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DISSERTATION ABSTRACT
Joe Webster
Doctor of Philosophy
Department of Mathematics
June 2021

Title: The Combinatorics of log-Coulomb Gases in p-Fields

This thesis is based on the article [16], which studies the integral

. b -
/KN pla,... ,iUN)(I?QX’% - 5Uj\)a(r?<l§l‘xi —a;|) [ ]l =y day . daoy

1<J

where K is an arbitrary p-field, p is a well-behaved function that depends only

on the norm of (z1,...,2y) € K, and a,b,s;; are certain complex numbers.

A mixture of analysis and combinatorics is used to find two explicit formulas for
the integral (one for b # 0 and one for b = 0) and an explicit description of all
s;j € C for which it converges absolutely (for fixed p, a, and b). The integral’s
role as the canonical partition function for a log-Coulomb gas (in K) is highlighted
throughout, leading to a p-field analogue of Mehta’s Integral Formula and formulas
for the joint moments of the gas’ diameter and minimum particle spacing. The
notion of log-Coulomb gas in P!(K) is also addressed and related to that in K in
a concrete way: The grand canonical partition function for a log-Coulomb gas in
P!(K) is the (¢ + 1)th power of the grand canonical partition function for a log-

Coulomb gas in the open unit ball of K.
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CHAPTER I

INTRODUCTION, BACKGROUND, AND RESULTS

1.1. Introduction

This thesis is the result of an investigation of the following problem: Find an

explicit formula for the (Haar) integral

26(9) = [ TTloi— ol ooy

P 1<J

where p is a prime number, N is a positive integer, and (5 is a complex number.
This integral is relevant in two seemingly disjoint areas of mathematics. On one
hand, it is the direct p-adic analogue of the classical Mehta Integral, which plays
an important role in random matrix theory and defines the canonical partition
function for the statistical mechanical model known as log-Coulomb gas. On the
other hand, Zy is the local zeta function attached to the Vandermonde polynomial

V(zi,...,on) = [Li.;(x; — z;) and it encodes the sequence (Ny,(V))5_, defined by
Ny (V) = #{(21, ..., 2n) € (Z/p™Z)N : V(21,...,258) =0 mod p™}.

More precisely, the generating function Py (t) = Y. (N, (V) /p™V)t™ is analytic

m=0
for |t| < 1 and satisfies Py (p~#) = % whenever Re() > 0 [3], so finding a
formula for Zx (/) is essentially equivalent to finding one for all N,,(V).
Despite their apparent differences, the statistical-physical and arithmetical

interpretations of Zy share a common combinatorial theme. This stems from the

fact that all p-fields (such as Q,) have finite residue fields and canonical absolute



values (such as | - |,) with countable images. In fact, these two properties are
responsible for the common idea behind almost all of the results in this thesis:
Main Idea: The integration domain Zév can be broken into finitely many subsets
that are indexed and explicitly described by chains in the partition lattice for the set
[N] ={1,...,N}. The integral over each of these subsets can be computed explicitly
using a mizture of counting and geometric series summation.

By making this idea precise, we will find explicit formulas for Zy(5), its

projective analogue, and more general p-field integrals of the form

51 dl‘l c. dl’N.

. b
[ o) (maas = 1) (i o = a5)* [ ] o =

1<J -
1<)

All of them turn out to be finite sums over the same set of chains of partitions,
and they turn out to be valid for all p-fields K simultaneously. We will spend the
next few sections of this chapter developing relevant background on log-Coulomb
gases, local fields, local zeta functions, and the metric and measure structures on
the projective lines of p-fields. In the last section of the chapter we will define the
chains of partitions mentioned above and conclude with precise statements and

some consequences of our main results.

1.2. log-Coulomb gases and canonical partition functions

Let X be a topological space with a metric d and a finite positive Borel
measure A such that AN ({(x1,...,zy) € XV : x; = x; for some i # j}) = 0
for every N > 1. A log-Coulomb gas with N particles in X is a statistical model
described as follows: Consider N particles with fixed charge values qq,...,qy € R

and corresponding variable locations x1,...,zxy € X. Whether or not the



charge values are distinct, we assume the particles are distinguished by the labels
1,..., N, so that unique configurations of the system correspond to unique tuples
(x1,...,2y) € XN. We call each tuple a microstate of the system, and each

microstate has an energy defined by

— Y icicjen Wil log d(z;, ;) if z; # x; for all i < j,
E(zq,...,xy) = - (1.2.1)

00 otherwise.

Note that F~!(c0) has measure zero in X by our choice of A, and that E is
identically zero if N = 1. We assume the system is in thermal equilibrium with a
heat reservoir at inverse temperature 3 > 0, so that the microstates are distributed
according to the density e #E@1-2n) — [Tie; d(i, x;)%98. The canonical partition

function 5+ Zn(X, ) is defined as the total mass of this density, namely

Zn(X,B) = /XN [T dlai ;)% dx(as) ... dA(zw), (1.2.2)

1<i<j<N

and it readily describes explicit relationships between the system’s temperature and
observable parameters. For instance, the system’s dimensionless free energy, mean
energy, and energy fluctuation (variance) are respectively given by —log Zn (X, (),
—0/0B1og Zn(X, 3), and 0%/05%*log Zn (X, 3), all of which are functions of 3 (and
hence of temperature). In general, a closed formula for the integral Zy (X, 5) and

a description of its “analytic domain” (i.e., the largest open set of complex 3 for
which the integral converges absolutely) are useful for precisely understanding

the system’s macroscopic behavior as a function of its temperature. We will now
discuss three examples in which the desired closed formulas and explicit analytic

domains for Zy (X, #) can be found.



Example 1.2.1. Let X = R with the standard metric d, the standard Gaussian
measure A (i.e., d\(z) = \/%76_””2/2 dx), and N > 2 charges with q; = --- = qy = L.
In this case Zn (R, ) is known as Mehta’s integral [7]. It converges absolutely if

and only if Re(f) > —2/N, and in this case it converges to

I1 (114;35//22 (1.2.3)

Jj=1

Before moving to the next examples, it is important to note that Mehta’s

integral Zn (R, §) is traditionally written in the form

We will prefer to treat the Gaussian factor e~z (@t toR) g part of the measure in
this thesis, though it is traditionally incorporated into (1.2.2) by adding a harmonic
potential term 5( x? 4 -+ + %) to the microstate energy F(z1,...,xy) in (1.2.1)
and using the scaled Lebesgue measure d\(x) = \/%7 dz instead of the Gaussian
measure. In the early 1960’s, Mehta and Dyson showed that the integrand describes
the distribution of eigenvalues x1, ..., zy (with multiplicity) for the N x N Gaussian
orthogonal, unitary, and symplectic random matrix ensembles at the respective
special values = 1, § = 2, and 5 = 4. Bombieri extended the formula (1.2.3) to
Re(8) > —2/N roughly a decade later [7].

As far as Fourier analysis is concerned, the QN -analogue of the normalized
Gaussian (ﬁ—)e (@t ++23) g the indicator function 1y (21, .., 2n). More
precisely, both functions are centrally symmetric probability densities and are equal
to their respective real and p-adic Fourier transforms [12]. If we now let dx stand

for the standard Haar measure on @Q, (i.e., the one that gives Z, measure 1), then
4



we may understand the measure A satisfying d\ = 1z, () dz as the p-adic analogue
of the standard Gaussian measure on R, and henceforth the integral Zy (/) from

the beginning of this chapter can be understood as the p-adic Mehta integral:

258 = |

N Lzy(z1,...,2N) H v — 4]0 day ... dy.

P 1<)

That is, Zy(8) = Zn(X, 8) is the canonical partition function for a log-Coulomb
gas in X = @, with the standard p-adic metric d, the p-adic “Gaussian” measure
A, and the charge values q; = --- = qy = 1. Like the harmonic potential in
the classical setting, the indicator 1zy can be attributed to “adding an oo term”
to the microstate energy E(xy,...,zy) whenever (zq,...,2y) € Q) \ Z), and
this amounts to saying that the gas is confined to an infinite potential well in Z,.
We will see later that the indicator function may be replaced by more general
functions p : Q;DV — R which correspond to other kinds of potentials. Unlike
Zn(R, B), we will find that the formula for Zy(Q,, ) generalizes easily to gases
with multiple components (meaning ¢, ..., qy may be distinct). However, even in
the one component case q; = --- = qy = 1, the explicit formulas for Zn(Q,, 5)
and its relatives become complicated very rapidly as N increases. Thus we will only

consider NV = 3 in the next two examples:

Example 1.2.2. Let X = Z, with the standard p-adic metric, standard Haar
measure, and N = 3 charges with values q; = 1, g2 = 2, and q3 = 3. Then
one of our main results implies that Z5(Z,, 5) converges absolutely if and only if
Re() > —1/6, and in this case it converges to

(p—Dp-2p""  (p-1)7°"" 1 1 1
p2+115 -1 + p2+116 -1 p1+2ﬁ -1 + p1+3/3 -1 + p1+65 -1

5



In fact, we will show that multi-component canonical partition functions can

be defined and computed in the p-adic projective setting as well:

Example 1.2.3. Let X = P'(Q,) with the spherical metric ¢, the unique

PG Ly(Z,)-invariant Borel probability measure A\, and N = 3 charges with values
q1 = 1, g2 = 2, and q3 = 3 as above. Another of our main results implies that
Z3(P(Q,), /) also converges absolutely if and only if Re(8) > —1/6, and in this case

it converges to

P-DE=2) | p- Ve -1 [ 1 1 1
o+ D2 1) (o D2 — 1) [ =1 T 1 e -

The evident similarities between Examples 1.2.2 and 1.2.3 hint at an
interesting relationship between log-Coulomb gases in @Q,, and those in the
projective line P*(Q,). This relationship will be made explicit at the end of this
chapter and proved in Chapter 5. Moreover, the large expression in Example 1.2.3
is invariant under the involution p — p~!, and the same becomes true for the large
expression in Example 1.2.2 after it is scaled by p’%ﬁ. This type of symmetry is a
familiar—though not yet fully understood—phenomenon in the theory of local zeta
functions [5], and it will make another brief appearance in the Appendix. We will
now review the necessary background on local fields, projective lines, and local zeta
functions (which include Zy (R, 5) and Zy(Q,, 8)), then conclude this chapter with
the statement of our main theorem before returning to the subject of log-Coulomb

gases in Chapter 2.



1.3. Local fields and their projective lines

A topological field K is called a local field if it is Hausdorff, non-discrete, and
locally compact. Among the best known examples are R, C, and Q,, but we allow
K to remain arbitrary for the moment, and recall that an isomorphism of local
fields K = K’ is both an algebraic isomorphism and a homeomorphism. Following
[17], recall that every local field K admits an additive Haar measure p which is
unique up to normalization. Given a measurable set M C K with 0 < p(M) < oo,

it can be shown that the function |- | : K — Ry defined by

W@ u(M) i K = C,

|z] =
w(x M) /(M) otherwise,
satisfies the axioms of an absolute value on K. In fact, | - | is independent of M
and the normalization of u, the metric topology generated by | - | coincides with the

intrinsic topology on K, and K is complete with respect to | - |. Thus, | - | is aptly
called the canonical absolute value on K, and we will fix a normalization of x once

and for all by specifying the measure of the closed unit ball:

/

m it K =C,
p{rz e K:|z[ <1}) =492 if K ¥R,

1 otherwise.

\

At first glance, the condition “K is a local field not isomorphic to R or C” seems

rather vague, but the following summary shows that it is quite specific.



Theorem 1.3.1 (The main dichotomy and properties of local fields [17]). Suppose

K is a local field with canonical absolute value | -|. There are two main possibilities:

1. K is archimedean, meaning the image of the canonical ring homomorphism

Z — K is unbounded with respect to | - |. In this case K = R or K = C,
| - | is respectively identified with the usual absolute value on R or C, and p is

respectively identified with the standard Lebesque measure on R or C.

2. K is nonarchimedean, meaning the image of Z. — K s bounded. In this case

| - | satisfies the strong triangle inequality: |x + y| < max{|z|, |y|} for all

x,y € K. Consequently, K s totally disconnected and the unit balls

R:={ze K:|z| <1} and ~ P:={rxe K :|z| <1}

are both open, compact, and closed under addition and multiplication. In fact,

R is a local PID, its unique maximal ideal is P, its group of units is

R*=R\P={zeK:l|z|=1},

and its residue field R/ P is isomorphic to F, for some prime power q. There
is a canonical isomorphism of (R/P)* onto the group of (¢ — 1)th roots of
unity U,y C K*. It extends to a bijection R/P — {0} U U, with inverse
=2+ P, so {0} UU,_1 is a canonical set of representatives for the cosets of
P C R. On the other hand, there is a canonical valuation v : K — Z U {oc}
given by

—log, |z| if x #0,

v(x) =

00 if v =0,

8



which satisfies v(xz + y) > min{v(x),v(y)} for all x,y € K and restricts to a
surjective homomorphism K* — Z. Then |z| = ¢~ is an integer power of
q for each x € K*, and the surjectivity of v implies that K has uniformizers,
i.e., elements m € K satisfying v(m) = 1. Fizing a uniformizer m € K provides

a concrete approach to the elements, balls, and Haar measure u:

(a) If v € K* and m = v(x), there is a unique v € R* such that v = un™

and a unique sequence (d(n))>2,. such that d(m) # 0 and

n=m

r = Z d(n)m".

(b) The open balls in K are precisely the sets of the form y + ©™ R with
y € K and m € Z, and every such ball is compact with measure equal to
its radius, i.e., p(y + 7mR) = |7™| = ¢~ ™. In particular, if my,my € Z

and my < my, then ™2 R is a subgroup of m™ R with index ¢™>~™".

Indeed, a local field K that is not isomorphic to R or C has a surprisingly rich

structure. The properties above are actually strong enough to classify all such K:

Corollary 1.3.2 (The classification of nonarchimedean local fields [17]). Suppose
K is a nonarchimedean local field with canonical absolute value | - | and R, P, and q
as above. Since q is a prime power, there is a unique prime p such that ¢ = p/ for

some integer f > 1, and there are only two possibilities:

1. char(K) =0, in which case K is isomorphic to a finite extension of Q, and
hence called a p-adic field. In particular, if K =2 Q,, then | -| is identified with

|- |p, R=Z,, P=pZ, R/P=TF,, and hence g = p.



2. char(K) = p, in which case K = F,((t)), R = F,[[t]], P = tF,[[t]], and K is

called a function field.

In light of the role played by p in the classification, we will follow Weil and
use the term “p-field” as a shorthand for “nonarchimedean local field” from now
on. It should also be emphasized that for any p-field K, the absolute value | - |,
the valuation v, the subsets R, P and R*, the group isomorphism R/P = U,_,
and hence the prime power ¢ are all canonical (i.e., “built in”) features of K. There
is no canonical uniformizer in K and and no canonical choice of Haar measure on
K, but the set of uniformizers and the set of Haar measures are both canonical: If
m € K is a fixed uniformizer and p is the aforementioned Haar measure (the unique
one satisfying p(R) = 1), then the uniformizers in K are precisely the elements
of the form um with u € R* and the additive Haar measures on K are precisely
the measures of the form cu with ¢ € Ryy. With these facts in mind, it will be

convenient to settle on notation that will be used frequently from here on out:

Notation 1.3.3. Whenever K is declared to be a p-field, the symbols | - |, v, R, P,
q, and U,_; will be understood to be the items defined above, and we will assume
7 stands for a fixed uniformizer of K (in particular, 7 = t and v = ord; if K =
F,((t)), or m = p and v = ord, if K = Q,). For any local field K, we reserve the
symbol dz for integration against the Haar measure p, and for each positive integer

N we define the standard norm || - || on the N-fold product KV via

\/ZL |z;|? if K is archimedean,

|(z1,...,2n)| ==
max |z if K is nonarchimedean.
1<i<N
Note that || - || has the same image as | - | in either case.

10



The following lemma is a straightforward consequence of the definition of || - ||

and the strong triangle inequality for p-fields:

Lemma 1.3.4. If K is a p-field and N is any positive integer, then the inequality

[Grssen) + (s syw) || < max{|[ (@ - zw) s (o)l

holds for all (z1,...,xN), (y1,-..,yn) € K¥, and it becomes equality whenever
(1, s zn)|| # || (y1s - - yn)l]. Moreover, || - || decomposes K™\ {(0,...,0)} into

countably many fibers of the form

{(z1,...,o5) € KN o ||(21,...,28)|| = ¢ ™} = a"RY \ a™ M RY = 7(RY \ 7R").

We now recall some useful facts about projective lines from [6] in our present
notation. If K is a local field, recall that its projective line is the quotient space
PYK) := (K?*\ {(0,0)})/ ~, where (zg,71) ~ (yo,v1) if and only if yo = Az and
y1 = Az; for some A € K*. Thus we regard P!(K) concretely as the set of symbols
[zo : @1] such that (zg,71) € K2\ {(0,0)}, subject to [Azg : Aw1] = [z : x1] for all
A € K* and endowed with the topology induced by the quotient map (xg, z1)
[zo : x1]. Note that [zg : z1] # [1 : 0] if and only if 1 # 0, so x = xp/z; is the
unique element of K satisfying [z : 1] = [zo : 21], and the rule ¢(x) := [z : 1] defines
a homeomorphism ¢ : K — P'(K) \ {[1 : 0]}. The projective line is compact and

metrizable by the spherical metric § : P1(K) x P1(K) — [0, 1], which is defined via

|zoy1 — 1Yo
zo, 21) || - [[(yo, y1) |

6([zo = z1]s [yo = 1)) == T (1.3.4)

11



Suppose K is a p-field and leave it fixed for the rest of this section. The
image of § is clearly {0} U {¢™™ : m € Zsq}, every open set in P}(K) is a union

of balls of the form

Bplag s 1] = {[yo - ] € PH(K) : 6([wo = a1, [yo s n]) < a7} (1.3.5)

with [z : z1] € P}(K) and m € Zs, and every such ball is open and compact. The
homeomorphism ¢ : K — P}(K) \ {[1 : 0]} also relates the metric structures of K

and P!(K) in an explicit and convenient way: For any z,y € K, (1.3.4) implies

(

’l’—y’ ifl’,yER,

o(e(x),e(y) =<1 ifr€ Rand y ¢ R, (1.3.6)

|z =yl ifry ¢ R,

and 0(c(z),[1 : 0]) = (max{1, |z|})~"! for all z € K. By the definition in (1.3.5), the
rule (1.3.6), and the strong triangle “equality” for |- | (i.e., Lemma 1.3.4 for N = 1),

one easily verifies that

B,(v if R,
(y+7"R) = ) Ve (1.3.7)

Bin-avy(t(y) ify ¢ R,

whenever y € K and m € Z-,. That is, ¢ sends the open ball of radius r € (0,1)
centered at y € K onto the open ball of radius 7/ max{1, |y|*} centered at t(y) €
PYK)\ {[1:0]},s0¢: K — PY{(K)\ {[1: 0]} restricts to an isometry on R and a

contraction on K \ R.

12



Though P!(K) lacks a natural Haar measure (since it is not a group), it is
a homogeneous space for the projective linear group PGLy(R), which is defined
to be the quotient of GLy(R) = {A € My(R) : det(A) € R*} by its center
Z ={(39%) : A € R*} = R*. Indeed, it is straightforward to check that the rule
Plxo : x1] == [axg + bry : cxg + dx1], where ¢ € PGLy(R) and (¢ %) € GLy(R) is any
representative of ¢, gives a well-defined transitive action of PGLy(R) on P'(K).

This action is compatible with ¢ and endows P*(K) with a nice measure:

Lemma 1.3.5 (PG Ly(R)-invariance [6]). The spherical metric satisfies

6(plro = 1], Blyo : y1]) = 6([wo = 1], [yo = 1))

for all p € PGLy(R) and all [xg : 1], [yo : y1] € PY(K). There is also a unique Borel
probability measure v on PY(K) satisfying v(¢p(M)) = v(M) for all € PGLy(R)
and all Borel subsets M C PY(K). In particular, for each m € Zsq the relation
&(Bmlzo : 1)) = Bu(dlzo : x1]) defines a transitive PGLy(R) action on the set of
balls of radius ¢~™, and thus the measure of a ball By,[zo : x1] C PY(K) depends

only on m.

The map ¢ also relates the measures on K and P!(K) in a simple way: Given
m > 0 and a complete set of representatives y1,...,y,m» € R for the cosets of
™R C R, applying (1.3.7) to the partition R = (y; + 7™R) U --- U (y,m + 7™ R)

yields

13



Therefore PG Ly(R)-invariance of v implies that the measure of ((R) is ¢" times

the measure of B,,[0: 1] = «(7™R). On the other hand,

UK\ R) = u({z: |2 > q}) = {u(@) : 6(u(x), [1: 0)) < ¢ '} = Bu[L: 0]\ {[1: 0]}

implies P1(K) = «(R) U «(K \ R) U{[1: 0]} = «(R) U By[1 : 0], which has measure
1. But ¢(R) has ¢ times the measure of B[l : 0], so the measure of ¢(R) must be
q/(q + 1) and hence every ball B,[xo : ;] C PY(K) with m > 0 has measure
¢~ - q/(q + 1). Combining this with (1.3.7), we conclude that the measure v on

PY(K) \ {[1: 0]} pulls back along ¢ to an explicit measure v ot on K, i.e.,

v(u(M)) = anLl y (max{1, |x|2})_1 dx (1.3.8)

for all Borel subsets M C K.

Remark 1.3.6. Recall that {0} U U,_; is a full set of representatives for the cosets
of P C R. Thus if we fix a primitive root £ € U,_;, we may write {0} U U,_; =

{0,1,¢,...,£97%} and get an explicit partition of R into ¢ cosets of P:

R=PU(l+P)U(E+P)U--- U *+P). (1.3.9)

RX

Note that two elements z,y € R satisfy |z — y| = 1 if and only if  and y belong to
different cosets, and each coset is a ball with measure and radius ¢~*. Applying ¢ to

(1.3.9) and using the rule (1.3.7) allows P'(K) = «(R) U By[1 : 0] to be refined into
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an analogous partition with ¢ + 1 parts:

PYK)=B[0:1JUB[1:1JUB¢: U UB[ET72: 1JUB[1: 0. (1.3.10)

J/

u(RX)

Indeed, two elements [xq : 1], [yo : y1] € P(K) satisfy 6([yo : 1], [vo : w]) = 1 if
and only if [z : z1] and [yo : y1] belong to different parts, and each part is a ball
with measure 1/(¢ + 1) and radius ¢~'. Moreover, ¢ sends R* onto the “equator”
L(R*), i.e., the set of points in P*(K') with d-distance 1 from both the “south pole”
[0 : 1] and the “north pole” [1 : 0]. The “reflection” ¢ € PGLy(R) represented by
(93) € GLy(R) fixes By[1 : 1], interchanges B1[0 : 1] and B[l : 0], and interchanges

By[¢* : 1] and By[¢7 % 1) for 0 < k < ¢ — 1.

1.4. Local zeta functions

We have already seen three examples of local zeta functions: The classical
Mehta Integral Zy(R, 3) in Example 1.2.1, its p-adic analogue Zy(Q,, ), and its
multi-component variant in Example 1.2.2. In particular, we saw that the last of
these converges absolutely to a rational expression of p and p~® whenever 3 has
sufficiently large real part. The celebrated Igusa’s Theorem shows that this notion
of rationality holds for a very wide class of local zeta functions, and it will be
apparent in our main results. Though our methods will be independent of Igusa’s
Theorem, it is worthwhile to recall what local zeta functions are, what the theorem

states and implies, and how it generalizes to a “multivariate” version.
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Definition 1.4.1. Suppose K is a local field and N is a positive integer.

(a)

If K =2 Ror K = C, one defines smooth functions ® on K% as usual. For
such K, a Schwartz-Bruhat function is a smooth function ® : KV — C that

satisfies a “rapid decay” condition, namely

sup |(8(I))(]j1’7l‘N)|<OO
(xl,...,mN)GKN

for all operators 8 = x7"(0/0x1)™ - - - ¢V (0/0x )™ with m;,n; € Zxg.

If K is a p-field, a function ® : KV — C is Schwartz-Bruhat if it is locally
constant (an analogue of “smooth”) and with compact support (an analogue

of “rapid decay”).

The C-vector space of Schwartz-Bruhat functions plays a fundamental role

in Fourier analysis and the theory of distributions on KV (for any local field K).

Basic examples of Schwartz-Bruhat functions include the familiar Gaussian on RV

and the indicator 17y on Qi,v , and both will continue to play a role in this section.

Definition 1.4.2. Fix a local field K and finitely many polynomials fi,..., fx €

K[l’l,...

,xy] in N > 1 variables, write s = (s1,...,s;) for a generic element

of C*, and suppose ® : KV — C is a Schwartz-Bruhat function. The associated

multivariate local zeta function is the holomorphic function defined on the open

region H* = {s € C*: Re(s;) > 0 for all j} by

k
Zo(s, f) = /KN O(xy,. .. ,$N)H |fi(x1, ..., 2n)|[¥ dey ... day.
j=1
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It is easy to verify that Zg (-, f) is holomorphic at every s € H¥, though it is
generally difficult to find its closed form and describe its meromorphic continuation.

Igusa’s Theorem partially solves this problem in the univariate case (i.e., k = 1)

when K is a p-adic field (a p-field with char(K) = 0):

Proposition 1.4.3 ([10]). Let K be a p-adic field, suppose ® : K¥ — C is a
Schwartz-Bruhat function, and suppose f € K|xy,...,xn|. Then there is a rational

function r € C(t) such that the local zeta function defined by

Zols, f) = /KN B(wr, 2| (@, )| day . dox

satisfies Zo(s, f) = r(q~*®) for Re(s) > 0. In particular, the meromorphic

continuation of Zg(s, f) is given by r(q~°).

The general theorem is established in [9] and [10] and gives a similar result
when | - | is replaced by any continuous homomorphism K* — C* (we need not
deal with these here), but Igusa’s proof relies on the existence of a certain type of
resolution of singularities for f. Existence of such a resolution is guaranteed by [§]
if char(K) = 0, but otherwise depends more subtly on K and f. Though Igusa’s
Theorem does not address the char(K) > 0 case, it is quite powerful. For instance,

the generating function Py(t) = > °°_ (N, (f)/p™V)t™ for the sequence defined by

m=0

No(f) = #{(z1, .. .,2n) € (Z/p™Z)N - f(z1,...,2x) =0 mod p™}

1-p=9Z
ples(s’f) whenever

is analytic for |t[ < 1, and if & = 1zy it satisfies Py(p™") =
Re(s) > 0 [3]. Now Proposition 1.4.3 implies Py(t) is rational in ¢, and hence Py(t)

is the sum of a polynomial and finitely many geometric series in powers of ¢.
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Using similar resolution techniques, Loeser generalized Igusa’s Theorem to

k > 1 in [11], which implies the following analogue of Proposition 1.4.3:

Proposition 1.4.4 ([11]). Let K be a p-adic field. If ® : KY — C is a Schwartz-
Bruhat function and f = (fi,..., fi) with f; € K[z1,...,xn], then there is a

rational function v € C(ty, ..., t;) such that the local zeta function defined by

k
Zo(s, f) = /KN O(xr, .. .oan) [[ 1, an) 9 day . day
j=1

satisfies Zo(s, f) = r(q*',...,q %) for all s € H*.

If supp(®) is no longer assumed to be compact, then Zg(-, f) is no longer
a proper local zeta function in the sense Definition 1.4.2, but it may still admit a
meromorphic continuation of a similar rational form. Such an example was recently
investigated in [1] with applications to p-adic string theory. Therein it is shown

that for N > 4 the p-adic open string N -point zeta function, defined by

St %ii dxy ... dry,

1 — xi|si(N—1> H |(L’z — l’j

2<i<j<N—2

N-2
(N)(q) o |
ZM)(s) ; /@gs 1‘! 1z

coincides with a rational function in p~®#% for all 1 < i < 7 < N — 1 on a nonempty
open domain of tuples s = (s;j)1<icj<n-1 € (C(N;l), despite the unbounded
support of the integrand. Unlike Igusa’s original method, a formula for Z)(s) was
found by decomposing Q;V —3 into finitely many sets, integrating over each one, and
summing the results. This method does not require char(K) = 0 and generalizes
to all p-fields, while also providing a description of the domain and poles of Z() in
terms of the decomposition of Q)'~%. Without placing any restrictions on char(K)
or ¢, we will use a similar method to prove our main results.
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1.5. Norm Densities and log-Coulomb gases in K and P!(K)

Recall that both of the integrals Zy(R, 3) and Zx(Q,, 5) from Section 1.2 are

examples of the generalized Mehta integral

/KN o) [Tl — 2 da .. darw, (15.11)

1<j

where ||z|| is shorthand for ||(x1,...,zx)||. Indeed, if we let K = R (with the

+2

appropriate dz, | - |, and || - ||) and let p(t) = —tyze* /2, then the integral becomes

(27T)N/2
Zn(R, ). Similarly, if we let K = Q,, (with the appropriate dx, | - |, and || - ||) and
let p = 1j9,1}, then the integral becomes Zy(Qy, 3).
We will work exclusively with p-fields K from now on, but will further

generalize (1.5.11) in several ways. To help our arguments and results work for

all p-fields K, we note that the set
N :={0,1,2,3,...}U{1/2,1/3,1/4,...}
always contains the image || K| (no matter which p-field K is) and make the
following definition:
Definition 1.5.1. A norm-density is a function p : N' — C satisfying the mild

growth conditions

1 1 1
lim sup M <1 and lim sup M =

— o0, 1.5.12
nooo  log(n) n—oo  log(n) ( )

where | - |¢ denotes the canonical absolute value on C and log : [0, 00] — [—00, 00] is

the extended natural logarithm (i.e., log(0) := —oo and log(oo) := 00).
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Note that the function = — p(]|x||) has modest growth as ||z|| — 0 and fast

decay as ||x|] — oo, regardless of our choice of K. Examples of norm-densities

include p(t) = e, p(t) = /2, p(t) = — log(t) 1o,y (¢), and p(t) = L (1).

Definition 1.5.2. Suppose K is a p-field, suppose p is a norm-density, let a

and b be complex numbers, and let N be a positive integer. For all suitable
N
2

8 = (8ij)1<i<j<n € c(2) , define

ZR K7 7b7 ::/ i Ly ¢ i i —Lj ’ i A% dry ... d .
MK a,b,s) KNp(HwH)(rgng!x )" (in =y )" ] [ i da ey

i<j

Our first main theorem establishes an explicit formula for Z%, (K, a, b, s) and
an explicit description of its domain (s values for which it converges absolutely),
both in terms of combinatorial objects that will be defined in the next section. It is

not hard to show that the integral

5ij dl’l dl‘N

26(K.0.0.8) = [ pllal) [T i =,

1<J

converges absolutely when all s;; = 0, so if the norm-density p is positive and
not identically zero, then p(||z||) dz; ... dxy is a finite positive Borel measure on
KN In this case Z§(K, 0,0, s) becomes the canonical partition function for a log-
Coulomb gas in K when it is evaluated at s;; = g;q;5 for all i < j (for some
choice of charge values qi,...,qy € R). For suitable § € R, the expectation of
the random variable (maij |z; — xj|)a(mini<j |z; — xj\)b against the probability

density m/}(“xm [Ticjlwi — z;|%97 is given by

a; . b ZR(K,a,b,s)
E |(max|z; — z;]) (rg1<1jn|xl —xj|)| = m. (1.5.13)

1<jJ
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In particular, taking a,b € Zsq in (1.5.13) gives the joint moments of the
gas’ diameter max;; |x; — x;| and minimum particle spacing min,; |z; — ;.
Though these canonical partition functions and joint moments have not been
computed before, the study of Coulomb gases (which include log-Coulomb gases)
in such p-fields K, or more generally K¢ with d > 1, has become increasingly
active in the last decade. Following the classical R? analogue in [13], the article
[18] gives Coulomb gases in K% a natural motivation by realizing their potentials as
fundamental solutions to the pseudodifferential analogue of Poisson’s electrostatic
equation. The same article also realizes the Haar measure u? (restricted to R?) as
the equilibrium measure for the confining potential —log 1 4j(||#[|) in the non-log-
Coulomb case. In the log-Coulomb case, the more recent article [19] uses graph-
theoretic machinery to establish and analyze formulas for Z% (K, 0,0, s) with
p = 1l and s;; = q,q;0, with arbitrary qi,...,qy € R. Our results are closely
related to [19] but were discovered by “unwinding” a recurrence for Zy(Q,, #) that
was established in [14]. A related recurrence can be found in the Appendix.

In Section 1.2 we recognized the p-adic Mehta Integral Zy(Q,,3) as an
example of Zy(X, 8) with X = Q, and dA(z) = 1zy(x) dz. However, we could as
well have chosen X = Z, and dA(z) = dz and imagined the gas to be inherently in
Z,, (rather than probabilistically confined to Z, by an infinite potential well), which
is a reasonable argument for writing the Mehta integral as Zy(Z,, 3) instead. This
interpretation will be useful for highlighting relationships between the canonical
partition functions for log-Coulomb gases in R, P, and P!(K), which motivates the

following definition:
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N
2

Definition 1.5.3. If N > 0, m € Z, and s = (8;;)1<i<j<n € c(3) (the empty tuple

if N =0or N =1), define Zy(7"R, s) = Z,(P}(K),s) =1,

ZN(m™R, 8) :/ 1_[|xZ — ;P dzy ... dry, and
am RN i<j

Zy(PY(K), s) = / H5([£Bi,o c i), [0t xia])  d[xo 2] dlrye 2]
BN i
for N > 1, where d[zy : 4] stands for the unique PG Ly(R)-invariant Borel
probability measure v on P'(K). Note that the first integral is equal to Zy(R, s)
if m = 0 and equal to Zx(P, s) if m = 1. We will reserve the notation Zy (R, ),
Zn(P,3) and Zy(P'(K), B) for the one-component canonical partition functions
(where q; = --+ = qy = 1) obtained by respectively evaluating Zy(R, s), Zy(P, s)

and Zy(P(K),s) at s;; = 8 for all i < j.

1.6. Splitting chains and the Main Theorem

There are two main factors comprising Z% (K, a,b, s), and they can be defined
in their own right. Thus, until the statement of the main theorem, we will allow N
and ¢ to be arbitrary integers satisfying N > 2 and ¢ > 2. The first of the two main
factors is the root function, defined on a convex domain called the root polytope as

follows:

Definition 1.6.1. For N > 2 and a,b € C we define the root polytope RP n(a,b) by

RPn(a,b) = {SE(C(J;) : Re (N_1+a+b+23ij) >0}.

1<j
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For such N, a, b, an integer ¢ > 2, and a norm-density p, the associated root

function RPx(a,b) — C is defined by

1—q

The second factor is more complicated and requires some combinatorial
language. Recall that a partition of the set [N] := {1,2,..., N} is a set rh of
nonempty pairwise disjoint subsets A\ C [N] satisfying (J ., A = [N]. If iy and
My are partitions of [N], we write My < My and call My a refinement of y if each
part Ay € My is contained in some part A; € hy. We write hy < My and call
Mg a proper refinement of My if both My < My and thy # . The relation <
makes the collection of all partitions of [N] into a partially ordered lattice with
height N, unique maximal element M := {[N]}, and unique minimal element

= {{1},{2},...,{N}}. The rank of a partition  of [IN] is the integer
rank(h) = N — #h =Y (#1 - 1).
Aen
Definition 1.6.2. Suppose N > 2. As needed, empty sums are defined to be 0.
(a) For each nonempty subset A C [N], define the part exponent ey : c®) ¢ by

ex(s) ==Y (SU #A) H#X =1+ sy

1<J 1<J
1,JEX 1,JEX

(b) For each partition m of [N], define the partition exponent Ej : c®) 5 ¢ by

Ex(s) = Ze)\( = rank(h) + Z Z Sij-

Aer Aeh i<y
1,JEN
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Definition 1.6.3 (Splitting chains). A finite tuple b = (thg,My,..., M) of

partitions of [N] satisfying

m:m0>rh1>rh2>~-->th:m

shall be called a splitting chain of order N. We write Sy for the set of all splitting

chains of order N, and we attach the following terminology and notation to each

h € Sy with N > 2:

(a)

The positive integer L(h) := L is the length of th and the partitions

o, M1, ..., Mr@)—1 are the levels of . Call each non-singleton part A €

Mo Uy U---Urhpy—1 a branch of h and write B(rh) for the set of all branches
of M, i.e.,

B(m) = (mo U ml U---u mL(m),l) \ rh

Since th must terminate at @) = rh, each branch appears in a final
level my, before it refines into two or more parts in My, ;. Thus for each
A € B(rh) we define the depth (y(N\) € {0,1,...,L(h) — 1} and degree

degy (M) € {2,3,..., N} respectively by

la(N) :=max{f: A e}  and degn(N) := #{N € thg, o1 N C AL

Using the falling factorial notation (2), =z2-(z—1)- (2 —2)-...-(z —=n+1)

for integers n > 1, we define the multiplicity polynomial Mgy (t) € Z[t] by

Ma(t) == ] (¢t = Dacga-1-

AeB(mh)
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It is a key observation that Sy is finite for each N > 2. This is easily seen
from the definition, since every h € Sy must satisfy 0 < L(h) < N and there
are at most finitely many th € Sy of a given length. One should also note that the

multiplicity polynomial for a splitting chain th € Sy factors as

May(t) = 1:[ (t — )P where  pa(d) = #{\ € B(th) : degy(\) > d},

d=1

because the falling factorial (# — 1)geg, (\)—1 contributes a factor of (t —d) if and only
if degy(A) > d, and there are precisely py(d) such falling factorials in the definition

of My(t). Thus, given an integer ¢ > 2, we have My (q) > 0 if degy(N) < ¢ for all

A € B(rh), and My (q) = 0 otherwise. Multiplicity polynomials and the exponents in
Definition 1.6.2 together form the branch/level polytopes and branch/level functions
defined below. As we shall soon see, the sum of level functions over all h € Sy is

the second main factor in our formula for Z%, (K, a,b, s).

Definition 1.6.4. Suppose N > 2 and ¢ > 2 are integers and suppose th € Sy. As
needed, products and intersections over empty index sets are respectively defined to
be 1 and C(g)

(a) The branch polytope BPg and branch function I, : BPs — C are

respectively defined by

BPgy = ﬂ {s ec), Re(ea(s)) > 0} and

AEB(MN\
Man(q) 1
Ing(8) = g1 ' H g — 1
AeB(h)\
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(b) Given b € C, the level polytope LPu(b) and level function Ja 4(b,-)

LPn(b) — C are respectively defined by

L(th)—1
LPn(b) = ﬂ {s ec®) . Re(b+ Ep,(s)) > 0} and
=1
L(th)—1
_ Ma(q) 1
Tnalb,s) = T E oy

Note that Iy ,(s) and Jp (b, 8) are rational functions in the variables q, ¢,

and ¢~ for all i < j, with Q coefficients determined by h alone. Given rh and an

integer ¢ > 2, there are two possibilities:

(i) If degy(A) < g for all A € B(rh), then Mn(¢) > 0, and hence I ,(s) and

Jin.q(b, 8) are never zero.

(i) If degyn(A) > ¢ for some A € B(rh), then My(¢) = 0, and hence Iy, and

Jin.q(D, -) are identically zero on BPg4 and LPg(b) respectively.

In any case, Iy, and Jp (b, -) are holomorphic on their respective polytopes BPg
and LPg(b), which are both open and convex. These polytopes are related by the

following lemma, which is the last ingredient we need to state the main theorem.
Lemma 1.6.5. We say that a splitting chain i is reduced if for each A\ € B(rh)
there is a unique level thy containing A (namely, the level g\ ). We write

Ry = {m € Sy : th is reduced}
and define an equivalence relation ~ on Sy by writing h ~ &' if and only if B(th) =
B(').
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(a) If h ~ @, then the branch degrees, part exponents, multiplicity polynomials,

and branch polytopes for h and ' respectively coincide.

(b) For each h € Sy there is a unique h* € Ry such that h ~ h*. We call this
™ the reduction of th and regard Ry as a complete set of representatives for

Sy modulo ~.

(¢) For each h* € Ry we have

ﬂ ﬁpm(()) = BPg4-,

heSy
th~h*

and therefore

() LPa(0)= () BPa-

rheSN I‘h*GRN

Our main theorem shows that Z% (K, a,b,s) and Zy(P'(K), s) can be
expressed neatly in terms of root, level, and branch functions, and that their
domains of absolute convergence are simply intersections of root, level, and branch

polytopes:

Theorem 1.6.6 (Main Theorem). Fiz N > 2 and a,b € C and define the convex
open polytope
Qu(a,b) == RPx(a,0) N (] LPa(D).

heSy
(a) If K is a p-field and p is a norm-density that is not identically zero, then the
integral Z% (K, a,b, s) converges absolutely for all s € Qn(a,b), and Qy(a,bd)

N
2

is the largest open subset of C(3) with this property.
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(b) If K and p are as above, then on each compact subset of Qn(a,b) the integral

s given by the uniformly convergent sum

ZR(K,a,b,s) = Hé’(N—i—a—i—b%—Zsij) : Z Jhq(b, 8).

1<j heSy

(c) Givenb=0, K and p as above, and h* € Ry, we have

> Jng(0,8) = Incy(s)  for all s € BPy-.

heSy
th~rh*

Thus on each compact subset of Qn(a,0) the integral is given by the uniformly

convergent sum

Z8 (K, a,0,s) :Hg(N+a+ZSij) . Z Inq(8).
1<J I‘h*E'RN
(d) Given K as above, the integral Zn(P'(K),s) converges absolutely if and only

if s € Qn(0,0), and for such s it is given by the finite sum

(a/(g+ 1)~ g +1 — degy ([N])

Zy(PYK =
N( ( )7 S) qe[N](S) _ 1 q + 1 - degm*([N])

A q(8).
M eER N

The denominator q + 1 — degg+([N]) in the summand for d* € Ry is also a
factor of Ma+(q) (and hence can be cancelled out of In-,(8)), so the apparent

singularity at ¢ = degy«([N]) — 1 is removable.

There are several features of Theorem 1.6.6 that are worth emphasizing
here. Note that part (a) is independent of K and p, and that the rest of the

theorem depends on K only via q. That is, the region of absolute convergence
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Qn(a,b) is always the same, no matter what the p-field K is, and the formulas

for Z%,(K, a,b, s) and Zy(P'(K), s) are “uniform in K” in the sense that there
are no extra cases or constraints for g. Moreover, the dependence of Z% (K, a,b, s)
on p and a is carried entirely by the root functions appearing in parts (b) and (c).
Setting a = b = 0, we see that Z% (K, 0,0, s) and Zy5(P'(K), s) have the same
region of absolute convergence (namely, Q(0,0), unless p is identically zero), and
both are given by similar sums over Ry. The term in Z§ (K, 0,0, s) corresponding

to M* € Ry can be rearranged into the explicit form

1= q_(N+Zi<j ) m\  m(N . 8is
HY <N + ZSij) Ivg(s) = — s Z p(q™) g™V i i)

i<j l—q meZ

Mae(q) 11 1
qN—l _ qex(s) — 1
AeB(M*)\d
quq Sij _ q—N

g . m m(N+Zi<,3i]-)
qZKj Sij _q_(N_l) %p(q )q j

. (7 = 1)degy- (V) -1 _ H (¢ — Daegye (1)1

N-1 ex(s) — 1
4 /\EB(m*)\a q
— (q2i<j Sij __ q7N> . Z p(qm>qm(N+Zz<j Sij) . H (q _ 1)(d;3gm* (/\)_1
meZ res@wny 4T 1

and similarly, the term in Zy(P'(K), s) corresponding to the same " € Ry can be

written explicitly as

(q/(g +))N1 g+ 41 — degg-([N])

g, (s

T qr T degy (V) )
1 g 41— degy ([N]) 11 (4 = Daegy ()1
(@+DN"1 g+ 1—degy([N]) ¢ =1

AEB(h™)

(a=Ddeg g (V)1

Note that both of these terms share a common factor of H/\eB(m*) NG R

which generalizes the similarity between Examples 1.2.2 and 1.2.3. In addition
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to being independent of K and p, the next proposition implies that Qy(a, b) is

independent of splitting chains altogether:

Proposition 1.6.7. If N > 2 and b € C, the intersection of level polytopes
Niesy LPa(b) is equal to the following intersection over all partitions th of [N]

satisfying th < th < M:

M £Pad) = () {s e C(2) : Re(b + Ey(s)) > o}.

heSy th<h<h

Similarly, the intersection of branch polytopes ﬂm*eRN BP g+ is equal to an

intersection over all proper subsets X\ C [N] of size #X > 1:

N BPw = {s e C(3) . Re(ey(s)) > o}.

N ERN AQ[N]

F#A>1
Therefore
Qn(0,0) = {3 ecl?), Re(b+ Ex(s)) > O} and
h<h<mh
Qw(0,0) = {s e (%) : Re(er(s)) > o} .
AC[N]
#A>1

The last claim in this proposition follows immediately from its first two claims
and the definition of Qx(a,b) in Theorem 1.6.6. The proofs of the first two claims
will occur inside the proofs of the main theorem in Chapters 3 and 4, and we will

indicate where they happen.

30



1.7. Simple examples and a note about poles

Of the “parameters” p, K, a, b, and N, the last has the most complicated role
by far. Thus we work only with the N = 2 and N = 3 examples for now. In order
to streamline notation, we will write each partition h = {Ay, Ag,..., Ax} as a string

of parts, i.e., h = A Ag... .
Example 1.7.1. Fix a,b € C and a norm-density p.

— If N =2, then (];[) =1,s0 each s € c(®) is simply a number s € C. The only

splitting chain in Sy is h = ({1,2}, {1}{2}), and by Definition 1.6.4 it has

—1
LPa(b)=C  and  Jpg(b,s) = Ing(s) = L—  forall ¢ > 2.

q

Thus for all p-fields K with residue cardinality ¢ and all s in the region
Q(a,b) = RP3(a,b) NC = RPy(a,b) ={s€ C:Re(l+a+b+s) >0},

the integral Zf (K, a,b, s) converges absolutely to the value

g—1 1—g Brettts) m(24atbis
"1 _ g-(tatbrs) (") (rattrs),
q q meZ

ZY(K,a,b,s) =

— If N = 3, then we have s = (519, 813, S23) € C® with root polytope

RPg(a,b) = {8 € C3 : R6(2 +a+b+ s19+ 513+ 523) > 0},

and Definition 1.6.4 provides the following table for all four splitting chains in
83:
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heS; Jihq(b, 8) LPx(b)
fo= 1,23} 4=~ o
= {1}{2}{3} .
tho = {1,2,3}
b (12)(3) (g ;21)2 | q1+b+3112 — | {s €C¥ i Re(1+ b+ s12) > 0}
e = {1}{2}{3}
Mo = {1,2,3}
= {1,3}{2) a ;QDQ : q1+b+3113 — | {5 € C*: Re(1+b+ s15) > 0}
e = {1}{2}{3}
tho = {1,2,3}
h = {1}{2, 3} e ;QUQ : q1+b+3123 — {s € C3: Re(1+ b+ sg3) >0}

My = {13{2}{3}

Thus, for all p-fields K with residue cardinality ¢ and for all s in the region

Q3(a,b) = {s € C*: Re(2+a+ b+ 515+ 513 + 523) > 0}
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the integral Z4 (K, a,b, s) converges absolutely to the value

1— q—(3+a+b+812+513+823)

P o . E mY\ ,m(3+a+b+sia+si3+s23)
Z3 (K; a'7 b7 S) - 1 _ q*(2+a+b+312+313+523) p(q )q 2 1 2
meZ

—1)(qg—2 —1)? 1 1 1
' (q >gq ) + (q 2 ) |: 1+b+s + 1+b+s + 1+b+s :| ’
q q q 12 — ] q 13 — 1 q 23 — ]

Remark 1.7.2. Note that every splitting chain of order 2 or 3 is reduced and
Jn(0,8) = In(s) for all h € S, and all h € S;. Therefore part (c¢) of Theorem
1.6.6 is redundant when N = 2 or N = 3, for in these cases it coincides with part
(b) applied to b = 0. If N > 4 we have Ry C S, because there is at least one

=

non-reduced splitting chain th = (Mg, My, he, M3) € Sy such as the one given by

ho = {1,2,3,4,..., N},

e = {1,2}{3,4,..., N},
o = {1,2}{3H{4} ... {N},
s = {1H{2H{3}H{4}.. . {N}.

Finding closed forms for the cardinalities of Sy and Ry for general N is nontrivial,
but they can be bounded below as follows. Given h € Ry and i € [N], we may
construct a particular ' € Ry, 1: For each ¢ € {0,1,2,...,L(th)}, let A, be the
partition of [NV +1] obtained from M, by replacing the unique part A € h, containing
i by the larger part A U {N + 1}. If we then set iy 4, = , it is easily verified
that ' = (Mg, M}, ..., My @y.1) is a reduced splitting chain of order N + 1. Thus
(,4) — ' defines a function Ry x [N] — Ry 41, which is injective because it has
a left inverse: The integer 7 can be recovered from ' because it is the only element

of [N] satisfying {i, N + 1} € th} ), and then h can be recovered from '’ by simply
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removing M,y and all copies of N +1 from M. Thus we have #Rx-N < #Rn11
for all N > 2, and we saw before that #Ry = #Sy = 1, #R3 = #53 = 4, and

Ry € Sy for all N > 4. Induction on N then gives the following bounds:
(N =1 <#Ry < #Sy for all N > 2.

The left inequality is strict for N > 3 and both are strict for N > 4.

The preceding remark implies that the branch function sum ) 4. - Iieg(8)
has strictly fewer terms than the level function sum ) 4 ¢ Ji (b, 8) when N > 4,
and hence part (c) of Theorem 1.6.6 becomes a simplification of part (b) applied to
b = 0. Though N = 4 is the least N for which this simplification is noticeable, the
sums of branch functions and level functions respectively have #R4 = 26 terms and
#S, = 32 terms in this case, so the rather large computation of ZJ(K,a,b, s) will
be postponed until the Appendix. For now we consider only three elements from Sy

to discuss how part (c) of Theorem 1.6.6 simplifies the b = 0 case of part (b).

Example 1.7.3. Consider the three splitting chains h*, ', h" € S, defined by

= {1,2,3,4}, = {1,2,3,4},

i = {1,2}{3,4}, M = {1,2}{3,4},
e = {1,2}{3, 4}, and

hy = {1,2}{3}{4}, hy = {1}{2}{3, 4},
hy = {1H{2}{3}{4},

s = {1H{2H{3}H4}, s = {1H{2H{3}{4}.

My = {1,2,3,4},
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Recalling Lemma 1.6.5, " is the common reduction of all three, and it is easily
verified that no other h € S, \ {M*, ', "} satisfies h ~ h*. By Definition 1.6.4, the
splitting chains t*, ', and " contribute the following level functions to the sum

> hes, Jhg(b, 8) in part (b) of Theorem 1.6.6:

_(g—1p° 1
Jrhfq(ba S) - q3 ) q2+b+312+334 -1’

C(g-1)° 1 1
Jrhfq(b7 3) - qs ) q2+b+312+534 -1 ' q1+b+512 -1’

_(qg—1)? 1 1
Jm/:fI(b> S) - q3 ' q2+b+312+834 —1 . q1+b+534 -1

In particular, their total contribution to the sum can be written as

2+2b+s12+534 1

(g 1)? 1 1 q
mezs Jihg (b, 8) = e . gitbtsie — 1 . gitotsss — 1 : P T — (1.7.14)
heth-

Equation (1.7.14) hints at an interesting analytic feature of the parameter b.
Indeed, if ¢ > 2 and b € C are fixed, then each of the summands Jy+,(b, s),
Jivq(b,8), and Jyr, (b, s) is meromorphic in s = (s12, 13, S14, S23, S24, 534) € CO,

and each of their sets of poles contains the infinite set

log(q)

2miZ,
1+b+512¢—

log(q)’

21

1+b+834¢—}.

2miZ,
C(b):{SEC6:2+5+812+334€La

log(q)

If b is not an integer multiple of 27i/log(q), the poles for the sum in (1.7.14)

also include C'(b). However, if b is an integer multiple of 27i/log(q), then
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(q?F2btsiztsse 1) [(g?H0Fsi24ss 1) = 1 and none of the s € C(b) are poles for
the sum in (1.7.14). In particular, C'(0) is a common set of poles for all of the level
functions Jy+,(0, s), Ju,(0,s), and Jg, (0, s), but all such poles “cancel” when the
level functions are added together:

> Jng(0,) = (g 1] ! - Itig(s).

3 gltsiz _ ] gltssa _ ]
hes, q q q
thrh*

Thus, by collapsing the sum » 4 s Ji4(0,s) from part (b) of Theorem 1.6.6 into
its “reduced” form ) 4 » In4(8), part (c) shows that many level function poles

“cancel” in the b = 0 case.

Remark 1.7.4. For simple choices of p, the root function sums to a closed

form. In this case Theorem 1.6.6 provides meromorphic continuations of both

s — ZK(K,a,b,8) and s — Z%(K,a,0,s), and their candidate poles may be
easily described. For example, suppose p = 1jj. It is easily verified from Definition

1.6.1 and Theorem 1.6.6 that Z% (K, a,b, s) coincides with the sum

a+b+3,_ sij L(h)—1

q 1<g °v 1

NI s > Ma() - [1 O] (1.7.15)
mESN =1

N
on the convex open region Qx(a,b). Since each summand is meromorphic in (C(2)

with set of poles

i
Ly = {se(c({zv) :N—1+a+b+zsijel}

o log(q)
L(th)—1 .
N 2miZ,
U SEC(2>:I)+E s) € },
£:U1 { (8) log(q)
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then (1.7.15) defines the meromorphic continuation of Z4 (K, a,b, s) to (C(g), and
its poles are contained in the union J4. S L q- Similarly, Definition 1.6.1 and part
(c) of Theorem 1.6.6 show that Z}, (K, a,0, s) coincides with the sum

qa+2i<]- Sij

1
S T > Ma(e)- ]] ST (1.7.16)
h*ERN AeB(MH\M

N
on a convex open region, and each summand is meromorphic in (C(2) with set of

poles

N
2

Therefore (1.7.16) defines the meromorphic continuation of Z% (K, a,0, s) to c( ),
and its poles are contained in the union Um*eRN B+, Though the poles of each
summand in (1.7.15) and (1.7.16) are easily described, we saw in Example 1.7.3
that pole cancellation is possible when summands are brought together. As is true
for general local zeta functions, determining precisely which of the poles in the

candidate sets Upes, Zhg and Uprer, Pz cancel is a highly nontrivial task.

1.8. Outline of the remaining chapters

In Chapter 2 we will focus on the specialization of Theorem 1.6.6 to the log-
Coulomb gas setting (i.e., where s;; = q;q;5 for all i < j). After discussing the
moments of the gas’ diameter and minimum particle spacing, we will conclude

with a section on grand canonical partition functions and the so-called ¢th and
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(q + 1)th Power Laws. The gth Power Law (for log-Coulomb gas in R) was proved
recently by Sinclair [14], and the (¢ + 1)th Power Law (for log-Coulomb gas

in P!(K)) may be considered another of our main results. However, it requires

a significantly shorter proof of the Main Theorem (Theorem 1.6.6), which is
distributed throughout Chapters 3-5 as follows: Chapter 3 uses the levels of
splitting chains prove parts (a) and (b) in the p = 1] case and establishes

the first claim of Proposition 1.6.7 in the process. Chapter 4 uses the branches of
splitting chains to prove Lemma 1.6.5 and part (c) and establishes the second claim
in Proposition 1.6.7. It then concludes the proof of parts (a) and (b) for general
p. Chapter 5 establishes a decomposition of (P!(K))" that leads to a proof of
part (d) and the (¢ + 1)th Power Law. Finally, the Appendix contains the full
explicit computation of Z7 (K, a,b, s), followed by a quadratic recurrence (in N)

that allows for efficient computation of the canonical partition functions Zy (R, /3)

and Zy(PY(K), B).
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CHAPTER II

CONSEQUENCES FOR LOG-COULOMB GAS IN K

2.1. The s;; = q;q;3 specialization and one-component symmetries

Formulas for the multi-component p-field analogue of Mehta’s Integral and
the expected value in (1.5.13) are easily obtained by evaluating the formulas in
Theorem 1.6.6 at special values of s. With this in mind, we define several new

items that are closely related to those in Definitions 1.6.1 and 1.6.4.

Definition 2.1.1. Suppose a,b € C and q,q2,...,qy > 0 where N > 2 and let

C = (qiqj>i<j-

(a) Define the root abscissa RPS(a,b) by

N — 1+ Re(a+0b)

RPS(a,b) == — S a0
i<jg 1ty

(b) For each h € Sy, define the branch abscissa BP§ by

. #N\ — 1}
BPS .= — inf where exle) = i
t AeB(rh)\m{ 8)\((3) /\( ) ; q:9;
ijEX

(c) For each th € Sy, define the level abscissa LP§ by

EPA0) ::—1<géilfm>_1{rank(zjg)m(b)} where  E(c)i= 2 &x(e)

AEMy
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If 5 € C and c is defined as above, then Definitions 1.6.1, 1.6.3, 1.6.4, and

2.1.1 together imply

pec € RPn(a,b) = Re(B8) > RPS(a,b),
Bc € BPg = Re(p) > BPg,

Be € LPu(b) = Re(B) > LPg(b),

and hence the convergence criteria for s in Theorem 1.6.6 become criteria for g
when s = [e. The following corollary comes straight from this observation and

Theorem 1.6.6:

Corollary 2.1.2. Fiz N > 2, a,b € C, a nonzero norm-density p, and ¢ = (4,4;)i<;

where q1,q2,...,qy > 0.

(a) If K is any p-field, the integral Z8 (K, a,b, fec) converges absolutely to
HY (N ta+bt qiqﬂ) Y Jing(b, Be)
1<j heSy

if and only if

Re() > sup {RP]CV(CL, b), sup EPfh(b)} :
rheSN

(b) For the same K, if b =0, the integral Z%(K,a,0, Sc) converges absolutely to
Hy(N ot Saas) - ¥ dnalse
1<J rh*eRN
if and only iof

Re(B) > sup {Rpfv(a,()), sup BPrch*} )
h*eERN
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Before concluding this section with formulas for the analogue of Mehta’s
integral and the expectation in (1.5.13), we remark on the one-component case,
namely q; = q2 = --- = qy = 1. In this case ¢ = 1 is simply the (N)—tuple of 1’s,

2

and for each h € Sy it is easily verified that

ex(B1) = #A =1+ ex(1)8 = @A) (5 i %)

for all A € B(rh) and

o= S eom - T (1) 5+ )

ey ey

for all ¢ € {0,1,..., L(th) — 1}. The exponents above have no dependence on the
particular labels 1,2,..., N, so we shall take a moment to discuss a relationship

between Sy and the symmetric group action on the label set {1,2,... N}.

Definition 2.1.3. Denote the symmetric group on [N] = {1,2,...,N} by
Sym([N]). Given o € Sym([N]) and a nonempty subset A = {iy,is,...,ix} C [N],
we write o(\) = {o(i1),0(i2),...,0(ix)}, for a partition h = {A\, Ag, ..., A}

of [N] we write a(h) = {o(\),0(N\2),...,0(\,)}, and finally, for each h =

(Mo, M, ..., Mr@y) € Sy we write o(th) := (o(tho), o (h1), ..., o(hrm))-

If Aut(Sy) denotes the group of bijections Sy — Sy, the homomorphism
Sym([N]) — Aut(Sy) given by o — (M — o()) is an action of Sym([/N]) on Sy.
The following properties of this action are clear from Definitions 1.6.3 and 1.6.4: If

M € Sy and o € Sym([N]), then

— L(o(M)) = L(h), and o(h) = rif and only if o(h,) = M, for all

t€{0,1,...,L(th)},
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— o(\) € B(o(rh)) if and only if X\ € B(rh),

— for each A € B(rh) we have #0(\) = #X\, lo@my(0(N) = la()), and
deg, (o (A)) = degp(A), so

— Myy(t) = Man(t), exn(B1l) = ex(p1) for all A € B(rh), and hence
Eqs)(B1) = Ey, (A1) for all £ € {0,1, ..., L(th) — 1}.

In particular, the Sym(|N]) action on Sy restricts to one on Ry.

Definition 2.1.4. For each splitting chain th € Sy, define the orbit by Orb(rh) :=
{o(h) : 0 € Sym([N])}, the stabilizer by Stab(rh) := {o € Sym([N]) : o(th) = rh},

and the weight by W(rh) := # Orb(rh) = #S+f)(m).

Definitions 1.6.4 and 2.1.4 and the properties of the action immediately imply

the following:
Lemma 2.1.5. Suppose ¢ > 2, b€ C, and th € Sy.

(a) For each [ in the domain of B — I ,(81) we have

D> Iy (B1) = W(h) I ,(81)

th’€O0rb(rh)

_ W(h)(g — Dacga (-1 1 (¢ — Daegqn)-1

8
! sy a0 1

(b) For each B in the domain of 5+ Ju4(b, B1) we have

D Jag(b, B1) = W(h) I 4(b, 51)

M’ €Orb(rh)
L(h)—1
W () Ma(q) 1
o qN_1 }_le qb-‘rZ)\erhe (#2)\) (’3"_%) —1 .
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If Cy C Sy is a complete set of orbit representatives for the action of
Sym([N]) on Sy, then Cy N Ry is a complete set of orbit representatives for the
restricted action on Ry. Then by part (a) of Lemma 2.1.5, the sum over h € Sy
appearing in the main formula for Z% (K, a, b, 51) can be grouped into a weighted
sum over Cy. Similarly, part (b) of Lemma 2.1.5 implies that the sum over h* €
Ry in the formula for Z% (K, a,0, 1) can be grouped into a weighted sum over
CnyNRy. From the viewpoint of log-Coulomb gas, the appearance of these weighted
sums has an intuitive explanation: The condition q; = g2 = -+ = qy = 1 makes
the particles of the gas identical and imposes symmetries on the set of microstates
x € K. Each h € Cy represents a distinct symmetry class of microstates, the
factor w can be regarded as its weight, and the two products of rational
functions of ¢# appearing in Lemma 2.1.5 are its respective contributions to the
functions f — Z%(K,a,0,51) and § — Z%(K,a,b,f1). In particular, each
symmetry class contributes a weighted term to the canonical partition function
B Z%(K,0,0,01). It is also worth noting that the condition on Re(/) in part (b)

of Corollary 2.1.2 simplifies further when a = b = 0 and ¢ = 1. Indeed, for general

C = (qiqj)i<j we have

. . #A—1
su RPS(0,0), sup BPg«p =— inf inf _ , 2.1.1
p{ N< ) m*E}g)N u } h*eRy | xeB(th*) § z<€j)\ q:9; ( )
1,

so if " € Ry and ¢ = 1 we have

#N—1  #A-1 2

= = — for all A € B(h™).
Soan () M i
17]
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Thus if ¢ = 1, the inner infima in (2.1.1) are all £, so the quantity in (2.1.1)
is simply —%. This fact and Lemma 2.1.5 yield the p-field analogue of Mehta’s

integral formula:

Theorem 2.1.6 (Mehta’s integral formula for p-fields). Suppose K is a p-field,
suppose p is a nonzero norm-density, let ¢ = (q,q;)i<; where q1,qz,...,qn > 0, and

consider the generalized Mehta Integral:

%58 dgy .. day

24(K.0,0.66) = [ pllal) [T s =,

i<j
(a) The integral converges absolutely if and only if
-1
Re(p) > — inf inf il

h*eRn | AeB(h*) Z z<] 9:9;
1,JEA

and in this case it converges to

. _ (94 — m PP dE*(A)l
R D YD W

meZ MmN eRn AeB(h*)

(b) In particular, if 1 = --- = qn = 1, the integral converges absolutely if and

only if Re(8) > —%. In this case it converges to

(q(g)ﬁ — qiN) . Z p(qm)qm(]\u‘(g)ﬁ) . Z W(m*) H (q - 1)degm*()\)—1

#A 2
mEZ rh*ECNﬂRN )\EB(m*) q( 2 )(ﬂ"‘#)\) _ 1
where Cy C Sy is a set of orbit representatives the Sym(|[N]) action on Sy.

If the norm-density p above is not identically zero and nonnegative, then
Z8(K,0,0,8¢c) € (0,00) for all 5 > 0 and m p(llzl) TTic; i — z;]%950 is a
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well-defined probability density on the microstates z € K. Moreover, none of the
abscissae in Definition 2.1.1 are positive if both Re(b) > —1 and Re(a +b) > 1 — N,
in which case the conditions on Re(f) in Corollary 2.1.2 are met by all 8 > 0. This

observation and (1.5.13) imply the following corollary:

Corollary 2.1.7. Suppose K is a p-field, suppose p is a norm-density, and let

c= (qlqj)l<j where q1,92, ..., qN > 0.

(a) If Re(b) > —1 and Re(a+b) > 1 — N, then for any inverse temperature > 0

we have

(2

a . b
E{( gﬂxi—iﬂﬂ) (IZ.H<1§1|931'—$]'|)}

Hg (N + a + b + Zl<] quJ/B) * Zrh*eSN ‘]I‘h,q(b7 60)

HY (N + Ziq Clz‘Cljﬁ) : Zm*esN Jinq(0, Be)

Hg (N + a + b + ZZ<] qzq]/B> * Zm*ESN Jrh7q(b7 60)

Hy (N Y qiqjﬁ) S eery Tnra(BE)

(b) In particular, if b = 0 and Re(a) > 1 — N, then for any inverse temperature

£ >0 we have

i<j

} HY <N ta+) qz-qjﬂ)

E {(max |2 — ])"
Hy (N +D e qiq]ﬂ)
As we mentioned in Section 1.5, applying part (a) of Corollary 2.1.7 to

a,b € Z>g gives the joint moments of the random variables max;; |z; — z;| and

min,.; |z; — x;|. In particular, the average value in part (b) of Corollary 2.1.7
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can be computed without the use of branch or level functions, and thus admits a
simple closed form for suitably chosen p. The next example demonstrates this and

addresses the low-temperature limit (i.e., 5 — oo) in the b = 0 case.

Example 2.1.8. Recall that ||[K™\{0}|] = ¢Z and let p be the norm-density defined
by p(t) = 1j94m)(t) where M € Z. Since p(||x||) = 1 if and only if all ; are in the
ball 7R = {y € K : |y| < ¢™} and otherwise p(||z||) = 0, p guarantees that the

charges are almost surely confined to this ball, and by Definition 1.6.1 we have

1—09% o Mz
a Y (¢ =1 for Re(z) > L.

p _
H;(2) ey T 14 GO

T Il-g

Then for Re(a) > 1 — N part (b) of Corollary 2.1.7 gives the explicit formula

qM(N+a+Ei<j 995 8) >

N-1+Y,_ . qia
o (maX |$ _ 'TA|)a B <l_q—(N—1+a+Zi<j a;955) _ Ma q +Zz<3 9:9;8 __ 1
i<j / ( MWV HEi<; 9:958) ) q qN_1+Zi<j 098 _ ’

q—a

17q7(N*1+Zi<j 9;955)

from which the following asymptotic estimate is clear:
E[(max|xi—xj|)a} ~ ¢Me as N — oo or § — oc.
1<)

(By taking N — oo, we are assuming here that a charge q; > 0 has been specified
for every i € N.) Since max;; |z; — z;| < ¢ almost surely, this estimate implies
that a gas comprised of many particles and/or held at a low temperature has a
relatively high probability of attaining microstates z € K with max;; |z; — ;| =
g™ . Roughly speaking, this says the gas is very likely to spread out as widely as

possible if it is cold and/or if it has many particles.

46



Remark 2.1.9. The previous example hints at a more general feature of low-
temperature limits: Suppose p is a compactly supported nonzero norm-density.
There is a greatest M € Z for which p(¢™) # 0, so given § > 1 the scaled sum

Z%f) = l_lq‘_‘{Zl) S pla™)g D2 converges uniformly for Re(z) > § by

(1.5.12). Therefore we may take z — oo term-by-term to obtain lim, % =

p(¢™), and the ratio of root functions in part (a) of Corollary 2.1.7 satisfies
a Hf (N+a+b+2i ;9438
1. qu (N + a + b + ZZ<] Clijﬁ) 1 qM( +b) ' qM(N+a+b+E¢<<jjqiq]';3)) M(a+b)
im = lim =q :
oo Hy (N + ZK]‘ qz‘q]ﬂ) B0 Hy (N+Zi<]- qz'qjﬁ)
qM(N+Z¢<j ;95 8)
(2.1.2)

The ratio of sums in part (a) of Corollary 2.1.7 also converges as 5 — oo. More

precisely, for each h € Sy, define

L(th)—1 L(th)—1
Qn(e) = Y &= > > > qa;
=1

=1 XethgijeX
i<j

For any ¢ > 2, the set Sy, = {th € Sy : Ma(q) > 0} contains the splitting chain

so Sy, # @ and hence a non-negative minimum Q%ﬁg(c) = min{Qn(c) : h € Sy}

exists. Taking 8 — oo gives

L(th)—1
Mau(q) 1
Inq(b, Be) = vt g gt Ene(Be) _ 1
N Ma(q) g S b By, (Be)) _ Ma(q) L g PRa(e)
N1 qulJer:(T)_l(bJrrank(me)) ’
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and therefore

M, I
> JaabBo~ Y 0(0) P,

N— L™ =1 (p ¢ rank(rh
= osr gV IS Ghrank(no)
Qun(c)=Q%"(c)

The factors ¢~ and q_BQIfVﬁvg(c) are independent of b and common to all terms in

the right-hand sum, so we may abbreviate the above summation by >’ and obtain

L(th)—1

Yhesy a0 BE) S My(g)g~ Ty (rank(ho) )

lim yRT=

p—roo ZrheSN Jrh,q(oa ﬁc) B Z/ Mm(q)q* =1 rank(hyg)

(2.1.3)

Combining this with part (a) of Corollary 2.1.7 and (2.1.2) gives the low-

temperature limit of any joint moment:

M=l an
Matrs) 2o Ma(g)g™ 2= ek +h)
L(h)—1 .

> Mp(q)g~ S0 ekt
(2.1.4)

611—{201[3 (f?gjx\wi - ﬂﬁjf)a(f{lglm —z))"| =q

Explicit computation of (2.1.4) is generally impractical as it depends on N,
¢, and c in very complicated ways. Still, it is interesting that the ratio of sums in

(2.1.4) is a weighted average of the finite set of values

{g P M=ty € Sy with Ma(g) > 0 and Qu(c) = QI]I\}“;(C)},

L(th)—1

with each weight Mgy(q)q~ 2~e= rank(rhy

) independent of a, b, and p. Moreover, if
q > N, then the splitting chain h = ([N], {1}{2}...{N}) € Sy has Mu(q) =
(¢ —1)n—1 > 0 and Qa(c) = Q¥i(c) = 0, and in fact it is the only one satisfying
Qa(c) = Q§%(c). Therefore limg o0 Y es. Jhg(b, ) = (¢ — 1)n-1 > 0 whenever

g > N and we obtain a final corollary:
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Corollary 2.1.10. Suppose K is a p-field such that ¢ > N and suppose Re(b) > —1
and Re(a +b) > 1 — N. Then if p is a compactly supported nonzero norm-density

and M is the largest integer satisfying p(¢™) # 0, we have

- e N(min 2 — 2.0 = gMatd)
Jim B (max o —ay])" (min |z, - 2])"| = ¢,

2.2. Grand canonical partition functions and the Power Laws

So far, we have only considered log-Coulomb gases with N labeled (and
hence distinguishable) particles. Our second main result concerns the situation
in which all particles are identical with charge q; = 1 for all 4, in which case
the microstates (21,...,2y) € X% are “unlabeled” and hence unique only up
to permutations of their entries. Since the energy E(zy,...,2y) and measure on
X¥ are invariant under such permutations, each unlabeled microstate makes the
contribution e #P@12N)dg . dry to the integral Zy (X, ) in (1.2.2) precisely
N! times. Therefore the canonical partition function for the unlabeled microstates
is given by Zn (X, 3)/N!. We further assume that the system exchanges particles
with the heat reservoir with chemical potential x4 and define the fugacity parameter
f = eMB. In this situation the particle number N > 0 is treated as a random
variable and the canonical partition function is replaced by the grand canonical

partition function

Z(f, X, B) : ZZN (X, 6 . (2.2.5)

with the familiar convention Zy(X,3) = 1. Many properties of the system can
be deduced from the grand canonical partition function. For instance, if 5 > 0 is
fixed and Zy (X, ) is sub-exponential in N, then Z(f, X, 3) is analytic in f and

the expected number of particles in the system is given by f a% In(Z(f, X,B)). The
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canonical partition function for each N > 0 can also be recovered by evaluating the
Nth derivative of Z(f, X, 5) with respect to f at f = 0.

We are interested in the examples Z(f, R, 8), Z(f, P, 3), and Z(f,P(K),3),
which turn out to share several common properties and interesting relationships.
By setting s;; = [ in Definition 1.5.3, one sees that |Zn (R, f)|c, |Zn(P, B)|c, and
|Zn(PY(K), B)|c are bounded above by 1 for all N > 0 and all 8 > 0, and hence
Z(f,R,B), Z(f,P,3), and Z(f,P}(K),S) are analytic in f when 8 > 0. Sinclair
recently found an elegant relationship between the first two, which is closely related

to the partition of R into cosets of P (as in (1.3.9)):

Proposition 2.2.1 (The gth Power Law [14]). For § > 0 we have

Z(f, R, B) = (Z(f, P, B))".

Roughly speaking, the qth Power Law states that a log-Coulomb gas in R
exchanging energy and particles with a heat reservoir “factors” into ¢ identical
sub-gases (one in each coset of P) that exchange energy and particles with the
reservoir. For § > 0, note that the series equation Z(f, R, 3) = (Z(f, P,))? is

equivalent to the coefficient identities

-1
Zn (R, B) T Zv(P5)
= Z HkNT for all 8> 0 and N > 0. (2.2.6)
N0+~~~+Nq,1:N k=0
No,...;Ng—1>0

The 5 = 1 case of (2.2.6) is given in [2], in which the positive number Zy(R,1)/N!
is recognized as the probability that a random monic polynomial in R[x] splits
completely in R. The more general > 0 case given in [14] makes explicit use

of the partition of R into cosets of P (as in (1.3.9)). In Chapter 5 we will use the
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analogous partition of P!(K) into ¢ + 1 balls (recall (1.3.10)) to show that

Ng
Zy(PH(K), ) _ 3 H(q+1) Zni (P, B) for all 8> 0 and N > 0,

N/
No+--4Ng=N k=0
No,....Ng>0

(2.2.7)

which immediately implies our second main result:

Theorem 2.2.2 (The (¢ + 1)th Power Law). For all 5 > 0 we have

Z(f,Pl(K),ﬁ) = (Z(q_HaP ﬁ))qul

Like the gth Power Law, the (¢ + 1)th Power Law roughly states that a
log-Coulomb gas in P'(K) exchanging energy and particles with a heat reservoir
“factors” into g + 1 identical sub-gases in the balls B;[0 : 1], B[1 : 1], B[{ : 1], ...,
B[¢972 : 1], By[1 : 0] (all of which are homeomorphic to P), with fugacity % 4L As
a final note, The gth Power Law also allows the (¢ + 1)th Power Law to be written

more crudely as

Z(faPI(K)aﬁ)_ <q+1vR B) - (q+1’Pﬁ) (2.2.8)

which is to say that the gas in P!(K) “factors” into two sub-gases: one in ((R) and
one in B[l : 0] (which are respectively homeomorphic to R and P), both with

fugacity - . +1
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CHAPTER III

SERIES REPRESENTATIONS, TREES, AND LEVEL PAIRS

From now on K will be a fixed p-field with p, |-, || - ||, R, P, and 7 as defined
in Section 1.3, and D will stand for any fixed set of representatives for the cosets of
Pin R (such as D = {0} UU,_1). The results in this chapter will depend largely on

the following proposition, which is a straightforward consequence of Theorem 1.3.1:

Proposition 3.0.1. For each x € R there is a unique sequence (d(0),d(1),d(2),...)

i D such that
T = Z 7"d(n).
n=0

It converges absolutely with respect to | - | and satisfies v(x) = inf{n : d(n) # 0}.
If (d'(0),d'(1),d'(2),...) is the corresponding sequence for another elementy € R,

then we have v(x — y) = inf{n : d(n) # d'(n)}, and the following are equivalent:
(i) lz—yl <q™,
(i) v(z —y) = m,
(1ii) inf{n : d(n) #d'(n)} > m,
(iv) x =y mod 7™.

Moreover, for each m, the collection of partial sums {37 n"d(n) : d(n) € D} is a

full set of representatives for the quotient R/m™R.

In Section 3.1 we will use Proposition 3.0.1 to explain how elements of RV
may be visualized as trees, leading to a relationship with splitting chains in Section

3.2. This will allow us to express certain integrals in terms of level functions
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in Proposition 3.3.3 in Section 3.3. We conclude this chapter with the proof of
Proposition 3.3.4, which implies parts (a) and (b) of Theorem 1.6.6 in the special

case p = 1o 1.

3.1. Series representations and trees

Fix an integer N > 2 and henceforth write x (and y, z, etc.) for tuples
(x1,...,2y) € RY. With Proposition 3.0.1 in hand, our next task is to give a
consistent method for visualizing and organizing the elements of RY \ V;, where

= {z € RY : z; = z; forsome i < j}. Given z = (21,...,25) € R,
Proposition 3.0.1 provides a unique sequence (d;(0),d;(1),d;(2),...) in D satisfying
z; =y - m"d;(n) for each entry x;. This gives a unique series representation for z,

namely
r=Y w"d(n) where d(n)=(di(n),da(n),... dy(n))€ D",

and this series converges absolutely in RY. Moreover, given m € N, the set of finite
sums {37 7"d(n) : d(n) € DN} is a complete set of representatives for the

quotient RY /7R, so we will abuse notation and write

RN/WmRN:{ZW EDN}

Given z = Y 2 7"d(n) € RN and m € N, it is clear that the unique elements y €
RN /7mmRN and z € a™RY satisfying x = y + z are respectively y = > 01 ©"d(n)
and z = > 2 7w"d(n). Our next definition makes use of this and the following

n=m

observation: x € RN \ V if and only if € RY and sup,_; v(z; — x;) < co.
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Definition 3.1.1. We call an element y € RY \ V; a tree of length m € N if

y € RY/7m™ RN and max;;v(y; —y;) + 1 =m.

Given z = > 2 7"d(n) € RN \ V, with m = max;; v(z; — x;) + 1, note that
Yy = ZZ:OI 7"d(n) is the unique partial sum of x satisfying Definition 3.1.1, so y will
accordingly be called the tree part of x. The reason for the name “tree” is clarified

by the next example, which will be revisited in later proofs.

Example 3.1.2. Suppose N = 9 and K = Q5 with uniformizer 7 = 5 and

digit set D = {0,1,2,3,4}. The tree y = ZZ:O 5"d(n) corresponding to the digit
vectors d(0),d(1),...,d(7) in Figure 1 can be visualized as a rooted tree. The root
represents the value 0, and the nodes traversed by the path from the root down to
the leaf 1; represent the consecutive partial sums of y; = ZZ:O 5"d;(n). It should be
noted that for general trees y € RY \ V;, the corresponding diagram need not have
y; in index order at the bottom. The tree in this example was only chosen this way

only to make the diagram in Figure 1 easily discernible from the digits.

d(0) = (2,2,2,2,2,2,2,2,2)
d(1) = (0,0,0,0,0,3,3,3,3)
d(2) = (3,3,3,4,4,1,1,1,1)
d(3) = (2,2,2,1,1,0,0,0,0)
d(4) = (4,4,4,0,0,4,4,4,4)
d(5) = (1,1,1,2,4,0,1,3,4)

d(6) = (0,0,0,4,3,3,2,2,0)

d(7) =(0,1,4,3,4,2,1,1,1)

FIGURE 1. The diagram for a tree y € Z2 of length 8.
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3.2. Useful properties of level pairs

The connection between splitting chains and elements of R™ \ Vj begins with

the following definition:

Definition 3.2.1. If h € Sy and n = (10,71, ..., Nr(hy-1) € NE® we call the pair

(h,n) a level pair.

Given z € RV \ 1, we may associate a unique level pair to z as follows. Its
tree part y has some length m, so we have m = max;;{v(y; — y;)} + 1 and hence
there is a unique positive integer L and unique integers mg, my, ..., mp.1 satisfying

—1l==mog<my <---<mpy:=mp+1=m and

oy —y;) 1 1<i<j < N} ={my,mg,ms,...,mp}.

Then for each ¢ € {0,1,2,..., L} we define an equivalence relation ~, on [N] via

i~y g —= y; =y; mod 7"

and let rhy be the partition of [N] comprised of ~-equivalence classes. Since
min,;{v(y; — y;)} = mi, Proposition 3.0.1 implies y; = y; mod 7™ for all

i < j and hence hy = {[N]} = . Similarly, max;-;{v(y; — y;)} = mp < mp
implies y; # y; mod 7=+ for all 4 < j and hence thy, = {{1},{2},...,{N}} =
For each ¢ € {0,1,...,L — 1}, note that every pair i < j satisfying i ~ypy; J
also satisfies ¢ ~; j, and hence M, < . In particular, since v(y; — y;) = men
for at least one pair ¢ < 7, then this pair satisfies ¢ ~, 7 and ¢ %4y; 7, so in fact
we have M,y 1 < M. Then M=ty > >y > - >, = rh, meaning

th = (ho, My, M2, ..., M) is a splitting chain of order N and length L(th) = L.
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Finally, define n = (19, m1,...,m1-1) € NE via n, := myy1 — my. Thus (h,n) is a

level pair determined completely by z, so we call it the level pair associated to x.
For any x € Z2 with tree part y as in Example 3.1.2, the level pair

(th, n) associated to x can be seen in the tree diagram as in Figure 2 below. It

is comprised of the splitting chain h = (Mg, My, the, M3, My) € Sy described

at right and the tuple n = (2,1,3,2) described at left. We have also included

the (boxed) integers mg, my, ma, ms, my to make it clear that my = —1 and

meyg1=—1+n+---+mnfor0<l<3:

mo= 1] o = {1,2,3,4,5,6,7,8,9}
o = 2 — degm({l, 2,3,4,5,6, 7,8,9}) =2

o IR/ S = {1,2,3,4,5}{6,7,8,9}
=] dea({1,2.3.45) =2 —

iy = 1] s = {1,2,3H{4,5}6,7,8,9}

deg4 ({6,7,8,9}) =4

~
ms =5 s = {1,2.3H4HEHEHTHBH9)
T degy({1,2,3}) =3
3 = 2 ™~ L L] ° L] L] L]
mi=1) = {1H{2H{3}{4} (SHEHTH8} {9}

h Z/é Y3 Ya Ys Yo Y7 Ys Yo

FIGURE 2. The level pair (th, n) associated to the tree in Example 3.1.2

The level pair associated to x should be regarded as a compact summary
of key features of the diagram for the tree part of . More precisely, for each
¢ e€{0,1,...,L(h)—1} we have y;—y; € 7™+ R (where myy1 = —14+no+n+- - -+10)
if and only if ¢ and j are contained in the same A\ € ;. The proper refinement
My > Mgy reflects the fact that at least one A € M, breaks into degg(A) > 1 parts in
Me+1, because at least one pair 4, j € A satisfies y; Z y; mod 71! and hence the

paths for y; and y; in the diagram split at level my;; (see Figure 2). The integers
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my, My, ..., Mg mark the levels where these splittings happen, and the integers

M0, M, - - - Mr(h)—1 appearing in the tuple n are the spacings between those my.

Definition 3.2.2. For each level pair (h, n) define
T(h,n):={x € RN\ V;: (h,n) is the level pair associated to z}.

There are three key properties of the sets 7 (h, n) that will be used in our
proof. The first is the following decomposition of RY, which is immediate from
Definition 3.2.2 because each z € RY \ 1} has exactly one associated level pair
(h,n):

=Vou || || T mn) (3.2.1)

mESN neNL(m)
In particular, note that the union is countable because Sy is finite and N¥™ ig
countable for each th € Sy, and note that some 7 (h, n) may be empty. The second

key property of T (rh, n) is the following lemma:

Lemma 3.2.3. Each T (th,n) is compact and open with measure

L(h)—1
(7—<m ’I'L q— rank(hg)n

=0

In particular, T (M, n) = & if and only if My(q) = 0.

Proof. Fix a level pair (th,n). Using the tuple n = (19,71, ..., Mr@y-1) € NE® we
define the familiar integers mo, m, ..., mry+1 by mo := —1,
e/

Mmeyq = —1+ Zm for 0 < ¢ < L(h) —1,
(=0
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and
L(th)—

ME(h)+1 =M Z Tes
and note that n, = myy1 — my for all ¢ € {0,1,..., L(h) — 1}. By the discussion
following Definition 3.2.1, note that € T (h, n) if and only if x € y + 7™ L@+ RN,

where y is a tree with the following properties:
(i) y is a finite sum of the form y = S°1 " 77d(n),
(i) {v(yi —yj) 11 <i<j <N} ={my,mg,...,mym}, and
(iii) for A € rhy, 4,5 € A if and only if y; = y; mod 7™+,

Since y + 7@+ RN is open and compact with measure

L(h)—1
1™ (y + WmL(m)HRN) = pN (e RN) =g Ve = H g N,

it remains to find the number of trees y satisfying (i)-(iii) and multiply the measure
above by this number. According to (i), every such y corresponds to a unique finite
sequence of digit tuples d(0),d(1),...,d(my@)) € DV, so we will count all valid y
by counting sequences. The terms in such a sequence may be chosen independently,
so we will start by counting valid d(n) € D" for each n € {0,1,...,mp} in two

cases, maintaining conditions (i)-(iii) as we go:

(I) Suppose my < n < myy; for some ¢ € {0,1,...,L(h) — 1}. For each A € rh,
we must have y; = y; mod 7™ for all 7,5 € X. By Proposition 3.0.1, we
must therefore choose d(n) € DV in such a way that for every A € My, we have
inf{n : d;(n) # d;(n)} = v(y; —y;) > meyq for all i, j € \. As n < myq, this
means we must ensure d;(n) = d;(n) for all 4, j € A. Thus, for each A €
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(I1)

we must choose one value dy € D and set d;(n) = d for all i € X\. This must
be done for #mM, parts A with #D = ¢ choices per part, so we have ¢#™ valid
choices of d(n).

Suppose n = myy for some ¢ € {0,1..., L(th) — 1}. Recall that M,,; is a

proper refinement of M,, note that M, decomposes into the two disjoint sets

My ={rAem:Aehgq} and

My = {\ €y : X is a union of at least two X' € gy},

and note that the latter is actually My, = {\ € B(M) : £4()\) = ¢} by part (b) of
Definition 1.6.3. We use the decomposition M, = tj L i} to break the problem

of counting valid digit tuples d(m41) € DY into two corresponding subcases:

o If \ € My, then A\ € My, and this means any 7, j € \ must satisfy
y; = y; mod 72, Recalling Proposition 3.0.1, this means we must
have inf{n : d;(n) # d;(n)} = v(y; — y;) > Mu42, so we need only choose
one value dy € D and set d;(myy1) = dy for all i € X just as in (I). Thus
for each A € My, we have ¢ = #D valid ways to choose the partial digit
tuple (d;(mei1))ien-

e If A € i}, then the number of parts X' € thy,; comprising X is precisely
deggy(A). Given one such N C A, every pair ¢, j € X' must satisty y; = y;
mod 7™¢+2, or equivalently inf{n : d;(n) # d;(n)} = v(y; — y;) > Mmeo.
Thus by Proposition 3.0.1 again, for every pair 7,7 € X we must have
di(mes1) = dj(mes1). On the other hand, if X', \" € rhyyy are distinct
parts contained in A and we have i € X and j € X, then both y; = y;

mod 7™+ and y; # y; mod 7™ must be satisfied. By Proposition

29



3.0.1 and the necessary condition v(y; — y;) € {mi,ma,...,mrm},

we must ensure inf{n : d;(n) # d;(n)} = v(y; — y;) = My and
hence d;(me4+1) # dj(mey1). Therefore we must choose an ordered set of
degq () distinct values dy € D (one for each part X' € My contained
in A, and ordered because these X are distinct), and for each X' C A
we must set d;(myy1) = dy for alli € N. Thus, for each A € M} the
number of valid ways to choose the partial digit tuple (d;(mp11))ien 1S

the number of ways of choosing these dy/, namely

(deijk)) (dega(M)! = (@aega) = ¢ (4 — Laegy)-1-

The two subcases now combine to conclude case (II) as follows: The entries
in the tuple d(myy1) = (di(mes1), ..., dy(mes1)) are partitioned according to

My =, UMY, so the number of valid such tuples is simply the product

H #{valid ways to choose (d;(myy1))ien} = H q- H (¢ (¢ = 1)aeg,(n)-1)

Aerhy Xed),  ehY
e q#mf . q#mi . H (q — 1)degm()\)—1
ey
=" 1] (@ = Dacgyn-1
AeB(rh)
Ln(N)=L

Finally, we combine cases (I) and (II): For each 0 < ¢ < L(rh) — 1, case (I)
provides g#he(meri—me=1) — #Me(=1) yalid choices for the partial list of tuples
d(mg + 1),d(me + 2),...,d(me1 — 1), and the final product from case (II) is the
number of valid ways to choose d(my,1) and hence extend the list to one of the
form d(my + 1),d(my + 2),...,d(mes1 — 1),d(mey1). Concatenating these lists for
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¢ €{0,1,...,L(th) — 1}, we conclude that there are

L(th)—1 L(th)—1
H g Mheme=1) . g#the H (¢ — Daegyy-1 | = Ma(q) - H ghene
(=0 AEB(rh) (=0
Ln(N)=L

ways to choose a sequence of digit tuples d(0),d(1),...,d(mp) such that

y = SOUH® and(n) satisfies (i)-(iii). Thus 7 (th, n) is a disjoint union of

n=

Mu(q) - Hf_(’g)‘l g™ sets of the form y + 7™+ RN 5o clearly T (h,n) = @

if and only if My(¢q) =0, and T (th, n) is open and compact with measure

L(th)—1 L(th)—1 L(th)—1
(T(fh n) q#mmz . q*NW _ (Q) . H q rank(rhg)ne
=0 =0 /=0

The final key property of the sets 7 (fh, n) is that all factors of the integrand

in Definition 1.5.2 (except possibly p) are constant on each one. More precisely:

Lemma 3.2.4. If (th,n) is a level pair, a,b € C, s € (C(]'D, and x € T (th,n), then

Sij

(max |2; — z])" (mm |z — ) H |z, — x;
1<) i<j
L(h)-1
—(a+b+32, . si5)(m0—1) q

/=1

—q —(b+E, (s)—rank(the))ne

Proof. Just as in the proof of Lemma 3.2.3, we use the given tuple n =
(M0s M5 - - -, Nrhy—1) to define integers mqg, mq, ..., My via mgo := —1,
é/
mps=—1+> 5 for £ €{0,1,... L(th) -1}

=0
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and mphy41 = Mm@y + 1, and have 1, = my —my for all £ € {0,1,..., L(th) — 1}.
Now if y is the tree part of =, we have mpn) = max;<;{v(y; —y;)} and v = y + 2
with z € 7@+ RN 50 min;;{v(z; — z;)} > my@) and hence v(y; —y;) = v(z; — ;)

for all © < j by the strong triangle equality. Therefore

Sij

(r?<ax|x, - :EJ|)a(an<1]n|:Bl — a:]|)b1:[ |z — x5
i<j

s”
)

= (maxy: — )" (min Jy: - yil)" TT lv: — v

i<j
where
(i) y is a finite sum of the form y = S “ 7”d(n),
(i) {v(yi —yj) 1 <i<j< N} ={mi,mq,...,myam}, and
(ili) for A € My, 4,7 € A if and only if y; = y; mod 7™+
as in the proof of Lemma 3.2.3. Now
(rglgx ly: — yj\)a = g e ) = gram = gal =l

b L(h)—
(IP<1]n ‘yi _ y]|) _ q—b.maXz‘<j v(yi—yj) — C]_me( ) — b(no—1) H q—bne
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and

L(th)
> sivly — Z > sy
i<j i<j
U(yz Y5 )—mé
L(th)

:Z Y su(=Llamtm et ne)

1<j
U(yz Y5 )—mé

= Z si5(—1+mo)

i<j
v(yi—y;)=m1

+ D) sy(=14me+m)
i<j
v(yi—y;)=m2

+ Z Sij<_1+n0+771+”'+77L(fh)—1)7
1<j
V(Yi—Yj) =ML ()

so exchanging the order of summation in the above sum of sums gives

L(th)—1
Zsz’jv(yi —y;) = Z sij| (no—1) + Z Z Sij | Me-
1<j i<j =1 1<j
v(yi—yj)=>ma v(yi—y;j)2met1
Since v(y; — y;) = my for all @ < j, the first term in brackets is simply ), _ j Sij. For

the other terms in brackets, recall

!

V(Y — Yj) > Mupa y; =y; mod 7"

— 1,7 € X for some \ € rhy
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by Proposition 3.0.1 and property (iii) of y. Therefore

> =33 sy = En,(s) — rank(rhy)

i<j A€y i<
v(Yi—y;)>meq1 5L,JEX

by part (c) of Definition 1.6.3, and hence

L(th)—1
Z sijv(yi — Yj) = [Z Sij] (mo—1) + Z [En, (s) — rank(rh)] ¢

i<j i<j (=1

implies
L(h)—1
SU =q —(Xi<j 5i5)(no—1) q- (B, (s rank(me))m'

[Tl -

1<J /=1

Combining this with the max and min factors gives the desired result:

Sij

(max |z; — z;])" (rnm |z — ) H |z, — x;
< 1<j

Sij

= (maxy; — )" (min i —51)" [T loe — v
1<J

L(th)—1

(a+b+21<] 51])(770 1 q

/=1

—q (b+Em, (s rank(rﬁg))ng'

3.3. Integration with level pairs

Though Lemmas 3.2.3 and 3.2.4 are useful on their own, their combination

is especially important. Indeed, Lemma 3.2.3 provides an explicit formula for the
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measure of 7 (M, n), on which the constant value taken by

©— . a 1 ¢ — . b - — .SAA
93%(](?3]?(@ x]‘) (I{1<1]D|xl IJD E|$z |

is given in Lemma 3.2.4. Thus the integral of this function over a given set 7 (rh, n)

is simply the product of the function value and the value of u™ (7 (i, n)):

Corollary 3.3.1. If a,b € C, then for every s € c(2) we have

ddry...dry

/T(m’n) (max | — ;)" (min f; - ) T i — 21

1<J .
1<)
L(h)—1

—(N=lda+b+37,; sij)(no—1) | q-

= q b+EmZ
(=1

Note that this quantity is entire in each of the variables a,b, and s;;, and all mized

partial derivatives in those variables commute with each other and the integral sign.

Remark 3.3.2. Note that Corollary 3.3.1 actually generalizes Lemma 3.2.3, as
the latter can be recovered by setting s;; = a = b = 0 in integral formula above.
Moreover, the exponential factors in the formula are completely determined by
the level pair (th, n), which encodes the common features of the tree diagrams for
xz € T(th,n) (recall 2). In particular, we may regard hy = {[N]} and 7y as “root

data” that determine the factor

—(a+b+Eng (8))(0—1) —(N=14a+b+3, sz-j)(no—l)’

q =4q

and note that

—(N=lda+b+32,; sij)

lq c<l1 — s € RPn(a,b). (3.3.2)
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This is precisely the reason we named RPy(a,b) the “root polytope”. Similarly,
for each ¢ € {1,2,...,L(th) — 1}, recall that t, describes how the N paths
representing (z1,x9,...,zx) = x € T(M,n) branch in a particular level in the
tree diagram, and that 7, measures the vertical distance between the tree diagram
levels corresponding to m, and rhy, 1. Thus we regard , and 7, as the fth “level

7(b+Emg(

data”, which determine the exponential factor ¢ s)me - Accordingly, we named

LPu(b) the “level polytope” in Definition 1.6.4 because

g O En )| <1 forall €€ {1,2,...,L(th) —1} = s € LPu(D).
(3.3.3)
In the following proposition, we will finally see how the exponential factors
corresponding to the root and how level polytopes combine to form the root and

level functions. It is the most important result in this chapter.

Proposition 3.3.3. Suppose a,b € C and define Ry := | |,,cyem T (h,n) for each

th € Sy. If Mu(q) > 0, then the integral

Siday ... doy

. b
/ng (max |z; —x3|)a(r£1<1jn|xl — 1)) H!% —

1<j o
1<)

converges absolutely if and only if s € RPy(a,b) N LPx(b), and for such s it

converges to

1
7(N71+a+b+zi<]- Sij)

- Jn(b, 8).
- (b, s)

Otherwise Ma(q) =0, in which case RY = @ and the integral is simply zero.

Proof. The My(q) = 0 case is immediate from Lemma 3.2.3, so suppose Mg (q) > 0
and s € C(3). Then Corollary 3.3.1 and Fubini’s Theorem for sums of nonnegative
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terms imply

a .
/ (max|z; — z;])" (min|z; — z;]) H |lz; — x| dxl .dry
RN 1<) 1<J
th i<j
Re(a) . Re(b)
= > [ (maxla ) (Hgn\xz-—xj!)
nent Y T(hn) = =7
. H |J?z — Ij|Re(8ij) dl’l . dZEN
1<j
L(rh) 1
_ 2 : g Re(N—1+a+b+3,; si5)(mo—1) | H g Re(b+Ep, (s))ne
neNL(h) /=1
00 Ma( L(h)-1 oo
_ Z ‘qf(N71+a+b+zi<j 5ij) ((570—1) m Z —(b+En,(s)) |W
no=1 q /—1 =1

Therefore the integral on the first line converges if and only if all of the geometric
series in the product on the last line converge. But this is the case if and only if
s € RPn(a,b) N LPx(b) by (3.3.2) and (3.3.3), so we have established the first

claim. Moreover, if s € RPy(a,b) N LP(b) then the function

Sij

a . b
x> 1px () (qum — ;) (I{g;ﬂl‘z — )" [ l#i — =
is in L*(K™, 4) and dominates every partial sum of the function

31]

. b
ey Lr(m () (max |z; — $j|)a(1}1<11.1 s — )" ] ] i — =
nENL®) ’ ! i<j

so the Dominated Convergence Theorem, Corollary 3.3.1, and Fubini’s Theorem for

absolutely convergent sums together imply
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s”dﬁl d{lfN

/(max|xz—x]]) (mm|xl—x] H\x,—x
Ryl

1<)
1<j
a . b
-y (max la; — o))" (min fo; — )
T(th n) 1<) 1<]
’nGNL ) (
. H |ZEZ — I’j|8ij d[L‘l Ce dl’N
1<j
L(Mh)-1
— Z q_(N 1+a‘+b+zz<] s’LJ)(T]O 1) H q b+Em[(s )772
ncNL(h) (=1
_ § qi —1+a+b4+37, ; 5i5)(no—1) H Z q (b+En,(s)n
no=1 = ne=1
1
= - Jhg(b,s).

1 _ qf(N71+a+b+Zi<j Sij)

Proposition 3.3.3 is the key ingredient in the next proposition, which is the

foundation of parts (a) and (b) of Theorem 1.6.6.

Proposition 3.3.4. Suppose K is a p-field and suppose a,b € C. Then the integral

Siday ... doy

R

1<J o
1<)

converges absolutely if and only if s belongs to Qn(a,b), and for such s it converges

to

1
1 — g (V- THatbt i i) Z g (b, 8)
heSy
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Proof. First, note that the decomposition in (3.2.1) can be rewritten as

RY =Vou | | Ry, (3.3.4)
rheSN

and that for each integer m > 1 we have

Vo = U {reR 2, =1;} C U |_| (y + 7™ RM).

1<i<j<N 1<i<j<N yeRN/zmRN
Yi=Y;

For each pair {i, j} satisfying 1 <i < j < N, we have
#{y c RN/T('mRN Y= y]} _ q(N—l)m and MN(?J + WmRN) _ q—Nm

by Proposition 3.0.1 and Theorem 1.3.1. Thus Vj is contained in a union of (]; )

(N-1)m —Nm __

sets of pN-measure ¢ - q = ¢~ ™, and since m > 1 can be arbitrarily large

it follows that p¥(V4) = 0. This fact and (3.3.4) together imply

Siiday ... dey

/ (max |z; — 2;|)" (min |z; — l'j\)bH |z —
RN 1<]

1<j -
1<]

=2 /RN (r?fjxm - $j|)a(f{1<ijn i — a])" [ i —

heSy th 1<j

S dxy ... doy.

According to Proposition 3.3.3, the integral over R} converges absolutely if and
only if Mu(g) = 0 (in which case RY = @) or s € RPx(a,b) N LP(b). Therefore

the integral over R converges if and only if s is in the polytope

RPn(a,b) N () LPa(b).

heSy
Mn(g)>0
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Recalling the definition of Qy(a,b) in part (a) of Theorem 1.6.6, it remains to show
that the condition “Mg(g) > 0” in the intersection above is extraneous. If N = 2
the only splitting chain in Sy is th = ([N], {1}{2}), which has Mu(¢) =¢—1 >0
because ¢ > 2. Thus if N = 2 the condition “Mgy(q) > 07 is automatic and the

proof is complete. Now suppose N > 2. It suffices to show that

(| LPad) C [ LPa(b) (3.3.5)

heSy heSy
Mn(q)>0

because the reverse containment is obvious. To this end, let M° be an arbitrary
partition of [N] other than h = {[N]} orh = {{1},{2},...,{N}}. We will
construct a splitting chain M° € Sy that has M° as a level, satisfies My (¢) > 0
for any ¢ > 2, and has length L(th®) > 2 as follows. Put & = #mM° — 1 and define
M := M°. Then k£ > 1 and we may write My = {1, A2, ..., Apr1} where #X\ > 2

and #A1 > #Xo > -+ > #Mpy1. Now for each £ € {0,1,2,...,k — 1}, define
e i= {1, Ags o Ay (Ao U Ao U - U Ay )}

and note that h = My >y > --- > rh, where each refinement is given by splitting a
single part into two parts. For £ > k + 1, recursively define h, to be any refinement
of My_; such that each non-singleton part A € rhy_; splits into A = X\ {i} € h, and
{i} € rhy for some i € A. The largest part \; € rhy will fully refine into singletons
after #\; — 1 steps in the recursion, by which time all other parts will have also
refined into singletons. Therefore the recursion must stop at ¢ = k + #X; — 1 with
Mk > Mgr1 > -+ > Mgyper,—1 = M, where each refinement is given by refining non-

singleton parts into exactly two parts. Thus we have constructed a splitting chain
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M = (Mo, M1, ..., Mkrpr,—1) € Sy that has the given partition M° as its kth level,
has length L(h”) =k + #X\ — 1 > k+ 1 = #M > 2, and has degge(\) = 2 < ¢ for

all branches A\ € B(°). The last property implies Mo (q) > 0, so we have

L(h°)—1
M LPab) C LPw(B) = () {s e C(2) : Re(b+ By, (s)) > o}
heSy =1
M (9)>0

c {s e C3) i Re(b + Eye(s)) > 0}
This argument works for every partition h°® with h < Mm°® < M, so it follows that

N cPa®)c {3 e C(2) : Re(b + Ey(s)) > o} .
heSy partitions rh
Mg (q)>0 h<h<h

On the other hand, for every splitting chain h € Sy, each level h, with 1 < ¢ <

L(th) — 1 is a partition of [N] satisfying th < rh, <, so

U {he,tha, - hiay—1} C {partitions : dh < h <},

thSN

This implies

N crPad)c N {sec(év) :Re(b+Em(s))>O}

heSy partitions rh
Mg (q)>0 th<h<h
c N ﬂ {seC Re(b+Em[(s))>O}: M LPa(b).
heSy =1 heSy

0 (3.3.5) holds and the proof is complete. Note that we also just proved the first

claim in Proposition 1.6.7. ]
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CHAPTER IV

BRANCH PAIRS AND THE CONCLUSION FOR Z§

The goals of this chapter are to prove Lemma 1.6.5, find a correspondence
between level pairs and branch pairs (to be defined shortly), and use them to
write some of the previous integrals in a simpler way. Defining and proving the
correspondence is arguably the most technical part of this thesis and will take
the majority of Section 4.1. In Section 4.2 we will use the correspondence to
prove Proposition 4.2.4, which is a “branch-centric” analogue of Proposition 3.3.4.
Finally, in Section 4.3 we will extend Propositions 3.3.4 and 4.2.4 to general norm-

densities and conclude the proof of parts (a)-(c) of Theorem 1.6.6.

4.1. Reduced splitting chains, branch pairs, and a correspondence
Before defining branch pairs, we will restate and prove Lemma 1.6.5.

Lemma 4.1.1 (Lemma 1.6.5). We say that a splitting chain f is reduced if for
each A € B(M) there is a unique level h, containing X (namely, the level g, (n)). We

write Ry = {th € Sy : th is reduced} and define an equivalence relation ~ on Sy by

writing M ~ ' if and only if B(th) = B(d').

(a) If th ~ &Y, then the branch degrees, part exponents, multiplicity polynomials,

and branch polytopes for th and ' respectively coincide.

(b) For each th € Sy there is a unique h* € Ry such that h ~ h*. We call this
™ the reduction of th and regard Ry as a complete set of representatives for

Sy modulo ~.
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(¢) For each " € Ry we have

ﬂ LPn(0) = BPgyx,

rheSN
h~h*

and therefore

() £Pa(0)= () BPa-

heSy h*eR N

Proof.

(a) Suppose h, ' € Sy and h ~ M. Then B(h) = B(rh') and our only
task is to prove that degg(\) = degy (M) for all A € B(rh), for then
the rest of (a) will follow immediately from part (c) of Definition 1.6.3
part (b) of Definition 1.6.4. To this end, suppose A € B(rh). Any branch
X' € B(rh) contained in both My, (x)+1 and A must not appear in any of the
levels rho, My, ..., Mg, ) because ty, (n)4+1 properly refines all of them and by
definition, £4(\) = max{¢ € {0,1,...,L(h) — 1} : A € M,}. Moreover,
no branch \” C )\ can appear in My, (n)+1 because A € My, (x)41. Therefore
{N € Mg,)41 © A C A} is comprised of precisely the largest branches in
B(rh) that are properly contained in A, along with any remaining singletons
{i} € X\ Thus {X € g, 41 1 X' C A} is completely determined by B(rh) and
A. But B(th) = B(h'), so

N €t : N CAy={N €Ml oyt N CA}

and we conclude that degg(\) = degg (N).
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(b) Suppose h € Sy and note that B(r) is partially ordered by C with unique
largest element [N]. We will construct an element h* € Ry satisfying
B(h*) = B(rh). Begin by letting g := {[N]}, and continue recursively for
¢ > 0 as follows: Define a partition y,; of [N] by taking the largest branches
remaining in B(h*) \ (h5 U M} U --- U ;) and any leftover singletons in
[N]. At the first £ > 0 for which B(th) \ (hg U] U--- UM;) = &, end
the recursion and let L* := ¢ + 1 and rh}. := h. Then by construction we
have ty,, < rh; because each part of thy,, is contained in a part of thy and
at least one part of My, is properly contained in one of those in rh;. Thus
m* = (Mg, M7, ..., M7.) is a splitting chain of order N and length L* < L(rh)
with B(h") = (Uf:*al rh}f) \ th = B(rh). Moreover, ™ is reduced because each
A € B(rh") is contained in exactly one My, and " is unique because it was

completely determined by B(rh).

(¢) Suppose h* € Ry. The first claim is obvious from Definition 1.6.4 if
B(h*) \ M = @, so suppose otherwise and choose an arbitrary branch
A° € B(th*)\ . We will construct a splitting chain h° € Sy such that h°® ~ *
and such that M° has a level containing A\° and no other branches. The set
B = {\ € B(th*) : X\ ¢ X°} is partially ordered by C with unique largest
element [N], so we may apply the same algorithm in the proof of part (b) to
obtain the unique reduced splitting chain ' = (rhg, ], ..., M) satisfying
B(t') = B'. There is a smallest branch in B(fh') that contains \°, say \,
and there are no subsets of \° in B(th'). Thus if \°> = {iy,4s,...,%,}, the
singletons {i1}, {i2}, ..., {i,} must appear in i for all £ > £4(\). Now let
Mo, M1, ..., Mz be the partitions satisfying thy = tj for 0 < £ < £4/(N), and
for £ > L4 (\) take My to be equal to My, but with {i;}{is} ... {i,} replaced by
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A = {i1,1s,...,i,}. This yields partitions

M=y >y > - >y

with B(h™) \ (Mo UMy U---Umy) = {X € B(h*) : A C A°} where \°

is the only non-singleton part in Mz,. We continue recursively for ¢ > L/,
defining My, to be the partition comprised of the largest branches remaining
in B(h*) \ (e Urhy U---UmM,) and any leftover singletons in [N]. We end the
recursion at the first ¢ > L’ such that B(h*) \ (ho Uy U---Uhy) = & and set
L :=/{+1and ty := . The result is a splitting chain h® = (thg, My,..., M)
with B(h®) = B(h*) (i.e., d° ~ ™) and a level iy, whose only non-singleton
part is A°, and hence Ej ,(s) = exe(s). Thus for \° € Ry we have a splitting

chain Mh° ~ M* satisfying

LP4e(0) (_] {s e C(3) : Re(Ey,(s)) > 0}
(=1

N N
2 2

C {s ecld) . Re(Ep,,(s)) > O} = {s ecl) . Re(exe(s)) > 0} :

and hence

M £Pa(0) C {s e C(2) : Re(er(s)) > o} .
Since this argument works for any A\° € B(h*) \ i, it follows that

M £Pa0) c N {s e () : Re(er(s)) > o} — BPye.

heSy AeB(h)\h
iy (M\
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To show the reverse containment, suppose s € BPgy-~, so that Re(ex(s)) > 0
for all A € B(th*) \ M. For any splitting chain h ~ M* and any level M, with

1 < ¢ < L(rh) — 1, the level exponent Ey,(s) = Yy, €x(s) is a sum over at
least one A € B(th) Nrh,  B(h*) \ h and hence Re(E},(s)) > 0. It follows that
s € LP(0) for all h ~ h*, and we conclude that

() LPa(0) = BPg-.

heSy
h~h*

Finally, since this holds for all h* € Ry, part (b) implies (s, LPn(0) =

ﬂrh*eRN BPg.

It is worth noting here that the recursive algorithm in the proof of part (b)
of Lemma 1.6.5 can be used to find the reduction of any splitting chain. We now

apply this algorithm to the splitting chain h € Sy from Figure 2 in Section 3.2.

Example 4.1.2. Recall h = (Mg, thy, the, M3, My) € Sy from Figure 2, where

ho = {1,2,3,4,5,6,7,8,9},

hy = {1,2,3,4,5}{6,7,8,9},

ty = {1,2,3}{4,5}{6,7,8,9},

s = {1,2, 3{4}{5 {6 H{T}{8}{9},
hy = {LH2H{3H4HEHEH{THBHO}-

Before starting the algorithm, note that its branch set is

B(h) = {{1,2,3,4,5,6,7, 8,9}, {1,2,3,4,5}, {6,7,8,9}, {1,2,3}, {4,5}}.
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We initialize the algorithm by letting My := {1,2,3,4,5,6,7,8,9}, and the recursive

part runs as follows:

— ¢ =0: The maximal branches remaining in

B(h) \ hg = {{1,2,3,4,5}, {6,7,8,9},{1,2,3},{4,5}}

(partially ordered via C) are the incomparable sets {1,2,3,4,5} and

{6,7,8,9}, so we define the partition

= {1,2,3,4,5}{6,7,8,9}.

— ¢ = 1: The maximal branches remaining in B(rh) \ (M U M]) =
{{1,2,3}, {4,5}} are the incomparable sets {1,2,3} and {4,5}, so by

including leftover singletons {i} C [9] we define the partition

My = {1,2,3}{4, 5 H{6}{T}{8}{9}.

— ¢ =2: We now have B(rh) \ (g U hj UmM3) = &, so end the recursion.

Finally, since the recursion stopped at step ¢ = 2, we set L* := ¢ + 1 = 3, define the

last partition via

g i= = {TH2H{3H4HSHEH{THBH},

and note that the algorithm is done. It is straightforward to verify that the
resulting tuple h* := (g, M}, M3, M3) is a reduced splitting chain of order 9 with
h ~ M and L(h*) < L(rh).
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We are now ready to define and discuss branch pairs:

Definition 4.1.3. If h™ € Ry and k = (k,) is a tuple of positive integers indexed

by A € B(th*), we call [h*, k] a branch pair.

The following theorem establishes a useful and explicit correspondence
between the set of all branch pairs [th*, k] with a particular h* € Ry and the set of

all level pairs (th,n) such that rh has reduction "™

Theorem 4.1.4. Suppose " € Ry. There is a bijection

{[rh*,k:] k= (k) € NB(m*)} < |_| {(h,n):n=(no,m,....00@)-1) € NL(m)}

heSy
th~h*

such that if [h*, k] and (th,n) correspond, then we have kiny = 1o and for each
A € B(h) \ M we have

£n(N)

ka= Y. (4.1.1)

=L (A)+1

where \* € B(th) is the smallest branch properly containing .

Proof. Fix h* € Ry and let k = (k) be an arbitrary tuple of positive integers

indexed by A € B(h"). We associate a unique level pair to [h*, k] as follows. The

set
M= =1+ > kv:AeB(h)
NeB(h®)
A'DA
is comprised of finitely many, say L, nonnegative integers. Put mg := —1 and let
{my,ma,...,mp} be the enumeration of M satisfying mo < m; < mg < -+ < my,.
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For each A € B(h") define

Ui g (A) == the unique ¢ € {0,1,..., L — 1} such that Z kx =mgq + 1.

NeB(h*)
NDA

Then by the definition of M = {my,ms,...,mp}, foreach ¢ € {0,1,...,L — 1}
there is at least one A € B(rh") satisfying {4 j(A) = ¢, and X = [N] is the unique
branch satisfying {4 j(A) = 0. Moreover, we have £« g (X') < fjn g (A) whenever
A, N € B(h®) satisfy A € X. We now construct L partitions Mg, My, ..., M,_; of [V]
as follows. Let thy := {[N]}, and for each £ € {1,..., L — 1} let B,(h*) be the subset
of B(m*) defined by

U k) (A) > € and Ly g (A*) < £, where X* is the
A € By(h") =
smallest branch in B(Mh") satisfying A C \*,

let M, be the partition of [N] comprised of all A € B,(th*) and all {i} C [N]\
U)\EB@(m*) A, and finally let hy := . Now if £ € {1,2,..., L} and X\ € My, then either
A is a singleton or A € By("). In the latter case we have {jp« g (A*) < € < Ly g (N)
where \* is the smallest branch in B(t") satisfying A C X*. If {1 (A*) = £ — 1,
then \* € My_;. Otherwise {4+ 1) (A*) < £ — 1, in which case A € ,_1, so in any case
each A € My is contained in some part of My,_; and hence M, < M,_;. Moreover, there
is at least one part N € M,y with fia- (X)) =€ — 1, s0 X' ¢ Be(h") implies N ¢ h,
and hence M, < My_1. Now th := (Mg, My,...,Mz) is a tuple of partitions of [NV]
satisfying Mg > thy > --- > hy = M, so r is a splitting chain of order N and length
L(th) = L. It is clear from the construction of fh that B(rh) = (J;—) Be(th*) = B(th*),
and that each branch A\ € B(rh) = B(") has depth {n(\) = e ky(A). Thus if we

define i := (no,m1,...,nr—1) € NE by n := myy1 — my, it follows that (i, n) is a
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level pair such that th ~ h* and every \ € B(rh) satisfies

L 1) (V) 2h(N)
Z kx = T g (V) +1 +1= Z (m£+1 - mg) = Z Ne-
NeB(h =0 =0

)\’3/\

Then kpy) = 1o, and if A € B(rh) \ th and \* is the smallest branch in B(rh) properly

containing A we have

€n(N) L (A) Ln(X)
D kv Y k=) me- Zw 2.
NeB(th) NeB(h) =0 (=Ll (A*)+1

NDA N DA*

Therefore by setting F([h*, k]) := (M, n) we obtain a well-defined map

F {[m*,k] k= (k) € NB““*)}

— |_| {(rh7n) n = (7]077717 o 777L(rh)—1> S NL(m)}

heSy
th~h’

satisfying (4.1.1). We will now show that F is a bijection by constructing an
inverse. Let h € Sy be any splitting chain with reduction ", let n =
(M0, M1, - -, NL)—1) be an arbitrary tuple of L(rh) positive integers, and define
G((h,n)) = [rh*, k] by defining k) € N for each A € B(th*) = B(rh) via

k)\ = La(N)
Z ne if A* € B(rh) is the smallest branch properly containing \.
(=L (M) +1
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Therefore we have a well-defined map

G |_| {(m’n> n= (770)7717' e 777L(rh)71) € NL(m)}

rheSN
h~mh*

s {[m*,k] k= (k) € NB“‘*)} ,

and it is immediate from (4.1.1) and the definition of G that Go F([M", k]) = [Mh", k]
for every k = (k) indexed by A € B(fh"). It remains to show that F o G((h,n)) =

(h, m) for all level pairs in

| ] {(h,n):n=(om, ... nuaw-1) € NV}

heSy
h~h*

To this end, let (', n) be such a level pair and suppose [h*, k] = G((d',n’)), so

that
o if A= [N],
ky = Ly (N)
Z n, if A\* € B(th') is the smallest branch properly containing \,
=04/ (A*)+1

(4.1.2)
for each A\ € B(M'). Now suppose (h,n) = F([h", k]) and recall the following
details from our definition of F'. The strictly increasing set of integers M =

{my,ma,...,mp} is defined by

M=<-1+ Z k?xi)\GB(fh*)

NeB(h*)
ADA
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and satisfies 7y = my;1 —my for all £ € {0,1,..., L — 1}, where my = —1. Moreover,
recall that h = (g, My, ..., M) is then completely determined using the integers
defined for each A € B(th™) b

(it )(A) = the unique € € {0,1,..., L — 1} such that Y Ky = mgpq + 1,
X eB(h*)

NDA
and we saw that L(th) = L, B(rh) = B(M"), and ln(\) = L g (A) for all A € B(rh) =
B(th*). Now since B(th*) = B(rh') and each integer ky with A € B(fh') is given by

(4.1.2), we have

{my,ma,....mp} =M= -1+ Z kyx : X € B()

NeB(h)
ADA

Loy (V)

= =1+ )y AeB(d)

=0

In particular, for each A\ € B(rh) = B(th*) = B(rh') we have

Lar (X
Z Ny = mgm )41 +1= Z k/\/ = Z k})\/ = Z 774. (413)
N eB(m*) NeB(h
MDA /\’3)\

Since ' is a splitting chain, it must satisfy {{N]} =ty >} > .-+ > rh’L(m,) =,
and hence for each level index ¢ € {0,1,2,..., L(') — 1} we may select a branch

M) € B(d') N, satisfying £4(A*)) = ¢ and have

L() =1 = £y AF®=DY — max {4 (A) : A € B(')}.
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Now since each 1, is positive, it follows that

Ly (M)

{my,mg,....mp}=<¢ -1+ Z n,: A€ B(d)

£=0

K/
- {-HZ%:@’ € {0,1,...,L(rh’)—1}}.
/=0

But the values mq, mo, ..., my, strictly increase and the sums —1 + Zﬁ/:o 1, also
strictly increase with £, so it must be the case that L(l) = L = L(rh) and
moreover,

Z/

mpq = —1+ Zn; for all ¢ € {0,1,..., L(t') —1}.

=0

Thus 1) = my + 1 = 1o, and for every ¢ € {1,..., L(h) — 1} we have
4 0-1
Ne =My — Me = <—1 + 2772) - <—1 + ZU@) = ",
=0 =0

so we conclude that n = n’. Now (4.1.3) and positivity of 1, = 7, imply {4 (\) =
Uin(N) = 1 (A) for all X € B(h') = B(m") = B(rh), so each partition rh, defined via

the set By(th*) above is precisely . Therefore h = ', so
FoG((h,n') = F([h", k]) = (th,n) = (', n)

and we conclude that G = F~1. m

To make the correspondence more intuitive, we recall that the splitting pair
(h, n) associated to the tree in Example 3.1.2 had n = (2,1, 3,2) in Figure 2. By

Theorem 4.1.4, (th,n) corresponds to [h*, k] where M" is the reduction computed in
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Example 4.1.2 and k is displayed in the diagram below. Note that these k and n

indeed satisfy (4.1.1).

k{1,2,13,4,5,6,7,8,9} =2

k{12345 = /

Y1 Y2 Ys Ya Ys Ys Yr Ys Y9

FIGURE 3. The branch pair [h*, k] associated to the tree in Example 3.1.2

4.2. Integration with branch pairs

With Lemma 1.6.5 and Theorem 4.1.4 in hand, we may now give a “branch-

centric” reinterpretation of Proposition 3.3.1 in the b = 0 case.

Corollary 4.2.1. Ifa € C, [h", k] is a branch pair, and (h,n) is the level pair
N
2

corresponding to [M*, k|, then for every s € C(2) we have

[r(m ) (max |z; — ;) [ l#s — 21 day .. davy

1<j -
1<)

_ e sy Mi(a) [ oo

N-1
4 AEB(h )\
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Proof. 1f b = 0, Proposition 3.3.1 gives

Sidxy...dey

max |z; — ;])" | | o — 2
[r(m,n) ( I ’ ) E !
L(h)—1
_ q_(N_1+a+Zi<j si5)(no—1) M]r\f;_@l) . q—EmZ(S)m_
-

(=1

Since th ~ ", part (a) of Lemma 1.6.5 implies My+(q) = Ma(q) and B(th*) = B(rh).

We also have kjy) = 19 by Theorem 4.1.4, so it suffices to show that

L(h)—1
Y En(sie= Y exs)kn. (4.2.4)
/=1

AEB()\

To see why (4.2.4) is true, note that

Emz(s) = Z ex(s),

AEB(th) Ny

and for £ € {1,2,...,L(M) — 1} we have A € B(rh) N rhy if and only if £4(A*) +1 <
¢ < ly(N), where \* denotes the smallest branch in B(rh) properly containing .
Therefore if A € B(rh) \ M, then the branch exponent ey(s) is a summand of Ej,(s)

if and only if £4(A*) +1 < £ < /l4()), so we have

L(h)-1 €n(X) €n(X)
Z Eq, (s)ne = Z Z ex(s)ne | = Z ex(s) Z Te
(=1 AeB(h)\h \£=Cn(A*)+1 AeB(h)\m 0=l (A*)+1

But k) = zii(éi)(k*)ﬂ ne by (4.1.1) in Theorem 4.1.4, so (4.2.4) is proved and the

corollary follows.
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The following remark should be understood of the “branch-centric” analogue

of Remark 3.3.2.

Remark 4.2.2. Note that the integral formula in Corollary 4.2.1 provides yet
another method for computing p¥ (7 (th,n)), but now in terms of the branch pair
(", k] corresponding to (rh,n). Indeed, setting s;; = a = 0 for all i < j gives
ex(s) = #X — 1 by part (b) of Definition 1.6.4, and then the formula in Corollary

4.2.1 simplifies very nicely:
pN(T(th,n)) = Ma(q) - [[ oD% (4.2.5)

The exponential factors in the formula in Corollary 4.2.1 are completely determined
by the branch pair [h*, k] corresponding to the level pair (th,n). Since kjy; = 7o in
this case, the leftmost factor ¢~V 1o+ Xic; ) k=1 pertains to “root data” and
the root polytope (just as in Remark 3.3.2), with b = 0. The “branch data” that
determine the factor ¢=®(®)%x is comprised of the branch A € B(th*) \ h = B(th) \
and the integer ky, which have clear visual interpretations in the tree diagram for

any x € T (M, n) (recall Figure 3). In analogy with (3.3.3) in Remark 3.3.2, we have
Ig7@|c <1 forall e B(h*)\M — s € BPy-, (4.2.6)

which is precisely why we call BPg4+ the branch polytope.

We now give the “branch-centric” analogue of Proposition 3.3.3, which
will have a similar proof and a similar purpose. Just as for level functions in

Proposition 3.3.3, this is where branch functions enter the picture.
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Proposition 4.2.3. Suppose h* € Ry and a € C. If My<(q) > 0, then for every

th ~ ™ the integral

S day ... doy

(max |z; —x\)aH|az’ —
RY © i<i B B

i<j

converges absolutely for all s € RPy(a,0) N BPgy, and for such s we have

a i 1
Z /thV (I?g?qxi—xﬂ) H |z, —xj|" dxy .. day = TS ) Tpeg(8).

heSy 1<j q
h~m*

Otherwise My-(q) = 0, in which case RY = @ for all h ~ " and all integrals above

are zero.

Proof. The Mgy+(q) = 0 case is immediate from (4.2.5) and the definition of RY,
so suppose My+(q) > 0. The first claim follows from part (c) of Lemma 1.6.5 and
Proposition 3.3.3. To prove the second claim, suppose s € RPy(a,0) N BPgy-+, note

the function

Sz]

ze > () (nglgjﬂﬂfi—l’j!)an\%—%

heSy i<j C
therh*

is in LY(K™, u™) by Proposition 3.3.3, and that it dominates every partial sum of

the function

v Y > Ay (@) (max|es — o) [ e — 2.

MeSy neNL(h) 1<j
th~h*

Then the Dominated Convergence Theorem, Theorem 4.1.4, Corollary 4.2.1,

Fubini’s Theorem for absolutely convergent sums, (3.2.1), (3.3.2), and (4.2.6) imply
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Siidxy ... doy

Z/ (max |z; — ;] aH|1:i—xj
1<J

Thefh]\’{ 1<J
=2 X / (max |, — ;)" [ fos = " . iy
MESy nelvt(®) I i<j
a R — Mm* q —ex(s
— Z q —lt+a+d 2, sij) (kv —1) | qN__(l) H q A(8)kx
keNB(h®) XEB(th )\a
— — a .85 — Mm*(Q> —€
— Z q (N—-1+ +Z~L<] z])(k[N] 1), W . H Z q A(8)kx
kv =1 AeB(h*)\h ka=1
1

1 — qf(N71+a+Zi<j Sij) ’ ImﬁQ(S>‘

At this point, we can easily prove the first statement in part (c) of Theorem
1.6.6: Given h* € Ry with My«(q) > 0 and a = b = 0, the two formulas in

Propositions 3.3.3 and 4.2.3 imply

> nal09) = (1= T ) 5 Tl e = fy o)

mESN mESN m Z<]
T h~rh*

for all s € RPx(0,0) N BPgy+. The leftmost and rightmost expressions above are
both holomorphic in the open set BPg+, which is simply connected because it is
convex. Therefore since the two expressions agree on RP y(0,0) N BPg4-«, they must
in fact agree on all of BPg+. Otherwise My+(q) = 0 and all three expressions above
are identically zero on BPg=, so the first statement in part (c¢) of Theorem 1.6.6 is
proved in all cases. Finally, we obtain the analogue of Proposition 3.3.4, which is

immediate from Proposition 4.2.3 and part (c) of Lemma 1.6.5:
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Corollary 4.2.4. Suppose K is a p-field and suppose a € C. The integral

5ij del dQZN

/ (max |z; — ;) H |z; — x;
RN <]

1<J

converges absolutely for all s € RPn(a,0) N (yrery BPa = Qn(a,0), and for such

s it converges to

1
1 — g N—ThatSig o) Z Iq(s).

It is worth settling the second claim of Proposition 1.6.7 here before returning

to this chapter’s main proof. To this end, recall that

N BPa= ﬂ {SEC(g):Re(e)\(s))>O}

h*eR N M ERN AeB(h*)\M

by part (a) of Definition 1.6.4. Given a non-singleton subset A\ C [N], let h* =
(thg, M7, M3) be the unique splitting chain such that the level j is comprised of A
and all of the singletons {i} € [N]\ A. Clearly m* € Ry and XA € B(h*) \ M, so it

follows that

ACINIz#A> 13 C [ (B \ ).

I‘h*ERN
The reverse containment is clear from Definition 1.6.3, so the union at right is

simply {\ C [N]: #A > 1}, meaning

ﬂ BPy+ = ﬂ {s ec®) . Re(ea(s)) > O}

M eERN AC[N]
#A>1

and hence Proposition 1.6.7 is proved.
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4.3. The final step

We need one more lemma to finish the proofs of parts (a)-(c) of Theorem

1.6.6:

Lemma 4.3.1. Suppose K is a p-field, suppose a,b € C, suppose p is a norm

density, and define

Zn(K,a,b,s) ::/ (max|xi—a:j|)a(r{1<ijn|xi—xj|)bH|xi—xj|5ifdx1...dx]v

N o i<J e
R 1<)

for all s € Qn(a,b). Then for all such s we have

pla™™) 1
Z]%(K’ a,b, S) - <Z m(N+a+b+3-; Sij)) (1 - qN+a+b+Z¢<j Sij ) ZN(K’ o, 8)’

meEZ q
and the sum over m € 7Z converges absolutely uniformly on each compact subset of

QN(CL, b)

Proof. We first prove the following claim: For each m € Z and every s € Qy/(a,b)

the integral

a . b -
z|)( max |x; — x; min |x; — x; z; — x|’ dry ... dx
Lo P el = )" (i) T o —
1<]
converges absolutely to
pla™™) 1
qm(N+a+b+Zi<j sij) (1 - qN+a+b+Z¢<j 8ij> ZN(K’ @b, S)'

To see why this claim holds, note that Zx (K, a,b, s) is defined for all s € Qy(a,b)

by Proposition 3.3.4. Then for any m € Z, the change of variables RN — (7™ R)N
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defined by z — 7™y gives

. b -
/ (I£1<8JX|{L'1—ZL'J|)CL<IZH<1I1|:L‘Z—$]|) H|$Z—IL’] S dxy ... dry
(rmR)N J J i<
1 : b
= o |, (maxla™y = 7y;1)" (min ™y, — 77y)

S dyy ... dyyn

g1y — 7y,

i<j
= ; (max |ys — y51)* (miny; — w])”
qm(N+a+b+Zi<j sif) Jpn N i<i 7" J i<j 0" J
: H lyi — y; "7 dys ... dyn
i<j
= L Zn(K,a,b
- qm(N+a+b+Zi<j5ij) ) N( @ ’S)
for all s € Qp(a,b). But the norm ||z|| = max;<;<x |7;| takes the constant value

g™ at every z € (7™ R)N \ (7™ R)N | so for every m € Z and every s € Qy(a,b)

we have
a . b .
z||)( max |x; — x4 min |z; — z; T —xi|°7 dxy ... do
Loy P el = 1) i ) [Tles— o oo
_ 1
=rla™) <qm(N+a+b+Zi<j =y In(Kab,s)

1

- q(m+1)(N+a+b+Zi<j sij) ZN(K: a,b, s))

_ plg™™) 1
= qm<N+a+b+Zz<j Sij) (1 - qN+a+b+Zl<J si7 ) ZN(K7 a7 b) 3)

and the desired claim is proved. In particular, since (Re(s;;))i<; € Qn(Re(a), Re(b))

whenever s € Qn/(a,b), note that the claim also holds if p(-), a, b, and s;; are
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replaced by |p(-)|c, Re(a), Re(b), and Re(s;;). Now for the main claim, note that

Sij

p(||93||)(r§13jX s — )" (mln i =) T i = =
1<J

= Z p max |:Cl — ZIZ'J|) (IZII<1§1 ‘33‘2 — :L’j’)b H |;1;z — xj‘sij1(7TmR)N\(ﬂ-m+1R)N(.T)

meZ 1<j

for all z € K\ {0}, and therein each partial sum is dominated by the function

81]

. b
z > |p(ll]) (masx i — 25)" (min fe; = a5])" [ ] s —
1<) C
R . Re(b
= Z (|P |cc maX|iEz —93]|) e‘“)(gg;ﬂxi —fFj|) o

mEZ

T - xj|Rc(sij)1<me)N\<wm+lR)NCT)) -

1<j

Now Fubini’s Theorem for sums of nonnegative terms and the claim we just proved

give

.

| dxy...dzy

a . b
plll2ll) (max ;= ;)" (min i — )" [ ] s — 2

i<j

C

= (g™ e (max [; — ;) (min [, — ()"
(xm R)N\ (rm+1R)N 1<j 1<j

meZ
. H |ZEZ — l’j|Re(Sij) d[El Ce dl’N)
1<j
-y L (1~ s
= m(Re(N+a+b+ZZ<J i) qRe(N—&—a—&-b-I—ZKj Sij)
MEZ

- Zx (. Re(a). Re(b). <Re<sij>>i<j>)

for every s € Qn(a,b). Now suppose C' is any compact subset of Qx(a,b). Since C

is therefore a compact subset of the root polytope
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RPn(a,b) ={s € c?) . Re(N — 1+a+b+ZsU) > 0},

i<j

there exist real numbers o, and o9 satisfying

<1

y log |p(;)lc
im sup ———%——

< o1 < Re <N+a+b—|— g sij) < g9
i<j
1
n—oo  log(m)

for all s € C'. To show that the preceding sum over m € Z converges uniformly on

C, it suffices to verify the convergence of the two series

= [pl¢™™)|c
> g and Z\P Jlea™
m=0

Indeed, if log : [0, 00] — [—00, 00] is the extended logarithm we have

- R
log (hm o ¥ M) = st (s B )

m—00 m—00 log(qm
lo i
< log(q) - (lim sup M - 01) <0
n—oo  log(n)

and

m—ro0

1 m
log (hm sup V/|p(q™ ’(Cqm@) log(g (hm sup Log lp(a")le )>|C + 02)
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so the series both converge by the root test and we conclude that our series

expansion for

.

converges uniformly on C. Thus by the dominated convergence theorem we have

. b .
pll2ll) (max ;= ;])" (min i — ) E!x@-—xj il dry. . dey
C

ZR(K,a,b,s)
— N mi ) ]S d
| ol Cmaas = 1) i s = ) [Tles - oo don
_ pla™™) 1
= <Z m(N+a+b+3, sij)> (1 T N Sij) Zn(K,a,b,s),
mGZq q

and we conclude that the sum over m € Z converges absolutely uniformly on C'.

Finally, we combine Lemma 4.3.1 with Propositions 3.3.4 and 4.2.3 to finish

the proof of Theorem 1.6.6:
Proof of Theorem 1.6.6.

(a) Since p is not identically zero, there exists m € Z such that p(¢~™) # 0.

. 1 .
Moreover, the quantity 1 — T e attains nonzero values on every open

N
2

subset U C c( ), so the quantity

pla™™) (1 - ! ) Zxn(K, a,b, s)

qm(N+a+b+Zi<j Sij) N+4a+b+32,; sij

appearing in the proof above may converge absolutely at every point of an
N
2

open set U C c(®) only if the integral Zy (K, a,b, s) does. But Proposition
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3.3.4 says that the integral defining Zy (K, a, b, s) converges absolutely if and
only if s € Qu(a,b), and we know that the parenthetical sum over m € Z in
Lemma 4.3.1 converges absolutely uniformly on Qy(a,b). Thus Z% (K, a,b, s)
converges absolutely for every s € Qx(a,b), and Qx(a,b) is the largest open

set with this property.

If C'is a compact subset of Qy(a,b), then Zy (K, a,b, s) restricts to a
continuous and hence bounded function on C, and note that the same is
true for the function s — 1 — m We already showed that the

parenthetical sum in Lemma 4.3.1 converges uniformly on C', so by Lemma

4.3.1, Proposition 3.3.4, and Definition 1.6.1 we have

m\ m a i< Sij 1
Z{(K, a,b,s) = (Z plg™)gm T ZJ)) <1 AR )

meZ
1
1 qf(N71+a+b+Zi<j Sij) ' Z Jm’q<b’ S)
heSy

= H’ (N+a+b+zsij> Y Tng(b.s),

1<j heSy

and the sum converges uniformly on C.

We already proved the first claim relating level and branch functions
immediately after the proof of Proposition 4.2.3. If C' is a compact subset of
RPn(a,0) N (peery BPae, then Zy(K, a,0,s) (i.e., the value of the integral
from Proposition 4.2.4) restricts to a continuous and hence bounded function
on C. But

RPn(a,0)N () BPa = Qn(a,0),
M eR N
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so Lemma 4.3.1, Proposition 4.2.4, and Definition 1.6.1 similarly imply

m m a c S84 1
Zy(K,a,0,5) = (Z plg™)gm N ”)> (1 - W)

meZ q

1
. 1-— q_(N_1+a+Zi<j sij) Z ]mtq(s)
h*eER N

:Hg <N+Q+ZSU) : Z Iqu(S),

1<j h*eERN

and the sum converges uniformly on C.
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CHAPTER V

THE INTEGRAL OVER (PY(K))V

In this chapter we will establish part (d) of Theorem 1.6.6 and Theorem 2.2.2
(the (¢ + 1)th Power Law). The rough idea behind both is a decomposition of
(PY(K))N into (q + 1)V cells that are isometrically homeomorphic to PY. We will
setup prerequisite notation and results in Section 5.1, then use the decomposition
to relate the integrals Zy(P'(K), s) and Zy(P, s) (recall Definition 1.5.3) in
Section 5.2. With this relationship in hand, we will conclude the chapter with

proofs of Theorem 1.6.6 and Theorem 2.2.2 in their own sections.

5.1. [-analogues of integrals and splitting chains

We begin with a p-field K and an integer N > 2 that shall remain fixed
for the rest of this chapter, and recall that symbol s stands for a complex tuple
(8ij)1<i<j<n- To better organize the forthcoming arguments, we fix the following

notation as well:
Notation 5.1.1. Let I be a subset of [N] ={1,..., N}.

— For any set X we write X! for the product [].., X = {z; = (z:)ics : 7; € X}

el

and assume X! has the product topology if X is a topological space.

— We write dz; for the product Haar measure on K’ satisfying | gt drr =1, and
we make this consistent for I = & by giving the singleton space K¢ = R” =
{0} measure 1. We also write d[xg : z1]; for the product measure on (P'(K))’
(where d[zg : x1] is the measure from Lemma 1.3) with the same measure 1

convention when [ = &.
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— For a measurable subset X C K we set Z5(X,s) :=1 and

side;  if 14 0.

Z1(X,s) = /XI H |z, — x;

1<j
i,J€1

Note that Z;(X, s) is constant with respect to those s;; with ¢ or j not in 1,

and it is equal to Zy(X,s) if I = [N].

— We write (ly,...,1,) F [N] (recall ¢ = #(R/P)) for an ordered partition of
[N] into at most ¢ + 1 parts. That is, (Iy,...,I,) F [N] means Iy, ..., I, are
q + 1 disjoint ordered subsets of [N] with union equal to [N], where some I}

may be empty.

— We generalize the explicit form of Q(0,0) in Proposition 1.6.7 via

Qp = ﬂ {S ec), Re(ex(s)) > 0} .

ACT
F#A>1

We will also need I-analogues of splitting chains:

Definition 5.1.2. Suppose I C [N]. An I-splitting chain of length L > 0 is a tuple

th = (Mo, ...,Mz) of partitions of I satisfying

{I}=tho >y >y >--- >y ={{i}:iel}

If #1 > 2, we define B(rh), {4n(N\), and deggy () € {2,3,...,#1} just as in Definition

1.6.3. Otherwise B(rh) will be treated as the empty set and there is no need to

define {4 or degy. An [-splitting chain mh is reduced if each A € B(rh) satisfies

A€ty <= =/I4()N), and we write R; for the set of reduced [-splitting chains.
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Note that Ry = @ because I = @ has no partitions, Qy = CNN=D/2 hecause
Qg is an intersection of subsets of CNV=1/2 over an empty index set, and ey (s) =
—1 for a similar reason. For each singleton {i}, the set Ry is comprised of a single
splitting chain of length zero, we have Qg = CV®W=1/2 for the same reason as the
I = @ case, and similarly eg;;(s) = 0. At the other extreme, taking / = [N] in

Definition 5.1.2 recovers Definition 1.6.3 and €; = Qx/(0, 0).

Proposition 5.1.3. For any m € Z and any nonempty subset I C [N], the integral

Zi(m™R, s) converges absolutely if and only if s € Qy, and in this case

m degm ) 1
Z/(n"R, s) = g(m—D)(er(s)+1)+#1 Z H :

heR; AeB(rh)

Proof. First suppose I is a singleton, so that the product inside the integral

Z(m™R, s) is empty and hence

Z(t"R,s) = / ldx; = / de =q ™.
(mmR)! TR

This integral is constant, and hence absolutely convergent, for all s € CN(WV-1/2 —
;7. On the other hand, R; consists of a single /-splitting chain, namely the one-
tuple h = ({I}). Then B(rh) = @ and e;(s) = 0 imply

degm()\) _ 1 (q - 1)degm(>\)—1 _ _m
q(m 1)(61 V+1)+#1 Z H q(mf1)-1+1 H qex(s) -1 =4
MeR AeB(h) €@

as well, so the claim holds for any singleton subset I C [N]. Now suppose [ is not a

singleton. By relabeling I we may assume I = [n] where 2 < n < N, in which case
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Z(m™R, s) is equal to

Z0(K,0,0, (51)1<0j2n) = / o) T 1o —

" 1<i<j<n

Siidxy ... do,

where p = 1 ,-m). By part (a) of Theorem 1.6.6, this integral converges absolutely
if and only if s € ©,(0,0) x c(2)-() = Qp (the factors of C stand for those
si; in s with {4,7} C [N] and {i,j} ¢ [n]). Therefore every s € Q, satisfies

(8ij)1<i<j<n € £2,(0,0), so Definition 1.6.1 and part (c) of Theorem 1.6.6 imply

Zi(m" R, s) = Z;(K,0,0, (sij)1<i<j<n)

(0 ) X gl
1<j MeR,

_ g 3 (¢ = Ddega(fr)—1 1 (4 = Ddegn -1

1 — g i) ¢t - @1

heR, AEB(M)\h

—m(e[n)(s)+1)

q ) Z (q - 1)degm([n])—1 H (C] - 1)degm()\)—1
= —1 — qfe[n](s) qn—l qe)\(s) -1
hERR AeB(m)\m
_ degm(/\) 1
o (m 1)(er( s)+1)+n Z H e>\(s) -1 ’

MeER, AeB(M

Since the claim holds for I = [n], we conclude that it holds for any non-singleton

subset I C [N] and the proof is complete.

Our proof of part (d) of Theorem 1.6.6 will be essentially a combination of

the m = 1 case of Proposition 5.1.3 with the main result of the next section.
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5.2. The decomposition of Zy(P'(K), s)
Our only task in this section is to prove the following theorem:

Theorem 5.2.1. For each N > 2, the integral Zn(P'(K), s) converges absolutely if

and only if s € Qy, and in this case

Zy(PY(K), s) = (ﬁ) S T[zu(P.s).
(I

0o Ig)F[N] k=0

Proof. The partition of P!(K) in (1.3.10) can be rewritten in the form

P(K) = | | éx(Bif0: 1)),

k=0

where ¢, € PGLy(R) is the element represented by (§9) if k = 0, (1¢") if

0<k<gq,or (9})if k =¢q. This leads to a partition of the N-fold product,
EE) = || CUs.... 1),
where each part is a “cell” of the form

C(l,...,1,) = {([171,0 cx1a), - [Tvo o)) € (PHE))Y

q

(250 2ia] € ou(Bi[0: 1)) <= i€ Ik} = [J(@x(Bil0: 1)))".

k=0

Accordingly, the integral Zy(P'(K), s) breaks into a sum of integrals of the form

/ H 5([.%1‘70 . xi,l]; [l’j’o . .’ﬂj@])sij d[l’l’g . .1'171] Ce d[l‘]\ﬂo . 33’]\[71], (521)
C(Io,....Iq)

----- 1<i<j<N
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summed over all (Ip,...,1,) F [N]. Since each cell C({y,...,1,;) has positive
measure, the integral Zy(P!(K), s) converges absolutely if and only if the integral
in (5.2.1) converges absolutely for every (lo,...,I;) F [/N]. Recall that two points
in P!(K) are d-distance 1 apart if and only if they are in different balls in the
decomposition (1.3.10). Thus, by the definition of C(Iy, ..., I,), it follows that

the entries of each tuple ([z19 : 211],...,[zno : @n1]) € C(lo,. .., 1,) satisty
([xip : winl,[xj0 : xj1])® = 1ifand only if ¢ € Iy, j € I}y, and k # k’. Therefore

the integrand in (5.2.1) factors as

[T ooz mil lwgoagal)™ =TT T 0Cwio = il lwjo 250D,

1<i<j<N k=0 i<j
and the measure on C'([y, ..., I;) factors in a similar way, namely [[}_, d[zo : z1]4,,
. o o )
where each factor has the form d[zy : 1)1, = [[;c;, d[zio : 2i1]. Now Fubini’s

Theorem for positive functions and PG Ly( R)-invariance give

IT 0o : il fwjo : @i0))™

d[l'l,() . 1'171] Ce d[ZEN70 . $N71]

’’’’’ 1<i<j<N C
= H/ LT 0(wio s minl fwjo : @sa])™ | dlwo : @]y,
(B1[0:1])) & i<j C
i,j€I
= H/ H 0([wi0 : @inl, (w50 1 2j0])* | dlzo 2 2]y,
B | i -
1, JEI}

so the integral in (5.2.1) converges absolutely if and only if all ¢ + 1 of the integrals

/ I 000+ wial g = )™ dlao = 2], (5.2.2)
(B1[0:A])F
i,jelk
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converge absolutely. The change of variables P* — (B;[0 : 1])%* given by the
isometry ¢ : P — B;[0 : 1] in each coordinate, along with (1.3.6), (1.3.7), and
(1.3.8), allows the integral in (5.2.2) to be rewritten as (;17)#/ 2y, (P, s). Thus,
Proposition 5.1.3 implies that the integral in (5.2.2) converges absolutely if and
only if s € Q. It follows that the integral over C(Iy, ..., I,) in (5.2.1) converges
absolutely if and only if s € {27y N --- N €y, , and in this case Fubini’s Theorem for
absolutely integrable functions, PG Lo(R)-invariance, and the change of variables

above allow it to be rewritten as
/ H (5([.1’1"0 . 33'1'71], [:Cj,O . Z'j}ﬂ)sij d[331,0 . .1'1’1] R d[ilj'NJ) . xN,l]

= H/ H 0([wi0 2 wial, [0 : @51])% dlwo : 1]y,
(B1]0:1))

1<j
szIk-

:ﬁ<q%>#1szk(ﬂs) (q+1) HZ[sz

Finally, since Zy(P'(K), s) is the sum of these integrals over all (Iy,...,I,) F [N],

it converges absolutely if and only if

S € ﬂ (Q[lﬂ"'ﬂQ[q ﬂQ]

(It,...,Ig)F[N] IC[N]
#I>1

The last equality of intersections holds because each subset I C [N] with #I > 1
appears as a part in at least one of the ordered partitions (I3, ...,1,) F [IN], and
none of the parts with #1I, < 1 affect the intersection (because €, = CNWV=1/2 for
such Ij). The intersection of €2 over all I C [N] with #I > 1 is clearly equal to

Oy = Qn by Definition 5.1.2, so the proof is complete.
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5.3. The last piece of the Main Theorem

Theorem 5.2.1 established that the integral Zy(P'(K), s) converges absolutely

if and only if s € Q, and for such s it gave

Zy(PYK), 8) = &%) S [Izues). (5.3.3)
(I

05T )F[N] k=0

It remains to show that the righthand sum can be converted into the sum over

th € Ry proposed in part (d) of Theorem 1.6.6.

Proof of part (d) of Theorem 1.6.6. We begin by breaking the terms of the sum in
(5.3.3) into two main groups. The simpler group is indexed by those (I, ..., ;)
with I; = [N] for some j and I, = @ for all & # j, in which case Z; (P, s) =
ZN(P,s) and Z; (P,s) = 1 for all k # j. Therefore each of the group’s g + 1 terms
(one for each j € {0,...,q}) contributes the quantity [[i_, Z1,(P,s) = Zn(P,s) to

the sum in (5.3.3) for a total contribution with value

(q+1)Zn(P,s) = qH > H deg“‘“) (5.3.4)

heR N AeB(rh)

by the m = 1 and I = [N] case of Proposition 5.1.3. The other group of terms

is indexed by the ordered partitions (lo,...,I,) F [N] satisfying Iy, ..., I, C [N].
To deal with them carefully, we fix one such (lo, ..., ;) for the moment, and note
that the number d of nonempty parts I, must be at least 2. Thus we have indices
ki,....kqa € {0,...,q} with I}, # @, and for every k € {0,...,q} \ {k1,..., kq} we
have I, = @ and hence Zj, (P, s) = 1. For the nonempty sets I;, Proposition 5.1.3

expands Z;,_ (P, s) as a sum over R, (whose elements shall be denoted f; instead
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of ) and hence

de N)-1
HZIkPS H#Ik Z H gml

q

1 d (q - 1>de (N)-1
- N Z H H . ex(s) gij 1
L Z (q - 1)degm], AN)-1 '

qe)\(s) —1

We now make use of a simple correspondence between the tuples (rhy,...,hy) €
Rp, % -+ X Ry, and the reduced splitting chains th = (tho,My,...,M) € Ry
satisfying hy = {Iy,,..., I, }. To establish it, note that each h € Ry corresponds
uniquely to its branch set B(rh) by part (b) of Lemma 1.6.5, which generalizes in
an obvious way to reduced I-splitting chains (for any nonempty I C [N]). Now if
h = (tho,M1,...,Mz) € Ry satisfies My = {I,,..., Iy, }, the corresponding branch

set B(h) decomposes as

B(th) ={[NJ}u| [{xeB(th): A c L}

=1

Each of the sets {A € B(th) : A C I, } is the branch set B(rh;) for a unique rh; €
R[kj, so in this sense fh “breaks” into a unique tuple (thy, ..., Mhg) € Ry, x-- XRp,, -
On the other hand, any tuple (thy,...,thy) € Ry x -+ X Ry, can be “assembled”
as follows. Since {[,,...,I;,} is a partition of [N], taking the union of the d
branch sets B(ry), ..., B(thy) and the singleton {[N]} forms the branch set B(rh)

for a unique M € Ry. It is clear that “breaking” and “assembling” are inverses,

giving a correspondence Ry «— Ry, X --- X Ry, under which each identification
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th «— (y, ..., My) amounts to a branch set equation, i.e.,

B(th) \ {[N]} = B(thy) L - -- L B(thg).

In particular, each A € B(rh) \ {[/V]} is contained in exactly one B(rh;), and
degn(A) = degg, (M) by Definition 1.6.3 in this case. These facts allow the sum
over Ry, X -+ X Ry, above to be rewritten as a sum over all h € Ry with

M1 = {Iy,-... Iy}, and each product over A € B(rhy,) U --- L B(rhy,) inside it

is simply a product over A € B(rh) \ {[N]}. We conclude that an ordered partition

(lo,...,1;) F [N] with Iy, ..., 1, C [N] contributes the quantity

1 (@ — 1)deg, (V-1
Moo=k £ 1 Gt g

hER N AeB(m\{[N]}
Fh1={]k1 ..... Ikd}

to the sum in (5.3.3), where {I},, ..., Ix,} is the (unordered) subset of nonempty

parts in that particular ordered partition. We must now total the contribution in

(5.3.5) over all possible (Io,...,I;) F [N] with Io,...,I, C [N]. Given a partition
{A,..., Aa} F [N] with d > 2, note that there are precisely (¢ + 1)q = (¢ + 1) -
(q)d—1 ordered partitions ([, ..., I;) = [N] such that {Zy,,..., Ir,} = {\1,..., A}

Therefore summing (5.3.5) over all (Io, ..., I,) & [N] with Iy,..., I, C [N] gives

= Do
Z HZIk - iN Z H (q qek()s(; g_m(i\) 1

(Lo, Iq)F[N] k=0 (1o, )I—[N] MeERN xeB(M)\{[N]}

Iog,..., IqC[N] Io,..., C[N] m1={1k1 ..... Ikd}
g+l (@ = D)aeg, (3)—1
- qN Z (Q)d—l Z H qex(s) -1 ’
{A 1, Aq HH[N] MeR N xeB(M)\{[N]}
d>2 M1={A1,....,.Aq}
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Given a partition {\,..., A\¢} F [IV], those splitting chains h € Ry with h; =
{A1,..., Aq} all have degy ([N]) = #rMh; = d by Definition 1.6.3. Moreover, no

th € Ry is missed or repeated in the sum of sums above, so it can be rewritten as

_q+1 1 (¢ = Dacgn(n-1
3 Hsz Ps) =5 (Dacgavp1 |1 g @) =5

(fo ..... }q)cl—[][\lf\}f] k=0 heR N AeB(M\{[N]}
0yeees q=
_ ] (@acta@-1 (oo _ 1) 11 (2 = Dacga)-1
¢V S (0= Dacga (-1 ey 1001
B q + 1 qN+Ei<j Sij __ q H (q — 1>degm()\)—1
- N _ ex(s) _ :
T pery 11 dega([N]) sy L

Note that the summand for each h € Ry is still defined for any prime power ¢
since the denominators (¢ — 1)qeg, ((n)—1 and g + 1 — degy ([N]) (which vanish when
q = degy([N]) — 1) are cancelled by the numerator (¢ — 1)deg, ([N])—1 aPpearing

in the product over A € B(rh). Finally, we obtain the righthand side of (5.3.3) by
combining the sum directly above with that in (5.3.4) and multiplying through by
(;4)". This yields the desired formula for Zy (P'(K), s):

1 g — q Ddegy ()1
1 _ eg
Zy(PY(K),s) = TESE > (1 T T dean(IN H @ — 1

mGRN B rh
_ 1 qN+Zz<] Sij + 1 — degm H degm ) 1
- N-1 _ q° (s) — ’
(g + 1N o g+ 1 —degy([N B g 1
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5.4. The proof of the (¢ + 1)th Power Law

Our final task is to prove the (¢ + 1)th Power Law, which we noted in Section

2.2 is equivalent to the equations in (2.2.7). That is, it remains to prove

q Ny
Zn(PH(K), B) _ Z H(q:]_1> Zn (P, B) for all 5> 0 and N > 0.

N! L N,!
No+-++Ng=N k=0
No,...,Ng>0

Proof. Fix N > 0and 8 > 0, and fix s via 5;; = B foralli < j, so that
Zn(PYK),s) = Zy(PY(K), ) and Z;(P,s) = Zy;(P, ) for any subset I C [N].
The formula in Theorem 5.2.1 relates these functions of 3 via

Zy(PH(K), B) = Zn(P'(K), s)

(), 5, e

(I0,..,Iq)F[N] k=0

- ¥ i[(q%l)#lkz#h(ﬂﬂ).

For each choice of g+1 ordered integers Ny, ..., N, > 0 satisfying No+---+N, = N,

N N
No,...,N,J  Ng!--- N,

ordered partitions (lo,...,I,) F [N]satisfying #Iy = No,...,#I, = N,.

there are precisely

Finally, grouping ordered partitions according to all possible ordered integer choices
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establishes the desired equation:

Zn(PYK),s) 1 ) s
EWD L () Zees)
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APPENDIX

A.1. Explicit computation of Z} (K, a,b,s)

Let N = 4, fix a,b € C, let p be any norm-density. We will tabulate all

splitting chains of order 4 and use Theorem 1.6.6 to compute the integral

8ij d$1d$2d$3dI4

. b
| el (maxa; = ;)" (minfas = 1)" ] fos =,

1<i<j<4

explicitly. Writing s for the 6-tuple s = (812, 513, S14, 523, S24, 534) € C°, we have a

root polytope

RPs(a,b) ={s €C°:Re(B+a+b+ Y  s;) >0},

1<i<j<4
on which
. _q7(4+a+b+21gi<jg45ij) my m(d+atb+d 1 < icq Sij)
qu (4+a+b+ Z Sij) = 1 — g~ Bratticic,ca5) -Zp(q )q 1<i<j<4 5ij
1<i<j<4 q i< v

is defined and holomorphic. There are 32 splitting chains h € Sy, so we will save

7

table space below by suppressing the partition labels “h, =” and by only writing
all of the polytope conditions “Re(b+ Ej,(s)) > 07 at the end (not along the way).
Given th € Sy, the level M; can either contain one part of size 3 (and a singleton),

one part of size 2 (and two singletons), two parts of size 2, or four singletons. Thus

it will be practical to sort th € S, according to the form of My:
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(1) There are four th € S, with My = {1,2,3}{4}. Unsurprisingly, they form a

table very similar to the one for S5 in Example 1.7.1:

)] ijq(b, s)
{1,2,3,4}
—1)%*(qg—-2 1
{1, 2, 3}{4} (q )qS(q ) ' q2+b+s12+513+523 -1
{13{2}{3}{4}
{1,2,3,4}
—1)3 1
{1, 2, 3}{4} (q q3 ) ' q2+b+s12+513+823 —1
1
{1.2}{3}4) e
{13{2}{3}{4}
{1,2,3,4}
—1)3 1
{1, 2, 3}{4} (q q3 ) ’ q2+b+s12+s13+823 —1
1
{1.3}{2}{4) Y
{13{2}{3}{4}
{1,2,3,4}
—1)3 1
{1, 2, 3}{4} <q q3 ) ’ q2+b+s12+s13+823 —1
1
{2.3}{1}{4) Y
{1H{2}{3}{4}

All four of the splitting chains in the table are reduced and each satisfies

Jhq(0,8) = It 4(s). There are also four th € S, satisfying h; = {1,2,4}{3},

and their table is obtained by simply transposing the indices 3 and 4 in

the table above. Similarly, there are another four th € S, satisfying h; =

{1,3,4}{2} and another four satisfying h; = {2,3,4}{1}. Thus there are 16

distinct h € S, such that M; has a part of size 3, and all of them are reduced.
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reduced and satisfy Jp ,(0,8) = In 4(s):

(2) There are six th € Sy such that M contains a single part of size 2. All six are

h Jihg(b, 8)
{1,2,3,4}

—1)2(qg—2 1
T e T
{IH2H3HY

{1,2,3,4}

—1)2%(¢g—2 1
{1,3}{2}{4} 4 >qB(q : ' glitss — |
{IH2H3HY

{1,2,3,4}

—1)2%(¢—2 1
aaeny |
{IH2H3HY

{1,2,3,4}

—1)2%(qg—2 1
ooy |
{IHZH3HY

{1,2,3,4}

—1)2%(¢g—2 1
R e T
{IH2H3HY

{1,2,3,4}

—1)2(qg—2 1
R e T
{IH2H3HY
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(3) There are three splitting chains th € Sy with My = {1,2}{3,4}:

t Jna(b, )

{1, 2,3, 4}

noapa | Y ;31)3 : qz+b+3121+834 —
(IH2H3H4}

(1,2,3,4}

(1,2}{3,4) 4 ;31)3 : q2+b+3121+834 1
(L2H3}4) T
(IH2HBH4}

{1, 2,3, 4}

{1,2}{3,4} (q ;31)3 ' q2+b+5121+334 T
(1H2){3.4} T
(1H2H3H4)

There are also three th € S, satisfying h; = {1,3}{2,4}, and their table

is obtained by simply transposing the indices 2 and 3 in the table above.

Similarly, there are another three th € S satisfying m; = {1,4}{2,3}. Thus

there are nine distinct h € Sy such that thy has a pair of parts of size 2, but

only three of them are reduced (the three that have length 2).
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(4) Finally, we have only one h € S, with iy = {1}{2}{3}{4}. Ttish =

({1,2,3,4}, {1}{2}{3}{4}), which is clearly reduced and has

(a—1(g-2)(¢—-3)

Jhqg(b,s) = 7

Combining the level polytopes for all h € S; with the root polytope condition

Re(3+a+b+3" i j<s) > 0, we conclude that s € Q4(a,d) if and only if

Re(1+b+s;;) >0 for 1<i<j<d4,
Re(2 + b+ s12 + s34) > 0,
Re(2 + b+ s13 + S24) > 0,
Re(2 + b+ s14 + s923) > 0,
Re(24+b+ si; +sip+sj5) >0 for 1<i<j<k<4, and

Re(3 +a+ b+ s12 + s13 + S14 + Saz + 824 + 534) > 0.
On every compact subset of C' C y(a, b), the integral

5 dxydredrsday

. b
[ ol (ma s = )" (i o = )” [T s =,

1<i<j<4
converges absolutely to the product of the root function value

1— q*(4+a+b+219<j§4 5ij)
) = . mY m(d+at+b+3 0, i iy Sij)
H5<4+a+b—l— Z Szy) T L g BFatb e sig) Zp(q )q 1<i<j<a 5ij

1<i<j<4 q mez

and the following sum of level function values:
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(q—l)(q—2)(q—3)+(q—1)2(q—2)[ 1 1
q

q3 q3 24+b+sia+si3+s2s | + q2+b+812+314+824 —1
1 1
+ 24b + 2+b
q +o+s13+s14+534 ] q +b+sa3+s24+s34 ]
1 1 1
+

q1+b+812 -1 + q1+b+813 -1 + q1+b+814 -1

1 1 1
+q1+b+812 -1 + q1+b+813 -1 + q1+b+814 _ ]

S S -

q3 q2+b+812+834 -1 14+b+s12 1 1+b+834 -1

1 1
+q2+b+s13+824 -1 (1 + q1+b+813 _ 1 1+b+524 -1

1 1
+q2+b+514+323 -1 (1 + q1+b+814 _ 1 1+b+823 -1 ]

(q—1)°

1
q3 [q2+b+812+813+823 -1 1+b4s12 1 1+b+513 — 1 1+b+823 — 1)

+

1

+q2+b+512+514+524 —1 1+b+s12 _ | q1+b+814 _ 1 1+b+824 -1

(
(
( 1
(

+

q2+b+513+514+834 —1 1+b+s13 ] q1+b+514 _ 1 1+b+334 -1

1
14+b+s23 q1+b+324 _ 1 1+b+834 -1

+q2+b+523+824+534 —1

The terms inside {...} are grouped to emphasize several facts: The first group

(g=1)(g—2)(¢—3)

o vanishes unless ¢ > 4. The second group (q_l):# [ . ] vanishes

(q;gl i [ ) } is nonzero for all ¢ > 2 (and hence all

K), but collapses from nine terms down to three by part (c¢) of Theorem 1.6.6 when

b =0 (recall Example 1.7.3). The last group (q;3,1 & [...] is also nonzero for all ¢ > 2

and corresponds to the 12 splitting chains of length 3 from case (1).
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A.2. Functional equations and a quadratic recurrence

Although Theorem 1.6.6 provides explicit formulas for the canonical
partition functions Zy (R, 8) and Zy(P'(K), 3), they are generally not efficient
for computation as they require a tabulation of reduced splitting chains of order
N. For a practical alternative, we take advantage of both Power Laws and the

following ideas from [2] and [14]: Apply Z(f, P, 8) - g7 to the gth Power Law
Z(f, R, B) = (Z(f, P,B))" to get

Z(f, P, B) - 57 2(f, B, B) = q- Z(f, R, B) - = Z([, P, B),

f f

then expand both sides as power series in f to obtain the coefficient equations

N N
Z P ﬁ Zk R ﬁ —q. Z Zn-k(R, B) Z(P, ) forall N > 1. (A.2.1)
=1

(N —k) (k—1)

k=1

The identities Z;(P, 5) = q*jf(%)ﬁZj(R, B) follow easily from Definition 1.5.3 and
eliminate all instances of Z;(P, 8) in (A.2.1) while introducing powers of the form
g’ -8, For N > 2, a careful rearrangement of these powers, the factorials, and

the terms in (A.2.1) yields the explicit recurrence

=2

-1

ZN(R> 5)

koosmn(g0[(vi()8)(-%) 1)) Znk(B.B)  Ze(R5)
Nigz(3)8

N s (L[N ()8)-1)) (N — k)lgz (7298 g1z (3)s

£
Il

1

The expression at left is identically 1 if N = 0 or N = 1, so induction confirms
that it is polynomial in ratios of hyperbolic sines for all N > 0. In particular, its
dependence on q is carried only by the factor log(q) appearing inside the hyperbolic

sines, which motivates the following lemma:
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Lemma A.2.1 (The Quadratic Recurrence). Set Fy(t,3) = Fi(t,3) = 1 for all
B €Candallt € R. For N > 2, Re(8) > —2/N, and t € R, define Fx(t,[3) by the

recurrence

L e A bt 9)- Res) it 0,

FN<t, B) =

FN—k(()?B)Fk(QB) if t = 0.

(a) For fited N > 2 and fized t, the function 5 +— Fx(t, ) is holomorphic for

Re(8) > —2/N.

(b) For fited N > 2 and fized (3, the function t — Fx(t, ) is defined, even, and

smooth on R.

Both parts of the Quadratic Recurrence are straightforward to verify by
induction. An interesting and immediate consequence of The Quadratic Recurrence

and the preceding discussion is the formula
Zn(R, ) = Nig*(2)° Fy (log(q), 6).

which offers a computationally efficient alternative to part (b) of Theorem 2.1.6 and

extends Zy (R, ) to a smooth function of ¢ € (0,00) in an obvious way. Moreover,

the extended function transforms nicely under the involution ¢ + ¢~ !:

Zn(R.B)|,,, = N 2C)7 Ry (10g(g7), B)

N N
2 2

= Ng 2Py (log(q), 8) = ¢~ )P 2y (R, ).
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The Quadratic Recurrence serves the projective analogue as well. Expanding

(2.2.8) into powers of f yields the coefficient equations

Zn(PHK),B) & N Zv (R, B) Zu(P, 5
%ZZ(C]L) (N"“Ek)!) k(k!) forall N >0, (A22)

and the identities Z;(P,8) = ¢’ i-(3)8 7. i(R, ) and Z;(R, 5) = j! q2( )BFj(l()g(Q),ﬁ)

allow the kth summand to be rewritten as

)
~ - Fv-r(log(q), B) - Fi(log(q), 5)

( q )N Zn (R, B) Zp(P,B)  z(N+(3)A)0-F
q+1 (N —F)! k! - <2€OSh <%>>

for all N > 1. Thus, adding two copies of the sum in (A.2.2) together, pairing the
kth term of the first copy with the (V — k)th term of the second copy, and dividing

by 2 gives

2 COSh log(q) ))N

Z(P).5) ZC =L GN) g log(q), ) - Fu(og(a), 6)

which is also valid for all N > 1 and Re(8) > —2/N. Through this formula,
Zn(PYK),8) clearly extends to a smooth function of ¢ € (0,00) and is invariant
under the involution ¢ +— ¢~!. We conclude this section with the following

summary:
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Theorem A.2.2 (Efficient Formulas and Functional Equations). Suppose N >
2 and Re(B) > —2/N, and define (Fy(t, 8))a_, as in A.2.1. The Nth canonical

partition functions are given by the formulas

N
2

Zn(R,B) = N'g* ()P Fy(log(q), ) and

Zy(®(K),8) = N1 3 GO (10g(), B) - Fillog(a), B),

which extend Zy (R, 3) and Zn(PY(K), B) to smooth functions of ¢ € (0,00)

satisfying

InR,B)| . =q CVZy(R,B)  and  Zy(PNK),B)| ., = Zn(PY(K),B).

q—q

It should be noted here that the first ¢ — ¢~! functional equation is a special
case of the one proved in [4], and that both functional equations closely resemble

the ones in [15].
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