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DISSERTATION ABSTRACT

James Sartor

Doctor of Philosophy

Department of Physics

December 2021

Title: Using Force Networks to Better Understand Granular Materials

Force networks are an essential element to understanding the behaviors of jammed

packings. As such, the Force Network Ensemble was formulated to describe the space of all

possible force networks for a packing. In this work we study the Force Network Ensemble, showing

that it is a versatile tool that can be used to learn more about jammed systems. We do so by

demonstrating two new applications of the Force Network Ensemble, and additionally we examine

scaling law prefactors, connecting mean field results with low dimensional jamming. In the first

application, we use the Force Network Ensemble to calculate the entropy of a packing’s force

networks, concretely linking a microscopic measure with bulk themodynamic approaches. In

the second, we use the Force Network Ensemble to predict contact changes in a packing under

decompression. Finally, we show precision measurements of several jamming scaling laws, showing

that mean field results are applicable for not just the scaling exponent, but also the prefactors.

This dissertation includes previously published and unpublished coauthored material.
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CHAPTER I

INTRODUCTION

Anyone who has stacked oranges knows that it is easy and intuitive to stack them closely

in a dense lattice, as demonstrated in figure 1(a). Filling about 74% of space, the close packed

lattice is in fact the densest possible arrangement of equal sized spheres in 3 dimensions. This

was originally conjectured by Kepler in 1611 [1], but was not formally proven until 1998 [2].

If one simply pours them together, they will instead arrange themselves in an amorphous (i.e.

random) and less dense structure, as shown in figure 1(b). This amorphous configuration is

significantly less efficient, filling only about 64% of space. The lazy but innovative produce worker

may attempt to create a close lattice by randomly pouring oranges into a box and squeezing,

but experience dictates that this is impossible. The fruit are too much in each other’s way to

rearrange and relieve the stress from the squeezing. Interestingly, 2 dimensional discs of equal

size do spontanously form hexagonal lattices when squeezed, but even discs of nonuniform size

generally become frustrated and arrange amorphously.

Granular materials are collections of distinct macroscopic objects, such as sand, ball

bearings, or piles of oranges. While crystalline structures such as close lattices are relatively

straightforward to understand and analyze, the random features of amorphous granular systems

make them extremely difficult to understand from first principles. The only analytic approach

(a) (b)

FIGURE 1. Left, stack of oranges constructed in a close packed lattice [3]. Right, oranges
arranged amorphously [4].
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that has been somewhat successful requires taking the limit of infinite spatial dimensions, termed

“mean field.” Since all physical systems are finite dimensional, results from the mean field limit

do not necessarily apply. Many results from the mean field are however surprisingly accurate even

in as low as 2 and 3 dimensions. Our research is not focused on analytic theory, but rather on

computational study of soft spheres, i.e. spheres which are able to interact with their neighbors,

imparting variable forces upon them. In general when one simulates systems in greater than three

dimensions, the purpose is to draw parallels with results from the mean field.

A phase transition is when a material undergoes a discontinuous change in some property

(the “order parameter”) as some other property (the “control parameter”) varies. The most well

known phase changes are freezing/melting and boiling/condensing, for which the temperature

is the control parameter, and the density of the material can be seen to discontinuously change

at critical temperatures. The order parameter is generally accepted to be the free energy - at

the phase transition, melting absorbs a latent heat in addition the heat required just to heat

it to the melting point. While glasses go through thermal phase transitions, granular materials

do not, because thermal fluctuations are insufficient in scale to allow rearrangement of grains.

For example, take the box of oranges discussed earlier: thermal fluctuations (providing energy

E ∼ kT ∼ 0.026 eV) cannot cause a pair of oranges to rearrange (requiring E ∼ mgh ∼ 1017

eV). Granular materials are thus described as “athermal” or “zero-temperature.” Granular

materials do however go through a different type of transition, called the jamming and unjamming

transitions, which are somewhat analogous to thermodynamic phase transitions. The control

parameter for the jamming transition is the fraction of space occupied by particles, or packing

fraction ϕ, and the jamming transition happens at a critical packing fraction ϕJ , where properties

of the system go through discontinuous changes. In particular, the pressure P begins to increase

from 0, and the number of force bearing contacts between granules goes from 0 to roughly the

number of particles times the spatial dimension Nd. The critical packing fraction is an exact value

for any particular system, but generally has some variation between systems, and can vary based

on the protocol of system generation. The jamming point can be understood as a critical point,

and as the system increases in packing fraction from that point, properties such as the number of

contacts in excess of Nd, the pressure, and the packing fraction in excess of ϕJ all scale with each

other as power laws [5, 6].
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Traditional approaches to analyzing thermodynamic systems rely on the assumption of

ergodicity, i.e. that the thermal system explores the ensemble of all available configurations. The

probability of existing in any particualar configuration is determined by the ratio of the energy of

that configuration with the temperature of the system. In a zero temperature granular material,

however, this is obviously impossible. Despite this, granular materials do respond predictably to

repeated disturbances, e.g. if you repeatedly shake a box of rocks, they will reliably settle into

a configuration of roughly the same packing fraction. Thus, some version of athermal statistical

mechanics is clearly at work. In 1989 Sam Edwards began a systematic attempt at understanding

granular materials in thermodynamic terms [7]. “Angoricity,” which relates entropy to pressure

rather than energy is derived from this work and has shown promise as a temperature analog for

granular materials [8, 9].

The jamming transition identifies the onset of rigidity. Below ϕj , a system is floppy and

unable to sustain any force. Above ϕj however a system becomes rigid and can support external

forces. You can run your hands through sand at the beach, but if you compress it, it will push

back. This rigidity can be understood in terms of degrees of freedom and constraints - it arises

when the system has at least as many constraints as degrees of freedom. A system where these are

exactly equal is termed “isostatic,” and a system with more constraints than degrees of freedom

is termed “hyperstatic.” Since each particle can move in d dimensions, a granular system has

Nd degrees of freedom. The constraints on those degrees of freedom are the contacts between

particles, which increase in quantity with increasing packing fraction or pressure. The jammed

configurations under inquiry are hyperstatic and thus are rigid and may support external forces.

When considering instead the force network of the system, each contact is a degree of freedom,

and requiring force balance on each particle imposes Nd constraints. Thus while the positions of

particles in a hyperstatic system is overdetermined, the force network supporting this rigidity is

underdetermined. There exists a degerate space of allowed force configurations, which is referred

to as the Force Network Ensemble or FNE [10, 11]. This Force Network Ensemble framework

forms the basis for the majority of the material in this work.

The following three chapters are the three first author papers which I composed during

my time as a graduate student. Chapter II (published in PRE [12]) explores a method that I

developed along with Eric Corwin that uses the Force Network Ensemble to measure the allowed

3



space of force configurations for a granular system. This allowed us to measure the entropy of

the force networks for the first time from the microscopic structure. We confirm this entropy

measurement by comparing it with a bulk measurement of angoricity, concretely linking it with

the microscopic multiplicity of the Force Network Ensemble. In Chapter III (in review [13]), we

use a similar approach to examine the boundaries of the allowed space of force configurations.

These boundaries correspond to systems with fewer contacts than the original system. By

examining which contacts are missing in those boundary systems, we are able to predict which

contacts between particles are unnecessary. We then show that only these defect contacts may

in fact be broken under decompression. These force network defects are a completely new form

of defect in amorphous materials. In chapter IV (published in PRL [14]), working with Eric

Corwin and Sean Ridout, we closely examine the relation between critical scaling laws about

the jamming transition. Rather than just looking at the well known exponents of these scaling

laws, we delve deeper and explore the prefactors to these scaling laws. Although pefactors such as

these are generally highly sensitive to finite dimensional corrections, we show that they are still

well predicted by the mean field. We provide a first principles proof for one free of the mean field

assumption, demonstrating that mean field theory is not necessary for explaining scaling laws in

low dimensional jamming.

4



CHAPTER II

DIRECT MEASUREMENT OF FORCE CONFIGURATIONAL ENTROPY IN JAMMING

Introduction

Thermodynamics connects abstract and difficult to measure details, such as entropy,

with more easily measured bulk properties, such as temperature. In granular systems, for

which the thermal energy scale is irrelevantly small, similar connections have been proposed for

the volume ensemble [7, 9] using compactivity as a temperature analog and also for the force

network ensemble [8, 9] using angoricity. While these quantities are measurable [15, 16], they

are not physically meaningful unless they 1) are shown to have temperature-like properties,

such as following the zeroth law and 2) can be rigorously linked to a first principles definition

of microscopic entropy [17]. Entropy itself was initially an empirical quantity until Sackur and

Tetrode placed it on firm footing for the ideal gas with the discretization of phase space into

quantum mechanical states [17, 18]. The length scale of the discretization depends both on

properties of the system and the universal constant ~, whose value cannot be inferred from bulk

properties of the ideal gas alone. Angoricity holds promise as a temperature analog, as it has been

shown to follow the zeroth law, while compactivity fails to do so [9, 15, 19]. However, before the

thermodynamic approach of angoricity can be considered to be on solid ground, the nature of the

entropy of jammed systems must first be understood.

When the density of an overjammed packing increases, force networks are affected in two

ways: 1) force magnitudes, and thus pressure, increase, and 2) new contacts between particles

form, increasing the number of contact forces in the network. Both of these changes increase

the entropy of the force networks. While the effect on entropy from pressure changes is well

understood [16, 20], the effect from changes in the contact network is not. To decouple these

effects, we propose an extension to the Force Network Ensemble in which changes in the contact

network are allowed. This leads us to identify a critical number of excess contacts, δzc, describing

the transition from a regime in which entropy is dominated by changes in pressure to one in which

it is dominated by changes in the contact network.

The temperature analogue angoricity is defined as the derivative of entropy with respect

to the stress tensor [8]. In isotropic systems this tensor quantity can be simplified to a scalar

5



derivative of entropy with respect to pressure. Just as temperature of an ideal gas can be

measured from the velocity distribution, angoricity can be measured from the distribution of local

pressures [16]. As a derivative, angoricity provides information about the difference in entropy

between two systems but not the absolute values. Previous theoretical and experimental work

has identified an inverse scaling of angoricity with pressure in the near jamming limit for two-

dimensional (2D) soft spheres [16, 20]. However, these studies do not systematically explore

the effect of changing the contact network, which remains static in the near jamming limit. In

our computational study, we explore the system by varying the spatial dimension, pressure, and

number of particles over ranges much larger than would be feasible in a physical experiment.

In this Rapid Communication, we present a first principles derivation of the entropy for

the force networks of granular packings. We measure this entropy up to a multiplicative constant,

hf , in the near jamming limit by directly measuring the volume of the space of allowed force

configurations. Analogous to Planck’s constant in the Sackur-Tetrode equation, hf discretizes the

space of force configurations into an integer number of accessible states. We then use the method

of overlapping histograms to measure angoricity as a function of pressure, and compare with our

force volume measure to solve for hf . This concretely connects the bulk nature of angoricity with

the microscopic multiplicity of the force network ensemble.

Computational methods

We use pyCudaPacking [21], a GPU-based simulation engine, to generate energy minimized

soft sphere packings at specified pressures in periodic boundary conditions. We do so for number

of particles, N , spanning from 256 to 4096, and dimension, d, from 2 to 5. The particles are

monodispersed, except in 2D in which we use equal numbers of bidispersed particles at a size

ratio of 1.4:1 to prevent crystallization. Particles interact through a harmonic contact potential as

defined in [21], and the system’s energy is minimized using the FIRE minimization algorithm [22].

Starting with random initial positions, we minimize energy and then adjust overall density

by uniformly scaling particle radii to achieve a pressure P of 10−2 in natural units, as defined

in [5]. This pressure is chosen to prevent crystallization artifacts from high density packings.

From there, we iteratively adjust the density both up and down to achieve specific values of

pressure. We do this efficiently by exploiting the known linear scaling of pressure with density
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above jamming for a harmonic potential [6]. For each targeted pressure, we ensure that the actual

pressure is accurate to a factor of 10−5. We sample 100 logarithmically spaced steps per decade

of pressure to ensure sufficient overlap between the distributions of local pressure for neighboring

systems, as is needed for the method of overlapping histograms.

Rigidity

To understand the behavior of packings close to the jamming transition we examine the

geometric mechanisms necessary for rigidity by constructing an unstressed spring network with

the geometry of the packing. The rigidity matrix [23–25], R, describes this spring network by

encoding the normalized contact force vectors from the packing, nij , between pairs of particles i

and j as

Rkα〈ij〉 = (δjk − δik)nαij , (2.1)

where k indexes contacts and α indexes spatial dimensions. For a system with Nstable stable

particles and Ncontact contacts, this will be an Ncontact by Nstabled matrix. The singular value

decomposition of this matrix yields two sets of singular vectors, analogous to eigenvectors for a

square matrix. The right singular vectors describe the normal modes of position displacements,

and the left singular vectors describe the normal modes of force displacements. The left singular

vectors corresponding to zero eigenvalues represent mechanically stable force configurations,

termed states of self stress. These vectors need not be positive definite, and therefore are not

necessarily valid force configurations for the underlying packing.

The magnitude of each contact force can be considered as a degree of freedom while the

requirement for mechanical stability introduces d constraints for each particle. Balancing these

constraints requires a minimum number of contacts to ensure stability, which in systems with

periodic boundary conditions is given by [26, 27]

Nmin
contact = d(Nstable − 1) + 1. (2.2)

A system with this minimum number of contacts has exactly one state of self stress, and each

additional contact formed imparts an additional independent state of self stress. Thus, we define
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the number of excess contacts, ∆Z as

∆Z = Ncontact −Nmin
contact, (2.3)

making the number of independent states of self stress ∆Z + 1. We define the number of excess

contacts per particle,

δz = 2∆Z/N, (2.4)

where the 2 reflects that each excess contact is shared between two particles. These independent

states of self stress form a basis for the ∆Z + 1 dimensional space of all mechanically stable force

configurations of the spring network. However, imposing a normalization condition restricts this to

a ∆Z dimensional subspace.

⃗𝐹1

⃗𝐹2

𝜃

⃗𝐹1 vs ⃗𝐹2 0.60 ⃗𝐹1 + 0.80 ⃗𝐹2

0.39 ⃗𝐹1 + 0.92 ⃗𝐹2

FIGURE 2. Force volume measurement for a system with one excess contact. Left, the two
independent states of self stress, F1 and F2. Black lines between particles represent positive
(compressive) forces, red lines represent negative (tensile) forces. Center, a scatter plot of F1

vs F2 for each pair of particles. Linear combinations of F1 and F2 are represented graphically by
drawing a sloped line through the origin and measuring the distance to each point. Any sloped
line for which all of the points fall into the same half-space corresponds to a positive definite
linear combination. The set of lines which allow for such solutions is the force space volume,
indicated by the angle θ. Note that in a system with ∆Z excess contacts, this volume is a ∆Z
dimensional quantity. Right, the two extremal positive-definite linear combinations at the edge of
this region are shown. Each has one force brought to precisely zero.
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Force Volume

The force network ensemble samples all valid force networks in the spring representation

of a packing with equal probability [10, 11, 28]. To determine the force volume, we calculate the

normalized independent states of self stress where F qµ is the contact force on contact q in the state

of self stress µ. The set of all possible repulsive contact forces is defined by linear combinations

that satisfy

∑
µ

λµF
q
µ ≥ 0 (2.5)

for all contacts q, where {λµ} are coefficients subject to the normalization condition
∑
µ λ

2
µ = 1.

We define the force volume Vf to be the volume of the space of λµ coefficients that satisfy this

rule as illustrated in Fig. 2.

We measure this force volume with the following protocol:

1. Recast F qµ into a set, {~Cq}, of Ncontacts vectors containing the value of the force on contact q

in each of the ∆Z + 1 states of self stress.

2. Planes which pass through the origin and place all of the {~Cq} into a single half-space

satisfy inequality (2.5). We compute the extremal values of such planes as the facets of

the convex hull [29] of {~Cq,~0}. The normal vector to each facet is the {λµ} which defines

a vertex of the allowed space of coefficients and corresponds to a linear combination of the

independent states of self stress in which exactly ∆Z forces are precisely 0.

3. To respect the normalization requirement we calculate Vf as the ∆Z dimensional solid angle

subtended by the volume defined by these vertices in coefficient space.

We convert this volume into a pure number of configurations by discretizing it into

hypercubes of side length hf , named to emphasize the parallelism with Planck’s constant h used

in the enumeration of phase space states in the Sackur-Tetrode equation. Because the pressure

sets the scale of the average force, we then multiply this enumeration by the pressure, as has been

shown in previous theoretical and experimental work [16, 20, 30]. Putting these considerations

together, we arrive at an ansatz relating the microscopic force volume to the multiplicity, and thus
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the entropy:

Ω = P
Vf

(hf )∆Z
=⇒ S = lnP + lnVf −∆Z lnhf . (2.6)

Although pressure and number of excess contacts both appear in the entropy, they are not

independent variables but related in the thermodynamic limit by [5, 6]

∆Z = B(d)N
√
P . (2.7)

where B is some function of dimension only. We find values of B of approximately 2.1, 6.0, 12.5,

and 23 in dimensions two, three, four, and five. These values are roughly consistent with previous

studies for two and three dimensional spheres [5, 27].

Angoricity [8], α, is derived as:

α ≡ ∂S

∂P
=

1

P
+

∂

∂P
lnVf −

1

2

BN√
P

lnhf . (2.8)

First, we measure the volume of force space Vf and explore how it scales with the number of

excess contacts. Second, we measure bulk angoricity to confirm our prediction in Eq. (2.8) and

measure the microscopic constant hf .

Results

As shown in Fig. 3, the measured force volume scales exponentially with the number of

excess contacts:

Vf = Cγ∆Z . (2.9)

We find C to be well approximated by 1, as shown in the top inset. The lower inset shows that γ

decreases with increasing N and d.

10



1 2 3 4 5 6

10 -10

10 -8

10 -6

10 -4

10 -2

10 0

256 1024 4096

10 -2

10 -1

256 1024 4096
0

1

2

FIGURE 3. Representative exponential scaling of the force volume, Vf , with number of excess
contacts, ∆Z, for N = 1024, d = 3. The median of the distribution for each ∆Z is shown as a
white circle, surrounded by the full distribution in yellow. The black line shows the exponential
fitting form, with exponential base γ. Inset bottom left, γ for each N and d. Inset top right, the
scale, C of the exponential. Inset data is presented for d = 2 (red), 3 (yellow), 4 (purple), and 5
(green), and N = 256 (circles), 1024 (squares), and 4096 (triangles).

We can simplify the expression for angoricity by combining the preceding three equations to

find

α =
1

P
+

1√
PcP

(2.10)
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where the crossover pressure between the two power laws is

Pc =

[
BN

2
ln

(
γ

hf

)]−2

. (2.11)

We use the method of overlapping histograms of local pressures [16, 31, 32] to measure

angoricity and determine the value of Pc and therefore hf . For each system, we measure the local

pressure for many random samples of a particle with its m = 50 nearest neighbors. The choice

of m controls the sharpness of the local pressure distribution and so induces a trivial prefactor

A, shown in the inset to Fig. 4 to be proportional to dm. We then compute the angoricity by

comparing these local pressure distributions as in Ref [16]. We fit the angoricity curve to the

power law in Eq. (2.10) with prefactor A and an additive offset. As shown in Fig. 4, all data

collapse onto Eq. (2.10). We extract the crossover pressures, Pc, shown in the upper inset of figure

4, and find that they are insensitive to N , but decrease with increasing d.

Discussion

From Eq. (2.11) and our measured values of γ and Pc we compute hf , shown in the inset to

Fig. 5. A complete expression for entropy can now be written as

S = lnP + ∆Z ln

(
γ

hf

)
. (2.12)

This can be recast into a natural form using equations (2.7) and (2.10) by expressing the ratio of

γ and hf as a critical number of excess contacts per particle,

δzc = 2B
√
Pc =

2

N ln
(
γ
hf

) (2.13)

S = lnP +
δz

δzc
. (2.14)

Thus, the entropy is dependent on two intensive thermodynamic variables, P and δz, and a

constant δzc for each dimension. While hf is observed to decrease with N and expected to vanish

in the thermodynamic limit, we find δzc to be intensive with system size, as shown in Fig. 5.

The first term in Eq. (2.14) describes the entropy increasing from the absolute pressure

scale, whereas the second describes the entropy increasing from the number of contacts increasing.
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FIGURE 4. Scaled angoricity, αPc/A, for all N and d, collapses onto equation 2.8 (black line)
when plotted against scaled pressure, P/Pc, until high pressure deviations caused by second
nearest neighbor interactions. Inset top right, the crossover pressure Pc. Inset bottom left, A/dm
is approximately 0.7. Colors denote dimension from 2-5 and symbol denotes number of particles as
in figure 3.

Sufficiently close to jamming the first term will dominate as there will be few changes in the

contact network even as the pressure changes dramatically. Further from jamming the second

term will dominate, reflecting the primacy of changes in the contact network. Note that while

this equation may be rewritten as a function of pressure using Eq. (2.7), for any particular finite

packing the integer number of excess contacts is required to calculate the entropy precisely.
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FIGURE 5. Upper, scaling of δzc with N and d. Lower, scaling of hf , with N and d, calculated
from Pc by inverting equation 2.11. Colors denote dimension from 2-5 and symbol denotes number
of particles as in figure 3.

Conclusion

We have demonstrated that the force network ensemble framework can be used to directly

compute the multiplicity of the force configurations in packings close to the critical jamming

point. We have presented an ansatz linking the volume of the force configurational space

associated with a packing to the entropy of the packing. This entropy can be expressed as a

function of pressure and is independently confirmed by measurements of the angoricity over

approximately seven orders of magnitude of pressure. We have combined these two approaches
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of measuring entropy in order to extract the fundamental scales governing the discretization of

phase space that allows for enumeration. We discover a crossover value for the excess contacts

per particle, δzc, below which the entropy is governed primarily by changes in pressure at fixed

contact network and above which the entropy is governed primarily by the creation of new contact

forces.

This work places angoricity on a firm footing as a thermodynamic quantity that controls

the behavior of overjammed systems. By tracing this entropy all the way down to an enumeration

of states we discover that, perhaps unsurprisingly, Planck’s constant does not set the fundamental

scale of discretization hf . In a purely classical model such as this, the discretization can only

depend on the finite size effects of the system which are determined by N and d. Thus, in the

thermodynamic limit, while hf vanishes, the behavoir of the system is controlled by δzc and thus

Pc which do obtain fixed values. This full expression for entropy provides the first concrete linking

of the microscopic force network ensemble to the thermodynamic description of granular materials

and offers a complete description for the thermodynamics of the force networks in overjammed

systems.
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CHAPTER III

PREDICTING DEFECTS IN SOFT SPHERE PACKINGS NEAR JAMMING USING THE

FORCE NETWORK ENSEMBLE

Introduction

From crafting swords and arrowheads in antiquity to perusing katanas at the mall today,

choosing the available materials with highest strength has always been of critical concern. It is the

weak points, and modes of failure, that determine the strength of a material. In polycrystalline

materials these weak points arise from defects in the crystal structure [33]. Early approaches to

amorphous systems attempted to model them as highly defective crystalline systems, but such

models fail to capture emergent phenomena [34]. Amorphous systems thus must be treated

in their own right, consequently there exists no obvious definition of a defect. However, “soft

spots” can be found which are locations in which rearrangements are more likely to occur under

shear. These were first explored via analysis of the low-frequncy quasilocalized vibrational modes

[35] and have been more recently identified by using machine learning analysis on the local

structure [36–44]. While this has been highly effective at identifying sites of rearrangements

under shear, it has not been applied to systems under decompression, another common failure

mode of materials. More importantly, while softness is correlated with structural quantities

such as local potential energy and coordination number, these structural properties are not

good predictors of rearrangements on their own. Thus softness, while useful as a heuristic,

lacks analytic clarity. Additionally, while softness is an excellent predictor of instabilities, it

does not predict stable contact network changes (i.e. contact changes which do not result in

rearrangements), which comprise the majority of contact network changes [45, 46]. In this work

we demonstrate a method for identifying defective contacts under decompression asymptotically

close to the jamming/unjamming transition. We use the geometry of the force network ensemble

to show that in the near-jamming limit there exists only a small and precisely identifiable number

of contacts at which any contact network change can occur.
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Background

To achieve mechanical stability, any system must have at least as many constraints as

degrees of freedom. In a granular system, these constraints are borne by the contacts, and for a

d dimensional system of frictionless spheres, the minimum number of contacts N∗c ∼ Nd [47].

Any system that posseses more than this minimum number of contacts will have a resultant

indeterminacy in its force networks as there must exist multiple linearly independent solutions

for force balance. Near jamming, the overlaps (or deformations) between particles are much

smaller than the interparticle distances. Due to this separation of scales, the forces in a system

can be decoupled from the particle positions, and therefore can be considered to be a random

instantiation within the space of the force indeterminancy [10–12, 28]. This is the motivation

for the force network ensemble (FNE), which samples all valid force networks in the spring

representation of a packing with equal probability.

The rigidity matrix, R, represents a granular system as an unstressed spring network by

encoding the normalized contact force vectors n̂ij between pairs of particles i and j as

Rkγ〈ij〉 =
(
δkj − δki

)
n̂γij , (3.1)

where k indexes particles, γ indexes spatial dimensions, and δ is the Kronecker delta [12, 23–25].

In periodic boundary conditions the minimum number of contacts required for stability for N

particles in dimension d is [27]

N∗c = Nd− d+ 1, (3.2)

and a system with exactly N∗c contacts will have one stable force network configuration. For

each additional contact in excess of N∗c the associated unstressed spring network will have an

additional linearly independent mechanically stable force network. These linearly independent

force networks are referred to as the “states of self stress” or SSS of the system. These can be

easily computed as they are the left singular vectors of R associated with the zero singular values

of R, i.e. the vectors Fi such that FiR = ~0. While these SSS in general contain compressional as

well as tensional forces, physical packings of frictionless spheres are constrained to compressional
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forces. Thus we consider the FNE to be the set of linear combinations of the SSS which are

positive semidefinite.

In previous work, we demonstrated that by considering the geometric nature of the SSS of

a system, one can calculate the volume of the positive semidefinite linear combinations and from

that the entropy of the force networks [12]. Further contemplation of this geometry has led us to

examine the boundaries of this volume, which correspond to sets of contacts which are extraneous

to the mechanical stability of the system. In particular, we focus on systems with exactly 2 states

of self stress (2SSS), which are thus geometrically confined to have exactly two such boundaries.

Each boundary corresponds to a set of contacts (typically each containing exactly one contact)

which are unnecessary for mechanical stability of the packing. The breaking of this unnecessary

contact results in a packing with just a single SSS (1SSS). In this work, we show that (i) between

rearrangements, the force network ensemble of a system is stable under decompression, and (ii)

that these boundaries of the volume of allowed force space identify the contacts that may be

broken under decompression.

Computational Methods

We use pyCudaPacking [21], a GPU-based simulation engine, to generate monodispersed

three dimensional harmonic soft sphere packings in periodic boundary conditions. We minimize

the packings using the FIRE minimization algorithm [22] using quad precision floating point

numbers in order to achieve sufficient resolution on the contact network near the jamming point.

Using the same methods as in Refs. [14, 48], we start with randomly distributed initial positions

at a packing fraction ϕ far above jamming and apply a search algorithm to create systems

approximately logarithmically spaced in excess packing fraction, ∆ϕ. We generate systems finely

spaced in ∆ϕ (100 steps/decade) so that we may probe the dynamics of the transition from

2SSS to 1SSS. We continue this process until the system has exactly one state of self stress. We

generate datasets of 500 systems at N = 128, 1024 and 100 systems at N = 8192. We measure the

pressure P from the trace of the stress tensor as in Ref. [5] and denote the pressure at which the

system transitions from 2SSS to 1SSS as P ∗.
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FIGURE 6. Scatter plot of the loads on each contact in the two states of self stress F1 and F2

for a typical system (N = 128) at 2SSS. Black lines represent the two linear combinations of
force eigenvectors at the boundary of the allowed region of force space, shaded green. The two
contacts which define these boundaries are shown in red. Green line shows linear combination that
reconstructs the measured physical forces. Inset shows a region near the origin in greater detail.
For a more pedagogical explanation see figure 1 in [12].

Results

The force network ensemble is the set of linear combinations of these SSS for which all

forces are positive semi-definite. This defines a region in force space, the boundaries of which are

the linear combinations of the SSS that bring the load on a contact or set of contacts to zero. In a

system with 2SSS, one can exploit the orthogonality of the SSS to choose the linear combination

that yields zero force on any given contact. The imposition of this constraint necessarily reduces

the number of SSS by one, and within the context of the force network ensemble is equivalent to

breaking a contact. However, with most contacts, this will result in negative forces (i.e. tensile
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FIGURE 7. Angle θ between the force spaces of a system at a pressure P and P ∗. Perpendicular
force spaces would have θ = π/2, shown as a black line. Data shown for N=128 (green), 1024
(blue), and 8192 (red), with opacity proportional to P .

loads) on some of the contacts unless the contact chosen is on the boundary of the allowed volume

of force space. We demonstrate this geometrically in figure 6.

As a system decompresses, the geometry of the contact network changes. This is reflected

in the rigidity matrix and thus results in changes in the null space of the loads. Since our systems

are at 2SSS, this null space is always a two-dimensional plane within the Nc dimensional space of

allowed loads on bonds. We characterize how this plane evolves by computing its angle θ relative

to its final configuration at P = P ∗. We define the angle θ between 2SSS force spaces F and G

(with basis vectors F̂i and Ĝi) as [49]:

cos(θ) =
| ∧2 g(F ,G)|√

∧2g(F ,F) ∧2 g(G,G)
(3.3)
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where

(∧2g)(F ,G) = det

F̂1 · Ĝ1 F̂1 · Ĝ2

F̂2 · Ĝ1 F̂2 · Ĝ2

 . (3.4)

While uncorrelated 2 dimensional planes drawn through the Nc dimensional force space are nearly

perpendicular (i.e. θ ∼ π
2 ), we show in figure 7 that the force space volumes of our systems are

always nearly aligned, even over wide ranges of pressure. This shows that the force network

ensemble of a packing is stable under decompression, at least between rearrangements. Thus, it

should be possible to use the force network ensemble to predict the evolution of the physical forces

as the pressure is varied.

In a system at 2SSS, the space of normalized linear combinations of the SSS is a one

dimensional space of rotations, as any stable force configuration f can be described by a mixing

angle α such that f = sin(α)F1 + cos(α)F2, where F1 and F2 are the linearly independent SSS.

While the physical forces in the packing are instead calculated from the overlaps, they represent

a stable force network and as such we are always able to express them with a mixing angle in this

way, up to machine precision and an overall scale factor. In the intervals between contact changes,

we may thus consider the physical forces in the packing as flowing within this space of SSS,

which is only gently changing as shown in figure 7. In figure 8(a), we show the mixing angles that

describe the position within this space for the physical forces of a 2SSS system as it decompresses

towards P = P ∗. By following these mixing angles as a system decompresses, we see how the

physical forces in the system approach and reach one of the 1SSS states on the boundaries of the

2SSS space. As an example, we can follow the upper red curve in figure 8(a) down in pressure

towards the contact break, and we see that this system has a kink around (P − P ∗)/P ∗ ∼ 1.3.

This arises from the exchange of the contact that originally formed the boundary of the allowed

force space for another, which can be seen graphically in figure 8(b). Thus a prediction made with

the boundary contact above that pressure will fail. The interchange in this manner of boundary

contacts with other contacts that were intitially near the boundary is relatively unusual and is the

sole failure mode of our prediction.

In a 2SSS system, there are always exactly two boundaries on the edge of the force space

which correspond to two sets of “breakable contacts.” Each of these sets of contacts usually
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FIGURE 8. a) Evolution of mixing angle representation of the force space under decompression
for the system in figure 6 over the range of pressures for which the system is at 2SSS. Position
in force space is shown as mixing angles α − α∗ where α∗ is the mixing angle of the system at
the contact breaking event. Green shaded region shows all mixing angles for positive-definite
force networks. Green line shows the physical forces. Red lines show the positive semi-definite
boundaries. Grey lines show mixing angles which would bring other contacts to zero force. b)
Evolution of the system in force space, shown as in the inset to figure 6. The highest and lowest
pressures at which the system is at 2SSS are shown as grey circles and black x’s, with arrows
between them. “Breakable contacts” on the edge of force space are shown in red.
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FIGURE 9. Probability of predicting contact breaking by FNE versus scaled pressure, for
systems decompressing from 2SSS to 1SSS. As in fig. 7, N=128 (green), 1024 (blue), 8192 (red).
Probability of smallest force in the system breaking is shown for N = 128 (dark grey), 1024
(medium grey), 8192 (light grey).

contains just one contact, but sometimes breaking a contact will form a rattler particle, all of

whose contacts will thus be in the set of breakable contacts. In figure 9, we show the probability

that one of these sets of “breakable contacts” is in fact broken under decompression from 2SSS

to 1SSS. We find that the contacts predicted by the FNE are strongly predictive (greater than

80%) over the full range of pressures for which the system has 2SSS. This is in sharp contrast to

the näıve prediction from affine response, that the smallest contact will break. Affine response is

predictive very close to the contact breaking event, but falls to zero at higher pressures.

We examined the real space correlations between pairs of breakable contacts and found

no correlation in position or angle subtended between contact vectors. However, we find that

breakable contacts are more likely to occur between particles with higher than average contact
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FIGURE 10. Histogram of the number of breakable contacts, Nbc, at each number of dimensions
of the space of SSS, dSSS , for N = 128. Purple line shows the empirical fit Nbc ≈ 2.43d1.44

SSS .

number (z ∼ 6.4). Such particles are thus more likely to have a contact that is unnecessary

for system stability. This stands in contrast to the soft spot literature, in which particles with

fewer contacts are identified as more likely to rearrange [35, 42–44]. This difference arises because

soft spots exclusively identify instabilities, but the FNE also predicts the more numerous stable

contact changes involving more highly coordinated particles.

At 2SSS, the two “breakable contacts” are excellent predictors of contact breaking events.

At increased pressure, the number of contacts and thus SSS increase. In figure 10, we examine the

relationship between the number of predicted breakable contacts, Nbc and the number of states

of self stress, NSSS . We examine the scaling of Nbc as a function of the dimensionality of the

normalized SSS, dSSS = NSSS − 1. At 2SSS, the breakable contacts exist at the endpoints of a

line which represents the space of allowed mixing angles. This typically results in two breakable
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contacts, one at each endpoint, but may instead result in Nbc ≥ 5 by creating a rattler at one

endpoint (i.e. four or more contacts lost at that endpoint). We rarely find Nbc = 3, 4 which can

only arise from degeneracies or numerical instabilities in the 1SSS force network. At 3SSS, the

boundaries of the allowed force space are the edges of a polygon, and at higher SSS the facets

of a polytope. These polytopes must have at least dSSS boundaries, but may have arbitrarily

many and thus arbitrarily many breakable contacts. We characterize the distribution of number of

breakable contacts at each SSS by their mean, and find the means to be well fit by a power-law.

We conjecture that even at higher than 2SSS, the FNE may be used to predict contact

breaking events. It has recently been shown that 86% of contact breaking events are reversible

network events rather than rearrangements [45, 46]. We would thus expect that these reversible

contact breaking events are well described by the FNE, and as such one could use our methods

to predict the possible final 1SSS systems from a system with several contacts over 2SSS, with a

success probability that scales as P ∼ 0.86dSSS . We note however that while the physical forces

of our packings were found precisely in the force network ensemble, this may fail at significantly

higher pressures, because the force network ensemble is calculated from the unstressed spring

network representation of a packing, whereas there exists a prestress on the physical forces.

Conclusions

We have shown that the force network ensemble of jammed systems remains approximately

static between contact change events, and as such may be used to identify defective contacts. We

have further shown that for 2SSS systems, these identified defective contacts are highly likely to

break under decompression. While in spirit these defects can be thought of as analogous to soft

spots, we emphasize two key differences here: (1) Soft spots identify locations of instabilities,

while the force network ensemble identifies locations of both instabilities and stable contact

network changes, and (2) While soft spots may be identified using just local information, the

FNE approach by definition invokes global information. One might wish to use local information

to find these defects, and there exists local structure to the force networks when the system is far

from jamming [50]. However, at the jamming point the system becomes marginal, and as such

any change in the contact network impacts the whole force network. For this reason we believe
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that it would not be possible to identify these defective contacts near jamming without global

information.

By restricting our study to 2SSS systems under decompression, we have explored only a

limiting case of the space of the force network ensemble. We hope however that this serves as a

gateway for future work, especially in exploring the force network landscape for systems with a

greater number of SSS, where many more defects are predicted. One could also apply a modified

version of these methods to identify force network defects in systems under shear. Our protocol

identifies both stable contact changes and those that lead to instabilities. One further interesting

remaining question is whether these can be differentiated from each other via the force network

ensemble, giving a more complete picture of the defects within the system.
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CHAPTER IV

MEAN-FIELD PREDICTIONS OF SCALING PREFACTORS MATCH LOW-DIMENSIONAL

JAMMED PACKINGS

Introduction

Granular materials exhibit universal properties regardless of the material properties of the

individual grains [21, 51, 52]. The jamming transition is a critical point near which properties

such as pressure, packing fraction, or number of excess contacts, among others, scale as power

laws. Scaling theory summarizes and condenses these power law relationships, but no first-

principles theory of jammed systems at finite dimensions exists. The replica mean-field theory

of glasses and jamming has been shown to be exact in the infinite dimensional limit [53, 54]. To

do so it relies on the assumption that there are no correlations between neighbors, fundamentally

at odds with low-dimensional systems. As such, mean-field predictions should not be expected

to hold in low dimensional-jamming, and some results, most notably the packing fraction at

jamming, deviate from the mean-field predictions [21, 55]. However, despite the fact that low

dimensional systems have highly correlated neighbors the scaling relations are precisely the

same as those found in infinite dimensions [5, 6, 56]. Many other results predicted by the mean

field have also been observed in low dimensional jamming, suggesting that they may be provable

without the mean field approximation [21, 52, 57–60].

Here, we move one step further in the comparison between low-dimensional jamming and

mean-field jamming by probing not only scaling relations but also prefactors between a handful

of properties: pressure P , excess contacts δz, and excess packing fraction above jamming ∆ϕ.

We demonstrate the continued success of the mean field in describing low-dimensional systems

by quantitatively verifying the mean-field predictions for these prefactors. Thus, the mean-field

approximation is overzealous: one need not have vanishing correlations in order to obtain these

results. In this spirit we provide a first-principles proof of the relation between pressure and excess

packing fraction free of the mean-field assumptions. These results call out for proofs for all of the

other universal relations of the jamming transition.
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Background

Granular materials undergo a jamming transition at a critical packing fraction ϕj . The

number of force bearing contacts between grains jumps abruptly from zero to the minimum

number sufficient to support global rigidity and thus global pressure, Zc. In a packing of N

frictionless, spherical particles in d dimensions, Zc = Nd+ 1− d [27, 51].

We limit our study to spherical particles interacting through a harmonic contact potential

given by

Uij = ε

(
1− |rij |

σij

)2

Θ

(
1− |rij |

σij

)
, (4.1)

where ε is the energy scale, rij is the contact vector between particles i and j, σij is the sum

of the radii of particles i and j, and Θ is the Heaviside step function. Thus, the total energy

U = 1
2

∑
ij Uij . From this potential, the forces between particles can be calculated as

fij =
2ε

σij

(
1− |rij|

σij

)
Θ

(
1− |rij|

σij

)
r̂ij . (4.2)

We compute a unit and dimension independent pressure using the microscopic formula [5, 61]

P ≡ − V̄p
ε

dU

dV
=

V̄p
εV d

∑
i,j

fij · rij , (4.3)

where V is the volume of the system and V̄p is the average particle volume.

For soft spheres the packing fraction ϕ can be increased, leading to new contacts and

an increased pressure. We thus consider three natural quantities that measure distance from

jamming:

– excess packing fraction, ∆ϕ = ϕ− ϕj

– excess contacts per particle, δz = (Z − Zc) /N where Z is the number of contacts

– pressure P

The relationships between these quantities are predicted by mean-field theory as [54]:

P = Cpϕ∆ϕ (4.4)

δz = CzpP
1/2 (4.5)
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with prefactors Cpϕ and Czp which are functions only of spatial dimension [5]. These and

other scaling relationships have been previously explained by approximate theories [62–65] and

computationally confirmed in low-dimensional jamming [5, 27, 51, 56]. They are summarized

concisely by the scaling theory of the jamming transition [6]. The scaling exponents in d ≥ 2

match those in mean field, suggesting that the transition behaves like a critical point with upper

critical dimension du = 2. Moreover, mean-field theory predictions of these prefactors can be

derived as [54, 66]:

Cpϕ =
1

d
Ĉpϕ (4.6)

Czp =
d√
2d
Ĉzp (4.7)

where Ĉpϕ and Ĉzp are finite constants in the d → ∞ limit, which have not yet been explicitly

calculated. Note that these relations are presented in a particular choice of units in the literature.

We include details of the conversion to our dimensionless units in the Supplemental Material. A

priori, it is not expected that these predictions will apply in low dimensions, in which the mean-

field assumption is not warranted. Even above upper critical dimensions, mean-field theories

are not generally expected to correctly compute prefactors, or even the purportedly universal

amplitude ratios. Beyond scaling exponents, to our knowledge, the critical cluster shape in

percolation and related phenomena [67, 68] and the Binder cumulant in the Ising model [69–71]

are the only quantities which are known to be equal to their mean-field values above the upper

critical dimension. Even though these prefactors for jamming scaling relationships have been

measured and reported [5, 12], because they are not expected to be equal to their mean-field

values they have not received substantial theoretical attention. An approximate calculation of the

related prefactor between the shear modulus and number of excess contacts has been performed in

three dimensions [64].

Computational methods

We use pyCudaPacking [21], a GPU-based simulation engine, to generate energy minimized

soft (or penetrable) sphere packings. We do so for number of particles N = 8192 − 32768 and

dimension d = 2 − 10. Our results suggest that N = 8192 is large enough to avoid finite size
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FIGURE 11. Measured pressure scales linearly with scaled excess packing fraction for systems
from d = 2 to d = 10. Measured values for ϕj in our protocol are included in the Supplemental
Material. Black lines show fits for Cpϕ using Eq. 4.4. We exclude from the fit data with
∆ϕ/ϕj > 10−3, to avoid the effect of larger overlaps causing deviations from this power law.
Dotted lines show the extension of fits beyond fitted range. Upper inset shows the measured
values of Cpϕ (blue circles) to scale in agreement with the mean-field prediction Eq. 4.6, shown as

a fit to a black line with Ĉpϕ ≈ 1.23. Moreover, they are in precise agreement with predicted

values from Eq. 4.15 (marked with black ×’s). Lower inset shows measured values of Ĉpϕ
calculated from the measured values of Cpϕ and eqn 4.6. While each prefactor is measured from
a single system, the prefactors for a second, identically constructed dataset were calculated to be
well within the bounds of the marker size.
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FIGURE 12. Measured excess contacts scales with the square root of pressure for systems from
d = 2 to d = 10. Black lines show fits for Czp using Eq. 4.5. For our fits, we ignore high pressure
data as in Fig. 11, and additionally exclude data with less than 40 excess contacts to avoid fitting
to small number fluctuations. Dotted lines show the extension of our fits beyond fitted range.
Lower inset shows the measured values of Czp (blue circles), which scale in agreement with

the mean-field prediction Eq. 4.7, shown as a fit to a black line and with Ĉzp ≈ 0.74. Upper

inset shows measured values of Ĉzp calculated from the measured values of Czp and Eq. 4.7.
While each prefactor is measured from a single system, the prefactors for a second, identically
constructed dataset were calculated to be well within the bounds of the marker size.
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effects in d < 9, which we have verified in d = 8 by comparing our packing at N = 8192 with

one at N = 16384, finding no deviation. For d = 9 and d = 10 we use system sizes of 16384 and

32768, respectively. The particles are monodisperse, except in two dimensions in which we use

equal numbers of bidisperse particles with a size ratio of 1:1.4 to prevent crystallization.

The packings are subject to periodic boundary conditions. We minimize the packings using

the FIRE minimization algorithm [22] using quad precision floating point numbers in order to

achieve resolution on the contact network near the jamming point.

Using the same methods as described in Ref. [23], we start with randomly distributed

initial positions, and apply a search algorithm to create systems approximately logarithmically

spaced in ∆ϕ. At each step we use the known power law relationship between energy and ∆ϕ

to calculate an estimate of ϕj . We use this estimate to approximate ∆ϕ and determine the next

value of ϕ in an effort to logarithmically space ∆ϕ values. We then adjust the packing fraction

to this value of ϕ by uniformly scaling particle radii and minimizing the system. We continue

this process until the system is nearly critically jammed, i.e. has exactly one state of self stress.

We then use the known power law relationship between pressure and ∆ϕ to fit the dataset and

precisely calculate ϕj (with error less than the smallest value of ∆ϕ) from which we calculate ∆ϕ

at each value of ϕ.

Results

Figure 11 shows the measured linear scaling of pressure with packing fraction separately for

each dimension. We fit the data to Eq. 4.4 to find Cpϕ, considering only data close to jamming to

avoid fitting to high pressure deviations from the scaling power law. The measured values of Cpϕ

are shown in the inset to confirm the 1/d dimensional scaling predicted by mean-field theory in

Eq. 4.6. A fit to this scaling provides a value of Ĉpϕ of 1.23.

Figure 12 shows the measured square root scaling of excess contacts with pressure

separately for each dimension. We fit the data to Eq. 4.5 to find Czp, the values of which are

shown in the inset. Beginning around three dimensions, the values of Czp confirm the dimensional

scaling predicted by mean-field theory in Eq. 4.7, and a fit to this scaling provides a value of Ĉzp

of 0.74.
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The values of both Cpϕ and Czp are roughly consistent with values measured in previous

studies [5, 12]. It has been recently suggested that the prestress, i.e., the normalized ratio of

the first and second derivatives of the potential as defined in Ref. [72], is a better candidate

to dedimensionalize the relationship between pressure and excess contacts. However, we find

a substantially better collapse of our expected form of pressure than with prestress. For more

details on prestress, see the attached Supplemental Material.

Discussion

The close agreement of our data with the mean-field predictions in low dimensions suggests

that the mean-field assumption is not essential to derive these scaling and prefactor relations. In

the spirit of discovering proofs for these relations free of the mean-field assumption, we expand

on an earlier calculation of the bulk modulus scaling [63] to show that such a calculation can also

explain the scaling of Cpϕ with spatial dimension and the precise value of Ĉpϕ.

From taking a derivative of Eq. 4.4, we see immediately that Cpϕ may be expressed in

terms of the bulk modulus, K ≡ V d2U
dV 2 , at jamming:

Cpϕ =
V̄pV

ϕε

d2U

dV 2
=

V

Nε
K. (4.8)

We note that this approximation slightly overestimates Cpϕ: the apparently linear average stress-

strain curves of jammed packings are actually the average of many piecewise linear curves with

discontinuous drops in stress, thus the average slope is slightly less than the instantaneous slope

[73].

At the unjamming point, the linear response of the system is that of a network of

unstretched springs. Thus, at lowest order in pressure the bulk modulus is that of an unstressed

spring network, which may be calculated in terms of the “states of self stress,” vectors of possible

spring tensions, s ∈ RZ , which do not produce any net force on a particle [63, 74, 75]. Here we

explain how to carry out this calculation for a monodisperse system in the unjamming limit; a

correction for polydispersity is handled in the Supplemental Material.

We begin by defining the set of “affine bond extensions,” a vector E ∈ RZ giving the

amount by which each bond vector would increase under a unit volumetric expansion of the

system. In linear elasticity, this simply induces an expansion of each length by 1/d, so,
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E` =
1

d
r`, (4.9)

where we emphasize that ` indexes the contacts in the system rather than the particles; r`

is the distance between a particular pair of particles.

In the case that all springs have the same spring constant k (e.g., monodisperse packings),

the bulk modulus may be written as the projection of these affine moduli onto the states of self

stress [63, 74, 75]. At jamming, there is only one state of self stress, and so the bulk modulus may

be computed exactly using the projection onto only this one state of self stress [63],

K =
k

V

(
Z∑
`=1

s1,`E`

)2

(4.10)

=
2Nε

dV

〈f〉2

〈f2〉
(4.11)

In the near jamming limit, this one special state of self stress exists all the way down to the

jamming point and can be expressed in terms of the vector of physical force magnitudes, f .

For the packing to be in equilibrium, this set of contact forces must produce no net force on

every particle, and thus by definition the vector f is always a state of self stress. The projection

defined above requires states of self stress to be normalized, and so the state of self stress may be

expressed as:

s1,` =
1√∑
l fl

f` =
1√
Z〈f2〉

f`. (4.12)

Furthermore at lowest order in P we have r = σ, and we assume Z ≈ dN . Thus, Eq. 4.10

reduces to

K =
Nkσ2

dV

〈f〉2

〈f2〉
=

2Nε

dV

〈f〉2

〈f2〉
(4.13)

and thus via Eq. 4.8

Cpϕ =
2

d

〈f〉2

〈f2〉
, (4.14)
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for monodisperse spheres. The full calculation in the Supplemental Material shows that in the

polydisperse case this becomes

Cpϕ =
2

d

〈σf〉2

〈σ2f2〉
. (4.15)

We find that the distribution of contact forces does not depend strongly on dimension,

which we demonstrate and discuss in the Supplementary Material, including Refs. [23, 76]. We

thus predict the scaling of Cpϕ to agree with the asymptotic mean-field scaling. Because this proof

does not invoke the mean-field assumption, we expect this scaling to be correct in all dimensions.

Moreover, we are able to calculate each value of Cpϕ by measuring the ratio of force distribution

moments. These values are calculated as in Eq. 4.15, and are shown in Fig. 11 to precisely predict

the values of Cpϕ.

Conclusion

The mean-field theory of jamming predicts both the scaling exponents and the dimensional

scaling of their prefactors. While the exponents have been previously verified, we have

demonstrated that even some prefactors are well predicted in low dimensions by mean-field

theory. Although these prefactors should be considered especially sensitive to finite dimensional

corrections, we find the mean field prediction to be exact in low dimensions. Is this a generic

phenomenon, or are the quantities we have chosen to study in this work somehow specially

unaffected by finite dimensional correlations? Experience with critical phenomena suggests that

although certain ratios of these prefactors (i.e. amplitude ratios) may be universal, the prefactors

themselves should be both nonuniversal and challenging to compute, which has led to them being

neglected. Our results demonstrate however that these prefactors may be computed exactly.

These results call out for other theories of jamming and the glass transition which reproduce the

mean-field results without such assumptions, or perhaps for a deeper understanding of why certain

mean-field computations may be exact in finite dimensions. Additionally, our results suggest that

in traditional critical phenomena mean-field theory may compute more for d ≥ du than has been

previously appreciated.
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Supplementary Material of “Mean-field predictions of scaling prefactors match

low-dimensional jammed packings”

Measured values of ϕj

In Table 1 we show our measued values of ϕj . these values are used in calculating ∆ϕ.

TABLE 1. Measured values of ϕj in dimensions 2-10.

d 2 3 4 5 6 7 8 9 10
ϕj 0.85 0.65 0.46 0.31 0.20 0.13 0.078 0.049 0.029

Mean Field Prediction of Pressure vs Packing Fraction

Mean field theory predicts that pressure scales with packing fraction as follows [54]:

P̂ = Ĉ(ϕ̂− ϕ̂j) (4.16)

where Ĉpϕ is a constant, and the hats over P and ∆ϕ signify that the quantities are scaled such

to be fixed in the infinite dimensional limit, as follows:

P̂ =
P ∗

ρd
(4.17)

ϕ̂ =
2d

d
ϕ (4.18)

where ρ is the number density, N
V , and P ∗ is the pressure which is calculated with assumed unit

particle diameter. This relates to our pressure, P , as follows:

P =
ϕ

ρ

1

d2
P ∗, (4.19)

where the factor of ϕ
ρ unwraps their assumption of unit particle diameter, and the factor of 1

d2

comes from their potential, which explicitly contains a dimensional term:

U∗(r) =
εd2

2

(r
`
− 1
)2

Θ (`− r) . (4.20)
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We can thus rewrite equation 4.17 in terms of our pressure P :

P̂ =
d

ϕ
P, (4.21)

and therefore equation 4.16:

d

ϕ
P = Ĉ

2d

d
(ϕ− ϕj) (4.22)

P =
ϕ

d
Ĉ

2d

d
∆ϕ (4.23)

P =
1

d
Ĉϕ̂j(∆ϕ) (4.24)

P =
1

d
Ĉpϕ(∆ϕ). (4.25)

Where, noting that ϕ̂j and Ĉ are constants in the infinite dimensional limit, we combine them as

Ĉpϕ. Thus mean field predicts a simple 1/d scaling of the prefactor between pressure and excess

packing fraction.

Mean Field Prediction of Pressure vs Number Of Excess Contacts

The number of contacts, z, is predicted by mean field theory to have the form [54]:

z

2d
= 1 + Ĉzϕ

√
ϕ̂− ϕ̂j (4.26)

z

2d
= 1 + Ĉzϕ

√
2d

d

√
ϕ− ϕj (4.27)

for some constant Ĉzϕ.

The number of excess contacts, δz, therefore is predicted to scale as follows:

δz

2d
= Ĉzϕ

√
2d

d

√
ϕ− ϕj (4.28)

δz = 2dĈzϕ

√
2d

d

√
ϕ− ϕj . (4.29)
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Mean Field Prediction of Packing Fraction vs Number of Excess Contacts

By combining equations 4.25 and 4.29, we can also predict the relation between δz and P :

δz = 2dĈzϕ

√
2d

d

√
d

Ĉpϕ
P (4.30)

= 2dĈzϕ

√
2d

Ĉpϕ

√
P (4.31)

(4.32)

where we define Ĉzp =
2Ĉzϕ√
Ĉpϕ

.

Excess Contacts vs Excess Packing Fraction Prefactor Scaling

From eqns 4.4 and 4.5 we can simply relate δz and ϕ as follows:

δz = Czϕ (∆ϕ)
1/2

(4.33)

where clearly,

Czϕ = Czp
√
Cpϕ. (4.34)

In figure 13, we show this scaling seperately for each dimension. We fit each line to eqn

4.33 to find the values of the prefactor Czϕ in each dimension, the values of which are shown in

the inset. These values agree well with both the mean field prediction above 3D, shown as a black

line, and our calculated value from Czp and Cpϕ, shown as black x’s in figures 11 and 12.

Dimensional Dependence of Force Moment Ratios

In figure 14 we show that the ratio of force moments does not depend strongly on

dimension. This empirical fact may seem at odds with previous reports of how the low-force part

of the distribution differs from its mean-field form in low dimensions [23, 76]. The low-force part

of the distribution has P (f) ∝ fθ, where θ ≈ 0.17 in d = 2 smoothly rises to a d = ∞ value

of θ ≈ 0.42. The high-force behaviour decays like an exponential or a stretched exponential;

thus, we have computed the theoretical value of this moment ratio for distributions of the form
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FIGURE 13. Measured excess contacts scales with the square root of excess packing fraction for
systems from d = 2 to d = 10 (red circles). Black lines show the fits for Czp using eqn 4.33. For
our fits, we ignore data at high pressure and low contact number as in figure 12. Dotted lines
show the extension of our fits beyond the fitted range. Inset shows the measured values of Czϕ
(blue circles), which scale in agreement with the mean field prediction eqn 4.29 using measured
values of with Ĉzϕ ≈ 0.83. Additionally, to note consistency we show that our measured values
of Czϕ agree well with values calculated from our measurements of Cpϕ and Czp using eqn 4.34
(black x’s).
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P (f) ∼ fθe−f/f0 and P (f) ∼ fθe−f
2/f2

0 , as shown in figure 15. We find that neither of these

assumed distributions quantitatively predicts the measured moment ratio for the known values of

θ, but they do show that the known variation in θ should not make us expect a large variation in

this moment ratio.

2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

FIGURE 14. Dimensionless moment ratio of first and second moments of σf shows no
dimensional dependence
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FIGURE 15. Neither the force distribution fθe−f/f0 (blue) nor the distribution fθe−f
2/f2

0 (red)
predicts a strong θ dependence for the relevant moment ratio

Accounting for Polydispersity in Pressure vs. Packing Fraction Scaling

To account for the case with varying spring constants we also form the matrix of inverse

spring constants
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k−1 =
1

2ε


σ2
ij

. . .

σ2
kl

. (4.35)

and the projection operator onto the states of self stress

S =

N∆z∑
i=1

|si〉 〈si| . (4.36)

In terms of these quantities, the bulk modulus may be written as [63, 74, 75]

∂2E

∂V 2
=

1

V
〈E|S

(
S
(
k−1

)
S
)−1

S |E〉 . (4.37)

In the one SSS approximation, we can evaluate the two projected quantities that we need

to evaluate equation 4.37. Equations 4.9 and 4.12 give

S |E〉 = 〈s0|f〉 |s0〉 =
〈r|f〉

d
√
〈f |f〉

|s0〉 =
√
Z
〈rf〉

d
√
〈f2〉

|s0〉 , (4.38)

and equations 4.35 and 4.12 give

Sk−1S = |s0〉 〈s0|k−1|s0〉 〈s0| = |s0〉
〈σ2f2〉
2ε〈f2〉

〈s0| (4.39)

(
Sk−1S

)−1
= |s0〉

2ε〈f2〉
〈σ2f2〉

〈s0| (4.40)

Furthermore at lowest order in P we have |r〉 = |σ〉, and we may assume Z ≈ dN . Thus,

equation 4.37 reduces to

K =
2Nε

dV

〈σf〉2

〈σ2f2〉
, (4.41)

and thus via equation 4.8:

Cpϕ =
2

d

〈σf〉2

〈σ2f2〉
. (4.42)
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Prestress Comparison

It has recently been suggested the relationship between prestress and number of excess

contacts collapses perfectly when compared across dimensions [72]. We define prestress e as in ref.

[72] as:

e = (d− 1)

〈
−V ′(rij)
rijV ′′(rij

〉
ij

(4.43)

and expected to scale as:

δz = Czee
1
2 (4.44)

because it is proportional to pressure near the jamming transition [72]. In figures 17 and 16,, we

examine the collapse of scaled excess contacts with prestress and compare it to the collapse of

excess contacts scaled by the mean field prediction with pressure. In figure 17 we see that the

collapse with prestress is not quite perfect - there is a clear upward trend. This stands in contrast

to the inset of figure 16, which shows Ĉzp to be nearly constant above three dimensions.

In fact, close to jamming so that r ≈ σ and Z ≈ Nd, our dimensionless pressure P as

defined in equation 4.3 is related to the prestress by

P =
V̄p
εV d

∑
i,j

fij · rij (4.45)

=
V̄p
εV d

Z〈fijrij〉ij (4.46)

=
2ϕZ

d

〈
rij
σij

(
1− rij

σij

)〉
ij

(4.47)

=
2ϕZ

d

〈
−rijV ′(rij)
σ2
ijV
′′(rij

〉
ij

(4.48)

≈ 2
ϕJ

d− 1
e. (4.49)

Thus, our better-fitting form for the z − P relationship amounts to the statement that

∆z

2d
= Ĉϕ

√
d

d− 1

√
e. (4.50)
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Thus our scaling forms agree with the statement of reference [72] in the infinite-d limit, although

we see better fit with our form in low dimensions.

FIGURE 16. Scaled excess contacts scales with the square root of pressure as in figure 12.
However, with excess contacts scaled by the expected mean field prediction, eqn. 4.7, the data
collapse onto a single line. The inset confirms the collapse, showing Ĉzp to be nearly constant.
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FIGURE 17. Scaled excess contacts scales with the square root of prestress for systems from d = 2
to d = 10. Black lines show the fits for Cze using eqn 4.44. The fits ignore high and low pressure
data as in figure 12. Lower inset shows the measured values of Cze which have a clear upward
trend.
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CHAPTER V

CONCLUSION

While previous discussion of the Force Network Ensemble had been abstractly defined

as a particular region in force space, our work in Chapter II was the first to measure this space

in a concrete way. Moreover, we were able to connect our measurements of the Force Network

Ensemble with a bulk measurement of angoricity. In doing so we not only discovered a new

quantity, hf which sets the scale of discretization for these systems, but also put the concept

of angoricity on firm footing as a thermodynamic quantity. This connects thermodynamic

approaches to granular materials with an underlying statistical mechanics, contributing to a

complete statistical mechanical description of granular materials.

In Chapter III we expanded on this work, using the Force Network Ensemble to identify

systems at the boundaries of available force space. From this we devised a provably correct first

principles method for analytically identifying the only locations at which any contact change can

occur under decompression. These force network defects are a completely new form of defect

in amorphous materials and provide a framework for a ground up understanding of amorphous

materials.

Despite the quantity of questions which have been answered by this work, an even greater

number of interesting new questions have been raised. We hope that our approach of studying

the space of allowed force configurations in granular systems serves as the foundation for future

research. In particular, it would be interesting to use our strategy from Chapter III to predict

contact breaking events in systems further from jamming via the Force Network Ensemble.

While we limited our study to 2SSS systems, the same principle should apply to systems with

more states of self stress. The problem becomes more challenging as the dimensionality of the

space of states of self stress increases, but the same protocol can be used on a system with

many states of self stress to predict not just the breakable contacts, but also all of the allowed

1SSS final configurations after decompression. Of course, since some contact breaking events are

rearrangements, predictions for sequential contact breaking events will be less accurate. However,

since about 86% of contact network changes are stable contact network changes, we would still

expect to have decent predictive power for at least a few contact breaks [45, 46].
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Another interesting and unexplored avenue is the search for force network defects in

ultrastable systems [77–79], which have more contacts near jamming than random packings, and

as such the defects may be delocalized or poorly defined. One could also attempt to modify our

protocol to identify force network defects under shear rather than decompression. This would be

especially interesting because the majority of the work done on soft spots has been conducted

under shear, as were the recent studies which distinguished and quantified rearrangements versus

stable contact network changes [45, 46].

Finally, one can also envision attempting to ascertain which force network defects will

be rearrangements versus stable contact network changes. This could concievably be done with

machine learning, in a similar fashion to much of the soft spots literature. Perhaps only the force

network defects which exist within identifiable soft spots tend to lead to rearrangements, and

others tend to lead to stable contact network changes.

In Chapter IV we took highly precise measurements of jamming scaling laws to measure the

prefactors to jamming scaling relations. We showed that the mean field prediction is accurate for

not just scaling exponents, but even the prefactors to these scaling laws. This was quite surprising

because we expect these prefactors to be nonuniversal and highly sensitive to finite dimensional

corrections to mean field theory. We were additionally able to show a first principles proof for

the scaling prefactor between pressure and packing fraction. This showed that the mean field

assumption was not necessary for that particular relation, and suggests that other relations

may similarly be proven without the need for mean field theory. This calls into question the

necessity of the mean field assumption in general for glasses and jamming. In particular, is there a

derivation for the prefactor between excess contacts and pressure that does not rely on the mean

field assumption? Moreover, are other scaling prefactors well predicted by the mean field? Of

course, we do not expect that all useful results from the mean field may be proven without the

mean field assumption - but perhaps more can be than previously thought.

The work presented in this dissertation represents a substantial addition to the literature

regarding the Force Network Ensemble for jammed amorphous systems. We have shown two

new methods by which the Force Network Ensemble can be used to better understand granular

systems. Additionally we have shown that jamming scaling laws can be proven from first
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principles without the mean field assumption, suggesting that the mean field assumption may

not be necessary for understanding scaling laws in jamming.
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