U,(n_) as K-

module algebras in the obvious way, i.e. F; +— Fj.
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By assumption, A,[U] C A, so there is a natural embedding of U,(b_)-module

algebras Uy(n_) — A given by F; = —*—. Theorems 3.23 and 3.29 then imply that

qi—4q

there is a Uy(n_) action on A given by

a— Kt i
FZ»DazFi(a)—ma Z_(la):v
q;i — g,

)

matching the proposed action of £} ;.

Now utilizing a slightly different embedding U,(n_) — A, F, — ——,

qi—q;

[a)

Corollary 3.25 gives another action of U,(n_) = U,(n_)° on A:

Foa— xiKZ._l(a)_—l axi’
qi — q;

matching the proposed action of Fj .

It is easily observed that we have made A into both a B(V') x C-module algebra
and a B(V’) x K-module algebra.

We now wish to show that the operators Fj; and Fj, commute. To do so, we

construct the braided cross product A := Ax U,(n_), where the F; act as F;;. As

above, we define “clever” embeddings of V' and V' into A, namely F; — q__z;ﬂ ®1

and F; — 1 ® F;, respectively. It is easily checked that the hypotheses of Theorem
3.31 are satisfied. Furthermore, the actions defined in Theorem 3.31 preserve A and
match the actions of F;; and Fjs on A, showing that the prescribed actions of Fj;
and Fj» do, in fact, commute. n

In light of Theorem 3.9, A,[U] is a U,(g*)-module algebra with action given by

. Ci,j
F2d q, "T;x; — T;T;
2xy; Fiaoa;=0; Fao>x, = L
I s 7 ) » J 1
q; — ¢,
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We make A,[U] into a U,(g*)-comodule algebra via the algebra homomorphism

d: AJU] = U,(g*) ® A,U] given on generators by
0(zi)) = K; @i+ (¢ — q; ) F 2K @ 1.

The fact that this gives a well-defined algebra homomorphism follows immediately
from the following lemma, which can be deduced from the fact that in [23, 1.2.6],

r:f—-fef 0,—0,®14+1®0; is well-defined.

Lemma 3.32. Let R be any Q(qfld)—algebra and suppose {¥y; }ier, {zi}ier € R are two

families of elements satisfying the quantum Serre relations. If
ziyi = q; " yiz; fori,j el

then {y; + z; }ier also satisfies the quantum Serre relations.
It is easily checked that (id ® ) 0 = (A ®id) o § and (e ® id) 0 6 = id.

Proposition 3.33. The above action and coaction make 4,[U] into an algebra in
the category ggggyp of left-left Yetter-Drinfeld modules over U,(g*).

Proof. We need only verify that the compatibility condition is satisfied, i.e. that
h(l)x(_l) ® (h(g) > .I‘(O)) = (h(l) > l‘)(_l)h(g) X (h(1) > I)w) (Equation 31)

for h € U,(g*) and = € A,[U]. It is easily checked that (Equation 3.1.) is satisfied
for h € {KiiE,EJ,E’Q | i € I} and x € {z; | i € I}. Suppose (Equation 3.1.) is
1
satisfied for some x,2" € A, U] and all h € {KiiQ,FZ-J,FZ-Q | i € I}. Then since
1

1 1
A{K 2 Fy Fia | i € 1)) C{K; 2, Fa, Fop | i € 1Y@ {K; 2, Fyy, Fia | i € 1}, we

observe:
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hay ()0 @ (he) > (22')?)
= h(l)x(_l)(x’)(_l) ® (he) > (x(O) (x/)(O)))
= haya' "V (@)Y @ (he) > 2 @) (A & (2) )
= (hay > 2)TVh) ()Y @ (hay > 2) O (he) > (2))
= (hay > 2) TV (he) & 2) Vi) @ (ha) & 2) O (hey > 2) 0
= ((h) > 2)(hz) > 2)) " Vhey @ ((hay > 2) () > ')

= (hay > (22) "V ho) @ (hay > (22))”

1
for h € {Ki:t2,.F;‘71,.F;‘72 | i € I}. Hence we see that the set of all x € A,[U] such
that (Equation 3.1.) holds for all h € {Kfi,E-,l,E-,g | i € I} is a subalgebra of
A U] containing {z; | i € I}. Namely, (Equation 3.1.) holds for all z € A,[U]

and he{K; 2 F, F,

i€l}. Now suppose (Equation 3.1.) holds for some
h,h' € U,(g*) and all x € A, [U]. Then we observe:

(hh') '™V @ ((hh') o) > 2©)
= h(l)h/(1)95(_1) ® ((h@)h(s) > z()
= hayhiy '™ @ (hee) > (hiy > @)
= hqy(hiyy > 2) by & (he) > (hiyy > 7))
= (hy & (g > 2)) TV hgy gy @ (hay > (b > )
= ((hayh(y) & $)(_1)h(2) 2 © ((hayh(y)) > )

— ((hh/)(l) > I)(_l)(hh/)(z) & ((hh,)(l) > I)(O)
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for x € A,[U]. Hence we see that the set of all h € U,(g*) such that (Equation 3.1.)

1

holds for all x € A,[U] is a subalgebra of U,(g*) containing {Kii2 JFi1, Fia | i€ 1}

Namely, (Equation 3.1.) holds for all z € A,[U] and h € U,(g*). O

The following proposition is probably well-known, but a source was not quickly

found, so we provide a proof here.

Proposition 3.34. Let H be ak-bialgebra, A an H-module algebra, and B an algebra
in #YD. Then the H-module A ®, B is an H-module algebra with multiplication

given by

(a®b)(d @) =ab"™Y>d)2b, foralladecA bb eB,

where 1> is the action of H and 0(b) = b™Y ® b(® is the coaction of H in sumless

Sweedler notation.

Proof. We first show that A®y B is indeed an associative algebra under the prescribed

multiplication. For a,d’,a” € A and b,b',b” € B, we have

((a®@b)(d @) (a" @b") = (a(b™Y > d) @ bVb)(a" @ V")
= a(bY > ) (B > a”) @ (5 O0) 0"
— a(b(‘l) > a’)((b(o))(_l)(b’)(‘l) >a") ® (b(O))(O)(b/)(O)b"
=a(b"? > a) BV E) Y > a”) @ 0O (1) O
= a(b"V > (' (1) > a"))) @ b0 (1) O
= (a@b)(d' ()" > a") @ (1) V0"

= (a®b)((d @V)(a" @b")).
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Hence the prescribed multiplication is associative. We now verify that A ®y B is

indeed an H-module algebra. For h € H, a,a’ € A, and b,V € B, we have

hes ((a@b)(d @) =h> (a7 >d) @ bO)
= (hqy > @) (hb™ > a') ® (hg) > b7) (ha > V)
= (hqy > a)((h > 5) TVhe) > ') @ (hezy > 5 (hyy & V)
= (b > @)((h@) > b)Y > (hg) > @) @ (hezy > 1) (hay > V)
= ((h) > a) ® (hzy > b)) ((hes) > @) @ (hy > V)

= (hay > (a®b))(h) > (a' ®V)).

he>(1@1) = (hay® 1) @ (he) > 1) = e(h)) ® e(hz) = e(haye(he)) @1 = e(h) @ 1.
The proposition is proved. O

Proof of Theorem 3.12. By Propositions 3.33 and 3.34 we may give A ® A,[U] a

U,(g*)-module algebra structure satisfying

(lew)(a®1) = Ki(a) @2 + (g — ¢; ') Fi2Ki(a) ® 1
1 1 1
Ko (a@w) =K (a)® K (2)
Fiib(a®z)=Fi(a)®@z+ K; '(a)® F(x)

Fiar> (a®x) = Fia(a) ® K ' () + a® Fio(x)

fori eI, a € A, and z € A U].

Now by Theorem 3.30, there is a left action of Uy(n_) on A ® A,[U] given by
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Fir>(a®x)
QI@z)(a®r)— (K '> @)1z

= LlD(CL@l‘)"‘ 1
q; — g,
Ki(a) @ z;x+ (¢ — ¢ D F . Ki(a) @ x — K Ya) @ K Y 2)x;
@ oo s K (0~ 0V Fia k(o) 9.0~ K70) @ K7 (2)
q; — gq;
Ki(a)®@xx — K Ha) @ K7z,
= (Ful(a)%—E’QKZ(a))@x—i- ( ) ! El) ! ( )
q;i — q;
K;(a ®:ria:—Kl-_1 a)® x;x
= (Fii(a) + FiaKi(a)) ® x + (a) p—— (a)
L K@@ ne — K () 8 K (@)
4 —q; "
Ki a —Kfl a
= (Fi1(a) + Fi2K;(a)) @ x + (@) - ( )®$ix+Kf1(a)®Fi(x),

qi — q;

matching the proposed action of F;.
Furthermore, it is obvious that E; > (a ® ) = a ® F;(x) yields a well-defined

action of U,(n;) on A ® A,[U]. It is now straight-forward to check that

Kiv(a®z)— K 'v(a®7)
4% —q; '

Y

[NIE

K2(1el) =101,
E(1®1) =0,
Fi(l®1)=0.
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Hence we have given A ® A,[U] the structure of a U,(g)-module. To see that it

is in fact a module algebra, we need to check the following.

Ko ((a@a)(d @)

= (Kl.i% > (a® x))(Ki% > (a' @ 2')) (Equation 3.2.)

Eiv ((a®@x)(d © ')
=(Er(a@2) (K> (@ @2)+ (a@z)(E;>(d @) (Equation 3.3.)
Fir ((a®@z)(a' ® 1))

=(Fr(a®)(d®r)+ (K '>(a®2)(Fi>(d®@2)  (Equation 3.4.)
Rather than direct verification, we begin by observing that

h((a®1)z) = (hay> (a®1))(hzy>z) and k> ((a®x;)2) = (ha)> (a®@x;))(ho) > 2)

1

forhe {K, 2 E;,Fi|icl}, jel, ac A andz € A®A,U]. Let Y be the set of all
x € A[U] so that hv((a®x)z) = (hay>(a®@x))(h@)bz) foralla € A, z € A® AU,
and h € {Kf%, E;, F; | i€ I}. ThenY is clearly a Q(q2a)-vector space (containing 1

and x;). We show that Y is closed under multiplication. Suppose z,2" € Y, a € A,

and z € A® A,[U]. Then for h € {K% E, F, | i€ I},
he((a®x2')z) =ho ((a®z)(1®a')z)
= (hy> (@@ 2))(hx) > (1 © 2)2))
= (hy > (@@ ))(h) > (1 @ 2))(hz)(2))
= (hay > (@@ 2)(1 @ 2'))(h)(2))
= (hqy > (a @ 22'))(hz)(2)).
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Hence z2’ € Y and we have shown that Y is closed under multiplication. It

1

follows that Y is a Q(g2d)-subalgebra of A,[U] containing x; and hence is actually
A, U] itself. Hence we have verified equations (Equation 3.2.), (Equation 3.3.), and
(Equation 3.4.). It follows that the given structure makes A ® A,[U] into a U,(g)-

module algebra. O

3.2.7. Proof of Theorem 3.14

We begin by constructing a natural isomorphism ¢ : (—)" @ A,[U] = ideg. For
every object (A, p4) of Cd, set Yap,) = mao (ta ® wa), where 14 is the inclusion
At — Aand my : A® A — A is multiplication. As an abuse of notation, we will
write 14 when context is clear. Since 1,4 is clearly a linear map, we check that it

respects multiplication and is U,(g)-equivariant. One easily computes

Ya(la®1)(d @) =1ala® 1)s(a’ @ 2') and

Ya(la@r)(d @) = Yala @ z)pala @)

Let Y = {z € A U] | Ya((a ® 2)z) = Yala ® x)pa(z) Va € A,z € A® A,[U]}. We

have seen that 1,z; € Y for ¢ € I, so the computations

alla® (z+y))z) = Yal(a @)z + (a ® y)2)
= Ya((a®@1)z) + ¢a((e ©y)2)
= pala @ x)a(2) + Pala ® y)a(z)
= (Yala®@x) +Yala©y))pa(z)
= Pale® (z +9))Ya(2),
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Yalla®zy)z) = Ya((a®@z)(1®y)z)
= Yala @ 2)a((1©y)2)
= Yala @ z)Ya(l @ y)iha(z)
= Ya(la®@z)(1®@y))palz)
= Ya((a ®@xy))va(?)

show that Y is a subalgebra of A,[U] containing a generating set. Hence Y = A,[U],
i.e. 14 is a homomorphism of algebras. Now we verify that 1,4 is U,(g)-equivariant.

For ¢ € I, we have

e
D=
S
b
—~
S
02y
8
~—
~—
Il
=
[N
=
S
b
8
=
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Fi(Yala @ x)) = Fiapa(z))
= Fi(a)pa(z) + K (a) Fi(pa(@))
_ (E-(a) _ palzia — Ki_l(a)%(%)) o4 (2)

q; — Qi_l
. oalzi)a — Ki(a)QOA(xz)SDA(m)
qi — qi_l
+ Kila) = K (0) pa(z)pa(z) + K (a)pa(Fi(r))

g —q; "

= (Fi1(a) + FiaKi(a)) pa(z) + Ki(a) — K '(a)

()

g —q;"

p(ziv)

+ K (a)pa(Fi(x))

=4 ((Fijl(a) + FioKi(a)) ® x + Kila) - Kjl(a) ® x,:x)
4 — 4q;

va (+K; (a) ® Fi(x))

= Ya(F; > (a® 1)),

So 14 is a homomorphism of U,(g)-modules and thus a homomorphism of U,(g)-

module algebras. By Theorem 3.3, ¢4 is an isomorphism of U,(g)-module algebras.

NOWQ/JAO<1®id):mAO(LA(X)gOA)O(l@id):mAO(1®g0A):g0A.

Hence 14 is a morphism of C!. To show that 14 is an isomorphism in C{, we

make the following easy observation.

Lemma 3.35. A morphism between objects of C{ is an isomorphism if and only if

the underlying homomorphism of U, (g)-module algebras is an isomorphism.

Proof. 1t is clear that the homomorphism of U,(g)-module algebras which underlies

an isomorphism between objects of C! is actually an isomorphism, so we simply

show the converse. Let (A,p4) and (B,¢p) be objects of C and { : A — B a

morphism between them such that ¢ is an isomorphism of U,(g)-module algebras.
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Then £ o oy = ¢p. Hence we have 1 opg = tofopy = py andso 71 is a
morphism (B, ) — (A, pa). Thus § is an isomorphism in C{. O

Hence 4 is actually an isomorphism in C{. If we can show that
Y 1= (Ya)(a,pa)ect 18 a natural transformation between (—)* ® A,[U] and ideg, then

we will have shown that it is a natural isomorphism. Let (A, p4) and (B, g) be

objects of C{ and £ : A — B a morphism. Then

¥p o (§lar ®id) =mpo (1p ® pp) o ({la+ ®id)
=mp o ({|a+ ® ¢p)
=mp o (§lar ® ({0 pa))
=mpo (§®E) o (1ta® pa)
=¢{omuo(1a®pa)

=L oy

Hence ¢ : ()% ® A[U] = ides is a natural transformation and therefore a natural
isomorphism.

Now for every U,(g*)-module A, let 4y =id®1: A - (A® A,U])". Then
14 is obviously an injective homomorphism of algebras. We need to show that 1,4 is
a homomorphism of U,(g*)-module algebras, namely that 74 respects the action of

U,(g*). So we make the following computations.
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Fi1(na(a)) = Fii(a®1)
(1@z)(e®l) =K '(a®1)(1®)

= FZ(a & 1) - 1

qi — q;

Ki(a) — K; !
= (Fii(a)+ Fi2Ki(a)) ® 1+ (C;) — q_ll (@) & x;

Ki(a) @ 2; + FiaKi(a) ® 1 — K; '(a) ®
qi — qi_l
=Fii(a)®1
=na(Fii(a)),
Fia(na(a)) = Fia(a®1)
(@)K (a® 1) — (@@ 1)(1 @)
qi — q;1
(o) (K (@)@l) —a®u;
g —q"
KK Y a)®xi+ (¢ — ¢ N2 KK Ha) @1 —a®
= 1
qi — g;

= .F’LQ(CL) ® 1
= na(Fia(a)).

Hence n4 respects the action of U,(g). Our last step is to show that 74 is

n

surjective. Given an arbitrary element Zak ® x5, € (A® AJUNT with ji < j; if

k=1
k < [, we have
k=1 k=1

1

Hence (A® AUt = A® Q(q2d), so n4 is surjective and therefore an isomorphism.

One easily checks that n := (n4) A€U,(g*)~ModAlg 1S @ natural transformation. Since
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each n4 is an isomorphism, 7 is a natural isomorphism
1+ idy, (¢)-Modalg = (— @ A, [U])*.
We have now shown that
(_)+ ® A U] = idcg and (- ® Aq[U])+ = iqu(g*)fModAlga

so A,[U] ® — and (—)T are quasi-inverse equivalences of categories. O

3.2.8. Proof of Proposition 3.17

We know by Theorem 3.3 that A = AT®.A4,[U] and B = B*®.A4,[U] and Theorem

3.14 says this is an isomorphism of U,(g)-module algebras. We now consider the map
1 (A2B)" @ [pa(A,[U]) @ Q(g#)] = ARB = (A" ® A[U)2(BT @ A,[U])
as in Theorem 3.3. As in the proof of Corollary 3.7 (Section 3.2.4.),
n((A8B)* @ [pa(AU)) © Q(g)])
is a subalgebra of A®B. Since
AT ©Qe), Q)@ BY, and {pale) ©1-1@pp(x:) | i€}

are all contained in (A®B)*™ and {@a(z;) ® 1 | i € I} C @a(AU]) ® Q(q21), it
follows that 1 ((A®B)* ® [pa(ALU]) ® Q(q21)]) contains all of these sets. Hence
prL((A®B)T @ [pa(A,U]) ® Q(q2a)]) contains a generating set of A®B. Being a
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subalgebra, it follows that 1, ((ARB)T @ [pa(A4,[U]) ® Q(q21)]) = AQB, ie. uy is
surjective. Hence py, is an isomorphism and by Theorem 3.3, A®B is adapted and
1i(A®B\ {0}) = vi(AL U]\ {0}) Vi € R(w,). Since A®B is a U,(g)-weight module

algebra and 1 ® ¢y and @4 ® 1 are injections, the proposition follows. ]

3.2.9. Proof of Proposition 3.18

The vector space A ® B is naturally viewed as a subspace of A *x B (or A x B if
you prefer) via a®b — (a®1)® (b®1). In fact, this subspace is actually a subalgebra

(e @b 1)((de1)el ®1)) =q¢ " (e @1) e O) @1)

for weight vectors a,a’ € A and b,/ € B of weight |al, |a'],|b], and |V, respectively.
Hence we may equip A ® B with this multiplication.

By design, the prescribed actions of K; and F;; on A ® B match those on
(A® Q(q21)) ® (B ® Q(q24)) C A * B, while the prescribed actions of Kii% and F} o
match those on (A®Q(q21))® (B®Q(q21)) C A% B. A straightforward check verifies
that F;1 > (Fj2> (a®b)) = Fjo> (F1> (a®b)) forae A, be B,and 4,5 € I, so it
follows that the prescribed action of U,(g*) on A ® B is well-defined and compatible

with multiplication. O

3.3. Translation to the Symmetric Coproduct Setting

The choice to use A, and A,, throughout this chapter (rather than the more

symmetric comultiplications) allowed for our specific methods of proof. However, we
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prefer A as presented in Chapter II. We therefore need to translate the language and
properties.

Recall from Section 2.3. that U,(g),-WModAlg is equivalent to U,(g)-
WModAlg and U,(g*),.-WModAlg is equivalent to U,(g*)-WModAlg via very
explicit equivalences of categories. We therefore define a category QZ simply be
the category analogous to CI, but with U,(g)-weight module algebras in place
of U,(g),-weight module algebras. We then obtain an equivalence of categories

(—)*: QZ — U,(g")-WModAlg as the composition

¢! 75t ¢t X U, (g"),.-WModAlg 75 U,(g*)-WModAlg,
q q

where .#,-1 is the obvious equivalence of categories induced by the equivalence
Fo-1 2 Uy(9)-WModAlg — U,(9).--WModAlg. Then for (A4, p4) in QZ, we have

the following action of U,(g*) on A™:

for i € I and a € A", where we write z; in place of @4(z;).

The quasi-inverse for (—)* is obtained similarly. Namely, we define

(—) ® A, U] : Uy(g")-WModAlg — C,
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to be the composition

F —1 a ~
U,(g")-WModAlg %5 U,(g"),.-WModAlg =X ¢a 7 ¢t

where .%, is the obvious equivalence of categories induced by the equivalence
Fo:Uy(9)o-WModAlg — U,(g)-WModAlg. Then for A in U,(g)-WModAlg, we

have

lew)(a®1) = (K;>a) @z + (¢ —q; ) (F 2K2>a)®1

K aor) = (K72 >a) 0 K72 (),

(2

1

Ea®x)= (K, *>a)® E(x),
Fla®x)=(F1>a+ FaK>a) ® K2 (x)

(K2 >a) — (K * > a)

P ® 2,7 (z) + (K} > a) ® Fi(x)

fori eI, a € A, and z € A U].

Recall that A,[B] is graded by P and factors as a Q(g21)-algebra into the graded
tensor product A,[U]®A,[T]. In terms of how U,(g*) acts on A,[B]t = A,[T], this is
equivalent to F;o > A,[B|T = {0}. Considering how F; € U,(g) acts, we furthermore
see that F; ;> A,[B]" = {0}. In this sense A,[B] can be viewed as a somewhat trivial
module: it is the image under (—) ® A,[U] of the “most trivial” nontrivial type of
object in U,(g*) — WModAlg, on which the Cartan subalgebra may act nontrivially,

but the two Borel subalgebras act trivially.
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Proposition 3.36. If A, A" € U,(g*) — WModAlg are such that F; ;> A = {0} and

Foo> A= {0} for all i € I and j € {1,2}, then

Ax A= ABAUBA

as K-module algebras and F;» > (A A") = {0}.

Proof. We begin with a linear map

Y ARALUI®A — (A® A UNR(A ® A,U))

a®x®ad = (a®rp) @ (K juy(a) @ ry)

where we write x +— x[;) ® zJ9) in sumless Sweedler-like notation for the embedding of
KC-module algebras A,[U] — A, [U]®.A,[U] given on generators by z; — 1®z; —2;®1
and the existence of which is easily deduced from Corollary 3.28. It’s clear that v is
injective. We’ll show that v is a homomorphism of K-module algebras whose image
is [(A® A,[U])e((A @ A,[U])|T, completing the proof.

We observe that ¢ can be realized instead as the map

ar®d = ((a®])(1e))(I®zy) @ (1®z)(1®1)® (d®1))

fora € A, ' € A', and v € A [U]. So we see that, to show that ¢ is an algebra

homomorphism, it suffices to show that
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(IT@zy) @ (1erg))(eel)@(1e1))
= ¢ (@) el )) (1@ ®(1©ry),  (Equation 3.5.)
(1)o@ o)) (1)1 )y))
=q (1) @ 1@a)(1®1)®(d®1)), (Equation 3.6.)
((121)®((@®1)(e®1)® (1®1))

= ¢l N (a1 1) ((101)® (d @ 1)) (Equation 3.7.)

for homogeneous a € A, ¢’ € A', and = € A,[U]. (Equation 3.7.) is obvious from the
definition of the braided tensor product, so we focus on the other two. For this, we
note that since x — x;j®x is an algebra homomorphism, we may verify the required
equations by checking on generators x;, which satisfy (z;)p) ® (7)) = 1®x; —2; ® 1.

We therefore compute.

(Ie)e(lez) - (10x)®(1®1)(e®1)®(1®1))

= gl @ 1) ® (1 ® ;) + ¢ (g — ¢ N F(a® 1) ® (1®1)
—(Kra) @)@ (1o1) ~ (g - ¢ ) (Fekicael)elel)

=gl @ ®1)® (1@ 1)
+ g2l (g — 7Y (Fia > a) + (FiaKi>a) @ 1) @ (191)
+ @l (K2 > a) — (K, P> a) @2) @ (101)
—(Kipa)®@z)®(1®1)

= ¢l 1) o (1®z) — ¢ N ae@z)®(1®1)

=g¢ld)(ee)e(lol)(lo)®(lex) - (1)@ (1 1))
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(Ie)e@o)(le)e(le) - (1) @ (1o1))
— (1)@ [dez) - ¢ 1o e @el)
=(1e)e(lex)(1el)® (K;'>d)®1))

— (G- a1 @ (Fakf b d)@1))
— g1 @) ® (df ®1)

=" (e elen) - 10w 1e1)(101])®(d®1)

So we see that 1) is an algebra homomorphism. It’s now clear that v is in fact a
homomorphism of K-module algebras. It simply remains to show that the image of
b s [(A® A[UDS(A ® AUD]".

Note that, since v is an algebra homomorphism, its image is automatically a
subalgebra of (A ® A,[U])®(A" ® A,[U]). And since the image of a pure tensor is a
product of three things, two of which are obviously in [(A ® A,[U])@(A" ® A,[U])]"
and the image of 1), we will check that E;((1 ® xp)) ® (1 ® xpy))) = 0 for x € A,[U].
But again, since ¢ is an algebra homomorphism, it suffices to check this equation on
the generators. We have E;(1® 1)@ (1®x;) — (1®@z;)®@(1®1))=0forall: € I,
so the image of 1 is contained in [(A ® A, [U])@ (A" @ A,[U])]T.

According to Theorem 3.4, the restriction of the multiplication p of

(A @ A[U)2(A ® AU]) to
[(A® A[UN)e(A" @ AU @ [(Q(g

1 1

is an isomorphism. Tt is clear that (A,[U]®Q(g%))@(Q(¢27) @Q(g27)) and the image

of ¢ generate (A ® A U))®(A" @ A,[U]), implying that the image of ¢ coincides
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exactly with [(A ® A,[U])®(A" ® A,[U])]". Otherwise, image of the restriction of u

1 1

to im(¥) @ (A,[U] ® Q(q24))®(Q(q2i) ® Q(q24)) would be a proper subalgebra.
With our new description of A+ A’, it is easily shown by checking on generators

that F;o > (Ax A’) = {0}. 0
The following corollary is then immediate.

Corollary 3.37. For any n > 1, we have isomorphisms of K-module algebras:
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CHAPTER IV

BASED MODULE ALGEBRAS

Given vector spaces V and V' over Q(qﬁ), we say amap ¢ : V — V' is antilinear
if it is Q-linear and

1 1
©(q2v) = q 24p(v)

for all v € V. Following [23], we define an antilinear involution ~ : U,(g) — U,(g) by

for all7 € I.

4.1. Barred Module Algebras

Definition 4.1. A barred module is a pair (M, ~), where M is a U,(g)-module and

" : M — M is an anti-linear involution such that u(m) = w(m) for each u € U,(g)

and m € M.

Example 4.2. Let V) be the irreducible finite dimensional U,(g)-module of highest
weight A € AT and let vy be a highest weight vector. There is a unique anti-linear

involution ~ : V), — V) with U, = v, such that (V}, 7) is a barred module.

Definition 4.3. U,(g)-BarMod is the category whose objects are barred modules
and whose morphisms are homomorphisms of the underlying U,(g)-modules which
preserve the bar. Namely, a morphism (M;,”) — (Ms, ") is a U,(g)-module

homomorphism ¢ : M; — M, such that p(my) = ¢(my) for all m; € M.
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Theorem 4.4. U,(g)-BarMod is monoidal with (M;, ") @ (Ma, ~) = (M; ® M, ),
usual tensor product of U,(g)-module homomorphisms, and unit object (Q(g24), ),

where M; ® M, is considered a U,(g)-module in the usual way,
my @ mg = Ro 1 (T ® Tz)

for m; € M, and my € M,, and @(qﬁ) is the trivial module with obvious bar. The
associativity and left and right unit isomorphisms are the same as those for U,(g)-

WDMod.

Proof. We first show that (M; ® Ms, ) is indeed an object of U,(g)-BarMod as
defined, namely that the bar is an anti-linear involution and u(z) = @(%) for u € U,(g)
and z € My ® M.

The bar is a composition of a linear map with an anti-linear map and is therefore
anti-linear. To see that it is an involution, we observe that (~® 7) ollzo (") = -2

and according to [23, Corollary 4.1.3], (" ® ")o© 'o (" ® 7) =0~ = 0. It follows

that (- ® 7)o Rg10(” ® ~) = Ry;. Therefore, the square of the bar is given by
R2,1 e} (7 ® 7) OR271 @) (7 ® 7) = RZ,]. oR;& — ld

and so the bar is an involution.

The equality u(z) = u(z) for u € Uy(g) and z € M; ® M, is equivalent to
Ror1o (" ® )oA(u) = A(w) o Rey10(” ® 7). We need the following observation,

which is easily checked on generators:
(T ® )(A%(u)) = A(T) for all u € Uy(g).
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Therefore we see that

Rapo(T® 7 )oAu)o("® )oRy;=70Ro("® )oAP(u)o("® )J)oRor
=T7o0RoAP(u)oR 'or
=T7oRoA@oR tor
=ToAP@)orT

— A7)

or equivalently Ry 0 (™ ® 7)o A(u) = A(u) o Rep 0 (- ® 7), as desired.

We now show that if f: M; — Ny and g : My — N, are morphisms in U,(g)-
BarMod, then f®g : Mi®@M; — N1®N, is as well. We observe that f and g preserve
the weights of the factors and f ® ¢ is Q(g2a)-linear, so 112 o (f ® g) = (f ® g) o Il=.
Further, since f and g are U,(g)-module homomorphisms, O 'o(f®g) = (f®g)oO~'.
So then Rop 0 (f ® g) = (f ® g) o Ro1 and hence

To(f®g)=Reio(C® o (f®g)=(f®g)oRao(C®@ ) =(f®g)o .

Therefore f ® g is a morphism in U,(g)-BarMod.

We next show that the associativity isomorphism of U,(g)-WMod is indeed a
morphism in U,(g)-BarMod. The bar on the iterated tensor product (M; ® My) ® Mj
is given by R312 0 Ro1 0 (T ® - ® ~) while that of M; ® (My ® Ms) is given by
Raz10Rsz0 (" ®  ® 7). To show that they coincide, we therefore show that

Rsz120Ra1 = Raz1 0 Rso. This can be checked directly:
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Rs312 0 Ro1 = T(132) © Ri23 0 R32 © T(123)
= T(132) © R1,3 0 R12 0 Rs2 0 T(123)
=R3z20R310Ra;
= 7(13) © R12 0 R13 0 Ragz 0 T13)
= T13) © Ra3 0 Ri30 Rz 0713
=TRo10R310R32
= T(123) © R1,3 0 Ra3 0 Ra1 © T(132)
= T(123) © R1273 o R2,1 O T(132)

= R23,1 o R3,2-

Finally, we show that the left unit isomorphism of U,(g)-WMod is a morphism
in U,(g)-BarMod and omit the proof for the right unit isomorphism as it is nearly
identical. Given a barred module M, m € M, and ¢ € Q(qfld), we use the fact that

(e ®id)(©71) =1 to compute:

c@m = Ry1(c®m)
= (2 0 © ' o I12)(c ® )
= (I: 007 ) (e m)

= (I o (¢ ®id)(67")) (e @ )

N

T2 (¢ ® )

®m

I
ol

It follows that the left unit isomorphism of U,(g)-WMod is a morphism in U,(g)-

BarMod. O
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Morally speaking, the preceding theorem should be seen as an analogue of
classical results about the monoidality of categories of modules over bialgebras since
barred modules are (certain) (U,(g) x QCs)-modules. However, since Q(gz2a) is not
central in U,(g) x QCy, it cannot possibly be a bialgebra. This leads us naturally to
the theory of bialgebroids, which we address in Chapter VI. However, the failure of R
to be an element of U,(g) ® U,(g) forces us to address the objects at hand separately,

though in fact, they were the inspiration for that theory.

Definition 4.5. A barred module algebra is a barred module (A, ) such that

additionally A is a U,(g)-module algebra and ~ : A — Ais a Q-algebra anti-involution,

ie. a-a=d-aforallad €A

Example 4.6. The unique anti-linear anti-involution on A,[Mat,,,] so that
Ti;=wx;; forall 1 <i < mand1l < j < n makes (A,[Mat,,,], ") into a barred

module algebra.

Definition 4.7. U,(g)-BarModAlg is the category whose objects are barred module
algebras and whose morphisms are homomorphisms of the underlying U,(g)-module
algebras which preserve the bar. Namely, a morphism (A, ") — (Aa, 7) is a U,(g)-

module algebra homomorphism ¢ : A} — A, such that ¢(a;) = p(ay) for all a; € A;.

Theorem 4.8. U,(g)-BarModAlg is monoidal with (A;, 7)) ® (As, 7) == (41045, ")
and unit object (Q(qi), 7), where A;®A; is the braided tensor product, considered
as a U,(g)-module algebra in the usual way, a; ® ay = Ra (a1 ® az) for a; € Ay and
as € As, and Q(qﬁ) is the trivial module algebra with obvious bar. The associativity

and left and right unit isomorphisms are the same as those for U,(g)-WModAlg.

Proof. The proof of Theorem 4.4 carries through exactly here, with one exception:

we must show that the bar on the tensor product is an algebra anti-involution. In
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other words, we must show that the maps ~omuygp: (A® B)® (A® B) > A® B
and magpoTo (" ® ) : (A®B)® (A® B) - A® B coincide for any barred
module algebras (A, 7) and (B, ~), where m4 and mpg denote their multiplications,
respectively, and magp denotes the multiplication of A®B. The former is given by
the composition Ry10 (™ ® 7)o (ma®mp)oTa3) 0Razon A® B® A® B, while the
latter is given by (ma ® mp) o T23y0 Raz o Tugy2a) ©Re10Ryso (T ®  ® @ ). In

order to show these are equal, we need the following identity:

Ra10(ma@mp) =(ma®@mp)oR320R420R310R4;.

This can be shown as follows, using the fact that m4 and mp are U,(g)-module
homomorphisms and therefore the linear maps 1 ® my : B® (A® A) - B® A and

mp®1: (BB ®(A®A) - B® (A® A) commute with R.

Rai 0 (ma@mp) =T70Ro (mp®ma) o T(13)(24)
=T70o(mp®1)oRizz0 (1 ®ma)o T13)(24)
=70(mp®1)oR130Ra30(1lR@my)o T(13)(24)
=T70(mp®my)oRiz310Raz40 T(13)(24)
=70(Mmp®@my)oR140R130R240Ra30 T(13)(24)

=(ma®mp)oR3z20R420R310R4;.

We can now finish the proof.
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Ropo (" ® 7)o (ma®@mp)o s oRas

=Ra10(ma®@mp)oTuneyo (T ® ® ® 7)o o Rega
=Ro10(ma®@mp)oTaazo(C ® ® @ )oRas

= (ma®@mp)oR320R120R310R410Ta213)0 (" ® ® @ )oRag

= (ma ®mp)oRzz0Ra20Rs10Ray O T(1243) ORQ_}; o(T® ® ®7)

= (ma ® mp) 0 T(23) © Ra;3 0 Taz)24) © Ra,1 0 Rugo RozoRyz0 (T ® @~ ® )

= (ma®mp) o T3 0 Rez o Tugyea) © R210Ruso (T Q@ ® ™ ®7) O

The beauty of this construction is that we really don’t need to define the bar
on the braided tensor product; it occurs naturally. Indeed, if we desire a bar that
coincides with the bar on each factor and is an algebra anti-homomorphism, we have
no choice but to set a ® b = (1®b)(@®1). That this actually defines an anti-involution

is a result of the compatibility of our particular choices of R and the bar on U,(g).

Example 4.9. If we equip A,[Mat,, ., |, AMat,, n,], and A [Mat,, n,4+n,] with the

bar of Example 4.6, we have

(Ag[Matyn,], 7)) ® (Ag[Matyn,), ~) = (AgMatyn, 4n,], )

4.2. Based Module Algebras

Let M be a vector space over Q(qfld) and B a basis for M. Given an element

N[

m = Zbel’j’ Am pb With a,,, € Q(q2d), we set

supp(m, B) :={b € B | anmp # 0}
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and call supp(m, B) the support of m with respect to B. When it is clear from context
which basis is being used, we may use supp(m) and call it simply the support of m.

If, additionally, M is a U,(g)-module and B is homogeneous, an ascending string
of length n in B is an n-tuple (by,...,b,) € B" such that there exists an (n — 1)-tuple
(B1,- -+, Bn1) € (@7)" such that by € supp(Eg,(b;),B) fori=1,...,n—1.

Since B is a homogenous basis, it is clear by weight considerations that the
(n — 1)-tuple (B1,...,Bn_1) is unique for each ascending string of length n in B. It
is also clear that any ascending string of maximal length must have a corresponding

tuple of roots which consists of only simple roots.

Definition 4.10. Let M be a U,(g)-module and B a homogeneous basis of M. The

pair (M, B) is called a based module if the following hold.
— Forielandn>1, Ei(”) and Fi(n) preserve Q[qﬁ, q_ﬁ]B

— Setting b = b for b € B and extending anti-linearly makes (M, ~) into a barred

module.
— There exists a function €3 : B — Z>( such that the following hold.
x If b’ € supp(F;(b), B), then eg(b') < ep(b) — 1.
x If b’ € supp(F;(b), B), then eg(b') < ep(b) + 1.
« All ascending strings in B starting with b € B have length at most eg(b)+1.

Note that we don’t require that e5(b) is the supremum of the lengths of ascending

strings in B, only that it be an upper bound.

Example 4.11. Let B, be Lusztig’s canonical basis for the simple U,(g)-module V)

and B¢ its dual basis under the Shapovalov form. Then (Vy,By) and (Vj, Bgual)
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are based modules. In fact, if (M, B) is a based module in the sense of [23, 27.1.2],
then it is a based module in our sense. For the simple modules V), we may set

ep(b) = ht(A — |b]), where B = By, or B = B4 and b € B.

Given based modules (M, By ) and (Ms, Bs), we define a binary relation on 3 x By

via (b1, be) > (b}, b)) if the following conditions hold:
= (b3l + |0 = [bu] + [ba, 5] < [ba], and [b5] > |bs;
— e, (01) < e, (by) + ht(|br] — [by]) and e, (b5) < 5, (ba) — At (5] — [ba])-

This is clearly a partial order. It has the property that the length of chains in
By x By with top element (by,bs) are bounded above by ez,(bs). Furthermore, it is
clear that if (b}, b)) < (b1, b2), then eg, (b)) + e, (b)) < €p,(b1) +€5,(b2). By Theorem

4.4, we have a bar-involution

my ® my = Ra1 (T @ Ta),

which has the property that w(m) = w(m) for v € U,(g) and m € M. We write

by by = ¢U01h12D/2p, & b, for by € By and by € By and consider the basis
By x By = {bl*bQ | b 661, by EBQ}

of M;® Ms. Tt is clear based on our axioms of based module and [23, Corollary 24.1.6]
(and since Lusztig’s canonical basis elements are contained in 4f, which is generated

by 6™) that we have

bl*bg—bl*bg S Z Q[qiaqiﬁ]bll*bé
(b],b5) < (b1,b2)
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For the reader’s convenience, we include a version of Lusztig’s Lemma, which we

shall use presently.

Lemma 4.12. [9, Theorem 1.1] Let A be a free Z[v,v !]-module with a basis
{E, : a € L} indexed by a partially ordered set (L, <) such that, for any a € L,
the lengths of chains in L with the top element a are bounded from above. Let z — Z

be a Z-linear involution on A such that, for all f € Z[v,v™!] and = € A, we have
Tz = i, where f(u) = f(u)

Suppose that
E,— E, € @PZv,v "By (a€L).

a’'<a

Then, for every a € L, there exists a unique element C, € A such that:

C,—E, € EB vZ[V|EL.

a’eL

Moreover, the element C, satisfies

C,—FE, € @’UZ[U]EQI,

a’'<a
hence the elements C,, for a € L form a Z[v, v~!]-basis in A.

The proof of the preceding lemma still works with Q in place of Z and q*ﬁ in
place of v. Utilizing the lemma with A equal to the Q[qﬁ, q_ﬁ]—span of By x By, then

extending scalars, we obtain the following theorem.
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Theorem 4.13. Given based modules (M, B;) and (M, Bs), there is a unique bar-

invariant basis, By ¢ By = {b1 ¢ by | (b1,b2) € By x By}, for My ® My such that

b1<>bg —b1 *bg c Z qffii@[qfi]bll *b/2
(b},b5)#(b1,b2)

Furthermore, we have

b1<>b2 —b1 *bg c Z qffii@[qfi]bll *bI2
(b],b5)<(b1,b2)
Theorem 4.14. If (M, B;) and (M,, Bs) are based modules, then (M; ® My, By o Bs)

is a based module.

Proof. For any ¢ € I and n > 1, it is easy to deduce that E ) and F preserve

Qlgz2a, ¢ 2a](B; ¢ B) from the formulas
E(n ZK a—n /2 ® Ka/2E( a)

and
n

A(Fi(n)) _ Z Ki(a_n)/2Fi(a) ® K?/QFZ-(H_G),

a=0
We have already seen that the bar we have defined on M; ® M, satisfies
by © by = by © by and u(m) = u(m). Our candidate for eg,.5,(b10bs) is e, (b1) +e5, (ba).

We compute:
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b7,0%
a 1,02

Ei(bioby) = E; LDy g

(b7,b5)<(b1,b2)

bl ,bh b |+, |bh]) /2 / / b b, | —a) /217 /
- 3 it <q(| s ltaD/2 B (1) @ B, + qUBbREl—a0 /2 & B, (b))
(b7,05)<(b1,b2)
— D10, (6] |4+, |b5]) /2 i " b
= E Apy 54 205y, by @ by
(b7,05)<(b1,b2)
by €supp(E; (b}),B1)
005 (G LB [ =) (2, b o g
+ E Ay 5,02 Chy g 01 © b

(b7,b5)<(b1,b2)
by € supp(E;(b),B2)

bty g b |+ — |07, 165 1) /2 (161,165 1) /2 3.0 /
_ E abl,bzcb’l,b’l’q(‘ 1l [b7[,1651)/ q(l ThIba])/ A

(b7,05)<(b1,b2)
by esupp(E;(b}),B1)

B i (LI =181 /2 (B LIBED /2y g
+ D> iy g TGN, & b

(b ,05)<(b1,b2)
by €supp(E;(b3),B2)

bhbs g —1\OY 05" (16 [ — |V |, BL ) /230 N g
- Z abl,bgcb’hb/l/(a )bll/’bIZ q(l 11+ai—[bY[,1051)/ bl <>b2
(b,b)<(b1,b2)

by esupp(E;(b}),B1)
(0 ) < 0 b

Db i\ (LI —ai— ) /2y g
+ Z ab1,b2cb’2,b’2’(a )bfpbg q PRI UIEDT o by
(b,05) < (b1,b2)

by e supp(E;(b),B2)
(0Y",b5") <(b7,b5)

where we write

by o by = Z “Z/iizliq('bll"'bé')/zb’l 21,
(b,b) < (b1 ,b2)

(B @by = 3 @ ypthot)
(b,b5)<(b1,b2)

E;(b) = Z cé,b, b

b’ esupp(E;(b),B)

103



RN N 1 : :
for some a2, (™)1, ¢y € Q[q27, ¢ 2a]. Tt is now clear that if

by o by € supp(Ei(by ¢ ba), Bi o Ba),

then

€By (bll) + €8, (b/2) < €By (bl) + €8, (b2) — 1

A similar argument shows that if b ¢ b, € supp(F;(by ¢ bs), By ¢ By), then
€8 (bll) + 532(bl2) < 531(171) +€B, (bQ) + 1.

Furthermore, suppose an ascending string (b ¢ bg,b12 ¢ bao, ..., b1, © bay) of

length n = ep,(b1) + €5,(b2) + 1 exists. Then
€B, (bl,n) + 632(62771) +1<n-— (n — 1) =1.

Since ep, (b1n),€8,(b2n) € Zso, this implies that ep, (b1,) = epy(ban) = 0,
i.e. both b;, and by, are highest weight vectors. In addition, this means that
by, © by = q(|b17”|"b2’"|)/2b17n ® b, which is clearly a highest weight vector. This
means the ascending string cannot be extended. Hence every ascending string starting
with b; © by has length at most eg, (b1) + €p,(b2) + 1. We conclude that the map
EByoBy (01 0 ba) :=ep,(b1) + €8, (ba) satisfies the assumptions in the definition of based

module. ]

The preceding theorem hints that there may be a monoidal category of based

modules, which we define presently.
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Definition 4.15. U,(g)-BaseMod is the category whose objects are based modules.
Given objects (M7, By) and (Ms, Bs), a morphism (M, By) — (M, Bsy) is a morphism

¢ of the associated barred modules such that ¢(B1) C By U {0}.

Corollary 4.16. U,(g)-BaseMod is monoidal with
(My, Br) @ (Ms, By) := (My @ My, By o By)

and unit object (Q(q21),{1}), where M; ® M, is considered a U,(g)-module in the
usual way, and Q(qﬁ) is the trivial module. The associativity and left and right unit

isomorphisms are the same as those for U,(g)-WMod.

Proof. We've already shown that (M; ® My, By, © Byg,) is a based module, so
we now show that if f : M; — N; and ¢ : My — N, are morphisms
(M, Buy,) — (N1, By,) and (Ma, By,) — (No, By,) in U,(g)-BaseMod, respectively,

then f ® g : My ® My — Ny ® Ny is a morphism
(Ml & Mg, BM1 OBMQ) — (N1 X NQ, BNl OBNQ).

Keeping in mind our study of barred modules as well as how the diamond bases were
defined, it suffices to show that (f ® g) (B, ¢ Bag) C (By, © By,) U{0}. We compute
(f®g)(byoby) for by € By, and by € Byy,, remembering that f and g preserve weight

since they are U,(g)-module homomorphisms:

(fRbiob) =g | > arzdtihEb2y o,
(b7,b5)<(b1,b2)

b* bl / /
— Z a2 q OISR/ (1) @ g (1)
(b7,05) < (b1,b2)
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where aZiZi = 1 and azlizg € ¢ 2aQ[q 2a] if (B},b,) # (by,by). We note that in the
sum, f(b}) # f(b1) unless both are zero since |f(0})] = [b}] < |b1] = |f(b1)] and

similarly g(b,) # g(bs) unless both are zero. Now

(f®@g)(bioby) = (f®g)(bioby) = (f ®g)(broby).

If f(by) and g(bs) are both nonzero, then we see that (f ® g)(b; ©bs) is a bar-invariant

element such that

(f @ g)(b1oby) — f(br) * g(bo) € Z qiiQ[chld]b’l * bly.
(b,05)#(f(b1),9(b2))

By Theorem 4.13, we see that (f ® ¢g)(by ¢ by) = f(b1) © g(ba).

If, on the other hand, at least one of f(b;) and g(by) is zero, then we have

b’ b’ ’ /
(f ® g) (bl o b2) — E abi,bzq(|f(b1)|7|g(b2)|)/2f(b/1) Q g<b/2).
(b7,b5)<(b1,b2)

Assume for the sake of contradiction that (f®g)(b;obs) # 0. Since only finitely many

b, : : :
a, . are nonzero, we may choose (b5,03) € B, X By, to be maximal in the partial

order such that (b3,b3) < (bi,b), f(0) # 0, g(b3) # 0, and a,,> # 0. Then the

coefficient of f(b7) * g(b3) in the expansion of (f ® g)(by ¢ by) in terms of By, * By,

is @ € q2aQ[q22]. However, we showed that (f @ g)(byoby) = (f @ g)(by © by)
and the coefficient of f(b3) * g(b3) in the expansion of (f ® ¢)(by ¢ by) in terms of
By, * By, is al;iz; € q_i@[q_fld]. Hence we have achieved a contradiction, so if at
least one of f(by) and g(by) is zero, then (f ® g)(by © by) = 0. We have shown that
(f ® 9)(Bu, © Bar,) C (Bw, © By,) U{0}.
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We now show that the associativity isomorphism of U,(g)-WMod is indeed a
morphism in U,(g)-BaseMod. In light of our work with barred modules, this is
equivalent to showing that given based modules (M, B;), (Ms, Bsy), and (M3, Bs),
(byoby)obs = by o(byobs) in My ® My ® Ms for by € My, by € My, by € Ms. However,
it is easily seen from their defining properties that both are the unique bar-invariant

element b; ¢ by © bz such that

~ bl b5, b5 5 / /
b1<>b2<>b3—b1 *bg*bg, S E ab1,b2,b3b1 *b2*b3
(b/lvb/27b{3)#(b17b27b3)

"’b/ 7bl 7b, _1 _ 1 .
for some @,",2* € ¢72dQ|q™ 24, where we write

by # by by = gl(brhlEaD+(erllbs) (bl 105D1/2p, 1) 2 by,

So the associativity isomorphism of U,(g)-WMod is a morphism in U,(g)-BaseMod.

Finally, we perform the trivial check that the left unit isomorphism of U,(g)-
WDMod is a morphism of U,(g)-BaseMod and omit the proof for the right unit
isomorphism. As usual, our work with barred modules reduces the work necessary
and we simply check that, given a based module (M,B) and b € B, the left unit

isomorphism sends 1¢ b to b. This follows from the trivial fact that 1¢b=1®0b. [

Example 4.17. Consider type A,,_1 for m > 2. Retaining Convention 2.13, except
using the bilinear form (g;,¢;) = d;; — 1 in place of the usual (¢;,¢;) = 9;;, the

multiplication map

A Mat, 1] @ Aj[Maty,1] — Ag[Maty, 1]
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is a morphism of based modules
(A [ Maty, 1] @ Aj[Mat, 1], B © Bmi) = (Ag[Mat,1] @ A[Maty, 1], Bma)-

Another way to think about the preceding example is as a twist of multiplication
by a bicharacter. Namely, we put a Z-grading on A,[Mat,, ] via |z;1|z = 1 and
declare = -y = q_%“’"Z'y'ny for homogeneous =,y € A,[Mat,,1]. Using the usual

bilinear form, this new multiplication gives a morphism of based modules
(A [ Maty, 1) @ Aj[Mat, 1], B © Bmi) = (Ag[Mat,1] @ AMaty, 1], Bma)-

We conjecture that A,[G /U] behaves similarly.

Conjecture 4.18. For each Cartan matrix C' and choice of bilinear form, the twisted

multiplication
TUy @ Yu,, q’(A’“)/Q(mA)(gvu) — q(A"yD*(A’“)/?:z:vau
is a morphism of based modules
(AJG/Ul @ AJG/U], Bo B) — (A,G/U], B),

where B is the dual canonical basis.

If the preceding conjecture is accurate, iterating this twisted multiplication would

give us an infinite family of morphisms in U,(g)-BaseMod. Namely, for each n > 1,
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we would have a morphism

(Ag[G/UTE", B™) = (A,[G/U], B).

When m,n > 2, the multiplication in A,[Mat,, ] is not nearly so well-behaved.
For example, in each such case, we have the element q(|9”171|":”272|)/2:1:2,2 ® x1; in

B © Bn. We see that

(lz1,1]|x2,2])/2 |l’1,1|7\$2,2|)/2(

q Too @ Ty q' T11%22 + (¢ — q_l)x172x271).

The right-hand side is not bar-invariant or a multiple of a bar-invariant element,
let alone a basis element. As such, we conclude that there is no bilinear form (or
bicharacter) making the (twisted) multiplication of A,[Mat,, ] into a map of based
modules if m,n > 2.

This observation seems to cause doubt about the veracity of the preceding
conjecture, since A,[SL,,/U] embeds into A,[Mat,, 1] as a U,(g)-module algebra.
However, we recall that if j > 2, then for any 4, x;; is not in the image of the
embedding. Therefore this particular phenomenon is not possible and the conjecture
remains intact. In fact, the following conjecture would provide supporting evidence

for the preceding conjecture, if true.

Conjecture 4.19. If B, and B, are upper global crystal bases for U,(g)-modules M;

and M,, respectively, then By ¢ By is an upper global crystal basis for M; ® Ms.

As with the barred setting, there is a natural analogue of based modules for

module algebras.
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Definition 4.20. A based module algebra is a based module (A, B) such that, if ~ is

the associated bar, then (A, 7) is a barred module algebra.

Example 4.21. For any m > 2 and n > 1, let B,,,, be the dual canonical basis for

A,[Mat,,,], obtained via the identification

Ay [Matn] 2 Uylinn) © Uy(slors),

T < Ximm,(k—l)n-&-f

where i, = (n,n—1,...,,n+1n,....2,...om+n—1,m+n—2,...,m) and
U,(im.n) is the corresponding quantum Schubert cell as in [3], with generators X

1m,n,J

for j € [1,mn]. Then (A,[Mat,, ], Bmn) is a based module algebra.

Definition 4.22. U,(g)-BaseModAlg is the category whose objects are based
module algebras. Given based module algebras (A, B;) and (As, B2), a morphism

(A1, B1) — (Ag, Bs) is a morphism ¢ of the associated barred module algebras such
that o(By) C By U {0}.

Combining the theory of barred module algebras and based modules, the

following theorem is now proven.

Theorem 4.23. U,(g)-BaseModAlg is monoidal with

(A1, B1) ® (Ag, Bs) := (A1® Ay, By 0 Bs)

and unit object (Q(q24), {1}), where A;1®As is the braided tensor product, considered
a U,(g)-module in the usual way, and Q(q2d) is the trivial module algebra. The

associativity and left and right unit isomorphisms are the same as those for U,(g)-

WDModAlg.
110



Theorem 4.24. The isomorphism
A [Mat, n, |QA [ Mat, n,] = Ag[Mat, nyn,),
induces an isomorphism of based module algebras
(A [Mat ], Bin,) @ (Ag[Matmn,], Bmn,) = (Ag[Maty, nysns)s B tns)-

Proof. We begin by recalling from [3] that, for any m > 2 and n > 1, the quantum

Schubert cell U,(in, ) has generators X; for j € [1,mn] and X? is defined to

1mn,]

be the product of X X ... X"  and the unique power of qud such that
im,n,1 im,n,2

1m,n,MnN

—_ U / /
; a a ; ; a1 a2 Omn / mn
if we expand X2 ~— X7 in the basis {X;} X; s Xy | @€ Z23Y, the

im,n,2

3 ai a2 Amn . . . . .
coefficient of Xim,n,IXim,n o Ximn 18 zero. In this setting, this power is easily seen

to be

(Z A(k—1)n+00(k—1)n+e Z Z A(k—1)n+LA(k' — 1)n+£> .

= <l'<n (=1 1<k<k'<m

N —

When n = nq + ny with nq,ny > 1, twice this can be split into three summands, two

of which are similar:

m
E E A(k—1)n+00(k—1)n+e T E E A(k—1)n+LO(K —1)n+0

k=1 1<(<l'<n (=1 1<k<k'<m
( E E A(k—1)n+00(k—1)n+e' T+ E E A(k—1)n+00 (K — 1)n+z>
k=1 1<t<t/<ny (=1 1<k<k'<m
m
+ E E A(k—1)n+L0(k—1)n+e T E E A(k—1)n-+LQ(K —1)n-+0
k=1 n1+1<4<l'<n l=n1+1 1<k<k’'<m
m  ni n
+ E E Q(k—1)n+0Q(k—1)n+0/
k=1 (=1 #'=ny+1
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Recall that if & < k" and ¢ < ', then xy pTp ¢ = Tps o . Furthermore, we have

| 1mn| - Z <Za(k 1n+f> Ek-

k=1 \/(=1

Altogether, we see that X2 factors nicely:

— q Im,n Im,n . .
Im,n Im,n Im,n

ya (X0 LX) /2 yrs(a) yt(a)

where s(a) and t(a) denote the mn-tuples a’ and a”, respectively, with

Ap—1ne 1 <<y

/

Ak—1)n+e =
and
, Ah—1yne i+ <Ll <n
Ak—1)n+e -—
Letting

v Uq<im,n) - Uq(im,m)@Uq(im,nz)

be the composition of the standard isomorphism

A [Mat,, )= Ay [Maty,n, |QA [ Mat, n,]

with the isomorphisms Uy (i, ) =A,[Mat,, ] and

Ag[Mat ] @AMt ] = Ug (i, ny ) QU (i, )
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we see that it suffices to show that W(b;,, . a) = bj,, . s(a) @i, ., ¢(a) for any a € ZZg,
where we write s'(a)k—1)n+¢ = G-1nte for 1 < B < m, 1 < ¢ < ng and
(@) (k—1)ngtt = Ak—1)n+(i+e) for 1 <k < m, 1 < £ < ny. Using the definition

of the diamond basis, this is equivalent to showing that

— L —
\Ij(bim,’rL,a) - bim,n175/(a) * bim,nQ,t/(a) e Z q QdQ[q 2d:|bim,n1 ,al * bim’nQ ,ag -

(bim,’n1 ,ap 7b
#(bim,nl ,s/(a) 7bim’n2 ,t/(a))

im,nQ,az)

According to the above, we have

! ! ! !
(15 Xy /2 3/ (@) o et/ (&)

im,n 1m,n> - q im,nl Im,ng

/ s(@)| [yt@) s(a’ /
(X ) = U (g K X D72 52 xt(@)

Im,n

for any a’ € ZZ§. Then

. a’ a’
U(bi,, ) =¥ E Cim,n,aXim,n

a’<a
/ / / /
(a’) t'(a’) 7N 1(al
_ E a’ (|Xism LX) /2 58 (@) t'(a’)
o cim,n7aq ! ? Xim,nl ® Xim,ng
a’<a
! ! / /7
(a") t'(a’)
_ § : a’ -1 a’ -1 a' (|X.S [1X; /2
- Cim,nza(ci’m,’nl >SI (a,) (Cim,ng )t’ (a’)q e e bim’nl ’a// ® bim1"2 ’a//l
a’'<a
a//jsl(a/)
a///jtl(a/)
. a 1 al 1 all
- : : Cim’n,a(cim’nl )S/ (a/) (Cim’"2 )t/ (a/)bim,nl 7a// * bim,nQ 7a///
a'<a
a//jsl(a/)
a///jtl(a/)
. / ’ _ ’ .
where we write bia = Y. XY and X2 = Y. (¢)bia with

& (e € ¢\ Zg) € ¢ 2aQlg 2] for a' < a and ¢ty = 1 = (¢ )3 The result

jar\*i Ja a

follows. L
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CHAPTER V

QUANTUM CLUSTER ALGEBRAS

Throughout this chapter, I" is an Abelian group and K is a fixed field.

5.1. Graded Quantum Cluster Algebras
For this section, fix N € Z>, and ex C [1, V].

Definition 5.1. Let B be an N x ex integer matrix, q an N x N multiplicatively
skew-symmetric matrix with entries in K, and g an element of I'V, considered as a
column vector and called a grading vector. We say the triple (q, B, g) is compatible

if (q, B) is a compatible pair and BTg = 0.

We extend the mutation of compatible pairs to mutation of compatible triples.

Namely, for fixed & € ex and € € {4, —}, we set

1(a, B,g) = (ur(q), ux(B), p(g)) = (EETqu,EGBFe,EGTg) (Equation 5.1.)

where E. and F, are as in (Equation 2.1.) and (Equation 2.2.).

Proposition 5.2. Let (q, B,g) be a compatible triple. Then with p(q, B,g) as

defined in (Equation 5.1.), the following hold.

1. ux(q, B,g) is independent of the choice of e.

2. ur(q, B, g) is a compatible triple.

3. pg is involutive on compatible triples.
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Proof. We note that p(g); = g; for i # k and

11:(8)k = Z max(—ebix,0)gi | — g
i€ [1,N]\{k}

But we have

0= Z bi kg = € Z max(eb; , 0)g; — Z max(—eb; ,0)g; | ,
]

i€[L,N i€[L,N\{k} i€[L,N)\{k}
5bi,k>0 _€bi,k>0

showing that

Z max(—(—€)b;x, 0)g; = Z max(—eb; x, 0)g;
i€[1,N]\{k} i€[1,N]\{k}
7(7E)bi,k>0 76b7;7k>0

and so we see that u(g) is independent of e. The first claim now follows from
previously established theory.
The second claim follows from previously established theory and the easy

observation that

(1(B)) () = (E-BF.)" (El'g)
= F/BY(E)"g

— FTBTg

€

Finally, observe that if E! is obtained using y;(B) instead of B, then E/ = E_.. Then

the fact that ux(g) was independent of the choice of € implies that
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ni(g) = (E2)'g = g.
The third claim now follows from previously established theory. m

Let F be a division ring over K and M : Z¥ — F a toric frame.
Then the assignment X; — M(e;) yields a well-defined embedding of K-algebras
om : Tqany2 = F and F = Frac(oam(Tqon2)). Given g € TV, o (Tqany2) is T-
graded by setting |pa(X;)| = ¢; for each i € [1, N].

Definition 5.3. A graded quantum seed of F is a triple (M, B,g), where (M, B) is

a quantum seed of F and g € T'V is such that (q(M), B,g) is a compatible triple.

Akin to mutation of compatible triples, we also have mutation of graded quantum
seeds. Namely, mutations of a toric frame and a grading vector depend only
on the exchange matrix and not on each other. Additionally, this mutation is
involutive and yields an equivalence relation on the set of quantum seeds. Namely,
(M, B,g) ~ (M’, B',g) if and only if there exists a sequence of mutations which can

be successively applied to (M, B, g) to yield (M’, B, g') (or, equivalently, vice versa).

Proposition 5.4. Let (M, B, g) be a graded quantum seed of F. Then p(M)(e;) is

a homogeneous element of @y (Tg(ar)2) for all 7 € [1, N] and |, (M)(e;)| = px(8);-

Proof. By definition,

M([bF]y —ep) + M([V¥]- —ex) ifi=k
pe(M)(e;) =
M (e;) otherwise
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Now, since we know that M (e;) is homogeneous, it suffices to show that M ([b*], —ez)

and M ([b*]_ — ex) are homogeneous of the same graded degree. But we have
M+ = ) = Saan (B = ex)oar (X Xt X OYEY) and

max(—by ,0 _ max(—bn ,0
M- —er) = Sq(M)([bk], —ex)pm (X (=b1,1,0) XX (=bn.k ))

Y

which are of respective degree

N N
(Z max(b; x, 0)92-) — g, and (Z max(—b; x, 0)gi> — G-
i=1 i=1

As previously observed, these are equal. O
The following corollary is then immediate.

Corollary 5.5. Let (M,B,g) be a graded quantum seed and k£ € ex. Then the
gradings induced on @ (Tgary2) and @u, () (Tq(ue(a))2) by g and g', respectively,

agree on the intersection

e (Tary2) N Qe (Tau(ayy2) C F -

Corollary 5.6. Let (M,B,g) be a graded quantum seed of F. Then, for any
inv C [1, N] \ ex and unital subring k of K containing ¢; ;(M) for all 4,5 € [1, N],

k(M, B,inv) is a graded subalgebra of @M(E“?M).g).

Proof. We already know from the quantum Laurent phenomenon that k(M, B, inv)
is a subalgebra of ¢M(7;“‘( M).Q). It only remains to use Corollary 5.5 to observe that
all cluster variables are homogeneous. Indeed, if kq,...,k,, € ex are chosen so that

(g, « gy ) (M, B,g) = (M, B, g’), then by the quantum Laurent phenomenon, we
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have

(i~ 1) (M) (€3) € () e y00) (Tq«ukj---uh)(M))Q)
j=1

for all i € [1, N]. Since the grading of each Pty ) (M) (7;((%],...%1)(]\4))<2> agrees
with its “neighbors” on their pairwise intersections and (p,, - - g, )(M)(e;) is

homogeneous in ¢, ..u, ) (M) (E((Mkm“'#kl)(M))Q)? it must also be homogeneous in

our (Tany2) O

Definition 5.7. Given a graded quantum seed (M, B, g), inv C [1, N] \ ex, and a
unital subring k of K containing ¢; j(M) for ¢, 5 € [1, N|, the graded quantum cluster
algebra k(M, B, g, inv) is simply k(M, B,inv) as an algebra, equipped with the I'-

grading of Corollary 5.6.

We will often denote a graded quantum cluster algebra k(M, B, g, inv) instead

by k(q(M), B,g,inv) or by k(q, B,g,inv). We now turn our attention to graded

tensor products of graded quantum cluster algebras.

5.2. Graded Tensor Products

In this section, we assume (,) : I' x ' — K* is a bicharacter. Namely, for all

m € Z and ~,7',+" € T, the following hold.
L (my,9) = (7. 7)™ = (v, m7)
2. (v+YL YY) = (nA A

3. (Y ) = (A (")

Note that the set of bicharacters is a group under point-wise multiplication and we
will sometimes consider the bicharacter (,)™ for m € Z.

The following lemma is very well-known.
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Lemma 5.8. Let k be a unital subring of K and suppose A and B are I'-graded
k-algebras so that (|al,|b]) € k for all homogeneous a € A and b € B. Then
the I'-graded k-module A ®, B naturally has the structure of a I'-graded k-algebra
with multiplication given on pure tensors by (a ® b)(a’ ® b') = (|d’|, |b])aa’ ® bb' for

homogeneous a,a’ € A and b,V € B.

The I'-graded algebra of the preceding lemma is called a graded tensor product
and denoted by A ®ﬂi’> B. The main goal of this section is to define graded quantum
cluster algebra structures on graded tensor products of graded quantum cluster
algebras. The following theorem is a first step in that direction. However, we first

need a bit of notation. Namely, for any S C Z and m € Z, set
Sim|:={s+m|seS}

Theorem 5.9. Let (q/,B’,g’) and (q”,B",g") be compatible triples with

corresponding indexing sets [1,N'], ex’, [1, N”], and ex”. Then the following

assignments define a compatible triple (q,B,g) with indexing sets [1,N] and
ex := ex’ Uex"[N'], where N = N' + N”.

(

qg,j if Za] € [17N/]

(g5 90 w,) ifi€[N'+1,N]andj€[1,N
Qij =
(99} n)7" ifi€[l,N]and j € [N'+1,N]

@G NN ifi,j € [N'+1,N]
\ i
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§
b ; ifi e [1,N'] and j € ex’

b = b/ nijno ifi€[N'"+1,N]and j € ex"[N]

0 else

\

g if i € [1, N'|
¢ ifi€ [N +1,N]

Ignoring indexing difficulties, the assignments in Theorem 5.9 can be viewed as

the assignments

q/ X—IN, T ~ B/ 0 g/
q:= ( ) , B:= |, and g := , (Equation 5.2.)
X q// O B// g//

where x is the N” x N’ matrix with entries given by =; ; := (g}, g/) for all i € [1, N”]

and j € [1, N'].

Proof. First, note that q is obviously multiplicatively skew-symmetric. Now a simple

computation shows that for i € [1, N] and j € ex,

(
1 if i £ j
Nl

N

. ro\b, . e
[ - Tl ifimjeer
k=1

k=1
N//

H(qg,j,N,)bgﬂf—N’ if i =7 € ex”[N']

\ k=1

Here we use the assumption that (B')Tg’ = 0 and (B”)Tg” = 0. Now, since (¢, B, g')

br,j

and (q", B",g") are compatible triples, it follows that Hfle q.; = 1foralli€ [1, N]

and j € ex \ {i}, as well as that Hfle qzkf is not a root of unity for any j € ex.

Finally, it is clear that BTg = 0. O]
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Henceforth, we will denote by (¢, B’,g") = (q", B",g") the compatible triple

(q, B, g) constructed in Theorem 5.9 from two compatible triples.

Proposition 5.10. Let (M, B,g), (M’,B',g’), and (M", B",g") be graded quantum
seeds in division algebras F, F', and F” such that 7' and F” are subalgebras of F

and (q(M), B,g) = (q(M’), B’,g’) x (q(M"), B”,g”). Suppose, furthermore, that

M'(e;) if i € [1,N]
M(ez) = .
M//(ei—N’) lfl - [N/—f—]_,N]

Then, for k € ex/,

(a(p(M)), p(B), p(8)) = (alpn (M), (B, pun(g) * (a(M"), B", ")

and

(M) (e) it i € [1, N
Mk(M)(ez‘) = .
M”(ei_N/) ifi € [N/+1,N]

Similarly, for k € ex”[N'],

(a(pe(M)), pi(B), pr(g)) = (@(M'), B',g") * (a(pr—n (M")), pr—n (B"), pe—n(g"))

and

M’ (e;) if i € [1,N']
Mk(M)(ez‘) = .
pe(M")(e;—n) if i€ [N +1,N]

Proof. We prove the statement only for k& € ex’, since the case where k € ex"[N'] is

nearly identical. We begin by observing that E. and F, are of the form
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E 0 F'oo
E. = and F, =
0 [N// O ]N”

We compute, using the formulas of (Equation 5.2.). First, we observe that the

(i, k)-th entry of x is given by

N/ N/
H<g€7 gi>maX(7€bZ’k70) = <Z max(_EbZ,ka 0)927 gzl,>

/=1 /=1

(E)"& ), 97

= (ur(&8 )k, 9 )

while the (i, j)-th entry is given by (g%, g/') = (ux(g');, gi) for j # k. Hence, if we

write g (x) := ((ur(g’);, g)), then we have shown that x = y;(x). Now,

a(pr(M)) = pr(a(M)

= P q(M)*




E o ||B ofl|F o

0 Ine| |0 B"| |0 Iyn

It is now clear that

(a(pr(M)), p(B), 1x()) = (@(p(M")), pi(B'), pue(g)) * (a(M"), B”, g").

The proposition now follows once we observe that

pe(M)(e:) = Me;) = M'(e;) = pn(M')(e:)
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if i € [1, N']\ {k}, while

pue(M)(er) = M([b*]4 — ex) + M([b*]- — ex)
= M([(t)"]4 — ex) + M([(V)¥]= — ex)
= M'([()"]4 — ex) + M'([(0)]= — ex)

= (M) (ex).

Here the second equality is easily deduced from the assumptions that M (e;) = M'(e;)

and ¢;; = q;; fori,j € [1, N']. ]

Theorem 5.11. Let (¢, B’,g’) and (q”, B",g") be compatible triples, as well as
inv' C [1, N']\ ex’ and inv” C [1, N”]\ ex". Set (q,B,g) := (¢, B',g') * (q", B",g")
and inv := inv’ U inv”[N’]. Then, if k is any unital subring of K containing g; ; for
all i, j € [1, N] (and so, in particular, k also contains ¢; ; for 7, j € [1, N'] and ¢;; for

i,j € [1, N"]), we have an isomorphism of k-algebras
k(q/a B/a g/7 il’lV/> ®]1<<7>2 k(q”a BH? gﬂa inv") = k(qv B? g, inv).

Proof. We first note an obvious isomorphism of I'-graded k-algebras.

kK~ NE

q-2 - 7—(ﬂ(§/)-2 ®]1<<> 7-(1];//)-2

» XH o1 ifie[l,N
X =

(2

1o X, ifie [N +1,N]

Now, the quantum Laurent phenomenon gives embeddings (again of I'-graded

k-algebras)
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k(q, B, g, inv) < 7;1]% and

k(d, B g inv') @ k(q", B",g",inv") < Tz @8 T,

In light of the above isomorphism, we may consider both k(q, B, g,inv) and
k(q,B', g, inv') 2 k(q”, B”,g",inv") as subalgebras of a common division ring,
namely F := Frac(Tq2). The claim of the theorem then, is that these subalgebras

coincide. We consider the induced algebra embeddings

"

L/ : 7‘(q/)»2 — 7;»2 —> .F and L ﬁq,/).g — 7;1‘2 [N JT_'

Let F' := Frac(/(Tg)2)) C F and F" := Frac(/"(Tgn2)) C F.

We now show that the generators of the two algebras in question coincide in
F. Choose toric frames M : ZN — F, M’ : ZN'" — F', and M" : ZN" — F’
satisfying M (e;) = X; € Tq2 C F for i € [1, N], M'(e;) = M(e;) for i € [1, N'], and
M"(e;) = M(ej1nr) fori € [1,N”], yielding q(M) = q, q(M') = ¢, and q(M") = q".
This is possible precisely because ¢;; = ¢; ; for i,j € [1, N'] and ¢;; = ¢} ;. for
i,j€[N'+1,N].

In light of Proposition 5.16, it is now clear that, given arbitrary
ki,..., kyn € [1,N], we may find i1,...,0m,j1,- -, Jjmr € [1, m] so that m’ +m” = m,

<<, g1 < < G, kil?"'7kim/ S [1,N’], k’jl,...,kﬁ S [N/+1,N], and

Tn!!

JI7 -Mkm(M,B,g) = iyt kg g,y "'Mk:jm,,(M7B7g)

= kg, B My bk (M B g).
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We therefore conclude that

P, - b, (M) (e3) if i € [1, N']
Py * Pk (M) (€5) =

iyt (M”)(e5) £ € [N+ 1, N

Hence the generators of k(q, B, g, inv) and k(q, B, g’, inv’) ®ﬂi’>2 k(q", B",g",inv")

coincide in F. OJ

5.3. The Single-Parameter Case

In the case of single-parameter quantum cluster algebras (i.e. where ¢ € K* is
not a root of unity and has a specified 2d-th root qﬁ), we take (,): I'x ' — éZ to
be a bilinear pairing and define a bicharacter (,) : I' x I' = K* by (v,7/) = ¢z,

In the single-parameter setting, the definition of a compatible triple is altered as
follows. A triple (A, B, g) is compatible if (A, B) is a single-parameter compatible
pair and BTg = 0. This is easily seen to imply the compatibility of the triple
((¢2Ix)*, B, g) in the sense of Section 5.1..

For convenience and later use, we now record the single-parameter analogues of

the definitions and results (without proof) of Sections 5.1. and 5.2..

Proposition 5.12. Let (A,B,g) be a single-parameter compatible triple. Then
setting (A, B,g) = (ETAE,, E.BF., ETg), the following hold.
1. (A, B, g) is independent of the choice of e.

2. (A, B,g) is a single-parameter compatible triple.

3. pg is involutive on single-parameter compatible triples.
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Definition 5.13. A single-parameter graded quantum seed of F is a triple (M, B, g),
where (M, B) is a single-parameter quantum seed of F and g € I'V is such that

(A(M), B,g) is a single-parameter compatible triple.

As with ordinary single-parameter quantum cluster algebras, every single-
parameter graded quantum seed is automatically a graded quantum seed. Therefore,
we won'’t define a single-parameter graded quantum cluster algebra, except to say that
is a graded quantum cluster algebra coming from a single-parameter graded quantum

seed.

Lemma 5.14. Let k be a unital subring of K and suppose A and B are I'-graded
k-algebras so that ¢*(e’) ¢ Kk for all homogeneous a € A and b € B. Then
the I'-graded k-module A ®, B naturally has the structure of a I'-graded k-algebra
with multiplication given on pure tensors by (a ® b)(a’ @ V') = ¢*M*Daa’ @ bb' for

homogeneous a,a’ € A and b,V € B.

The I'-graded algebra of the preceding lemma is called a graded tensor product
and denoted by AR B.

Theorem 5.15. Let (A, B,g’) and (A”, B”,g") be single-parameter compatible
triples with corresponding indexing sets [1, N’], ex’, [1, N”], and ex”. Then the
following assignments define a single-parameter compatible triple (A,B,g) with
indexing sets [1, N| and ex := ex’ U ex”[N’'], where N = N’ + N".

A/

9] lf’L,j S [17N/]
(95> i ny) ifi € [N'+1,N]and j € [1, N]

(9,94 n,)" ifi€[1,N]and j € [N'+ 1, N]

Voo ifdj e [N +1,N]
\ 9,
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§
b ; ifi e [1,N'] and j € ex’

b = b/ nijno ifi€[N'"+1,N]and j € ex"[N]

0 else
\

g if i € [1, N'|
gi ‘=
gl o ifie [N +1,N]

Ignoring indexing difficulties, the assignments in Theorem 5.15 can be viewed as
the assignments

N —xT| B 0 g
A= , B:= , and g := , (Equation 5.3.)

X A 0 B// g//
where x is the N” x N’ matrix with entries given by x; ; := (g}, g;) for all i € [1, N”]
and j € [1,N']. Henceforth, we will denote by (A, B',g') * (A", B",g") the single-
parameter compatible triple (A, B,g) constructed in Theorem 5.15 from two single-

parameter compatible triples.

Proposition 5.16. Let (M, B,g), (M, B, g’), and (M", B”,g”) be single-parameter
graded quantum seeds in division algebras F, F’, and F” such that ' and F” are

subalgebras of F and (A(M),B,g) = (A(M'),B',g') * (A\(M"),B",g"). Suppose,

furthermore, that

M'(e;) if i e [1,N]
M(ez) =

M"(e;_n/) ifi € [N'+1,N]
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Then, for k € ex/,

(Al (M), 1i(B), 1 (8)) = (M (M), pue(B'), u(g)) + (A(M"), B", ")

and

(M) (&) if i € [1, N']
Mk(M)(ez‘) = .
M"(e;_ni) ifi €[N +1,N]

Similarly, for k € ex”[N'],

(A (M), pr(B), e (g)) = (AM"), B', &) % (A(px—n(M")), pe—n (B"), pur—n (g"))

and

M'(e;) it i1, N
Mk(M)(ez‘) = .
uk(M”)(ei_N/) ifie [N/+1,N]

Theorem 5.17. Let (A, B',g') and (A", B”,g") be single-parameter compatible
triples, as well as inv’ C [I,N] \ ex’ and inv’ C [I,N"] \ ex”. Set
(A,B,g) == (N, B',g) * (A", B",g") and inv := inv’ Ll inv”[N’]. Then, if k is any
unital subring of K containing g2 for all 4, j € [1, N] (and so, in particular, qi%)‘;».i

for i,j € [1, N'] and g=2Ni for i, j € [1, N"]), we have an isomorphism of k-algebras
k, (N, B¢, inv')@é’)kq(/\”, B g" inv") 2 k,(A, B, g, inv).

Recalling that
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the following corollary is then immediate.

Corollary 5.18. For any n > 1, A,[U]2" and A,[B]2™ are (single-parameter) graded

quantum cluster algebras.

5.4. The Search for a Quantum Seed

Set K = Q(qi) for the rest of the chapter. All quantum cluster algebras
appearing in this section are single-parameter, although we will stop saying so.

Corollary 5.18 gives rise to a graded quantum seed (M, B.g, inv) so that there
is an isomorphism of graded K-algebras ¥ : K(M, B, g,inv) — A,[B]€". For each
A€ P and i € [1,n], abbreviate by vy ; the element 1®---®@u, ®---®1 € A,[B|2",
where vy appears in the i-th place. Then for each i € I and j € [1,n], there is some
ki; € inv such that W(M (e, ;)) = v.,,;. In fact, this yields a bijection I x [1,n]=inv,
(i,7) — kij. Now, as A,[B] is a localization of A,[G/U] by the multiplicative set
{urn | A € Pt} it follows that for each x € A,[B] there exists some A\ € P+ such
that zvy € A,[G/U]. Then for each i € [1, N] \ inv, there exist nonnegative integers

(Si,j)jeinv such that
v (M <€i+ Z si,jej>) c A [G/UE".
j€inv

Setting s; ; = 0, ; for all other (7,7) € [1, N] x [1, N|, we obtain a matrix
S = (sij)igen.n € GLn(Z),

which we also view as an invertible additive map S : Z¥ — ZV. Set Mg := M o S,
Bg = S7'B, and gs := STg. One easily checks that (Mg, Bs, gs) is a graded quantum

seed. Let invg be any subset of inv. The following lemma is obvious.
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Lemma 5.19. K(Mg, Bg, g, invg) is a subalgebra of K(M, B, g,inv). In particular,

K(Mg, By, gs,inv) = K(M, B, g, inv).

Conjecture 5.20. There is some choice of (si,j)(m)e([l,m\inv)xinv such that, if
(M, B',g') is mutation equivalent to (Mg, Bs,gs), then W(M'(e;)) € A [G/UJZ"

for all 4 € [1, N].

Conjecture 5.21. Set €X;pq0 = exU{k;; [i € I, j € [1,n—1]}. Given (Mg, Bs, gs)
as in the preceding conjecture, there is an N X eX,,, integer matrix B&thuw such
that the N x ex submatrix of BS,thaw is By, (Ms, Bgthaw,gs) is a graded quantum

seed, and K(Msg, stthaw,gs, @) = A G/UE".

In the case of G = SL,,, there is another natural place to search for the quantum
cluster structures that appear in the preceding conjectures. Namely, for any integer
m > 2, there is a natural U,(sl,,)-module subalgebra of A,[Mat,, 1] isomorphic
to A,[SL,,/U]. In fact, it is a quantum cluster subalgebra in an appropriate sense,

which we do not address here.

Conjecture 5.22. For all integers m > 2 and n > 1, A,[SL,,/UJ2" is a quantum

cluster subalgebra of Ag[Mat,, (m—1)n)-

Conjecture 5.22 is already known in the case where n = 1. In the case where
m = 2, it is obvious because A,[SLy/U]2" and A,[Mat,,] are actually isomorphic.
The case where m = 3 is already much more complicated. However, even here, we
can say the conjecture is true if n = 2.

Conjecture 5.22 also has a very desirable consequence. Namely, if it is true, then
all quantum cluster monomials of A,[SL,,/U]€" are contained in B°", where B is the
dual canonical basis of A,[SL,,/U]. This may appear to be a happy coincidence, but

we conjecture that this phenomenon is prevalent.
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Conjecture 5.23. Suppose (A,B) and (A’,B’) are locally finite based module
algebras such that B and B’ are upper global crystal bases and A and A" are quantum
cluster algebras such that their respective quantum cluster monomials are contained
in B and B’. Then A®A’ has the structure of a quantum cluster algebra such that

the corresponding quantum cluster monomials are contained in B o B'.

5.5. Example: G = SL3(C) and n =2

In this section, we explicitly run through the algorithm proposed by the
conjectures of the preceding section, noting that A,[SLs/U] is the U,(g)-module
subalgebra of A,[B] generated by v; := v, and vy := v,,. Then it is easy to see that

A,|G/U] is generated as an algebra by the following elements:

qPaymy — gV a2, q2x1my — gV 201y
U1, V2, V1Z1, V2Z2, U1 1 ) and V2 1
q—4q q—4q
Now A,[B] 2 K, (A, B,g,{4,5}), where
0 —1 1 1 0 0 9 — &1
1 0 0 11 1 €3 —€&1
A=|-1 0 0 1 1|,B=|-1|,andg= |g5—¢,
-1 -1 -1 0 0 0 €1
0 -1 -1 0 0 0 €1+ &9

with the column of B labeled by 1. The inverse of this isomorphism is given on the

initial variables by
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X — T,

¢ woxy — ¢ V2119
q—qt
q1/2371$2 — q_1/2x2x1

Xg’—) 1 ,
q—dq

Xy —

I

X4 — vy, and

X5 = Vo,

where we write X; = M(e;) for ¢ € [1,5]. Using the fact that

A,B]®A,B] = A,[B]J®A,[B], we have isomorphisms

Ay BI@AB] = K (A, B, g, {4,5})K,(A, B, g, {4,5}))

= KQ(A/’ B/a g/7 {47 57 97 10})7

where

133



| 0 0 ] _62 — 51—
1 0 €3 — &1
-1 0 €3 — €1
0 0 €1
B 0 0 Candg — €1+ &9 |
0 O €2 — &1
0 1 €3 — &1
0 -1 €3 — €1
0 O €1
I 0 0 €1+ &9

with the columns of B’ labeled by {1,6}. The inverse of this isomorphism is ¥ from

the previous section and is given by

U(Xp) =11 ®1,
Y20 0o — g~ 1/20 2
\P(Xg):q 221 C]_1 12®1’
q—4q
Y20 0o g= 120
q—4q
\IJ(X4> =11 ® 17
\IJ(XE)) =1U2Q 17

\IJ(XG):1®$1—ZC1®1,

V2gox — g V2ax
) =1e — ql— (j—l — — ¢ ey @1
1/2 _ . —1/2
_i_qflq T1T2 C]_1 Loy ®1,
q—dq
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12
TESEPLIE B G
X q_l q1/2x2x1 — q71/29€1$2 21,

q—q
U(Xg) =1®wvy, and

\I/(Xl()) =1 X Vo.

Precomposing our toric frame with the element of GL1o(Z):

we obtain A,[B]®A,[B] = K,(A", B",g",{4,5,9,10}) where
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"
A ,

| 0 0 ] i €9 ]
1 0 €3

-1 0 €9+ €3

-1 1 €1

B" = b , and g’ = e ,

0 0 €1+ €2
0 1 €1 +e2t+e3
0o -1 €1+ée3+ €3
0 -1 €1

i 0 1 €1+ &9

with the columns of B” labeled by {1,6}. The inverse of the isomorphism is given by
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X1 q1/2v1w1 ®1,

1/2 —1/2
q*2wozy — ¢V a1y

Xg — q1/2’U1 1 & 1,
q—q
1/2 q1/2$1x2 - q_1/2x2331
X3 = q /" vy P ®1,
X4 = U1 & 1,
X5 = Ug &® 17

X — q1/2711 K viry — q_1/2v1x1 & vy,

1/2 —1/2
/$2€E1—q /$1$2

q—q!
—1/2y,) q"Paymy — q11/2332$1
q—q
q"Paizy — ¢ Paam
q—q!
q"Pasxy — ¢ VP

+(]_1/21)1 1 ®U2,
q—dq

q

X7 q1/2U2 K v1 — Voo @ V121

+q ®'U1,

Xg = q1/2v1 & v — V121 Q UaT2

X9 — 1® vy, and

X10 1 ® v,.

These are clearly elements of A,[G/U|®.A,[G/U]. As the given quantum cluster

algebra is of type A; x A;, we readily verify that the images of all other quantum

cluster variables are elements of A,[G/U|®A,[G/U]:

(X)) — ¢ ?vyry ® 1 and

te(Xg) — qua ® Vag — UaTo ® Vo,

where we write ug(Xy) as a short-hand for pug(M)(ey). Hence we see that

K, (A", B",g", @) may be considered as a subalgebra of A,[G/U|®A,[G/U]. Let F

be the skew-field of fractions of A,[G/U|®.A,[G/U] (or equivalently, A,[B|®.A,[B]).
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We observe that the triple (A”, B, g”) with

0 1 -1 0
1 0 0 0

-10 1 0

10 0 1

e |1 00
o110

0 0 -1 1

00 0 -1

01 0 -1

00 0 1

is also compatible, where the columns of B" are labeled by {1,4,5,6}. Hence we

have an inclusion of algebras

Kq(A”,B’”,g”,@) s F.

As K, (A", B".g". @) is of type Dy and hence has finitely many cluster variables, we
may explicitly compute all of their images (where we don’t repeat those already given

previously):

,LL4(X4) —H1® q1/2U1$1,

papsis(X1) = 1© q' vy,
¢ woxy — ¢V 211y
q—qt

papispia(X1) = 1® "%

I
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1/2 —1/2
1/2 q/fEle_q /952551
/U2

fapirpiopts(Xa) = 1® ¢

q—q! ’
1/2 12
g Faxery — q R
pps(X1) = ¢ %o @ v 2 ql— q! —
V20 v — =120 2
- q_l/Qvlq 2 ql_ qq_l 2 ® vy,
1/2 12
g1y — q a0
psta(Xs) = quz @ V2 : qQ_ = .
q" ey — ¢ Paom
— V9 1 X Vo,
q—4q
1/2 12
_ qPxory — g VP
pes(Xo) = quizy @ vaxy — g Py - ql_ e = @ v,
1/2 o —1)2
_ g1y — gV Pa0w
pspi prapa pis(Xs) - quams @ vy — ¢ 0 1 q2 —q! — e
1/2 o 1/2
g xoxy — gV Px 1
/L5(X5> — qu1T1 Q V1 =) 2
q—4q
q" 2wy — gy
— U 1 X V121,
q—4q
1/2 _1/2
g xiwe — g 0w
prapiepin (Xa) — ¢*/*vam9 @ v : ;_ g =
1/2 o 1)2
gy — q 0w
- q1/2U2 ! q2— p at X V2T2.

We see that all quantum cluster variables are contained in A,[G/U|®A,[G/U] C F
and the set of all quantum cluster variables clearly contains a generating set for

A,G/UI®A,G/U]. Hence we see that we have

A[G/UIRAG /U = K (A", B", g", 2).
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CHAPTER VI

BIALGEBROIDS

Since bialgebroids are not so widely known as bialgebras (which are a special

case), we begin with some examples of bialgebroids which are not bialgebras.

6.1. Examples of Bialgebroids

Example 6.1. [25, Example in Section 7] Let k be a subring of K and let H be
a cocommutative bialgebra over k such that K is an H-module algebra. Then the
k-algebra K x H with base abelian group K ®, H may be given the structure of a

bialgebroid over K of Sweedler type via the assignments
— (K" oh)(keh') =k (ha>k)ehph
—nk)=kel
— A(koh)=(kehu)® (1ehgy)
— e(koh)=keg(h).

Example 6.1 is an immediate source of many examples of bialgebroids over K
of Sweedler type which are not bialgebras over K. Galois extensions yield our first

concrete example.

Example 6.2. If K is a Galois extension of a field k with Galois group G := Gal(K/k),
then K is a kG-module algebra and hence the cross product K x kG is a bialgebroid

over K of Sweedler type.
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In [5], Berenstein and Richmond constructed K-coalgebra structures on “twisted
group algebras” which match the construction in Example 6.1. Our next example

addresses this and the associated generalized nil Hecke algebra.

Example 6.3. Fix a field k and an index set I. Following [5, Section 4], let V' be the
k-vector space with basis {«; | 1 € I} and W = (s; | i € I) a Coxeter semigroup (by
assumption, actually a monoid) with a compatible quasi-Cartan matrix A = (a;).
The assignment

si(ay) = i — ai;oy

defines an action of W on V. This induces the structure of a kIW-module algebra
on the symmetric algebra S(V') and its field of fractions Frac(S(V)) =: . As in
Example 6.1, this makes () x kW =: Qw into a bialgebroid over () of Sweedler type.

The generalized nil Hecke algebra H 4(1V) is the k-subalgebra of @y generated

by S(V) e 1 and the Demazure elements

1
x; = z.(s )

Ha(W) is automatically an S(V')-ring via the map S(V) — Ha(W), v — v e 1.
However, just like Qw, Ha(W) is not a bialgebra over S(V') since the image of S(V)
is not central (and hence H (W) is not an S(V')-algebra). It is, however, a bialgebroid
over S(V') of Sweedler type in the following manner.

It was proved in [5] that {z,, | w € W} is a basis for H (W) over S(V') and for
Qw over @), satisfying

ANgy (tw) = D plyrn @z,

u,veEW
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for some p¥ € S(V). Since we also have eq,, () = 61 € S(V), the Q-coalgebra
structure on Q actually induces an S(V')-coalgebra structure of H4(W). A and ¢

are given on the generating Demazure elements by
Ar)=am; @u;+1@x+2;,01,  e(x;) =0.

It is then easily argued that these induced maps make H (W) into a bialgebroid over

S(V) of Sweedler type.

In [21], Kostant and Kumar introduce a similar construction, but in place of

S(V'), they have R(T'), which we explain in the following example.

Example 6.4. Suppose G is a Kac-Moody group over C, B the standard Borel
subgroup, and T the compact maximal torus. Let R(7T) be the group ring of
the character group of T and let @ be the field of fractions of R(T). W is the
corresponding Weyl group, generated by simple reflections s;. We denote by e* the
character corresponding to the integral weight .

W acts on ) by field automorphisms, making ) a ZW-module algebra. As
above, this makes Q x ZW =: Qw into a bialgebroid over @) of Sweedler type. (Note
that our Qw is ring anti-isomorphic to the Qy of [21] via ¢ @ w +— §,-1q.)

Let Y be the subring of Qy generated by R(T) e 1 and the idempotent elements

1
i = T o i+1
Y 1_6_%'(8 +1)

(as in [21]). Y is automatically an R(T)-ring via the map R(T) — Y, ¢ — ge 1, but

unfortunately

2

¢ R(T).
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This means that Y is not (so easily, at least) a bialgebroid over R(T) of Sweedler
type as H (W) was over S(V) in Example 6.3. Instead, we consider Y, the subring

of Qw generated by R(T) e 1 and the indempotent elements

T = (le(si+1) [ ——e1
= ®5; o] = ®(S; b .
R 1—e 1—e

We have
AQw@z‘) =(1- eai)yz‘ ®Y; + eai@i R1+1y,+1x1), 6Qw(yi) =L

As in Example 6.3, we conclude that Y is a bialgebroid over R(T) of Sweedler type.

6.2. The Construction and Applications

Theorem 6.5. Let B be a cocommutative bialgebroid over K of Sweedler type and
let A be a B-module and a K-bialgebra, such that my, na, and €4 are B-module

homomorphisms. Suppose further that R : B — A®x A is a (left) K-linear map such

that
1. R)=1®1 (€ Ay A)
2. R(b) = R(b)) (b > R(V)) (€ A@y A)
3. R(b)) (b > Aa(a)) = Aalba) > a) R(be) (€ Aoy A)

4. (Aa @ida)(R(b))) Riz(bz) = (ida @ Aa)(R(ba))) Ras(be) (€ A@x A®x A)

5. mao((naoea)®idg)oR=mnpoeg=myo(ida®@(naoces))oR (e A)
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where we use the notation R;;(b) (1 <i < j < 3) to denote that R(b) appears in the
ith and j* places of the three-fold tensor. Then the K-ring A x B may be given the

structure of a bialgebroid over K of Sweedler type via the additional assignments
A(a [ J b) = (a(l)(b(l))(l) [} b(2)) & (a(g) (b(l))(2) [ b(g)), 6((1 ] b) = 6,4(&)83([))

where we use Sweedler-like notation to write R(b) = bM) @ b(2).

Proof. We check the axioms of Definition 2.7 one-by-one, skipping (1) in light of

Lemma 2.12.

(2) Coassociativity of A:

By definition and since A4 is multiplicative,

(A®id)oA)asb)
= (A @id)((an) (b)) o b)) @ (a2 (b)) @ b))

= (aq)((b1))™) 1) (b)) ™ @ bs)) @ (ag) (b)) ™M) @) (b)) ® bay) @ (ags)(bay)® @ bs)).

Using property (4) for R,

(a@ (b)) M) 1) (b)) @ b)) @ (a@)((bay) ™) 2) (b)) @ bay) @ (ag)(bay)® o b))

= (aq)(ba)™ e b)) @ (a@) (b)) 1) (b)) ™ @ bay) @ (agE) (b)) @) (b)) @ b))

Since B is cocommutative, then by definition,
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(a1 ()™ @ bes)) @ (a@) (b)) 1) (b)) @ bay) @ (a3 ((b1) ) 2)(b2)® ® b))
= (a@(bay)™ @ b)) @ (ag) (b)) ) (bs) ™M @ buy) @ (ag) (b)) @) (bs) b))
= (id ® A)((aq) (ba))™ @ b)) @ (a@) (ba)® o b))

— ((id® A) o A)(a e b).

So A is coassociative.

Compatibility of A and e:

By definition,

e((a e ))(a e b)) = e(aq (b)) o b)) (ae (b)) © b))

= ealaq)(bay)M)en(be)ac) (bay)® o be).

Since €4 is multiplicative,

5A(a(1)(b(l))(1))53(5(2))a(2)(b(1))(2) ® b3

= ealag))a@eal(ba) M) (bay)® e e5(be))be).

Using also property (5) for R and the compatibilities of A4 with €4 and Ap with ¢,

EA(a(l))a(g)&?A((b(l))(l))<b(1))(2) [} €B(b(2))b(3) = G8B(b(1)) [} b(g)
= aeep(b))bp

=qaeb.
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One can similarly show that £((a ® b)(2))(a ®b)(1) = a ® b and hence A and ¢ are

compatible.

(3) By definition,

(aeb)yk @ (aeb)a) = (au)(ba))™ b))k @ (a@(bay)® ebs)
= (aqy(bay)™ @ bzy)(k @ 1) @ (a)(bay)™® o b))
= (a@) (b)) M (bay > k) @ bez)) ® (agz) (b)) o bay)

= (aq)(bay)™ @ be) @ (a@)(ba)® (be) > k) ® b))

Using also the assumption that B is cocommutative, then again by definition,

(aqy(ba)™ o bz) @ (a@) (b)) @ (be) > k) o b)
= (@ (b)) @ b)) ® (a)(bay)® (b > &) ® by
= (a1 (b)) @ b(z)) @ (a)(b1))® @ b)) (ke 1)
= (a1 (b)) @ bz)) @ (a)(b))? © b))k

= (aeb)n) @ (aeb)pk.

(4) Unit:

We perform the straightforward computation, using property (1) for R.

AD)=(1Yel)® (1¥ e 1)

=(lel)®(lel)
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Multiplicative:

By definition and since A4 and Apg (or the corresponding corestriction) are

multiplicative,

A((aeb)(a’ e t))
= A(a(b(l) > a') ° b(g)b/)

= ((a(ba) > a") @) (bt ) 1) ™ @ (bz)b')2))

= (aq)(bay > @) 1)(baybiy)) M ® bea)bla)

® (ag)(bay > a')2) (be)b(1) ) ® buybls))-

Using property (2) for R,

(aqy(bay & @)y (be)b{1) " @ bybia) @ (ag) (bay &> @)z (b b)) @ braybi)
= (Cl(l)(b(l) > a')(l)(b(g))(l)(b(g) > (bl(l))(l)) ° b(5)b,(2)>

® (a@)(ba) > a')2) (b)) ® (bay > (1)) @ big)bis))-

By property (3) for R,

(aqy(bay > @)y (b)) ™M (b > (b)) ™) @ bis)blay)
® (a@)(bay > a') @) (b)) (bay > (b)) ®) @ be)bis)
= (aq1)(bay) ™M (bea) > afyy) (bay > (03)™) @ e b))

® (a@) (b)) ® (be) > afy)) (be) > (b)) @ beybis)).
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Since B is cocommutative,

(aqy(by) ™ (be) B afyy) (bay B (b1))™) © biey b))
@ (a@) (b)) (bs) > az)) () > (b/(l))(Q)) ® bn)bz))
= (a()(by) V(b > aly) (b > (01)) D) @ beybly)

® (a@) (b)) (buay > afy)) (bs) > (b)) @ bybia)).

Using the assumption that m,4 is a B-module homomorphism,

(a1 (b)) ™M (b) > afy)) (b & (b)) ™) @ bie)bla))
® (a(2) (b)) ® (ba) & af2)) (bs) B> (b1))*)) @ brybs))
= (aq)(bay) ™ (bay > (afy (b)) ™)) ® baybla)

® (a@) (b)) (be) > (afy (b)) @ bs)bis)).

Again by the assumption that B is cocommutative, then by definition,

(agr) (b)) (bezy & (afy) (1)) @ baybiz))

@ (a@2) (@)™ (b & (aly) (01))™)) by bis)
= (aq (b)) ™M (be) B (aly (61) ™)) @ bbiz)

® (a(2) (b)) ® (bay > (a(z) (1)) @ bis)blz))
= [(aq) (b)) @ b)) @ (ag)(bn)® o bis))]

[(afy) (b)) @ ba) @ (aly (1)) @ big))]

=A(aeb)A(d o b').

So A is multiplicative.
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(5) We perform the straight-forward computation.

(1®1) = 24(D)ep(1) = (1)(1) = 1

(6) By definition,

e((aob)(a o)) =ce(albny > a') @ buyb')

= 6A(a(b(1) > a'))sB(b@)b’).

Since €4 is multiplicative and eg(bb') = ep(bep(b')),

€A(a(b(1) > a’))sB(b(g)b') = 8,4((1)5,4(()(1) > a’)sB(b(g)sg(b’)).

Using the assumption that €4 is a B-module homomorphism, then definitions,

5A(a)6A(b(1) > a')sB(b(g)sg(b')) = SA(G)Z:‘B(b(l)sA(a,))€B(b(2)EB(b/))

= 6,4(@)53(53(b(l)eA(a'))b(g)aB(b’)).

By the assumption that Ag(B) C B Xk B,

6A(a)&B(ﬁB(b(l)ﬁA(a,))b(g)éBG)/)) = 5,4(@)53 (53(6(1))b(2)5A(a')aB(b’)).
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Since A and ep are compatible and by definition,

cal@)en(enb)bea(@)ent) = ca(@)es(beala)ent)
= ca(a)ep(be(a’ o b))
=c(ae (be(aob)))

=c((aob)e(a’ o b')). O

Example 6.6. Let B be a cocommutative bialgebroid over K of Sweedler type and
let A be a bialgebra in the category of B-modules. Then R = A4 o ny o ep satisfies
the hypotheses of Theorem 6.5, making A x B into a bialgebroid over K of Sweedler

type with A(a @ b) = (an) @ b)) @ (ag) ® by)).

Example 6.7. (cf. [24, Example 3.4.3]) Let ¢ € C be an £*" root of unity for any odd
¢ > 1 and consider K = Q(q). If we denote by Cy = {1, z} the cyclic group of order
2, then Q(q) is a QCy-module algebra (with z > ¢ = ¢7'), meaning that Q(q) x QC,
is a (cocommutative) bialgebroid over Q(q) of Sweedler type.

Let u,(sly) denote the Q(¢q)-Hopf algebra generated (as an algebra) by symbols

K*' E, and F, with relations and structure given by

KK '=K'K =1, K'=1, E'=F'=0,

K- K
KE = ¢’EK, KF =q?°FK, EFF—FE=——— ccc
q—4q

AKH) =K@ K", AE)=E@K+1®E, A(F)=Fe1+K'®F,
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e(K*) =1, e(E) =0, e(F) =0,

S(K*) = K%' §(E)=-EK™', S(F)=—-KF

u,(sly) is quasitriangular with R-matrix

/-1 /-1
1 —2ab 17a b q_q n n
R:Z(E q K@K)( E ® F

a,b=0 n=0

1— q—2m n

where [m; 7% = ———— and [n; ¢ 2
i) = 1= ITimsa
The following assignments make uq(5[2) into a Q(¢) x QCy-module such that

Moy (sly) s Thig(sly)s AN €y, (s1,) are homomorphisms of Q(gq) x QCs-modules.
(lez)>K'=KF' (lex)bE=K'E (lez)>F=FK

Furthermore, if we use Sweedler-like notation to write R = R(;) ® R(2), then
setting R(1e1) = 1 ® 1 and R(1 ® 2) = Rz ® R(1) defines a Q(g)-linear map
R : Q(q) ¥ QCy; — uy(sly) ®q(q) Uqg(sly). As defined, R satisfies the hypotheses of
Theorem 6.5, making u,(sly) x (Q(q) x QCs) into a bialgebroid over Q(gq) of Sweedler

type.

Remark 6.8. Example 6.7 can be generalized to u,(g) for any semisimple Lie algebra
g (with appropriate restrictions on ¢). We refer the reader to [13, Section 9.3 B] for
the definitions of u,(g) and the corresponding R-matrix. The action of Q(q) x QC%

on u,(g) is completely analogous, e.g. (1e2)> E; = K; 'E;.
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