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DISSERTATION ABSTRACT

Christopher Shum

Doctor of Philosophy
Department of Mathematics
June 2013

Title: Solvable Particle Models Related to the g-Ensemble

For 8 > 0, the S-ensemble corresponds to the joint probability density on the
real line proportional to

N N
H |2y — CCm|/j H w(xy)
n=1

n>m
where w is the weight of the system. It has the application of being the Boltzmann
factor for the configuration of N charge-one particles interacting logarithmically
on an infinite wire inside an external field () = —logw at inverse temperature (3.
Similarly, the circular S-ensemble has joint probability density proportional to

N N
H ‘ew" - ei9m|ﬁ Hw(xn) for 0, € [-m,m)
n=1

n>m
and can be interpreted as N charge-one particles on the unit circle interacting
logarithmically with no external field. When g = 1,2, and 4, both ensembles are

said to be solvable in that their correlation functions can be expressed in a form

v



which allows for asymptotic calculations. It is not known, however, whether the

general [S-ensemble is solvable.

We present four families of particle models which are solvable point processes
related to the f-ensemble. Two of the examples interpolate between the circular
[f-ensembles for f§ = 1,2, and 4. These give alternate ways of connecting the
classical (-ensembles besides simply changing the values of 3. The other two
examples are “mirrored” particle models, where each particle has a paired particle

reflected about some point or axis of symmetry.
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CHAPTER I

INTRODUCTION

Notation I.1. The following notation will be used throughout:

1 ifn=m

5n,m:
0 ifn#m
ZBN:(ZL‘l,‘..,I'N)
TNy VY = (T, TN YL, - YM)

dey =dri---dry

N=1{1,...,N}

If N> M, then t: M ~ N is a strictly increasing function, and t : N — M " N
is the unique strictly increasing function whose range is disjoint from t. Denote by

sgn t the sign of the permutation necessary to put the sequence

t(1),..., (M), ¢(1),.... (N — M)

back in order.

The Gaussian and Circular Ensembles

In the 1950s, Eugene Wigner introduced random matrices to study the energy

level behavior of highly excited nuclei. According to quantum mechanics, the



energy levels are the spectrum of the nuclear system’s Hamiltonian, which is a
Hermitian operator on an infinite dimensional Hilbert space. While the Hamilton
is unknown (and would be too complicated to write down if known), Wigner
hypothesized that the Hamiltonian can instead be approximated by a large matrix
selected randomly from a family of Hermitian matrices [44], and thus that the
eigenvalues of the random matrix predict the average behavior of the energy
levels. Depending on the physical specifications of the nuclear system, the matrix
entries are real (time-reversal invariant), complex (not time-reversal invariant), or
quaternion (time-reversal invariant but do not have spin-rotational symmetry).
Because the space of Hermitian matrices is not compact, the entries are chosen to

have Gaussian distribution to maximize entropy.

The random matrix ensemble corresponding to complex entries is called the
Gaussian unitary ensemble (GUE). More precisely, let { X, m, Yom :1 <n <m <
N} be a set of independent normal random variables with mean 0 and variance
%, and let {X,, : 1 <n < N} be a set of independent normal random variables
with mean 0 and variance 1, with independence between the two sets of random

variables. Then the random points of the GUE are the N eigenvalues generated



from the N x N random Hermitian matrix

X1 Xipg+iY1i2 -+ Xinv+iYiy
X Xi2—1Y12 Xo.9 o Xon+1Yon
Xinv—Yin Xoy —1Yony -~ XN N

When the matrix entries in the Gaussian ensembles are real and quaternion, the
ensembles are called the Gaussian orthogonal ensemble (GOE) and the Gaussian

sympletic ensemble (GSE), respectively. The joint distributions of the entries are

C-exp {—gtr(Xz)}

where the GOE corresponds to § = 1, GUE to § = 2, and GSE to = 4, and ¢
is some constant depending on N and (. These distributions are invariant under
the actions by the orthogonal, unitary, and symplectic groups, respectively. By the
spectral theorem for Hermitian matrices, we can decompose the matrix uniquely
into a diagonal matrix of eigenvalues (in increasing order) and a unitary matrix
of eigenvectors. After applying this change of variables and integrating out the

: : B2 . e
eigenvector variables, for w(x) = e~ 4% | the eigenvalue distribution is

1

WQN;B(UEN)

where

Qnp@n) = [ ln - 2nl’ ] wizn), (L1)

n>m

and the normalization, called the partition function, is

1
ZN;g = — QN;B(wN) dd)N. (12)
N' RN

3



Freeman Dyson [10] later introduced the circular orthogonal (COE), unitary (CUE),
and symplectic (CSE) ensembles corresponding to the distribution of points on the

unit circle proportional to

N
Qv =[] e - ewm\ﬁ (1.3)

n>m

for =1, § =2, and § = 4. These are the joint distributions of eigenvalues from
random unitary matrices chosen according to Haar measure with real, complex,
and real quaternion entries. Dyson’s motivation was to alter Wigner’s energy level
model so that each state could be selected uniformly at random. While the circular
ensemble does not realistically depict the energy levels of a nucleus because the
energy level range of a nucleus is infinite, the statistics in any small region of the
circular ensemble match the statistics in any region in the bulk (inside the particle

support) of the Gaussian ensemble [23].

This leads to the concept of universality in random matrix theory, which states that
in certain classes of random matrices, local statistics of eigenvalues are independent
of the matrix entry distributions as the dimension of the matrix increases. Much
of today’s study focuses on the description of these classes. An example is the
Wigner matrix, which is a complex Hermitian random matrix such that

1. the upper triangular entries are identically distributed with finite moments

and variance equal to one,
2. the diagonal entries are identically distributed,

4



3. all the entries have mean zero,
4. and all the entries are independent (besides the symmetry condition).
Tao and Vu’s four moment theorem [37] states that the local statistics of eigenvalues

of a Wigner matrix depend only on the first four moments of the matrix entries.

We will later show that for some point processes (like the Gaussian and circular
ensembles), the local statistics are encoded in a single object called the kernel.
As the number of points N increases to infinity, the three limiting kernels which
commonly appear are the sine kernel, Airy kernel, and Bessel kernel; see (1.8),

(1.9), and (I1.10) below.

The statistics from random matrices have appeared in other areas of mathematics.
For example, in [3], the authors derive the limiting distribution of the length of
the longest increasing subsequence from a permutation in Sy selected uniformly
at random as N — oo, where Sy is the permutation group on N elements. This
distribution is the same as the limiting distribution of the largest eigenvalue of
the GUE ensemble, called the Tracy- Widom distribution, which we mention again

below.

The B-Ensemble and 2-Dimensional Electrostatics For § > 0, the point process

with density of points (I.1) and general weight w is called the -ensemble. This



distribution has interpretations in 2-dimensional electrostatics. Consider N charge-
one particles on the real line interacting logarithmically, i.e. the energy between

two particles located at x and y is

—log |z —y|.

The particles lie in an external field () which keeps the particles from escaping to

infinity. The total potential energy of the system is

En(zy) = — Z log [zn, — @m| + ZQ(xn>

n>m n=

The Boltzmann factor with inverse temperature equal to 5, which gives the relative
density of states, is

N N
e PEN(zN) — H |z, — $m|ﬁ H e PQ(zn)
n=1

n>m

With w(z) = e ??® | the Boltzmann factor is the same as (I.1). For the circular
ensemble, we have an analogous 2-dimensional electrostatic interpretation for

particles on the unit circle in which the Boltzmann factor is (I.3).

Correlation Functions We present this section specifically for the S-ensemble on
the real line, and any analogous definitions can be translated to the circular g-
ensemble by changing the domain from R to [—m, 7). For a fixed N and n < N,
let Dy, ..., D, be a family of mutually disjoint subsets of R. Denote X'(D;) by the

random number of points that land in D;. The correlation functions are a family



of N functions R}, : R" — [0,00) defined by

n

HX(Di)] _/D R, da,

=1

E

We can write the correlation functions in terms of the joint density. For xy,...,x, €
R, let ¢ > 0 be such that B.(xi),..., B:(z,) are mutually disjoint. Let D, =

R\ U B.(z;). For € small, we can approximate (1.4) by

PlX(D)) =1,...,X(D,) =1,X(D) = N —n]

1
ZN,BN'(ZV—n,l,... )/Ml /exn)/ Ng(Tn V Yn_,) dY N ATy
S — Q T,V n d " dzx,,.
/s (1) /s (zn) |:ZNE<N—H)'/;N " Nﬁ( Yn— ) Yn_

Ase — 0,

and

= R s =
—_— cee = At QN;,@(CBTL Vy 7n) dwn dy -n
(me2)n < (1) - (zn) Znp(N —n)! Jpy-n N "
1

= Zna(N —n) Qnis(@n V Yn_p) dYn_
ZN;B(N—n)!/RN_n Nig(@n V Yy ) dyy

at all Lebesgue points. Because the correlation functions we are working with are

continuous, we can write

1
n) = 5o Qng(®n VYn_pn) dYn_,- 1.4
RY@) = g | vl Vuy du (1)

Many important statistics of the ensemble are derived in terms of the correlation



functions, like the gap probabilities described below. As mentioned above we
are particularly interested in the situation where the dimension of the matrix
N increases to infinity. Note that the correlation functions become difficult
to work with since the number of iterated integrals increases with N. For
certain values of (3, correlation functions can be written in a more tractable

form.

Determinantal Point Process

When 5 =2 in (I.1), the corresponding point process is a determinantal point
process, i.e. the nth correlation function can be expressed as a determinant
of a scalar kernel. We follow the calculation in [41] for the S-ensemble in the
real line, which we divide into two parts.
The Partition Function as a Determinant
The first step is to write the partition function as a determinant of a Gram
matrix. The product

H (Tn — Tm)

n>m

can be expressed as the determinant of the Vandermonde matrix

po(z1) -+ polry)
Valay) = | A0 )
prn-1(z1) -+ prn-1(zN)



where {p,} is any family of monic polynomials such that deg(p,) = n. Then

N
1 2
Zna= 17 /R , (et Vir(on))* [T uten) daw.

Next, using the Leibniz formula for the determinant,

N
1
Zna =37 2 D senTsgno / N oo @a)pr (wn)w(wn) dey
: RY p=1

TESN 0ESN
1 N
~ 31 2 S smrseno [T [ prole)orin @ute) de
.TESNO'ESN n=1 R

Now we eliminate one of the sums. Let

(flg) = / F(@)g(@)w(z) dr.

We change variables in the product by substituting 7! (n) for n to get

N
1
Ine = 5 >N SgHTSgHUH/pg(T1(n))(l‘)PT(T1(n))(9€)w($) dx
’ n=17R

TESN 0ESN

— % Z Z sgnngn(UT—l)H/Rpa(T1(n))(x)pn(x)w(;p) dr

TESN ot~ 1eSy

— 31 2 2 s [T [ p@p(oute) do

TESN O’ESN

= Y sane ][ [ po@pnle)ut) do

geSN

= det [{pn-11pm—1)]n mer - (L.5)
This completes the first step.

Correlation Functions as a Determinant
Next, we create a generating function for the correlation functions. Let {¢,} be

indeterminants, {u,} C R, and ¢ be the Dirac delta function. Let

N

du(z) = Z(cndéun (z) + dx).

n=1



Define

1
INo = / Qno(xn) du(zy) - - - du(zy).
’ N! Jgn
Then
Zya 1
L Qn, ‘
Zng  ZnpN! /RN va(@n) du(e) - dp(zy)

We expand the product du(xy)---du(zy), and simplify by using the symmetry
of Qn.2 and that Qu,, vanishes if two of the entries are equal. Collecting the
indeterminants gives

Zea

N
7 - = Z Z C1) - Ct(n)R»,]XQ(Ut(l), ce 7ut(n))- (16)
N;2 n=0 tn "N

We next use the determinant expression for the partition function (I.5). Let

Cy = [{pn-1 ’pm—1>]fzv,m:1

and

N

Ay = [\/a w(um)pn,l(um)]

n,m=1

Then

Zyso  det(Cy + AyAY)
ZN;Q - det CN ’

We factor out Cy and use Sylvester’s determinant theorem to rewrite the above as

= det(Iy + Cy'ANAY)
= det(Iy + ALCH' Ap).

10



We are free to choose any family of monic polynomials, and the family which most
simplifies Cy is the monic orthogonal polynomials {p, } with respect to the inner

product. With this choice and

= [ (@) Pule) do.

Cy is diagonal, and

1 N
Cy = {—%m]

n n,m=1

We introduce the weighted Christoffel-Darboux kernel for the orthogonal polynomials

{pn}
Kn(o,y) = V@) S Ltenly),
Some matrix multiplication shows that
Iy + ANVCY Ay = [Bnm + Vet Fn (tn, )] -
Thus, the coefficient of ¢; - - - ¢, is
det [Kn(u;, ukf)]?,k:l )

The Christoffel-Darboux formula simplifies the kernel Ky to

\/7PN )pn-1(y) — pn(Y)pn-1(z) ifr £y

Kn(.y) = -
w(x)p’N(x)pN,l(:c) pn(2)ply_ ()

N-1

if x =y.

Note that the parameter N only appears in the kernel, and studying the ensemble

11



reduces to understanding the orthogonal polynomials and their asymptotics.
Thus, this particular point process is more specifically called an orthogonal

polynomial ensemble.

Pfaffian Point Process

When § = 1 or 4, the S-ensembles are Pfaffian point processes. That is, the
correlation functions can be expressed as a Pfaffian of k? for k£ > 1 matrix kernels

of size 2 x 2.

First we need a couple of definitions. The Pfaffian of a 2N x 2N anti-symmetric

2N

matrix A = [a;;];;—; is given by

N
1
Pt A = SN N Z sgno H Qo (2n—1),0(2n)-

O'ESQN n=1

A skew-inner product (-|-) is an inner product which is skew symmetric, or

(flg) = —(glf)-

Analogous to orthogonal polynomials, the skew-orthogonal polynomials are a family

of polynomials {¢,} which satisfy

(@2nl@2m) = (@2nt1lg2ms1) =0
<q2n|q2m+1> = 7,n(sn,m-
The steps in deriving the correlation functions are the same as in the determinantal

point process case. We outline the steps here. The details can be found in [41],

12



135], [30], and [7].

With skew-inner products

/f y)sgn(y — x)w(z) dyde if f=1
{fl9)s

[@9@) - g @) o it 5=
R
the first step is to show that the partition functions can be written as a Gram

matrices

PE[{pulpm) il e and  PE[(pnlom)aliny -

When g = 1, we assume N is even. The matrix for N odd is slightly more

complicated and was studied in [34].

o
Next, we create a generating function 5 Which can be expressed as (1.6).
N;B
Ing . . i .
We then expand 7 using the Pfaffian expression of the partition function and
N;B

match coefficients to reveal that the correlation functions can be expressed as

Pfaffians of a 2 x 2 matrix kernel. For § = 1, the matrix kernel entries are

N

SN;l(x, y) Z q2n; 1 €q2n+1 l(y)r_‘lq2n+1;1(l’>€q2n;1(y)
|
DSna(x,y) = Z Q2011 (T) Gont1; 1(3/)7,—.1612%1;1(I)qm;l(y)
J-1
[SN 1(z,y) \/7 Z Eqan; ( €Q2n+1 1(y)r— 5Q2n+1;1($)5%n;1(y)
n;l
+ Sgn(y — x)

13



where

= [ swsenty — )y

When 8 = 4, the matrix kernel entries are

n; — n—+1:4(T /n'
SN4 x y \/72 q2 4 q2n+14(y) (op) +1,4( )Clz ,4(9)

Tn4
= ot (2) G 1:4(Y) = G 1:4(%) Goia ()
DSna(x,y) = /w E " : :
n;4
q n; q n — Qon ; x)q n;
ISN4(£U y) Z 2 4 2+14(?/)T .42+14( ) 2 4(y)'

Then the 2 x 2 matrix kernel is

DSN,ﬂ(x7y> SN’B(Z'U,y)

Kys(z,y) =
Nis(z,y) —Sns(y, ) 1Sna(x,y)

and the nth correlation function can be expressed as

Ryg(a) = Pt [Kvis (), 1)y -

We shall occasionally refer to a point process which has the property of being

determintantal or Pfaffian as solvable.

The circular S-ensembles have analogous results, i.e. § = 2 correspond to a
determinantal point process while § = 1 and 4 corresponds to Pfaffian point

processes. The kernels are listed in the Appendix.

Gap Probabilities

An example of the utility of the determinantal and Pfaffian expressions of the

14



correlation functions is in calculating gap probabilities, or the probability that there

are no eigenvalues in a given interval A. This can be expressed as

N

m /RN {H (1- XA(%))} Qnip(xn) dey

n=1
N

N
Qn.pglxy) doe
ZNBN'nE% (n) o Janen wig(@n) doy

= )/Rnﬁ (z,) dz,,.

In the determinantal case, this is equal to

n

Z (_n1|) /An det [KN(xja xk)]zk:1 dx,. (1.7)

n=0

The expression (1.7) is a Fredholm determinant of the kernel Ky restricted to
A x A. In the Pfaffian case, the same calculation holds with the Pfaffian in place

of the determinant, and we have a Fredholm Pfaffian.

By continuity properties of the Fredholm determinant, if the kernel Ky (with
perhaps some scaling so that the expected number of points in an interval is
nonzero and finite) converges to K as N — oo, then the gap probability converges

to

n

= (1) o
> /A det [K (w:,2,)]7,_, de.

n=0

For instance, by scaling = in the GUE kernel,

x
V2N

a () -Tsy o

15



known as the sine kernel. In [20], the authors Jimbo, Miwa, Mori, and Sato
expressed the Fredholm determinant with the sine kernel when A = (—t¢,¢) in
terms of an integrable system of partial differential equations whose solution is the

Painleve V transcendent.

If A = (t,00), the gap probability is the density of the largest eigenvalue.

With Ai being the Airy function and scaling at the soft edge (the edge of the
x

support without a boundary) by x 2V N + N6

1 T Yy Ai(z) Ai'(y) — Ai(y) Ai'(z)
}ﬁﬁkw(mﬂV+Rﬁ@ﬂ¢N+me>—> — . (L9)

This limiting kernel is known as the Airy kernel. The law of the largest eigenvalue,

called the Tracy-Widom law, is expressed in terms of the Painleve II transcendent

38).

Another reoccurring kernel is the Bessel kernel, which appears when scaling
at a hard edge, or at a boundary of the support. Consider for example the Jacobi

weight
w(r) = (1—z)*(1+ )

for —1 <z <1 and a,7 > —1. The orthogonal polynomials with respect to this
weight are the Jacobi polynomials, and the N points whose distribution is (I.1)
are the Jacobi ensemble. With the proper scaling at 1 and J, denoting the Bessel

16



function of order «, the kernel converges to

VI (VD) ~ VD T4VE)

Sy (L.10)

Existing Work on the S-Ensemble

While it is unknown whether other values of 3 correspond to determinantal
or Pfaffian point processes besides § = 1,2, or 4, different techniques have been
used to study these ensembles. For f = L? when L is any positive integer, and for
B = L*+ 1 when L is an odd integer, Sinclair showed that the partition functions
can be expressed as hyperpfaffians, although it is still not known if the correlation
functions can be expressed as a hyperpfaffian [35]. The partition functions in the
circular cases (1.3) and (I.1) for the case that w is the Jacobi weight, called the
Mehta integral and Selberg integral, respectively, have been explicitly calculated
in [11], and the correlation functions for certain values of 8 have been expressed
in terms of hypergeometric functions and Jack polynomials [13]. The general
[-ensembles has been found to correspond to the distributions of eigenvalues
generated by random tridiagonal matrices [9], [21]. Using this random matrix
model, Ramirez, Rider, and Virag discovered the law of the largest eigenvalue for
the Gaussian f-ensemble in [29]. Their distributions interpolate between the laws of

the largest eigenvalues for 5 = 1,2 and 4, called the Tracy-Widom distributions [41].
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While much progress has been made on the [-ensembles, other works have
focused on finding solvable families of point processes which interpolate between
the 5 = 1,2, or 4 ensembles, besides simply changing the parameter 5. In [30]
(mentioned above), the authors Rider, Sinclair, and Xu study the ensemble of
mixed charge-one and charge-two particles (a two species ensemble) on the real
line with the harmonic oscillator potential (Gaussian weight). They introduce
a fugacity parameter which controls the distributions of the number of each
particle type, and show that each value of the parameter gives a Pfaffian point
process. The solvability of the point process and the skew-orthogonal polynomials
with respect to the skew-inner product allow the authors to study global statistics
including the densities and distributions of the charge-one and charge-two particles.
Furthermore, the collection of ensembles continuously interpolates between the
B =1 (all charge-one particles) and the 8 = 4 (all charge-two particles) Gaussian
ensembles. Chapter II and Chapter III introduce two ensembles on the unit circle

which interpolate between the 5 = 1,2, and 4 circular ensembles.

In Chapter II, we study a solvable family of point processes which interpolates
between the CUE and the CSE. Let N be a nonnegative integer and let r > 0.
In the complex plane with no external field, consider N charge-one particles on
the unit circle paired with N charge-one particles on the the circle of radius r

with the same arguments, i.e. the locations of the particles are {eiel, e } and
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{re® ... re®}. The particles interact logarithmically.
We first show that for any N and r, the ensemble generates a Pfaffian point

process. For fixed N, the finite kernels converge to the CUE kernels as » — oo and

to the CSE kernels as r — 1.

We next investigate the limiting kernels. We first fix the radius r # 1 and
. . : . 21l

let N — oo while scaling the particle locations by 6 +— -~ (here 6 € (—o0, 00),

) 2ml . . .

since for large enough N, -~ € (—m,7m]). With this scaling, we see that the

kernels converge to the CUE kernel. Seen in a different perspective, the scaling
N

magnifies the circumference of the two circles by a factor of 7 with the effect that
™

the average distance between two consecutive particles is one unit. At the same

time, this increases the distance between the two circles by a factor of N. Thus,

the interaction between the particles on different circles is negligible compared to

the interaction between the particles on the same circle.

To see significant interaction between different circles in the scaling, we must
s

scale the distance between the two circles by r — 1 + N With this scaling, the

limiting kernels interpolate between the limiting scaled kernels of CUE (s — o0)

and CSE (s — 0).
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In Chapter III, we consider the same model as [30] of mixed charge-one and
charge-two particles with a fugacity parameter X > 0 controlling the random
number of each particle type, with the modification that the particles live on the
unit circle with no external field. In this case, we will show that the different values
of the parameter give a collection of Pfaffian point processes which continuously
interpolate between the f = 1 and the § = 4 circular ensembles and explicitly
derive the interpolating kernels. By universality, the local statistics of our circular

ensemble should translate to the bulk statistics of the ensemble studied in [30].

Similar to the setup in [30], we fix N to be a nonnegative integer representing
the total charge of the particles in the system. For a two species ensemble, we
need a more generalized definition for the partition function than (I1.2). Denote
(L, M) to be the set of all pair of nonnegative integers which satisfy the relation
L+2M = N. We first consider the specified configuration of L charge-one particles
and M charge-two particles interacting logarithmically and confined to the unit

circle. The total potential energy of this particular configuration is

M
EOr, b)) = Z log |ez(911 — ewl'z‘ —4 Z log ‘ewml _ pitms

11> mi>mo
L M
— 23 fet — it
=1 m=1

Then the Boltzmann factor with inverse temperature equal to one is

M L M
E0r,b5) H |62911 . 2912 H ‘emml . €¢¢m2 ‘41—[ H ‘ewl - ewm 2
)

11>12 mi>ma =1 m=1
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and thus the (L, M) partial partition function is

1
7 - - —E01:%m) 40, d )
EM M /[_M)L /[_M)Me L0

We then allow (L, M) to vary and include a weight X > 0, called the fugacity of
the system, and take the weighted union over all possible states (L, M). So the
partition function is the weighted sum over all (L, M) partial partition functions

Zn(X) =Y X"Zpm (1.11)
(L,M)

Our first task is to show that the partition function Zy(X) can be expressed as a
Pfaffian of an N x N antisymmetric matrix if N is even, and an (N +1) x (N 4+ 1)

antisymmetric matrix if NV is odd.

Next, we study the properties of Ly(X), the random number of charge-one
particles for a given N and X. Our Pfaffian expression of Zy(X) and formula
(I.11) give us nice expressions for the probability generating functions of Ly (X).
The distribution of Ly (X) differs slightly when N is even or odd because L must
match parity with N. For fixed X and as N — oo, we show that in the even and
odd cases, Ly(X) converges to even and odd analogues of the Poisson distribution
with finite expectations and variances. In order for L and M to be of the same
order in the limit, we will find that X must increase proportionally to N, i.e.
X = Nr for some r > 0. In this situation, we give a central limit theorem for the
suitably normalized random variable Ly (N7).
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In analyzing the local statistics of the particles, we will assume N is even for
convenience. Let [ and m be nonnegative integers such that [ + 2m < N.
Similar to the definition of the correlation functions for a one species ensemble,
for Cy,...,C; C [—m,m) mutually disjoint and Dy,...,D,, C [—m,m) mutually
disjoint, let X} (C;) denote the number of charge-one particles in C; and let Xo(D;)
denote the number of charge-two particles in D;. The (I, m) correlation function
R, [—7,7)! x [—m, 7)™ = [0,00) is defined as

l
E

X (C) H X2<Dj>]

7=1
:/ // / RY (a1, y,,) dzidy, . (L12)
Cq C; J Dy m

Because the numbers of charge-one and charge-two particles vary, we need to first

i=

consider the situation when there are L charge-one particles and M charge-two
particles such that [ < L and m < M. Then for small sets C; and D;, the expected

value is approximately

/clm/cl/mm/m {ZN(X)(L;XZL)!(M—W)!

X/[ )L_l/[ - e—E(mNOsz,ym\/qufm) deL—ld¢M—m d:l:ldym

We then take the weighted sum over all possible (L,M). Again under the

assumption that the correlation functions are continuous, the correlations functions
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can be expressed as

R{,Vm<mlvym)
XL
- Z (M —m)!
(L,M

Lz M>m

—

* /[ yL—1 / )M~ e~ e oLt Ous ) dOr 1dpy; -

We sketch a proof that the correlation functions can be expressed as a Pfaffian of a
2(I +m) x 2(I +m) matrix consisting of four 2 x 2 matrix block kernels. For finite
N, the kernel entries interpolate between the (finite) kernels of § = 1 (X — o0)
and B = 4 (X — 0%). Then, after scaling the fugacity by X = Nr and letting
N — oo, we obtain kernels which interpolate between the limiting kernels of § =1

(r—oo)and =4 (r — 07).

Other two species models, besides that of [30], have been studied (and solved) in
the past. For example, the Ginibre ensemble, first studied by Jean Ginibre in the
1960s [16], is the random matrix ensemble of N x N real matrices (not necessarily
symmetric) with independent standard Gaussian entries. This generates random
real and complex eigenvalues. In [7], Alexi Borodin and Christopher Sinclair
show that the ensemble is Pfaffian for N even, and later Sinclair did the N odd
case. See [15] and [14] for other examples of two species ensembles. In [34], the
partition function was calculated for the general system of multi-charged particles

interacting logarithmically on the real line.
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In Chapter IV, we study another two species ensemble. For a fixed N, consider 2N
charge-one particles confined to the real and imaginary axes in a radial external
field, where each particle has a reflected particle about the origin. As in Chapter
I1I, we start with a pair (L, M) such that L + M = N and consider the situation
where L particles live on the positive real axis and M particles live on the positive
imaginary axis. Then we take the weighted sum over all possible (L, M) partial
partition functions Zy 5s to get the total partition function

In(X)=>_ XMZyu
(L)

With w(z) = e~ ?® defined on the positive half of the real line, we show that for all

values of X the partition function is a Pfaffian of a Gram matrix with skew-inner

product

(flg) = / T (f@)g(—2) — f(—x)g(x)u(z) da
X / " (flin)g(—iz) — f(—iz)glia)w(z) do.

The skew-orthogonal polynomials {g} can be written in terms of orthogonal

polynomials {p:X } with respect to the weight on the real line

w(+/T) ifx >0

wx () =

X -w(/—z) ifz<0
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given by the relations
Gon () = Dy (2°)
o1 () = 2Dy, (22).

The weight has a jump discontinuity at the origin controlled by the fugacity
parameter when X = 1. These orthogonal polynomials have been studied when

the weight w(y/z) is Jacobi [25] and Gaussian [19].

We sidetrack here to remark that because orthogonal polynomials are well-studied,
it is a common technique to use orthogonal polynomials to derive skew-orthogonal
polynomials and facilitate the study of Pfaffian point processes. One example is
the [-ensemble for 5 =1 or 4 (see (I.1) for the joint density) when the weight is
of the form w(z) = e”V@ where V'(z) is a rational function. Adler, Forrester,
and Nagao derived an explicit relation between the skew-orthogonal and the
orthogonal polynomials with respect to the weight w in [1]. Another example
is the skew-orthogonal polynomials derived in the previously mentioned mixed
charge ensemble on the real line studied in [30], which were expressed in terms of
generalized Laguerre polynomials. In our ensemble, the orthogonal polynomials

play a crucial role.

With the skew-orthogonal polynomials we show that the correlation functions
can be expressed as a Pfaffian of four 2 x 2 matrix kernels, where each of the
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scalar kernel entries is expressed in terms of a single kernel Sy defined in Theorem
IV.1 below. From the relationship between skew-orthogonal and orthogonal
polynomials, Sy has a Christoffel-Darboux form: Given that K is the weighted

Christoffel-Darboux kernel

wX(x)wX(y)pﬁ(x)pﬁ_l(y)—p%(y)pﬁ_l(x) oy

Kn(z,y) = rN-1(T =)
(pn () px_1 () — (@) (PR (@) .
wx () p— if =y,
we have

Sn(z,y) = (z + y) Kn (2, y%).

The relation between the scalar kernels Ky and Sy suggests that we can focus
on Ky (since orthogonal polynomials are easier to work with), then translate the
results to Sy. In fact, there is a direct correspondence between our two species
model and the orthogonal polynomial ensemble with distribution of points (I.1)
and weight wx. To a given particle at x > 0 of the orthogonal polynomial ensemble
corresponds a particle from our two species ensemble at /z. Likewise, a particle at
x < 0 corresponds to a particle at iv/—z. We derive the relationships between the
limiting kernels (both at and away from the origin), global densities, and scalings
of Ky and Sy. We use the results to record some properties when the external
field corresponds to the Jacobi weight, and we derive new edge kernels for Sy when

X=0and X =1.
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In Chapter V, we study a similar reflection ensemble on the unit circle, where the

charge-one particles come in conjugate pairs. We place the external field

alog (2 sin? g) + vlog (2 cos? g) for 0<60<2r

on the unit circle which corresponds to the Jacobi weight. This ensemble is a
Pfaffian point process, and the skew orthogonal polynomials are written in terms
of the Jacobi polynomials. We calculate the global density of the particles, and the

limiting scaled kernels inside the bulk and at the edge.
The statistics near the hard edges (at § = 0 or § = 7) should be similar to

the statistics near the origin of the ensemble studied in Chapter IV in the case

that X = 0, or when all the particles lie on the real line.
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CHAPTER II

A SOLVABLE ENSEMBLE WHICH INTERPOLATES BETWEEN CUE AND

CSE
Setup

In the complex plane with no external field, consider N charge-one particles
on the unit circle paired with N charge-one particles on the the circle of radius r

having the same arguments, i.e. the locations of the particles are {ew1 e } and

Y

0

{re® ... re~}. With the particles interacting logarithmically, the total energy

of the system is

N N N
Ex(@y,r) = — Z log !ew" - ewm‘ - Z log ‘rew" — rewm‘ - Z log ’rew” — eifm|

n>m n>m n,m=1

The Boltzmann factor with inverse temperature equal to 1 is

N N
e*EN(HNﬂ’) _ H ‘629n . esz} ‘Tezen _ Tezﬁm‘ H |7,,€'L6’n . ezOm‘

n>m nm=1
( ) N
N(N-1 . . 2 . . . .
— 3 H |610n _ ezem’ }7’610" . ezﬁm‘ ‘ezﬁn _ T€Z€m|
n>m
N
X H ‘rew" - 6“9”| (IL.1)
n=1

and so the joint probability density is



with partition function

1
ZN(T’) = ﬁ/[ > G_EN(GN’T) dON

We first show that the partition function can be expressed as a Pfaffian, then show
that the correlation functions can be expressed as Pfaffians of a 2 x 2 matrix

kernel.

Pfaffian Expression for the Partition Function

Theorem I1.1. The partition function Zy(r) can be expressed as the Pfaffian of a

2N x 2N antisymmetric matrixc
ZN(T) = Pf UN(’I“)

where

2N

Un(r) = 200" =™ ) ons1mem )
n,m=1

Correlation Functions and the Kernel Entries

Corollary II1.1. Let

1 6i(—N—%+n)(9—¢)

Sn(0.¢,m) = — )

o 1 — 7,2N+1—2n ’

s 1 & ei(—N—%-&-n)(@—d))
DSn(0,¢.7) = > :

271' ,,anfl _ ,,aQan
n=1
~ p2N=1 2N i(=N—g+n)(6-¢)
ISN(0,,7) = o 1 ;=1 _ p2N—n
n—=
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and set

RN<97 ¢7 T) =

DSy(6,6,r) Sn(6,,7)
—Sn(,0,7) ISn(8,¢,7)|

Then the nth correlation function RY may be expressed as

R (6,,7) = P [Ky(6,.0.7)]

k=1

We will see below that the correlation functions converge as r — oo and as
r — 1. However, inspection of the kernel entries reveals that the entries diverge
as r — 1. Fortunately, we have the freedom to manipulate the kernel entries as
long as the Pfaffian and the 2 x 2 matrix kernel block structure are unchanged. We
multiply

n

[KN(ejy 0]97 T)

k=1
on the left by
2N 41
r-2 r
L®|r—-1 r-1
0 1
and on the right by
1 0
I, ® 1 r—1
T T2N—1 2N+l

ro2 r-2

where I, is the n xn identity matrix and ® is the Kronecker product. This alteration
preserves the block structure and the antisymmetry of the matrix. Because the

square of the Pfaffian is equal the determinant, it is easy to see that up to sign,
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the Pfaffians of the old and new matrices are equal. We arrive at the new scalar
kernels

N+%fn

1 X1y
_ - i(—N—34n)(6—9)
Sn(0,0,r) = o (1 — 7~2N+12n) e (11.2)

(I1.3)
2N 1
r—1 pNtz—n i(—N—Lan)(0—
DSx(6,6,7) = % (m> o (=N=34n)(0-0) (I1.4)
i(r—1) al e , 1
2N N+i_p
r roTET — 1 s CN—lan)e—
ISN(0,0,7) = (r—1) (m) A (1L.6)
1

(H) sin [(” - %) (6 — ¢)} (1L.7)

and the new matrix kernel

. ISN(G,(b,T) SN(Q, ¢,T’)
KN<97¢7 T) - [—SN(Qb,Q’T) DSN(H; QZS,T)] ‘

The multiple representations for each scalar kernel will be useful when evaluating
limits. The evaluations of the limits with respect to » now follow immediately from

(I1.3), (IL.5), and (IL.7). Indeed, with Sy.» as the finite CUE scalar kernel defined
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in the Appendix (A.1) and as r — oo,
S0, 6,7) — ii <Cos Kn—l) (0—¢)] +isin [(n— 1) (e—gb)D
AT 2 £ 2 2
_ 65(9—¢)SN;2(9’ )

DSn(0,0,7) =0

ISy (6, ,1) — —% nZ]:;sin [<n - %) 0 - ¢)} |

Now
pt| * €270 S 5(0, 1)
—e%(ek_ej)SNg(em 0;) 0 Jk=1
is equal to
Z_ N
Pf 0 ez S50, 01)
_eé(ek—ej)SN;Q(Qk,Qj) 0 k=1

which is equal to

N
. 0 Sna0p00)]
Snal0i0y) 0 ]

Comparing this matrix kernel to (A.3) shows that this limiting point process is

equivalent to the CUE limiting point process. As r — 1,

Sn(0,6,7) — %gcos KZ”Q_ 1) (- d))]

DSy (0, 6,7) — % f: (an_ 1) sin {(2”2_ 1) = gb)]

n=1

ISx(6,6,r) — —% n: (2”2_ 1) sin KQ”Q_ 1) (6 — ¢)}

which are the CSE kernels (C.1).
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Remark II.2. As » — 07, similar calculations as above show that the kernels
converge to the CUE kernels, and we omit the proofs. Intuitively, this is analogous
to the situation when r — 00, since we can rescale the sizes of the circles so that the
shrinking circle now has constant radius one, which forces the other circle’s radius

to increase to infinity. Thus, we have two copies of the COE ensemble again.

Limiting Kernels while Scaling the Radius

We next investigate the behavior of the kernel entries when we fix the distance
between the two circles and increase the number of particles to infinity. In order
to calculate non-trivial probabilities in the limit, we scale the particle locations by

216
6 — 277 As described in the Introduction, the scaling magnifies a region of the

N
circle (in this case, at @ = 0) so that on average, the particles are one unit apart.

By the rotational symmetry of the kernels, the local statistics is independent of the

location of the scaling.

Proposition II.1. Let S5 be the limiting scaled kernel for the CUE, as defined in

(A.2). As N — oo,

2 210 2 X i 0 —
™ N( Q LQS ) _>e7m(97¢>)81n7r( ¢)

NV N N 70— ¢)
= 52(65¢)
27 270 27 ir cos [2m(0 — ¢)] — 1
NISN (W’T’T) - (r—1) ( (0 — ¢ )
QNWDSN (QL]\f?%’T) — 0
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Again we use

Pt * SQ(Hj,Gk) _ Pf 0 SQ(Hj,Gk)
k=1 —2(

—55(0, 05) 0 ; 0k, 0;) 0 ht
which shows that the limiting point process is independent of . By (A.3), this is
equivalent to the CUE limiting point process. As discussed in the Introduction,
the particle interaction between the two circles becomes negligible in the scaling.
So we must also scale the radius to decrease at a rate depending on N. Before the

next theorem, we again alter the kernel entries so that they converge in the limit

as N — oo. Multiply the left and right side of

n

[KN(ej, . r)}

jk=1

1

I,® | VN
0 VN

1
This multiplies ISy by N and DSy by N while preserving the Pfaffian and the

block structure. Define

. 2w 210 2w S
S(e’d)’s)_ﬂﬂoﬁsN( NN ’Hﬁ)
. 210 2w S
DS (9, Cb, S) = 13%271'1)5]\] <T, T,l + N)
2T 210 27w S
IS(Q@aS)ZNhLI;omISN(N, N’l N)
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Theorem I1.2. Letr =1+ % for 0 < s <oo. Then

S@ﬁﬁ%z%l2Gwhw—¢m+¢mm{§}mﬂﬂe—@ﬂ)ﬁ
S@¢ﬁ%:%[fwm[%]wﬂﬂ9—@ﬂﬁ
swﬁﬁ)z—féamm[%}wqﬂe—@ﬂm. (I1.8)

S

The limiting kernels with respect to s are now easily calculated. As s — oo,

) = = / 10=9) gt

= 550, 9)
S(0,¢,8) =0
S(0,¢,s) =0

and as s — 0,

—>/cosé’gb]

_ sin [27(0 — ¢)]
2;?({9 9)
DS(@,QZS,S)—)Z'/ sin[r(6 —9)4 |,

t
.62
swﬁﬁy»—iétsmhw—¢mm

_ (cos 27(0 — ¢)]  sin[2m(6 — ¢)])
27(0 — ¢) A72(0 — ¢)? )

Thus, we recover the § =2 (A.2) and the § = 4 (C.2) asymptotic kernels. Figure

2.1. are the graphs of the second correlation functions as a function of the

distance between two particles for various values of s. It represents the density of the
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Figure 2.1.:

to darkest.

Ro (6, ¢, 5)
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1.0
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1
Plots of Ry(0, ¢, s) with kernel (IL.8) for s = %,3, 25 from lightest

R2;2(0, ¢, 9)
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0.4

Figure 2.2.: Plot of Ry5 (6, ¢) with kernel (A.2) (CUE).

particles given that there is a particle located at the origin. Figure 2.2. and

2.3. are the graphs of the second correlation functions of the CUE and CSE,

respectively. The three figures exhibit the interpolation property.



R2;4(0, ¢, 9)

12 7
1.0 7
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02

Figure 2.3.: Plot of Ry4(0, ¢) with kernel (C.2) (CSE).

Density of Points

Let A C [0,27). By the definition of the correlation functions (1.4),

/A RN (0) do

is the expected number of particles in A. Thus, the density of a single point on the

unit circle is

1

1
R () = +-Sx(6,6,7).

Using (11.3), we see that density is independent of r and that for all N, the particles

are uniformly distributed on the unit circle.
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Proofs

Proof of Theorem II.1

We may express (I1.1) without the absolute values using the following identities:

i0n €i9m|2 _

}6 _e—z(9n+9m) (619n N ezem)Q’

reien o eiam‘ |€i0n . reiﬁml — _efi(9n+9m)(rei9n . eiem)(ewn . ,reiem)7

and

0n eiGn} — e—ien (T@wn . i@n).

Thus,

N
e En(OnT) — (H (eiﬂn _ eiem)(reien . Teiem)>

n>m

% (ﬂ (Tew" _ eiem)> <ﬁ 6—1‘(2N—1)9n) .

n#Em n=1

The first two products together make the Vandermonde product of

el e et | petN

so the above is equal to

N
(H e—i(2N—1)0n> . det [ez‘(n—nem rn—lei(n—l)em}i]\:lil

n=1
2N;N
= det |:€i(7N7%+n)9m rnflei(—N7%+n)9m:|

Here the subscripts and superscripts of the matrices indicate that n = 1,..., N and
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m=1,...,2N. We express the determinant using the Laplace expansion:

2N;N
det [ei(—N—%—l-n)Hm Tn—lei(—N—%+n)6'mi|

n,m=1

N
= Z sen o H (TU(Qm)—l _ ra(?m—l)—l) o(—2N+0(2m—1)+0(2m)—=1)0m
m=1

O'ESQN
o(2m—1)<o(2m)Vm

So

o
= sgn o
Nl

UESQN
o(2m—1)<o(2m)vm

N
> H (7,,0(2m)—1 . TU(?m—l)—l) 6(—2N-l—0(2m—l)—&-17(2m)—l)9m dO

= D DR

gESON
o(2m—1)<o(2m)vm

N T
% H (TU(2m)_1 . TU(Qm—l)—l)/ 6(—2N+0’(2m—1)+0’(2m)—1)0 do.

m=1 -

If we remove the condition on o, each term will appear 2 times because the factor

o(2m)—1 __ _o(2m—1)—

of —1 introduced from swapping the difference r r ! will be negated

by the factor of —1 introduced from the sign of a transposition composed with o.
1
Thus, without the condition and adding in a factor of o the above is equal to

N
1 — o(2m—1)— " - o(2m— o(2m)—
_ N Z sen o H (TU(Zm) 1 _ o(2m=1) 1)/ o(~2N+o(2m=1)+0(2m)=1)0 g9
’ og€ESoN m=1 -
T 2N
= Pf [(rm—l — ) / /(2N 1) d&} . (IL9)

) n,m=1
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Since

6@'(—2N+n+m—1)9 do =

—Tr

/7r 2r ifn4+m=2N+1

0  otherwise,
the matrix in (I1.9) is equal to Uy(r).
Proof of Corollary I1.1
We sketch the proof whose missing details can be found in Section 7 of [7]. Let

01,...,05 € [=m,m) and let ¢y, ..., cy be indeterminants. Let

dv(0) = crddy, (9)

and

N

1 — T
Zy(r) = ﬁ/[ W IO TT(dby, + dv(6,)).

n=1

By expanding the product and using the symmetry of the integrand,

Z%(r
N( ) — Z Ckl"'ckanf-LV(ekN""ekn)

n<N
ki1<-<kn

Zx(r)
Zn(r)
hand, from Theorem II.1,

1.e.

is a generating function for the correlation functions. On the other

™ 2N
Z§(r) = Pf {(ﬂn—l —r" ) / R R ()

-n n,m=1

ei(—2N+n+m—1)0 dV(Q) _ n—l)ei(—2N+m+n—1)0k,'

—~
=3
3
L
|
<
3
L
N—
3
e
Il 4
—
o
=
—~
=
3
—
|
<
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Let

2N;N

An(On,r) = [\/C—kei(foéﬂz)ek \/ar”_lei(*]v*?rn)@k]

n,k=1
and let Jon be the 2N x 2N antisymmetric matrix

0 1
Jon=Iy® .
on = Iy 1 O]

Then matrix multiplication gives

Z0(r) PE{UNG) + An(6,1)3n A% (6,17)]

ZN(T’) PfUN<T)

Using the Pfaffian Cauchy-Binet formula in Appendix B of [7],

Z4() P[50 - AL UV () AN (6.7

Zn(r) Pt [~J5v ]
— Pf [JZN + AT (0,7 ) U (F) A (6, r)} .

We see that

SO

N
ZN(’I") = Pf |:J2N + |:\/ CnCmKN<9n7 emv T)] n,m:1:| :

Finally using the addition formula for the Pfaffian which can be found in Lemma

7 of [33],
ZK](T') n
= E <ecp, Pf 0.
ZN(T) — ckl Ckn KN(HICZ) ekj ) T) 7”‘7:1
k‘1<i<k‘n
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Matching coefficients gives the result.
Proof of Proposition II.1

We can rewrite (I1.2) and (I1.6) as

S0, 67y = L 3 leo-s_ i35l D00
ISN(0,0,7) = —ﬁZSin { n— %) 6 — ¢)]
2ir  sin[(n—1)(0—¢)]
+7T(T_1)Z il

and we use the representation (I1.5) for DSy. Before evaluating the limit, we need
the following estimate. Recalling that r» > 1,

2T

N . N—
izsm[w(n—%)(e—ﬁﬁﬂ il
N £~ Pz 41 TN =t g

1 <1
~ Nr2 — "
1
r2

- N(r—1)

Thus, as N — oo,

o (210 216 \ 1 2 n p(metyp_g 20 = Sin [ (n—3) (60— ¢)]
Fon (B 5r) = 5w et Ty !

1

2
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and

(r=1)
i (COS 27(0 — @)] — 1>
(r—1) (0 = ¢) ‘
Lastly,

T g 2m0 27 i(r—1) i "3 i 2 (1 0 — ¢)
NNNN Zo\ Tzt PR N " '
Let k = [log, (V2) — %W, where [-] is the ceiling function. Then for n > £,

1 1
— > —.
I D)

Thus,

— Nr p— rantl —1

AT
k—1 .

B 2<7;V_7" : nz; s (11— ) ' 2<7;V_7" . ; P (11 )
k—1 =

= 2(7;\[_7“ . nzzo rt (11_ i) " (T]\;Tl) ”Zzorin

- 2(7;V—T 1) kzj 1 L



which shows that

Proof of Theorem II1.2

We use (I1.3) to represent Sy. Then

n=1 % +
N
12 o — 1
:]\P_I};o{ﬁ‘ﬁz_;cos[ﬁ(n]\f >(9—¢)}
PP (1+%)N(2§1§1)_1 ' { (Zn—l) }
+ 5= — sin |7 (6—¢)}
2 N;((H%)]V(Qw)ﬂ N
Let
by = 2 i (L+ )"
N = &7 2n—1
Nz a2V 5
2n—1
2 (s (- )+ (- 4) (- 5)) T -
=NZ , N el
s g () e () (15 T

as

(1+s+§+~-+%) T _1-A

(1+s+g+t5m) " +1-4



Note that this fraction is less than or equal to one. So by adding A to the numerator

and denominator, we get

S
—_
+
V)
+

N|%,
{.
+

% w

N——

>
|
—_

Thus,

On the other hand, for all m < N and for some B > 0 depending on N,n,m, and

S, we can write

2n—1
(rss s (-F)+ o m-%) - (1-5)) " -
2n—1
(st 5 0= P)+ o r (=) (1= 55) 7
2n—1
<1+s+52—2!(1—%)+ (=) (1)) Y —1 4B
(s 45 (=) 4t (=) (=) ™ 4145
2n—1
L (rsrg0-p s (1-4) - (0-m) 7 -
s s () 0 ()
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2n—1
2 (s () (1-4) ()
tn > N Z 2 1 sm 1 1 2;1;1
=t (Its+5(1-g)+ -+ 0-5) - 1-2)) ™ +1
2n—1
NED N (R 1 R (it S U ) Ml
Rt (1+s+§—f+--~+%)251+1

2n—1
s 1 5™ 1 m—1\\ 2~
1 — 11— = ek (1 ==).- (1=
(+8+2!( N)+ +m!( N) ( N))
1
s

Therefore,
2 2;1];1
2i<1+s+;—!(1—%)+ FE (=g (1)
N (1+s+§—f+---+§,)%+1
2n—1

2 o 1
Nz )  2n1 - . T dt
(st g++2) 2 41 S (st g+t ) +1
as N — oo gives
52 S %
2<1+$+§+"‘+m) -1
liminfth/ - - dt
N—o0 0 (1—1—84—%—1—”'—}—%)24—1
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for all m. Therefore, letting m — oo,

N—oo

9 st

.. ez —1

lim inf ¢ 5 Z/ - dt
0

This shows that

1 [? ez —1Y |
S(0,9,s) = 5/0 cos [m(0 — @)t] +1i (e? " 1) sin [7(0 — ¢)t] dt

We next use (IL.7) to represent ISy and (II.5) to represent DSy. A similar
argument shows that

b oy 5
N’ N’ N

- @f;jw i (1 (1(41:_%)%")511) sin [%ﬁ (n - %) (6 — d))}

DS (8, ¢,s) = lim 27 DSy (




CHAPTER III

A SOLVABLE MULTICHARGE ENSEMBLE THAT INTERPOLATES

BETWEEN COE AND CSE

Setup

Fix N to be a nonnegative integer representing the total charge of the system.
We study the ensemble of mixed charge-one and charge-two particles on the unit
circle with no external field and interacting logarithmically. The numbers of each
particle types are random, and a fugacity parameter X is included to control these
distributions. The 2-dimensional electrostatics model and the construction of the
partition function was discussed in the Introduction, and we summarize the setup

here. For a given pair (L, M) such that L+2M = N, we first consider a system of L

charge-one particles located at {ewl, e ewL} and M charge-two particles located
at {e'”*, ... e"M}. The energy of this particular configuration is
L M
E@L, ¢y) = — Z log | — ei%‘ —4 Z log |e"m1 — ¢"0ma |
l1>1o mi>ma
L M
—2) ) log|e? — ¢m], (IIL.1)
=1 m=1

and the partial partition function Zz, ys is

1
Ziy = ——— —BOLM) 49, do,. I11.2
LM M /{_M)L /[_M)Me L0 (12)
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The total partition function is the weighted sum of the partition functions over all

possible pairs (L, M)

Zn(X)= > X"Zpm.
(L)

Pfaffian Expression for the Partition Function

We first give a Pfaffian expression for the partition function for both N even

and N odd. Let

8T N
An — I11.3
o {N +1- 2n6n+m7N+1} n,m=1 ( )
N
By = |27(N + 1= 206 1] _ (I11.4)
N+1 N+1
with the exception that when N is odd, the <T+, T+) entry in Ay is 0.
Theorem III.1. If N is even, then
Zn(X) =Pf(X*Ay + By)
N
N (2X)2 + (2n — 1)2
= (2 .
(2m)> El on — 1

For N odd, first define Wy (X) to be the (N 4+ 1) x (N + 1) matrix

- 0
Wy (X) = X?Ay + By 27re:%"X
0 - D G 0 |

where the nonzero entry in the border is in the entry.
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Theorem III.2. If N is odd, then

ZN(X) = 6_7 Pf WN( )

N7

= (2m) X H X+ (2n)” o (2n)°

n=1

Distribution of Charge-One Particles

Let Ly(X) be the random variable of the number of charge-one particles. From

Zn(tX) .

the formula (I.11), Zn(X) is the probability generating function for Ly (X), that
N

is, the probability that there are L charge-one particles is the coefficient of t¥ of

Zn(£X)
Zn(X)

similar forms.

The distributions of Lx(X) for N even and odd will have different but

Corollary IIL.1. The probability generating function of Ln(X) is

Zn(tX) E (2X1)? + (2n — 1)?
Zn(X) H (2X)2 4+ (2n —1)2
if N is even and
Zn(tX) _tN;l (Xt)*+n
Zy(X) 1L X242

if N is odd.

We next show that for fixed X and as N — oo, the random variables Loy (X)
and Loy_1(X) converge to an analogue of the Poisson distribution restricted to
even and odd values, respectively.
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Corollary II1.2. The limiting probability generation function is

, Zyn(tX)  cosh(mXt)
Noyao Zon(X)  cosh(mX)

i the even case, and is

li ZQN+1(tX) Slnh(’/TXt)
im =
N—oo Zoni1(X) sinh(7X)

in the odd case.

Proof. This follows from the infinite product representations of hyperbolic cosine

and sine in Section 2.1 of [24]:

cosh(rX) = H (2X)(2:L—£211)2_ D

n=1

and

X2+ n?
n2

sinh(7X) = 7X H

n=1

Define
Le(X) = lim Lon(X)
N—oo

LO(X) = J\P_IE;OLQNJA(X)

Corollary II1.2 shows that the moments of L.(X) and L,(X), given by

E[(Le(X))*] = (%)k (%) ] |

E[(Lo(X))"] = <f%>k (%)]

t=1

Y

t=1
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respectively, are finite.

Distribution of Charge-One Particles for Scaled Fugacity

We would like a scenario where the numbers of charge-one and charge-two
particles have the same order. Larger values of X increase the expected value
of L, and so to hope for L and M to be on the same order, we would need to

increase X with N. With this in mind, fix » > 0 and let X = Nr.
Proposition III.1. For r > 0, with the fugacity scaled to Nr, we have

1 1
]\}1_120 NE [Ly(N7)] = 2rarctan (2—)

r

N—o0 2r

.1 1 4r?
lim N Var [Ly(N7r)] = 2r arctan (—) “Trae
In particular, E[Ln(N7)] = O(N) and Var[Ly(Nr)] = O(N).

We now give a central limit theorem for Ly (N7).

Theorem II1.2. For fized r > 0, let

1
iy = 2Nrarctan (—> ,
2r

and let o be the positive number such that
1 4r?
2
=12 t — | - N.
i (s (1))

Ly(N7) — pn
ON

Then

converges weakly to the standard normal distribution.
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Remark III.3. In statistical mechanics, entropy is a quantity which measures the
uncertainty of the state a system [8]. By our central limit theorem, entropy will be
maximized when the variance is maximized. Therefore the value of r that maximizes

entropy will be the r that maximizes

1 472
2rarctan | — | — ———,
2r 14 492

or r == 0.273934. The expected limiting proportion of charge-one particles with this

value of r is approximately 0.585955.

Correlation Functions and Kernel Entries

The last half of this section is devoted to the calculation of the kernel entries.

Recall the two species definition of the (I, m)-correlation function

1 XL
N X —
B (@ Yy X) Zn(X) (1;4) (L — D)I(M —m)!
LM >m

X / / e~ E@VOL 1,y Vo) dOr_idp .
[=mm) bt J [, m)M=m h

We assume N is even. We will not prove the odd case, which is slightly more
complicated, but the same results hold. The following Corollary states that the
correlation function Ry, (6), ¢,,, X) can be expressed as a Pfaffian of a 2(m + 1) x

2(m 4+ 1) antisymmetric matrix with four 2 x 2 matrix kernels.
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Corollary III.1. The matriz entries

~11 _4x? % cos [1(2n—1)(0 — ¢)]
Sy (6,8, X) = T ; (2X)2 4 (2n — 1)2
5@1\,}1(0’ 6. X) = z’)7f2 Z (2n — 2) SiI)l [2(?;1—_?59 )]
160 X2 sin [3(2n — 1)(0 — ¢)]

+ sgn(¢ — 0)

S
I Mw\z
I

ISy (0.6, X) = — (2n — 1)((2X)2 + (2n — 1)?)

™

encode information about the interaction between charge-one particles in the (1,1)

matriz kernel

DSy (6,6, X) S54(8,6,X)
KJI\}l(07¢7X): ivl N]\{l o

_SN (¢797X> [S]\; (‘97¢7X>

The matriz entries

|z

1 (2n —1)%cos [3(2n — 1)(0 — ¢)]

o7 (2X)2 + (2n — 1)2

5220, ¢, X) =

(2n — 1)sin [$(2n — 1)(0 — ¢)]
(2X)2+ (2n — 1)?

(2n — 1)3sin [ (2n —1)(0 — QS)]
(2X)%2 + (2n — 1)?

—22
DSN (65¢7X) =

N | .

3

I Mw\z 3
- I

0

—~22
ISy (6,6,X) = —

3
i Mw\z
I

T
encode information about the interaction between charge-two particles in the (2,2)

matrixz kernel

——2,2

Sy (0,6,X) S¥(0,6,X)

K3 (0,0, X)= |~ 22
" —5%2(6,0,X) ISy (0,6, X)
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The matriz entries

X o (20— 1) cos [5(2n — 1)(6 — )]
Sy (0,0, X) = o ; (2X)2 + (2n — 1)2
B iX £l (2n — 1) sin [%(ZTL —1)(0 - gb)}
DSy (0,6, X) ;;Z; (2X)? + (2n — 1)
L _4x % cos [52n —1)(0 — ¢)]
_SN(¢9”X%__7Fnﬂ, (2X)2 + (2n — 1)?

2%iX &~ (2n — 1) sin [L(2n — 1)(0 — ¢)]
(2X)2+ (2n —1)?

n=1
encode information about the interaction between charge-one and charge-two

particles in the (1,2) matriz kernel

DSy (6,6,X) S¥'(0,6, X)] |

KLQ 9, ’X — " —
00 [—s?v’l«z»,e,X) TSy (6,6, X)

The (2,1) matriz kernel also encodes mized interaction and is determined by

antisymmetry. Let

Ky (0,05, X) Ky (0;, ¢, X)
K?\’Tl(gbkh 0]"7 X) K?\}Q(Qb]“ ¢k’7 X)

Kl,m(0l7¢m7X) = [
forg, i =1,....,l and k,k' =1,...,m. Then
Rl]?[m(elv ¢m>X) =Pt Kl,m(el7¢maX)'

Remark III.2. Comparing to (C.3) and (B.1) in the Appendix, note that when

X =0, we recover the kernel for § = 4, and as X — 0o, we recover the kernels for

B=1.

%)



Limiting Kernels as N — oo for Scaled Fugacity

Our next goal is to find the limiting kernel entries as N — oo in the situation
when r > 0, X = Nr. Recall that in this scenario, the orders of the number of
charge-one and charge-two particles are the same. Because some of the current
kernel entries will diverge in the limit, we need to first alter the kernel entries in
a manner which does not change the Pfaffian or the block structure of the matrix

kernels. Let D be the N x N diagonal matrix

D — diae | /5 /X ro XX e X
- g A X7 T?"'? X? 7117\ ,r? X?"" T’ )(J
> o

Then
Pf K (01, ¢,,) = PE(D - Ky (601, ¢,,,) - D),
where we use det D = 1 and the well-known identity
Pf(BAB") = Pf A det B

for any antisymmetric matrix A and any matrix B of the same size. Also, because
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D is diagonal, the block structure is preserved. The new kernel entries are

» 4x? % cos [1(2n—1)(0 — ¢)]
SV 0.0X) = =) X s @a—1p
DS (6,6, — i)ir e 2) sh;l [l(?nn—_liEH —9)]
. 16X sin[3(20— 10— )]
ISy (0,0, X) = —— ; @n— D(@X)?+ @n—12)

1
S?\}Q(ea ¢7X) = %

(2n —1)%cos [3(2n — 1)(0 — ¢)]
(2X)2 + (2n — 1)?

[M]t=

1

n

ir (2n —1)3sin [3(2n — 1)(0 — (b)}
AXm (2X)2 + (2n — 1)2

vz

IS3(0,6,X) = —
DS3(0,6,X) = DSY'(0,6,X)
SN (0,0, X) = rS (0,6, X)
~S31(0,0,X) = —5'(0,6,X)
DSY2(8, 6, X) = %Dsjbl (0,6, X)

2
1SN (0,0, X) = —;Ds}vﬂ(e, b, X).

g -sgn(¢ — 0)

(I1L.5)

Now let X = Nr. Since there will be order N particles on an interval of length

2w
27, the average distance between two consecutive particles is N units. In order to

calculate nontrivial probabilities, we must rescale the length of the interval to be

of order N. Then we study the behavior of those particles with arguments near 0.
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Define

N—>ooN N’ N’
DS™(0,6,7) = lim_ %DSM (2;9 %N)
15" (6,6,7) = lim le“(zz\rf 2%%\/)
§2:2 0, 6,7 )_]\P_Igo NSM (2]7\;9 2]7? Nr)

270 2
1S**(6,6,r) = lim_ leff (%9 %,Nr) .

216
Theorem III.1. Rescale the position of the particles by 0 +—> % Then the

limiting kernels are

cos [m

51,1(9,¢77~):4r/0 2 )( +t2)]dt
ki

1,1 s t-sin[7(0 — ¢)t]
DS (49,(;5,7“)—27’/0 CSEEwE dt

1 .
1SV (0, ¢,1) = —161'7‘2/ sin 10 = Oy, 4 o sgn(¢ — 0)
0

(2r)%t 4 t3
1
R
1S%2(0,¢,7) = — i /O t381é£)5ﬁ2¢>’5]dt, (11L.6)

and the remaining limiting kernels are given by the relations (111.5).

We now let » — oo and r — 0" to confirm that we recover the 8 =1 (B.2) and
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B =4 (C.4) circular ensemble kernels in the limits. First, for r — oo,

1
lim S™ (6, ¢,7) = / cos [m(0 — @)t] dt
0

_sinfr(6 - )
TR0
rlirgo DSY (0,¢,1) = i/o t-sin[m(0 — ¢)t] dt
1

_ <sin [7(0 —¢)] cos[m(f — ¢)])
4\ (0 —9) (0 — o)

Usin [7(0 — ¢)t
lim IS™ (6, ¢, r) = —4i / Mdt + 27 - sgn(¢ — 6),
r—00 0

and it is clear that the remaining kernel entries converge to 0. Finally, for r — 07,

1 [
lim S22 (6, 6,7) = = / cos [0 — ¢)t] dt
r—0t 2 0
_sin[7(0 — ¢)]

(0 —¢)
1 .
. 2,2 _ sin [ (0 — ¢)t]
rlir(l]l+ DS>*(0,¢,r) = Z/O — dt
S
7nl_i)r(% 15%%(0,¢,r) = _i/o t-sin (0 — ¢)t] dt

:_gcmhw—¢n_amhw—@g
4\ 70— ¢)? (0 — o)
lim IS (0, ¢,7) = 27 - sgn(¢p — 0),

r—0t

and it is clear that the remaining kernel entries converge to 0.

Remark III.2. By the rotational symmetry of the kernels, the limiting kernels
(IT1.6) are independent of the location of the scaling in that if we scale anywhere

else on the unit circle, we would get the same kernels.

Remark ITI.3. The definition of the correlation functions of a two species ensemble
(I.12) shows that the densities of each particles are expressed in terms of R; o and
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Ro20, ¢, 1)

0.30

0.25
0.20
0.15

0.10

1 1
— ——— from

. . 1
Figure 3.1.: Plots of Ry2(0,¢,r) with kernel (IIL.6) for r = = 15 5000

—_

lightest to darkest.

Ro.4(0, ¢)

0.30 —
0.25 —
0.20 —
0.15 —
0.10 —

05

Figure 3.2.: Plot of Ry4(6, ¢) with kernel (C.4) (CSE).

Ro1, i.e. Sy'(6,0) and S%*(6,6) (IT1.5). These quantities are independent of 6, so

the density must be invariant under rotations. Thus the densities are uniform.
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Roo@, ¢, 1)

12 7
1.0 7
08 7
06 7

02[

Figure 3.3.: Plots of Ry (6, ¢,r) with kernel (II1.6) for r = ,20 from lightest

Y

o] =
| —

to darkest.

Ro:1(0, )

12 7
08 7
06 7
04 7

02

Figure 3.4.: Plot of Ry (6, ¢) with kernel (B.2) (COE).
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R1,10, ¢, 1)

012k
o10[
.08 [

06 -

Figure 3.5.: Plots of Ry;(0,¢,r) with kernel (IIL.6) for r =

lightest to darkest.

R1,16, ¢, 1)

012k
0.10L
.08 [

06 -

1

1
0274 f
5015’ rom

1
Figure 3.6.: Plots of Ry 1(0, ¢, r) with kernel (IIL.6) for r =1, 2 0.274 from lightest

to darkest.
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Proofs

Proof of Theorem III.1
We follow closely the proof in [30]. The first step is to rewrite Zy 5 in terms of

Pfaffians. We eliminate the absolute values by using

‘eie — ew‘ = —i (eie — ei¢) i) sgn(f — ¢)
to write
L .
e*E(ede’M) — H (_2) (eiell _ eielz) 6_5(9114‘912) Sgn(Qh — 612)
11>1o
M _ A
x TT (=i (e = ety 3 omtom) son (G, = 61n,) )
mi1>mo
M , 4 ) 2
ST (46 =) 05 s~ )
Ll:l m=1 .
=TT (% — ) s, — ) T] (€% — ema)’
l1>12 mi1>mo
SR j i \ 2 ﬁ L(L+2M—1)6 ﬁ i(L+2M—2)¢
X (e’el — e’¢m) e 2 Il e’ T4)Pm
l1;11: ﬂ1H=1 =1 m=1
L M
=TT (" — e sgn(0, —0) J[ (£ —eoms)’
11>l mi>ma
L M L . ' M
X H H (eiol — ei¢m)2 H T ez (V-1 H e N =2)dm (I11.7)
=1 m=1 =1 m=1

Using the confluent Vandermonde determinant identity, we can rewrite part of
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(IIL.7) as

L M
l1>12 mi1>ma
1 - 1 1
61’01 eieL ei¢1
— det 2101 210y, 2i¢1
pH(N=1)6; e IN=1)0r  Ji(N—1)¢1
We can take

37

by e+ S IO Ly |

inside the matrix by multiplying the L + 2m — 1th column by e?
multiply the L + 2mth column by e2N+9%m for my = 1

., M. We arrive at
37
e 4 e 4
6321' . i €3Zri s
e (9L7¢M) — det 63? . 2i0 eszi . eQiaL
5. iN=1)61 smi i(N-1)0r
e s (=N+1)¢s 0 o3 (—N+1)gu 0 .
o3 (—N+3)61 eH(=N+3)n (- N+3)ons o (~N+3)das
o5 (—N+5)61 9 (—N+5)é1 (- N+5)ons 9t (~N+5)9u
%(N D1 (N—l) %(N é1 %(N Vém (N—l) L(N=1)¢um
X H sgn(6;, —0;,).

11>1o

L
[

1

l

L M
> H H 191 _ qum
I=1m=1
0 1
1 el oM
%P1 2i¢m
(N = 1)eiV=2) iN-Dow (
L(N-1)6,

L. Similarly, we can push

M
H et N-2

m

1

Finally, after some elementary column operations
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on the last 2M columns, we can

2¢iPM

_ 1)61'(]\/'72)(1)1”

from (I11.7) and push the factor inside the matrix by multiplying the [th columns

and



express the above expression as

e~ EOr.n)
— 37i 3mi
e4 e
i . it it . etfr
— det e% . o2t e% . 2L
_e% pi(N=1)01 e% eI (N=1)0L,
o3 (—=N+1)en (=N +1)/2 o3 (=N+1)en o3 (“N+Dou (— 1)/2,(3%(*N+1)¢M'
6%(—N+3)¢1 (—N + 3)/2 e3(=N+3)é1 6%(—]\H-3)<7>M (—N + 3)/2 . 6%(—N+3)¢M
e%( N+5)¢1 (_N_|_5)/2 e%( N+5)¢1 6%( N+5)pnm (_N+5)/2_6%(—N+5)¢M
e3(N=1Dr (N —=1)/2- e2N-Do1 ex(N=Dom (N _1)/2. e3(N=Dén |
L
X H sgn(6;, — 0,,).
11 >1o
Applying the Laplace expansion to the determinant, we obtain
L
e EOLbum) — Z sgnt- H sgn(0;, — 0,,) det [ e 3 (~N=1+2t(m))én ]m,n:l
tL /N 11>l
1 _ 2M ;M
x det [ 5(=N=1+42¢ (m))én B (=N —1+ 2t’(m)) eé(NHQtl(m))‘b”]
m,n=1
Let
z 4 L
/ H sgn(0;, — 0,) det [e s eﬁ(’N’”zt(m))H"} oy,
[=mm)E 11>12 m,n=1
and
1 i /
B, — det [ H(=N=142¢(m))¢n
Vi /M)M e
1 2M ;M
5 (F = 12t (m)) VT dgy,
m,n=1
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Thus,

X521 = L'M'/M /M PP ALy
— Xt Z sgnt- ABy.
LN

We now express A¢ as a Pfaffian. Note that the possible nonzero values of L must

be even because it must match the parity of N. Therefore, defining

Tr(0r) = [Sgﬂwk - 93')}% )

J.k=1

Wwe may express

L
H sgn(é’ll — 9[2) = PfTL(0L>
Expanding the determinant gives

det[ L H(-N-1+42(m))0 }

_ Z sgnaHegm o3 (=N=1+2t(1))05 ;)

m,n=1
og€EST,

and so

L
A= % Z sgna/ H ( o5 (=N=142t(1)) cr(l)) PfT.(0L) dO.

oc€SL, —7,7) l 1

Denote o(6;) by the action of o permuting on the indices of 8. Then

PfTL(O'(eL)) =5sgno - PfTL(OL)
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This allows us to eliminate the sum by reindexing 8 — o~ *(61):

L
1 s} i
A= 71 g Sgna/_7T o | | (eST ~65(_N_1+2t(l))9“”)) - PITL(0(6L)) dO

g€eS, ’ =1
1 L
3mi
=7 Z/ H(e T ea(CN-IH2UD) ) PfT.(0;,)db;
’ €St 771',7{')[’ =1

L
= /[ )LH<e34 Ces(CN-1H2t0D) V’l) PfT.(0,)dO;.
—T,T l 1

Next, for 2K = L, we expand the Pfaffian

PfT.(0(0L)) = 2KK' > sgnt- Hsgn r(2k) — Or(2k-1))-

TESo K k=1

So

K
371'2 TN
A= 2KK| Z Sen T resY 1+2t(l))ell_[Sgn(eT@) Or2k-1)) dOL.
k=1

TESQK [_ﬂ— 7r

Reindexing | — 7(1), we get

A= 2KK| Z ng’/ H (—i)e §(=N—142(t07) (2K))0: (28) 5 (— N~ 142(to7) (2k—1))b, (26 -1)

TESoK

X sgn(0-(ax) — 97—(2k—1)) dey,.

Now, letting

L
A = [—1/ / % —N—1+2t(m ))¢€%(7N71+2t(n))08gn(¢_9) dédo ’

n,m=1
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we apply Fubini’s theorem and relabel the variables of integration to arrive at

A= ZKK‘ Z sgnTH/ / (—i)e 5 (=N=142(t07)(2K))0r (21) o 5 (— N —1+2(to7) (2k—1))0r (211

TESo K

X sgn(0ror) — Or(26-1)) dbr(ow)dOr(26-1)

1
= gy 2 T

TGSQK

XH/ / —Z % —N—1+42(toT)(2k))¢ 62( N—1+2(toT)(2k—1))0 Sgl’l(gb 9) dd)d@

Next, we express By as a Pfaffian. We first use the Leibniz formula to express the

determinant as

det [ % (=N—142t(m))Bn 1(—N -1 + 2t’(m)) e%(fN71+2t'(m))ﬁn] 2M;M
2

m,n=1

oESam
x (=N —1+92(¢ 9 5(=N—=142(t'00)(2m—1))Bm , 5 (—N—14+2(t 00)(2m))Bm
[[ 5N -1 +2¢o0)m)e ‘
By
= sgno H 5(—N — 14 2( 0 0)(2m))e "N+ {Eer)@m=1)+(Feo)(2m)5
o€Sonm m=1
Letting
T N
Bt’ _ {(t’(m) o t’(n))/ 61(7N71+t( )+t (m))0 A6 :

- m,n=1
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we use Fubini’s Theorem and relabel the variables of integration to get

™) m=1
1 M
:W Z sgn o H(—N—l+2(t’oa)(2m))
’ oeSon m=1

% \/ﬂ— 6i(—N—l—l—(i;’oa)(2m—1)—&—(’:’0(;)(2m))9 do

- Pf By.
We finally arrive at

XY Zp = X" Z sgnt-PfA,-PfBy,

LN
and so
Zy(X)= > X" ) sgnt-PfA-PfBy.
(L,M) tL/N
Let
X = X1,

where I is the L x L identity matrix. Then

XEPfA =det X, - P A,
- Pf(XLAth)

= Pf(X?A,).
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Therefore,

Zy(X)= Y > sgnt-Pf(X’A)-PfBy
(L,M) LN

= Pf(X?Ay + By).

Proof of Theorem I11.2

For N odd, we have

L M
— _ﬂ . . 4
e EOLén) = =% H ’911 — Zel? Sgn(@;1 —0,) H (6“’5’”1 — e’¢’”2)
11 >1o mi1>mo
L M M
% H H zel . zd)m 2 He% e —L(N-1)6, H ot (N =2)pm
=1 m=1 =1 m=1

We use the same notation as in the even case. Then

Zn Z X" )" sgnt- ABy.

(L,M) tL N

As above, we express A, as a Pfaffian. Note that L must also be odd, so

1
T,(0 :
] sonter, — )= | o0
l1>12 1
-1 -1 0
Let
] e% /71' e%(7N71+2t(1))0d0
~ At
A{ _ e%i /71' e%(_N_lJ'_Qt(L))GdQ
e /7r B (=N=11261)0 3 .. _ % /Tr o3 (=N=1+2t(L))0 59 0
Then
A= PfA.
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Now
Bt/ - Pf Bt/
so that

Zy(X)=¢% Y X" > sgnt-PrA,-PfBy.
(L,M) tL N

Let X, be the (L4 1) x (L + 1) matrix

X 0 --- 0
~ 0
X =
: X 0
0 0 1
Then
XLPfA, =det X, - PfA,
~ ~ ~T
= PH(X,AX)).
Let
- SN A
Ay = o5 ﬂe%(zvfl)ode
% / CehNeigg L % / T s gg 0
and
0
By=| v
0
0 00



Then

Zy(X)=e% Y Y sent Pf(X;AX, ) PfBy
(L,M) LN

~ o~ ~T ~
—e 7Y Y sgnu-PiXyAyXy). - PIBy.
(L,M) w:L+1 AN+1

Note that with the extra condition on u in the second sum, sgnu = sgnt.

Furthermore, Pf B, = 0 if W(N — L) = N + 1. Thus, the extra condition is

redundant:

) ~ ~ ~T ~
Zy(X)=e7 Y Y sgnu-PAXyANXy), PEBy)w
(L, M) wsLt1/N+1

= 6_% Pt (XN;&NXIJ\; + Pt EN)
= e % PFWy(X).

Proof of Proposition III.1
First, we calculate the characteristic function ¢p,(x)(t) and the cumulant

generating function Kn(X,t) to get the first cumulants:

pryoo(t) = E [ ]
. ZN(Xeit)
- Zy(X)
(2Xe™)? + (2n —1)?
(2X)2+ (2n —1)2 ’

I
3
ﬂ‘: vz

and

Ky(X,t) = longN( (1)

[] st

Zlog [(2Xe")? + (2n—1)°] =) log [(2X)* + (2n —1)?].

3
Il
—
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In particular,

and

E[Ly(X)] = - K}(X,0)

8X?
4X2 + (2n —1)?

I
~
Mo

3
Il
i

Var [Ly(X)] = —K(X,0)

(o)

I
[]=

n

We let X = Nr and calculate

and

(2N7)?
(2Nr) (2n —1)2

1 2
NE [Ln(N1)] = N

2 (2ry

NS+ (5

27“)
G
- /0 2r)2 + 12

1
= 2rarctan | —
rarcan(%)

i Mw\z 1 [M]

(2N7)* (2n — 1)?

[]=

1 4
N Var [Ly(Nr)] = N

(2N7)2 + (2n — 1)2)?

N

2 ) (2n 1)2

1

n

ZIN

2
= (e > + ()
/ 27“15
%
(2r)? +t2

_ ; 472
= 2r arctan .
2 ) 14 492
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The same calculations for N odd gives the same limiting expectation and variance.
Proof of Theorem II1.2
We take the logarithm of the characteristic function
E {exp (it—LN(NT) — MN)} ,
ON
but first we must define a branch of the logarithm. Because IN O(N _%), for

ON

fixed t € R, there exists N large enough such that

—7r<t'u—N<7r.

ON

So take the branch to be the negative real line. Then for this N,

log {E lexp (th) ]

ON

|
~tog B |exp <n%§”>}j s [ [ (-2 ) |

N it _1\2
= log f[ (2NT P (UN) Ten-l) —
st (2N7)2 + (2n — 1)2 oN
Yo [(en )4 (20 — 172
:ilo ( rexp(E) reny — it
2% (2N7T)2 + (2n — 1)?2 TN
N - i n—1\2
2 exp (%) + (22]\,7}) N
= log — —it—. (IIL.8)
n=1 | 1+ ( 2Nr ) N
We claim that the above expression (II1.8) may be replaced by
2 2\ 2
¥ 2it 1 [ 2it 2it 1 ( 2it
. a+5(a> 1 a+a(a> N
Z 2n—1)2 ) n—1)2 N Ztg_’ (IIL9)
n=1 1+(2Nr) 1+(2N7“) N
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i.e. the (III.8) and (II1.9) converge to the same limit as N — oo. To see this, first
take the Taylor expansion in (II1.8) for the logarithm, which is valid since for large

enough N, the value inside the logarithm is less than 2. So (IIL.8) is equal to

¥ k+1 [ exp (ﬁ> + (1) '
Sy (=D o o] -y
n=1 k=1 k L+ (2273\77‘1) oN
% o0 (_1)]{:-}—1 exp <%> —1 ’ U
=>> APARE B (I11.10)
n=1 k=1 k 1+ (22711\77’1) N

So the absolute value of the difference between (II1.10) and (II1.9) is

e %)2 ox w>_1
Z oN 2! \on p oN

=+ (ER 1+ (%)

¥ @JrL(@)Q ’ ox (%)_1 ?
—Z 1 oN 2! \on _1 p oN

=2+ (3 2\ 1+ (33

(I1.11)

N 2it F
2 X (L)krL [exp (ST -1
s (= (E) Y|

n=1 k=3 1 + (2273\77"1)2

We show that the absolute values of the three terms converges to 0 as N — oc.
Now the third term of (IIT.11) is

, k
(—1)k+1 [exp (3—;5) —1

2\ ey

2Nr

3 k
A 2it 2it
2 exp <o—> -1 X (_1\k+4 [ exp (U—> —
3| || |2 F N

n=1 1+ (2273\77‘1)2 k=1 k+3 1+ (2211]\77"1)2

Using the Taylor expansion for the exponential function, there exists A > 0 such
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that

3
2it
GXP<U—>—1 Altf? Al AP
| < 7 3 < U|3| = 03|N|3. (I11.12)
1+ (35) o3 <1+(22”]\7T1) ) N
Next,
2it F i 2it 2n—1)2
s s () -1) | log | (%) + (3=)
12 = |log N2
k=1 k+3 1+ (22N'r1) L 1+ (22N7'1)
< /20t (2N 2
(0] eX —
= |08 P ON 2Nr
(IIL.13)

Thus (I11.12) and (II1.13) show that

N 2it 3 2it K
2 exp <H> -1 o (_1)k+4 exp (E) —1
L+ (2" | 1 P31+ (&)

N
2 At 2it ON —1\?
<2 e [los e (D0 ) 4 S

n=1
AP | 2t , (2N -1 2
~ 203N2 08 | XP oN 2Nr
—0

as N — oo. Using the same argument from (II1.12), we have the estimate on the

first term of (IT1.11)

5 2it 1 ( 2it 2 2it 1 ¥ 3
3 ox T2 \oy P oy ZA|ze|
m—1)2 - m—1)2 = 3N3
n=1 1+(2N7‘) 1+(2Nr) n=10N
AP
-~ 203N2
—0
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as N — oo. Finally, the summands of the second term in (III.11) can be combined

as
2it 1 2it 2 2it ? 2it 1 24t 2 23t
) (a L(2) —exp(22)+ 1) +2 (a + 4 (2) ) (oxp (2) — 1)
9 2
2 (1+ =)

Again, using the same argument as in (II1.12), there exists A > 0 such that the

absolute value of the first part of the sum is

. N2 . 2
~ < 2\ 2 < g6 N6’
(1+ (52)) o 1+ (37)7)

(I11.14)

and there exists B > 0 such that the absolute value of the second part of the sum

is

ABt (1+ 5 (2%
_l_

02N? (1

ABt* (1+ &
o2 N2

IN

(111.15)

7



Thus, using (I11.14) and (III.15) the absolute value of the second summand

¥ ﬁ_i_l 211&22 exp (2t) — 1
> e

2

2 1+(22nNr1)2 2 1+ (2273\77"1)2
N .
s (A 0
2 — o6 N6 o2N?

1 A%t it
= 4+ 4B 14+ —
202]\722_;(04]\7 ' ! ( +0N)’>

1 A%S ) it
402N <0'4N4 - ‘4Bt <1 * W) >

as N — oo. Thus, (III.11) converges to 0, so (II1.8) and (II1.9) converge to the

same limit. We rewrite (II1.9) as

21> 2t?
- B 2 2n—1)2 + 2\ 2
n=1 UN (1 + ( 2Nr ) 0]2\/' (1 + (22?\77“1) >
*)
7 3 4
2it 4qt 2t n
+>° Tt —5 — 3 —zto_—N.
n=1 | ON (1 + (5%) > oN (1 +(5%) ) oN (1 + (5% ) "

-~

(#)
2

We show that the expressions (x) and (%) converge to ) and 0, respectively.

First we define

1
W= 'MWN = 2r arctan <§) ,

78



and let o be the positive number such that

2 2
5 Oy 1 4r
o = W = (27‘ arctan <§> — m) .

Then
5 3 9 5
2t 1 t 2 Z 1
= —— == —
N 1+ (35 o Ni=1+ (3%
2t 1
—)——2/ ; 2dt
7" Jo 1+ (3;)
5 . 1 12
= —2rarctan [ — | - —
2r o2
and

5 ; 1 n 472 2
= [ 2rarctan [ — —_ | —.
2r 14 4r2 ) 202

N
Thus, changing 5 — N,

i 212 212
_ — .
n=1 U%N (1 + (24er) > U%N <1 + (24711\7:)2)
(9 ‘ 1 n 472 2 5 ‘ 1 12
rarctan | — — —2rarctan | — | - —
arcta 2r 14+4r2 ) 202 arcta 2r o2

t2
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N N
2it < 1 i VNit [ 2 & 1 )
n—1)2 o N 2n—1)2 a
UNn:11+(2NT) N g Nn:11+(2Nr)
N

VNIt [ 28 1 _/1 1
o N :11_’_(27171)2 0 1_’_(2t_r)2

dt

It is a well-known calculus fact that the error term of the Riemann sum using the

midpoint rule is O(N~?) if the integrand is twice differentiable. That is,

3
2it
vz 1+ &7 o
Similarly,
N N
201 1 ottt 2 i 1
ot - N2  Not N 112\ 2’
N n=1 <1 + (22er) ) n=1 (1 + (22er) )

and since the sums converge to finite integrals,
N N
4it? G 1 a2 1

TN (1 (5

— 0.

This shows that

o e o (20 ), 28

ON 2

proving that the random variable converges weakly to the standard normal variable.
Proof of Corollary III.1

We sketch the main idea of this calculation and refer the reader to Section 4.5 of

[30] for the details. Let x1,...,zN,41,...,yn € [-7,7m),and let ay,...,an,by,. .., by

30



be indeterminants. Define measures 7, and 1, on [—7, ) by

N N
dpy =Y ayds,, and dipp =Y b,ds,,.
n=1 =
Let
1
n,n2 __ —E(6,9) L M
Zp = /[m /[ OO ) o+ i)
and

Znm(X) =Y Xtzpe
(L)

Then expanding the measure we get

Zn(X
l+2m n

On the other hand, we may use Theorem III.1 to express

Z771772
Z Z aj, - @by, b, PEK (05, 05, ks

n=1 (I,m)
+2m=n

Matching coefficients will give the result.

Proof of Theorem II1.1

We calculate

2T 210 2w
11 o 1,1
S (T’Q’“b)_zvhi%o NSN (NT’ N’ N)

L > cos [£(2n —1)(0 — ¢)]
= Jim 8N nzl 2N + (2n—1)

v[2

i 42 28T ) (0 - 9)]
N—o0 N (27“) + (273\71)2

n=1

2 [feos[m(0 —¢)]
= 4r /0 22112 dt,
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2T 210 27
1,1 . 1,1
DS (r,0,¢) = ]\}lm N DSy (Nr, NN )

e L £ (2n — 1)sin [£(2n — 1)(0 — ¢)]
= lim 2ir 2 (N1 £ (20— 1)2

N—oo

= lim ir?-

1
1 . 1 J—
:mg/’t&nﬂw O .
0

2 G (2572 sin [ (222) (6 — 9)
N—oo NZ 1

(270 2 + 2
IS (,0,6) = lim 1Sy <N % 2]77’)
L , : sin [Z(2n —1)(0 — ¢)]
RS Y ey s e R G
. ) 2 £ sin [7r (2”_1) (60— gb)}
= — lim 1602 - = & + 2 - sgn(¢ — 0)
Nlﬂlnoo w N ; (27}\?1) ((2T>2 4 (27}\71)2) 7'(' n
B , sin [7(0 — ¢)t]
= —1627”2 /0 Wdt + 27 - sgn((b - 6);

and

522 (r,0,¢) = lim %”Sff <Nr, # %)
1 & (@n—1Pcos[E@n—1)(0 - ¢)]
= Ay Z (2N7r)? i (2n —1)2

2n—1 2n—1

12 () sl (2) (0 0)
]\}—>002 N; (2r)2+(27§\71)2
_ 1/1 t2 cos [(0 — ¢)t]

(2r)2 4 t2

dt,
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216 2mo
N’ N

N—oo

2
1S%2(r,0,6) = lim —15%7 (Nr,

S

i (2n —1)3sin [%(2n — 1)(0 — )]
N—oo  2N? £ (2N7)2+ (2n —1)?

=
]z =

o i 25 () sin 7 (35 (0 - 9)]
NI e (R

i [T Psin[n(0 — @)t
__1/0

dt.
(2r)2 + t2

33



CHAPTER IV

TWO SPECIES OF REFLECTED PARTICLES ON THE REAL AND

IMAGINARY AXES

Setup

Fix N and consider 2N particles confined to the real and imaginary axes
inside a radial external field ) where each particle has a corresponding particle
reflected about the origin. The number of particles on each axis is random and
the distributions are controlled by a fugacity parameter X. We first consider the
configuration of L particles on the positive real axis and M particles on the positive

imaginary axis such that L + M = N. Denote the particle locations by

(T1y e XLy =Ty ey =L, WYLy -« o WYN, —TYT,s -+ — YD)

where x1,...,20,y1,...,ynm > 0. The energy of the (L, M) configuration is given
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by

L
E(xr,yy) =2 (logla, — | + log |z, + x,])
l1>l2
M L
-2 Z (1Og |iym1 - Z.me| + log |iym1 + Zym2)|) - Zlog |2xl|
mi1>mse =1

M L M
— Z log |2iy,,| — 2 Z Z (log |z — 1Ym| + log |z + iym|)
m=1 =

=1 m=1
L

2> Q@) +2> Qym)-

=

Let w(z) = e 2% be a weight on the positive half of the real line, and denote A

to be the Vandermonde product

Alxy) = [] (@0 — 2m).

n>m
The Boltzmann factor with inverse temperature equal to 1 is

L
G—E(OCL,?JM) — |A<QgL V —x V in V _in)| H w(xl) H w(ym)
I=1 m=1

= (=i)MA(x, Vv —xp Viyy vV —iyy) [ [w@) T[] wlym)-

=1 m=1

(IV.1)

As in the setup of the two-species ensemble in Chapter III, the total partition

function is the weighted sum over all possible (L, M) partition functions

Zn(X)= > XMZpu,
(L,M)

where

1
Ziy = ——— “E@Lym) dp, dy.,. V.2
LM = T LOO)L /[O,OO)MG TrdYm (IV-2)
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The Partition Function as a Pfaffian

The partition function is the Pfaffian of a Gram matrix, where the skew-inner

product can be decomposed as a sum of two skew-inner products.

Theorem IV.1. For f,g € L?, let (-|-); and {-|-)2 be skew-inner products defined

by
(o= [ (dg(=a) = f(-algta)u(o) do
and
(Fla)e == [ (fi)g(is) = f(-ihglia)ule) ds.
Then for any family of monic polynomials {pn} where deg(pn) = n,

Zn(X) =Pt [{pn-1lpm-1)1 + X<pn—1|pm—1>2]2N . (IV.3)

n,m=1

Skew-Orthogonal Polynomials

Choosing the monic skew-orthogonal polynomials {qf } with respect to the skew-

inner product (-|-); + (-|-)2, and letting

(X)) = (@ @551 )1 + X (@30 Gonsr )25

the partition function is



From here on, we suppress the dependence of the skew-orthogonal polynomials on
X. Next we give a concrete description of the polynomials. Because the external
field is radial, the even and odd degree polynomials are even and odd functions,
respectively, and both are expressed in terms of orthogonal polynomials whose

weight has a jump at the origin.

Proposition IV.1. Let

w(y/x) ifx >0
wx(z) = (IV.4)

X w/=z) ifr<0

and let {p,} be the monic orthogonal polynomials with respect to the inner product

Galon) = [ pal)pn(aox (o) do av.s)

The skew-orthogonal polynomials with respect to the skew-inner product (-|-)1 4 (|-)2

are defined by

Gan(T) = pn(x2)

Gont1(2) = 2pn(a?). (IV.6)

Finally, the normalization of the skew-orthogonal polynomials is equal to the

normalization of the orthogonal polynomials:

Tn(‘X) = <pn‘pn>'

The weight wx has a jump discontinuity at the origin when X ## 1. We exploit
the relationship between the skew-orthogonal and orthogonal polynomials.
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Distribution of Each Species

For fixed N, let My(X) be the random variable of the number of particles on
the positive imaginary axis. Note that My(X) also depends on @ and X, but we

suppress this dependence in the notation.

Proposition IV.1. Let

Then the distribution of My (X) is
N-1
My (X) ~ Z Bernoulli(A, ),
n=0
and each Bernoulli random variable is independent.

Proof. The probability generation function for My (X) is

ZntX) 3 ra(tX)
Zn(X) H ra(X)’

that is, the probability that My (X) = k is the coefficient of t*. From (IV.5),

= (1= X\,) +tA,,

which is the probability generating function for the sum of independent Bernoulli

random variables with parameters \,,. O

Corollary IV.2. When X =1, Mn(X) has the distribution of a binomial random

1
variable with N trials and probability 3
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Proof. In this scenario, the weight is even, so p? is even for all n. Then

ralt) = / T (al@))” + tpa(—2))?) w(v/7) da
— (t+1) / " (pul@))w(VE) da
—(t+ 15 [ u@)Pux(n) do

:(t+1)"”"—§1).

Thus,
Zy(t) e (t+ DY
ZN(1):£[0rn(1): N

O

Under certain conditions, My (X) has a central limit theorem. Denote N(0,1)

to be the standard normal distribution.

Corollary 1V.3. If

0 < liminf A\, <limsup A, <1

n—oo n—oo

then

My (X) — E[My(X)]
Var[My(X)]

— N(0,1)

where the convergence is weak.

Correlation Functions

Recall for the two species particle case, because the numbers of each type of
particle are allowed to vary, we must alter the definition of the correlation functions
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from (I.4). Fix [ particles on the positive real axis and m particles on the positive
imaginary axis. For a given (L, M) such that [ < L and m < M, the (I,m, L, M)

partial correlation function is

L —E(®VUL1,Y 1, VUM —m)
VUL 1Yy, VOM —m d _ d -
Zn(X)(L = DI(M — m)! /[O,OO)LZ A,W)M,ﬂ ‘ Ur—dvn

We then take the weighted sum over all possible (L, M). So the [,m correlation

function R;Y,, : [0, 00)! x [0,00)™ — [0, 00) is defined as

Rl]?]m<wl> ym)

1 S XM
Zy(X) f (L= —m)!
L>1L,M>m

X/ / e—E(szuL—hyvaM—m) duy_ydva ..
[0,00)E=t J[0,00) M —m

The next theorem states that the correlation functions can be expressed as a Pfaffian

of four 2 x 2 matrix kernels.

Theorem IV.1. For fizred X, let {q,} be the set of monic skew-orthogonal

polynomials as defined in Proposition IV.1. Let

w(x)w(y)pN(xQ)prl(y% — pN(y2>prl<x2) fo 7é y

Si(a.y) = L el
20 - w(a) 2N ZN__I:N(SC Poal) ypr oy
(IV.7)
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let

1,1 o _SN(_xvy) SN(QJ,Z/)
Ko = _gey) Swi-a.y)

K3 (z,y) = —iX Ky (iz, iy)
K}\’,?(x,y) = e%\/YK}\}l(a:, i)

K3 (z,y) = e TVXEKY (iz,y), (IV.8)

and let K, (w1, y,) be the 2(1+m) x 2(1 +m) defined by

, 1,2
Ky (zj,25) Ky (s, yw)

KNm<ml7 ym) =
" K3 (e, 2y) K3 (i, o)

forj, 7 =1,....,l and k,k' =1,...,m. Then
R (z,y,,) = PR}, (%1, Y,,)- (IV.9)

Remark IV.2. The (1,1) matrix kernel encodes the interaction between the
particles on the real axis, the (2,2) matrix kernel encodes the interaction between
the particles on the imaginary axis, and the (1,2) and (2, 1) matrix kernels encode
the mixed interactions. Within each matrix kernel, the scalar kernels encode the
interactions between particles on the various rays. For example, in the (1,1)
matrix kernel, Sy(x,y) describes the relation between particles on the positive real
axis, while Sy (z, —y) describes the relation between particles on the positive and

negative real axis, and so on.
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Reduction to an Orthogonal Polynomial Ensemble

We introduce the following orthogonal polynomial ensemble which will play an
important role. Consider the jump weight wx on R defined by (IV.4). By (IV.5),
the orthogonal polynomials are {p,}, so the weighted Christoffel-Darboux kernel

corresponding to the weight wy is

wX@j)wX(y)pN(‘T)prl(y) _pN(y>pN71<I> if ¢ 7& y

Kn(z,y) = a1 = y)
)pQV(x)pN,l(x) — pn(T)py 4 ()

wx (z ifr=y

(IV.10)

for z,y € R. Note that

(ZL’ + y)KN(J;2ay2> = SN('rvy) for €,y 2 0

(z +y)Kn(2®,y?) = =X Sn(—2,—y) for z,y<0.

This relation between the two kernels suggests that the study of our two species
ensemble reduces to the study of the orthogonal polynomial ensemble with kernel
(IV.10). In fact, there is a direct correspondence between our two species model
and the orthogonal polynomial ensemble. Recall from (I.1) that the joint density
of the orthogonal polynomial ensemble with weight wx (which is a determinantal

point process with kernel (IV.10)) is proportional to

N N
Ova(@y) = [] |20 — 2l [ wx(za).
n>m n=1
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We can rewrite the (unnormalized) density (IV.1) as

XM —E(®r,yum)

L M
= [T =) 1] Wi —vnn)” 1@ +2)°
11> mi1>mo l#m

L M
X H 2wy () H 2ymwyx (—1y2,)
=1 m=1

L M
= Qnal(x V —y3) H 21y H 2Ym-

=1 m=1

Then by a change of variables,

L M
1
XY 2w = om Qup(] V —y3 2 2Ym dxrd
SN L /[(),oo)L /[(),OO)M N (@ yM)E mlnl_:[l Ym AT LAY

1

= TIMI Qn; V —vy) dupdvoyy. V.11

Adding up all the partial partition functions, we get
Zn(X) = 3 XMZ,

(L,M)

- Z 11 1/ / Qno(ur V —vy) durdoy,
(L,M) LIMY Jio.000r J0,000

N

73 (o) fo ]

Nl Qno(ur V —vyr) durdoy
N‘ J\JZ:O M [07OO)N—M [O,OO)M
1

= ﬁ/}%N QN;Q(UN) d’l,LN

= I (IV.12)

The calculations (IV.11) and (IV.12) show that the marginal joint density X™ Z;, 5,
corresponds to the point process with density {2y.o restricted to L positive

and M negative points located at {us,...,ur, —v1,..., —vp}, then relocated
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to {\/u1, ..., uL, —/—v1,...,—v/—vpy}. Our current ensemble can now be

interpreted by the points selected in the following manner: Pick N points from the
orthogonal polynomial ensemble characterized as {2y.2, shift the particle locations

by the square root, then add in the reflected points.

The next sections describe this relation between the local global statistics of
the orthogonal polynomial ensemble and the current two species ensemble. We
compare the limiting global densities and the limiting kernels for K and Sy.

We then use these relationships to investigate an example with the Jacobi weight.

Density of Points

Let A C [0,00). By (I.12), the expected number of particles in A is / Ry (z)dz.
A

Thus, the density of a single point on the positive real axis is

1 1 2
NR%@) = NSN(LOC) = WxKN(:EQ,xQ) for = >0.

Similarly, the density of a single point of the positive imaginary axis is

1 —1 X 2
NR&(Q?) = Jl\f Sy (iz,iz) = NxKN(_l'2, —z?) for x>0.

This indicates that we can derive the density of the real and imaginary particles in

1
terms of the density NK ~(x,7) in the orthogonal polynomial ensemble.

Proposition IV.1. Suppose that the limiting density of points of the orthogonal
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polynomial ensemble with scaling ay N** is f, i.e.

alNal

Ky (a1N*'x,ay N“z) — f(x)

weakly. Then the proper scaling in the current ensemble is /a1 N1z and the weak

limiting density of points on the positive real axis is

vay N

N S <\/a1Na1x, \/alNalzc) —2zf(x*) for x>0. (IV.13)

Llikewise, the weak limiting density of points on the positive imaginary axis is

Ja, No
—iXalTSN (i\/alex,z’\/alNOﬂx) —2zf(—2%) for xz>0.

(IV.14)

By our central limit theorem, if the condition of Theorem IV.3 is satisfied,
we expect there to be roughly the same number of particles on either side of the
origin. In fact, the next theorem states that if 0 < X < oo, the limiting distribution
behaves as if the fugacity parameter X is set equal to one. In other words, the point

process behaves globally as if the weight (IV.4) has no jump and is symmetric.

Theorem IV.2. If0 < X < oo, as N — oo, the limiting density (and the scaling)

is independent of X .

Later, we will show that near the origin, the jump does not affect the local

statistics.
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Scaled Kernel away from the Origin

We calculate the kernels away from the origin. This includes scaling in the bulk
or at an edge. As expected, the mixed kernels vanish because the interactions
between particles on different rays become insignificant relative to the nearby

particle interactions as the number of particles increases.

Theorem IV.1. For ay,as > 0, suppose by scaling x — a3 Nt + Jg\:[ -
Qo o
! Ky (aNet 4+ —— g N4 — 2 — A(z,y)
QQNOQ N 1 CLQNQQ y U1 G,QNaZ s

uniformly on compact subsets for ay,as > 0 and A is continuous. Then when

scaling © — \/as N + Sn(z,y) and Sy(iz,iy) also converge

x

aj ’
2«/0,1012]\[ 2 T2
uniformly on compact sets to A(x,y) while the remaining scalar kernels converge

uniformly on compact sets to 0.

Scaled Kernel at 0

Scaled at the origin, all the kernels converge to nonzero quantities since the

particle interactions between the two axes do not vanish in the limit.

Theorem IV.1. Suppose the scaling at 0 in the orthogonal polynomial ensemble is

bNiﬁ’ and

1 (x Y

— bN—ﬁ,W>—>B($,y) for x,y € R.

bNB Ky

96



Then scaling Sy by x — , the scaled kernel converges to

T
VbHN?B
(z +y)B(2* y*) for x,y€]0,00). (IV.15)

The remaining scalar kernels at the origin all converge to similar versions of the

kernel (IV.15), with the variations corresponding to (IV.8). For example,

e%\/ys (_ T 1y
VoNE Y\ VbNE VbNB

) L H VR (<o + i) Bla, 1)

for x,y €10, 00).

Proof of Theorem IV.1. A straightforward calculation shows that

1 g T Y _a:—l—yK T
VonNE N\ Vone vone/) — bNB TN \bNB pNB

— (z+y)B(z?,y*) for x,y€]0,00).

The proofs for the other kernels are exactly the same. O]

Law of the Point Closest to the Origin

By the correspondence of points, between our current ensemble and the
orthogonal polynomial ensemble, the gap probability for the ball of radius ¢ > 0
centered at the origin (the probability that there is no particle in this set)
is equal to the gap probability of the interval (—t?,¢?) in the orthogonal polynomial

ensemble.

Similarly, the gap probability for the interval (—t,t) is equal to the gap probability
of the interval (0,#*) in the orthogonal polynomial ensemble.
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Example: Jacobi

When X =1 (the weight is symmetric about the origin) or X = 0 (the support
is in the positive half of the real line), the corresponding orthogonal polynomials
are classical for particular weights, and the orthogonal polynomial ensembles are

well-studied. For example, consider the weight

)
(1—-2)* f0<zx<1

wx(®) = X(1+2)* if —1<2<0

0 otherwise.
(
When X = 1, the weight is the Jacobi symmetric weight w;(z) = (1—22)%, and the
orthogonal polynomials are monic symmetric Jacobi polynomials {PT(LO"")}. When

X = 0, the weight is again a Jacobi weight (although no longer symmetric), with

the support shifted to [0, 1], and the orthogonal polynomials are

1
{Z—np,ga*’)(zx - 1)} :

Results for the Jacobi orthogonal ensemble can be found in [28].

In this section we list known results for the Jacobi ensemble (8 = 2 ensemble
with Jacobi weight), and the results regarding our current ensemble can be

translated using the results above.

Density of Points
From Theorem IV.2, when 0 < X < oo, the density of particles of the orthogonal
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| |
-1.0 -05 1 05 1.0

1
Figure 4.1.: Plots of density for « = 0 (Legendre weight), X = 0 and N =
10, 20, 52 from lightest to darkest, and the arcsine density.

polynomial ensemble converges weakly to the equilibrium measure on [—1, 1], which

is the arcsine density

1
T/ 1 — 22

de for xe€[-1,1].

1
Figure 4.1. is the densities when X = 0 with varying values of N, along with the

arcsine density.

On the other hand, if we first let X — 0, the particle support is [0,1] and
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the equilibrium measure is

2

/1 — (22 —1)2

dz for =z €[0,1].

Limiting Kernels at the Origin
As mentioned in the Introduction, for general X, the orthogonal polynomials
were studied in [25] where the authors Moreno, Martinez-Finkelshtein, and Sousa
derived an asymptotic form for the orthogonal polynomials and for the weighted
Christoffel-Darboux kernel K using Riemann-Hilbert problem techniques. Here
we present the results on K. With n a nonnegative integer, denote by (z), to be

the Pochhammer symbol. Let

G(a;z) = 1Fi(a;1;z)e?

Let X > 0 and

N ilogX.
2T

With Ky as defined in (IV.10) and the polynomials, weight, and normalization
corresponding to the polynomials {PT(LO"O‘)}, the limiting Christoffel-Darboux kernel

scaled at the origin is

m Ky (m ”y)

N—oo N W’ W
1 log X G(1+ \;—2miz)G(\; —2miy) — G(1 + \; —2wiy)G(\; —2mwix) .
- ife#y
_ 2me X — 1 T —y
log X

X 1 (G'(1 4 X; —27iz)G(X; —2miz) — G(1 + X; —2miz)G'(\; —2miz))  ifx =y.
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01

Figure 4.2.: Plots of correlation functions for & = 0 (Legendre weight) as a

function of x — y.

Figure 4.2. is the graphs of the second correlation functions for X = 0 with
N = 10 (lightest) and N = 18 (darker). The darkest graph is the limiting
1
correlation function (N — oo) for X = 10 The graphs show that in the scaling

T — W—]\f, the local behaviors of the particles detect the jump of the weight at the

origin.

The limiting kernel anywhere else in the bulk is the sine kernel (I.8). This
follows from Doron Lubinsky’s result on universality in the bulk stated in Theorem
1.1 of [22], which states that on an interval inside the support of a regular weight

which is positive and continuous, the weighted and scaled Christoffel-Darboux
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kernel converges to the sine kernel.

The kernel behaves as we would expect when X — 1 in that

lim 1 log X G(1+ A —2miz) G(\; —2miy) — G(1 + A; —2miy) G(\; —2mix)
X=1\ 2m) X —1 T —y
_ sinw(z —y)
m(z —y)
since

G(1+ \; —27ix) — e ™
G(\; —2mix) — ™™
as X — 1. On the other hand, the kernel diverges as X — 0% (hence does not
converge to the Bessel kernel (I.10)) since the proper scaling at the hard edge
x
5

of the Jacobi ensemble is x +—> N2

Edge Kernels at the Origin When X =0 and X =1
We derive new edge kernels for the current ensemble which are closely related
to some of the classical kernels. For X = 1 in the Jacobi orthogonal polynomial
ensemble, by scaling z — W—]\f, the kernel converges to the sine kernel (I.8). So

Theorem IV.1 gives us the scaling and limiting kernel of our current ensemble:

VE o (VR VA | sl =)
s (%)~ e o

where Sy is the kernel defined in (IV.7). When X = 0 in the (shifted) Jacobi

polynomial ensemble, the particles are supported on [0, 1], so 0 is now a hard edge.

102



RooX, y)

Figure 4.3.: Plot of Ry with kernel (IV.16).

10 00

Figure 4.4.: Plot of R, ; with kernel (IV.16).
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Figure 4.5.: Plot of Ry with kernel (IV.17).

T

By scaling x — INZ’ the kernel converges to the Bessel kernel (1.10). By Theorem
IV.1,
1 Ty yJa()Jo(y) — xJa(y) Jo(2)
— — = 8 e V.1
NN <2N’2N) - 2z — y) (IV.17)
Example: Hermite
For
e if0<x<oo
wx(z) =

X.e ™ if —oo < x <0,
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the orthogonal polynomials were studied in [19] where the authors derived the
asymptotics of the Hankel determinant. When X = 1, the orthogonal polynomials
are the Hermite polynomials and the orthogonal polynomial ensemble is the
GUE. When X = 0, the orthogonal polynomials are the half-range Hermite
polynomials [4], but the author could not find this ensemble in the literature.

We omit the derivations of the density and kernel in this situation, and we

refer the reader to the many references on the GUE [41]. Instead, we examine the

orthogonal polynomials with respect to the weight wy.

Orthogonal Polynomials
We derive the three-term recurrence relation for the orthogonal polynomials
for all values of the fugacity parameter. The method for deriving this relation
is generalized from the calculation for the three-term relation of the half-range
Hermite polynomials in [4]. The resulting polynomials give an interpolation between

the half-range Hermite and Hermite polynomials.

Proposition IV.1. For a fived X, let {c,} and {B,} be sequences of numbers

which satisfy

o — -X+1
T V(X +1)
Bo =10
2n —1
ﬂn+6n—1+a721_1 - 9

oot = (5~ 5a)
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Then the polynomials {p,} satisfy the three-term recurrence relation
po(z) =1
and
pn+1(x) = (5(7 - an)pn<x> - ﬁnpn—l(x)'
Remark IV.2. By letting
n

Tn = 5 - 571’
so that

2 _

we can reduce to a single sequence {~,} with three-term recurrence relation

n 2
0= (7n+1 + ”Yn)(fyn + ’Ynfl) (5 - '771) - 7;11'

These polynomials were studied in [19] by Alexander Its and Igor Krasovsky. In
particular, they derive an asymptotic formula for the Hankel determinant using
Riemann Hilbert techniques. This allows them to compute certain asymptotics of

the polynomials.

Proofs

Proof of Theorem IV.1
We follow the calculation in Theorem 3.1 of [30] and Theorem 3 of [7]. The first
step is to express Zp, js as defined in (IV.2) in terms of Pfaffians. Let {p,} be any
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family of monic polynomials where deg(p,) = n. It is a well-known identity that

the Vandermonde product in (IV.1)

Az V —xp Viyy V —iyyy)

can be expressed as the determinant of the matrix

VL,M(CU,?J)
po(T1) po(—x1) -+ po(wr) po(—2r)
_ p1(z1) pr(—z1) - p1(zr) p1(—zr)
P2N71(SC1) /02N71(_551) pzN71(37L) /)2N71(—$L)
po(yi)  po(=y1) - polym)  po(—ym)
p1(y1) pi(=v1) - plym)  pr(—ym)
p2N—1<y1) P2N—1(—yl) P2N—1(?JM) P2N—1.(—ZJM)

We introduce the following notation: VY () is the minor of Vi, y/(2r) consisting
of the columns 1,...,2L and rows t(1),...,4(2L), and VY, (y,,) is the minor with
columns 2L + 1,...,2N and rows t'(1),...,t(2M). We expand the determinant

using the Laplace expansion to write

det V(zp,y,) = Z sgnt-det VY (x) - det VY, (y,,).
t2L /2N
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Then

Zyy = L'M'/[ooo /OOO Blevwn) dg dy,,
LlMl/[O /OOOM Vet Viar(@r,yu)
e
Z sgnt/

t2L/2N [0,00)F J[0,00)M

X (H w(a:l)> (H W( Y, > dxdy

det V¥ (x1) Hw x) | deg,
t:2L 2N [0,00)

1 M
XM/[OOO) (—i)M det VY ( (Hw )dyM

1
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We again use the Laplace expansion for the two determinants:

A= Z sgnt-% Z sgn o

2L 72N 0008 gesy,
o(2l-1)<o(20) Vi

L
X H (Pt(a(zl—l))—l(xl)Pt(a(2l))—1(—$z) - Pt(a(25—1))—1(—$Z)Pt(a(21))—1(xz)) w(a:l) dzr,
I=1
<o | 2
_ sgnT
|
M. [0700)]\4 7_65,21\/1
T(2m—1)<7(2m) Ym
M
X (—i)(Pt’(T(Qm—l))—1(?Jm)ﬂt’(r@m))—l(_ym)
m=1

— pr(rem—1)—1(—Ym)Pr(r@m)—1 (Um) ) W (Ym) dy

= Z sgn’p% Z sgno

t2L 2N ' o€Sar,
o(2l-1)<o(20) Vi

L 00
<[] / (Po@-1))-1(2) P -1 (=) = Puo(a—1))-1 (=) puocan) -1 (7)) w(z) dz
1=1 70
1

Z sgn T

TESaMm
T(2m—1)<7(2m) Vi

(—1) /0 (pt’(T(Qm—l))—l(y)pt’(T(Qm))—l (—y)

X

<|

X

=

1

- pv(T(zm_n)_l(—y)Pv(T(zm))_1(y))w(y) dy

3
I

1
sgnt- SLLI Z sgn o

= 2
t2L 2N oESaL

L

<11

=1

/ (pt(a(zz_n)—l(x)Pt(a(QZ))—1(—I) - Pt(a(2l—1))—1(—x)Pt(U(%))—l(x)) w(z) dx
0

1
X ST > sgnr

TESo\r
M

x || (=7) / (v rem=-1))-1(¥) pv (r(2my)—1(—Y)
! 0

m=

— Pe(r@m-1))-1(=Y) P (r(2m))-1 (?/)) w(y) dyn
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which is equal to

2L 2M
> sentPf[(pa-lpwm-h],, g PE[or-1loven-1)2], e -
t2L 72N

Using the formula for the Pfaffian of the sum of two 2N x 2N anti-symmetric

matrices

f(A+ B) = Z > sgut-PfA.-PfBy, (IV.18)

n=0 t:2n 2N

the weighted sum is

= > XMZpu

LM)

— Z XM N7 sgnt-Pf [<pt(n)fl|pt(m)*1>1}72z?m:1
M=0 2L 2N
x Pf [(py(n |p£’(m 1)2 ]iﬁ:l

= P [(pn—1]pm-1)1 + X<pn,1’pm,1>2]i]’>[n:1 :

Proof of Proposition IV.1

A direct calculation shows that for m < 2n 4+ 1,

(@™ pa(2®)1 4+ X (2" |pa(2?))a
= [ s = ) ) to) o
- ix / (pal(—a) (i)™ = pu(—2?)(=iz)"u(x) do
— (1= (=)™ / (pa(@?)a™ — iXpa(—a?) (i)™ u(x) da.

This is zero unless m is odd. So let m = 2k + 1. Then the above expression is equal
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to

2/000 (pn(l‘2)$2k+1 _ (—1)k+1Xpn(—l‘2)l‘2k+1) w(w) dr.

A change of variables gives

/0 " (pul@)a + Xpu(—2) (—2)) w(V7) dx = (pala®).

This is zero unless £k = n in which case m = 2n + 1. Finally, for the odd degree

polynomials,

(P (@) P ()1 + X {2pu () pm(2):
=2 [ (@paapule?) + Xap(—2)on(=%) w(V5) do
— [ uIp o) + X)) 0l d
= (Pn|pm)
= 7 (X)0nm-
This proves the proposition.
Proof of Corollary IV.3

Let
X = Bernoulli(A;) — Ax
and define o, and s, to be the nonnegative numbers such that

op =B[X7] = M(1—X\) and s2 =) o}
k=1
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Let P be the probability measure on the measure space of the random variable X.

The Lindeberg condition (Theorem 27.2 in [5]) states that for all ¢ > 0, if

1 n
hm—§ / X2 dP =0,
n—oo 8721 1 | Xk|>esn k

then

1 n
2
S

k=1
converges weakly to the standard normal distribution. If

0< ligninf)\k < limsup \; < 1,
—00

k—o0

then there exists 6 > 0 and K; sufficiently large such that 6 < Ay < 1 — 0 when

k > K. For such k, Ap(1 — )\) > 6% which implies that

lim s? = oo.
n—o0

Therefore, there exists Ky depending on € such that n > K5 implies €s,, > 1. Then
because X < 1 for all &,

n K3
1 1
lim — X dP = XZdP- lim — =0
nl—glo 52 Z/X b ;/X k nl—}I{olo 5721 ’

n =1 k‘ZfSn k‘ZgSn

and the Lindeberg condition is satisfied.
Proof of Theorem IV.1

Formula (IV.9) was proved in Theorem 4 of [7] and Theorem 3.1 of [30].

Here we present the main ideas and leave out most of the details. Let o
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be the Dirac delta function, let {ai,...,an,b1,...,bx} be indeterminants, let

{z1,.. ., 2N, Y1, .., yn} C [0,00), and let

N
dvi(x) = dz + Z a,doy,

n=1
dvy(x) = dz + ) buds,,.
n=1
M
Zy"(X) = LlMl/ / o (H o ) <H dy2(ym)>
(M) [0,00 m=1
Then
ZKTLVQ (X) _ 1 / / *E(wL Yu)
ZN(X ZN<X L‘M‘ [0,00)M

X (H dvl(ftz)> (H de(ym)>

- (X Z ZZ > > L.M, (HaM)) <£[1bn(k))

) 1=0 m=0w:l ML v:m /M

/ / E(xuVur 1,9, VUM —m) dug_dvy_ .
[0,00)L—t J[0,00)M—m

Expanding the product of the measures and using the symmetry of the integrand,

the above is equal to

(H iy g)> <H bo(k) ) Ry (@4 V yy).

(LM ) =0 m=0wl "Lom "M \j=1
23" ()
Zn(X)

other hand,

Therefore is a generating function for the correlation functions. On the

(Fl9)7 + X (Flg)st = (Floh + X (Fla)e + D an(f(wn)g(=2n) = g(xn) f(=2a))w(an)

N

—iX an(f(m:n)g(_lxn) = g(izn) f(—izn))w(zy).

n=1
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Let A be the 2N x 4N matrix

[@ W(T)Gn(Tm) O VW (TG (=) -

3mi 3mi

bkeTX% w(zg)qn (ixy) bkeTX% w(:ck)qn(—ia:k)}

forn=0,...,2N —1land m,k=1,...,N, let Z be the 2N x 2N Gram matrix

0 7o
—19 O
Z= ,
0 TN_1
i —ry-1 0]
and define J to be the 4N x 4N matrix
01 ;
-10
J =
0 1
L _]' 0_

For any square matrix M, we denote M’ as the transpose and M~ as the inverse

transpose of M. Then

Z3(X)  PHZ + AJAT)

Zn(X) Pf(Z)

Using the the Pfaffian Cauchy-Binet formula (Theorem B.1 in [7])

Pf(-J T -~ ATZ TA)
Pf(—-J7)

=Pf(J+ATZ7TA). (IV.19)

Recalling the four 2 x 2 matrix kernels as defined in (IV.8), matrix multiplication
results in a 2(I +m) x 2(I +m) matrix of 2 x 2 blocks

ATZ T A — | VIGER @5 25) Vb KR (5, )
VoK (Y, zi) v/ b K5 (Yr, yi)
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for j,7/ = 1,...,1 and k,k" = 1,...,m, and each of the scalar kernel entries are

expressed in terms of

2N—-1

\/7 Z Gon1(2)Gon(—Y) — Q2n+1(—y)Q2n(37)‘

T'n

by the relationship (IV.8). Substituting in (IV.6),

Snlw,y) = (@ + ) Zp“ Paly)

Finally, the expression (IV.7) comes from the Christoffel-Darboux formula. After

expanding (IV.19) using (IV.18), we get

Z37(X)
b ; Z S sant-PHATZTA),
N( n= 0t2n/‘2N

21 2m
(H au(j)) (H bo(k))
(LM ) 1=0 m=0u:2l 2L v:2m /"2M k=1

x Pt Kl,m<33ua yu)

where the matrix K, ,, is given by (IV.8). Finally, matching coefficients gives the
result.

Proof of Proposition IV.1

Let
Nes
fn(z) = alN Ky (a;N*'z,a; N**x) for z €R
Ja Nt
gn(x) = alTSN <\/a1Na1x, \/alNa1x> for x> 0.
Note that

gy (x) =22 fy(2?) for >0
—iX - gn(iz) = 20 fn(—2*) for x> 0.
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Let Viy a random variable with density fy and define
Vi =max{Vy,0} and V5 =min{Vy,O0}.

with be the portion of the random variable such that the range of Vy is the
nonnegative reals. We claim that 1/ V' has density 2zfy(2?) for z > 0 (if V5

has range [0, s, then |/ V¥ has range [0, /s]). To see this, for a > 0,

IP’{\/VT$<a} =P{V{ < a?}

:/a fn(z) do

0

o [ %) dz.
2/0 zrfn(z?) do

Now, an equivalent statement for weak convergence is that for any continuous

function h,

h(VE)YdP — [ h(VF) dP.
/ /

By setting h(z) = vz and letting g be any continuous function, we calculate

[otfvirae = [gomy)
—>/(goh)(V+) dP
= /g(m) dP

and conclude that /V converges weakly to v'V*. Finally, V'V has density

2uf(x which is (IV.13). Likewise, the same calculations show that / —V}/

2)‘2320’

converges weakly to the random variable whose density is 2z f(—z?) for z > 0 to
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prove (IV.14).
Proof of Theorem IV.1

Note that

1
\/alNal +—2 40 <—> = Ja Nt + &
ao N2

N 5a1+2a2 9 /—alazN%lJraz’
Let
TN =\ aN* + : &
2«/@1&2]\774_&2
)
yn = Va Nt + - )
" ' 2, /aras N 3+
Then
S ()
« N\TN, YN
2« /alagNTl”Lo‘?

1 x +

= aq 2 (IlNal + yal

2,/a1a2N7+°‘2 2,/a1a2N7+0‘2

2 2
Z Y
x K ayNar 4 = , a N + =
N ( ! 2« /CL16L2N21+OQ> ( ! 2« /a1a2N21+°‘2>
Lk Net - —=— 4 O(N~30-203) 2

= a aq 2

ao N2 N ! ag N2 ’

2
Y —3a1—2a
Nea O(N~3017202
(\/al " az N2 O )) )

O N7a172a2 Nt Y O ]\']'704172042
+ ( >7a1 +CL2Na2+ ( )

+ O<Nfa172a2>

1
= K N
4 N2 N (a1 +

T
ag N2
+ O(N—17202),
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Let

1
ao N2

hy(x,y) = Ky (ChNal + T ) :

X
ao N2 ’ ay N @2

Then hy converges uniformly to A, and because A is continuous,

1 x Y
%1 —a1—2a9 a1 —a1—2a0
N Ky <a1N + 2 N +O(N ), ag N + o N + O(N ))
+ O(N7a172a2>
— iy (x4 O(N~17%2) y + O(N~"1792)) 4 O(N~1-2%2)
— A(z,y).

Next, we show the scalar kernels which correspond to particle interactions from
different rays converge to 0. We prove this for the kernel Sy (z, —y) only, since the

proofs of the other kernels are the same. Now

1
2\/a_1a2N%+0<2
- T P Lk O e e 2N 9 SN )
2\/a_1a2N71+a2 rv—1(zn + yn)

SN(xNv _yN)

The denominator is simplified as

T+y
2« /alagN%”La? ‘

TN +yn =2/ e Nt +

In contrast, the higher order term \/a;N* in the denominator of Sy(zn,yn)

cancels and simplifies to

r—1Yy
IN — YN = o .
2\/(11(12N71+a2
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Other than the denominators, the two scaled kernels are identical. Therefore,
because Sy(z,y) converges and Sy(z, —y) has a higher order of N in the

denominator, Sy (z, —y) will converge to 0 in the limit.

All of the other scalar kernels of Ky and K%' also fail to eliminate the \/m
factor, so they converge to 0 in the scaled limit.
Proof of Theorem IV.2
Recall the radial external field ) in the complex plane introduced in the Setup.
Suppose the particle support is {z € C : |z] < ¢} for ¢ € (0,00]. Now, in the
orthogonal polynomial ensemble, the external field Q) x (given by the relation wx =

e~9X) can be expressed in terms of Q and is dependent on X. This relation is

QW) ifz>0
Qx(r) =

Q(vV—z)—log X ifx<O0.

We can decompose Qx (z) as

.

—log X if —c<2x<0

Qx(z) = Q1(z) + 4 if0<z<c

00 otherwise.

Let

1 N
n=1
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The probability density of points is
1
Py(y) = o= [] (@0 = 2)* - exp ( ZQX T )
:—exp ( ZQX Tp) Zlog|xn—xm]_1>

n#m

= ZLNexp< — NZ(N /_ch(S) Apizy (5) — %/_ilOngﬂwN(s)

i / / logls ¢ dumN<s)duwN<t))).

In the limit, the external potential will disappear. We must scale the location of

the particles by @ — a3 N®'z (this is the same scaling as from (IV.13)) so that
Qi(a1N“'s) ~ NQi(s) (IV.20)

Then the energies between the external field and the particle interaction will be on

the same order. With this scaling we have

0

Py(xy) = Ziexp( N2 / Q1(8) dpzy (s )—%/ log X dpig (5)

s [ [ togls =17 ey ()i ) ).
Now for 0 < X < oo, the “jump” portion of the external potential is at a lower
order than the portion from the remaining energy, so this part will disappear in the
limit. A physical system generally tends to a state which minimizes energy. This
leads to the energy minimizing problem, which is the unique solution (called the

equilibrium measure) to

i { [ @ity s [ [ ot ot}
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where the infimum is taken over all Borel probability measures p.

Proof of Proposition IV.1

We follow the proof in [4]. Let

Tn = <pn |pn>

Then the orthogonality relations combined with the three-term relation give

Sn
Oy = —
Tn
'n
ﬁn =
T'n—1

Using

T'n = <xpn—1 |pn> ’

we use the three-term relation to obtain

1
ﬁn + ﬁnfl + ai_l = 1 <x2pn71’pn71>

1
Oy + Q1 = r_<x2pn—l|pn>

n
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Now using integration by parts,

(P par) = / T (par (@) + X(por(—2)) e da

- /ooo 2 (s (@) 4 X (poa(-2))?) - () da

- %/ooo % (ZL‘ ((pn—l(ﬂ?))Q + X(pn—l(—x))Q ) e_zzdx

= %7‘”_1 + /Ooo (xpn—l(«r)pizfl(x) + X(_I)p”—l(_“;)p;ﬂ(—x)) e_mz dx
! /

= Tt + (Pu-rfopn 1)

_ 2n —1

= ey

which yields

2n — 1
5

571 + ﬂnfl + 0472171 =

Again, integration by parts gives

2

(#°pn_1lpn) = /0 T2 (Pr(2)pn-1(x) + Xpn(—2)pn_1(—2)) e dx

- _%/Ooox((pn(x)pn—l(m) + Xpu(—2)pni(—2)) % () do
= e unas0) 4 X))

= % /O (@ (@)ps () — Xapl,(—2)ps(2)) e da

= Slamalhy.

Now, using

Tpn_1(x) = pp(x) + an_1pn_1(x) + Brn_1Pn—2(x)

/

Po(®) = (2 = an1)p 1 () + pn1(2) = Boapy, 5 (2)
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and

1
§<xpn—2|p;171> = Tn—l(an—l + an—2>7

we substitute and simply:

1 1
§<9Cpn—1|p;> = éan—17‘n—1 + Bpo1rn—1(n—1 + ap_2).

This calculation gives us the second relation

1
ﬁn(an + an71> = §Oén71 + ﬁnfl(()énfl + an72>~

Multiplying both sides by «,,_; and substituting the first recursion relation for a?

gives
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CHAPTER V

REFLECTED PARTICLES ON THE UNIT CIRCLE
Fix a,7 > —1 and let N be a nonnegative integer. Consider the ensemble of N
conjugate pairs of charge-one particles interacting logarithmically on the unit circle

with Jacobi potential

Q) = —alog (2 sin® g) — vlog (2 cos? g) for 0<0<2m.

We study the point process of the N points {¢*, ... e~} on the upper half of the
unit circle (0 < 6; < ). We get a Pfaffian point process, and the skew-orthogonal

polynomials can be expressed in terms of the Jacobi polynomials.

This ensemble is similar to the reflection ensemble studied in Chapter IV in
the situation where all the particles lie on one of the axes (when the fugacity X = 0
or X = 00). In that case, N particles live on the half line with N corresponding
particles reflected about the origin. Compare this model magnified at the origin to
our current ensemble magnified at # = 0 or § = 7 so that the circle locally looks
like its tangent lines. Because these two locations are also points of reflection, the
two particle models are locally identical. Therefore, we should expect the local
statistics in these regions to be the same, hence it would not be surprising if the
limiting kernels are akin.
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The total potential energy of the system is

il N
E@y)=— Z (log |e" — & | 4 log e~ — ¢=m ) — Z log | e — e~
n>m n,m=1

+> - Q(6y).

The external field induces the weight

a,y -29 “ 26 !
w*7(0) = 281115 2COS§ for 0<6 <2m,

so the Boltzman factor with inverse temperature equal to one is

N N N
e—E(ON) — (H |6i6n o ezﬂm‘ ‘e—ien . 6—1‘6%‘) ( H ‘eien . 6—i6m|> (H wa,y(gﬂ))
n=1

n>m n,m=1

_ rN[ (€¢9n . 6i9m> <e—i6n _ e—iem) (6i9n _ e—iGm) (e—ien _ €i9m>

n>m

(e ) (fLoe)

n=1

The Partition Function

We follow the standard steps in studying a Pfaffian point process. We first

define (-]-)*” to be the skew-inner product given by

(Pulom) ™ = i / (0@ () — pale () W (B) d (V1)

and {p,} is any family of monic polynomials such that deg(p,) = n.
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Theorem V.1. The partition function can be expressed as a Pfaffian of a 2N x 2N

antisymmetric matriz:

2N—-1
Znac = PE [ {palpm)* |

n,m=0

Skew-Orthogonal Polynomials

For

2oty Fn+a+1)T'(n+~v+1)

ay _ o,
T 2n+a+v+1 T(n+a+vy+1)n!

, (V.2)

let Pécw) be the nth degree Jacobi polynomial with parameters o and -, i.e. the

orthogonal polynomials which satisfy the relations

T réY
/ P{*(cos ) P (cos 0) sin 6 - w7 (0) dff = Onm =g
0

Theorem V.1. The monic skew-orthogonal polynomials with respect to the skew-

inner product (V.1) are defined by

Gy, (0) = " Py (cos 0)

@i (0) = 7 (a5iho(e) — 437 (7)),
with normalization ro" (V.2), i.e.

a77 — a,'y
Ty = <q2n

a,'y a77
QQn+1> .

From here on out, we fix a and v and omit this dependence in the notation.
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Correlation Functions and Kernels

Corollary V.1. The correlation function R can be expressed as the Pfaffian of a

2n X 2n antisymmetric matrix consisting of 2 X 2 matriz block kernels: For

—ip\ _ i0 —i¢
Sn(0.9) = Z% Dtons1 (67%) = Gonia(€)gon (™)

T'n

DSn(0,¢) = Sn(0, —¢)

ISN(ea ¢) = SN(_ea ¢)

and

Koo(f ) — [Dst,as) SN<9,¢>] |

_SN(¢> 9) [SN(ev ¢)

we have

R (0,) = Pt [Kn(0:.61)| (V-3)

Proof of Corollary V.1. The proof follows from the proof of Theorem IV.1 with
X = 0. In essence, by manipulating the weight, the partition function becomes a

multivariate polynomial whose coefficients are the correlation functions. O]

Limiting Density and Kernels

Unlike the ensemble studied in Chapter IV, the kernels can not be reduced to
a Christoffel-Darboux kernel. While in the previous section we used results from
orthogonal polynomial ensemble theory to help us with the asymptotic calculations,
for this model we must directly calculate the asymptotic density and kernels.
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Theorem V.1. The density of particles converges to the uniform distribution.

Remark V.2. Despite the repulsion at the edges ¢ = 0 and 6 = 7, the push from

the bulk is greater and evenly distributes the particles on the circle.

0
Theorem V.3. Rescaling the locations of the particles by 6 +— N g the bulk
kernels at g are
0 m™ ¢ 7 sin(6 — ¢)
lim — I R IS { () R S A
Nl—r>r<1>oNSN(N+2’N+2> S
0 T ¢ w
lim —D —+ -, =+ =] =
Noo N SN(N+2’N+2) ’
0 7 ¢ w
Jm 1S (W?Wa) -

0
Theorem V.4. Rescaling the locations of the particles by 0 — N the edge kernels

at 0 are

By () =552 [ et
N 5/ HO=0) (.7, (10) T (td) — 0., (L) JL (t0))dt
9

/ te 09 ] (10) T, (td)dt

+% te® O (6.0, (t0) ' (td) — 0Jo(td) . (10))dt
dm iy (5.5 - U/ H0%9) ), (16).Jo (1)
5/ te= MO0 (BT, (10) T (td) — 0J4(te) ', (10))dL.
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Corollary V.5. The kernels at the edge can be rewritten as

_ ilo-)9Ja(0) o (9) — 0Ja(9) Ji(0)

200 20— 0)
_i049) 9Ja(0)Jo (@) = 0Ja() J4(6)
DS(0,¢) = ¢ 201 )
_ _io19) 9Ja(0)J0(0) — 67a(0) J4(0)
IS0, ¢) = —e"F 201 ) :
Compare these kernels to (IV.17).
Proofs

Recall that we fix a and v and omit them from the notation. Let P{*") = P,.
Proof of Theorem V.1
This proof is essentially the same as the proof of Theorem IV.1 with the

simplification X = 0. In summary, we first write the Boltzman factor as

e BON) — <ﬂ2 : w(@n)>

n=1
po(e™)  pole™™) po(€)  po(e)
p(e™)  p(e®) (@) (e )
x det _ |
P2N—1(6i91) P2N—1(€_i61) pgN_l(ewN) p2N_1(6—i9N)

Recall (-]-) is the skew inner product given by

(Pnlpm) = i/oﬂ (pn(eie)pm(e_w) - pn(e_ie)pm(ew)) w(6) dob.
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Then, using Laplace’s expansion and Fubini’s theorem,

ZN:i Z sgn o

gESoN
o(2n—1)<o(2n) ¥n

N ™
< |1 Z/ (Pon-1)-1(€")po(em-1(67) = potan-1)-1( ") po(any-1(e”)) w(B) db
n=1 0

1
= 9N NI Z sgn o

O‘ESQN

N ™

X HZ/ (Pozn-1)-1(7)poin)-1(€77) = pon-1)-1(€"") po(any-1(e”)) w(0) dO
n=1 0

2N—1

= Pt [(pnlpmﬂ

n,m=0

Proof of Theorem V.1

Let 2n +1 > m. Then

<€m9Pn(COS (9)‘62m9> _ Z/ Pn(COS 9) (ei(mfn)Q N efi(mfn)e)w(e) d6
0

sin(m —n)é

= 2/ P,(cos0) sin 6 w(6) do.
0

sin 6

Let U, (z) be the Chebyshev polynomial of the second kind of degree n. Now

§
Un—n—1(cosf) ifm>n+1

sin(m — n)6

<inf =30 tm=n

—Up_m-1(cos@) ifm<n-—1.
\
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Thus,

1
2/ P,(cos)Up—p—1(cosO)sinf - w(f)dfd  ifm>n+1

1

(e P, (cosB)[e™) = < ifn—=m

1
—2/ P,(cos0)Up—p—1(cosO)sinf - w(f) dfd if m <n—1.
\ _

1

Now all the cases are equal to zero unless m = 2n+ 1. This proves the construction

of the even skew-polynomials. For the odd polynomials, let m < 2n — 1. Then

(€ () = @ ()e™) = ((dansa(e”) = dane)) e H17)

= (qany2(e”) [TV ET — (gy, (€|l TD)

The normalization of the polynomials are

i = (a1 (") gan )
= (™ P,(cos 0)|e (™ TVP,  (cos0) — €™ P,(cosh)))
— (Pa(c080)| Paya(c0s 0)) — (7P, (cos0)| Py cos )
i [ (Buleost)P(e” = e )u(6) do

= /OW(PH(COS 0))? sin 6 w(6) db.

Proof of Theorem V.1

Let

2N+a+7)(2N+a+vy—1)
2N(N +a+7)

aN-1 =
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be the ratio of the Nth and (/N — 1)th leading coefficient of the Jacobi polynomials.

We have

Using the Christoffel-Darboux formula, the above expression is equal to

2w(f)sin@ Py (cosf)Py_1(cosb) — Pi_,(cos )Py (cosb)
N AN-1TN-1 '

(V.4)

Now (Section 4.5 of [36])

—n(2n+a+y)xr+v—a)P,(z) +2(n+ a)(n+ V)Pn,l(x))'

Pule) = @i tat)i—o)

Substituting this back into (V.4) and some simplification gives

2w(0)
Nan_17n_1siné

{ (o el )

1
NSN(ea 0) =

X Py(cos@)Py_1(cosf)

2(N + a)(N +7)
2N +a+7vy
2IN+a—1)(N+v-1)

— TR Py (cos ) Py_o(cos 0)} (V.5)

(Px_1(cosf))?

We break (V.5) down into the two factors. First,

2w(6) (N +a+7)I(N)T(N + a+ ) (sin £)2*(cos 5)2”*.

Nay_1ry_18inf (2N + a4+ 7)I(N + a)I'(N 4+ 7) sin

Now for a € R,

['(n+ «a)

T = 1007, (V.6)
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Thus,

2w(0) (sin £)2*(cos §)*

Nayn_1rn_1sinf 2sin f

(V.7)

For the second factor of (V.5), we use the asymptotics of the Jacobi polynomial

which can be found in Theorem 8.21.8 of [36]: For 0 < 0 < m,

cos[(n + (o +7+1))0 — (o + 3)Z]

V/n(sin g>a+% (cos g)”*é

Py(cosf) = +0(n"2). (V.8)

The second factor of (V.5) consists of three summands. For the first summand,

note that

Ny—a) (V-
2N +a+7v  2(N -

—cosf —

Therefore, using (V.8) and (V.9),

Ny—a) (N1 -a)
(— cosf — N ot + 2N 1) +a—|—7> Py (cos8)Py_1(cosf) — 0.

(V.10)

For the asymptotics of the next two summands, note that

2N +a)(N+7)
INTtoatn =N+0(1)
2IN+a—-1)(N+y—-1)
SN—1) tatq =N+ 0(1).
Then
2(N + a)(N +19) , 2IN+a—1)(N+vy—1)
N +atn (Pn_1(cos®))” — N - +atq P (cos8)Py_s(cos )

~ N(Px_1(cos8))* — Py(cos @) Py_5(cos )
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Now with

- (a + %) % (V.11)

and using (V.8),

(Px_1(cos®))* — Py(cos @) Py_s(cos )

B 1

W(sing)%‘“(cos g)zV‘H
y (cosQ[cN_l -0 —d]  cos[en -0 —d]cos[en—s - 0 — d] N O(N_3)> |

N—-1 N(N —2)
Now
cos’ley—1 -0 —d]  cos®[en—y -0 — d N cos®[ey_1 -0 — d
N-—1 B N N2 — N
and with
Ve(lr—2)=z+0(1),
then

COS[CN .0 — d] COS[CN_Q .0 — d] _ COS[CN -6 — d] COS[CN_Q -0 — d] + O(N—Q)
N(N —2) N

so that

(Pyn_1(cos®))* — Py (cos ) Py_s(cos )

cos?[ey_1 -0 — d] — cos[en - 0 — d] cos|ey_o - 0 — d]
N (sin g)z‘”l(cos g)““

~
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Using trigonometric identities,
cos?[ey_1 -0 — d] — cosley - 0 — d] cos[cy_o - 0 — d] = sin” 6.

Therefore,

sin’ @

7(sin §)2a+1(cos 3)27“ '

N(Py_1(cos))? — Py(cosf)Py_s(cosf) —
(V.12)
Plugging (V.7), (V.10), and (V.12) back into (V.5),
1 1
NSN(G, 0) — —.

™

Proof of Theorem V.3

Let
_ 0 ¢
— oo (sin |2 (L4 D s [L (2 7))
=2 7(sm[2 (N+2 ]8111[2 (N+2)])
S
(BB
and let
0 Nl P, Q‘FE P, Q_'_E
An(8,¢) = WN](\?@ (e"ﬁ +€i%> S 309 (cos [& 2])r (Cos [N 2})
n=0 n
Wn(0:9) N~ iz (0-0)
B (97¢) = e’'N
: N n=0
XPn (cos [% +3]) Pu (cos {% + %]) — Poy1 (cos [% +Z]) Pa (cos {% + gD
Tn

(V.14)
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First we simplify By. We now use the asympotics of the Jacobi polynomials (V.8):

P, (COS [% + %]) P, (cos {% + %D — Py (cos [% + g]) P, (cos [% + gD

Wi (0, ¢) - o
_ W (0, ) i
m/n(n 1) (sin [3 (& +5)] sin [ (& + )] (cos [§ (& +5)]cos[5 (5 +5)])

.
oo (G5 oo (55)
— cos |:Cn+1 (Jff + ;T) . ] cos [cn (ff n g) - } } n %O(n_Q)

where ¢, and d are defined in (V.11). Since r, = O(n™'),
—O(n™ ) =0((n").
Now

£+E —d| = n—6+ﬂ+z( - )+i( +v+1)
Cos | Cp, N 3 = CoS N 5 47 o 2Na ¥

= cos |:%6+%+%(’7—04):| cos {%(a+7+1)}

~ sin [%9 + 51— a)} sin [%(a oy 1)]
= cos [%9 + % + %(v - a)} (1+O(N7)) +O(N)
= cos l%@ﬂL%Jr%(v—a)} +O(N™) (V.15)



and similarly

2
= cos [%9+%(n+1)+%(7—a)+%(a+v+1)+%]
ng ™ 0 6
= CoS [N+§(n+1)+z(fy—a)} Ccos [ﬁ(a+7+1)+ﬁl
no 0

So using trigonometric identities,

cos e (3 5) = ] cos[enes (%4 3) ~d]
= cos[enr (35— d] cos|en (5 +F)
= sin [%QJF%Jr%(y—a)} cos {%S—F%—i—g(v—a)}
— sin {n—]\f + % + %(7 - a)} cos {%9 + % + %(7 - a)} +O(N™)
— sin [%(e— ¢)] +ON™Y). (V.16)

Recalling the value of r,, from (V.2), we can simplify

e 1) (s 3 (4 + D)) sin [ (4 + D) (cos 3 (5 + Dleos[3 ($45)])

(sin [ (& +5)]sin [§ (% +3)] cos [§ (F + D cos [3 ($+3)])°
Cn+a+v+1)I(n+a+v+1)I'(n+1)
dry/nn+D)0(n+a+1D)(n+~y+1)
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We break this above expression into its two factors. For the first factor, we use
z(z+1) =2+ O(1)

and (V.6) to get

2n+a+y+1D)l(n+a+v+1)I(n+1) 2n+a+y+1)(14+0((n))

Ary/n(n +D(n+a+ D (n+v +1) Ar(n+O(n™1))

= -+ O™) (V.17)

For the second factor, we use

S )]

0
(sm —— + COS ﬁ)
+

wl& MIE

and

This leads to

_.I_
=2+ O(N"). (V.18)
So (V.16), (V.17), and (V.18) together gives

1 N-1 ' n
By 262%9 Y sin [1-(0 - 9)]

™

L1 / ¢10=9) sin [1(0 — )] dt. (V.19)
T Jo
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Next we simplify Ay. We use the asymptotic formula for the Jacobi polynomials

(V.8), substitute in the values of Wy (V.13) and 7, (V.2) and simplify:

-

Pu (cos [ +3]) Pu (cos [ +5])
(2n—|—a+’y+1)F(n1a+’y—|—1)1“(n—|—1)
drnl(n+a+ DI'(n+~v+1)

cos [cn (% + g) — d} cos [c
(sin [ (& +3)]sin[5 (5 +5)] cos [

Using (V.15),

ol es) ol (e3)

= cos [nﬁe+%+g(7—a)] cos {n—¢+ﬂ+z(7—a)} +0 (N7

WN(ea gb)

X

+O0 (N
nd w ng )
B cos N—FZ(’y—a)] cos {WjLZ(’y—a)} if n even
nd w ng )
sin {N + Z('y - a)} sin {W + Z(v — oz)} if n odd

Now (V.17), (V.18), and

e~IN L eiN =24 O(N™)
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give

=

2

3 O (0,0)

AN(ea ¢)

3
I
o

Since we will be taking N — oo, we may assume N = 2K. Then

K-1
2 0 2k0 kg T
2 R 0-9) cog | 2 4 Dy — —~ T -
An(6, ¢) WN;:%{G coS [ N 4(’7 Oz)] COS [ N + 4(’7 a)}
4 U 0-9) gip [W 4 %(’y — oz)] sin [M + %(7 - O‘)] }
We next use
¢ 0-0) = R O-0)(1 1 O(N7Y))
P (SRS R CTFETR e
Then
K-1
5 . 2k0 2k
An(0.0) ~ 5> {ezw eos {W +30- “)} o |+ 50 a)}
k=0
4 iR 0-9) gin {# + %( - a)] sin [% + %(’V - 04)] T O(N1>}
K-1
9 ok 2k
_ 2 i200-9) cog | Z2 (9 — -
_— 3 <e cos [N(Q ¢)] +O(N ))
K-1
9 ok 2k
2 iIR0-9) o5 | 22 (0 —
kaZ:O <e cos [N(e ¢)})
1
1 / 09 cos [t(0 — ¢)] dt. (V.20)
T Jo
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Putting (V.19) and (V.20) together gives

1
—&(N g§+2)%%é i#0-0) cos [1(0 — ¢)] dt

+14 MO~ sin [t(0 — ¢)] dt

™

I
—— / 621t(6—¢)dt
T Jo

Sil6—0 o) Sin(d — @)
m(0—¢)

For DSy, the Ay term differs from (V.14) in that eIV 4 ¢'N is instead

The By term for DSy is

N—-1
BN(9,¢) _ WNJ(\??QS) (_1)nei%(9+¢)
n=0
o+ 5D P [ ]) P s+ 3 P s 5]
Tn
Now

Pa (008 [% + 5]) Pus (008 [ + 5]) = Pasa (cos [ +5]) Pu(cos [F +3])|

as n — oo for all N. This shows that DSy — 0. The proof for 1.5y is same as the

proof for DSy.
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Let

Proof of Theorem V.4

Then it follows that

)

F k= (040)+O(NY)

We use the asymptotics for Jacobi polynomials

Then

20 T (n+ o+ 1) 6 a+vy+1
P"(COSG) w(9 ( a+g+1) n! . sin@Ja {( 2
+O(n2).
(6.6 ~ 2907(0 + ¢) + O(N ) \/ 06

2 2 0 ¢
N N SlnNSIIlN

N-1 2
o« N7 iR (0- qs)( Fn+a+1) )
( !

a+’y+1
n=0 n+ ) n

X

Jo [(n+*57) §] i [(n+=52) %]

Tn
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Now using the identity [42]

Jalw+y) = D Ja k(@) i(y), (V.23)

k=—00

the above expression is equal to

. [%9] " [(a +27N+ 1)9]

5 (e 2] [ o 2] 2]

The Bessel function can be expanded as

>0 —1)m N
Jalz) = Z m!F(En —l—)a +1) (5) ' (V.24)

m=0
In particular,

7 (a+~v+1)0
0 2N

I {(a +27N+ 1)0} _ O(NH

} =1+0O(N?
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This leads to

and consequently

(e ) [ (o )
_ {"N@} 7., {%ﬂ LONTY.  (V.25)

Using (V.6) we have

2
'n+a+1 _
((n:— a+7+1)01>n|> =1+0(n 1) (V.26)
7 !
and
1 n
T_ = W + O(l) (V27)

So (V.25), (V.26), and (V.27) imply

N—-1
Cn(6,¢) ~ 9+¢ \/ Z% R (O0=9) ] [”ﬁe} Jo [”—jﬂ

N2 sm Z sin ff —
N / T [t0]Ja[td] dt.

Next we simplify Dy. After applying the asymptotics (V.22) to Dy, we get

i (0-¢
Dn(0,9) ~ N '\/NQSing ¢ZeN( )

N sin g 1=7

5 IF'n+a+1)I'(n+a+2)gyn.(0,¢)
(n + —O‘Jgﬂ)a (n +1+ —a+;+1)a n!(n+ 1),

gnn(0.0) = J, [(n+ %7“) %} J, [<n+ 1+ %W) }



Now using the identities (V.23) and (V.24) we have

a+v+1Y\ 0
. R )
J, [<n+ + 5 )N]

- % [ ) 2]

k=—o00

a+y+1\ 0 9 -
—| () ] e

2|
|

3 (1)  Tagn Kn + %’Hl) %] Ji {%

B at+y+1) 0 s K2 at+y+1Y 60
Ja[ n+ 5 >N} (1+O(N ))+2NJQ71 n 5 N
R aty+1)\ 0 0
+ O(N )§Ja_k{<n — )N Ji |7
0 a+vy+1Y) 0
—mfaﬂ{ nE T )ﬂ
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— —N—
7~ A~
1 | — |
= = =
A~ \}/
— i
+ +
ol Ko IR aul f\
_|_+ |z +
oz ¢ —~
+ — +
A~
- (n\+ N
—+ _|_N/2_|_
e\ i + i
H o< S
3 +
I A
—|_/|\—J

—— N
vJa — ——
—— | —+
_|_72¢_N el ia\!
> |z + — *
)a N S
l_l
— + +
+ = T =
ey S~—m— *+ N———
IT — a —
3 | + ,
+ Ja c .Ja
N—— —
N T T
o5 < =[5
T e

=

)

)

a+y+1

(V.23) and (V.24) to get

again use

)

ne
N

%

(|

ne
N

Thus,

] +O(N7?). (V.28)

, | no
}Ja [ﬁ

ne
N

0
]

|

, | no
}Ja lw

no
N

gN,n(ea (b) = %Ja l
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Next, using (V.27),

F'n+a+1)I'(n+a+2) oo
(n+ )" (n+ 1+ ) " nl(n + 1), 2007F1

+O(1).  (V.29)

Thus, using (V.28) and (V.29),

i20ty -« 1 (00
Dy (6, ¢) ~ . ( o1 ) i (-
N(0, ) N N2 sm—sm]‘f[ et +0(1))e

(o[ [5] o [] e 2] o)
— = /te”(e D (pJa(t0) T (tp) — 04 (td) T (t0)) dt.

The proofs for the edge asymptotics of DSy and ISy follow directly from the proof
for Sy.

Proof of Corollary V.5

We use the identity from Equation 6 of [2]

_ z2(bJy(ax) J}, (br) — aty(bx) ] (ax))
/xJa(ax)Ja(ba:)dx = R :

Then

/ 1 e 0= I (10) Jo (td)dt
_ /0 wo-0. 4 ( (BLo(10)7,(07) = eJa<t¢>J;<t0>>> "

— 5
G—qs)(bja( ) a((b) _ 9Ja(¢)Jg(9)
2 _ g2
B /1 = ¢)e“<9-¢>t<¢Ja(t9)J&(tg)__qu“(t‘b)‘]&“e))dt.
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Thus

1
@ / te™0=9) ] (t0) J, (t)dt
0

_ i0-0 ?Ta(0) 1 (9) — 0a(9) 12 (6)
200 —¢)

[ 101,000 1,00) — 00001 00

1

2

and the result follows. The proofs for the remaining kernels are exactly the same.
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We record the kernel entries for the 8 = 2 (CUE), § =1 (COE), and § =4
(CSE) circular ensemble. We will interpret N as the total number of Charge—\/B

particles on the unit circle interacting logarithmically with no external field. The

partition function is

ZN: :/ i — ¢ |P g0 ,
A [—7,mN H ’ N

n>m

and the correlation functions are

n

DSnp(0;,0k)  Snis(0;,04)

Ryi5(0,) = Pt
5(00) [—SN;B(GMQJ') ISnip(0;,01) ]

k=1
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APPENDIX A

B =2 (CUE)

The CUE is a determinantal point process, and the correlation function is

n

RY,(8,) = det [Sya(0;, 61|

Jk=1
where
| XN
Sna(0,¢) = — Yy enmD0=9), Al
N:2(0, ) 27r;€ (A1)
. 2m o .
By scaling 6 — N the limiting kernel is
.27 2n8 27
52(0,0) = lim 7S (T’ T) (A.2)
|
— Lim 2mi(( 5t ) (6—9)
= iy o)

1
0

(mi(0—) sinm (6 — ¢)
(0 — )

The determinantal point process can also be considered as a Pfaffian point process,

for

n
n

0 Sni2(0;,0k)

RY,(0,,) = det | Sy (6,0 =Pt
n,2( ) € |: N’2( J k>i|j,k=1 [_SN,2<9’€703> 0

In other words,
DSN;2(97 ¢) =0

ISNQ(G, (b) =0.
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APPENDIX B

3 =1 (COE)

Let N be even and denote

(2n —1)! ﬁZk—l
k=1

The partition function of this ensemble is given by
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216
By scaling 6 — %, the limiting kernels are

2 20 2 2 Bl 2n —1
20 (50250) - 2 S < (2572) -]

_ sinfr(6 - 9)
(6 —N¢) ’
s (5250) -1 25 5 ) () 0o
%i/olt-sin[w(e—d))t] dt
i (sin [x(0 —¢)]  cos (0 — ¢)])
P67 A0 )

2 270 2 2 & 1 2n —1
W”JSM1 (%%ﬁ) = i~ (2%3> sin {w( ”N )(9_¢)1+27.Sgn(9—¢)

n=1

— —42'/0 M dt + 2w - sgn(f — ¢). (B.2)

Remark B.1. In Chapter III, N was the total charge of the system. In the § =1

case, the total charge is equal to the total number of particles.
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APPENDIX C

B =4 (CSE)

The partition function of this ensemble is given by

D = / [T |e% - ¢|" dox
,ﬂ-’ﬂ-)N

n>m

= PfBoy

= (2m)N (2N — !

where By is defined in (IV.15). The kernel entries are

Sval6.) = - 3" con () -0

=)

ISy, ) = —2;N nﬁ: (2”2_ 1) sin [(2"2_ 1) = ¢)] . (C)
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216 2
D001~ g e (5. 5)

IS4<9,¢) == J}l_];noo %ISNA (#7 2%b>
i 2N 2n—1) . on — 1
=3 an( N )Sm{”< N )(9‘@}
N
_—1/0 t-sin (0 — @)t] dt
_ COS[QW(Q—QS)]_sin[27r(9—¢)])
B ( 21(0 — ¢) AT2(0 — ¢)2 ) (©2)

Remark C.1. We make the same remark from the previous section. In Chapter
III, N represented the total charge of the system. This interpretation changes the

. ) . N
kernels. In this case, N must be even and the total number of particles is 5

Making this change,
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2
and scaling by 0 — %9, the limiting kernels are
sin [7(0 — ¢)]
S.(0 =~ T/
4( 7¢) 271'(9 . ¢)

DSy(0,¢) = z/ol Mdt

sin[w(0 — ¢)] _ cos[n(f — ¢)]

15,(0,9) = 1 ( m2(0 — ¢)? (0 — o)
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