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ABSTRACT

The correlation-attenuating effects of arbi-
trary and fortuitous metrics in multivariate
analysis procedures, together with previous at-~
tempts to circumvent these, are discussed. A
new procedure utilizes side conditions imposed
on reduced rank models and proposes the use of
maximum covariance matrices in formulating these
conditions. Approximations to the side conditions
are developed and the procedures are applied to
the binary simplex matrix. Expressions for maxi-
mum covariances as functions of relative frequency
distributions are developed and special cases are
considered.



METRICIZED SMALLEST SPACE ANALYSIS

I. The FPortuitous Metric Problem

A fundamental limitation of most, if not all, re-
duced rank approximations to data matrices is the fact
that such reductions are dependent on variations in the
moments of the distributions of the wvariables in a sam-
ple of entity vectors for a given set of attributes.
Specifically, a correlation of unity can occur only if
the frequency vectors are equal for both variables.

Much attention has been given to problems involving
correlations among binary measures. These problems zarise
because a correlation of unity between two such varisbles
is possible only if their means or P values are equal.

If one wishes to construct a unidimensional test from a

set of dichotomously-scored items which will yield more
than dichotomous discrimination among entities, one must
have a range of "difficulty" or P wvalues for the items.
But, if the set is to be considered as unidimensional, this
means that the items must have maximum intercorrelations.
Strictly speaking, if the set is unidimensional, the matrix
of measures would by definition be of rank one. But, it is
well known that a matrix of binary measures cannot exhibit
other than a dichotomous dispersion of item difficulties
and still be of unit rank. As a matter of fact, the rank

of a binary data matrix can in no case be less than the



number of distinct item difficulties in the set.

II. Attempted Solutions to the Problem

This dilemma has generated a number of discussions
and proposals for the treatment of binary and other dis-
crete measures. The work of Guttmen (1955) on the sim-
plex recognized the limitations of the traditional feeo-
tor analytic and other multivariate analysis models when
applied to binary measures. The later nonmetric approaches
of Shepard (1962), Kruskal (1964), and Coombs (1964), and
the smallest-space analysis procedures of Guttman (1<68)
end Lingoes (1968), have directly or indirectly attempted
to circumvent the problems introduced by the attenuating
or contaminating influence of disparate distributions a-
mong variables.

Carroll (1961) has proposed the application of tetra-
choric correlations to a wide range of correlational data.
In recent years, Horst (1964, 1965, 1968) has discussed
the problem of homogeneity vs. dimensionality encountered
with disparate distributions and proposed several procce-
dures for handling binary measures. Bentler (1970) has
pointed out the limitations of most of the proposed zp-
proaches and has suggested that some of these proposzls
(e.g., Horst, 1965) "pour out the baby with the bathwater.”
While the question of which is the baby and which the bath-
water is clearly still under debate, Bentler has presented

an insightful and penetrating critigue of current approaches



and their limitations. He suggested an approach, which he
called "monotonicity analysis," in an effort to circumvent
the limitations of previous methods. Unfortunately, his
presentation does not follow a tightly structured algebraic
development, and his procedure, like the tetrachoric ap-
proach, may well discard fragments of the baby along with
the bathwater.

But whatever the shortcomings of methods proposed to
date, such efforts are long overdue. Much of the work in
psychological measurement suffers from a failure either to
recognize the problem or to provide adegquate solutions. It
is the purpose of this report to suggest a general approach
to reduced rank treatment of data contaminated by arbitrary
or fortuitous metrics, including most data encountered in
psychology and perhaps in other disciplines as well. The
most immediate and urgent application of the method is in
the measurement of personality by means of responses to
statements. However, the general approach will be present-

ed first and specific cases developed later.

III. Reduced Rank Approximation with Side Conditions

Suppose we let X be an N x n data matrix with N
entities and n attributes. We shall consider first the
problem of approximgting a data matrix with one whose co-
variance matrix satisfies prespecified conditions.

Let the covariance matrix of X be given by

C, = X' X {3.1)

X



For the present, we shall not specify scales or origins

of the variables in X . We let

U=Y A' (3.2)
where

Y'Y = I (3.3)

AAY = 0, (3.4)

the widths of A and Y are less than that of X ,
U 1is the approximation to X, and ¢ is the specified

covariance matrix of U . We write

=B = & (3.5)

We wish to minimize +tr ¢ €' with the constraint (3.3).

Without loss of generality, we let

A = QA (306)

where A is positive diagonal and

Q' Q=1 (3.7}
We let

f#z 'br 3 é' (3-8)

=P+ tr Y'Y (3.9)

where A 1is a symmetric matrix of Lagrangian multipliers.

From (3.1), (3.5), (3.8), and (3.9)

Y=1r (C -YA'X =X AY'+YA*'AY' -Y AY') (3.10)

We set
Sy =0 (3.11)



From (3.10) and (3.11)
X a=YX44% k<A) (3.12)

Let
¥=(a" A - )L (3.13)

From (3.12) and (3.13)
XAX=Y (3.14)

A necessary and sufficient condition that Y in

(3.14) satisfies (3.3) is

¥=(arc 4)°% - (3.15)
From (3.14) and (3.15)

Y =X4 (A C A)F (3.16)
From (3.9 and (3,16)

U=XA4 (A'C A)~F 4 (3.17)

More generally, it can be verified from (3.4), (3.6),

and (3.17) that

U =x 0% (6% ¢ o¥)t ot (3.18)
From (3.4) and (3.17), or from (3.18), it can be seen that

U'U = ¢ (3.19)

IV. The Complete Decontaminated Covariance Matrix

We see then that the matrix U satisfies (3.19), the
prespecified covariance matrix, and that with this constraint
it is the least square approximation to the datas matrix.

Next, we shall consider the matrix ¢ as it relates



to the disparate distribution or fortuitous metric problem.
Consider first the matrix C in equation 3.1l. This is,

of course, a covariance matrix. In particular, let us as-
sume that X has been processed so that C is a correla-
tion matrix. Let fl g = = fn be the frequency propor-
tion vectors for the n columns of measureé in X ., It

is known that the correlations in C cannot all be unity
unless all fi vectors are equal. But, as shown in Sec-
tion 7, it is possible to find the maximum possible covari-
ance between variables i and J for the wectors fi and
fi . We can also, of course, find the maximum correlations,
since the standard deviations corresponding to a maximum
covariance are the same as for the sample.

Suppose now we let G be a matrix of these maximum

correlations., We define
Gg=C/6G (4.1)

where the division symbol on the right indicates elemental

division. In general, it is clear from (4.1) that
G. .| = [/ = 402
053] = | T3] =1 (4.2)

The inequalities in (4.2) hold for all cases in which £,
and fj are distinct.

It will be recognized at once that, for dichotonous
variables, T in (4.1) is a matrix of the well known
ratios of obtained phi coefficients to maximum phi coeffic-

ients. Such coefficients have come in for criticism by



Carroll (1961) and others for reasons that may not be com-
pletely convincing. Some may question why a ratio should
be used rather then some other function which would give
unity as an upper limit. Since the ratio is the most sim-
ple function of the two values which has an upper limit of
unity, perhaps one might pardonably shift the burden of

proof to those who suggest other functions.

V. The Lower Rank Approximation
In any case, it is well known that as the elements of
a correlation matrix increase, so does the positive skew-
ness of the distribution of its roots. It should also be
intuitively obvious that, as this positive skewness in-
creases, the lowest rank of a matrix which approximates
the original with a specified degree of accuracy decreases.

Suppose therefore we let
o=qQ a2 Qr (5.1)
g, = QA % Qe (5.2)

where m indicates the m largest roots and corresponding
vectors of 0 . We may then write, instead of (3.18),
- 5 (g3 5% &
U, =Xa® (¢®Cc a3 q (5.3)
Let us also indicate the basic structure of C by
2 L

and its rank m approximation by

¢, =a, a°a." (5.5)



Instead of (5.3), we then write
W o=Xaq_ q./ (5.6)

We would then expect, in general, that

tr ULt U > b Wt W (5.7)

and that this inequality would increase as the disparities

among the fi inerease.

VI. The Simplex Binary Matrix
In particular, the foregoing approach gives us & sim-
ple way out of the simplex dilemma for a binary simplex
matrix encountered in the perfect Guttman scale. If X
is a standardized perfect simplex matrix of binary scores,
then the elements of the matrix C take their maximum

value. Therefore
C =G (6.1)

From (4.1) and (6.1)

O=1 1" (6.2)
Prom (6.2) i i
gs = L 1% (6.3)
%
Substituting (6.3) in (3.18)
£11¢
U= (6.4)

where, of course, U in (6.4) is a rank-one matrix.



VII. Maximum Covariance

Suppose we have given two measures for N entities
on each of two attributes, X and Y , with proportional
frequency vectors fX and fY of length ny and Dy o
respectively. We wish to determine the maximum covariance
possible for the given vectors. Obviously, this maximum
would occur if ordering entities by X would also order
them by Y . Without loss of generality, ordering within
an interval is arbitrary. We can therefore consider two
N-high orthogonal binary matrices, LX and LY s of width
ny and Dy respectively. The matrix LX is an ;X—high
diagonal supermatrix whose diagonal elements are unit wvec-
tors, each of length equal to N times the correspording
#K elenment. LY is similarly defined for £, . Without
loss of generality, we let the lowest scores for botkh X
and Y be unity, and therefore the highest are Dy and

Dy respectively.

We let
Vg' = (1, - -, ny) (7.1)
VY' = (1 s = = 3 ILY) (7-2)

and X and Y be the N th order vectors of X and Y

scores. FPFrom the definitions we have

We let TX and TY be two triangular matrices of order
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ne and Dy respectively, with all nonzero elements unity.

Therefore, from (7.1) and (7.2), respectively, we have

Ty 1= Vy (7.5)

X

Now the covariance between X and Y is given by

XY 110 Y
GXY = T - 'N' s 'N' (7.7)

To find the maximum value of GXY for given fX and fY ’

we consider first

(X + Y)'E(X+ Y) _X'X + X Y+ XY (7.8)

Prom (7.8) we have

Q—XK‘Yg(X-FY)'(}_C-%_X'X—Y.Y (7.9)

Prom (7.3) through (7.6) we have

X +Y = [;x , Li] 2. 0|1 (7.10)
0 Tyl|ly

Now let us indicate a permutation matrix by

me| X X (7.11)

i

which we shall define subsequently, where the subscripts

indicate the orders of the matrix elements. ILet
X+Y =8 (7.12)

From (7.10), (7.11), and (7.12)
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S = E.X " Lr] Ty O |[My Moyl|ly (7.13)
O Ty|lfyy Tyyl||ly
Let
Ly Ty = Fy (7.15)

From the definitions, FX and FY are both binary simplic-
ial matrices with zeros in the upper right-hand corners.
Prom (7.13), (7.14), and (7.15) we have
S _-—.-|:FX . Fﬂ Ty Tl |3y (7.16)
Tyx Tyy|| Ly
Consider now
1 (FX . FY)
N

= (Px' ? Py') (7017)

It can be seen that the right-side elements of (7.17) are
cumilative frequency vectors of fX and fY s respective-

ly, with PX and PY equal to unity.

1 1
Now let
P' = LPX' , PYj s T (7.18)

Tyx Tyy
where now /7T is defined such that
P. = P {7.18)
5;7 S3n
Let

Fq = [FX . FY:l ey Ty (7.20)

Tyx Tyy
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From the definitions, therefore, Fg is an N x (nX ¥”nY)
binary simplicial matrix.

From (7.16) and (7.20) we have
P
% =.J%i5i (7.21)

where 1y is of order ny + ny . PFrom {T28)

svg 1g' Fg' F5 15
S A R

(7.22)

But from (7.22) and (7.18)

Pl + P2 + P, + = =+ P

3 BTy
+ P2 + P2 + P3 + ngtny

a8' 5
- & P (7-23)

‘,!

+ P3 + P3 + P

- - — — -—

Fagmy T T Fapng

L ol

Let

Vgt = (Vg' , ong 1+ Vy') (7.24)
From (7.23) and (7.24)

S' S

=x==2Vg" Py - 1' Pg ("7.25)

It can also be shown that

M
2.
P

2 V¥ Py - 1' Py {'7:26)

= =2 V' Py - 1' Py (7.27)
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From (7.9), (7.12), (7.25), (7.26), and (7.27)

2 X' _ "
g 2 VS'PS - l'PS -2 VX'PX + l'PX -2 VY'PY + 1!.'PY
(7.28)
But
1* Pg = 1' Py + 1' Py (7.28)
Prom (7.28) and (7.29)
. .
Eﬁrx.= Vo' Py = V! P = V! By (7.30)
From (7.7) and (7.30)
Cxy = Vg' Py = Vyx' Py = Vg' Py = Pp' 11 Py (7.31)
VIII. Change of Origin from "1" to "O"
Let
By definition
P = P =P = P = 1 (8.4)
Sy T8, T X% Y,

Let

Py 'be obtained by deleting the first two ele-
ments of Py , and Py and PY by deleting the first
element of Py and Py , respectively. From (7.31)
through (8.3)

(8.5)
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But from (7.29) and (8.4)

CXY = vs' PS + 1° PS - vx' PX - vy' P

v - PX' L 1Y P

Y
(8.6)

From the definitions of the ~'s, and from (8.4) and (8.6)

1t Py = 1 fg + 2

v P

' P = X

r* Y

v PY -

vy' Py
Pe' 1= Pyt 141
1' Py = 10 Py + 1

Redefine

(1, - = (ng + 0y - 2))
vg' = (1, = = (ng = 1))

i

(1 y - “’(nY - 1))

From (7.29) and (8.6) through (8.15)

IX. Computational Procedure

(8.7)
(8.8)
(8.9)
(8.10)
(8.11)

(8.12)

(8.13)
(8.14)

(8.15)

{8.16)

To calculate maximum Cyy in (8.16), we proceed as

follows:

1. Calculate fX and fY .

2. Calculate both PX and PY by

E& =1-~1f;

(9.1)
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Fi=Ffg-% (9.2)
ey = T (9.3)

3. Calculate (%' 1 and Fy' 1.,
4. Combine the elements of Py and fy %o form Fg
so that
Py .= A~ (9.4)

By S44

5. Calculate vg' Py , vx' Py , and vy' Py .

6. Calculate Cxy from the terms calculated in
instructions 4 and 6 by means of equation 8.16.

Essentially, this method for calculating the maximum

value of a covariance for given proportional frequency

vectors was given without proof by Carroll (1961).

X. Special Cases
We shall next consider three important special cases
of equation 8.16.
First, we consider the case when X =Y . From (8.13)

it can be shown that

V' g mdvy -1 F} (10.1)
From (8.16) and (10.1)

Cygx = 2 vy' I = 1' P (1 + 1 Py) (10.2)

Obviously, equation 10,2 gives the variance of X as a
function of the cumulative frequency proportions.

Next, we consider the case where ny = 2 and therefore
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VX = 1 (10.3)

This is, of course, the case of a point biserial covariance.

Suppose that

o s P, 5 £, (10.4)
Yk-l X Yk
and let
Pt = (P --p ) (10.5)
k'Y T Yny_l o

It can readily be proved from (10.4) and (10.5) that vs'f%

in (8.16) is given by

vy ' Fé - VY' FY + l"kPY + kPX (10.6)

Then from (8.16), (10.3), and (10.6) we have
GXY::]"RPY.’-PX(k“l-l'PY) (10.7)
To my knowledge, formula 10.7 for the maximum point bi-

serial, given fX and fY sy has not been published.

Finally, we shall assume

1 (10.8)

]

b ¢
This is the case of two dichotomous variables. Because of
(10.8) and (10.9), A, and fy are scalars. Without loss

of generality, we shall assume

P Py (10.10)

It can readily be shown then that
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vx' Fk = GX (10.12)
Vy ! pY g p& {(10.13)
le 1 = RX (10.14)
Rt 1=py (10.15)

Substituting equations 10.11 through 10.15 in equaticn
8.16, we get

Equation 10.16 is the well known expression for the raxi-
mum possible covariance between two dichotomous variables
when equation 10.10 is satisfied (Horst, 1966). It is
this formula that should be used to caleculate the G and
U matrices of equation 4.1 when doing a factor analysis

on dichotomously scored personslity items.,

XI. The Case of Negative Correlations

In the foregoing analysis, there is the implicit as-
sumption that all of the intercorrelations are positive.
Let us assume that variables have been reflected so that
the sum of each row of the correlation matrix is greszter
than unity. This can always be done (see Horst, 1965,
p. 131 ff), Then for each remaining negative element in
the C matrix of equation 4.1, we should determine whether
the largest possible value is equal to or greater than the
absolute value of the largest possible negative value.

Whichever is greater in absolute value should be used as
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a positive divisor in getting the corresponding element
in J of equation 4.1.

Carroll (1961) has stated that, to get the maximum
negative value, one simply reverses the orientation of one
of the distributions. Although he presents no algebraic
proof, the procedure appears intuitively obvious so that
we shall not attempt one here.

However, it may be useful to consider the special
case of maximum negative covariances for the case of bi-

nary variables X and Y . Assume that
Py 5 Py (11.1)

Then the maximam covariance is well known to be

It can readily be shown that if

Py + Py > 1 (11.3)
then the absolute minimum value GXY can take is

|minSxy| = (1 = Bg) (1 = By) (11.4)
& o

By + B L (11.5)
then we have

|min®xy| = Px Py (11.6)

Therefore, for each negative value in C remaining

after optimal reflection, we proceed as follows:
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1. If (11.3) holds, calculate (11.4).

2. If (11.5) holds, calculate (11.6).

3. Pind the larger of (11.2) and either instruction
1l or 2 above and call this GXY .

4., These GXY values are the ones to be used in the

G of (4.1) for negative values of Cxy -

XII. Number of Pactors and Specificities

In Section V we have considered the lower m-rank
approximation to the U matrix without specifying m .
Here, of course, we encounter the everpresent problem of
how many factors to solve for. But before suggesting cri-
teria for this purpose, it is important to note that the
0 matrix as defined in Section IV may not even be Gram-
mian., We propose therefore that a dual criterion be a-
dopted for determining m in (5.2):

1. In any case all the elements in.1Am2 shall be
greater than unity.

2. In no case shall +tr (0- Gﬁ) be less than zero.
The first of these criteria is the familiar Kaiser cri-
terion of eigenvalues greater than unity. The second
means that the sum of the roots in the residual matrix
(0 - g,) is not less than zero.

It will be noted that throughout this presentation
the communality-specificity issue has not been raised.
The model implied by the foregoing development does not

assume specific non-error variance. Indeed, for the spec-
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ial case of the error-free binary simplex matrix, the con-
ventional specific factor models such as "maximum likeli-
hood," "minres," and "alpha" cannot yield rank-one matrices
as in Section VI.

It should also be noted that the rank-m solutions
for the Y and A matrices of (3.2) can be followed with
any of the available simple structure transformation pro-

cedures.,

XIII. Use of Tetrachoric Correlations

It should be pointed out that the altermative proposal
of Carroll (1961) to use tetrachoric correlations in
instead of the ratios indicated in (4.1), which he does
not favor, could be equally well utilized in Section III,
since no restrictions are implied except that J 1is real
and symmetric. Such a matrix of tetrachoric coefficients
is not necessarily Grammian, just as the matrix of ratios
need not be Grammian. One might argue that the arbitrari-
ness of the ratio functions is no more objectionable than
the assumption of underlying multi-normality in the tetra-
choric functions.,

The former has two possible advantages:

1. Computationally, it appears to be simpler and more
straightforward.

2, It is unique, whereas the tetrachoric functions
depend on the selection of cutting points for dichotomiza-

tion in the case of more than two-valued variables.
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One can, of course, as Carroll (1961) suggests, select
the points as close to a 50-50 split as possible.

In any case, further theoretical and experimental work
is required to determine which of the two functions is bet-
ter, and indeed whether our proposals are adequate for most

data.
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