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DISSERTATION ABSTRACT

Christopher Shum

Doctor of Philosophy

Department of Mathematics

June 2013

Title: Solvable Particle Models Related to the β-Ensemble

For β > 0, the β-ensemble corresponds to the joint probability density on the

real line proportional to

N∏
n>m

|xn − xm|β
N∏
n=1

w(xn)

where w is the weight of the system. It has the application of being the Boltzmann

factor for the configuration of N charge-one particles interacting logarithmically

on an infinite wire inside an external field Q = − logw at inverse temperature β.

Similarly, the circular β-ensemble has joint probability density proportional to

N∏
n>m

∣∣eiθn − eiθm∣∣β N∏
n=1

w(xn) for θn ∈ [−π, π)

and can be interpreted as N charge-one particles on the unit circle interacting

logarithmically with no external field. When β = 1, 2, and 4, both ensembles are

said to be solvable in that their correlation functions can be expressed in a form

iv



which allows for asymptotic calculations. It is not known, however, whether the

general β-ensemble is solvable.

We present four families of particle models which are solvable point processes

related to the β-ensemble. Two of the examples interpolate between the circular

β-ensembles for β = 1, 2, and 4. These give alternate ways of connecting the

classical β-ensembles besides simply changing the values of β. The other two

examples are “mirrored” particle models, where each particle has a paired particle

reflected about some point or axis of symmetry.
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CHAPTER I

INTRODUCTION

Notation I.1. The following notation will be used throughout:

δn,m =


1 if n = m

0 if n 6= m

xN = (x1, . . . , xN)

xN ∨ yM = (x1, . . . , xN , y1, . . . , yM)

dxN = dx1 · · · dxN

N = {1, . . . , N}

If N ≥ M , then t : M ↗ N is a strictly increasing function, and t′ : N −M ↗ N

is the unique strictly increasing function whose range is disjoint from t. Denote by

sgn t the sign of the permutation necessary to put the sequence

t(1), . . . , t(M), t′(1), . . . , t′(N −M)

back in order.

The Gaussian and Circular Ensembles

In the 1950s, Eugene Wigner introduced random matrices to study the energy

level behavior of highly excited nuclei. According to quantum mechanics, the

1



energy levels are the spectrum of the nuclear system’s Hamiltonian, which is a

Hermitian operator on an infinite dimensional Hilbert space. While the Hamilton

is unknown (and would be too complicated to write down if known), Wigner

hypothesized that the Hamiltonian can instead be approximated by a large matrix

selected randomly from a family of Hermitian matrices [44], and thus that the

eigenvalues of the random matrix predict the average behavior of the energy

levels. Depending on the physical specifications of the nuclear system, the matrix

entries are real (time-reversal invariant), complex (not time-reversal invariant), or

quaternion (time-reversal invariant but do not have spin-rotational symmetry).

Because the space of Hermitian matrices is not compact, the entries are chosen to

have Gaussian distribution to maximize entropy.

The random matrix ensemble corresponding to complex entries is called the

Gaussian unitary ensemble (GUE). More precisely, let {Xn,m, Yn,m : 1 ≤ n < m ≤

N} be a set of independent normal random variables with mean 0 and variance

1

2
, and let {Xn,n : 1 ≤ n ≤ N} be a set of independent normal random variables

with mean 0 and variance 1, with independence between the two sets of random

variables. Then the random points of the GUE are the N eigenvalues generated

2



from the N ×N random Hermitian matrix

X =


X1,1 X1,2 + iY1,2 · · · X1,N + iY1,N

X1,2 − iY1,2 X2,2 · · · X2,N + iY2,N
...

...
. . .

...

X1,N − iY1,N X2,N − iY2,N · · · XN,N

 .
When the matrix entries in the Gaussian ensembles are real and quaternion, the

ensembles are called the Gaussian orthogonal ensemble (GOE) and the Gaussian

sympletic ensemble (GSE), respectively. The joint distributions of the entries are

c · exp

{
−β

4
tr(X2)

}
where the GOE corresponds to β = 1, GUE to β = 2, and GSE to β = 4, and c

is some constant depending on N and β. These distributions are invariant under

the actions by the orthogonal, unitary, and symplectic groups, respectively. By the

spectral theorem for Hermitian matrices, we can decompose the matrix uniquely

into a diagonal matrix of eigenvalues (in increasing order) and a unitary matrix

of eigenvectors. After applying this change of variables and integrating out the

eigenvector variables, for w(x) = e−
β
4
x2 , the eigenvalue distribution is

1

ZN ;βN !
ΩN ;β(xN)

where

ΩN ;β(xN) =
N∏

n>m

|xn − xm|β
N∏
n=1

w(xn), (I.1)

and the normalization, called the partition function, is

ZN ;β =
1

N !

∫
RN

ΩN ;β(xN) dxN . (I.2)
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Freeman Dyson [10] later introduced the circular orthogonal (COE), unitary (CUE),

and symplectic (CSE) ensembles corresponding to the distribution of points on the

unit circle proportional to

ΩN ;β =
N∏

n>m

∣∣eiθn − eiθm∣∣β (I.3)

for β = 1, β = 2, and β = 4. These are the joint distributions of eigenvalues from

random unitary matrices chosen according to Haar measure with real, complex,

and real quaternion entries. Dyson’s motivation was to alter Wigner’s energy level

model so that each state could be selected uniformly at random. While the circular

ensemble does not realistically depict the energy levels of a nucleus because the

energy level range of a nucleus is infinite, the statistics in any small region of the

circular ensemble match the statistics in any region in the bulk (inside the particle

support) of the Gaussian ensemble [23].

This leads to the concept of universality in random matrix theory, which states that

in certain classes of random matrices, local statistics of eigenvalues are independent

of the matrix entry distributions as the dimension of the matrix increases. Much

of today’s study focuses on the description of these classes. An example is the

Wigner matrix, which is a complex Hermitian random matrix such that

1. the upper triangular entries are identically distributed with finite moments

and variance equal to one,

2. the diagonal entries are identically distributed,

4



3. all the entries have mean zero,

4. and all the entries are independent (besides the symmetry condition).

Tao and Vu’s four moment theorem [37] states that the local statistics of eigenvalues

of a Wigner matrix depend only on the first four moments of the matrix entries.

We will later show that for some point processes (like the Gaussian and circular

ensembles), the local statistics are encoded in a single object called the kernel.

As the number of points N increases to infinity, the three limiting kernels which

commonly appear are the sine kernel, Airy kernel, and Bessel kernel; see (I.8),

(I.9), and (I.10) below.

The statistics from random matrices have appeared in other areas of mathematics.

For example, in [3], the authors derive the limiting distribution of the length of

the longest increasing subsequence from a permutation in SN selected uniformly

at random as N → ∞, where SN is the permutation group on N elements. This

distribution is the same as the limiting distribution of the largest eigenvalue of

the GUE ensemble, called the Tracy-Widom distribution, which we mention again

below.

The β-Ensemble and 2-Dimensional Electrostatics For β > 0, the point process

with density of points (I.1) and general weight w is called the β-ensemble. This

5



distribution has interpretations in 2-dimensional electrostatics. Consider N charge-

one particles on the real line interacting logarithmically, i.e. the energy between

two particles located at x and y is

− log |x− y| .

The particles lie in an external field Q which keeps the particles from escaping to

infinity. The total potential energy of the system is

EN(xN) = −
∑
n>m

log |xn − xm|+
N∑
n=1

Q(xn).

The Boltzmann factor with inverse temperature equal to β, which gives the relative

density of states, is

e−βEN (xN ) =
N∏

n>m

|xn − xm|β
N∏
n=1

e−βQ(xn).

With w(x) = e−βQ(x), the Boltzmann factor is the same as (I.1). For the circular

ensemble, we have an analogous 2-dimensional electrostatic interpretation for

particles on the unit circle in which the Boltzmann factor is (I.3).

Correlation Functions We present this section specifically for the β-ensemble on

the real line, and any analogous definitions can be translated to the circular β-

ensemble by changing the domain from R to [−π, π). For a fixed N and n ≤ N ,

let D1, . . . , Dn be a family of mutually disjoint subsets of R. Denote X (Di) by the

random number of points that land in Di. The correlation functions are a family

6



of N functions RN
n;β : Rn → [0,∞) defined by

E

[
n∏
i=1

X (Di)

]
=

∫
D1

· · ·
∫
Dn

RN
n;β(xn) dxn.

We can write the correlation functions in terms of the joint density. For x1, . . . , xn ∈

R, let ε > 0 be such that Bε(x1), . . . , Bε(xn) are mutually disjoint. Let Dε =

R\
⋃

Bε(xi). For ε small, we can approximate (I.4) by

P[X (D1) = 1, . . . ,X (Dn) = 1,X (D) = N − n]

=
1

ZN ;βN !

(
N

N − n, 1, . . . , 1

)∫
Bε(x1)

· · ·
∫
Bε(xn)

∫
DN−nε

ΩN ;β(xn ∨ yN−n) dyN−ndxn.

=

∫
Bε(x1)

· · ·
∫
Bε(xn)

[
1

ZN ;β(N − n)!

∫
DN−nε

ΩN ;β(xn ∨ yN−n) dyN−n

]
dxn.

As ε→ 0,

1

(πε2)n

∫
Bε(x1)

· · ·
∫
Bε(xn)

RN
n;β(xn) dxn → RN

n;β(xn)

and

1

(πε2)n

∫
Bε(x1)

· · ·
∫
Bε(xn)

[
1

ZN ;β(N − n)!

∫
DN−nε

ΩN ;β(xn ∨ yN−n) dxn

]
dyN−n

→ 1

ZN ;β(N − n)!

∫
RN−n

ΩN ;β(xn ∨ yN−n) dyN−n

at all Lebesgue points. Because the correlation functions we are working with are

continuous, we can write

RN
n;β(xn) =

1

ZN ;β(N − n)!

∫
RN−n

ΩN ;β(xn ∨ yN−n) dyN−n. (I.4)

Many important statistics of the ensemble are derived in terms of the correlation

7



functions, like the gap probabilities described below. As mentioned above we

are particularly interested in the situation where the dimension of the matrix

N increases to infinity. Note that the correlation functions become difficult

to work with since the number of iterated integrals increases with N . For

certain values of β, correlation functions can be written in a more tractable

form.

Determinantal Point Process

When β = 2 in (I.1), the corresponding point process is a determinantal point

process, i.e. the nth correlation function can be expressed as a determinant

of a scalar kernel. We follow the calculation in [41] for the β-ensemble in the

real line, which we divide into two parts.

The Partition Function as a Determinant

The first step is to write the partition function as a determinant of a Gram

matrix. The product

∏
n>m

(xn − xm)

can be expressed as the determinant of the Vandermonde matrix

VN(xN) =


ρ0(x1) · · · ρ0(xN)

ρ1(x1) · · · ρ1(xN)
...

. . .
...

ρN−1(x1) · · · ρN−1(xN)


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where {ρn} is any family of monic polynomials such that deg(ρn) = n. Then

ZN ;2 =
1

N !

∫
RN

(detVN(xN))2
N∏
n=1

w(xn) dxN .

Next, using the Leibniz formula for the determinant,

ZN ;2 =
1

N !

∑
τ∈SN

∑
σ∈SN

sgn τ sgnσ

∫
RN

N∏
n=1

ρσ(n)(xn)ρτ(n)(xn)w(xn) dxN

=
1

N !

∑
τ∈SN

∑
σ∈SN

sgn τ sgnσ
N∏
n=1

∫
R
ρσ(n)(x)ρτ(n)(x)w(x) dx.

Now we eliminate one of the sums. Let

〈f |g〉 =

∫
R
f(x)g(x)w(x) dx.

We change variables in the product by substituting τ−1(n) for n to get

ZN ;2 =
1

N !

∑
τ∈SN

∑
σ∈SN

sgn τ sgnσ
N∏
n=1

∫
R
ρσ(τ−1(n))(x)ρτ(τ−1(n))(x)w(x) dx

=
1

N !

∑
τ∈SN

∑
στ−1∈SN

sgn τ sgn(στ−1)
N∏
n=1

∫
R
ρσ(τ−1(n))(x)ρn(x)w(x) dx

=
1

N !

∑
τ∈SN

∑
σ∈SN

sgnσ
N∏
n=1

∫
R
ρσ(n)(x)ρn(x)w(x) dx

=
∑
σ∈SN

sgnσ
N∏
n=1

∫
R
ρσ(n)(x)ρn(x)w(x) dx

= det [〈ρn−1|ρm−1〉]Nn,m=1 . (I.5)

This completes the first step.

Correlation Functions as a Determinant

Next, we create a generating function for the correlation functions. Let {cn} be

indeterminants, {un} ⊂ R, and δ be the Dirac delta function. Let

dµ(x) =
N∑
n=1

(cndδun(x) + dx).
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Define

Zµ
N ;2 =

1

N !

∫
RN

ΩN ;2(xN) dµ(x1) · · · dµ(xN).

Then

Zµ
N ;2

ZN ;2

=
1

ZN ;2N !

∫
RN

ΩN ;2(xN) dµ(x1) · · · dµ(xN).

We expand the product dµ(x1) · · · dµ(xN), and simplify by using the symmetry

of ΩN ;2 and that ΩN ;2 vanishes if two of the entries are equal. Collecting the

indeterminants gives

Zµ
N ;2

ZN ;2

=
N∑
n=0

∑
t:n↗N

ct(1) · · · ct(n)RN
n;2(ut(1), . . . , ut(n)). (I.6)

We next use the determinant expression for the partition function (I.5). Let

CN = [〈ρn−1|ρm−1〉]Nn,m=1

and

AN =
[√

cm
√
w(um)ρn−1(um)

]N
n,m=1

.

Then

Zµ
N ;2

ZN ;2

=
det(CN + ANA

T
N)

detCN

.

We factor out CN and use Sylvester’s determinant theorem to rewrite the above as

= det(IN + C−1N ANA
T
N)

= det(IN + AT
NC

−1
N AN).
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We are free to choose any family of monic polynomials, and the family which most

simplifies CN is the monic orthogonal polynomials {pn} with respect to the inner

product. With this choice and

rn =

∫
R
(pn(x))2w(x) dx,

CN is diagonal, and

C−1N =

[
1

rn
δn,m

]N
n,m=1

.

We introduce the weighted Christoffel-Darboux kernel for the orthogonal polynomials

{pn}

KN(x, y) =
√
w(x)w(y)

N−1∑
n=0

pn(x)pn(y)

rn
.

Some matrix multiplication shows that

IN + AT
NC

−1
N AN = [δn,m +

√
cncmKN(un, um)]

N
n,m=1 .

Thus, the coefficient of c1 · · · cn is

det [KN(uj, uk)]
n
j,k=1 .

The Christoffel-Darboux formula simplifies the kernel KN to

KN(x, y) =


√
w(x)w(y)

pN(x)pN−1(y)− pN(y)pN−1(x)

rN−1(x− y)
if x 6= y

w(x)
p′N(x)pN−1(x)− pN(x)p′N−1(x)

rN−1
if x = y.

Note that the parameter N only appears in the kernel, and studying the ensemble

11



reduces to understanding the orthogonal polynomials and their asymptotics.

Thus, this particular point process is more specifically called an orthogonal

polynomial ensemble.

Pfaffian Point Process

When β = 1 or 4, the β-ensembles are Pfaffian point processes. That is, the

correlation functions can be expressed as a Pfaffian of k2 for k ≥ 1 matrix kernels

of size 2× 2.

First we need a couple of definitions. The Pfaffian of a 2N × 2N anti-symmetric

matrix A = [ai,j]
2N
i,j=1 is given by

Pf A =
1

2NN !

∑
σ∈S2N

sgnσ
N∏
n=1

aσ(2n−1),σ(2n).

A skew-inner product 〈·|·〉 is an inner product which is skew symmetric, or

〈f |g〉 = −〈g|f〉.

Analogous to orthogonal polynomials, the skew-orthogonal polynomials are a family

of polynomials {qn} which satisfy

〈q2n|q2m〉 = 〈q2n+1|q2m+1〉 = 0

〈q2n|q2m+1〉 = rnδn,m.

The steps in deriving the correlation functions are the same as in the determinantal

point process case. We outline the steps here. The details can be found in [41],

12



[35], [30], and [7].

With skew-inner products

〈f |g〉β =


∫
R
f(x)g(y) sgn(y − x)w(x) dydx if β = 1∫

R
(f(x)g′(x)− g(x)f ′(x))w(x) dx if β = 4,

the first step is to show that the partition functions can be written as a Gram

matrices

Pf [〈ρn|ρm〉1]N−1n,m=0 and Pf [〈ρn|ρm〉4]2N−1n,m=0 .

When β = 1, we assume N is even. The matrix for N odd is slightly more

complicated and was studied in [34].

Next, we create a generating function
Zµ
N ;β

ZN ;β

which can be expressed as (I.6).

We then expand
Zµ
N ;β

ZN ;β

using the Pfaffian expression of the partition function and

match coefficients to reveal that the correlation functions can be expressed as

Pfaffians of a 2× 2 matrix kernel. For β = 1, the matrix kernel entries are

SN ;1(x, y) =
√
w(x)w(y)

N
2
−1∑

n=0

q2n;1(x)εq2n+1;1(y)− q2n+1;1(x)εq2n;1(y)

rn;1

DSN ;1(x, y) =
√
w(x)w(y)

N
2
−1∑

n=0

q2n;1(x)q2n+1;1(y)− q2n+1;1(x)q2n;1(y)

rn;1

ISN ;1(x, y) =
√
w(x)w(y)

N
2
−1∑

n=0

εq2n;1(x)εq2n+1;1(y)− εq2n+1;1(x)εq2n;1(y)

rn;1

+ sgn(y − x)
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where

εf(x) =

∫
R
f(y) sgn(y − x) dy.

When β = 4, the matrix kernel entries are

SN ;4(x, y) =
√
w(x)w(y)

N−1∑
n=0

q2n;4(x)q′2n+1;4(y)− q2n+1;4(x)q′2n;4(y)

rn;4

DSN ;4(x, y) =
√
w(x)w(y)

N−1∑
n=0

q′2n;4(x)q′2n+1;4(y)− q′2n+1;4(x)q′2n;4(y)

rn;4

ISN ;4(x, y) =
√
w(x)w(y)

N−1∑
n=0

q2n;4(x)q2n+1;4(y)− q2n+1;4(x)q2n;4(y)

rn;4
.

Then the 2× 2 matrix kernel is

KN ;β(x, y) =

[
DSN ;β(x, y) SN ;β(x, y)

−SN ;β(y, x) ISN ;β(x, y)

]
,

and the nth correlation function can be expressed as

RN
n;β(xn) = Pf [KN ;β(xj, xk)]

n
j,k=1 .

We shall occasionally refer to a point process which has the property of being

determintantal or Pfaffian as solvable.

The circular β-ensembles have analogous results, i.e. β = 2 correspond to a

determinantal point process while β = 1 and 4 corresponds to Pfaffian point

processes. The kernels are listed in the Appendix.

Gap Probabilities

An example of the utility of the determinantal and Pfaffian expressions of the
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correlation functions is in calculating gap probabilities, or the probability that there

are no eigenvalues in a given interval A. This can be expressed as

1

ZN ;βN !

∫
RN

{
N∏
n=1

(1− χA(xn))

}
ΩN ;β(xN) dxN

=
1

ZN ;βN !

N∑
n=0

(−1)n
(
N

n

)∫
An

∫
RN−n

ΩN ;β(xN) dxN

=
N∑
n=0

(−1)n

n!

∫
An
RN
n;β(xn) dxn.

In the determinantal case, this is equal to

N∑
n=0

(−1)n

n!

∫
An

det [KN(xj, xk)]
n
j,k=1 dxn. (I.7)

The expression (I.7) is a Fredholm determinant of the kernel KN restricted to

A × A. In the Pfaffian case, the same calculation holds with the Pfaffian in place

of the determinant, and we have a Fredholm Pfaffian.

By continuity properties of the Fredholm determinant, if the kernel KN (with

perhaps some scaling so that the expected number of points in an interval is

nonzero and finite) converges to K as N →∞, then the gap probability converges

to

∞∑
n=0

(−1)n

n!

∫
An

det [K(xi, xj)]
n
j,k=1 dxn.

For instance, by scaling x 7→ x√
2N

in the GUE kernel,

1√
2N

KN

(
x√
2N

,
y√
2N

)
→ sin(x− y)

π(x− y)
(I.8)
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known as the sine kernel. In [20], the authors Jimbo, Miwa, Mori, and Sato

expressed the Fredholm determinant with the sine kernel when A = (−t, t) in

terms of an integrable system of partial differential equations whose solution is the

Painleve V transcendent.

If A = (t,∞), the gap probability is the density of the largest eigenvalue.

With Ai being the Airy function and scaling at the soft edge (the edge of the

support without a boundary) by x 7→ 2
√
N +

x

N1/6
,

1

N1/6
KN

(
2
√
N +

x

N1/6
, 2
√
N +

y

N1/6

)
→ Ai(x) Ai′(y)− Ai(y) Ai′(x)

x− y
. (I.9)

This limiting kernel is known as the Airy kernel. The law of the largest eigenvalue,

called the Tracy-Widom law, is expressed in terms of the Painleve II transcendent

[38].

Another reoccurring kernel is the Bessel kernel, which appears when scaling

at a hard edge, or at a boundary of the support. Consider for example the Jacobi

weight

w(x) = (1− x)α(1 + x)γ

for −1 ≤ x ≤ 1 and α, γ > −1. The orthogonal polynomials with respect to this

weight are the Jacobi polynomials, and the N points whose distribution is (I.1)

are the Jacobi ensemble. With the proper scaling at 1 and Jα denoting the Bessel
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function of order α, the kernel converges to

√
yJα(
√
x)J ′α(

√
y)−

√
xJα(
√
y)J ′α(

√
x)

2(x− y)
. (I.10)

Existing Work on the β-Ensemble

While it is unknown whether other values of β correspond to determinantal

or Pfaffian point processes besides β = 1, 2, or 4, different techniques have been

used to study these ensembles. For β = L2 when L is any positive integer, and for

β = L2 + 1 when L is an odd integer, Sinclair showed that the partition functions

can be expressed as hyperpfaffians, although it is still not known if the correlation

functions can be expressed as a hyperpfaffian [35]. The partition functions in the

circular cases (I.3) and (I.1) for the case that w is the Jacobi weight, called the

Mehta integral and Selberg integral, respectively, have been explicitly calculated

in [11], and the correlation functions for certain values of β have been expressed

in terms of hypergeometric functions and Jack polynomials [13]. The general

β-ensembles has been found to correspond to the distributions of eigenvalues

generated by random tridiagonal matrices [9], [21]. Using this random matrix

model, Ramirez, Rider, and Virag discovered the law of the largest eigenvalue for

the Gaussian β-ensemble in [29]. Their distributions interpolate between the laws of

the largest eigenvalues for β = 1, 2 and 4, called the Tracy-Widom distributions [41].
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While much progress has been made on the β-ensembles, other works have

focused on finding solvable families of point processes which interpolate between

the β = 1, 2, or 4 ensembles, besides simply changing the parameter β. In [30]

(mentioned above), the authors Rider, Sinclair, and Xu study the ensemble of

mixed charge-one and charge-two particles (a two species ensemble) on the real

line with the harmonic oscillator potential (Gaussian weight). They introduce

a fugacity parameter which controls the distributions of the number of each

particle type, and show that each value of the parameter gives a Pfaffian point

process. The solvability of the point process and the skew-orthogonal polynomials

with respect to the skew-inner product allow the authors to study global statistics

including the densities and distributions of the charge-one and charge-two particles.

Furthermore, the collection of ensembles continuously interpolates between the

β = 1 (all charge-one particles) and the β = 4 (all charge-two particles) Gaussian

ensembles. Chapter II and Chapter III introduce two ensembles on the unit circle

which interpolate between the β = 1, 2, and 4 circular ensembles.

In Chapter II, we study a solvable family of point processes which interpolates

between the CUE and the CSE. Let N be a nonnegative integer and let r > 0.

In the complex plane with no external field, consider N charge-one particles on

the unit circle paired with N charge-one particles on the the circle of radius r

with the same arguments, i.e. the locations of the particles are {eiθ1 , . . . , eiθN} and
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{reiθ1 , . . . , reiθN}. The particles interact logarithmically.

We first show that for any N and r, the ensemble generates a Pfaffian point

process. For fixed N , the finite kernels converge to the CUE kernels as r →∞ and

to the CSE kernels as r → 1.

We next investigate the limiting kernels. We first fix the radius r 6= 1 and

let N → ∞ while scaling the particle locations by θ 7→ 2πθ

N
(here θ ∈ (−∞,∞),

since for large enough N ,
2πθ

N
∈ (−π, π]). With this scaling, we see that the

kernels converge to the CUE kernel. Seen in a different perspective, the scaling

magnifies the circumference of the two circles by a factor of
N

2π
with the effect that

the average distance between two consecutive particles is one unit. At the same

time, this increases the distance between the two circles by a factor of N . Thus,

the interaction between the particles on different circles is negligible compared to

the interaction between the particles on the same circle.

To see significant interaction between different circles in the scaling, we must

scale the distance between the two circles by r 7→ 1 +
s

N
. With this scaling, the

limiting kernels interpolate between the limiting scaled kernels of CUE (s → ∞)

and CSE (s→ 0).
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In Chapter III, we consider the same model as [30] of mixed charge-one and

charge-two particles with a fugacity parameter X ≥ 0 controlling the random

number of each particle type, with the modification that the particles live on the

unit circle with no external field. In this case, we will show that the different values

of the parameter give a collection of Pfaffian point processes which continuously

interpolate between the β = 1 and the β = 4 circular ensembles and explicitly

derive the interpolating kernels. By universality, the local statistics of our circular

ensemble should translate to the bulk statistics of the ensemble studied in [30].

Similar to the setup in [30], we fix N to be a nonnegative integer representing

the total charge of the particles in the system. For a two species ensemble, we

need a more generalized definition for the partition function than (I.2). Denote

(L,M) to be the set of all pair of nonnegative integers which satisfy the relation

L+2M = N . We first consider the specified configuration of L charge-one particles

and M charge-two particles interacting logarithmically and confined to the unit

circle. The total potential energy of this particular configuration is

E(θL,φM) = −
L∑

l1>l2

log
∣∣eiθl1 − eiθl2 ∣∣− 4

M∑
m1>m2

log
∣∣eiφm1 − eiφm2

∣∣
− 2

L∑
l=1

M∑
m=1

∣∣eiθl − eiφm∣∣ .
Then the Boltzmann factor with inverse temperature equal to one is

e−E(θL,φM ) =
L∏

l1>l2

∣∣eiθl1 − eiθl2 ∣∣ M∏
m1>m2

∣∣eiφm1 − eiφm2

∣∣4 L∏
l=1

M∏
m=1

∣∣eiθl − eiφm∣∣2 ,
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and thus the (L,M) partial partition function is

ZL,M =
1

L!M !

∫
[−π,π)L

∫
[−π,π)M

e−E(θL,φM ) dθLdφM .

We then allow (L,M) to vary and include a weight X ≥ 0, called the fugacity of

the system, and take the weighted union over all possible states (L,M). So the

partition function is the weighted sum over all (L,M) partial partition functions

ZN(X) =
∑
(L,M)

XLZL,M . (I.11)

Our first task is to show that the partition function ZN(X) can be expressed as a

Pfaffian of an N ×N antisymmetric matrix if N is even, and an (N + 1)× (N + 1)

antisymmetric matrix if N is odd.

Next, we study the properties of LN(X), the random number of charge-one

particles for a given N and X. Our Pfaffian expression of ZN(X) and formula

(I.11) give us nice expressions for the probability generating functions of LN(X).

The distribution of LN(X) differs slightly when N is even or odd because L must

match parity with N . For fixed X and as N → ∞, we show that in the even and

odd cases, LN(X) converges to even and odd analogues of the Poisson distribution

with finite expectations and variances. In order for L and M to be of the same

order in the limit, we will find that X must increase proportionally to N , i.e.

X = Nr for some r > 0. In this situation, we give a central limit theorem for the

suitably normalized random variable LN(Nr).
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In analyzing the local statistics of the particles, we will assume N is even for

convenience. Let l and m be nonnegative integers such that l + 2m ≤ N .

Similar to the definition of the correlation functions for a one species ensemble,

for C1, . . . , Cl ⊂ [−π, π) mutually disjoint and D1, . . . , Dm ⊂ [−π, π) mutually

disjoint, let X1(Ci) denote the number of charge-one particles in Ci and let X2(Di)

denote the number of charge-two particles in Di. The (l,m) correlation function

RN
l,m : [−π, π)l × [−π, π)m → [0,∞) is defined as

E

[
l∏

i=1

X1(Ci)
m∏
j=1

X2(Dj)

]

=

∫
C1

· · ·
∫
Cl

∫
D1

· · ·
∫
Dm

RN
l,m(xl,ym) dxldym. (I.12)

Because the numbers of charge-one and charge-two particles vary, we need to first

consider the situation when there are L charge-one particles and M charge-two

particles such that l ≤ L and m ≤M . Then for small sets Ci and Dj, the expected

value is approximately

∫
C1

· · ·
∫
Cl

∫
D1

· · ·
∫
Dm

[
XL

ZN(X)(L− l)!(M −m)!

×
∫
[−π,π)L−l

∫
[−π,π)M−m

e−E(xl∨θL−l,ym∨φM−m) dθL−ldφM−m

]
dxldym

We then take the weighted sum over all possible (L,M). Again under the

assumption that the correlation functions are continuous, the correlations functions
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can be expressed as

RN
l,m(xl,ym)

=
1

ZN(X)

∑
(L,M)

L≥l,M≥m

XL

(L− l)!(M −m)!

×
∫
[−π,π)L−l

∫
[−π,π)M−m

e−E(xl∨θL−l,ym∨φM−m) dθL−ldφM−m.

We sketch a proof that the correlation functions can be expressed as a Pfaffian of a

2(l+m)× 2(l+m) matrix consisting of four 2× 2 matrix block kernels. For finite

N , the kernel entries interpolate between the (finite) kernels of β = 1 (X → ∞)

and β = 4 (X → 0+). Then, after scaling the fugacity by X = Nr and letting

N →∞, we obtain kernels which interpolate between the limiting kernels of β = 1

(r →∞) and β = 4 (r → 0+).

Other two species models, besides that of [30], have been studied (and solved) in

the past. For example, the Ginibre ensemble, first studied by Jean Ginibre in the

1960s [16], is the random matrix ensemble of N ×N real matrices (not necessarily

symmetric) with independent standard Gaussian entries. This generates random

real and complex eigenvalues. In [7], Alexi Borodin and Christopher Sinclair

show that the ensemble is Pfaffian for N even, and later Sinclair did the N odd

case. See [15] and [14] for other examples of two species ensembles. In [34], the

partition function was calculated for the general system of multi-charged particles

interacting logarithmically on the real line.
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In Chapter IV, we study another two species ensemble. For a fixed N , consider 2N

charge-one particles confined to the real and imaginary axes in a radial external

field, where each particle has a reflected particle about the origin. As in Chapter

III, we start with a pair (L,M) such that L + M = N and consider the situation

where L particles live on the positive real axis and M particles live on the positive

imaginary axis. Then we take the weighted sum over all possible (L,M) partial

partition functions ZL,M to get the total partition function

ZN(X) =
∑
(L,M)

XMZL,M .

With w(x) = e−Q(x) defined on the positive half of the real line, we show that for all

values of X the partition function is a Pfaffian of a Gram matrix with skew-inner

product

〈f |g〉 =

∫ ∞
0

(f(x)g(−x)− f(−x)g(x))w(x) dx

− iX

∫ ∞
0

(f(ix)g(−ix)− f(−ix)g(ix))w(x) dx.

The skew-orthogonal polynomials {qXn } can be written in terms of orthogonal

polynomials {pXn } with respect to the weight on the real line

wX(x) =


w(
√
x) if x ≥ 0

X · w(
√
−x) if x < 0
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given by the relations

qX2n(x) = pXn (x2)

qX2n+1(x) = xpXn (x2).

The weight has a jump discontinuity at the origin controlled by the fugacity

parameter when X 6= 1. These orthogonal polynomials have been studied when

the weight w(
√
x) is Jacobi [25] and Gaussian [19].

We sidetrack here to remark that because orthogonal polynomials are well-studied,

it is a common technique to use orthogonal polynomials to derive skew-orthogonal

polynomials and facilitate the study of Pfaffian point processes. One example is

the β-ensemble for β = 1 or 4 (see (I.1) for the joint density) when the weight is

of the form w(x) = e−V (x) where V ′(x) is a rational function. Adler, Forrester,

and Nagao derived an explicit relation between the skew-orthogonal and the

orthogonal polynomials with respect to the weight w in [1]. Another example

is the skew-orthogonal polynomials derived in the previously mentioned mixed

charge ensemble on the real line studied in [30], which were expressed in terms of

generalized Laguerre polynomials. In our ensemble, the orthogonal polynomials

play a crucial role.

With the skew-orthogonal polynomials we show that the correlation functions

can be expressed as a Pfaffian of four 2 × 2 matrix kernels, where each of the
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scalar kernel entries is expressed in terms of a single kernel SN defined in Theorem

IV.1 below. From the relationship between skew-orthogonal and orthogonal

polynomials, SN has a Christoffel-Darboux form: Given that KN is the weighted

Christoffel-Darboux kernel

KN(x, y) =


√
wX(x)wX(y)

pXN(x)pXN−1(y)− pXN(y)pXN−1(x)

rN−1(x− y)
if x 6= y

wX(x)
(pXN(x))′pXN−1(x)− pXN(x)(pXN−1(x))′

rN−1
if x = y,

we have

SN(x, y) = (x+ y)KN(x2, y2).

The relation between the scalar kernels KN and SN suggests that we can focus

on KN (since orthogonal polynomials are easier to work with), then translate the

results to SN . In fact, there is a direct correspondence between our two species

model and the orthogonal polynomial ensemble with distribution of points (I.1)

and weight wX . To a given particle at x > 0 of the orthogonal polynomial ensemble

corresponds a particle from our two species ensemble at
√
x. Likewise, a particle at

x < 0 corresponds to a particle at i
√
−x. We derive the relationships between the

limiting kernels (both at and away from the origin), global densities, and scalings

of KN and SN . We use the results to record some properties when the external

field corresponds to the Jacobi weight, and we derive new edge kernels for SN when

X = 0 and X = 1.
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In Chapter V, we study a similar reflection ensemble on the unit circle, where the

charge-one particles come in conjugate pairs. We place the external field

α log

(
2 sin2 θ

2

)
+ γ log

(
2 cos2

θ

2

)
for 0 ≤ θ ≤ 2π

on the unit circle which corresponds to the Jacobi weight. This ensemble is a

Pfaffian point process, and the skew orthogonal polynomials are written in terms

of the Jacobi polynomials. We calculate the global density of the particles, and the

limiting scaled kernels inside the bulk and at the edge.

The statistics near the hard edges (at θ = 0 or θ = π) should be similar to

the statistics near the origin of the ensemble studied in Chapter IV in the case

that X = 0, or when all the particles lie on the real line.
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CHAPTER II

A SOLVABLE ENSEMBLE WHICH INTERPOLATES BETWEEN CUE AND

CSE

Setup

In the complex plane with no external field, consider N charge-one particles

on the unit circle paired with N charge-one particles on the the circle of radius r

having the same arguments, i.e. the locations of the particles are {eiθ1 , . . . , eiθN} and

{reiθ1 , . . . , reiθN}. With the particles interacting logarithmically, the total energy

of the system is

EN(θN , r) = −
N∑

n>m

log
∣∣eiθn − eiθm∣∣− N∑

n>m

log
∣∣reiθn − reiθm∣∣− N∑

n,m=1

log
∣∣reiθn − eiθm∣∣ .

The Boltzmann factor with inverse temperature equal to 1 is

e−EN (θN ,r) =

(
N∏

n>m

∣∣eiθn − eiθm∣∣ ∣∣reiθn − reiθm∣∣) N∏
n,m=1

∣∣reiθn − eiθm∣∣
= r

N(N−1)
2

(
N∏

n>m

∣∣eiθn − eiθm∣∣2 ∣∣reiθn − eiθm∣∣ ∣∣eiθn − reiθm∣∣)

×
N∏
n=1

∣∣reiθn − eiθn∣∣ (II.1)

and so the joint probability density is

1

ZN(r)N !
e−EN (θN ,r)
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with partition function

ZN(r) =
1

N !

∫
[−π,π)N

e−EN (θN ,r) dθN .

We first show that the partition function can be expressed as a Pfaffian, then show

that the correlation functions can be expressed as Pfaffians of a 2× 2 matrix

kernel.

Pfaffian Expression for the Partition Function

Theorem II.1. The partition function ZN(r) can be expressed as the Pfaffian of a

2N × 2N antisymmetric matrix

ZN(r) = Pf UN(r)

where

UN(r) =
[
2π(rn−1 − rm−1)δ2N+1,n+m

]2N
n,m=1

.

Correlation Functions and the Kernel Entries

Corollary II.1. Let

S̃N(θ, φ, r) =
1

2π

2N∑
n=1

ei(−N−
1
2
+n)(θ−φ)

1− r2N+1−2n ,

D̃SN(θ, φ, r) =
1

2π

2N∑
n=1

ei(−N−
1
2
+n)(θ−φ)

rn−1 − r2N−n
,

ĨSN(θ, φ, r) =
r2N−1

2π

2N∑
n=1

ei(−N−
1
2
+n)(θ−φ)

rn−1 − r2N−n
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and set

K̃N(θ, φ, r) =

[
D̃SN(θ, φ, r) S̃N(θ, φ, r)

−S̃N(φ, θ, r) ĨSN(θ, φ, r)

]
.

Then the nth correlation function RN
n may be expressed as

RN
n (θn, r) = Pf

[
K̃N(θj, θk, r)

]n
j,k=1

.

We will see below that the correlation functions converge as r → ∞ and as

r → 1. However, inspection of the kernel entries reveals that the entries diverge

as r → 1. Fortunately, we have the freedom to manipulate the kernel entries as

long as the Pfaffian and the 2×2 matrix kernel block structure are unchanged. We

multiply

[
K̃N(θj, θk, r)

]n
j,k=1

on the left by

In ⊗

r 2N+1
2

r − 1
− r

r − 1
0 1


and on the right by

In ⊗

 1 0

− 1

r
2N−1

2

r − 1

r
2N+1

2


where In is the n×n identity matrix and⊗ is the Kronecker product. This alteration

preserves the block structure and the antisymmetry of the matrix. Because the

square of the Pfaffian is equal the determinant, it is easy to see that up to sign,
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the Pfaffians of the old and new matrices are equal. We arrive at the new scalar

kernels

SN(θ, φ, r) =
1

2π

2N∑
n=1

(
1− rN+ 1

2
−n

1− r2N+1−2n

)
ei(−N−

1
2
+n)(θ−φ) (II.2)

=
1

2π

N∑
n=1

(
cos

[(
n− 1

2

)
(θ − φ)

]
+ i

(
rn−

1
2 − 1

rn−
1
2 + 1

)
sin

[(
n− 1

2

)
(θ − φ)

])
(II.3)

DSN(θ, φ, r) =
(r − 1)

2πr

2N∑
n=1

(
rN+ 1

2
−n

1− r2N+1−2n

)
ei(−N−

1
2
+n)(θ−φ) (II.4)

= −i(r − 1)

πr

N∑
n=1

(
rn−

1
2

1− r2n−1

)
sin

[(
n− 1

2

)
(θ − φ)

]
(II.5)

ISN(θ, φ, r) =
r

2π(r − 1)

2N∑
n=1

(
rN+ 1

2
−n − 1

rN+ 1
2
−n + 1

)
ei(−N−

1
2
+n)(θ−φ) (II.6)

= − ir

π(r − 1)

N∑
n=1

(
rn−

1
2 − 1

rn−
1
2 + 1

)
sin

[(
n− 1

2

)
(θ − φ)

]
(II.7)

and the new matrix kernel

KN(θ, φ, r) =

[
ISN(θ, φ, r) SN(θ, φ, r)

−SN(φ, θ, r) DSN(θ, φ, r)

]
.

The multiple representations for each scalar kernel will be useful when evaluating

limits. The evaluations of the limits with respect to r now follow immediately from

(II.3), (II.5), and (II.7). Indeed, with SN ;2 as the finite CUE scalar kernel defined
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in the Appendix (A.1) and as r →∞,

SN(θ, φ, r)→ 1

2π

N∑
n=1

(
cos

[(
n− 1

2

)
(θ − φ)

]
+ i sin

[(
n− 1

2

)
(θ − φ)

])
= e

i
2
(θ−φ)SN ;2(θ, φ)

DSN(θ, φ, r)→ 0

ISN(θ, φ, r)→ − i
π

N∑
n=1

sin

[(
n− 1

2

)
(θ − φ)

]
.

Now

Pf

[
∗ e

i
2
(θj−θk)SN ;2(θj, θk)

−e
i
2
(θk−θj)SN ;2(θk, θj) 0

]N
j,k=1

is equal to

Pf

[
0 e

i
2
(θj−θk)SN ;2(θj, θk)

−e
i
2
(θk−θj)SN ;2(θk, θj) 0

]N
j,k=1

which is equal to

Pf

[
0 SN,2(θj, θk)

SN,2(θk, θj) 0

]N
j,k=1

.

Comparing this matrix kernel to (A.3) shows that this limiting point process is

equivalent to the CUE limiting point process. As r → 1,

SN(θ, φ, r)→ 1

2π

N∑
n=1

cos

[(
2n− 1

2

)
(θ − φ)

]

DSN(θ, φ, r)→ i

2π

N∑
n=1

(
2

2n− 1

)
sin

[(
2n− 1

2

)
(θ − φ)

]

ISN(θ, φ, r)→ − i

2π

N∑
n=1

(
2n− 1

2

)
sin

[(
2n− 1

2

)
(θ − φ)

]

which are the CSE kernels (C.1).
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Remark II.2. As r → 0+, similar calculations as above show that the kernels

converge to the CUE kernels, and we omit the proofs. Intuitively, this is analogous

to the situation when r →∞, since we can rescale the sizes of the circles so that the

shrinking circle now has constant radius one, which forces the other circle’s radius

to increase to infinity. Thus, we have two copies of the COE ensemble again.

Limiting Kernels while Scaling the Radius

We next investigate the behavior of the kernel entries when we fix the distance

between the two circles and increase the number of particles to infinity. In order

to calculate non-trivial probabilities in the limit, we scale the particle locations by

θ 7→ 2πθ

N
. As described in the Introduction, the scaling magnifies a region of the

circle (in this case, at θ = 0) so that on average, the particles are one unit apart.

By the rotational symmetry of the kernels, the local statistics is independent of the

location of the scaling.

Proposition II.1. Let S2 be the limiting scaled kernel for the CUE, as defined in

(A.2). As N →∞,

2π

N
SN

(
2πθ

N
,
2πφ

N
, r

)
→ eπi(θ−φ)

sin π(θ − φ)

π(θ − φ)

= S2(θ, φ)

2π

N
ISN

(
2πθ

N
,
2πφ

N
, r

)
→ ir

(r − 1)

(
cos [2π(θ − φ)]− 1

π(θ − φ)

)
2π

N
DSN

(
2πθ

N
,
2πφ

N
, r

)
→ 0.
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Again we use

Pf

[
∗ S2(θj, θk)

−S2(θk, θj) 0

]n
j,k=1

= Pf

[
0 S2(θj, θk)

−S2(θk, θj) 0

]n
j,k=1

which shows that the limiting point process is independent of r. By (A.3), this is

equivalent to the CUE limiting point process. As discussed in the Introduction,

the particle interaction between the two circles becomes negligible in the scaling.

So we must also scale the radius to decrease at a rate depending on N . Before the

next theorem, we again alter the kernel entries so that they converge in the limit

as N →∞. Multiply the left and right side of

[
KN(θj, θk, r)

]n
j,k=1

by

In ⊗

 1√
N

0

0
√
N

 .
This multiplies ISN by

1

N
and DSN by N while preserving the Pfaffian and the

block structure. Define

S (θ, φ, s) = lim
N→∞

2π

N
SN

(
2πθ

N
,
2πφ

N
, 1 +

s

N

)
DS (θ, φ, s) = lim

N→∞
2πDSN

(
2πθ

N
,
2πφ

N
, 1 +

s

N

)
IS (θ, φ, s) = lim

N→∞

2π

N2
ISN

(
2πθ

N
,
2πφ

N
, 1 +

s

N

)
.
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Theorem II.2. Let r = 1 +
s

N
for 0 < s <∞. Then

S (θ, φ, s) =
1

2

∫ 2

0

(
cos [π(θ − φ)t] + i tanh

[
st

4

]
sin [π(θ − φ)t]

)
dt

DS (θ, φ, s) =
is

2

∫ 2

0

csch

[
st

2

]
sin [π(θ − φ)t] dt

IS (θ, φ, s) = − i
s

∫ 2

0

tanh

[
st

4

]
sin [π(θ − φ)t] dt. (II.8)

The limiting kernels with respect to s are now easily calculated. As s→∞,

S (θ, φ, s)→ 1

2

∫ 2

0

eπi(θ−φ)dt

= S2(θ, φ)

DS (θ, φ, s)→ 0

IS (θ, φ, s)→ 0

and as s→ 0,

S (θ, φ, s)→ 1

2

∫ 2

0

cos [π(θ − φ)t] dt

=
sin [2π(θ − φ)]

2π(θ − φ)

DS (θ, φ, s)→ i

∫ 2

0

sin [π(θ − φ)t]

t
dt

IS (θ, φ, s)→ − i
4

∫ 2

0

t · sin [π(θ − φ)t] dt

= i

(
cos [2π(θ − φ)]

2π(θ − φ)
− sin [2π(θ − φ)]

4π2(θ − φ)2

)
.

Thus, we recover the β = 2 (A.2) and the β = 4 (C.2) asymptotic kernels. Figure

2.1. are the graphs of the second correlation functions as a function of the

distance between two particles for various values of s. It represents the density of the
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Figure 2.1.: Plots of R2(θ, φ, s) with kernel (II.8) for s =
1

25
, 3, 25 from lightest

to darkest.
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Figure 2.2.: Plot of R2;2(θ, φ) with kernel (A.2) (CUE).

particles given that there is a particle located at the origin. Figure 2.2. and

2.3. are the graphs of the second correlation functions of the CUE and CSE,

respectively. The three figures exhibit the interpolation property.
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Figure 2.3.: Plot of R2;4(θ, φ) with kernel (C.2) (CSE).

Density of Points

Let A ⊂ [0, 2π). By the definition of the correlation functions (I.4),

∫
A

RN
1 (θ) dθ

is the expected number of particles in A. Thus, the density of a single point on the

unit circle is

1

N
RN

1 (θ) =
1

N
SN(θ, θ, r).

Using (II.3), we see that density is independent of r and that for all N , the particles

are uniformly distributed on the unit circle.
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Proofs

Proof of Theorem II.1

We may express (II.1) without the absolute values using the following identities:

∣∣eiθn − eiθm∣∣2 = −e−i(θn+θm)(eiθn − eiθm)2,∣∣reiθn − eiθm∣∣ ∣∣eiθn − reiθm∣∣ = −e−i(θn+θm)(reiθn − eiθm)(eiθn − reiθm),

and

∣∣reiθn − eiθn∣∣ = e−iθn(reiθn − eiθn).

Thus,

e−EN (θN ,r) =

(
N∏

n>m

(eiθn − eiθm)(reiθn − reiθm)

)

×

(
N∏

n6=m

(reiθn − eiθm)

)(
N∏
n=1

e−i(2N−1)θn

)
.

The first two products together make the Vandermonde product of

eiθ1 , . . . , eiθN , reiθ1 , . . . , reiθN ,

so the above is equal to(
N∏
n=1

e−i(2N−1)θn

)
· det

[
ei(n−1)θm rn−1ei(n−1)θm

]2N ;N

n,m=1

= det
[
ei(−N−

1
2
+n)θm rn−1ei(−N−

1
2
+n)θm

]2N ;N

n,m=1
.

Here the subscripts and superscripts of the matrices indicate that n = 1, . . . , N and
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m = 1, . . . , 2N . We express the determinant using the Laplace expansion:

det
[
ei(−N−

1
2
+n)θm rn−1ei(−N−

1
2
+n)θm

]2N ;N

n,m=1

=
∑
σ∈S2N

σ(2m−1)<σ(2m) ∀m

sgnσ
N∏
m=1

(
rσ(2m)−1 − rσ(2m−1)−1

)
e(−2N+σ(2m−1)+σ(2m)−1)θm .

So

ZN(r) =
1

N !

∫
[−π,π)N

e−EN (θN ,r) dθN

=
1

N !

∫
[−π,π)N

∑
σ∈S2N

σ(2m−1)<σ(2m)∀m

sgnσ

×
N∏
m=1

(
rσ(2m)−1 − rσ(2m−1)−1

)
e(−2N+σ(2m−1)+σ(2m)−1)θm dθN

=
1

N !

∑
σ∈S2N

σ(2m−1)<σ(2m)∀m

sgnσ

×
N∏
m=1

(
rσ(2m)−1 − rσ(2m−1)−1

) ∫ π

−π
e(−2N+σ(2m−1)+σ(2m)−1)θ dθ.

If we remove the condition on σ, each term will appear 2N times because the factor

of −1 introduced from swapping the difference rσ(2m)−1−rσ(2m−1)−1 will be negated

by the factor of −1 introduced from the sign of a transposition composed with σ.

Thus, without the condition and adding in a factor of
1

2N
, the above is equal to

=
1

2NN !

∑
σ∈S2N

sgnσ
N∏
m=1

(
rσ(2m)−1 − rσ(2m−1)−1

) ∫ π

−π
e(−2N+σ(2m−1)+σ(2m)−1)θ dθ

= Pf

[
(rm−1 − rn−1)

∫ π

−π
ei(−2N+n+m−1)θ dθ

]2N
n,m=1

. (II.9)

39



Since

∫ π

−π
ei(−2N+n+m−1)θ dθ =


2π if n+m = 2N + 1

0 otherwise,

the matrix in (II.9) is equal to UN(r).

Proof of Corollary II.1

We sketch the proof whose missing details can be found in Section 7 of [7]. Let

θ1, . . . , θN ∈ [−π, π) and let c1, . . . , cN be indeterminants. Let

dν(θ) =
N∑
n=1

ckdδθk(θ)

and

Zν
N(r) =

1

N !

∫
[−π,π)N

e−EN (θN ,r)

N∏
n=1

(dθn + dν(θn)).

By expanding the product and using the symmetry of the integrand,

Zν
N(r)

ZN(r)
=

∑
n≤N

k1<···<kn

ck1 · · · cknRN
n (θk1 , . . . , θkn)

i.e.
Zν
N(r)

ZN(r)
is a generating function for the correlation functions. On the other

hand, from Theorem II.1,

Zν
N(r) = Pf

[
(rm−1 − rn−1)

∫ π

−π
ei(−2N+n+m−1)θ(dθ + dν(θ))

]2N
n,m=1

and

(rm−1 − rn−1)
∫ π

−π
ei(−2N+n+m−1)θ dν(θ) =

N∑
k=1

ck(r
m−1 − rn−1)ei(−2N+m+n−1)θk .
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Let

AN(θN , r) =
[√

cke
i(−N− 1

2
+n)θk √ckrn−1ei(−N−

1
2
+n)θk

]2N ;N

n,k=1

and let J2N be the 2N × 2N antisymmetric matrix

J2N = IN ⊗

[
0 1

−1 0

]
.

Then matrix multiplication gives

Zν
N(r)

ZN(r)
=

Pf
[
UN(r) + AN(θ, r)J2NA

T
N(θ, r)

]
Pf UN(r)

.

Using the Pfaffian Cauchy-Binet formula in Appendix B of [7],

Zν
N(r)

ZN(r)
=

Pf
[
−J−T2N −AT

N(θ, r)U−TN (r)AN(θ, r)
]

Pf
[
−J−T2N

]
= Pf

[
J2N + AT

N(θ, r)U−TN (r)AN(θ, r)
]
.

We see that

U−TN (r) =

[
1

2π(rn−1 − rm−1)
δ2N+1,n+m

]2N
n,m=1

,

so

Zν
N(r)

ZN(r)
= Pf

[
J2N +

[√
cncmKN(θn, θm, r)

]N
n,m=1

]
.

Finally using the addition formula for the Pfaffian which can be found in Lemma

7 of [33],

Zν
N(r)

ZN(r)
=

∑
n≤N

k1<···<kn

ck1 · · · ckn Pf
[
KN(θki , θkj , r)

]n
i,j=1

.
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Matching coefficients gives the result.

Proof of Proposition II.1

We can rewrite (II.2) and (II.6) as

SN(θ, φ, r) =
1

2π

N∑
n=1

ei(n−
1
2)(θ−φ) − i

π

N∑
n=1

sin
[(
n− 1

2

)
(θ − φ)

]
rn−

1
2 + 1

ISN(θ, φ, r) = − ir

π(r − 1)

N∑
n=1

sin

[(
n− 1

2

)
(θ − φ)

]

+
2ir

π(r − 1)

N∑
n=1

sin
[(
n− 1

2

)
(θ − φ)

]
rn−

1
2 + 1

,

and we use the representation (II.5) for DSN . Before evaluating the limit, we need

the following estimate. Recalling that r > 1,∣∣∣∣∣ 1

N

N∑
n=1

sin
[
2π
N

(
n− 1

2

)
(θ − φ)

]
rn−

1
2 + 1

∣∣∣∣∣ ≤ 1

N

N−1∑
n=0

1

rn+
1
2 + 1

≤ 1

Nr
1
2

∞∑
n=0

1

rn

=
r

1
2

N(r − 1)
.

Thus, as N →∞,

2π

N
SN

(
2πθ

N
,
2πφ

N
, r

)
=

1

2
· 2

N

N∑
n=1

eiπ(
2n−1
N )(θ−φ) − 2i

N

N∑
n=1

sin
[
2π
N

(
n− 1

2

)
(θ − φ)

]
rn−

1
2 + 1

→ 1

2

∫ 2

0

eiπ(θ−φ)t dt

= eπi(θ−φ)
sin π(θ − φ)

π(θ − φ)
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and

2π

N
ISN

(
2πθ

N
,
2πφ

N
, r

)
= − 2ir

(r − 1)N

N∑
n=1

sin

[
π

(
2n− 1

N

)
(θ − φ)

]

+
4ir

N(r − 1)

N∑
n=1

sin
[
2π
N

(
n− 1

2

)
(θ − φ)

]
rn−

1
2 + 1

→ ir

(r − 1)

∫ 2

0

cos [π(θ − φ)t] dt

=
ir

(r − 1)

(
cos [2π(θ − φ)]− 1

π(θ − φ)

)
.

Lastly,

2π

N
DSN

(
2πθ

N
,
2πφ

N
, r

)
= −2i(r − 1)

Nr

N∑
n=1

(
rn−

1
2

1− r2n−1

)
sin

[
2π

N

(
n− 1

2

)
(θ − φ)

]
.

Let k = dlogr(
√

2)− 1

2
e, where d·e is the ceiling function. Then for n ≥ k,

1− 1

r2n+1
≥ 1

2
.

Thus, ∣∣∣∣∣−2i(r − 1)

Nr

N∑
n=1

(
rn−

1
2

1− r2n−1

)
sin

[
2π

N

(
n− 1

2

)
(θ − φ)

]∣∣∣∣∣
≤ 2(r − 1)

Nr

N−1∑
n=0

rn+
1
2

r2n+1 − 1

≤ 2(r − 1)

Nr

∞∑
n=0

1

rn+
1
2

(
1− 1

r2n+1

)
=

2(r − 1)

Nr

k−1∑
n=0

1

rn+
1
2

(
1− 1

r2n+1

) +
2(r − 1)

Nr

∞∑
n=k

1

rn+
1
2

(
1− 1

r2n+1

)
≤ 2(r − 1)

Nr

k−1∑
n=0

1

rn+
1
2

(
1− 1

r2n+1

) +
(r − 1)

Nr

∞∑
n=0

1

rn

=
2(r − 1)

Nr

k−1∑
n=0

1

rn+
1
2

(
1− 1

r2n+1

) +
1

N
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which shows that

2π

N
DSN

(
2πθ

N
,
2πφ

N
, r

)
→ 0.

Proof of Theorem II.2

We use (II.3) to represent SN . Then

S (θ, φ, s) = lim
N→∞

2π

N
SN

(
2πθ

N
,
2πφ

N
, 1 +

s

N

)
= lim

N→∞

{
1

N

N∑
n=1

cos

[
2π

N

(
n− 1

2

)
(θ − φ)

]

+
i

N

N∑
n=1

(1 + s
N

)n− 1
2 − 1(

1 + s
N

)n− 1
2 + 1

 sin

[
2π

N

(
n− 1

2

)
(θ − φ)

]}

= lim
N→∞

{
1

2
· 2

N

N∑
n=1

cos

[
π

(
2n− 1

N

)
(θ − φ)

]

+
i

2
· 2

N

N∑
n=1

(1 + s
N

)N( 2n−1
2N ) − 1(

1 + s
N

)N( 2n−1
2N )

+ 1

 sin

[
π

(
2n− 1

N

)
(θ − φ)

]}
.

Let

tN =
2

N

N∑
n=1

(
1 + s

N

)N( 2n−1
2N ) − 1(

1 + s
N

)N( 2n−1
2N )

+ 1

=
2

N

N∑
n=1

(
1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sN

N !

(
1− 1

N

)
· · ·
(
1− N−1

N

)) 2n−1
2N − 1(

1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sN

N !

(
1− 1

N

)
· · ·
(
1− N−1

N

)) 2n−1
2N

+ 1

.

For some number A ≥ 0 depending N, n, and s, each summand can be expressed

as (
1 + s+ s2

2!
+ · · ·+ sN

N !

) 2n−1
2N − 1− A(

1 + s+ s2

2!
+ · · ·+ sN

N !

) 2n−1
2N

+ 1− A
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Note that this fraction is less than or equal to one. So by adding A to the numerator

and denominator, we get(
1 + s+ s2

2!
+ · · ·+ sN

N !

) 2n−1
2N − 1− A(

1 + s+ s2

2!
+ · · ·+ sN

N !

) 2n−1
2N

+ 1− A
≤

(
1 + s+ s2

2!
+ · · ·+ sN

N !

) 2n−1
2N − 1(

1 + s+ s2

2!
+ · · ·+ sN

N !

) 2n−1
2N

+ 1

.

Then for all N ,

tN ≤
2

N

N∑
n=1

(
1 + s+ s2

2!
+ · · ·+ sN

N !

) 2n−1
2N − 1(

1 + s+ s2

2!
+ · · ·+ sN

N !

) 2n−1
2N

+ 1

≤ 2

N

N∑
n=1

(
(es)

2n−1
2N − 1

(es)
2n−1
2N + 1

)
.

Thus,

lim sup
N→∞

tN ≤
∫ 2

0

e
st
2 − 1

e
st
2 + 1

dt.

On the other hand, for all m ≤ N and for some B > 0 depending on N, n,m, and

s, we can write(
1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sN

N !

(
1− 1

N

)
· · ·
(
1− N−1

N

)) 2n−1
2N − 1(

1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sN

N !

(
1− 1

N

)
· · ·
(
1− N−1

N

)) 2n−1
2N

+ 1

=

(
1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sm

m!

(
1− 1

N

)
· · ·
(
1− m−1

N

)) 2n−1
2N − 1 +B(

1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sm

m!

(
1− 1

N

)
· · ·
(
1− m−1

N

)) 2n−1
2N + 1 +B

≥

(
1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sm

m!

(
1− 1

N

)
· · ·
(
1− m−1

N

)) 2n−1
2N − 1(

1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sm

m!

(
1− 1

N

)
· · ·
(
1− m−1

N

)) 2n−1
2N + 1

.
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Thus,

tN ≥
2

N

N∑
n=1

(
1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sm

m!

(
1− 1

N

)
· · ·
(
1− m−1

N

)) 2n−1
2N − 1(

1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sm

m!

(
1− 1

N

)
· · ·
(
1− m−1

N

)) 2n−1
2N + 1

≥ 2

N

N∑
n=1

(
1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sm

m!

(
1− 1

N

)
· · ·
(
1− m−1

N

)) 2n−1
2N − 1(

1 + s+ s2

2!
+ · · ·+ sm

m!

) 2n−1
2N + 1

.

Now for any n, we give an estimate on the first part of the numerator:(
1 + s+

s2

2!

(
1− 1

N

)
+ · · ·+ sm

m!

(
1− 1

N

)
· · ·
(

1− m− 1

N

)) 2n−1
2N

≥
((

1− 1

N

)
· · ·
(

1− m− 1

N

)) 2n−1
2N

·
(

1 + s+
s2

2!
+ · · ·+ sm

m!

) 2n−1
2N

≥
(

1− 1

N

)
· · ·
(

1− m− 1

N

)(
1 + s+

s2

2!
+ · · ·+ sm

m!

) 2n−1
2N

.

Therefore,

2

N

N∑
n=1

(
1 + s+ s2

2!

(
1− 1

N

)
+ · · ·+ sm

m!

(
1− 1

N

)
· · ·
(
1− m−1

N

)) 2n−1
2N

(
1 + s+ s2

2!
+ · · ·+ sm

m!

) 2n−1
2N + 1

≥ 2

N
·
(

1− 1

N

)
· · ·
(

1− m− 1

N

) N∑
n=1

(
1 + s+ s2

2!
+ · · ·+ sm

m!

) 2n−1
2N

(
1 + s+ s2

2!
+ · · ·+ sm

m!

) 2n−1
2N + 1

→
∫ 2

0

(
1 + s+ s2

2!
+ · · ·+ s

m!

) t
2

(
1 + s+ s2

2!
+ · · ·+ s

m!

) t
2 + 1

dt

as N →∞. The above calculation together with

2

N

N∑
n=1

1(
1 + s+ s2

2!
+ · · ·+ sm

m!

) 2n−1
2N + 1

→
∫ 2

0

1(
1 + s+ s2

2!
+ · · ·+ s

m!

) t
2 + 1

dt

as N →∞ gives

lim inf
N→∞

tN ≥
∫ 2

0

(
1 + s+ s2

2!
+ · · ·+ s

m!

) t
2 − 1(

1 + s+ s2

2!
+ · · ·+ s

m!

) t
2 + 1

dt
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for all m. Therefore, letting m→∞,

lim inf
N→∞

tN ≥
∫ 2

0

e
st
2 − 1

e
st
2 + 1

dt

This shows that

S (θ, φ, s) =
1

2

∫ 2

0

cos [π(θ − φ)t] + i

(
e
st
2 − 1

e
st
2 + 1

)
sin [π(θ − φ)t] dt

We next use (II.7) to represent ISN and (II.5) to represent DSN . A similar

argument shows that

DS (θ, φ, s) = lim
N→∞

2π ·DSN
(

2πθ

N
,
2πφ

N
, 1 +

s

N

)
= − lim

N→∞

2is(
1 + s

N

)
N

N∑
n=1

 (
1 + s

N

)n− 1
2

1−
(
1 + s

N

)2n−1
 sin

[
2π

N

(
n− 1

2

)
(θ − φ)

]

= − lim
N→∞

is

1 + s
N

· 2

N

N∑
n=1

 (
1 + s

N

)N( 2n−1
2N )

1−
(
1 + s

N

)N( 2n−1
N )

 sin

[
π

(
2n− 1

N

)
(θ − φ)

]

= −is
∫ 2

0

(
e
st
2

1− est

)
sin [π(θ − φ)t] dt

and

IS (θ, φ, s) = lim
N→∞

2π

N2
ISN

(
2πθ

N
,
2πφ

N
, 1 +

s

N

)
= − lim

N→∞

2i
(
1 + s

N

)
Ns

N∑
n=1

(1 + s
N

)n− 1
2 − 1(

1 + s
N

)n− 1
2 + 1

 sin

[
2π

N

(
n− 1

2

)
(θ − φ)

]

= − lim
N→∞

i
(
1 + s

N

)
s

· 2

N

N∑
n=1

(1 + s
N

)N( 2n−1
2N ) − 1(

1 + s
N

)N( 2n−1
2N )

+ 1


× sin

[
π

(
2n− 1

N

)
(θ − φ)

]
= − i

s

∫ 2

0

(
e
st
2 − 1

e
st
2 + 1

)
sin [π(θ − φ)t] dt.
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CHAPTER III

A SOLVABLE MULTICHARGE ENSEMBLE THAT INTERPOLATES

BETWEEN COE AND CSE

Setup

Fix N to be a nonnegative integer representing the total charge of the system.

We study the ensemble of mixed charge-one and charge-two particles on the unit

circle with no external field and interacting logarithmically. The numbers of each

particle types are random, and a fugacity parameter X is included to control these

distributions. The 2-dimensional electrostatics model and the construction of the

partition function was discussed in the Introduction, and we summarize the setup

here. For a given pair (L,M) such that L+2M = N , we first consider a system of L

charge-one particles located at {eiθ1 , . . . , eiθL} and M charge-two particles located

at {eiφ1 , . . . , eiφM}. The energy of this particular configuration is

E(θL,φM) = −
L∑

l1>l2

log
∣∣eiθl1 − eiθl2 ∣∣− 4

M∑
m1>m2

log
∣∣eiφm1 − eiφm2

∣∣
− 2

L∑
l=1

M∑
m=1

log
∣∣eiθl − eiφm

∣∣ , (III.1)

and the partial partition function ZL,M is

ZL,M =
1

L!M !

∫
[−π,π)L

∫
[−π,π)M

e−E(θL,φM ) dθLdφM . (III.2)
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The total partition function is the weighted sum of the partition functions over all

possible pairs (L,M)

ZN(X) =
∑
(L,M)

XLZL,M .

Pfaffian Expression for the Partition Function

We first give a Pfaffian expression for the partition function for both N even

and N odd. Let

AN =

[
8π

N + 1− 2n
δn+m,N+1

]N
n,m=1

(III.3)

BN =
[
2π(N + 1− 2n)δn+m,N+1

]N
n,m=1

(III.4)

with the exception that when N is odd, the

(
N + 1

2
,
N + 1

2

)
entry in AN is 0.

Theorem III.1. If N is even, then

ZN(X) = Pf(X2AN + BN)

= (2π)
N
2

N
2∏

n=1

(2X)2 + (2n− 1)2

2n− 1
.

For N odd, first define WN(X) to be the (N + 1)× (N + 1) matrix

WN(X) =



0
...

X2AN + BN 2πe
πi
4 X

...

0 · · · −2πe
πi
4 X · · · 0


where the nonzero entry in the border is in the

N + 1

2
entry.
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Theorem III.2. If N is odd, then

ZN(X) = e−
πi
4 Pf WN(X)

= (2π)
N+1

2 X

N−1
2∏

n=1

(2X)2 + (2n)2

2n
.

Distribution of Charge-One Particles

Let LN(X) be the random variable of the number of charge-one particles. From

the formula (I.11),
ZN(tX)

ZN(X)
is the probability generating function for LN(X), that

is, the probability that there are L charge-one particles is the coefficient of tL of

ZN(tX)

ZN(X)
. The distributions of LN(X) for N even and odd will have different but

similar forms.

Corollary III.1. The probability generating function of LN(X) is

ZN(tX)

ZN(X)
=

N
2∏

n=1

(2Xt)2 + (2n− 1)2

(2X)2 + (2n− 1)2

if N is even and

ZN(tX)

ZN(X)
= t

N−1
2∏

n=1

(Xt)2 + n2

X2 + n2

if N is odd.

We next show that for fixed X and as N → ∞, the random variables L2N(X)

and L2N−1(X) converge to an analogue of the Poisson distribution restricted to

even and odd values, respectively.
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Corollary III.2. The limiting probability generation function is

lim
N→∞

Z2N(tX)

Z2N(X)
=

cosh(πXt)

cosh(πX)

in the even case, and is

lim
N→∞

Z2N+1(tX)

Z2N+1(X)
=

sinh(πXt)

sinh(πX)

in the odd case.

Proof. This follows from the infinite product representations of hyperbolic cosine

and sine in Section 2.1 of [24]:

cosh(πX) =
∞∏
n=1

(2X)2 + (2n− 1)2

(2n− 1)2

and

sinh(πX) = πX
∞∏
n=1

X2 + n2

n2
.

Define

Le(X) = lim
N→∞

L2N(X)

Lo(X) = lim
N→∞

L2N+1(X).

Corollary III.2 shows that the moments of Le(X) and Lo(X), given by

E[(Le(X))k] =

[(
t
d

dt

)k (
cosh(πXt)

cosh(πX)

)] ∣∣∣∣∣
t=1

E[(Lo(X))k] =

[(
t
d

dt

)k (
sinh(πXt)

sinh(πX)

)] ∣∣∣∣∣
t=1

,
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respectively, are finite.

Distribution of Charge-One Particles for Scaled Fugacity

We would like a scenario where the numbers of charge-one and charge-two

particles have the same order. Larger values of X increase the expected value

of L, and so to hope for L and M to be on the same order, we would need to

increase X with N . With this in mind, fix r > 0 and let X = Nr.

Proposition III.1. For r > 0, with the fugacity scaled to Nr, we have

lim
N→∞

1

N
E [LN(Nr)] = 2r arctan

(
1

2r

)
lim
N→∞

1

N
Var [LN(Nr)] = 2r arctan

(
1

2r

)
− 4r2

1 + 4r2
.

In particular, E[LN(Nr)] = O(N) and Var[LN(Nr)] = O(N).

We now give a central limit theorem for LN(Nr).

Theorem III.2. For fixed r > 0, let

µN = 2Nr arctan

(
1

2r

)
,

and let σN be the positive number such that

σ2
N =

(
2r arctan

(
1

2r

)
− 4r2

1 + 4r2

)
N.

Then

LN(Nr)− µN
σN

converges weakly to the standard normal distribution.
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Remark III.3. In statistical mechanics, entropy is a quantity which measures the

uncertainty of the state a system [8]. By our central limit theorem, entropy will be

maximized when the variance is maximized. Therefore the value of r that maximizes

entropy will be the r that maximizes

2r arctan

(
1

2r

)
− 4r2

1 + 4r2
,

or r ≈ 0.273934. The expected limiting proportion of charge-one particles with this

value of r is approximately 0.585955.

Correlation Functions and Kernel Entries

The last half of this section is devoted to the calculation of the kernel entries.

Recall the two species definition of the (l,m)-correlation function

RN
l,m(xl,ym, X) =

1

ZN(X)

∑
(L,M)

L≥l,M≥m

XL

(L− l)!(M −m)!

×
∫
[−π,π)L−l

∫
[−π,π)M−m

e−E(xl∨θL−l,ym∨φM−m) dθL−ldφM−m.

We assume N is even. We will not prove the odd case, which is slightly more

complicated, but the same results hold. The following Corollary states that the

correlation function RN
l,m(θl,φm, X) can be expressed as a Pfaffian of a 2(m+ l)×

2(m+ l) antisymmetric matrix with four 2× 2 matrix kernels.
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Corollary III.1. The matrix entries

S̃1,1
N (θ, φ,X) =

4X2

π

N
2∑

n=1

cos
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

D̃S
1,1

N (θ, φ,X) =
iX2

π

N
2∑

n=1

(2n− 1) sin
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

ĨS
1,1

N (θ, φ,X) = −16iX2

π

N
2∑

n=1

sin
[
1
2
(2n− 1)(θ − φ)

]
(2n− 1)((2X)2 + (2n− 1)2)

+ sgn(φ− θ)

encode information about the interaction between charge-one particles in the (1, 1)

matrix kernel

K1,1
N (θ, φ,X) =

[
D̃S

1,1

N (θ, φ,X) S̃1,1
N (θ, φ,X)

−S̃1,1
N (φ, θ,X) ĨS

1,1

N (θ, φ,X)

]
.

The matrix entries

S̃2,2
N (θ, φ,X) =

1

2π

N
2∑

n=1

(2n− 1)2 cos
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

D̃S
2,2

N (θ, φ,X) =
i

π

N
2∑

n=1

(2n− 1) sin
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

ĨS
2,2

N (θ, φ,X) = − i

4π

N
2∑

n=1

(2n− 1)3 sin
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

encode information about the interaction between charge-two particles in the (2, 2)

matrix kernel

K2,2
N (θ, φ,X) =

[
D̃S

2,2

N (θ, φ,X) S̃2,2
N (θ, φ,X)

−S̃2,2
N (φ, θ,X) ĨS

2,2

N (θ, φ,X)

]
.
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The matrix entries

S̃1,2
N (θ, φ,X) =

X

2π

N
2∑

n=1

(2n− 1)2 cos
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

D̃S
1,2

N (θ, φ,X) =
iX

π

N
2∑

n=1

(2n− 1) sin
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

−S̃2,1
N (φ, θ,X) = −4X

π

N
2∑

n=1

cos
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

ĨS
1,2

N (θ, φ,X) = −2iX

π

N
2∑

n=1

(2n− 1) sin
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

encode information about the interaction between charge-one and charge-two

particles in the (1, 2) matrix kernel

K1,2
N (θ, φ,X) =

[
D̃S

1,2

N (θ, φ,X) S̃1,2
N (θ, φ,X)

−S̃2,1
N (φ, θ,X) ĨS

1,2

N (θ, φ,X)

]
.

The (2, 1) matrix kernel also encodes mixed interaction and is determined by

antisymmetry. Let

Kl,m(θl,φm, X) =

[
K1,1
N (θj, θj′ , X) K1,2

N (θj, φk′ , X)

K2,1
N (φk, θj′ , X) K2,2

N (φk, φk′ , X)

]

for j, j′ = 1, . . . , l and k, k′ = 1, . . . ,m. Then

RN
l,m(θl,φm, X) = Pf Kl,m(θl,φm, X).

Remark III.2. Comparing to (C.3) and (B.1) in the Appendix, note that when

X = 0, we recover the kernel for β = 4, and as X →∞, we recover the kernels for

β = 1.
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Limiting Kernels as N →∞ for Scaled Fugacity

Our next goal is to find the limiting kernel entries as N → ∞ in the situation

when r > 0, X = Nr. Recall that in this scenario, the orders of the number of

charge-one and charge-two particles are the same. Because some of the current

kernel entries will diverge in the limit, we need to first alter the kernel entries in

a manner which does not change the Pfaffian or the block structure of the matrix

kernels. Let D be the N ×N diagonal matrix

D = diag

√ r

X
,

√
X

r
, . . . ,

√
r

X
,

√
X

r︸ ︷︷ ︸
2l

,

√
X

r
,

√
r

X
, . . . ,

√
X

r
,

√
r

X︸ ︷︷ ︸
2m

 .

Then

Pf Kl,m(θl,φm) = Pf(D ·Kl,m(θl,φm) ·DT ),

where we use detD = 1 and the well-known identity

Pf(BABT ) = Pf A detB

for any antisymmetric matrix A and any matrix B of the same size. Also, because
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D is diagonal, the block structure is preserved. The new kernel entries are

S1,1
N (θ, φ,X) =

4X2

π

N
2∑

n=1

cos
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

DS1,1
N (θ, φ,X) =

iXr

π

N
2∑

n=1

(2n− 1) sin
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

IS1,1
N (θ, φ,X) = −16iX3

πr

N
2∑

n=1

sin
[
1
2
(2n− 1)(θ − φ)

]
(2n− 1)((2X)2 + (2n− 1)2)

+
X

r
· sgn(φ− θ)

S2,2
N (θ, φ,X) =

1

2π

N
2∑

n=1

(2n− 1)2 cos
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

IS2,2
N (θ, φ,X) = − ir

4Xπ

N
2∑

n=1

(2n− 1)3 sin
[
1
2
(2n− 1)(θ − φ)

]
(2X)2 + (2n− 1)2

.

DS2,2
N (θ, φ,X) =

1

r2
DS1,1

N (θ, φ,X)

S1,2
N (θ, φ,X) = rS2,2

N (θ, φ,X)

−S2,1
N (φ, θ,X) = −1

r
S1,1
N (θ, φ,X)

DS1,2
N (θ, φ,X) =

1

r
DS1,1

N (θ, φ,X)

IS1,2
N (θ, φ,X) = −2

r
DS1,1

N (θ, φ,X). (III.5)

Now let X = Nr. Since there will be order N particles on an interval of length

2π, the average distance between two consecutive particles is
2π

N
units. In order to

calculate nontrivial probabilities, we must rescale the length of the interval to be

of order N . Then we study the behavior of those particles with arguments near 0.
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Define

S1,1 (θ, φ, r) = lim
N→∞

2π

N
S1,1
N

(
2πθ

N
,
2πφ

N
,Nr

)
DS1,1 (θ, φ, r) = lim

N→∞

2π

N
DS1,1

N

(
2πθ

N
,
2πφ

N
,Nr

)
IS1,1 (θ, φ, r) = lim

N→∞

2π

N
IS1,1

N

(
2πθ

N
,
2πφ

N
,Nr

)
S2,2 (θ, φ, r) = lim

N→∞

2π

N
S2,2
N

(
2πθ

N
,
2πφ

N
,Nr

)
IS2,2 (θ, φ, r) = lim

N→∞

2π

N
IS2,2

N

(
2πθ

N
,
2πφ

N
,Nr

)
.

Theorem III.1. Rescale the position of the particles by θ 7→ 2πθ

N
. Then the

limiting kernels are

S1,1 (θ, φ, r) = 4r2
∫ 1

0

cos [π(θ − φ)t]

(2r)2 + t2
dt

DS1,1 (θ, φ, r) = ir2
∫ 1

0

t · sin [π(θ − φ)t]

(2r)2 + t2
dt

IS1,1 (θ, φ, r) = −16ir2
∫ 1

0

sin [π(θ − φ)t]

(2r)2t+ t3
dt+ 2π · sgn(φ− θ)

S2,2 (θ, φ, r) =
1

2

∫ 1

0

t2 cos [π(θ − φ)t]

(2r)2 + t2
dt

IS2,2 (θ, φ, r) = − i
4

∫ 1

0

t3 sin [π(θ − φ)t]

(2r)2 + t2
dt, (III.6)

and the remaining limiting kernels are given by the relations (III.5).

We now let r →∞ and r → 0+ to confirm that we recover the β = 1 (B.2) and
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β = 4 (C.4) circular ensemble kernels in the limits. First, for r →∞,

lim
r→∞

S1,1 (θ, φ, r) =

∫ 1

0

cos [π(θ − φ)t] dt

=
sin [π(θ − φ)]

π(θ − φ)

lim
r→∞

DS1,1 (θ, φ, r) =
i

4

∫ 1

0

t · sin [π(θ − φ)t] dt

=
i

4

(
sin [π(θ − φ)]

π2(θ − φ)2
− cos [π(θ − φ)]

π(θ − φ)

)
lim
r→∞

IS1,1 (θ, φ, r) = −4i

∫ 1

0

sin [π(θ − φ)t]

t
dt+ 2π · sgn(φ− θ),

and it is clear that the remaining kernel entries converge to 0. Finally, for r → 0+,

lim
r→0+

S2,2 (θ, φ, r) =
1

2

∫ 1

0

cos [π(θ − φ)t] dt

=
sin [π(θ − φ)]

2π(θ − φ)
,

lim
r→0+

DS2,2 (θ, φ, r) = i

∫ 1

0

sin [π(θ − φ)t]

t
dt

lim
r→0+

IS2,2 (θ, φ, r) = − i
4

∫ 1

0

t · sin [π(θ − φ)t] dt

= − i
4

(
sin [π(θ − φ)]

π2(θ − φ)2
− cos [π(θ − φ)]

π(θ − φ)

)
lim
r→0+

IS1,1 (θ, φ, r) = 2π · sgn(φ− θ),

and it is clear that the remaining kernel entries converge to 0.

Remark III.2. By the rotational symmetry of the kernels, the limiting kernels

(III.6) are independent of the location of the scaling in that if we scale anywhere

else on the unit circle, we would get the same kernels.

Remark III.3. The definition of the correlation functions of a two species ensemble

(I.12) shows that the densities of each particles are expressed in terms of R1,0 and
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Figure 3.1.: Plots of R0,2(θ, φ, r) with kernel (III.6) for r =
1

5
,

1

15
,

1

5000
from

lightest to darkest.
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Figure 3.2.: Plot of R2;4(θ, φ) with kernel (C.4) (CSE).

R0,1, i.e. S1,1
N (θ, θ) and S2,2

N (θ, θ) (III.5). These quantities are independent of θ, so

the density must be invariant under rotations. Thus the densities are uniform.
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Figure 3.3.: Plots of R2,0(θ, φ, r) with kernel (III.6) for r =
1

5
,
1

2
, 20 from lightest

to darkest.
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Figure 3.4.: Plot of R2;1(θ, φ) with kernel (B.2) (COE).
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Figure 3.5.: Plots of R1,1(θ, φ, r) with kernel (III.6) for r =
1

50
,

1

15
, 0.274 from

lightest to darkest.
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Figure 3.6.: Plots of R1,1(θ, φ, r) with kernel (III.6) for r = 1,
1

2
, 0.274 from lightest

to darkest.
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Proofs

Proof of Theorem III.1

We follow closely the proof in [30]. The first step is to rewrite ZL,M in terms of

Pfaffians. We eliminate the absolute values by using

∣∣eiθ − eiφ∣∣ = −i
(
eiθ − eiφ

)
e−i(

θ+φ
2 ) sgn(θ − φ)

to write

e−E(θL,φM ) =
L∏

l1>l2

(−i)
(
eiθl1 − eiθl2

)
e−

i
2(θl1+θl2) sgn(θl1 − θl2)

×
M∏

m1>m2

(
−i
(
eiφm1 − eiφm2

)
e−

i
2(φm1+φm2) sgn(φm1 − φm2)

)4
×

L∏
l=1

M∏
m=1

(
−i
(
eiθl − eiφm

)
e−

i
2
(θl+φm) sgn(θl − φm)

)2
=

L∏
l1>l2

(−i)
(
eiθl1 − eiθl2

)
sgn(θl1 − θl2)

M∏
m1>m2

(
eiφm1 − eiφm2

)4
×

L∏
l=1

M∏
m=1

(
eiθl − eiφm

)2 L∏
l=1

e−
i
2
(L+2M−1)θl

M∏
m=1

e−i(L+2M−2)φm

=
L∏

l1>l2

(
eiθl1 − eiθl2

)
sgn(θl1 − θl2)

M∏
m1>m2

(
eiφm1 − eiφm2

)4
×

L∏
l=1

M∏
m=1

(
eiθl − eiφm

)2 L∏
l=1

e
3πi
4 · e−

i
2
(N−1)θl

M∏
m=1

e−i(N−2)φm . (III.7)

Using the confluent Vandermonde determinant identity, we can rewrite part of
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(III.7) as(
L∏

l1>l2

(
eiθl1 − eiθl2

))( M∏
m1>m2

(
eiφm1 − eiφm2

)4) L∏
l=1

M∏
m=1

(
eiθl − eiφm

)2

= det



1 · · · 1 1 0 · · · 1 0

eiθ1 · · · eiθL eiφ1 1 · · · eiφM 1

e2iθ1 · · · e2iθL e2iφ1 2eiφ1 · · · e2iφM 2eiφM

...
. . .

...
...

...
. . .

...
...

ei(N−1)θ1 · · · ei(N−1)θL ei(N−1)φ1 (N − 1)ei(N−2)φ1 · · · ei(N−1)φM (N − 1)ei(N−2)φM


We can take

L∏
l=1

e
3πi
4 · e−

i
2
(N−1)θl

from (III.7) and push the factor inside the matrix by multiplying the lth columns

by e
3πi
4 · e−

i
2
(N−1)θl for l = 1, . . . , L. Similarly, we can push

M∏
m=1

e−i(N−2)φm

inside the matrix by multiplying the L + 2m − 1th column by e
i
2
(−N+1)φm and

multiply the L+ 2mth column by e
i
2
(−N+3)φm for m = 1, . . . ,M . We arrive at

e−E(θL,φM ) = det



e
3πi
4 · · · e

3πi
4

e
3πi
4 · eiθ1 · · · e

3πi
4 · eiθL

e
3πi
4 · e2iθ1 · · · e

3πi
4 · e2iθL

...
. . .

...

e
3πi
4 · ei(N−1)θ1 · · · e

3πi
4 · ei(N−1)θL

e
i
2 (−N+1)φ1 0 · · · e

i
2 (−N+1)φM 0

e
i
2 (−N+3)φ1 e

i
2 (−N+3)φ1 · · · e

i
2 (−N+3)φM e

i
2 (−N+3)φM

e
i
2 (−N+5)φ1 2e

i
2 (−N+5)φ1 · · · e

i
2 (−N+5)φM 2e

i
2 (−N+5)φM

...
...

. . .
...

...

e
i
2 (N−1)φ1 (N − 1)e

i
2 (N−1)φ1 · · · e

i
2 (N−1)φM (N − 1)e

i
2 (N−1)φM


×

L∏
l1>l2

sgn(θl1 − θl2).

Finally, after some elementary column operations on the last 2M columns, we can
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express the above expression as

e−E(θL,φM )

= det


e

3πi
4 · · · e

3πi
4

e
3πi
4 · eiθ1 · · · e

3πi
4 · eiθL

e
3πi
4 · e2iθ1 · · · e

3πi
4 · e2iθL

...
. . .

...

e
3πi
4 · ei(N−1)θ1 · · · e

3πi
4 · ei(N−1)θL

e
i
2
(−N+1)φ1 (−N + 1)/2 · e

i
2
(−N+1)φ1 · · · e

i
2
(−N+1)φM (−N + 1)/2 · e

i
2
(−N+1)φM

e
i
2
(−N+3)φ1 (−N + 3)/2 · e

i
2
(−N+3)φ1 · · · e

i
2
(−N+3)φM (−N + 3)/2 · e

i
2
(−N+3)φM

e
i
2
(−N+5)φ1 (−N + 5)/2 · e

i
2
(−N+5)φ1 · · · e

i
2
(−N+5)φM (−N + 5)/2 · e

i
2
(−N+5)φM

...
...

. . .
...

...

e
i
2
(N−1)φ1 (N − 1)/2 · e

i
2
(N−1)φ1 · · · e

i
2
(N−1)φM (N − 1)/2 · e

i
2
(N−1)φM


×

L∏
l1>l2

sgn(θl1 − θl2).

Applying the Laplace expansion to the determinant, we obtain

e−E(θL,φM ) =
∑

t:L↗N

sgn t ·
L∏

l1>l2

sgn(θl1 − θl2) det
[
e

3πi
4 · e

i
2
(−N−1+2t(m))θn

]L
m,n=1

× det

[
e
i
2
(−N−1+2t′(m))φn

1

2
(−N − 1 + 2t′(m)) e

i
2
(−N−1+2t′(m))φn

]2M ;M

m,n=1

Let

At =
1

L!

∫
[−π,π)L

L∏
l1>l2

sgn(θl1 − θl2) det
[
e

3πi
4 · e

i
2
(−N−1+2t(m))θn

]L
m,n=1

dθL

and

Bt′ =
1

M !

∫
[−π,π)M

det
[
e
i
2
(−N−1+2t′(m))φn

1

2
(−N − 1 + 2t′(m)) e

i
2
(−N−1+2t′(m))φn

]2M ;M

m,n=1

dφM
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Thus,

XLZL,M =
XL

L!M !

∫
[−π,π)L

∫
[−π,π)M

e−E(θ,φ) dθLdφM

= XL
∑

t:L↗N

sgn t · AtBt′ .

We now express At as a Pfaffian. Note that the possible nonzero values of L must

be even because it must match the parity of N . Therefore, defining

TL(θL) =
[
sgn(θk − θj)

]L
j,k=1

,

we may express

L∏
l1>l2

sgn(θl1 − θl2) = Pf TL(θL).

Expanding the determinant gives

det
[
e

3πi
4 · e

i
2
(−N−1+2t(m))θn

]L
m,n=1

=
∑
σ∈SL

sgnσ
L∏
l=1

e
3πi
4 · e

i
2
(−N−1+2t(l))θσ(l)

and so

At =
1

L!

∑
σ∈SL

sgnσ

∫
[−π,π)L

L∏
l=1

(
e

3πi
4 · e

i
2
(−N−1+2t(l))θσ(l)

)
· Pf TL(θL) dθL.

Denote σ(θL) by the action of σ permuting on the indices of θL. Then

Pf TL(σ(θL)) = sgn σ · Pf TL(θL).
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This allows us to eliminate the sum by reindexing θ 7→ σ−1(θL):

At =
1

L!

∑
σ∈SL

sgnσ

∫
[−π,π)L

L∏
l=1

(
e

3πi
4 · e

i
2
(−N−1+2t(l))θσ(l)

)
· Pf TL(σ(θL)) dθL

=
1

L!

∑
σ∈SL

∫
[−π,π)L

L∏
l=1

(
e

3πi
4 · e

i
2
(−N−1+2t(l))θl

)
· Pf TL(θL) dθL

=

∫
[−π,π)L

L∏
l=1

(
e

3πi
4 · e

i
2
(−N−1+2t(l))θl

)
· Pf TL(θL) dθL.

Next, for 2K = L, we expand the Pfaffian

Pf TL(σ(θL)) =
1

2KK!

∑
τ∈S2K

sgn τ ·
K∏
k=1

sgn(θτ(2k) − θτ(2k−1)).

So

At =
1

2KK!

∑
τ∈S2K

sgn τ

∫
[−π,π)L

L∏
l=1

e
3πi
4 · e

i
2
(−N−1+2t(l))θl

K∏
k=1

sgn(θτ(2k) − θτ(2k−1)) dθL.

Reindexing l 7→ τ(l), we get

At =
1

2KK!

∑
τ∈S2K

sgn τ

∫
[−π,π)L

K∏
k=1

(−i)e
i
2
(−N−1+2(t◦τ)(2k))θτ(2k)e

i
2
(−N−1+2(t◦τ)(2k−1))θτ(2k−1)

× sgn(θτ(2k) − θτ(2k−1)) dθL.

Now, letting

At =

[
−i
∫ π

−π

∫ π

−π
e
i
2
(−N−1+2t(m))φe

i
2
(−N−1+2t(n))θ sgn(φ− θ) dφdθ

]L
n,m=1

,
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we apply Fubini’s theorem and relabel the variables of integration to arrive at

At =
1

2KK!

∑
τ∈S2K

sgn τ
K∏
k=1

∫ π

−π

∫ π

−π
(−i)e

i
2
(−N−1+2(t◦τ)(2k))θτ(2k)e

i
2
(−N−1+2(t◦τ)(2k−1))θτ(2k−1)

× sgn(θτ(2k) − θτ(2k−1)) dθτ(2k)dθτ(2k−1)

=
1

2KK!

∑
τ∈S2K

sgn τ

×
K∏
k=1

∫ π

−π

∫ π

−π
(−i)e

i
2
(−N−1+2(t◦τ)(2k))φe

i
2
(−N−1+2(t◦τ)(2k−1))θ sgn(φ− θ) dφdθ

= Pf At.

Next, we express Bt′ as a Pfaffian. We first use the Leibniz formula to express the

determinant as

det
[
e
i
2
(−N−1+2t′(m))βn

1

2
(−N − 1 + 2t′(m)) e

i
2
(−N−1+2t′(m))βn

]2M ;M

m,n=1

=
∑
σ∈S2M

sgnσ

×
M∏
m=1

1

2
(−N − 1 + 2(t′ ◦ σ)(2m))e

i
2
(−N−1+2(t′◦σ)(2m−1))βme

i
2
(−N−1+2(t′◦σ)(2m))βm

=
∑
σ∈S2M

sgnσ
M∏
m=1

1

2
(−N − 1 + 2(t′ ◦ σ)(2m))ei(−N−1+(t′◦σ)(2m−1)+(t′◦σ)(2m)βm .

Letting

Bt′ =

[
(t′(m)− t′(n))

∫ π

−π
ei(−N−1+t′(n)+t′(m))θ dθ

]N
m,n=1

,
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we use Fubini’s Theorem and relabel the variables of integration to get

Bt′ =
1

M !

∑
σ∈S2M

sgnσ

×
∫
[−π,π)M

M∏
m=1

1

2
(−N − 1 + 2(t′ ◦ σ)(2m))ei(−N−1+(t′◦σ)(2m−1)+(t′◦σ)(2m))βm dβM

=
1

2MM !

∑
σ∈S2M

sgnσ
M∏
m=1

(−N − 1 + 2(t′ ◦ σ)(2m))

×
∫ π

−π
ei(−N−1+(t′◦σ)(2m−1)+(t′◦σ)(2m))θ dθ

= Pf Bt′ .

We finally arrive at

XLZL,M = XL
∑

t:L↗N

sgn t · Pf At · Pf Bt′ ,

and so

ZN(X) =
∑
(L,M)

XL
∑

t:L↗N

sgn t · Pf At · Pf Bt′ .

Let

XL = XIL

where IL is the L× L identity matrix. Then

XL Pf At = detXL · Pf At

= Pf(XLAtX
T
L)

= Pf(X2At).
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Therefore,

ZN(X) =
∑
(L,M)

∑
t:L↗N

sgn t · Pf(X2At) · Pf Bt′

= Pf(X2AN + BN).

Proof of Theorem III.2

For N odd, we have

e−E(θL,φM ) = e−
πi
4

L∏
l1>l2

(
eiθl1 − eiθl2

)
sgn(θl1 − θl2)

M∏
m1>m2

(
eiφm1 − eiφm2

)4
×

L∏
l=1

M∏
m=1

(
eiθl − eiφm

)2 L∏
l=1

e
πi
4 · e−

i
2
(N−1)θl

M∏
m=1

e−i(N−2)φm .

We use the same notation as in the even case. Then

ZN(X) = e−
πi
4

∑
(L,M)

XL
∑

t:L↗N

sgn t · AtBt′ .

As above, we express At as a Pfaffian. Note that L must also be odd, so

L∏
l1>l2

sgn(θl2 − θl2) = Pf


1

TL(θL)
...

1

−1 · · · −1 0

 .
Let

Ãt =



e
πi
4

∫ π

−π
e
i
2 (−N−1+2t(1))θdθ

At

...

e
πi
4

∫ π

−π
e
i
2 (−N−1+2t(L))θdθ

−eπi4
∫ π

−π
e
i
2 (−N−1+2t(1))θdθ · · · −eπi4

∫ π

−π
e
i
2 (−N−1+2t(L))θdθ 0


Then

At = Pf Ãt.
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Now

Bt′ = Pf Bt′

so that

ZN(X) = e−
πi
4

∑
(L,M)

XL
∑

t:L↗N

sgn t · Pf Ãt · Pf Bt′ .

Let X̃L be the (L+ 1)× (L+ 1) matrix

X̃L =


X 0 · · · 0

0
. . .

...
... X 0

0 · · · 0 1

 .
Then

XL Pf Ãt = det X̃L · Pf Ãt

= Pf(X̃LÃtX̃
T

L).

Let

ÂN =



e
πi
4

∫ π

−π
e
i
2
(−N+1)θdθ

AN
...

e
πi
4

∫ π

−π
e
i
2
(N−1)θdθ

−e
πi
4

∫ π

−π
e
i
2
(−N+1)θdθ · · · −e

πi
4

∫ π

−π
e
i
2
(N−1)θdθ 0


and

B̂N =


0

BN
...

0

0 · · · 0 0

 .
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Then

ZN(X) = e−
πi
4

∑
(L,M)

∑
t:L↗N

sgn t · Pf(X̃LÃtX̃
T

L) · Pf Bt′

= e−
πi
4

∑
(L,M)

∑
u:L+1↗N+1
u(L+1)=N+1

sgn u · Pf(X̃NÂNX̃
T

N)u · Pf B̂u′ .

Note that with the extra condition on u in the second sum, sgn u = sgn t.

Furthermore, Pf B̂u′ = 0 if u′(N − L) = N + 1. Thus, the extra condition is

redundant:

ZN(X) = e−
πi
4

∑
(L,M)

∑
u:L+1↗N+1

sgn u · Pf(X̃NÂNX̃
T

N)u · Pf(B̂N)u′

= e−
πi
4 Pf

(
X̃NÂNX̃

T

N + Pf B̂N

)
= e−

πi
4 Pf WN(X).

Proof of Proposition III.1

First, we calculate the characteristic function ϕLN (X)(t) and the cumulant

generating function KN(X, t) to get the first cumulants:

ϕLN (X)(t) = E
[
eitLN (X)

]
=
ZN(Xeit)

ZN(X)

=

N
2∏

n=1

(2Xeit)2 + (2n− 1)2

(2X)2 + (2n− 1)2
,

and

KN(X, t) = logϕLN (X)(t)

=

N
2∑

n=1

log
[
(2Xeit)2 + (2n− 1)2

]
−

N
2∑

n=1

log
[
(2X)2 + (2n− 1)2

]
.
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In particular,

E [LN(X)] =
1

i
K ′N(X, 0)

=

N
2∑

n=1

8X2

4X2 + (2n− 1)2

and

Var [LN(X)] = −K ′′N(X, 0)

=

N
2∑

n=1

(
4X(2n− 1)

4X2 + (2n− 1)2

)2

.

We let X = Nr and calculate

1

N
E [LN(Nr)] =

2

N

N
2∑

n=1

(2Nr)2

(2Nr)2 + (2n− 1)2

=
2

N

N
2∑

n=1

(2r)2

(2r)2 +
(
2n−1
N

)2
→
∫ 1

0

(2r)2

(2r)2 + t2
dt

= 2r arctan

(
1

2r

)

and

1

N
Var [LN(Nr)] =

4

N

N
2∑

n=1

(2Nr)2 (2n− 1)2

((2Nr)2 + (2n− 1)2)2

= 2 · 2

N

N
2∑

n=1

(2r)2
(
2n−1
N

)2(
(2r)2 +

(
2n−1
4r

)2)2
→ 2

∫ 1

0

(2rt)2

((2r)2 + t2)2
dt

= 2r arctan

(
1

2r

)
− 4r2

1 + 4r2
.

73



The same calculations for N odd gives the same limiting expectation and variance.

Proof of Theorem III.2

We take the logarithm of the characteristic function

E
[
exp

(
it
LN(Nr)− µN

σN

)]
,

but first we must define a branch of the logarithm. Because
µN
σN

= O(N−
1
2 ), for

fixed t ∈ R, there exists N large enough such that

−π < t
µN
σN

< π.

So take the branch to be the negative real line. Then for this N ,

log

[
E
[
exp

(
it
LN(Nr)− µN

σN

)]]
= log

[
E
[
exp

(
it
LN(Nr)

σN

)]]
+ log

[
E
[
exp

(
−itµN

σN

)]]

= log

 N
2∏

n=1

(
2Nr exp

(
it
σN

))2
+ (2n− 1)2

(2Nr)2 + (2n− 1)2

− itµN
σN

=

N
2∑

n=1

log


(

2Nr exp
(

it
σN

))2
+ (2n− 1)2

(2Nr)2 + (2n− 1)2

− itµN
σN

=

N
2∑

n=1

log

exp
(

2it
σN

)
+
(
2n−1
2Nr

)2
1 +

(
2n−1
2Nr

)2
− itµN

σN
. (III.8)

We claim that the above expression (III.8) may be replaced by

N
2∑

n=1


 2it

σN
+ 1

2!

(
2it
σN

)2
1 +

(
2n−1
2Nr

)2
− 1

2

 2it
σN

+ 1
2!

(
2it
σN

)2
1 +

(
2n−1
2Nr

)2


2− itµN
σN

, (III.9)
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i.e. the (III.8) and (III.9) converge to the same limit as N →∞. To see this, first

take the Taylor expansion in (III.8) for the logarithm, which is valid since for large

enough N , the value inside the logarithm is less than 2. So (III.8) is equal to

N
2∑

n=1

∞∑
k=1

(−1)k+1

k

exp
(

2it
σN

)
+
(
2n−1
2Nr

)2
1 +

(
2n−1
2Nr

)2 − 1

k

− itµN
σN

=

N
2∑

n=1

∞∑
k=1

(−1)k+1

k

exp
(

2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
k

− itµN
σN

. (III.10)

So the absolute value of the difference between (III.10) and (III.9) is∣∣∣∣∣∣∣
N
2∑

n=1


 2it

σN
+ 1

2!

(
2it
σN

)2
1 +

(
2n−1
2Nr

)2
−

exp
(

2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2



−
N
2∑

n=1

1

2

 2it
σN

+ 1
2!

(
2it
σN

)2
1 +

(
2n−1
2Nr

)2


2

− 1

2

exp
(

2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
2


+

N
2∑

n=1

∞∑
k=3

(−1)k+1

k

exp
(

2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
k
∣∣∣∣∣∣∣ . (III.11)

We show that the absolute values of the three terms converges to 0 as N → ∞.

Now the third term of (III.11) is∣∣∣∣∣∣∣
N
2∑

n=1

∞∑
k=3

(−1)k+1

k

exp
(

2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
k
∣∣∣∣∣∣∣

≤
N
2∑

n=1


∣∣∣∣∣∣
exp

(
2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
∣∣∣∣∣∣
3
∣∣∣∣∣∣∣
∞∑
k=1

(−1)k+4

k + 3

exp
(

2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
k
∣∣∣∣∣∣∣
 .

Using the Taylor expansion for the exponential function, there exists A > 0 such
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that ∣∣∣∣∣∣
exp

(
2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
∣∣∣∣∣∣
3

≤ A |t|3

σ3
N

(
1 +

(
2n−1
2Nr

)2)3 ≤ A |t|3

σ3
N

=
A |t|3

σ3N3
. (III.12)

Next, ∣∣∣∣∣∣∣
∞∑
k=1

(−1)k+4

k + 3

exp
(

2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
k
∣∣∣∣∣∣∣ ≤

∣∣∣∣∣∣log

exp
(

2it
σN

)
+
(
2n−1
2Nr

)2
1 +

(
2n−1
2Nr

)2
∣∣∣∣∣∣

≤

∣∣∣∣∣log

[
exp

(
2it

σN

)
+

(
2N − 1

2Nr

)2
]∣∣∣∣∣ .

(III.13)

Thus (III.12) and (III.13) show that

N
2∑

n=1


∣∣∣∣∣∣
exp

(
2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
∣∣∣∣∣∣
3
∣∣∣∣∣∣∣
∞∑
k=1

(−1)k+4

k + 3

exp
(

2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
k
∣∣∣∣∣∣∣


≤
N
2∑

n=1

A |t|3

σ3N3
·

∣∣∣∣∣log

[
exp

(
2it

σN

)
+

(
2N − 1

2Nr

)2
]∣∣∣∣∣

=
A |t|3

2σ3N2
·

∣∣∣∣∣log

[
exp

(
2it

σN

)
+

(
2N − 1

2Nr

)2
]∣∣∣∣∣

→ 0

as N → ∞. Using the same argument from (III.12), we have the estimate on the

first term of (III.11)∣∣∣∣∣∣∣
N
2∑

n=1


 2it

σN
+ 1

2!

(
2it
σN

)2
1 +

(
2n−1
2Nr

)2
−

exp
(

2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2


∣∣∣∣∣∣∣ ≤

N
2∑

n=1

A |t|3

σ3N3

=
A |t|3

2σ3N2

→ 0
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as N →∞. Finally, the summands of the second term in (III.11) can be combined

as

1

2


(

2it
σN

+ 1
2!

(
2it
σN

)2
− exp

(
2it
σN

)
+ 1

)2

+ 2

(
2it
σN

+ 1
2!

(
2it
σN

)2)(
exp

(
2it
σN

)
− 1
)

(
1 +

(
2n−1
2Nr

)2)2
 .

Again, using the same argument as in (III.12), there exists A > 0 such that the

absolute value of the first part of the sum is∣∣∣∣∣∣∣∣∣
(

2it
σN

+ 1
2!

(
2it
σN

)2
− exp

(
2it
σN

)
+ 1

)2

(
1 +

(
2n−1
2Nr

)2)2
∣∣∣∣∣∣∣∣∣ ≤

A2t6

σ6N6
(

1 +
(
2n−1
2Nr

)2)2 ≤ A2t6

σ6N6
,

(III.14)

and there exists B > 0 such that the absolute value of the second part of the sum

is ∣∣∣∣∣∣∣∣
2

(
2it
σN

+ 1
2!

(
2it
σN

)2)(
exp

(
2it
σN

)
− 1
)

(
1 +

(
2n−1
2Nr

)2)2
∣∣∣∣∣∣∣∣ ≤

∣∣∣∣∣∣∣
2
(

2it
σN

+ 1
2!

(
2it
σN

)2) (2Bit
σN

)
(

1 +
(
2n−1
2Nr

)2)2
∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣
4Bt2

(
1 + 1

2!

(
2it
σN

))
σ2N2

(
1 +

(
2n−1
2Nr

)2)2
∣∣∣∣∣∣∣

≤

∣∣∣∣∣4Bt2
(
1 + it

σN

)
σ2N2

∣∣∣∣∣ . (III.15)
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Thus, using (III.14) and (III.15) the absolute value of the second summand∣∣∣∣∣∣∣
N
2∑

n=1

1

2

 2it
σN

+ 1
2!

(
2it
σN

)2
1 +

(
2n−1
2Nr

)2


2

− 1

2

exp
(

2it
σN

)
− 1

1 +
(
2n−1
2Nr

)2
2

∣∣∣∣∣∣∣

≤ 1

2

N
2∑

n=1

(
A2t6

σ6N6
+

∣∣∣∣∣4Bt2
(
1 + it

σN

)
σ2N2

∣∣∣∣∣
)

=
1

2σ2N2

N
2∑

n=1

(
A2t6

σ4N4
+

∣∣∣∣4Bt2(1 +
it

σN

)∣∣∣∣)
=

1

4σ2N

(
A2t6

σ4N4
+

∣∣∣∣4Bt2(1 +
it

σN

)∣∣∣∣)
→ 0

as N → ∞. Thus, (III.11) converges to 0, so (III.8) and (III.9) converge to the

same limit. We rewrite (III.9) as

N
2∑

n=1


 2it

σN
+ 1

2!

(
2it
σN

)2
1 +

(
2n−1
2Nr

)2
− 1

2

 2it
σN

+ 1
2!

(
2it
σN

)2
1 +

(
2n−1
2Nr

)2


2− itµN
σN

=

N
2∑

n=1

− 2t2

σ2
N

(
1 +

(
2n−1
2Nr

)2) +
2t2

σ2
N

(
1 +

(
2n−1
2Nr

)2)2


︸ ︷︷ ︸
(∗)

+

N
2∑

n=1

 2it

σN

(
1 +

(
2n−1
2Nr

)2) +
4it3

σ3
N

(
1 +

(
2n−1
2Nr

)2)2 − 2t4

σ4
N

(
1 +

(
2n−1
2Nr

)2)2
− itµN

σN︸ ︷︷ ︸
(∗∗)

.

We show that the expressions (∗) and (∗∗) converge to −t
2

2
and 0, respectively.

First we define

µ =
µN
N

= 2r arctan

(
1

2r

)
,
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and let σ be the positive number such that

σ2 =
σ2
N

N
=

(
2r arctan

(
1

2r

)
− 4r2

1 + 4r2

)
.

Then

−2t2

σ2
N

N
2∑

n=1

1

1 +
(
2n−1
2Nr

)2 = − t
2

σ2
· 2

N

N
2∑

n=1

1

1 +
(
2n−1
2Nr

)2
→ − t

2

σ2

∫ 1

0

1

1 +
(
t
2r

)2 dt
= −2r arctan

(
1

2r

)
· t

2

σ2

and

2t2

σ2
N

N
2∑

n=1

1(
1 +

(
2n−1
2Nr

)2)2 =
t2

σ2
· 2

N

N
2∑

n=1

1(
1 +

(
2n−1
2Nr

)2)2
→ t2

σ2

∫ 1

0

1(
1 +

(
t
2r

)2)2 dt
=

(
2r arctan

(
1

2r

)
+

4r2

1 + 4r2

)
t2

2σ2
.

Thus, changing
N

2
7→ N ,

N∑
n=1

− 2t2

σ2
2N

(
1 +

(
2n−1
4Nr

)2) +
2t2

σ2
2N

(
1 +

(
2n−1
4Nr

)2)2


→
(

2r arctan

(
1

2r

)
+

4r2

1 + 4r2

)
t2

2σ2
− 2r arctan

(
1

2r

)
· t

2

σ2

= −t
2

2
.

79



Next,

2it

σN

N
2∑

n=1

1

1 +
(
2n−1
2Nr

)2 − itµNσN =

√
Nit

σ

 2

N

N
2∑

n=1

1

1 +
(
2n−1
2Nr

)2 − µ


=

√
Nit

σ

 2

N

N
2∑

n=1

1

1 +
(
2n−1
2Nr

)2 − ∫ 1

0

1

1 +
(
t
2r

)2 dt
 .

It is a well-known calculus fact that the error term of the Riemann sum using the

midpoint rule is O(N−2) if the integrand is twice differentiable. That is,

2it

σN

N
2∑

n=1

[
1

1 +
(
2n−1
2Nr

)2
]
− itµN

σN
→ 0.

Similarly,

−2t4

σ4
N

N
2∑

n=1

1(
1 +

(
2n−1
2Nr

)2)2 = − t4

Nσ4
· 2

N

N
2∑

n=1

1(
1 +

(
2n−1
2Nr

)2)2 ,
→ 0

and since the sums converge to finite integrals,

4it3

σ3
N

N
2∑

n=1

1(
1 +

(
2n−1
2Nr

)2)2 =
2it3√
Nσ3

· 2

N

N
2∑

n=1

1(
1 +

(
2n−1
2Nr

)2)2
→ 0.

This shows that

log

[
E
[
exp

(
it
LN(Nr)− µN

σN

)]]
→ −t

2

2
,

proving that the random variable converges weakly to the standard normal variable.

Proof of Corollary III.1

We sketch the main idea of this calculation and refer the reader to Section 4.5 of

[30] for the details. Let x1, . . . , xN , y1, . . . , yN ∈ [−π, π), and let a1, . . . , aN , b1, . . . , bN

80



be indeterminants. Define measures η1 and η2 on [−π, π) by

dη1 =
N∑
n=1

andδxn and dη2 =
N∑
n=1

bndδyn .

Let

Zη1,η2
L,M =

1

L!M !

∫
[−π,π)L

∫
[−π,π)M

e−E(θ,φ)(dθ + dη1)
L(dφ+ dη2)

M

and

Zη1,η2
N (X) =

∑
(L,M)

XLZη1,η2
L,M .

Then expanding the measure we get

Zη1,η2
N (X)

ZN(X)
=

N∑
n=1

∑
(l,m)

l+2m=n

aj1 · · · ajlbk1 · · · bkmRl,m(θj1 , . . . , θjl , φk1 , . . . , φkm).

On the other hand, we may use Theorem III.1 to express

Zη1,η2
N (X)

ZN(X)
=

N∑
n=1

∑
(l,m)

l+2m=n

aj1 · · · ajlbk1 · · · bkm Pf Kl,m(θj1 , . . . , θjl , φk1 , . . . , φkm).

Matching coefficients will give the result.

Proof of Theorem III.1

We calculate

S1,1 (r, θ, φ) = lim
N→∞

2π

N
S1,1
N

(
Nr,

2πθ

N
,
2πφ

N

)

= lim
N→∞

8Nr2

N
2∑

n=1

cos
[
π
N

(2n− 1)(θ − φ)
]

(2Nr)2 + (2n− 1)2

= lim
N→∞

4r2 · 2

N

N
2∑

n=1

cos
[
π
(
2n−1
N

)
(θ − φ)

]
(2r)2 +

(
2n−1
N

)2
= 4r2

∫ 1

0

cos [π(θ − φ)t]

(2r)2 + t2
dt,
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DS1,1 (r, θ, φ) = lim
N→∞

2π

N
DS1,1

N

(
Nr,

2πθ

N
,
2πφ

N

)

= lim
N→∞

2ir2

N
2∑

n=1

(2n− 1) sin
[
π
N

(2n− 1)(θ − φ)
]

(2Nr)2 + (2n− 1)2

= lim
N→∞

ir2 · 2

N

N
2∑

n=1

(
2n−1
N

)
sin
[
π
(
2n−1
N

)
(θ − φ)

]
(2r)2 +

(
2n−1
N

)2
= ir2

∫ 1

0

t · sin [π(θ − φ)t]

(2r)2 + t2
dt,

IS1,1 (r, θ, φ) = lim
N→∞

2π

N
IS1,1

N

(
Nr,

2πθ

N
,
2πφ

N

)

= − lim
N→∞

32iN2r2

N
2∑

n=1

sin
[
π
N

(2n− 1)(θ − φ)
]

(2n− 1)((2Nr)2 + (2n− 1)2)
+ 2π · sgn(φ− θ)

= − lim
N→∞

16ir2 · 2

N

N
2∑

n=1

sin
[
π
(
2n−1
N

)
(θ − φ)

](
2n−1
N

) (
(2r)2 +

(
2n−1
N

)2) + 2π · sgn(φ− θ)

= −16ir2
∫ 1

0

sin [π(θ − φ)t]

(2r)2t+ t3
dt+ 2π · sgn(φ− θ),

and

S2,2 (r, θ, φ) = lim
N→∞

2π

N
S2,2
N

(
Nr,

2πθ

N
,
2πφ

N

)

= lim
N→∞

1

N

N
2∑

n=1

(2n− 1)2 cos
[
π
N

(2n− 1)(θ − φ)
]

(2Nr)2 + (2n− 1)2

= lim
N→∞

1

2
· 2

N

N
2∑

n=1

(
2n−1
N

)2
cos
[
π
(
2n−1
N

)
(θ − φ)

]
(2r)2 +

(
2n−1
N

)2
=

1

2

∫ 1

0

t2 cos [π(θ − φ)t]

(2r)2 + t2
dt,
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IS2,2 (r, θ, φ) = lim
N→∞

2π

N
IS2,2

N

(
Nr,

2πθ

N
,
2πφ

N

)

= lim
N→∞

− i

2N2

N
2∑

n=1

(2n− 1)3 sin
[
π
N

(2n− 1)(θ − φ)
]

(2Nr)2 + (2n− 1)2

= lim
N→∞

− i
4
· 2

N

N
2∑

n=1

(
2n−1
N

)3
sin
[
π
(
2n−1
N

)
(θ − φ)

]
(2r)2 +

(
2n−1
N

)2
= − i

4

∫ 1

0

t3 sin [π(θ − φ)t]

(2r)2 + t2
dt.
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CHAPTER IV

TWO SPECIES OF REFLECTED PARTICLES ON THE REAL AND

IMAGINARY AXES

Setup

Fix N and consider 2N particles confined to the real and imaginary axes

inside a radial external field Q where each particle has a corresponding particle

reflected about the origin. The number of particles on each axis is random and

the distributions are controlled by a fugacity parameter X. We first consider the

configuration of L particles on the positive real axis and M particles on the positive

imaginary axis such that L+M = N . Denote the particle locations by

(x1, . . . , xL,−x1, . . . ,−xL, iy1, . . . , iyM ,−iy1, . . . ,−iyM)

where x1, . . . , xL, y1, . . . , yM ≥ 0. The energy of the (L,M) configuration is given
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by

E(xL,yM) = 2
L∑

l1>l2

(log |xl1 − xl2|+ log |xl1 + xl2|)

− 2
M∑

m1>m2

(log |iym1 − iym2|+ log |iym1 + iym2)|)−
L∑
l=1

log |2xl|

−
M∑
m=1

log |2iym| − 2
L∑
l=1

M∑
m=1

(log |xl − iym|+ log |xl + iym|)

+2
L∑
l=1

Q(xl) + 2
M∑
m=1

Q(ym).

Let w(x) = e−2Q(x) be a weight on the positive half of the real line, and denote ∆

to be the Vandermonde product

∆(xN) =
∏
n>m

(xn − xm).

The Boltzmann factor with inverse temperature equal to 1 is

e−E(xL,yM ) = |∆(xL ∨ −xL ∨ iyM ∨ −iyM)|
L∏
l=1

w(xl)
M∏
m=1

w(ym)

= (−i)M∆(xL ∨ −xL ∨ iyM ∨ −iyM)
L∏
l=1

w(xl)
M∏
m=1

w(ym).

(IV.1)

As in the setup of the two-species ensemble in Chapter III, the total partition

function is the weighted sum over all possible (L,M) partition functions

ZN(X) =
∑
(L,M)

XMZL,M ,

where

ZL,M =
1

L!M !

∫
[0,∞)L

∫
[0,∞)M

e−E(xL,yM ) dxLdyM . (IV.2)
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The Partition Function as a Pfaffian

The partition function is the Pfaffian of a Gram matrix, where the skew-inner

product can be decomposed as a sum of two skew-inner products.

Theorem IV.1. For f, g ∈ L2, let 〈·|·〉1 and 〈·|·〉2 be skew-inner products defined

by

〈f |g〉1 =

∫ ∞
0

(f(x)g(−x)− f(−x)g(x))w(x) dx

and

〈f |g〉2 = −i
∫ ∞
0

(f(ix)g(−ix)− f(−ix)g(ix))w(x) dx.

Then for any family of monic polynomials {ρn} where deg(ρn) = n,

ZN(X) = Pf [〈ρn−1|ρm−1〉1 +X〈ρn−1|ρm−1〉2]2Nn,m=1 . (IV.3)

Skew-Orthogonal Polynomials

Choosing the monic skew-orthogonal polynomials {qXn } with respect to the skew-

inner product 〈·|·〉1 + 〈·|·〉2, and letting

rn(X) = 〈qX2n|qX2n+1〉1 +X〈qX2n|qX2n+1〉2,

the partition function is

ZN(X) =
N−1∏
n=0

rn(X).
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From here on, we suppress the dependence of the skew-orthogonal polynomials on

X. Next we give a concrete description of the polynomials. Because the external

field is radial, the even and odd degree polynomials are even and odd functions,

respectively, and both are expressed in terms of orthogonal polynomials whose

weight has a jump at the origin.

Proposition IV.1. Let

wX(x) =


w(
√
x) if x ≥ 0

X · w(
√
−x) if x < 0

(IV.4)

and let {pn} be the monic orthogonal polynomials with respect to the inner product

〈pn|pm〉 :=

∫ ∞
−∞

pn(x)pm(x)wX(x) dx. (IV.5)

The skew-orthogonal polynomials with respect to the skew-inner product 〈·|·〉1+〈·|·〉2

are defined by

q2n(x) = pn(x2)

q2n+1(x) = xpn(x2). (IV.6)

Finally, the normalization of the skew-orthogonal polynomials is equal to the

normalization of the orthogonal polynomials:

rn(X) = 〈pn|pn〉.

The weight wX has a jump discontinuity at the origin when X 6= 1. We exploit

the relationship between the skew-orthogonal and orthogonal polynomials.
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Distribution of Each Species

For fixed N , let MN(X) be the random variable of the number of particles on

the positive imaginary axis. Note that MN(X) also depends on Q and X, but we

suppress this dependence in the notation.

Proposition IV.1. Let

λn =

∫ 0

−∞(pn(x))2wX(x) dx∫∞
−∞(pn(x))2wX(x) dx

.

Then the distribution of MN(X) is

MN(X) ∼
N−1∑
n=0

Bernoulli(λn),

and each Bernoulli random variable is independent.

Proof. The probability generation function for MN(X) is

ZN(tX)

ZN(X)
=

N−1∏
n=0

rn(tX)

rn(X)
,

that is, the probability that MN(X) = k is the coefficient of tk. From (IV.5),

rn(tX)

rn(X)
= (1− λn) + tλn,

which is the probability generating function for the sum of independent Bernoulli

random variables with parameters λn.

Corollary IV.2. When X = 1, MN(X) has the distribution of a binomial random

variable with N trials and probability
1

2
.
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Proof. In this scenario, the weight is even, so p2n is even for all n. Then

rn(t) =

∫ ∞
0

(
(pn(x))2 + t(pn(−x))2

)
w(
√
x) dx

= (t+ 1)

∫ ∞
0

(pn(x))2w(
√
x) dx

= (t+ 1)
1

2

∫ ∞
−∞

(pn(x))2wX(x) dx

= (t+ 1)
rn(1)

2
.

Thus,

ZN(t)

ZN(1)
=

N−1∏
n=0

rn(t)

rn(1)
=

(t+ 1)N

2N
.

Under certain conditions, MN(X) has a central limit theorem. Denote N(0, 1)

to be the standard normal distribution.

Corollary IV.3. If

0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn < 1

then

MN(X)− E[MN(X)]√
Var[MN(X)]

→ N(0, 1)

where the convergence is weak.

Correlation Functions

Recall for the two species particle case, because the numbers of each type of

particle are allowed to vary, we must alter the definition of the correlation functions
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from (I.4). Fix l particles on the positive real axis and m particles on the positive

imaginary axis. For a given (L,M) such that l ≤ L and m ≤ M , the (l,m, L,M)

partial correlation function is

1

ZN(X)(L− l)!(M −m)!

∫
[0,∞)L−l

∫
[0,∞)M−m

e−E(xl∨uL−l,ym∨vM−m) duL−ldvM−m.

We then take the weighted sum over all possible (L,M). So the l,m correlation

function RN
l,m : [0,∞)l × [0,∞)m → [0,∞) is defined as

RN
l,m(xl,ym)

=
1

ZN(X)

∑
(L,M)

L≥l,M≥m

XM

(L− l)!(M −m)!

×
∫
[0,∞)L−l

∫
[0,∞)M−m

e−E(xl∨uL−l,ym∨vM−m) duL−ldvM−m.

The next theorem states that the correlation functions can be expressed as a Pfaffian

of four 2× 2 matrix kernels.

Theorem IV.1. For fixed X, let {qn} be the set of monic skew-orthogonal

polynomials as defined in Proposition IV.1. Let

SN(x, y) =


√
w(x)w(y)

pN(x2)pN−1(y
2)− pN(y2)pN−1(x

2)

rN−1(x− y)
if x 6= y

2x · w(x)
p′N(x2)pN−1(x

2)− pN(x2)p′N−1(x
2)

rN−1
if x = y,

(IV.7)
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let

K1,1
N (x, y) =

[
−SN(−x, y) SN(x, y)

−SN(x, y) SN(−x, y)

]
K2,2
N (x, y) = −iXK1,1

N (ix, iy)

K1,2
N (x, y) = e

3πi
4

√
XK1,1

N (x, iy)

K2,1
N (x, y) = e

3πi
4

√
XK1,1

N (ix, y), (IV.8)

and let KN
l,m(xL,yM) be the 2(l +m)× 2(l +m) defined by

KN
l,m(xl,ym) =

[
K1,1
N (xj, xj′) K1,2

N (xj, yk′)

K2,1
N (yk, xj′) K2,2

N (yk, yk′)

]

for j, j′ = 1, . . . , l and k, k′ = 1, . . . ,m. Then

RN
l,m(xl,ym) = Pf KN

l,m(xl,ym). (IV.9)

Remark IV.2. The (1, 1) matrix kernel encodes the interaction between the

particles on the real axis, the (2, 2) matrix kernel encodes the interaction between

the particles on the imaginary axis, and the (1, 2) and (2, 1) matrix kernels encode

the mixed interactions. Within each matrix kernel, the scalar kernels encode the

interactions between particles on the various rays. For example, in the (1, 1)

matrix kernel, SN(x, y) describes the relation between particles on the positive real

axis, while SN(x,−y) describes the relation between particles on the positive and

negative real axis, and so on.
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Reduction to an Orthogonal Polynomial Ensemble

We introduce the following orthogonal polynomial ensemble which will play an

important role. Consider the jump weight wX on R defined by (IV.4). By (IV.5),

the orthogonal polynomials are {pn}, so the weighted Christoffel-Darboux kernel

corresponding to the weight wX is

KN(x, y) =


√
wX(x)wX(y)

pN(x)pN−1(y)− pN(y)pN−1(x)

rN−1(x− y)
if x 6= y

wX(x)
p′N(x)pN−1(x)− pN(x)p′N−1(x)

rN−1
if x = y

(IV.10)

for x, y ∈ R. Note that

(x+ y)KN(x2, y2) = SN(x, y) for x, y ≥ 0

(x+ y)KN(x2, y2) = −XSN(−x,−y) for x, y ≤ 0.

This relation between the two kernels suggests that the study of our two species

ensemble reduces to the study of the orthogonal polynomial ensemble with kernel

(IV.10). In fact, there is a direct correspondence between our two species model

and the orthogonal polynomial ensemble. Recall from (I.1) that the joint density

of the orthogonal polynomial ensemble with weight wX (which is a determinantal

point process with kernel (IV.10)) is proportional to

ΩN ;2(xN) =
N∏

n>m

|xn − xm|2
N∏
n=1

wX(xn).
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We can rewrite the (unnormalized) density (IV.1) as

XMe−E(xL,yM )

=
L∏

l1>l2

(x2l1 − x
2
l2

)2
M∏

m1>m2

(y2m1
− y2m2

)2
∏
l 6=m

(x2l + y2m)2

×
L∏
l=1

2xlwX(x2l )
M∏
m=1

2ymwX(−y2m)

= ΩN ;2(x
2
L ∨ −y2

M)
L∏
l=1

2xl

M∏
m=1

2ym.

Then by a change of variables,

XMZL,M =
1

L!M !

∫
[0,∞)L

∫
[0,∞)M

ΩN ;2(x
2
L ∨ −y2

M)
L∏
l=1

2xl

M∏
m=1

2ym dxLdyM

=
1

L!M !

∫
[0,∞)L

∫
[0,∞)M

ΩN ;2(uL ∨ −vM) duLdvM . (IV.11)

Adding up all the partial partition functions, we get

ZN(X) =
∑
(L,M)

XMZL,M

=
∑
(L,M)

1

L!M !

∫
[0,∞)L

∫
[0,∞)M

ΩN ;2(uL ∨ −vM) duLdvM

=
1

N !

N∑
M=0

(
N

M

)∫
[0,∞)N−M

∫
[0,∞)M

ΩN ;2(uL ∨ −vM) duLdvM

=
1

N !

∫
RN

ΩN ;2(uN) duN

= ZN ;2. (IV.12)

The calculations (IV.11) and (IV.12) show that the marginal joint density XMZL,M

corresponds to the point process with density ΩN ;2 restricted to L positive

and M negative points located at {u1, . . . , uL,−v1, . . . ,−vM}, then relocated
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to {
√
u1, . . . ,

√
uL,−

√
−v1, . . . ,−

√
−vM}. Our current ensemble can now be

interpreted by the points selected in the following manner: Pick N points from the

orthogonal polynomial ensemble characterized as ΩN ;2, shift the particle locations

by the square root, then add in the reflected points.

The next sections describe this relation between the local global statistics of

the orthogonal polynomial ensemble and the current two species ensemble. We

compare the limiting global densities and the limiting kernels for KN and SN .

We then use these relationships to investigate an example with the Jacobi weight.

Density of Points

Let A ⊂ [0,∞). By (I.12), the expected number of particles in A is

∫
A

RN
1,0(x)dx.

Thus, the density of a single point on the positive real axis is

1

N
RN

1,0(x) =
1

N
SN(x, x) =

2x

N
KN(x2, x2) for x ≥ 0.

Similarly, the density of a single point of the positive imaginary axis is

1

N
RN

0,1(x) =
−iX
N

SN(ix, ix) =
2x

N
KN(−x2,−x2) for x ≥ 0.

This indicates that we can derive the density of the real and imaginary particles in

terms of the density
1

N
KN(x, x) in the orthogonal polynomial ensemble.

Proposition IV.1. Suppose that the limiting density of points of the orthogonal
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polynomial ensemble with scaling a1N
α1 is f , i.e.

a1N
α1

N
KN (a1N

α1x, a1N
α1x)→ f(x)

weakly. Then the proper scaling in the current ensemble is
√
a1N1x and the weak

limiting density of points on the positive real axis is

√
a1Nα1

N
SN

(√
a1Nα1x,

√
a1Nα1x

)
→ 2xf(x2) for x ≥ 0. (IV.13)

Llikewise, the weak limiting density of points on the positive imaginary axis is

−iX
√
a1Nα1

N
SN

(
i
√
a1Nα1x, i

√
a1Nα1x

)
→ 2xf(−x2) for x ≥ 0.

(IV.14)

By our central limit theorem, if the condition of Theorem IV.3 is satisfied,

we expect there to be roughly the same number of particles on either side of the

origin. In fact, the next theorem states that if 0 < X <∞, the limiting distribution

behaves as if the fugacity parameter X is set equal to one. In other words, the point

process behaves globally as if the weight (IV.4) has no jump and is symmetric.

Theorem IV.2. If 0 < X <∞, as N →∞, the limiting density (and the scaling)

is independent of X.

Later, we will show that near the origin, the jump does not affect the local

statistics.
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Scaled Kernel away from the Origin

We calculate the kernels away from the origin. This includes scaling in the bulk

or at an edge. As expected, the mixed kernels vanish because the interactions

between particles on different rays become insignificant relative to the nearby

particle interactions as the number of particles increases.

Theorem IV.1. For a1, a2 > 0, suppose by scaling x 7→ a1N
α1 +

x

a2Nα2
,

1

a2Nα2
KN

(
a1N

α1 +
x

a2Nα2
, a1N

α1 +
y

a2Nα2

)
→ A(x, y)

uniformly on compact subsets for α1, α2 ≥ 0 and A is continuous. Then when

scaling x 7→
√
a1Nα1 +

x

2
√
a1a2N

α1
2
+α2

, SN(x, y) and SN(ix, iy) also converge

uniformly on compact sets to A(x, y) while the remaining scalar kernels converge

uniformly on compact sets to 0.

Scaled Kernel at 0

Scaled at the origin, all the kernels converge to nonzero quantities since the

particle interactions between the two axes do not vanish in the limit.

Theorem IV.1. Suppose the scaling at 0 in the orthogonal polynomial ensemble is

x

bNβ
, and

1

bNβ
KN

( x

bNβ
,
y

bNβ

)
→ B(x, y) for x, y ∈ R.
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Then scaling SN by x 7→ x√
bNβ

, the scaled kernel converges to

(x+ y)B(x2, y2) for x, y ∈ [0,∞). (IV.15)

The remaining scalar kernels at the origin all converge to similar versions of the

kernel (IV.15), with the variations corresponding to (IV.8). For example,

−e
3πi
4

√
X√

bNβ
SN

(
− x√

bNβ
,

iy√
bNβ

)
→ −e

3πi
4

√
X(−x+ iy)B(x2,−y2)

for x, y ∈ [0,∞).

Proof of Theorem IV.1. A straightforward calculation shows that

1√
bNβ

SN

(
x√
bNβ

,
y√
bNβ

)
=
x+ y

bNβ
KN

(
x2

bNβ
,
y2

bNβ

)
→ (x+ y)B(x2, y2) for x, y ∈ [0,∞).

The proofs for the other kernels are exactly the same.

Law of the Point Closest to the Origin

By the correspondence of points, between our current ensemble and the

orthogonal polynomial ensemble, the gap probability for the ball of radius t > 0

centered at the origin (the probability that there is no particle in this set)

is equal to the gap probability of the interval (−t2, t2) in the orthogonal polynomial

ensemble.

Similarly, the gap probability for the interval (−t, t) is equal to the gap probability

of the interval (0, t2) in the orthogonal polynomial ensemble.
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Example: Jacobi

When X = 1 (the weight is symmetric about the origin) or X = 0 (the support

is in the positive half of the real line), the corresponding orthogonal polynomials

are classical for particular weights, and the orthogonal polynomial ensembles are

well-studied. For example, consider the weight

wX(x) =



(1− x)α if 0 < x ≤ 1

X(1 + x)α if − 1 ≤ x ≤ 0

0 otherwise.

When X = 1, the weight is the Jacobi symmetric weight w1(x) = (1−x2)α, and the

orthogonal polynomials are monic symmetric Jacobi polynomials {P (α,α)
n }. When

X = 0, the weight is again a Jacobi weight (although no longer symmetric), with

the support shifted to [0, 1], and the orthogonal polynomials are{
1

2n
P (α,0)
n (2x− 1)

}
.

Results for the Jacobi orthogonal ensemble can be found in [28].

In this section we list known results for the Jacobi ensemble (β = 2 ensemble

with Jacobi weight), and the results regarding our current ensemble can be

translated using the results above.

Density of Points

From Theorem IV.2, when 0 < X <∞, the density of particles of the orthogonal

98
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0.8

Figure 4.1.: Plots of density for α = 0 (Legendre weight), X =
1

10
and N =

10, 20, 52 from lightest to darkest, and the arcsine density.

polynomial ensemble converges weakly to the equilibrium measure on [−1, 1], which

is the arcsine density

1

π
√

1− x2
dx for x ∈ [−1, 1].

Figure 4.1. is the densities when X =
1

10
with varying values of N , along with the

arcsine density.

On the other hand, if we first let X → 0, the particle support is [0, 1] and
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the equilibrium measure is

2

π
√

1− (2x− 1)2
dx for x ∈ [0, 1].

Limiting Kernels at the Origin

As mentioned in the Introduction, for general X, the orthogonal polynomials

were studied in [25] where the authors Moreno, Martinez-Finkelshtein, and Sousa

derived an asymptotic form for the orthogonal polynomials and for the weighted

Christoffel-Darboux kernel KN using Riemann-Hilbert problem techniques. Here

we present the results on KN . With n a nonnegative integer, denote by (x)n to be

the Pochhammer symbol. Let

G(a;x) = 1F1(a; 1;x)e−
x
2

= e−
x
2

∞∑
k=0

(a)k
(k!)2

xk.

Let X > 0 and

λ =
i logX

2π
.

With KN as defined in (IV.10) and the polynomials, weight, and normalization

corresponding to the polynomials {P (α,α)
n }, the limiting Christoffel-Darboux kernel

scaled at the origin is

lim
N→∞

π

N
KN

(πx
N
,
πy

N

)

=


− 1

2πi

logX

X − 1

G(1 + λ;−2πix)G(λ;−2πiy)−G(1 + λ;−2πiy)G(λ;−2πix)

x− y
if x 6= y

logX

X − 1

(
G′(1 + λ;−2πix)G(λ;−2πix)−G(1 + λ;−2πix)G′(λ;−2πix)

)
if x = y.
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Figure 4.2.: Plots of correlation functions for α = 0 (Legendre weight) as a

function of x− y.

Figure 4.2. is the graphs of the second correlation functions for X =
1

10
with

N = 10 (lightest) and N = 18 (darker). The darkest graph is the limiting

correlation function (N → ∞) for X =
1

10
. The graphs show that in the scaling

x 7→ πx

N
, the local behaviors of the particles detect the jump of the weight at the

origin.

The limiting kernel anywhere else in the bulk is the sine kernel (I.8). This

follows from Doron Lubinsky’s result on universality in the bulk stated in Theorem

1.1 of [22], which states that on an interval inside the support of a regular weight

which is positive and continuous, the weighted and scaled Christoffel-Darboux

101



kernel converges to the sine kernel.

The kernel behaves as we would expect when X → 1 in that

lim
X→1

(
− 1

2πi

)
logX

X − 1

G(1 + λ;−2πix)G(λ;−2πiy)−G(1 + λ;−2πiy)G(λ;−2πix)

x− y

=
sin π(x− y)

π(x− y)

since

G(1 + λ;−2πix)→ e−πix

G(λ;−2πix)→ eπix

as X → 1. On the other hand, the kernel diverges as X → 0+ (hence does not

converge to the Bessel kernel (I.10)) since the proper scaling at the hard edge

of the Jacobi ensemble is x 7→ x

N2
.

Edge Kernels at the Origin When X = 0 and X = 1

We derive new edge kernels for the current ensemble which are closely related

to some of the classical kernels. For X = 1 in the Jacobi orthogonal polynomial

ensemble, by scaling x 7→ πx

N
, the kernel converges to the sine kernel (I.8). So

Theorem IV.1 gives us the scaling and limiting kernel of our current ensemble:

√
π√
N
SN

(√
πx√
N
,

√
πy√
N

)
→ sin π(x2 − y2)

π(x− y)
(IV.16)

where SN is the kernel defined in (IV.7). When X = 0 in the (shifted) Jacobi

polynomial ensemble, the particles are supported on [0, 1], so 0 is now a hard edge.
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Figure 4.3.: Plot of R2,0 with kernel (IV.16).
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Figure 4.4.: Plot of R1,1 with kernel (IV.16).
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Figure 4.5.: Plot of R2 with kernel (IV.17).

By scaling x 7→ x

4N2
, the kernel converges to the Bessel kernel (I.10). By Theorem

IV.1,

1

2N
SN

( x

2N
,
y

2N

)
→ yJα(x)J ′α(y)− xJα(y)J ′α(x)

2(x− y)
. (IV.17)

Example: Hermite

For

wX(x) =


e−x

2

if 0 < x <∞

X · e−x2 if −∞ < x ≤ 0,
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the orthogonal polynomials were studied in [19] where the authors derived the

asymptotics of the Hankel determinant. When X = 1, the orthogonal polynomials

are the Hermite polynomials and the orthogonal polynomial ensemble is the

GUE. When X = 0, the orthogonal polynomials are the half-range Hermite

polynomials [4], but the author could not find this ensemble in the literature.

We omit the derivations of the density and kernel in this situation, and we

refer the reader to the many references on the GUE [41]. Instead, we examine the

orthogonal polynomials with respect to the weight wX .

Orthogonal Polynomials

We derive the three-term recurrence relation for the orthogonal polynomials

for all values of the fugacity parameter. The method for deriving this relation

is generalized from the calculation for the three-term relation of the half-range

Hermite polynomials in [4]. The resulting polynomials give an interpolation between

the half-range Hermite and Hermite polynomials.

Proposition IV.1. For a fixed X, let {αn} and {βn} be sequences of numbers

which satisfy

α0 =
−X + 1√
π(X + 1)

β0 = 0

βn + βn−1 + α2
n−1 =

2n− 1

2

αnαn−1βn =
(n

2
− βn

)2
.
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Then the polynomials {pn} satisfy the three-term recurrence relation

p0(x) = 1

and

pn+1(x) = (x− αn)pn(x)− βnpn−1(x).

Remark IV.2. By letting

γn =
n

2
− βn,

so that

α2
n = γn+1 + γn,

we can reduce to a single sequence {γn} with three-term recurrence relation

0 = (γn+1 + γn)(γn + γn−1)
(n

2
− γn

)2
− γ4n.

These polynomials were studied in [19] by Alexander Its and Igor Krasovsky. In

particular, they derive an asymptotic formula for the Hankel determinant using

Riemann Hilbert techniques. This allows them to compute certain asymptotics of

the polynomials.

Proofs

Proof of Theorem IV.1

We follow the calculation in Theorem 3.1 of [30] and Theorem 3 of [7]. The first

step is to express ZL,M as defined in (IV.2) in terms of Pfaffians. Let {ρn} be any
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family of monic polynomials where deg(ρn) = n. It is a well-known identity that

the Vandermonde product in (IV.1)

∆(xL ∨ −xL ∨ iyM ∨ −iyM)

can be expressed as the determinant of the matrix

VL,M(x,y)

=


ρ0(x1) ρ0(−x1) · · · ρ0(xL) ρ0(−xL)

ρ1(x1) ρ1(−x1) · · · ρ1(xL) ρ1(−xL)
...

...
. . .

...
...

ρ2N−1(x1) ρ2N−1(−x1) · · · ρ2N−1(xL) ρ2N−1(−xL)

ρ0(y1) ρ0(−y1) · · · ρ0(yM) ρ0(−yM)

ρ1(y1) ρ1(−y1) · · · ρ1(yM) ρ1(−yM)
...

...
. . .

...
...

ρ2N−1(y1) ρ2N−1(−y1) · · · ρ2N−1(yM) ρ2N−1(−yM)

 .
We introduce the following notation: Vt

L(xL) is the minor of VL,M(xL) consisting

of the columns 1, . . . , 2L and rows t(1), . . . , t(2L), and Vt′

M(yM) is the minor with

columns 2L + 1, . . . , 2N and rows t′(1), . . . , t′(2M). We expand the determinant

using the Laplace expansion to write

detV(xL,yM) =
∑

t:2L↗2N

sgn t · detVt
L(xL) · detVt′

M(yM).
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Then

ZL,M =
1

L!M !

∫
[0,∞)L

∫
[0,∞)M

e−E(xL,yM ) dxLdyM

=
1

L!M !

∫
[0,∞)L

∫
[0,∞)M

(−i)M detVL,M(xL,yM)

×

(
L∏
l=1

w(xl)

)(
M∏
m=1

w(ym)

)
dxLdyM

=
1

L!M !

∑
t:2L↗2N

sgn t

∫
[0,∞)L

∫
[0,∞)M

(−i)M detVt
L(xL) detVt′

M(yM)

×

(
L∏
l=1

w(xl)

)(
M∏
m=1

w(ym)

)
dxLdyM

=
∑

t:2L↗2N

sgn t · 1

L!

∫
[0,∞)L

detVt
L(xL)

(
L∏
l=1

w(xl)

)
dxL

× 1

M !

∫
[0,∞)M

(−i)M detVt′

M(yM)

(
M∏
m=1

w(ym)

)
dyM .
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We again use the Laplace expansion for the two determinants:

ZL,M =
∑

t:2L↗2N

sgn t · 1

L!

∫
[0,∞)L

∑
σ∈S2L

σ(2l−1)<σ(2l) ∀l

sgnσ

×
L∏
l=1

(
ρt(σ(2l−1))−1(xl)ρt(σ(2l))−1(−xl)− ρt(σ(2l−1))−1(−xl)ρt(σ(2l))−1(xl)

)
w(xl) dxL

× 1

M !

∫
[0,∞)M

∑
τ∈S2M

τ(2m−1)<τ(2m) ∀m

sgn τ

×
M∏
m=1

(−i)
(
ρt′(τ(2m−1))−1(ym)ρt′(τ(2m))−1(−ym)

− ρt′(τ(2m−1))−1(−ym)ρt′(τ(2m))−1(ym)
)
w(ym) dyM

=
∑

t:2L↗2N

sgn t · 1

L!

∑
σ∈S2L

σ(2l−1)<σ(2l) ∀l

sgnσ

×
L∏
l=1

∫ ∞
0

(
ρt(σ(2l−1))−1(x)ρt(σ(2l))−1(−x)− ρt(σ(2l−1))−1(−x)ρt(σ(2l))−1(x)

)
w(x) dx

× 1

M !

∑
τ∈S2M

τ(2m−1)<τ(2m) ∀l

sgn τ

×
M∏
m=1

(−i)
∫ ∞
0

(
ρt′(τ(2m−1))−1(y)ρt′(τ(2m))−1(−y)

− ρt′(τ(2m−1))−1(−y)ρt′(τ(2m))−1(y)
)
w(y) dyM

=
∑

t:2L↗2N

sgn t · 1

2LL!

∑
σ∈S2L

sgnσ

×
L∏
l=1

∫ ∞
0

(
ρt(σ(2l−1))−1(x)ρt(σ(2l))−1(−x)− ρt(σ(2l−1))−1(−x)ρt(σ(2l))−1(x)

)
w(x) dx

× 1

2MM !

∑
τ∈S2M

sgn τ

×
M∏
m=1

(−i)
∫ ∞
0

(
ρt′(τ(2m−1))−1(y)ρt′(τ(2m))−1(−y)

− ρt′(τ(2m−1))−1(−y)ρt′(τ(2m))−1(y)
)
w(y) dyM
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which is equal to

∑
t:2L↗2N

sgn t · Pf
[
〈ρt(n)−1|ρt(m)−1〉1

]2L
n,m=1

Pf
[
〈ρt′(n)−1|ρt′(m)−1〉2

]2M
n,m=1

.

Using the formula for the Pfaffian of the sum of two 2N × 2N anti-symmetric

matrices

Pf(A+B) =
N∑
n=0

∑
t:2n↗2N

sgn t · Pf At · Pf Bt′ , (IV.18)

the weighted sum is

ZN(X) =
∑
(L,M)

XMZL,M

=
N∑

M=0

XM
∑

t:2L↗2N

sgn t · Pf
[
〈ρt(n)−1|ρt(m)−1〉1

]2L
n,m=1

×Pf
[
〈ρt′(n)−1|ρt′(m)−1〉2

]2M
n,m=1

= Pf [〈ρn−1|ρm−1〉1 +X〈ρn−1|ρm−1〉2]2Nn,m=1 .

Proof of Proposition IV.1

A direct calculation shows that for m ≤ 2n+ 1,

〈xm|pn(x2)〉1 +X〈xm|pn(x2)〉2

=

∫ ∞
0

(pn(x2)xm − pn(x2)(−x)m)w(x) dx

− iX

∫ ∞
0

(pn(−x2)(ix)m − pn(−x2)(−ix)m)w(x) dx

= (1− (−1)m)

∫ ∞
0

(pn(x2)xm − iXpn(−x2)(ix)m)w(x) dx.

This is zero unless m is odd. So let m = 2k+1. Then the above expression is equal
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to

2

∫ ∞
0

(
pn(x2)x2k+1 − (−1)k+1Xpn(−x2)x2k+1

)
w(x) dx.

A change of variables gives

∫ ∞
0

(
pn(x)xk +Xpn(−x)(−x)k

)
w(
√
x) dx = 〈pn|xk〉.

This is zero unless k = n in which case m = 2n + 1. Finally, for the odd degree

polynomials,

〈xpn(x2)|pm(x2)〉1 +X〈xpn(x2)|pm(x2)〉2

= 2

∫ ∞
0

(
xpn(x2)pm(x2) +Xxpn(−x2)pm(−x2)

)
w(
√
x) dx

=

∫ ∞
0

(pn(x)pm(x) +Xpn(−x)pm(−x))w(
√
x) dx

= 〈pn|pm〉

= rn(X)δn,m.

This proves the proposition.

Proof of Corollary IV.3

Let

Xk = Bernoulli(λk)− λk

and define σk and sn to be the nonnegative numbers such that

σ2
k = E[X2

k ] = λk(1− λk) and s2n =
n∑
k=1

σ2
k.
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Let P be the probability measure on the measure space of the random variable X.

The Lindeberg condition (Theorem 27.2 in [5]) states that for all ε > 0, if

lim
n→∞

1

s2n

n∑
k=1

∫
|Xk|≥εsn

X2
k dP = 0,

then

1

sn

n∑
k=1

Xk

converges weakly to the standard normal distribution. If

0 < lim inf
k→∞

λk ≤ lim sup
k→∞

λk < 1,

then there exists δ > 0 and K1 sufficiently large such that δ < λk < 1 − δ when

k ≥ K1. For such k, λk(1− λk) > δ2 which implies that

lim
n→∞

s2n =∞.

Therefore, there exists K2 depending on ε such that n ≥ K2 implies εsn > 1. Then

because Xk < 1 for all k,

lim
n→∞

1

s2n

n∑
k=1

∫
|Xk|≥εsn

X2
k dP =

K2∑
k=1

∫
|Xk|≥εsn

X2
k dP · lim

n→∞

1

s2n
= 0,

and the Lindeberg condition is satisfied.

Proof of Theorem IV.1

Formula (IV.9) was proved in Theorem 4 of [7] and Theorem 3.1 of [30].

Here we present the main ideas and leave out most of the details. Let δ
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be the Dirac delta function, let {a1, . . . , aN , b1, . . . , bN} be indeterminants, let

{x1, . . . , xN , y1, . . . , yN} ⊂ [0,∞), and let

dν1(x) = dx+
N∑
n=1

andδxn

dν2(x) = dx+
N∑
n=1

bndδyn .

Zν1,ν2
N (X) =

∑
(L,M)

XM

L!M !

∫
[0,∞)L

∫
[0,∞)M

e−E(xL,yM )

(
L∏
l=1

dν1(xl)

)(
M∏
m=1

dν2(ym)

)
Then

Zν1,ν2
N (X)

ZN(X)
=

1

ZN(X)

∑
(L,M)

XM

L!M !

∫
[0,∞)L

∫
[0,∞)M

e−E(xL,yM )

×

(
L∏
l=1

dν1(xl)

)(
M∏
m=1

dν2(ym)

)

=
1

ZN(X)

∑
(L,M)

L∑
l=0

M∑
m=0

∑
u:l↗L

∑
v:m↗M

XM

L!M !

(
l∏

j=1

au(j)

)(
m∏
k=1

bv(k)

)

×
∫
[0,∞)L−l

∫
[0,∞)M−m

e−E(xu∨uL−l,yv∨vM−m) duL−ldvM−m.

Expanding the product of the measures and using the symmetry of the integrand,

the above is equal to

1

ZN(X)

∑
(L,M)

L∑
l=0

M∑
m=0

∑
u:l↗L

∑
v:m↗M

(
l∏

j=1

au(j)

)(
m∏
k=1

bv(k)

)
RN
l,m(xu ∨ yv).

Therefore
Zν1,ν2
N (X)

ZN(X)
is a generating function for the correlation functions. On the

other hand,

〈f |g〉ν11 +X〈f |g〉ν22 = 〈f |g〉1 +X〈f |g〉2 +
N∑
n=1

an(f(xn)g(−xn)− g(xn)f(−xn))w(xn)

− iX
N∑
n=1

bn(f(ixn)g(−ixn)− g(ixn)f(−ixn))w(xn).
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Let A be the 2N × 4N matrix[√
am
√
w(xm)qn(xm)

√
am
√
w(xm)qn(−xm) · · ·√

bke
3πi
4 X

1
2

√
w(xk)qn(ixk)

√
bke

3πi
4 X

1
2

√
w(xk)qn(−ixk)

]
for n = 0, . . . , 2N − 1 and m, k = 1, . . . , N , let Z be the 2N × 2N Gram matrix

Z =


0 r0

−r0 0
. . .

0 rN−1

−rN−1 0

 ,
and define J to be the 4N × 4N matrix

J =


0 1

−1 0
. . .

0 1

−1 0

 .

For any square matrix M, we denote MT as the transpose and M−T as the inverse

transpose of M. Then

Zν1,ν2
N (X)

ZN(X)
=

Pf(Z + AJAT )

Pf(Z)
.

Using the the Pfaffian Cauchy-Binet formula (Theorem B.1 in [7])

=
Pf(−J−T −ATZ−TA)

Pf(−J−T )

= Pf(J + ATZ−TA). (IV.19)

Recalling the four 2× 2 matrix kernels as defined in (IV.8), matrix multiplication

results in a 2(l +m)× 2(l +m) matrix of 2× 2 blocks

ATZ−TA =

[√
ajaj′K

1,1
N (xj, xj′)

√
ajbk′K

1,2
N (xj, yk′)√

ajbkK
2,1
N (yk, xj′)

√
bkbk′K

2,2
N (yk, yk′)

]
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for j, j′ = 1, . . . , l and k, k′ = 1, . . . ,m, and each of the scalar kernel entries are

expressed in terms of

SN(x, y) =
√
w(x)w(y)

2N−1∑
n=0

q2n+1(x)q2n(−y)− q2n+1(−y)q2n(x)

rn
.

by the relationship (IV.8). Substituting in (IV.6),

SN(x, y) = (x+ y)
√
w(x)w(y)

N−1∑
n=0

pn(x2)pn(y2)

rn
.

Finally, the expression (IV.7) comes from the Christoffel-Darboux formula. After

expanding (IV.19) using (IV.18), we get

Zν1,ν2
N (X)

ZN(X)
=

1

ZN(X)

N∑
n=0

∑
t:2n↗2N

sgn t · Pf(ATZ−TA)t

=
1

ZN(X)

∑
(L,M)

L∑
l=0

M∑
m=0

∑
u:2l↗2L

∑
v:2m↗2M

(
2l∏
j=1

au(j)

)(
2m∏
k=1

bv(k)

)
×Pf Kl,m(xu,yv)

where the matrix Kl,m is given by (IV.8). Finally, matching coefficients gives the
result.

Proof of Proposition IV.1

Let

fN(x) =
a1N

α1

N
KN (a1N

α1x, a1N
α1x) for x ∈ R

gN(x) =

√
a1Nα1

N
SN

(√
a1Nα1x,

√
a1Nα1x

)
for x ≥ 0.

Note that

gN(x) = 2xfN(x2) for x ≥ 0

−iX · gN(ix) = 2xfN(−x2) for x ≥ 0.
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Let VN a random variable with density fN and define

V +
N = max{VN , 0} and V −N = min{VN , 0}.

with be the portion of the random variable such that the range of VN is the

nonnegative reals. We claim that
√
V +
N has density 2xfN(x2) for x ≥ 0 (if V +

N

has range [0, s], then
√
V +
N has range [0,

√
s]). To see this, for a > 0,

P
{√

V +
N < a

}
= P{V +

N < a2}

=

∫ a2

0

fN(x) dx

= 2

∫ a

0

xfN(x2) dx.

Now, an equivalent statement for weak convergence is that for any continuous

function h,

∫
h(V +

N ) dP→
∫
h(V +) dP.

By setting h(x) =
√
x and letting g be any continuous function, we calculate

∫
g(
√
V +
N ) dP =

∫
(g ◦ h)(V +

N ) dP

→
∫

(g ◦ h)(V +) dP

=

∫
g(
√
V +) dP

and conclude that
√
V +
N converges weakly to

√
V +. Finally,

√
V + has density

2xf(x2)
∣∣
x≥0, which is (IV.13). Likewise, the same calculations show that

√
−V −N

converges weakly to the random variable whose density is 2xf(−x2) for x ≥ 0 to
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prove (IV.14).

Proof of Theorem IV.1

Note that

√
a1Nα1 +

x

a2Nα2
+O

(
1

N
3
2
α1+2α2

)
=
√
a1Nα1 +

x

2
√
a1a2N

α1
2
+α2

.

Let

xN =
√
a1Nα1 +

x

2
√
a1a2N

α1
2
+α2

yN =
√
a1Nα1 +

y

2
√
a1a2N

α1
2
+α2

.

Then

1

2
√
a1a2N

α1
2
+α2

SN (xN , yN)

=
1

2
√
a1a2N

α1
2
+α2

(
2
√
a1Nα1 +

x+ y

2
√
a1a2N

α1
2
+α2

)

× KN

(√a1Nα1 +
x

2
√
a1a2N

α1
2
+α2

)2

,

(√
a1Nα1 +

y

2
√
a1a2N

α1
2
+α2

)2


=
1

a2Nα2
KN

((√
a1Nα1 +

x

a2Nα2
+O(N−

3
2
α1−2α2)

)2

,(√
a1Nα1 +

y

a2Nα2
+O(N−

3
2
α1−2α2)

)2
)

+ O(N−α1−2α2)

=
1

a2Nα2
KN

(
a1N

α1 +
x

a2Nα2
+O(N−α1−2α2), a1N

α1 +
y

a2Nα2
+O(N−α1−2α2)

)
+ O(N−α1−2α2).
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Let

hN(x, y) =
1

a2Nα2
KN

(
a1N

α1 +
x

a2Nα2
, a1N

α1 +
y

a2Nα2

)
.

Then hN converges uniformly to A, and because A is continuous,

1

a2Nα2
KN

(
a1N

α1 +
x

a2Nα2
+O(N−α1−2α2), a1N

α1 +
y

a2Nα2
+O(N−α1−2α2)

)
+ O(N−α1−2α2)

= hN
(
x+O(N−α1−α2), y +O(N−α1−α2)

)
+O(N−α1−2α2)

→ A(x, y).

Next, we show the scalar kernels which correspond to particle interactions from

different rays converge to 0. We prove this for the kernel SN(x,−y) only, since the

proofs of the other kernels are the same. Now

1

2
√
a1a2N

α1
2
+α2

SN(xN ,−yN)

=
1

2
√
a1a2N

α1
2
+α2

√
w(xN)w(yN)

pN(x2N)pN−1(y
2
N)− pN(y2N)pN−1(x

2
N)

rN−1(xN + yN)

The denominator is simplified as

xN + yN = 2
√
a1Nα1 +

x+ y

2
√
a1a2N

α1
2
+α2

.

In contrast, the higher order term
√
a1Nα1 in the denominator of SN(xN , yN)

cancels and simplifies to

xN − yN =
x− y

2
√
a1a2N

α1
2
+α2

.
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Other than the denominators, the two scaled kernels are identical. Therefore,

because SN(x, y) converges and SN(x,−y) has a higher order of N in the

denominator, SN(x,−y) will converge to 0 in the limit.

All of the other scalar kernels of K1,2
N and K2,1

N also fail to eliminate the
√
a1Nα1

factor, so they converge to 0 in the scaled limit.

Proof of Theorem IV.2

Recall the radial external field Q in the complex plane introduced in the Setup.

Suppose the particle support is {z ∈ C : |z| ≤ c} for c ∈ (0,∞]. Now, in the

orthogonal polynomial ensemble, the external field QX (given by the relation wX =

e−QX ) can be expressed in terms of Q and is dependent on X. This relation is

QX(x) =


Q(
√
x) if x ≥ 0

Q(
√
−x)− logX if x < 0.

We can decompose QX(x) as

QX(x) = Q1(x) +



− logX if − c ≤ x ≤ 0

0 if 0 < x ≤ c

∞ otherwise.

Let

dµxN =
1

N

N∑
n=1

δxn .
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The probability density of points is

PN(xN) =
1

ZN
·
∏
n<m

(xn − xm)2 · exp

(
−

N∑
n=1

QX(xn)

)

=
1

ZN
exp

(
−

N∑
n=1

QX(xn)−
∑
n6=m

log |xn − xm|−1
)

=
1

ZN
exp
(
−N2

( 1

N

∫ c

−c
Q1(s) dµxN (s)− 1

N

∫ 0

−c
logX dµxN (s)

+

∫ c

−c

∫ c

−c
log |s− t|−1 dµxN (s)dµxN (t)

))
.

In the limit, the external potential will disappear. We must scale the location of

the particles by x 7→ a1N
α1x (this is the same scaling as from (IV.13)) so that

Q1(a1N
α1s) ∼ NQ1(s) (IV.20)

Then the energies between the external field and the particle interaction will be on

the same order. With this scaling we have

PN(xN) =
1

ZN
exp
(
−N2

(∫ c

−c
Q1(s) dµxN (s)− 1

N

∫ 0

−c
logX dµxN (s)

+

∫ c

−c

∫ c

−c
log |s− t|−1 dµxN (s)dµxN (t)

))
.

Now for 0 < X < ∞, the “jump” portion of the external potential is at a lower

order than the portion from the remaining energy, so this part will disappear in the

limit. A physical system generally tends to a state which minimizes energy. This

leads to the energy minimizing problem, which is the unique solution (called the

equilibrium measure) to

inf

{∫ c

−c
Q1(s) dµ(s) +

∫ c

−c

∫ c

−c
log |t− s|−1 dµ(t)dµ(s)

}
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where the infimum is taken over all Borel probability measures µ.

Proof of Proposition IV.1

We follow the proof in [4]. Let

rn = 〈pn|pn〉

sn = 〈xpn|pn〉.

Then the orthogonality relations combined with the three-term relation give

αn =
sn
rn

βn =
rn
rn−1

.

Using

rn = 〈xpn−1|pn〉,

we use the three-term relation to obtain

βn + βn−1 + α2
n−1 =

1

rn−1
〈x2pn−1|pn−1〉

αn + αn−1 =
1

rn
〈x2pn−1|pn〉.
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Now using integration by parts,

〈x2pn−1|pn−1〉 =

∫ ∞
0

x2
(
(pn−1(x))2 +X(pn−1(−x))2

)
e−x

2

dx

= −1

2

∫ ∞
0

x
(
(pn−1(x))2 +X(pn−1(−x))2

) d

dx

(
e−x

2
)
dx

=
1

2

∫ ∞
0

d

dx

(
x
(
(pn−1(x))2 +X(pn−1(−x))2

))
e−x

2

dx

=
1

2
rn−1 +

∫ ∞
0

(
xpn−1(x)p′n−1(x) +X(−x)pn−1(−x)p′n−1(−x)

)
e−x

2

dx

=
1

2
rn−1 + 〈pn−1|xp′n−1〉

=
2n− 1

2
rn−1

which yields

βn + βn−1 + α2
n−1 =

2n− 1

2
.

Again, integration by parts gives

〈x2pn−1|pn〉 =

∫ ∞
0

x2 (pn(x)pn−1(x) +Xpn(−x)pn−1(−x)) e−x
2

dx

= −1

2

∫ ∞
0

x ((pn(x)pn−1(x) +Xpn(−x)pn−1(−x))
d

dx

(
e−x

2
)
dx

=
1

2

∫ ∞
0

d

dx
(x ((pn(x)pn−1(x) +Xpn(−x)pn−1(−x))) e−x

2

dx

=
1

2

∫ ∞
0

(xp′n(x)pn−1(x)−Xxp′n(−x)pn−1(x)) e−x
2

dx

=
1

2
〈xpn−1|p′n〉.

Now, using

xpn−1(x) = pn(x) + αn−1pn−1(x) + βn−1pn−2(x)

p′n(x) = (x− αn−1)p′n−1(x) + pn−1(x)− βn−1p′n−2(x)
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and

1

2
〈xpn−2|p′n−1〉 = rn−1(αn−1 + αn−2),

we substitute and simply:

1

2
〈xpn−1|p′n〉 =

1

2
αn−1rn−1 + βn−1rn−1(αn−1 + αn−2).

This calculation gives us the second relation

βn(αn + αn−1) =
1

2
αn−1 + βn−1(αn−1 + αn−2).

Multiplying both sides by αn−1 and substituting the first recursion relation for α2
n−1

gives

αnαn−1βn =
(n

2
− βn

)2
.
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CHAPTER V

REFLECTED PARTICLES ON THE UNIT CIRCLE

Fix α, γ > −1 and let N be a nonnegative integer. Consider the ensemble of N

conjugate pairs of charge-one particles interacting logarithmically on the unit circle

with Jacobi potential

Q(θ) = −α log

(
2 sin2 θ

2

)
− γ log

(
2 cos2

θ

2

)
for 0 ≤ θ ≤ 2π.

We study the point process of the N points {eiθ1 , . . . , eiθN} on the upper half of the

unit circle (0 ≤ θj ≤ π). We get a Pfaffian point process, and the skew-orthogonal

polynomials can be expressed in terms of the Jacobi polynomials.

This ensemble is similar to the reflection ensemble studied in Chapter IV in

the situation where all the particles lie on one of the axes (when the fugacity X = 0

or X = ∞). In that case, N particles live on the half line with N corresponding

particles reflected about the origin. Compare this model magnified at the origin to

our current ensemble magnified at θ = 0 or θ = π so that the circle locally looks

like its tangent lines. Because these two locations are also points of reflection, the

two particle models are locally identical. Therefore, we should expect the local

statistics in these regions to be the same, hence it would not be surprising if the

limiting kernels are akin.
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The total potential energy of the system is

E(θN) = −
N∑

n>m

(
log
∣∣eiθn − eiθm∣∣+ log

∣∣e−iθn − e−iθm∣∣)− N∑
n,m=1

log
∣∣eiθn − e−iθm∣∣

+
N∑
n=1

Q(θn).

The external field induces the weight

wα,γ(θ) =

(
2 sin2 θ

2

)α(
2 cos2

θ

2

)γ
for 0 ≤ θ ≤ 2π,

so the Boltzman factor with inverse temperature equal to one is

e−E(θN ) =

(
N∏

n>m

∣∣eiθn − eiθm∣∣ ∣∣e−iθn − e−iθm∣∣)( N∏
n,m=1

∣∣eiθn − e−iθm∣∣)( N∏
n=1

wα,γ(θn)

)

=
N∏

n>m

(
eiθn − eiθm

) (
e−iθn − e−iθm

) (
eiθn − e−iθm

) (
e−iθn − eiθm

)
×

(
N∏
n=1

i
(
e−iθn − eiθn

))( N∏
n=1

wα,γ(θn)

)
.

The Partition Function

We follow the standard steps in studying a Pfaffian point process. We first

define 〈·|·〉α,γ to be the skew-inner product given by

〈ρn|ρm〉α,γ = i

∫ π

0

(
ρn(eiθ)ρm(e−iθ)− ρn(e−iθ)ρm(eiθ)

)
wα,γ(θ) dθ (V.1)

and {ρn} is any family of monic polynomials such that deg(ρn) = n.
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Theorem V.1. The partition function can be expressed as a Pfaffian of a 2N×2N

antisymmetric matrix:

ZN,α,γ = Pf
[
〈ρn|ρm〉α,γ

]2N−1
n,m=0

.

Skew-Orthogonal Polynomials

For

rα,γn = 2 · 2α+γ+1

2n+ α + γ + 1

Γ(n+ α + 1)Γ(n+ γ + 1)

Γ(n+ α + γ + 1)n!
, (V.2)

let P (α,γ)
n be the nth degree Jacobi polynomial with parameters α and γ, i.e. the

orthogonal polynomials which satisfy the relations

∫ π

0

P (α,γ)
n (cos θ)P (α,γ)

m (cos θ) sin θ · wα,γ(θ) dθ = δn,m
rα,γn
2
.

Theorem V.1. The monic skew-orthogonal polynomials with respect to the skew-

inner product (V.1) are defined by

qα,γ2n (θ) = einθP (α,γ)
n (cos θ)

qα,γ2n+1(θ) = e−iθ(qα,γ2n+2(e
iθ)− qα,γ2n (eiθ)),

with normalization rα,γn (V.2), i.e.

rα,γn = 〈qα,γ2n |q
α,γ
2n+1〉α,γ.

From here on out, we fix α and γ and omit this dependence in the notation.
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Correlation Functions and Kernels

Corollary V.1. The correlation function RN
n can be expressed as the Pfaffian of a

2n× 2n antisymmetric matrix consisting of 2× 2 matrix block kernels: For

SN(θ, φ) = i
√
w(θ)w(φ)

N−1∑
n=0

q2n(eiθ)q2n+1(e
−iφ)− q2n+1(e

iθ)q2n(e−iφ)

rn

DSN(θ, φ) = SN(θ,−φ)

ISN(θ, φ) = SN(−θ, φ)

and

KN(θ, φ) =

[
DSN(θ, φ) SN(θ, φ)

−SN(φ, θ) ISN(θ, φ)

]
,

we have

RN
n (θn) = Pf

[
KN(θk, θl)

]n
k,l=1

(V.3)

Proof of Corollary V.1. The proof follows from the proof of Theorem IV.1 with

X = 0. In essence, by manipulating the weight, the partition function becomes a

multivariate polynomial whose coefficients are the correlation functions.

Limiting Density and Kernels

Unlike the ensemble studied in Chapter IV, the kernels can not be reduced to

a Christoffel-Darboux kernel. While in the previous section we used results from

orthogonal polynomial ensemble theory to help us with the asymptotic calculations,

for this model we must directly calculate the asymptotic density and kernels.
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Theorem V.1. The density of particles converges to the uniform distribution.

Remark V.2. Despite the repulsion at the edges θ = 0 and θ = π, the push from

the bulk is greater and evenly distributes the particles on the circle.

Theorem V.3. Rescaling the locations of the particles by θ 7→ θ

N
+
π

2
, the bulk

kernels at
π

2
are

lim
N→∞

i

N
SN

(
θ

N
+
π

2
,
φ

N
+
π

2

)
= ei(θ−φ)

sin(θ − φ)

π(θ − φ)

lim
N→∞

i

N
DSN

(
θ

N
+
π

2
,
φ

N
+
π

2

)
= 0

lim
N→∞

i

N
ISN

(
θ

N
+
π

2
,
φ

N
+
π

2

)
= 0.

Theorem V.4. Rescaling the locations of the particles by θ 7→ θ

N
, the edge kernels

at 0 are

lim
N→∞

1

N
SN

(
θ

N
,
φ

N

)
=
θ + φ

2

∫ 1

0

teit(θ−φ)Jα(tθ)Jα(tφ)dt

+
i

2

∫ 1

0

teit(θ−φ)(φJα(tθ)J ′α(tφ)− θJα(tφ)J ′α(tθ))dt

lim
N→∞

1

N
DSN

(
θ

N
,
φ

N

)
=
θ − φ

2

∫ 1

0

teit(θ+φ)Jα(tθ)Jα(tφ)dt

+
i

2

∫ 1

0

teit(θ+φ)(φJα(tθ)J ′α(tφ)− θJα(tφ)J ′α(tθ))dt

lim
N→∞

1

N
ISN

(
θ

N
,
φ

N

)
=
φ− θ

2

∫ 1

0

te−it(θ+φ)Jα(tθ)Jα(tφ)dt

+
i

2

∫ 1

0

te−it(θ+φ)(φJα(tθ)J ′α(tφ)− θJα(tφ)J ′α(tθ))dt.
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Corollary V.5. The kernels at the edge can be rewritten as

S(θ, φ) = ei(θ−φ)
φJα(θ)J ′α(φ)− θJα(φ)J ′α(θ)

2(θ − φ)

DS(θ, φ) = ei(θ+φ)
φJα(θ)J ′α(φ)− θJα(φ)J ′α(θ)

2(θ + φ)

IS(θ, φ) = −e−i(θ+φ)φJα(θ)J ′α(φ)− θJα(φ)J ′α(θ)

2(θ + φ)
.

Compare these kernels to (IV.17).

Proofs

Recall that we fix α and γ and omit them from the notation. Let P (α,γ)
n = Pn.

Proof of Theorem V.1

This proof is essentially the same as the proof of Theorem IV.1 with the

simplification X = 0. In summary, we first write the Boltzman factor as

e−E(θN ) =

(
N∏
n=1

i · w(θn)

)

× det


ρ0(e

iθ1) ρ0(e
−iθ1) · · · ρ0(e

iθN ) ρ0(e
−iθN )

ρ1(e
iθ1) ρ1(e

−iθ1) · · · ρ1(e
iθN ) ρ1(e

−iθN )
...

...
...

...

ρ2N−1(e
iθ1) ρ2N−1(e

−iθ1) · · · ρ2N−1(e
iθN ) ρ2N−1(e

−iθN )

 .
Recall 〈·|·〉 is the skew inner product given by

〈ρn|ρm〉 = i

∫ π

0

(
ρn(eiθ)ρm(e−iθ)− ρn(e−iθ)ρm(eiθ)

)
w(θ) dθ.
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Then, using Laplace’s expansion and Fubini’s theorem,

ZN =
1

N !

∑
σ∈S2N

σ(2n−1)<σ(2n) ∀n

sgnσ

×
N∏
n=1

i

∫ π

0

(
ρσ(2n−1)−1(e

iθ)ρσ(2n)−1(e
−iθ)− ρσ(2n−1)−1(e−iθ)ρσ(2n)−1(eiθ)

)
w(θ) dθ

=
1

2NN !

∑
σ∈S2N

sgnσ

×
N∏
n=1

i

∫ π

0

(
ρσ(2n−1)−1(e

iθ)ρσ(2n)−1(e
−iθ)− ρσ(2n−1)−1(e−iθ)ρσ(2n)−1(eiθ)

)
w(θ) dθ

= Pf
[
〈ρn|ρm〉

]2N−1
n,m=0

.

Proof of Theorem V.1

Let 2n+ 1 ≥ m. Then

〈einθPn(cos θ)|eimθ〉 = i

∫ π

0

Pn(cos θ)(ei(m−n)θ − e−i(m−n)θ)w(θ) dθ

= 2

∫ π

0

Pn(cos θ)
sin(m− n)θ

sin θ
sin θ w(θ) dθ.

Let Un(x) be the Chebyshev polynomial of the second kind of degree n. Now

sin(m− n)θ

sin θ
=



Um−n−1(cos θ) if m ≥ n+ 1

0 if m = n

−Un−m−1(cos θ) if m ≤ n− 1.
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Thus,

〈einθPn(cos θ)|eimθ〉 =



2

∫ 1

−1
Pn(cos θ)Um−n−1(cos θ) sin θ · w(θ) dθ if m ≥ n+ 1

0 if n = m

−2

∫ 1

−1
Pn(cos θ)Un−m−1(cos θ) sin θ · w(θ) dθ if m ≤ n− 1.

Now all the cases are equal to zero unless m = 2n+1. This proves the construction

of the even skew-polynomials. For the odd polynomials, let m ≤ 2n− 1. Then

〈e−iθ(q2n+2(e
iθ)− q2n(eiθ))|eimθ〉 = 〈(q2n+2(e

iθ)− q2n(eiθ))|ei(m+1)θ〉

= 〈q2n+2(e
iθ)|ei(m+1)θ〉α,γ − 〈q2n(eiθ)|ei(m+1)θ〉

= 0.

The normalization of the polynomials are

rn = 〈q2n+1(e
iθ)|q2n(eiθ)〉

= 〈einθPn(cos θ)|e−iθ(ei(n+1)θPn+1(cos θ)− einθPn(cos θ))〉

= 〈Pn(cos θ)|Pn+1(cos θ)〉α,γ − 〈eiθPn(cos θ)|Pn(cos θ)〉

= −i
∫ π

0

(Pn(cos θ))2(eiθ − e−iθ)w(θ) dθ

= 2

∫ π

0

(Pn(cos θ))2 sin θ w(θ) dθ.

Proof of Theorem V.1

Let

aN−1 =
(2N + α + γ)(2N + α + γ − 1)

2N(N + α + γ)
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be the ratio of the Nth and (N −1)th leading coefficient of the Jacobi polynomials.

We have

1

N
SN(θ, θ) =

iw(θ)

N

N−1∑
n=0

q2n(eiθ)q2n+1(e
−iθ)− q2n+1(e

iθ)q2n(e−iθ)

rn

=
2w(θ) sin θ

N

N−1∑
n=0

(Pn(cos θ))2

rn
.

Using the Christoffel-Darboux formula, the above expression is equal to

2w(θ) sin θ

N
·
P ′N(cos θ)PN−1(cos θ)− P ′N−1(cos θ)PN(cos θ)

aN−1rN−1
. (V.4)

Now (Section 4.5 of [36])

P ′n(x) =
−n((2n+ α + γ)x+ γ − α)Pn(x) + 2(n+ α)(n+ γ)Pn−1(x))

(2n+ α + γ)(1− x2)
.

Substituting this back into (V.4) and some simplification gives

1

N
SN(θ, θ) =

2w(θ)

NaN−1rN−1 sin θ

×
{(
− cos θ − N(γ − α)

2N + α + γ
+

(N − 1)(γ − α)

2(N − 1) + α + γ

)
× PN(cos θ)PN−1(cos θ)

+
2(N + α)(N + γ)

2N + α + γ
(PN−1(cos θ))2

− 2(N + α− 1)(N + γ − 1)

2(N − 1) + α + γ
PN(cos θ)PN−2(cos θ)

}
. (V.5)

We break (V.5) down into the two factors. First,

2w(θ)

NaN−1rN−1 sin θ
=

(N + α + γ)Γ(N)Γ(N + α + γ)(sin θ
2
)2α(cos θ

2
)2γ

(2N + α + γ)Γ(N + α)Γ(N + γ) sin θ
.

Now for α ∈ R,

Γ(n+ α)

Γ(n)nα
= 1 +O(n−1). (V.6)
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Thus,

2w(θ)

NaN−1rN−1 sin θ
→

(sin θ
2
)2α(cos θ

2
)2γ

2 sin θ
. (V.7)

For the second factor of (V.5), we use the asymptotics of the Jacobi polynomial

which can be found in Theorem 8.21.8 of [36]: For 0 < θ < π,

Pn(cos θ) =
cos[(n+ 1

2
(α + γ + 1))θ − (α + 1

2
)π
2
]

√
πn(sin θ

2
)α+

1
2 (cos θ

2
)γ+

1
2

+O(n−
3
2 ). (V.8)

The second factor of (V.5) consists of three summands. For the first summand,

note that

− cos θ − N(γ − α)

2N + α + γ
+

(N − 1)(γ − α)

2(N − 1) + α + γ
= O(1). (V.9)

Therefore, using (V.8) and (V.9),

(
− cos θ − N(γ − α)

2N + α + γ
+

(N − 1)(γ − α)

2(N − 1) + α + γ

)
PN(cos θ)PN−1(cos θ)→ 0.

(V.10)

For the asymptotics of the next two summands, note that

2(N + α)(N + γ)

2N + α + γ
= N +O(1)

2(N + α− 1)(N + γ − 1)

2(N − 1) + α + γ
= N +O(1).

Then

2(N + α)(N + γ)

2N + α + γ
(PN−1(cos θ))2 − 2(N + α− 1)(N + γ − 1)

2(N − 1) + α + γ
PN(cos θ)PN−2(cos θ)

∼ N(PN−1(cos θ))2 − PN(cos θ)PN−2(cos θ)
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Now with

cn = n+
1

2
(α + γ + 1)

d =

(
α +

1

2

)
π

2
, (V.11)

and using (V.8),

(PN−1(cos θ))2 − PN(cos θ)PN−2(cos θ)

=
1

π(sin θ
2
)2α+1(cos θ

2
)2γ+1

×

(
cos2[cN−1 · θ − d]

N − 1
− cos[cN · θ − d] cos[cN−2 · θ − d]√

N(N − 2)
+O(N−

3
2 )

)
.

Now

cos2[cN−1 · θ − d]

N − 1
=

cos2[cN−1 · θ − d]

N
+

cos2[cN−1 · θ − d]

N2 −N

and with

√
x(x− 2) = x+O(1),

then

cos[cN · θ − d] cos[cN−2 · θ − d]√
N(N − 2)

=
cos[cN · θ − d] cos[cN−2 · θ − d]

N
+O(N−2)

so that

(PN−1(cos θ))2 − PN(cos θ)PN−2(cos θ)

∼ cos2[cN−1 · θ − d]− cos[cN · θ − d] cos[cN−2 · θ − d]

πN(sin θ
2
)2α+1(cos θ

2
)2γ+1

.
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Using trigonometric identities,

cos2[cN−1 · θ − d]− cos[cN · θ − d] cos[cN−2 · θ − d] = sin2 θ.

Therefore,

N(PN−1(cos θ))2 − PN(cos θ)PN−2(cos θ)→ sin2 θ

π(sin θ
2
)2α+1(cos θ

2
)2γ+1

.

(V.12)

Plugging (V.7), (V.10), and (V.12) back into (V.5),

1

N
SN(θ, θ)→ 1

π
.

Proof of Theorem V.3

Let

WN(θ, φ) =

√
w

(
θ

N
+
π

2

)
w

(
φ

N
+
π

2

)
= 2α+γ

(
sin

[
1

2

(
θ

N
+
π

2

)]
sin

[
1

2

(
θ

N
+
π

2

)])α
×
(

cos

[
1

2

(
θ

N
+
π

2

)]
cos

[
1

2

(
φ

N
+
π

2

)])γ
(V.13)

and let

AN (θ, φ) =
WN (θ, φ)

N

(
e−i

θ
N + ei

φ
N

)N−1∑
n=0

ei
n
N
(θ−φ)

Pn
(
cos
[
θ
N + π

2

])
Pn

(
cos
[
φ
N + π

2

])
rn

BN (θ, φ) =
WN (θ, φ)

N

N−1∑
n=0

ei
n
N
(θ−φ)

×
Pn
(
cos
[
θ
N + π

2

])
Pn+1

(
cos
[
φ
N + π

2

])
− Pn+1

(
cos
[
θ
N + π

2

])
Pn

(
cos
[
φ
N + π

2

])
rn

.

(V.14)
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Then

i

N
SN

(
θ

N
+
π

2
,
φ

N
+
π

2

)
=
iWN(θ, φ)

N

×
N−1∑
n=0

q2n

(
ei(

θ
N
+π

2 )
)
q2n+1

(
e−i(

φ
N
+π

2 )
)
− q2n+1

(
ei(

θ
N
+π

2 )
)
q2n

(
e−i(

φ
N
+π

2 )
)

rn

= AN(θ, φ) + iBN(θ, φ).

First we simplify BN . We now use the asympotics of the Jacobi polynomials (V.8):

WN (θ, φ) ·
Pn
(
cos
[
θ
N + π

2

])
Pn+1

(
cos
[
φ
N + π

2

])
− Pn+1

(
cos
[
θ
N + π

2

])
Pn

(
cos
[
φ
N + π

2

])
rn

=
WN (θ, φ)

π
√
n(n+ 1)

(
sin
[
1
2

(
θ
N + π

2

)]
sin
[
1
2

(
θ
N + π

2

)])α+ 1
2

(
cos
[
1
2

(
θ
N + π

2

)]
cos
[
1
2

(
φ
N + π

2

)])γ+ 1
2

rn

×

{
cos

[
cn

(
θ

N
+
π

2

)
− d
]

cos

[
cn+1

(
φ

N
+
π

2

)
− d
]

− cos

[
cn+1

(
θ

N
+
π

2

)
− d
]

cos

[
cn

(
φ

N
+
π

2

)
− d
]}

+
1

rn
O(n−2)

where cn and d are defined in (V.11). Since rn = O(n−1),

1

rn
O(n−2) = O(n−1).

Now

cos

[
cn

(
θ

N
+
π

2

)
− d
]

= cos

[
nθ

N
+
πn

2
+
π

4
(γ − α) +

θ

2N
(α + γ + 1)

]
= cos

[
nθ

N
+
πn

2
+
π

4
(γ − α)

]
cos

[
θ

2N
(α + γ + 1)

]
− sin

[
nθ

N
+
πn

2
+
π

4
(γ − α)

]
sin

[
θ

2N
(α + γ + 1)

]
= cos

[
nθ

N
+
πn

2
+
π

4
(γ − α)

] (
1 +O(N−2)

)
+O(N−1)

= cos

[
nθ

N
+
πn

2
+
π

4
(γ − α)

]
+O(N−1) (V.15)
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and similarly

cos

[
cn+1

(
θ

N
+
π

2

)
− d
]

= cos

[
nθ

N
+
π

2
(n+ 1) +

π

4
(γ − α) +

θ

2N
(α + γ + 1) +

θ

N

]
= cos

[
nθ

N
+
π

2
(n+ 1) +

π

4
(γ − α)

]
cos

[
θ

2N
(α + γ + 1) +

θ

N

]
− sin

[
nθ

N
+
π

2
(n+ 1) +

π

4
(γ − α)

]
sin

[
θ

2N
(α + γ + 1) +

θ

N

]
= cos

[
nθ

N
+
π

2
(n+ 1) +

π

4
(γ − α)

] (
1 +O(N−2)

)
+O(N−1)

= cos

[
nθ

N
+
π

2
(n+ 1) +

π

4
(γ − α)

]
+O(N−1)

= − sin

[
nθ

N
+
πn

2
+
π

4
(γ − α)

]
+O(N−1).

So using trigonometric identities,

cos

[
cn

(
θ

N
+
π

2

)
− d
]

cos

[
cn+1

(
φ

N
+
π

2

)
− d
]

− cos

[
cn+1

(
θ

N
+
π

2

)
− d
]

cos

[
cn

(
φ

N
+
π

2

)
− d
]

= sin

[
nθ

N
+
πn

2
+
π

4
(γ − α)

]
cos

[
nφ

N
+
πn

2
+
π

4
(γ − α)

]
− sin

[
nφ

N
+
πn

2
+
π

4
(γ − α)

]
cos

[
nθ

N
+
πn

2
+
π

4
(γ − α)

]
+O(N−1)

= sin
[ n
N

(θ − φ)
]

+O(N−1). (V.16)

Recalling the value of rn from (V.2), we can simplify

WN (θ, φ)

π
√
n(n+ 1)

(
sin
[
1
2

(
θ
N + π

2

)]
sin
[
1
2

(
θ
N + π

2

)])α+ 1
2

(
cos
[
1
2

(
θ
N + π

2

)]
cos
[
1
2

(
φ
N + π

2

)])γ+ 1
2

rn

=
1(

sin
[
1
2

(
θ
N + π

2

)]
sin
[
1
2

(
θ
N + π

2

)]
cos
[
1
2

(
θ
N + π

2

)]
cos
[
1
2

(
φ
N + π

2

)]) 1
2

× (2n+ α+ γ + 1)Γ(n+ α+ γ + 1)Γ(n+ 1)

4π
√
n(n+ 1)Γ(n+ α+ 1)Γ(n+ γ + 1)

.
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We break this above expression into its two factors. For the first factor, we use

√
x(x+ 1) = x+O(1)

and (V.6) to get

(2n+ α + γ + 1)Γ(n+ α + γ + 1)Γ(n+ 1)

4π
√
n(n+ 1)Γ(n+ α + 1)Γ(n+ γ + 1)

=
(2n+ α + γ + 1)(1 +O(n−1))

4π(n+O(n−1))

=
1

2π
+O(n−1). (V.17)

For the second factor, we use

sin

[
1

2

(
θ

N
+
π

2

)]
=

√
2

2

(
sin

θ

2N
+ cos

θ

2N

)
=

√
2

2
+O(N−1)

and

cos

[
1

2

(
θ

N
+
π

2

)]
=

√
2

2
+O(N−1).

This leads to

1(
sin
[
1
2

(
θ
N

+ π
2

)]
sin
[
1
2

(
θ
N

+ π
2

)]
cos
[
1
2

(
θ
N

+ π
2

)]
cos
[
1
2

(
φ
N

+ π
2

)]) 1
2

=
1

1
2

+O(N−1)

= 2 +O(N−1). (V.18)

So (V.16), (V.17), and (V.18) together gives

BN(θ, φ) ∼ 1

πN

N−1∑
n=0

ei
n
N
(θ−φ) sin

[ n
N

(θ − φ)
]

→ 1

π

∫ 1

0

eit(θ−φ) sin [t(θ − φ)] dt. (V.19)
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Next we simplify AN . We use the asymptotic formula for the Jacobi polynomials

(V.8), substitute in the values of WN (V.13) and rn (V.2) and simplify:

WN(θ, φ)
Pn
(
cos
[
θ
N

+ π
2

])
Pn
(
cos
[
φ
N

+ π
2

])
rn

=
(2n+ α + γ + 1)Γ(n+ α + γ + 1)Γ(n+ 1)

4πnΓ(n+ α + 1)Γ(n+ γ + 1)

×
cos
[
cn
(
θ
N

+ π
2

)
− d
]

cos
[
cn
(
φ
N

+ π
2

)
− d
](

sin
[
1
2

(
θ
N

+ π
2

)]
sin
[
1
2

(
θ
N

+ π
2

)]
cos
[
1
2

(
θ
N

+ π
2

)]
cos
[
1
2

(
φ
N

+ π
2

)]) 1
2

+O(n−1).

Using (V.15),

cos

[
cn

(
θ

N
+
π

2

)
− d
]

cos

[
cn

(
φ

N
+
π

2

)
− d
]

= cos

[
nθ

N
+
πn

2
+
π

4
(γ − α)

]
cos

[
nφ

N
+
πn

2
+
π

4
(γ − α)

]
+O

(
N−1

)
=

(
cos

[
nθ

N
+
π

4
(γ − α)

]
cos
[πn

2

]
− sin

[
nθ

N
+
π

4
(γ − α)

]
sin
[πn

2

])
×
(

cos

[
nφ

N
+
π

4
(γ − α)

]
cos
[πn

2

]
− sin

[
nφ

N
+
π

4
(γ − α)

]
sin
[πn

2

])
+ O

(
N−1

)
=


cos

[
nθ

N
+
π

4
(γ − α)

]
cos

[
nφ

N
+
π

4
(γ − α)

]
if n even

sin

[
nθ

N
+
π

4
(γ − α)

]
sin

[
nφ

N
+
π

4
(γ − α)

]
if n odd

+ O(N−1)

:= hN,n(θ, φ) +O(N−1).

Now (V.17), (V.18), and

e−i
θ
N + ei

φ
N = 2 +O(N−1)
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give

AN(θ, φ) ∼ 2

πN

N−1∑
n=0

ei
n
N
(θ−φ)hN,n(θ, φ).

Since we will be taking N →∞, we may assume N = 2K. Then

AN(θ, φ) ∼ 2

πN

K−1∑
k=0

{
ei

2k
N

(θ−φ) cos

[
2kθ

N
+
π

4
(γ − α)

]
cos

[
2kφ

N
+
π

4
(γ − α)

]
+ ei

2k+1
N

(θ−φ) sin

[
(2k + 1)θ

N
+
π

4
(γ − α)

]
sin

[
(2k + 1)φ

N
+
π

4
(γ − α)

]}

We next use

ei
2k+1
N

(θ−φ) = ei
2k
N

(θ−φ)(1 +O(N−1))

sin

[
(2k + 1)θ

N
+
π

4
(γ − α)

]
= sin

[
2kθ

N
+
π

4
(γ − α)

]
+O(N−1).

Then

AN(θ, φ) ∼ 2

πN

K−1∑
k=0

{
ei

2k
N

(θ−φ) cos

[
2kθ

N
+
π

4
(γ − α)

]
cos

[
2kφ

N
+
π

4
(γ − α)

]
+ ei

2k
N

(θ−φ) sin

[
2kθ

N
+
π

4
(γ − α)

]
sin

[
2kφ

N
+
π

4
(γ − α)

]
+O(N−1)

}
=

2

πN

K−1∑
k=0

(
ei

2k
N

(θ−φ) cos

[
2k

N
(θ − φ)

]
+O(N−1)

)

∼ 2

πN

K−1∑
k=0

(
ei

2k
N

(θ−φ) cos

[
2k

N
(θ − φ)

])
→ 1

π

∫ 1

0

eit(θ−φ) cos [t(θ − φ)] dt. (V.20)
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Putting (V.19) and (V.20) together gives

i

N
SN

(
θ

N
+
π

2
,
φ

N
+
π

2

)
→ 1

π

∫ 1

0

eit(θ−φ) cos [t(θ − φ)] dt

+
i

π

∫ 1

0

eit(θ−φ) sin [t(θ − φ)] dt

=
1

π

∫ 1

0

e2it(θ−φ)dt

= ei(θ−φ)
sin(θ − φ)

π(θ − φ)
.

For DSN , the AN term differs from (V.14) in that e−i
θ
N + ei

φ
N is instead

e−i
φ
N − ei

θ
N = O(N−1).

The BN term for DSN is

BN (θ, φ) =
WN (θ, φ)

N

N−1∑
n=0

(−1)nei
n
N (θ+φ)

×
Pn
(
cos
[
θ
N + π

2

])
Pn+1

(
cos
[
φ
N + π

2

])
− Pn+1

(
cos
[
θ
N + π

2

])
Pn

(
cos
[
φ
N + π

2

])
rn

.

Now∣∣∣∣∣Pn
(
cos
[
θ
N

+ π
2

])
Pn+1

(
cos
[
φ
N

+ π
2

])
− Pn+1

(
cos
[
θ
N

+ π
2

])
Pn
(
cos
[
φ
N

+ π
2

])
rn

∣∣∣∣∣→ 0

as n→∞ for all N . This shows that DSN → 0. The proof for ISN is same as the

proof for DSN .
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Proof of Theorem V.4

Let

CN(θ, φ) =
i
√
w
(
θ
N

)
w
(
φ
N

)
N

(
e−i

θ
N − ei

φ
N

)
×

N−1∑
n=0

ei
n
N
(θ−φ)Pn(cos θ

N
)Pn(cos φ

N
)

rn

DN(θ, φ) =
i
√
w
(
θ
N

)
w
(
φ
N

)
N

N−1∑
n=0

ei
n
N
(θ−φ)

×
Pn(cos θ

N
)Pn+1(cos φ

N
)− Pn(cos φ

N
)Pn+1(cos θ

N
)

rn
.

Then it follows that

1

N
SN

(
θ

N
,
φ

N

)
= CN(θ, φ) +DN(θ, φ). (V.21)

We first simplify CN . Note that

e−i
θ
N − ei

φ
N = − i

N
(θ + φ) +O(N−2)

We use the asymptotics for Jacobi polynomials

Pn(cos θ) =
2
α+γ
2 Γ(n+ α + 1)√

w(θ)
(
n+ α+γ+1

2

)α
n!
·
√

θ

sin θ
Jα

[(
n+

α + γ + 1

2

)
θ

]
+ O(n−

3
2 ). (V.22)

Then

CN(θ, φ) ∼ 2α+γ(θ + φ) +O(N−1)

N2
·
√

θφ

N2 sin θ
N

sin φ
N

×
N−1∑
n=0

ei
n
N
(θ−φ)

(
Γ(n+ α + 1)(
n+ α+γ+1

2

)α
n!

)2

×
Jα
[(
n+ α+γ+1

2

)
θ
N

]
Jα
[(
n+ α+γ+1

2

)
φ
N

]
rn

.
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Now using the identity [42]

Jα(x+ y) =
∞∑

k=−∞

Jα−k(x)Jk(y), (V.23)

we have

Jα

[(
n+

α + γ + 1

2

)
θ

N

]
=

∞∑
k=−∞

Jα−k

[
nθ

N

]
Jk

[
(α + γ + 1)θ

2N

]
= Jα

[
nθ

N

]
J0

[
(α + γ + 1)θ

2N

]
+
∞∑
k=1

(
Jα−k

[
nθ

N

]
Jk

[
(α + γ + 1)θ

2N

]
+ Jα+k

[
nθ

N

]
J−k

[
(α + γ + 1)θ

2N

])
.

Using

J−n(x) = (−1)nJn(x),

the above expression is equal to

Jα

[
nθ

N

]
J0

[
(α + γ + 1)θ

2N

]
+
∞∑
k=1

(
Jα−k

[
nθ

N

]
Jk

[
(α + γ + 1)θ

2N

]
+ (−1)kJα+k

[
nθ

N

]
Jk

[
(α + γ + 1)θ

2N

])
.

The Bessel function can be expanded as

Jα(x) =
∞∑
m=0

(−1)m

m!Γ(m+ α + 1)

(x
2

)2m+α

. (V.24)

In particular,

J0

[
(α + γ + 1)θ

2N

]
= 1 +O(N−2)

Jk

[
(α + γ + 1)θ

2N

]
= O(N−k)
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This leads to

Jα

[(
n+

α + γ + 1

2

)
θ

N

]
= Jα

[
nθ

N

]
+O(N−1)

and consequently

Jα

[(
n+

α + γ + 1

2

)
θ

N

]
Jα

[(
n+

α + γ + 1

2

)
φ

N

]
= Jα

[
nθ

N

]
Jα

[
nφ

N

]
+O(N−1). (V.25)

Using (V.6) we have (
Γ(n+ α + 1)(
n+ α+γ+1

2

)α
n!

)2

= 1 +O(n−1) (V.26)

and

1

rn
=

n

2α+γ+1
+O(1). (V.27)

So (V.25), (V.26), and (V.27) imply

CN(θ, φ) ∼ θ + φ

2N
·
√

θφ

N2 sin θ
N

sin φ
N

N−1∑
n=0

n

N
· ei

n
N
(θ−φ)Jα

[
nθ

N

]
Jα

[
nφ

N

]
→ θ + φ

2

∫ 1

0

t · eit(θ−φ)Jα[tθ]Jα[tφ] dt.

Next we simplify DN . After applying the asymptotics (V.22) to DN , we get

DN(θ, φ) ∼ 2α+γi

N
·
√

θφ

N2 sin θ
N

sin φ
N

N−1∑
n=0

ei
n
N
(θ−φ)

× Γ(n+ α + 1)Γ(n+ α + 2)gN,n(θ, φ)(
n+ α+γ+1

2

)α (
n+ 1 + α+γ+1

2

)α
n!(n+ 1)!rn

where

gN,n(θ, φ) = Jα

[(
n+

α + γ + 1

2

)
θ

N

]
Jα

[(
n+ 1 +

α + γ + 1

2

)
φ

N

]
− Jα

[(
n+ 1 +

α + γ + 1

2

)
θ

N

]
Jα

[(
n+

α + γ + 1

2

)
φ

N

]
.
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Now using the identities (V.23) and (V.24) we have

Jα

[(
n+ 1 +

α + γ + 1

2

)
θ

N

]
=

∞∑
k=−∞

Jα−k

[(
n+

α + γ + 1

2

)
θ

N

]
Jk

[
θ

N

]
= Jα

[(
n+

α + γ + 1

2

)
θ

N

]
J0

[
θ

N

]
+
∞∑
k=1

Jα−k

[(
n+

α + γ + 1

2

)
θ

N

]
Jk

[
θ

N

]
+
∞∑
k=1

(−1)kJα+k

[(
n+

α + γ + 1

2

)
θ

N

]
Jk

[
θ

N

]
= Jα

[(
n+

α + γ + 1

2

)
θ

N

]
(1 +O(N−2)) +

θ

2N
Jα−1

[(
n+

α + γ + 1

2

)
θ

N

]
+ O(N−2)

∞∑
k=2

Jα−k

[(
n+

α + γ + 1

2

)
θ

N

]
Jk

[
θ

N

]
− θ

2N
Jα+1

[(
n+

α + γ + 1

2

)
θ

N

]
+ O(N−2)

∞∑
k=2

(−1)kJα+k

[(
n+

α + γ + 1

2

)
θ

N

]
Jk

[
θ

N

]
.

145



Thus,

gN,n(θ, φ) = Jα

[(
n+

α + γ + 1

2

)
θ

N

]{
Jα

[(
n+

α + γ + 1

2

)
φ

N

]
+

φ

2N

(
Jα−1

[(
n+

α + γ + 1

2

)
φ

N

]
− Jα+1

[(
n+

α + γ + 1

2

)
φ

N

])}
− Jα

[(
n+

α + γ + 1

2

)
φ

N

]{
Jα

[(
n+

α + γ + 1

2

)
θ

N

]
+

θ

2N

(
Jα−1

[(
n+

α + γ + 1

2

)
θ

N

]
− Jα+1

[(
n+

α + γ + 1

2

)
θ

N

])}
+ O(N−2)

=
φ

2N
Jα

[(
n+

α + γ + 1

2

)
θ

N

]
×
(
Jα−1

[(
n+

α + γ + 1

2

)
φ

N

]
− Jα+1

[(
n+

α + γ + 1

2

)
φ

N

])
− θ

2N
Jα

[(
n+

α + γ + 1

2

)
φ

N

]
×
(
Jα−1

[(
n+

α + γ + 1

2

)
θ

N

]
− Jα+1

[(
n+

α + γ + 1

2

)
θ

N

])
+ O(N−2).

We again use (V.23) and (V.24) to get

φ

2N
Jα

[
nθ

N

](
Jα−1

[
nφ

N

]
− Jα+1

[
nφ

N

])
− θ

2N
Jα

[
nφ

N

](
Jα−1

[
nθ

N

]
− Jα+1

[
nθ

N

])
+O(N−2).

Now

J ′α(z) =
1

2
(Jα−1(z)− Jα+1(z)) .

Thus,

gN,n(θ, φ) =
φ

N
Jα

[
nθ

N

]
J ′α

[
nφ

N

]
− θ

N
Jα

[
nφ

N

]
J ′α

[
nθ

N

]
+O(N−2). (V.28)
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Next, using (V.27),

Γ(n+ α + 1)Γ(n+ α + 2)(
n+ α+γ+1

2

)α (
n+ 1 + α+γ+1

2

)α
n!(n+ 1)!rn

=
n

2α+γ+1
+O(1). (V.29)

Thus, using (V.28) and (V.29),

DN(θ, φ) ∼ i2α+γ

N
·
√

θφ

N2 sin θ
N

sin φ
N

N−1∑
n=0

1

N

( n

2α+γ+1
+O(1)

)
ei

n
N
(θ−φ)

×
(
φJα

[
nθ

N

]
J ′α

[
nφ

N

]
− θJα

[
nφ

N

]
J ′α

[
nθ

N

]
+O(N−1)

)
→ i

2

∫ 1

0

teit(θ−φ) (φJα(tθ)J ′α(tφ)− θJα(tφ)J ′α(tθ)) dt.

The proofs for the edge asymptotics of DSN and ISN follow directly from the proof
for SN .

Proof of Corollary V.5

We use the identity from Equation 6 of [2]

∫
xJα(ax)Jα(bx)dx =

x(bJα(ax)J ′α(bx)− aJα(bx)J ′α(ax))

a2 − b2
.

Then

∫ 1

0

teit(θ−φ)Jα(tθ)Jα(tφ)dt

=

∫ 1

0

eit(θ−φ)
d

dt

(
t(φJα(tθ)J ′α(tφ)− θJα(tφ)J ′α(tθ))

θ2 − φ2

)
dt

= ei(θ−φ)
φJα(θ)J ′α(φ)− θJα(φ)J ′α(θ)

θ2 − φ2

−
∫ 1

0

i(θ − φ)eit(θ−φ)
t(φJα(tθ)J ′α(tφ)− θJα(tφ)J ′α(tθ))

θ2 − φ2
dt.
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Thus

θ + φ

2

∫ 1

0

teit(θ−φ)Jα(tθ)Jα(tφ)dt

= ei(θ−φ)
φJα(θ)J ′α(φ)− θJα(φ)J ′α(θ)

2(θ − φ)

− i

2

∫ 1

0

teit(θ−φ)(φJα(tθ)J ′α(tφ)− θJα(tφ)J ′α(tθ))dt

and the result follows. The proofs for the remaining kernels are exactly the same.
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We record the kernel entries for the β = 2 (CUE), β = 1 (COE), and β = 4

(CSE) circular ensemble. We will interpret N as the total number of charge-
√
β

particles on the unit circle interacting logarithmically with no external field. The

partition function is

ZN ;β =

∫
[−π,π)N

∏
n>m

∣∣eiθn − eiθm∣∣β dθN ,
and the correlation functions are

RN
n;β(θn) = Pf

[
DSN ;β(θj, θk) SN ;β(θj, θk)

−SN ;β(θk, θj) ISN ;β(θj, θk)

]n
j,k=1

.
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APPENDIX A

β = 2 (CUE)

The CUE is a determinantal point process, and the correlation function is

RN
n;2(θn) = det

[
SN ;2(θj, θk)

]n
j,k=1

where

SN ;2(θ, φ) =
1

2π

N∑
n=1

ei(n−1)(θ−φ). (A.1)

By scaling θ 7→ 2π

N
, the limiting kernel is

S2(θ, φ) = lim
N→∞

2π

N
SN ;2

(
2πθ

N
,
2πφ

N

)
(A.2)

= lim
N→∞

1

N

N∑
n=1

e2πi(
n−1
N )(θ−φ)

=

∫ 1

0

e2πi(θ−φ)t dt

= eπi(θ−φ)
sin π(θ − φ)

π(θ − φ)
.

The determinantal point process can also be considered as a Pfaffian point process,

for

RN
n;2(θn) = det

[
SN ;2(θj, θk)

]n
j,k=1

= Pf

[
0 SN ;2(θj, θk)

−SN ;2(θk, θj) 0

]n
j,k=1

.(A.3)

In other words,

DSN ;2(θ, φ) = 0

ISN ;2(θ, φ) = 0.
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APPENDIX B

β = 1 (COE)

Let N be even and denote

(2n− 1)!! =
n∏
k=1

(2k − 1).

The partition function of this ensemble is given by

ZN ;1 =

∫
[−π,π)N

∏
n>m

∣∣eiθn − eiθm∣∣ dθN
= Pf AN

=
(8π)

N
2

(N − 1)!!

where AN is defined in (III.3). The kernel entries are

SN ;1(θ, φ) =
1

π

N
2∑

n=1

cos

[(
2n− 1

2

)
(θ − φ)

]

DSN ;1(θ, φ) =
i

πN

N
2∑

n=1

(
2n− 1

2

)
sin

[(
2n− 1

2

)
(θ − φ)

]

ISN ;1(θ, φ) = −2iN

π

N
2∑

n=1

(
2

2n− 1

)
sin

[(
2n− 1

2

)
(θ − φ)

]
+ sgn(θ − φ).(B.1)
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By scaling θ 7→ 2πθ

N
, the limiting kernels are

2π

N
SN ;1

(
2πθ

N
,
2πφ

N

)
=

2

N

N
2∑

n=1

cos

[
π

(
2n− 1

N

)
(θ − φ)

]
→
∫ 1

0

cos [π(θ − φ)t] dt

=
sin [π(θ − φ)]

π(θ − φ)
,

2π

N
DSN ;1

(
2πθ

N
,
2πφ

N

)
=

i

4
· 2

N

N
2∑

n=1

(
2n− 1

N

)
sin

[
π

(
2n− 1

N

)
(θ − φ)

]
→ i

4

∫ 1

0

t · sin [π(θ − φ)t] dt

=
i

4

(
sin [π(θ − φ)]

π2(θ − φ)2
− cos [π(θ − φ)]

π(θ − φ)

)
,

2π

N
ISN ;1

(
2πθ

N
,
2πφ

N

)
= −4i · 2

N

N
2∑

n=1

(
1

2n−1
N

)
sin

[
π

(
2n− 1

N

)
(θ − φ)

]
+ 2π · sgn(θ − φ)

→ −4i

∫ 1

0

sin [π(θ − φ)t]

t
dt+ 2π · sgn(θ − φ). (B.2)

Remark B.1. In Chapter III, N was the total charge of the system. In the β = 1

case, the total charge is equal to the total number of particles.
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APPENDIX C

β = 4 (CSE)

The partition function of this ensemble is given by

ZN ;4 =

∫
[−π,π)N

∏
n>m

∣∣eiθn − eiθm∣∣4 dθN
= Pf B2N

= (2π)N(2N − 1)!!

where BN is defined in (IV.15). The kernel entries are

SN ;4(θ, φ) =
1

2π

N∑
n=1

cos

[(
2n− 1

2

)
(θ − φ)

]

DSN ;4(θ, φ) =
iN

2π

N∑
n=1

(
2

2n− 1

)
sin

[(
2n− 1

2

)
(θ − φ)

]

ISN ;4(θ, φ) = − i

2πN

N∑
n=1

(
2n− 1

2

)
sin

[(
2n− 1

2

)
(θ − φ)

]
. (C.1)

By scaling θ 7→ 2πθ

N
, the limiting kernel entries are

S4(θ, φ) = lim
N→∞

2π

N
SN ;4

(
2πθ

N
,
2πφ

N

)
= lim

N→∞

1

2
· 2

N

N∑
n=1

cos

[
π

(
2n− 1

N

)
(θ − φ)

]
=

1

2

∫ 2

0

cos [π(θ − φ)t] dt

=
sin [2π(θ − φ)]

2π(θ − φ)
,
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DS4(θ, φ) = lim
N→∞

2πDN ;4

(
2πθ

N
,
2πφ

N

)
= lim

N→∞

i

2
· 2

N

N∑
n=1

1(
2n−1
2N

) sin

[
π

(
2n− 1

N

)
(θ − φ)

]
= i

∫ 2

0

sin [π(θ − φ)t]

t
dt,

IS4(θ, φ) = lim
N→∞

2π

N2
ISN ;4

(
2πθ

N
,
2πφ

N

)
= lim

N→∞
− i

2
· 2

N

N∑
n=1

(
2n− 1

2N

)
sin

[
π

(
2n− 1

N

)
(θ − φ)

]
= − i

4

∫ 2

0

t · sin [π(θ − φ)t] dt

= i

(
cos [2π(θ − φ)]

2π(θ − φ)
− sin [2π(θ − φ)]

4π2(θ − φ)2

)
. (C.2)

Remark C.1. We make the same remark from the previous section. In Chapter

III, N represented the total charge of the system. This interpretation changes the

kernels. In this case, N must be even and the total number of particles is
N

2
.

Making this change,

SN ;4(θ, φ) =
1

2π

N
2∑

n=1

cos

[(
2n− 1

2

)
(θ − φ)

]

DSN ;4(θ, φ) =
iN

2π

N
2∑

n=1

(
2

2n− 1

)
sin

[(
2n− 1

2

)
(θ − φ)

]

ISN ;4(θ, φ) = − i

2πN

N
2∑

n=1

(
2n− 1

2

)
sin

[(
2n− 1

2

)
(θ − φ)

]
, (C.3)
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and scaling by θ 7→ 2πθ

N
, the limiting kernels are

S4(θ, φ) =
sin [π(θ − φ)]

2π(θ − φ)

DS4(θ, φ) = i

∫ 1

0

sin [π(θ − φ)t]

t
dt

IS4(θ, φ) = − i
4

(
sin [π(θ − φ)]

π2(θ − φ)2
− cos [π(θ − φ)]

π(θ − φ)

)
. (C.4)
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