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DISSERTATION ABSTRACT

Cody Rucker

Doctor of Philosophy in Computer Science

Title: Computational Methods for Data-Driven Solutions to Inverse Problems in Geophysics

Numerical models are often tasked with resolving multiscale features in space and time which

can result in high computational costs that become prohibitive in higher dimensions. This high

computational cost drastically affects the cost of model evaluation over many potential parameters

and leads modelers to be selective about which aspects of the physical system to emulate. In

particular, we see this issue arises in the context of geophysical models where structures of interest

(i.e. faults, magma reservoirs) exist below the Earth’s surface and cannot be directly studied.

Instead we rely on surface observations that may be used to infer subsurface properties. However,

the measured data may not be sufficiently informative to uniquely infer information about the

subsurface state. This suggests a Bayesian approach for solving the resulting inverse problem

which further increases computational cost and can make simulations intractable even in high-

performance computing. We are motivated by these challenges to develop novel approaches to solving

inverse problems that may be more computationally feasible while still providing useful insight into

the subsurface state of the Earth. This dissertation presents two approaches for handling such

inverse problems. First we model a pressurized, subsurface magma reservoir surrounded by thermo-

viscoelastic host rock. Simulations were carried out using a high-order finite-element method and

explicit time-stepping for which numerically stable time steps were derived. System response is

characterized by a transfer function connecting peak surface deformation with reservoir stress. The

model reveals that the volume of the viscous region surrounding the reservoir is dependent on the

frequency of reservoir forcing. Our use of analytic signals yields a non-singular transfer function that

simplifies the parametric considerations of the model and decomposes the output into component

signals that may be used to invert for stress along the reservoir wall. For our second problem we

model an antiplane strike-slip fault governed by a nonlinear rate-and-state aging law. A solution is

approximated by training a Physics-Informed Neural Network (PINN) to satisfy an Initial Boundary

Value Problem (IBVP). By including an additional network within the friction law, we train the

network to solve the IBVP and invert for depth-dependent friction parameters without significantly
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increasing training cost. Additionally we demonstrate that exact enforcement of initial conditions

results in better network approximations of the IBVP solution and the inferred friction parameter.

Moreover, we verify that the PINN maintains its accuracy over various resolutions of the space-time

domain. Our findings constitute important new techniques for solving inverse problems by leveraging

both analytic tools as well as emergent deep learning techniques.

This dissertation includes previously published co-authored material.
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CHAPTER I

INTRODUCTION

1.1 Main Research Problems

Mathematical modeling is a multidisciplinary field that provides abstract representations for

concrete systems. Models are simplified emulators which can be analyzed, probed, or expanded

to gain insight about the system in question. The abstract nature of modeling allows for

experimentation which may not be physically viable, as is common in geophysics where much

of the system lies beneath Earth’s surface. These models are often posed as Initial Boundary

Value Problems (IBVP) consisting of governing equations, constitutive laws, and constraints

(initial/boundary conditions and kinematic equations) which are specified to ensure that the problem

is mathematically well-posed. However, solutions to such IBVP are not guaranteed to have a

closed form and thus we often turn to numerical methods. Here we provide a brief overview of

the unique challenges that pertain to numerical methods (1.1.1), geophysical models (1.1.2), and

inverse problems (1.1.3) that motivate the central topic of this dissertation as given in section 1.1.4.

1.1.1 High-performing Numerical Methods for Multiscale Problems. Traditional

numerical methods such as Finite Differences (FDM) and Finite Element (FEM) seek a solution to

IBVP by discretizing the domain and computing a solution over the resulting mesh. In the case of

hyperbolic PDE, a choice must be made about how to handle temporal evolutions. Implicit time

stepping allows for stable temporal evolutions to be computed at an increase to the computational

cost of each time step while explicit time stepping provides a cheaper compute cost at each step

but is subject to Courant–Friedrichs–Lewy (CFL) stability criteria. In the presence of multiscale

spatio-temporal features, these discretization techniques can produce large linear systems that are

costly to solve and are subject to the curse of dimensionality. This high computational cost can

be especially restrictive when it is necessary to solve the IBVP over a field of possible parametric

inputs as is often the case in geophysical modeling.

1.1.2 Limited Observational Domain of Geophysical Models. In developing

geophysical models, subsurface characteristics (e.g. fault/reservoir geometry, stress history, thermal

gradient) are crucial for understanding how a system might evolve in time. However, this subsurface

information is not known apriori and we must include assumptions about the system in order to

properly define an IBVP. This leads to a scenario in which the solutions to the IBVP are dependent
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on the assumptions that modelers make about the system. A model that produces a solution given

a set of assumed parameters is said to solve a forward problem and is a necessary component in

trying to relate observed data to unobservable parameters.

1.1.3 Inverse Problem Dependence on Forward Models. The significance of the

system’s subsurface state leads us to consider an inverse problem to the mathematical model. That

is, we would like to use observations at Earth’s surface to infer aspects of the system’s state within

the unobservable subsurface. Consider the forward model F to be an operator acting on a functional

space of system parameters. Then F defines a correspondence between parameters and data so that

the inverse problem amounts to the following: Given data q, find parameter p such that

q = F [p]. (1.1)

The issue we encounter in modeling Earth systems is that surface data may not be sufficiently

informative to accurately reconstruct the subsurface state (which may not be unique to the surface

deformation). Because of this, we would require the Bayesian framework for inverse problems which

outputs a distribution of possible parameters for the observed data. However, this approach requires

the solution of the forward problem over a large number of possible parameters in order to properly

sample the probability distribution of an unknown parameter given known data [1]. The large

number of forward-mode evaluations makes this solution technique computationally challenging

especially if the forward model is itself compute intensive.

1.1.4 Thesis Topic. This dissertation demonstrates two approaches to tackling inverse

problems that aim to overcome the prohibitive computational cost. The first is an analytic tool

that is used to deconstruct surface signals and compute component-wise transfer functions that

allow for stress inversions around a subsurface, pressurized, magma reservoir. The second integrates

machine Learning (ML) techniques to solve the forward and inverse problem (simultaneously without

much increase to computational cost) to obtain a solution and infer friction along a strike-slip fault

governed by nonlinear rate-and-state friction.

The remainder of this dissertation is organized as follows: Chapter II provides an overview

of the ML technique known as Physics-Informed Neural Network (PINN) and its application in

solving differential equations and inverse problems, Chapter III details our framework for time-

dependent evolution of subsurface, magma, reservoir in a thermo-viscoelastic medium and introduces

an analytic signal approach to computing transfer functions relating stress and surface deformation,
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in Chapter IV we use a PINN to infer the friction parameters along a strike-slip fault governed by

rate-and-state-friction.

Co-author Acknowledgement. Specific contributions are detailed at the beginning of

each chapter. Chapter II contains unpublished material, for which, I am the sole author. Chapter III

contains published material co-authored by Dr. Brittany A. Erickson, Dr. Leif Karlstrom, Brian Lee,

and Dr. Jay Gopalakrishnan. Chapter IV contains published material co-authered by Dr. Brittany

A. Erickson.
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CHAPTER II

METHODOLOGY

This chapter consists of unpublished material from the departmental Area Exam requirement.

This Area Exam is a survey of the state-of-the-art in physics-informed neural networks and their

use in approximating solutions to initial-boundary value problems. While I am the sole author of

this Area Exam, I received help (in the form of feedback, and suggestions) from my dissertation

committee members: Dr. Brittany A. Erickson, Dr. Daniel Lowd along with Dr. Boyana Norris, and

Dr. Hank Childs.

2.1 Introduction

In mathematics, PDE are used to encode physical phenomena in terms of differential

relationships. Solutions to PDE are functions which exhibit the desired physical property, but

such solutions are not guaranteed to have an analytic form so we often turn to numerical

schemes like the Finite Difference Method(FDM) or Finite Element Method(FEM) to approximate

solutions. However, an emergent Deep Learning(DL) framework has recently demonstrated a

surprising capacity for approximating PDE solutions. Though this DL framework lacks the robust

mathematical theory of the traditional methods, it shows particular promise in solving problems for

which traditional numerical methods are ill suited.

Traditional numerical methods are typically solved on a mesh which, due to the curse of

dimensionality [2], leads to computationally intractable problems in higher dimensions. Additionally,

traditional approaches are not amenable to real-world observation and ultimately cannot be

efficiently generalized to solutions of parametric PDE. This is contrasted by the DL framework

which produces a closed, analytic form for the solution. Because of this, the solution is continuous

and defined at every point in the domain allowing one to evaluate the solution ’off-grid’ without

having to solve the PDE again. While the DL framework cannot compete with traditional methods

in lower dimensions, the 2017 foundational framework, PINNs, [3] suggests that both approaches

may be used in tandem to offset specific weaknesses of a method.

The rest of this paper is organized as follows: In section 2.2 we provide brief history of

Artificial Neural Networks (ANN) in solving PDE. section 2.3 Introduces the PINN framework

and we give details for handling forward and inverse learning problems along with a formulation for

discretizing the network with respect to time. Once we have established the basic PINNs framework
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section 2.4 covers some ways that the PINN framework may be altered to enhance certain model

features. section 2.5 introduces operator methods which provide a means by which PINNs can be

generalized to a family of PDE solutions. section 2.6 provides a look at the current state of an

emerging approximation theory for physics-informed networks. Finally, I will conclude the paper

with section 2.7 in which I give my thoughts on the framework and carve out future areas of research.

2.2 Background

We begin by introducing the Feed Forward Neural Network (FFNN) architecture and give

its Universal Approximation Theorems (UAT). FFNN also inherit regularity from their activation

functions and, along with UAT this allows them to be infinitely differentiable function approximators,

a property that is shared with polynomials. This makes FFNN a valid option in solving PDE and

we will show how Machine Learning (ML) can be constrained by PDE.

2.2.1 Feed Forward Neural Network (FFNN). Let x ∈ Rn,W ∈ Rm×n and b ∈ Rm.

Then a single hidden layer of a neural network can be expressed as

ℓ(x; θ) = φ.(Wx+ b), θ = (W, b)

where φ is an activation function. That is, φ is bounded and

lim
x→+∞

φ(x) = α

lim
x→−∞

φ(x) = β

with α ̸= β. The notation φ.(∗) signifies component-wise application of the activation function.

We construct a deep neural network by repeated composition of hidden layers. Let L ∈ N>0 be

the network depth and let {ϕi}Li=1 be a collection of activation functions along with a sequence of

trainable network parameters {θi}Li=1 where θk = (Wk, bk) for each 0 < k ≤ L. Take x ∈ Rn to

be the network input and network parameters (W1, b1) ∈ Rm×n × Rm, (Wk, bk) ∈ Rm×m × Rm for

1 < k < L, and (WL, bL) ∈ Rd×m × Rd. Then the recursive composition

ℓ0 = x, (2.1a)

ℓk = φk.(Wkℓk−1 + bk) for 0 < k < L (2.1b)

defines a neural network N : Rn → Rd (of depth L and width m) with network parameters θ by

N (x; θ) =WLℓL−1 + bL. (2.2)
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2.2.2 Universal Approximation Theorems. When considering such neural networks

as function approximators there are two primary avenues to consider: arbitrary width and arbitrary

depth. The arbitrary width formulation considers a continuous activation function ϕ : R → R and

a collection of feed-forward neural networks N ϕ
n mapping Rn to R which have a single hidden layer

with an arbitrary number of neurons. Then we get the following universal approximation theorem

(UAT):

Theorem 1 (Arbitrary-Width UAT[4])

For compact subsets K ⊆ Rn, N ϕ
n is dense in C(K) if and only if ϕ is nonpolynomial.

Theorem 1 can be trivially extended to networks with a bounded number of hidden layers by

including identity mapping layers [4]–[8].

The arbitrary-depth formulation, on the other hand, considers the approximation capabilities

of networks with an arbitrary number of hidden layers each with fixed width. This formulation

has been explored for Rectified Linear Units(ReLU) [9]–[11] and a minimal network size has been

established as a necessary condition for deep networks to be universal approximators. However, as

we will see later in the paper, the ReLU activation function cannot be utilized when constraining

a network to satisfy PDE. More recently, a more general theorem has been proposed which shows

the following: Let ϕ : R → R and n, d,m ∈ N. Denote by N ϕ
n,d,m the class of functions mapping Rn

to Rd described by feed forward neural networks with n input neurons, d output neurons, and an

arbitrary number of hidden layers, each with m neurons and activation function ϕ. Each neuron in

the output layer uses the identity activation function. Then we have the following theorem:

Theorem 2 (Arbitrary-Depth UAT [4])

For any non-affine continuous function ϕ : R → R which is continuously differentiable at at least

one point (with nonzero derivative at that point), and compact subset K ⊆ Rn, the set N ϕ
n,d,n+d+2

is uniformly dense in C(K;Rd).

Note that this theorem is quite general as far as the allowable activation functions. It includes

polynomial activation functions which distinguishes it significantly from Theorem 1. Moreover, [4]

proves that Theorem 2 can be extended to networks with activation functions which are bounded

and continuous, but differentiable nowhere.
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Theorem 3 ([4])

Let w : R → R be any bounded continuous nowhere differentiable function. Let ϕ(x) = sin (x) +

w(x)e−x, which is also nowhere differentiable. Let K ⊆ Rn be compact. Then N ϕ
n,d,n+d+1 is dense

in C(K;Rd) with respect to the uniform norm.

The oddity of this result lies in the fact that the set of differentiable functions is contained

within the set of continuous functions. This means that we can uniformly approximate differentiable

functions using activation functions which are differentiable nowhere. Thus deep neural networks

maintain their universal approximation property for a pretty non-restrictive class of activation

functions. Considering that gradient descent will require almost-everywhere differentiable activation

functions, the choice of activation functions is limited by network training. The universal

approximation theorems (in addition to the Neural Net’s closed, analytic form) establishes ANN

as potential PDE solvers. To train a Network to satisfy a PDE we first need to augment the ML

optimization problem to incorporate information from IBVP. Inclusion of the IBVP is what makes

a network Physics Informed.

2.2.3 Enforcing PDE in ML Training. One of the earlier appearances of a physics-

informed network was proposed by [12] as a numerical solution for PDE on orthogonal box domains

and was later expanded to domains of complex geometry by [13]. They use the compact and

differentiable closed form of an Artificial Neural Network (ANN) solution to construct a trial function

consisting of two terms: One term has no trainable parameters and satisfies a desired Boundary

Condition (B.C) while the second term is a trainable feed-forward network which does not contribute

to B.C but can be trained to solve a minimization problem. While this approach is fairly simple on

orthogonal box domains, it becomes more involved on complex domains. Additionally, the manual

computation of the loss function derivative terms is prone to error and becomes quite burdensome

on deep neural networks.

More recently, [14] presents a unified framework for approximating PDE solutions using

artificial neural networks and gradient-based optimization. This approach captures the idea proposed

in [12] and provides a good basis for understanding physics-informed networks. We start with the

general form of a PDE

O[u](x) = f(x), x ∈ Ω, (2.3a)

B[u](x) = g(x), x ∈ Γ ⊂ ∂Ω, (2.3b)
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where O is a differential operator, f a forcing function, B a boundary operator and g the boundary

data. Here we take Ω = Rn and Γ is the region on the boundary ∂Ω where boundary conditions are

imposed. We approximate the solution by u(x) ≈ N (x; θ) and consider NΩ, NΓ ∈ N>0 collocation

points taken from Ω and Γ respectively. Then we may define the constrained optimization problem

θ∗ = argmin
θ

NΩ∑
i=1

1

2

1

NΩ

∣∣∣∣O[N ](xi; θ)− f(xi)
∣∣∣∣2, (2.4)

subject to constraints at the boundary defined by

B[N ](xi) = g(xi) ∀i = {1, . . . , NΓ}. (2.5)

This can be reformulated as an unconstrained optimization problem by training a network

G = G(x) to be a smooth extension of boundary data g and training a distance network D = D(x)

to be a smooth distance function that computes the distance from an internal point x ∈ Ω to the

nearest boundary point in Γ. Then, define a new network approximation for u by

Ñ (x; θ) = G(x) +D(x)N (x; θ) (2.6)

and the unconstrained optimization problem becomes

θ∗ = argmin
θ

NΩ∑
i=1

1

2

1

NΩ

∣∣∣∣O[Ñ ](xi; θ)− f(xi)
∣∣∣∣2. (2.7)

The particular form of Equation 2.6 guarantees that the boundary conditions are satisfied

on Γ. By building the boundary data in to the approximate solution, we are implementing a hard

enforcement of boundary conditions. Now, we point out that the unconstrained optimization problem

given by Equation 2.7 is very similar to the framework proposed in [12], [13] but the trial solution is

vastly simplified by training boundary and distance networks. Additionally, manual differentiation

of the loss function is no longer necessary as Automatic Differentiation (AD) can be used. Using

AD, it is now possible to efficiently construct loss functions that constrain a network’s derivatives

without needing to massively restrict the network’s depth. This allows for deeper, more expressive

networks to be used when approximating PDE with ANN.

2.3 Physics-Informed Neural Networks

The 2017 framework, PINNS, establishes a class of neural networks that are trained to respect

the physical laws encoded by general nonlinear PDE [3]. By constraining the network using an Initial

Boundary Value Problem (IBVP), we effectively reduce the complexity of the network solution space

which allows the network to be trained on a smaller set of data points. While this kind of network
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Fig. 1 Network diagram for a generic PINN with activations φ, input x, output u and PDE F .
Network connections shown with dashed lines represent non-trainable parameters.

constraint is not novel [12], the framework proposes a model set up that can be minimally modified

to handle two main classes of problems: data driven solutions and data-driven discovery of PDE.

Furthermore, temporal evolution can be handled continuously or discretely. This gives the framework

significant flexibility and efficiently exploits the predictive power of neural networks [15]. In this

section we will first detail the model set up for data-driven solutions and data-driven discovery before

showing how to handle the discrete-time formulation.

Consider a spatial domain Ω ⊆ Rn and time interval τ = [0, T ] for some T > 0. Then Ω̂ = Ω×τ

is a spatio-temporal domain with boundary ∂Ω̂ on which we may define the general boundary value

problem

ut +O[u;λ] = f, (x, t) ∈ Ω̂ (2.8a)

B[u] = g, (x, t) ∈ Γ̂ ⊆ ∂Ω̂ (2.8b)

where O[·;λ] is a nonlinear differential operator parametrized by λ, while f , B, and g are similarly

defined as in Equation 2.3. When the operator parameters λ are known apriori, we can solve the

forward problem which approximates a solution u to Equation 2.8.

2.3.1 Data-Driven Solutions. We start by approximating the solution to Equation 2.8

using a feed-forward, multilayer neural network u(x, t) ≈ N (x, t; θ) and define a physics-informed

neural network F by

F := Nt +O[N ;λ]− f. (2.9)

Figure 1 shows the network diagram for a general PINN. Note that F and N will have the same set

of trainable network parameters which can be learned by minimizing a mean squared error loss. To

define this loss, we will consider N∂ many initial/boundary points {xi∂ , ti∂ , gi}N∂i=1 where g
i = g(xi∂ , t

i
∂)
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for each 1 ≤ i ≤ N∂ and a set of NΩ̂ internal collocation points {xi
Ω̂
, ti

Ω̂
}NΩ̂
i=1. Then for a set of Ndata

points given by {xi, ti, ui}Ndata
i=1 we define the mean squared loss as

MSEdata =
1

Ndata

Ndata∑
i=1

|N (xi, ti)− ui|2 (2.10a)

MSE∂ =
1

N∂

N∂∑
i=1

∣∣B[N ](xi∂ , t
i
∂)− gi

∣∣2 (2.10b)

MSEΩ̂ =
1

NΩ̂

NΩ̂∑
i=1

|F(xi
Ω̂
, ti

Ω̂
)|2 (2.10c)

MSE = ωdMSEdata + ωBMSE∂ + ωFMSEΩ̂ (2.10d)

where ωd, ωB, ωF are, respectively, penalty weights associated with enforcement of the data,

boundary, and differential conditions. The penalty terms can be learned by the network or set

manually. Solving Equation 2.8 is done by minimizing Equation 2.10d with respect to the network

parameters θ. That is, we employ a gradient descent algorithm to approximate the set of solution

parameters θ∗ such that

θ∗ = argmin
θ

MSE. (2.11)

This results in the network N becoming an approximate solution to Equation 2.8. Moreover,

the PINN given by Equation 2.9 includes the velocity term Nt, so the resulting solution is continuous

in time as well as in space. The data-driven solution can actually be carried out in the absence of

any labelled data. In the event that {ui}Ndata
i=1 = ∅, the data-driven solution problem reduces to an

unsupervised learning task [16]. This is one of the small differences to consider when dealing with

data-driven discovery which requires that we have training data.

2.3.2 Data-Driven Discovery. The setup of a data-driven discover PINN is nearly

the same as in subsection 2.3.1 but with a minor change. Instead of knowing the parameters λ of

the nonlinear differential operator, we establish them as trainable network weights in Equation 2.9.

This means that N and F no longer share the same set of trainable parameters as F is composed

of the parameter set θ′ = θ ∪ λ. In order for the network to learn the operator weights we must

have {ui}Ndata
i=1 ̸= ∅, ideally with Ndata sufficiently large so that the network accurately learns the

operator parameters. This is all that is different between the two problem set ups. The collocation

and boundary points are the same in each case and so is the definition of the loss function MSE.

It is worth noting that the inverse problem of inferring system parameters is just as simple to set
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up as the forward problem of solution approximation. For both the solution and the discovery class

of problems we have used a continuous-time formulation. While this formulation is fine for a small

number of spatial dimensions, it can cause a significant bottleneck in higher dimensional problems

as global enforcement of the PDE condition would require an exponential increase in collocation

points [3]. The PINN framework circumvents this issue by introducing numerical quadrature along

the time axis.

2.3.3 Discrete Time Model. For dynamic problems like Equation 2.8, PINNs may

implement either continuous or discrete time evolution. The continuous model arises when we include

a loss term approximating the velocity ut. While this results in a solution that is continuous in time,

the continuous model can be challenging to train. Alternatively, we can use a more traditional

approach and discretize the time-axis. Perfmorning a time discretization leads to a solution that

will be continuous in space but discrete in time. Moreover, we show how PINNs can exploit implicit

Runge-Kutta methods to perform large time steps without accumulating temporal error. Let r > 0

and consider the r−stage general Runge-Kutta discretization of Equation A.1.3 defined for each

i = {1, 2, . . . , r} at time tη

uηi := uη+ci −∆t

r∑
j=1

aijO[uη+cj ], (2.12a)

uηr+1 := uη+1 −∆t

r∑
j=1

bjO[uη+cj ]. (2.12b)

This approach uses two sub-networks. The first of which uses input x ∈ R to approximate a vector

of evaluations for u at each temporal RK-stage. Let N η be a neural net defined by

N η(x; θ) ≈



uη+c1(x)

uη+c2(x)

...

uη+cr (x)

uη+1(x)


. (2.13)

The second sub-net uses Equation 2.13 as its input along with Equation 2.12 to define a network

encoding the PDE derivative conditions. To simplify notation, takeA = (aij), b = (bi), and c = (ci).
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Define the network H and composite network N̂ by

H[N η](x; θ′) = N η(x)−∆t

A

b⊺

O[N η](x), (2.14)

N̂ = H[N η]. (2.15)

Let {xk, uη,k}Nηk=1 be system data associated with time tη and take enforced boundary points

{xk∂}N∂k=1. Then the network parameters common to N and H can be learned by minimizing the sum

of square errors

SSEη =
r+1∑
j=1

Nη∑
i=1

∣∣N̂ η
j (x

i)− uη,i
∣∣2, (2.16a)

SSEb =

r+1∑
i=j

N∂∑
i=1

∣∣B[N̂ η
j ](x

i
∂)− g(xi∂)

∣∣2, (2.16b)

SSE = SSEη + SSEb. (2.16c)

This formulation may seem a bit odd at first. The neural net is set up so that we can use

the known solution at each time step (starting with the initial condition) to train the intermediate

network to approximate the solution along the Runge-Kutta quadrature points in time. A network

diagram is given in Figure 3 that shows how the RK PINN is connected. Because the new network

is trained only on the known solution at the current time we no longer need any collocation points

and MSEF is dropped from the loss function. It is important to note that this formulation has a

distinct advantage over classical Runge-Kutta methods. Namely, the number of RK stages can be

increased without significantly increasing the training cost of the network. For each additional stage

we just need to add a neuron to the output layer and include its associated network parameters. So

the network parameters will only increase linearly with the number of Runge-Kutta stages [3], [15].

Note that if we choose A,b, c according to the Gauss-Legendre quadrature and Equation A.1.5

then the RK method is an implicit method with truncation error ε = O(∆t2r) for time step ∆t and

an r−stage method. This gives us a standard way of determining how many stages are necessary to

bound the numerical approximation by some tolerance ε when ∆t is known. That is, we may choose

the number of RK stages by
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Fig. 2 Number of Runge-Kutta stages necessary to bound the temporal error accumulation (for
GLRK) below machine precision ε = 2.220e− 16.

r =
1

2

log ε

log (∆t)
. (2.17)

and since the Gauss-Legendre RK method is implicit and therefore unconditionally stable we

may use large time steps and only need concern ourselves with the method’s accuracy. Though the

number of stages becomes unreasonable close to ∆t = 1, we are permitted to take a time step of

∆t = 0.85 and only need r = 110 to ensure the time-component of error is below ε. This means

that the DL framework is capable of utilizing arbitrarily high order implicit RK methods for a

relatively small cost. Considering the recent advancements that have been made in computing the

GL quadrature weights and nodes [17], [18], along with the presentation of simple forms for the

RK coefficient matrices [19], this particular feature of the DL method shows great potential as a

numerical tool in scientific computing.

The use of the implicit RK method in tandem with PINNs suggests that hybridizing discrete

and DL methods could yield powerful numerical tools. It is not yet clear how effective the hybridized

approach is but we are compelled to investigate further. It seems natural to then wonder if the PINN

framework could benefit from hybridization with other traditional numerical techniques.

2.4 Alternate PINN Formulations

Since the PINN was proposed in [3] there has been a massive uptick in publications relating

to deep neural network applications in solving PDE [16], [20]. PINNs have been implemented in
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Fig. 3 A physics-informed neural net diagram for a discrete-time model using a general Runge-Kutta
method. Dashed connections represent non-trainable network parameters.

solutions for a variety of physical problems like Navier-Stokes [21]–[23], convection heat transfer

[24], solid mechanics, [25], [26] and the Euler equations [27]. Many of these studies apply the PINN

framework on a very specific class of problems that range in complexity. We are concerned with

PINNs as a framework so rather than delving too far into specific problems we consider a more

general approach that utilizes alternate forms of the PINN framework.

Though the standard PINN outlined in section 2.3 is the most commonly used formulation,

there are a number of modified approaches that draw inspiration from more traditional numerical

methods. While these alternate formulations may provide some computational advantage[28]–[30]

they also highlight the flexibility of the deep neural network model and how it can be effectively

hybridized with traditional numerical methods.

2.4.1 Variational Form (vPINN). The vPINN, presented in [28], draws inspiration

from the Petrov-Galerkin method for finite element approximations for solving PDE. We proceed

by defining test and trial function spaces and using integration-by-parts to reduce the differential

order of the governing problem [31], [32]. Consider the following initial boundary value problem,

O[N ;λ](x) = f(x), x ∈ Ω (2.18a)

B[N ](x) = h(x), x ∈ ∂Ω, (2.18b)

whereO is a (potentially) non-linear differential operator with parameters λ, B a boundary operator,

and f some external forcing function. Equation 2.18 is known as the strong-form of the mathematical

problem. By considering an appropriate test function ϕ(x), we may multiply Equation 2.18a by ϕ
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and integrate over Ω to get (
O[N ;λ](x), ϕ(x)

)
Ω
=

(
f(x), ϕ(x)

)
Ω

(2.19a)

B[N ](x) = h(x), x ∈ ∂Ω, (2.19b)

where we use (·, ·)Ω to denote the usual inner product of functions on Ω. Though the boundary

residual term is essentially the same as it is in the standard PINN formulation, the differential

residual is no longer trained on collocation points within the domain. Instead we consider a collection

Φ = {ϕk, k = 1, . . . ,K} of admissable test functions and construct the residuals

MSEν =
1

K

K∑
k=1

∣∣(O[N ], ϕk
)
Ω
−

(
F, ϕk)Ω

∣∣2, (2.20a)

MSE∂ = τ
1

N∂

N∂∑
i=1

∣∣B[N ](xi∂)− h(xi∂)
∣∣2, (2.20b)

MSE =MSEν +MSE∂ , (2.20c)

where {xi∂}N∂i=1 is a set of boundary points of Ω and τ is a penalty term. The penalty term helps

enforce data at the boundary points and is typically chosen based on the problem but can also be

included in the set of learned parameters[28]. It is worth noting that the integration required in

this approach only has an analytic representation for very simple networks and requires traditional

numerical integration for deep neural networks. Note that this formulation changes the space of

training data. Here one must define a set of domain points to be fixed as quadrature points while

the variational PINN is trained using test functions. The spatial integral reduces the order of the

PDE by one, allowing for the network to be more easily trained.

Though I have not seen it mentioned in any literature thus far, the variational problem allows

us yet another option for handling the boundary conditions. One can build the B.C into the

network(hard enforcement) or you can include it as a term in the loss function (soft enforcement).

Because we are solving a variational problem over a space of test functions, the original boundary

conditions of the problem may be enforced essentially or naturally depending on the quantity

enforced by the B.C. Since we are approximating the solution using a space of functions we can

choose to use functions which inherently satisfy the boundary conditions. The essential b.c are those

which are imposed explicitly on the solution while natural b.c are imposed on solution derivatives.
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As an example, suppose we have the following boundary value Poisson problem:

−∆u = f on Ω, (2.21a)

u = 0 on Γ ⊂ ∂Ω, (2.21b)

∂u

∂n
= 0 on ∂Ω \ Γ, (2.21c)

where ∂u
∂n is the derivative of u in the direction normal to the boundary ∂Ω. Then we construct a

variational space to incorporate the essential boundary condition Equation 2.21b

V := {v ∈ H1(Ω): v|Γ = 0} (2.22)

where H1(Ω) is the space of L2 functions on Ω whose first order derivatives are also in L2.

Additionally, v|Γ is interpreted using the trace theorem in L2(∂Ω), so we consider it to mean v·χΓ = 0

where χ is the usual characteristic function. With the choice of test space V , the natural boundary

condition Equation 2.21c is automatically met for a u ∈ V satisfying the variational form a(u, v) =

(f, v) for every v ∈ V [33], [34].

Then the loss function consists solely of the termMSEν and boundary conditions are enforced

exactly. Though this approach requires more manual overhead for the user, we can see how the

variational form along with function space theory can reduce the cost of training the network. The

drawback of this approach lies in establishing a numerical quadrature and being able to precisely

choose a valid test space of functions.

2.4.2 Conservative Form (cPINN). cPINNs, presented in [29], partitions the

computational domain and defines a separate PINN on each sub-domain. Each PINN is tasked with

approximating a solution locally on the sub-domain while preserving global requirements through

interface conditions.

Recall the general IBVP given by Equation 2.8

ut +O[u;λ] = 0, (x, t) ∈ Ω̂

B[u] = g, (x, t) ∈ Γ̂ ⊆ ∂Ω̂

where this formulation refers to O as a nonlinear flux parametrized my λ. On each sub-domain

we define a neural net training problem constrained by the IBVP for the system along with a

conservative flux at sub-domain interfaces which maintain global conditions.
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Let on sub-domain p we let Np(x, y, t; θ) ≈ u(x, y, t) and define the local loss function

MSE∂p =
1

N∂p

N∂p∑
i=1

∣∣gi − B[Np](x
i
∂p, y

i
∂p, t

i
∂p)

∣∣2 (2.23a)

MSEFp =
1

NFp

NFp∑
i=1

∣∣Fp(xiFp , yiFp , tiFp)∣∣2 (2.23b)

MSEI =
1

NI

NI∑
i=1

∣∣Op[Np](x
i
I , y

i
I , t

i
I) · n

−O+
p [Np](x

i
I , y

i
I , t

i
I) · n

∣∣2 (2.23c)

MSEavg =
1

NI

NI∑
i=1

∣∣Np(x
i
I , y

i
I , t

i
I)

−
{
N (xiI , y

i
I , t

i
I)
}∣∣2 (2.23d)

MSEp = ω∂MSE∂p + ωFMSEFp

+ ωIMSEI + ωaMSEavg (2.23e)

where F is the residual for the governing PDE,Op·n andO+
p ·n are interface fluxes across subdomains.

N∂p, NFp , and NI are the number of boundary/initial data, number of collocation points, and the

number of interface points, respectively, within sub-domain p. Additionally, the average of N is{
N
}
= Navg :=

Np +N+
p

2
(2.24)

This formulation allows for meticulous control over the total network. Since each subnetwork

only interacts with its neighbors, training the network is very amenable to parallelization and would

only require a small number of data transfers between neighboring networks. Additionally, each

subnetwork need not be the same. Then shallower networks could be used in areas where the solution

is well-behaved and more complex networks used on less behaved regions of the domain. Individual

networks on each subdomain also increase the network expressivity while the flux conditions at

interfaces reduce error propagation across subdomains [29].

2.5 Parametric PDE

Up until now we have been primarily concerned with solutions for IBVP in which every

parameter of the problem is fixed and the resulting numerical output can only describe the fixed-

state system. Instead, we may wish the solve the PDE over a range of possible scenarios (such as

varying boundary/initial conditions, operator parameters, or domain geometries) so that our trained
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network represents a family of PDE solutions. This generalized problem is referred to as a parametric

PDE and it cannot be solved using the traditional finite difference/element methods. Because

traditional numerical methods would require a simulation to be carried out for every single scenario,

the computational cost (along with the need to store each solution) quickly becomes prohibitive.

While it is possible to adjust the PINNs framework for this task by introducing new input variables,

this results in a high-dimensional PDE that will drive up the computational cost of higher-order

derivatives in the loss function [35]. A number of techniques known as Neural Operator Methods

have been proposed for this kind of problem [36]–[38], but there exists a fairly simple architecture

which is established using a universal approximation theorem for operators.

2.5.1 DeepONet. The 2020 neural net architecture, DeepONet[39], employs a lesser

known universal approximation theorem that established neural networks as universal approximators

of functionals and operators[40], [41]. Like with Neural Operator methods, this shift in learning

focuses on the approximation of infinite-dimensional function spaces rather than a finite-dimensional

map between Euclidean spaces. We outline the approach in this section.

Consider the operator G with input function u. Then, for y in the domain of G(u), G(u)(y) is

a real number. The DeepONet architecture consists of two sub-networks each trained on a separate

space of inputs. The branch network is trained on different function inputs while the trunk network

is trained on inputs from the PDE’s Euclidean domain. However, we cannot simply train a newtwork

on function inputs but rather must train the network on the image of said inputs. To this end, we

define a set of sensor points {ξi}si=1 which are to remain fixed across different function inputs. Then

the branch network NB : Rs → Rp is defined as

NB

(
[u(ξ1), . . . , u(ξs)]

T ; θB
)
= [b1, . . . , bp]

T , (2.25)

and the trunk network NT : Rn → Rp is defined as

NT (y; θT ) = [t1, . . . , tp]
T . (2.26)

The two networks are combined by using the output of the branch network as weights to the

output of the trunk network in a straightforward linear combination the defines an operator network

Nθ by

Nθ[u](y) = NB

(
u(ξ); θB

)
· NT

(
y; θT

)
=

p∑
i=1

biti (2.27)
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where θ = θB ∪ θT . This formulation is shown to exhibit an approximation error which is dependent

on the number of fixed sensors, {ξi}si=1, and input function type while also demonstrating a reduction

in generalization error when compared to a standard fully-connected network [39]. Moreover, [42]

demonstrates how the DeepONet architecture can be used alongside PINNs to train an operator

across various initial and boundary conditions. This may allow for the construction of persistent

and efficient families of solutions for PDE. To develop the appropriate loss function let {ui}Ni=1 be a

collection of N separate input functions and for each ui take {yi∂j}Pj=1 to be P locations determined

from data, initial, or boundary conditions and {yiΩj}Qj=1 to be a set of collocation points sampled

from the domain of G[ui]. Here we use ui = [ui(ξ1), . . . , u
i(ξs)]

T . Then the relevant loss function is

given by

L∂(θ) =
1

NP

N∑
i=1

P∑
j=1

∣∣∣∣B[G[ui]](yi∂j)− ui(yi∂j)

∣∣∣∣2, (2.28a)

LΩ(θ) =
1

NQs

N∑
i=1

Q∑
j=1

s∑
k=1

∣∣∣∣O[
Gθ[u

i]
]
(yiΩj)

∣∣∣∣2, (2.28b)

L(θ) = L∂(θ) + LΩ(θ). (2.28c)

Figure 4 gives a network connectivity diagram for a physics-informed deep operator network

formulated across multiple initial/boundary data functions.

2.6 Approximation Theory

Statistical Learning Framework for PINN Error Analysis. Consider {xi}Ni=1

collocation points of Ω̄ = Ω ∪ ∂Ω.

Let Nθ be a neural net approximation (realized with parameters θ) approximating a solution

to Equation 2.8. Define the residuals

RPDE[v] = vt +O[v]− f (2.29)

Rbdry[v] = B[v]− g (2.30)

The risk for a PINN can be defined as

E2
G(θ) =

∫
Ω̄

∣∣RPDE[Nθ](x, t)
∣∣2 dx dt

+

∫
∂Ω̄

|Rbdry[Nθ](x, t)|2 dx dt. (2.31)
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Fig. 4 Presents the network connectivity graph for a physics-informed deep operator network
formulated to learn the PDE solution operator across various initial and boundary data functions.
The DeepONet consists of a branch network NB : Rs → Rp and trunk network NT : Rn → Rp. The
branch network NB is trained using input functions evaluated along a fixed set of sensors {ξi}si=1

while the trunk network NT is trained on the spatio-temporal domain Rn of the PDE. Dashed
connection signify non-trainable parameters. This figure is a recreation of Fig. 1 in [42].

While we cannot compute the risk, we can approximate it using a discrete integral. The

empirical risk is given by

E2
T (θ) =

1

N

N∑
i=1

∣∣RPDE[Nθ](xi, ti)
∣∣2

+
1

N∂

N∂∑
i=1

|Rbdry[Nθ](xi, ti)|2. (2.32)

Here, the training error ET approximates the generalization error EG by a simple ’rectangular’

quadrature. Let θ∗ be the final parameter set achieved by training the PINN. Then the optimization

error EO is given by

EO := E2
T (θ
∗)− inf

θ∈Θ
E2
T (θ) (2.33)

which measures the empirical risk of the final approximation against the smallest attainable

empirical risk. Next, measuring the separation between risk and empirical risk we define EG by

EG := sup
θ∈Θ

∣∣E2
G(θ)− E2

T (θ)
∣∣. (2.34)

Some of the literature involving PDE refers to EG as the generalization error but I have opted to

use generalization error as it is used it ML. Namely, EG is the generalization error and EG the risk
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approximation error. Lastly, the approximation error EA given by

EA := inf
θ∈Θ

E2
G(θ). (2.35)

These errors give rise to an upper bound on the global error between a trained network and

the exact solution. The global error bound

E2
G(θ
∗) ≤ EO + 2EG + EA (2.36)

also indicates how each error term is vital in constraining the global error and define key

research areas to improve mathematical applications for deep neural networks [16], [43]. While

standard DL models can take advantage of ReLU activation functions to establish bounds on

approximation error EA [44], solving PDE requires networks(and by extension activation functions)

which are sufficiently differentiable. While [45] presents an error analysis framework for PINNs when

applied to linear PDE, a more general bound on approximation error can be established on Sobolev

spaces[16], [46].

2.6.1 Approximation Error EA. While universal approximation theorems Theorem 1

and Theorem 2 can help identify a minimal network size for universal approximation they do not

provide any sufficiency conditions to guarantee accuracy of the network. Specifying bounds on

approximation error requires one to choose an appropriate network architecture and error is typically

quantified as an increase to network complexity as ϵ→ 0(asymptotic approximation rates). However,

we instead would like to know how large a network must be to guarantee a specified accuracy will be

reached. Such an error bound has recently been proposed for networks with two hidden layers which

utilize hyperbolic tangent activation functions[46]. The choice to use a shallow but wide network is

backed by empirical observation that shallow/wide networks perform better on scientific computing

problems where training data may be scarce [47]. To give the approximation theorem we first define

R > 0 such that |φ(m)| is decreasing on [R,∞) for every 1 ≤ m ≤ k and define∣∣Pn, d∣∣ = (
n+ d− 1

n

)
. (2.37)

Theorem 4 (Sobolev approximation for tanh networks [46])

Let d, s ∈ N, R > 0, δ > 0 and f ∈W s,∞([0, 1]d). There exist constants c(d, k, s, f), N0(d) > 0, such

that for every N ∈ N with N > N0(d) there exists a tanh neural network f̂N with two hidden layers,

one of width at most 3⌈ s2⌉|Ps−1,d+1|+ d(N − 1) and another of width at most 3⌈d+2
2 ⌉|Pd+1,d+1|Nd,

34



such that ∥∥∥f − f̂N
∥∥∥
L∞([0,1]d)

≤ (1 + δ)
c(d, 0, s, f)

Ns
, (2.38)

and for k = 1, . . . , s− 1,∥∥∥f − f̂N
∥∥∥
Wk,∞([0,1]d)

≤3d(1 + δ)
(
2(k + 1)

)3k
×max

{
Rk, lnk(βNs+d+2)

}
× c(d, k, s, f)

Ns−k (2.39)

where we define

β =
k32d

√
dmax{1, ∥f∥

1
2

Wk,∞([0,1]d)
}

δmin{1,
√
c(d, k, s, f)}

. (2.40)

If f ∈ Cs([0, 1]d), then it holds that N0(d) =
3d
2 and

c(d, k, s, f) = max
0≤ℓ≤k

1

(s− ℓ)!

(
3s

2

)s−ℓ
|f |W s,∞([0,1]d), (2.41)

otherwise N0(d) = 5d2 and

c(d, k, s, f) = max
0≤ℓ≤k

π
1
4
√
s

(s− ℓ− 1)!
(5d2)s−ℓ|f |W s,∞([0,1]d), (2.42)

The weights of f̂N scale as

O

(
c(d, k, s, f)−s/2Nd(d+s2+k2)/2

(
s(s+ 2)

)3s(s+2)
)
. (2.43)

Equation 4 provides explicit approximation bounds characterized by d, problem dimension,

k, order of the approximation Sobolev space, s, order of the target Sobolev space, f , the target

function, and N , the number of training points. This result pushes back against the idea that depth

is a necessary feature for highly expressive networks. Additionally, the theorem extends to a wider

class of activation functions including logistic functions. However, approximation error is only part

of the total error and more work is required to bound the generalization error.

2.6.2 Generalization Error EG. Recent work has provided bounds on PINN

generalization error for linear second-order PDE [48] (later extended to all linear problems [45]) and

some specific cases like Navier-Stokes[49]. Of particular note, however, is the abstract framework

for PINNs in which generalization error EG is estimated by the training error ET and number of

training points for both forward[50] and inverse[51] problems. Moreover, the abstract framework

leverages stability of PDE to provide conditions under which generalization error is small whenever
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training error is small. The formulation of the bounds on generalization error is quite intricate and

requires substantial use of functional analysis. This falls outside of the scope of this study but we

include this section as it is important in the development of PINNs.

2.7 Future Research Areas

2.7.1 Mesh-Free Integration. It may be useful to have a DL process for integrating

functions over domains in higher dimensions. This issue briefly appears in subsection 2.4.1 where

the variational form gives rise to a numerical quadrature, which becomes numerically intractable

for high dimensional problems[52]. I have not encountered any literature directly addressing this

but I have seen some mention that the numerical quadrature is necessary unless we get access to

DL integral methods [28]. However, in solving differential equations we have already seen that

a mesh-free integral technique may be plausible. This is because constraining network derivatives

results in a somewhat implicit computation of an antiderivative. To be explicit, consider the function

f(x, y) = cos (x2 − y2) for which we wish to compute the integral∫ 1

−1

∫ 1

−1
f(x, y) dx dy =

∫ 1

−1

∫ 1

−1
cos (x2 − y2) dx dy. (2.44)

Let N (x, y; θ1), M(y; θ2) each be Feed-forward deep neural networks with parameters θ1 and

θ2 respectively. The idea here is to approximate an antiderivative of f(w.r.t x) using N and then use

M to approximate the antiderivative of N (w.r.t y). Let {(xi, yi)}Ni=1 be collocation points chosen

from [−1, 1]× [−1, 1] and define the loss function

L∂x(θ) =
1

N

N∑
i=1

|Nx(xi, yi)− f(xi, yi)|2, (2.45a)

L∂y(θ) =
1

N

N∑
i=1

|My(yi)− F x(yi)|2, (2.45b)

L(θ) = L∂x(θ) + L∂y(θ), (2.45c)

where θ = θ1 ∪ θ2 and F x(y) = N (1, y) − N (−1, y) computes the internal integral w.r.t the

x variable. The top row of Figure 5 gives the exact integrand plot along with Nx ≈ f and the

error between the two while the bottom row plots My and F x along the y− axis to track how well

the internal integral is approximated. By minimizing Equation 2.45c we train the network M to
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Fig. 5 For networks N , and M, each having 2 hidden layers with 25 neurons, approximate the
integral of cos (x2 − y2) over the 2D domain [−1, 1] × [−1, 1] by minimizing Equation 2.45c using
stochastic gradient descent. The above figure tracks intermediate training goals but method error
is determined by how well the integral is approximated. This network configuration gave error
ϵ = 2.207e− 4.

approximate a mixed antiderivative and thus the integral∫ 1

−1

∫ 1

−1
f(x, y) dx dy ≈ M(1)−M(−1). (2.46)

Comparing the neural net integral with the known exact integral yields an error ϵ = 2.207e− 4.

This approach is fairly straight forward and easily generalizes to integrals over domains of

higher dimension. Rather than using a network that is differentiated multiple times it seems to be

more efficient to use a separate network to approximate each necessary antiderivative. Additionally,

this approach only works on simple, rectangular domains and some care will be needed to extend

this mesh-free integration to arbitrary domains. It may be worthwhile to consider a DeepONet

architecture as well as it may be necessary to learn a more general antiderivative operator. We

believe a careful formulation of a DL technique for integration on generalized domains could be a

beneficial tool in computational mathematics. It would provide another avenue of exploration for

DL techniques and could allow for a more general class of solutions to PDE.

2.7.2 Initial Guesses for Iterative Methods. The existence of continuous and discrete

formulations for time evolution in PINNs leads to two primary approaches for implementing an

iterative method accelerator. It has been shown that using an implicit RK method of extremely
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high precision in a discrete time model can provide a good initial guess for Newton’s method [19].

The question then is about efficiently learning these initial guesses. For the discrete-time case, we

must train the network at every time step and can iterate using Newton’s method once the training

process is done. Alternatively, in the continuous-time model the network could be trained across a

time interval and results in a solution which is continuous in time. If the continuous approximation

happens to provide a good initial guess, then an iterative method could call the continuous PINN

at each time step to ensure convergence in a small number of iterations. It is unclear which of these

approaches would be more efficient or if either is capable of outperforming a stand alone iterative

approach.

2.7.3 Persistent, General Solutions . When creating physical models it is common

to identify systems in which various physical models are coupled together to simulate complex

dynamical systems. In this case, each coupled system is usually described by its own set of differential

equations and the result is a system of coupled PDE. Such problems can become computationally

expensive for relatively simple physical systems. The idea behind this area of research is to assess

whether the DeepONet solution for parametric PDE can be leveraged to build more efficient coupled

physical systems. Because PINN learn solutions to PDE, we believe that training individual systems

on a variety of boundary or initial conditions, it may be possible to replace parts of a coupled PDE

system with forward passes of a PINN. To illustrate this, consider the incredibly simplified magma

reservoir problem. Given a magma chamber that exerts uniform pressure P on the surrounding

medium let F(P ) = u represent the resulting displacements induced by pressure P . Furthermore,

suppose that the change in pressure is determined by some change in volume

dP

dt
= α

dV

dt
(2.47)

This defines a coupled system where the external problem uses a pressure to compute

Displacements and, by extension, change in reservoir volume. This change in volume then causes the

internal system to change the exerted pressure. So the two systems are coupled along the reservoir

boundary and exchange pressure and volume data.

Using the DeepONet architecture, solution for pressure can be learned that is a function of

time and dV
dt . Then the system evolves from time tn to time tn+1 by

1. F(Pn) = un
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2. ∆V =
∫
Γ
u · n

3. Pn+1 = P(tn+1,
∆V
∆t )

where Γ is the reservoir boundary, P the DeepONet pressure approximation, and ∆t = tn+1 − tn.

This way, it might be possible to use pre-trained networks in coupled systems rather than needing

to solve the coupled system all at once.

2.8 Final Remarks

DL shows incredible potential as a tool for numerical solutions to PDE and recent developments

show a promising, emerging framework in the form of PINNs. In this study we see how PINNs

can be bolstered using traditional numerical methods while also showing how some traditional

methods can be augmented with DL to overcome computational challenges. This positions DL

as a means to extend traditional methods to problems they could not previously address, and

in the case of Parametric PDE we see how DL can perform where mesh-based methods cannot.

While DL approaches have typically shown to perform well empirically, the recent progress in PINN

approximation theory is beginning to legitimize PINNs as PDE solutions. Being able to predictably

bound the error of a method is critical in developing numerical solutions. As PINNs become more

reliable tools, we may apply them in unique ways to expand the reach of physical models.
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CHAPTER III

MAGMA RESERVOIR

This chapter contains work published in the Journal of Geophysical Research: Solid Earth in

September 2022. Co-authors include Dr. Brittany A. Erickson, Dr. Leif Karlstrom, Brian Lee, and

Dr. Jay Gopalakrishnan.

Dr. Leif Karlstrom conceptualized the problem and contextualized our findings within the

broader volcanology literature. Dr. Jay Gopalakrishnan developed the finite element and time-

stepping solvers. Dr. Brittany A. Erickson and I worked together to develop the analytic signal

approach to computing the transfer function. Brian Lee worked on defining temperature-dependent

viscosity and ran simulations for computing von Mises stress. I was first author on this work and was

responsible for non-dimensionalization of the problem, derivation of stable time stepping parameters,

model validation via convergence test, and I wrote code to carry out simulations and collect data.

Plain Language Summary

Ground motions associated with subsurface magma reservoirs are the result both of

magma movement and time-dependent deformation of crustal rocks. We have developed a new

computational framework to help interpret surface deformations associated with magmatic systems

embedded within viscoelastic rocks as expected in volcanic regions. This framework is general in

the sense that a broad range of scientific studies can be explored by specifying particular conditions

at domain boundaries or magma reservoir geometries, and we perform rigorous numerical tests to

ensure credible solutions. We then apply the model to study a simple but highly generalizable type

of transient behavior - the cyclic pressurization and depressurization of a spherical reservoir. We

develop a theoretical approach to simply analyze the time-dependent output, and find that temporal

lag and amplification of surface deformation with respect to the reservoir pressure is explained by

an aureole of material surrounding the chamber with a dominantly viscous response, whose size is

frequency-dependent. Our results can be extended to many transient deformation scenarios because

a sinusoidal response forms the basic element of general pressure time-series.

3.1 Introduction

Magma reservoirs represent a fundamental link between mantle melting and volcanic activity

seen at the surface. Eruptions that drain these reservoirs are the most dramatic example of magma

chamber mechanics, and a wide spectrum of time-varying surface deformation and other unrest
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seen in volcanic regions likely has an origin within crustal storage zones [53]–[56]. As a result,

understanding controls on time-dependent magma chamber deformation and stress is a long-standing

research topic in volcanology [57]–[59]. However, modeling magma reservoir evolution is a challenging

problem because time-dependence may arise from a variety of physical processes occurring both

internal and external to the magma transport system, many of which leave non-unique signatures

in ground deformation patterns.

On sufficiently short time scales, it is appropriate to assume an elastic/brittle rheology of

host rocks. Elastic models have been widely used to interpret geodetic data gathered at volcanoes

[60]–[62]. Such models predict that time-dependent behavior comes only from reservoir magma mass

balance/state variable changes [54] or boundary forcing, although poroelastic effects can also lead

to time-dependence [63]. Time dependent deformation and stressing of the reservoir at timescales

longer than the onset of viscous creep likely involves ductile response of host rocks e.g.,[64]–[66],

suggesting an overall viscoelastic rheology.

Viscoelastic effects have been identified as defining a notion of magma chamber stability,

providing a mechanism for modulating stresses and deformation associated with pressurization of the

chamber [67]–[70]. Viscoelastic effects may play a role in the development of large silicic reservoirs

[71] as well as eruption sequences from long-lived magma reservoirs [72] and time-dependent ground

deformation at active volcanoes in diverse settings [73]–[77]. On tectonic timescales, transitions in

the efficacy of viscous deformation within the transcrustal system may manifest as state shifts in

magma transport, such as increasing intrusive-extrusive ratios and spatial organization of volcanism

around long-lived centers [78].

Deformation style is strongly tied to the thermal state of the magmatic system, because both

rock and magma rheology are temperature dependent. Thus it is to be expected that a viscoelastic

response varies spatially, and evolves in time with the transcrustal magma transport system. Such

unsteady effects, both spatial and temporal, are poorly constrained. Instead it is typically assumed

that magma reservoirs reside in a steady state geotherm [79]–[81], or that the mechanical response is

well-approximated by a pre-specified shell of viscous material in an elastic host [68], [72], [82]–[84].

Time evolution is often either imposed kinematically through stress boundary conditions (e.g., to

model an eruptive event, e.g., [67]) or arises dynamically through mass and energy balance e.g., [68].

Viscous creep independent of time-variable forcing has also been invoked to explain deformation
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signals [83], [85]. Time variation is often idealized due a lack of unique constraints on the source-

time function of deformation in magmatic systems, especially on timescales longer than individual

unrest or eruptive episodes. General time dependent deformation that does not make inherent

assumptions about deep source characteristics has not been widely studied.

Viscoelastic deformation of volcanoes has been studied numerically by numerous authors e.g.,

[59], [69], [79], [86], [87]. However, we are unaware of a systematic analysis of the numerical and

computational issues associated with this problem. As volcanic deformation datasets become better

resolved in space and time, and as magma reservoir models are generalized to include more physical

processes over an increasing range of timescales, neglecting these numerical and computational

considerations is likely to be a major factor limiting scientific progress. In this work, we address

two aspects of viscoelastic deformation in magmatic systems. First, we derive and implement a

high order numerical modeling framework for simulating transient thermo-mechanical behavior of a

subsurface magma reservoir in an isotropic, heterogeneous, viscoelastic domain. Second, we study

stress and crustal deformation associated with periodic pressure variation at the chamber wall. This

represents a different sort of idealization than previous studies: we consider a spatially resolved

mechanical response, but treat time evolution as harmonic. In this way we isolate the frequency

dependence of the viscoelastic rheology, and develop a transfer function approach using analytic

functions to predict material response. This idealization might approximate some magmatic forcing

scenarios, such as cyclic stress from seismic waves, periodic magma injection, or glacial cycles, and

we note that quasi-periodic deformation at multiple frequencies has been observed in long-term

geodetic timeseries [88]. Our approach also implies a superposition framework for studying much

more general time evolution.

Our model is developed to handle general axisymmetric geometries in the subsurface and

surface, including lateral loads and topographically complex material interfaces. However, we

focus on the relatively simple and well-studied case of a sphere in a half-space without remote

loading to explore transient effects, deriving material properties from a steady state temperature

distribution within the medium. After detailing the numerical framework we verify convergence

using the method of manufactured solutions [89]. Finally we use the verified framework to

characterize the system’s response to spatially variable viscoelastic material properties. We

develop a transfer function between chamber pressure and maximum vertical surface deformation to
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demonstrate that two parameters – the phase lag between pressurization and surface deformation,

and their relative amplitude – imply a frequency-dependent viscoelastic response that depends

on chamber temperature and geothermal gradient magnitude. We demonstrate that this transfer

function permits the reconstruction of complex deformation histories, and show that the spatial

thermo-rheologic structure beneath the chamber influences frequency domain expression of surface

deformation.

The paper is organized with mathematical and computational details provided first, followed by

the spectral (and transfer function) analysis and example calculations. In Section 3.2 we introduce

the governing equations and generic physical problem of interest. In Section 3.3 we discuss the

computational framework, and develop the specific non-dimensional time-dependent problem of

interest. Readers wishing to skip such technical details can go directly to section 3.4, which

introduces the transfer function approach that represents our primary analysis tool. Section 3.5

then discusses results of computations and Section 3.6 discusses implications for magmatic systems.

3.2 Mathematical Framework

3.2.1 Problem Formulation and Geometry. We consider a subsurface magma

reservoir in an isotropic, viscoelastic space, see Figure 6. In general the system evolves in time

in response to mass, momentum, and energy balance associated with magma transport in and out

of the reservoir. We focus here on the host response to one particular state variable, a uniform but

time-evolving pressure on the reservoir wall.

We employ a cylindrical coordinate system (r, z, θ) with the origin at the reservoir center.

The assumption of axisymmetry means the problem shows no variation along the θ−coordinate

enabling solutions in the one-sided (r, z)−plane. Figure 6 illustrates the geometry which defines the

computational region surrounding a reservoir. The magma cavity has horizontal axis a > 0 and

vertical axis b > 0, with center at the origin, and Earth’s free surface at z = D + b (z positive

upwards). Maximum depth of the computational domain is denoted by Lz and the maximum lateral

distance from the center of radial symmetry is denoted by Lr.

We construct the region outside of the cavity by intersecting a closed, rectangular region

D = {(r, z) ∈ R2 | 0 < r < Lr, −Lz < z < D + b} and a punctured domain B = {(r, z) ∈ R2 |
r2

a2 + z2

b2 > 1}. The region Ω outside of the cavity, defined by Ω = D ∩ B forms our two-dimensional
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Fig. 6 The region Ω outside a subsurface, spheroidal magma reservoir centered at the origin is
discretized with a high-order FEM. The reservoir has a horizontal axis a > 0 and vertical axis b > 0.
The distance from the top of the reservoir to the surface is D > b. The region is bounded by a
maximal depth Lz and maximal distance from the radial center Lr. Note that our simulations are
performed on a finer triangulation of points than is shown here.
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computational domain. The physical three-dimensional problem is posed on the revolution of Ω, the

three-dimensional domain we denote by Ω̆.

3.2.2 Governing Equations. We assume sufficiently slow deformation so that quasi-

static viscoelasticity is a valid description of the momentum balance. We assume the medium deforms

according to the Maxwell constitutive law [90]. This material model is chosen for its simplicity and

flexibility. A variety of linear and nonlinear viscoelastic models have been proposed for crustal

rocks at high temperature; the Maxwell model is a useful and easily generalizable reference case for

understanding the phenomenology of viscoelastic deformation [81], [91], [92].

Let u, ε,γ,σ be, respectively, the displacement vector, the total strain tensor, the viscous strain

tensor, and the stress tensor. The time derivative of γ is denoted by γ̇. The relevant governing

equations are:

divσ = f in Ω̆, (3.2.1a)

γ̇ = Aσ in Ω̆, (3.2.1b)

σ = E(ε(u)− γ) in Ω̆, (3.2.1c)

where ε(u) = (∇u + ∇uT )/2, E is the fourth-order, isotropic elastic stiffness tensor whose

(i, j, k, l)-component in Cartesian coordinates is given by

Eijkl = λδijδkl + µ(δikδjl + δilδjk). (3.2.2)

Here, µ denotes the shear modulus, λ denotes Lamé’s first parameter, and δ denotes the

components of the identity tensor. The fourth-order tensor A relates viscous strain to stress, and is

derived from the Maxwell constitutive law [90] to produce the form

Aσ =
1

2η

(
σij −

1

3
σkkδij

)
, (3.2.3)

where η denotes the viscosity and repeated indices indicate summation over that index.

Equation (3.2.1a) is the static equilibrium equation where f represents body forces. Equation

(3.2.1b) is the aging law for a Maxwell material and Equation (3.2.1c) is Hooke’s Law. When

supplemented by initial and boundary conditions, the system (3.2.1a) can be solved in any coordinate

system.
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We use the cylindrical coordinate system (r, z, θ), writing the displacement vector field as u =

urer+uzez+uθeθ where er, eθ, and ez denote the unit vectors of the cylindrical coordinate system.

The source f can also be similarly expressed. We assume that uθ and fθ are zero. Furthermore, by

the assumption of axial symmetry, ur and uz are independent of θ. Hence, employing the cylindrical

components of the strain tensor, displacements in the Earth are related to strains by

ε(u) =
ur
r
eθ ⊗ eθ +

∑
i,j∈{r,z}

1

2
(∂iuj + ∂jui)ei ⊗ ej . (3.2.4)

The stress tensor can be expressed, omitting its zero components, as

σ = σθθeθ ⊗ eθ +
∑

i,j∈{r,z}

σijei ⊗ ej . (3.2.5)

The equilibrium equation (3.2.1a) then takes the form

(
∂rσrr + ∂zσrz +

1

r
(σrr − σθθ)

)
er +

(
∂rσrz + ∂zσzz +

1

r
σrz

)
ez = f . (3.2.6)

Using (3.2.4) and (3.2.1c) to obtain expressions for the cylindrical components of the stress

tensor, the equilibrium equation (3.2.6) can be solved for the components of the displacement in the

two-dimensional meridian (rz) plane.

To reduce the problem to the meridian half-plane where r > 0, we need to impose the following

boundary conditions on the axial boundary Γ0 = {(r, z) ∈ ∂Ω : r = 0}, namely

ur = 0, on Γ0 (3.2.7a)

σrz = 0, on Γ0. (3.2.7b)

The first follows from a “no-opening” condition at r = 0. The second comes from requiring continuity

of stresses in the ez direction at r = 0. Other boundary conditions are imposed by partitioning the

remaining boundary ∂Ω\Γ0. We let Γdisp ⊆ ∂Ω and Γtrac = ∂Ω\Γdisp denote a general partitioning

of ∂Ω into subdomains where either displacement or traction boundary conditions are imposed,

respectively. Explicitly, these conditions are

u = gdisp(t) on Γdisp, (3.2.7c)

σ · n = gtrac(t) on Γtrac, (3.2.7d)
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where n is the outward unit normal to the domain Ω, and gdisp, gtrac(t) are given, time-

varying boundary data. This general model enables the study of reservoir pressure, lateral loads

and topography, among other studies in axisymmetric geometries.

In addition to boundary conditions, we must also supplement the aging law, Equation (3.2.1b),

with an initial condition on viscous strain, namely

γ(r, z, t = 0) = γ
0
(r, z), (r, z) ∈ Ω. (3.2.8)

3.3 Computational Framework

We solve initial-boundary-value problem (Equations (3.2.1a),(3.2.4)-(3.2.8)) numerically by

pairing a finite difference discretization in time with a high-order finite element method (FEM) in

space. As described in this section, at each time step the spatial problem is governed by static

equilibrium, with viscous effects manifested as a time-dependent source term. Simulations are done

using Python code developed on top of the free and open source multi-physics library NGSolve [93]

and the accompanying mesh generator [94]. The Python code is available in a public repository [95].

We use a two-dimensional mesh of triangles. To capture the magma chamber boundary accurately, we

use nonlinear mappings for those elements with edges on the curved boundary to improve geometrical

conformity [96]. The following subsections outline the static problem, the temporal discretization,

and the details of the specific problem considered in this work.

3.3.1 Solving the Static Equilibrium Equation. We solve the equilibrium Equation

(3.2.1a) subject to boundary conditions (3.2.7) using a FEM, which requires the weak form of the

problem. To construct the weak form, we perform the following steps: (i) multiply equation (3.2.6)

by r and take the dot product of both sides with a test function v = vrer + vzez, (ii) integrate by

parts on Ω, (iii) replace σij by functions of ui using (3.2.4) and (3.2.1c), and (iv) incorporate the

boundary conditions of (3.2.7), letting v take on homogeneous displacement boundary conditions

on Γdisp. The result is the equation

∫
Ω

E(ε(u)− γ) : ε(v) r drdz −
∫
Γtrac

gtrac · v r ds = −
∫
Ω

f · v r drdz. (3.3.1)
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Here the colon denotes the Frobenius inner product. To simplify notation, we let
(
·, ·

)
r
and

⟨·, ·⟩r respectively denote the integrals over Ω and Γtrac of r multiplied by the appropriate (dot or

Frobenius) inner product of the arguments. Then the above equation may be rewritten as

(Eε(u), ε(v))r = −(f ,v)r + ⟨gtrac,v⟩r + (Eγ,v)r. (3.3.2)

The Lagrange FEM is derived by imposing the above equation on a space of piecewise

polynomials. Given a triangulation of Ω, denoted by Ωh, the Lagrange finite element space of

order p, denoted by Vh consists of all functions which are continuous on Ω whose restriction to each

element K of Ωh is a polynomial of degree at most p in r and z. The method is high-order, meaning

that polynomials of high degree can be used within each mesh element to approximate the solution.

When degree p is used within an element of diameter h, a smooth solution on that element can be

approximated at the rate O(hp+1) (in the L2-norm). Thus, the difference between p = 1 and p = 2

case, for example, is that as h → 0, under a uniform mesh refinement halving element diameters,

while we expect the error to be halved in the first case per O(h), in the second case, it reduces by

a fourth due to O(h2) convergence. In the FEM, the data f and gtrac are integrated while the data

gdisp is interpolated. Assuming the latter interpolation is done, let

V
gdisp

h = {v = vrer + vzez : vr ∈ Vh, vz ∈ Vh, and v|Γdisp
= gdisp}.

Also let

V 0
h = {v = vrer + vzez : vr ∈ Vh, vz ∈ Vh, and v|Γdisp

= 0}.

Then, the FEM computes uh ∈ V
gdisp

h satisfying

(Eε(uh), ε(v))r = −(f ,v)r + ⟨gtrac,v⟩r + (Eγ,v)r, for all v ∈ V 0
h , (3.3.3)

provided f ,gdisp,gtrac, and γ are given. Equation (3.3.3) leads to a linear system of equations

once a finite element basis of shape functions (which are basis functions determining one degree of

freedom in the finite element system) is used.
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3.3.2 Temporal Discretization. Our time-stepping method is inspired by that of [97]

where viscous strains appear as a time-dependent source term on the equilibrium equation, namely,

once γ is computed at a specific time, it appears as a known term in (3.3.3) which can then be solved

for a displacement approximation. However, to compute γ, we need to apply a time integrator to

the aging law, Equation (3.2.1b). We now illustrate this time-stepping method in general terms so

that it could be implemented in a variety of computational settings. We then specifically detail it

for our FEM framework. First, assume all fields are known at time tn. The procedure to integrate

to tn+1 over step size ∆t = tn+1 − tn is as follows:

1. Use the current solution at time tn to integrate viscous strain one time step (e.g. with the

aging law (3.2.1b)) and obtain γn+1.

2. Compute all the known data (e.g. source terms, boundary data) at time tn+1 and use these

(together with γn+1) to solve the equilibrium equation to obtain the remaining fields at time

tn+1.

For our specific FEM framework the above time-stepping method is implemented as follows:

For computational purposes only it is convenient to let C = Eγ, since the use of C allows us to skip

the assembly and inversion of a mass matrix made of inhomogeneous material coefficients. Since E

is time independent, simplifying EAσ = (µ/η)dev(σ), Equation (3.2.1b) implies

Ċ =
µ

η
devσ. (3.3.4)

Here dev(σ) denotes deviatoric tensor σ − tr(σ). Time integration of Equation (3.3.4) is

carried out using the first-order accurate forward Euler method (chosen for its simplicity as we lay

the computational groundwork; higher order methods will be incorporated in future developments).

At each time step, we solve the weak form of equilibrium equation (Equation (3.3.3)) and use the

computed displacement to obtain C at the next time step. Again assuming all fields are known at

time tn, we specifically implement steps 1 and 2 above as:

1. Use unh to update C via forward Euler

Cn+1 = Cn +∆t
µ

η
dev (Eε(unh)−Cn) . (3.3.5)
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2. Compute data fn+1, gn+1
disp , g

n+1
trac at time tn+1 and use them, together with the output of the

previous step, to solve the static equation: compute un+1
h ∈ V

gn+1
disp

h satisfying

(Eε(un+1
n ), ε(v))r = −(fn+1,v)r + ⟨gn+1

trac ,v⟩r + (Cn+1,v)r (3.3.6)

for all v ∈ V 0
h .

Stable time steps for our problem are derived in B.1. B.1 also contains details of rigorous

convergence tests in both space and time (to verify correctness) via the method of manufactured

solutions (MMS) [89]. Code verification could also be done via benchmarking against simple analytic

models [86] or community verification exercises e.g., [98].

3.3.3 Model Specifics and Non-Dimensionalization. The majority of analysis in this

work will examine how a spatial distribution of viscoelastic properties impacts deformation around

magma reservoirs subject to cyclic loading. We proceed by idealizing the boundary pressure as a

sinusoid, which approximates a canonical problem in viscoelasticity [99], and provides a framework

for studying arbitrary time dependent signals through superposition. For example, consider a forcing

function S(t) (which might be applied to any domain boundary) of duration ℓ, consisting of a linear-

ramp until t = ℓc ≤ ℓ, after which is remains constant at S0. S(t) can be expressed as a superposition

of sinusoids via its Fourier-sine series expansion

S(t) =

∞∑
n=1

bn sin(ωnt), (3.3.7)

where bn = 2S0(−1)n+1/(nπ) + 2S0ℓ sin(nπℓc/ℓ)/(ℓcn
2π2) and ωn = nπ/ℓ. We discuss the

representation of such general time-varying functions further in B.2, but restrict our analysis to

particular components of (3.3.7) in what follows.

We assume a specific boundary partition where Γtrac encompasses the reservoir wall, Earth’s

free surface, and the computational boundary at depth (z = −Lz). Γdisp is the lateral boundary

r = Lr. We then set specific boundary data

gdisp(t) = 0, (3.3.8)

so that displacements vanish at r = Lr. At Earth’s free surface and at depth we take
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gtrac(t) = 0. (3.3.9)

At the reservoir wall we set

−n · gtrac(t) = P (t), (3.3.10a)

m · gtrac(t) = 0, (3.3.10b)

where

P (t) = P0 sin(ωt). (3.3.11)

Equation (3.3.10a) sets the normal component of the traction vector (the pressure) equal to a

sinusoidal time-varying condition with amplitude P0 and frequency ω. In what follows we will often

refer to forcing period

τ = 2π/ω (3.3.12)

rather than frequency. Equation (3.3.10b) imposes that the shear component of traction be

equal to 0, where vector m = n× ez is tangent to the reservoir wall.

Non-dimensionalization of the governing equations reveals important physical parameters and

re-scales the problem to help reduce round-off errors. We begin by handling the scaling of the spatial

domain before addressing governing equations. Tildes in what follows indicate non-dimensional

variables. Let r = ar̃, z = az̃, D̃ = {(r̃, z̃) ∈ R2 | 0 ≤ r̃ ≤ Lr
a ,−Lz

a ≤ z̃ ≤ D+b
a } and B̃ = {(r̃, z̃) ∈

R2 | r̃2 + a2

b2 z̃ ≥ 1}. Then our resulting scaled domain is given by

Ω̃ = D̃ ∩ B̃, (3.3.13)

with scaled boundaries Γ̃disp still representing the (scaled) lateral boundary and Γ̃trac the

(scaled) reservoir wall, Earth’s free surface, and computational boundary at depth. We also scale

displacements by a, namely aũ = u, which effectively means that total strain ϵ is not scaled. We

scale stress and time by the amplitude and frequency of the sinusoidal pressure, E by characteristic
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shear modulus µ and body force by its magnitude F0 (for example magnitude of gravitational force),

giving

σ = P0σ̃, (3.3.14)

E = µẼ, (3.3.15)

f = F0f̃ , (3.3.16)

tω = t̃, (3.3.17)

which implies a scaling of C = P0C̃. The scaled form of the equilibrium Equation (3.2.1a) is

thus

div σ̃ =
aF0

P0
f̃ , (3.3.18)

and Hooke’s law Equation (3.2.1c) becomes

σ̃ =
µ

P0
Ẽ(ε− γ). (3.3.19)

The two dimensionless parameters in Equations 3.3.18-3.3.19 physically represent the ratio of

body force to reservoir boundary tractions, and a scaled reservoir pressure, respectively.

The modified aging law (Equation (3.3.4)) becomes

∂t̃C̃ =
1

De
dev σ̃, (3.3.20)

where

De =
ηω

µ
=

2πη

τµ
(3.3.21)

is the non-dimensional Deborah number, a ratio of elastic pressurization timescale τ/2π to

Maxwell viscous relaxation timescale η/µ. Viscosity η, shear modulus µ and pressurization time τ

are understood to be characteristic scales if spatially or time variable. De commonly appears as

a control parameter in models for magma chamber mechanics [71], [100], cycles of eruptions [72],

[101], and the spatial structure of transcrustal magma systems [78], [102]. It will play an important
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role in our results.

Computationally, all problems considered in this work are solved in this non-dimensional form.

The specific non-dimensional boundary conditions we thus take are

ũ = 0 on Γ̃disp, (3.3.22a)

σ̃n = g̃trac(t̃) on Γ̃trac, (3.3.22b)

and at the reservoir wall,

−n · g̃disp(t̃) = P̃ (t̃) (3.3.23)

m · g̃trac(t̃) = 0. (3.3.24)

where P̃ (t̃) = sin(t̃). For all our applications we assume negligible body forces, so aF0/P0 ≪ 1.

3.3.4 Temperature-Dependent Material Parameters. We assume that viscosity of

crustal rocks is described by a temperature-dependent Arrhenius relation, an assumption common

to many thermomechanical models of magmatic systems e.g., [79]. This neglects grain-size and

stress-dependent effects [103], but parameterizes our assumption that temperature is the dominant

factor controlling crustal rheology during crustal magma transport. In general, temperature evolves

in time in response to magmatism e.g., [104], but we assume a steady state geotherm here as our

goal is simply to explore the role of realistic spatial structure of material parameters.

Accordingly, we solve the stationary heat equation

∇2T = 0 in Ω̆, (3.3.25)

where T (r, z) is the temperature field, which we assume to be axisymmetric. At the top,

bottom and lateral parts of the boundary, we enforce a steady-state geothermal profile given by

T (z) = Ts − α
(
z − (D + b)

)
, (3.3.26)

where Ts is the surface temperature constant and α is a parameter specifying the temperature

gradient. At the chamber wall we set T = Tc, a constant temperature. We use a finite element

space of order p to solve the heat equation. Here, p is the same order as is used in the finite element
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solution of the equilibrium equation. The formulation uses radial weighting to reduce the problem

to the two-dimensional domain Ω and as usual–see e.g., [105]—set zero temperature flux ∇T = 0 at

Γ0, the r = 0 boundary, to maintain our consideration of a one-sided problem. The solution of this

BVP for the heat equation informs the temperature field throughout the domain, from which the

viscosity is deduced according to the Arrhenius formula

η = AD exp

(
Ea
RT

)
(3.3.27)

where AD is the Dorn parameter, Ea is the activation energy, and R is the Boltzmann constant.

For numerical computation, we prefer to use the equivalent formula

η = η0 exp

(
Ea
R

[
1

T
− 1

Ts

])
, (3.3.28)

where η0 = AD exp
(
Ea
RTs

)
, to avoid numerical issues associated with very large viscosities

predicted by low temperatures in the near surface. In Equation (3.3.28) we use absolute temperature,

so both T and Ts should be converted from degrees Celsius to Kelvin.

As shown in B.1, numerically stable time steps depend on Deborah number, thus the

exponential dependence of viscosity leads to prohibitively small time steps at high temperatures.

This limits the degree to which we can exactly explore high magma temperatures without artificially

thresholding model temperature.

Elastic parameters are also considered to be temperature dependent. [106] provide smooth and

continuous forms for temperature-dependent Young’s modulus E(T ) and Poisson’s ratio ν(T ) as

E(T ) = c1

[
1− erf

(
T − T̄

s

)]
+ c2T + c3, (3.3.29)

ν(T ) =

[
1− E

Emax

]
· [νmax − νmin] + νmin (3.3.30)

where νmin = 0.25, νmax = 0.49 define the range of possible Poisson’s ratios and Emax is the max

value Young’s modulus achieves for a given temperature profile. T̄ is a temperature threshold for

which Young’s modulus decreases by an order of magnitude and c1, c2, c3, s are empirical parameters.

To convert E and ν to λ, µ (elastic moduli used in our framework), we use λ = Eν
(1+ν)(1−2ν) ,

µ = E
2(1+ν) . Figure 7 demonstrates the spatial pattern exhibited by the material parameters for
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a temperature profile characterized by 800◦C reservoir temperature, 0◦C surface temperature and a

geothermal gradient of 20◦C/km.

3.4 Analysis of time dependent viscoelastic deformation

We now develop tools to analyze the time evolution of viscoelastic deformation predicted from

our numerical calculations. Towards our goal of examining how a realistic distribution of viscoelastic

properties impacts deformation around magma reservoirs subject to cyclic loading, we begin with

a 1D analysis of the Maxwell model to illustrate inherent properties of the system which may be

generalized in the 2D problem. This analysis is generalizable to other viscoelastic models, and

leads to concrete implications for inferring viscoelastic behavior in magmatic systems from ground

deformation.

3.4.1 Insights from the 1D Maxwell Model. Given the spatial domain x ∈ [0, L],

the 1D strain-displacement relation is given by

ε = ux (3.4.1)

and the 1D governing equations (equilibrium, viscous strain evolution and Hooke’s law,

respectively) are

∂σ

∂x
= 0, (3.4.2a)

γ̇ =
1

η
σ, (3.4.2b)

σ = µ(ε− γ), (3.4.2c)

where σ, ε, γ, and u are, respectively, the 1D stress, total strain, viscous strain, and

displacement. Boundary conditions are chosen to reflect the conditions for the 2D problem. The

origin experiences the sinusoidal pressure condition (representing the reservoir) and displacements

vanish at the far boundary, namely

σ
(
x = 0, t

)
= sin (ωt), (3.4.3a)

u
(
x = L, t

)
= 0. (3.4.3b)
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Fig. 7 Material parameters used in our reference variable coefficients parameter study, with finite
element mesh overlaid. A. Temperature, obtained by solving Equation (3.3.25) with Tc = 800◦C,
surface temperature Ts = 0◦C, and geothermal gradient α = 20◦C/km. B. Viscosity from Equation
(3.3.28). C. Young’s Modulus from Equation (3.3.29). D. Poisson’s ratio from Equation (3.3.30).
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We consider t > 0; the aging law Equation (3.4.2b) thus requires an initial viscous strain to be

specified, which we express in general terms

γ
(
x, t = 0

)
= γ0(x), (3.4.4)

where γ0 as a given function. The Maxwell model thus gives rise to an initial-boundary value

problem defined by Equations 3.4.1-3.4.4.

We are interested in the response between stress and strain at the reservoir boundary, with the

expectation that viscous relaxation will lead to a phase difference. To do this analysis it is useful to

work with Hooke’s law in rate form, namely,

ε̇ =
1

µ
σ̇ +

1

η
σ. (3.4.5)

Following [99], application of the Fourier transform to Equation (3.4.5) yields the constitutive

law in frequency space

σ̂(ω) = µ̂(ω)ε̂(ω), (3.4.6)

which gives the usual relationship where stress is expressed as a function of strain through a

complex shear modulus µ̂ defined by

µ̂(ω) =

(
1

µ
− i

1

ηω

)−1
. (3.4.7)

The decomposition µ̂(ω) = µ̂1(ω) + iµ̂2(ω) into storage and loss moduli allows us to express µ̂

as

µ̂(ω) = |µ̂(ω)|e−iδ (3.4.8)

where δ = − tan−1( µ̂2

µ̂1
).

In our applications, however, we are interested in the strain response to an applied (sinusoidal)

stress, thus we must consider the constitutive relation Equation (3.4.6) in the form
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ε̂(ω) = d̂(ω)σ̂(ω), (3.4.9)

where d̂(ω) = 1/µ̂(ω) is the complex creep modulus given by

d̂(ω) =
1

µ
− i

1

ηω
, (3.4.10)

which can be decomposed into d̂(ω) = d̂1(ω) + id̂2(ω) as before, and gives rise to the similar

form

d̂(ω) = |d̂(ω)|e−iβ , (3.4.11)

for β = − tan−1
(
d̂2(ω)

d̂1(ω)

)
. Applying the inverse Fourier transform to Equation (3.4.9) and using

3.4.3a yields

ε(t) = [d ∗ σ](t),

= d̂1(ω) sinωt+ d̂2(ω) cosωt,

= sin(ωt− β), (3.4.12)

which gives strain as an explicit function of stress, delayed by phase lag β. Since d̂ is chosen

as the multiplicative inverse of µ̂ note that

|d̂(ω)| =
1

|µ̂(ω)| , (3.4.13a)

β = −δ, (3.4.13b)

therefore the phase lag that strain experiences in response to an applied stress will be equal

and opposite when reversing roles and considering stress in response to an applied strain. Note that

we have used the sign convention for the phase lag such that positive values of β correspond to strain

lagging behind stress.

To summarize, the strain response to a sinusoidal stress is also sinusoidal with a phase lag

β, which can be simplified in terms of the Deborah number De by substituting in the real and

imaginary parts of d̂(ω), resulting in
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β = tan−1
(

1

De

)
. (3.4.14)

This analytic result provides insight into the physics of the viscoelastic model, as two limiting

cases of the Deborah number (namely De → ∞ and De → 0) yield phase lags of 0 and π/2

(respectively) corresponding to the elastic and viscous limits (respectively). In addition, these

analytic results can be generalized to higher dimensions which we do in the next section, providing

useful code verification metrics as well as providing insight into the frequency response of more

physically realistic scenarios.

3.4.2 Transfer Function and Analytic Signals. The phase lag analysis for the 1D

problem of the previous section can be generalized using the theory of Linear Time-Invariant (LTI)

systems such as the viscoelastic problem we consider here. For general LTI systems, one can

characterize some output signal y(t) as the linear transformation of a system input x(t), where

we consider one-sided signals (i.e. they are 0 for t < 0) [107]. The response y can be determined as

a convolution of the input x with the system impulse response h, namely

y(t) = (x ∗ h)(t)

=

∫ t

0

x(t′)h(t− t′) dt′. (3.4.15)

The transfer function connecting the output signal y(t) given the input signal x(t) we denote

H{y(t) |x(t)}(iω), however we drop the argument within curly braces or functional dependence

within parenthesis when these are implied via context. The transfer function is defined as

H(iω) = L{h}(iω)

=
L{y}
L{x} (iω), (3.4.16)

where L denotes the Laplace transform (a function of the complex variable s) and we have

evaluated at s = iω. The transfer function thus provides the amplitude of the system output

as a function of frequency of the input signal. As an example, Equation (3.4.9) illustrates how

d̂ = H{ε(t) |σ(t)}, i.e the transfer function when stress is the input signal and strain is the output.

If we consider specific input and output signals x(t) = Ain sin(ωt) and y(t) = Aout sin(ωt−ϕ),

then we can use the Laplace transform to calculate the transfer function, namely,
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H(iω) =
Aout

Ain

(−s sin(ϕ) + ω cos(ϕ))/(s2 + ω2)

ω/(s2 + ω2)

∣∣∣∣∣
s=iω

=
Aout

Ain
e−iϕ, (3.4.17)

i.e. a constant, independent of ω. Performing an inverse Laplace transform indicates that the

corresponding system impulse response is a delta function, namely, h(t) = (Aout/Ain)δ(t− ϕ/ω).

Equation (3.4.17) illustrates the important point that evaluation at s = iω must take place

after the ratio is computed, so that the poles in the Laplace transforms of the sinusoids x and y

are removed. In numerical studies making use of the discrete Fourier transform, this evaluation

cannot be done after the ratio is computed, which can lead to division by zero. An alternative

means for defining the transfer function therefore is via the concept of analytic signals, which have

straight-forward numerical approximations and avoid potential division by zero.

Analytic signals are defined in the following manner. Consider the real valued signal z(t) and

denote its Fourier transform by ẑ(ξ). Define the function

ẑa(ξ) = 2H(ξ) ẑ(ξ) (3.4.18)

(where H is the Heaviside step function), which contains only the non-negative frequency

components of ẑ(ξ). The analytic signal corresponding to z, denoted za(t), is a complex-valued

function obtained by transforming ẑa back to the time domain using the inverse Fourier transform,

yielding

za(t) = z(t) + iH{z}(t), (3.4.19)

where H is the Hilbert transform. Properties of Hilbert transforms mean that for input signal

x(t) and response signal y(t) of an LTI system, we have that

ya(t) = (h ∗ xa)(t). (3.4.20)

Considering the analytic signals xa(t) = −iAine
iωt and ya(t) = −iAoute

i(ωt−ϕ) associated with

the input and output signals under consideration, plugging these into (3.4.20) yields
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Aoute
i(ωt−ϕ) = Aine

iωtH(iω). (3.4.21)

Equation (3.4.21) illustrates the fact that for an input signals of form eiωt (called a

characteristic function), the response signal is given by eiωtH(iω), indicating that the output signal

is simply a scaling of the input by H(iω).

We can solve (3.4.21) for the transfer function, namely,

H(iω) =
Aout

Ain
e−iϕ, (3.4.22)

previously obtained using Laplace transforms. The amplitude |H| =
∣∣Aout

Ain

∣∣ is often referred

to as the gain because it describes how the frequency content in the output signal is amplified in

response to the input. Finally ϕ = −arg(H) is the phase lag, which agrees with that of the 1D

Maxwell model considered in the previous section.

As a corollary, if the transfer function is known, we may directly relate the input and output

signals. For example, let x(t) = A sin (ωt− ψ), with phase ψ, be an input signal and let H(iω) =

|H(iω)|e−iϕ be the transfer function. The analytic input signal is then xa(t) = −iAei(ωt−ψ) and

(3.4.20) implies that the the analytic output signal is ya(t) = H(iω)xa(t). The desired output signal

y(t) can be recovered by taking the real part of its analytic signal, namely

y(t) = |H(iω)|A sin (ωt− ψ − ϕ). (3.4.23)

In other words, a sinusoidal input function implies a sinusoidal output function, modulated by

a phase lag ϕ and amplitude gain |H|.

If {Ak}nk=1, {ωk}nk=1, {ψk}nk=1 are sequences of amplitudes, frequencies, and phases,

respectively, then a composite input signal can be expressed

x(t) =

n∑
k=1

Ak sin (ωkt− ψk). (3.4.24)

Note that each component is associated with a period τk = 2π/ωk. By superposition,

if {H(iωk)}nk=1 are (known) associated transfer functions with phase lags {ϕk}nk=1, then the

corresponding output signal is given by
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y(t) =

n∑
k=1

|H(iωk)|Ak sin (ωkt− ψk − ϕk). (3.4.25)

In discussion section 3.6, we illustrate this result for a specific composite input function defining

magma reservoir pressure through time and numerically calculated transfer function for resulting

surface displacements.

In the sections that follow, we explore numerically how the transfer function links reservoir

pressure to surface displacements and strains. Following the notation for the transfer function, we

let ϕ{y(t) |x(t)} denote the phase lag between the output signal y(t) given the input signal x(t), but

drop the argument in curly braces when it is implied via context.

3.4.3 Numerical Calculations of the Transfer Function. The analytic signal

corresponding to a real, discrete time-series is implemented in the Python SciPy library via the

scipy.signal.hilbert() function. The transfer function connecting an input signal x(t) to output

signal y(t) is computed via the ratio of corresponding analytic signals, from which we can compute

phase and amplitude. All scripts are available in the code repository. In practice, there exists an

initial spin-up period (∼4 cycles) before solutions settle into a sinusoidal response and it is necessary

to compute the transfer function once out of this phase.

In addition to the spin-up phase, the output signal can be shifted to oscillate around a non-zero

value, which can complicate the calculation of the phase lag using our numerical techniques. The 1D

analysis of the previous section illustrates why this occurs. Specifying the initial condition Equation

(3.4.4) impacts the evolution of the displacement and stress fields in the following way: suppose

γ0(x) = 0 for each x ∈ [0, L]. We can simplify the boundary condition Equation (3.4.3) by taking

P0 = ω = 1. The sinusoidal pressure imposed at the left boundary along with Equation (3.4.2a)

imply a uniform stress field

σ(t, x) = sin t. (3.4.26)

Integrating Equation (3.4.2b) yields the viscous strain

γ(t) = −1

η
cos t+

1

η
, (3.4.27)

and solving Equation (3.4.2c) for total strain gives the solution
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ε(t) =
1

µ
sin t− 1

η
cos t+

1

η
, (3.4.28)

which illustrates how the strain response is sinusoidal with a shift of 1/η. Although strain

starts initially at 0, it fluctuates around the non-zero value 1/η, corresponding to a volume change

(length change in 1D). To avoid this situation, one could specify a different initial viscous strain,

i.e. γ0(x) = −1/η which would yield a strain response fluctuating around zero. In the 2D problems

considered in this work, it is difficult to know a priori the initial viscous strain that would preclude

a volume change. Thus to compare the phase-lag response, fields that do not fluctuate around zero

must first be shifted to do so. The spin-up phase contributes an exponentially decaying component

in the output signal, therefore we calculate approximate phase and amplitude after 4 pressurization

cycles.

The sinusoidal pressure forcing we impose at the reservoir wall given by Equation (3.3.10a)

is considered the input signal P (t) for all of our studies. To verify correctness of our numerical

methods, we first consider as the output signal the normal component of strain at a single spatial

point on the wall, namely εrr(r = a, z = 0, t). Because at the reservoir wall the stress-strain relation

effectively reduces to a 1D problem at a point, our numeric calculations are verified by comparing our

numerical calculations of transfer function amplitude and phase lag against the theoretical stress-

strain relationship for a Maxwell material for different forcing periods τ (see Equation (3.3.12)), as

evidenced in Figure 8. In addition we compute the phase lag observed in the vertical component of

displacement at Earth’s surface uz(r = 0, z = D + b, t) as well as the transfer function amplitude

(gain).

3.5 Computational Results

Viscoelastic behavior of magma reservoirs is often characterized in terms of deformation of a

flat free surface induced by pressurization of a spheroidal reservoir e.g., [83], [85], [108]. Even in this

relatively simple case, the problem is complex because a large number of control parameters matter

and trade off in non-unique ways to generate surface deformation patterns. An additional challenge

is that the problem is generally not amenable to analytic analysis such as has been conducted in

simplified limits [67], [68], [82].

Having established our computational framework, we will now focus on a specific and relatively

unexplored part of this problem here, the frequency dependence of surface deformation. All fixed
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Table 1. Parameters used in Applications (unless otherwise noted).

Symbol Explanation Value
a Ellipse semi-major axis 1500 m

b Ellipse semi-minor axis 1500 m

D Reservoir depth beneath Earth’s surface 3500 m

Lr Domain length in radial direction 20000 m

Lz Domain length in vertical direction 20000 m

p Degree of FE basis polynomials 4

P0 Reservoir pressure amplitude 10 MPa

AD Dorn parameter 109 Pa s

A Material-dependent constant for viscosity 4.25× 107 Pa s

Ea Activation energy 141 kJ/(mol)

R Boltzmann’s molar gas constant 8.314 J/(mol K)

Tc Reservoir temperature 800◦C

Ts Surface temperature 0◦C

α Geothermal gradient 20◦C/km

νmin Min Poisson’s ratio 0.25

νmax Max Poisson’s ratio 0.49

Emax Max Young’s modulus 4.0× 1010 Pa

c1 Parameter in model for E 1.8× 1010 Pa

c2 Parameter in model for E −3.5× 106 Pa/◦C

c3 Parameter in model for E 4.3× 109 Pa

s Parameter in model for E 120 ◦C

T̄ Temperature threshold 924◦C
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Fig. 8 Phase lag ϕ of the transfer function between reservoir pressure and radial strain at the
reservoir wall (ϕ{ϵrr(r = a, z = 0, t|P (t)}, red dashed curve) and vertical displacement at the
surface overlying the reservoir (ϕ{uz(r = 0, z = D+ b, t)|P (t)}, solid red curve). Crosses come from
the 1D analytic prediction (Equation (3.4.14)). Right axis and blue curve plot the amplitude of the
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parameters used in this study are listed in Table 1, unless otherwise noted. In the constant coefficient

case studied in Figure 8 (a spherical reservoir in a uniform viscoelastic halfspace), sinusoidal forcing

at the reservoir wall results in surface deformation patterns that are simply parameterized in terms

of the Deborah number (Equation (3.4.14)). De ≈ 10 signifies the onset of viscous response in host

rocks, while for De < 1 the host rock response is dominantly viscous in the sense that phase lag ϕ

between surface deformation is more than halfway to the viscous limit.

We construct constant coefficient models by choosing constant values of elastic parameters µ

and λ through spatially averaging the non-constant coefficient calculations (Figure 8, bottom axis).

For viscosity we suppose that a forcing period of 1 year yields a surface phase lag of 0.3 rad. From

this phase lag we compute the associated Deborah number and solve Equation (3.3.21) for viscosity.

The resulting constant material parameters are: µ = 16.0 GPa, λ = 16.7 GPa, η = 2.20× 1017Pa s.

We can then associate a Deborah number De with a forcing period τ via Equation (3.3.21) and

examine the transition to a viscous response as a function of forcing period. In this example τ = 1

yr corresponds to maximum surface displacement that lags behind maximum chamber pressure by

∼16 days at similar amplitude to the elastic limit, while τ = 10 yr corresponds to a phase lag of

∼1.9 years with ∼3× amplitude to the elastic limit.

However, uniform viscosity is a poor approximation to crustal rheology in magmatic regions. To

understand what changes with more realistic temperature-dependent viscosity and elastic constants,

we also study how pressure forcing period affects ground deformation in the variable coefficient

problem outlined in Section 3.3.3.

Figure 9 left axes show time series of maximum vertical surface displacement and radial strain

at the reservoir wall (plotted versus dimensionless time) for several representative forcing periods

τ associated with forcing by cyclic pressurization of the chamber (right axes). All quantities are

normalized to facilitate comparison of phase lag as a function of forcing period, with amplitudes

given in the legend. We see that phase lag differs in magnitude between surface and chamber wall.

Figure 10 plots the spatial variation in vertical and horizontal components of surface

displacements uz, ur as well as the scalar von Mises stress σv =
√
3J2 with J2 the second deviatoric

stress invariant for four positions in the pressure cycle (ω = 0, π/2, π, 3π/2 radians) and three forcing

periods. Black and white contours represent level curves of the spatially dependent Deborah number.
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Finally, Figure 11 shows the transfer function phase ϕ{uz(r = 0, z = D + b, t) |P (t)} and

normalized amplitude |H{uz(r = 0, z = D + b, t) |P (t)}|/|Helastic{uz(r = 0, z = D + b) |P0}| for a

sweep through pressure forcing period τ . The elastic normalization Helastic is computed for each

temperature separately, due to temperature dependence of elastic parameters E and ν (non-constant

coefficient corrections to the known spherical cavity in half space elastic solution [109]). Transfer

function results are computed for three choices of reservoir temperature Tc = 800, 900, 1000◦C in

Figure 11. The simulations are carried out at 37 logarithmically-spaced forcing periods between

0.01yr and 100yr. For each forcing period and reservoir temperature, we compute the transfer

function phase and amplitude over 10 complete pressurization cycles. Because of computational

burden associated with the highest reservoir temperature of 1000◦C (see B.1) that lead to very

small Deborah numbers, we set a maximal effective temperature of 900◦C for computing material

parameters in this case. We also perform an additional mesh refinement in space to mitigate poor

resolution at longer forcing periods for the 1000◦C reservoir.

In contrast to the constant coefficient case, Figures 9-11 demonstrate that temperature

dependent material parameters strongly impact the frequency dependence of system viscoelastic

response. Most pronounced is a saturation of phase lag at ∼ 0.3 radians and muted amplification

of displacements relative to the constant coefficient case. As evidenced by the large σv (which

measures deviatoric shear stress magnitude), viscous effects are confined near the reservoir wall.

This results in more pronounced mechanical lag at the reservoir wall than at the surface (Figure

9) and concentration of shear stress σv through the cycle in a narrow aureole around the chamber

(Figure 10).

The strong spatial variability in material parameters now implies a spectrum of Maxwell

relaxation times as has been noted in other studies, e.g., [81], and hence spatially variable Deborah

number. Nonetheless, we see that a local value of De still characterizes the region experiencing

significant viscous strain for each forcing period. Figure 10 shows that De ≈ 10 effectively bounds

the region experiencing significant von Mises stress, and hence viscous strain, in excess of chamber

overpressure P0, with De = 1 once again a measure of the viscous region centroid. For small

forcing periods the viscous region is significantly reduced (De = 1 does not appear for τ = 0.1

year forcing period). Both contours are asymmetric with depth due to the geothermal gradient.

To isolate viscous effects, the transfer amplitudes for Figure 11 are normalized using the variable

67



N
or

m
al

iz
ed

 M
ax

. V
er

tic
al

 D
is

pl
ac

em
en

t
u 

 (r
=0

,z
=D

+B
,t)

 / 
u

N
or

m
al

iz
ed

 R
ad

ia
l S

tra
in

ε  
(r=

a,
z=

0,
t) 

/ ε
z

0
rr

0

1.0

0.5

0.0

-0.5

-1.0

1.0

0.5

0.0

-0.5

-1.0

1.0

0.0

-1.0

1.0

0.0

-1.0

N
or

m
al

iz
ed

 R
es

er
vo

ir 
Pr

es
su

re
P(

t) 
/ P

 0

N
or

m
al

iz
ed

 R
es

er
vo

ir 
Pr

es
su

re
P(

t) 
/ P

 0

Dimensionless time
0 π/2 π 3π/2 2π

A.

B.

Fig. 9 Temporal evolution (time non-dimensionalized by τ) associated with non-constant coefficient
simulations at select forcing periods. Colored curves correspond to different forcing periods and
normalization amplitudes u0, ϵ0, dashed curves show pressure normalized by P0. A. Normalized
maximum vertical surface displacement. In dimensional time, peak vertical surface displacement for
τ = 0.01, 0.1, 1, 10 years occurs 10.0 min, 12.7 hr, 17.6 days, and 6.3 months after peak reservoir
pressure, respectively, associated with phase lags ϕ{uz(r = 0, z = D+b, t|P (t)} = 0.012, 0.091, 0.303
and 0.331 radians. B. Normalized radial strain at the cavity wall, illustrating that phase offset of
deformation from pressure forcing varies spatially through the domain.

68



0 2 4 6

-0.1

-0.05

0.0

0.05

0.1

2.0
1.8
1.6
1.4

1.2
1.0
0.8
0.6
0.4
0.2
0.0

Fo
rc

in
g 

pe
rio

d 
 τ

 =
 0

.1
 y

ea
r

Fo
rc

in
g 

pe
rio

d 
 τ

 =
 1

 y
ea

r
Fo

rc
in

g 
pe

rio
d 

 τ
 =

 1
0 

ye
ar

A.

B.

C.

De = 1
De = 10

N
or

m
al

iz
ed

 v
on

 M
is

es
 s

tre
ss

, σ
v

-0.1

-0.05

0.0

0.05

0.1

-0.1

-0.05

0.0

0.05

0.1

-0.1

-0.05

0.0

0.05

0.1

0 2 4 60 2 4 60 2 4 6

Su
rfa

ce
 d

is
pl

ac
em

en
t (

m
)

-0.1

-0.05

0.0

0.05

0.1

2.0
1.8
1.6
1.4

1.2
1.0
0.8
0.6
0.4
0.2
0.0

De = 1
De = 10

N
or

m
al

iz
ed

 v
on

 M
is

es
 s

tre
ss

, σ
v

-0.1

-0.05

0.0

0.05

0.1

-0.1

-0.05

0.0

0.05

0.1

-0.1

-0.05

0.0

0.05

0.1

0 2 4 60 2 4 6

Su
rfa

ce
 d

is
pl

ac
em

en
t (

m
)

0 2 4 6

-0.1

-0.05

0.0

0.05

0.1

2.0
1.8
1.6
1.4

1.2
1.0
0.8
0.6
0.4
0.2
0.0

De = 1
De = 10

N
or

m
al

iz
ed

 v
on

 M
is

es
 s

tre
ss

, σ
v

-0.1

-0.05

0.0

0.05

0.1

-0.1

-0.05

0.0

0.05

0.1

-0.1

-0.05

0.0

0.05

0.1

0 2 4 60 2 4 60 2 4 6

Su
rfa

ce
 d

is
pl

ac
em

en
t (

m
)

dimensionless time = 0 dimensionless time = π/4 dimensionless time = π/2 dimensionless time = 3π/4

0 2 4 6 0 2 4 6

D
ep

th
 (k

m
)

D
ep

th
 (k

m
)

D
ep

th
 (k

m
)

D
ep

th
 (k

m
)

1

2

3

4

5

-1

0

-3

-2

D
ep

th
 (k

m
)

D
ep

th
 (k

m
)

D
ep

th
 (k

m
)

D
ep

th
 (k

m
)

D
ep

th
 (k

m
)

D
ep

th
 (k

m
)

D
ep

th
 (k

m
)

D
ep

th
 (k

m
)

Distance (km) Distance (km) Distance (km) Distance (km)

Distance (km)Distance (km)Distance (km)Distance (km)

Distance (km) Distance (km) Distance (km) Distance (km)

1

2

3

4

5

-1

0

-3

-2

1

2

3

4

5

-1

0

-3

-2

1

2

3

4

5

-1

0

-3

-2

1

2

3

4

5

-1

0

-3

-2

1

2

3

4

5

-1

0

-3

-2

1

2

3

4

5

-1

0

-3

-2

1

2

3

4

5

-1

0

-3

-2

1

2

3

4

5

-1

0

-3

-2

1

2

3

4

5

-1

0

-3

-2

1

2

3

4

5

-1

0

-3

-2

1

2

3

4

5

-1

0

-3

-2

vertical, u
radial, u

z
r

vertical, u
radial, u

z
r

vertical, u
radial, u

z
r

Fig. 10 Spatial pattern of surface displacements uz, ur (top lines) and subsurface distribution of von
Mises stress σv (bottom colors, normalized by P0 = 10 MPa) for dimensionless times 0, π/4, π/2, 3π/4
during a pressure cycle. Black contour is De = 1, white contour is De = 10, illustrating that a local
Deborah number contour approximates the spatial region of elevated deviatoric stress and viscous
strain around the chamber. A. Forcing period τ = 0.1 yr, max σv = 20.9 MPa. B. Forcing period
τ = 1 yr, max σv = 42.2 MPa. C. Forcing period τ = 10 yr, max σv = 100.7 MPa. Supplemental
movies S1-S3 show time evolution of these simulations in more detail.
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respectively.

coefficient elastic limit. That is, elastic parameters are computed using a thermal profile but viscosity

η = 1× 1034Pa · s. Then this variable coefficient elastic problem is simulated and a transfer function

Helastic is computed from the output.

The transfer function curves in Figure 11 have more complex structure than their constant

coefficient counterpart in Figure 8. First, the phase lag ϕ{uz(r = 0, z = D + b, t) |P (t)} is non-

monotonic, with two local maxima superimposed on a sigmoidal increase from 0 to ∼ 0.3 radians

over three orders of magnitude in forcing period. The larger of these is a global maximum for the

range of forcing periods we explored (100 years maximum), likely reflecting the spatially variable

temperature field and resulting finite region around the chamber in which viscous strains occur.

Increasing the reservoir temperature from 800◦C to 1000◦C shifts this global maximum as well as

the sigmoidal uptick in phase lag to shorter periods, which suggests that the local maxima are due in

part to an expanded viscous shell around the reservoir (i.e., larger region where De < 10). We expect

that the shape of this phase lag curve as metric of viscoelastic response likely depends on spatial

rheologic structure, boundary conditions, and chamber geometry, although a parameter exploration

is out of the scope of this study.
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The apparent global maximum seen in the phase lag in Figure 11 is not mirrored by the

amplitude of displacements. Relative to the elastic limit transfer function amplitude show a

continuous increase in maximum displacements at increasing τ , mirrored by the spatial pattern of

uz and ur in Figure 10. There is an inflection point that corresponds to the local minimum in ϕ for

the lower reservoir temperatures, but viscous amplification is otherwise a monotonically increasing

function of τ , with amplification factors at 100 yr forcing period ∼3.8×, ∼5× and ∼6.3× for 800◦C,

900◦C, and 1000◦C chamber temperatures. At small τ the amplification factor is asymptotic to the

variable coefficient elastic limit (dashed line) in all cases.

3.6 Discussion

This work makes two primary contributions. First, we develop a rigorous numerical framework

based on a high-order finite element method for the computation of viscoelastic deformation and

stress around axisymmetric magma reservoirs. Second, we study a particular problem - sinusoidal

pressurization/depressurization of a spherical reservoir in a half-space - and demonstrate how surface

deformation patterns are frequency dependent. This section is organized into a discussion associated

with each contribution as they relate to the phenomenology of viscoelastic deformation around

volcanoes.

3.6.1 Computational Considerations for Time-evolving Magmatic Systems.

Numerical modeling of viscoelastic deformation over long timescales requires careful consideration

of computational issues. We derived conditions on the time step, which guarantees stability of

the aging law when using the Maxwell model and showed that the numerical solution converges

to the exact solution at the theoretical rates of convergence in both space and time. However, in

practice, even these 2D simulations are computationally expensive because a system of equations

(the discretized equilibrium equation) must be solved at each time step, and this constitutes the bulk

of the computational load. We perform a direct solve of the system while it is still possible to hold

the matrix factorization in system memory. For larger problems (e.g. in 3D or with larger domains

sizes or if a finer spatial resolution is required), matrix-free iterative methods on parallel machines

would be necessary [110]. Furthermore, if the relevant time scale of interest is the forcing period τ ,

which can be much longer than the minimum viscous relaxation time η/µ (so that De ≪ 1), the

problem can become arbitrarily numerically stiff: very small time steps are required for numerical

stability, much smaller than that required to accurately resolve the sinusoidal pressure forcing.
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To address this corresponding computational burden, an implicit time stepping scheme (such

as backward Euler) would need to be applied, or alternative schemes such as splitting algorithms

[111]. For problems in which total strains are large (e.g., dominated by viscous flow) it may also be

advantageous to reformulate the governing equations in terms of split viscous and elastic strain rates

(rather than strains), as is commonly done in mantle dynamics models e.g.,[112]. A disadvantage

of this approach is that elastic stresses are less explicitly resolved, which is not acceptable for the

magmatic application. Still, one drawback of our method is that it is not robust in the incompressible

limit (ν = 0.5). More sophisticated locking-free mixed finite element techniques (e.g.,[113]) could be

employed to solve the equilibrium equations stably in the incompressible limit, a potential necessity in

fully coupled fluid-solid magmatic models. Codes developed for large-scale geodynamic applications

commonly include compressible fluid but incompressible solid mechanics e.g.,[114]. This difference

in approach implies that extensions of our computational framework to a broader range of problems

might require further numerical developments.

The inclusion of boundary tractions (to represent background tectonic stress, for example) can

be explored here directly by setting specific values of the boundary data. Axisymmetric topography

at the surface or at depth can be included by modifying the axisymmetric domain geometry. Complex

time-evolving forcing can be included so long as the highest frequency is resolved by the timestep,

as we demonstrate in the next section. But highly multiscale time evolution, such as might be

expected for pressure at the reservoir wall over eruption cycles [54], may require adaptive time-

stepping techniques to integrate efficiently through regions of both slow and fast evolution. Similar

challenges arise in the modeling of long-term earthquake cycles e.g., [115], and similar timestepping

approaches could be leveraged for simulating volcanic activity.

3.6.2 Frequency Dependent Magmatic Deformation. We have studied here a

magma chamber problem that, while simplified in some respects, has a strong basis in past

observations and represents a template for future advances. In the elastic limit, corrections for

less idealized geometry and material heterogeneity are known e.g., [116], and elastic parameter

trade-offs have been explored to some extent e.g., [117], [118]. But viscoelastic behavior is far less

well understood. Case studies have demonstrated important trade-offs in geometry, constitutive law,

and thermal state, as well as complications associated with time-dependent rheology e.g., [59], [81],

[85], [119]. But general time-dependence introduces significant complexities.

72



The cyclic forcing studied here represents a powerful framework to explore phenomenology of

transient magma chamber deformation. While magma pressure histories are not generally sinusoidal,

linear viscoelasticity (in any form, not just the Maxwell model) implies that arbitrary forcing histories

may be constructed through appropriate superposition. Our initial example (Equation (3.3.7)) and

analysis in section 3.4.2 details how the transfer function can be used to model general signals. We

illustrate this approach with three examples below, with additional comments in B.2.

First, consider a reservoir pressure history (the input signal) defined by the ramp function of

Section 3.3.3 whose Fourier series is given by Equation (3.3.7). Then if the transfer function for each

component is H(iωn) = |H(iωn)|e−iϕn then the output signal y(t) can be expressed in terms of its

Fourier series

y(t) =

∞∑
n=1

dn sin(ωnt− ϕn) (3.6.1)

with coefficients

dn = |H(iωn)|bn, (3.6.2)

i.e. the coefficients of the input signal, scaled by the transfer function amplitude |H|. This

example demonstrates that sequences of impulsive pressure changes (such as eruptions or magma

injections) that are non-harmonic in time can still be characterized with the framework developed

here.

As a second example, if the pressure history is given by a unit impulse at t = t0, namely

P (t) = P0δ(t− t0), (3.6.3)

then (3.4.15) implies that the output signal is simply

y(t) = h(t− t0), (3.6.4)
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Fig. 12 A. Amplitudes and phases of reservoir pressure forcing function, Equation (3.4.24). B.
Reservoir pressure timeseries (red curve, left y axis) along with numerically computed maximum
surface displacement (dashed blue curve, right y axis) and analytic prediction based on the transfer
function (yellow curve), Equation (3.4.25).

i.e. the system impulse response. This pressure history represents a simple model for sudden

pressure perturbation e.g., [83]. The implied ground deformation in this case is the impulse response

function of the magma chamber/host rock system.

These examples demonstrate the transfer function approach in a forward modeling framework.

Inversion of magmatic pressure histories from ground motions, a common scenario since reservoir

pressure is generally unknown, by extension involves seeking weights in the frequency-domain for

forcing periods represented in Figure 11 to match general time-dependent deformation data. To

demonstrate this explicitly, we present a third example in which we construct a non-harmonic

input pressure signal by summing sinusoids at a subset of forcing frequencies explored in Figure

11 with random phase and amplitude (assuming an 800◦C chamber representing a lower bound to

the viscoelastic response) corresponding to Equation (3.4.24). Weights and phases are displayed

in Figure 12.A. We compute the output signal from Equation (3.4.25) and show that the

predicted surface deformation matches the numerically computed output (Figure 12.B). Numerical

displacements shown here are after a spin-up to make sure the output is in steady state with the

input.

Outputs of interest are thus found given knowledge of the transfer function. Of course, in reality

this transfer function is unknown and would need to be computed as part of an inversion. Further

studies will be needed to quantify the variability of the transfer function as control parameters are
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varied. This will determine the sensitivity of phase lag and amplitude spectrum to rheologic model,

chamber geometry, and temperature structure.

Figure 12.B also demonstrates the non-trivial impact of frequency-dependent phase lag and

amplitude on ground deformation. Even though a relatively narrow range of frequencies is present

in the forcing function (2π/ωk = τk ∼ 0.2 − 2 yr in Equation (3.4.24)), we see that shorter period

forcing generates in-phase ground displacements, while longer period ground motions are out of

phase with chamber pressure. These effects would be amplified for warmer (more viscous) host

rocks and longer forcing periods, and should be observable in geodetic timeseries with several day

resolution (phase lag associated with 1 year forcing period from Figure 11 is ∼ 18 days). We also

see that the ground displacement amplitude is a function of frequency as predicted from the transfer

function. It is not simply proportional to the pressure as expected from linear elasticity [60], and

reflects the amplitudes of each component period shown in fig 12.A scaled by the transfer function.

An interesting challenge implied by our analysis with respect to observations however is how to

find initial conditions. Our time-dependent steady-state (purely oscillatory) implicitly starts from

a unstressed state, but as illustrated through 1D analysis (Section 3.4) the initial strain determines

the equilibrium position around which steady viscoelastic oscillations occur. In the 2D variable

coefficients case the choice of initial strain that will result in a particular chamber size (or geometry)

is less trivially found; equilibrium magma chamber volume is not a parameter but rather a model

outcome. From a geophysical perspective, this implies that absolute stress histories are needed to

interpret general surface displacement timeseries at volcanoes, and could play an important role in

eruption cycles as it does for earthquake cycles e.g., [120].

Another important implication of this model is that the volume of crustal rock around the

chamber experiencing viscous strain over a chamber pressure cycle depends on the frequency of

forcing. As demonstrated by Figure 8, De = 10 effectively marks the onset of viscous host response

to cycling pressure forcing. Figure 10 extends this to variable coefficients, suggesting that De ≈ 10

effectively bounds the region in which significant deviatoric shear stresses (as measured by σv in

excess of P0) occur.

We suggest that the frequency-dependent De ≈ 10 contour represents an effective outer edge

to the viscoelastic “shell” at a given frequency of forcing. This shell has been largely considered

fixed in size by previous models for viscoelastic magma chamber mechanics e.g., [67], [68], [70]–[72],
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[83]. Our model demonstrates that viscoelastic aureole size for a steady temperature distribution

dependents on the time history of reservoir stress - like equilibrium reservoir size, it is a transient

model output.

3.6.3 Implications for Transcrustal Magmatic Systems. Magma reservoirs that

feed volcanic eruptions likely sit near the top of transcrustal magma transport networks characterized

by high temperatures and partial melt [58]. Some of this magma accumulates episodically into high

melt fraction reservoirs such as we model here. But it is to be expected that, as transcrustal magma

transport networks mature, a significant fraction of the crust is heated and remains hot for extended

periods of time. What are the implications of this rheological structure for ground deformation?

We can begin to answer this question by noting that the bulk crustal rheology of magma storage

zones as expressed by surface deformation depends on frequency of forcing, as it does on the spatial

structure of melt and temperature [121]. This has been long recognized for crustal rheology in other

settings [91], [122]. But volcanoes offer a particularly interesting case for exploring crustal rheology,

because different histories of heating – all else equal – will have distinct deformation frequency

response curves (transfer functions).

Figure 13 plots the De = 10 contour representing onset of viscous mechanical response for

different pressurization periods, from 0.1 to 1000 years. We then consider end member steady

state thermal regimes: chamber boundary temperature of Tc = 800◦C and 1200◦C, and geothermal

gradient of α = 20◦C/km and 35◦C/km. In the cold extreme (Figure 13A), we see that viscoelastic

behavior is confined to a shell around the chamber in all but 1000 year forcing. This is consistent

with commonly used models of isolated magma chambers. At long forcing periods however the

mid/lower crust is activated and starts to creep, defining a mid-crustal brittle-ductile transition

that depends on background geothermal gradient. In the hot extreme (Figure 13D), we see that

viscoelastic response of the near-chamber region extends continuously into the mid-crust for forcing

periods as low as 10 years. This defines a spatially coherent viscous domain induced by magmatic

heating [78], activated by long-period forcing.

While we leave further exploration of this to future work, we note that some of the structure

seen in phase lag variations in Figure 11 likely reflect changes to the shape as well as volume of

the viscous near-chamber region. It is notable that significant sensitivity of viscoelastic response

to forcing period and variations in thermal structure in the 0.1 − 10 year range, where geodetic
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Fig. 13 Spatial regions associated with a local Deborah number De = 10 for varying periods τ of
the chamber pressure forcing function (colored curves), illustrating end member thermal regimes.
Magma reservoir is black semi-circle in all panels. A. Reservoir temperature Tc = 800◦C with
geothermal gradient α = 20◦C/km. B. Reservoir temperature Tc = 800◦C with geothermal gradient
α = 35◦C/km. C. Reservoir temperature Tc = 1200◦C with geothermal gradient α = 20◦C/km. D.
Reservoir temperature Tc = 1200◦C with geothermal gradient α = 35◦C/km.
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observations are increasingly common. Because magma transport is unsteady at many scales, ground

deformation in volcanic regions will likewise include contributions from viscoelastic deformation

defining the crustal thermo-rheologic footprint of magmatism on a range of timescales.
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CHAPTER IV

PINN INVERSION

This chapter contains work published in the journal of Computer Methods in Applied

Mechanics and Engineering in July 2024. The published work was co-authored by Dr. Brittany

A. Erickson.

Dr. Brittany A. Erickson and I worked together on the project’s conceptualization,

methodology, and formal analysis. I was first author having developed and validated the model

and code for the project. I conducted the investigation, data collection.

4.1 Context and Motivation

Faults are home to a vast spectrum of event types, from slow aseismic creep, to slow-slip

to megathrust earthquakes followed by postseismic afterslip. The Cascadia subduction zone in

the Pacific Northwest, for example, hosts several types of slow earthquake processes including low

(and very low) frequency earthquakes, non-volcanic tremor (NVT) and slow-slip events (SSE) [123],

but also large, fast earthquakes, the last of which was a magnitude ∼9 in the year 1700 [124].

Understanding the physical mechanisms for such diversity of slip styles is crucial for mitigating the

associated hazards but major uncertainties remain in the depth-dependency of frictional properties

at fault zones, which affect fault locking and therefore rupture potential [125], [126]. Direct

observations of earthquake nucleation and propagation are few and yet the next decade will likely see

an unprecedented increase in indirect, surface observations that could be integrated into modeling

efforts [127].

Traditional numerical approaches for solving the partial differential equations (PDE) governing

earthquake processes (e.g. finite difference methods) have seen incredible growth in the past century,

in particular in terms of convergence theory and high-performance computing. Traditional methods

employ a mesh (either a finite number of grid points/nodes or elements) and a range of time-

integration schemes in order to obtain an approximate solution whose accuracy depends directly

on the mesh size (with error decreasing with decreasing node spacing or element size). This mesh

dependency introduces limitations when high resolution is needed, and while traditional methods

are well-suited for solving forward problems, solving inverse problems require additional machinery

and can be prohibitively expensive [128], [129]. In addition, traditional methods require models to
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specify initial and boundary conditions in order to establish a well-posed problem, even when such

conditions are unknown.

Machine learning (ML), on the other hand, excels in the presence of large data and is an

actively growing field in seismology, with applications ranging from earthquake early warning (EEW)

to ground-motion prediction, see for example Kong, Trugman, Ross et al. [130], Lin, Melgar, Thomas

et al. [131] and Kubo, Naoi and Kano [132] and references therein. However, not all ML methods

incorporate rigorous physics, and purely data-driven models can predict physically unrealistic

outcomes due to observational bias or extrapolation [133]. A new Deep Learning technique has

recently emerged called the Physics-Informed Neural Network (PINN), which seamlessly integrates

sparse and/or noisy data while ensuring that model outcomes satisfy rigorous physical constraints.

PINNs do not outperform traditional numerical methods for forward problems (except in high-

dimensional settings) [20], but they offer advantages over traditional numerical methods in that

both forward and inverse problems can be solved in the same computational framework and solutions

may be learned even on ill-posed problems [134].However, the majority of PINN applications are

currently limited to simple mechanical models, forward problems and/or do not incorporate real-

world observations [135]–[137]. Here we introduce a new, physically-rigorous modeling framework

for both forward and inverse problems that can be integrated with observational data in order to

better understand earthquake fault processes. This Deep Learning approach will vastly expand our

computational abilities to explore and infer relevant parameter spaces responsible for slip complexity,

and the conditions that enable the world’s largest earthquakes.

Though the PINN framework lacks the robust error analysis that comes with traditional

methods, a large number of publications have emerged since ∼2017 which aim to customize PINNs

through the use of different activation functions, gradient optimization techniques, neural network

architecture, and loss function structure [16]. Careful formulation of the loss function using the

weak form of the PDE have been proposed for constructing deep learning analogues of Ritz [138]

and Galerkin [28], [29], [139] methods which use numerical quadrature to reduce the order of the

PDE resulting in a simpler learning problem [31], [32]. In tandem, statistical learning theory has

been used to deduce global error bounds for PINNs in terms of optimization error, generalization

error, and approximation error [43]. For wide but shallow networks utilizing hyperbolic tangent

activation functions, the approximation error has been shown to be bounded over Sobolev spaces
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[46]. Bounds on PINN generalization error have been derived for linear second-order PDE [48] (later

extended to all linear problems [45]) and some specific cases like Navier-Stokes [49]. Moreover,

the abstract framework for PINNs can leverage stability of a PDE to provide conditions under

which generalization error is small whenever training error is small for both forward and inverse

problems [50], [51]. More recently, a PINN-specific optimization algorithm has achieved markedly

improved accuracy over other optimization algorithms by incorporating a PDE energy into the

backpropagation step [140]. In addition to this rapid framework development, PINNs have been

shown to perform well on a variety of physical problems like Navier-Stokes [21]–[23], convection heat

transfer [24], solid mechanics, [25], [26] and the Euler equations [27]. By constraining the network to

obey physical laws, PINNs are able to operate in a small data regime and continuously approximate

solutions to PDE[3] which allows for model verification across multiple domain resolutions without

needing to generate a new approximation each time.

In this work we focus specifically on rate-and-state friction [e.g. 141], an experimentally-

motivated, nonlinear friction law capable of reproducing a wide range of observed earthquake

behaviors [142] and whose increasing use in dynamic rupture and earthquake cycle simulations

has motivated the recent community benchmark exercises described in Harris, Barall, Archuleta et

al. [143] and Erickson, Jiang, Barall et al. [98]. A better understanding of the depth-dependency

of rate-and-state parameters - which have a direct correlation to fault locking and seismic rupture

potential – is a fundamental task [125], [126]. To address this task we develop a multi-network PINN

for modeling a vertical, strike-slip frictional fault embedded in an elastic half-space, and consider

deformation in both 1D and 2D. The paper is organized as follows: In section 4.2 we first provide an

overview of the physics-informed deep learning framework and PINN architecture for general initial-

boundary-value problems, in order to best describe the implementation to our application problem.

In section 4.3 we provide specific details of the PINN framework applied problems, first illustrated

in 1D with an example forward problem, then further developed to include inverse problems in 2D.

In section 4.4 we report details of our optimal network architecture and training methods, verifying

our methods with a manufactured solution to ensure accuracy of our inversions. We conclude with

a summary and discussion of future work in section 4.5.
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4.2 Physics-Informed Deep Learning Framework

The physics governing motion in many applications in science and engineering give rise to

partial differential equations (PDE) where analytic solutions can be difficult to obtain (due, e.g. to

complex material properties, boundary conditions, geometry) and we commonly turn to numerical

methods. The Physics-Informed Neural Network (PINN) is a deep learning (DL) framework for

approximating solutions to PDEs. Though this DL framework lacks the robust mathematical theory

of the traditional methods, it shows particular promise in solving problems for which traditional

numerical methods are ill-suited[3]. The DL framework produces a closed, analytic form for the

solution, which is continuous and defined at every point in the domain allowing one to evaluate the

solution “off-grid” without having to resolve the PDE (i.e. it is mesh-free) [3]. In addition, both

forward and inverse problems can be solved in the same computational setting, as will be shown in

subsequent sections.

4.2.1 Feed-forward Deep Neural Networks. PINNs are extensions of a general feed-

forward neural network. We let x ∈ Rn and define a weighting matrix W ∈ Rm×n and bias vector

b ∈ Rm. A single hidden layer of a neural network can be expressed as

ℓ(x; θ) = φ(Wx+ b), where θ = (W, b), (4.2.1)

and φ is a known (nonlinear) activation function. Deep neural networks are obtained by repeated

composition of hidden layers [15].

We let positive integer L be the deep neural network depth (i.e. number of hidden layers)

and let {φi}Li=1 be a collection of activation functions along with a sequence of trainable network

parameters {θi}Li=0 where θk = (Wk, bk) for each 0 ≤ k ≤ L. Here we assume each layer consists of

m neurons but this simplifying assumption may be omitted so long as one ensures that each weight

and bias are of the correct dimension for matrix multiplication and addition, respectively. If x ∈ Rn

is the network input and network parameters (W0, b0) ∈ Rm×n × Rm, (Wk, bk) ∈ Rm×m × Rm for

1 ≤ k < L, and (WL, bL) ∈ Rd×m × Rd, then the recursive composition

ℓ0 = x, (4.2.2a)

ℓk = φk(Wkℓk−1 + bk) for 0 < k < L, (4.2.2b)

defines a feed-forward, deep neural network N : Rn → Rd (of depth L and width m) with network

parameters θ by N (x; θ) =WLℓL−1 + bL.
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4.2.2 PINN Architecture. The PINN architecture is defined by extending the feed-

forward deep neural network to enforce physical conditions set by an initial-boundary value problem

(IBVP). For simplicity in the notation (as well as generality) we define this extension for a general

IBVP, with specific details for our application given in the subsequent section. Consider the general

operator form of an IBVP given by

L [u;λ] = k, in Ω̂, (4.2.3a)

B [u;λ] = g, on ∂Ω̂, (4.2.3b)

where Ω̂ ⊆ Rn, with boundary (including internal interfaces, like faults) ∂Ω̂. Vector u is the unknown

solution and g is boundary data. The source term k encompasses external and internal body forces,

and L, B are differential and boundary operators parameterized by λ.

The PINN first approximates the solution to the IBVP (4.2.3) using a feed-forward, deep

neural network, i.e. we assume u(x) ≈ N (x; θ) and consider N∂ many boundary points {xi∂ ,gi}N∂i=1

where gi = g(xi∂) for each 1 ≤ i ≤ N∂ , and a set of NΩ̂ internal collocation points {xi
Ω̂
,ki}NΩ̂

i=1 with

ki = k(xi
Ω̂
) for 1 ≤ i ≤ NΩ̂. Throughout this work, collocation points are generated from uniform

random sampling. From (4.2.3) we construct an objective functionMSE (based on the mean-square

error) given by

MSE(θ) =MSEΩ̂(θ) +MSE∂(θ), (4.2.4)

where

MSEΩ̂(θ) =
1

NΩ̂

NΩ̂∑
i=1

∣∣L[N ;λ](xi
Ω̂
; θ)− ki

∣∣2, (4.2.5a)

MSE∂(θ) =
1

N∂

N∂∑
i=1

∣∣B[N ;λ](xi∂ ; θ)− gi
∣∣2, (4.2.5b)

are the contributions to the total loss from the PDE (4.2.3a) and boundary conditions (4.2.3b),

respectively, corresponding to misfit of the network with data. Because our objective function

(4.2.4) consists of multiple competing loss functions it is referred to as a multi-objective loss. Solving

(4.2.3) is done by minimizing (4.2.4) with respect to the network parameters θ, typically done via

an optimization algorithm that approximates the set of solution parameters θ∗ such that θ∗ =

argminθMSE(θ). Figure 14 gives a schematic representation of the objective function (4.2.4).

Note that for the rest of this work with omit the notation specifying MSE dependency on network

parameters θ and assume this is understood.
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Fig. 14 A schematic of the PINN framework for solving the general boundary value problem from
equation (4.2.3). Displacement approximation network N is trained on interior and boundary
subdomains which are governed by operators L and B, respectively.

4.3 Learning Problems for Earthquakes on Rate-and-State Faults

In order to best illustrate the PINN computational set-up, we begin by considering a relevant

problem in 1D, in order to introduce our methodology in a simplified framework. Here we focus on

the forward problem; details of the inverse problem are included in the subsequent section on the 2D

application problem, which also includes a schematic diagram motivating the governing equations.

4.3.1 1D Illustration. The solid Earth is governed by momentum balance and a

constitutive relation defining the material rheology; in this work we assume elastic material

properties. These assumptions give rise to the elastic wave equation, namely

utt = c2uxx + s(x, t), x ∈ [0, 1], t ≥ 0, (4.3.1)

where u(x, t) is the Earth’s material displacement, c =
√
µ/ρ is the wavespeed where ρ and µ are

the the density and shear modulus, and s(x, t) accounts for external and/or body forces. Here we

use subscripts to denote derivatives with respect to the subscript variable. Assumed initial and

84



boundary conditions are given by

u(x, 0) = u0(x), (4.3.2a)

ut(x, 0) = v0(x) (4.3.2b)

−µux = F + g0(t), x = 0, (4.3.2c)

Zut + µux = g1(t), x = 1, (4.3.2d)

where Z =
√
µρ is the shear impedance. If boundary data g0(t) = g1(t) = 0, equation (4.3.2c)

corresponds to the requirement that fault shear stress be equal to frictional strength F , and (4.3.2d)

allows waves to freely exit the domain.

In this work we consider rate-and-state dependent friction (RSF), an experimentally-motivated,

nonlinear friction law, often used in earthquake simulations for its ability to reproduce a wide range

of observed seismic and aseismic behaviors [142], [144], [145]. In this context, the frictional strength

is given by

F = σ̄nf(V, ψ), (4.3.3)

where V is the slip rate (jump in velocity across a fault interface), σ̄n is the effective normal stress

(normal stress minus pore fluid pressure), and f is a friction coefficient given by

f(V, ψ) = a ln

(
V

V0

)
+ ψ, (4.3.4)

where V0 is a reference slip rate and material parameter a is the “direct effect” [146]. State variable

ψ evolves from some initial value ψ0 according to its own evolution law

dψ

dt
= G(V, ψ) + h(t), (4.3.5a)

ψ(0) = ψ0 (4.3.5b)

where we assume the aging law, i.e. G(V, ψ) = (bV0/Dc) exp (
f0−ψ
b − |V |V0

), which allows state to

evolve even in the absence of slip [142], and h(t) allows for the incorporation of additional source

data. Here Dc is the characteristic slip distance, f0 is a reference friction coefficient for sliding at

speed V0 and material parameter b captures time-dependent “evolution” effects [146].

The initial boundary value problem (IBVP) formed by the PDE (4.3.1), specified

initial/boundary conditions (4.3.2) and state-evolution equation (4.3.5a) correspond to specific

differential and boundary operators L and B defined in (4.2.3), for example, here L = ∂2/∂t2 −

c2∂2/∂x2. Assuming all parameters of the IBVP are known, one can solve the forward problem
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for the unknown material displacement u(x, t) and state variable ψ(t). We define neural networks

N (x, t; θ) ≈ u(x, t) and Nψ(t; θψ) ≈ ψ(t) to approximate the exact solutions. The PDE, boundary

and initials conditions all give rise to a term in the objective function. We refer to these terms as

the component loss functions and define them as

MSEΩ =
1

NΩ

NΩ∑
i=1

∣∣Ntt − c2Nxx − s
∣∣2, (4.3.6a)

MSE0 =
1

N0

N0∑
i=1

∣∣− µNx − F − g0
∣∣2, (4.3.6b)

MSE1 =
1

N1

N1∑
i=1

∣∣ZNt + µNx − g1
∣∣2, (4.3.6c)

MSEu0
=

1

Nu0

Nu0∑
i=1

∣∣N − u0
∣∣2, (4.3.6d)

MSEv0 =
1

Nv0

Nv0∑
i=1

∣∣Nt − v0
∣∣2, (4.3.6e)

where NΩ, N0, N1, Nu0
, Nv0 correspond to the number of randomly distributed collocation points

in the relevant subdomains, i.e. the domain interior, left boundary (x = 0), right boundary (x = 1),

and at t = 0 (for initial displacements and velocities), respectively. In addition to (4.3.6) we have

the contributions to the total loss from the state evolution equation, namely

MSEψ =
1

Nψ

Nψ∑
i=1

∣∣Nψ
t −G(V, ψ)− h

∣∣2, (4.3.7a)

MSEψ0
=

1

Nψ0

Nψ0∑
i=1

∣∣Nψ − ψ0|2, (4.3.7b)

so that the objective function we seek to minimize is given by MSE =
∑
ξ∈χMSEξ, where

subscript χ = {Ω, 0, 1, u0, v0, ψ, ψ0} so that the sum involves contributions from all subdomains.

Minimizing theMSE over the network parameters of N and Nψ define proxy models which produce

approximations to u and ψ.

An important detail about the network training involved in minimizing the objective function

MSE defined in the previous paragraph is that the inclusion of the state evolution means we

are now solving a coupled system of PDE. The coupling occurs at the fault x = 0, where two

conditions (fault friction (4.3.2d) and state evolution (4.3.5a)) are now enforced. Because of this

coupling, the training networks N and Nψ both appear in the fault loss (4.3.6b) as well as in the

state evolution loss (4.3.7a). This interconnectivity may cause training to favor accuracy in the
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displacement network over accuracy in the state network. In particular, high temporal variations in

state evolution, variations in scale, and/or network architecture may drive the training step to favor

the displacement approximation. We found it helpful to isolate the state and displacement networks

during the backpropogation step. To do this, we define two objective functions: The state objective

function consists of loss components in equation (4.3.7) while the displacement objective function

uses loss components from equation (4.3.6). Each training iteration then requires two optimization

steps to update both state and displacement networks. This setup ensures that each network is only

updated by one associated objective function. We found this approach to improve our network’s

training speed and resulted in better approximations of the state variable. The particulars of this

training approach are illustrated in Algorithm 1 which provides the pseudocode for solving the 1D

IBVP given by equations (4.3.1) and (4.3.2) where state evolves according to (4.3.5a).

In order to verify our computational framework for the 1D problem, we generate a known,

manufactured solution, which enables direct comparison with the approximate solution produced by

the neural network. This approach, known as the method of manufactured solutions [147], assumes a

particular analytic solution ue and derives consistent source terms and boundary data for the IBVP,

without changing the underlying PDE and boundary operators. We manufacture ue and ψe to be a

solution to the IBVP and aging law, respectively, such that

ue(x, t) = tanh
(
0.5(x− ct+ 1)

)
, (4.3.8)

ψe(t) = −µu
e
x(0, t)

σ̄n
− a ln

(
2uet (0, t)

V0

)
(4.3.9)

This choice of manufactured solution defines the initial data u0 and v0, the source term s, and all

boundary data, namely

s = uett − c2uexx, on Ω× [0, T ], (4.3.10a)

g0 = 0, at x = 0, (4.3.10b)

g1 = Zuet + µuex, at x = 1, (4.3.10c)

h = ψet −G(2uet , ψ
e), at x = 0, (4.3.10d)

where, for the 1D problem, V (t) = 2ut(0, t), and corresponds to a commonly chosen exact solution

[115], [148].

Parameter values used for all studies in this work are given in Table 2. We provide Figure 15 to

illustrate how the independent networks N and Nψ are used to build each component loss function
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Fig. 15 A schematic of the PINN framework for solving the 1D IBVP (4.3.1) (4.3.2) with rate
and state friction defined by (4.3.4) and (4.3.5a). Displacement network N and state network Nψ

are trained separately by defining two objective functions which are differentiated by red and blue
nodes, respectively, in the final layer. At each training iteration, N is updated using component
losses MSEΩ,MSE0, and MSE1 while Nψ is updated using just MSEψ as an objective function.

and Algorithm 1 provides an outline of the implemented code. Here we take N : R2 → R

and state variable network Nψ : R → R to both be fully-connected, feed-forward networks with

three hidden layers, 64 neurons per layer and use hyperbolic tangent activation functions. The loss

function is optimized using L-BFGS[149], a quasi-Newton optimization algorithm. Minimization is

done over 10 training iterations where each iteration is trained on a random sampling of N = 100

interior points and 50 boundary points (Nb = 25 points per boundary). Network weights are

initialized using uniform Xavier initialization [150]. In Figure 16 we show learned approximations

for displacement and state compared to their respective exact solutions. These results suggest that

our neural network parameters can solve the 1D forward problem to reasonable accuracy. To further

explore performance however, and since we are primarily interested in higher dimensional settings

that enable the inversion of depth-dependent parameters, we now move to the 2D formulation.

4.3.2 2D Application in Seismic Faulting. The 2D problem is obtained by first

considering a bounded spatial domain in R3 defined by (x, y, z) ∈ [−Lx, Lx]×[−Ly, Ly]×[0, Lz] where

z is taken to be positive downward. We assume antiplane shear deformation, taking displacements

ux, uz to be zero, and assume the out-of-plane displacement u = uy is independent of y. Momentum

balance for an elastic solid then gives rise to the elastodynamic wave equation in 2D, namely,

utt = c2∆u+ S(x, z, t), (x, z) ∈ [−Lx, Lx]× [0, Lz], t ≥ 0, (4.3.11)
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Fig. 16 Comparison of results from 1D illustration showing the (a) displacement network
approximation N with (b) manufactured solution ue. Additionally, the (c) state approximation
network Nψ is plotted against the manufactured state ψe along with their absolute error |Nψ(t)−
ψe(t)|. Absolute displacement error was averaged over 1000 randomly sampled points and measured
to be |N − ue|avg = 1.57e− 5.
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Algorithm 1 Multi-network training for 1D forward problem with RSF.
1: N ← NeuralNetwork(x, t; θ) ▷ initialize network parameters θ for N
2: Nψ ← NeuralNetwork(t; θψ) ▷ initialize network parameters θψ for Nψ
3: Nopt ← SetOptimizer(θ) ▷ Instantiate an optimizer which only tracks parameters of N
4: Nψopt← SetOptimizer(θψ) ▷ Instantiate an optimizer which only tracks parameters of Nψ
5:
6:
7: Ñ ← u0(x) + tv0(x) + t2N (x, t) ▷ Employ hard enforcement of initial conditions

8: Ñψ ← ψ0 + tNψ(t)
9:
10: for ξ in χ do ▷ Loop over each subdomain and define the relevant component loss
11: function MSEξ(x, t)

12: output ← Condition
[
ξ
]
(Ñ (x, t), Ñψ(t)) ▷ Conditions specified by equations (4.3.1), (4.3.2), (4.3.3), and

(4.3.5a)
13: data ← SourceData

[
ξ
]
(x, t) ▷ Source terms are determined in equation (4.3.10)

14: return MeanSquareError(output, data)

15:
16: for i=1 to training iterations do
17: LossN ← 0
18: LossNψ ← 0
19:
20: for ξ in χ \ {Ψ} do
21: xξ, tξ ←rand(Nξ, ξ) ▷ Generate Nξ randomly sampled points from subdomain ξ
22: LossN ← LossN + MSEξ(xξ, tξ)

23:
24: xΨ, tΨ ←rand(NΨ,Ψ)
25: LossNψ ← MSEfψ (xΨ, tΨ)

26:
27: ∇ψ ← grad(LossNψ , [θψ]) ▷ Compute network gradient

28: θψ ← Nψopt.Step(∇Ψ) ▷ Update network weights using the optimization algorithm
29:
30: ∇N ← grad(LossN , [θ])
31: θ ← Nopt.Step(∇N )

where ∆ =

(
∂2

∂x2
+

∂2

∂z2

)
is the 2D Laplacian. Here the shear wavespeed c =

√
µ/ρ as in the 1D

case, and S comprises body forces. Assumed initial conditions are given by

u(x, z, 0) = u0(x, z), (4.3.12a)

ut(x, z, 0) = v0(x, z). (4.3.12b)

We assume z = 0 corresponds to Earth’s surface which we take to be traction free. An RSF vertical

fault is embedded at the interface x = 0, corresponding to interface conditions

τ+ = −τ− (4.3.13a)

τ+ = F (V, ψ). (4.3.13b)

Here the traction τ at a boundary or interface is defined with respect to the outward pointing unit

normal n by τ = n · µ∇u, and τ± = τ(0±, z, t). Equation (4.3.13a) corresponds to the requirement

that the traction be “equal and opposite” across the fault and (4.3.13b) is a requirement that

fault shear stress be equal to frictional strength F as in the 1D case. As in the 1D illustration,

F is a nonlinear function of the slip rate V (z, t) = u̇(0+, z, t) − u̇(0−, z, t) and an empirical state

variable ψ(z, t) the particular form of which is given by (4.3.3). At the remote boundaries (x, z) =
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Fig. 17 A schematic of the 2D domain where u(x, z, t) is the particle displacement in the y−direction.
Out-of-plane motion is denoted with circles. The assumption that u is antisymmetric about x = 0
allows us to consider the one-sided domain Ω = [0, Lx] × [0, Lz] to alleviate computational cost.
Displacements within Ω are governed by the 2D wave equation (4.3.11). The fault, Earth’s free
surface, and the remaining boundaries (the remote and depth boundaries) are labeled and subject
to conditions (4.3.14). At the rate-and-state fault (x = 0), the fault is velocity weakening (a−b < 0)
down to a seismogenic depth H, where it transitions over distance D to velocity strengthening
a− b > 0.

(±Lx, Lz) we assume the boundaries are non-reflecting. Next we make the assumption that the

displacement field u(x, z, t) is antisymmetric about the fault interface x = 0, which automatically

satisfies (4.3.13a), so that we may restrict our focus to one side of the fault as in Erickson and Dunham

[115] and reduce the computational redundancy. Our final spatial domain is then Ω = [0, Lx]×[0, Lz]

where the fault interface now becomes a boundary, see Figure 17. For generality (and to aid in later

verification steps) we state the final boundary conditions on ∂Ω using generic data gf , gs, gr, gd for

the fault, surface, remote, and depth boundaries, respectively, namely

τ = F (V ) + gf (z, t), x = 0, (4.3.14a)

τ = gs(x, t), z = 0, (4.3.14b)

Zut + τ = gr(z, t), x = Lx, (4.3.14c)

Zut + τ = gd(z, t), z = Lz, (4.3.14d)

although the Earth’s free surface and non-reflecting conditions are the far field boundaries correspond

to gs = gr = gd = 0. Here τ = τ+, V = 2u+t and Z =
√
µρ is the shear impedance as in the 1D case.

For this 2D application problem we are primarily interested in the RSF parameter a − b,

which describes the velocity-dependence of friction at steady state. Positive values (i.e. a > b)
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correspond to stable sliding, while negative values correspond to frictional instabilities. Knowledge

of the depth-distribution of a − b is therefore of central importance to understanding slip behavior

and deformation [125]. In other words, heterogeneities along fault interfaces can be characterized

at least in part by velocity-weakening frictional behavior (a− b < 0) indicating that seismic rupture

may nucleate and easily propagate, while stable regions are characterized by velocity-strengthening

frictional behavior (a− b > 0) that inhibits the sliding at seismogenic speeds [141]. In order to focus

our study on the inference of the depth-dependency of a− b, we assume that the state variable is at

steady state, namely ψ = f0+ b ln
(
V0

V

)
, so that the friction coefficient reduces to the rate-dependent

form

f(V ) = f0 + α ln

(
V

V0

)
, (4.3.15)

where we have introduced α = a − b. This choice of rate-dependent friction is made to simplify

the optimization problem by limiting the number of trainable networks from three to two for

computational ease. We assume that α is piecewise linear with depth, defining a shallow seismogenic

zone, namely,

α(z) =


αmin 0 < z < H

(z −H) ∗ ((αmax − αmin)/D) + αmin H ≤ z ≤ H +D

αmax H +D < z,

(4.3.16)

where H defines the seismogenic depth, αmin and αmax are constants defining the minimum and

maximum values assumed by α, and D the transition distance. In this work we consider PINN

solutions to both the forward and inverse problems. For forward problem we solve for the unknown

displacements u in the IBVP (4.2.3) assuming α(z) has been specified. For the inverse problems, in

addition to solving for u we also infer the friction parameter α. In this latter case, (4.3.16) sets the

data for the boundary conditions, but α is not assumed to be known a priori when enforcing the

frictional interface condition, as will be described in the next section.

4.3.3 Forward and Inverse Problems for the 2D Application. Governing equation

(4.3.11) along with initial and boundary conditions (4.3.12), (4.3.14) provide specifics of the loss

terms (4.2.5) that define the PINN. However, there is more than one way to formulate the associated

learning problem. First, one can consider either a forward or inverse problem [3]. As this work is

concerned with generating approximations to both forward and inverse problems, we will refer to the
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primal solution as the network approximationN to the displacement u specified by the IBVP (4.2.3).

The forward problem is only concerned with approximating a primal solution and requires that all

model parameters λ are known a priori. A solution to the inverse problem aims to approximate the

primal solution while also being tasked with learning a set of system parameters. If the λ in (4.2.3)

are known, the forward problem is solved and the problem reduces to an unsupervised learning task

[16]. In the inverse problem, however, the PINN has the same loss function (4.2.5) but with minor

changes: Instead of knowing the system parameters λ, we establish them as trainable networks,

which we detail shortly.

In addition to specifying whether a forward or inverse problem is being solved, in either case

one must also choose between soft or hard enforcement of initial conditions [12], [13], [16], [20]. Soft

enforcement uses loss terms to learn boundary data whereas hard enforcement encodes boundary

data into a trial function to satisfy the conditions exactly. We proceed with details concerning each

of these below.

4.3.3.1 Forward Problem. As in the 1D case, we begin by supposing that N (x, z, t; θ) ≈

u(x, z, t) for neural network N and solution u of the IBVP (4.3.11), (4.3.12), (4.3.14). The 2D

component loss functions are therefore given by

MSEΩ =
1

NΩ

NΩ∑
i=1

∣∣Ntt − c2∆N − S
∣∣2, (4.3.17a)

MSEf =
1

Nf

Nf∑
i=1

∣∣− µNx − σ̄nf − gf
∣∣2, (4.3.17b)

MSEs =
1

Ns

Ns∑
i=1

∣∣− µNz − gs
∣∣2, (4.3.17c)

MSEr =
1

Nr

Nr∑
i=1

∣∣ZNt + µNx − gr
∣∣2, (4.3.17d)

MSEd =
1

Nd

Nd∑
i=1

∣∣ZNt + µNz − gd
∣∣2 (4.3.17e)

along with initial loss termsMSEu0 ,MSEv0 (translated to 2D) from equations (4.3.6d) and (4.3.6e),

respectively. As in the 1D case, summations are over randomly distributed collocation points in

the interior and domain boundaries. The 2D objective function we seek to minimize is given by

MSE =
∑
ξ∈χMSEξ, where (as in the 1D case), subscript χ = {Ω, f, s, r, d, u0, v0} implies that the

sum is taken over all relevant subdomains.
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4.3.3.2 Inverse Problem. While the primal solution to an IBVP is desirable, replacing

an assumed model parameter (which often comes with much uncertainty) with a trainable network

could leverage real-world data to physically constrain parameter distributions. The inverse problem

is derived by making a slight modification to the forward problem (4.3.17). As we are interested

in learning the fault friction parameter α, we modify the loss component (4.3.17b) to include a

trainable network. Because α is depth-variable it must be explicitly trained on random collocation

points along the fault. So in addition to the first network N (x, z, t; θ) ≈ u(x, z, t), we introduce

a secondary network Nα(z; θα) ≈ α(z). Only one loss component needs be changed from the

forward problem (4.3.17), namely, component (4.3.17b), which enforces the fault friction condition.

A modified friction coefficient is considered, defined by

f̃ = f0 +Nα(z) ln

[
2Nt(z, t)

V0

]
, (4.3.18)

which gives rise to the modified fault loss

MSEf =
1

Nf

Nf∑
i=1

∣∣− µNx − σ̄nf̃ − gf
∣∣2. (4.3.19)

Replacing loss component (4.3.17b) in the forward problem with (4.3.19) defines the inverse problem.

We give a diagram of the fault network for the inverse problem in Figure 18 showing how the fault

loss is used to update two networks during training. The inverse problem is trained over the same

subdomains as the forward problem (4.3.17) but the depth coordinate for fault training data is

passed to both N and Nα.

4.3.3.3 Soft vs. Hard Enforcement of Boundary Conditions. Both the forward

and inverse problems require that we specify initial and boundary conditions, which may be enforced

in two possible ways. Soft enforcement is done by penalizing the objective function, as the network

output need not satisfy the condition exactly (as was done in the 1D example of the previous

section). Up until now, we have presented soft enforcement, as given in (4.3.17), which shows

component losses corresponding to the boundary and initial conditions. Soft enforcement does not

give us any guarantee regarding accuracy of the condition being enforced and each additional loss

term in the objective function increases the complexity of the optimization landscape.

Alternatively, we may enforce initial/boundary conditions in a manner that reduces the

complexity of the network training space by encoding such conditions into the network architecture.

This approach, known as hard enforcement, requires that we specify a trial function which
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Fig. 18 Network diagram for enforcing the stress condition along the fault while also learning the
depth-dependent friction parameter α. During training, the z-coordinate of a training point is passed
to both N and Nα.

automatically satisfies the initial/boundary conditions. Here we apply this technique to enforce

initial conditions, which reduces the number of constraints on the system. Let N (x, t; θ) be a

feed-forward neural network and define the trial function Ñ to be

Ñ (x, t; θ) = u0(x) + tv0(x) + t2N (x, t; θ) (4.3.20)

where x = (x, z), so that Ñ satisfies both initial conditions (4.3.12) exactly and is trained by training

the network N . It is worth noting that Ñ represents an approximation to displacement and consists

of a static component (first two terms) that enforce the initial conditions exactly, and a trainable

component N . The final term in equation (4.3.20) is quadratic in time to ensure that the trainable

component of Ñ (and Ñt) vanishes at t = t0. If Ñ is used in place of N in the formulation of the

objective function, there is no longer a need to include loss terms for initial displacements (4.3.6d),

or initial velocities (4.3.6e) so the network can be trained on a less restrictive set of conditions.

4.4 2D Verification, Validation and Applications

When computational methods for physical problems are used to address science questions,

verification is an essential first step to ensure credible results [98], [143]. While validation with

observational data is the focus of future work, we must first verify that our physics-informed deep

learning framework is able to solve both forward and inverse problems to reasonable accuracy.

4.4.1 Verification with the Method of Manufactured Solutions. As in the 1D

case, we verify the PINN framework by generating a known, manufactured solution ue which solves
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Parameter Value
Lx, Lz 25 km
H 12 km
D 5 km
µ 32 GPa
ρ 2.67 kg/m3

αmin -0.005
αmax 0.015
f0 0.6
σ̄n 50 MPa
V0 10−6 m/s
Dc 2 m

Table 2. Parameter values used in the manufactured solution tests.

the IBVP (4.2.3), (4.3.12), (4.3.14). We take

ue(x, z, t) = tanh
(
(x+ z + ct)/20

)
, (4.4.1)

which defines the initial data u0 and v0, the source term S, and all boundary data, which for the

forward problem is

S = uett − c2∆ue, on Ω× [0, T ], (4.4.2a)

gf = −µuex − σ̄nf
(
2uet

)
, at x = 0, (4.4.2b)

gs = −µuez, at z = 0, (4.4.2c)

gr = Zuet + µuex, at x = Lx, (4.4.2d)

gd = Zuet + µuez, at z = Lz. (4.4.2e)

The parameters used are given in Table 2 whose values align with other recent works with similar

model set-ups [148], [151], and we default to this parameter set unless stated otherwise. Note that

in the case of the inverse problem, αmin and αmax define the manufactured exact solution αe(z),

which is used only to set the data in (4.4.2b); α(z) is a learned parameter through the use of the

network Nα. In all scenarios we consider, we take the primal network N : R3 → R and friction

network Nα : R → R to both be fully-connected, feed-forward networks with three hidden layers

and 128 neurons per layer. The wave equation (4.3.11) requires displacements to be sufficiently

smooth with respect to the input but no such requirement is imposed on the friction parameters.

Thus we use hyperbolic tangent activation functions for the displacement network but use linear

units in the friction network. We found that the friction network performed well when we used both

Rectified Linear Unit (ReLU) and Sigmoid Linear Unit (SiLU) together. We use ReLU activation
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Algorithm 2 Multi-network training for solving the inverse problem
1: N ← NeuralNetwork(x, z, t; θ) ▷ θ initial network parameters for N
2: Nα ← NeuralNetwork(z; θα) ▷ θα initial network parameters for Nα
3: θ ← [θ, θα]
4:
5: Ñ ← u0(x, z) + tv0(x, z) + t2N (x, z, t) ▷ Employ hard enforcement of initial conditions
6:
7: for ξ in χ do ▷ Loop over each subdomain and define the relevant component loss
8: function MSEξ(x, z, t)

9: output ← Condition
[
ξ
]
(Ñ (x, z, t), Nα(z))

10: data ← SourceData
[
ξ
]
(x, z, t)

11: return MeanSquareError(output, data)

12:
13: for i=1 to training iterations do
14: Loss ← 0
15:
16: for ξ in χ do
17: xξ ←rand(Nξ, ξ) ▷ Generate Nξ randomly sampled points from subdomain ξ
18: Loss ← Loss + MSEξ(xξ)

19:
20: ∇ ← grad(Loss, [θ])
21: θ ← OptimizerStep(∇) ▷ Update network weights using the optimization algorithm

for the outer hidden layers and a SiLU activation on the interior layer. Algorithm 2 is a sketch of

the implemented code used to solve the inverse problem with hard enforcement of initial conditions.

N and (in the case of the inverse problem) Nα are trained by minimizing the MSE (the sum

of component MSE given in (4.3.17)) where all loss functions are optimized using L-BFGS [149], a

quasi-Newton optimization algorithm. Minimization is done over 30 training iterations where each

iteration is trained on a mini-batch of N = 400 interior points and 400 boundary points (Nb = 100

points per boundary). Additionally, if soft enforcement of initial conditions is used, we sample

400 additional interior points (200 for displacements and 200 for velocities). After the 30 training

iterations are complete we evaluate each of the component loss functions using 1000 randomly

sampled points. Likewise we generate the same number of sample points for N and Nα and use

their respective manufactured solutions to compute the relative ℓ2−norm of their errors, namely,

∥N − ue∥21, rel =
∑N
i=1 |N (xi, zi, ti)− ue(xi, zi, ti)|2∑N

i=1 |ue(xi, zi, ti)|2
, (4.4.3)

∥Nα − αe∥21, rel =
∑Nb
i=1 |Nα(zi)− αe(zi)|2∑Nb

i=1 |αe(zi)|2
. (4.4.4)

All collocation points are drawn uniformly from the space-time domain and are resampled at

each training iteration. This choice of sampling method, in addition to being simple to implement,

has been shown to perform well compared to fixed residual point methods (e.g. uniformly-spaced

grids, uniform random points, or Latin hypercube sampling for which collocation points are not

resampled)[152].
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Errors Forward Problem Inverse Problem

Soft Hard Error Ratio Soft Hard Error Ratio

∥N − ue∥1, rel 1.364e-02 7.148e-03 1.908e+00 2.931e-02 1.633e-02 1.795e+00

∥Nα − αe∥1, rel 2.977e-01 7.220e-02 4.123e+00

MSEPDE 1.149e-03 8.883e-03 1.293e-01 1.133e-03 6.675e-03 1.697e-01

MSEf 2.633e-03 4.115e-02 6.399e-02 8.579e-03 1.615e-01 5.311e-02

MSEs 8.393e-05 7.868e-04 1.067e-01 1.251e-04 6.545e-04 1.911e-01

MSEd 8.216e-05 2.115e-03 3.885e-02 4.681e-04 7.199e-03 6.502e-02

MSEr 1.195e-05 3.233e-04 3.698e-02 1.064e-04 8.074e-04 1.318e-01

MSEu0 1.703e-04 3.722e-04

MSEv0 6.308e-04 1.375e-03

Table 3. Errors in the ℓ2-norm and MSE (loss) associated with hard and soft enforcement of initial
conditions for both the forward and inverse problem. Each term is computed over 1000 randomly
sampled points and averaged across 50 trained solutions. Error ratios are computed by dividing soft
enforcement error by the hard enforcement error.

Network weights are initialized using uniform Xavier initialization [150]. Variation due to

weight initialization involving randomization is accounted for by averaging error data across 50

trained solutions. Table 3 presents error data for the forward and inverse problems where both

hard and soft enforcement of initial conditions are considered for each. As the table illustrates,

for both the forward and inverse problems, hard enforcement of initial conditions are accompanied

with a smaller ℓ2-errors after 30 training iterations, which is most likely due at least in part to the

fact that hard enforcement means that the network approximation satisfies the initial conditions

exactly. Also illustrated in the table, is that all component mean-square errors (MSE) are lower for

the soft enforcement of initial conditions compared to hard enforcement. Soft enforcement uses two

additional loss components (i.e. those enforcing initial conditions) which results in a more biased

model, or a lower variance model (i.e. the MSE is less sensitive to training data). The trade off

between bias and variance (introduced via randomness in weight initialization and collocation points)

may account for such lower MSE when using soft enforcement (which involves lower variances) and

averaging over 50 trained models.

Next we test network performance across various subdomains and resolutions. Let N be

a displacement network trained to solve the inverse problem using hard enforcement of initial

conditions. This time, errors are measured with respect to the continuous L2-norm

∥N − ue∥22,Λ =

∫
Λ

|N (x, z, t)− ue(x, z, t)|2 dλ, (4.4.5)
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and we consider error accumulation across Ω, [0, T ] and Ω̂ = Ω × [0, T ], the spatial, temporal and

space-time domains, respectively. The integral in (4.4.5) is approximated using Simpson’s composite

quadrature rule which converges to the exact integral with rate O(k4), where k is the quadrature

grid size (i.e. the subinterval length). To account for variations in the trained network, we average

errors over points outside of the domain of integration. For example, the average temporal error

given by

∥N − ue∥2,[0,T ] =
1

NT

Nt∑
k=1

[ ∫
[0,T ]

∣∣N (xk, zk, t)− ue(xk, zk, t)
∣∣2 dλ(t)]1/2 (4.4.6)

measures expected error accumulation (over time) given NT randomly sampled spatial points.

Figure 19 shows displacement plots for the trained network and the exact solution at final time

T = 1 in addition to network L2-error approximations for displacement in space, time and space-

time (along with an L2-error approximation of the friction parameter) for increasingly higher grid

resolution used in the numerical quadrature. The errors remain relatively constant with decreasing

subinterval size, suggesting that the quadrature approximation is approaching the actual L2-error,

and that the PINN approximation maintains good accuracy even when evaluated on higher-resolution

grids. Figure 20(a) shows network component loss functions against training iteration, revealing a

non-monotonic decrease across all components. This behavior is likely due to how data is batched

during training with smaller batches tending towards smaller, less accurate loss updates while

larger batches tend towards fewer, more accurate loss updates [153], [154]. Figure 20(b) illustrates

convergence of the inferred parameter α = a−b to the exact distribution αe. Here we show iterations

1 and 30 merely because after the first iteration the inferred parameter performs well and does not

vary significantly.

4.5 Summary and Future Work

We have presented a computational framework for physics-informed neural networks (PINNs)

for solving the elastodynamic wave equation with a rate-and-state frictional fault boundary in

both 1D and 2D. We consider both forward and inverse problems, with the latter obtained by

extending to a multi-network architecture in order to learn depth-dependent friction parameters

alongside deformations in the Earth’s crust. We verified the computational framework by applying

the method of manufactured solutions to probe various error measurements. We show that in

general, hard enforcement of boundary conditions result in trained networks that better approximate

displacements and friction parameters but tend to be worse at minimizing component loss functions
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when compared to soft enforcement. We found that a PINN defined by hard enforcement of initial

conditions produces reasonable approximations for displacements and the desired friction parameter

distribution. Though the network is mesh-free,the L2-error yields near constant values across various

quadrature grids, suggesting that the PINN provides a reasonable approximation to the solution

even when evaluated on increasingly finer grids. Moreover, although the network requires sufficient

training iterations to properly learn displacements, the desired friction parameter is learned within

the first couple of iterations. This suggests that PINNs may be a highly effective tool in inferring

subsurface friction properties along faults, constrained by both physics and observational surface

data.

While the PINN is shown to perform well when learning the state variable in 1D, and inferring

depth-dependency of RSF parameter a− b at steady-state in 2D, we plan to explore the capabilities

of the 2D framework with non-steady-state-evolution. This extension requires additional networks

in the 2D setting in order to approximate the state variable, and two inference networks to capture

the empirical parameters a and b (which become separated across governing equations), and/or

networks to learn other frictional parameters, such as Dc, whose scaling from laboratory values

to actual fault zones is the subject of many studies [e.g. 155]. Approaching such a problem may

be aided by a better understanding of the PINN dependence on problem configuration as well as

network architecture. Additionally, it would be worthwhile to investigate methods which hybridize

PINNs with traditional numerical methods similar to the discrete time PINN in Raissi, Perdikaris

and Karniadakis [3]. And finally, with a PINN solution that can handle learning full rate-and-state

fault friction in 2D (and eventually 3D), we would be ready to compare model outcomes against

community benchmark problems concerning dynamic rupture simulations [143] and sequences of

earthquakes and aseismic slip [98].

4.6 Data Availability Statement

All code for building and training models is open-source, written in Python using the machine

learning library Pytorch, and is available at https://github.com/Thrase/EQ_pinns
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CHAPTER V

CONCLUSION AND FUTURE WORK

5.1 Conclusion

In this dissertation I present the scientific contributions I’ve made to the field of geophysical

modeling and inverse problems. I focus on techniques that help circumvent the high computational

cost of solving inverse problems for complex systems. First, we present a novel framework for

modeling subsurface magma reservoirs surrounded by a thermo-viscoelastic material which reveals a

link between the reservoir pressurization timescale and the viscoelastic transition boundary within

the domain. Additionally, we employ analytic signals to compute a transfer function relating

reservoir stress to maximal surface uplift. This use of complex signal analysis allows us to deconstruct

surface observations into their component signals and provides an inverse transfer function for

inferring stress. Second, we design an ML numerical method which solves the antiplane strike-slip

problem coupled to nonlinear rate-and-state friction. By including an additional network into the

system we demonstrate that PINNs are able to infer for depth-dependent friction parameters without

a significant increase to the computational cost of training. Moreover, the parameter inversion

network was shown to converge within the first few training iterations, which was much quicker

than the training time required for the solution network. While the work in this dissertation makes

valuable contributions to the modeling community, we acknowledge that there is still a lot of work

to do in developing the proposed techniques.

5.2 Future Work

5.2.1 Transfer Function. The transfer function we compute is explicitly dependent on

the reservoir pressurization frequency but further study is necessary to understand how reservoir

geometry, depth, and temperature influence the amplitude and phase shift of the transfer function.

Additionally, it may be fruitful to implement the PINN inverse approach as a means to study

parametric dependence of the model. Since the ML method results in a persistent solution that

is defined continuously over the domain, we can compute network derivatives with respect to each

parameter and study the output dependence to help narrow the field of parameters used during

model inversion.

5.2.2 PINNs. Because PINNs are so new there is much work to be done to develop

them as a reliable numerical method. With respect to the PINN presented in this dissertation, the
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next step is to verify its effectiveness on real-world problems. To do this, we want to look at sliding

block laboratory experiments and use their gathered displacement data to test the models inference

capabilities. Moreover, I think the PINN should be expanded in two key ways: hard-enforcement of

boundary conditions and optimization algorithm. Currently,inclusion of boundary data in the loss

function increases the complexity of the training landscape and leads to boundary conditions only

being met approximately. Hard-enforcement of boundary conditions will allow for exact enforcement

of data along boundaries while reducing training complexity and disqualifying the chance that the

network will learn the zero solution on the domain interior. Additionally, the inclusion of a natural

energy approach to precondition the gradient during training using information from the PDE could

help increase the order of accuracy that is achievable by the neural network. Lastly, we would

like to see further development of the PINN approach to utilize Bayesian methods for uncertainty

quantification as this would allow for us to measure a level of certainty when dealing with non-unique

maps between parameters and outputs.
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APPENDIX A

AREA EXAM APPENDIX

A.1 Gauss-Legendre Runge-Kutta Method

Let t > 0 and consider the ordinary differential equation

d

dt
u(t) = f(t, u) (A.1.1)

where u : R → Rd and f : Rd+1 → Rd are vector-valued functions. The Gauss-Legendre quadrature

approximates the definite integral of a function over the symmetric interval [−1, 1] on n sample

points ∫ 1

−1
f(x) dx ≈

n∑
i=1

wif(xi) (A.1.2)

where {wi}ni=1 are the quadrature weights, xi the roots of the n
th degree Legendre polynomial,

Pn(x), and {ki}ni=1 give the sample velocities ki = f(xi) for 1 ≤ i ≤ n. For an ODE of the form

Equation A.1.1 the Runge-Kutta method approximates a single time step tη → tη+1 using a sequence

of q stages by uη+ci = u(tη +∆tci), i = {1, 2, . . . , q}

uη+ci = uη +∆t

q∑
j=1

Aijf(tη +∆tcj , u
η+cj ) (A.1.3a)

uη+∆t = uη +∆t

q∑
i=1

bif(tη +∆tci, u
η+ci) (A.1.3b)

where A ∈ Rq×q is the Runge-Kutta coefficient matrix, b ∈ Rq the stage combination

coefficients and c ∈ Rq the vector of abscissa obtained by shifting the Legendre polynomial roots

from [−1, 1] → [tη, tη+1]. This gives the general form of RK methods and selection of A and b will

determine a precise numerical scheme. The method will typically be an implicit method except if A

satisfies Aij = 0 for i ≤ j in which case the result is an explicit method. The Gauss-Legendre Runge-

Kutta method defines an implicit method where A,b, c are determined using Legendre polynomials.

The choice of quadrature weights and nodes in Equation A.1.2 gives the GL quadrature the capacity

to perform an exact integration of polynomials with degree 2n−1. While this approach offers a very

nice approximation with truncation error O(∆t2q) when q stages are used, it requires one to solve a

system of algebraic equations at each time step which becomes costly. The exact point at which the
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methods shows diminishing returns will vary between problems but it is common to use a 3-stage

formulation [156].

To properly construct the q−stage GLRK method, we need the roots of Pq(x) along with

the derivative P ′q(x). Though the roots can be found using a root finding method like the Netwon

method, there has been a recent development that provides explicit asymptotic forms of the GL

nodes and weights which are accurate up to double-precision machine ϵ for q ≥ 21 [17], [18], [157].

If {xi}qi=1 are the roots of the Legendre polynomial (with Pq(x) normalized to so that Pq(1) = 1),

then the Gauss-Legendre quadrature weights are given by

wi =
2

(1− x2i )[P
′
q(xi)]

2
. (A.1.4)

Earlier this year, it was shown that by considering a transformation of the integration domain

from [−1, 1] → [tn, tn+1] by ξ =
∆t
2 (t−t̄m) for step size ∆t ≡ tn+1−tn and mid-point t̄n ≡ 1

2 (tn+1+tn)

we may use the the node points {ξi}q−1i=0 (roots of the transformed Legendre polynomial) to compute

Aij =
wj
2

(
1 +

q−1∑
s=0

Ps(ξj)
Ps+1(ξi)− Ps−1(ξi)

2

)
, (A.1.5a)

bi ≡
wi
2
, (A.1.5b)

demonstrating how the Gauss-Legendre Runge-Kutta method can be constructed to arbitrarily

high order without much difficulty [19]. In Equation A.1.5 we use P−1(ξ) ≡ 1. With the RK

parameters properly defined, all that is left is to solve the implicit method given by using said

parameters in Equation A.1.3.

The choice of an implicit method means Equation A.1.3 will be solved using an iterative root-

finding method like the Newton–Raphson method. To do this, it helps to create stacks of vectors

and represent the problem as a matrix-vector problem. We then define the vector stacks

Uη :=

q⊕
i=1

uη, (A.1.6a)

Uη+c :=
q⊕
i=1

uη+ci, (A.1.6b)

F (Uη+c) :=
q⊕
i=1

∆tf
(
tη + ci∆t, u

η+ci
)
, (A.1.6c)
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allowing Equation A.1.3a to be represented as D
(
Uη+c

)
= 0 with

D
(
Uη+c

)
= Uη − Uη+c +∆t

(
A⊗ I

)
F (Uη+c). (A.1.7)

Then, the kth step of the Newton method applied to Equation A.1.3 involves the following

matrix problem and iteration update

D′
(
Uη+ck

)
∆Uη+ck = D

(
Uη+ck

)
, (A.1.8)

Uη+ck+1 = Uη+ck +∆Uη+ck , (A.1.9)

where the derivative D′ is given by

D′
(
Uη+c

)
= ∆t

(
A⊗ I

)
F ′(Uη+c)− I, (A.1.10)

and the derivative of F is the block-diagonal matrix

F ′
(
Uη+c

)
:=

q⊕
i=1

Jf (uη+ci) (A.1.11)

consisting the the Jacobian of f evaluated at different stages. With f : Rd+1 → Rd and the choice

of q stages in the RK method, the resulting system of algebraic equations from Equation A.1.8 is

qd× qd. Thus, a solution (probably via LU factorization) will need O
(
(qd)3

)
operations. Luckily it

is possible to re-use the LU factorization across the Newton iterations but the system will need a

new factorization computed for each time step [158], [159].

A.2 Special Considerations

There are some network limitations that arise when approximating solutions for differential

equations. A popular activation function choice becomes unviable in this problem domain.

The Rectified Linear Unit (ReLU) can be used in bounded-width networks to create universal

approximators [9], [11] (a fact that is generalized in [4] but requires a deeper network for arbitrary

activation functions) and approximation error for such network can be bounded in terms of the

network width and depth [160]. Now, considering a simple neural network N (x;W, b) = ϕ.(Wx+ b)

we can see that its first two input derivatives are

∂

∂x
N (x; ,W, b) = ϕ′.(Wx+ b) ∗ .W, (A.2.1a)

∂2

∂x2
N (x; ,W, b) = ϕ′′.(Wx+ b) ∗ .W ∗ .W. (A.2.1b)
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That is derivatives of the network require derivatives of the activation function. This generalizes

to derivatives of order k requiring the order k derivatives for the activation function [12]. Because

physics-based neural net methods utilize network derivatives in construction of the loss function,

ReLU activation function is not generally usable. To approximate a PDE involving derivatives of

order k, the activation function must be differentiable of order k + 1 to account for the additional

derivative taken during backpropogation.

While both of these are susceptible to the vanishing gradient problem, tanh tends to be more

stable due to a larger gradient range. While we want an activation function with sufficient regularity

we would also like a network that can be trained efficiently. Rather than using a fixed activation

function we can modify the network to learn activation functions for us. One approach to this is

to learn coefficients that approximate an optimal activation function with respect to a chosen basis

[161]. While such an approach does learn the activation function it does require you to choose a

basis for the approximate activation. Instead we will focus on a method that works by learning

slopes of the activation functions and which have been applied to PINN [162]–[164].

A.3 Adaptive Activation Functions

Begin by modify an activation function ϕ with trainable slope a ∈ R and scaling parameter

n ≥ 1 to get a new activation function,

ϕ̃(x) = ϕ(nax), (A.3.1)

where a is now included in the set of trainable parameters. This approach can improve the efficiency

of DNN [162] along with improving the robustness, and accuracy of neural net approximations for

PDE [163]. Furthermore, adaptive coefficients can be included at the global, layer, and neuron levels

allowing for finer tuning of the network during training. Equation A.3.1 shows a globally-adaptive

activation as it uses a single shared value of a for each layer in the network.

A.3.1 Layer-Wise Locally Adaptive Activation. You could also define a scalar for

each hidden layer {ai}L−1i=1 where ai ∈ R for each i and specify activation function for layer k as

ϕ̃k(x) = ϕ(nak x) for k = {1, 2, . . . , L− 1}. (A.3.2)

Since the set of training parameters is now θ∪{ai}L−1i=1 the number of parameters needing optimization

is |θ|+ L− 1.
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A.3.2 Neuron-Wise Locally Adaptive Activation. This time each neuron is given

a trainable weight. So let {ai}L−1i=1 where ai ∈ Rm and specify activation function for layer k by

ϕ̃k(x) = ϕ(nak ∗ . x) for k = {1, 2, . . . , L− 1}. (A.3.3)

Since each layer comes with m hidden neurons we get |θ|+m(L− 1) trainable network parameters.

While these adaptive activation functions do improve training efficiency, [164] includes an extra

term in the loss function which can contribute to the loss gradient without vanishing. The slope

recovery term S is defined as

S(a) :=


L−1∑L−1

i=1 exp (ai)
if ai ∈ R,

L−1∑L−1
i=1 exp

(∑m
k=1

(ai)k
m

) if ai ∈ Rm,

(A.3.4)

and the appended term for the loss function is

SRT =WaS(a) (A.3.5)

with trainable weight Wa. It was observed that networks utilizing adaptive activation functions

exhibited more rapid decay of the loss function over networks using fixed activation functions

[162]. Moreover, locally-adaptive networks outperformed both fixed-activation and global-adaptive

networks[164]
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APPENDIX B

MAGMA RESERVOIR APPENDIX

B.1 Stability and Verification via Convergence Tests

Owing to the use of an explicit time-stepping scheme, it is necessary to establish conditions

for which the scheme outlined in Section 3.3.2 is stable. As an initial calculation, note that

EAσ =
µ

η
dev σ. (B.1.1)

The deviatoric operator in Equation (B.1.1) can be expressed as a matrix-vector multiplication,

namely

EAσ =
µ

η
Dσ, (B.1.2)

if second-order tensors are stacked into vectors (across rows and removing symmetries)

σ = [σrr, σrz, σzz, σθθ]
T
, (B.1.3)

and matrix D is given by

D =



2

3
−1

3
−1

3
0

−1

3

2

3
−1

3
0

−1

3
−1

3

2

3
0

0 0 0 1


. (B.1.4)

The non-dimensionalized explicit forward-Euler discretization of the aging law (Equation

(3.3.20)) can therefore be expressed as

C̃
n+1

= (I −∆t̃De−1D)C̃
n
+∆t̃De−1DẼεn, (B.1.5)

the stability of which is determined by the eigenvalues of the growth-factor matrix I−∆tDe−1D

and whether we can bound its spectral radius using an appropriate choice for ∆t. Eigenvalues for

the growth-factor matrix are
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λ1 = 1, (B.1.6a)

λ2 = 1− 2

3
∆t̃De−1, (B.1.6b)

λ3 = 1−∆t̃De−1, (B.1.6c)

where λ3 appears as a repeated eigenvalue. To bound their magnitudes by at most 1 demands

that ∆t̃ be smaller than 2De. In addition, the time step must be sufficiently small to resolve any

time-varying boundary data. In this work this amounts to resolving the sinusoidal boundary data

at the reservoir wall. Since the corresponding (angular) Nyquist frequency for sin(t̃) is 1, the largest

time step that resolves this frequency is δt̃ = π, and should be (in practice) a small fraction of this.

A sufficient, stable time step is then chosen by

∆t̃ ≤ min{2De, δt̃}. (B.1.7)

In practice we use more restrictive criteria, namely,

∆t̃ ≤ min

{
De

4
,
δt̃

2

}
. (B.1.8)

Except for a few limiting cases, the temperature-dependent material parameters will cause De
4

to be the agent that restricts time-step. Figure B.1 illustrates the number of timesteps required

to resolve pressure as a function of forcing period, illustrating the increasing computational cost

associated with very small Deborah numbers. We note that for general (i.e. non-sinusoidal) pressure

histories, the minimum time step should be smaller than 2De and also be small enough to resolve

relevant features of the pressurization forcing.

We verify the accuracy of our numerical method using the method of manufactured solutions

(MMS) [89] and explain this technique in the context of the dimensional problem (computationally

we solve the non-dimensionalized problem). The MMS verification technique lets us choose arbitrary

solution fields u∗(r, z, t), C∗(r, z, t) to act as exact solutions to any initial-boundary-value problem,

even those without a known analytic solution) necessary for measuring convergence. The key point

is that u∗ and C∗ satisfy the governing equations and boundary conditions with particular choices

of source terms and boundary data which we detail in this section.
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We choose a manufactured solution to the initial-boundary-value problem Equation

(3.2.1a),(3.2.4)-(3.2.8) based on the well-known solution to the pressurized magma cavity problem

in an elastic half-space [60], [116] given by

ue =
P0a

3

4µ(r2 + z2)3/2

r
z

 . (B.1.9)

which satisfies the reservoir pressure conditions Equations (3.3.10a)-(3.3.10b). Define the

manufactured solutions u∗, C∗ by

u∗(r, z, t) = (2− e−t)ue, (B.1.10)

C∗(r, z, t) = (1− e−t)Eε(ue), (B.1.11)

which satisfies equilibrium and specifies all boundary data. It does not however satisfy the

aging law, and to correct for this discrepancy a source term is added, namely

Ċ = EAσ +G. (B.1.12)

Here, the source term G is determined from the manufactured solutions to be

G = e−tσ∗ − µ

η
dev σ∗, (B.1.13)

where σ∗ is the manufactured stress and can be obtained by computing

σ∗ = Eε(ue). (B.1.14)

All parameters used are given in Table B.1. Table B.2 shows the spatial errors ∥C −Ch∥ and

∥u− uh∥ when computing approximations to C∗ and u∗ after a single time step, using a stable step

size of 10−7 and the discrete L2-norm. Successive mesh refinements are made using polynomials of

degree 3 as a basis for the FEM space. Convergence rates agrees with FEM theory which predict a

convergence rate of p+1 for u∗ and p for C∗ when polynomials of degree p are used [165]. The same

convergence pattern is observed for polynomials with degree greater than 3 except that the L2-error
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Table B.1. Parameters used in Convergence Tests and their Symbols.

Symbol Explanation Value
a Ellipse semi-major axis 4 km

b Ellipse semi-minor axis 4 km

D Reservoir depth beneath Earth’s surface 5 km

Lr Domain length 10 km

Lz Domain depth 10 km

µ shear modulus 0.5 GPa

λ Lamé’s first parameter 4 GPa

η Viscosity 0.5 GPa-s

P0 Chamber Pressure 10 MPa

Table B.2. Spatial convergence data, measured with respect to the discrete L2-norm, for a single
time step of ∆t = 10−7 using polynomials of degree 3.

h ∥C −Ch∥ C-rate ∥u− uh∥ u-rate
h/2 5.25× 10−9 1.84× 10−8

h/4 7.17× 10−10 2.87 1.31× 10−9 3.81
h/8 9.13× 10−11 2.97 8.41× 10−11 3.96
h/16 1.14× 10−11 3.00 5.24× 10−12 4.00

drops below machine precision leading to round-off error in the rate computation.

To measure the convergence in the temporal domain we select a single point in space and

perform successive mesh refinements in time. Table B.3 shows that both C and u exhibit rate-1

temporal convergence, consistent with forward Euler.

The benefit of convergence tests based on the MMS technique is that solutions can be

manufactured for problems with more physical complexities, as opposed to relying on simple

problems with known analytic solutions such as those highlighted in [86]. With MMS, rigorous

convergence can be obtained at the exact theoretical rate, a desirable outcome for high-order

numerical methods. A drawback is that MMS requires making specific choices for source and

boundary data, which can sometimes alter the underlying physics of interest. Thus code verification

can benefit further from community based efforts, as done extensively in the earthquake community

Table B.3. Temporal convergence data measured at point (Ã, 0) under the discrete L2-norm.

∆t ∥C −Ch∥ C-rate ∥u− uh∥ u-rate
∆t/2 1.75× 10−1 1.18× 10−6

∆t/4 8.85× 10−2 0.99 5.96× 10−7 0.99
∆t/8 4.46× 10−2 0.99 3.01× 10−7 0.99
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Fig. B.2 Example of a pressurization time series consisting of a linear ramp to a maximum value S0 at

t = ℓc. The Fourier-sine series representation (black) along with partial sums SN =

N∑
n=1

bn sin(ωnt)

for N = 1, 10, 30. With specific values ℓ = 20, ℓc = 4 and S0 = 10, the discrete L2-errors are
4.97, 0.931 and 0.284, respectively, illustrating convergence of the series.

[98], [143]. In community benchmarking, all mathematical details of a problem are specified and

different modeling groups compare code output and seek quantitative comparisons. These exercises

can be done for problems with or without a known analytic solution.

B.2 Construction of general time-varying signals

Although we focus on sinusoidal forcing functions here, our framework may be generalized

in principle to any transient deformation problem. This generalization follows from superimposing

sinusoidal basis functions with appropriate weights.

The example of the linear pressure ramp followed by a hold in (3.3.7) is plotted in Figure B.2,

with various partial sum approximations SN (t) =

N∑
n=1

bn sin(ωnt), also plotted for several N . The

L2-error made by approximating S(t) by SN (t) decreases with increasing N , illustrating convergence.

So long as the stable time stepping requirements for successively higher frequency contributions are

met, deformation associated with complex forcing functions can be analyzed using the frequency

domain approach developed here, with output (e.g., surface deformation) following from the (3.6.2).
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