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ABSTRACT

Leigh Foster
Doctor of Philosophy in Mathematics
Title: The Squish Map and the SL, Double Dimer Model

A plane partition, whose 3D Young diagram is made of unit cubes, can be approximated
by a “coarser” plane partition, made of cubes of side length 2. Indeed, there are two such
approximations obtained by “rounding up” or “rounding down” to the nearest cube. We
relate this coarsening (or downsampling) operation to the squish map introduced by the sec-
ond author in earlier work. We exhibit a related measure-preserving map between the dimer
model on the honeycomb graph, and the SL, double dimer model on a coarser honeycomb
graph; we compute the most interesting special case of this map, related to plane partition
g-enumeration with 2-periodic weights. As an application, we specialize the weights to be
certain roots of unity, obtain novel generating functions (some known, some new, and some
conjectural) that (—1)-enumerate certain classes of pairs of plane partitions according to
how their dimer configurations interact.

This dissertation includes previously published co-authored material.
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Chapter 1

Introduction

This work, as well as that of chapters 2 and 3 were (in large part) published in Volume 31,
Issue 1 (2024) of The Electronic Journal of Combinatorics in March of 2024, with coauthor
Benjamin Young [FY24].

Anyone who has played with cubical building blocks in their youth has, at some point,
constructed a 2 x 2 x 2 cube out of eight 1 x 1 x 1 cubes. Later in life, some of us (including
the authors) went on to study plane partitions, which are nothing more than stable piles of
cubes in the corner of a large room. These two experiences tell us that there ought to be
some relation between plane partitions made out of the little cubes, and plane partitions
made out of the bigger ones. Or, going the other way: what if we take a picture of a plane
partition and “downsample” it, by approximating its 1 x 1 x 1 cubes by roughly one eighth
as many 2 x 2 x 2 cubes, as best we can (see Figure ? How much information do we lose
by doing this?

We propose to answer this question through an analysis of the squish map — a map origi-
nally studied in [You09], as a means of proving a combinatorial theorem about plane partition
enumeration. Here, we prove that the squish map is a measure-preserving transformation
between instances of the single and double dimer models on honeycomb graphs. Thus, the
loops of the double dimer model indicate where information is lost in the “downsampling”

process.
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Figure 1.1: A plane partition, viewed as a stack of boxes - and then “downsampled” by a
factor of two, rounding up to the nearest full box. The plane partitions are 7 and 7y,

respectively, from Example [§]in Section [2.3]
1.1 Definitions and literature survey

A plane partition is an infinite matrix of nonnegative integers, all of which are zero
sufficiently far from the origin, which are weakly decreasing both in rows or in columns (we
do not typically draw the zeros). Equivalently, interpreting the numbers in a plane partition
as z coordinates, one can represent a plane partition as a stack of unit cubes in the corner
of a room - this is precisely the relationship between ordinary integer partitions and their
Young diagrams, but one dimension higher.

If the plane partition’s cubes fit inside an x X y X z box, then it is said to be a bozed
x Xy X z plane partition. MacMahon proved that the generating function for boxed

x X y X z plane partitions is
HH 1 — q’L+J+Z 1
_ giti-1
=1 j=1 1 ql -

which, in the limit z,y, z — oo gives the famous generating function for plane partitions,

Boxed plane partitions are in bijection with perfect matchings on an z X y x z hexagon

graph, and hence with the dimer model on an certain graph. This result (as far as we know)
is folklore, and we don’t know a good reference; see Figure for an illustration. We call

the graph in question H,, ., the x X y x z honeycomb graph (see Figure . Let Dy, .

12



denote the set of perfect matchings (otherwise known as dimer configurations) on H,,, ..
Furthermore, let DD, , . be the set of double dimer configurations on H,, .. That is, an
element m € D, . is an induced 1-regular subgraph of H,, . — every vertex of H,, . is in
exactly one edge of D, ,, ., whereas an element m € DD, , . is an induced 2-regular subgraph
(with the slightly unusual convention that doubled edges are allowed). See Figure

We require Kenyon’s SLy(C)-weighted double dimer model [Kenl14]: in addition to an edge
weight, one assigns a 2 x 2 matrix M, € SLy(C) to each edge e; the partition function involves
a product of traces of such matrices taken around a loop. This collection of matrices is called
a connection on the graph, by analogy with differential geometry, since its contribution to
the partition function is the monodromy around closed paths in the graph. When all M, are
the identity matrix, all loops contribute Tr(I) = 2, so the model reduces to two independent
copies of the ordinary dimer model, but this is typically a much more general and subtle
model.

There are standard, determinantal tools for computing single and double dimer partition
functions. For the single dimer model, one uses [Kas61] and [TF61]; for lattice paths, the
references are [Lin73] and |[GV85|. Kenyon [Kenl4] introduces a matrix, analogous to Kaste-
leyn’s matrix, whose determinant computes the partition function of this model. We do not
need either determinant for this paper.

The map we introduce here, the squish map, is a map from Dy, 92, to DD, ,, .. One can
(in principle) discover everything there is to know about it by drawing Ha, o, 2. with distorted
edge lengths (see Figure[2.1). It was introduced in [You09]. Our result here is that the squish
map is measure-preserving, for particular choices of the parameters of the single and double
dimer models. Indeed, we are even able to prove a subtle result about the enumeration
of down-sampled plane partitions, hinted at in [You09|: If we let z,y,z — oo, then there
is a closed-form generating function which is preserved by the squish map. It is a certain
4-variable generating function for “Zsy X Zs - colored plane partitions” studied in [Youl0]; in
it, a cube at position (4, j, k) gets a color according to the parities of (i — j) and (i — k); the
four variables keep track of how many cubes of each color there are. The squish map allows
us to see this generating function as marking certain statistics on a downsampled plane

partition. This generating function was studied in [YoulO] under a certain specialization; we
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both study it in full generality here, including the original specialization and a few intriguing

others.

1.2 The single and double dimer models

Definition 1. The weight of a graph is an assignment v : £ — R of real numbers onto

each edge of the graph, where F is the set of edges in a graph G.

Definition 2. Consider a perfect matching m on G. The weight of m is defined to be
w(m) = HeEm w(e>

Example 3. The weighting in Figure reproduces the Qmumber of boxes) gtatistic on plane
partitions, up to an overall power of (). This, as far as the authors know, is a “folklore”

idea for which we do not know a good reference. Assign a weight of 1 to one horizontal

Figure 1.2: A perfect matching (dimer configuration) on Hga4, with a monochromatic
weighting on the horizontal edges. Note that although the edges labeled 1 are lined up

along a particular diagonal, this does not have to be this case.

edge in each column of hexagons. Above each horizontal edge with weight 1, assign weights
Q,Q% @3, ..., and below weights Q~%,Q2,.... Non-horizontal edges get weight 1. Then
the overall weight of the perfect matching in Figure is Q5.

The following definition of the SLy(C) double dimer model is due to Kenyon [Kenl4]:

14
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Figure 1.3: The two possible configurations of a single hexagon loop in the double dimer

G

Figure 1.4: A double dimer configuration — an overlaying of the right and the left single

model

dimer configurations, that consists of closed loops and doubled edges

Definition 4. Let G = (V, E) be a bipartite graph with a scalar weight w : E — C as well
as an SLy connection: a map I' : E— SLy(C). Then the contribution of a double dimer

configuration DD is defined to be

<Hw(e)> < ] ™ (Hr(@).

eecm closed loops L ecL
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Chapter 2

The squish map

2.1 Coordinates on the honeycomb grid

The work in this chapter was published in Volume 31, Issue 1 (2024) of The Electronic
Journal of Combinatorics in March of 2024 with coauthor Benjamin Young.

The honeycomb graph is the tiling of the plane by hexagons; the center of each hexagon is
a point in the dual triangular lattice. A convenient way to give coordinates to the triangular
lattice is to draw it on the plane normal to (1,1,1) € R3. This plane has an orthonormal
basis

. 1 o 1

V2

which we won’t really use, but we will orient our pictures according to it, and we will use

~1,-1,2)

)

words like up, left, bottom, horizontal, etc... in the conventional way with respect to this
basis.

The set Z3 C R? projects onto a copy of the triangular lattice in this plane. Draw the
honeycomb graph G in such a way that the lattice points are the centers of the hexagons, then
label each lattice point (and thus each hexagon) with any of the lattice points that project to
its center. For instance, the hexagon at the origin has the labels (0,0,0), £(1,1,1), £(2,2,2),
etc. Call this particular embedding of the honeycomb graph H. In the 7, i/ coordinates above,
the edge common to the hexagon at (0,0,0) and the hexagon at (0,0, 1) is horizontal.

There is also a second embedding of the honeycomb graph onto the plane which is of

16



interest to us, which we shall glibly call 2H, and it is obtained by projecting the double-sized
lattice (27Z) x (27) x (27) to a (bigger) triangular lattice in the plane, and taking the planar
dual. The hexagons of 2H have even coordinates (21, 2], 2k).

2.2 Degenerating H to 2H

The squish map can be defined entirely combinatorially, but for visualization purposes
it is extremely helpful to first define a continuous degeneration H(t) : [0,1] — R? such that
H(0) = H and H(1) = 2H. This degeneration is shown in Figure [2.1] and first appeared in
[You09).

To define H(t), write H = (V, E), and let H® = (V' E) be the subgraph of H
consisting of all hexagons whose centers have even coordinates; we say that H¢” are the “even
hexagons”. Let P = H\ H®. Then the graph (V, P) is a disconnected union of “propellers”
(or Kj3’s or “claws”, depending on what dialect of graph theory you speak). Each propeller
has a central vertex v and three leaves x,y, z. For t € [0, 1], define z(t) = tv + (1 — t)x, so
that x(t) is a point on the edge joining v to x. Define y(t) and z(t) similarly, and make the
same definitions at each other propeller.

The graph embedding H(t) is obtained by drawing the vertex a at position a(t). For
0 <t<1, H(t) is an embedding of H; indeed, H (t) is an explicit homotopy equivalence. At

t = 1, however, we have v = x = y = 2, and thus H(1) degenerates to an embedding of 2H.

2.3 The squish map

H(t) defines a 2-to-1 map Sq from E’ to the edges of 2H: given an edge e of an even
hexagon in H, find the corresponding edge in H(0), and let Sq(e) be the corresponding edge
in H(1).

Definition 5. The squish map Sq : D(H) — DD(2H) sends a dimer configuration m
on H to a double dimer configuration Sq(m) on 2H as follows: let m® = m N E; then

Sq(m) = Sq(m®).

17
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Theorem 6. Consider a single dimer configuration S sent through the squish map resulting

i a double dimer configuration D made of loops and doubled edges. In each 2 x 2 sec-

i L. min __ | min(m,n,0,p) min _
tion of the plane partition for S, let mpin = L 5 J, and Tz ( > =

o|p o\|p
max(m,n,0,p)
5 .

These are the minimal and maximal plane partitions that, when overlayed, give us the

double dimer configuration D.

A few natural questions one might ask at this point would be: what single dimer config-
urations squish to a given double dimer configuration? In the language of building blocks,
how can we tell which larger 2 x 2 x 2 brick configurations overlay with one another to give
us a particular double dimer model? How do we recover that information if we were only

given the 1 x 1 x 1 smaller blocks?

18
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Figure 2.2: Two single dimer configurations shown as boxed plane partitions

Example 7. Consider the two plane partitions given by Figure 2.2 Both of these configu-
rations become a loop within a loop (as in Figure when sent through the squish map. If
we picture the plane partitions as boxes in a room, the minimal configuration that squishes
to the loop within a loop is the diagram on the left of Figure 2.2 and the maximal one is the
diagram on the right. (Note that these are just two out of a possible 23,364 configurations
that squish to the same loop-within-a-loop. See Theorem ) To determine which possible
two overlayed 2 x 2 x 2 single dimer configurations give the same double dimer configuration,
we start by downsampling either plane partition.

For this example, we will work through the process on the minimum diagram and partition
above, though the process will work on either partition (or any of the other 23,362 in
between).

We want to round down to get the first single dimer configuration, m,,;,, and round up

to get the second single dimer configuration, m,,... To do this rounding process, start by

19



sectioning the plane partition into 2 x 2 grids.

3131310
3121110
3/1[11]0
070100

Each 2 x 2 section will become one entry in the downsampled plane partition. When we
round down, we want to count how many complete 2 x 2 x 2 blocks exist in each section.

(You can also think about this as removing smaller 1 x 1 x 1 cubes one-at-a-time until you are
110

00
Now to find the second single dimer configuration, we want to round up to the nearest

only left with 2 x 2 x 2 blocks.) Thus, we have as the first single dimer configuration.

larger cube. (You can also think about this as adding smaller cubes until we fill the 2 x 2 x 2
22
21|
Now we have a pair of plane partitions that, when overlayed, become the same double

cube.) So the maximal configuration in its entirety becomes rewritten as

dimer configuration we had as the result under the squish map. In Figure 2.3] the yellow

(lighter colored) configuration corresponds to (1) 8 , and the blue (darker colored) configu-
ration corresponds to ; Il

Figure 2.3: A loop within a loop in the double dimer model

20



Example 8. For the plane partition

88165
716]6|5
6|4(3]3
5141313
473[3]2]
313|121
212111
111]11]0
then
Tmin = and Tmax =

Ol w
anll Ianll BT B W)
N W
NN W

Remark 9. Consider a plane partition that could already have been made out of 2 X 2 X 2
boxes. We can downsample in a straightforward manner. FEach 2 X 2 region in the plane
partition contains all the same even entry, so the entry in m,,;, would be half that number,
as it would be for Tye.. Since all four entries were the same, then we have no rounding to
do, SO Tmin = Tmaz- Thus when we overlay the single dimer configurations corresponding to

Tmin ONA Tmaz, we get all doubled edges in the double dimer configuration.

Proof of Theorem[f]. Consider a given plane partition = that may not break down nicely into
2 X 2 x 2 cubes, where 7 has k boxes. Then Sq(7) = Tmin U Tmae as double dimer configura-
tions. We proceed by induction on k. The base case is k = 0, which is straightforward by the
remarks above: 7, Tyin, Tmax and all the corresponding single or double dimer configurations
are minimal.

Suppose that 7 has k + 1 boxes. Delete a box from 7 to create a 7’ that has k boxes.
Then via the induction hypothesis we have that Sq(7') = 7/ . Un! . If we add the (k+1)th
box back in, we land in one of three cases.

In the first case, we have started a new 2 x 2 x 2 cube by adding that cube in the

(2i,27,2k) position. Then, when viewed as a plane partition, ma.(4,7) = 7.4, 7) + 1,

21



while the minimum configuration stays the same (7, (%, j) = 7,,,,(4,7)). Under the squish
map we get that Sq(m) = Sq(n’), except at the hexagon located at (i, j, k), where the perfect
matching around said hexagon changes from the left of Figure to the right.

In the second case, we have added the cube into the last empty slot of a 2 x 2 x 2 larger
cube, so the new cube has gone into position (2i + 1,25 + 1,2k + 1). Then the maximum
plane partition remains the same, so 0. (2,7) = 700 (4, 7), but @i (i, 7) = 7., (i, 7) + 1.
So under the squish map we have that Sq(mw) = Sq(n'), except at (i, j, k), where the matching
around the hexagon changes from the right of Figure to the left.

Finally, the last case occurs when we add a cube anywhere else; i.e. adding this smaller
cube neither completes a 2 x 2 x 2 box nor is the first cube in an otherwise empty 2 x 2 x 2

— - :
box. Here we have that m,,;, = 7., and e = 7,,,,.- 10 this case we have no change under

the squish map, so Sq(7) = Sq(7’) exactly. O

add a box
T~

remove a box

Figure 2.4: adding or removing a box

22



Chapter 3

Making connections

The work in this chapter was published in Volume 31, Issue 1 (2024) of The Electronic
Journal of Combinatorics in March of 2024 with coauthor Benjamin Young.

Now that we have the squish map defined on graphs and plane partitions, we want to be
able to take a weight function in the single dimer model and push it through the squish map
to give us an SLs connection and a scalar weight function in the double dimer model. To
do this, we first consider a perfect matching on the single dimer model. Once the graph has
been squished, we can consider walking along a path around a given loop in the now-double
dimer model. Given a starting vertex, each path consists of a series of right and left turns
at each new vertex encountered until we once again reach the starting vertex. These turns

are given labels L and R for left and right assigned to each vertex in the path.

3.1 Transfer matrix approach

Interpret each of these left and right turns, L and R, as 2 x 2 transfer matrices for keeping
track of the loop’s contribution to the dimer model. (This was the strategy of [You09], which
used different matrices.)

To determine what particular matrices L and R should be, we consider a walk along the
path snippet given by Figure We begin at the bottom edge and then turn left at the
next vertex, so we could step onto either edge z or w. If x is an edge in the perfect matching,

then z cannot also be a matched edge, so the only next step could be w. Similarly, if y is in

23



the perfect matching, then aleft turn onto the next matched edge could include either z or

Figure 3.1: Left: the possible z,%, z, and w edge weights gver a left-hand turn. Right: A

perfect matching on a squished hexagon lattice.

We represent this with theAectors

0 Yy
as our two possible starting locations. Then we need the first vector to map only to edge

w, and the second vector to map to both edges z and w, so we get the following maps

A similar scenario happens for R, so we then find the 2 x 2 matrix to make the above

maps hold, getting that
L= and R =
11 10

Remark 10. Note that instead of defining L and R as above, we could also have defined L

to be R7', and similar for R. So instead we would have had

0 1 -1 1
L= and R =
1 -1 1 0

24



Sometimes it may be more convenient to define L and R this way (with the negative signs),
such as if we had specialized the edge weights to be £1. We ultimately wanted to use the
version with only positive entries, however, to (hopefully) make it more clear to the reader

how things are working.

3.2 The SL,; connection

We can now use the matrices L and R to compute the contribution of a closed loop under

and C', but
A A B

el R e R e R el R e R



and the move A — C' is always a right turn. So we somehow want the new Sa to include
the same information as BLA and v« to encode the information from CRA (reading paths

from right-to-left).

1 0
Definition 11. Let J = ,and @ = v/ —1.
0 -1
Then «, 3, and v are defined as follows:

a 0
o =1iAJ =
0 L
ib —ib—1
b :=1RBLJ = )
0 =
ib
| 1
v:=—1LCRJ = o
—ic—2% dc

Theorem 12. The single dimer model on the 2x X 2y X 2z hexagon lattice with A, B, and
C' weights (as in Figure gives rise to the same partition function as that on the double

dimer model on the x Xy X z hexagon graph with scalar weight of 1 everywhere and connection

given by «, B, and v (as in Figure .

Proof. From the examples above, Let’s consider the right turn A — C. In our matrices,
we write this as ya, which is (—=iLCRJ)(iAJ) = LCRA, which does indeed include the

information C'RA, as we desired. There are 12 total ways to step from one edge to another,
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Assume we have a valid path of length n with matrix string x,,Xn_1...Xx1. Then this

string is equivalent to one of the form
XnMnTn—an—l R T2M2T1M1X17

where each M € {A, B,C, A~', B~1, C~'} is one of the original edge matrices, T; € {R, L}
is a turning matrix L or R, and the X;-terms on either end are the extras above used for
bookkeeping (the LJ, RJ, L, R, or J ‘bookkeeping’ terms on the left or right of each full
string). If we were to take another step along this path, then that (n+1)th step would involve
left-multiplying our string by X,+1, S0 we now have X,41Xn - - - X1 = (Xnt1Xn)Xn—1 --- X1. But

27



the xn+1Xn is a valid construction of two edge-weight matrices with a left or right turn in
the middle (possibly with an X, .1 or X,, bookkeeping term), which means it is one of the
12 turns explicitly computed above. So X,11Xn--- X1 gives us a string that is equivalent to

using A, B, and C with left- and right-turn matrices. m

Example 13. Consider the path around a single hexagon with these new weights. If we begin
at the bottom edge and then travel counterclockwise around the loop, then we perform matrix
multiplication (reading right to left) in the order we reach the edges, getting v~ 'S ta " ty8a.
This product gives us the total connection for the path.

Now if we compute this matrix out for the left-turn version, we get

v B
= (iLC™'RJ)(—iRB™'LJ)(iA ' J)(—iLORJ)(iRBLJ)(iAJ)
=4i°LO'RJRB'LJA ' JLCRJRBLJAJ
= —LC'LB'"LA"YLCLBLA
a?b%c?4+-a?b%+a’+1) (b2 +1

(a2b202+a2c2+a2+1)(c2+1) a2br A a2t +a2b2cA 43 a2b2c? 4 a2b? a2 222 +a2+b2 4?4 1
c? a2b2c?

and the trace of this matrix is a?0*c® + a?0® + a*® + > + > + P + P+ S5+ 5 + 5 +
—3 + =3 + @z + e + 4 which has 18 terms (including repeated terms).

So, in particular, we know that there are only 20 2 x 2 x 2 boxed plane partitions: the
minimal one, the maximal one, and 18 others. Then using the trace of our matrix, we have
accounted for all 18 terms that correspond to the 18 perfect matchings which get squished

by the squish map to a single loop. These are the correct weights for plane partitions with

2-periodic weights.

3.3 Generating functions

Note that the previous sections have used periodic edge weights and connections. Here

we generalize to cover several natural weight functions for plane partition enumeration.
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3.3.1 Arbitrary weights

We first consider an arbitrary nonzero weight function w : G — C*. Note that every
vertex v of GG is a part of some propeller: either v is the center vertex of a propeller, or not
(in which case, only one of the edges incident to v is part of the propeller).

We modify the weight function w by performing a so-called gauge transformation: for
each vertex v which is not the center of a propeller; suppose that the edge e connects v to
the center of the propeller. Divide the weights of all of v’s incident edges by w(e). This
operation changes the dimer model partition function only by an overall constant, which we
can ignore at least in the case where G is a finite subgraph of the honeycomb graph. Assume
without loss of generality that this has been done.

Then, given two edges e, ey which get sent to e under the squish map, let w(e) =
\/W , the geometric mean of the weights of e; and e;. Define a new weighting on G

by
w(er)
w(e)

w(es)

s QE(€2) = w(e) .

zﬂ(el) ==
This weighting @ has the property that w(e;) = w(es)™!, so we can push it through the

squish map as before.

3.3.2 Periodic weights on plane partitions

One has to be careful with computing the weight of a perfect matching m on any infinite
graph, such as H. There are infinitely many edges in such a graph, so one would need
to consider issues of convergence before multiplying all of the weights together to find the
weight of a perfect matching. There is then a separate convergence issue when trying to sum
over m.

However, our main interest is in plane partitions, which are in bijection with certain
perfect matchings on H. Plane partitions come with a natural generating function, computed
by MacMahon, as stated in Section [I.1, We now define

Mo =]] (1 —1aqi)i

i>1
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for weighted plane partitions [Mac04]. Indeed, there is a particular weighting which is
uniquely relevant on the entire honeycomb lattice: the Zy x Zs periodic weighting.
We assign the weights to the lattice points as follows:

;

q ifi—j=0,i—k=0 (mod 2),

r ifi—j=1,i—k=0 (mod 2),
w(i,j, k) = (3.1)
s ifi—j=0,i—k=1 (mod 2),

t ifi—j=1,i—k=1 (mod2).

0

There are a variety of edge weight functions on the dimer model which correspond to this;
one which is well behaved with respect to the squish map is (partially) shown in Figure |3.4]
We previously defined the weight function on a finite portion of the honeycomb graph (as in
the monochromatic weighting on Figure . To extend this weighting to the entire plane,
set p® = ¢ and include constants k;, ks, and ks.

Choose each of ky, ko, and k3 so that the desired region of the plane has the appropriate
edge weights. (Generally we choose this in such a way that the edge weights near the center
of the region in question are all of low degree.) This is comparable to choosing the weight “1”
on a particular place in a given column of horizontal edges from Example[3] The result will be
that each ‘strip’ of hexagons (in each vertical, northeast/southwest, or northwest /southeast
diagonal, as in Figure will have a weight of 1 in the desired location, with increasing
and decreasing powers traveling either direction away from the center.

We can decompose this weighting into two pieces, as shown on the bottom of Figure [3.4]
The first piece becomes the SLy connection, as described above and seen in the lower right
of the figure. The second piece becomes the scalar weights, which is shown in the lower left.

For further details on various weight functions of the honeycomb graph, see [Youl0].

Theorem 14. Using the weight function given in Figure (1.4 and a monodromy given by
placing o on every northeast/southwest edge, 3 on every northwest/southeast edge, and v on

every horizontal (east/west) edge, then the squish map is measure preserving.

Corollary 15. Using «, 3, and vy as described in Theorem [1]], we can find the generating

function for a given m x n x o boxed double dimer plane partition.
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Remark 16. As seen in [Kenl/f, we can compute the probability of a given edge being present
in the single dimer model by taking the determinant of a certain Kasteleyn matriz. When we
use this procedure in conjunction with the squish map, we can now determine the probability
that a given edge will appear as a doubled edge in the double dimer model. If said doubled
edge is present, then its preimage under the squish map would have two edges mapping to the
doubled edge, so the overall probability would be the product of the two individual probabilities

that each edge would be present in the single dimer model.

Define Q) := grst, and M(x,y) = M(z,y)M(x~',y). The generating function for plane
partitions in which ¢, 7, s,t mark the boxes in as in equation was computed in [Youl(]

(where it was denoted Zz,«z,); it is

ZQ — M(l,Q>4N M(/,':f7 )M(Stv Q)M(tT7 Q)

M(—r,Q)M(~s,Q)M(~t,Q)M(~rst, Q)

Under the specialization r = s = t = ¢ (and hence Q = ¢*) we recover MacMahon’s

(3.2)

generating function for plane partitions by a slightly delicate manipulation of formal power
series. In [You09] it is observed that under the specialization r = s = ¢t = —1, the above
generating function specializes to M (1, —¢q), and this latter statement is proven using the

squish map (without the SLy double dimer model).

Corollary 17 (to Theorem . The partition function for the SLy double dimer model is
Zq from equation [3.9

3.4 Examples

We now work out two examples in which we squish boxed 2 x 2 x 2 and 2 x 2 x 4 plane
partitions, with boxes weighted by w(%, j, k). These do not have nice closed-form generating
functions akin to MacMahon’s generating function, but we can nonetheless evaluate them
with our techniques. We also investigate the specializations of our formula at primitive roots

of unity, recovering and extending the results of [Youl0], as well as a new conjecture.

Example 18 (2 x 2 x 2). Consider the path around a single hexagon that is the result of

a particular single dimer configuration sent through the squish map, or a 2 x 2 x 2 boxed
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Figure 3.4: dp: ‘ ttom:— 3L, connection

and scalar/weight for the\corresponding’ double dimer model.

plane partition in the doyble dimer model. The two configurations on Hj, 9 that do not
give rise to a lpop under the squish map are pictured in Figure |3.5 The right graphic has
a total weight of 1, and the right graphic has a total weight of @Q?. Then the remaining 18
partitions are represented by the polynomial 1+ g + qr 4+ gs + qt + qrs + qrt + qst + 4qrst +
qr2st + qrs*t + qrst® + qr2s*t + qr2st® + qrs*t? + qr2s*? + ¢*r?s%2.

We want to draw a comparison between Zg and the matrix model under the squish
map, so consider the trace of the product of terms corresponding to the single hexagon loop,
port where n 1= a*bict + a*btc? + ab ct + a®brct + atb c? + a?brc? + a’b et + 4aPbPc? +
a’b? + a*c® + b’ + a* + b + ¢ + 1. Note that this is only the connection in the SLy(C)

double dimer model, not also the weights. So let the weight on every horizontal edge be

Q(height of that edge) __ (qa2b202) (height of that edge)
- )
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Figure 3.5: The only two configurations of a 2 x 2 x 2 single dimer model that do not squish

to a single hexagon loop

as in Figure Then the total contribution (the connection and the weight) of that single

hexagon is

272 2 n N
qab’e <a2b202> =47

Now consider a mapping from Zg to the matrices, where a* = r, b*> = s, and ¢* = t. Then

Q = qrst = ga®’b*c?. Then making the replacements in the statement above, we get
q (r?s* +r?2s°t+ r2st® +rs*t +rPst +rs’t+rst’ +drst+rs+st+rt+r+s+t+1).

Then this matches what we got for Zg when we include the 1 and Q? terms from the two

non-loop configurations.

Example 19 (2 x 2 x 4). For another example, we consider the case with two hexagons, or
a 2 X 2 x 4 boxed plane partition. The generating function is
GFoxaxa = q'rtst + @ristt + ¢3rts*t® + @risdtt + @PrPsttt + @ris®t® + Priste®
F 2ttt 4 BBt et 4 APPSR + B + 2+ Pt
+ @rtsP 1 + @Pr3st? 4 P3S4 Pris3e 4 3733 + Pristtt 4 ¢Pristt?
+ 4¢%r353% + @Prs?t? 4 2¢°r3533 + 20202533 + Pr3s3t + Prisit? + 3¢Pr3stt?
4322312 + 322623 + 2152 + @22t + 92252 + Pr2st® + ¢Prs2ts
+ 3¢%r25%t + 3¢°r%st? + 3¢°rs*t? + qris*t? + ¢Prst® 4 2¢°r%st + 2¢°rs*t + qris®t
242

+ 4q27“st2 + qr23t2 + qrs“t® + 3q2rst + quSt + qrsZt + 6127“t2 + (]28152 + qrst2

+ Pt + ¢?st + Aqrst + ¢*t° + qrs + ¢*t + qrt +qst +qr +qs+qt +q+ 1.
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This generating function, however, contains all 105 of the terms given by a 2 x 2 x 4
four-colored boxed plane partition. To compare with the matrix version, we need to be

careful which terms squish to which configurations. See Figure [3.0]

Figure 3.6: A representation of of each possible result of pushing the 2 x 2 x 4 single dimer

configuration through the squish map

Note that the top row of configurations in Figure has no loops (only doubled edges),
so there is no contribution from the SLy(C) connection. So we get a contribution only from
the weight, and we get 1 for the configuration on the left, ) for the configuration in the
middle, and Q* for the configuration on the right. Since there is only one configuration in
the single dimer model that squishes to each of these they must each account for only one
term each in the generating function G Fsyox4, namely 1, ¢>r2s%t%, and ¢*r*s*tt.

Now we examine the second line of Figure . From the 2 x 2 x 2 (Example case,
we see that we get 18 terms in the generating function for a single loop. So each of the
first two figures in the second line correspond to 18 terms in the generating function, but
to determine which terms we need to include the ()-weights. So the lower left figure has
two horizontal edges, the lower getting a weight of 1 and the upper getting a weight of Q).

So this diagram corresponds with the terms @ (the single hexagon generating function seen

34



previously) = Q ( r2s2t2+r2s%t+r2st? +rs®t>+rist+rs*t+rst’ +4rst+rs+st+ri+r+s+t+1).
Then the lower-middle diagram gets a weight of Q% - Q = Q?3, so its generating function is
Q3 (r2s®t* + 122t +r2st® +rs®t* +- rist+rs’t+rst* +drst+rs+st+rt+r+s+t+1). Then we
have the 105 monomials from G Fsy9+4, and subtract off the three monomials corresponding
to the no-loop configurations, and the 2-18 monomials just described corresponding to single
hexagon loop configurations, and we are left with the following 66 terms: (rts*t? + rtsit +
r4s3t2 + 312 4 rds3t + r3stt + 313532 + Ar3s3t + 2r35212 4+ 212532 + 1383 + 31352t + 3?83t +
3r2s%t% + 1352 + 1283 + 8r2s?t + r2st? + rs?t? + 3r?s® + 3r’st + 3rs’t + rst? + 2r?s + 2rs® +
drst + 3rs +rt + st +r + s+t + 1)¢*t, which corresponds to a loop around two hexagons,
as in the lower right of Figure |3.6|
To compare with the corresponding contribution of the SLy double dimer model, we first
take the matrix product of a monodromy around both hexagons, then take the trace and
multiply by the weight (qa®b*c?)2.

(qa2b2c?)? - (@ ) [a8b804 1A 4 aBbOct 4 aShBEt 4 aBbS + aSbBe?

+3a%0%¢* + 4a°05¢c? + 2a5b*c* + 2a*b8c* + aSb° + 3a5*c? + 3a*b°c? + 3atbic?

+a5* + a’b® + 8a'bic? + a'b?ct + a®brct + 3a'bt + 3atvPe?

+3a*b'® + a’b*ct 4 20" + 2a°b" + 40’07 + 3a’D? + @’ + VPP + a® + b + 7 + 1)
Then make the replacements using a? = r, b*> = s, and ¢? = t. The resulting polynomial
is (rts*? + ristt + rt3t? + st 4 rtsPt 4 st + 333t + ArdsPt + 203522 4 2r2 3t +
1383+ 3r3s%t + 3r2s3t 4 3r2s?t? + 1352 + 1253 + 8r2s%t + r2st? + rs?t? + 3r?s® + 3r?st 4 3rs*t +
rst? + 2r%s + 2rs* + 4rst + 3rs +rt + st +r + s+t + 1)¢*t, which matches exactly with the

66 terms from naively enumerating the plane partitions with the same weights.

3.5 Specializations

In an attempt to find a simple application of these techniques to plane partition enu-
meration, we have noticed the following curious phenomenon. Consider the specialization
a = b= c = w, a primitive nth root of unity for various n, and let L be a loop which appears

in the SLy double dimer model, after performing the squish map.
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Theorem 20. Ifn =1 or n = 2, then the trace of L gives the number of double dimer

configurations that contribute to that loop.

Example 21. Consider the shape from Figure (one of the six snake tiles). The path
around this tile is 7} (8 7 ta tya™) 2y (Baya)?, and if we calculate out that matrix product

and then specialize to a = b = ¢ = w, a first or second root of unity, we get the matrix

1393 576
2208 913

The trace of this matrix is 2306, corresponding with the 2306 possible single dimer configu-

rations that squish to that particular snake tile.

Figure 3.7: v (8 a " 'ya™")?y(Bay ' a)?

Proof. The first and second roots of unity case essentially acts as a reduction from the «a, 3,
and ~ version of the matrices to the original L and R vertex turn matrices. If we calculate
the path around a shape as turns instead of using edge connections «, 3, and v, then we
get the same resulting trace of the matrix product. In example 21, we would have the turn

sequence (reading right-to-left since it corresponds to a path) LLLRRLLRLLLLRRLLRL,

337 1152
and if we use the originally-defined L and R matrices, we would get , which has

576 1969
a trace of 2306, as in the example. O

Theorem 22. Ifn = 4 then the contribution of L is 2.

Proof. Note that this is the same contribution as if the connection were trivial (the matrix

associated to every edge of G being identity matrix). When n = 4, then each matrix «, 3,
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and 7 is equivalent to —I, where [ is the 2 x 2 identity matrix. Then since any possible loop

in the graph must have even length, the resulting product around a loop is I. O

1
Theorem 23. Ifn = 8, then the result of multiplying the connection around L is +

0 1
where the sign tracks the parity of the number of hexagons contained in L. Note that this is

)

still true regardless of our choice of basepoint.

Proof. The trace of a loop around a single hexagon when specialized to eighth roots of unity

-1 0 10
is =—-1- = —/. Then assume that the path around a region containing

0 -1 01
n hexagons is (—1)" - I.

Consider a region R with n hexagons, as in our assumption above. Attach one addi-
tional hexagon on the boundary of R in a way that does not affect the simply-connectedness
of R, and call this new region R’. Choose your basepoint to be the spot right after the
added hexagon. Then the boundary of R is the same until the new hexagon. Upon
reaching the new hexagon, take the old path of R, then loop all the way around the new
hexagon (still in the counterclockwise direction). Note that this will traverse the most
recent one to five edges from R, but now in the opposite direction. Finally, the bound-
ary of R’ also includes the boundary of the new hexagon. So our whole path is that of

R - {path around a single hexagon}, which is (=1)" -1 (=1) -1 = (=1)"** . I. O

We have one more interesting specialization, when n = 3 or n = 6, that requires addi-
tional explanation. We expect that after this specialization, our SLy connection is strongly
related to the character of one of the Conway-Lagarias tiling groups, so the proof will involve
computing this character, as well as a map from said tiling group to a subgroup generated
by the matrices «, 5, and . Note that a contribution of 0 means that a double dimer config-
uration will not contribute at all to the partition function, so this should give an interesting

generating function for “good pairs” of plane partitions.
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Chapter 4

Tiling of closed loops

We have shown concretely (in examples (18 and that the trace of the matrix product
for a path around a single hexagon or two connected hexagons is one of the given generating
functions. Once we specialize the a, b, and ¢ weights to the desired root of unity, then both
generating functions yield zero. These regions are not signed tilable by the stone, bone, and
snake tiles. The aim of this section is to extend this result to determine several necessary
conditions to be able to signed-tile a region with stone, bone, and snake tiles. To do this,

we must first establish some additional background information.

4.1 Introduction and definitions

Definition 24. A signed tiling of a region R is a collection of tiles, each with a weight of
+1 or —1, covering R in such a way that the total contribution at each hexagon inside R is

1, and the total contribution of each hexagon outside R is zero.

Definition 25. A bone is the union of three collinear adjacent hexagons in H (These were
originally named tribones in [CL90|, and were given the name bones in [KP23].).

A stone is the union of three hexagons in H which all share a common vertex (The name
stone comes from [KP23|, and the tiles were called T3 in [Thu22].).

A snake is the union of four hexagons in an “S” shape. (See Figure [4.2])

Example 26. See Figure for an example of a signed tiling using exactly one bone, one
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Figure 4.1: A signed tiling of a crescent-moon region. The grid-filled purple snake and dotted

teal stone are positive, and the lined green bone is negative.

stone, and one snake.

The main result of this chapter is the following conjecture. We prove one part via a series

of lemmas, and end with a conjecture supported by a series of computer experiments.

Conjecture 27. If n = 3 or n = 6, then the contribution of L is 0 unless there exists a
signed tiling of L by stones, bones and snakes — in which case, the contribution is (—1)%- 1,

with s being the number of stones used in the signed tiling.

4.2 General tilability

Let R be a region enclosed by a loop in the hexagonal plane. We call dR(e) the path
around R when walking in a counterclockwise direction, starting at a given edge e. Although
we can always specify a path beginning at a particular edge, it is often more convenient to

talk about a path in more generality.

Definition 28 (|CL90|). Conway and Lagarias define [0R] to be their combinatorial bound-
ary - that is, all of the conjugacy classes in the free group that contains all oriented boundaries

OR(e) of edges in the tile, i.e.
[OR] = {WOR(e)W '|W € F}
where F' is the free group on the generators given by the edges in the lattice.
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Figure 4.2: All of the tiles we use for w a third or sixth root of unity. The top row is all
three orientation of bones, the second row both orientation of stones, and the bottom two

rows all six orientations of the snake tile.

We begin by presenting the times where we may remove a tile from a simply-connected
region R. Our first requirement is that doing so may not disconnect R. So, for example,
the choice of bone in Figure would not be the proper choice for a first tile to remove.
Second, we require that the tile being removed is on the boundary of R so that we don’t
turn a simply-connected region into a non-simply-connected region. Throughout the rest of

this chapter, let OR denote the boundary of the region R.

Lemma 29. When specializing to the 3rd or 6th roots of unity case, removing a bone or a
snake from a region R does not change the product of the path around R, and removing a

stone negates the product.
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Figure 4.3: A bad choice of bone to remove

Figure 4.4: The path along OR, then all the way around a bone, then back out along the
bone to IR again

Proof. Consider any region R, and the contribution of OR before removing a tile. This path
will be a matrix product, and since we are allowed cyclic permutations we can choose the one
starting at a chosen boundary point of R not in or adjacent to the tile we want to remove.
Let X; be the product of connection matrices from that chosen point until the start of the
tile, Y3 the common boundary of the tile and R, and then X, the rest of the boundary of R
up until the chosen point. So we can write our matrix product as XoY; X;. Now let the path
around the tile in its entirety be y;-...-y;-.. .-y, where Y1 = y;-...-j; and Yo = Y41+ . .-y
(and the edge corresponding to y; shares a vertex with the edge corresponding to y;). So,
in other words, Y7 is the common boundary between the tile and R, and Y5 is the boundary
of the tile that is in the interior of R.

Now we can consider walking around R via X7, then Yi, and then instead of immediately
following X, we follow the path corresponding to Y and its inverse. So we insert I = Y, 'Y5,

and get XY, Y5V X,
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The path around each tile is given in Figure [£.2] and if we compute out those matrix
products with the specialization a = b = ¢ = w, a third or sixth root of unity, then the
bones and snakes have a product equal to I, the 2 x 2 identity matrix, and the stones
—1I. So removing a bone or a snake allows us to replace Y;Y; with I, and a stone allows
us to replace Y Y, with —I. So if the tile we would like to remove is a bone or snake,
we have XY, 'YoY1 X1 = XoY; ' Xy, and for the stone XoY; 'YoV1X) = XoV, H(—1)X, =
~XoY, 1 X, O

Theorem 30. If a region R has a signed tiling by the stone, bone, and snake tiles, then OR
contributes £1, the 2 x 2 identity matriz. Hence, OR = £1 is a necessary condition for R

to be signed tilable by our set of tiles.

Proof. We prove this by induction. Start with the base case of a single tile, which is tilable
by definition. Then assume that some region R is tilable by the stone, bone, and snake tiles,
and that OR = 2. Lemma says that we may remove a tile from the boundary of R and
that performing this action affects R only by a possible sign alternation. So if R’ is the
region with the tile removed, then OR = OR’ if the tile removed was a stone or snake, and
OR = —0OR' if the tile removed was a stone. Since R is tilable, we can continue removing

one tile at a time in this manner until we have a single tile remaining. O]
Corollary 31. If a signed tiling for R exists using only bones and snakes, then OR = 1.

Proof. Trace through the proof of Theorem [30| forbidding the use of a stone tile. At every
step in the argument OR = OR' = OR” = ... = I since removing a bone or a snake does not

change the matrix product under the specialization of the third or sixth roots of unity. [J

Corollary 32. If R is signed tilable with bones and snakes and requires exactly one stone,

then OR = —1.

Proof. If a a signed for tiling for R exists that requires the use of exactly one stone, then

the step that requires removing the stone flips the sign of OR. O

Conjecture 33. The sign of OR corresponds with the parity of the minimum number of
stones needed for R to be signed tilable when adding tiles of either weight along the boundary.
So OR = (_1)#{st0nes needed} | TI.
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Example 34. One interesting example is the signed tiling of the 2 x 2 x 2 hexagonal region,
seen in Figures and [£.13] This is one of the first examples we found that gave us some
trouble, so it is worth diving into here in some detail. One useful way to talk about signed
tiling is to use “adding” a tile to mean adding a tile with positive weight, and “removing” a
tile to mean adding a tile with negative weight.

First, we need to be careful about the way in which we tile these regions for our loop
monodromy idea to hold. See the first two pictures on Figure We can begin with
the four tiles in the leftmost picture (three bones and one snake). By Corollary , then
OR" = I. We then remove the top stone (OR' = —1I), and then the bottom stone, so we have
that OR” = I, as desired. We can make a similar argument for the right-most two images,
removing only bones and snakes (not stones), so this removal does not change the sign of
OR. The important part of the left and right images was that we could add or remove each
tile individually along the boundary at each step - we still had a boundary that was a single
closed loop around a simply-connected interior. However, the signed tiling of the middle
picture behaves differently.

Although the middle image exhibits a signed tiling (in the sense of [CL90]) using one
stone, it cannot be made by only adding tiles along a boundary edge. If we start by adding
the blue snake and purple bone tiles, we have the region shown in the left of Figure [4.6]
Then if we remove the green stone, we are left with the shape on the right of Figure 4.6. We
then cannot add in the bone we need without crossing the horizontal line between the two

partial-bones.

4.3 Subgroups of SL,(C)

Recall that the matrices «, [ and 7 are in SLy(C), and as such we can use them as
generators to form a subgroup of SLy(C). However, some edge sequences are not possible
without leaving the hexagon lattice (for example, we cannot walk & — v = y«). So we use
the fact that the hexagon lattice is bipartite, and choose only relations starting and ending
on a black vertex. See Figure [£.7]

Recall that our set of all possible moves on the hexagon lattice consists of the following
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Figure 4.5: Three different ways of tiling the 2 x 2 x 2 hexagon grid. The first has two stones,

then one stone, but the final example shows that a signed tiling exists using no stones. Thus

OR =1.
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Figure 4.6: The middle tiling from Figure [£.5]

moves, with edge connection by «, 3, and ~.
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Figure 4.7: The moves X, Y, and Z

When we specialize to third or sixth roots, we get the following set of matrices. As stated

previously in this chapter, we will take these matrices specialized at third or sixth roots.

w0 w' W w> 0
Qs = > ﬁwg = > VYws =

0 0 wd oW’

w? 0 w W w0
Qg = , Bwe, = , Vg =

0 W' 0 W' w? Wb

Now, for the rest of this chapter we will consider only the sixth-root specialization,
although the computations work similarly for the third roots case. For the sake of clarity

(and to simplify notation), we use the following definition.

Definition 35. Let X = B,,0us, ¥ = (Quwg) Yug, and Z := (Bu,) " (1we) "' Additionally,
let 7 := X! y:=Y"! and 2z := Z~!. Finally, let G be the subgroup of SLy(C) generated
by X, Y, and Z.

4.4 Tiling groups

Definition 36. Let |[OR]| be the tile boundary (similar to [28). That is, all cyclic per-
mutations of OR(e) for any edge e, as well as rotations by 120° and all of these elements’
inverses. Note that this definition plays well with our matrix computations because the trace

of a matrix product is invariant under circular shifts.
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Example 37. For the relation Yz Z, then

WYaZ)={Y2Z,2ZY, ZY x, cyclic permutations
ZyX,yXZ, X2y, rotation by 120°
X2Y, 2Y X Y Xz, rotation by 240°
2 Xy, Xyz,yz X, inverses of line 1
Yz, Yzx, zxY, inverses of line 3
yZx, Zry, xyZ} inverses of line 2

0 oo

ZZ7Y zzX ZxxY XXX ZYYYXyy

QP

ZZYY XX yZzxYzX

Ctﬁb%c%?

IYL2Y zY 2 X ZaxZxYXzXX yZyZYYzYX

%

27:7Y2X2X ZaYrYXXyX yZYzYYXyX
Figure 4.8: Figure [£.2] after rewriting in terms of X, Y, and Z
Now we aim to show that G (the group generated by the matrices X, Y, and Z) is related
to Conway’s tile group. To do this, we aim to give a finite presentation for G.

Experimentally, we have found that the pattern of ending locations of strings equivalent

to the identity matrix form the vertices of a (larger) triangular lattice. See Figure
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Figure 4.9: A path P beginning at the green multiply-outlined vertex will only have that
P =1 if it ends at one of the yellow vertices. An example of such a path is shown in teal

with smooth edges, and another example in dark blue with bumpy edges.

4.4.1 Computer simulation

Through a brute force analysis, we have a candidate list of relations for the group G
generated by the matrices X, Y, and Z with the hopes of determining a finite presentation.
We first created a list of all paths up to length 16, which means we have examined all paths
through edge length 32 that start and end at black vertices. Then we check each of these
possible paths to see if it contributes the identity matrix when taking the matrix product
represented by that path. If it does, it is saved in a file for further processing.

Once we have a list of all identity relations up to a given length, we start with the
shortest length terms and append them to a reduction list. For example, since Y ZX =1,
then x = Y Z, so any string containing Y Z could be shortened by replacing Y7 with z.
So any string containing Y Z is eliminated from our minimal relation list. We continue this
process of removing relations that could be rewritten and shortened by previous strings. We
arrive at the list given in Table 4.1l We have labeled the stone, bone, and snake tiles for
convenience. Since each of these strings is related to a path on the hexagon lattice, we can
also visualize them as in Figure [4.10]

Now, there are two important closed loops that still arise in this data, namely ZyZY zY X,
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YZX

ZyzX

XZZyX

yZxY zX STONE

Yz ZyyX

eria

z22YY 22X

ZyZY zY X

ZrxY XXX BONE

yX XyX XyXX (rotated 120°)
Xz XX2XXz2X (rotated 60°)
XyZZxYY zX

yZyZYYzYX SNAKE

0] e

Z7x7Y2X2X SNAKE

Figure 4.10: A graphical representation of each string in Table
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[Yzxj
[Z2y=X]
[XZZyX]
lyZzY 2 X|
lyZZyyX]
[z2YY2X]
[ZyZY Y X
[ZzzYXXX]  BONE
[y X XyX Xy X X]
[X2 XXX XX
XyZZ2YY 2 X]
yZyZYY Y X]
(ZZx7Y 2X2X]|

| STONE
|

SNAKE

] [
| | SNAKE

Table 4.1: The candidate list of relations generated by computer experimentation, with tiles

labeled

which we call the barbell, and zzYzxZyyX, the 2 by 2 by 2 hexagon graph. This brings us
to the following two lemmas, which have been a great help in terms of reducing the number

of required relations.

Lemma 38. The hexagon barbell (as in Figure 15 signed-tilable by only bones and

snakes, and contributes the identity matrixz to a path product.

Figure 4.11: The ‘barbell’ shape, which contributes the identity

Proof. See Figure for an example of a signed tiling of the barbell shape. Then by
Corollary 31, OR = 1. O
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R Yoo

Figure 4.12: A signed tiling of the ‘barbell’ shape

Lemma 39. The loop around a 2 by 2 by 2 region on a hexagonal lattice (as in Figure 18

signed-tilable by only bones and snakes, and contributes the identity matriz to a path product.

Figure 4.13: The ‘2 by 2 by 2’ shape, which contributes the identity

Proof. See Figure for an example of a signed tiling of the 2 by 2 by 2 shape. Then by
Corollary 31, OR = I. O

Thus we can relabel these two strings as the barbell and the 2 by 2 by 2 region, respec-
tively. We are now left with a remaining seven strings that do not form a closed loop. Each

of these strings can be reduced in the following ways:

YZX =-YYY since ZX = =YY from the bone relation YY = ZYYY X

ZyzX =yz X2 cyclic permutation
= —yzXzz since Z = —zz from XXX = —1
= —xlx/ from the snake relation yzXzzxZxZ =1
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Figure 4.14: A signed tiling of the ‘2 by 2 by 2’ shape. The tiling uses three positive vertical
bones (blue, vertical lines), two negative diagonal bones (lime, horizontal lines), and one

positive snake (purple, diagonal grid).

XZZyX = X(—XY)yX since ZZ = —XY from bone relation
=—-XXX

yZ ZyyX = y(—XY)yyX since ZZ = —XY from bone relation
= —yXyX

22YY2X = 22(—ZX)zX since YY = —ZX from bone relation
= —2XzX

yXXyXXyXX =y(-Y2)y(-YZ)y(-=YZ) since XX = —Y Z from bone relation

= —Yyyy
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XXXz XXX =2(-YZ2)2(-YZ)z(=YZ) since XX = —Y Z from bone relation
= —=2YYYZ

=-YYY cyclic permutation (and Zz = 1)

So each of the non-closed paths ends at either |[X X X]| or |[zXzX]]. These are two
very important strings which come from ‘half’ of the bone and snake relations, respectively.
[XXX]= -1 =[2XzX]. We can then deduce that the other ‘half’ of each bone and snake

tile is also -1 in the matrix product. So our group can be written in one of two ways:

Conjecture 40. Let I be the 2 x 2 identity matriz, and —I be the 2 X 2 matriz with —1 on

the diagonal. Note that —1 commutes with any other matriz.
G = (XY, Z| [XXX]=[yXyX]=[yzY X]=[Y 22 X]=[yZzY 2 X]= —I)
or
g <X, vz 1 ZxaY XX X|=yZyZYY Y X|=[Z2Z22Y 2X 2 X|= [,>
(XX X]=[yZaY =X ) =[yXyX]= 1

We now want to show that G is the Conway-Lagarias tiling group with tiles of the bone,

stone, and snake.

Remark 41. One alternative method of studying this group would be to observe the yellow
dots from Figure [{.9 Let each of the yellow dots represent the corner of a quadrilateral
defining the fundamental domain of a torus. Then study the problem on the torus with the

aim of understanding the lift to the full plane.
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Appendix A

How we found «, 8, and ~

Here we explain the process of finding «, 8, and . Perhaps our discovery process is of
interest to the reader that has made it this far.

Let M (for move) be the matrix M = L™'R. Then M~' = R™'L. Our first attempt to
create matrices «, 3, and v involved simply conjugating A, B, C' with different powers of M,
noting that M3 = —I. Based on empirical studies of the shortest possible loop, six left turns
around a single hexagon, this looked close to the correct definition. We defined oy := A,
B1 = M'BM, and v, := M~2BM?. These matrices worked for our main goal — terms in
the trace of the resulting matrix count how many perfect matchings squish to a particular
loop, with the correct weights. However, that polynomial had alternating signs depending
on the total degree of each term.

Our next step was to correct for the signs by replacing a with ai, b with bi, and ¢ with
c¢i in the original A, B and C matrices. Let A’, B’, and C’ be the corresponding A, B, and
C matrices after making the above replacements. We wanted all of the signs to be positive
because the matrix product of a path around a loop should give rise to a probability measure
on the graph, as in [Kenl14]. After including the is we had a trace that has all positive values.
Then, oy := A’, By := M~'B'M, and ~, := M ~2C'M?.

We had one final problem, however: we needed to accomplish the specialization a —
ai, etc, using linear algebra. We did this using the matrix J as defined above. We can
now rewrite A" = iJA, B = —iJB, and ' = iJC. Finally, to correct for the signs we
mentioned, we conjugate each oy, fo, and v, with J. So (finally) we have that a3 := JA'J,
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Bs = JM'B'MJ, and 3 := JM~2C'M?J. After rewriting and simplifying, we arrive at
the final definition of «, 8, and ~ as stated in Definition
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