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DISSERTATION ABSTRACT

Mostafa E. El Demery

Doctor of Philosophy in Physics

Title: Characterization of Temporal-Mode Transformations via Spectral
Interferometry

The use of temporal-mode encoding for quantum information science has gained
interest due to its robustness to environmental perturbation and suitability for in-
tegrated photonics. Temporal-mode transformations, analogous to interferometric
networks for spatial-mode encoding, form the basis of many quantum information
protocols utilizing temporal-mode encoding. Accurate and efficient characteriza-
tion of temporal-mode transformations is essential to ensure precise manipulation
of quantum information encoded in the temporal modes of light. This dissertation
presents a method to determine the temporal-mode transformation of a device by
means of spectral interferometry. We demonstrate the feasibility of the method to
extract the temporal mode transformation from a suitable set of measurements and
set constraints on experimental parameters for achieving characterization. We an-
ticipate that this approach to assess temporal-mode transformations will be appli-
cable to a broad range of systems being pursued in quantum information applica-
tions.
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CHAPTER 1

MOTIVATION AND PROBLEM STATEMENT

One accurate measurement is
worth a thousand expert
opinions.

Grace Hopper

1.1 Quantum Networks

The concept of quantum networks [Kim08; WEH18] introduces a framework
for networking quantum computational resources, facilitating the quantum-based
exchange and manipulation of information. This infrastructure is tailored to ad-
dress computational challenges that are currently beyond the reach of classical sys-
tems. Through the application of quantum phenomena such as entanglement and
superposition, quantum networks is anticipated to significantly enhance computa-
tional paradigms, particularly in the realms of quantum computing, communica-
tion, and metrology [Bri+10].

The superiority of quantum connectivity over classical networks is not merely
confined to the enhanced capabilities of specific algorithms but extends to the fun-
damental architectural advantages. A network comprising k nodes, each equipped
with n quantum bits (qubits), linked via classical channels, would possess a state
space dimensionality of 2nk. On the other hand, a network employing quantum
connectivity would exhibit a state space of an exponentially greater magnitude,
quantified as 2kn [Kim08]. This quantum connectivity is essential in addressing and
potentially overcoming the inherent challenges of size-scaling and error-correlation,
which currently impede the expansion of quantum processing machines.

Quantum networks, characterized by their ability to exploit quantum mechan-
ical phenomena for communication and computation, are poised to revolutionize
the way information is processed and transmitted. The bedrock of these networks
lies in quantum entanglement [EPR35; NC10a; Hor+09], a unique correlation be-
tween quantum entities across vast distances, underpinning secure communication
protocols and distributed quantum computing. Quantum entanglement in quan-
tum networks serves as the primary means for establishing non-local connections
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between nodes. This phenomenon underpins various quantum communication pro-
tocols, including quantum teleportation [Ben+93; Bou+97; NC10b] and entangle-
ment swapping [Żuk+93; Pan+12], which are essential for achieving long-distance
quantum communication and for the construction of quantum repeaters [Bri+98;
San+11]. Recent experiments have demonstrated entanglement distribution via
satellites and through optical fibers over hundreds of kilometers, showcasing the
feasibility of global quantum networks [Yin+17; Lia+18].

A model of a quantum network incorporates quantum nodes that are respon-
sible for the generation, processing, and storage of quantum information. The in-
terconnection of these nodes is facilitated through quantum channels that ensure
the high-fidelity transmission of quantum states and the distribution of quantum
entanglement across the network’s entirety. A notional schematic example of a
quantum network is shown in Fig. 1.1 in which the different nodes could be real-
ized through different platforms that are summarized below. Two examples of such
nodes, namely, a quantum dot and an atomic vapor are shown while they are con-
nected through an optical fiber based quantum channel. Since the optical frequen-
cies suitable for quantum dots ω1, for atomic vapors ω2 and for optical fibers ω3

are in different spectral regimes, quantum frequency conversion (QFC) [Kum90] is
employed to manipulate photon frequencies to facilitate the connection of different
quantum nodes examples shown in Fig. 1.1.

Platforms for Quantum Network Nodes

Quantum networks are composed of nodes that store and process quantum in-
formation and can be implemented using various physical systems, each with its
unique advantages and challenges. For example, trapped ions and superconduct-
ing circuits offer high-fidelity quantum operations, quantum dots provide a versa-
tile source of single photons, and diamond color centers offer robustness at room
temperature. As the field progresses, hybrid approaches combining the advantages
of different platforms, along with advancements in materials and fabrication tech-
niques, are likely to play a crucial role in realizing scalable and efficient quantum
networks.
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Figure 1.1. The top shows a notional quantum network composed of quantum
nodes for processing and storing quantum states and quantum channels for dis-
tributing quantum information (from [Kim08]). The bottom shows two examples of
quantum nodes as a quantum dot and an atomic vapor connected through a quan-
tum channel based on optical fibers and quantum frequency conversion (QFC) to
manipulate the photon frequencies suitable for each quantum node (from [RS12]).

Trapped Ions

Trapped ion systems [Mon+14] stand out in quantum networking due to their
remarkable coherence times and high operational fidelities. In these systems, ions
are confined using electromagnetic fields in ultra-high vacuum environments, allow-
ing for precise quantum state manipulation through laser or microwave interactions
[Mon+95]. The ability to individually address ions and perform entangling opera-
tions makes trapped ions a versatile platform for quantum computation and com-
munication tasks. Notable advancements include the implementation of quantum
error correction codes and the realization of entangled states over significant dis-
tances, underscoring the potential for trapped ions in scalable quantum networks
[Ha14].

Recent advancements in trapped ion technology include the development of
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scalable ion trap architectures and the integration of ion traps with photonic de-
vices for efficient information transfer [Kru+23]. High-fidelity quantum gates and
state preparation, essential for quantum computation and communication, have
been demonstrated with trapped ions, showcasing their potential as versatile nodes
in quantum networks [BW08].

Superconducting Circuits

Superconducting circuits leverage the principles of superconductivity to create
quantum coherent electronic devices [NPT99]. These circuits operate at microwave
frequencies and are cooled to millikelvin temperatures to maintain quantum coher-
ence. The Josephson junction, a fundamental component, enables non-linear induc-
tance, essential for qubit construction and manipulation. Superconducting qubits
[Mar15], characterized by their design variations such as transmon, flux, and phase
qubits, offer rapid gate operations and scalability. Integration with classical control
electronics and advancements in coherence times position superconducting circuits
as a promising platform for quantum processors and quantum network nodes.

The scalability of superconducting circuits, combined with their compatibility
with existing semiconductor fabrication techniques, makes them a strong candidate
for quantum computing and networking applications. Recent breakthroughs include
the demonstration of quantum error correction, entanglement of multiple qubits,
and the development of quantum processors with increasing qubit counts [DS13].
Moreover, significant advancements in quantum computing using superconducting
circuits have yielded remarkable outcomes, notably exemplified by the Google ex-
periment [Aru+19]. This experiment stands out for its pioneering demonstration
of a quantum computer solving a task that poses formidable challenges for classical
counterparts due to its time-intensive nature that underscores quantum supremacy.

Quantum Dots

Quantum dots are semiconductor nano-crystals that can confine electrons or
holes in three dimensions [Han+07], leading to discrete energy levels and the ability
to emit or absorb single photons. This property is harnessed in quantum networks
for generating indistinguishable photons, crucial for quantum communication pro-
tocols. Techniques such as cavity quantum electrodynamics (cavity QED) [HR06]
enhance the interaction between quantum dots and light, improving the efficiency
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of single-photon sources and enabling deterministic entanglement generation. The
integration of quantum dots with photonic structures like waveguides and micro-
cavities further facilitates their application in scalable quantum photonic networks
[Lod+15].

Significant research has focused on integrating quantum dots with photonic
structures to enhance light-matter interaction, essential for efficient information
transfer in quantum networks [SSW17]. Challenges remain in achieving determin-
istic entanglement generation and reliable integration with other components of
quantum networks, but ongoing advancements in material science and nano-fabrication
are promising.

Diamond Color Centers

Diamond color centers, particularly the nitrogen-vacancy (NV) centers [Doh+13],
offer a robust platform for quantum networking due to their long coherence times
and operation at room temperature. NV centers are point defects in diamond where
a carbon atom is replaced by a nitrogen atom adjacent to a vacancy. They can be
optically initialized and read out, and their spin states can be coherently manipu-
lated using microwave radiation. The capacity for NV centers to be entangled over
long distances through photon-mediated interactions makes them suitable for quan-
tum repeater architectures, crucial for overcoming distance limitations in quantum
communication [BK05].

Diamond color centers are particularly attractive for quantum networks due
to their potential for integration with photonic devices and the possibility of cre-
ating entangled networks over long distances using optically transmitted photons.
Research efforts [CH13] are directed towards enhancing the efficiency of photon
emission and collection, as well as developing scalable fabrication techniques for
diamond-based quantum devices.

Connecting Quantum Network Nodes

Optical Fibers

Optical fibers, the backbone of modern telecommunications, also play a crucial
role in quantum networks by providing a medium for transmitting quantum infor-
mation, typically encoded in photons. The key advantage of using optical fibers is
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their ability to guide light over relatively long distances with low loss, making them
suitable for quantum communication. However, quantum communication via opti-
cal fibers faces significant challenges, primarily due to photon loss and decoherence
mechanisms such as birefringence and scattering, which degrade the quantum infor-
mation.

To counteract these challenges, quantum repeaters have been developed by
which the range of quantum communication is extended by segmenting the trans-
mission line into shorter, manageable sections [Tak+15]. Within each segment,
quantum entanglement is established and then extended across the network through
entanglement swapping and entanglement purification protocols to maintain high-
fidelity quantum states over long distances [Bri+98; Dua+01].

Free Space

Free-space quantum communication offers an alternative to fiber-based systems
by using the atmosphere or the vacuum of space as the transmission medium. This
approach is particularly appealing for establishing long-distance and satellite-based
quantum networks. The successful demonstration of satellite-to-ground quantum
key distribution (QKD) has marked a significant milestone, showcasing the feasibil-
ity of global quantum communication networks that can overcome the range limi-
tations of fiber networks [Yin+17; Lia+18]. However, free-space communication is
not without its challenges. Atmospheric turbulence, absorption, and scattering can
significantly affect the fidelity of the transmitted quantum states. Adaptive optics
and sophisticated error correction techniques are employed to mitigate these effects,
ensuring the reliable transmission of quantum information through free-space chan-
nels.

Hybrid Approaches

Hybrid quantum networks represent an innovative approach to quantum con-
nectivity, combining different transmission media and quantum technologies to opti-
mize network performance. In a hybrid network, short- and medium-range connec-
tions might be established using optical fibers, while long-distance and interconti-
nental links could rely on free-space channels or satellite links. Integrating different
quantum node platforms within a hybrid network requires the development of effi-
cient interfaces for quantum state conversion and transfer [RE24]. Quantum trans-
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ducers [Mar+17a], which convert quantum states between different physical systems
are crucial for this purpose. These devices enable the coherent transfer of quantum
information across diverse network components, facilitating a seamless and versatile
quantum network architecture [Kim08; Kur+15].

1.2 Quantum Information Encoding

Upon discussing the grand scheme of quantum networks in the previous sec-
tion, it follows that quantum information encoding in quantum networks is a criti-
cal aspect that defines how information is represented, processed, and transmitted
within the network. The choice of encoding scheme directly impacts the network’s
capacity, security, and resilience to errors. Quantum information encoding in spin
states is a fundamental aspect of quantum computing and quantum information
processing, particularly in systems such as trapped ions and quantum dots. Spin
states are associated with the intrinsic angular momentum of particles, such as elec-
trons or atoms, and can serve as quantum bits (qubits) in quantum information
processing.

However, for the scope of the present work, I confine myself to discussing quan-
tum information encoding in photonics-based quantum networks. The quantum
information encoding in photonics systems follows directly from the definition of
modes of the quantized electric field of photons, propagating in the z-direction, in
terms of the creation and annihilation operators, such that

Ê(r, t) =
∑
n,ϵ

E0

[
gn(x,y)fn(t)ân,ϵe

−iωn,ϵ(t−z/c) + H.c.
]
, (1.1)

where ϵ represents the index corresponding to polarization states, E0 is the electric
field amplitude and ân,ϵ is the the annihilation operator for the photon in mode n
with polarization ϵ. The functions gn(x,y) and fn(t) are the transverse spatial and
temporal profiles of mode n respectively. Photons are ideal candidates for encoding
and transferring of quantum information due to their suitability for long-distance
transmission and accessibility to various degrees of freedom. Single-photon excita-
tions are common due to the light-matter interface with material quantum systems
in which a single photon is coupled with a material excitation. In this context, the
quantum information is encoded in the mode occupied by the photon.
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Polarization

Encoding quantum information in the polarization degrees of freedom is one
of the simplest and most widely used methods for encoding, especially in photonic
systems. The photon can be described by its polarization direction (e.g., horizon-
tal |H⟩ or vertical |V ⟩) to represent the binary quantum states |0⟩ and |1⟩, respec-
tively. Polarization encoding is particularly suitable for free-space quantum commu-
nication due to its robustness against environmental changes. However, in optical
fibers, polarization can be affected by birefringence, requiring careful management
to maintain the integrity of the quantum states.

While polarization has been extensively utilized due to the simplicity of its ma-
nipulation through beam splitters and waveplates, it is limited to a two-dimensional
Hilbert space. This dimensional limitation poses challenges for various quantum
protocols, such as quantum key distribution and quantum teleportation, that can
benefit from using a larger Hilbert space in order to reach strong security and sta-
bility of the information processing and transmission [Zha+14]. To overcome this
limitation, alternative degrees of freedom of the photon, such as transverse electric-
field distribution and temporal structure [Pay92; TG66] are exploited.

Spatial-Mode Encoding

Quantum information encoding using the spatial-mode degrees of freedom of
the electric field harnesses the spatial structure of light beams, such as their am-
plitude and phase patterns across the transverse plane, to encode quantum bits
(qubits) or even higher-dimensional quantum units (qudits). The spatial modes of
light, especially those described by Laguerre-Gaussian (LG) and Hermite-Gaussian
(HG) modes, exhibit distinct patterns that can be orthogonally separated, provid-
ing a basis for high-dimensional quantum encoding.

Spatial-mode encoding utilizes the complex amplitude distribution of light in
the transverse plane. For instance, LG modes are characterized by an azimuthal
phase dependence exp(ilϕ), where l is the azimuthal quantum number represent-
ing the orbital angular momentum (OAM) of the photon, and ϕ is the azimuthal
angle. This OAM of light introduces an additional degree of freedom, enabling the
encoding of information in the "twist" of the light beam, with different values of l
corresponding to different quantum states [All+92].
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Hermite-Gaussian modes, on the other hand, are defined by their Cartesian
symmetry and are characterized by two quantum numbers corresponding to the
number of nodes in the horizontal and vertical directions. Both LG and HG modes
provide a rich set of orthogonal states that can be exploited for quantum encoding,
significantly expanding the information capacity beyond conventional polarization.
OAM-encoded photons can be generated and manipulated using specially designed
optical elements, but they are sensitive to turbulence in free-space communication,
posing challenges for practical implementations [Mai+01].

Temporal Modes of Light

Spectral-Temporal Modes (TMs) [SR07] are essentially different ways in which
a photon can be distributed across different frequencies and times. Spectral and
temporal terms are used interchangeably through Fourier transformation, therefore,
the term temporal modes (TMs) will be used exclusively to describe spectral and/or
temporal modes. They have gained significant attention in recent years owing to
their robustness to environmental degradation and suitability to integrated optics
platforms [Bre+15b]. TMs information encoding is more practical than that of the
spatial modes of the electromagnetic field, OAM encoding, in case of single-mode
fiber networks and dispersion-engineered waveguides due to TM interferometric sta-
bility [Ans+17; Ans18].

Although it is tempting to call a TM the ‘state’ of the photon, such language
can be misleading if used without care. In particular, it does not easily apply to
quantum states of the field beyond individual photons [Lam95; SR07]. In this sense,
a TM is more like a ‘container ’ which is populated by an arbitrary state of light.

Eq. (1.1) sets no bound on the dimension of the Hilbert space that is spanned
over by TMs. As a result, single photons in the TMs basis have much larger ca-
pacity for information encoding contrasted to that of the 2-dimensional Hilbert
space of photon polarization or electron spin. A key difference is that a set of TMs
is in principle infinite dimensional, which implies temporal mode transformations
(TMTs) are also infinite dimensional. However, when considering quantum infor-
mation encoding, we often limit the infinite dimensional space to a finite subspace
of modes. This offers the ability to utilize large-dimensional alphabet spaces that
greatly increases the information capacity of the photon and improves the efficiency
of quantum information processing.
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The left column of Fig. 1.2 shows information encoding through the amplitude
of the pulse in different time bins while the middle column shows encoding in the
amplitude of the pulse in different frequency bins or with different carrier frequen-
cies, as well as the first three HG modes in the right column. While the left two
columns show that orthogonal bases can be constructed by slicing up the space into
different bins, the right column depicts orthogonal intensity-overlapping waveforms.
In other words, different TMs of light propagate in the same spatial mode.

Figure 1.2. TMs encoding of the amplitude in different time bins (left) and the
amplitude in different frequency bins (center) and first three modes of Hermite-
Gaussian modes (right).

The manipulation of temporal modes, transform one set of TMs to another,
requires precise control over the phase and amplitude of the electromagnetic field,
typically achieved through ultrafast optical techniques such as amplitude and phase
modulators, pulse shapers, and programmable optical delays. The ability to ma-
nipulate TMs underlies many QIS applications including computation, communica-
tions and networking. However, in order to take advantage of TMs, it is necessary
to be able to generate [Mey+17], manipulate [Ans+18b], and characterize [NTH12]
them efficiently and accurately. Among the tools that manipulate TMs, the quan-
tum pulse gate (QPG) emerges as a promising tool in the realm of channels con-
necting different quantum network nodes as shown in Fig. 1.1.
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1.3 Temporal-Mode Transformations and QPGs

Many quantum photonics applications rely on the ability to implement uni-
tary linear transformations on modes. For TMs, the mapping between two different
TMs, A(ω′) as an input and C(ω) as an output of a temporal-mode transformation
(TMT), can be written as

C(ω) =

∫
dω′G(ω, ω′)A(ω′), (1.2)

where G(ω, ω′) is the transformation map for a single frequency band in which both
frequencies ω and ω′ are within the same spectral band. An essential example of
TMTs is what is called a quantum pulse gate (QPG).

QPGs [EBS11; Red+13] are critical for manipulating temporal modes, act-
ing as a selective interface between different temporal modes or between tempo-
ral modes and other degrees of freedom of light, such as polarization or frequency.
Analogous to a polarizing beam splitter, which directs input polarizations of light
into two orthogonal spatial-mode outputs, the QPG was introduced as a TM selec-
tive beam splitter. A schematic depiction of the action of a QPG is shown in Fig.
1.3 where a multi-mode input signal pulse Es(t) co-propagates with a single-mode
control (gating or pump) pulse Ep(t). The QPG converts one mode from the input
signal field that matches the shape of the pump pulse to an output mode, while all
other modes pass through without being affected.

A QPG operates through the nonlinear optical interaction of sum-frequency
generation (SFG) that is engineered so that it occurs only for a specific temporal
mode of the quantum pulse, enabling selective manipulation of quantum informa-
tion encoded in temporal modes. The utility of QPGs extends to the implemen-
tation of high-fidelity quantum gates, essential for quantum computing, and the
conversion of quantum information between different physical platforms [Bre+15a].
QPGs can play a crucial role in quantum networking applications, such as quan-
tum state teleportation and entanglement swapping, where the ability to selectively
interact with specific temporal modes enables the coherent transfer of quantum in-
formation across network nodes [Gao+13]. Furthermore, QPGs can enhance the
performance of quantum key distribution (QKD) systems by enabling the use of
high-dimensional temporal mode entanglement, increasing the security and data
rate of quantum communication [Bre+15a].

30



QPG

Figure 1.3. A schematic depiction of the action of a QPG. A multi-mode weak in-
put signal Es(t) co-propagates with a classical single-mode pulse Ep(t) acting as a
gating pulse in order to extract photons in a well-defined TM EB(t) whose shape
matches that of the gating pulse.

1.4 Motivation and Problem Statement

Now that I have laid out most of the pieces of the puzzle of quantum networks,
I pick up one piece and study it for my PhD so that I could put it in the right
place. That piece, in other words the project of my PhD, is the characterization of
temporal-mode transformations, specifically QPGs. In general, the characterization
of devices in quantum information processing experiments is critical to ensure that
devices under investigation are performing to desired specifications. For the sake of
scalability and mass manufacturing of such devices, efficient and simple techniques
of characterization are prefered.

The characterization of devices used in quantum information processing exper-
iments typically relies on quantum process tomography (QPT) [MRL08; DP09] in
which an overcomplete set of probe quantum states is prepared and subjected to
the quantum process of interest, and then measurements on the output states are
made. The measurement outcomes are used to reconstruct the complete set of op-
erators that describe the quantum process, providing a comprehensive understand-
ing of how the state of the system evolves.

To ensure that TMTs, which are classical mode transformations, perform to
desired specification, similar techniques to quantum process tomography (QPT)
can be used. One approach to characterize TMTs is based upon the analogy of
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QPT in which the TMT is probed with an overcomplete set of orthogonal and non-
orthogonal known input TMs, which was used to (partially) characterize a QPG
[Ans+17]. This approach measured the conversion efficiency of each input TM,
but did not verify the coherence properties or temporal shapes of the transmitted
signal. In this approach, increasing the size of the TM space probing the TMT in
order to obtain accurate characterization has two drawbacks. The number of mea-
surements of overlap probabilities, [N × (N + 1)]2, required for characterization
grows quartically large as the size of the TM space where N is the number of the
mutually-unbiased states. Second, in case of higher-dimensional spaces, spectral
side lobes of TMs start to appear requiring spectral filtering to improve the char-
acterization process [Ans+18b]. On top of the computational complexity in case
of large dimensional spaces, the TM structure of highly efficient QPGs is slightly
distorted due to the time-ordering effects of the strong-coupling of the interaction
Hamiltonian [QS16; Chr+15]. These pitfalls pose challenges to the efficient and ac-
curate characterization of TMTs.

In the present work, we introduce a method to characterize TMTs based upon
spectral interferometry (CTMT-SI). The approach involves probing the TMT with
a set of Gaussian pulses displaced in time. The output of the TMT is interfered
with a coherent reference pulse, which has spectral support larger than the out-
put temporal mode, followed by spectrally-resolved measurement. In the proposed
method, the TMT can be directly determined from the measured spectral inter-
ference pattern with no need for data fitting. This direct method allows precise
determination of the TMT implemented by a device without the need of spectral
filtering.

I introduce three different measurements that provide a complete framework
of characterizing QPGs. The first measurement relies on investigating the trans-
mitted signal in the same frequency band of the input pulse. I call this experiment
IR-CTMT-SI since the spectral region of the TMs employed in this experiment is
in the infrared (IR) region. The reconstruction of the transfer map of the TMT
in this experiment provides valuable information about the temporal structure of
input modes as well as transmitted output modes in the same spectral region. In
addition, the transmission probabilities of the TMs as well conversion probabilities
to TMs in a different spectral region, blue in our case, are provided. Due to the
unitarity of TMTs of QPGs, the temporal structures of the input TMs in the blue
spectral region, if the QPG were to perform in reverse action, are the same as the
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temporal structure of both input and output TMs in the IR spectral regions. The
only missing piece of information that is not provided by the IR-CTMT-SI is the
temporal structure of the output TMs in the blue spectral region for which I pro-
pose the following two experiments.

The second measurement is proposed to reconstruct the transfer map of the
TMT in the blue spectral region and follows similarly the method of the IR-CTMT-
SI of the first measurement. I provide two schemes for this experiment based on
second harmonic generation (SHG-CTMT-SI) and on difference frequency genera-
tion (DFG-CTMT-SI) respectively. Either SHG-CTMT-SI or DFG-CTMT-SI are
expected to provide information about the temporal structure of input and output
TMs in the blue spectral region as well as conversion probabilities (and transmis-
sion probabilities) and the temporal structure of the input TMs in the IR spectral
region if the QPG were to perform in reverse action where the input signal is in the
blue spectral region and the QPG relies on DFG instead of SFG. Again, informa-
tion about the temporal structure of the output TMs in the IR spectral region is
not provided from this Blue-CTMT-SI measurement.

The third measurement I propose is what I call DFG-SPIDER which directly
characterizes the temporal structure of the output TMs in the blue spectral re-
gion, the missing piece of information from the IR-CTMT-SI experiment. The nam-
ing stems from using a similar technique to SPIDER in characterizing ultrashort
pulses while empolying DFG to access the temporal structure of the TMs in the
blue spectral region.

In this thesis, I present the theory of characterizing QPGs and an experimen-
tal demonstration of the CTMT-SI in the IR spectral region during my PhD and
show preliminary results showcasing the validity of our proposed CTMT-SI tech-
nique. The remaining two experiments could very well be considered for a future
PhD project if someone is interested in this line of work.

1.5 Outline

The present thesis is outlined as follows. Chapter 2 reviews the theoretical
background of ultrashort pulses of light as well as describing their propagation in
nonlinear media. The mathematical framework of temporal modes as the basis em-
ployed for quantum information encoding is also presented along with temporal-
mode transformations (TMTs). QPGs as an example of TMTs are reviewed with
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the no-pump correction of the Green transfer maps.
In Chapter 3, I review spectral interferometry as the principal tool of our char-

acterization method of the Green transfer maps of QPGs. I then lay out the theory
of characterizing TMTs based on crossed-beam spectral interferometry.

Chapter 4 presents the experimental demonstration of the CTMT-SI method
in the transmitted Green transfer map as well as discussing some of the issues that
arise in the experiment. In Chapter 5, I propose other experiments that completes
the proposed characterization technique that could be implemented in the future. I
finally draw the findings and lay out the conclusions in Chapter 6.
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CHAPTER 2

THEORETICAL BACKGROUND

2.1 Maxwell’s Equations

In this section I give the formal framework of describing ultrashort pulses of
electromagnetic fields. The starting point is the Maxwell equations that govern the
dynamics of the electric E(r, t) and magnetic B(r, t) fields that are expressed in
their differential form as

∇ ·E =
ρ

ε0
, (2.1)

∇ ·B = 0, (2.2)

∇×E = −∂B
∂t

, (2.3)

∇×B = µ0J + µ0ε0
∂E

∂t
, (2.4)

where ρ and J are the charge and current densities respectively, ε0 and µ0 are the
free space permittivity and permeability respectively. In free space and where there
are no charge or currents (ρ = 0 and J = 0), Eqs. (2.1 —2.4) are decoupled into
two, three-dimensional wave equations. For the electric E and magnetic B fields,
the wave equations are

(∇2 − µ0ε0∂
2
t )E = 0, (2.5)

(∇2 − µ0ε0∂
2
t )B = 0. (2.6)

A particularly insightful solution to these equations is the plane wave characterized
by its uniform amplitude and phase across any plane perpendicular to the direction
of propagation. Considering a harmonic time dependence e−iωt, where ω is the an-
gular frequency, and assuming a wave propagating in the positive z-direction, the
electric and magnetic fields of the plane wave can be expressed as

E(z, t) = E0e
i(kz−ωt), (2.7)

B(z, t) = B0e
i(kz−ωt), (2.8)

where k = ω/c is the wave number, and c = 1/
√
µ0ε0 is the speed of light in vac-

uum. The electric field E(r, t) and magnetic field B(r, t) are perpendicular to each
other and to the direction of propagation.
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Slowly Varying Envelope Approximation (SVEA)

In many practical situations, especially in laser physics and nonlinear optics,
the amplitude of the electromagnetic wave does not remain constant but varies
slowly over the distance of one wavelength or the period of one optical cycle. The
SVEA is an approximation that simplifies the analysis of such waves by assuming
that the envelope of the wave varies much more slowly than the phase. This allows
for the separation of the rapidly oscillating phase from the slowly varying envelope.

Neglecting polarization and transverse spatial mode distribution, for an elec-
tric field described as E(z, t) = A(z, t)ei(kz−ωt), where A(z, t) represents the slowly
varying amplitude, the SVEA leads to the following approximate form of the wave
equation (

∂2

∂z2
+ 2ik

∂

∂z

)
A(z, t) ≈ 0. (2.9)

Under the SVEA, terms involving the second derivative of the amplitude with re-
spect to z are neglected, yielding a first-order differential equation that is more
tractable for analytical and numerical solutions

∂A(z, t)

∂z
+

i

2k

∂2A(z, t)

∂t2
≈ 0. (2.10)

This equation describes the propagation of the slowly varying amplitude of the
wave in a dispersive medium, where k is a function of ω, reflecting the medium’s
dispersive properties. The plane wave solutions of Maxwell’s equations provide a
foundational understanding of electromagnetic wave propagation, while the SVEA
offers a powerful tool for analyzing wave propagation in more complex settings,
such as dispersive and nonlinear media. Together, these concepts form the bedrock
of much of modern optics and photonics, underpinning technologies ranging from
laser design to telecommunications systems.

Paraxial Approximation

In the domain of wave optics, when examining light as a wave phenomenon,
the direction of propagation typically aligns perpendicular to the wavefronts, ex-
cept in cases involving spatial walk-off. For configurations such as lasers and optical
fibers where the propagation of light is guided along effectively straight paths, the
paraxial approximation is applied in order to separate the transverse field profile
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from its longitudinal periodic functional dependence. In case of linearly polarized
and compact free-space beams, where most of the beam intensity is confined close
to the principal axis with a single maximum in the transverse plan, the field ampli-
tude can be approximated by the fundamental Gaussian mode

E(r, z) = E0
w0

w(z)
exp

(
− r2

w2(z)

)
exp

(
i

[
kz − arctan

z

zR
+

kr2

2R(z)

])
, (2.11)

where r is the radial distance from the principal axis, z is the axial distance from
the beam’s focal point, k = 2π/λ is the wavenumber, w(z) is the beam radius at
which the field amplitudes fall to 1/e of their axial values, w0 = w(0) is the waist
radius, R(z) is the radius of curvature of the beam’s wavefronts, and arctan(z/zR)

is the phase attributed to the phase velocity of light. The beam radius w(z) and
radius of curvature R(z) are expressed as

w(z) = w0

√
1 +

(
z

zR

)2

, R(z) = z

[
1 +

(zR

z

)2
]
. (2.12)

Under circumstances where the paraxial approximation is applicable, a second-
order differential equation, derived from Maxwell equations, can be simplified to a
more tractable first-order equation. This simplification provides a more straight-
forward understanding of beam propagation and critical limitations such as the
minimum beam parameter product BPP = w0θ, where θ is the beam divergence
half-angle (measured in the far field). The paraxial approximation necessitates en-
suring that divergence angles remain significantly below 1 radian, indicating that
the beam radius at the waist should be substantially larger than the wavelength.

Plane-wave and wave-packet modes

The classical Hamiltonian of the electromagnetic field in free space is given as

H =
ε0
2

∫
d3r

[
|E|2 + c2|B|2

]
. (2.13)

Since the Hamiltonian is quadratic in the canonical fields, this is a linear field the-
ory [Ste07], meaning that the Hamiltonian equations of motion are linear differen-
tial equations. Therefore, we can express the fields as a superposition of a set of
non-interacting normal modes (such as plane waves) and then apply the general
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quantization procedure for all modes [Dir27]. It is customary to write down the
Hermitian field operators into positive-frequency and negative-frequency parts,

Ê(r, t) = Ê(+)(r, t) + Ê(−)(r, t), (2.14)

B̂(r, t) = B̂(+)(r, t) + B̂(−)(r, t), (2.15)

where Ê(−)(r, t) =
[
Ê(+)(r, t)

]†
and B̂(−)(r, t) =

[
B̂(+)(r, t)

]†
. For orthonormal

modes that are characterized by the wave vector k and polarization index σ = ±1

and for plane waves as the choice for mode functions f(r, t)

uk,σ = ek,σ exp(ik · r), (2.16)

the field operators can be rewritten as

Ê(+)(r, t) = i
∑
σ

∫
d3k

(2π)3

√
ℏck
2ε0

âk,σuk,σ(r) exp(−iωkt), (2.17)

B̂(+)(r, t) = i
∑
σ

∫
d3k

(2π)3

√
ℏck
2ε0

âk,σ

[
k

ck
× uk,σ(r)

]
exp(−iωkt), (2.18)

with the corresponding normalization conditions and commutators

∫
d3r u∗

k,σ(r) · uk′,σ′(r) = (2π)3δ(3)(k − k′)δσ,σ′ , (2.19)[
âk,σ, â

†
k′,σ′

]
= (2π)3δ(3)(k − k′)δσ,σ′ . (2.20)

The monochromatic plane-wave annihilation âk,σ and creation â†k,σ operators
annihilate and create single-quantu of the field excitation when acting on the quan-
tum vacuum state similar to the case of a simple harmonic oscillator such that

â†k,σ|0⟩k,σ = |1⟩k,σ, âk,σ|1⟩ = |0⟩k,σ, (2.21)

where the state |n⟩k,σ (n > 0) is the n-photon Fock state defined by successive
creation operators acting on the vacuum for the designated k, σ plane-wave mode.
One can define spatial-temporal wave-packet modes [TG66; SR07] through the non-
unitary spatial Fourier transform

vj,σ(r, t) = i

√
ℏc
2ε0

∫
d3k

(2π)3

√
kU

(σ)
j (k)uk,σ(r) exp(−iωkt), (2.22)
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where U (σ)
j (k) is a unitary transformation matrix and the non-unitarity arises from

the factor
√
k. As a result of the non-unitarity of the transformation, the wave-

packet modes vj,σ(r, t) do not generally form an orthogonal set under inner prod-
uct overlap integral. However, the SVEA makes us consider wave-packet modes
that are monochromatic carrier waves with slowly varying envelopes whose spec-
tra are narrowband. The transformation matrix U (σ)

j (k) thus becomes only nonzero
around a narrow neighborhood of carrier wave vector k0. This makes the wave-
packet modes vj,σ(r, t) nearly orthogonal under the regular inner product overlap
integral such that ∫

d3r v∗
j,σ(r, t) · vj′,σ′(r, t) ≈ ℏc|k0|

2ε0
δj,j′δσ,σ′ . (2.23)

Eq. (2.22) can be used to transform the plane-wave annihilation âk,σ and cre-
ation â†k,σ operators into the new wave-packet annihilation Âj,σ and creation Â†

j,σ

operators such that

Âj,σ =

∫
d3k

(2π)3

[
U

(σ)
j (k)

]∗
âk,σ, âk,σ =

∑
j

U
(σ)
j (k)Âj,σ, (2.24)

with the wave-packet commutation relation
[
Âj,σ, Â

†
j′,σ′

]
= δj,j′δσ,σ′ . The field oper-

ators can now be expressed in terms of the wave-packet operators such that

Ê(+)(r, t) =
∑
j,σ

Âj,σvj,σ(r, t), (2.25)

B̂(+)(r, t) =
∑
j,σ

Âj,σ

[
kj
c|kj|

× vj,σ(r, t)

]
. (2.26)

It is worth noting that the electric field is not the optimum field for quantization in
nonlinear optical media, and we would need to use the displacement field instead
[HM84; QS17]. Further, the quantization of the electromagnetic field in free space
is not particularly accurate for dispersive media. However, the narrowband approxi-
mation (2.23) will allow us to circumvent this problem.

2.2 Temporal Modes of Light

Temporal modes (TMs) are a weighted linear superposition of a continuum of
monochromatic modes within a neighborhood of some central frequency and are
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exactly orthogonal and better suited for narrowband integrated systems [Bre+15b].
Knowledge of TMs is necessary to fully understand the behavior of ultrashort pulses
particularly while travelling in a beam-like geometry or in a waveguide [Blo+90].
Dropping the polarization index, Eq. (2.24) for an electromagnetic field propagat-
ing in the positive z−direction in the frequency domain reduces to

Âj =

∫
dωf̃j(ω)â(ω), (2.27)

where f̃j(ω) is the mode function that defines the spectral amplitude of the wave-
packet mode, Eq. (2.22). The inverse Fourier transform of f̃j(ω) yields the tem-
poral shape, fj(t), of the wave-packet mode [Bre+15b] and they satisfy the SVEA
equation of motion, Eq. (2.10). The operator â(ω) is a monochromatic annihilation
operator that satisfies bosonic commutation relations [â(ω), â†(ω′)] = 2πδ(ω − ω′).
It is worth noting that mode functions in both spectral and time domains f̃j(ω)
and fj(t) are orthogonal∫

dω

2π
f̃ ∗
j (ω)f̃k(ω) =

∫
dtf ∗

j (t)fk(t) = δjk, (2.28)

and form a complete set
∞∑
j=0

f̃ ∗
j (ω)f̃j(ω

′) = 2πδ(ω − ω′),

∞∑
j=0

f̃ ∗
j (t)f̃j(t

′) = δ(t− t′). (2.29)

Fig. 2.1 shows both the spectral f̃j(ω) and temporal fj(t) amplitudes in the Hermite-
Gaussian basis for the first three modes for j = 0, 1, 2.

TMs can be regarded as "buckets" that can be filled with arbitrary states of
light whether they are classical or quantum mechanical. For instance, the quantum
state of a single photon excitation in a specific temporal mode labeled j can be de-
fined as

|1j⟩ = Â†
j|vac⟩, (2.30)

where Â†
j, defined by Eq. (2.27), is the photon creation operator for temporal mode

j that satisfies bosonic commutation relationship, [Âj, Â†
k] = δjk. In the TM basis,

the state of any arbitrary single photon can therefore be expressed as a superposi-
tion of TMs

|ψ⟩ =
∑
j

cjÂ
†
j|vac⟩, (2.31)
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Figure 2.1. The spectral f̃j(ω) (left) and temporal fj(t) (right) amplitudes of the
first three TMs in the Hermite-Gaussian basis.

where cj are complex-valued expansion coefficients. We can define a TM qudit as a
coherent superposition of d states in the TM basis [Bre+15b]

|ψ⟩dTM =
d−1∑
j=0

αj|Aj⟩. (2.32)

2.3 Ultrashort Pulses

Ultrashort pulses, central to the field of ultrafast optics, are light pulses with
durations on the order of 100 femtoseconds (10−15 seconds) to picoseconds (10−12

seconds). These pulses are critical in probing and manipulating physical, chemical,
and biological processes that unfold on extremely rapid timescales, offering insights
into the fundamental mechanisms governing various phenomena at the atomic and
molecular levels.

An ultrashort pulse is distinguished not only by its brief duration but also by
its broad spectral content. The pulse’s temporal shape, often approximated by a
Gaussian or sech2 function, encapsulates the intensity’s time-dependent variation.
For a Gaussian-shaped pulse, the temporal intensity profile is given by
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I(t) = I0 exp

(
−4 ln(2)t2

τ 2

)
, (2.33)

where I(t) represents the intensity at time t, I0 is the peak intensity, and τ denotes
the pulse duration defined by the full width at half maximum (FWHM).

Generation

The generation of ultrashort pulses, an essential aspect of ultrafast optics, in-
volves sophisticated techniques that enforce a coherent superposition of multiple
optical frequencies within a laser cavity, leading to the emission of pulses with du-
rations on the femtosecond to picosecond scale. This section delves into the tech-
nical aspects of ultrashort pulse generation, focusing on mode-locking mechanisms
and the operational principles of commonly used ultrafast laser systems.

Mode-locking stands as the cornerstone technique for ultrashort pulse gener-
ation, characterized by the phase-locking of different longitudinal modes of a laser
cavity, resulting in the constructive interference of these modes at regular intervals
to produce a train of pulses. There are two types of mode-locking, namely, active
and passive mode-locking. In active mode-locking, an external modulator, typically
an acoustic-optic or electro-optic modulator, is placed inside the laser cavity. This
modulator imposes a periodic modulation on the intracavity light at a frequency
matching the cavity’s round-trip frequency. The modulation depth and synchro-
nization are crucial for effective pulse generation and can be described by

E(t) = E0 cos(ωt)
∑
n

δ(t− nT ), (2.34)

where E(t) is the electric field, E0 is the field amplitude, ω is the angular frequency
of light, δ is the Dirac delta function, and T is the round-trip time of the cavity.

On the other hand, passive mode-locking employs a saturable absorber within
the laser cavity, a nonlinear optical element that exhibits decreased absorption
for higher light intensities. The saturable absorber preferentially attenuates low-
intensity light, allowing high-intensity pulses to form and circulate within the cav-
ity. The dynamics of pulse formation in the presence of a saturable absorber can be
modeled by the rate equations for the absorber’s transmission and the intracavity
pulse energy.

The main two classes of ultrafast laser systems are the solid-state lasers and
fiber lasers. Fiber lasers, leveraging the advantages of doped optical fibers as the
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gain medium, have emerged as versatile sources for ultrashort pulses. The inher-
ent waveguiding properties of fibers facilitate high beam quality and excellent heat
dissipation. Nonlinear polarization rotation and soliton mode-locking are key mech-
anisms in fiber lasers for ultrashort pulse generation.

The workhorse of solid-state lasers particularly in the field of nonlinear optics
is Ti:Sapphire lasers. Ti:Sapphire lasers, utilizing Titanium-doped sapphire (Ti3+ :

Al2O3) as the gain medium, are renowned for their broad emission bandwidth and
high peak powers, enabling the generation of ultrashort pulses. The mode-locking
in Ti:Sapphire lasers relies on the synchronization of the phases of longitudinal
modes to produce coherent ultrashort pulses. Notably, Kerr-Lens Mode-Locking
(KLM) and the use of Semiconductor Saturable Absorber Mirrors (SESAMs) are
prevalent in Ti:Sapphire systems. To maintain ultrashort pulse durations, disper-
sion compensating elements such as prism pairs and chirped mirrors are employed
within the laser cavity. Efficient operation of Ti:Sapphire lasers typically involves
pumping by green light sources, such as frequency-doubled Nd:YAG lasers, to ex-
cite the Ti3+ ions effectively.

Spectral and Temporal Characteristics

The spectral and temporal characteristics of ultrashort pulses are fundamen-
tal to their behavior and applications in ultrafast optics. These characteristics not
only define the pulse’s shape and duration but also influence its interaction with
various media. The spectral content of an ultrashort pulse encompasses a broad
range of frequencies, a direct consequence of its short temporal duration. The spec-
tral width at half maximum (FWHM), ∆ω, is inversely related to the pulse dura-
tion τ through the time-bandwidth product (TBP), a principle that encapsulates
the inherent trade-off between temporal and spectral dimensions of a pulse. For a
transform-limited Gaussian pulse, the TBP is given by:

∆ω · τ = 0.44, (2.35)

where c is the speed of light. This relation highlights that any attempt to com-
press the pulse duration further necessitates an expansion of its spectral width,
and vice versa. The temporal profile of an ultrashort pulse describes its intensity
variation over time. Temporal modes in ultrashort pulses refer to the coherent su-
perpositions of frequency components that give rise to distinct temporal shapes and
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phases of the pulse. These modes can be manipulated to tailor the pulse’s temporal
characteristics for specific applications, a process known as pulse shaping. Tempo-
ral modes are particularly relevant in the context of mode-locked lasers, where the
phase relation among the longitudinal modes of the cavity defines the resulting ul-
trashort pulse. In mode-locked lasers, the synchronization of cavity modes leads to
the generation of ultrashort pulses. The temporal mode structure of these pulses is
determined by the phase relationship among the locked modes, which can be engi-
neered through active or passive mode-locking techniques.

By modulating the amplitude and phase of individual temporal modes, pulse
shaping techniques can produce ultrashort pulses with tailored temporal profiles.
This is typically achieved using spatial light modulators (SLMs) or acousto-optic
programmable dispersive filters (AOPDFs) in a 4f pulse shaper configuration.

Moreover, the propagation of ultrashort pulses through dispersive media can
lead to temporal mode broadening, affecting the pulse duration and shape. Disper-
sion management strategies are essential to maintain the integrity of the temporal
modes over long distances or through various media.

Dispersion and Broadening

Dispersion in optical media arises from the wavelength-dependent phase veloc-
ity of light, leading to the temporal spreading of ultrashort pulses. The dispersion
can be quantitatively described by the group velocity dispersion (GVD) parameter,
D (fs2/mm), defined as

D =
d2k

dω2
, (2.36)

where k is the wave number and ω is the angular frequency. The GVD parame-
ter D indicates how different frequency components of the pulse travel at different
speeds, leading to pulse broadening. It occurs when the constituent spectral com-
ponents of an ultrashort pulse experience different phase delays as they propagate
through a dispersive medium. For a Gaussian pulse, the broadening effect due to
second-order dispersion can be modeled as

τ ′ = τ

√
1 +

(
4 ln(2)DL

τ 2

)2

, (2.37)
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where τ is the input pulse duration, τ ′ is the broadened pulse duration after propa-
gating a distance L through the medium, and D is the GVD parameter.

While second-order dispersion is often the dominant factor in pulse broaden-
ing, higher-order dispersion terms can significantly impact pulse shape and tempo-
ral characteristics, especially in media with strong wavelength-dependent dispersion
or over long propagation distances. Third-order dispersion (TOD), for instance, can
introduce asymmetric broadening and temporal shifts within the pulse envelope.

Effective dispersion management is essential for preserving ultrashort pulse
characteristics in applications. Several techniques have been developed to coun-
teract dispersion effects. Prism and grating pairs are used to introduce negative
dispersion to compensate for the positive dispersion encountered allowing for the
recompression of broadened pulses. Another alternative is to employ Chirped Mir-
rors which are specially designed mirrors that introduce wavelength-dependent de-
lay, counteracting dispersion by reflecting different spectral components of the pulse
at slightly different depths. Photonic Crystal Fibers (PCFs) can be engineered to
exhibit anomalous dispersion at specific wavelengths, enabling soliton propagation
and dispersion compensation within the fiber.

2.4 Nonlinear Optics

Nonlinear optical processes are essential in order to enable complex manipula-
tion of light, and they have been exploited extensively in the classical and quantum
regimes for a wide variety of purposes, e.g. classical single- and multiple-channel
frequency conversion [Kum90; Cho+99], optical parametric amplification [CD03],
generation of squeezed states and entangled photons [Thy+09], frequency conver-
sion for single- photon detection [AW04; Rou+04; VK04] and to interface single
photons with quantum memories [Pel+12; Rüt+17; Mar+17b]. In this section, the
mathematical description of the nonlinear processes is presented with particular fo-
cus on second-order nonlinear processes in waveguides.

In nonlinear media, the induced macroscopic dielectric polarization density
P (t), dipole moment per unit volume, responds nonlinearly to the electric field
E(t) of sufficiently strong intensity. Due to this nonlinear dependence, one needs
to consider a higher order expansion for E(t) while expressing the instantaneous
response
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P (t) = ε0
[
χ(1)E(t) + χ(2)E(t)2 + χ(3)E(t)3 + · · ·

]
,

= P (1)(t)︸ ︷︷ ︸
PL(t)

+P (2)(t) + P (3)(t) + · · ·︸ ︷︷ ︸
PNL(t)

, (2.38)

where χ(n) denotes the n-th order susceptibility tensor and PL/NL indicates the lin-
ear/nonlinear components of the polarization density. It is worth noting that the
presence of higher order terms in the expansion, Eq. (2.38), gives rise to the gener-
ation of electric fields at different frequencies. In other words, the nonlinear polar-
ization density PNL(t) acts as a driving current source in Maxwell’s equations (2.1
—2.4).

If we write the electric field E(t) as a linear combination of fields at different
frequencies E(t) =

∑
iEi exp(iωit) + c.c., the quadratic nonlinear response P (2)(t)

takes the form

P (2)(t) ∝
∑
m

E2
me

i2ωmt + c.c.︸ ︷︷ ︸
second harmonic generation

+
∑
mn
m̸=n

EmE
∗
ne
i(ωm−ωn)t + c.c.

︸ ︷︷ ︸
difference frequency generation

+
∑
mn
m̸=n

EmEne
i(ωm+ωn)t + c.c.

︸ ︷︷ ︸
sum frequency generation

+
∑
m

EmE
∗
m + c.c.︸ ︷︷ ︸

optical rectification

. (2.39)

The driving current density J(t) = ∂tPNL(t) thus has components at twice the
frequencies of the incident field and at all possible sum and difference combina-
tions of incident frequencies, provided that the total energy is conserved. In other
words, for non-zero second-order nonlinear susceptibility χ(2), up to three different
frequencies can be coupled together giving rise to three-wave mixing (TWM). Sim-
ilarly, one can note that materials with χ(3) nonlinearity allow the coupling of up
to four different frequencies or four-wave mixing (FWM), and so on. The present
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work deals with second-order nonlinear waveguides with non-zero χ(2), therefore, I
confine the discussion for TWM processes.

Three-Wave Mixing (TWM)

In nonlinear optical processes, it is customary to define different types of al-
lowed processes according to the polarizations of the interacting fields. TWM pro-
cesses, therefore, fall in three categories: type 0 processes where all the three fields
have the same polarization, type I processes where the two input fields (in the case
of SHG, SFG or DFG) or the two generated fields (in the case of parametric down-
conversion PDC) have the same polarization, and type II processes where the two
input fields (in the case of SHG, SFG or DFG) or the two generated fields (in the
case of PDC) have different polarizations. In TWM processes, the second-order
nonlinear susceptibility tensor χ(2) couples the induced polarization density with
the electric field, in the frequency domain, through [Boy08]

P
(2)
i (ωm + ωn) = ε0

∑
jk

∑
(mn)

χ
(2)
ijk(−ωm − ωn, ωm, ωn)Ej(ωm)Ek(ωn), (2.40)

where i, jandk are indices running over the polarisation components of the elec-
tric fields and (mn) denotes a summation over the possible permutations of the
frequencies (ωm, ωn) such that ωsum = ωm + ωn is constant. In general, the sec-
ond order susceptibility χ(2) is a rank-3, frequency dependent tensor that couples
all polarization components with the three fields involved in the nonlinear process.
However, when the processes under investigation lie far away from the resonant fre-
quencies of χ(2), as it is the case for processes studied in this thesis, the χ(2) tensor
can be greatly simplified, first by neglecting the frequency dependence and then us-
ing Kleinman’s symmetry conditions [Boy08], that is

χ
(2)
ijk = χ

(2)
jki = χ

(2)
kij = χ

(2)
ikj = χ

(2)
jik = χ

(2)
kji. (2.41)

Therefore, the notation of Eq. (2.40) can be reduced by introducing the nonlinear
coefficient

dil =
χ
(2)
ijk

2
, (2.42)
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where l runs from 1 to 6 and is related to the combinations (jk : 11; 22; 33; 23, 32; 31, 13; 12, 21)

respectively. Along the crystallographic directions (X, Y, Z), the second-order non-
linear polarization density can be related to the incident fields as

PX(ω3)

PY (ω3)

PZ(ω3)

 =Mε0

d11 d12 d13 d14 d15 d16

d21 d22 d23 d24 d25 d26

d31 d32 d33 d34 d35 d36





EX(ω1)EX(ω2)

EY (ω1)EY (ω2)

EZ(ω1)EZ(ω2)

EY (ω1)EZ(ω2) + EZ(ω1)EY (ω2)

EX(ω1)EZ(ω2) + EZ(ω1)EX(ω2)

EX(ω1)EY (ω2) + EY (ω1)EX(ω2)


,

(2.43)
where M is the multiplicity factor that takes values 1 for type 0/I SHG and 2 for
all other processes. The components (d11, d22, d33) are responsible for type 0 pro-
cesses, while the components (d12, d21, d13, d31, d23, d32) are responsible of type I pro-
cesses. The rest components of d are responsible for type II processes.

For Lithium Niobate (LiNbO3), the d tensor is given as [Nik05]

dLiNbO3 =

 0 0 0 0 d31 −d22
−d22 d22 0 d31 0 0

d31 d31 d33 0 0 0

 , (2.44)

where d22 = 2.1± 0.21 pm/V, d31 = 4.35± 0.44 pm/V and d33 = 27.2± 2.7 pm/V.

TWM in Waveguides

For the sake of simplicity and without loss of generality, the subsequent dis-
cussion introduces the equations of motion of a continuous wave (CW) waveguide
mode in the presence of nonlinear polarization density induced in three-wave mix-
ing (TWM) processes in waveguides. For a thorough derivation and solutions, the
reader is referred to [Mar91; SF03]. Consider the case of a waveguide with propa-
gation axis along z−direction, the monochromatic guided mode E can be expressed
as a superposition of the waveguide eigenmodes {Ẽm}, that is

Em(x, y, z) =
∑
m

γmAm(z)Ẽm(x, y)e−iβmz, (2.45)

where βm = k|| = k0nm is the propagation vector with nm the effective index of
refraction of the m-th mode, γm =

√
2/(nmcε0) and Am(z) is the slowly varying
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field amplitude. In the SVEA, the general equation of motion of the field amplitude
Am(z) in the presence of a nonlinear polarization density PNL is [SF03]

dAm
dz

= −iγm
ω

4
eiβmz

∫ ∫
dxdy Ẽ∗

m · PNL,m. (2.46)

Eq. (2.46) describes the evolution of the envelope of the m−th eigenmode (at fre-
quency ωm) which depends on the nonlinear polarization density generated at the
same frequency by the other fields present in the waveguide. The complete descrip-
tion of a TWM process requires solving Eq. (2.46) for all three fields, as they are
coupled by the polarization density terms.

For a TWM process where all three fields are linearly polarized and ω3 = ω1 +

ω2, the polarization density components for a SFG/DFG process (ω1 ̸= ω2) are
given by

P1(ω1) = 2ε0d(x, y, z)E
∗
2(ω2)E3(ω3), (2.47)

P2(ω2) = 2ε0d(x, y, z)E
∗
1(ω1)E3(ω3), (2.48)

P3(ω3) = 2ε0d(x, y, z)E1(ω1)E2(ω2), (2.49)

while for a type II SHG process (ω1 = ω2), the polarization density components are
given by

Pω = 2ε0d(x, y, z)E
∗(ω)E(2ω), (2.50)

P2ω = ε0d(x, y, z)E
2(ω), (2.51)

where d(x, y, z) is the spatial distribution of the nonlinear tensor. The factor 2 in
Eqs. (2.47 —2.50) arises from the multiplicity factor M = 2 for SFG/DFG and
type II SHG process. In these processes, there are three distinct eigenmodes that
differ in frequency or in polarization. For type 0 and type I SHG, there are only
two distinct eigenmodes, as the fields at ω that have the same polarization and thus
belong to the same waveguide mode hence M = 1.

SFG/DFG and type II SHG Processes

For SFG/DFG and type II SHG processes, we substitute Eqs. (2.47 —2.49) for
the polarization densities into Eq. (2.46) to get
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dA1

dz
= −iγ1

ε0ω1

2

∫ ∫
dxdy Ẽ∗

1E
∗
2E3e

iβ1z, (2.52)

dA1

dz
= −iγ2

ε0ω2

2

∫ ∫
dxdy Ẽ∗

2E
∗
1E3e

iβ2z, (2.53)

dA1

dz
= −iγ3

ε0ω3

2

∫ ∫
dxdy Ẽ∗

3E1E2e
iβ3z. (2.54)

We define the field components Ei in terms of amplitude Ai(z) and transverse pro-
file Ẽi(x, y) such that

Ei(x, y, z) = γiAi(z)Ẽi(x, y) exp(−iβiz), (2.55)

and the nonlinear tensor d(x, y, z) as

d(x, y, z) = d0d̂(x, y)g(z), (2.56)

where d0 = max |d| is the magnitude of the nonlinear coefficient, |d̂(x, y)| ≤ 1 is its
normalised transversal distribution and |g(z)| ≤ 1 is its profile along the propaga-
tion axis of the waveguide. Substituting in Eqs. (2.52 —2.54), we get the following
system

dA1

dz
= −iκ1θ∗g(z)A∗

2A3e
−i∆βz, (2.57)

dA2

dz
= −iκ2θ∗g(z)A∗

1A3e
−i∆βz, (2.58)

dA3

dz
= −iκ3θg(z)A1A2e

i∆βz, (2.59)

where κj =
√

8π2d20
n1n2n3cε0λj

is the coupling coefficient for j = 1, 2, 3 and the field
overlap θ is defined as

θ =

∫ ∫
dxdy d̂(x, y)Ẽ1(x, y)Ẽ2(x, y)Ẽ∗

3 (x, y). (2.60)

The phase mismatch (or propagation vector mismatch) ∆β is defined as

∆β = β3 − β2 − β1,

= 2π

[
n3(λ3)

λ3
− n2(λ2)

λ2
− n1(λ1)

λ1

]
. (2.61)
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In general, the phasemismatch is non-zero in which case what is called quasi-
phasematching is employed. The waveguide is divided into different domains on
which high voltage is applied periodically creating a grating with a period Λ adding
an extra phase to ∆β that forces input fields to propagate in phase throughout the
waveguide. Eq. (2.61) therefore reads

∆β = 2π

[
n3(λ3)

λ3
− n2(λ2)

λ2
− n1(λ1)

λ1

]
+

2π

Λ
. (2.62)

In practice, ultrashort pulses are not monochromatic therefore the wavenumber, βi,
of different bands i = 1, 2, 3 can be Taylor expanded with respect to frequency. The
Taylor expansion of Eq. (2.62) then defines the group-velocity matching condition
required for the quantum pulse gate [Red+13].

Type 0/I SHG Processes

The evolution of the fields in type 0/I SHG processes is deduced similarly by
substituting Eqs. (2.50, 2.51) into Eq. 2.46 yielding the system

dAω
dz

= −iκωθ∗g(z)A∗
ωA2ωe

−i∆βz, (2.63)

dA2ω

dz
= − i

2
κ2ωθg(z)A

2
2ωe

i∆βz, (2.64)

where κj =
√

8π2d20
n2
ωn2ωcε0λ2j

is the coupling coefficient for j = ω, 2ω and the field over-

lap θ is defined as

θ =

∫ ∫
dxdy d̂(x, y)Ẽ2

ω(x, y)Ẽ∗
2ω(x, y). (2.65)

It is worth noting that the above treatment for TWM processes has been de-
rived for continuous wave (CW) fields. In case of ultrafast laser pulses, a treat-
ment that takes into consideration the different propagation speeds of the pulse
envelopes is necessary [CD03]. The analytical solutions of the systems (2.57 —2.59)
and (2.63, 2.64) in the general case are quite complex [Boy08]. However, under cer-
tain approximations, simple solutions can be derived.

SFG under No-Pump Depletion Approximation (NPDA)

In the no-pump depletion approximation (NPDA), we consider the case of a
strong classical pump field at ω2 that is constant throughout the waveguide, that
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is dA2/dz = 0 and A2(z) = Apump =
√
Ipump. Under perfect phase matching

with a weak field at ω1, the phase mismatch condition is ∆β = 0 and we consider
a uniform nonlinear crystal with a constant nonlinear profile g(z) = 1. Eqs. (2.57
—2.59), therefore, reduce to

dA1

dz
= −iκ1θ∗A∗

pumpA3, (2.66)

dA3

dz
= −iκ3θA1Apump. (2.67)

Differentiate the first equation with respect to z and then substitute, we get

d2A1

dz2
= η(SFG)IpumpA3, (2.68)

where

η(SFG) = κ1κ3|θ|2 =
8π2d20|θ|2

n1n2n3cε0λ1λ3
, (2.69)

is the normalized conversion efficiency. For the initial boundary conditions A1(0) =√
I1(0) and A3(0) = 0, the solutions to Eqs. (2.66, 2.67) are then

A1(z) = A1(0) cos

(√
η(SFG)Ipumpz

)
, (2.70)

A3(z) = −iA1(0)

√
λ1
λ3

|θ|
θ∗

|Apump|
A∗

pump
sin

(√
η(SFG)Ipumpz

)
. (2.71)

The factor λ1/λ3 ensures that solutions (2.70 and 2.71) satisfy energy conservation
as imposed by Manley-Rowe relations [MR59; Boy08].

SHG is widely used in various applications, including frequency doubling of
lasers to generate new wavelengths. For example, converting 1064 nm light from a
Nd:YAG laser to 532 nm green light. SHG is utilized in optical parametric oscilla-
tors (OPOs) and amplifiers (OPAs) for generating tunable output frequencies. SHG
microscopy is used for imaging structures without the need for fluorescent dyes,
useful in biological and medical imaging. Not all materials exhibit significant χ(2)

nonlinearity. Non-centrosymmetric crystals, such as Lithium Niobate (LiNbO3),
Beta Barium Borate (BBO), and Potassium Titanyl Phosphate (KTP), are com-
monly used for SHG due to their strong χ(2) susceptibilities. The absence of inver-
sion symmetry in these crystals is a key requirement for second-order nonlinear pro-
cesses.
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SFG is used in a variety of applications. For instance SFG spectroscopy is a
powerful tool for investigating surface and interface properties, as the SFG signal
is inherently surface-specific due to the non-centrosymmetry requirement at inter-
faces. SFG can be used to for frequency up-conversion to generate light at new
frequencies, particularly in the ultraviolet (UV) range, which is useful for applica-
tions requiring high-energy photons. Optical signal processing is another example
that uses SFG can for mixing signals in optical communication systems, enabling
wavelength conversion and the generation of new optical frequencies for data trans-
mission. On the other hand, DFG is utilized in various applications, including in-
frared (IR) generation from two lasers operating at different frequencies, where
direct sources might not be available or practical. Optical parametric oscillators
(OPOs) depends on DFG where it is used to generate tunable output across a wide
range of frequencies by varying the frequencies of the input waves. DFG enables
the generation of coherent light in spectral regions that are difficult to access with
conventional lasers, facilitating advanced spectroscopic techniques.

2.5 Temporal-Mode Transformations

TMT refers to the coherent manipulation of a wave form in the TM basis,
which maps the input TM A(ω′) into the output TM C(ω) through

TMT : A(ω′) 7→ C(ω) =

∫
dω′G(ω, ω′)A(ω′), (2.72)

where G(ω, ω′) is the Green transfer map of the TMT. We classify TMTs into two
categories, namely, intraband and interband TMTs. Intraband transformations oc-
cur when the input and output modes fall within the same spectral region, that is
ν = |ω − ω′| ≪ ω. On the other hand, interband transformations occur when the
input and output modes fall in two different spectral regions. In other words, the
TMT maps the TM into another TM with frequency conversion attached to the
transformation map. Therefore, Eq. (2.72) can be generalized for any number of
TMs and spectral regions.

For the sake of completeness, since TMs are modes that can be populated by
arbitrary states of light (classical or quantum mechanical), we can write a TMT
map, analogous to Eq. (2.72), for a quantum mechanical state. For example, for a
single-photon state |ψ⟩ defined as in Eq. (2.31), we can define the map
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TMT : A†|vac⟩ 7→ C†|vac⟩ = exp

(
C
∫
dωdω′G(ω, ω′)â(ω′)ĉ†(ω)

)
|vac⟩, (2.73)

where C measures the strength of the transformation.
In the present thesis, we focus our investigation on intraband TMTs in the in-

frared (IR) spectral region and interband TMTs between IR and blue spectral re-
gions. Therefore, I introduce the subscript ”r” for IR and ”b” for blue. Eq. (2.72)
thus changes for intraband and interband TMTs respectively as

C(ωr) =

∫
dω′

rGrr(ωr, ω
′
r)A(ω

′
r), (2.74)

D(ωb) =

∫
dω′

rGbr(ωb, ω
′
r)A(ω

′
r), (2.75)

where the primes are added to designate input frequencies.

2.6 Quantum Pulse Gate

TMTs can be physically realized in second-order χ(2) nonlinear media, utiliz-
ing frequency conversion (FC) [Kum90]. One intuitive approach to understand fre-
quency conversion is by imagining a rapidly moving mirror or a beam splitter: light
reflected from the beam splitter’s front undergoes a blue shift, whereas light from
its rear experiences a red shift [Ray+10]. With equal yet opposite frequency shifts,
and assuming 100% reflectivity, the colors characterizing the modes undergo an in-
terchange. Such frequency conversion does not alter the nature of the state popu-
lating the modes undergoing interchange.

A quantum pulse gate (QPG) is a device that multiplexes and demultiplexes
TMs based on sum frequency generation (SFG) [EBS11]. As shown in Fig. (2.2), a
multi-mode weak input light pulse co-propagates with a classical single-mode pulse
(gating pulse) in a second-order nonlinear medium, in which the pump and signal
fields propagate with nearly the same group velocity, in order to extract photons in
a well-defined TM whose shape matches that of the gating pulse. Therefore, shap-
ing the gating pulse is used to convert modes from an arbitrary input state with
efficiency close to unity. In fact, the unitary QPG operation is completely defined
by the bright pump and the waveguide dispersion.
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Figure 2.2. Schematic depiction of a quantum pulse gate operation (From [Bre14]).

Silberhorn group [EBS11; Bre+11] first proposed implementing the QPG based
on three-wave mixing in a type-II periodically-poled Lithium Niobate (PPLN) waveg-
uide with a gating pulse at 870nm and an input signal at 1550nm and the upcon-
verted pulse at 557nm. That was experimentally demonstrated for weak coherent
states [Bre+14; Ans+18a] as well as quantum light [Ans+18b]. Around the same
time, the Raymer group developed a theoretical framework of QPGs [Red+13;
RRM15; RR17] and demonstrated a QPG in a type-0 periodically-poled Lithium
Niobate (PPLN) waveguide with a gating pulse at 821nm and an input signal at
812nm and the upconverted pulse at 408nm with high conversion efficiency through
an interferometric scheme [RR18]. It is worth mentioning that the latter QPG is
not a good fit for single-photon wave packets due to noise constraints.

The theory of QPGs is based on frequency conversion in three-wave mixing
in nonlinear optical materials. Detailed account of the theory of the QPG can be
found in [Red+13; RRM15; RR17; Bre14]. We limit our interest to sum and differ-
ence frequency generation processes based on three-wave mixing in a medium with
a second-order nonlinearity, χ(2), as shown in Fig. (2.3). It should be noted that
the formal treatment of parametric down-conversion is similar to that of quantum
pulse gate.

For a bright classical gating pulse, the effective interaction Hamiltonian of SFG
that creates a photon with the SFG frequency ωb and annihilates a photon with
signal frequency ωr is given by [EBS11; Red+13]

Ĥ
(FC)
eff = θ

∫ ∫
dωrdωbGbr(ωb, ωr)â(ωr)ĉ

†(ωb) + h.c., (2.76)

where θ ∝ χ(2)
√
P is the mode-coupling strength that depends on the medium non-
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linearity, χ(2), and the gating pulse power, P. The transfer function Gbr(ωb, ωr) =

α(ωb − ωr) × f(ωb, ωr) maps the signal frequencies ωr to the sum frequencies ωb,
where α(ωb − ωr) is the spectral amplitude of the pump pulse and f(ωr, ωb) is the
phase-matching function which depends on the dispersive properties of the medium.

Figure 2.3. Schemes showing frequency conversion in parametric down-conversion
(a) and quantum pulse gating (b).

In general, the transfer function Gbr(ωb, ωr) is not separable, that is we can
not write Gbr(ωb, ωr) ̸= g(ωb)f(ωr) as the product of two independent functions.
However, the transfer function can be represented using Schmidt decomposition
[Ray10; EBS11; Red+13]

Gbr(ωb, ωr) =
∑
j

λjΨj(ωb)ϕj(ωr), (2.77)

where ϕj (Ψj) are the signal (register) Schmidt modes with Schmidt coefficients
λj such that

∑
j λ

2
j = 1. In the Schmidt decomposition, the set of Schmidt coeffi-

cients {λj} are ordered in decreasing magnitude, such that λ0 ≥ λ1 ≥ λ3 · · · . It is
worth mentioning that Eq. (2.77) is the frequency-domain equivalent of Eqs. (4) in
[Red+13]. Substituting Eq. (2.27) with its complex conjugate and Eq. (2.77) into
Eq. (2.76) yields

Ĥ
(FC)
eff = θ

∑
j

λj(ÂjĈ
†
j + Â†

jĈj). (2.78)

Since Ĥ = θâĉ† + h.c. is the form of the Hamiltonian of an optical beam split-
ter [PSM87], Eq. (2.78) shows that a QPG can be formally interpreted as a set of
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beam splitters independently operating on TMs as depicted in Fig. (2.2). In other
words, a QPG action can be defined as

QPG : Âj → cos(θj)Âj + i sin(θj)Ĉj, (2.79)

where θj = θλj is the effective coupling constant.

TMT Green’s functions and Schmidt Decomposition

Figure 2.4. A schematic depiction of a TMT as a beam-splitter-like transforma-
tion for TMs. Part of mode A(ω′

r) in the red band gets transmitted into C(ωr) and
the other part gets "converted" into D(ωb) in the blue band. Same and opposite
transformation applies for B(ω′

b).

An approach of representing QPGs is to adopt the Green’s function formalism.
A QPG can act like a beam splitter for TMs where frequency conversion is equiv-
alent to reflection in ordinary beam splitters. Fig. 2.4 depicts a TMT for tempo-
ral modes in which the two input ports of the QPG are occupied by the two input
modes A(ω′

r) and B(ω′
b) in the "red" and "blue" frequency bands respectively. The

output ports are occupied by the two modes C(ωr) and D(ωb) which are related to
the input modes through the general transformation [Ray+10]
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C(ωr) =

∫
dω′

rGrr(ωr, ω
′
r)A(ω

′
r) +

∫
dω′

bGrb(ωr, ω
′
b)B(ω′

b),

D(ωb) =

∫
dω′

rGbr(ωb, ω
′
r)A(ω

′
r) +

∫
dω′

bGbb(ωb, ω
′
b)B(ω′

b). (2.80)

The Green’s functions Gij are the elements of such unitary transformation that
obeys the unitarity condition∫

dω′
iGii(ω1, ω

′
i)G

∗
ii(ω2, ω

′
i)

+

∫
dω′

jGij(ω1, ω
′
j)G

∗
ij(ω2, ω

′
j) = δ(ω1 − ω2), (2.81)

for i ̸= j. Performing singular-value decomposition (SVD), also known as Schmidt
decomposition, of each of the Green’s functions that describe the TMT we get the
following relationships [Ray+10]

Grr(ωr, ω
′
r) =

∑
n

τnΦn(ωr)ϕn(ω
′
r),

Gbb(ωb, ω
′
b) =

∑
n

τnΨn(ωb)ψn(ω
′
b),

Grb(ωr, ω
′
b) = −

∑
n

ρnΦn(ωr)ψn(ω
′
b),

Gbr(ωb, ω
′
r) =

∑
n

ρnΨn(ωb)ϕn(ω
′
r), (2.82)

where ϕn(ω′
r) and ψn(ω′

b) are the two input Schmidt modes while Φn(ωr) and Ψn(ωb)

are the two output Schmidt modes in the red and blue frequency bands respec-
tively. The coefficients τn represent the transmission of "intraband" Schmidt modes
while the coefficients ρn represent the frequency conversion of "interband" Schmidt
modes. For instance, Grr(ωr, ω

′
r) maps/transforms the input Schmidt mode ϕn(ω′

r)

in the red band into the output Schmidt mode Φn(ωr) in the red band with trans-
mission probability τ 2n. On the other hand, Gbr(ωb, ω

′
r) maps the input Schmidt

mode ϕn(ω′
r) in the red band into the output Schmidt mode Ψn(ωb) in the blue

band with conversion ρ2n. We should note that only a set of four Schmidt modes
is sufficient to describe the TMT instead of eight.

Conversion Efficiency and Selectivity

The equivalence between the QPG and the beam splitter represented in Eq.
(2.78) gives a straightforward intuition of two figures of merit that can be used to
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characterize the QPG. Conversion efficiency (CE) is defined as the probability of
converting a photon in mode Âj to an up-converted photon in mode Ĉj, that is

ηj = sin2(θj), (2.83)

where θj = θλj. Mode discrimination (MD) can be defined as the probability of
conversion efficiency of the leading mode, j = 0, with respect to conversion efficien-
cies of all modes and is expressed as [Red+13]

MD ≡ sin2(θ0)∑
j sin

2(θj)
≤ 1. (2.84)

Another figure of merit is selectivity, S, that is defined as the product of CE and
MD for the leading mode such that

S =
sin4(θ0)∑
j sin

2(θj)
. (2.85)

Selectivity describes the ability to discriminate between different orders of
Schmidt modes of the Schmidt decomposition of the transfer kernel G(ω, ω′). A se-
lectivity value of 1 denotes an ideal operation limited to a single temporal mode,
while a value of 0 indicates a complete lack of discrimination between different
modes. Figs. 2.5 show different Green transfer maps Grr(ωr, ω

′
r) for an ideal QPG

with selectivity ∼ 1 in (a) and for realistic QPG with selectivity ∼ 0.5 in (b) and
∼ 0.25 in (c) respectively.

No-Pump Representation of QPGs

Considering the case of the IR Green transfer map Grr(ωr, ω
′
r), we can rewrite

its Schmidt decomposition as follows

Grr(ωr, ω
′
r) =

∑
n

τnΦn(ωr)ϕn(ω
′
r),

=
∑
n

Φn(ωr)ϕn(ω
′
r)−

∑
n

Φn(ωr)ϕn(ω
′
r) +

∑
n

τnΦn(ωr)ϕn(ω
′
r),

= δ(ωr, ω
′
r)−

∑
n

(1− τn)Φn(ωr)ϕn(ω
′
r),

= δ(ωr, ω
′
r) + G̃rr(ωr, ω

′
r), (2.86)
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Figure 2.5. Green transfer map Grr(ωr, ω
′
r) for an ideal QPG with selectivity ∼ 1

(a), for a realistic QPG with selectivity ∼ 0.5 (b) and for a realistic QPG with se-
lectivity ∼ 0.25 (c).

where we call G̃rr(ωr, ω
′
r) = −

∑
n λnΦn(ωr)ϕn(ω

′
r) the filtered Green transfer map

whose Schmidt coefficients λn = 1 − τn. We used the completeness relation of the
Schmidt modes, δ(ωr, ω′

r) =
∑

nΦn(ωr)ϕn(ω
′
r). Therefore, the representation of the

filtered Green transfer map G̃rr(ωr, ω
′
r) is given as

G̃rr(ωr, ω
′
r) = Grr(ωr, ω

′
r)− δ(ωr, ω

′
r). (2.87)

We call Eq. (2.87) as the no-pump correction representation of the QPG trans-
fer function. It should be pointed out that both G̃ and G are equivalent but not
equal. It is worth mentioning that the Dirac delta term δ(ωr, ω

′
r) is the identity

transformation which represents the no-pump case where the input pulse undergoes
no transformation and we can say that the input and output modes are identical.
This follows from the fact that τn → 1 (transmission of all modes goes to one, none
are converted) and the filtered G̃(ωr, ω′

r) → 0. As the pump power increases, trans-
mission τn decreases which leads to greater effect of the QPG. Hence, the action of
the QPG is encapsulated in G̃(ωr, ω′

r).
An illustration of Eq. 2.87 is shown in Fig. 2.6 where the first and second

terms of the R.H.S. are shown in (a) and (b) respectively and the L.H.S. is illus-
trated in (c).

For the sake of clarity and consistency, all plots of the Green transfer map,
whether unfiltered or filtered, will be of the absolute value for the rest of the thesis.
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Figure 2.6. Filtering representation Eq. (2.87) that shows the unfiltered Grr(ωr, ω
′
r)

(a), the no-pump Dirac delta (b) which is represented by the diagonal white line
and the filtered G̃rr(ωr, ω

′
r) (c).
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CHAPTER 3

CHARACTERIZATION OF TEMPORAL-MODE TRANSFORMATIONS

Spectral interferometry is a versatile technique widely used in optics and pho-
tonics research for characterizing the temporal and spectral characteristics of elec-
tromagnetic fields. It provides valuable insights into the temporal coherence, spec-
tral phase, and amplitude of optical pulses, making it an indispensable tool in var-
ious scientific and engineering disciplines. The principle of spectral interferometry
dates back to the early 20th century when Michelson developed the Michelson in-
terferometer, which paved the way for the measurement of optical interference phe-
nomena [Mic81]. Building upon Michelson’s work, Hanbury Brown and Twiss in-
troduced intensity interferometry, which played a crucial role in the study of stellar
sources and the developement of quantum optics [HT56].

In the context of spectral interferometry, the development of Fourier transform
spectroscopy (FTS) by Fellgett and Jacquinot revolutionized the field by enabling
high-resolution spectroscopic measurements using interferometric techniques [FJ55].
FTS provides a powerful tool for analyzing the spectral content of optical signals
and has found widespread applications in fields ranging from astronomy to molecu-
lar spectroscopy.

Over the years, significant advancements have been made in experimental tech-
niques for spectral interferometry. Pioneering work by Dorrer and Kang in the late
1990s demonstrated the use of spectral interferometry for characterizing ultrashort
optical pulses with femtosecond durations [DK98]. Their work laid the foundation
for ultrafast spectroscopy techniques based on spectral interferometry, enabling the
study of ultrafast dynamics in materials and molecules with unprecedented tempo-
ral resolution.

Spectral interferometry finds applications in a wide range of scientific and en-
gineering fields. In ultrafast science, spectral interferometry is used for pulse char-
acterization, and the study of ultrafast phenomena such as laser-induced dynamics
and photochemical reactions [Tre97]. In quantum optics, spectral interferometry
plays a crucial role in the characterization of quantum states of light, enabling ap-
plications in quantum communication, quantum information processing, and quan-
tum metrology [LR09].

The present chapter starts by giving an overview of the general technique of
spectral interferometry in Section 3.1 in order to lay the foundations of our pro-
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posed method that characterizes temporal-mode transformations which is laid out
in Section 3.2. We discuss different classes of CTMT-SI particularly in linear and
quadratic phase shifters in addition to some of the technical issues that arise in re-
alistic experiments.

3.1 Spectral Interferometry

The principal idea of spectral interferometry is to characterize the spectral
phase ϕ(ω) of ultrashort pulses. As discussed in Chapter 2, an optical pulse is de-
scribed by an envelope function and a phase, α(t)eiψ(t). This holds in the frequency
domain such that the pulse is described by A(ω)eiϕ(ω). However, note that α(t) and
A(ω) are not Fourier transform pairs.

The setup in Fig. 3.1 shows a schematic of how an unknown spectral phase
ϕ(ω) can be characterized by splitting a pulse, A(ω)e−iωt coming from a well char-
acterized laser source, by a beam splitter into two interferometer arms. The first
arm (top) has the unknown phase component ϕ(ω), to be characterized, picked
up by the pulse to become A(ω)e−iωt+ϕ(ω). The reference arm (bottom) picks up
a fixed time delay, τ , that can not be greater than 1/∆ν, where ∆ν is the spectral
resolution of the spectrometer. The interference pattern will have fringe spacing in
the spectral domain of the order 1/τ . The two fields are interfered at a BS and the
spectrum at the output, S̃(ω), is measured on a spectrometer (see Fig. 3.2) and can
be expressed as

S̃(ω) =

∣∣∣∣12
∫
dt
[
A(ω)e−iωτ + A(ω)eiϕ(ω)

]
e−iωt

∣∣∣∣2,
=

1

4
|A(ω)|2

∣∣∣∣{1 + cos[ωτ + ϕ(ω)]
}∣∣∣∣2,

= S̃DC(ω) + S̃
(−)
AC (ω)eiωτ + S̃

(+)
AC (ω)e−iωτ , (3.1)

where S̃DC(ω) = |A(ω)|2/4 is the DC component and S̃(+)
AC (ω) = |A(ω)|2eiωτeiϕ(ω)

is the well separated positive frequency AC signal and S̃(−)
AC (ω) = [S̃

(+)
AC (ω)]∗ is the

negative frequency AC signal.
To extract the phase, ϕ(ω), we apply the inverse Fourier transform over ω the

time domain (see Fig. 3.3) showing both positive and negative AC signals as side-
bands displaced in time by the time delay τ
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Figure 3.1. Schematic setup of a Mach-Zehnder interferometer to characterize
amplitude and phase of an ultrashort pulse. A pulse A(ω)eiωt from a laser source
is split by a beam splitter (BS) into a top arm that picks up a phase ϕ(t) to be
characterized and a reference arm (bottom) that pickes up a time delay τ . The
two-arms pulses A(ω)eiωt+ϕ(ω) and A(ω)eiω(t−τ) interfere and their spectral interfer-
ogram is measured by a spectrometer. WP stands for waveplate and BS stands for
beam splitter.

Figure 3.2. Spectrum in the frequency domain that would be measured on a spec-
trometer due to the interference of two pulses.
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S(t) =
1√
2π

∫
dωS̃eiωt,

= SDC(t) + S
(−)
AC (t− τ) + S

(+)
AC (t+ τ), (3.2)

where we use the conventional 1/
√
2π factor for Fourier transforms.

Figure 3.3. Spectrum in the time domain when the inverse Fourier transform is
applied on S̃(ω).

By filtering out the DC component along with one of the sidebands and then
Fourier transform back to the frequency domain, we are able to extract the phase
ϕ(ω) such that

ϕ(ω) = arg
[
S̃
(+)
AC (ω)

]
. (3.3)

3.2 Characterization of the Transfer Map G(ω, ω′)

Now that we have discussed the mathematical framework of temporal modes
and temporal mode transformations, I introduce a method for characterizing TMTs
based upon spectral interferometry (CTMT-SI). In general, TMTs are divided into
two classes as shown in Fig. 3.4 based on whether there is frequency conversion or
not. In the context of optics, the first class represents intraband TMTs that de-
scribe linear optics systems, e.g., phase shifters, lenses, ordinary beam splitters,
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waveplates, and many other common components. On the other hand, the second
class describes interband TMTs of nonlinear optics systems where there is energy
and/or momentum exchange, e.g., frequency mixing, optical Kerr effect, cross-phase
modulation, and Raman amplification to mention a few examples.

Figure 3.4. Schematic diagram of TMTs that describe intraband transformations
where there is no frequency conversion and interband transformations where there
is frequency conversion.

The general concept for the proposed CTMT-SI is depicted in Fig. 3.5. A
short optical pulse is split at a beam splitter to generate a probe pulse, described
in the frequency domain by A(ω), and a replica as a reference pulse. The reference
pulse is time delayed by a fixed time τ and the reference pulse becomes A(ω, τ) =

A(ω)e−iωτ . The probe pulse is sent to a tunable delay, T , that adds a spectral phase
factor to the probe pulse A(ω, T ) = A(ω)e−iωT . The temporal duration of the probe
pulse is much shorter than the range over which T is scanned. The time-shifted
probe is sent through the TMT resulting in an output temporal mode

C(ω, T ) =

∫
dω′G(ω, ω′)A(ω′)e−iω

′T , (3.4)

where G(ω, ω′) is the map of the TMT under investigation which transforms the
probe A(ω, T ) = A(ω)e−iωT into the output C(ω, T ) which is interfered with the
reference pulse, A(ω)e−iωτ that has a delay τ , on a beam splitter. One output of
the beam splitter is monitored with a spectrometer giving a spectrum S(ω, T ) =

IA(ω) + IC(ω) + 2Re{A(ω, τ)C∗(ω, T )}. The interference between C(ω, T ) and
A(ω, T ) gives rise to spectral interferograms with changing visibility and spacing
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Figure 3.5. Schematic setup of interferometric process tomography. A short optical
pulse out of a Ti-Saph laser at central wavelength λ0 = 810nm and bandwidth of
∆λ = 8nm is split at a beam splitter to generate a probe pulse A(ω) at central
wavelength λ0 = 805nm and bandwidth of ∆λ = 5nm and a replica as a reference
pulse. The probe pulse is sent to a tunable delay, T , then undergoes a TMT. The
interference between the output C(ω, T ) and the refernce is measured at one output
of the second beam splitter.

between fringes that depends on time delays T and τ , and the action of the map
G(ω, ω′) on A(ω, T ). In order to determine the transfer map G(ω, ω′), we use SI
tools of Fourier analysis. The spectral interferograms between C(ω, T ) and A(ω, τ)
are expressed as

S(ω, T ) =
1

2

[
sDC(ω, T ) + s

(−)
AC(ω, T ) + s

(+)
AC(ω, T )

]
,

=
1

2

[
|A(ω)|2 + |C(ω, T )|2 + A(ω)C∗(ω, T )e−iωτ

+ A∗(ω)C(ω, T )e+iωτ
]
, (3.5)

where the first line of Eq. (3.5) represents the DC (ω = 0) component and the sec-
ond and third lines represent the positive and negative AC (ω = ±2π/(τ −T )) com-
ponents and τ is a fixed time delay. Since T is varying, the AC peaks move along
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the time axis in the time domain causing the two sidebands to be slanted as shown
in Fig. 3.7b. To extract the map G(ω, ω′), we can implement the following algo-
rithm. We apply a Fourier transform to the measured spectra S(ω, T ) with respect
to ω (ω ⇒ t), such that

S̃(t, T ) =
1√
2π

∫
dω S(ω, T )eiωt,

=
1

2
√
2π

∫
dω

[
|A(ω, T )|2 + |C(ω, T )|2

]
eiωt

+
1

2
√
2π

∫
dω

∫
dω′ A(ω)G∗(ω, ω′)A∗(ω′)eiω[t−(τ+T )]eiω

′T

+
1

2
√
2π

∫
dω

∫
dω′ A∗(ω)G(ω, ω′)A(ω′)eiω[t+(τ+T )]e−iω

′T . (3.6)

where the tilde ·̃ denotes the Fourier transform. The first line of Eq. (3.6) is the
DC component at τ = 0, while the second line is the negative AC component at
−(τ + T ) and the third line is the positive AC component at +(τ + T ). We filter
out the DC and negative AC components by multiplying by a 2D super Gaussian
filtering function that takes the form e−(x−x0)4/δx4e−(y−y0)4/δy4 . We then get the pos-
itive AC component at t = τ + T ,

S̃(+)(t, T ) =
1

2
√
2π

∫ ∫
dωdω′A∗(ω)G(ω, ω′)A(ω′)

× eiT (ω−ω
′)eiω(t+τ), (3.7)

Fourier transform Eq. (3.7) to the frequency domain t⇒ ω, such that

S̃(+)(ω, T ) =
1√
2π

∫
dt S̃(+)(t, T )e−iωt,

=
1

2

∫ ∫
dω′dω′′

[∫
dt

2π
eit(ω

′′−ω)
]

× A∗(ω′′)G(ω′′, ω′)A(ω′)eiT (ω
′′−ω′)e−iω

′′τ

=
1

2

∫ ∫
dω′dω′′δ(ω′′ − ω)A∗(ω′′)G(ω′′, ω′)A(ω′)eiT (ω

′′−ω′)e−iω
′′τ

=
1

2

∫
dω′A∗(ω)G(ω, ω′)A(ω′)eiT (ω−ω

′)e−iωτ , (3.8)

Applying an inverse Fourier transform with respect to time T ⇒ ν, we obtain

S̃(+)(ω, ν) =
1√
2π

∫
dT S̃(+)(ω, T )e−iνT ,
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=
1

2
√
2π

∫
dT

∫
dω′ A∗(ω)G(ω, ω′)A(ω′)e−iωτei(ω−ω

′)T e−iνT ,

=

√
π

2

∫
dω′

[
1

2π

∫
dT eiT [(ω−ν)−ω

′]

]
A∗(ω)G(ω, ω′)A(ω′)e−iωτ ,

=

√
π

2

∫
dω′ δ[(ω′ + ν)− ω]A(ω)G∗(ω, ω′)A∗(ω′)e−iωτ ,

=

√
π

2
A∗(ω)G(ω, ω − ν)A(ω − ν)e−iωτ . (3.9)

The reconstructed transfer map is obtained as

G(ω, ω′) =

√
2

π

S̃(+)(ω, ν)eiωτ

A∗(ω)A(ω′)
, (3.10)

where ν = ω − ω′ is the variation between input and output frequency degrees of
freedom due to the action of the transfer map G.

S̃(+)(ω, ν)

S(ω, T ) S̃(t, T )

S̃(+)(t, T )S(+)(ω, T )

G(ω, ω′)

FT −1
t→ω

FT ω→t

SG Filter

FT −1
T→ν

Retrieval

Figure 3.6. Layout of the reconstruction algorithm.

To summarize, the algorithm of extracting the transfer Green’s function G(ω, ω′)

is laid out in Fig. 3.6.
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CTMT-SI Algorithm

1. Acquire Spectral data S(ω, T ).

2. Fourier transform the spectral data from S(ω, T ) to S̃(t, T ).

3. Filter out one of the AC components (e.g. positive sideband) S̃(+)(t, T ).

4. Inverse Fourier transform back S̃(+)(t, T ) from the time domain to S̃(+)(ω, ν)

in the spectral domain.

5. Extract G(ω, ω′) from S̃(+)(ω, ν).

Numerical Simulation

We perform numerical simulation in order to show that the proposed technique
is experimentally feasible. Assume a Gaussian probe pulse A(ω) with a central fre-
quency ω0 = 2π/λ0 where λ0 = 803 nm, and a temporal duration of 200 fs. We use
the single-value decomposition to define the TMT output, such that

C(ω, T ) =
∞∑
n=0

τnΦn(ω)

∫
dω′ϕn(ω

′)A(ω′)e−iω
′T , (3.11)

where ϕ(ω′) and Φ(ω) are the input and output Schmidt modes respectively. We
choose the Hermite-Gaussian (HG) basis to define our temporal modes such that

ϕn(ω) =
Hn(

ω−ω0

∆ωi
)√

n!2n∆ωi
√
π
e
−
(

ω−ω0
∆ωi

)2

, (3.12)

where ∆ωi is the spectral bandwidth of the input modes and Hn(x) is the Hermite
polynomials expressed as

Hn(x) = (−1)nex
2 dn

dx2
e−x

2

. (3.13)

The first 5 terms of the Hermite polynomials are expressed as

H0(x) = 1,

H1(x) = 2x,

H2(x) = 4x2 − 2,
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H3(x) = 8x3 − 12x,

H4(x) = 16x4 − 48x2 + 12.

We limit our numerical simulation to the first 5 modes, n = 0, 1, 2, 3, 4. The choice
of the transmission coefficients τn depends on the case to be numerically simulated.
For instance, in case of simulating a delta function, described below, we choose
τn = 1 for all n. We scan the varying time delay T over a period of 1 ps and 6 ps
respectively to show the effect of the finite time sampling on the spectral broaden-
ing of the delta-like transfer maps. We then follow the algorithm described in above
to extract G(ω, ω′) from the interference between C(ω, T ) and A(ω, τ).

Intraband TMT

As we mentioned above, intraband TMTs map temporal modes in the same
spectral band, that is no frequency conversion between input and output modes
occurs. As an example of an intraband TMT, we consider the case of a spectral
phase shifter with the transfer function G(ω, ω′) ∼ eiϕ(ω)δ(ω − ω′) as TMT to be
probed with our interferometric method. Such a TMT does not alter the spectrum
of the pulse A(ω′). The spectral interferograms obtained at the output of the MZ
interferometer with a scan over time T are given by Eq. (3.5) such that,

S(ω, T ) = |A(ω)|2
{
1 + cos

[
ω(T − τ)− ϕ(ω)

]}
, (3.14)

which is identical in form to Eq. (3.1). We apply the algorithm described above in
order to obtain the filtered AC component as

S̃(+)(ω, ν) =
1

2
|A(ω)|2eiϕ(ω)eiωτ

[√
2πδ(ν)

]
. (3.15)

Since there is no frequency conversion between input and output modes in intra-
band TMTs, ν ∼ ω − ω′ = 0, we substitute Eq. (3.15) into Eq. (3.10) to obtain the
sought after transfer function G(ω, ω′) = eiϕ(ω)δ(ω − ω′).

An interesting case to consider for numerical simulation is the Dirac delta dis-
tribution G(ω, ω′) ∼ δ(ω − ω′). The reason behind this interest is that QPGs
are controlled by the temporal shape and strength of the gating pump pulse. In
other words, the pump pulse is considered to be a control knob of the QPG. When
the pump is switched off, the input mode undergoes no TMT and, therefore, the
input and output modes are identical and their transfer map is represented by a
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(a) Numerically-simulated spectrograms at different time scans
for the linear phase shifter S(ω, T ).

(b) Slanted sidebands due to the time
scan T of the Fourier transform S̃(t, T )
of the spectrograms in 3.7a.

Figure 3.7. Numerical simulation of tomographic measurements of the linear phase
shifter with phase function ϕ(ω) = α ω.
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(a) Analytical transfer function G(ω, ω′) ∼ eiϕ(ω)δ(ω − ω′).

(b) Simulation of the reconstructed transfer function over 1 ps time scan.

(c) Simulation of the reconstructed transfer function over 6 ps time scan.

Figure 3.8. Contour plots of the transfer functions of the LPS with a phase func-
tion ϕ(ω) = α ω. 73



Dirac delta. The Schmidt decomposition of the Dirac delta is not unique because
all the weights, Schmidt coefficients, are equal to unity, in other words they are de-
generate. The decomposition can be done with any complete set of orthonormal
functions that satisfy Eqs. (2.29). Examples of typical orthogonal polynomials are
Legendre, Hermite, Laguerre, Chebyshev and etc. We chose to work with Hermite-
Gaussian basis since it represents the TM framework we employ. Therefore, the
Schmidt decomposition of a Dirac-delta like transfer kernel is given as

δ(ω − ω′) =
∞∑
n=0

Φn(ω)ϕn(ω
′), (3.16)

where both Φn(ω) and ϕn(ω′) are output and input Hermite-Gaussian modes re-
spectively. The fact that all the weights are equal to unity makes the sum of the
squares of the weights diverges because the Dirac delta is not square-integrable.
The numerical simulation then uses the decomposition (3.16) to identify the TMT
output

C(ω, T ) =
∞∑
n=0

Φn(ω)

∫
dω′ϕn(ω

′)A(ω′)e−iω
′T , (3.17)

which undergoes spectral interference with the replica of the probe pulse A(ω′).
The steps described in the above algorithm and laid out in Fig. 3.6 are then ap-
plied in order to find the transfer kernel G(ω, ω′) ∼ δ(ω − ω′). We now illustrate
the reconstruction of linear and quadratic phase of intraband TMTs as examples of
Dirac-delta like transfer maps.

Linear Spectral Phase ϕ(ω) = α ω

We now consider the case of a linear spectral phase shifter (LPS) in place of
the TMT box under investigation, Fig. 3.5, with a phase function ϕ(ω) = α ω,
where α is the induced time delay of a pulse in the units of fs. We probe the linear
spectral phase shifter with a short Gaussian pulse A(ω) that is time-delayed and in-
terfered with a replica of itself. Figures (3.7) show the numerical simulation of the
resulting interferograms S(ω, T ) and their Fourier transform S̃(t, T ) using a 1 ps

time scan period T . Fig. 3.7b shows the slanted sidebands due to the time scan T .
Applying the algorithm described in Section 3.2, we can reconstruct the transfer
function of the LPS from Eq. (3.10) shown in Fig. 3.8. When extending the scan
period [−T ′, T ′] over times much longer than the time duration of the probing pulse
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A(ω), T ′ ≫ τA, the reconstructed transfer function G(ω, ω′) asymptotically (by
increasing T ′) reaches a delta-like function ∆(ω − ω′ − ν) of spectral bandwidth
proportional to 1/2T ′ as shown in Figs (3.8b) and (3.8c). This behavior is expected
since the limits of the Fourier transform with respect to T run from −∞ to ∞ that
gives rise to the delta function through which we are able to extract G(ω, ω′). As a
result, the time period over which we delay the probe should always be longer than
all other relevant times particularly the time duration of the probe pulse A(ω).

Figure 3.9. Spectral phase and intensity after the action of a linear spectral phase
shifter with a phase function ϕ(ω) = α ω, where α = (2000/ω0) with ω0 = 2πc/λ0
and λ0 = 803nm.

The simulation shows that the reconstructed transfer function of the linear
phase shifter agrees with the analytical expression G(ω, ω′) ∼ eiϕ(ω)δ(ω − ω′) shown
in Fig. 3.8a demonstrating feasibility of the proposed CTMT-SI technique.

As an example, we simulate the LPS setting the time-delay parameter α =

852 fs and the central wavelength is λ0 = 803 nm in the Hermite-Gaussian basis of
TMs. We get the input-output pulses with the linear phase shown in Fig. 5.13 with
a simulated time-delay parameter αsim ∼ 855fs. The input and output pulses match
since there is no pulse stretching or compression.
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Figure 3.10. Contour plots of the real (left) and imaginary (right) parts of the
transfer function of the Dirac delta with a linear Phase Φ(ω) = αω.

Figure 3.11. Quadratic spectral phase and intensity of the input and output pulses
undergoing a quadratic phase shift with a phase function ϕ(ω) = β ω2 where
β = (150/ω0)

2.
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Quadratic Phase Shifter ϕ(ω) = β ω2

It is worth investigating the case of a quadratic spectral phase when there is a
chirp added to the pulse. The phase function of the quadratic phase shifter (QPS)
is expressed as ϕ(ω) = β ω2, where β is the chirping parameter in units of fs2. For
the case of a waveguide with a chirping parameter β ∼ 4080 fs2 the input-output
pulses with the quadratic phase are shown in Fig. 3.11 with a simulated chirping
parameter βsim ∼ 4360 fs2. The quadratic nature of the transfer function G(ω, ω′)

appears when plotting the real and imaginary parts of G(ω, ω′) as shown in Figs.
(3.12). The chirping parameter of a periodically-poled Lithium niobate (PPLN)
waveguide of thickness 10 mm that is used in the experiment described in [El +]
is measured to be βexp ∼ 4166 fs2. The Sellmeier equation for Lithium niobate
predicts the chirping parameter for the same waveguide to be βSellmeier ∼ 4257 fs2

which agrees with our model.

Figure 3.12. Contour plots of the real (left) and imaginary (right) parts of the
transfer function of the Dirac delta with a quadratic phase Φ(ω) = βω2.

It should be noted that the artifacts that appear in Figs. 3.8, 3.10 and 3.12
are due to using a limited number of modes in our simulations. In our numerical
simulations, we used only five modes, n = 0, 1, 2, 3, 4. Increasing the number of
modes considered in the sum in Eq. (3.17) gets rid of these artifacts asymptotically
with n→ ∞.
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Interband TMT

Figure 3.13. A scheme showing sum-frequency generation (SFG) in a nonlinear χ(2)

waveguide that is periodically poled to ensure quasi phasematching.

In interband TMTs, the frequency of light in the mode undergoing transforma-
tion gets converted in second order nonlinear crystals χ(2). In Fig. 3.13 we show the
process of sum-frequency generation (SFG) in a nonlinear optical processes where
the striped medium is a periodically-poled second-order nonlinear χ(2) waveguide
to ensure group-velocity matching between the pump and signal in the red band by
the employ of quasi-phasematching [Red+13]. A configuration as in Fig. 3.13 per-
forms a TMT of the form of Eq. (2.72) and is represented by Eqs. (2.80). In the
absence of a seeding signal, B(ω′

i) = 0, the output fields C(ωr) and D(ωb) read

C(ωr) =

∫ +∞

−∞
dω′

rGrr(ωr, ω
′
r)A(ω

′
r), (3.18)

D(ωb) =

∫ +∞

−∞
dω′

rGbr(ωb, ω
′
r)A(ω

′
r), (3.19)

where both Grr(ωr, ω
′
r) and Gbr(ωb, ω

′
s) should be reconstructed in order to fully

characterize the process under investigation. The technique described above in Sec-
tion 3.2 is applied once for each transfer map yielding similar expressions to Eq.
(3.10) with the difference that the probe for Gbr(ωb, ω

′
r) is frequency doubled prior

to interference with idler/register fields. The transfer maps are expressed as

Grr(ωr, ω
′
r) =

√
2

π

S̃(+)(ωr, ν)e
iωrτ

A∗(ω′
r)A(ωr)

, (3.20)

Gbr(ωb, ω
′
r) =

√
2

π

S̃(+)(ωb, ν)e
iωbτ

′

A∗(ω′
r)ASHG(ωb)

, (3.21)
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Figure 3.14. A proposed experimental setup to characterize interband TMTs. A
probe mode A(ωr) is split into to parts to probe the mode sorter and gets fre-
quency doubled to be a reference for the "blue" interferometer. The outputs of the
mode sorter C(ωr) and D(ωb) interfere with A(ωr) and ASHG(ωb) respectively.

where ASHG(ωb) = −igL A2(ω′
r)

sin(∆kL/2)
∆kL/2

ei∆kL/2 with g the coupling constant that
depends on χ(2) of the nonlinear crystal whose length is L and ∆k = k(ωb)− 2k(ω′

r)

is the phase-matching condition. A proposed experimental setup to characterize in-
terband TMTs is shown in Fig. 3.14. The probe pulse A(ωr) is split into two parts,
one probes the TMT and the other gets frequency doubled in the blue band to be
the reference for the blue interferometer. The outputs of the mode sorter C(ωr)
and D(ωb) interfere with A(ωr) and ASHG(ωb) respectively giving time-dependent
spectrograms from which the Green functions can be extracted.

Time-Dependent Loss

In realistic experiments when we have a discretized time delay T over a finite
sampling set, the Dirac delta function δ(ω − ω′ − ν) = 1

2π

∫
dTeiT (ω−ω

′−ν), aris-
ing from the Fourier transform of Eq. (3.8) with respect to T (T ⇒ ν), becomes
broader in the spectral domain. In addition, if there is any time-dependent loss in
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the system (typically in pulse shapers when introducing the time delay), it needs to
be accounted for while implementing the data analysis.

Assume that we have a time-dependent loss in the system L(T ), therefore, Eq.
(3.8) becomes

S̃(+)(ω, T ) =
1

2

∫
dω′A∗(ω)G(ω, ω′)A(ω′)L(T )eiT (ω−ω

′)eiωτ , (3.22)

To this end, we invoke the no-pump correction representation of the transfer
map introduced in Eq. (4.19),

G(ω, ω′) = δ(ω, ω′) + G̃(ω, ω′), (3.23)

such that

S̃(+)(ω, T ) =
1

2

∫
dω′A∗(ω)δ(ω, ω′)A(ω′)L(T )eiT (ω−ω

′)eiωτ

+
1

2

∫
dω′A∗(ω)G̃(ω, ω′)A(ω′)L(T )eiT (ω−ω

′)eiωτ ,

=
1

2
|A(ω)|2L(T )eiωτ

+
1

2

∫
dω′A∗(ω)G̃(ω, ω′)A(ω′)L(T )eiT (ω−ω

′)eiωτ , (3.24)

We then take the inverse Fourier transform of Eq. (3.24) with respect to T , we get

S̃(+)(ω, ν) =
1√
2π

∫
dT S̃(+)(ω, T )e−iνT ,

=
1

2
√
2π

|A(ω)|2eiωτ
∫
dTL(T )e−iνT

+

√
π

2

∫
dω′A∗(ω)G̃(ω, ω′)A(ω′)eiωτ

[∫
dT

2π
L(T )eiT (ω−ω

′−ν)
]
,

=
1

2
√
2π

|A(ω)|2∆(ν)eiωτ

+

√
π

2

∫
dω′A∗(ω)G̃(ω, ω′)A(ω′)∆(ω − ω′ − ν)eiωτ , (3.25)

where we define ∆(ν) as the Fourier transform of the loss function L(T ) and ∆(ω −
ω′ − ν) is the shifted Fourier transform. It should be noted that the first line of
Eq. (3.25) is nothing but the spectral measurement when the pump is switched off,
S̃
(+)
no-pump(ω, ν).
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Scanning time delay T over a finite sampling set instead of an infinite set gives
rise to spectral broadening to the function ∆ whose spectral bandwidth is propor-
tional to 1/2T ′ where T ′ is the limit of the time scan. Due to this spectral broad-
ening, it becomes challenging to extract the filtered transfer kernel G̃(ω, ω′) in a
closed form. However, to circumvent this, we ensure that the sampling set over
which we scan the time delay T is much longer than the temporal duration of the
probe pulse τA. When this condition T ′ ≫ τA is satisfied, the temporal duration of
loss profile is much longer than all other time durations (see Fig. 4.8), and is nearly
constant over the interaction time. As a result, the Fourier transform ∆ can be ap-
proximated as a delta-like function (see Fig. 4.9 c and f). Therefore, Eq. (3.25) is
approximated as

S̃(+)(ω, ν) ≈ S̃(+)
no-pump(ω, ν)e

iωτ

+

√
π

2
A∗(ω)G̃(ω, ω′)A(ω′)eiωτ , (3.26)

from which we can extract the filtered transfer map

G̃(ω, ω′) ≈
√

2

π

e−iωτ

A∗(ω)A(ω′)

[
S̃(+)(ω, ν)− S̃(+)

no-pump(ω, ν)
]
, (3.27)

where S̃(+)
no-pump(ω, ν) = |A(ω)|2/2

√
2π is the spectral measurement when the pump

is switched off. It is worth noting that this approximation holds for strong and
moderate conversion limits and breaks down in weak conversion limit where the
spectral width of the transfer map G̃(ω, ω′) is close to that of the Fourier transform
∆(ω, ω′) of the loss profile.
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CHAPTER 4

EXPERIMENTAL CHARACTERIZATION OF THE QPG

In this chapter, I describe the experimental demonstration of the character-
ization of the QPG using the CTMT-SI method presented in the previous chap-
ter. First, I describe the setup of the QPG which was developed by the Raymer
group [Red17]. The waveguide that was employed for the QPG setup is described
in Sec. 4.1. The laser system that was used in the experimental setup is a home-
built Ti:Sapphire laser and is presented in Sec. 4.2. In Sec. 4.3, I present the pulse
shaper that was used to carve up the probe and pump pulses to characterize the
QPG. I outline the experimental results of the characterization of the QPG in Sec.
4.4.

Experimental Design

4.1 Waveguide

The QPG utilized in this work is based on Reddy [Red17] who did an exten-
sive analysis to choose the waveguide for a highly selective quantum pulse gate.
The optimum requirements of the QPG rely on ensuring a long effective interaction
time inside the waveguide between the group-velocity matched (GVM) pump and
signal pulses. In the configuration of a second-harmonic generation (SHG) waveg-
uide, which converts light from 812 nm to 406 nm at a temperature of 24.25°C, fre-
quency conversion (FC) is achieved by positioning the probe and pump frequen-
cies on opposite sides of the SHG pump frequency’s red band. The bandwidths
for SHG acceptance are characteristically narrow, ensuring efficient frequency con-
version. To prevent the unintended production of spurious blue light solely from
the pump, it is crucial that the FC pump frequency is adequately separated from
the SHG pump frequency. This separation, combined with the inherent spectral
flatness associated with normal dispersion, facilitates conditions close to group-
velocity matching (GVM), optimizing the efficiency of the frequency conversion
process. When SHG waveguides are pumped at the sum frequency, the process can
lead to the creation of degenerate photon pairs through Spontaneous Parametric
Down-Conversion (SPDC). The joint spectral distribution of these photon pairs
demonstrates a strong anticorrelation which is indicative of the limited acceptance
bandwidth of the SHG process’s red pump band [LCS09]. Nonetheless, the spec-
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tral width of each photon in the pair is broad, permitting the occurrence of sum
frequency generation (SFG) from two spectral domains situated adjacent to the
SHG pump frequency. This behavior renders commercial SHG waveguides as viable
components for conducting frequency conversion (FC) experiments with a focus
on temporal mode (TM) selectivity. Fig. 4.2 shows the blue light generated when
Gaussian pump and signal pulses were coupled into the waveguide. As can be ob-
served, there are two peaks in the blue spectral region at the 405.5 nm, which is the
SFG peak, and at 407.5 nm which is the pump-only SHG peak which is indepen-
dent of the signal presence. The two peaks were separated by a Semrock TBP01-
400/16 tunable bandpass filter at angle of incidence 17◦. The SHG signal-only peak
is ignored since I work with weak signal powers.

Figure 4.1. The wavenumber (β) and the group velocity (vg = dω/dβ) versus wave-
length (λ) for a typical 5 µm wide, periodically-poled, MgO:LN waveguide. Also
shown are the r-, s-, and p- bands that I utilize for SFG.

I employed a 10 mm MgO-doped PPLN wafer from the company AdvR, which
was poled to perform Type-0 SHG (all fields co-polarized) from NIR (810 nm) to
blue (405 nm) wavelengths. The waveguide ensured near-GVM conditions as shown
in Fig. 4.1 where the group velocities of the pump and probe are nearly identical. I
used a waveguide oven whose temperature control accuracy is ±0.01◦C and was de-
signed and built at the University of Oregon Machine shop by Cliff Dax and Jeffrey
Garman.
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Figure 4.2. Blue light spectra generated from the QPG in a typical run. The SFG
peak requires both the pump and signal to be present at the input, whereas the
pump-only SHG peak remains even without the signal, and occurs due to imperfec-
tions in poling.

4.2 Ultrafast Laser

The experimental design necessitated the generation of pump and probe pulses
with tunable shapes, closely spaced in their wavelengths (a spectral separation of
approximately 8 nm) and temporally synchronized to optimize for conversion effi-
ciency. To achieve this, the construction of an in-house ultrafast, Kerr-lens mode-
locked Titanium-Sapphire (Ti:Sapphire) laser was undertaken, offering a broad
spectral bandwidth from which the desired pump and signal spectra could be metic-
ulously extracted.

The architecture of the Ti:Sapphire laser system employed a Brewster-angle
cut Ti:Sapphire crystal, integrated within a water-cooled assembly for thermal
management. The pumping mechanism involved the focal concentration of con-
tinuous wave (CW) laser light, specifically at a wavelength of 532 nm, into the
crystal’s core. This was facilitated by a 15 W Sprout-G diode-pumped Nd:YVO4
(Neodymium-doped Yttrium Vanadate) laser, sourced from LightHouse Photonics.
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The excitation of the Ti:Sapphire crystal by the green pump laser induced a broad
fluorescence spectrum in the near-infrared (near-IR) range, serving as the funda-
mental emission for the laser operation.

Figure 4.3. The spectrum of the in-house built Ti:Sapphire laser system tuned at
λ0 ∼ 811 nm and bandwidth ∆λ ∼ 8 nm.

To construct the resonant optical cavity, a combination of curved and flat mir-
rors, designed to minimize group-delay dispersion (GDD), were mounted around
the crystal. This arrangement formed a linear cavity that, when aligned to resonate
at specific fluorescence wavelengths, facilitated the amplification of spontaneous
emission through stimulated emission processes, thereby initiating lasing. The cav-
ity’s design included one partially transmissive end-mirror to allow a fraction of the
coherent light to emerge as the usable laser output.

For the generation of ultrafast pulses, the Ti:Sapphire laser system was fur-
ther modified with the inclusion of a pair of highly dispersive prisms, serving as
a mechanism for dispersion compensation. This arrangement allowed for the dif-
ferential path length adjustment for various wavelengths, thereby supporting multi-
wavelength resonance within the cavity. The intrinsic Kerr nonlinearity of the Ti:Sapphire
crystal, denoted as χ(3), played a pivotal role in modulating the crystal’s refrac-
tive index based on the electric field intensity of the intracavity light. At high field
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intensities, this nonlinearity could induce self-focusing effects, contributing to the
formation of a lensing effect within the crystal medium. This phenomenon, in con-
cert with the dispersion-compensating prisms, facilitated the stable generation of
ultrawide-band pulses characterized by significant peak intensities.

The transition from continuous wave to pulsed operation, or mode-locking, was
instigated by a minor mechanical perturbation applied to the cavity structure, typ-
ically affecting the prism mounts. This mode-locking process resulted in the pro-
duction of pulses at a repetition rate determined by the cavity’s round-trip time,
which, in this specific setup, was 76 MHz. The pulse’s spectral bandwidth and
central frequency were fine-tuned through the introduction of an adjustable slit,
formed by two razor blades placed within the cavity. The manipulation of the slit’s
dimensions and position allowed for precise control over the pulse’s spectral proper-
ties.

This description encapsulates the design and operational principles underly-
ing the construction and utilization of an in-house ultrafast, Kerr-lens mode-locked
Ti:Sapphire laser system for the generation of manipulated, temporally synchro-
nized pump and probe pulses, tailored for advanced quantum optics experiments
and applications. The spectrum of the in-house build Ti:Sapphire laser system is
shown in Fig. 4.3.

4.3 4f-Line Pulse Shaping

The laser was tuned to generate pulses with a bandwidth of 8 nm and cen-
tered at 811 nm at repition rate of 76 MHz. In order to manipulate the shape of
the laser pulses, we used a home-built pulse shaper that relies on the configuration
of Treacy-grating pair 4f-line system [Tre69] as shown in Fig. 4.4.

The 4f-line pulse shaping technique is a cornerstone in the field of ultrafast op-
tics, enabling the precise manipulation of the temporal and spectral characteristics
of ultrashort laser pulses. This method hinges on the principle of Fourier transform
optics, utilizing a 4f optical configuration to shape light pulses. This setup consists
of two identical diffraction gratings aligned in the Littrow configuration [Wei00;
MWC10]. These gratings are instrumental in dispersing the frequency components
of an incoming pulse across varied angles, a process described by the grating equa-
tion
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d(sinα + sin β) = λ, (4.1)

where d represents the line spacing of the grating, α the incident angle, β the first-
order diffraction angle, and λ is the wavelength of the incident pulse. The config-
uration aims to approximate the Littrow condition (α = β) as closely as possible
to optimize the angular dispersion. Subsequent to dispersion, a lens positioned at
its focal length from the grating maps angle to position the spectral components
onto the Fourier plane, where a spatial light modulator (SLM) applies specific am-
plitude and phase modulations. In a 4f-line pulse shaper, the spectral components
are first spatially dispersed by a diffraction grating and focused onto a spatial light
modulator (SLM) by a lens with focal length f . The SLM modulates the phase and
amplitude of these components, which are then recombined by a second identical
lens and grating to form the shaped pulse. The SLM modulation is governed by the
transfer function H(ω), facilitating the synthesis of the shaped pulse

Eout(ω) = F{Ein(t)} =
1√
2π

∫ ∞

−∞
Ein(t)e

−iωtdt, (4.2)

where Ein/out(ω) represents the input/output electric field of the incident and shaped
light, respectively, in the frequency domain, ω is the angular frequency, and F de-
notes the Fourier transform.

Figure 4.4. Schematic of a 4f-line pulse shaper that consists of two diffraction grat-
ings, two lenses and a spatial light modulator (SLM) placed at the Fourier plane.
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The modulation imposed by the SLM is described by a transfer function H(ω),
yielding the shaped pulse

Eshaped(ω) = H(ω)Eout(ω). (4.3)

The temporal profile of the shaped pulse is retrieved by the inverse Fourier trans-
form

Eshaped(t) = F−1{Eshaped(ω)} =
1√
2π

∫ ∞

−∞
Eshaped(ω)e

iωtdω. (4.4)

The pulse shaping depends on the spectral resolution and diffraction efficiency of
the gratings, the temporal range which is the maximum temporal window that can
be shaped, and the spectral resolution of the SLM which depends on the number of
pixels in the SLM. For a given collimated beam incident on the grating with an ini-
tial spot diameter denoted by w0, the consequent spot diameter projected onto the
Fourier plane is determined by wf = λ0f/(πw0), where λ0 is the central wavelength
of the incident pulse and f is the focal length of the lens. This relationship implies
that as the focal length f increases, both the spatial separation and the diameters
of the focused spots corresponding to different spectral components exhibit propor-
tional enlargement. The choice of focal length is thus critical, tailored to align the
spot diameter at the Fourier plane with the spatial resolution or the pixel dimen-
sions of the modulating devices, without exceeding these parameters. Additionally,
the diameter of the incoming beam must be sufficiently broad to fulfill the plane-
wave approximation, enhancing the grating’s resolution by engaging a larger num-
ber of its lines. In our experimental setup, the ultrafast laser beam was spatially
broadened to achieve a transverse diameter of approximately 7 mm, subsequently
channeled through a Treacy-grating-pair pulse shaper configured in a folded 4f ar-
rangement [Tre69]. This configuration incorporated a reflective spatial light mod-
ulator (SLM) positioned at the Fourier plane. The pulse shaping system employed
a holographic grating with 1800 lines/mm, optimized to operate close to the Lit-
trow configuration, and a cylindrical lens with a 250 mm focal length to accurately
focus the spectral components onto the SLM. The cylindrical lens’s was chosen to
disperse the beam’s intensity along the vertical axis, thereby preventing potential
damage to the SLM. The resulted spot diameter of the shaped beam was approxi-
mately 5 µm for each wavelength component.

The SLM used in the setup is a Meadowlark 8-bit, 2D, phase-only liquid-crystal
spatial light modulator of 1920× 1152 pixel resolution and array size of 17.6 mm ×
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Figure 4.5. Modulation mask on the SLM (a) and the respective spectra (b) of the
carved out pulses in the pump and signal bands.

10.7 mm. The pixels were squares of side 9.2 µm and the fill factor was 95.7% and
the reflectivity is 97.%. The modulation of both phase and amplitude of the in-
cident pulse is performed through applying a vertical blazed grating mask on the
SLM [Red17]. The m = 1 order reflection is then picked off as the output shaped
beam. An example of such masks applied on the SLM is shown in Fig. 4.5 where
we carve out two bands for the pump and signal. The probe and pump frequency
bands can be independently manipulated by changing the mask over the pixels that
cover each band. As described in our CTMT-SI method in Section 3.2, the probe
pulse A(ω, T ) = A(ω)e−iωT is temporally delayed through the application of a lin-
ear phase ramp to the probe band of the modulation mask on the SLM as shown in
Fig. 4.6.

Spatial-Spectral Coupling in Pulse Shaping

An intriguing phenomenon encountered in the realm of 4f-line pulse shaping
is the spatial-spectral coupling, a direct consequence of introducing phase modula-
tions via the SLM. When a phase pattern is imparted onto the spectral components
of a pulse by the SLM, not only are the temporal characteristics of the pulse al-
tered, but there is also a resultant spatial displacement of the beam. This displace-
ment arises due to the phase gradient introduced across the beam’s profile, leading
to an angular deviation as the beam exits the pulse shaper.

The mathematical foundation of this effect can be traced to the principle of
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Figure 4.6. Linear phase ramp applied to the probe band of the modulation mask
on the SLM.

angular dispersion in optics, where the phase modulation Φ(ω) introduced by the
SLM imparts a wavevector shift ∆k to the diffracted beam. This shift can be ex-
pressed as

∆k =
dΦ(ω)

cdω
. (4.5)

This wavevector shift translates to an angular deviation ∆θ of the beam, given by
the relation

∆θ =
λ

2π
∆k. (4.6)

Consequently, the spatial displacement of the beam at a distance L from the pulse
shaper can be quantified as L∆θ, illustrating the spatial manifestation of the tem-
poral modulation.

It is worth noting that the spatial-spectral coupling effect has implications for
applications that rely on precise beam positioning and alignment. The interplay
between the spatial and temporal domains necessitates careful calibration of the
phase modulation patterns to mitigate undesired beam displacements, ensuring
that the intended temporal shaping is achieved without compromising the spatial
integrity of the beam.

Due to the spatial-spectral coupling in the pulse shaper, the efficiency of beam
coupling into the waveguide decreases with increasing the time delay imposed on
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the probe pulse as shown in Fig. 4.7. The spatial displacement of the first-order
diffracted beam δx in the horizontal plane increases proportionally with increas-
ing the temporal delay imposed on the probe pulse as shown in the far right and
far left beams. On top of that, such spatial displacement is larger in the configu-
rations when the pulse shaper is not well optimized. It is worth mentioning that
such spacial displacement is a fundamental characteristic of the intertwined spectral
and temporal nature of ultrashort pulses and will persist to exist no matter how
perfectly the pulse shaper is aligned. As a result, the efficiency of the coupling the
shaped beam into the waveguide reduces with increasing the temporal delay that is
applied on the beam. Several methods to mitigate the effect of the spatial-temporal
interference are introduced below.

Figure 4.7. Schematic of spatial displacement of the m = 1 reflected beam due
to spatial-temporal interference in the pulse shaper when a linear phase mask is
applied to the SLM to temporally delay the incident pulse. Larger displacements
occur when the pulse shaper is not well-optimized (top) and when longer delays are
imposed (far right and far left beams). The efficiency of the coupling in the waveg-
uide is directly affected by beam displacement (right).
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Mitigation Strategies

To counteract the effects of spatial-temporal interference, several strategies
have been developed, focusing on both the design of the pulse shaping setup and
the modulation patterns applied to the SLM.

1. Adaptive Phase Compensation: By implementing adaptive optics techniques,
the phase modulation pattern on the SLM can be dynamically adjusted to
compensate for the induced spatial displacement. This approach involves it-
eratively optimizing the phase pattern to minimize beam displacement while
achieving the desired temporal shaping [Tre69].

2. Beam Steering Mechanisms: Incorporating active beam steering elements,
such as piezo-electrically controlled mirrors, in the optical path following the
pulse shaper allows for the correction of beam displacement in real-time. This
method provides a direct means to re-align the shaped beam to its intended
spatial trajectory [Wei11].

3. Pre-dispersion Compensation: By pre-shaping the beam before it enters the
4f-line setup with a complementary spatial phase profile, the effects of spatial-
temporal interference can be neutralized. This pre-compensation requires
careful calibration based on the specific phase modulations applied by the
SLM [MWC10].

4. Dual SLM Configuration: Employing a second SLM in the pulse shaping
setup, dedicated solely to spatial shaping, allows for independent control over
spatial and temporal characteristics of the beam. This dual SLM approach
decouples the temporal shaping from spatial effects, providing a versatile solu-
tion to the challenge of spatial-temporal interference [Wei00].

In practice, my mitigation strategy was to optimize the pulse shaper as well as
possible and then incorporate such loss effect in the analysis so that the data is reli-
able. I measured the loss in intensity of the transmitted signal at the output of the
waveguide when scanning over time and then I introduce a transmission function
L(T ) in my analysis. The transmission function is found to be close to both Gaus-
sian and super Gaussian functions as depicted in Fig. 4.8. For the sake of simplic-
ity, I chose the transmission function to be Gaussian, thus L(T ) ∼ exp(−T 2/2τ 2L),
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where τL is the bandwidth of L(T ). The transmission function profile in the spec-
tral domain is shown in Fig. 4.9 for different temporal bandwidths compared to
the temporal bandwidth of the probe pulse. In our experiment, the temporal band-
width of the probe pulse is τa ∼ 230 fs and for the measured transmission func-
tion L(T ) is τL ∼ 3000 fs, therefore their ratio is approximately 13. This ratio as
shown in Fig. 4.9.d enables us to approximate this transmission function L(T ) in
the spectral domain as a Dirac delta function. As shown in Fig. 4.10, the trans-
mission function value is almost constant over the interaction time of the pump
and probe enabling us to approximate the extraction of the filtered transfer map
G̃rr(ωr, ω

′
r).

Figure 4.8. Measured loss profile L(T ) (Black), a Sinc function (Blue) and a Gaus-
sian profile (Red).

Subtraction of the No-Pump Transfer Map

To mitigate the loss effects in the analysis of our data, we invoke the no-pump
correction representation which was introduced in Section 2.6. The main idea is to
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Figure 4.9. Modeling of the loss profile L(T ) in the spectral domain over finite time
scan T as a Gaussian profile (a —c) and a Sinc function (d —f) for bandwidths
τL ∼ τA in (a, c) and τL ∼ 10τA in (b, d) compared to the bandwidth of the probe
pulse. 3D plots of (b, d) are shown in (e, f).

Figure 4.10. A schematic depiction of the probe and pump interaction inside the
waveguide in the time domain where we fix the pump and sweep the probe along
time with the transmission function profile. The transmission function value is al-
most constant over the interaction time of the pump and probe.
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take same spectral measurements but when the device is switched off (mode does
not undergo a temporal mode transformation) and then subtract it at the end in
order to extract the filtered G̃(ω, ω′) = G(ω, ω′)− δ(ω, ω′) such that

G̃(ω, ω′) ≈
√

2

π

e−iωτ

A∗(ω)A(ω′)

[
S̃(+)(ω, ν)− S̃(+)

no-pump(ω, ν)
]
, (4.7)

where S̃(+)
no-pump(ω, ν) is the same spectral measurement in the case of no temporal

mode transformation when the pump is switched off.
We use the ideal and realistic cases of the Green transfer maps shown in Fig.

2.5 (a) and (c) as two examples to examine this filtering technique. In the ideal
case as shown in Fig. 4.11, we simulate measuring the spectral data in the absence
of the pump pulse and with a transmission function whose temporal bandwidth
is the same as that of the probe pulse as shown in Fig. 4.11.a. We then switch
on the pump and repeat the simulation of the spectral measurement and then re-
construct the transfer map. By subtracting the no-pump and loss measurement
we can retrieve the Green transfer map as shown in Fig. 4.11.c. As can be eas-
ily seen, the ideal case of a Green transfer map is not drastically affected by such
loss or convolution even though the loss is quite temporally narrow. In realistic
systems, this is not the case as shown in Figs. 4.12 and 4.13. For temporally nar-
row loss as depicted in panels 4.12.a, the filtered reconstructed Green transfer map
as in Fig. 4.12.c is altered and the spectral measurements do not reflect the ac-
tual TMT under investigation. Hence, characterization of the TMT can not be
addressed. On the other hand, temporally broad loss profiles give better results
for the reconstruction of the Green transfer map as shown in Fig. 4.13.c. As men-
tioned above, the temporal bandwidth of the measured loss profile in our setup is
approximately more than 10 times longer than that of the probe pulse. In other
words, this means that the loss is approximately constant during the interaction
time within the waveguide over the scan range used in the experiment. Conse-
quently, the no-pump correction is viable in order to mitigate loss effects to a good
approximation within a marginal error leading to a reliable characterization of the
TMT under investigation.

95



Figure 4.11. The numerically-simulated unfiltered Grr(ω, ω
′) transfer map (a) due

to the broadening of the loss spectral profile ∆(ω, ω′) (b) and the filtered Grr(ω, ω
′)

transfer map (c) calculated by subtracting Grr(ω, ω
′) − ∆(ω, ω′) for an ideal QPG

with selectivity ∼ 1. The bandwidth of the broadening is τL ∼ τA.

Figure 4.12. The numerically-simulated unfiltered Grr(ω, ω
′) transfer map (a) due

to the broadening of the loss spectral profile ∆(ω, ω′) (b) and the filtered Grr(ω, ω
′)

transfer map (c) calculated by subtracting Grr(ω, ω
′) − ∆(ω, ω′) for a realistic

QPG with selectivity ∼ 0.5. The bandwidth of the broadening is proportional to
1/τL ∼ 1/τA where τL is the time duration of the transmission profile of the loss
and τA is the temporal duration of the probe pulse A(ω).
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Figure 4.13. The numerically-simulated unfiltered Grr(ω, ω
′) transfer map (a) due

to the broadening of the loss spectral profile ∆(ω, ω′) (b) and the filtered Grr(ω, ω
′)

transfer map (c) calculated by subtracting Grr(ω, ω
′) − ∆(ω, ω′) for a realistic QPG

with selectivity ∼ 0.5. The bandwidth of the broadening is τL ∼ 10τA.

4.4 Characterization of QPGs

Infrared (IR) Part: Grr(ωr, ω
′
r)

Fig. 4.14 shows the experimental setup employed in order to characterize the
quantum pulse gate under investigation. It reconstructs the Green transfer map
Grr(ωr, ω

′
r) in the IR spectral region where ωr and ω′

r stand for the frequency of the
transmitted and input signal in the IR spectral region respectively.

The output of the Ti:Sapphire laser centered around λ0 = 811 nm and has
a bandwidth of ∆λ = 8 nm is split by a beam splitter into two parts. The first
beam (far laft) is filtered by a Semrock LL01-810-12.5 bandpass filter to create
the reference pulse A(ω) which goes through a fixed time delay τ and then cou-
pled with the output of the waveguide on another beam splitter. The other part of
the Ti:Sapphire laser output is directed into the pulse shaper to generate a pump
and probe pulse A(ω, T ) similar to the output of the bandpass filter. I carve the
probe band pulse around 804 nm with a bandwidth of 4 nm the pump band around
811 nm with a 2 nm bandwidth. The time durations of both probe and pump band
pulses are 230 fs and 500 fs respectively. I then apply a changing linear phase ramp
only over the pixels of the probe band to scan the time delay T . The probe is short
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Figure 4.14. Experimental setup of our technique of characterizing the quantum
pulse gate that reconstructs the Green transfer map Grr(ωr, ω

′
r) in the IR spectral

region. WP is waveplate, BS is beam splitter, OF is optical filter, AL is aspherical
lens and DM is dichroic mirror. Other optical components are not shown.

in time to ensure that a Gaussian probe is a superposition of the input modes of
the QPG. The pump power coupled into the waveguide was varied from 0 —2.92
mW which was sufficient for high conversion efficiency without much pump deple-
tion. I use Reddy’s [Red17] method of representing the pump powers in γ̄ ∼ 18

√
W

for the sake of consistency. The probe pulse power was 80 µW, therefore its SHG is
neglected.

The co-propagating pump and probe are then coupled into the waveguide (QPG
in Fig. 4.14) with an aspheric lens of f = 11 mm. The output of the waveguide is
spectrally split by a Thorlabs DMLP650 bandpass dichroic mirror operating at 45◦.
The blue output propagates through the blue part of the experiment (right part
of Fig. 4.14) to be investigated which we will discuss later. The transmitted red
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output is interfered with the reference pulse on a beam splitter and the spectral
measurements are collected by a spectrometer of 0.1 nm resolution.

Figure 4.15. CE versus γ̄ ∝
√
Ppump for zeroth and first order HG pump pulses.

Curves are theory in case of Schmidt modes and marker points are for zeroth and
first order HG signal pulses. Blue circles show the case where both pump and sig-
nal are zeroth-order HG shape, burble squares is for zeroth-order HG pump and
first-order HG signal, red diamond-shped points are for first-oredr HG pump and
zeroth-oreder HG signal and green triangle points are for first-rder HG shapes for
both pump and signal pulses. The three gray boxes designate the values of the
pump power at which we run our CTMT-SI technique. From right to left, we have
weak (0.32 mW), moderate (0.98 mW) and strong (2.92 mW) pump powers.

To ensure the QPG is operating as expected without performing characteri-
zation, a quick check involves measuring the CE for a given pump pulse shape at
different pump power levels and for different input signal pulse shapes. As a refer-
ence, I repeat Reddy’s [Red17] direct measurements of the CE for the single-stage
experiment where I match and mismatch the pump and signal pulse shapes (using
zeroth and first order HG modes) while varying the pump power. Fig. 4.15 shows
the CE vs pump power (γ̄ ∝

√
Ppump) curves for zeroth- and first- order HG pump

shapes. The signal pulse takes the shapes of zeroth- and first- order HG modes.
The solid lines are the theoretical prediction in case of input Schmidt modes of the
QPG and the plotted points are for the experimentally measured Hermite-Gaussian
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zeroth and first order pulse shapes. My data seems lower in CE compared to the
results in [Red17] because they are shifted horizontally towards the right due to the
use of different maximum pump power. The goal is to characterize the QPG rather
than optimizing it in order to reach maximum conversion efficiency. The selectivity
versus γ̄ of the QPG, Eq. (2.85), is plotted in Fig. 4.16.

The CE vs pump power measurements is also used as a way to verify that the
proposed CTMT-SI technique to characterize QPGs works reasonably well. The
main idea of verification is to try to deduce the values of the CE at a given pump
power without direct measurements and compare it with what we measure directly.
The three gray boxes in Fig. 4.15 designate the values of the pump power at which
we run our CTMT-SI technique. From right to left, we have weak (0.32 mW), mod-
erate (0.98 mW) and strong (2.92 mW) pump powers. We repeat the experiment
at every pump power for zeroth-, first- and second-order HG shapes for the pump
pulse and calculate the CE for the first Schmidt modes of the signal and compare
them to the directly-measured CE values as shown in the right panels of Figs. 4.29
—4.31.

Figure 4.16. Selectivity versus γ̄ ∝
√
Ppump, Eq. (2.85), of the QPG under exami-

nation for a zeroth-order HG pump shape.
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Next I take the spectral interferometric measurements of the red part from
which I reconstruct the filtered Green transfer map, G̃rr(ωr, ω

′
r), of the QPG un-

der investigation. Fig. 4.17 shows a numerically-simulated interferograms of our
CTMT-SI model describing the QPG for different time steps. In the numerical sim-
ulations, I scan the time delay T over a 1 ps time period and the pulse duration of
the probe is 160 fs while that of the pump pulse is 500 fs and of zeroth-order HG
shape. I measure spectral interferograms with changing the time delay T between
pump and probe in the pulse shaper as shown in Fig. 4.18.

Figure 4.17. Numerically-simulated spectral interferograms over time scan of differ-
ent delays between the pump and probe of the QPG.

Applying the algorithm described in Section 3.2 and outlined in Fig. 3.6, I
was able to reconstruct the filtered Green transfer map, G̃rr(ωr, ω

′
r), of the QPG at

different pump powers (0.32 mW, 0.98 mW, 2.92 mW) and different pump shapes
(HG0, HG1, HG2) as shown in Figs. 4.20 —4.28. As can be observed from the fig-
ures, the shape of the filtered transfer map of the transmitted signal G̃rr(ωr, ω

′
r) re-

sembles the same shape expected from theory, Fig. 2.5.c for low selectivity of value
≈ 26% for the strong pump case (2.92 mW) and it gets narrower for lower selectiv-
ity values as expected.
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Figure 4.18. Experimental measurement of the spectral interferograms over time
scan of different delays between the pump and probe of the QPG.

The transmission function introduced by the spatial-spectral coupling in the
pulse shaper as discussed in Section 4.3 as well as the scan over a finite time pe-
riod T instead of infinite time scan will give rise to the spectral broadening in case
of no-pump and is shown in Fig. 4.19. Fortunately, the time duration of the time
scan T of ∼ 3.5 ps is much longer than the 230 fs time duration of the probe pulse.
That indicates that in the frame of the probe pulse, both loss and finite scan are
nearly constant giving rise to slightly broadening the Dirac delta function ∆(ωr, ω

′
r)

in the spectral domain. Therefore, I switch off the pump by removing the grad-
ing mask over the pixels of the pump band and repeat the same spectral measure-
ment and follow the exact same algorithm to reconstruct the broadened delta-like
mapping ∆(ωr, ω

′
r) of the interference probe and reference without frequency con-

version as shown in Fig. 4.19. By subtracting, Eq. (3.27), we obtain the filtered
transfer map shown on the right panels in Figs. 4.20 —4.28. As can be seen form
the filtered transfer maps, in the case of strong and moderate conversion limits, the
results show reasonably well shaped transfer maps from which we can extract the
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SVD structures. However, in the weak conversion regime, the shapes are deformed
and the extracted SVD structure is not descriptive of the actual QPG under inves-
tigation. When verifying our method against direct measurements of the conversion
efficiency (see Figs. 4.29 —4.31), the error value is 2% and 3% for the strong and
moderate conversion limits. In the case of weak conversion limit, the error value is
about 8% showing that our method breaking down in that limit.

Figure 4.19. Experimental reconstruction of the no-pump IR Green transfer map
∆(ωr, ω

′
r) of the QPG that will be subtracted from the reconstructed Grr(ωr, ω

′
r) to

give the filtered G̃rr(ωr, ω
′
r) through Eq. (3.27).

Conversion Efficiency (CE)

As discussed previously in Sec. 4.4, the singular-value decomposition of the re-
constructed Green transfer map gives the estimated transmission coefficients τn as
well as the Schmidt modes ϕn(ω′

r) and Φn(ωr) as expressed in Eq. 2.86. We there-
fore perform the single value decomposition (SVD) of the filtered G̃rr(ωr, ω

′
r) to

obtain transmission coefficients τn = |1 − λn| and Schmidt modes, where λn are
the Schmidt coefficients of G̃rr(ωr, ω

′
r). For a zeroth-order HG pump of 2.92 mW

power and 530 fs temporal duration, the transmission coefficients τn of the first
three modes are (0.518, 0.866, 0.961). We repeat the same calculations in case of
first and second order HG pump pulses. The transmission coefficients of the first
three modes are given in table 4.3. In the table we notice that the values of trans-
mission coefficients are lower for matching mode shapes meaning that less light get
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Figure 4.20. Experimental reconstruction of the IR Green transfer map Grr(ωr, ω
′
r)

of the QPG for zeroth order HG pump pulse at 2.92 mW. The unfiltered
Grr(ωr, ω

′
r) (left) when the pump is switched on. By subtracting the no-pump

transfer map ∆(ωr, ω
′
r) in Fig. 4.19, we obtain the filtered G̃rr(ωr, ω

′
r) (right).

Figure 4.21. Experimental reconstruction of the IR Green transfer map Grr(ωr, ω
′
r)

of the QPG for first order HG pump pulse at 2.92 mW. The unfiltered Grr(ωr, ω
′
r)

(left) when the pump is switched on. By subtracting the no-pump transfer map
∆(ωr, ω

′
r) in Fig. 4.19, we obtain the filtered G̃rr(ωr, ω

′
r) (right).
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Figure 4.22. Experimental reconstruction of the IR Green transfer map Grr(ωr, ω
′
r)

of the QPG for second order HG pump pulse at 2.92 mW. The unfiltered
Grr(ωr, ω

′
r) (left) when the pump is switched on. By subtracting the no-pump

transfer map ∆(ωr, ω
′
r) in Fig. 4.19, we obtain the filtered G̃rr(ωr, ω

′
r) (right).

Figure 4.23. Experimental reconstruction of the IR Green transfer map Grr(ωr, ω
′
r)

of the QPG for zeroth order HG pump pulse at 0.98 mW. The unfiltered
Grr(ωr, ω

′
r) (left) when the pump is switched on. By subtracting the no-pump

transfer map ∆(ωr, ω
′
r) in Fig. 4.19, we obtain the filtered G̃rr(ωr, ω

′
r) (right).
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Figure 4.24. Experimental reconstruction of the IR Green transfer map Grr(ωr, ω
′
r)

of the QPG for first order HG pump pulse at 0.98 mW. The unfiltered Grr(ωr, ω
′
r)

(left) when the pump is switched on. By subtracting the no-pump transfer map
∆(ωr, ω

′
r) in Fig. 4.19, we obtain the filtered G̃rr(ωr, ω

′
r) (right).

Figure 4.25. Experimental reconstruction of the IR Green transfer map Grr(ωr, ω
′
r)

of the QPG for second order HG pump pulse at 0.98 mW. The unfiltered
Grr(ωr, ω

′
r) (left) when the pump is switched on. By subtracting the no-pump

transfer map ∆(ωr, ω
′
r) in Fig. 4.19, we obtain the filtered G̃rr(ωr, ω

′
r) (right).
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Figure 4.26. Experimental reconstruction of the IR Green transfer map Grr(ωr, ω
′
r)

of the QPG for zeroth order HG pump pulse at 0.32 mW. The unfiltered
Grr(ωr, ω

′
r) (left) when the pump is switched on. By subtracting the no-pump

transfer map ∆(ωr, ω
′
r) in Fig. 4.19, we obtain the filtered G̃rr(ωr, ω

′
r) (right).

Figure 4.27. Experimental reconstruction of the IR Green transfer map Grr(ωr, ω
′
r)

of the QPG for first order HG pump pulse at 0.32 mW. The unfiltered Grr(ωr, ω
′
r)

(left) when the pump is switched on. By subtracting the no-pump transfer map
∆(ωr, ω

′
r) in Fig. 4.19, we obtain the filtered G̃rr(ωr, ω

′
r) (right).
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Figure 4.28. Experimental reconstruction of the IR Green transfer map Grr(ωr, ω
′
r)

of the QPG for second order HG pump pulse at 0.32 mW. The unfiltered
Grr(ωr, ω

′
r) (left) when the pump is switched on. By subtracting the no-pump

transfer map ∆(ωr, ω
′
r) in Fig. 4.19, we obtain the filtered G̃rr(ωr, ω

′
r) (right).

transmitted in the red frequency band and gets converted in the blue frequency
band which is expected from the QPG action.

τ0 τ1 τ2
Pump HG0 0.518 0.866 0.961
Pump HG1 0.941 0.556 0.903
Pump HG2 0.948 0.897 0.605

Table 4.1. Transmission coefficients τn for the leading three Schmidt modes of
G̃rr(ωr, ω

′
r) with respect to the leading three HG pump modes with strong pump

power of 2.92 mW.

Assuming unitarity of the QPG, we are able to calculate the conversion effi-
ciencies directly from

CE = |ρn|2 = 1− |τn|2. (4.8)

The conversion efficiencies for the first three modes with respect to the first
three HG modes of the pump pulse are shown in Fig. 4.29.a. The difference be-
tween the conversion efficiencies obtained from our CTMT-SI technique and the
conversion efficiencies measured directly from the QPG is shown in Fig. 4.29.b. As
can be observed, the difference between the conversion efficiencies obtained from
our CTMT-SI technique and the conversion efficiencies measured directly is within
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τ0 τ1 τ2
Pump HG0 0.651 0.962 0.972
Pump HG1 0.977 0.682 0.947
Pump HG2 0.979 0.929 0.733

Table 4.2. Transmission coefficients τn for the leading three Schmidt modes of
G̃rr(ωr, ω

′
r) with respect to the leading three HG pump modes with moderate pump

power of 0.98 mW.

τ0 τ1 τ2
Pump HG0 0.889 0.990 0.995
Pump HG1 0.974 0.918 0.995
Pump HG2 0.994 0.990 0.934

Table 4.3. Transmission coefficients τn for the leading three Schmidt modes of
G̃rr(ωr, ω

′
r) with respect to the leading three HG pump modes with weak pump

power of 0.32 mW.

±2% which provides confidence that the measured G̃rr(ωr, ω
′
r) is accurate. Figs.

4.30 and 4.31 show the calculated CE from our CTMT-SI method in panels (a)
and the difference between conversion efficiencies of CTMT-SI against directly mea-
sured CE of the QPG in panels (b). As can be easily observed, in case of moderate
pump power of 0.98 mW, the agreement between the directly-measured CE and
that calculated from the CTMT-SI method is still within a reasonable margin of
3%. Reducing the pump power to 0.3 mW, the amount of discrepancy becomes no-
ticeable, 8%, and this can be attributed to the fact that the spectral bandwidths
of the filtered G̃rr(ωr, ω

′
r) and that of the no-pump case ∆(ωr, ω

′
r) are comparable

to each other which can be observed in the right panels of Figs. 4.26 —4.28. This
means that the approximation introduced in Eq. (3.27) breaks down in the weak
conversion limit giving rise to noticeable discrepancy. Silberhorn group [Ans+18b]
introduced a tomography method, that relied on direct measurements of conversion
probabilities, that works in weak conversion limit. The method they introduced
has challenges in strong conversion limit since the Schmidt modes are distorted due
to the time-ordering effects in the strong coupling limit. Therefore, the proposed
method in the present work complements their work with the additional benefit of
extracting the Schmidt modes of the transfer maps. Future improvements need to
be devised to account for the issues that arise from the finite time sampling as well
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as the time-dependent loss introduced in the system components.

Figure 4.29. (a) CE of the first 3 Schmidt modes for the first 3 HG modes of the
pump deduced from our CTMT-SI technique with strong pump power of 2.92 mW.
(b) The difference between conversion efficiencies of CTMT-SI against directly mea-
sured CE of the QPG showing good agreement within ±2%.

Figure 4.30. (a) CE of the first 3 Schmidt modes for the first 3 HG modes of the
pump deduced from our CTMT-SI technique with moderate pump power of 0.98
mW. (b) The difference between conversion efficiencies of CTMT-SI against directly
measured CE of the QPG showing reasonable agreement within ±3%.

Schmidt Modes

The first three Schmidt modes of the QPG, when the pump is set to zeroth-
order HG mode and 2.92 mW, are shown in Fig. 4.32 along with the HG modes
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Figure 4.31. (a) CE of the first 3 Schmidt modes for the first 3 HG modes of the
pump deduced from our CTMT-SI technique with weak pump power of 0.32 mW.
(b) The difference between conversion efficiencies of CTMT-SI against directly mea-
sured CE of the QPG showing noticeable error of approximately 8%.

for reference. The overlap or the direct product of them is plotted in Fig. 4.33
for zeroth- and first-order Schmidt and HG modes. Since there is little difference
between the HG and Schmidt modes as can be observed in Fig. 4.32, we would
expect that the CE for these modes to be nearly the same indicating that CE of
Schmidt modes does not change noticeably especially at low pump powers. To ver-
ify that, we measure the CE for both HG and Schmidt modes when the pump is set
to zeroth- and first-order HG modes respectively. Fig. 4.34 shows the CE versus γ̄
for both zeroth and first HG and Schmidt modes when the pump is set to zeroth-
and first-order HG modes. Note the increase in CE at high pump powers for the
mode orthogonal to the pump, and the plateau in CE for the target mode which is
attributed to the distortion of modes due to time ordering effects of the interaction
Hamiltonian [Red17].

To verify the temporal shapes of the Schmidt modes to ensure that the pro-
posed CTMT-SI works reasonably well we need to measure them by defining the
SLM mask according to the calculated Schmidt modes from the SVD of the re-
constructed transfer map G̃rr(ωr, ω

′
r). However, since their time duration is long

(τ ∼ 500 fs), it is somewhat simpler to measure them in the spectral domain. The
spectral resolution of the spectrometer (0.2 nm) cannot however show the differ-
ences between Schmidt modes and HG modes so I use Spectral Interferometry (SI)
once again to measure the Schmidt modes. Fig. 4.35 shows the spectral shapes of
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Figure 4.32. Zeroth (a), first (b) and second (c) Schmidt modes of the Green trans-
fer map Grr(ωr, ω

′
r) reconstructed from CTMT-SI plotted with HG modes for

clarification

Figure 4.33. The overlap between zeroth (a) and first (b) Schmidt modes and HG
modes.
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Figure 4.34. CE vs γ̄ for zeroth (a) and first (b) HG pump and both HG and
Schmidt signal modes.

the first three Schmidt modes.
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Figure 4.35. Spectral interferometric measurement (blue) of the zeroth order (a),
first order (b) and second oreder (c) Schmidt modes generated by the pulse shaper
and obtained from our CTMT-SI technique (red) and respective HG modes (Gray)
shown for reference.
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CHAPTER 5

FUTURE DIRECTIONS

In this chapter, I propose two experiments to characterize the QPG in the blue
spectral region. The first experiment is proposed to reconstruct the Green transfer
map Gbr(ωb, ω

′
r) of the QPG in the blue spectral region and follows similarly the

method of the IR-CTMT-SI of the first experiment discussed in Chapter 4.
The second experiment I propose is what I call DFG-SPIDER, which directly

characterizes the temporal structure of the output TMs in the blue spectral region,
the missing piece of information from the IR-CTMT-SI experiment. The naming
stems from using a similar technique to SPIDER [IW99] in characterizing ultra-
short pulses while employing DFG to access the temporal structure of the TMs in
the blue spectral region.

5.1 Blue Part: Gbr(ωb, ω
′
r)

I provide two schemes for this experiment based on second harmonic gener-
ation (SHG-CTMT-SI) as shown in Fig. 5.1 and on difference frequency genera-
tion (DFG-CTMT-SI) as shown in Fig. 5.2 respectively. Either SHG-CTMT-SI or
DFG-CTMT-SI are expected to provide information about the temporal structure
of input and output TMs in the blue spectral region as well as conversion probabili-
ties (and transmission probabilities) and the temporal structure of the input TMs
in the IR spectral region if the QPG were to perform in reverse action through
DFG instead of SFG where the signal is in the blue spectral frequency band and
the downconverted output is in the IR spectral frequency band. This information
can be calculated from the reconstruction of the transfer map

Gbr(ωb, ωr) =

√
2

π

S̃
(+)
blue(ωb, ν)e

iωbτ

A∗(ω′
r)ASHG(ωb)

, SHG (5.1)

Gbr(ωb, ω
′
r) =

√
2

π

S̃
(+)
red (ωr, µ)e

iωbτ

A∗(ω′
r)ADFG(ωb)

, DFG (5.2)

where ν = ωb − ω′
r, µ = ωr − ω′

r and τ is the fixed time delay. In Eqs. (5.1) and
(5.2), the S̃(+)

blue(ωb, ν) and S̃(+)
red (ωr, µ) are the spectral measurements in the blue (see

Fig. 5.1) and the red (see Fig. 5.2) interferometers respectively. We perform the
same algorithm outlined in Fig. 3.6 to extract the transfer map Gbr(ωb, ωr).
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Figure 5.1. SHG-CTMT-SI schematic proposed setup. The QPG is probed
by a probe pulse A(ωr, T ) and the upconverted output blue is D(ωb, T ) =∫
dω′

rGbr(ωb, ω
′
r)A(ωr, T ) which is interfered with a frequency-doubled replica of

the reference pulse ASHG(ωb) in the blue interferometer to extract Gbr(ωb, ωr).

Both experimental schemes come with their own technical challenges. The
SHG experiment shown in Fig. 5.1 depends on performing spectral interferome-
try in the blue spectral region. The spectral fringes are oscillating at a frequency
ν = ωb − ωr ∼ 2.343× 103 THz which is impossible to resolve in current commercial
spectrometers. In order to dodge around this problem, we propose to build Michel-
son interferometer and do a double pass of the time delay τ with a highly sensitive
and stable translation stage with steps of ∼ 5 nm in order to scan over the spectral
range of the bandwidth of the SHG probe and output of the QPG.

The DFG-Blue experiment shown in Fig. 5.2 is much easier to build and char-
acterize since the DFG signal is in the IR spectral region which is accessible to re-
solve the spectral fringes in the IR with commercial spectrometers. However, spe-
cial attention should be paid to compensate for the DFG action of the DFG waveg-
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Figure 5.2. DFG-CTMT-SI schematic proposed setup. The QPG is probed
by a probe pulse A(ωr, T ) and the upconverted output blue is D(ωb, T ) =∫
dω′

rGbr(ωb, ω
′
r)A(ωr, T ) which is coupled with a replica of the reference pulse

A(ωr) in the DFG waveguide. The DFG signal ADFG(ωr, T ) is then interfered
with a replica of the reference pulse A(ωr) in the red interferometer to extract
Gbr(ωb, ωr).

uide in the analysis of extracting the Green transfer map Gbr(ωb, ω
′
r). This means

that the DFG waveguide must be well characterized, that is its phase-matching
function is well identified.

Since the only missing information of the characterization of the QPG in the
IR spectral region discussed in Chapter 4 is the Schmidt modes of the converted
output in the blue spectral region, I propose an experiment that directly character-
izes the blue output which I discuss in the following section. It is worth mentioning
that, this experiment which I call Blue-DFG-SPIDER is considered as a standalone
experiment that is used in characterizing ultrashort pulses in the blue spectral re-
gion.
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5.2 Temporal-Mode Characterization (Blue)

To characterize the output blue TM from the QPG which has a significantly
more narrow bandwidth compared to the signal and pump fields. I propose to use
the nonlinear optical process, difference frequency generation (DFG) between the
output blue of the QPG and an auxiliary reference field. Assume we have an un-
known blue pulse (as the output blue of the QPG) with an electric field component
EB(t) = EB(t)e−iωBt, where EB(t) = |EB(t)|eiϕ(t) is the slowly varying envelope
with ϕ(t) is its phase, ωB is its angular frequency and with a pulse duration τB. A
known reference is a two-colored two short (delta-function like) pulses whose elec-
tric field is expressed as

ES(t) =
∑
j=1,2

ES(t− Tj)e
−iωjt, (5.3)

where ES(t − Tj) = |ES(t − Tj)|eiΦj(t) are delta-function like amplitudes with phases
Φj and frequencies ωj for j = 1, 2. Note that the duration of the blue pulse is as-
sumed to be much longer than that of the red reference pulses. Both fields are in-
teracting in a nonlinear optical crystal of χ(2) nonlinearity as shown in Fig. (5.3).
In the thin-crystal limit where the phase-matching bandwidth is broad, the differ-
ence frequency field, or idler, is given by the product of the strong field and the
blue field,

Ei(t) ∝ EB(t)E
∗
S(t),

=
∑
j=1,2

EB(t)E∗
S(t− Tj)e

−i(ωB−ωj)t. (5.4)

Taking the Fourier transform of Eq. (5.4) gives the spectral amplitude of the
idler field,

Ẽi(ω) =

∫
dt Ei(t)e

iωt,

=
∑
j=1,2

∫
dt EB(t)E∗

S(t− Tj)e
−i(ωB−ωj−ω)t,

≈
∑
j=1,2

EB(Tj)
∫
dt E∗

S(t− Tj)e
−i(ωB−ωj−ω)t,

=
∑
j=1,2

EB(Tj)
∫
dxj E∗

S(xj)e
−i(ωB−ωj−ω)(xj+Tj),
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(a) Schematic diagram.

(b) Pulses in the time domain. (c) Down conversion be-
tween the three fields.

Figure 5.3. DFG Spider.

=
∑
j=1,2

EB(Tj)Ẽ∗
S(ωB − ωj − ω)e−i(ωB−ωj−ω)Tj . (5.5)

where xj = t− Tj and Ẽ∗
S(ω) =

[ ∫
dx ES(x)e−iωx

]∗. We define the functions

Fj(Tj, ω) = EB(Tj)Ẽ∗
S(ωB − ωj − ω), (5.6)

then the energy spectrum of the idler field is given as

Si(T1, T2;ω) = ⟨|Ẽi(ω)|2⟩,

= ⟨|
∑
j=1,2

Fj(Tj, ω)e
−i(ωB−ωj−ω)Tj |2⟩,
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= ⟨|F1(T1, ω)|2⟩+ ⟨|F2(T2, ω)|2⟩

+ 2 Re[⟨F ∗
1 (T1, ω)F2(T2, ω)⟩ei(ωB−ω1−ω)T1e−i(ωB−ω2−ω)T2 ],

= ⟨|F1(T1, ω)|2⟩+ ⟨|F2(T2, ω)|2⟩

+ 2 Re[⟨F ∗
1 (T1, ω)F2(T2, ω)⟩ei(ω̄i−ω)(T1−T2)e−i∆ω(T1+T2)], (5.7)

where ∆ω = 1
2
(ω1 − ω2), ω̄S = 1

2
(ω1 + ω2), ω̄i = ωB − ω̄S and the brackets ⟨·⟩

denote the first-order coherence function. We change the variables ∆ω2 = ω − ω̄i,
δω1 = ∆ω2 +∆ω and δω2 = ∆ω2 −∆ω, then we obtain

Si(T1, T2;ω) = ⟨|F1(T1, ω)|2⟩+ ⟨|F2(T2, ω)|2⟩

+ 2 Re[⟨F ∗
1 (T1, ω)F2(T2, ω)⟩e−iδω1T1eiδω2T2 ]. (5.8)

We now take the Fourier Transform of Eq. (5.8) with respect to time T1, therefore

Si(Ω, T2;ω) =

∫
dT1 Si(T1, T2;ω) e

iΩT1 ,

= ⟨|F1(Ω, ω)|2⟩+ ⟨|F2(T2, ω)|2⟩

+
〈
E∗
B(Ω− δω1)EB(T2)ES(−δω1)E∗

S(δω2)
〉
eiδω2T2

+
〈
EB(Ω + δω1)E∗

B(T2)E∗
S(−δω1)ES(δω2)

〉
e−iδω2T2 . (5.9)

The first two terms of Eq. (5.9) represent the DC component of the spectrum while
the last two terms represent the AC component with the third (fourth) term repre-
senting the negative (positive) sideband. In order to filter out the DC and negative
AC components, we apply a fourth-order super Gaussian function shifted by δω1

and with a spectral bandwidth of δω1/2. Therefore,

FSi(Ω, T2;ω) = e
− ln(2)

[
2(Ω−δω1)

δω1/2

]4
Si(Ω, T2;ω). (5.10)

Substituting Eq. (5.9) into Eq. (5.10) and rearranging we get〈
EB(Ω + δω1)E∗

B(T2)
〉
=
FSi(Ω, T2;ω)e

iδω2T2〈
E∗
S(−δω1)ES(δω2)

〉 . (5.11)

We then take the Inverse Fourier Transform of Eq. (5.11) with respect to Ω,〈
EB(T1)E∗

B(T2)
〉
eiδω1T1 =

FSi(T1, T2;ω)e
iδω2T2〈

E∗
S(−δω1)ES(δω2)

〉 , (5.12)

which contains all the information needed to retrieve amplitude and phase of the
blue ultrashort pulse. The phase difference is therefore obtained from

ϕ(T1)− ϕ(T2) = arg

[
FSi(T1, T2;ω)e

iδω2T2〈
E∗
S(−δω1)ES(δω2)

〉 ]− δω1T1. (5.13)
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Amplitude, Phase

Si(T1, T2;ω) S̃i(Ω, T2;ω)

FS̃i(Ω, T2;ω)FSi(T1, T2;ω)

Retrieval

FT T1→Ω

SG Filter

FT −1
Ω→T1

Figure 5.4. Layout of the reconstruction algorithm.

In this algorithm, we probe the blue pulse by scanning the time delays, T1 and
T2 back and forth which maps out the first-order coherence function ⟨E∗

B(T2)EB(T1).
The spectral data consists of spectra on a 2D array for both time delays T1 and T2.
If we slice up the space horizontally or vertically in the spectral domain, any slice
of spectral data can be used to retrieve the amplitude and phase of the unknown
blue pulse following the algorithm outlined in Fig. 5.4.

DFG SPIDER Proposed Setup

A schematic representation of the proposed setup is shown in Fig. (5.5). We
have a femtosecond pulsed Ti-Sapphire laser whose generated pulse is split into two
parts. The first part is used for the QPG setup that generates the blue pulse to be
characterized and the second part is used to generate the reference probe pulses.
We use optical filters to carve out the Ti:Sapphire laser spectrum as shown in Fig.
(5.6). We then combine the two arms with delay lines T1 (scanned) and T2 (fixed)
to form the strong field, Eq. (5.3) that interacts with the blue field within a χ(2)

nonlinear crystal.
The data inversion algorithm is shown in Fig. (5.4). We measure the spectrum
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Figure 5.5. DFG-SPIDER Schmatic proposed setup.

Figure 5.6. Spectrum of the Ti:Sapphire laser (solid) and the spectra of the two
reference pulses used to characterize the blue unknown pulse.
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vs. scanning delay line T1 while delay line T2 is fixed. We then take the Fourier
Transform with respect to delay line T1 that has components centered near Ω ∼
±δω1 as well as a component at Ω = 0. The component at Ω = 0 is the Fourier
transform of the DC portion of the interferogram while the sideband components
near Ω ∼ ±δω1 arise from the Fourier transform of the AC portions of the inter-
ferogram. For sufficiently large δω1, the Ω = 0 and ±δω1 components are well sep-
arated in frequency domain and, as a result, the DC and negative AC components
can be removed by filtering. The argument of the filtered signal is the temporal
phase difference. Figs. 5.7 and 5.8 show examples of numerical simulations of the
reconstruction zeroth- and first-order HG pulses with 200 fs temporal duration re-
spectively.

To show the validity of our proposed technique to characterize temporal modes
in the blue spectral region, we show numerical simulations of the reconstruction of
zeroth-order HG (Fig. 5.7) and first-order HG (Fig. 5.8) pulses.

Numerical Simulations

In conclusion, we have presented a full scheme for characterizing QPG output
pulses in the blue spectral region based on DFG in which two well-characterized
ultrashort pulses, frequency-sheared with respect to each other sample the test
pulse in a χ(2) crystal. Our algorithm laid out in Fig. 5.4 shows that we can re-
trieve both the amplitude and phase of the temporal mode to be characterized from
Eqs. (5.12) and (5.13).
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Figure 5.7. Numerical simulation of the steps of reconstructing an ultrashort pulse
in the blue spectral region of a zeroth-order HG TM. The top left plot shows the
spectrum Si(T1, T2;ω) while scanning the time delay T1 and fixing T2. The bot-
tom left is the Fourier transform of Si(T1, T2;ω) with respect to T1 which shows
the DC signal with the AC sideband signals. The top left shows the correlation
⟨EB(T2)EB(Ω)⟩ compared to the filtered spectral measurement FSi(Ω, T2;ω) in the
frequency domain while the bottom right shows the same in the time domain.
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Figure 5.8. Numerical simulation of the steps of reconstructing an ultrashort pulse
in the blue spectral region of a first-order HG TM. The top left plot shows the
spectrum Si(T1, T2;ω) while scanning the time delay T1 and fixing T2. The bot-
tom left is the Fourier transform of Si(T1, T2;ω) with respect to T1 which shows
the DC signal with the AC sideband signals. The top left shows the correlation
⟨EB(T2)EB(Ω)⟩ compared to the filtered spectral measurement FSi(Ω, T2;ω) in the
frequency domain while the bottom right shows the same in the time domain.
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CHAPTER 6

CONCLUSION

In this work, I introduced a method to characterize temporal-mode transfor-
mations (TMTs) specifically QPGs. The main idea of the presented method relies
upon spectral interferometry in which a short probe pulse A(ωr) is time delayed
over a time scan T and is incident on a QPG. The output pulse C(ωr, T ) is then
interfered with a reference pulse which is a replica of A(ωr). Through Fourier anal-
ysis, I was able to reconstruct the Green transfer map of the transmitted signal of
the QPG G̃rr(ωr, ω

′
r) from which information about transmission and conversion

probabilities along with the Schmidt modes were retrieved. I presented experimen-
tal data showcasing the validity of the proposed method especially in the strong
and moderate conversion limits. The values of conversion efficiencies between dif-
ferent HG modes deduced from our proposed method, CTMT-SI, agree with the
directly-measured values proving the success of our method in characterizing QPGs
in the strong and moderate conversion limits which has not been done prior to the
proposed method.

However, in the weak conversion limit, it becomes challenging to retrieve re-
liable calculations since the spectral bandwidth of the transfer map G̃rr(ωr, ω

′
r)

is comparable to the spectral broadening of the transfer map in case of no pump
∆(ωr, ω

′
r).

I also proposed an experiment in order to reconstruct the transfer map in the
up-converted spectral region and provide two schemes based on SHG and DFG re-
spectively. Either SHG-TEMPT or DFG-TEMPT are expected to provide infor-
mation about the temporal structure of input and output TMs in the up-converted
spectral region as well as conversion probabilities (and transmission probabilities)
and the temporal structure of the input TMs in the IR spectral region if the QPG
were to perform in reverse action.

The third experiment I proposed is what I call DFG-SPIDER which directly
characterizes the temporal structure of the output TMs in the up-converted (blue)
spectral region, the missing piece of information from the IR-TEMPT experiment.
The naming stems from using a similar technique to SPIDER in characterizing ul-
trashort pulses while employing DFG to access the temporal structure of the TMs
in the up-converted (blue) spectral region. I presented numerical simulations recon-
structing TMs from the proposed method showing the validity of it.
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The main lessons learnt have been to look for solutions to advanced problems
(characterizing QPGs) and to look for approximate solutions when exact ones prove
elusive. The problem of characterizing QPGs is an important one for quantum in-
formation applications. Methods presented earlier through direct measurement of
conversion efficiencies provide an incomplete solution of the problem of characteriz-
ing QPGs. I used spectral interferometry, a well studied technique, and developed
a method to provide a complete framework of characterizing QPGs which can be
applied to other devices that manipulate temporal modes.
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