On the Map Induced on Hochschild Homology of Matrix Factorization Categories

by the Inclusion of a Divisor

by

Ville Nordstrom

A dissertation accepted and approved in partial fulfillment of the
requirements for the degree of
Doctor of Philosophy

in Mathematics

Dissertation Committee:
Alexander Polishchuk, Chair
Nicolas Addington, Core Member
Victor Ostrik, Core Member
Yefeng Shen, Core Member

Spencer Chang, Institutional Representative

University of Oregon

Spring 2025



© 2025 Ville Nordstrom



DISSERTATION ABSTRACT

Ville Nordstrom
Doctor of Philosophy in Mathematics

Title: On the Map Induced on Hochschild Homology of Matrix Factorization
Categories by the Inclusion of a Divisor

Given a smooth variety X over C, a smooth divisor 7 : ¥ < X and a global
function W on X which vanishes on Y and on its critical locus we compute the
map induced on Hochschild homology by the pushforward functor 4, : D*(Y) —
D®s(MF(X,W)) in terms of the Hochschild-Kostant-Rosenberg isomorphisms. We
also begin working on generalizations of our formula in two directions: removing
the assumption that Y is codimension one, and removing the assumption that W
vanishes on Y. We give a conjecture for the most general case but only verify it in

special cases.
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CHAPTER 1
INTRODUCTION

For a smooth and projective complex variety X, the classical Hirzebruch-
Riemann-Roch computes the Euler characteristic of a vector bundle on X in terms
of its Chern character with values in singular cohomology. The Grothendieck-
Riemann-Roch theorem, a generalization of the classical Hirzenbruch-Riemann-
Roch, explains the interplay between Chern characters and derived push forward.
The statement says that Chern characters almost intertwine derived pushforward
and the induced map in singular cohomology; one has to multiply by Todd-classes
to get the equality.

If one wishes to stay in the algebraic world there are cohomology theories one
can use to replace singular cohomology. One such theory is that of Hochschild ho-
mology. It is originally a homology theory for associative algebras which was gen-
eralized to quasi projective varieties by Swan in [Swa96]. Later, Caldararu used
derived categories and Serre duality to develop the theory of Hochschild homology
for smooth projective complex varieties further (see [Cal] and [Cal05]). He defined
Chern characters with values in Hochschild homology, a perfect pairing called the
Mukai pairing and explained how a map of smooth projective varieties f : X — X’

induces a pair of maps
fe : HH(X) — HH(X'), [*: HH(X') - HH,(X)

which are adjoint with respect to the Mukai pairing. To compare this structure
with singular cohomology we have the Hochschild-Kostant-Rosenberg isomorphism
(HKR) which states that for a smooth (not necessarily projective) complex variety
X we have

HH,(X)= P H(X,0%).

pP—g=n

As a consequence of the above, Hochschild homology is the same as Hodge coho-
mology up to grading convention. This on the other hand is closely related to sin-
gular cohomology (only the de Rham differential is missing). The similarities be-
tween the structure set up by Caldararu and the corresponding structure in sin-
gular cohomology are remarkable. For example the Chern characters with values
in Hochschild homology agree with the Chern characters in singular cohomology.

The induced maps and the Mukai pairing almost match up with the corresponding
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structure in singular cohomology but the discrepancy has the satisfying effect that
in Hochschild homology Chern character commute with push forwards on the nose
and there is no need for Todd-classes in the GRR theorem for Hochschild homol-
ogy.

Another approach to Hochschild homology is via dg categories. By replacing
a smooth projective variety by its dg category of perfect complexes this approach
recovers Caldararu’s definition of Hochschild homology. The advantages of this ap-
proach is that the theory can be extended to certain non-commutative spaces such
as dg categories of matrix factorizations. It is natural to ask how much of the ex-
tra structure introduced by Caldararu carry over to the more general setting of dg
categories. Chern characters can readily be defined for arbitrary dg categories; for
any object in a dg category ¢ € Ob(%), the endomorphism dg algebra €(c, ¢) sits
naturally as a subcomplex of the standard complex Co(%") which we use to compute
Hochschild homology. The Chern character ch(c) := [id.] is by definition the class
of the identity morphism at c¢. The functorial properties in the setting of smooth
projective varieties are captured by the fact that Hochschild homology for dg cate-
gories are functorial with respect to dg functors (and more generally pseudo func-
tors). The formal nature of these definitions has the upshot that the corresponding
HRR theorem for dg categories becomes an immediate consequence of the defini-
tions. The Mukai pairing can only be defined for dg categories which are smooth
and proper, but in this case the definition again is formal in nature and much of its
interplay with Chern characters and dg functors is just formal consequences of the
definitions. Finally, while there is no general HKR type theorem for dg categories
there is one for the Hochschild homology H H,(X, W) of the categories of matrix
factorizations M F(X,W). It states that when X is a non-singular variety and W

vanishes on its critical locus we have
HH,(X,W) = RI(X, (Q%,dWA)) (1.1)

where (Q%, —dW A —) is the complex of sheaves whose differential is taking wedge
product with —dW. This important result, and its preceding affine versions,
spawned a series of papers whose goals were to give explicit formulas for the formal
structures in Hochschild homology of dg categories in terms of this isomorphism.
Chern character formulas appear in [PV12], [KP22|, [CKK], [Pla] and formulas for
the Mukai pairing appeared in [Kim] and [CKS|. However, formulas for the maps
fo : HHJ(Y, f*W) — HHl.(X, W) induced by morphisms of pairs f : (Y, f*W) —
8



(X, W) are still very much mysterious. In fact, even in the setting of smooth pro-
jective varieties, formulas for f, : HH,(Y) — HH(X) induced by f : ¥ — X
in terms of the classical HKR isomorphism have not been written down explicitly.
The goal of this thesis is to begin the study of such formulas. The simplest case is
the following. Suppose Y is a smooth divisor of a smooth complex variety X and
denote by i : Y — X the inclusion. Suppose W € H°(X,Ox) is a regular func-
tion whose critical locus is contained in its vanishing locus and W|y = 0. Then
we have a push forward functor i, : perf(Y) — MF(X, W) which induces a map
it HHy(Y) — HHJ(X,W). In section 3.6 we give an explicit description of this
map in terms of the HKR isomorphisms. It is related to the connecting homomor-

phism ¢ from the following short exact sequence of complexes of sheaves on X
0— (%, —dW A (=) = (Q%IogY), —dW A (=) — (2571,0) — 0. (1.2)
Our final formula is summarized in the following theorem.

Theorem 1.1. Leti : Y — X be a smooth divisor of a smooth complex variety
X. Let W € Ox(X) be a global function such that Wy = 0 and W vanishes on its
critical locus. Let § be the connecting homomorphism from the short exact sequence

(1.2). Then there is a commutative diagram in D zj5(C)

HHa(ix)

HH.(Y) » HH,(X, W)
l . Tdy) A .\ RI() . l
RT(X, Q) RT(X, Q%) %% RI(X, (%, —dW A —)).

Again it is interesting to compare this to the classical setting of singular coho-
mology. There, there is an analogous short exact sequence involving holomorphic
forms on X, on Y and holomorphic forms on X with logarithmic poles along Y and
(Y;C) — H¢

the map i, : Hg,,, $ing(X; C) is given precisely by the connecting map d,
without the Todd-class factor.

It is natural to ask what happens if we remove the assumption that Wy = 0.
In this situation we get a map HH,(Y,W|y) — HHJ(X,W). Our guess is that
in terms of the HKR isomorphisms this map is again given by the same formula as
above. However for technical reasons we can only prove this an additional technical
assumption on the inclusion of pairs (Y, Wly) — (X, W). We will refer to this

extra assumption as (Y, Wy ) having the local resolution property inside (X, W)
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(see section 4.4). This assumption is met for example when Sing(W|y) consists of
finitely many points. We obtain a similar formula as in the case, Wy = 0; this is
formulated more precisely in theorem 4.6.

The other direction in which one might wish to generalize our main result is
to remove the assumption that codim(Y, X) = 1. Here the same formula doesn’t
make sense anymore because there is no natural analogue of Qx(logY) when Y is
of higher codimension > 1. We describe a different map HH,(Y) — HHq(X, W)
which agrees with the original one when codim(Y, X) = 1 and we conjecture that
this is the correct formula in higher codimension. As evidence for the conjecture we

verify it in the affine case.
1.1 Summary

In chapter 2 we discuss preliminray results. In section 2.1-2.3 we go over the
basic definitions and constructions involving dg and cdg categories and their
Hochschild homology. Most of this material is standard and we include it mainly
to set up all the notation and slightly adjust some constructions to fit our purposes
better. For example in section 2.1 we describe how Drinfeld’s construction of dg
quotients can be altered to get a quasi equivalent quotient where the "formal” null-
homotopies commute with morphisms between acyclic objects. In section 2.4 we
introduce a notion of "lax” morphisms between presheaves of cdg categories and ex-
plain how they induce maps between certain Cech-Hochschild complexes associated
to them. In a series of technical lemmas we then describe some useful properties
of these induced maps (unfortunately functoriality is not one of them). In sections
2.5-2.5 we recall the notion of matrix factorizations on varieties and explain in de-
tail how to obtain the isomorphism (1.1). Again, this is not new but we include
a lot of details since the computations later on heavily relies on a detailed under-
standing of this isomorphism. In sections 2.5 and 2.6 we adress some technincal
differences that occur in the Z/2-graded setting.

In chapter 3 we get to the main problem. In section 3.1 we describe how the
data of a smooth divisor Y of a smooth complex variety X and a regular function
W € Ox(X) which vanishes on Y induces a map HH,(Y) — HH,(X,W). In
sections 3.2 and 3.3 we explain how the dg category of perfect complexes on the
divisor Y can be resolved with a Morita equivalent category whose objects consist

of vector bundles on X with extra structure and we define an "HKR type” isomor-
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phism for this new category which is compatible with the classical HKR isomor-
phism for the category of perfect complexes on Y. In section 3.4 we recall the def-
inition of the todd class of a line bundle. In section 3.5 we construct a trace map
that allows us to pass from the Hochschild homology of a certain cdg category (or
more generally a presheaf of such) to the Hochschild homology of a cdg algebra
(or a sheaf of such) which generates it in a precise sense. Finally in section 3.6 we
prove our main theorem.

In chapter 4 we redo a lot of what was done in chapter 3 with some important
alterations to make it work when Wy # 0. One technical difference is that we
use Drinfeld’s dg quotients instead of Chech models for our dg categories. Another
difference occurs in section 4.4 where we want to resolve the category of matrix fac-
torizations on Y by a Morita equivalent category whose objects are vector bundles
on X with extra structure. Because our understanding for the category of matrix
factorizations on Y is not as good as our understanding of the dg category of per-
fect complexes on Y we need to assume that this "locally free” category has enough
objects. We give some examples when this is the case.

In chapter 5 we formulate a conjecture (see conjecture 5.5) for what happens
in the most general case, where codim(Y, X) is not restricted to 1 and Wy is not
necessarily zero. We verify that our conjecture is correct in the case when X is

affine and Y is complete intersection and Wy = 0.
1.2 Conventions

We work over the field of complex numbers C although much of the prelimi-
nary set up work in greater generality.

We work mainly with cochain complexes so the differential is of degree +1. By
a complex (of modules or sheaves etc.) we will always mean a cochain complex.

We make use of the Koszul sign convention.

In addition, when X is a scheme with an open cover % and (K,dk) is a
presheaf of complexes on X we make C"(%, K ) into a complex by taking total di-

rect sum complex and altering the sign of dx. More precisely, we set
U, K) = (Tot®(C"(%,K*)),ds+ dy)

where dg (o) = (—1)%9c¢@d (o). If K was a sheaf of dg algebras to begin with
we make (%, K) into a dg algebra using the Alexander-Whitney product which is
11



defined as follows. For a € ' (% ,K%) and 8 € C (%, K*) we set

U,

- ﬁiO"'ip-!-s = (—1)qrai0...ip i0 i q

Uigipyg Bipipra

Our convention on matrices is that they act on the left. That is, when the
source and target of a morphism in some category have some given finite direct
sum decompositions then we may describe that morphism as a matrix whose
columns are indexed by the summands of the source and the rows are indexed by

the summands of the target.
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CHAPTER 2
PRELIMINARIES

In this section we recall the notion of (curved) dg categories, their modules
and their Hochschild homology. We refer to chapter IV of [GMO03] for the definition
of a triangulated category, triangulated subcategory, thick triangulated subcategory

and Verdier quotients.
2.1 Dg categories

Dg categories are one of many ways to enhance triangulated categories. The
idea of using dg categories as enhencements go back to work by Bondal and Kapra-
nov (see [BK91]). Here we recall some basic definitions and well known facts re-

garding dg categories. We follow the notation and conventions from [PP12].
Dg categories and dg functors

Let ' be one of the abelian groups Z or Z/2. A I'-graded dg category € is
a category enriched in I'-graded chain complexes. Here are some basic examples

which we will encounter a lot. More interesting examples will be treated later.

Example 2.1. We denote by com(k) the category whose objects are I'-graded

chain complexes over £ and whose homomorphism complexes are defined as

Homgom k) (V, W)* = [ [ Homy (V7, W7H)

jer

and the differentials are given by
O(f) = dwo f—(=DV'f ody.

Example 2.2. A I'-graded dg algebra can be thought of as a I'-graded dg category

with one object.

We will suppress the grading group I' now and assume implicitly that our dg
categories are I'-graded.
Given a dg category ¢ we can associate to it three new categories Z°(%),
H°(€) and H*(%¢) where the last one is a graded category. The objects of each
of these are the same as the objects of 4. The homomorphism spaces are obtained
13



from those in € by taking degree zero cycles, taking zero’th homology and taking
the total homology respectively.

Let € and %"’ be dg categories. A dg functor F' : € — €’ is a functor between
categories enriched in chain complexes. A dg functor F' : € — %" induces functors
Z°F) : Z%€¢) — Z°(¢"), H(F) : H°(¢) — H°(¢")) and H*(F) : H*(¢) —
H*(%")). We say that F' is a quasi-equivalence if H*(F') is an equivalence.

The collection of dg functors from % to ¢’ form the objects of a new dg cate-
gory which we will denote Funcy, (¥, %¢”). Given two dg functors F,G : € — ¢, a
pre-natural transformation o : F' — G of degree i consists of a degree ¢ morphism
a, € €'(F(zr),G(x))" for every x € Ob(%¥) satisfying the usual naturality squares.
The homomorphism complex Hompunc,, (F, G) is the graded vector space whose de-
gree 1 part consists of the pre-natural transformations of degree i. The differential
is given pointwise: d(«), = 9(ay). The natural transformations are the degree zero
cycles in Homgyne,, (F, G).

Finally we observe that if € is a dg category, then there is a dg category € P
with Ob(€?) = Ob(%) and €P(c,’) = €(c,c). Composition is defined by f o
g = (_1)|f\lg|g o f.

Dg modules

We let mod® — € be the dg category
Funcg, (€7, com(k)) and we refer to its objects as right €-modules. Left modules
are defined as the objects of Funcy, (%, com(k)). There is a dg functor Y : ¢ —
mod® — € which we refer to as the dg-Yoneda embedding. The dg version of the

usual Yoneda lemma says that there is an isomorphism of chain complexes
HomFuncdg(Y(x)a F) = F(l’)

For any dg category € the category H°(mod% — €) can be given the structure
of a triangulated category. Shifts are defined pointwise: given a right module M we
define M[1](z) := M(x)[1]. Cones of morphisms are also constructed pointwise: if
a : M — M’ is a natural transformation we set Cone(a)(x) := Cone(a,). The

module Cone(a) fits naturally into a diagram in Z°(%)
M'" — Cone(a) — M[1] — M'[1].

The distinguished triangles in H%(mod? — %) are those which are isomorphic to a

sequence of the above form.
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A right ¥-module M is called acyclic if it is acyclic point wise. The full sub-dg
category of acyclic modules is denoted by acyc — €. We then have that H°(acyc —
%) is a full thick triangulated sub category of H’(mod% — ¢’) The derived category
of €, which we denote by D(%) is the Verdier quotient H°(mod?¥ — €)/H°(acyc —

We have a canonical functor H(¢) — D(%). Let perf(%¢’) be the small-
est thick triangulated sub category of D(%) which contains the essential image of
H°(€) — D(€). Modules in perf(%) are called perfect modules.

The category Z°(mod? — %) can be equipped with an exact structure where

the admissible short exact sequences are sequences

such that for each ¢ € Ob(%’) we have that both

L(c) =2 M(c) -2 N(¢)

and
° H* (Olc ° H.(ﬁc °
H*(L(e)) "% He(M () == HY(N(0))
are short exact sequences in each degree.

Proposition 2.3. If V is any chain complex of vector spaces, and ¢ € Ob(€) then

the functor V & h. is projective in the exact structure defined above.

Proof. Consider a diagram
X

lw
V®h, —— M.

The map ¢ corresponds to a degree 0 cycle
@ S HOIIlZO(mOng)(hC, HOIIl;(V, M(—)) = HOIIlCh(k)(Vv, M(C))

where Homeypr) (A, B) denotes chain maps between complexes of vector spaces. Be-
cause X (c) — M(c) and H(X(c)) — H(M/(c)) are both surjective the induced map
Homep ) (V, X (¢)) = Homepu (V, M(c)) is also surjective so we find a lift of ¢, call
it @ It corresponds to a map ¥ : V ® h, — X which makes the triangle above

commute. ]
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As a consequence, if € is small, then the exact category Z°(mod¥ — %) has

enough projective objects. Indeed, the action map

P Me)@he—M
c€O0b(¥%)

is an admissible epimorphism because for every ¢ € Ob(%) it is a split surjection

with the splitting being the composite

M(d) = M(d)@ha(d) = @ M(c) @ he(c)
c€0b(¥)
where the first map is defined by m — m ® id.. Note however that this splitting is

not natural in ¢.
Bimodules and tensor products

If € and €' are two dg categories we define their tensor product ¢ ® €’ to be
the dg category whose objects are pairs (¢, ') with ¢ € Ob(%) and ¢ € Ob(%”).

The homomorphism complexes are defined as
Homyggy ((c1,c)), (¢2,¢)) := Homyg(c1, o) @ Homg (¢}, c).

The dg category of € —%" bimodules is by definition the dg category € @6 P —
mod® and its objects will be referred to as € — €”-bimodules.

Now suppose that €, %" and €" are small dg categories. If M is a € — €’'-
bimodule and N is a ¢’ — €”-bimodule we define their tensor product M @4 N to
be the € — ¢ bimodule which assigns to a pair (¢, ”) the chain complex which is

the cokernel of the following map:

@ M(e,d)®@%€'(d,d)® N(d,d") — @ M(e,d)® N(d,d")
¢/ €0b(%") /€0b(%")

mfne—=>mfIn—me fn

Note that in the special case that € = ¥ = k the tensor product M ®¢ N is a
k — k-bimodule, i.e. just a chain complex.

As a consequence of proposition 2.3 and the discussion right after, the tensor
product functors can be left derived. More precisely, if M is a € — %’-bimodule
and N is a ¥’ — €"-bimodule we define their derived tensor product M é(g/ N to be

16



Tot®(P*®4 N) where P* is a projective resolution of M in Z°(% —mod® —%"). For
fixed M this can be made into a functor D(%” —mod? —%€") — D(€ —mod?¥ —¢")
and similarly if we fix N. We could just as well replace N by a complex of projec-

L
tives to compute M ®¢ N.
Pretriangulated dg categories, twisted complexes and dg enhancements

Intuitively, pretriangulated dg categories are dg categories whose homotopy
category is triangulated in a canonical way. More precisely, we say that a dg cat-
egory € is pretriangulated if the Yoneda functor Y : € — mod® — € identifies
H°(¥) with a triangulated sub category of H°(mod% — €).

We will need to consider a slightly larger class of morphisms between dg cat-
egories than just dg functors. We say that a dg functor F' : € — mod® — 9 is
a pseudo functor if it lands in in the full dg subcategory consisting of the perfect
modules. A pseudo functor will be denoted by a dashed line F' : € --» 2. We
denote by Funcl’ (%, 2) the full sub dg category of Funcg, (€, mod®™ — 2) whose
objects are pseudo functors.

We introduce now the pretriangulated hull of a dg category €. It is constructed
in two steps. First let €% be the dg category whose objects are formal finite di-
rect sums of formal integer shifts of objects in ¢: @, ¢;[ni]. A degree k mor-
phism from @;", ¢;[n;] to @Zl ci[n;] is a matrix ¢ = (@ij)1<i<m’/1<j<m Where
vij € (€(cj,ci)[ni — nj])¥. Composition is defined using the usual formula for ma-
trices and differentials are applied component wise. Now, a twisted complex over €
is a pair (¢, d) where ¢ € Ob(€®) and § € €®(c,c)" is strictly lower triangular (see
section 1.2 for our convention on matrices) and satisfies the Maurer-Cartan equa-
tion

d(0) +d0d=0.

Now we define the pretrinagulated hull % of € to be the dg category whose ob-
jects are twisted complexes over ¥. The morphism complexes ‘g((c, ), (c,d)) are
the same as those in €% as graded objects, but the differential of a matrix ¢ €
C®(c, ) is
D(p) = d(p) + 80— (~1)fpod.
If ¢ = com(k) there is a functor Tot : ¥ — € which which is given by re-

placing the formal direct sums and shifts in %Z\by the usual direct sum and shifts in
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¢ . More precisely, given a twisted complex (c,0) = (D, ci[ni], d) over com(k) we
define T'ot(c, d) to be the complex whose underlying graded object is €D, ¢;[n;] and
whose differential is given ®;d,,[n,) + 0. The Maurer-Cartan equation implies that
this squares to zero.

A similar construction gives us a functor from the pretriangulated hull of an

arbitrary dg category % to its module category Toty : € — mod¥ — €.

Proposition 2.4. i) If € is a dg category then % is a pretriangulated dg category.
i) If € is a pretriangulated dg category, then the canonical map € — % is a
quasi equivalence.
iii) The functor Toty : € — mod®™ — € induces an exact functor HO(%?) —
H%(mod® — ¢).

Proof. Part i) and i7) is lemma 3.28 and 3.33 of [Sei08]. Part (iii) is a special case
of lemma 3.13 of [Sei0§] O

Let T be a triangulated category. A dg enhancement of T is a pair (¢, IF)
where € is a pretriangulated dg category and F' : H°(%) — T is an exact equiv-
alence. Sometimes we will omit F' from the notation and just say that € is a dg

enhancement of 7.
Drinfeld quotients

For triangulated categories we have the notion of Verdier quotients. Given a
triangulated category 7T and a thick triangulated subcategory B C 7T, the Verdier
quotient, T /B is by definition the localization of 7 at the class of morphisms in T
whose cone lie in B. The assumption that B is thick implies that this is a localizing
class and so we have some understanding of what the quotient looks like.

This construction can be lifted to the dg category level. Such quotients were
first constructed by Keller in [Kel04] and then Drinfeld gave an easier to work with
construction, in [Dri04], which we now describe. Suppose € is a pretriangulated dg
category and 2 C ¥ is a full subcategory such that H%(2) C H°(%) is a thick
triangulated subcategory. Then the Drinfeld quotient is by definition Cg/@ where
¢/ 2 is the dg category whose objects are the same as in . The homomorphism

complexes are obtained by formally adding null homotopies t, € %(z, z) for every
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z € Ob(2). More precisely, we define

HOHl(g/@(fL’, y) = @ Homgg/)@<x7 y)

n>0

where

Homg/)@(x,y) = @ C(2n,y) Qk -t @C (2pn_1,2n) k1, _, ®..0%C (x,2).
Z14..,2n €0b(2)

The differential is given by the differential in ¢ and ¢, — id, for z € Ob(Z). Drin-

feld proves the following proposition.

Proposition 2.5.
HY(€¢)2) ~ H(€¢)/H"(2).

Proof. This is [Dri04]. O

We will need a slight alteration of this. Inside €/ 2 consider the two-sided

ideal I generated by morphisms of the form

pt, ®id,, — (-)¥id, ®t, @ ¢
where ¢ € €(21,22) and 21,29 € Ob(2). Let (6¢/2) = (¢/2)/1.
Proposition 2.6. The quotient map € /9 — (€¢/2) is a quasi equivalence.

Proof. We will construct a quasi inverse to the quotient map = : (¢/2)(z,y) —
(€2).(x,y). We first define it as a map (¢/2)(x,y) — (¢2)(x,y) by

Homfg/)@(x,y) S 0n @t @ Pn1 @t @ ... QL @y

(= 1) Pnpn_1-- 1 @t,, ®id,, ®t, ®id,, ® ... ®t, ® o
where

n—1
€= Zi|g0n_i|.
i=1

This is a chain map which vanishes on I(x,y) and therefore descends to a map
v:(€¢/2)(x,y) = (€¢/2)(x,y). We have mv = 1. We will show that vm ~ 1. Such
a homotopy can be constructed using that

d(idZ2 ®t22 ®90®t21 ®id21 ) = 90®t731 ®idZ1 _id22 ®t22 ®d(¢)®t21 ®idz1 - (_ 1) i id22 ®tz2 ®QO'

]
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2.2 (Cdg categories

Cdg categories should be thought of as deformations of dg categories. Cdg al-
gebras were originally introduced by Positselski to generalize Koszul duality to the
non-homogeneous setting. Since then they have been used also to study matrix fac-

torizations which can be thought of as modules over certain cdg algebras.
Definitions and examples

As before, I' denotes one of the abelian groups Z or Z/2. Recall that a curved
differential graded category € (cdg category for short) is a triple (¢, d, h) where €
is a category enriched over I'-graded vector spaces, d is an assignment of a degree
1 operator (called differential) d,, : Homg(z,y) — Home(z,y)[1] for every pair
of objects x and y in Ob(%) and h is the assignment of a degree 2 endomorphism
h, € Endg(z) (called curvature) for every object x € Ob(%). This structure d and
h must satisfy the following, d is a derivation for the composition, d, . (h,) = 0 and
2 ,(f) = hyof—foh, for all f € Homg(x,y). If € is a cdg category we will denote
by €7 the underlying I'-graded category.

Here are some examples that will be important to us.

Example 2.7. A dg category can be thought of as a cdg category with h, = 0 for

all objects x.

Example 2.8. Let A be a graded algebra and let h be an element of the center of
A. Then (A,0,h) is a cdg algebra with only one object.

Example 2.9. Let Comqy(k) denote the cdg algebra whose objects are pairs (C*, d¢)
where C* is a graded vector space and d¢ : C* — C*®[1] is a degree 1 operator. We
define de,cr(f) := 6¢cr o f — (=D)VIf 0 5 and he = §2. If (C*,d¢) is an object of
Comeqqe(k) we define the shift (C*[1],0¢[1] = —d¢) as usual.

Let ¥ and %" be two cdg categories. A functor F' : 4 — %" of categories
enriched over graded vector spaces is called a quasi cdg functor if F,, o d,, =
dp(z),F(y) © Fry for all objects x and y. If in addition we have F'(h,) = hp(, for

all objects x then we call F' a cdg functor.

Remark 2.10. What we just defined is sometimes called a strict functor but we omit

the prefix strict since we will not need the notion of "non-strict” cdg functors.
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If F;G : € — %' are two cdg functors, then a pre natural transformation
a: FF = @ is a natural transformation of functors between I'-graded categories.
A pre natural transformation is called a natural transformation if d.(a.) = 0 for all
c € Ob(%). A natural isomorphism is a degree 0 natural transformation which is an
isomorphism.

Finally, if € is a cdg category there is a cdg category € P objects and homo-
morphism complexes are defined analogously to the case of dg categories in section

2.1. The curvature elements are defined to be h? := —h,.
Cdg and qdg modules

Cdg (quasi-)modules over a cdg category € are by definition (quasi) cdg func-
tors F': € — Comeqy(k). If F is a quasi functor we denote by F'[n| the quasi func-
tor obtained by composing [n] o F'. The collection of quasi modules themselves form
a cdg category that we will denote by modi% — €. The objects are quasi modules.
A degree n morphisms o« € Hom! .4, (F, F’) is a pre natural transformation
a: F' = F'[n] between functors of categories enriched over graded vector spaces
(defined just like in the case of dg categories). The differentials dp  are given by
dpp/(a); = dp) © @z — (—1)", 0 dp(y) and the curvatures are by definition
hp(x) = hpey — F(hs). The full subcategory of modules inside the cdg category
of quasi modules forms a dg-category which we denote by mod® — €. If € is a dg
category we have mod% — € = mod*¥ — €.

The category Z°(mod®¥ — &) is abelian and it has enough projective objects.
However, we will be more interested in projective objects which are also projective
as I'-graded modules. We say that a cdg module (or qdg module) P is graded pro-
jective if it is projective as a I'-graded €#-module. Recall that this is equivalent to
P7# being a direct summand of a free €#-module. We say that P is finitely gener-
ated graded projective if P* is a summand of a finitely generated free module. Then
we denote by mod;‘;% — € the full sub dg category mod®¥ — € whose objects are
finitely generated graded projective. Similarly we define mod%z) — & as the full sub
cdg category of modi® — € whose objects are finitely generated graded projective.
The following proposition is part of Theorem 3.6 in [Pos11]. We include a proof

here for convenience and for us to refer back to later.

Proposition 2.11. The category Z°(mod®¥ — €) has enough projective modules
which are graded projective.
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Proof. Let M be a cdg module over €. Let 7 : P — M% be a surjection in the
abelian category of I'-graded €#-modules from a projective object there. We define
a cdg modules P whose underlying I'-graded module is P @ P[—1]. The differential

is given in matrix form by

and the action of € on P is defined by

P(f) —(=DVIP(d(f))
0 (=DHIP(f)

Note that this defines a cdg functor as [05, P(f)] = P(df). Now define 7 : P — M

in matrix notation by

C(r.y) > [ P(f) = ( ) € Hom(P(y), P()).

T = <7T O © 7T> )
Since m was already surjective in the category of I'-graded modules 7 is surjective

in the category Z°(mod® — €). The module P is clearly graded projective. It

remains to prove that P is projective. Consider a diagram in Z O(mod¥ — €)

P
L/"Ol
> N

where the bottom row is exact and we have to construct the map ¢. Since P was

L > 0

projective as a I'-graded module we obtain a map of ¢ : P — L# so that the dia-

gram
P
A
L# y N7# > 0
Setting ¢ = (gp 5Lg0> completes the proof. O

Just like for dg categories H°(mod®¥ — €) is a triangulated category and the
collection of distinguished triangles is defined analogously to the dg setting in sec-
tion 2.1. However, as there is no homology in this more general setting we want
to find some other notion of acyclic modules. There are different notions which
play different roles. Here we describe the one we will be using. We say that mod-
ule M is absolutely acyclic if it is in the smallest thick triangulated subcategory
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of H%(mod®¥ — %) which contains all totalizations of short exact sequences in
Z%(mod®® — €). This subcategory is denoted Acyc®™s(mod®® — %’). We define the
absolutely derived category to be the Verdier quotient

D™ (mod*® — %) := H°(mod*™ — )/ Acyc™* (mod™ — ).
Analogous constructions work for left modules.

Pseudo equivalences

Let 2 be a cdg category. We say that an object z € Ob(2) is the direct sum
of two objects y @ z if there are degree zero morphisms ¢, : y =+ zand ¢, : 2 = @
which induce isomorphisms of graded groups Hom(y, w) x Hom(z, w) = Hom(z, w)
and we require that d(¢,) = 0 and d(¢,) = 0.

If y € Ob(2) and 7 € Hom'(y,y) we say that an object x € Ob(2) is a twist
of y by 7 (and we write x = y(7)) if there are degree 0 morphisms i : y — z and
J & — y such that ij = id,, ji = id, and jd(:) = 7.

Finally we call an object x € Ob(Z) a degree n shift of another object y €
Ob(2) if there are morphisms i : y — z and j : * — y of degree n and —n respec-
tively such that ij = id,, ji = id,, d(i) = 0 and d(j) = 0.

We call a cdg functor F' : € — & pseudo equivalence if it is fully faithful and
any object in Z can be obtained from objects in the image of F' in finitely many
steps by taking direct sums, twsting, shifting or passing to direct summands.

Here are two important examples of pseudo equivalences from [PP12]. If € is a
cdg category, we have a Yoneda embedding [ : €7 — Tnod‘;{ffg7 — %. We also have an

cdg

inclusion functor R : mod o € — mod%ﬁ —%.

Proposition 2.12. The functors I and R are pseudo equivalences.

Proof. This is [PP12] lemma 1.5 A. O
Bimodules and tensor products

Let € and €’ be two cdg categories. We define their tensor product ¢ ® ¢’
to be the cdg category whose objects and homomorphism complexes are defined
analogously to the case of dg categories in section 2.1. The curvature elements are
defined to be Ay :=he ® 1+ 1® he.
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The cdg category of quasi € — €¢'-bimodules is by definition the cdg category
€ @ €'P — modi®. The dg category of € ® €'-bimodules is the by definition € ®
E"P — mod.

If M is a quasi € — ¢’-bimodule and N is a quasi ¢’ — €"-bimodule we define
their tensor product M ®¢» N just as in the case of dg modules in section 2.1. It is
a quasi € — €"-bimodules. Moreover, if M and N are modules then their tensor
product again is a module.

We explain how to derive the tensor product structure in the case when ¢ =
¢" = k. To not confuse it with the derived tensor product of dg modules we call
it the derived tensor product of the second kind. Let M is a right ¥’-module and
N is a left €’—module. We define their derived tensor product of the second kind
MLéZI)I%m N := Totll(P* ®4 N) where P* is resolution of M in Z°(%"°? —mod®¥) and
by projective modules P’ whose underlying I'-graded modules (P?)# are projective.

Note that such a resolution exists by proposition 2.11.

Proposition 2.13. If we fix M, the derived tensor product of the second kind
LIl
M ® 4 (=) defines an exact functor D (6" — mod) — D(k). Up to isomorphism

of functors this is independent of the choice of projective resolution of M.

Proof. The functor Totll(P* @4 (<)) : Z°(€¢" — mod) — Z°(k — mod) preserves
the homotopy relation on morphisms and therefore descends to a functor H°(¢”" —
mod) — H°(k — mod) which commutes with the cone constructions and therefore
is an exact functor. Now if N = Tot®(L; — Ly — L3) is the totalization of a short

exact sequence. We have canonically
Totll(P* @4 N) =
Tot®(Totl(P®* @4 Ly) — Totll(P* @4 Ly) — Totll(P* @4 Ls)).
Because the P’s are projective as I'-graded modules the sequence above is exact so
Totll(P*®4 N) i acyclic. Now if we pick another projective resolution of M, say Q°
then there is a quasi isomorphism « : P* — Q*® and C* := Cone(«) is a bounded

above exact sequence of objects in Z°(6"P —mod®¥) whose underlying graded mod-

ules are projective. We can identify the cone of the induced map as follows

Cone(Totll(P* @4 N) — Totll(Q* @4 N)) = Totll(C* @4 N)
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which is acyclic because C'* ®4 N is acyclic in the Z direction and bounded above.
Here we are using that we are taking the product totalization rather than the direct

sum totalization. O

To compute the derived tensor product we could also resolve N by projectives.
2.3 Two kinds of Hochschild homology

We recall here two types of Hochschild homology. We begin with the first kind
which is only defined for dg categories.

Hochschild homology of the first kind

Let € be a dg category. We define the following two special bimodules
Al € € ®CP —mod™, Alc,d):=%F(c,c)

and
A" € mod® — € @€, A'(c,d) :=€(c,c).
The Hochschild homology of € is by definition the object H Ho(%) := Aré%’®%’op
Al € D(k).
There is a standard complex which computes the Hochschild homology of a dg
category €. Set

Consider the direct sum totalization of this graded object; its k’'th, for k € T is
P cn@)

On this graded object we introduce two differentials:

n

di(agla] -+ |as]) = Y (=1)FleorrHeatlagl - Jde (a;)] -]

i=0
and

ds(aolar] -+ |ay]) = (=1)“lagarfas| - - - an]
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n—1
+ Z(_l)i+|aol+~-~+|ai|a0[. e agaiz] -]
i=1

+ (= 1) e aol e Hanoaltn—D) g o1, ],

One can check that d; + ds square to zero so we get a (cohomologically graded)

chain complex which we will denote by C¢(%).

L

To see that this indeed represents the object A™ @gggor Al € D(k) we first
recall the following standard way to resolve AL, by projective left ¢ ® €°P-modules,
called the bar resolution which we will denote by Bar®(%). It is defined by

Bar" (%) := ((a:,y) > @ (o, ) ® C(c1,00) ® ... @ C(y, Cn))

for n > 1. For each n > 1 we have the map of left € ® €°? modules d" : Bar" (%) —
Bar" (%) defined by

n+1

Fol ful -+ s = D (=1 fol -+ | fifisal -+ | s
=0

and we have the map d° : Bar’(4¢) — AL defined by fo|fi1 + fof1. Note that each
Bar" (%) is projective as a left € ® €°? module by lemma 2.3. The fact that this is
a resolution in the exact structure follows from the fact that for any pair (x,y) we

have a contracting homotopy (which is not natural in = and y however)
Bar™(€) — Bar"*(€), fol -+ [ furr = idal fol - - [ frasa-
Then we have the following proposition.
Proposition 2.14. For each n we have an isomorphism of chain complexes
Cn(€) = AL Qggyor Bar" (€).

Moreover, this isomorphism is compatible with the Hochschild and Bar differentials

and so it gives an isomorphism
Co(€) 2 Tot® (AL, @gegor Bar®(€)).
Proof. The complex on the right is the cokernel of

P “@y) @@y, )€ ) @Ba"(6)y, ) = P E(ry) @Bar"(y,z)
(z.y),(="y") (z,y)

26



f@®p)@ B (-1 Mafsge B~ (—1)BHA f & 3Ba.
The isomorphism is given induced by

GB € (x,y) @ Bar"(y,x) = C,(¥)

(z.y)
fRbolby| - |bpgr — (_1)|bn+l|(‘b0‘+...+|bn|+|f‘)bn+1fb0[bl‘ by

and its inverse sends aglay| - - - |a,] to the image of ay ® 1|ay]...|a,|1 in the cokernel.
U]

Finally we discuss invariance of Hochschild homology. Both of the following

propositions follow from lemma 3.4 in [Kel99].

Proposition 2.15. If € — 2 is a quasi equivalence then the induced map HH4(€) —
HH,(2).

Proposition 2.16. If € is a dg category, then the Yoneda functor € — perf(€¢)
induces an isomorphism in Hochschild homology H He(€') — H He(perf(%)).

As a consequence of the above propositions we see that Hochschild homology
is functorial with respect to pseudo functors. Indeed, a pseudo functor F' : € --+» &

induces the following map in Hochschild homology

1

HH,(€) —= HH,(perf(2)) —— HHJ(2).
Hochschild homology of the second kind

Now we consider a cdg category . We define the following two special bimod-

ules:

Al € € @ €P —mod™, Ac,d):=%F(c,c)
A" € mod¥ — € @ €P, A"(c,d) :=C(c, ).

The Hochschild homology of the second kind is by definition the object HH!! :=

LI
A" @ 4 Al € D(k). Again there is a standard complex which we use to compute
Hochschild homology of the second kind. Recall the I'-graded complexes C,,(%)
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defined in section 2.3. We define a I-graded vector space CZ(%) by taking direct

product totalization; its n’th term, for n € I" is given by

(€)= [] cu@y.

j—i=n
Equip this I'-graded vector space with the differential dy + d; + ds where d; and dy
are defined by the same formulas as in section 2.3 and dj is given by the formula

n

do(aolar|---Jay]) := Y (=)ol Hlaglay |- fag|hlag | -]

=0

The axioms of a cdg category imply that this differential square to zero and
the resulting chain complex is the standard complex of the second kind, which we
will denote just by CI(%).

Proposition 2.17. The complex CH1(€) represents the object HH!'(€) in D(k).
Proof. See [PP12] proposition 2.4 B. O

In [PP12] they also showed that Hochschild homology of the second kind is

invariant under pseudo equivalences.

Proposition 2.18. [f ¢ — 2 is a pseudo equivalence then the induced map
HHHM(€) — HHH (D) is a quasi isomorphism.

2.4  Presheaves of cdg categories

We will also need presheaf versions of the Hochschild complexes. But first, a
presheaf of cdg categories & on a scheme X is a contravariant functor from the cat-
egory of open subsets of X and inclusions of such to the category of small cdg cat-
egories with cdg functors as morphisms. If for all U &(U) has only one object we
call it a presheaf of cdg algebras and if U +— End(&(U)) is a sheaf we call it a sheaf
of cdg algebras. If for all U &(U) is a dg category then we call it presheaf of dg

categories. Here is an example that will be important to us later.

Example 2.19. If W is a global function on X then U — (Ox(U),0,W|y) is a
sheaf of cdg algebras which we will denote by Oy .
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A morphism of presheaves of cdg categories p : & — &' is the data a cdg
functor ¢y : £(U) — &' (U) for each open set U C X such that whenever V C U C

X the following diagram commutes on the nose

E(U) == &'(U)

l S Tes

EV) == &(V).

If & is a presheaf of cdg categories we define C2/(&) to be the presheaf of I'-

graded chain complexes
CH(E)U) = C(E)).

Similarly one defines C,(&). Any morphism ¢ : € — Z of presheaves of cdg cate-
gories gives rise to a map of presheaves of complexes ¢, : CH(€) — C(2) (where
?=1,1II).

We will need a weaker notion of morphism between presheaves of cdg cate-
gories where the cdg functors are only asked to commute with the restriction func-
tors up to compatible natural isomorphisms. Here is the exact definition. Let &

and Z be two presheaves of cdg categories on a scheme X.

Definition 2.20. A lax morphism ¢ : € — Z is a collection of cdg functors {¢y :
CU) - 2(U)| U C X open} together with isomorphisms of functors {ayy :
vy o Resyy = Resyy o py| U D V D X open } which satisfies the following
cocycle condition, for all ¢ € Ob(%) and all U D V O W we have

ayw,e = Resyw (auv,e) © avwResyy (o)

Suppose X = U;—1..,U; is a finite union of affine schemes. We will write

C(%,CL%)) for the total complex obtained by taking the total complex of the
bicomplex C*(%, Q?_q(f)) where 7 = [, 11 (see section 1.2 for our conventions

on the differentials in this situation). We will see that lax morphisms induce chain
maps on Cech-Hochschild complexes associated to a presheaf of cdg categories as
above. To understand this we first introduce some notation. Let (¢, ) be a lax
morphism. If I = {ig < ... < i}, J = {j1,.,Jq} and J N T = () then we set
Js = {J1,J2s -, Jss G0, s ip ) for 0 < s < g. With this notation we define the follow-

ing maps h? : C(%,C4(€)) — C(%,CU2)) by

Cr(€(U1)) 3 aolaa| - - - |ax] =
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Z(_l)eJrU(I,J)Jrqa o p(aols,) [ . ‘071‘90(&11+1\Jq,1)|‘1q .
7

|

€ @ Citq(€(Urny)).

ool -

(2.1)

where the sum is over all ordered J = (ji, ..., j,) disjoint from / and all 0 < [} <

lo < ... <1, < k. The sign is given by
= (lao| + ... + Jag, | + 1) + .. + (Jao] + ... + |a,| +1g)

where o(1,.J) is the sign of the permutation which arranges (ji, ..., jg, @0, -, i) i

order. For example if

X < X « Xy < Xo

ao ai a2

are three composable arrows in €(U;) and j ¢ I then the terms in h'(ag[a;|as])

over Uy, are in bijection with paths of length 4 in the diagram

LfQUI(Xl)‘UIuj eu; (@)l Yur (XZ)‘UIU] euy (a2)luy, Yur (X3)|U1u7

F F s

99U1(X0>|U1u; o ‘P’l’fw(a‘]'LIu) WUzu](Xl‘Uzu]) “PUIUJ(‘“‘UIUJ) pUzu](XQ‘Ulu]) *’UIUJWQ‘UIU]) QOUlu](XO'Ulu])

We define C(p,a) : O(%,Cy(€)) = U(%,C.(€)) by

Ck(fa][)) Sa CL1| \ak — th

q>0

and extending over infinite sums in the case 7 = I1.

Proposition 2.21. The map C(p, ) is a chain map and fits into a commutative

diagram in D z)5(C)

CUE (X)) — 2 Cl(2(X))

| |

cw,cl @) 2294 cow,c(2)

where the vertical arrows are induced by the restriction functors.
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Proof. We first check that C(i, ) is a chain map. This follows from the following

lemma

Lemma 2.22. (i) dgoh?™t +dyoh? =hlody+ hi  odgs for g >1,
(ii) dy o h® = h% o d; for all ¢ >0,
(iii) doy o h® = h o dy for all ¢ > 0.

Proof of lemma. For (i) we note that dy o h?(a) will consist of terms of the following

form

(1) a@(ﬁolU,UJ)a_l[- : }

UIUJ

(1) aplaolur,) |+ [e((@rari)lo,,)

(I11) aplaolur,) |+ [lan i, lem,a o] -+

Uros| o

(1V) alaolu,) |+ |0 o, elan il )

(V) aglaolu,,)| -+ |0 om0 o,
(V1) 0 o, 09(alu,) |+ |

(VIT) $lar) loy,00(aolus,,) |+ |

The terms in (I) cancel with the terms in ds0h?"!(a), the terms in (IT) cancel with
terms in h? o dy(a), the terms in (I71) cancel with the terms in (IV), the terms in
(V') cancel with themselves, the terms in (V1) cancel with the terms from h9~! o d
and finally the terms (VII) cancel with the remaining terms in h? o dy(a).

Part (7i) and (éi7) is also just a matter of checking. O

Now for the second part of the proposition we note that the two composites

are related by a homotopy H which we now describe. On an element a = aglay| - - - |ag]
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it is defined to be

S hi(a)

q>1

where h? : CL(€(X)) — Cg_l(%,Qk+q) are defined exactly like A7 in (2.1) with the

convention that p = —1. Il

We say that two lax-morphisms (¢, a), (¥, 8) : € — Z are isomorphic if there
are natural isomorphisms 7 : ¢y == 1y such that for any V C U we have a

commutative diagram of natural isomorphisms

ResY (1v)
ResY o0 oy —— Rest, oy

aeT ﬁﬁ

.
Yy o Resg — s Yy o Resg.

Proposition 2.23. If (¢, «) and (¢, 5) are isomorphic lax morphisms of presheaves

of dg categories € — 9 then the induced maps are homotopic C(p,a) ~ C(¢), ).

Proof. Let 7 : (¢,a) — (¢, 5) be an isomorphism. The following is a chain homo-
topy between C(ip, ) and C(1, 5):

ZHq, where H(aplay| - - - |ag]) =

q=>0
Z Z<_1)€/T‘UIUJQSO<G’O|UIUJ) [ o ‘ail‘gp(alﬂrl‘a’q_i) Uros |77
’T‘{]IIUJ T /871|UIUJ w(a’li+1+1)|UIUJ e }

where the outer sum is indexed as in the definition of h? (see equation (2.1) above)

and the inner sum runs from 0 to k + g picking out the position for 7=*. The sign is
€ =€+ |ao| + ... +a | +7r+s

where € is as in the definition of A9, a, is the last morphism among ay, ..., ax that

appear before 7! and s is the number of o~ '’s that appear before 771 O

If € is a presheaf of dg algebras (recall that this means €’ (U) only has one
object for all U C X), then any two lax morphisms of the form (¢, a), (¢, 3) :
€ — 2 are isomorphic. Indeed, lets call the object in € (X) c¢. Then we can define
Uy i= (B%)Loai. Now if ¢ is an actual morphism of presheaves of dg categories
then (p,id) is a lax morphism and if € is a presheaf of dg algebras then any other
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lax morphism (¢, «v) is isomorphic to (¢, id). Note that a morphism of presheaves

of dg categories ¢ induces a morphism
Clo): A%, C(€)) = C(%.Ci(2))
by taking (¢p, )« on the summand C,(%€(Uy)).

Lemma 2.24. If ¢ : € — Z is a morphism of presheaves of dg categories, then the
maps C(p) and C(p,id) are chain homotopic.

Proof. Note that with « being the identity natural transformation all the h?’s in
the definition of (¢, id), with ¢ > 1, vanish. Therefore C(y,id) — C(¢) = h'. Let
a = aola| - - lax] € Cx(€(Ur)), where I = {ip < ... <i,} and define

H(@) =) (=1 ¢(ao)l - lela)lid] - |o(a,)lid] -] € @) Cuya(Z2(Uny)

j:llyl2

where the sum is over all j ¢ I, and 0 < [; <y < k and the sign is given by
7= (|ao| + ... + |ay, | + 1) + (Jao| + ... + |ay, | + la) + o (1, j).
Then (dy +dy +dg)H + H(dy +dy + dg) = —h' = C(p) — C(p,id). O
In section 4.6 we will need the following lemma.

Lemma 2.25. Let (¢, ), (¢, 0) : € — 2 be weak morphisms of presheaves of dg
categories. Assume that for each U C X and ¢ € €(U) we have

i) a natural homotopy equivalence Ny, : Yy (c) — u(c)
i1) a natural homotopy inverse 77[}71C spu(e) = Yule)
i11) a natural homotopy by, : 77{],1077U,c ~ id
)

) a natural homotopy ay. : ﬂU,cﬁﬁ,lc ~ id
and that this structure satisfies the following conditions, for each V C U,

]) 77U|V o Buvy = ayv ony
I) ngtlv o apy = Buy o ny?
If[) bvaoﬂUv = fuy oby
)

IV) aylv o ayy = ayy o ay.

Then O, B) ~ C(p,a).
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Proof. If I = {ip < ... < ip}, J = (j1,...,Jq) and J NI = () then as before we
set Js = {J1,J2, s Jss G0, .- ip} for 0 < s < ¢. With this notation we define the

following homotopies H?

Ce(€(Ur)) 3 aola| - - - |ag] —
> a0 plaols,) [+ a7 elansals, L, -
o ’90<a/ls+1 ‘Jqfsfl)‘Jq

> (=1)%al,0 0 plaols,) [ . ‘a—l
Z(_1)63b|Jq/8 o (ag|s,) [ .. )B_lll/f(allﬂbqﬂ)bq

o etan sl o,
/871 )w(als+2+1 |Jqfsf2) ’Jq

(@ 41]7,-1)17,

IR . 11 )+

)

where the first sum is over all ordered J = (ji,....7,) and all 0 < [; < ... <[,11 <k,
the second and third sum are over all ordered J and all 0 <}, < ... <[, < k. The

signs are

R ’a_l‘g0<alq+1)’(]q

"')5_1’¢(alq+1)|Jq

€1 = (Jao| + - + fay, | + 1) + o + (lao] + - + |ag, ., | + lg41),
€2 = €3 = (lao| + ... + |ag, | + 1) + ... + (|ao] + ... + |ag,| + ;)

Then we have

(CZQ —+ Czl -+ de)Hq -+ Hq(Jl + (ZQ + de) = hq<g0, Oé) — hq<'¢, ﬁ)

2.5 Matrix factorizations

In this section we introduce matrix factorizations and recall the Hochschild
homology for some categories of matrix factorizations. Matrix factorizations were
originally introduced by Eisenbud in [Eis80] as a tool to do homological algebra
over a hypersurface singularity. Later, due to work by Orlov (see for example [Orl12]),
they became an important tool to understand the singularity category of a hyper-

surface singularity.
Affine matriz factorizations

Let A be a commutative ring and h € A and consider the cdg algebra A;, =
(A,0,h) from example 2.8. Then a matrix factorization of h is nothing but an ob-
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iect in A, — mod ™ . More precisel , such an object consists of the following data
j o p y j g

50
0 —2% 3 pi
PP
where PV, P! are projective A-modules, 6°, 5" are A-module homomorphisms such
that the composites §'6° and 6°5! are both multiplication by h.
If A is a commutative ring and a,b € A, then we denote by {a,b} the following

matrix factorization of ab
degl a deg0
A —><T A
The usual definition of tensor product of complexes of modules over commuta-
tive rings generalize to an external tensor product of matrix factorizations

. . cdg _ cdg . cdg
X Ah modfgp X Ah’ modfgp — Ah—‘rh’ modfgp.

Global matrix factorizations

Now let X be a smooth quasi compact scheme and W € Ox(X) a global func-
tion. We will define the derived category of coherent matrix factorizations and a
dg enhancement of this. First, consider the dg category fact(X, W) whose objects

consist of the following data

50
JT_" — J'_'O —1> JT_'l
5
where F°, F! are coherent Ox-modules and 6%, 6! are Ox-module homomorphisms
such that 6°6' and 6'6° both equal multiplication by W. The hom spaces are de-

fined as
Homgeo(x,w) (F*,G*) := Homg, (F*,G°)

with differential 9(a) := dgear—(—1)1*lad .. The category Z°(fact(X,W)) is abelian
and H°(fact(X,W)) is triangulated. We define D(fact(X,W)) as the Verdier quo-
tient of H(fact(X,W)) by the full thick triangulated subcategory generated by all
totalizations of short exact sequences in Z°(fact(X, W)).

Next we define vect(X, W) to be the full dg subcategory of fact(X, W) on the

objects whose underlying sheaves F° F! are vector bundles. If X = Spec(A) is
cdg

fay Ay defined earlier and if X is smooth and
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affine then H(vect(X,W)) ~ D(fact(X,W)). Under some extra assumptions on
W this gives an important example where the two kinds of Hochschild homology

agree.

Proposition 2.26. If X is a smooth affine variety and W|x\vw) s smooth then
the natural map Cy(vect( X, W)) — CH (vect(X,W)) is a quasi isomorphism.

Proof. This is [PP12], corollary A section 4.7. O

If X not affine the category vect(X, W) will not work as a dg enhancement for
D(fact(X, W)). To resolve this we introduce the dg category vects(X, W). Let %
denote a finite affine cover of X. Then we define vect (X, W) to have objects same

as vect(X, W) but for the homomorphism complexes we take
Homyect .(x,w) (P*, Q°) := Tot(C*(% ,Hom*(P*, Q%))). (2.2)

Proposition 2.27. The dg category vects(X, W) is a dg enhancement of
D (fact( X, W)).

Proof. This is [L.P] Proposition 2.11. O

Using Drinfeld quotients we obtain an alternative dg enhancement of
D (fact(X, W)), which we will call factg (X, W).

We will also need the cdg category gfact(X,W). Its objects are defined exactly
as the objects of fact(X, W) except we don’t require anything about the composites
5961 or §16°. The hom-spaces and the differentials are defined in the same way as
for fact(X, W) and the curvature of an object F* is the endomorphism §2 — py,. We
define qvect(X, W) to be the full sub cdg category of gfact(X, W) whose underlying
sheaves are vector bundles. We define the cdg category qvect »(X, W) by altering
the homomorphism complexes as in (2.2).

Finally we will also need presheaf versions of some of these. We define the fol-

lowing presheaf of dg categories
vect (X, W)(U) := vect (U, W|p).

The presheaves of cdg categories qvect C(X , W), vect(X, W) and qvect(X, W) are

defined similarly.
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Remark 2.28. Note that a lot of the dg and cdg categories introduced in this sec-

tion are not small. In order to still make sense of the standard complexes comput-
ing their Hochschild homology we therefore have to restrict to some small subcate-
gories containing at least one object from each isomorphism class. In what follows

we will do this implicitly and will assume all categories to be small.

Hochschild homology of category of matriz factorizations

The Hochschild homology of vect s(X, W) will be denoted HH,(X,W). For a
smooth variety X where W|x\y(w) is smooth this was computed in [Efil8], it is de-
rived global sections of the complex of sheaves (Q%, —dW A (—)). Here Q% denotes
the object of the Z/2-graded derived category @,-0 A'(Q2x)[i]. Below is a slight
adaption of the computation in [Efi18]. .

There is a sequence of maps which we will show are all quasi isomorphisms.

Culvect (X, W) — s O, C,(vect o X, W) <—— C(%, C(vect(X,W)))

(3)
O, Cll (veet(X, W) — s C(%,CH (qvect(X, W) 4——=— C(%,CL(O-w))

/

A, (%, —dW A —)).

(2.3)
We will first discuss (6) (See [CT13], theorem 4.2 b).

Proposition 2.29. The following defines a quasi isomorphism

HERixwy: Q% ,CH(Ow)) — C(%,(Q%,dW A —)),
1
C.]I(OW(UIO%)) > ao[all e |ak] — andal VANPIRAN dak € Q];((V N Ulozp)

To prove this we will need two lemmas

Lemma 2.30. Suppose that we have an unbounded exact chain complex of inverse

systems of abelian groups

Se := ( — Sn — Sn,1 — San — )
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and that each term is Mittag-Leffler. Then the complex
. = lim S, - lim S,,_;y — lim S,,_» — ...
15 ezact.

Proof of lemma. Split the long exact sequence into short exact sequences

U \ / U
B, =Zy
\ / ’ o / v

By =2, By = Zn—
| \ U U / \ U

Now the inverse systems B, = Z;_; are quotients of Mittag-Leffler systems and

are therefore themselves Mittag-Leffler. It follows that after applying lim termwise
(_
the diagonal short exact sequences remain exact and then it follows that the middle

long exact sequence remains exact. [

Lemma 2.31. Let A** and B** be two bicomplexes whose vertical and horizon-
tal differentials both decrease the degrees. For each n let AS™® C A®* denote
the subcomplex truncated horizontally at n. Let AZ™* be the quotient of A**® by
ASnbe . Suppose further that for each n, the diagonals of A=™* and B=™* only
have finitely many non zero terms. If a : A®®* — B®* is a morphism of bicom-
plexes which is a quasi isomorphism with respect to the vertical differentials, then
Totll(a) : Totll(A**) — Totll(B**) is a quasi isomorphism.

Proof. Consider the inverse systems of chain complexes

S(A) == {... » Tot®A="2* — Tot®A="1* — Tot® A=}
S(B) = {... » Tot? B=~** — Tot? B=~"* — Tot® B="*}

where the maps are induced by canonical quotient maps of bicomplexes. The map
« induces a morphism S(«a) : S(A) — S(B) of complexes of inverse systems. The
assumption on « and the Mapping Theorem for filtered modules ([Lan95],theorem

X1.3.4) imply that S(«) is a termwise quasi isomorphism, in other words a quasi
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isomorphism of complexes of inverse systems. But then Cone(S(«)) is an acyclic
complex of inverse systems of abelian groups, all of whose terms are Mittag-Leffler

and therefore, by the previous lemma,
Cone(limS(a)) = limCone(S(a)) = 0.
— —
We see that limS(a) : TotllA** — TotlIB** is a quasi isomorphism. O
—

Proof of proposition. The affine case follows from the classical HKR theorem and

by applying the previous lemma to the bicomplexes

Ll
—— 0P — 09— 0
A% — d2 ldz
—— 0% 0
da
— 0

and

yA 2 yA yA
N Q \dW/\ Q \dW/\ O
B*® — 0 lo
N Q N dW/\ O
0
— 0

For the non-affine case, think of Tot!lIA** and TotIIB** as presheaves of com-

plexes. We want to show that
(%, (TotHA"')q) — " (%, (TotHB"')q)

is a quasi isomorphism. By considering total complexes and filtering this in the p-
direction we obtain a map of filtered complexes. It then follows from the Mapping
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Theorem of filtered complexes and the affine case already considered that this map
of bicomplexes gives rise to a quasi isomorphism of total complexes. This proves

the proposition. O

Now (5) is a quasi isomorphism because for any Uy = Uj..;, the map
CIOuv,—wiy,) — Cl(avect(Ur, W|y,)) is a quasi isomorphism by propositions
2.18 and 2.12. The map (4) is a quasi isomorphism for exactly the same reasons.
The map (3) is a quasi isomorphism because each
Co(vect(Ur, Wy,)) — CH(vect(Ur, W|y,)) is a quasi isomorphism by proposition
2.26. The map (2) is a quasi isomorphism because for each U; we have a quasi
equivalence vect(Ur, Wly,) — vects(Ur, Wy, ) which induce quasi isomorphisms
on standard complexes. The proof that the map (1) is a quasi isomorphism is sim-
ilar to the proof of proposition 5.1 in [Efi18]. We include the proof here with some

adjustments to make it fit our situation.

Proposition 2.32. Let € be one of the two presheaves of dg categories MC,(X) or
vects( X, W). The natural map Co(€ (X)) — C(%,C(€)) is a quasi isomorphism.

Proof. We prove it for € = vect (X, W). Recall that % is referring to a fixed
affine open covering X = U3 U...UU,. Let U = U, and V = U; U...UU,_4. Let
Z = X\ U. For any open V' C X let €(V')zny, C €(V') denote the full sub dg
category on the objects which become acyclic in € (V' N U). Let ¥ denote the open
covering V =U; UUsU...UU,_1. Let ¥’ denote the presheaf of dg categories on V'

V D V/ —> VeCth(«//)(V/, lel).

We have a natural functor Zes : €(X) — ¢’(V) which restricts objects on X to V

and which is defined on homomorphism complexes by
C(% ., Hom% (F*,G%)) — C(% NV, Homy,(F |3, GIy) — C(¥, Homy (FI5, GI3)).

After passing to homotopy categories this functor fits into a commutative diagram

HO(6(X)) —2)s po(g(v))

| I

D(fact(X,W)) £ D(fact(V, W|y))
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We have the following diagram in D/, (C)

Co(C(X)z) — Co(F(X)) —— Cu(G(U)) — Cu(€(X)z)[1]

| o |

Co(C'(V)z) —— Co(€'(V)) —— Co(€'(VNU)) —— Co(€'(V)2[1])

where the rows are distinguished. (See [Efil8], proposition 5.1 and its proof.) Since
Z C V the left most and the right most vertical arrows are quasi isomorphisms.

Therefore we get a Mayer-Viertoris exact triangle

Cu(€(X)) —w Cu(@' (VN U))

We now claim that there is an exact triangle of the form

Co(€(X))[1]

o) —W o N, C.8Y)

to which the first exact triangle naturally maps. Assuming this claim for now the

Az ,C.e)

rest of the proof goes as follows. Because the open covering % N U of U has U
itself as one of its open sets the map Co(%'(U)) — C(% NU,C,(%)) is a quasi
isomorphism. By induction on the number of open sets the maps Co(%"(V)) —
C(V,C,(¢") and Co(€'(VNU)) — C(¥ NU,C,(¢")) are quasi isomorphisms. The
proposition then follows by the five lemma.

To construct the second distinguished triangle, we first define what the two
maps « and 3 are. First, let A C C(%,C,(€)) be the subcomplex consisting of
all summands Co(%'(U;)) withn € [ and B = C,(%¢(U;))/A so that as a vector
space we have Co(¢(U;)) = A @ B. Similarly let E C C(% NU,C,(%)) be the
sub complex consisting of the summands Co(¢'(Ur N U,,)) withn € I and F =
(% nU,C,(¢))/E and G = C(¥,C,(€")) so that as vector spaces we have C(% N
U,C (€)@ OV, C,(¢") =FE®F&G. Finally let H = C(¥ NU,C,(¢")). In this
notation, the maps a and [ can be described by matrices

id 0 0
azll " APBSEGFa®G

0 oy o
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0
B=|b| FE&F®G—H

b
where « is made up by the restrictions Co(%(U;)) — Co(€ (U NU)) (n ¢ I),
ay is a quasi isomorphism which is induced by the quasi equivalences € (U;) —
¢'(Ur) (n ¢ I). The map [y is also a quasi isomorphism, it’s induced by the quasi
equivalences (U NU) — €' (UyNU) (n ¢ I)and p; is —1 times the map induced
by the restrictions €”(U;) — €'(U; NU) (n ¢ I). In this situation one can show
that the canonical maps Cone(a) — H is a quasi isomorphism and therefore we

obtain the required distinguished triangle. O
Matriz factorizations of W =0

When W = 0 we have two intresting categories. On the one hand the Z-graded
dg-category perf(X) whose objects are finite Z-graded complexes of vector bundles

and whose morphism complexes are defined as
Homper,(x)(P*, Q%) := Tot(C" (% ,Hom% (P*, Q%))).

We can then think of perf(X) as a Z/2-graded category by forgetting the Z-grading
on the homomorphism complexes and only remembering the parity of each degree.

On the other hand we can consider the Z/2-graded category vect (X, 0) de-
fined in section 2.5. Note that we have a fully faithful dg functor functor perfs(X) —
vect (X, 0) which forgets the Z-grading on the objects and only remembers the

parity of each term of a complex. In fact, we have the following proposition.

Proposition 2.33. If X is a nonsingular variety, then any object in vect(X,0) is

homotopy equivalent to an object in perfs(X) and hence they are quasi equivalent.

degl g0 deg0 ) )
Proof. Let F*:= []—"0 ya—— } be an object of vects(X,0). Let ' = ker(d")
51
and Q' = im(&°). Then the following is an exact triangle in D(fact(X,0))

KO y FO y QY > KL
flo ol ol ol
Kt y F1 » Q1 > KO
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Both (K*,0) and (Q°,0) are isomorphic to objects from H(perfs(X)). The rea-
son is because X is non-singular the components of K*® and Q° have finite resolu-

tions by locally free sheaves. It follows that F* too is isomorphic to an object in
H(perf(X)). O

Now let’s consider the sequence

Culperfo(X)) ——— (%, C.(perf (X)) «—— C(%,C.(perf(X)))

A%,C,(perf(X))) —— C(%,C,(perf(X))) «—— C(%,C,(0x))
., 0n) /

From each term in the above sequence there is a natural map to the corresponding
term of (2.3) forming commutative squares, the map C(%,Q%) — C(%,0%) being
the identity. All of the maps above are quasi isomorphisms and this forces all of the

maps from this sequences to (2.3) to be quasi isomorphisms.
2.6 Derived pushforward in the Z/2-graded setting

In theorem 1.1, a little care must be taken as how to define RI' because we
are in the Z/2-graded setting. Let X be a non-singular variety of dimension d. Let
I C Qcoh(X) be the subcategory of injective quasi coherent sheaves on X. Let
D(I) € D(Qcoh(X)) be the full subcategory of the derived category consisting of
objects whose terms lie in . Let K(I) C K(Qcoh(X)) be the subcategory of the

homotopy category on the same collection of objects.
Lemma 2.34. The inclusion ¢ : D(Z) — D(Qcoh(X)) is an equivalence.

Proof. Let F* = (F° F' 6%, 6%) be an object in the derived category. We will show
that there is an object (Z°,Z,62,6%) € D(I) and a chain map which is a term wise
injection @*F* — Z°. Include F' in an injective sheaf o : F* — J* for i = 0, 1.

0 0

. id 0
Then take ' = J° & J*, 62 = <10 0)75%: <O

a? a0t
is then given by ° = and ! = .
siven by (m) ; ( ; )
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Now inductively we can construct an exact sequence of complexes
F* =1 =17 — ..
If we truncate this after 2d + 1’th steps, we get an exact sequence
F*—=Iy -1 — .. =13, — C—0.

I claim that the terms of C' are still injective. To see why this is, note first that
the spectral sequence RI[(X, ExtP(FO,H)) = Ext?*Y(F° H) implies that
Ext®*(F% H) = 0 for all quasi coherent H and similarly for F!. Then we only
have to observe that Ext'(C% H) = Ext**!(F°) = 0 and similarly for C'. This

gives a quasi isomorphism

F* S Tot(Iy - Iy — ... > Iy, , — C).

Lemma 2.35. The naive functor I' : K(I) — D(k) descends to a functor I'" :
D(I) — D(k).

Proof. Let A* € K*(I) be an acyclic complex. We have to show that I'(A®) is

acyclic. Consider the sequence

dl

2y T(A)

D(ker(d,)) = ker(I'(d%)) —— T(A%) —4 pary 20, rd

O pany

I(d})
—

This complex is either exact or has homology in infinitely many degrees by period-
icity. The latter option is not possible because R'T'(ker(d’)) = 0 for ¢ > dim(X).
O

Now we define RT :=I"o,~'. We will now describe a natural map C" (%, F*) —
RI'(X,F). First, let us point out that the resolution

F* =1y —>1I) — ...

in the proof of lemma 2.34 is an injective resolution in the abelian category of Z/2
graded complexes with chain maps as morphisms. We obtain a commutative dia-

gram in this category

Fo— Q0 F) —— C(u. F) > >y C"(%, F*) > 0 >
Pk .
Fe s T s It > Al AN >




Lemma 2.36. The map Tot®(T'(r="c*)) : C(%,F*) — RI(X,F*) is a quasi

isomorphism.

Proof. As in the proof of proposition 2.33 we can fit F* into a short exact sequence
of complexes K* — F* — O° where K* and O° have vanishing differentials. We can
think of the map in the lemma as a natural transformation between exact functors
D(Qcoh(X)) — D(k). It follows from chapter I111.4 of [Har77] that our map is a

quasi isomorphism at K® and Q® and therefor must be so also at F*. [
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CHAPTER 3
MAIN PROBLEM
In this section we discuss the main problem.
3.1 Setup

Let X be a smooth complex variety and let us fix a finite affine covering %
of X. Let W € H°(X,0Ox) and suppose Y C X is a smooth divisor such that
Wly = 0. We assume also that W|x\w-1(0) is smooth. The categories we are
mostly interested in are D?(cohY’) (usual derived category) and D(fact(X, W)).

We have dg enhancements for both D’(coh(Y')) and D(fact(X, W)). For Db(Y)
we take the category perfs(Y) and for D(fact(X,W)) we take vect s(X, W). We
have a functor i, : D’(cohY) — D(fact(X,W)). It lifts to a pseudo functor i, :
perfs(Y) --» vect 5(X, W) by which we mean that the following diagram commutes

HO(perf(vect o(X, W)))

) e
Y oneda

H(perfs(Y)) Yoneda HO(vect o( X, W))

lw /

Db(cohY) —— 5 D(fact(X,W))

The quasi functor 7, induces a map in Hochschild homology. We will compute this

map in terms of the identifications
HH,(Y) := HH,(perfs(Y)) ~ C(% NY, Q%)

and
HH,(X,W) := HH,(vect (X, W)) ~ (% , (%, —dW A (—)))

from sections 2.5 and 2.5 respectively.
3.2 Replacing i, by a dg functor

Consider the following matrix factorization

degl . deg[)
P = [OX(—Y) — Oy
g
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where x € HY(X,Ox(Y)) is an equation for Y and g € H°(X,Ox(-Y)) is such
that gr = W € HY(X,Ox). In D(fact(X,W)) we have i,0y = P. Indeed, the
kernel of the canonical map P — i,Oy is the matrix factorization

degl 1 deg0
Ox(=Y) —= Ox(-Y)

which is nullhotomopic.

Consider also the sheaf of dg algebras A := [Ox(-Y) > Ox]. It is quasi
isomorphic to Oy as sheaves of dg algebras on X. The quasi isomorphism A — Oy
also induces a quasi isomorphism on Hochschild complexes for any affine open V' C
X, Co(Aly) = Co(Oyly).

We define the dg category perfs(.A) to have objects, same as perf(X). The ho-

momorphism complexes are given by

Hompers,, () (V, W) = C(%, Hom’ (V @ AW @ A)).

We now introduce a dg functor Ind : perfs(A) — perfs(Y). On objects it is defined
by

Ind(V) =V ® i, Oy.
The chain maps on homomorphism complexes are induced by the following mor-

phism of complexes of sheaves

Hom®,(V @ AW ® A) —2 Hom?, (V© A®41.0y, W® A®4i,0y)

[~=3

Ho_m:gy (V®i,.0y, W ®i.0y).
Lemma 3.1. The functor Ind defined above induces an isomorphism in DZ/Q((C)
Ind, : Co(perfa(A)) — Co(perfa(Y)).

Proof. For a dg category €, let % denote its pretriangulated hull (see section 2.1).

We get a strictly commutative diagram of dg functors

— T

perfs(A) _Ind , perf(Y)

I I

perfs(A) _Ind , perfs(Y)
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where the vertical functors induce isomorphism in Hochschild homology ([Kel99])
and the right vertical arrow is a quasi equivalence since perfs(Y') is pretriangu-

lated. Therefore it is enough to check that Ind induces an isomorphism in Hochschild
homology. We show that Tnd is in fact a quasi equivalence. To see that Ind in-

duces a quasi isomorphism on homomorphism complexes we note that Ind applied

to hom-complexes can be factored as a composite of quasi isomorphisms:
Homypert ) (V* © AW © A) = C(%, Hom3 (V* @ A, W* © A))

C(%,Iﬂ)_mbx(V', W ® A))

U, (V) @ W* @ A)

(%, (VY)* @ W* ® Oy)

A% ,Homp,  (V*,W* @ Oy))
C(% ,Hom¢, (V* @ Oy, W* ® Oy))
Hompers, vy (Ind(V* @ A), Ind(W* @ A))

1 Je R

12

This means that H%(Ind) is fully faithful and therefore so is H O(Izl\d). Therefore, to
show that H O(I;l\d) is is essentially surjective it is enough to check that the small-
est triangulated subcategory of H O(per/fcﬁf )) containing the image of H O(I;l\d)

is all of H O(pm )). Let Ox(1) denote a very ample line bundle on X and let
Oy(l/)iox(l)hf- We know that {Oy (n)},ez classically generates H(perfs(Y)) ~

HO(perfs(Y)). Essential surjectivity then follows from the observation that
Oy(n) = Ind(@x(n))

Let A# denote the underlying sheaf of graded algebras of A and P# denote
the underlying sheaf of Z/2-graded Ox-modules of P. As graded Ox-modules we
have A% = P# and this gives us a multiplication p : A* @ P#* — P#. If M is
an A-module we can thus make sense of the tensor product M ® 4 P as a graded

Ox-module. In fact, the morphism
MIARKP > MRIP, ma®@p—ma@p—mE ap

whose cokernel by definition is the tensor product M ® 4 P is a morphism of matrix
factorizations of W. Therefore the product M ® 4 P is naturally a matrix factoriza-

tion of W. We get a dg functor

— @4 P :perfs(A) — vect o( X, W) (3.1)
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which on objects is defined by V +— V ®x P and the chain maps on hom complexes

is induced by the morphism of complexes of sheaves
Hom® (V@ AW @ A) —2% Hom$, (V©.A@4 P,W® A@, P)

o)

Homg, (V® P,W® P).

Lemma 3.2. The following diagram commutes up to natural quasi isomorphism

perfa(A) Al vecto( X, W)

l] nd lYoneda

perfa(Y) N perflvect (X, W))
Proof. For any @) € vect (X, W), the natural map
HomvectO(X,W) (Qa V® P) — Homfacté(X,W)<Q7 V® OY)

is a quasi isomorphism where fact «(X, W) is the DG category with objects same as
fact(X, W) and whose homomorphism complexes are defined in the same way as in
vect o( X, W). O

In fact, we can define similar functors

Indy : perfs(Aly) — perfs(Y NU),
— ®.4, Plv :perfa(Aly) = vect o(U, Wy)

for any open set U and assemble them into lax morphisms of presheaves of dg cate-

gories.

Proposition 3.3. There are natural isomorphisms

QUV.F : [ndv(f‘v) — [TldU(./_">’V

and
Bovr: Flv ®@a Plv = (F ®u, Plv)lv
making
(Ind, @) = perf(A) — perf (V)
and

(= ®a P, B) : perf (A) — vecto(X, W)
into lax morphisms of presheaves of dg categories.
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Proof. For Ind this is just the statement that for W C U C V we have a commuta-

tive diagram of natural isomorphisms

Viw @w Oyaw —=— (V|v @v Oyrv)|lw

e

(Vex Oy)lw

It may be easier to see that the following diagram commutes

(Jw)«(VIw @w Oyrw) )+(V]v @v Oyrv)
Y ®@x Oy

where jy : W — U and jy : V — U are the inclusions.
The case of ® 4P is similar. Il

3.3 HKR type map for A

Let Q% (logY) denote the algebraic k-forms on X with logarithmic poles along
Y. It is a subsheaf of Q2% (V") whose sections locally look like w + % A w' where
weNk We Q])f(_l and x is a local equation for Y. There are short exact sequences
on X

0 —— Ok —— Qk(logy) —— Q&1 —— 0

where the first map is the inclusion and the second map is locally defined by 8 +
2o+ aly. (See [Staa] and [Stab] for details). To simplify notation later on we will
define Q% := A*(Q2x[1]) and similarly for Q% (logY’) and Q5. On Q% and Q% (logY)

we introduce a differential on Q%
—dW A (=) : Q’)“( — Q')“(H

and similarly on 2% (logY’). Note that according to our grading convention on %
and Q% (logY') the differential defined above decreases degree by 1. This will not
cause a problem because in the end we will think of them as Z/2-graded complexes.
These Z/2-graded complexes will be denoted Q% _y, and Q% _y,(logY’) respectively.
The short exact sequences above, can be assembled into a short exact sequence of

complexes:

0 —— Q% _wl-1] L, Q% _y(logY)[-1] —— (Q},0) — 0.
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It gives rise to a quasi isomorphism
Q% := Cone(L) = Q3. (3.3)
We will construct a commutative diagram

A% .C(Oy)) «—— C(%,C.(A))

lHKRy lH KRa

U, Q) +—— (U, Q).

(3.4)

The horizontal arrows are induced by the quasi isomorphisms A4 — Oy and (3.3)
respectively and the left vertical arrow comes from the classical HKR theorem. It
remains to define the map HKRy. Let x; € Ox(U;) be local equations for Y C
X. Let w;; = zjx; 1 on the intersections Uij. Then we identify Aly, = [Op,e; —
Ouy,] where ¢; is in degree —1 and the differential maps ¢; to x;. Note that on the
intersections we have u;;e; = ¢;. Let Uy = U,
AU < CL(A(U)). Then define
1

dx;
HERA®@) == —ao—2 Aday A ... A day,
k! Lig

0 ip and let a = ao[al\ s ’ak] S

1
k|a0dxm ANdgi, Nday A ... A\ day

“1)? duy
— Z %aoﬁ Aday A ... A\ day
7<io ’ t0J
e F(UI,Qk“(logy)) ® T(U, 42 @ (@ T (U, 24 )

Jj<io

and

1 l
HEKR(aglay]| - - |agei,| -+ - Jag]) == ( k:') apdz;, N day A ... A day,.

and H K R4 vanishes on elements which have two or more factors from A~!.

Proposition 3.4. The following is true about the map HK R 4
1) HKR 4 is a chain map.
2) The diagram (4.4) commutes.
3) HK Ry is a quasi isomorphism.
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Proof. We check first that H K R 4 is a chain map. We do this first on elements
of internal degree zero. As before let Uy = Uj,..;, and let @ := agla|---|ax] €

AV (UD)®F C CL(A(Uy)).

HEKR4(dya) =0
HKR(dya) =0
HE Ra(doan) = HERa( 3 (=1)%"0aly,,, )
i¢l
= HKRA(Z(I’UIUJ + Z Sgn]I a‘UIUj>
j<zo jélI, j>io
=4 Z ao— Aday A ... A dag|jor (3.5)
3<io

+ o Zagdxj Ndgj A day A ... A dagljor

Jj<io
1 Ao
- E Z (_]‘)p—‘rlaou—jjjj /\ da’l /\ /\ da’k‘lj’UjUI
" jr<i<io 33!
—|—HKRA< Z (— 1)Sgn(J I)a’ IUJ).

On the other hand we have

dx;
dCechHKRA k" E ao xAZO /\dal/\.../\dakbu
Jj<io o

1
+ E Zaodxio A dgio N da1 N A dakb’U[

s (3.6)
— E Z (_1)pa0(ﬁ - U—OJ> /\dal/\.../\dak’jujlul
"<’ <io i0J i0j
+ Y (CDODHERA@)
-7¢IJ>ZU

52



and

- 1 dx;
doone HK Ry(a) = ( k) agdW N —= Ada; A ... \ day,

10

1)
+ (1) L(apdx;, N\ dgi, \day A ... A dag)

k!
du 3.7
—Z—&odW/\ Yiod A day A .. - A dagju1 (3.)
ulo]
7<io
dum]
Z - Aday A ... Adag)|jur
7<io

From here one can check that (dcope +dceen) HEK Ra(a) = HK RA(d¢een +dy +ds)(@).
Indeed the first sum in (3.5) cancels with with the first sum in (3.6) and the last

sum in (3.7). The second sum in (3.5) cancels with the second sum in (3.6) and the
sum on the third row of (3.7). The third sum in (3.5) cancels with the third sum in
(3.6). The last sum in (3.5) cancels with the last sum in (3.6). Finally the first two

terms in (3.7) cancel with each other.
Next, let’s check that (deone + deeen) HK Ra(b) = HK R A(d¢een + di + d2)(b)

where b = bo[b1|- - - |bi€i,| - - - |bi] has internal degree —1. We have
HK R 4(d2b) =
. 1. du
HERa(dib) = (=1 by i A dby A oo Ad(biig) A .. A dby,
+ (= )p+lk|b0dxlo Adgi, Ndby A ... ANd(bxiy) A ... A dby
d
= ) Dios p gy p d(bizi,) A ... A dby
— k" UZ‘O]
7<0
HERa(dgeanb) = Y (—1)"50D k'bodmm Adby A ... Adby A ... A dby,
J&I, j>io
+ Z( 1)! k‘bgdxj Adby A ... A d(ujigh) A ... A dby
7<0

On the other hand we have
)1
doecn HK Ry(a) =y (—1)%m0:D* k =bodi, Adby A Adby A A dby
igl
i} _ 1
dcone HK R4(b) = (—1)p+1+lybodW Adziy Adby A ... Adby A ... A dby,
1
+ (=1)PH = o sL(bodaiy A dby A ... Adby A ... A dby,)
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Again the relevant equality can be checked from these formulas. This proves the
first part of the proposition. The last thing one has to check for the first part is
that HK R 4 o d; vanishes on elements with two factors from A~

The second part can be checked from the definitions. The last part then fol-
lows from the second because all the other arrows in the diagram are quasi isomor-

phisms. [
3.4 Multiplying by the Todd class

We have the wedge product map Q% ® Q% — Q% which we can use to make
O(% ,Q%) into a dg algebra (see section 1.2 for the precise formula). The natural
map C(%,0%) — C(%,Q%) is a dg algebra homomorphism. We make C(%, Q%)
into a left dg O(%,Q%)—module as follows. For a € C'(%,Q%), 8 € C'(%,Q%)
and v € Cﬂ/(%, Q% (logY)) we define

(o ﬁ)iO"'ip+a = (_1>qaai0"'ip

UiO“'ip-Q—a A ﬁip---’ip.»,_a U;

0" “ipta

and
q(a’+1)

(a : 7)i0~-'ip+a/ = (_1) U; U;

The Cech cocycle (u;;');<; € CH(%, O%) corresponds to the line bundle Ox (Y).
The Chern class ¢1(=Y') is the Cech cocycle (u;; du;);j<; € C'(%,QY%). The relative

T

A ,}/ip~~~ip+a/

aio...ip

0'”ip+a’ O..,L-ija, .

Todd class of Y C X, denoted T'dy,x is defined as the formal power series

l—e—%
evaluated at ¢;(=Y). It’s inverse is
- i (=Y)"
Tyt = - Y A
/X
= (g+1)!
Proposition 3.5. The map
Tdy) A=) O, Q%) — (U, Q)
commutes with the differentials and gives rise to a commutative diagram
le)_,/lX/\(—) le;}X/\(—)
Proof. This is just a matter of keeping track of the signs. ]
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3.5 Trace map for a small cdg category of quasi modules

Let {Pi, ..., P.} be a collection of objects in qvect(X, W) and let € be the
presheaf of cdg categories defined by U +— (Pi|y, ..., P,|y) where the latter refers
to the full sub cdg category of qvect(U, W|y) on the objects Py, ..., P:|y. Assume

that we have trivialisations Py, = OZ; S) OZL; Our goal is to define a map
¢: C(u,Cl(€)) = C(%,C(O-w)) (3.8)

such that if (P;,dp,) = (Ox,0) for some 1 < ¢ < r then ¢ is a quasi inverse to the

quasi isomorphism
A%, CJH(O-w)) = C(%,CJ(€)) (3.9)

induced by the Yoneda functor.

The map ¢ is made up of three components and to define it we need to first intro-
duce some intermediate presheaves of cdg categories. For i = 1,...,r let P; denote
the object in qvect(X, W) whose underlying graded Ox-module is the same as P,

but whose predifferential is zero and whose curvature is =W € Endx(P;). Let &

be the presheaf of cdg categories U + (P41, ..., P,). Now, for a = apfaq|---|ox] €
CH(€(V)) define

Sh([d]---10], @) := Z [0 |ay |67 g - - - || 6]
nfactors io+...+ig=n

where in the formula on the right §* means §%°.

Lemma 3.6. The map

SH:aw Y (=1)"Sh([s]---|],a)

n20 nfactors

is defines a morphism of presheaves of chain compleres CIH(€) — CH (%)

Proof. We have to show that (dy + dy + d2)SH = SH(dy + dy + d3). Let SH™(«),
denote the n’th term in the sum above. Then dSH"(&) will consist of terms of the

form

g[8y |0 o] - - - |ajorja| - - - |ag]6™],
[0 oy |6 g - - - |Gy - - - v 6],
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ap[0 a1 0" exa] -+ -y - - - ek [0%],

[0 ey [0 eun| - - [08] - - - o] 07].

Now the terms of the first kind above give us precisely SH"(d2(@)). The terms of
the second and third kind above, will give us precisely SH"!(d;(@)). The terms of
the last kind above, will give us SH"%(dg(a)) — doSH"2(@) because 6% = hp +
w. O

The morphism SH from the previous lemma gives rise to a map
(%, CH(€)) = C(%,CH(€)) which we will also call SH.
We will also need the preasheaf of cdg categories .# which to an open set U

assigns the subcategory of qvect(U, W|y) on all objects of the form
o == o |,
We will define a collection of maps
Wt O, CJ (7)) = AU, CJ(F)).

First some notation: Given a morphism « : P;(U;) — P;(U;) we will denote by («),
the matrix defined by

O ® Oy = P, — P = O @ Oy
Let gi; denote the change of basis matrix such that

gr(@)igy' = (@)

on U, NU;. Now, let & := aplon |-+~ |oy] € CH(%)(Usy...i,) and define

hi(a) =

€ 4 _
S0 Wi (o), [(@)ic, |- [(@n)iy |90t | (@i -+
G T A YRS A BORY LY PO s [ YRR Y

where the sum is over all g-tuples 1 < i, < 414 < tg9—q < ... < i1 < 7y and all

g-tuples 0 < [; < ... <[, < k. The sign is given by
q l;
=3 (43
i=1 §=0
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Lemma 3.7. We have
CZth + dC’echhq_1 - hq_ldCech + hqd_Q'

Proof. We apply both sides to & = agfay|-- - |ay] which is a section over Uy, i,

gioi_q<a0)i_q [ -

+pt+qg+lao|+...+lar|+r+7

First, dyh?(a) will consist of terms of the form

(—1)r+pat(a)tptatiaol

Gioin— (C0)i1_, [(al)h—q o

-1

+p+g+|aol+...+|ag[+I+5 q; . .
Lj+1—qlj—1—¢q

(_1)€2+qur

-,
-]

gi;iqi]‘_l_q (al]+1)zj—q T

(_1)63+pQ+

Givi_g (Oéo)i_q [ e ’(Oérawrl)ij

+pta-tlaol+..+lay [+;+i

(4)
(4)
(4)
(4)

(_1)64+pq+

gioi,q(ao)i,q [ e

(_1)e5+pq+(g)+p+q+lao\+~--+Iazj+1|+lj+j 1

Gigi_, (C0)i_, [ e (a1)i 0,90,

(_1)€6+pq+(5)+p+q+1+‘ao‘+...+‘ak|+k+q—lgiili_q(Oé[))i_q [ . ] ,

1j—1—q

(_1)67+pq+(g>+P+q+1+(‘ak|+1)(‘a0|+...+‘ak—1|+q+k*1)gi0i_q(Oékao)l._q [ . ]

(3.10)

Next, dceenh?! will consist of terms of the form

€ - a1
(—1)s 2D+ g (g, [(al)il_q »

1 '}’

iji1—qij-1-q

(—1)tpa=D+(5")+s

Gigi—q(Q0)i_, [ o --}, (3.11)

(~1)7 e @)

11— qeeiQenni figy1mip

Also, h? 'dceen, will consist of terms of the form

(=) R @l i i)

(—1)eoree g (ag) [ , ] _ (3.12)

Finally, hid, will contain terms of the form

(_ 1)611+PQ+(3)+P+|O¢0|+---+|C¥r|+7”

Givi_q (aO)Lq [ e ’(ar@r+1)j—q

(—1)ztpa+ () +p+1+(ar+1) (ool +ax-1[+k-1)

Gioi_y (0)i_, [ , } (3.13)

Note that, the €s in the signs are all different. The first term in (3.10) will cancel
with the first term in (3.11) because €, = €3 + |ap|. Similarly, by keeping track

of the signs we see that the second term in (3.10) cancels with the second term in
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(3.11). The third term in (3.10) cancels with the first term in (3.13). The fourth
and fifth terms in (3.10) cancel. The sixth term in (3.10) cancels with the second
term in (3.12). The last term in (3.10) cancels with the last term in (3.13). Finally
the last term in (3.11) cancels with the first term in (3.12) O

Clearly the h? commute with dy and since there is no d;’s in & or .F the pre-
vious lemma in fact tells us that ) ., h? defines a chain map %, CH(#)) —
%, CJ(F)).

Now we introduce the last ingredient to the map (3.8). Suppose R is a com-
mutative ring and Py, ..., P, are a collection of Z/2-graded free modules. Pick ho-
mogeneous bases {e!} for each P,. Let F* € Hom(P,, Py), F* € Hom(Ps, P)),...,
F™ ¢ Hom(P,, P,,) be endomorphisms which we can think of as matrices with the
fixed choice of bases. We define

STr(FP®@F' @ .. @ F") =Y (~1)°F}

JoJi

1 m
® Fj1j2 ®...0 ijjo
where the sum is over all jg, ..., j,, and the sign is given by

o= (m+ 1)l + el + ... +|elr].

Extending this over infinite sums gives a map of presheaves C2/(.#) — CIH(O_y)
from which we obtain a chain map C(%,CY(F)) = O(%,CH (Ow)).

Definition 3.8. We define

0 A%, C(%)) — O, C(O-w))

by
0= n%(—msﬂ(hqwh(wt 1) -)

Theorem 3.9. (i) ¢ is a chain map.
(i) If (P;,0;) = (Ox,0) for some i then ¢ is a quasi inverse to the quasi isomor-
phism (3.9).

Proof. For the first part, we simply note that it is the composite of the three chain
maps described earlier in this section.

One can compute that the composite C(%,C(O_w)) — (% ,CH (%)) —
C«,CctOo_w)) — CO%,(Q%, —dW A —)) equals the map HKRx,_w) from

proposition 2.29. From this the second part follows.
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3.6 Main theorem

Recall that Y C X is locally cut out by z; € Ox(U;) and that u;;x; = x;
over U;;. Recall also the matrix factorization P from section 3.2. Over each of the
open sets U; we can identify P = Oxe; @ Ox. Suppose F; is a matrix describing
the action of an element of End(P|y,) in this basis. If F; denotes the matrix of the
same endomorphism but with respect to the basis P = Oxe; @ Ox over Uj; then

9i; I gzgl = F; where the change of basis matrix is

1o
gl] OUU

Lemma 3.10. The following diagram commutes in D z/5(C)
AU, Co(A) = O, Co(End(P*))) —— C#,CL(O-w))

HKR4 HKRo_y,
- Td;/lXA . 5 _
%,y —— O %,Q%) ——— O(%,Q%,—dWA)
Proof. Start with an element agla;|- - - |ag] of internal degree zero over Uy, I =
{ip < iy < ... < ip}. Note that the only terms from ¢ which do not vanish un-
der HKRp_,, are those where n = 0 and ¢ > 1 orn = 2 and ¢ > 0. These are
mapped to

1+pq+ ) 1
Z Z k'q' umi_qaodui’lf iy N A duZoz L ANdag A A dag
q>1

1)pe+ (9)

ZZ k'q+1 T Wini aodu Caia N /\duz_oi N drig Ndgig ANday AN dag,

where the second sums are over all {(i_g,...,7-1)|i_y < i1-q < ... <i_3 <ip}. This is
precisely what we get when going down first and then to the right twice.

Now let’s start with an element of with precisely one factor from A=, b =
bo[bi| - -+ |bi€iy| - - - |bx] and first go to the right twice and then down. This time, the
only terms in the definition of ¢ which don’t vanish under HKRp_,, isn = 1 and
q > 0. We get

(_1)l+pq+(g) X
Z k"(q + 1)[ uioi,qbodui_l_ VANPRAN dU A de’Z‘O AN db1 AN dbk

ig 10t—1
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which agrees with what we get going down and then to the right.

Finally if we start with an element with two or more factors from A~!, then
going either direction is zero. this is clear if we go down first because H K R4 van-
ishes on such elements by definition. For the other direction note that the only
terms in the definition of ¢ which are non-zero on such an element are the ones
where n equals the number of factors from A~! so n > 2. Each such term will
contain two or more factors z; and will therefore vanish when we apply HKRo_,
because dx; A dx; = 0. L]

Lemma 3.11. There is a commutative diagram in _DZ/Q((C)

Co(perfe(Y)) +—=— Ca(perfa(A))

I -

U, Q) «——— C(%,Q%)

Proof. We will divide the diagram into smaller commutative pieces where each ar-

row is a chain map

Co(perf(Y)) «————— Ci(perfe(A))
(4)

~ ~

A% . C(perf (Y))) «—— C(%,C.(perf (A)))

(B)
A% .Cu(Oy)) «———— C(%,C.(A))

-

A%, )

Note first that all the vertical arrows on the left are quasi isomorphisms by
the discussion in section 2.5. We will see below that the horizontal arrows in the
squares (A) — (C') are quasi isomorphisms and then it follows from commutativity
(which is also dealt with below) that the vertical arrows on the right too are quasi
isomorphisms.

In the square labeled (A) the top arrow is a quasi isomorphism by lemma 3.1.
The bottom arrow in this square is C(Ind, ) where (Ind, @) is the lax morphism of
presheaves of dg categories from proposition 3.3. Commutativity of (A) is precisely
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proposition 2.21. The bottom arrow in this square can be shown to be a quasi iso-
morphism by filtering both complexes by Cech degree and using the mapping theo-
rem ([Lan95],theorem XI1.3.4).

To see that the square (B) commutes, note that that the top arrow is induced
by a lax morphism of presheaves of dg categories and the other three by actual
morphisms of presheaves of dg categories. Commutativity no follows from lemma
2.24 and the discussion right before it.

Commutativity of the square (C') is part of proposition 3.4.

Lemma 3.12. There is a commutative diagram in D z,(C)

Co(perfa(A)) > Co(vects(X, W)

I [

C(,C(A) = C(,C.(End(P))) —— C(#,CM(O_w))

Proof. We will divide the diagram into smaller commutative pieces where each ar-

row is a chain map:

Ce(perfs(A)) » Co(vect 5(X, W)

(4)
O, C.lpert (A) O, Clvecto(X, 1))

- (B) :

o, C.A) U, Clvect(X, 1))
-

O, CA) ———— O, CI(%)) —— O, C (quect(X, W)
- o [ == m

C(%,C\(A) —— C(%,C.(End(P)) —2— C(,CY(O_w))

We already know that the vertical arrows on the left and right are quasi isomor-
phisms. Indeed, on the left hand side this was dealt with in the proof of the previ-
ous lemma. Those on the right hand side were dealt with in section 2.5.

The bottom arrow of the square (A) is C(— ®4 P, 3) where (— ®4 P, B) is the
lax morphisms of presheaves of dg categories from proposition 3.3. Commutativ-
ity of the square (A) is exactly proposition 2.21. Commutativity of (B) is similar
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to commutativity of the square (B) in the previous lemma. Note that all arrows
except the top horizontal one are induced by morphisms of presheaves of dg cat-
egories and the top map is induced by a lax morphism. In the square (C'), € de-
notes the presheaf of cdg categories (P, Ox) C qvect(X,W). All the arrows in

(C) are induced by morphisms of presheaves of cdg categories and the diagram
commutes already at the level of presheaves of cdg categories. Same holds for the
square (D). In the triangle (F) all the arrows are quasi isomorphisms and the two
diagonal arrows are quasi inverses to eachother. If we choose the diagonal arrow go-
ing up then (F) clearly commutes because it comes from a commutative diagram of
presheaves of cdg categories and morphisms of such. Finally the triangle (E) com-
mutes if we choose the diagonal arrow going down by the definition of the map ¢

from section 3.5 O]

Now we are ready to prove that the map on Hochschild homology induced by
the pushforward functor i, : D°(cohY) — D(fact(X,W)) is given by first mul-
tiplying by the inverse Todd class described in section 3.4 and then applying the
connecting homomorphism § coming from the short exact sequence (3.2). We for-
mulate this in a precise way in the following theorem (which is the same as theorem

1 from the introduction).

Theorem 3.13. Leti : Y — X be a smooth divisor of a smooth complex variety
X. Let W € Ox(X) be a global function such that Wy = 0 and W vanishes on its
critical locus. Let & be the connecting homomorphism from the short exact sequence

(3.2). Then there is a commutative diagram in Dyz)5(C)

HHa(iv)

HHL(Y) s HH,(X, W)
l . Tdy ) A .\ RI() . l
RD(X, Q) RD(X, Q) 229 RD(X, (Q%, —dW A —)).
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Proof. Again we break it into smaller commutative pieces

CH (vect(X,W))

"

Co(perfe(Y)) <—=— Ca(perfa(A))
lde;,/lX/\ lde;,/lX/\

(U, (%, —dWN))

The top triangle commutes by lemma 3.2. The top left square commutes by lemma
3.11. The bottom left square commutes by lemma 3.5. The bottom triangle com-

mutes by definition of the connecting morphism §. The part on the right commutes
by lemmas 3.10 and 3.12. Il
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CHAPTER 4
THE CASE W|y # 0

In this section we try and generalize the formula from theorem 3.13 to the case
where Wy # 0. We only succeed in doing so under an extra technical assumption
about the inclusion of pairs (Y, Wly) — (X, W) which is described later.

4.1 The setup

Let i : Y < X be a smooth divisor in a smooth variety and W € H°(X, Ox).
We have a push forward functor 4, : D% (fact(Y, Wly)) — D®(fact(X, W)) which
lifts to a dg functor factg (Y, Wly) — factg(X, W) (recall that factg(X, W) is the
dg enhancement of D%*(fact(X,W)) obtained using Drinfeld quotients). We will
explain how H H,(factq(Y, Wly)) and H H,(factg(X,W)) can be identified with
O % NY,(Q, —dW|yA)) and (%, (Q%, —dWA)) and give a formula for the re-
sulting map i, : HH,.(factg(Y, Wly)) — HH.(factg(X, W)) in terms of these

identifications.
4.2 The HKR isomorphism for factg (X, W)

As in section 2.5 there is a sequence of natural quasi isomorphisms

Culfacto(X, W) —— O, C,(facto(X, W) 55— C(%,C.(vect(X, W)

(3)
O, CH (vect(X,W))) — " C(%, CL (qvect(X, W) 4——=— C(%.CY(O_w))

(6)

(4.1)

All maps except for (1) and (2) above have been dealt with in section 2.5. The
proof that (1) is a quasi isomorphism is completely analogous to that of proposition
2.32. The fact that the map (2) above is a quasi isomorphism follows from a spec-
tral sequence argument together with the fact that vect(U, W|y) — factq(U, W|y)

is a quasi equivalence for any affine U C X.
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4.3 The cdg algebra Ay,

We define Ay, do be the sheaf of cdg algebras (A, d4, W) where (A, d4) is the
sheaf of dg algebras introduced in section 3.2 and W € A(X) is the central element
which is the image of W € Ox(X) under the inclusion Ox — A.

Lemma 4.1. The map A — i,Oy induces a quasi isomorphism
O, Cl (Aw)) = C(% NY,C (Ovwyy))-

Proof. By a spectral sequence argument it is enough to assume that X itself is

affine. In this case, consider the bicomplexes

|

A (AT oA AP A QAT i — (AN O AT — A

A% — da+da ld2+d¢4
¢ (AD)®2p AT < = A°
da+da
¢ A°
and

¢ ®3 , ®2
< OY & OY T OY
B.y. — d2 ldg
®2 ,
A) OY A) do OY
da
L Oy

The map A — i,0Oy induces a map of bicompexes A** — B**. This lemma then

follows from lemma 2.31.
O]
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4.4 Resolving the category factq(Y, Wly)

We will define a presheaf of dg categories, associated to Ay in a seemingly ad
hoc way. Given U C X open, let perf (A, W)(U) be the full sub dg category of

mod®¥ — Aw |y consisting of objects isomorphic to ones of the following form:
{z|y, 9} ®u P, g € H(U,Ox(=Y)) and P & vect(U,W|y — z|v - g).

See section 2.5 for a description of the notation {z, g}.
We define a dg functor Ty : perfy (A, W) — vecto(Y, W) by

Tx(./\/l) =0y @4 M

for M € perf, (A, W)(X). In fact, this extends to a weak morphism of presheaves
of dg categories (T, a) : perf (A, W) — vecty(Y, W) where ayy is the canonical
isomorphism

(Oyly ®@a Mly) = (Oy @4 M)ly.

Lemma 4.2. If M € perfy(A,W) and M = {z,g} ®x P, then we have
Oy @4 M = Ply
Proof. There is a map Oy Qx {z,9} ®x P — Oy ®x P induced by

Ox—>0y

{z,g9} = leg
Ox(=Y)

and one can check that this is the cokernel of the morphism

Oy @x A®x{z,9} ®x P = Oy ®x {z,9} ®x P
whose cokernel by definition is the tensor product Oy ®4 {z, 9} ®x P. Il

Lemma 4.3. If U C X is affine and Ox(—=Y)|y is trivial, then
Ty « perf (A, W)(U) = vect(U NY, W vy )

is quast fully faithful.
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Proof. To simplify notation we assume that X itself is affine. Let

My, My € Ob(perf, (A, W)(X)) and write
We have the following short exact sequence in Z°(A,,4, —mod®¥)

OXL>OX—>OY

T Al ]

Ox — Ox —— 0

where A acts on the first object via

0 0
€ — ( ) GEHd)_(l(Ox@Ox[l])
z 0
and on the second one via
0 0 1
€ 10 GEIldX (OX@OX[H)
The first object is null homotopic via
0 0
h = :
Tensoring with P, we get a short exact sequence

{Lzg} @ P, —— {2,902} @ P —— Bly = Tx(My)

in Z%(Aw — mod°¥) where the first term is null homotopic. Applying

Hom 4, (M1, —) we see that the natural map
Hom 4, (M1, Mz) = Hom,, (M1, Tx (M2))
is a quasi isomorphism. Next we have an isomorphism of complexes

Homy,, (M1, Tx(Mz)) =Homo, ,,, (Oy @4 M1, Tx(M>))
:Hom(gywIY (Tx (My),Tx(M3)).
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Now we describe the technical assumption mentioned in the beginning of this
section. We say that (Y, W|y) has the local resolution property inside (X, W) if we
can cover X with affine open subsets so that on each affine open U in the covering,
the functor Ho(Ty) : H(perf (A, W)(U)) = H°(vect(Y N U, Wlynr)) is essentially
surjective.

Here is one example of when this assumption is satisfied.

Proposition 4.4. If W|y has singular locus consisting of finitely many points, then
(Y, Wly) has the local resolution property inside (X, W).

Proof. Cover X with affine open sets U such that each U contains at most one sin-
gular point of p of V(W]y) and such that k(p) admits a Koszul resolution

Kos(Zg, ..., T,) — k(p) for some regular sequence Zs, ..., T, € Oy (U). Let z; €
Ox(U) denote a lift of z; and set 21 = x be an equation for Y. By the standing
assumptions that W |y vanishes on its singular locus we know that W € (z1, ..., x,)
so we can write W = " | x;g; and then Wy = ", 7;g;. By [Dyc] the Koszul
matrix factorization {Zg, o} ® ... ® {Zn, gn} is a generator for vect(U NY, W|yny).
The proposition then follows from the observation that {Zs, g2} ® ... ® {Zp, gn} =

Ty({71, 01} ® ... @ {Zn, gn}).- [
4.5 HKR type map for A_y

There is a short exact sequence of complexes

0 — (Q%, —dWA)[1] —E— (Q%(ogY), —=dWA)[1] —— (Q%, —dW|yA) — 0

(4.2)

where the first map is the inclusion and the second map is locally defined by 8 +

d?””oz — aly. It gives rise to a quasi isomorphism
Q% _w = Cone(L) = (5, —=dW |y A (—)). (4.3)
We will construct a commutative diagram
A%, C Oy wyy)) «—— A%, CJ(Aw))
lHKRK_WW lHKR AW
%, (Q, —dW|yA) +—— C(%, Q% _w)-
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(4.4)

The top vertical arrow is the quasi isomorphism from lemma 4.1. The bottom hor-
izontal arrow is the quasi isomorphism 4.3. The left vertical map is the quasi iso-
morphism from proposition 2.29. It remains to define the map HK R 4. Let T; €
Ox (U;) be local equations for Y C X. As in section 3.3, let u;; = z;2; ' on the
intersections U;;. Then we identify A|Uj >~ [Op,e; — Oyp,] where ¢; is in degree —1
and the differential maps ¢; to z;. Note that on the intersections we have u;je; = ¢;.
Let U = Usy..i, and let a := aola|-- - |ax] € AU < CIT(A(U;)). Then define

1 dz;
HKRA(&) ——|CLO xo/\dal/\ /\dak
kT g,
1) duy ;
— Z %aoﬂ ANdai N ... N\ day
j<i0 : u'LOJ
€ F<U1,9k+1(1ogy)) ® DU, ) & (@D T(Uur, ) )

Jj<io
and
(—1)f
HEKR(aolar] - - - |ai€iy| - - - |ax]) :== Taod%’o Aday A ... N\ dag.
and H K R4 vanishes on elements which have two or more factors from A~!. The

proof of the following proposition is very similar to that of proposition 3.4.

Proposition 4.5. The following is true about the map HK R 4
1) HK Ry is a chain map.

2) The diagram (4.4) commutes.

3) HK R4 is a quasi isomorphism.

4.6 Main theorem in the setting Wy # 0

Recall that Y C X is locally cut out by x; € Ox(U;) and that u;;z; = x; over
Ui;. Recall also the sheaf of cdg algebras Ay, from section 4.3. Over each of the
open sets U; we can identify A = Oxe; & Ox. Suppose F; is a matrix describing the
v;) in this basis. If Fj denotes the matrix of the

action of an element of Endx (A
same endomorphism but with respect to the basis A = Oxe; & Ox over Uj; then

9i; I gigl = F; where the change of basis matrix is

oo
gl] OUU
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Lemma 4.6. The following diagram commutes in D z/,(C)

G, CIHA_w)) = C(,Cl (End(Aw))) —— C(,CI(O_w))

HKR4 HKRo_y,
. ~Tdy ) N . 5
C(w,0%) ! s C(U,0) —2—— (U, 0%, —dWA)
Proof. Start with an element ag[a;| - - - |ag] of internal degree zero over Uy, I =

{ip, < i1 < ... < i,}. Note that the only terms from ¢ which do not vanish un-
der HK Rp_,, are those where n = 0 and ¢ > 1 orn = 2 and ¢ > 0. These are
mapped to

() 1
Z Z qul g Yaoi g QoAU A A dut  Aday A A day,

q>1

where the second sum is over all {(i_g,...,7-1)]i—q < i1—¢ < ... < iy < dp}. Thisis
precisely what we get when going down first and then to the right twice.

Now let’s start with an element of with precisely one factor from A=, b =
bo[b1| - - |bi€iy| - - - |br] and first go to the right twice and then down. This time, the
only terms in the definition of ¢ which don’t vanish under HKRp_,, isn = 1 and
q > 0. We get

(_1)l+pq+(g) )
Z kl(q + 1)[ Uioi,qbodui_l_ Y ANAN du A d?[]io AN db1 AN dbk

ql—q i0t—1

which agrees with what we get going down and then to the right.

Finally if we start with an element with two or more factors from A%, then
going either direction is zero. this is clear if we go down first because H K R4 van-
ishes on such elements by definition. For the other direction note that the only
terms in the definition of ¢ which are non-zero on such an element are the ones
where n equals the number of factors from A~! so n > 2. Each such term will
contain two or more factors z; and will therefore vanish when we apply HKRp_,,
because dx; A dx; = 0. O]
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Lemma 4.7. There is a commutative diagram in Dy ,(C)

Co(factp, (Y, Wly)) > Co(factp, (X, W))
~ (4) ~

(%, Cu(fact,, (Y, Wly))) » Q% .C (fac (X W)
o ) -
A%, C(vect(Y,Wly))) «——=— A%, C,(perf, (Aw))) —— A%, C,(vect( X, W)))
U (©) U (F) .
Aw,Cl (vecl(Y, W1y))) ¢—=— CO(%,CJ (vect(Aw))) —— A%, C (vect( X, W)
v (D) v te) v
Q% , Cl(quect(Y, Wly))) ¢—=— (%, CJ (quect(Aw))) —— C(%,C.! (quect(X, W)))
I &) o " B
C%,Cl(Ovwy,)) ———=—— O, CJ (Aw)) ———— A%,C.(Oxw))

Proof. The square (A) commutes because both horizontal arrows are induced by
the strict morphism of presheaves of dg categories i,.

In the pentagon shaped diagram (B), all arrows are induced by strict mor-
phisms of presheaves of dg categories except one; the morphism
C(%,Q,(@X(AW))) — O(%,C,(vect(Y,W|y))) is induced by the week mor-
phism of presheaves of dg categories (T, ) from section 4.4. Consider now the
two morphisms (i, o T, i.()), (F,1) : perf, (Aw) — factq(X, W), where F is
the forgetful functor, forgetting the .A-module structure. There is a natural map
nu,m - F(M) — i.(T(M)) whose cone is acyclic. Let ¢ be the distinguished
endomorphism of Cone(ny, ar) such that d(ty, n) = idcone(ny, ) Take n[}},M to be

nuy,M
the composite

2 ea Vs
i, T(M) —— Cone(ny, 1) —=% Cone(ny, ar)[—1] — F(M).

Then take ay, pr be the composite

"UM

i.(T(M)) —— Cone(ny, n) —— Cone(n, ar)[=1] —— i.(T(M))[—1]

and by, s to be the composite

F(M) —— Cone(nu, a1)[—1] by Cone(nu, a1)[-2] —— F(M)[~1].
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Then the structure (7,77, a, b) satisfies the assumptions of lemma 2.25 so that
C(i, o T,i,(a)) ~ C(F,1). Then we use lemma 2.24 to obtain commutativity of
(B). The bottom left arrow in the pentagon shaped diagram (B) is a quasi isomor-
phism precisely because (Y, Wy ) is assumed to have the local resolution property
inside (X, W).

The square (C') commutes because for any open in the cover perfy (Aw) is a
full sub category of vect(Ay ). Note that the left vertical arrow is a quasi isomor-
phisms by proposition 2.18. Therefore the right vertical arrow will also be a a quasi
isomorphism once we have shown that the bottom arrow in this square is a quasi
isomorphism.

The square (D) commutes as vect( Ay ) and vect(Y, W|y) are full subcategories
of qvect(Aw ) and qvect(Y, W|y) respectively. Both vertical arrows are quasi iso-
morphisms by proposition 2.12. Therefore the top horizontal arrow is a quasi iso-
morphism assuming that the bottom horizontal arrow is.

The square (D) commutes. The vertical arrows are again quasi isomorphisms
by proposition 2.12. The bottom horizontal arrow is a quasi isomorphism by lemma
4.1. Tt then follows that the top horizontal map too is a quasi isomorphism.

In it not hard to see that the squares (F') and (G) commute.

To see that the square (H) commutes, consider the bigger diagram

C(% ,CY (gqvect(Aw))) » C(%,CL (qvect(X, W)))

/

~ O u,Cl(€)) ~

I

C,CH(Aw)) ——— O, Cl (Endx(Aw))) —2— C(,CH (Oxw))

where ¢ is the presheave of cdg categories on the two objects {F(Aw),Ox}. The
triangle involving the two maps ¢ commutes by the definition of the map ¢ (see
definition 3.8). The right most triangle (involving ¢) commutes because it does so

if we replace ¢ by ¥ and they are inverse quasi isomorphisms by theorem 3.9.

]

Theorem 4.8. Leti : Y — X be a smooth divisor of a smooth complex variety
X. Let W € Ox(X) be a global function such that W and Wy vanish on their
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critical loci. We assume also that the pair (Y, W |y) has the local resolution property
inside (X, W). Let ¢ be the connecting homomorphism associated to the short exact

sequence (4.2). Then there is a commutative diagram in Dz/,(C)

HH,(Y,W|y) ) s HH,(X, W)
l Tdy )y A R(6) l
RD(X, (@4, —dW |y A) ——2—s RD(X, (@, —dW]yA)) ——2y R(X, (2, —dIW A —)).

Proof. This now follows from combining the diagrams in lemma 4.6 and lemma 4.7

and proposition 4.5. O
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CHAPTER 5
HIGHER CODIMENSION

In this section we try and generalize our formula in an other direction. We will
consider what happens if the codimension of Y inside X is greater than 1. But we

assume again that Wy = 0. In this setting we still have a map
HH,(Y) - HH, (X, W)

induced by the functor i, : perfs(Y) — vect (X, W) and again our goal is to de-
scribe this map in terms of the HKR isomorphisms from sections 2.5 and 2.5 re-
spectively. In this setting however the formula from theorem 1.1 does not make
sense anymore because there is no analogue of Qx(logY’) when Y is not a divisor.

Below, we introduce the Gysin map
G : RI(Y,Q5) — RI'(X, (Q%, —dWA)) (5.1)

which is a generalization of the connecting map 0 to higher codimension. Then
we formulate a conjecture about the relation between H H,(i,) and the Gysin map

and verify this conjecture in the affine case.
5.1 Gysin map without the potential

Let i : Y — X be a smooth subvariety of a smooth variety X of codimension
c and assume that it is a local complete intersection. Cover X with finitely many
open affines U; = Spec(4;), i = 1,2,...,n and pick functions fl(i), o W ¢ A; such
that Y; == U;NY = V( fi), - fc(l)) Our goal in this section is to describe certain
maps
GP i, Q8 — Q5[c].

Each one of these is the composite of two maps
af i, 8 — ExtS(i.O0y, Q%)
and
8P Exts (1. Oy, Q5 — Q5[c].

To define these we first need an explicit description of Ext% (1,O0y, Q5 ). Over each
U; we have a Koszul resolution of i,.QOy, that we denote by Kos( fl(i), o fc(i)). For
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1 <i<j<ec over U NU; we can write

fl(J) _ Z a’(c’tl])sz)'

k

Let Pj,; = (akl )i~ Recall that Kos™ S(fl(i), o fc(i)) = A*(A$). Over U;NU; we have

a quasi isomorphism
A(Pj:) - Kos(fO . f9) = Kos(f7, ..., £9)

given termwise by A*(P;_;) and it fits into a commutative diagram

J—n) % %
Kos(f” ., f7) =224 Kos(fi7, . )
Z*Oyﬂ
Notice that in degree —c the map A(P;_,;) is given by multiplication by det(P;_;).

The dual complexes Kos( fl(j ) fY ))V are related (over each double intersection)

by the dual quasi isomorphisms
/\(PJ—H) KOS(f f( ) - KOS( a' >f ]))

and now these are given in degree ¢ by multiplication by det(P;_,;). Finally we ten-
sor the dual complexes by Q@jc and these complexes are related over the double
intersections by the quasi isomorphisms A(P;_,;)" ® idge+e. These fit into commuta-

tive diagrams

Kos(f, .., f")V & RO — Kos(f9, .., f9V g ® Oyt
Z*OYZJ ® QpUZC[_C] det(Pj—;)- Z*OY'Z] ® QpUJZrJC[_C]

We see that the maps

det(Pj_;)

0.0y, ® Q' Oy, ® Q'

give gluing data for the sheaf Ext% (i.O0y, Ox) @ Q% ¢ = Ext% (1,0y, Vx). Now we
define & : Q% — Ext5 (1.Oy, Qx) locally over each U; as follows,

wis [dfY A A dFD A w]
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where the brackets denote the class in

[

coker ((Kos' (", .., f))" @ Q¢ — (Kos™(f{", ..., /)" & Q)
These glue to give a map & because
dfD A N dFY) = det(Piy) - dfO A A dfD.

Now the map @& descends to give the desired map « : i,y — Ext% (1, Oy, Q5°).

The map [ is the counit map

i, = Exts (1,0y, ) [—c] — QBT
5.2  Gysin map with a potential

Now let W € H°(X,Ox) be a function that vanishes on Y. Our goal then is to
define a map in the Z/2-graded derived category

G i, = (U, —dWA)

where we recall that Q3 = @,5 A'(Qy)[i] and similarly for Q%. Again it will be
the composite of two maps
o 1 Q) = (@D Exts (1.0y, )], —dWA)
jz—c

and
B (@D Exts (1,0, XL [j], —dWA) — (%, —dWA).
j=>—c
The first map o’ obtained by noting that in the Z/2-graded setting the maps o'
assemble to give a chain map o’ as above.

To define (' is a little trickier. Consider the following object in the usual Z-
graded derived category

—dWA —dW A —dW )
> Ox o Uy —— 0

F= |ox

where Oy sits in degree 0. Let 7 be the functor from the Z-graded derived cate-
gory to the Z/2-graded dervied category which only remembers the parity of the
complexes that form the objects in the derived category. Then
(i, F) = (€D £t (i.0y, Q) 5], —AW A)
jz—c
and we take ' to be the map W(B) where 8 : i,i'F — F is the counit.
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5.3 Local computation

Let’s assume now that X = Spec(R) is affine and that Y = Spec(R/I) where
I is generated by a regular sequence f, ..., f.. Then the wedge product defines a
dg algebra structure on the complex Kos(fi, ..., f.). We will call this dg algebra A.
There is a quasi isomorphism of dg algebras A — Oy = R/I. Let W = Y. r;f;
be a regular function on X that vanishes on Y. Our goal is to prove the following

theorem

Theorem 5.1. There is a commutative diagram in Dz, (C)
HH,(Y) —— HH,(X,W)

lHKR lHKR
G

QO ——— Q% _w

In the next three lemmas we will break this diagram into smaller commutative

pieces.
Lemma 5.2. There is a commutative diagram

C‘(OY) < C‘(A) L> KOS(fh'"fo)[_C] ®QBC,—W — Q;(,—W

I P

Q3 o  Batse(Oy, D )~

Proof. First we define the map ¢. Suppose a = agey,|aier, |- |arer,] € A®FFL
Then let

p(a) == Z(—I)Eeil Neig N oo Nejg Nepg Ao Nep, ®
I

aodril VANRAN d?“iq A df1 VANVAN dfc N dCLl VANVAN dCLk
S KOS.(fh [ES) fc)[—C] ® Q;(,fW’

where the sum is over all subsets I = {i; < iy < ... <i,} C {1,2,...,c} and the sign
is given by

where d = 3¢ |1,].
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Let’s first check that ¢ is a chain map. Let dFF =: df; A ... AN df., d; = |I;],
dA =day N ... Nday and dR; = dr;, A ... Adr;,. We have

(_1)|do+..,+dj71+j+e
(podi)(a) =) o e Nep A ... Nep, @ apdRp A dF A dA
j7I )

On the other hand we have

(dkos[=c] @ 1)(p(a)) =

_1 e+c
> %dm(e]) Aep A ... Nep, @ agdRp AdF A dA+
- !

(_1)5+q+d0+---+dj—1+5
k!

er N\ €1, VANPIRAN dKOS(ejj) AL A €1, (%9 CL()dR[ ANdF N dA

and

(1@ =dW A (=))e(a) =
(_1)e+q+d+c+1+a(j,l)
> o er ANe A .. ANer, ® fjag AdRy; AdF A dA.

I j¢1

From these formulas one can check that

o(dy + do) = (dgos|—c] @1 — 1@ dW A (=))p.

Commutativity is immediate from the definitions.

Now define the Koszul matrix factorization P. As a Z/2-graded object P is
the same as the A but the differential has been perturbed in the following way:

dp = dA + (Zriel) N —.
i=1

One can check that the wedge product map p : A ® P — P is compatible with
the differentials so that the map 1 : A — Endx(P), o — p(a, —) is a dg algebra

morphism. Let p, denote the matrix for pu(c, —) in the usual basis for P.

Lemma 5.3. There is a commutative diagram

Cu(A) & » Cu(Endx (P)) —2— CIH(O_w)
© lHKR
Kos*(f1, ..., fo)[—c] ® Q% _w » Q% _w

where ¢ is the map from definition 3.8.
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Proof. The bottom vertical map is the canonical one, let’s call it can in this proof.

Note that if we start with an element
a = apepyarern| - - larer,)
and go down and then to the right we get

EW%0day A oo Ndag, Adfy Ao Ndfo Adri, Adrg, AN drg,

it (11, L) 1T{i1, v ig} = {1,2, ..., ¢},

0 else.

The sign is given by

o= dkk’—i—dk_l(k' — 1) + ... +dy +d(C+q) + (q) —|—0’([,[0,...,[k)
2 —_——

~ - from can

from ¢
where d; = |I;] and d = dy + ... + di. We have to show that we get the same
expression from HK R o ¢ o ji(a). We prove this in steps.
In order to see this we will need to understand the terms of Str o Sh([6%], pa).
First thing to observe is that P has a basis indexed by subsets I C {1,2,...,c} and

in this basis, the matrix corresponding to multiplication by a basis element is

J=netif g = K11

(Pe)ai = )
0 otherwise
where o is the permutation that writes (I, K) in order. The matrix of dp in this
basis is
(=DM f if K = JT1{i},
(Op)sx = (=D)lry if J = KTJ{i},
0 otherwise

7 is the permutation which writes (¢, J) in order and 7 is the permutation which
writes (i, K) in order.
Let us fix one term in Sh([0%], pa)

T:paoezo["'|6p|"'lpa¢€1i|"']

Now the terms of Str(T") correspond to sequences subsets (see section 3.5 for the
definition of Str):
(Jos Jitny s J2, J1, Jo).
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Based on the description of the matrices above, the non zero terms, correspond to
sequences as above where each J; is obtained from J;_; by either adding some i ¢
Ji_1, removing some j € J;_; or adding a whole set I of indices which is disjoint

from J;_;. So the non-zero terms can be described as certain sequences

(Opn+k+1, Opn—l—k:; sy Op27 Opl) JO)

where each Op; refers to one of the operations described above and if we start with
Jo and perform all the operations (from right to left) we get back Jy. Note that
Opnir+1 is always the operation of adding I;. Now given any non-zero term, corre-

sponding to a sequence as above, there is a smallest starting set Jo such that

(Opn+k+17 Opn+k, .-, Opz, Opy, jo)

also gives a non-zero term in Str(T). Indeed, we can take J; as the intersection of
all J which give a non-zero term.

Now let a and T be as above.

Claim 1: HKRo Str(T) =0 if N1, # 0 for some 0 < s <t <k.

Proof of claim 1: Let (Oppiks1, ..., Op1, Jo) correspond to a non-zero term of
Str(T). Let i € I, N I;. Then i gets added in at least two of the operations in
the sequence above. Since composing the operations should return the same set ¢
must also get removed in two of the operations. Each time ¢ gets removed, we get a
factor df; in HK R o Str(T) and since df; A df; = 0 the claim follows.

Claim 2: HKR o Str o Sh([0%], pa)=0 unless n = 2c — |Iy| — |I1| — ... — |Ix].

Proof of claim: Let d = |Iy| + ... + |Ix|. Consider again a non-zero term of

Str(T) and the corresponding sequences of operations:

(Opn+k+l> ..., Opy, Jo)-

As in the proof of claim 1, if any index gets removed in two or more of the opera-
tions then that term goes to zero after applying H K R. We see that all indices that
get removed or added in any of the operations must get added precisely once and
removed precisely once to give a non zero term in HK R o Str(T). So let us assume
that this is the case. We can write the union of all indices that gets removed and
added as

I=1LULU..ULUI

where the unions are disjoint. Note also that n = d + 2|f |. We will cal an index

1 € I positive if it gets added before it gets removed in the sequence of operations
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(read from right to left) and negative otherwise. We can write I = [~ Ul where [~
and I consist of the negative and positive indices respectively. With this notation
we can explicitly describe the smallest subset .J, which gives a non-zero term in
Str(T) with the given sequence of operations. Indeed Jy = I~. Now any subset J

for which the sequence
(OanrkJrh (XY Op17 J)

gives a non-zero term in Str(T) can be written as I-U(J\I~) where (J\I7)NI = 0.
All these terms are the same up to as sign which only depends on the size of |.J|.

Therefore, if T # {1,2,...,c} then all these terms cancel out because

€]

Z<—1>l<'llC ') 0.

=0

So Str(T) = 0 unless I = {1, ...,c}. Note that when this is the case we have
n=d+2I|=d+2(c—d) =2—d.

Now it remains to compute (—1)2*"*HK R o Str o Sh([6%%, pa). By carefully
keeping track of the signs one can check that H K R o Str gives the same value on

any of the terms in Sh([6%%, pa). So we consider

AoPey, [0p] - - |0p[arpe, | - - akpe;, |-

Also by just keeping track of the signs one can check that any sequence of opera-

tions

(Opn+k+17 ceey Opla J)

that gives a non-zero term in Str will result in the same terms after also applying
HKR. Write {1,2,...,c¢}\ (IpU...UI;) = {i1, 2, ..., }. We may choose the sequence
of operations that starts with the set I U {41, ...,4,}, then adds Iy, Ix_q, ..., [; one
by one in this order, then removes all indices {1,2,...,¢} one by one in decreasing
order, and then adds 44, ...,7; in this order and finally adds /y. The resulting term
will be

1
] (=1)Pagdar A ... Adag Ndfy Ao Ndfe Adrg, Adrg, A A drg,.

It remains to check that the sign is the same as in the very beginning of this proof

(n+k)!
k!

copies of this term. The number of copies is easy; there are
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("Jrk) ways to choose how to shuffle in n copies of §p, and for each of them there

k
are n! ways of choosing in which order we should do the n distinct operations of re-
moving indices 1,2, ..., ¢ or adding indices i1, i, ..., %4. In total we have (”+k) terms.

For the sign we have
/8:
n+(k+1+c+q)(qg+do) + (¢ + do + di)+
(q+d0+dk+dk_1)+...+(C]+d0+...+d1)

+O'(Il7...,[k,]0U {?;1,.. ’Lq}> ( ) +q+0’([(],{21,...,’iq}).

Using that n = 2c — d and ¢ = ¢ — d one can check that this is indeed the same sign

as the sign a from the beginning of this proof.
O

Lemma 5.4. There is a commutative diagram in the derived category

HH, (i)

HH,(perf(Y)) > HH,(vect(X,W))

HH,(Oy) +—— HH,(A) —— HH,(Endx(P)) —%— HH1(Ox_y)

Proof. We break it into smaller pieces where each map is a chain map:

HH,(perf(vect(X,W)))

HH,(perf(Y)) <—— HH,(perf(A)) HH(Tr) y HH,(vect(X,W))

lw

~ ~ HHI({P,Ox_w}) ——— HH (qvect(X,W))
HH,(Oy) +——— HH,(A) —— HH,(Endx(P)) ——2—— HHX(Ox_y).

In the diagram Tp is the functor (—)®4 P : perf(A) — vect(X, W) and the diagonal
map going downward in the bottom right corner is another instance of the map ¢
from definition 3.8. Commutativity of each square is very similar to (but simpler

than) then the corresponding checks in the proofs of lemmas 3.11 and 3.12. [

proof of theorem 5.1. This now follows by combining the commutative diagrams in
lemmas 5.2, 5.3 and 5.4. [
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5.4 A guess for the general formula

Now if X is smooth, not necessarily affine variety and ¥ C X a locally com-
plete intersection of codimension ¢ with W € Ox(X) a global function such that W
and Wy vanish on their critical loci. Then let G' denote the Gysin map defined in
section 5.2. The same formula for G makes sense when Wy # 0 and in this case

gives a map in Dy (cohX)
Gy — Q% _w

Also we can consider the Todd class of the vector bundle Zy /Z2 on Y which we
will denote T'dy,x. Based on the computations in this thesis we make the following

conjecture.

Conjecture 5.5. There is a commutative diagram in Dz, (C)

HH,(Y,Wly) o) s HH,(X,W)

5 . 5

T v/x /N
RO, (O, —dW |y A)) —— L RO, (2, —dW [y A)) 2 RD(22, (2%, —dW A —)).
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