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DISSERTATION ABSTRACT

Halley Ann Fritze

Doctor of Philosophy in Mathematics

Title: Multiscale 2-Mapper: Exploratory Data Analysis Guided by the First Betti
Number

The Mapper algorithm is a fundamental tool in exploratory topological data
analysis for identifying connectivity and topological clustering in data. Derived
from the nerve construction, Mapper graphs can contain additional information
about clustering density when considering the higher-dimensional skeleta. To ob-
serve two-dimensional features, and capture one-dimensional topology, we construct
2-Mapper. Computationally, we study how cover choice affects 2-Mapper and an-
alyze this through a computational Multiscale Mapper algorithm. A common is-
sue in using Mapper algorithms is parameter choice. We develop tools to choose
2-Mapper parameters reflect persistent Betti-1 information. We test our construc-
tions on data produced from chaotic dynamical systems.
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CHAPTER 1

TOPOLOGICAL DATA ANALYSIS

Topological data analysis (TDA) uses geometric structure to understand data.
As topological features can be robust to noise and are often interpretable, such an
approach can be appropriate for real-world data can complement statistical analysis
and machine learning. The most prevalent technique within TDA is persistent ho-
mology [Car09] of simplicial complexes defined using distances between data points.
Another successful technique is Mapper [SMC07], which provides a graphical repre-
sentation of a soft clustering label function. In this thesis we find compelling ratio-
nale for and application of a novel combination of these techniques. In the following
chapter, we define these tools and discuss their applications.

1.1 Mapper

Developed by Singh, Mémoli, and Carlsson [SMC07], the Mapper algorithm is
an unsupervised manifold learning technique that generalizes clustering and visual-
izes the labeling as a Mapper graph. Mapper is effective in identifying connectivity
in a data set, and it has known applications in a variety of fields, including machine
learning [Pur+23; Lov+23], political science [Hus+22], biology [Amé+23; CV21b;
SBH20; NLC11], and neuroscience [ZCS23; Sag+18].

Definition 1.1 (Mapper). Let X ⊆ Rd be a data set. Fix a choice of continuous
reference function f : X → Rm, a cover U of the image f(X), and clustering al-
gorithm. Define the Mapper graph of X with respect to these choices as the graph
whose vertices are given by the clusters Cα,k produced by the clustering algorithm
for f−1(Uα), taken over all α. There is an edge between Cα,k and Cα′,k′ if their in-
tersection is nonempty.

The idea informally is to enhance clusters by allowing and accounting for over-
lap, which can in some cases capture essential shape, as in Figure 1.1(A). In its
first published application, Mapper was used to identify clusters of cancer patients
and in the process revealed a new genetic marker c-MYB+, as in Figure 1.1(B).
This marker was missed in previous meta-studies and, in particular, is not evident
within hierarchical clustering.

With many parameters, Mapper is a flexible tool but one for which stability
and other theoretical properties can be difficult to establish [CMO17]. One of our
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A) B)

Figure 1.1. A) The Mapper algorithm for a point cloud of a hand. B) A Mapper
graph (top) and hierarchical clustering (bottom) of micro-array breast cancer data.
The classification for c-MYB+ tumors are a distinct group circled in the Mapper
graph but are spread out (highlighted in red) in hierarchical clustering [NLC11,
Figures 3-4].

main results in Chapter 3 will be to understand ranges of parameters and make
choices based on persistent homology, defined below.

In common implementations of Mapper there are some standard choices for
each parameter. For example, real valued functions such as coordinate functions or
principal components [Hot36] are the most common reference functions. [Amé+23;
Pur+23; CM21; CMO17]. Additionally, most algorithms [Alv+24; Bui+20; CZW21]
which find optimal cover parameters for mapper only apply to covers on R. In
higher dimensions, the standard choice is uniform hypercubes U = {Uα}α∈A where
Uα =

∏m
i=1[aα,i, bα,i] for aα,i, bα,i ∈ R. The clustering algorithm is typically DB-

SCAN [Est+96] or some form of agglomerative clustering.
In addition to parameter choices, one can alter the node color and size to cor-

respond to some feature statistics for X. Multiple Mapper implementations ex-
ist in Python, including gudhi [Pro24], giotto [Tau+20], mapper-interactive
[Zho+21], and kepler-mapper [Vee+20]. There is also a Mapper package for R
called TDAmapper [SPM15]. The main implementations constructed in this work
are written in Python and dependent on giotto-tda and gudhi. We plan imple-
mentation in R in the future.
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1.2 Čech and Vietoris-Rips Complexes

Many structures in topological data analysis are derived from a simplicial nerve.
If S is a set, let ∆S denote the simplex with vertex set S.

Definition 1.2 (Nerve). Let X ⊆ Rd and let U = {Uα}α∈A be a cover on X. We
define the nerve of U as the simplicial complex N (U) ⊂ ∆A, where a collection
of n + 1 points σ = {α0, ..., αn} ⊆ A spans an n-simplex in N (U) if and only if
Uα0 ∩ · · · ∩ Uαn ̸= ∅.

For example, the Mapper graph as defined in Definition 1.1 is the 1-skeleton of
the nerve of the cover defined by clustered subsets derived from the cover of a data
set (pulled back through its reference function). The nerve can provide a combina-
torial encoding of homotopy type. Borsuk in 1948 gave a condition for a nerve to
be homotopy equivalent to the space from which it is constructed.

Lemma 1.3 (Nerve Lemma [Bor48]). Let X be a metric space with finite cover
U = {Uα}α∈A by open sets. Then the the underlying space |N (U)| is homotopy
equivalent to X if every non-empty intersection ∩α∈AUα is contractible.

Thus, when Borsuk’s condition applies, the homology of the nerve will be that
of the homology of X.

Figure 1.2. Given two covers U and V of S1, we compute their nerves N (U) and
N (V).

Figure 1.2 gives a simple example of computed nerves for covers U and V of
S1. We see that U0 ∩ U1 is not contractible and its resulting nerve N (U) is not ho-
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motopy equivalent to S1. In the second case, each pair of cover sets in V is con-
tractible, satisfying Lemma 1.3, thus N (V) is homotopy equivalent to S1. As a sim-
plicial complex, the nerve of a cover gives a concrete approach to the homotopy
type of a general metric space.

Data sets typically have natural metrics, in particular the standard Euclidean
metric for numerical data. Though data sets are discrete, a nerve can “fill in” a ho-
motopy type. We can construct a simplicial complex from a metric space through
a nerve construction, with standard choices being the Čech complex and Vietoris-
Rips complex.

Definition 1.4 (Čech Complex). Let (X, dX) be a metric space. Consider the
cover Ur = {Br(x) : x ∈ X}, which covers each point of X with a ball of radius
r > 0. Define the Čech complex, Čr(X), as the nerve of the cover Ur. That is,
Čr(X) = N (Ur).

The Čech complex is simple to define but is costly to compute for large data
sets. In practice it is more common to use the Vietoris-Rips complex.

Definition 1.5 (Vietoris-Rips Complex). Let (X, dX) be a metric space, and con-
sider the cover of radius r > 0 balls about each point in X, Ur = {Br(x) : x ∈ X}.
Define the Vietoris-Rips complex as the simplicial complex VRr(X) where an n-
simplex σ ∈ VRr(X) if and only if dX(p, q) ≤ 2r for all pairs of vertices p, q ∈ σ.

Because the simplex condition for Vietoris-Rips complex depends only on dis-
tances between pairs, it is the completion of its 1-skeleton.

The Vietoris-Rips complex and Čech complexes are not necessarily equivalent.
For a Vietoris-Rips complex and Cech complex defined with the same radial value
r > 0 it is possible that for x, y ∈ X we have dX(x, y) ≤ 2r but Br(x) ∩ Br(y) = ∅.
But these two simplicial complexes do interleave. That is, for r > 0,

VRr(X) ⊆ Čr(X) ⊆ VR2r(X).

Choosing one of these to work with for a particular data set is mostly a ques-
tion of efficiency. For a data set X of size n, constructing its Čech complex requires
checking the intersection of every possible combination of balls over X, which is 2n

computations. As this is exponential in computation time, that limits its use for
large data sets. The Vietoris-Rips complex, being constructed from its 1-skeleton,
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requires on the order of n2 computations. There are alternative sparse simplicial
complexes for TDA [SC04; Del34], and many software implementations for topolog-
ical data analysis allow the user to choose amongst these [Pro24; Tau+20].

1.3 Topological Persistence

Persistent homology [Car09] synthesizes information from Vietoris-Rips, Čech,
or other simplicial complexes. It is a robust measure of the morphology of a dataset
and has been used in a wide range of applications, including biology [Tho+21; Zhe+21;
Tak+17], neuroscience [Kan+17; Kan+16], and material science [Lee+17].

When computing the topological characteristics of a metric space through the
Čech or Vietoris-Rips complex Kr(X), one must choose the radius r for the cover.
There is no canonical choice or even a reasonable heuristic for choosing this radius.
Instead we study all (or at least many) such choices, which naturally fit together
as a filtration of simplicial complexes. As in Figure 1.3, for ri ≤ ri+1 there exist
inclusions between Kri ↪→ Kri+1

which are simplicial maps. We take the collection
{Kri(X)} for some set of positive increasing ri, namely

Kr0(X) ⊆ Kr1(X) ⊆ · · · ⊆ Krk(X).

Figure 1.3. The Vietoris-Rips filtration computed from a point cloud X.

From each simplicial complex, we can compute its homology, generally using
Z2 coefficients for computational simplicity. The inclusion maps between simplicial
complexes induce linear maps between the homology vector spaces:

H∗(Kr0(X;Z2)) → H∗(Kr1(X;Z2)) → · · · → H∗(Krk(X;Z2)).

This sequence is known as a persistence vector space, and computing the ho-
mology across a simplicial filtration is referred to as persistent homology. Persistent

19



homology highlights topological features which persist over the filtration parameter
r.

As shown by Zomorodian and Carlsson, the notion of persistence is captured
by an algebraic structure [ZC05]. When computed from finite data sets, a persis-
tence vector space is a finitely generated Z2[t]-module where the t action encodes
the map on homology induced by inclusion from H∗(Kri(X;Z2)) → H∗(Kri+1

(X;Z2)).
Since Z2[t] is a principle ideal domain, the persistent vector space can be decom-
posed as

k⊕
i=0

Hp(Kri ;Z2) ∼=
m⊕
a=0

ΓαaZ2[t]⊕
l⊕

b=0

ΓβbZ2[t]/(t
nb) (1.1)

where tnb divides tnb+1 and Γ shifts the grading. There is also a bijection between
isomorphism classes in the above persistence vector space to interval modules de-
fined as follows. Let P (a, b) = {P (a, b)r}r∈R, where a ∈ R+, b ∈ R+ ∪ {+∞} and
a < b, consist of P (a, b)r = Z2 when r ∈ [a, b) and is 0 otherwise. In Equation (1.1),
each free summand ΓαZ2[t] is isomorphic to P (α,∞), and each summand of the
form ΓβZ2[t]/(t

n) is isomorphic to P (β, β + n).
We can visualize this decomposition as either a persistence barcode [CAR+05],

with each interval plotted from its birth to death in parallel, or a persistence dia-
gram [ELZ02] which plots each interval as a single point whose x-value is birth and
y-value is death. We color the points or bars based on the degree of the homology
group they represent, and let Dk(F) denote the persistence diagram constructed by
taking the k-th degree homology on our simplicial filtration.

A persistence diagram and persistence barcode are given for a point cloud
which could hypothetically have been sampled from an annulus in Figure 1.4. Rep-
resented in red are the H0 class representatives, all born when the filtration is ini-
tialized, and as the radius of the Vietoris-Rips complex increases, more connected
components merge together until there is a single connected component left. This is
represented with the longest red bar in the persistence barcode or red point on the
∞-line in the persistence diagram. The 1-cycle representatives of H1 are given in
blue. From the point cloud we see two holes, and this structure is seen in the per-
sistence barcode as the two longer bars. For the persistence diagram large cycles
are represented by the points further from the diagonal. Points in a persistence di-
agram close to the diagonal (or short bars in a persistence barcode) are typically
considered noise, though a threshold to define noise is only heuristic.
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Figure 1.4. The persistence barcode (center) and persistence diagram (right) of a
point cloud (left).

These representations of persistent homology have been useful tools in many
applications, including classification tasks through image analysis. For example, in
Figure 1.5, the persistent homology is computed for CT scans of both non-infected
and COVID-19-infected patients [Iqb+21]. Using the differences between the per-
sistence diagrams for H1 and H2, a classifier is built to predict infection based on a
patient’s CT scan, outperforming traditional image classifiers including ones given
by machine learning.

Figure 1.5. COVID-19-infected (top) and non-infected (bottom) CT scans and
their computed persistence diagrams in degrees zero through two [Iqb+21, Figure
11]. The classification of COVID-19 using CT scans outperformed traditional
machine learning models, including ResNet101 [Iqb+21, Table 1].
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As data is often noisy, stability of any invariant applied to data must be ana-
lyzed. A significant proportion of literature [CEH07; Cha+08] has produced a wide
variety of stability theorems for persistence homology. We highlight two such theo-
rems, first defining a needed metric on persistence diagrams.

Definition 1.6 (Bottleneck Distance [CV21a]). Let Dk(F) and Dk(G) be two
degree-k persistence diagrams. A bijection between them is a matching of each
of their points to each other or to points in the diagonal {(x, x) : x ∈ R+}. Let
Π = {π : Dk(F) → Dk(G)} be the set of all such bijections. Define the bottleneck
distance as

dB(Dk(F), Dk(G)) = inf
π∈Π

sup
x∈Dk(F)

||x− π(x)||∞.

That is, given a matching between points in a persistence diagram, which can
include matching to the diagonal which are needed when the cardinalities differ, the
distance between degree k diagrams reflects the worst fit. But we take the smallest
of such distances over all matchings. The bottleneck distance can only be computed
between two diagrams of the same degree, however, it is common to take the cumu-
lative sum of bottleneck distances over all degrees as an agglomerate statistic. The
bottleneck distance is also a specific case (p = ∞) of the Wasserstein distance.

Under this metric there is a stability result. Each simplicial filtration F , if con-
structed from filtration of Čech or Vietoris-Rips complexes, has an associated input
function f : X → R. This input function has value f(σ) = rj for every simplex
σ ∈ Krj\Krj+1

for Krj ̸= Krj+1
, and f is a monotone simplicial map, meaning for

σ ⊆ τ we have f(σ) ≤ f(τ). Further, we can construct a simplicial filtration from
any given monotone simplicial map f . For persistence diagrams constructed from
simplicial filtrations, bottleneck distance is well-behaved.

Theorem 1.7 ([CEH07]). Let F and G be two simplicial filtrations on a finite sim-
plicial complex X constructed from simplicial maps f, g : X → R. Then for every
k ≥ 0,

dB(Dk(F), Dk(G)) ≤ ||f − g||∞.

This theorem only pertains to filtrations on a single simplicial complex X, but
there are extensions of this theorem to the level of general finite metric spaces (or
data sets) where we achieve stability through Gromov-Hausdorff distance.
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Definition 1.8. Let (X, dX) and (Y, dY ) be compact metric spaces. The Gromov-
Hausdorff distance is defined

dGH(X, Y ) =
1

2
inf
C∈C

sup
(x1,y1),(x2,y2)∈C

|dX(x1, x2)− dY (y1, y2)|,

where C is the set of correspondences between X and Y .

Similar to the bottleneck distance, Gromov-Hausdorff distance measures the
dissimilarity between two metric spaces through the difference in distances between
points in correspondence with one another. Thus the following result reveals that
the bottleneck distance between two persistence diagrams will always be bounded
by this dissimilarity on the original metric spaces.

Theorem 1.9 ([CV21a]). Let (X, dX) and (Y, dY ) be finite compact metric spaces.
Then for any fixed k ≥ 0 we have

db(Dk(V R(X)), Dk(V R(Y ))) ≤ dGH(X, Y ),

where V R(X), V R(Y ) are Vietoris-Rips filtrations on X and Y , and dGH is the
Gromov-Hausdorff distance.

1.4 Multiscale Mapper

While Mapper has been successful as a tool in exploratory data analysis, it is
often difficult to choose from the wide range of parameters. Moreover, it is unstable
with respect to its many parameter choices, which makes it not suitable for infer-
ence. Small perturbations in choice of any of the parameters (reference function,
cover, or clustering algorithm) can change the Mapper graph’s topological struc-
ture. Carrière, Michel, and Oudot have shown statistical guarantees for topological
properties of a Mapper graph under certain parameter choices [CMO17]. But the
resulting constraints seem too conservative for most practical settings. Moreover,
unlike persistence homology, there are no generally adopted metrics for compar-
ing Mapper graphs. To develop an alternative notion of stability, Dey, Mémoli, and
Wang (2015) set the theoretical foundations for Multiscale Mapper [DMW], produc-
ing a filtration of Mapper graphs.

This work is the theoretical inspiration for our implementation of Multiscale
2-Mapper in Chapter 3. We will use these ideas to integrate Mapper and persistent
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homology [Car09]. As we will see, using Multiscale Mapper, one can observe the
structure of a Mapper graph across an entire filtration of parameter choices which
can assist with understanding the underlying topological structure of a data set.
We have made the first implementation of Multiscale Mapper, but before describing
that work we cover the theoretical background and address some caveats.

While we defined Mapper graphs as constructed from data sets, Dey, Mémoli,
and Wang generalize the Mapper graph to one constructed from topological spaces
and well-behaved maps, f : X → Z, between them. By well-behaved, we mean that
for every path connected open set U ⊆ Z, the preimage f−1(U) has finitely many
open path connected components.

Definition 1.10 (Generalized Mapper [DMW]). Let X and Z be topological spaces
and let f : X → Z be a well-behaved continuous map. Let U = {Uα}α∈A be a finite
open cover of Z. The Mapper complex is then the nerve of the simplicial complex
of the pullback cover: M(U , f) := N (f ∗(U)).

The construction of Multiscale Mapper is through a filtration of covers, also
called a tower of covers. For those familiar with category theory, a tower is a func-
tor from the real numbers considered as a poset category. Explicitly, we have the
following.

Definition 1.11 (Tower [DMW]). A tower W with resolution s ∈ R is a collection
of objects W = {Wε}ε≥s together with maps wε,δ : Wε → Wδ so that wε,ε = IdWε

and wε′′,ε′ ◦ wε′,ε = wε′′,ε for all s ≤ ε ≤ ε′ ≤ ε′′. We write res(W) to denote the
resolution of the tower.

A tower of covers is constructed so that the Multiscale Mapper is a simpli-
cial filtration. Implementation is straightforward, as one need only to compute the
Mapper graph for each cover in the tower of covers. The map from each Mapper
graph to the next in the filtration is induced by the maps between covers.

Definition 1.12 (Multiscale Mapper [DMW]). Let X and Z be topological spaces
and f : X → Z be a well-behaved continuous map. Let U be a tower of covers of
Z. Then, the Multiscale Mapper is defined to be the tower of simplicial complexes
defined by the nerve of the pullback:

MM(U , f) := N (f ∗(U)). (1.2)
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Figure 1.6. We construct the Multiscale Mapper, MM(f,U), for a torus X with
height based reference function f : X → R and tower of covers U = {Ui}0≤i≤2. In
the middle row we have the tower of covers over R where we color each cover set
individually so that they are easily matched with their respective vertices in each
Mapper graph in the bottom row.

For a finite sequence res(U) ≤ ε1 ≤ · · · ≤ εk, then Multiscale Mapper yields a
sequence of simplicial complexes connected by simplicial maps

N (f ∗(Uε1))
u∗
ε2,ε1→ N (f ∗(Uε2))

u∗
ε3,ε2→ · · ·

u∗
εk,εk−1→ N (f ∗(Uεk))

Applying the homology functor H∗ with binary coefficients, we can compute the
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persistence homology,

H∗(N (f ∗(Uε1))) → H∗(N (f ∗(Uε2))) → · · · → H∗(N (f ∗(Uεk))), (1.3)

and represent the cycles that persist across this filtration as persistence diagrams
and barcodes.

As an example, presented in Figure 1.6, we compute Multiscale Mapper on
data sampled from a torus X. Choose a real-valued reference function f : X → R
to be the height function. Our tower of covers U all consist of three consecutive in-
tervals all with various amounts of overlap. Each open interval of Ui includes into
Ui+1, for each i, and each interval is denoted by colors (red, green, or blue) to vi-
sualize this inclusion. Multiscale Mapper consists of a Mapper graph on each cover
in the tower, shown on the bottom row of Figure 1.6, with induced maps between
each pair of Mapper graphs derived from the maps on the tower of covers U . As
the intervals in each cover increase we see the death of a cycle at U1 and a birth of
a new cycle at U2.

While theoretically this example is clear, it is not immediate what to do with
data sampled from a torus or other manifold rather than the manifold itself. We
develop an approach and give the first implementation of Multiscale Mapper in this
thesis.

The Multiscale Mapper construction allows for the comparison of filtrations of
Mapper graphs through their persistence diagrams. In particular, for two interleav-
ing towers of covers we can bound the bottleneck distance between their respective
Multiscale Mappers via Corollary 1.14.

Definition 1.13 (Multiplicative Interleaving Towers of Covers [DMW]). Let U =

{Uε} and V = {Vε} be two towers of covers of a topological space X such that
their resolutions res(U) = res(V) = r. Given η ≥ 0 we say that U and V are
η-multiplicatively interleaved if one can find maps of covers ζε : Uε → Vεη and
ξε′ : Vε′ → Uε′η for all ε, ε′ ≥ r.

Corollary 1.14 ([DMW]). For η ≥ 0, let U , V be two finite towers of covers of
compact metric space Z with res(U) = res(V) > 0. Let f : X → Z be continuous
and U and V be η-interleaved. Then MM(U , f) and MM(V , f) are η-interleaved. In
particular, the bottleneck distance between the persistence diagrams Dk MM(U , f)
and Dk MM(V , f) is at most η for all k ∈ N.
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Dey, Mémoli, and Wang additionally show stability for Multiscale Mapper con-
structed with a good tower of covers.

Definition 1.15 (Good Towers of Covers [DMW]). Let c ≥ 1 and s > 0. We say
that a finite tower of covers W = {Wε} for the compact metric space (Z, dZ) is
(c, s)-good if

(i) res(W) = s and s ≤ diam(Z);

(ii) diam(W ) ≤ ε for all W ∈ Wε and all ε ≥ s;

(iii) for all O ⊂ Z with diam(O) ≥ s, there exists W ∈ Wc·diam(O) such that
O ⊆ W .

These towers of covers are a special family of covers that are used to guarantee
stability for Multiscale Mapper under perturbations of both cover and reference
function. As an example, U = {Uε}ε≥s with Uε = {Bε/2(z) : z ∈ Z} is a (2, s)-good
tower of covers. In particular, Multiscale Mappers built from good towers of covers
interleave with one another.

Theorem 1.16 ([DMW]). Given a map f : X → Z let V = {Vε} and W = {Wε}
be two (c, s)-good towers of covers of Z. Then the corresponding Multiscale Mappers
MM(V , f) and MM(W , f) are c-multiplicatively interleaved.

The authors additionally discuss heuristics for constructing a good tower of
covers. In particular, they remark that towers of covers constructed from expanding
balls centered on a lattice are (3, s)-good [DMW, Appendix B.2.1]. They describe
this type of covers as an ϵ-net, however we will refer to this in Chapter 2 as a lat-
tice cover.

Dey, Mémoli, and Wang followed up on their work in 2017 by analyzing the
relationships between the homology groups of a topological space X and it’s Mul-
tiscale Mapper MM(f,U) [DMW17]. Their main result shows the one-dimensional
homology of the Multiscale Mapper is “dominated by” that of the original space.

Theorem 1.17 ([DMW17]). Assume that X and Z are compact topological spaces
with continuous map f : X → Z between them. For a path connected tower of cov-
ers U = {Uε}ε≥s on Z the Multiscale Mapper is defined

N (f ∗(Uε1)) → N (f ∗(Uε2)) → · · · → N (f ∗(Uεk))
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Then there exists a surjection from H1(X) → H1(N (f ∗(Uεj))) for each 1 ≤ j ≤ k.
Furthermore, all connecting maps of the H1-persistence module

H1(N (f ∗(Uε1))) → H1(N (f ∗(Uε2))) → · · · → H1(N (f ∗(Uεk))),

are surjections.

While this is a nice theoretical result, it does not apply to data sets. Much of
their result relies on the path-connectedness of the cover, however this property is
lost when applying this cover on a data set. For example, for a sparse sampling on
the torus, as in Figure 2.2, we see it’s Mapper graphs (center and center right) are
noisy and H1 of either of these are certainly not at most Z2

2. To apply Multiscale
Mapper in the context of data, we will need to adapt their ideas to the discrete set-
ting, which will require carefully addressing some parameter choices.

In this thesis we lay both the theoretical and implementation foundations for
Multiscale 2-Mapper, a tool for analyzing data with connectivity information cho-
sen by persistence. We are beginning to apply it, in particular to climate data, as
we share here and explain further in Chapter 4.
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CHAPTER 2

2-MAPPER

The Mapper algorithm is a tool for understand clusters and relationships in
high-dimensional data sets. It can be applied for data sets of any size, in particular
when there is not enough data for training a machine learning model. As discussed
in Chapter 1, Mapper requires choices in reference function, cover, and clustering
algorithm. Reference (or lens) functions to the real numbers are the most common,
but functions to any space are theoretically allowed, and implementations typically
accommodate Rn-valued lens functions. Indeed, there are several published applica-
tions of mapper that use higher dimensional reference functions, [NLC11; Sag+18;
SBH20; CV21b; Hus+22].

General reference functions produce higher dimensional nerves, so there is in-
formation loss in only considering the 1-skeleton. We introduce a new mapper ob-
ject, 2-Mapper, which represents the two-skeleton of the nerve of the mapper cover,
developing a Python implementation to display the output. This is similar to the
original Mapper construction [SMC07] which defines the Mapper complex as the
simplicial complex derived from the nerve of clusters. In our implementation, de-
rived from giotto-tda [Tau+20], we develop additional cover structures, both
because different geometries can be more or less useful in different contexts and
with an eye towards employing persistence. In each section we include details of
our Python implementation.

2.1 2-Mapper

Recall that the Mapper graph defined above is the 1-skeleton of the nerve of
the cover defined by clustered subsets of a data set, defined with some choice lens
function, cover, and clustering algorithm. In Definition 1.1 we spelled this out ex-
plicitly. For the same parameter choices, we now consider the 2-skeleton of the
nerve of clusters. We call this construction the 2-Mapper complex.

Definition 2.1 (2-Mapper). Let X ⊆ Rd be a data set. For choice of continuous
reference function f : X → Rm, cover U of the image f(X), and clustering algo-
rithm, we define the 2-Mapper complex of X as the simplicial complex M2(f,U) =
N 2(f ∗(U)).
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Concretely, 2-Mapper distinguishes between two cases of triangles in a Map-
per graph. Such a triangle is “filled in” when it corresponds to a triple of nodes
Ci, Cj, Ck that have Ci ∩ Cj ∩ Ck ̸= ∅. A triangle “remains empty” when while
there are pairwise non-empty intersections, the triple intersection Ci ∩ Cj ∩ Ck is
empty.

Figure 2.1. Left to Right: A point cloud (5000 points) of the torus in R3. Compute
it’s Mapper graph (center right) and 2-Mapper complex (right) by projecting to R2

using coordinate projection reference function and cubical cover with 5 intervals
and 0.3 overlap fraction (center left).

Practically speaking, triple overlaps occur for most covers of Rm when m ≥ 2,
in particular using the default cover of hypercubes. For real valued lens functions
f : X → R and the default interval cover (1-dimensional hypercubes), it is possible
to obtain a non-trivial 2-Mapper, however it requires that the overlap fraction g for
consecutive intervals exceed 0.5, as we show in Proposition 2.4, and the overlap in-
formation is redundant. It is uncommon to choose g > 0.5 as it results in a surplus
of extra connections within the Mapper graph [CMO17; Alv+24].

For well-connected Mapper graphs, as in Figure 2.1, the 2-simplices add a clar-
ifying visual of a surface around cycles. While we could conjecture that Mapper
graph (center right) likely just has one cycle at it’s center, 2-Mapper (right) veri-
fies this, and also clarifies the existence of a second cycle. Indeed, the addition of
2-simplices allows us to compute Betti-1 in a meaningful way. This is similar to the
original construction of Mapper [SMC07, Section 5.2] in which they compute the
Betti numbers of a torus data set. In the case of more sparse data sets, like in Fig-
ure 2.2, we have more evidence of topological features in 2-Mapper. We will gain
substantial insight into such features when we also incorporate persistence below.
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Figure 2.2. Left to Right: A sparse (1000 points) point cloud of the torus in R3.
Compute it’s Mapper graph (center right) and 2-Mapper complex (right) graphs by
projecting to R2 using coordinate projection and cubical cover with 6 intervals and
0.5 overlap fraction (middle left). For reference we compute the Mapper graph
(center) with height reference function with 6 interval cover with 0.5 overlap
fraction.

2.2 Choices of Cover

Mapper is heavily dependent on the cover choice, and is unstable to pertur-
bation of the cover [CMO17]. In this section we detail the construction of various
covers including the new lattice cover for 2-Mapper, and discuss implementation in
Python. For practical purposes, the distinction between closed or open covers does
not matter. Whether or not we construct a cover open or closed is dependent on its
computational efficiency. For the purposes of this section, we define all hypercube
covers (cubical cover and cubical lattice cover) as closed and all ball covers (A∗

n-
lattice covers) as open. Looking ahead, our main results are notions of persistence
for hyperparameters, and so our covers are constructed with each cover set’s cen-
ter point specified. This is to guarantee containment among cover sets from nested
covers in a tower of covers – see Section 3.2.

All Mapper software in existing TDA libraries [Tau+20; Pro24; Vee+20] only
use a single cover type for their Mapper algorithms, namely the cubical cover or
the standard cover, which we give in Definition 2.3. The cubical cover is used pri-
marily because of its computational efficiency and familiarity. But this cover has
more than intersections than are necessary for creating 2-simplices for 2-Mapper.
For example, in Figure 2.3 the cubical cover in R2 (with g < 0.5) can only create 2-
simplices within a four-fold intersection. This creates two pairs of 2-simplices which
decompose a square, yielding a redundant visualization. If we a different cover con-
figuration, like balls centered at points on the A∗

2-lattice in Figure 2.3, we can opti-
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mize the placement of 2-simplices for 2-Mapper.
To compute our covers for any data set X, we first need to consider bounds of

our data.

Definition 2.2 (Bounding Box). Let X ⊆ Rn be a compact topological space.
Define the bounding box of X as

∏n
i=1[mi,Mi] where mi = minx∈X πi(x) and Mi =

maxx∈X πi(x) for coordinate projections πi and 1 ≤ i ≤ n.

Figure 2.3. For a subset of data in R2, we cover that data with a cubical cover
(center left) and A∗

2-lattice cover (center right). The cubical cover only has either
two-fold or four-fold intersections. Its four-fold intersection is highlighted in green,
and its resulting nerve contains four 2-simplices (left). The A∗

2-lattice cover with
generating matrix MA∗

2
only has at most a three-fold intersection and its nerve has

only one 2-simplex (right).

Cubical Cover

For the definition of the cubical cover, we will work in the generality of com-
pact topological spaces, which thus includes data sets.

Definition 2.3 (Cubical Cover). Let Z ⊂ Rn be a compact topological space with
bounding box B =

∏n
i=1[mi,Mi]. Define the half-unit k × k lattice within B as that

centered at points of the form
∏

mi + ji
Mi−mi

k
as the ji’s range over n-tuples of half

integers between 0 and k.
The cubical cover U of Z constructed with k-intervals and overlap fraction g is

the cover of boxes U = {Uα}α∈A which are centered at the half-unit k × k lattices
with lengths

li =
Mi −mi

k − (k − 1)g
.
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The implementation of this cover can be found in [Tau+20; Pro24; Zho+21;
Alv+24; Vee+20]. Because 2-Mapper is built from giotto-tda, we use their cubi-
cal cover construction.

For n = 1, the cubical cover over R is just a cover of uniform consecutive inter-
vals, where each can be written Ui = [Li, Ri]. For a bounding box B = [m,M ] over
a compact topological space Z, the first interval is constructed as U1 = [m,m + l]

where the interval length is

l =
M −m

k − (k − 1)g
.

Each pair of consecutive intervals have an overlap proportion of g, so the distance
between left endpoints is |Li − Li+1| = (1 − g)l. Thus we can build the second
interval as U2 = [m+ (1− g)l,m+ (1− g)l + l], and in general

Ui = [m+ (i− 1)(1− g)l,m+ (i− 1)(1− g)l + l]

We can also express the general cover set through a fixed center point

Ui =

[
ci −

l

2
, ci +

l

2

]
, (2.1)

where ci = m1 + (i− 1)(1− g)l + 1
2
l. We can create a cubical cover over Rn by per-

forming this constructing in each dimension separately and then taking the prod-
uct.

We emphasize through the following proposition that in the n = 1 case there
are only “uninteresting” 2-Mapper complexes.

Proposition 2.4. Let Z ⊂ R be a compact topological space with cubical cover U ,
and f = IdR. If the 2-Mapper, M2(f,U), constructed from Z contains a 2-simplex,
then k ≥ 3 and g > 0.5.

Proof. Let B = [m,M ] be the bounding box of Z. Then we construct the cubical
cover over Z as follows from giotto-tda [Tau+20]. Let each interval Ui ∈ U be
defined as above with Ui = [m+ (i− 1)(1− g)l,m+ (i− 1)(1− g)l+ l], and suppose
M2(f,U) contains a 2-simplex. Then, as stated previously, this would require Ui ∩
Ui+1∩Ui+2 ̸= ∅. Thus k ≥ 3, and without loss of generality, suppose U1∩U2∩U3 ̸= ∅.
Then

3⋂
i=1

Ui =
3⋂

i=1

[Li, Ri] = [L3, R1] = [m+ 2(1− g)l,m+ l]
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so L3 < R1. Expanding this we have

m+ 2(1− g)l < m+ l,

2(1− g) < 1,

1− g <
1

2
,

1

2
< g.

For n ≥ 2, a 2-Mapper complex created with a cubical cover over Z can con-
tain 2-simplices for any g ∈ (0, 1) and k ≥ 2. In each dimension there are pairs of
consecutive intervals which intersect, meaning portions of the cover contain have 2n

cover sets intersecting, as in Figure 2.3.

Lattice Cover

In addition to the cubical cover, we provide a new cover called a lattice cover.
This is similarly defined in [DMW] as an ϵ-net where the point sample P is a sub-
set of a lattice Λ. We expand on this concept and implement this cover for 2-Mapper.
Information about lattices and their properties can be found in Appendix A.

The first lattice that would be useful for a 2-Mapper construction would be
the integer lattice Zn, due to its similarity to the cubical cover. We will call this
cover the Zn-lattice cover, or cubical lattice cover, and construct it as follows. The
generating matrix for Zn is the identity matrix In. We want to construct a cover of
hypercubes over Zn with identical parameters k-intervals and overlap fraction g. In
the construction of the cubical cover, the bounding box is subdivided into Mi−mi

k

parts for each dimension i. To mimic this, we will scale Zn by c = max1≤i≤n
1
k
|Mi −

mi| and build intervals centered at each lattice point in cZn.
The construction of the cubical lattice cover, while similar to the cubical cover,

is not equivalent. The difference is in side lengths of each dimension for the cover
sets. The cubical lattice has uniform side lengths in all dimensions, while in the
(standard) cubical cover each dimension of a cover set is scaled independently based
on the bounding box. This difference in construction means that while the Mapper
graphs constructed from either cover could look similar, there are no guarantee that
two such Mapper graphs would even be homotopy equivalent. We go into more on
the comparison of these two cover types in Chapter 4.
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For simplicity, assume that n = 1 and we consider the integer lattice Z over R.
For each lattice point ξ ∈ Z, we define the interval as Uξ = [c(ξ − ε), c(ξ + ε)], for
some ε > 0. The cover should also have the consecutive intervals overlap with pro-
portion gl where l is the interval length of each cover set. This allows us to directly
compute ε as follows. Let U1 = [c(ξ1 − ε), c(ξ1 + ε)] and U2 = [c(ξ2 − ε), c(ξ2 + ε)],
be consecutive intervals. Then ξ2 = ξ1 + 1, and so the overlap proportion between
U1 and U2 is proportional to the interval length l by overlap fraction g. This means
gl = g(2ε) = U1 ∩ U2, and so

2gcε = U1 ∩ U2 = c(ξ1 + ε)− c(ξ2 − ε),

= c(ξ1 + ε)− c(ξ1 + 1− ε),

= 2cε− c,

implying that ε = 1
2(1−g)

, and the length of each interval is l = 2cε = c
1−g

. With this
we can now formally define the cubical lattice cover.

Definition 2.5 (Cubical Lattice Cover). Let Z ⊆ Rn be compact with bounding
box B =

∏n
i=1[mi,Mi]. We define the cubical lattice cover over integer lattice Zn

with k-intervals and overlap fraction g as the cover U = {Uξ}cξ∈B∩Zn whose cover
sets Uξ are hypercubes defined

Uξ =
n∏

i=1

[
c

(
ξi −

1

2(1− g)

)
, c

(
ξi +

1

2(1− g)

)]
,

where c = max1≤i≤n
1
k
|Mi −mi|.

For the other lattice constructions, we instead focus on covers constructed as
ϵ-nets as in [DMW]. For consistency across covers, we use the same parameters,
namely k as the “number of intervals” into which each coordinate is divided and
g as the fraction of overlap. For a general lattice cover, each cover set will a ball
centered at each lattice point in the scaled lattice.

Definition 2.6 (Lattice Cover). Let Z ⊆ Rn be compact with bounding box
B =

∏n
i=1[mi,Mi], and let Λ be a root lattice with generating matrix M and cover-

ing radius R – see Appendix A. We define the Λ-lattice cover with k-intervals and
overlap fraction g as U = {B(cξM, ε)}cξM∈B∩Zn where c = max1≤i≤n

Mi−mi

k
and

ε = cR(1 + g).
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We focus solely on the dual root lattice A∗
n since, for 1 ≤ n ≤ 5, it is the

thinnest covering [Con+13, Chapter 2, Section 1.3]. A∗
n is also the thinnest known

covering for up to n ≤ 23. This means that the balls centered around points in an
A∗

n-lattice cover have the smallest intersectional volume among all other lattice cov-
ers. The dual lattice A∗

n has a general generating matrix which embeds the lattice
Rn+1:

MA∗
n
=


1 −1 0 0 · · · 0 0

1 0 −1 0 · · · 0 0

· · · · · · · · ·
1 0 0 0 · · · −1 0
−n
n+1

1
n+1

1
n+1

1
n+1

· · · 1
n+1

1
n+1

 .

There are special generating matrices for n = 2, 3 due to the isomorphisms A∗
2
∼= A2

and A∗
3
∼= D∗

3:

MA∗
2
=

[
1 0

−1
2

√
3
2

]
, MA∗

3
=

2 0 0

0 2 0

1 1 1

 .

We implement lattice covers for A∗
n with the three above generating matrices, com-

patible with giotto-tda Mapper pipelines. In Figure 2.4, we can see the geometry
of the 2-Mapper complex is dependent on cover choice. We go into more depth on
resulting 2-Mapper complexes with respect to cover choice in Chapter 4.

Figure 2.4. 2-Mapper complexes (left, right) of a torus point cloud produced from
cubical cover (middle left) and A∗

2-lattice cover (middle right), respectively. Both
2-Mapper complexes were computed with coordinate projections to R2 as the lens
and DBSCAN as the clustering algorithm.
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Computing Lattice Covers

Lattices are regularly implemented in computational mathematics [Con+13].
We develop them here as needed for both theory and practical work with 2-Mapper.

Let X ⊂ Rn be a data set with bounding box B, and for simplicity let f =

Id: Rn → Rn. For each cover, we continue to use the number of subdivisions (in-
tervals) in each coordinate and the percentage overlap as our parameters. Then we
construct the lattice covers for these four cases (Zn, A∗

n, A∗
2, and A∗

3) as in Defini-
tions 2.5 and 2.6.

Recall in Section 2.2, that to compute a lattice cover over X we choose a lat-
tice Λ with generating matrix M and parameters k representing the “number of
intervals” and overlap fraction g. With these parameters, the lattice cover is a sub-
set of the scaled lattice cΛ that covers the bounding box. To maintain computa-
tional efficiency, we only need to consider points in the lattice that are contained
in the bounding box B. As each point in the scaled lattice can be written cξM for
ξ ∈ Zn, we can compute explicit bounds for the points ξ we should consider while
constructing each lattice cover. The following results provide the necessary bounds
on ξ are required to produce a lattice cover over X. We additionally provide the
size of each lattice cover for comparison with one another. We will begin this analy-
sis with the cubical lattice cover, and then move on to the A∗

n-lattice covers.
Recall our notation for a bounding box, namely B =

∏n
i=1[mi,Mi], where mi =

minx∈X πi(x) and Mi = maxx∈X πi(x) for coordinate projections πi for all 1 ≤ i ≤ n.
Let m⃗ = (m1, ...,mn) and M⃗ = (M1, ...,Mn) as the minimum and maximum points
on B. For a lattice point cξM ∈ cΛ, to be considered as a center point in a lattice
cover we must have cξM ∈ B. This can simply be expressed as

m⃗ ≤ cξM ≤ M⃗, (2.2)

where the inequality holds entry-wise, ie. for every 1 ≤ i ≤ n

mi ≤ (cξM)i ≤ Mi.

From this expression we can explicitly compute bounds for each entry ξi, and this
provides efficient ranges for ξ ∈ Zn when computing the lattice cover for our 2-
Mapper implementation. We begin with the simplest case, the cubical lattice cover,
since its lattice is a scaled integer lattice.
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Proposition 2.7. Let U be the cubical lattice cover constructed from k-intervals
and overlap fraction g over the data set X with bounding box B. Then each lattice
point in the cubical lattice cover is of the form cξ Idn such that ξ = (ξ1, ..., ξn) ∈ Zn

with ⌊mi

c

⌋
≤ ξi ≤

⌈
Mi

c

⌉
for all 1 ≤ i ≤ n.

Proof. The cubical lattice is constructed from the integer lattice Zn which has gen-
erating matrix M = Idn. Then any point in the cubical lattice can be written
cξM = (cξ Idn) = cξ, meaning we can bound ξ ∈ Zn with cξ ∈ B as in Equa-
tion (2.2),

m⃗ ≤ cξ ≤ M⃗

mi ≤ cξi ≤ Mi

mi

c
≤ξi ≤

Mi

c⌊mi

c

⌋
≤ξi ≤

⌈
Mi

c

⌉
for all 1 ≤ i ≤ n. We must include floor and ceiling function on our final bounds to
maintain that ξ is an integer tuple.

To count the number of lattice points required for any given cover, we just
need to count the number of integers in a given interval. For example, the num-
ber of integers ξ such that m ≤ ξ ≤ M is ⌈M −m + 1⌉. Thus, given the bounds in
Proposition 2.7, we can compute the maximum number of lattice points required to
create the cubical lattice cover over the data set X as

n∏
i=1

⌈
Mi −mi

c
+ 1

⌉
many points. Since c = max1≤i≤k

Mi−mi

k
, the size of the cubical lattice cover is sim-

ilar in size to original cubical cover which both contain on the order of kn many
cover sets.

Next in our constructions we compute bounds on ξ ∈ Zn for each variation of
the A∗

n-lattice cover. We first begin with the smallest case, A∗
2 with the generating

matrix MA∗
2
.
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Proposition 2.8. Consider the A∗
2-lattice cover constructed from k-intervals and

overlap fraction g over a compact topological space X with bounding box B. Then
each lattice point cξMA∗

2
with ξ = (ξ1, ξ2) ∈ Z2 has bounds⌊
m1 +

1√
3
m2

c

⌋
≤ ξ1 ≤

⌈
M1 +

1√
3
M2

c

⌉
,⌊

2m2

3c

⌋
≤ ξ2 ≤

⌈
2M2

3c

⌉
.

Proof. The generating matrix for the A∗
2-lattice is

MA∗
2
=

[
1 0

−1
2

√
3
2

]
,

To find proper values for ξ we simply run through inequalities.

m⃗ =

[
m1

m2

]
≤ ξMA∗

2
≤ M⃗ =

[
M1

M2

]
,

which implies that

m1 ≤ ξ1 −
1

2
ξ2 ≤ M1

m2 ≤
√
3

2
ξ2 ≤ M2.

Hence, after simplifying we have

m1 +
1√
3
m2 ≤ ξ1 ≤ M1 +

1√
3
M2,

2m2

3
≤ ξ2 ≤

2M2

3
.

To construct the A∗
2-lattice cover, we consider points cξMA∗

2
on the scaled lattice

cA∗
2. With this scaling our inequalities for ξ are reduced to⌊

m1 +
1√
3
m2

c

⌋
≤ ξ1 ≤

⌈
M1 +

1√
3
M2

c

⌉
⌊
2m2

3c

⌋
≤ ξ2 ≤

⌈
2M2

3c

⌉
.
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With these inequalities now know, the A∗
2-lattice cover will have at most⌈

2

3c
(M2 −m2) + 1

⌉
∗
⌈
1

c
(M1 −m1) +

1

c
√
3
(M2 −m2) + 1

⌉
many cover sets. This has order of at most k2 so it is similar in size to the cubical
lattice and cubical covers.

Proposition 2.9. Consider the A∗
3-lattice cover constructed from k-intervals and

overlap fraction g over a compact topological space X with bounding box B. Then
each lattice point cξMA∗

3
with ξ = (ξ1, ξ2, ξ3) ∈ Z3 is such that⌊

mi −M3

2c

⌋
≤ ξi ≤

⌈
Mi −m3

2c

⌉
,

for i = 1, 2 and ⌊m3

c

⌋
≤ ξ3 ≤

⌈
M3

c

⌉
.

Proof. The generating matrix for A∗
3 is

MA∗
3
=

2 0 0

0 2 0

1 1 1


so our inequalities for finding the appropriate ξ given m⃗ ≤ ξM ≤ M⃗ are going to be

m1 ≤ 2ξ1 + ξ3 ≤ M1

m2 ≤ 2ξ2 + ξ3 ≤ M2

m3 ≤ξ3 ≤ M3

which implies that
1

2
(mi −M3) ≤ ξi ≤

1

2
(Mi −m3)

for i = 1, 2 and
m2 ≤ ξ3 ≤ M3.

To construct the lattice cover, we scale the generating matrix by c. With our scal-
ing, each point in our lattice is of the form cξMA∗

3
and so our inequalities for ξ are

reduced to ⌊
mi −M3

2c

⌋
≤ ξi ≤

⌈
Mi −m3

2c

⌉
,
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for i = 1, 2 and ⌊m3

c

⌋
≤ ξ3 ≤

⌈
M3

c

⌉
.

Again, with the above inequalities we compute that A∗
3-lattice cover will have

at most ⌈
M3 −m3

c
+ 1

⌉ 2∏
i=1

⌈
(Mi −mi) + (M3 −m3)

2c
+ 1

⌉
many cover sets. This is on the order of k3 cover sets and so it has similar efficiency
to the cubical lattice and cubical covers.

Proposition 2.10. Consider the A∗
n-lattice cover constructed from k-intervals and

overlap fraction g over a compact topological space X with bounding box B. Then
each lattice point cξMA∗

n
with ξ ∈ Zn is such that⌊

mn+1 −Mj+1

c

⌋
≤ ξj ≤

⌈
Mn+1 −mj+1

c

⌉
,

for 1 ≤ j ≤ n− 1 and⌊
(n+ 1)mn+1

c

⌋
≤ ξn ≤

⌈
(n+ 1)Mn+1

c

⌉
.

Proof. The generating matrix MA∗
n

is of the form

MA∗
n
=


1 −1 0 0 · · · 0 0

1 0 −1 0 · · · 0 0

· · · · · · · · ·
1 0 0 0 · · · −1 0
−n
n+1

1
n+1

1
n+1

1
n+1

· · · 1
n+1

1
n+1

 ,

where we can describe the rows vi of MA∗
n

in terms of the basis vectors ei of Rn+1

as vi = e1 − ei+1 for 1 ≤ i ≤ n− 1 and vn =
( −n
n+1

, 1
n+1

, 1
n+1

, ..., 1
n+1

)
. To find optimal

ξ ∈ Zn we want to solve the set of inequalities

m⃗ =


m1

...
mn

 ≤ ξMA∗
n
≤


M1

...
Mn

 = M⃗.
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Alternatively, we can write these in terms of our basis so for each i we have

mi ≤
n∑

k=1

ξkvki ≤ Mi.

We notice that

vki =



1, i = 1, 1 ≤ k ≤ n− 1

−n
n+1

, i = 1, k = n

−1, i = k + 1, 1 ≤ k ≤ n− 1

1
n+1

, 2 ≤ i ≤ n+ 1, k = n

0, otherwise

so we can expand our above inequality for the following cases:

1. For i = 1:

m1 ≤ ξn

(
−n

n+ 1

)
+

n−1∑
k=1

ξk ≤ M1

2. For 2 ≤ i ≤ n:

mi ≤ ξn

(
1

n+ 1

)
− ξi−1 ≤ Mi

3. For i = n+ 1:

mn+1 ≤ ξn

(
1

n+ 1

)
≤ Mn+1.

Case 3 immediately yields the bounds

(n+ 1)mn+1 ≤ ξn ≤ (n+ 1)Mn+1.

Using this we can find bounds for ξ1, ..., ξn−1 via Case 2 to get:(
1

n+ 1

)
ξn −Mj+1 ≤ ξj ≤

(
1

n+ 1

)
ξn −mj+1,

implying for 1 ≤ j ≤ n− 1,

mn+1 −Mj+1 ≤ ξj ≤ Mn+1 −mj+1.

Therefore the A∗
n-lattice cover should consist of all points ξMA∗

n
such that ξ ∈ Zn

has the above bounds. Scaling by c, our lattice points are cξMA∗
n

and so our in-
equalities for ξ are reduced to⌊

mn+1 −Mj+1

c

⌋
≤ ξj ≤

⌈
Mn+1 −mj+1

c

⌉
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⌊
(n+ 1)mn+1

c

⌋
≤ ξn ≤

⌈
(n+ 1)Mn+1

c

⌉
.

The A∗
n-lattice cover will then have at most(⌈

(n+ 1)(Mn+1 −mn+1)

c

⌉
+ 1

) n−1∏
j=1

(⌈
Mn+1 +Mj+1 −mj+1 −mn+1

c

⌉
+ 1

)
many cover sets. This is on the order of 2(n + 1)kn making it a larger cover than
both the cubical lattice and cubical covers for any dimension n. This is due to the
generating matrix being embedded as a hyperplane in Rn+1, so it may not be the
most efficient choice when computing 2-Mapper.

2.3 Analysis of 2-Mapper through Cover Choice

With our covers now defined we can compute a 2-Mapper complex across mul-
tiple distinct cover choices. Importantly, 2-Mapper allows us to compute Betti-1 so
we created an initial experiment to see if there was any empirical evidence to iden-
tify an optimal cover choice. For this experiment we inquire as to which 2-Mapper
complexes can spatially represent a stochastic triangle.

Figure 2.5. A stochastic triangle, simulated in R8, projected with PCA to R2 (left).
We compute 2-Mapper complexes using a cubical cover (center left), cubical lattice
cover (center right) and A∗

2-lattice cover (right). All covers were constructed with
k = 10 intervals and overlap fraction g = 0.3.

43



The stochastic triangle data set consists of 5000 points sampled from a simu-
lated random walk about a randomly generated triangle embedded in R8. We ran-
domly choose three points in [−100, 100]8 ⊂ R8, checking that the angle between
each pair of vertices ranges from 0.35 ≤ θ ≤ 2.4 radians. We then randomly walk
along each edge within a chosen standard deviation of 5, and then sample 5000
points with noise (uniformly distributed on [-5,5]) and get our stochastic triangle.
We give an example of a stochastic triangle in Figure 2.5, but note that the two-
dimensional projection is much more “filled in” than the eight-dimensional data set
itself. Also in Figure 2.5 we provide 2-Mapper complexes for each cover type (cubi-
cal, cubical lattice, and A∗-lattice), and this shows that identical cover parameters
do not necessarily produce 2-Mapper complexes with the same topological struc-
ture.

Our main aim in this experiment is to see if there is an optimal cover for com-
puting Betti-1 for 2-Mapper for such a stochastic triangle, as representative pos-
sible structure in a larger data set. This experiment predates our work on Mul-
tiscale 2-Mapper and was indeed a strong motivation to pursue its development.
The hopeful expectation would be to see Betti-1 predominantly equal to one for
some choices of good covers. Generating one-hundred stochastic triangles in R8,
we compute the Betti-1 of 2-Mapper complexes using multiple reference functions
and cover types. In Figure 2.6 we plot histograms representing the Betti-1 value
for these 2-Mappers. In the first row, we are considering projections to R2 and we
notice that the accuracy between the cubical cover and cubical lattice cover are ap-
proximately the same, however PCA for the choice of reference function is about
twice as accurate. These initial results suggest cubical cover as optimal, but we
will see as we increase the dimension of our projection the histograms change quite
drastically. In Figure 2.6C&E, we see that once we include more than two compo-
nents for PCA, the cubical cover has a much more difficult time correctly estimat-
ing Betti-1 while the cubical lattice cover is far more stable.

When looking at the coordinate projection lens functions, Figure 2.6B&D&F,
our results are relatively constant as we increase the dimension of the codomain.
There is a slight increase in performance for all cover types when projecting to the
first three coordinates, however this reduces for both the cubical cover and A∗-
lattice cover when increasing the projection dimension to four. Overall, the A∗-
lattice cover performed the worst in all cases. Both the cubical cover and cubical
lattice cover performed similarly except when using PCA with three or four com-
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A) B)

C) D)

E) F)

Figure 2.6. We compute Betti-1 for 2-Mapper complexes constructed from
one-hundred stochastic triangles embedded in R8 with various choices for cover and
reference function. We fix DBSCAN with default parameters as our clustering
algorithm. For each subplot the 2-Mapper is constructed with a different lens
function and each colored histogram represents a different cover type with cubical
cover in red, cubical lattice cover in blue, and A∗-lattice cover in green. The first
column uses PCA as the reference function with 2, 3, and 4 components for A, C,
and E, respectively. The second column projects down to the first 2, 3, and 4
coordinates for B, D, and F, respectively. All covers are computed with 10 intervals
and overlap fraction of 0.3.
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ponents as a reference function. The cubical cover always subdivides each dimen-
sion of the co-domain into ten intervals of equal length, this likely leads to more
noise than the cubical lattice covers, whose cover sets are uniform across all dimen-
sions. We conjecture that this is the case, and is something we are looking into in
future work. We do not however come away with concrete recommendations for ei-
ther theoretical results or implementation suggestions for Mapper when comparing
individual 2-Mapper complexes. Indeed, this motivated the results of Chapter 3, to
more fully develop a robust set of cover choices.
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CHAPTER 3

MULTISCALE 2-MAPPER

To understand 2-Mapper, as well as Mapper, across a range of cover choices,
we implement Multiscale 2-Mapper for data. A basic challenge in employing Map-
per is choosing parameters, since it is unstable. With Multiscale 2-Mapper, we can
connect with persistent homology, and choose covers which are representative of
persistent features.

In this chapter, we first formally define Multiscale 2-Mapper and then we ex-
tend our lattice covers to be used for Multiscale 2-Mapper. We prove properties of
these covers needed for our computational setting. Finally, we discuss our imple-
mentation.

3.1 Multiscale Mapper for data with DBSCAN

While Dey, Mémoli, and Wang produced theoretical foundations for Multiscale
Mapper in the setting of topological spaces and continuous functions, they did not
adapt their ideas to be used with data. To emphasize this distinction, we define
a computational Mapper graph to be one produced from a data set as in Defini-
tion 1.1. Recent work by Bungula and Darcy [BD24] makes needed progress to ex-
tend Multiscale Mapper to apply to data sets under some hyperparameter choices
of the clustering algorithm DBSCAN. This means that it is possible to implement
multiscale Mapper for the computational setting, though their implementation, cre-
ated in R, is not yet available. We build on their results for our implementation of
Multiscale Mapper in Python.

DBSCAN [Est+96] is a non-parametric density based clustering algorithm and
is a common choice for the clustering algorithm Mapper. Unlike other clustering al-
gorithms, DBSCAN can cluster points into non-linearly separable clusters and is ro-
bust to noise. It requires two parameters: the minimum number of points for each
cluster MinPts ∈ Z+ and a search radius ϵ ∈ R+. To cluster a data set (X, dX), we
consider ϵ-neighborhoods about each point p, denoted Nϵ(p) = {q ∈ X : dX(p, q) ≤
ϵ}. We can then classify each point in X as one of the following:

• A core point : a point p ∈ X such that |Nϵ(p)| ≥ MinPts.

• A border point : a point q ∈ X such that |Nϵ(q)| < MinPts and q ∈ Nϵ(p) for a
core point p.
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• Noise: A point r ∈ X that is neither a core point nor a border point.

From these three point labels we can decompose X = C1 ⊔ C2 ⊔ · · · ⊔ Cn ⊔ N such
that each Ci is a cluster containing both core and border points, and N is the set of
noise points. Points in N are not necessarily close in distance to one another. As N

is the “cluster” of points which are neither a border nor core point, we consider N

as a degenerate set. In fact, the results below for computational Multiscale Mapper
removes the noise set N from the cluster decomposition.

A drawback to DBSCAN for our use is that it is not deterministic. Data points
can belong to more than one cluster, and the determination of the cluster label for
such points is dependent on the ordering of the data set. This occurs when a bor-
der point in X is equidistant to core points in two separate clusters. We call all
such border points free border points. All the work of Bungula and Darcy assume
that a data set is void of free border points, a reasonable assumption in many ap-
plications. They additionally show that X has no free border points when MinPts ≤
2 [BD24, Corollary 1]. Hence we will keep this assumption and in our implementa-
tion fix MinPts ≤ 2.

For the following results, assume X is a data set with tower of covers U =

{Uε}ε≥s, with resolution s ∈ R+, with each cover Uε = {Uα,ε}α∈A.

Lemma 3.1 ([BD24]). Suppose there are no free-border points in the DBSCAN
cluster decomposition of a data set X with hyperparameters ϵ and MinPts. Let
U1 ⊆ U2. Denote by Cp,1 a cluster of U1 determined by core point p ∈ X and Cp,2 a
cluster of U2 also with core point p. Then Cp,1 ⊆ Cp,2.

Thus, as we traverse the tower of covers that Uα,ε ⊆ Uα,δ for ε ≤ δ, the clusters
of Uα,ε are contained in clusters of Uα,δ that contain the same core points. This al-
lows us to define maps between clusters, creating a filtration as needed to construct
Multiscale Mapper.

Theorem 3.2 ([BD24]). Let X be a data set with tower of covers U and use DB-
SCAN to cluster X with fixed ϵ and MinPts. If no free-border points exist with
respect to ϵ and MinPts, define Cε = {Cpα,ε : pα ∈ Uα,ε and pα is a core point}.
Then these constitute a filtration of cluster covers, and in particular there are maps
cε,δ : Cε → Cδ for all Uε ⊆ Uδ which are closed under composition.

Corollary 3.3 ([BD24]). Let DBSCAN be used to cluster X with fixed ϵ and MinPts =

1, 2. Then, increasing cover set size constitutes a filtration of cluster covers.
48



Figure 3.1. The following subfigures each show a case of cluster decomposition
changing as cover set size increases [BD24, Figure 7]. For each subfigure, bin1 and
bin2 refer to cover sets such that bin1 ⊆ bin2. The top row of each subfigure shows
the data set as the cover set increases, while the bottom row shows the cluster
decomposition of each cover set (colored to identify which data belongs to which
cluster). As we increase the size of the cover set, we see that there are four possible
cases which occur. Clusters will always map to a cluster with the same core point
as bin size increases as in (A). However, it is possible that two clusters collapse as
cover set size increases (B). Additionally, as the cover set as it increases it can
contain more data, and this can create new clusters (C, D). In the case where the
cover set contains noisy data (D), it is possible for that data to be included into a
new created cluster as the cover set increases.

Theorem 3.4 ([BD24]). Let X be a data set and assume DBSCAN is used to clus-
ter X with fixed hyperparameters ϵ and MinPts. If no free-border points exist with
respect to ϵ and MinPts then,

• There is a filtration of simplicial complexes ϕε,δ : N (Cε) → N (Cδ) for all
Uε ⊆ Uδ.

• There is a filtration of homology groups fε,δ : Hk(N (Cε)) → Hk(N (Cδ)) for all
Uε ⊆ Uδ and each degree k ∈ N.
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Bungula and Darcy additionally show other filtrations of cluster covers across
alternate hyperparameters including ϵ and MinPts. However, our work does not use
these filtrations.

With a well defined filtration of cluster covers for a data set X with fixed DB-
SCAN parameters and tower of covers U , we can extend to a computational Mul-
tiscale Mapper. The main technical point which needs to be addressed will be to
augment the 2-Mapper complexes so that there are natural maps between them.

A key consideration is how the cluster decomposition for each cover set changes
as the size of each cover set increases. When we apply DBSCAN to a data set X,
we are applying it to each cover Uε in the tower of covers. This decomposes each
cover set into clusters Uα,ε =

⊔
Cpα,ε. For δ ≥ ε, the cover set Uα,δ can have a

different cluster decomposition – see Figure 3.1. As the size of each cover set in-
creases, we can include more data from X (Figure 3.1(C, D)). In the case of Fig-
ure 3.1(B), two clusters can collapse into one distinct cluster. We still have a fil-
tration of cluster covers in each case of Figure 3.1, however the collapse of clusters
can complicate the implementation of a Multiscale Mapper algorithm, as we discuss
below.

3.2 Multiscale 2-Mapper

Recall Definition 1.12, where in the setting topological spaces, Multiscale Map-
per is defined as a filtration of Mapper graphs constructed from a filtration of cov-
ers. Here we define Multiscale 2-Mapper as a Multiscale Mapper object consist-
ing of two-dimensional nerves, but our results will then apply to classical Mapper
graphs.

Definition 3.5. Let Z ⊂ Rn be a compact topological space. Then for a reference
function f : Z → Rm and tower of covers U = {Uε}ε≥s over f(Z), the Multiscale
2-Mapper, denoted MM2(f,U), for a finite sequence s ≤ ε1 ≤ · · · ≤ εk, is a filtration
of 2-Mapper complexes

N 2(f ∗(Us)) → N 2(f ∗(Uε1)) → · · · → N 2(f ∗(Uεk)).

We extend work from [DMW], by investigating towers of covers in the compu-
tational setting. We show results for particular parameters in our construction for
towers of covers below. Our choices and results lead to an implementation, which
we describe in Section 3.3.
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Computable Towers of Covers

We now extend our cover definitions from Section 2.2 to a tower of covers sat-
isfying Definition 1.11. By construction, each of these will be a tower of covers with
nested cover sets, so that Multiscale 2-Mapper is well-defined. This construction for
each cover type is straightforward, each cover type can be expressed as an interval
(cubical and cubical lattice covers) or ball (lattice cover) with a fixed center. Once
we create an initial cover, later covers in the tower are the initial cover with scaled
endpoints or radii, respectively. This means we can additionally think of this as a
filtration of covers through the overlap fraction g – see Figure 3.2.

For the cubical cover, Definition 2.3, recall that each cover set can be expressed
as an interval centered at a point ci with radius 1

2
l – see Equation (2.1). To con-

struct a tower of cubical covers we initialize a cover with chosen parameters, fixing
the centers of each cover set. As seen in Figure 3.2A, each subsequent cover in the
tower is then defined with the same centers as the initial cover and we extend the
radius by some ε > 0.

A)

B)

Figure 3.2. Two tower of covers over a torus point cloud in R2. Each tower consists
of three covers each compute with k = 6 and g = 0.1, 0.3, 0.5 (left, center, right).
A) The tower of cubical covers. B) The tower of A∗

2-lattice covers.
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Definition 3.6 (Tower of Cubical Covers). Let Us = {Uα,s}α∈A be a cubical cover
over a compact topological space X ⊂ Rn defined with k-intervals and overlap frac-
tion g so that every cover set in Us is of the form

Uα,s =
n∏

i=1

[
cα,i −

li
2
, cα,i +

li
2

]
,

for all α ∈ A where

cα,i = m1 + (αi − 1)(1− g)li +
1

2
li, and li =

Mi −mi

k − (k − 1)g
.

The tower of cubical covers U on X is a tower of covers U = {Uε}ε≥s with resolu-
tion res(U) = s = ∥(l1, ..., ln)∥2. For ε ≥ s we define the cover Uε = {Uα,ε}α∈A such
that for each α ∈ A

Uα,ε =
n∏

i=1

[
cα,i −

1

2
(li − ε′) , cα,i +

1

2
(li + ε′)

]
,

for some ε′ ≥ 0 so that

diam(Uα,ε) = ||(l1 + ε′, ..., ln + ε′)||2 = ε.

For any s ≤ ε ≤ δ we have canonical cover maps uε,δ : Uε → Uδ where Uα,ε ↪→ Uα,δ

for all α ∈ A.

We note that the resolution of a tower of covers is the diameter of each cover
set Uα,s ∈ Us.

The construction is similar for a tower of covers derived from a lattice cover.
Recall that each point in the lattice cover construction is given by cξM for some
ξ ∈ Zn – see Definitions 2.5 and 2.6. The cover sets in a (cubical) lattice cover are
defined as (intervals) balls centered at each of these lattice points. For subsequent
covers in the tower of covers, we define each cover set to still be centered at these
lattice points and we scale the radius of the (interval) ball by some ε > 0. We see
an example of a tower of lattice covers in Figure 3.2B.

Definition 3.7 (Tower of Cubical Lattice Covers). Let Us = {Uα,s}α∈A be a cubical
lattice cover over X ⊆ Rn defined with k-intervals and overlap fraction g so that
every cover set in Us is of the form

Uα,s =
n∏

i=1

[(
cξα,i −

c

2(1− g)

)
, c

(
cξα,i +

c

2(1− g)

)]
.
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The tower of cubical lattice covers U is a tower of covers U = {Uε}ε≥s with resolu-
tion res(U) = s. For ε ≥ s we define the cover Uε = {Uα,ε}α∈A such that for each
α ∈ A

Uα,ε =
n∏

i=1

[
cξα,i −

1

2

(
c

(1− g)
− ε′

)
, cξα,i +

1

2

(
c

(1− g)
+ ε′

)]
,

for some ε′ ≥ 0 so that

diam(Uα,ε) =

∥∥∥∥( c

1− g
+ ε′, ...,

c

1− g
+ ε′

)∥∥∥∥
2

= ε.

For any s ≤ ε ≤ δ we have canonical cover maps uε,δ : Uε → Uδ where Uα,ε → Uα,δ

for all α ∈ A.

Again we define the resolution s to be the diameter of each cover set Uα,s ∈ Us.
The length of each side of the cover set is c

1−g
, so this is directly computed as s =

c
√
n

1−g
.

Definition 3.8 (Tower of Lattice Covers). Let Λ be a lattice with generating ma-
trix M and covering radius R, and let Us =

{
B
(
cξM, 1

2
s
)}

cξM∈B∩Zn be a Λ-lattice
cover over X ⊆ Rn defined with k-intervals and overlap fraction g.

The tower of Λ-lattice covers U is a tower of covers U = {Uε}ε≥s with res(U) =
s = 2cR(1 + g). For ε ≥ s, we define the cover Uε =

{
B
(
cξM, 1

2
ε
)}

cξM∈B∩Zn with
ε = s + ε′ for some ε′ > 0. For any s ≤ ε ≤ δ we have canonical cover maps
uε,δ : Uε → Uδ where B

(
cξM, 1

2
ε
)
→ B

(
cξM, 1

2
δ
)

for all cξM ∈ B ∩ Zn.

Stability for Computable Towers of Covers

Using a tower of covers, we can construct the Multiscale 2-Mapper using Al-
gorithm 1. Previous theoretical work for Multiscale Mapper shows the stability for
(c, s)-good covers, and show that covers defined on lattices are (3, s)-good. Recall
Definition 1.15 that for c ≥ 1 and s > 0 a finite tower of covers U = {Uε}ε≥s with
resolution s is (c, s)-good if

(i). res(U) = s and s ≤ diam(Z),

(ii). diam(U) ≤ ε for all U ∈ Uε and all ε ≥ s, and

(iii). for all O ⊆ Z with diam(O) ≥ s there exists U ∈ Uc·diam(O) such that O ⊆ U .
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Towers of (c, s)-good covers interleave with one another – see Theorem 1.16 – and
they also interleave with with the inferred Čech complex [DMW, Theorem 7.7]. We
prove these results under certain hyperparameter choices for computable covers.
We begin with the following lemma.

Lemma 3.9. Let B =
∏n

i=1[mi,Mi] be the bounding box of Z ⊆ Rn. Then
maxi=1,...,n Mi −mi ≤ diam(Z).

Proof. For all 1 ≤ i ≤ n, Mi −mi is the length of the bounding box parallel to the
i-th coordinate axes in Rn. The diameter of Z is maximum length of a line segment
endpoints in Z. By our construction mi,Mi ∈ Z for all 1 ≤ i ≤ n, and so our
lemma follows by definition.

This is a key property we use for proving the first condition of a (c, s)-good
cover. We first show that the tower of cubical covers is a (c, s)-good tower of cov-
ers.

Theorem 3.10. A tower of cubical covers U over a compact metric space Z ⊂ Rn

with resolution res(U) = s constructed with k-intervals such that k ≥
√
n and

overlap fraction g is a (3, s)-good tower of covers.

Proof. Let B =
∏n

i=1[mi,Mi] be the bounding box for Z. Without loss of gen-
erality, let M1 − m1 = maxi=1,..,n Mi − mi, and define M⃗ = (M1, ...,Mn) and
m⃗ = (m1, ...,mn). For condition (i), we can rewrite the resolution of res(U) = s as

s = ||l||2 =

(
n∑

i=1

(
Mi −mi

k − (k − 1)g

)2
) 1

2

=
1

k(1− g) + g

(
n∑

i=1

(Mi −mi)
2

) 1
2

=
1

k(1− g) + g
||M⃗ − m⃗||2,

which implies that, for k ≥
√
n,

s ≤ 1

k
||M⃗ − m⃗||2 ≤

1

k

(
n∑

i=1

(M1 −m1)
2

) 1
2

≤
√
n

k
(M1 −m1) ≤ diam(Z).
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For condition (ii) let ε ≥ s and consider the cover Uε ∈ U . Then for some ε′ > 0

each cover set Uα,ε is a hypercube with dimensions lε
′

i = Mi−mi

k−(k−1)g
+ ε′, for all α ∈ A.

Choose ε′ = − 1
n
||l||1 +

√
1
n2 ||l||21 + 1

n
(ε2 − s2). This choice of ε′ is well-defined and

non-negative as the discriminant is positive, and

ε′ = − 1

n
||l||1 +

√
1

n
||l||21 −

1

n
s2 +

1

n
ε2 > 0

⇒ 1

n
||l||21 +

ε2 − s2

n
>

1

n2
||l||21

⇒ ε2 − s2

n
>

1− n

n2
||l||21

⇒ ε2 − s2 >

(
1

n
− 1

)
||l||21,

where the final inequality is true for all n ≥ 1. Then the diameter of each cover set
Uα,ε is

diam(Uα,ε)
2 = ||lε′ ||22 =

n∑
i=1

(li + ε′)2

=
n∑

i=1

l2i + 2liε
′ + (ε′)2

= s2 + 2||l||1ε′ + n(ε′)2

= ε2,

yielding diam(Uα,ε) = ε. For condition (iii), let O ⊆ Z such that diam(O) > s. Let
Uα,s ∈ Us such that Uα,s ∩ O ̸= ∅. Then for x ∈ Uα,s ∩ O and center point cα ∈ Uα,s,
we have for any o ∈ O that

||cα − o||2 ≤ ||cα − x||2 + ||x− o||2 ≤
1

2
s+ diam(O) ≤ 3

2
diam(O), (3.1)

meaning that O ⊂ Uα,3 diam(O) ∈ U3 diam(O). Hence U is a (3, s)-good cover.

This is a new result for cubical covers which are not lattice covers. While con-
structed from uniform hypercubes, these hypercubes are not uniformly positioned
on the integer lattice, as each basic edge length of the hypercube is independently
scaled.

We have similar results for the lattice based tower of covers. We continue to
prove these for the other covers. Proofs for these are similar that of Theorem 3.10.
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Theorem 3.11. The tower of cubical lattice covers with resolution s, defined with
k-intervals and overlap fraction g is (3, s)-good for k ≥

√
n

1−g
.

Proof. Let B =
∏n

i=1[mi,Mi] be the bounding box for Z. Without loss of gen-
erality, let M1 − m1 = maxi=1,..,n Mi − mi, and define M⃗ = (M1, ...,Mn) and
m⃗ = (m1, ...,mn). For condition (i), we can rewrite the resolution of U = s as

s = ||l||2 =

(
n∑

i=1

(
c

(1− g)

)2
) 1

2

=

(
n

(
c

(1− g)

)2
) 1

2

=
√
n

c

(1− g)

=

√
n

k(1− g)
(M1 −m1) ≤ M1 −m1 ≤ diam(Z)

For condition (ii), choose ε′ = ε√
n
− l. Note that this choice of ε′ is non-negative

as

ε > l
√
n = s =⇒ ε′ > 0.

Then

||Uα,ε||2 = ||l + ε′||2 =

(
n∑

i=1

(
l +

(
ε√
n
− l

))2
) 1

2

=

(
n∑

i=1

(
ε2

n

)) 1
2

=
(
ε2
) 1

2 = ε.

For condition (iii), the proof is identical to the proof in Theorem 3.10, using
Equation 3.1.

We now turn our attention to the tower of lattice covers whose cover sets are
balls centered at lattice points. Each lattice cover is defined with a unique generat-
ing matrix, and thus each tower of lattice covers has different parameter restrictions
to be (c, s)-good.

Theorem 3.12. Consider the A∗
2 lattice with generating matrix MA∗

2
. A tower of

A∗
2-lattice covers defined with k-intervals and overlap fraction g is (3, s)-good for

k ≥ 2√
3
(1 + g).

Proof. Let U be a finite tower of triangular lattice covers over compact Z ⊂ R2

with resolution s. Consider the bounding box Z ⊆ [m1,M1] × [m2,M2] where mi =

minπi(Z) and Mi = maxπi(Z) for i = 1, 2. Suppose Us is the A∗
2-lattice cover
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created with k-intervals and g overlap fraction and generating matrix MA∗
2
. Then

s = 2cR(1 + g) where c = maxi=1,2
Mi−mi

k
and R = 1√

3
. Assume that k ≥ 2√

3
(1 + g),

g ∈ (0, 1) and that c = M1−m1

k
.

For condition (i) we can rewrite s to verify

s = 2cR(1 + g) =
2(1 + g)(M1 −m1)

k
√
3

≤ M1 −m1 ≤ diam(Z).

Condition (ii) is straightforward. Let ε ≥ s. Then Uε is a cover with cover sets
Uξ,ε = B(cξMA∗

2
, r) where r = 1

2
ε. We can simply choose ε′ = ε − s so that Con-

dition (ii) follows by definition of the tower of lattice cover. Lastly, condition (iii)
follows from the same argument as Equation (3.1).

Corollary 3.13. A tower of A∗
2-lattice covers defined with k-intervals, overlap frac-

tion g and generating matrix MA∗
2

is (3, s)-good if k ≥ 3.

Theorem 3.14. Consider the A∗
3 lattice with generating matrix MA∗

3
. A tower of

A∗
3-lattice covers U over compact topological space Z defined with k-intervals and

overlap fraction g is (3, s)-good for k ≥ (1 + g)
√
5 and g ∈ (0, 1).

Proof. Let B =
∏3

i=1[mi,Mi] be a bounding box on Z. Then a tower of A∗
3-lattice

covers is defined with c = maxi=1,2,3
Mi−mi

k
and without loss of generality suppose

c = M1−m1

k
. Then for k ≥ (1 + g)

√
5, we observe that

resU = s = 2cR(1 + g) =
2
√
5(1 + g)(M1 −m1)

2k
≤ M1 −m1 ≤ diam(Z),

resolving condition (i). For conditions (ii) and (iii), the proofs are identical to the
proof of Theorem 3.12.

Corollary 3.15. The tower of A∗
3-lattice covers defined with k-intervals, overlap

fraction g and generating matrix MA∗
3

is (3, s)-good for k ≥ 5.

Theorem 3.16. Consider the A∗
n lattice with generating matrix MA∗

n
. A tower of

A∗
n-lattice covers over a compact topological space Z, defined with k-intervals and

overlap fraction g is (3, s)-good for k ≥ 4R and g ∈ (0, 1) where R is the covering
radius of A∗

n.

Proof. Let B be a bounding box for Z, and without loss of generality suppose c =

max1≤i≤n Mi −mi = M1 −m1. Then for k ≥ 4R we have

res(U) = s = 2cR(1 + g) =
2R(1 + g)(M1 −m1)

k
≤ M1 −m1 ≤ diam(Z).
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This proves condition (i) and conditions (ii) and (iii) follow similarly to Theorem 3.12.

It is not unexpected that the tower of A∗
n-lattice covers are (c, s)-good. Their

construction, however, was completely general. Our results above yield bounds on
parameters for computable covers, so in the experimental setting we will have sta-
bility if choosing within the correct range of parameters.

As we now have ranges for these computable covers, we extend our results fur-
ther to verify that cluster covers that arise from using the clustering algorithm DB-
SCAN with a (c, s)-good cover is (c, s)-good.

Theorem 3.17. Let U = {Uε}ε≥s be one of the (3, s)-good covers defined above
(cubical, cubical lattice, or lattice) with resolution res(U) = s over a data set X.
Define the cluster cover C = {Cε}ε≥s′ by clustering X subordinate to the indicated
cover using DBSCAN with fixed parameters ϵ and MinPts. Then if there are no free
border points when clustering X, C is a (4, s′)-good cover where s′ ≤ s.

Proof. This proof follows easily from the fact that U is a (c, s)-good cover. For con-
dition (i), note the cluster cover Cs = {Cpα,s} has cover sets Cpα,s ⊆ Uα,p for all
α ∈ A. This means diam(Cpα,s) ≤ diam(Uα,s) = s for all α ∈ A. By definition the
resolution of C is res(C) = supα∈A diam(Cpα,s) = s′ ≤ s. The tower U is (c, s)-good
so we can conclude that res(C) ≤ res(U) = s ≤ diam(X).

Each cluster cover Cε = {Cpα,ε} for ε ≥ s contains cover sets Cpα,ε ⊆ Uα,ε

implying that diam(Cpα,ε) ≤ diam(Uα,ε) = ε. This proves condition (ii).
Lastly for condition (iii), suppose that O ⊆ X such that diam(O) ≥ s′. Let

Cpα,s ∈ Cs such that Cpα,s ∩ O ̸= ∅. Then for x ∈ Cpα,s ∩ O we have for any o ∈ O

that

||pα − o||2 ≤ ||pα − x||2 + ||x− o||2 ≤ s′ + diam(O) ≤ s+ diam(O) ≤ 2 diam(O)

meaning that O ⊂ Cpα,4 diam(O) ∈ C4 diam(O). Hence C is a (4, s′)-good cover.

Our previous proofs relied on the fact that our cover sets were of uniform shape.
Each Uα,ε was either a hypercube or ball with a center point cα. However, for each
cluster cover set Cpα,ε, the point pα is a core point within the cluster, but there is
not an obvious center point meaning we can only achieve the bound ||pα − x||2 ≤ s′,
which is different from the bound of Equation (3.1).
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We conclude that an implementation for Multiscale 2-Mapper with DBSCAN
clustering and any of the above tower of covers is topologically stable with respect
to persistent homology.

Theorem 3.18. Given a data set X ⊆ Rm, let f : X → Rn be continuous and
let U and W be two towers of (cubical, cubical lattice or lattice) covers. Cluster X

with DBSCAN using fixed parameters MinPts and ϵ. Then the persistence diagrams
computed from the Multiscale 2-Mappers Dk(MM2(f, CU)) and Dk(MM2(f, CW)) are
4-multiplicatively interleaved.

Proof. The result follows from Theorems 1.16 and 3.17.

Achieving this stability is important, as it is rarely if ever the case that an op-
timal cover can be understood apriori. With well-defined persistent homology, users
can choose parameters for 2-Mapper complexes which exhibit persistent topological
features.

3.3 Algorithm for Multiscale 2-Mapper

While Multiscale Mapper as developed by Dey, Mémoli, and Wang [DMW]
was an important theoretical advance, their results did not apply to data sets and
thus have not previously not been implemented. The results of Bungula and Darcy
[BD24] do apply to finite data sets, with DBSCAN as a choice of clustering func-
tion, though there was no implementation given with their manuscript. Motivated
by the opportunity to enhance Mapper algorithms by choosing persistent features,
we have now implemented these inspiring ideas.

There are many efficient libraries in Python for Topological Data Analysis, and
we will build on these for our Multiscale 2-Mapper implementation. Our algorithm
builds Multiscale 2-Mapper as a simplex tree [BM14], an object in gudhi which
contains simplices σ at a filtration time t. Simplex trees are the main construction
for simplicial filtrations in gudhi, where it is used for virtually all persistent homol-
ogy implementations. Due to the structure of a simplex tree, one must modify the
definition of Multiscale 2-Mapper so that the information across 2-Mapper com-
plexes in the filtration are properly stored. Once a simplex is added to a simplex
tree, it will persist for the rest of the filtration. However, each 2-Mapper complex
in the filtration will have a different vertex structure based on the clustering algo-
rithm DBSCAN. As seen in Figure 3.1, clusters can be created or collapse, and so
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to maintain a persistence in the Multiscale 2-Mapper we need to include some func-
tionality across the 2-Mapper complexes in the filtration. We do this by construct-
ing maps between vertex sets that map each vertex to it’s most similar (based on
cover set and data) counterpart in the next 2-Mapper complex. In certain cases, we
additionally add simplices into the next 2-Mapper to maintain its homotopy type
based on the constructed maps.

Let X ⊆ RD be a data set with reference function f : X → Rd and tower of
covers U . Cluster the preimage of the cover of X with DBSCAN. If there are no
free border points, then there is a tower of cluster covers C on X induced by U , and
for a finite sequence s = ε0 < ε1 < · · · < εt we can write the Multiscale 2-Mapper
MM2(f, C) as the sequence,

M2(f, Cε0)
c∗0,1→ M2(f, Cε1)

c∗2,1→ · · ·
c∗t,t−1→ M2(f, Cεt),

where each M2(f, Cεj) is the 2-Mapper complex constructed with cluster cover Cεj .
The maps c∗j+1,j are induced by the maps cj+1,j between cluster covers as arranged
for by our choices of nested covers.

For the 2-Mapper complex M2(f,Uεj), DBSCAN clusters each cover set so that
f ∗(Uα,εj) =

⋃m
i=0Cpα,i ∪ Nα, for each α ∈ A. The classified clusters determined

by DBSCAN are labeled as Cpα,i and are elements of the cluster cover Cεj . Points
which categorized as noise are grouped into a noise cluster Nα. As seen in Fig-
ure 3.1(D), elements of a noise cluster can later be contained in a labeled cluster
Cpα,l. Bungula and Darcy ignore the noise clusters in their results for Multiscale
Mapper with DBSCAN, and as in Section 3.2 we will remove all noise clusters from
our construction. Additionally, to guarantee that no free border points exist when
clustering, we will fix MinPts = 2.

The key data in Multiscale 2-Mapper are the maps between simplicial com-
plexes within the filtration. Attributes of each 2-Mapper complex vary through-
out the filtration. In particular, the cluster structure of each cover set in U and
the data contained in each cluster changes across each 2-Mapper complex in the
filtration. Consider the 2-Mapper complex M2(f, Cεj) and let Vj be the its ver-
tex set. Each node n ∈ Vj is one cluster Cpα,εj , and we encode n as the tuple
n = (Xn, α, pα) where Xn ⊆ X is the subset of the data set in n, α is the U cover
set label, and pα is the cluster label for Cpα,εj . Define node maps φj : Vj → Vj+1

where we map a node n ∈ Vj to its best match in Vj+1 defined by φj((Xn, α, pα)) =

(Xm, α, qα) such that |Xn∩Xm|
|Xn∪Xm| is maximized.
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One concern with these node maps is that they are not necessarily injective.
Injectivity fails when there are two clusters n1, n2 ∈ Vj that collapse into a single
cluster, say n1 as in Figure 3.1(B). In this case, this means that the 2-Mapper com-
plex Mj+1 does not contain a copy of n2. Simplex trees, however, preserve vertices
across an entire filtration, meaning n2 will still remain in the simplex tree while not
represented in Mj+1. To model this vertex collapse we instead insert the collapsed
node n2 into Mj+1 creating a new simplicial complex M ′

j+1. To preserve the homo-
topy type of Mj+1 we also insert edges and 2-simplices depending on the adjacency
of nodes with n1 in the 2-Mapper complex Mj. This leads to two possible cases in
our implementation for node collapse.

The first case, seen on the left of Figure 3.1, is when there is a single node col-
lapse between 2-Mapper complexes. Clusters (0, α, p), (1, α, q) ∈ Mj which belong
to the same pullback cover set Uα are both connected to (2, β, x) ∈ Mj, a clus-
ter of pullback cover set Uβ. The map c∗j+1,j : Mj → Mj+1 shows a collapse of
the Uα clusters. Algorithm 1 preserves the collapsed node (1, α, q) ∈ Mj by in-
serting it into M ′

j+1. Because the node index can change, we insert this node as
(2, α, q) ∈ M ′

j+1. To retain the homology of H∗(Mj+1), we insert an edge between
(0, α, p) and (2, α, q) and insert a 2-simplex σ for every node adjacent to (0, α, p).
In this case, σ = (0, 1, 2) ∈ M ′

j+1 is included and we see that Mj+1 ∼ M ′
j+1. The

map φj : Vj → V ′
j+1 is defined as {0, 1, 2} 7→ {0, 2, 1}.

Figure 3.3. Cases for cluster collapse in Algorithm 1. Left: a cluster collapse for a
single cover set. Right: a two cluster collapses on connected cover sets; also known
as a double collapse.
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The second case, seen on the right of Figure 3.1, occurs when two pullback
cover sets Uα and Uβ simultaneously collapse. For this case, we apply the single
collapse procedure above, adding nodes (2, α, q), (3, β, y) ∈ M ′

j+1 and 2-simplices
(0, 1, 3), (1, 2, 3) ∈ M ′

j+1. Since node (1, β, y) is adjacent to (3, α, q) in Mj, this ad-
jacency is preserved in the simplex tree. This leaves two empty cycles (0, 2, 3) and
(1, 2, 3) in M ′

j+1. To retain the right homotopy type, we insert 2-simplices at these
cycles so that Mj+1 ∼ M ′

j+1 and define φj : Mj → M ′
j+1 as {0, 1, 2, 3} 7→ {1, 3, 0, 2}.

A)

B)

Figure 3.4. We compute two Multiscale 2-Mapper complexes and produce their
resulting barcodes for a torus point cloud constructed from 500 points. Each
Multiscale 2-Mapper is computed with a filtration of twenty 2-Mapper complexes.
The lens function is coordinate projection to R2, and clustered with DBSCAN with
MinPts = 2 and ϵ = 0.5. Both towers of covers are initialized with 15 intervals and
range the overlap fraction from 0.05 to 0.9. Shown are the 2-Mapper complexes in
each filtration with overlap fractions 0.32, 0.54 and 0.72 (left to right). A)
Multiscale 2-Mapper constructed from a tower of cubical covers. B) Multiscale
2-Mapper constructed from a tower of A∗

2-lattice covers.

Algorithm 1 constructs the maps φj and new 2-Mapper complexes M ′
j+1 with

the AlignMappers function. To create the simplex tree we apply Algorithm 1 re-
cursively across every consecutive pair of 2-Mapper complexes (Mj,Mj+1). The
computational complexity for this algorithm is approximately O((n − 1)N2) where
n is the number of 2-Mapper complexes in the filtration of the Multiscale 2-Mapper
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and N is the average number of vertices per 2-Mapper complex. With this con-
struction we can now compute persistence barcodes and persistence diagrams for a
filtration of 2-Mapper complexes using methods found in gudhi. In the future we
intend to improve the efficiency of this implementation.

As an example, we compute the persistence barcodes using the tower of cubical
covers (Figure 3.4A) and tower of A∗

2-lattice covers (Figure 3.4B) for a sparse torus
point cloud. Each filtration is initialized with the same parameters, and we see
their resulting barcodes and 2-Mapper complexes across each Multiscale 2-Mapper.
The A∗

2-lattice Multiscale 2-Mapper has many more cycles in its persistent barcode,
and the cubical cover produces an accurate picture at high levels of overlap. But
the overall structure of the A∗

2 and cubical cover Multiscale 2-Mappers are similar.
Theorem 3.18 asserts that these two Multiscale 2-Mappers are close with respect to
the bottleneck distance, and when computed, the botteneck distance between these
two persistence barcodes is 0.0894 in degree zero and 0.1789 in degree one.
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Algorithm 1: Given a sequence of 2-Mapper complexes, without noise,
(M1, ...,Mn) computed from a tower of covers U , and clustering algo-
rithm DBSCAN(MinPts=2, ϵ) on a data set X, compute the Multiscale
2-Mapper.
1 def AlignMappers (Mi, Mi+1):
2 Let Vi, Vi+1 be vertex sets of Mi and Mi+1, respectively.
3 Let J be an empty |Vi| × |Vi+1| matrix.
4 for (n,m) ∈ Vi × Vi+1:
5 Let n = (Xn, α, pα) and m = (Xm, β, qβ).
6 if α = β:
7 Jn,m = |Xn∩Xm|

|Xn∪Xm|
8 Let φi(n) = argmaxm Jn,m.
9 for m ∈ Vi+1:

10 if |φ−1
i (m)| ≥ 2:

11 Let nM = argmaxn∈φ−1(m) |Xn|.
12 for n ∈ φ−1

i (m), with n ̸= nM :
13 Add vertex n ∈ Vi+1, and set φi(n) = n.
14 Add edge (n,m) ∈ Mi+1.
15 for vertices o ∈ Vi adjacent to n:
16 Add simplex (o, n,m) ∈ Mi+1.
17 for vertex pairs (o1, o2) adjacent to n:
18 Add simplex (o1, o2, n) ∈ Mi+1.
19 for node pairs (n1, n2) ∈ Vi × Vi:
20 if there is an edge between n1 and n2 and n1, n2 ∈ Mi “collapse”, ie.

n1, n2 /∈ Mi+1.:
21 Let n′

1 and n′
2 be nodes in Vi+1 that n1 and n2 collapse to,

respectively.
22 Add simplices (n′

1, n
′
2, n1), (n

′
1, n

′
2, n2) ∈ Mi+1.

23 return φi, Mi+1
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CHAPTER 4

APPLICATIONS

We put 2-Mapper and Multiscale 2-Mapper to use as new tools for understand-
ing data sets through 2-Mapper complexes. Our main strategy is to use the persis-
tence barcode for Multiscale 2-Mapper to infer choices of cover informed by Betti-1
values. We first study the shape analysis capabilities of 2-Mapper in Section 4.1 to
understand if there is an optimal cover choice to reproduce Betti-1 for various point
clouds sampled from simple manifolds. Next in Section 4.2 we apply our methods
to point clouds generated from dynamical systems that describe weather regimes,
and we create a new method called Trajectory Mapper which can approximate com-
mon trajectories that arise in these systems.

4.1 Shape Analysis

We first apply our methods to synthetic data sets generated to simulate man-
ifolds. We apply Multiscale 2-Mapper to two data sets (stochastic triangle and
Klein bottle data sets) and present its persistence barcode and selected 2-Mapper
complexes from the filtration. Our experiments reveal that one can obtain the cor-
rect Betti-1 for these simulated data sets.

Stochastic Triangle

In contrast with the (static) 2-Mapper calculations for stochastic triangles
from Section 2.3, we can compute the Multiscale 2-Mapper for a randomly chosen
stochastic triangle, seen in Figure 4.1. We project this data into R2 using PCA,
and choose DBSCAN with MinPts = 2 and ϵ = 0.5. For cover we choose the cu-
bical tower of covers containing a sequence of ten covers, with 10 intervals, overlap
fraction 0.1 ≤ g ≤ 0.7. With these parameters we compute ten individual 2-Mapper
complexes with the overlap fraction increasing by 0.06 across the filtration. In Fig-
ure 4.1B and C we see as g increases we can see the number of 1-cycles decrease.
This makes intuitive sense, since the overlap fraction increases there is a higher
possibility of a 2-simplex to appear in any give empty cycle. Once g ≥ 0.3, all of
these smaller 1-cycles disappear and we are left with the one prominent circle cy-
cle, resembling the shape of the stochastic triangle. Therefore, through persistence
we can identify that correct Betti-1 will be inferred when g ≥ 0.3. Due to The-
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orem 3.18, this also means we should be able to infer the correct Betti-1 for any
cover type.

Figure 4.1. Multiscale 2-Mapper of a Stochastic Triangle. A) Point cloud of a
stochastic triangle projected to R2. B) The persistence barcode of the multiscale
2-Mapper. C) 2-Mapper complexes in the filtration of the Multiscale 2-Mapper.
From left to right we have 2-Mapper complexes with overlap fractions 0.1, 0.22, and
0.34.

Klein Bottle

The Klein bottle data set, obtained from Gudhi [Mar+14], consists of 15,875
points sampled from a Klein bottle embedded in R5. We filter this data set using
projection onto the first two coordinates and cluster using DBSCAN with ϵ = 0.5

and MinPts = 2. For cover, we choose the cubical tower of covers containing a
sequence of ten covers with 17 intervals, overlap fraction 0.1 ≤ g ≤ 0.6. With
these parameters we construct a Multiscale 2-Mapper filtered over g where g in-
creases by 0.05 between 2-Mapper complexes along the filtration. In Figure 4.2C,
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as g increases the 2-Mapper complex better resembles the Klein bottle, and there
are some 1-cycles that persist for the entirety of the filtration.

For small values of g (g = 0.15), the 2-Mapper complex is not annular and
does not even resemble the shape of the Klein bottle. However, once the overlap
fraction exceeds 0.35 the Betti-1 value is 1, and is not representative of Betti-1 for
a Klein bottle. These two observations we see are likely due to the twist in the data
set. Small overlap fractions result in smaller portions of the cover with (at least) 3-
fold intersections. This leads to less edges and 2-simplices and hence a more sparse
2-Mapper complex. Contrarily, large overlap fractions can remove geometric nu-
ance in the data set though the generation of too many 2-simplices. This results in
the death of 1-cycles and the reduction of Betti-1. In particular, this occurs in the
twist of the Klein bottle, seen the the top left of Figure 4.2A. Because of the Klein
bottle’s self intersection, 2-Mapper constructs extra simplices in this area and this
kills one of the Betti-1 representatives. By using the persistence barcode in Fig-
ure 4.2, we would choose 0.3 ≤ g ≤ 0.35 in our filtration as the best representative
2-Mapper complex for the Klein bottle.

4.2 Climate Regimes and Dynamical Systems

Climate regimes and their mathematical modeling largely involve chaotic dy-
namical systems. Pseudo-periodic trajectories often occur, but they can be difficult
to find analytically. Recently, scientists have turned to TDA to analyze these com-
plex systems [Str+23]. Dynamical systems which model climate regimes are usually
chaotic, and their visualization can be crucial to identifying a system’s behavior.
Previous research has used Mapper to identify changes in the state of a dynamical
system representing neural signaling [Sag+18], and we intend to use similar tech-
niques geared toward climate regimes. If we construct a Mapper graph from dy-
namical system data – for example, the Charney-Devore system – the graph would
contain loops identifying some cyclical behavior in the system but could also in-
clude extraneous loops arising from spatial properties of the point-cloud. We devel-
oped Trajectory Mapper, an enhancement of 2-Mapper, to distinguish temporally
relevant cycles in this setting, and to analyze time-series data more generally.

Definition 4.1. We say a data set is temporal if it is a subset of some Z × R, with
an ordering convention that for points (xi, ti) we have ti < ti+1 for all i.
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Figure 4.2. Multiscale 2-Mapper of the Klein bottle. A) The point cloud of the
Klein bottle projected to R3. B) The persistence barcode of the multiscale
2-Mapper. C) 2-Mapper complexes in the filtration of the multiscale 2-Mapper.
From left to right are the 2-Mapper complexes with overlap fractions 0.15, 0.2 and
0.3.

Let M(f,U) = (V,E) be a Mapper graph or 2-Mapper complex with vertices
V and edges E of temporal data set X ⊆ Rn × R. The Trajectory Mapper graph
of X is the directed graph TM(f,U) = (Ṽ , Ẽ) whose edges Ẽ ⊆ E witness the
temporal feature, in that for all e = (v1, v2) ∈ Ẽ there exists a point xi ∈ v1 and
xi+1 ∈ v2 for some i.

The Trajectory Mapper graph is a subgraph of the original Mapper graph or
2-Mapper complex, consisting of edges that witness a temporal relationship be-
tween clusters. We encode Trajectory Mapper as a weighted directed graph where
edges represent the direction with respect to time, and the weights for each edge
are equal to the number of pairs of points in the edge witnesses. The weights help
us compute path trajectories in the directed graph which are approximations of tra-
jectories in the dynamical system, see Figures 4.4 and 4.6. As a novel technique,
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Trajectory Mapper has only been tested on classical dynamical systems – Lorentz
model and Charney-deVore – used in climate science for benchmarking, though in
current work we are applying it to data sets of current interest.

Lorentz ’96

We first apply Trajectory Mapper to the Lorentz ’96 Model, a chaotic dynam-
ical system used to model atmospheric weather regimes [Str+23, Appendix B.1.3]
which is a data set of 600 points in R8. In Figure 4.3A, we see the data set pro-
jected in R3 using principle component analysis [Hot36]. Here the points are con-
nected by edges defined through the orbit structure of the dynamical system. We
compute the Multiscale 2-Mapper using this PCA filter, a tower of cubical covers
consisting of 8 covers, and use DBSCAN with MinPts = 2 and ϵ = 0.5.

Figure 4.3. A) The Lorentz ’96 dynamical system with F = 5 projected to R3 via
PCA. We compute Multiscale 2-Mapper of the Lorentz model using a tower of
cubical covers containing 8 covers with overlap fractions ranging from g = 0.15 to
g = 0.45. B) The persistence barcode computed from this Multiscale 2-Mapper. C)
We show the 2-Mapper complexes for g = 0.21, 0.31, 0.45 (left to right).
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As we progress through the filtration, Figure 4.3C, we see the inclusion of more
2-simplices in the 2-Mapper complex. In the barcode, Figure 4.3B, there are some
1-cycles which persist for most of the filtration, and some moderately persistent
cycles at different overlap values. We choose the representative from the Multiscale
2-Mapper with g = 0.31 (Figure 4.3C-center).

Figure 4.4. From the Lorentz ’96 dynamical system (left) we compute the
Trajectory Mapper. Contained in this directed graph is a single cycle (center)
which we can extrapolate and visualize the consecutive times points from this cycle
to see an “approximate” trajectory (right).

Now, with our chosen overlap fraction, we compute the Trajectory Mapper
seen in Figure 4.4 which, as a directed graph, admits a single directed cycle, shown
in the center sub-figure of Figure 4.4. Of course, given a directed graph there ex-
ist a multitude of directed paths between its vertices, however it an interesting re-
sult to only have one cycle admitted from this directed graph. Using this cycle, we
can extrapolate the subset of data in the dynamical system that lies in this cycle,
Figure 4.4C, by looking at the data in each vertex of the cycle in the Trajectory
Mapper. With Trajectory Mapper, one can easily represent dynamical systems and
visualize their trajectories. While the Lorentz ’96 system is a trivial example, the
identification of interesting trajectories is more apparent with Charney-deVore.

Charney-deVore

Next we apply Trajectory Mapper to the Charney-deVore dynamical system
[Str+23, Appendix B.1.2]. This model describes barometric pressure and is a com-
mon benchmark in climate science. Within the point cloud – see Figure 4.5A or
Figure 4.6(left) – an inner cyclonic region and larger cycles on the outside of the
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point cloud. Within the inner cylinder the system is low velocity and fairly sta-
ble. Once a point reaches the end of that cylinder the regime changes and it moves
along the outside region at high velocity before re-entering the inner cylinder. The
shape of the point cloud visually is difficult to interpret the existence of cyclic be-
havior, however we will see that we can visualize some trajectories with Trajectory
Mapper.

C)

A) B)

Figure 4.5. A) The Charney-deVore dynamical system projected to R3 via PCA.
We compute Multiscale 2-Mapper using a tower of cubical covers containing ten
covers with overlap fractions ranging from g = 0.1 to g = 0.6. B) The persistence
barcode computed from the Multiscale 2-Mapper. C) We show 2-Mapper complexes
for g = 0.15, 0.32, 0.54 (left to right).

First, we generate a 10,000 point data set of the Charney-deVore dynamical
system. We then compute the Multiscale 2-Mapper of this system to identify a
proper 2-Mapper complex to compute an approximate trajectory using Trajectory
Mapper. This produces a barcode, seen in Figure 4.5B, which we see is quite noisy.
For point cloud there is an overall separation in the data between the high and
low velocity regimes, and we want to choose a 2-Mapper complex which visualizes
this separation. Looking at the selected 2-Mapper complexes with the Multiscale
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2-Mapper, in Figure 4.5C, the 2-Mapper complex computed with g = 0.32 best
visualizes this while still being highly connected. We choose to use this 2-Mapper
complex for computing approximate trajectories.

In Figure 4.6 we see the Trajectory Mapper highlighted in green within the
1-skeleton of the 2-Mapper complex. From that we observe the a path within the
Trajectory Mapper graph (in purple). We note that this path does in fact follow
the helicoidal movements from the original dynamical system, and this is more ap-
parent when viewing the data which lies in this trajectory.

Figure 4.6. The Charney-deVore dynamical system (left). We compute its
Trajectory Mapper and find a directed path in purple (center). From this path we
can approximate a well traversed trajectory within the original dynamical system
(right).
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APPENDIX A

LATTICES

Definition A.1 (Lattice). Given n linearly independent vectors v1, ..., vn ∈ Rm, we
define the lattice generated by this set of vectors as Λ = {

∑n
i=1 aivi : ai ∈ Z}. We

call {v1, ..., vn} the basis of the lattice.

Given a basis of a lattice Λ, we define the generating matrix M of Λ as

M =


v1

v2
...
vn

 =


v11 · · · v1m

v21 · · · v2m
... . . . ...

vn1 · · · vnm

 .

Every vector w ∈ Λ can be written as w = ξM for some ξ ∈ Zn. The matrix
A = MMT is called the Gram Matrix of Λ. We define the determinant of Λ as

detΛ ≡ det := detA.

The determinant describes the size of the lattice. If we take Voronoi cells at each
point Pi in the lattice, defined

V (Pi) = {x ∈ Rn | d(x, Pi) ≤ d(x, Pj) ∀j} ,

these cells would be congruent and have volume equal to
√
det.

An interesting problem about lattices is the sphere covering problem.

Question. For spheres centered at lattice points, on average, what is the smallest
number of spheres that contain a fixed point in space?

The answer to this question is determined by the thickness Θ of a lattice Λ

where
Θ =

VnR
n

√
det

.

The thickness is determined by the covering radius R of Λ, defined

R = sup
x∈Rn

inf
P∈Λ

d(x, P ),

and Vn is the volume of the n-unit ball

Vn =

π2k

k!
, 2k = n

2(k!)(4π)k

(2k+1)!
, 2k + 1 = n

.
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Note that spheres of radius R are the smallest such balls that will cover Rn.
With the basic definitions for lattices, we can now define dual lattices.

Definition A.2 (Dual Lattice). Let Λ be an n-dimensional lattice with generating
matrix M and Gram matrix A. We define the dual lattice, Λ∗ = Hom(Λ,Z) =

{x ∈ Rn | x · u ∈ Z, u ∈ Ln}.

If Λ has basis v1, ..., vn we can choose canonical basis v∗1, ..., v
∗
n for Λ∗ such

that v∗i (vj) = δij. The dual basis for Λ∗ will also construct the generating ma-
trix (M−1)T and Gram matrix A−1. Thus the determinant of the dual lattice is
det(Λ∗) = det(Λ)−1.

Lastly, we can scale any lattice Λ by some c ∈ R. The table below shows how
scaling affects is properties.

Property Λ cΛ

Generator Matrix M cM
Gram Matrix A c2A
Determinant det c2n det

Covering Radius R cR
Thickness Θ Θ

Dual Lattice Λ∗ c−1Λ∗

Table A.1. The effects of scaling a lattice Λ.

The primary lattice we are most concerned with is A∗
n. For n ≤ 5, it is proven

that A∗
n is the thinnest lattice covering. Additionally, A∗

n is the thinnest known lat-
tice covering for n ≤ 23 [Con+13, Chapter 2, Section 1.3]. To understand A∗

n, we
will first define the root lattice An.

An =

{
(x0, ..., xn) ∈ Zn+1

∣∣∣ n∑
i=0

xi = 0

}
,

which uses n + 1 coordinates to define an n-dimensional lattice. Thinking of An

lying in the hyperplane
∑

xi = 0 in Rn+1 yields a nice representation of the lattice
where the i-th node is the basis vector −ei + ei+1 for 0 ≤ i ≤ n. This gives us a
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generating matrix

MAn =


−1 1 0 0 · · · 0 0

0 −1 1 0 · · · 0 0

0 0 −1 1 · · · 0 0

· · · · · · · · ·
0 0 0 0 · · · −1 1

 .

The dual lattice to An is

A∗
n =

n⋃
i=0

[i] + An,

where
[i] =

(
i

n+ 1
, ...,

i

n+ 1
,

−j

n+ 1
, ...,

−j

n+ 1

)
.

We note that i
n+1

occurs j times and −j
n+1

occurs i times with i + j = n + 1. A∗
n has

a generating matrix

MA∗
n
=


1 −1 0 0 · · · 0 0

1 0 −1 0 · · · 0 0

· · · · · · · · ·
1 0 0 0 · · · −1 0
−n
n+1

1
n+1

1
n+1

1
n+1

· · · 1
n+1

1
n+1

 ,

derived as the inverse the generating matrix of An above. However, A∗
n has two nice

representations for dimensions n ≤ 3. This is because A∗
1
∼= A1

∼= Z , A∗
2
∼= A2

and A∗
3
∼= D∗

3. Due to these special equivalencies, we have alternative generating
matrices for A∗

2 and A∗
3, respectively:

MA∗
2
=

[
1 0
−1
2

√
3
2

]
, and MA∗

3
=

2 0 0

0 2 0

1 1 1

 .

We then have the following properties for each of the lattices with their respec-
tive generating matrices.
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Property A∗
n A∗

2 A∗
3

Generating Matrix MA∗
n

MA∗
2

MA∗
3

Determinant 1
n+1

3
4

16

Covering radius
√

n(n+2)
12(n+1)

1√
3

√
5
2

Thickness Vn

√
n+ 1

(
n(n+2)
12(n+1)

)n/2
2π
3
√
3

5π
√
5

24

Table A.2. Attributes for A∗
n lattices.

76



APPENDIX B

2-MAPPER IMPLEMENTATION

We compute 2-Mapper using Algorithm 2. With the standard Mapper graph
expressed as a tuple of vertices V and edges E, M(f,U) = (V,E), we can find all
triples of nodes (n1, n2, n3) ∈ V whose subgraph is complete – that is, the trian-
gles in M . Each node ni corresponds to a cluster of data Xni

⊆ X, and so we can
identify if we should insert a 2-simplex into the triangle (n1, n2, n3), so long as the
intersection of data

⋂3
i=1Xni

is non-empty. We find all such 2-simplices, thus com-
puting the 2-dimensional nerve, and use them to complete the 2-Mapper complex
M2(f,U).

We implement by building on giotto-tda, whose plotting functions use plotly

[Inc15]. The Mapper graph M is a 3dScatter plot, and we insert 2-simplices using
the 3dMesh plot. Finding and inserting 2-simplices in our implementation is ap-
proximately O((d2+1)n) where d is the average vertex degree in the 2-Mapper com-
plex and n is the number of vertices. We color each 2-simplex as the average color
between it’s colored nodes. Additionally, we can weight the opacity of the simplex,
or the thickness of each edge, by number of data points in the intersection using
the boolean parameters fancy_simplices or fancy_edges, see Figure B.1.

Figure B.1. 2-Mappers constructed from a torus point cloud using no additional
parameters (left) and the parameters fancy_simplices (center) and fancy_edges
(right).
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Algorithm 2: For a data set X and a choice of given a filter function f ,
cover U of f(X), and clustering algorithm, assume the Mapper graph M =
(V,E) has been constructed, based on clusters Xv ⊂ X, over v ∈ V . We
additionally provide information on the plotting a 2-Mapper with boolean
parameters fancy edges and fancy simplices.
1 def list_2simplices (M):
2 Let V∆ ⊂ V × V × V be the subset of triangles in M .
3 Let S denote the intended list of 2-simplices.
4 Let SX denote the list of data contained in each 2-simplex.
5 Let S|X| denote the list of simplex weights.
6 for (n1, n2, n3) ∈ V∆:
7 if Xn1 ∩Xn2 ∩Xn3 ̸= ∅:
8 (n1, n2, n3) ∈ S.
9 Xn1 ∩Xn2 ∩Xn3 = X(n1,n2,n3) ∈ SX .

10 |X(n1,n2,n3)| ∈ S|X|.
11 return S, SX , S|X|

12 def plot_2mapper (M , fancy_edges, fancy_simplices):
13 Let S, SX , S|X| = list_2simplices (M)
14 Let E, E|X| be the set of edges and edge weights of M .
15 Let PM be the figure of Mapper graph M .
16 if fancy_edges:
17 for w ∈ E|X|:
18 Create Scatter3d plot with edge thickness equal to w.
19 Add this plot to PM .
20 if fancy_simplices:
21 for w ∈ S|X|:
22 Create 3dMesh plot with triangle opacity set to

o =
w−minS|X|

maxS|X|−minS|X|
, for entries in SX with weight w.

23 Add this plot to PM .
24 if not fancy_simplices:
25 Create 3dMesh plot with entries in SX .
26 Add this plot to PM .
27 return PM
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