
Packet 56 
soc 412 

SOCIOLOGICAL RESEARCH METHODS 

the copy center 
860 E. 13th 
Eugene • 344-7894 

Professor Stockard , -
University of Oregon ~ (?<--
Winter Term 1992 

Copies: 
Binding 
Royalties 
Permission Handling Charges 

Total cost of packet: 

$5.40 
$1.75 
$0.00 
$0.00 

$7.15 



I 

TABLE OF .CONTENTS 
Jean Stockard - Soc 412 

Packet# 56 

I Introduction To Statistics and Computing 

Uses of Statistics and Basic Definitions ..................................................... 2 

Computer Work .................................................................................................... 6 

II Descriptive Univariate Statistics 

Tables ..................................................................................................................... 1 2 

Graphs .................................................................................................................... 2 1 

Mea·sures of Central Tendency .................................................................... 3 3 

Measures of Dispersion ................................................................................... 4 6 

Swnmary ............................................................................................................... 5 6 

III. Univariate Inferential Statistics 

The Normal Distribution and Univariate Inferential Statistics ...... 5 8 

Confidence Intervals ........................................................................................ 6 2 

Hypothesis Testing ............................................................................................ 6 7 

Inferences About Means With Small Samples ............ .. :.: ..................... 7 1 

Inferences About Porportion ....................................................................... 7 1 

IV. Statistics For Data Measured on an Ordinal and 
Nominal Scale 

Chi-Square ............................................................................................................ 7 6 

Measures of Association ................................................................................. 8 7 



I. Introduction to Statistics and Computing 

In this section some of the basic definitions and 
instructions needed for understanding the material in the course 
are presented. First we will examine material relevant to 
statistics, whether they are computed with the help of machines 
or by hand; and then we will discuss the basics of using a 
computer to analyze data. 

Uses of Statistics and Basic Definitions 

Below the uses of statistics are discussed. Then types of 
statistics, levels of measurement, arithmetic operations relevant 
to our work, and, finally, topics related to measurement are 
briefly discussed. It is assumed that you have had some exposure 
to most of these topics, so they are reviewed only briefly. 

Uses of Statistics 

Statistics are a tool. They help social scientists analyze 
their data. In themselves, statistics can work no wonders. If a 
sociologist has poor theory or data that are unreliable or 
invalid, the best statistics in the world can not improve upon 
these basic problems. Moreover, there are many different 
statistics, but only certain ones are relevant for a given 
problem. Researchers, if they are to have useful results, must 
choose the appropriate statistics for the data and problem. 

The problem of choosing appropriate techniques has become 
compounded with the availability of easy statistical computations 
with computers. When statistical computations were done by hand 
they took many hours to complete and one would not embark upon a 
computation unless one usually was quite sure that it would be 
useful. Now one can get a myriad of statistics with the push of 
a button. Only some of those will be appropriate for a 
statistical problem and the researcher must think very carefully 
to make the correct choices. 

Given these cautions, we may say that statistics do have 
many uses. They are a most useful means of summarizing the 
characteristics of large masses of data. They also allow us to 
describe the incidence of certain events or behaviors, to look at 
the associations among two or more variables, and to infer from 
small samples to large populations. Statistics are used by 
researchers who employ a whole range of data gathering 
techniques, for statistics may be used with the qualitative data 
that are often obtained by participant observers as well as the 
more quantitative data often used by demographers. 

You may have heard the saying that one can "lie with 
statistics.'' To some extent this is true. However, one can also 
lie with words. A solid knowledge of sociological methods and 
social statistics makes it more likely that you will be able to 
detect such "lies," if or when they occur. 



Descriptive and Inferential Statistics 

Statistics may be divided into two basic groups: those that 
describe the characteristics of a sample or population 
(descriptive statistics) and those that allow us to generalize 
from a sample to a population C ,-n~re,,,ti' (A,{ sfa.:f.,jflc.s) • 

To understand this distinction it helps to review the nature 
of sampling. Remember that a population is the total group of 
units (people, organizations, cities, etc.) that one is studying. 
Only rarely does a social scientist study an entire population. 
Instead, we usually examine only a subset of the population. 
This subset is referred to as a sample. 

Samples may be selected in basically two ways. In one way, 
called a probability sample, the elements of the sample are 
selected so that we know the chance that each member of the 
population has of being included. The simplest type of 
probability sample is the simple random sample. Other types 
include the systematic sample, stratified random, and cluster 
sample. Samples that are not selected in a way in which we know 
the chance that each member has of being in the population are 
termed non-probability samples. These include availability 
samples, quota samples, and theoretical samples. 

Descriptive statistics can be used with either probability 
or non-probability samples. They describe certain 
characteristics of the sample. Percentages, averages, and 
.measures of association, such as correlation coefficients, are 
all examples of descriptive measures or statistics. Inferential 
statistics are used to infer information from a sample to a 
population. With inferential statistics we can find the 
probability that certain characteristics in a sample apply to the 
population. To make accurate inferences we need, however, to 
have a probability sample, so inferential statistics are only 
appropriately used with probability samples. While descriptive 
and inferential statistics have different uses, they are related, 
for inferences can be made about descriptive statistics-~if we 
have a probability sample. Thus, in this class, we will learn, 
among other things, how to make inferences about the average 
characteristics of a population from information about a sample. 

Levels of Measurement 

You may remember from your research methods classes that 
when variables are measured they may be measured in different 
ways. One way of describing the nature of this measurement is to 
say whether it is qualitative or quantitative--referring to the 
extent to which numbers may be assigned to the measure or 
variable. A more exact distinction involves four levels of 
measurement. These distinctions are very important to understand 
for they provide the basis of choosing appropriate statistics for 
a given data set. 
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The simplest and most all inclusive level is the nominal 
one. Variables measured on a nominal scale are placed only in 
categories. Thus the terms nominal and categorical are sometimes 
used interchangeably. Within this level no order is posited, we 
cannot say that one category is greater than or less than 
another. Examples of a nominally measured variable could include 
religious affiliation, marital status, race, etc.- Any variable 
that has categories that are mutually exclusive and exhaustive is 
said to be measured on at least a nominal sca.u.....---

Figure 1-1: Representation of the relative 
restrictiveness of the four levels of measurement 

Variables measured on an ordinal scale are essentially one 
step up from nominal. The data are still categorical; they have 
no inherent numerical quality (thus they are still usually 
referred to as qualitative), but they can be orgered in some 
fashion. For instance, it is often possible to order religious 
groups from those that are the most conservative to those that 
are the most liberal. One can order political groups in the same 
way. Hair color can be ordered from the most to the least 
common, etc. Some people claim that practically any variable can 
be at least ordinal in some theoretical sense. 

Interval scales are a step up from ordinal scales, and are 
the first to be termed quantitative, primarily because arithmetic 
operations are possible with them. (See more below on this.) An 
interval scale is like an ordinal scale in the sense that the 
attributes are ordered. However, with an interval scale we are 
able to say that the distance between point land point 2 on the 
s _cale is the same as that between point 2 and point 3. That is, 
we can say that there are equal intervals between all points on 
the scale. Temperature, time, and IQ scores are variables 
commonly classified as interval. 

Ratio scales are the most restrictive. They not only 
involve ordered categories with equal interval s between them, but 
there is also a true zero point on the scale. This makes it 
possible to say that the difference between point 2 and 8, for 
example, is twice as large as the difference between 2 and 5 
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(That is, 6 is twise as large as 3). More specifically, we could 
say that someone who earns $4000/yr. earns twice as much as 
someone who earns $2000/yr. We cannot say that when it is 80 
degrees outside it is twice as hot as when it is 40 degrees, 
because if we were using different measurement scales (e.g. 
Celcius or Kelvin) we would have different results than when we 
used the Farenheit scale. Similarly, grade point averages vary 
depending on whether we use a four point scale with A=4 or a five 
point scale with A=l . In each instance the intervals are equal 
between each letter grade, but the ratios are not. 

These examples point to the fact that each level of 
measurement allows different types of arithmetic relationships or 
transformations. These in turn specify the types of statistics 
that can be used. With nominal scales we can employ only 
matching, or equivalence relations. For instance, if we know 
that both Mary and John are Catholics, but Beth is not, we can 
say that Mary and John are in the same category and Beth is in 
another. Mary and John have equivalent attributes, Beth has a 
nonequivalent one. n·tt 5,.,.gRllil!§ ■ ailes (M=J; M~B; JiB). 

With ordinal scales we can not only have equivalence 
relations, we can have ordered relations. Suppose on a scale of 
political attitudes Mary has the most conservative scores; John 
has the next more conservative scores; and Beth has the most 
liberal scores. This tells us that Mary . would score highest on a 
scale of conservatism; John would score lower than Mary, but 
higher than Beth; and Beth would score lowest (M>J>B and B<J <M) . 

With interval scales we can have equivalence relations , 
ordered relations, and also the possibility of adding and 
multiplying. For instance, we can add up all the high 
temperatures recorded in a city over a week and compute the 
average temperature for that week. Similarly, we can compute the 
average GPA that a student earns in a term . This is possible 
because the difference between each interval on a temperature 
scale is equal and the difference between each interval on a 
grade point scale is equal . 

With ratio scales we can not only add and subtract, but we 
can also discuss ratios. Because there is a meaningful zero we 
can say that John earns twice as much as Mary or compare the 
av erage salaries of whites and blacks as a ratio. 

Both the distinction between descriptive and inferential 
statistics and that between the various levels of measurement 
will be important, even crucial, in determining which statistics 
are appropriate for a given probl em. 
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Arithmetic Operations . 

It is assumed that all students taking this course have 
taken high school algebra. The following three comments are 
meant only as a brief review. Students who need a review of 
basic algebraic definitions and manipulations should consult a 
textbook. 

First, we will often work with rounded numbers or will have 
to round numbers off to a given point (nearest whole number, 
nearest ten, etc.). (We will discuss the latter topic more fully 
in the second part of the course.) When doing computations with 
rounded numbers, we always round the result to the same point as 
the original numbers. For instance, if we are doing computations 
with numbers rounded to the nearest hundredth, the result should 
be rounded to the nearest hundredth. 

e.g. (.36) (.02) = .0072 = .01 
or (. 3 6) (. 2Q) = . 07 2 = . 07 (note that the last significant 

digit is commonly underlined when 
it is a zero, to distinguish it 
from a zero which is not a 
significant digit.) 

The term significant digit refers (as implied above) to how 
many digits remain in a number that have not been rounded off. 
That is, it tells us how many of the digits in a number were not 
rounded off. The chart below illustrates this concept. 

Number 

lQ 
350 

1400 
l6QOO 

14.Q 

Table 1-l 

Number of 
Significant Digits 

2 
2 
2 
3 
3 

Rounded to the 
Nearest 

whole number 
ten 
hundred 
hundred 
tenth 

Finally, precision refers to how exact our measures are. 
For instance, a population figure of 43,976 is said to be more 
precise than a population figure of 44,000. While in areas, such 
as the physical sciences, very precise measures are both possible 
and desirable, this is often not the case in the social sciences. 
In fact the population figure of 44,000 may well be more accurate 
and thus preferable to the more precise figure. 

Measurement Issues 

It is assumed that students have had an introduction to the 
logic involved in measurement in their basic research course. 
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The following comments then are made only to remind students of 
important distinctions and concepts. 

First, the distinction between· discrete and continuous 
variables can be an important one when working with quantitative 
variables (those measured on an interval or ratio scale). 
Discrete variables are those where the values can be actually 
numbered or counted. Examples could be the number of children in 
a family, the size of a city or country, etc. We cannot have 
one-half of a child or one-half of a person. Continuous 
variables are those whose possible values form a continuum. 
Examples include age, height, time, etc. We are constantly 
growing older; people vary along a continuum of height and 
weight, etc . 

Note that we often round continuous variables and treat them 
as though they were discrete. For instance, we talk about all 
two years olds, all three year olds, etc. When placing data into 
tables this is often the preferable step, in order to make the 
date easier to understand . When doing statistical computations 
by hand, grouping continuous data also makes them easier to work 
with. However, as long as our measures are accurate , it is 
generally best to keep the measures as continuous as possible, 
especially if one has machines to do the computations. 

Second, it is important to briefly discuss measurement 
error. Measurement error is a very complex topic, well beyond 
the scope of this course. Here we can only note that errors in 
measurement do occur. The statistical treatments we will deal 
with all assume that this measurement error is random. For 
instance, in measuring income sometimes we may have a high 
estimate, sometimes our estimate is low--but in the long run 
these errors balance out. While we know that this is often not 
the case, the ways of dealing with this error (in a statistical 
manner) are too complex to be explained until you understand the 
material given in this course and probably your next statistics 
course. 

Computer Work 

Almost all of the statistics we will do this term will be 
computed with the help of computers. Below we examine the 
advantages and disadvantages of using the computer, an overview 
of the SPSS package that we will use , a description of the data 
file that may be analyzed, and an example of a run using these 
data. 

Computers vs. Hand Computations 

Obviously, computers have many advantages over hand 
computations in doing statistical work ~ They are much faster and 
easier to use and they are a l so much more accurate (assuming the 
input data and computer programming are correct) than hand 
computations. Just a rel atively few years ago social scientists 

7 



would spend literally hundreds of hours in data reduction 
(getting simple frequency counts) and computing the simplest of 
statistics. They can now accomplish this work in a few minutes. 

On the other hand, because it is now so easy to .calculate a 
wealth of statistics at the literal touch of a finger there is a 
great danger of misusing statistics. Computers cannot decide for 
you what kind of statistic is appropriate for a given problem or 
how to interpret a statistic once you have it. The· researcher 
must give a good deal of thought to his or her analysis in order 
to choose the proper analysis method. Furthermore, we usually 
code our data. when we use machines to analyze it and we must -make 
sure that the measures that the machine is using are comparable 
to what we really want it to analyze. At all steps of the 
analysis process the researcher must think very carefully about 
what is happening. This was true, of course, when computations 
were done by hand. But, perhaps because it is so easy now to get 
all kinds of statistics from a machine in just a few minutes, it 
is especially important to remember how important this planning 
is now. 

Statisical Package for the Social Sciences (SPSS) 

In this class you will be 2sing SPSS/PC+ studentware to 
analyze data. The SPSS packagEf).s a very widely used set of 
computer programs developed for both main frame and personal 
computers. It is probably the most flexible and widely used 
program for social scientists. You will be using a version of 
the program that has been specifically developed for the PC and 
for student use. The commands that you will be using are similar 
to those which are used in the mainframe and regular pc version, 
so it will be relatively easy for you to use other versions of 
SPSS once you have worked with this package. There are several 
other computer packages commonly used by social scientists 
(biomed and SAS are perhaps the most common), and all are 
relatively easy to learn once you have some familiarity with 
using a computer for data analysis. The book by Norusis required 
for the class describes the SPSS/PC+ studentware program in great 
detail. Classes will also be held to introduce you to the use of 
the computer package (or software as it is commonly called). 

With SPSS we can take a group of data that has been coded 
and prepared in a form that is readable by the machine (say on 
cards, tape, or disk) and tell the computer (through ways defined 
by SPSS) what each of the variables are and where they reside on 
the cards, tape or disk. This set of data is referred to as our 
data file or as an SPSS system file, once it has been defined 
within the SPSS system. A data file is generally arranged so 
that each case or unit of analysis {people, states, nations, 
organizations) is in a row or set of rows and each variable is in 
a different column. The data we will use has already been 
defined within the SPSS s ystem and is such a data file. (See 
below.) 
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Once our data have been defined we can then ask the machine 
to perform various statistical manipulations with the data. For 
instance, we might ask the machine to look at a certain variable, 
tell us how many cases have each attribute of the variable, to 
compute the percentages associated with these frequencies, and 
perhaps, if appropriate, to compute some type of average . This 
would be done with various "tasks" or lines in the program where 
we define the "procedures" we want the computer to do and the 
associated statistics. The manuals associated with a given 
computer program give detailed instructions on how to ask the 
computer to perform the~e manipulations. 

The Bank Data File 

For this class you can use a variety of SPSS system files 
that have been developed by the SPSS company. One of these 
includes data on all the employees of a midwestern bank that were 
hired in 1969, 1970, and 1971. The data were gathered in March, 
1977. Data are available on the subjects' sex, race, age, length 
of employment in the bank, current and beginning salary, 
educational attainment, and the category of job in which they 
currently work. The code book for this data set is given below 
and is similar in format to all codebooks. In the codebook the 
left-hand column gives the SPSS variable name for each variable. 
This is the way that the variable is identified in the SPSS 
system file. Thus, if one wished to analyze the variable 
regarding job seniority one would ask the computer to look at the 
variable TIME. If one wanted to look at current salary, one 
would ask the computer to look at SALNOW. 

The right hand column describes each of these variables. 
For instance, SALBEG, the beginning salary of each employee, is 
coded as the actual salary, in dollars, at which the employee 
began work at the bank. SEX . is coded with O meaning male, and 1 
meaning female. Unlike many data sets, the bank data set has not 
grouped the quantitative data. Because it was possible to 
actually examine the exact data on salary and age and experience, 
instead of asking people to report these figures, the actual 
dollars earned, months worked, or age (in years and fraction of 
years) are coded. 

At the bottom of the page it is noted that N=474. This 
means that there are 474 people included in the data set. There 
are no missing data. 
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Figure 1-2 
Sample of Codebook for Bank Data 

Bank Employment 

SPSS 
Variable Name Description and Code 

ID Identification number of each employee 

SALBEG Beginning salary when hired 

SEX 

TIME 

AGE 

SALNOW 

EDLEVEL 

WORK 

JOBCAT 

MINORITY 

SEXRACE 

N = 474 

actual beginning salary is coded (5 digits) 
o -- missing 

sex of 
0 
1 
9 

employee 
male 

-- female 
-- don't know, missing 

Job seniority, coded in number of months have 
worked at the bank 
0 -- m,issing 

Employee's age, coded in actual years with two 
significant decimal points 

current Salary, in actual dollars (5 significant 
digits) 

Years of education attained (actual years are 
coded) 

Years of work experience, with two significant 
digits beyond the decimal point 

Employment category 
1 clerical 
2 office trainee 
3 security officer 
4 college trainee 
5 exempt employee 
6 MBA trainee 
7 technical 

Minority classification 
o white . 
1 ·-- nonwhite 

Sex and race classification 
1 white males 
2 minority males 
3 white females 
4 minority females 
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A Sample Run 

You might find it helpful to ask the computer to produce a 
listing of each of the variables in the file with the number of 
people holding each attribute and the associated descriptive 
statistics. You can ask SPSS to produce such output by using the 
subprogram or procedure FREQUENCIES. The manual gives details on 
the procedure, but it generally would involve giving the computer 
instructions like the following. 

t ,, _ 

get file= 'bank.sys'. 
frequencies variables • salbeg to sexrace • <" ftt,n • + 0 ~ tLQ.Q , 

The first line instructs the computer to access the bank 
data in what is known as a systems file . Thls.is the part of its 
memory where it has stored the data. If you:~ata of your own 
that you want to use you would need to tell the computer what the 
data were and how to find them. Note that the line ends in a 
period. That tells the computer that you are finished with the 
get file command. 

The second line asks the computer to run the procedure 
"frequencies" and count the number of cases for all of the 
variables from salbeg to sexrace. Note that ID is not included 
in the list. That would result in a waste of paper, simply 
listing each individual case. Other commands can be added to ask 
the computer to compute various descriptive statistics such as 
those described in the next section. 
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II. Descriptive Univariate Statistics 

We move now to examining ways of summarizing and describing 
distributions of single variables. We first discuss the 
construction of tables that summarize data and then describe 
graphs that can be used to pictorially represent these data. We 
then describe various measures of central tendency and finally 
measures of dispersion. 

Tables 

Most of our discussion in this section will involve 
quantitative data (those measured on an interval or ratio scale) . 
The procedures involved with qualitative data are essentially 
equivalent, but because one cannot "round off" qualitative data 
or "group" it in the same way one deals with quantitative data, 
the discussion regarding quantitative data is somewhat more 
complex and will be the focus of our discussion. 

When dealing with masses of quantitative data we usually start 
with a mass of numbers. For instance, with the bank data we 
might be interested in the subjects' ages. We could ask the 
computer to give us a listing of the subjects' ages and we would 
have a page of computer printout such as that shown on the 
following pages. Note that the computer has already arranged the 
numbers in chronological order, and that the computer tells us 
how many people have each age. One person is 23 years old, 2 
people are 23.25 years old, l person is 23.33 years old, etc. 

Sometimes, we will want to round off the numbers to bring 
them to a more manageable size. This is especially true if the 
numbers are quite large or extend to several more decimal points 
than we desire. For instance, we might be more interested in age 
to the nearest year, rather than to the hundredth of a year. We 
would then round 23.25 years to 23 years; 23.58 years would 
become 24 years, etc. In arithmetic you might have learned that 
when rounding to the nearest whole number and the original number 
ends in 5, you automatically round up. Thus 15.5 would become 
16, 16.5 would become 17, 17 . 5 would become 18, etc. Note, 
however, that this introduces an upward bias. We are always 
rounding upward. To counteract this upward bias, the convention 
among social statisticians when rounding to the nearest number is 
to round to the nearest even number when the original number ends 
in 5. Thus 14.5 would become 14, 15.5 would become 16, 16.5 
would become 16, 17.5 would become 18, etc. This produces 
somewhat higher groups at each of these even numbers, but i t 
avoids the upward bias present in the other system and is thus 
more accurate. 

Note that we do not always round to the nearest whole number. 
In fact, with age , in our society, we actually round to the next 

6 lower number. one does not become one year of age until living 
_...__ an entire year; one is then considered one year old until 
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Code 

23.00 
23. 25 
23.33 
23 .42 
23.58 
23.67 
23.75 
24.00 
24.08 
24 .17 
24.33 
24.42 

~
4. 50 
4.58 

24.67 
24.75 
24.83 
24.92 
25.00 
25.08 
25.17 
25.25 

. 25. 42 
....-25. so 
25.58 
25. 75 
25.83 
25.92 
26.08 
26.25 
26.33 
26.58 
26.67 
26.83 
26.92 
27.00 
27.08 
27. 17 
27.25 
27.33 
27. 42 
27.50 
27.58 
27.67 

Table 2-1 Output from SPSS Frequencies 
Run for Age 

Adj cu,. Adj cu,. 
Freq % % Code Freq % % Code Freq 

1 0 0 32.00 3 1 so 46.58 2 
2 0 1 32.08 5 1 51 47.25 1 
1 0 1 32. 17 1 0 51 47.33 2 
3 1 I n.25 3 1 52 47.58 2 
1 0 2 32.33 2 0 53 47.92 1 
3 1 2 32.50 2 0 S3 48.00 
I 0 3 32.67 4 1 54 48.25 
2 0 3 32.83 2 0 S4 48.33 
2 0 3 32.92 3 1 ss 48.50 
2 0 4 33.08 1 0 5S 48.67 
s 1 5 33.33 I 0 55 48.83 
2 0 5 33.42 2 0 56 49.08 
2 0 6 33.SO 4 1 57 49. 17 
2 0 6 . 33.67 1 0 57 49.58 1 
2 0 7 33.75 2 0 57 49.92 1 
3 7 33.83 2 0 58 50.00 1 
3 8 34.00 1 0 58 S0.17 1 
3 8 34.1 7 3 1 58 50.25 2 
3 1 9 34.2S ., 0 59 i0.33 1 .. 
4 1 10 34.33 2 0 59 51. 00 1 
1 0 10 34.50 1 0 59 51 . 17 1 
3 l1 34.58 2 0 60 51 . 42 2 
·3 11 34.67 0 60 51. 50 3 
3 1 1 2 34. 75 0 60 51 . 58 2 
4 1 1 3 34.83 0 61 51. 92 1 
2 0 13 34.92 0 61 52.00 2 
3 1 14 35.17 ., .. 0 61 52.17 1 
1 0 14 35.25 1 0 61 52.33 1 
1 0 14 35.33 1 0 62 52.50 1 
3 1 15 -~5. 4 2 2 0 62 52.92 1 
1 0 15 ' 35. 58 0 62 53.08 1 
1 0 15 35.67 0 62 53.33 1 
1 0 16 36.00 0 63 53.50 1 
4 1 16 36.92 0 63 53.92 3 
1 0 17 37.08 0 63 54.08 1 
I 0 17 37. 17 0 63 54. 17 2 
3 1 18 37.50 0 64 54.33 1 
2 0 18 37.83 0 64 54.42 I 
3 1 1 9 38.00 0 64 54.92 1 
3 1 1 9 38. 17 0 64 55.08 1 
3 1 20 38. 4 2 . 0 64 55.17 1 
2 0 20 38.50 0 65 55.25 2 
4 1 21 38.67 0 65 yS.33 1 
2 0 22 38.92 0 65 55.50 1 
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Adj Cu11 
% % 

0 77 
0 77 
0 ., "7 , , 
0 78 
0 78 
0 78 
0 78 
0 79 
0 79 
0 79 
0 79 
0 80 
0 80 
0 80 
0 80 
0 80 
0 81 
0 81 
0 81 
0 81 
0 82 
0 82 
1 83 
0 83 
0 83 
0 84 
0 84 
0 84 
0 84 
0 85 
0 '85 
0 85 
0 85 
1 86 
0 86 
0 86 
0 87 
0 87 
0 87 
0 87 
0 88 
0 88 
0 88 
0 88 



Tdk .2--/,l~ .t.) 
27.83 ., 0 ::!2 39.00 1 0 65 55.58 3 1 89 .. 
28 . 00 2 0 22 39.33 2 0 66 55.92 1 0 89 
28.08 1 0 23 39.42 1 0 66 56.00 1 0 89 
28 . 17 3 23 39.50 1 0 66 56.67 2 0 90 
28.33 4 24 39.67 3 1 67 56.92 1 0 90 
28.42 4 1 25 39.75 1 0 67 57. 17 1 0 90 
28.50 3 1 26 39.83 1 0 67 57.42 0 91 
28.67 5 1 27 40. 08 1 0 67 57.50 1 0 91 
28.75 4 1 27 40.17 1 0 68 57.83 2 0 91 
28.83 3 1 28 40.33 1 0 68 58.00 1 0 91 
29.00 2 0 28 >40. so 1 0 68 58.08 1 0 92 
29.08 4 1 29 40.58 1 0 68 58 .50 1 0 92 
29. 17 4 1 30 40.67 1 0 68 58.75 1 0 92 
29.25 3 1 31 41 . 00 1 0 69 59.08 2 0 92 
29.33 3 1 31 41 . 1 7 2 0 69 59.42 0 93 
29.42 1 0 32 41 . 67 1 0 69 59.50 I 0 93 
29.SO 6 1 33 41 . 92 2 0 70 59.75 1 0 93 
29.58 4 1 34 42.08 1 0 70 59.83 3 1 94 
29.67 4 1 35 42.17 1 0 70 60.00 1 0 94 
29. 75 4 1 35 42.33 1 0 70 )60. 50 3 95 
29.92 4 1 36 42.42 1 0 70 60 .67 3 95 
30.00 1 0 36 42.58 2 0 71 60.75 1 0 95 
30.08 3 1 37 43.25 0 71 61. 33 1 0 96 
30.17 " .J 1 38 43.33 0 71 61 . 50 1 0 96 
30 . 25 4 1 39 43.42 1 0 72 61 . 67 2 0 96 
30.33 6 1 40 43.67 1 0 72 61 . 75 0 96 
30.42 4 1 41 43.92 1 0 72 62.00 0 97 

,30. 50 2 0 42 44. 00 1 0 72 62.08 0 97 
' 30,50 1 0 42 44. 42 1 0 72 62.33 0 97 
30.6 7 4 1 41 44.50 3 1 73 62.42 0 97 
30. 75 5 1 44 44.58 0 73 62.50 0 97 
30.83 1 0 44 44. 67 0 73 63.00 0 98 
30.92 2 0 44 44.83 1 0 74 63.25 0 98 
31 . 00 2 0 45 44. 92 1 0 74 63.4 2 0 98 
31 . 08 1 0 45 )45. I 7 1 0 74 63.50 I 0 93 
3 I . 17 3 1 46 · 45.50 2 0 74 63.58 I 0 99 
31. :is 2 0 46 45.6 7 1 0 75 63.75 2 0 9i 
3 I . 33 I 0 46 45.9 2 1 0 ., " I .J 63.83 I 0 99 
31 . 42 I 0 46 46.00 1 0 75 63.92 1 0 99 
31 . 50 3 1 47 46. 17 1 0 75 64.25 2 0 100 
31. 67 3 1 48 46.25 2 0 76 64.50 1 0 100 
31 . 75 4 49 46.4 2 1 0 76 
31 . 92 5 50 46.50 2 0 76 

Mean 37 .186 Std err 0. 541 Nedi cJn 3::!.013 
Mode 29.500 Std dev 11. 787 Variance 138 .939 
Kurtosis -0.562 Skewness 0.864 Range 41 . 500 
Ni ni1rn11 23.000 Ka:d11u 11 64.500 

Valid case s 474 Hiss1n9 cases 0 
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one has lived a tot~l of two years. In the grocery store all 
prices are rounded to the next higher number. So, if two cans 
cost $.49 and you buy one you would pay $.25 automatically. If 
the price is 3 for a dollar and you buy one, you will pay $.34 
and riot $.33. Table 2-2 illustrates these different rounding 
rules. 

Whether or not one rounds off the numbers one is dealing 
with, one will then proceed to developing groups ·or intervals in 
which to pla.ce each of the cases. Suppose that we decided we 
wanted to group the bank employees into age categories that each 
included a span of five years. Remembering that we had rounded 
the ages to the nearest year we could say that we wanted to 
include all people with ages from 20.51 to 25.49 years (or 
rounded limits of 21 to 25 years) in the first category. Those 
from 25.5 to 30.5 (or rounded limits of 26 - 30 years) in the 
second category, and so on. These categories are displayed in 
Table 2-3. The rounded limits refer to the rounded numbers that 
define the ages. The true limits refer to the actual span of 
a.ges that is included within each interval. The interval width 
(1) refers to the total number of years included in each 
interval. Note that it is the difference between the upper and 
lower limits of each true interval (i=U-L). The midpoint of each 
interval is the lower limit of each true interval plus one-half 
of the interval width (M = L + (l/2)i). 

Rounded 
Limits 

21-25 

26-30 

31-35 

36-40 

41-45 

46-50 

51-55 

56-60 

61-65 

Table 2-3 Intervals & Midpoints for Grouped 
Age Data Levels 

True Interval 
Limits Width Midpoint 

20.5-25.5 5 23 

25.5-30.5 5 28 

30.5-35.5 5 , 33 

35.5-40.5 5 38 

40.5-45.5 5 43 

45.5-50.5 5 48 

50.5-55.5 5 53 

55.5-60.5 5 58 

60.5-65.5 5 63 
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Now that the intervals are established we can return to the 
distribution from the computer prihtout that is in Table 2-1 and 
actually count up the number of people that fall into each 
interval. For instance, we can determine that 54 people fall in 
the first category with ages between 20.51 and 25.49 or 21 and 25 
rounded years. (Note that the first interval has a true lower 
limit that is substantially lower than the lowest age. This was 
done to allow for age intervals that were evenly spaced at points 

• on the scale that were easy to comprehend.) In the second 
interval (true limits of 25.5 to 30.5 and rounded limits of 26 to 
30) there are 143 people. You may continue this process until 
you have determined how many people are within each of the 
intervals. Table 2-4 summarizes these frequency counts and is 
referred to as the frequency distribution for age for this sample 
of bank employees. 

Table 2-4 Age of Bank Employees 

"Less than" "More than" 
cumulative Cumulative 

Years Frequency Frequency Frequency 

21-25 54 54 474 
26-30 143 197 420 
31-35 97 294 277 
36-40 28 322 180 
41-45 29 351 152 
46-50 34 385 123 
51-55 33 418 89 
S6-60 30 448 S6 
61-65 Lg_ 474 26 

Total 474 

Table 2-4 also includes two columns that are called the 
cumulative frequency distributions. The first of these .p.as the 
"less than" cumulative frequency distribution and tells us how 
many people are a given age or less. For instance, 54 people are 
25 years old or younger; 197 people are 30 years old or younger. 
The "more than" cumulative frequency distribution tells us how 
many people are a given age or older. For instance, all 474 
employees are at least 21 years old; 420 employees are 26 years 
old or older. (Note that when reading the less than cumulative 
distribution we use the upper limit of the interval; when reading 
the more than cumulative distribution we use the lower limit for 
a reference point.) 

When your sample involves a hundred people (or cases) or 
more it is best to use percentages rather than raw frequencies. 
This allows for easy comparisons and is a method of 
standardization. Table 2-5 is equivalent to Table 2-4 except 
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that the distributions are percentage distributions rather than 
distributions of the raw frequency data. In reading this table 
we would know that 11.3% of the employees are between 21 and 25 
years of age and that 11.3% are 25 years old or younger. The 
percentages are given on the computer printout in the columns 
following the codes and frequencies. The first two columns of 
percentages (relative and adjusted) give the percentage of cases 
associated with each code. The cumulative% frequency is a "less 
than" percentage frequency distribution. When adding these 
percentages together one should always check to make sure that 
the computer has rounded the numbers so they do add to 100. If 
they do not, you will either want to note that fact or redo the 
computations to make the needed corrections. 

Table 2-5 Age of Bank Employees 

"Less than" "More than" 
Frequency Cumulative cumulative 

Years % Distribution Distribution 

21-25 11.3 11. 3 '/() 100.0'7/) 
21-30 30.2 41. 5 88.7 
31-35 20.5 62.0 58.5 
36-40 5.9 67.9 38 . 0 
41-45 6.1 74.0 32.l 
46-50 7.2 81.2 26-. 0 
51-55 7.0 88.2 18.8 
56-60 6.3 94.5 11.8 
61-65 ~ 100. O"?o ~70 

Total 100% 

n=474 

Finally, note the way in which the tables are labeled. 
Figure 2-1 contains instructions on the elements of a table that 
is properly constructed. These include labels for the table and 
each part of it. If percentages, as well as or instead of 
numbers, are use~you should make sure that enough information is 
given about the sample size so that the reader can reconstruct 
the actual numbers of people involved. 

Table 2-6 gives yet another example of a frequency 
distribution. This involves two groups: Native American and non­
Native American employees of the Bureau of Indian Affairs. The 
data examined are the grade level of employment. These grade 
levels are actually discrete variables, as opposed to the 
continuous variable of age. Note that when we have discrete 
variables we simply treat them as though they were continuous. 
(Some may argue that grade level is ordinal, rather than 
interval, but the levels correspond to pay increments, and at one 
time translated directly into dollars, so for the sake of example 
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we will treat these data as measured on an interval scale.) Note 
too that these data are rounded to the next lower number. A 
person is in grade four until he or she m6ves into grade 5. 

Note how the side-by-side arrangement of data for the two 
racial/ethnic groups helps in comparisons. (Remember that the 
lower grades are paid much less.) Most of the native Americans 
are at the lowest grades. The non-Native Americans are much more 
spread out and predominate at the higher grades. For instance, 
over half of the Native-Americans are in grades 3 and 4, but only 
9% of the non-Native Americans are at that level. Almost one­
fourth of the non-Nat;ive Americans are at grades 11 and 12 and 
one-third of the non-Native Americans are in grades 9 and 10. 
The comparable figures for Native Americans are 7% and 9% 
respectively. The cumulative distributions show similar results. 
75% of all the Native Americans are at grade 6 or lower, but only 
20% of the non-Native Americans fall in that range. 

Grade 

1 
2 

3 
4 
5 
6 

7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 

Totals 

n 

Table 2-6 Grade Level of Native American and 
Non-Native American Employees of the 
Bureau of Indian Affairs, 1970 

.Native Amer. icans ) Non-Native Americans 
(1 • •· '~&an)Cb ~ f:½rr:c::::t.t -4 {h.1 ~) 

frequency cum. Freq. Frequency cum. Freq. 

o.os 0.05 0.04 0.04 
2.72 2.77 0.34 0.38 

21.36 24.13 2.64 3.02 
33.69 57.82 6.19 9.21 
15.50 73.32 9.14 18.35 
l.98 75.30 1.61 19.96 
6.44 81. 74 10. 14 30.10 
0.21 81. 95 0.21 30 . 31 
8.95 90.90 32.82 63.13 
0.14 91.04 3.40 66.53 
4.51 95.55 13.79 80.32 

I 

2.29 97.84 10.35 90.67 
1.14 98.98 4.88 95.55 
0.80 99.78 3.57 99.12 
0.19 99.97 0.79 99.91 
0.03 100.00 0.06 99.97 
0 . 00 100.00 0.03 100.00 

100.00% 100.00% 

5853 6697 

Source: Congiessional Record, Dec . 14, 1970 
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In general, when constructing tables with quantitative data 
one would want about 10 to 15 intervals for easiest 

·understanding. One usually uses equal-sized intervals, unless 
some of them contain very few people. For instance, there may be 
very few subjects with very high incomes or very low incomes in a 
sample and the intervals at these extremes may be made much 
larger or even open-ended (e.g. $75,000 +) to accommodate these 
people. Whenever one is comparing two groups, as in Table 2-6, 
it is important to use the same intervals for both groups so that 
one has valid comparisons. Also, when one is comparing two or 
more groups one would always use percentages, rather than raw 
frequencies, in order to have valid comparisons. 

With qualitative data the procedures in table construction 
are basically the same as those described above, except that one 
does not have intervals, but instead categories. Table 2-7 gives 
a hypothetical example of a table with qualitative data, the 
distribution of religious affiliation for a sample. 

Table 2-7 Religious Affiliation of 
Members of a Hypothetical Community · 

Religious 
Affiliation Percentage 

Protestant 55 

Catholic 25 

Jew 15 

Other 5 -Total 100 

n 375 
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Graphs 

Graphical displays of data are often a very helpful way to 
summarize and display the information provided in tables. The 
types of graphs appropriate for d~ta depend on whether one's data 
are measured on an interval or ratio scale (quantitative data) or 
an ordinal or nominal scale (qualitative data). We will deal 
with graphs .for both types of data in turn. 

Graphs Appropriate for Quantitative Data 

There are three basic graphs that are commonly used to 
represent quantitative data: histograms, frequency polygons, and 
ogives (or cumulative frequency graphs). Each of these has a 
common form in that along the horizontal axis the intervals for 
the distribution are graphed. These would be the same intervals 
that one has used in the table displaying the data, except that 
one would want to make sure that all the intervals were equal in 
size. That is, if one had doubled the size of some intervals in 
the table because they contained very few people, one would want 
to use the actual (uncollapsed) intervals in the graph. Along 
the vertical axis one plots frequencies or percentages, whichever 
one wishes to graph. When the sample size is large (over 100) 
one should use percentages. When comparing several groups 
percentages would also be more appropriate. 

-A histogram for data on grade-levels of Native American 
Employees of the BIA is shown in Figure 2-2. Note that the true 
limits of each interval are marked along the horizontal axis. 
Then within the boundaries of each interval a bar is drawn to the 
height that corresponds with the proportion of people in that 
interval. Thus, the height of the bar of the histogram for the 
first interval is at the 3% mark. The height of the bar for the 
second ·interval is at the 55% mark, and so on. Note that each 
bar of the histogram is adjacent to the next. This is because 
the variable, grade levels, is measured on an interval scale, and 
we are treating it as though it were continuous. (Intervals are 
collapsed from those shown in Table 2-6. Percentages used are 
given in Figure 2-2.) 

A frequency polygon of grade levels of Native American 
employees and of grade levels of non-Native American employees is 
shown in Figure 2-3. The solid line gives data for the Native­
Americans, the broken line gives data for the non-Native 
Americans . Note that again the base or horizontal axis includes 
the intervals of the variable grade levels. The percentages are 
placed along the vertical axis. With the frequency polygon one · 
uses the midpoints of each interval and plots at the midpoint the 
percentage (or n if using raw data) of people who fall within 
that interval. Thus, the midpoint of the first interval is 2. 
For Native Americans the point is plotted to correspond with 2 on 
the horizontal axis and 3 on the vertical axis, indicating that 
3% of the Native Americans fall in that category. For the second 
interval, the midpoint is 4. Corresponding to this point on the 
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horizontal axis, a point is marked corresponding to 55% on the 
vertical axis for Native Americans and a point corresponding to 
9% on the vertical axis is marked for the non-Native Americans. 
This process is continued. The points are then connected and the 
polygons are closed ·by plotting zero on the vertical axis at the 
midpoint of the interval that is theoretically below the first 
interval and the midpoint . of the interval that is theoretically 
above the last interval. 

It was mentioned briefly above that if one has uneven 
intervals in a table, one needs to be careful in transferring 
these data to a graph to ensure that one does not misrepresent 
the data. Figure 2-4 illustrates how one could do this. · Three 
intervals are given in the data. The first two have a true 
interval width of 2 but the third has a true interval width of 4. 
Because we do not know the actual underlying distribution of 
these data {if we did we would use the true distribution for this 
third interval), we simply divide the subjects within the third 
interval evenly into two intervals the same width as the earlier 
ones. This is shown in the second table in Figure 2-4. (If the 
uneven interval had been three times the size of the other ones 
we would divide it into three parts, etc.) The data with equal 
intervals are then plotted. A second graph shows how one would 
incorrectly have graphed the data if one had not divided the 
subjects up among equal intervals, This incorrect graph shows a 
much greater proportion of subjects between 4.5 and 8.5 than in 
actuality are there . 

Sometimes one will have data in a table that are open-ended. 
For instance, we will simply list the first category of income or 
age as all subjects at or below a certain point {~5000 dollars, 
for example). At the upper end we might include all people who 
make above a certain amount of money (e.g. $50,000+). When 
graphing these data we clearly cannot continue the graph 
infinitely, so we must arbitrarily close it. At the lower end we 
would use zero, or whatever would be appropriate. At the upper 
end we would simply choose an arbitrary closing amount and then 
add a footnote to the table indicating that there were people in 
the last interval who made considerably more money or ha9 
considerably higher scores on the variable, but that this could 
not be represented on the graph. 

One final point on graph construction: Sometimes your 
horizontal axis or interval scale will begin at a point 
considerably above zero. When drawing a graph for these data, if 
you wish to include a zero point on the axis, you could include a 
little break mark to indicate that a number of points were 
missing, as illustrated in Figure 2-5. 

The decision of whether to use a histogram or a frequency 
polygon is often anesthetic one. For comparative purposes, as 
in Figure 2-3, the frequency polygon is often better. However, 
for exact representation of the data, a histogram might be 
preferable , for all of the data for a given interval are 
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represented within that interval. The data for a given interval 
within a frequency polygon are actually spread across the area 
allocated to thre·e intervals. 

Nevertheless, the frequency polygon and the histogram both 
accurately reflect the data in that they both enclose the same 
amount of area. Consider the histogram drawn in Figure 2-6. 
This histogram and the associated frequency polygon for the data 
are produced below in Figure 2-6 superimposed on one another. 
Note that the polygon and histogram enclose the same area except 
for several triangles identified by letters. These triangles, 
however, are congruent to each other and thus hold the same 
amount of area. Consider the triangles labeled a' and a". The 
opposite angles are equal, the right angles are equal, and the 
distance from the base of the histogram bar to the midpoint of 
each interval is equal (l/2 i). Thus they have at least one 
equal side and two equal angles. This then implies that they 
have three equal sides and three equal angles and the two 
triangles are congruent. The area that is cut out of the 
histogram by the frequency polygon (a") is added onto the 
frequency polygon at another place (a'). The same argument could 
be made for all other pairs of triangles .. 

The ogive is a graph designed to represent cumulative 
frequency data. Again the intervals are displayed along the 
horizontal axis and the percentages (or frequencies if using raw 
data) are displayed along the vertical axis. One can have ogives 
for the "less than" and for the "more than" cumulative 
distributions. Both of these graphs are shown in Figure 2-7 for 
the data on BIA employees. In plotting points for the ogive one 
uses the end points of the intervals and one must think about 
what each distribution means. Consider first the "less than" 
distribution. 3% of the Native Americans are found at grade 2 or 
below. Thus, corresponding to grade 3 (the true upper limit of 
the first interval) the point is plotted at the line 
corresponding to 3% on the vertical axis. 58% of the Native 
Americans are in grade 4 or less, so the point is marked at the 
line corresponding to grade 5 (the true upper limit of this 
interval) on the horizontal axis and to 58% on the vertical axis. 
One then continues in this manner until one notes that 160% of 
the employees are found in grade 14 or lower and plot at the 100% 
point on the vertical axis at the points corresponding to 15 and 
to 17 on the horizontal axis. 

For the "more than" distribution, the logic is somewhat 
different. 100% of the employees are in grade one or~~, so we 
plot a point that corresponds to l on the horizontal axis (the 
lower limit of the first interval) and 100% on the vertical axis. 
97% of thP. subjects are in grade 3 or higher so we plot a point 
that corresponds to grade 3 on the horizontal axis (the lower 
limit of the second interval) and 97% on the vertical axis. To 
complete the graph each of the points plotted is connected. 
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. once one has drawn the appropriate graph for one's data one 
would then examine it to see how it helps describe the data. For 
instarice, in looking at Figure 2-2, the histogram of grade levels 
for the Native-American employees, one would note that over half 
of the employees are found in only two grade levels (those that 
correspond to aide and janitorial positions). The next highest 
category involves those in grades 5 and 6, low-level supervisory 
positions, but relatively few are in the higher level posts and 
almost none at the highest levels. In looking at Figure 2-3, 
with the frequency polygons for both racial groups, one could 
make similar conclusions regarding the Native-Americans and 
compare their distribution with that of the non-Native American 
employees. Here you could note the striking lack of overlap or 
correspondence between the two curves. Most of the Native 
Americans are at the lower grade levels, most of the non-Native 
Americans are at the higher grade levels. The two groups of 
employees appear to be in almost totally different job 
categories. One could continue with a more detailed examination 
of these differences, a task which would be good for students to 
pursue for practice. 

In examining the ogive we can see · how quickly or how slowly 
subjects increase or decrease on a certain variable. For 
instance, in looking at the "less than" distribution in Figure 2-
7, we can see that there is a very steep slope, indicating that 
most of the subjects are included by the very lowest grade 
levels. The more than distribution also has a very steep slope 
indicating again that most of the subjects are found at the 
lowest levels. If one were to graph the ogive for the non-Native 
Americans (again a profitable exercise for students) one would 
find that the slope was much less steep, and informative 
comparisons could be made. 

Besides the comparisons noted above, the ogive provides an 
easy way of finding what proportion (or how many, if using 
frequencies) of a group fall at or below a certain point. 
Conversely, we can also find out what point along the 
distribution or interval scale corresponds to a given percentage 
or frequency. For example, if we want to know approximately how 
many subjects have jobs at grade 10 or higher we would locate 
grade 10 on the horizontal axis and follow that point until we 
hit the graph. It then appears that about 13% of the subjects 
are at grade 10 or above. One could also ask what is the point 
at which we find 50% of the subjects with less than a particular 
grade and 50% with more . That is, what is the point on the scale 
that divides the group into two equal parts? One would then find 
50% on the vertical axis and follow that line across. Note that 
this is the point where the "more than" and "less than" graphs 
cross. It appears that this point corresponds to approximately 
grade 4.8. If we are interested in the 25% mark, the first 
quartile, we may follow this line across and find that 25% of the 
subjects appear to be at grade 3.8 or less (approximately) and 
that 25% of the subjects appear to be at grade 7 or higher. 
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students sho~ld also continue this exercise on their own until 
they feel confident in interpreting this graph. 

Graphs Appropriate for Qualitative Data 

There are a number of- graphs that are used with qualitative 
data. We will focus on bar charts, which are the most common. 
You may consult various statistics texts for examples of other 
types. As with the quantitative data, the bar charts are 
designed to display the data found in the tables in a way that 
pictorially summarizes the data. 

The basic form of the bar chart involves a base line on 
which the categories of the variables are labelled. Note how the 
form is different from the histogram. With bar charts there are 
spaces between each of the categories because we are not dealing 
with interval data, but with categoric data. The second 
dimension of the chart involves either percentages or frequencies 
as with the quantitative data graphs. The length of the bars 
represents the frequencies or percentages within a given 
category . The bars may be displayed either vertically or 
horizontally, depending on the researcher's desires. With 
ordinal da~a one would usually want to have the categories in the 
relevant order. With nominal data one might have an order of the 
categories that is theoretically important or one might want to 
display the data in order of frequency of occurrence (e.g. 
smallest to largest). 

Many varieties of bar graphs are possible. It is also 
possible to use a bar graph to display data for more than one 
group. Figures 2-8 through 2-10 display the data shown in Table 
2-8 on the type of descent system common in three different types 
of economies. (You might remember from your introductory 
research methods class that tables are percentaged in categories 
of the independent variable. We are assuming here that the 
economy of a society is the independent variable and that the 
type of descent system that a society adopts depends on the 
economic system of that society.) 

Figure 2-8 is a regular bar graph such as the general case 
described above, but includes data for the three different types 
of societ~es. The first sub-graph includes data for the hunting 
societies . It is apparent that in these societies matrilineal 
descent systems are most common, followed by bilateral and then 
by patrilineal descent systems. The second sub-graph gives the 
data for societies with a pastoral economy. These are most 
likely to have patrilineal descent systems, bilateral systems are 
much less common and matrilineal descent systems are relatively 
rare. Among agricultural societies matrilineal and patrilineal 
descent systems are about equally likely to occur and bilateral 
descent systems appear less frequently. Because we have data for 
the three types of societies here we can also make comparisons 
across the three types of societies (among the three categories 
of the independent variable - type of economy). It is apparent 
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that matrilineal descent systems are about equally likely to 
occur in hunting and agricultural societies, but only rarely .in 
pastoral societies. Patrilineal descent systems most often occur 
in pastoral economies~ next most often in agricultural econo~ies 
and least often in hunting societies~ Bilateral descent systems 
occur most often in hunting groups, next most often in pastoral 
groups and least often in agricultural groups. 

Economic 
system 

Hunting 

Pastoral 

Table 2-8 Descent systems Found in Societies 
with Different Economic Bases 

Type of Descent system 

Matrilineal Patrilineal Bilateral 

43 26 31 

7 72 21 

Agricultural 40 43 17 

(Source: adapted from Mueller, et al, 1977; p. 47) 

Total 

100%(70) 

100%(14) 

100%(110) 

Figure 2-9 gives a version of a sliding bar graph. This 
type of graph is most useful when we want to distinguish between 
two types of attributes of the dependent variable. For instance, 
in Figure 2-9 we are distinguishing between matrilineal descent 
systems and the other two types. Within each economy (or sub­
graph) we have represented the family types on a long bar, all of 
equal length. These bars are then divided into segments to 
re·present the different family types. Shading is used, as in 
Figure 2-8 to represent the different types of descent systems. 
A vertical axis is drawn down the middle of the graph to separate 
the matrilineal and other descent types. The various graphs are 
then "slid" to the left or the right to represent the proportion 
of societies within each group that have matrilineal descent 
systems. Clearly the pastoral societies are least likely to have 
this type while the hunting and agricultural societies appear 
about equally likely to have this type of system. One could have 
constructed this type of graph with either of the other types of 
descent systems as the focus of interest, depending on one's 
theoretical point. 

Figure 2-10 gives another way of using bar graphs. Here 
again the relative representation of descent systems within each 
society is represented on a bar. A separate bar is drawn for 
each society. Then to demonstrate the comparisons between the 
three types of societies dotted lines connect the various 
categories. These illustrate how the representation of 
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matrilineal types is much larger in hunting and agricultural 
societies, for ins~ance, than in pastoral societies. 

A number of computer packages offer options for graphs. You 
should be very careful in using these options . They are quite 
nice if you have the appropriate data and it is coded and input 
in a way that you want. If not, however, the results are useless 
and often misleading. Therefore, you should think very carefully 
before automatically using material that a computer has spewed 
out in graph form. You also must be very careful when using a 
graphics program with a micro computer to ensure that the graphs 
are correctly drawn. 

Measures of Central Tendency 

While tables and graphs illustrate the dispersion of data 
and where most subjects or cases tend to be, they do not provide 
a single summary statistic of the location of most of the people. 
Measures of central tendency are designed to provide such a 
summary. Three measures of central tendency are commonly used: 
the mode, the median, and the mean. 

The Mode 

The mode is simply the most frequently occurring value or 
point. we can use the mode when talking about qualitative data 
if we refer to the modal category. For instance, in Table 2-7 we 
could say that the modal category is Protestant; it is the 
category with the greatest number of people. We can simply count 
the number of cases that have each attribute and find which 
attribute has the most cases associated with it. 

With quantitative data we must go beyond this simple 
counting procedure and would like to find the value within an 
interval (assuming that our data have been grouped into 
intervals) that corresponds to the modal point. There are two 
ways of doing this. The first is called the crude mode. The 
crude mode is simply the midpoint of the interval that has the 
largest number of cases in it. For instance, with the data on 
BIA employees that is again presented in Table 2-9, the modal 
interval for Native Americans is that with true limits 3 and 5. 
The midpoint of this interval is 4.0, and this is the crude mode . 
Students should verify that they understand this by demonstrating 
that the crude mode for the non-Native Americans is · 10.0. 

The second way of computing the mode with grouped data 
results in what is called the refined mode. The refined mode is 
.an adjusted value that is based on the relative size of the 
frequencies in intervals adjacent to the modal interval. It is 
based on the idea that the true place of greatest density (the 
true location of the mode in an interval) will be closer to the 
interval with a higher frequency. The larger one adjacent 
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interval is than the other, the more that the mode wi ll be 
shifted toward that larger interval. The formula for the refined 
mode is given below in equation 2-1. 

Refined Mode - L + ( ~ 
- D1 + D2 

( 2-1 ) 

where L = the· true lower limit of the modal interval; 
D1 • the difference between the frequency in the modal interval 

and the frequency (number or% of cases) in the next lower 
interval; • 

D2 = the difference between the frequency in the modal i nterval 
and the frequency in the next high.er interval ; and 

i • the width of the interval . 

Computations in Table 2-9 show that for the Native Americans the 
refined mode• 4.16. For the non-Native Americans the refined 
mode is equal to 10.37. 

Examining Formula 2-l more closely it may be seen that when 
01 = 02, that is when the two adjacent intervals have the same 
number of cases, the refined mode equals the crude mode. In this 
case we would add one-half of the interval width (i) to the lower 
limit of the interval , thus being at the midpoint of the 
interval. 

If the adjacent lower interval had more people than the 
adjacent higher interval, 01 would be less than D2. That is, the 
size of the next lower interval would be closer to the modal 
interval than would the next higher interval. When o1 is less 
than 02, D1/ (D1 + D2) is less than one-half and the refined mode 
would be smaller than the crude mode (i.e. not as large as the 
midpoint of the interval). When, however, the next higher 
interval has more cases, D1 / (D1 + D2) would be greater than 1/ 2 
and the refined mode woul d be larger than the crude mode . 

Graphically the mode appears as the high point of the graph. 
On the frequency polygon, the mode would be the highest point, 
the scale point that corresponds to the highest frequency or 
percentage found in any category of the data. Sometimes there 
will be more than one high point. We say then that a 
distribution is bi-modal if there are two high points or trimodal 
if there are three. This can result if there are basic divisions 
within the group. For instance, if we were to graph the grade 
level of all BIA employees , combining the twQ groups in Table 2-
9, we might well have a bi-modal distribution. This ,. however, 
would be because the two racial groups have very different job 
level distributions . 
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Table 2-9 Example of Computing Mode ·and 
Median with BIA Data 

Grade Levels Percentage 

Rounded True Native non-Native 
Limits Limits Americans Americans 

1-2 1-3 3 . 0 
3-4 3-5 55 9 
5-6 5-7 17 11 
7-8 7-9 7 10 

9-10 9-11 9 36 
11-12 11-13 7 24 
13-14 13-15 2 9 
15-16 15-17 0 1 

Total 100% 100% 

Native Americans 

crude mode = 4. o ;.· 3+ I 

refined mode a:: 3+ (-< 55-3} x 27 
(55-3)+(55-17) J 

a 4.16 

= 3.0 + 1.71 = 4.71 

35 

Cumulative % 

Native non-Native 
Americans Americans 

3 0 
58 9 
75 20 
82 30 
91 66 
98 90 

100 99 
100 100 

non-Native Americans 

crude mode = 10. o =- '1'+ i 

refin~d mode= J 
9. o+ ~36-10} x2 

36-10)+(36-24) 
-= 10. 7 

Median= 9.0+rgo ; 630 x~ 

= s.o + Eo;~o x 2J 

= 9.0 + 1.1i = 10.11 



The SPSS subprogram FREQUENCIES gives the mode as one of its 
statistics. This is not a refined mode or a crude mode, for the 
program assumes that the actual values are given as input, at 
least for this statistic. If you have data that are coded in 
intervals and input in such a way you would probably want to 
compute the refined or crude mode yourself. Also, if you have 
bimodal (or multi-modal) data, SPSS will not tell you this. 
Instead, it will automatically assign the mode to the lowest 
value on your scale or variable that has the highest frequency. 
{Say you are studying age and 35 people fall at ages 29, 39, and 
491 SPSS will report only 29 as the mode. You will have to 
inspect the data to find the other modes.) 

The mode has certain advantages. It can be used with 
qualitative data. It is easy to calculate and it can be easily 
related to a graph. However, the mode does have certain 
disadvantages. It generally cannot be used in further 
calculations. While this is often not a problem with qualitative 
data, it can be a real disadvantage with quantitative data. The 
mode is also unstable and can be greatly influenced by how large 
the intervals are in a data set. Third, the mode is nonspecific. 
We don't know "how modal" a certain point is. We know from the 
mode what value most often occurs, but we don't know if this 
point occurs twice as often as all others, or just a tiny bit 
more often. 

The Median 

The median is a position average and is defined simply as 
the point in the distribution where one-half of the .cases are 
above and one-half are below. It is strictly suitable only for 
variables measured on an interval or ratio scale, but it is 
sometimes ·used with variables measured on an ordinal scale. With 
an ordinal scale, however, we can only talk about the median 
category, the category in which the median is found. 

To compute the median with ungrouped data we simply arrange 
the data in order from the smallest to the largest and then take 
the middle case. If there are an even number of cases, as in 
Table 2-10 below, this would be the point halfway between the two 
middle points, as shown. If there are an odd number of cases, as 
in Table 2-11, we would use the point exactly in the middle, as 
shown. Table 2-12 gives an example with ordinal data. Here the 
median category is that of mild support. 

Very often we don't have ungrouped data, we have data that 
have been grouped into intervals. Here we can find the median 
interval by examining the cumulative frequency distribution. 
But, as with th.e mode, we still must determine the point within 
that interval where the median falls. To do this we assume that 
the cases are evenly spread throughout the interval (note how 
this differs from the assumption involved in computing the 
refined mode where we assume they are more grouped toward the 
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Table ·2-10 Example of Computing Median With an · 
Even Number of Cases 

Ages of People Referred to Clinic 

5 cases [ ~ 
11 

Median= 11. + 13 
2 

= 24 
2 • 12 

13 s 17 
19 
21 
22 

5 cases 

Table 2-11 Example of Computing Median with 
an Odd Number of Cases 

Ages of People Referred to Clinic 

Median= 11 

Table 2-12 Degree of Support Respondents 
Report for President 

Highly Supportive 
Mildly Supportive 
Neutral 
Mildly Unsupportive 
Highly Unsupportive 

Total 

37 

20 
40~-Median Category 

ig ~ 40 t}j 
2 0 j 

100% 



adjacent interval with more cases). We then see how far we need 
to go within that interval to get to the median point. For 
instance, in Table 2-13 below, an imaginary distribution, there 
are 189 cases in all. The median case would be 189/ 2 • 94.5, or 
between the 94th and 95th case. We can see from examining the 
cumulative frequency distribution that this occurs in the 
interval with the true limits of 4,950 and 5,950. There are 51 
cases in this interval and at the beginning of the interval we 
have 81 cases. To get to the 94.5th case we must go 13 . 5 cases 
beyond the lower limit of the interval. Since there are 51 cases 
in all in the interval we must go through 13.5/ 51 cases or about 
26.5% of the total interval. The interval here is 1000 wide, so 
26.5% of 1000 is 265. If we add 265 to the lower limit of the 
interval we have 4950 + 265 = 5215, and this is the median. 

Table 2-13 Imaginary Income Data 

True Limits 

1,950-2,950 
2,950-3,950 
3,950-4,950 
4,950-5,950 
5,950-6,950 
6,950-67,950 

In general, the 

Median= L 

Frequency 

17 
26 
38 
51 
36 
21 

Cumulative 
Frequency 

17 
43 
81 

132 
168 
189 

formula for the median is 

+ [~N._/ .:.2-;-::::C.:.f X i J (2-2) 

where Lis the true lower limit of the interval containing the 
median, N/ 2 is one-half of the total sample size; cf is the 
cumulative frequency at the beginning of the median interval; f 
is the frequency in the median interval; and i is the width of 
the interval. 

For the example above, 

[
(94. 5 - 81) 

Median= 4950 + 51 x 1ooj = s21s (2-3) 

A procedure just l i ke that outlined above is used with 
percentages except that we are looking for the 50th percentile 
(or N/ 2 = 50). '!able 2-9 gives a:. example of finding the median 
for the BIA data. Students should work through these examples to 
make sure they are familiar with the procedure. If you have 
discrete data you simply, as before, treat it as though it were 
continuous . (A good example would be data on family size.) 
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The formula for a median can also be used to compute other 
position measures. The most common ones are quartiles (25%, 75% 
points), deciles (10%, 20%, ... ), and centiles (1% , 2%, etc.). 
While you can use the cumulative frequency graph (ogive) to 
approximate these positions you can use a variation of the median 
formula to get the exact value. All one does is alter the N/ 2 
part of formula 2-2. For instance, if one is interested in the 
first quartile, the 25% point, one would want to look at N/ 4 
instead of N/ 2. For the third quartile, the 75% point, one would 
want to look at 3N/4 instead of N/ 2. For the third decile one 
would examine 3N/10, and so on. Below, examples of computi ng 
various other positions are given using the BIA data. 

/Jt,-t• ~ 1-1 l?'v-
1: ~ica..r-J ;v(J.._f,cx.., llll<lliaJtJ 

[~~ J J 3.tJ + --- X. 1- 7:() -1-[~ ~)_, rr Jt) 

I/. 0 -,. 

-::- I I. 7J"' 

rt> -f [7( ${ )._] 

~ r If 

Position measures such as the above are commonly used in 
comparisons of individuals (e.g. SAT scores, GRE's, height and 
weight percentile placements for children, etc.) 

Position measures have certain disadvantages as well as 
advantages. They cannot be used in algebraic manipulations and 
thus have limited utility for use in more advanced statistical 
manipulations. The median however is quite stable. It is not 
affected much by extremes and is usable with open-ended data. It 
is commonly used in describing income distributions because it is 
so unaffected by extreme cases. Graphically, the median is the 
point where the less than and more than cumulative frequency 
distributions cross (See Figure 2-7). 

The median is part of the output given on the subprogram 
FREQUENCIES by SPSS. When computing the median SPSS assumes that 
data are grouped into intervals with an interval width of 1. It 
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then uses the type of formula described above to find the median 
point with the interval. 

Very often you will have data that have been grouped and 
have been coded with these groups. In Table 2-14 are the codes 
in the National Opinion Research Survey data for income that is 
self-reported. Note that the categories are quite large. Also, 
note that they have been coded. If SPSS were to report the mode 
for this data it would give the value as 9. If it were to report 
the median, it would give the value as 6.61. Clearly, these 
values are not correct. One solution would be to recode the data 
within the computer (a minor procedure) to reflect the midpoints 
of each interval (l would become $500; 2 would become $2,000; 
etc.). The mode would then be given as "12,SOo"in the SPSS 
output. The median would then be computed within the interval of 
one dollar around the value of $7500. In deciding what step to 
take, you would have to consider what purpose these various 
statistics would have for you. To have the most accurate results 
you should compute the median by hand using the full interval 
width of $1000. 

Table 2-14 Example of Income Data from an 
NORC Survey 

41. Did you earn fillY income from {JOB DESCRIBED IN Q. 11) in 
1973? 

Yes . . . . . ( ) 
No . . . . ( ) • 

A. IF YES: In which of these groups did your earnings from 
(JOB IN Q. 11), for the last year--1973 fall? That is, 
before taxes or other deductions. Just tell me the 
letter. 

COLS. 38-39 
RESPONSE PUNCH _N 

Under $1,000 . . . . . . . . . . . 01 69 
$ 1,000 to 2,999 . . . . . . . . 02 116 
$ 3,000 to 3,999 . . . . 03 49 
$ 4,000 to 4,999 . . . . 04 67 
$ 5,000 to 5,999 . . . . . . 05 64 
$ 6,000 to 6,999 . . . . . . . . 06 48 
$ 7,000 to 7,999 . . . . . . 07 57 
$ 0,000 to 8,999 . . . . 08 89 
$10,000 to 14,999 . . . . 09 155 
$15,000 to 19,000 . . . . . . 10 60 
$20,000 to 24,999 . . . . . . 11 30 
$25,000 or over . . . 12 35 
Refused . . . . . . . . . . . 13 37 
Don't know . . . . . . . . 98 15 
Not applicable . . . . . . . . BK 593 
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The Mean 

The arithmetic mean or the arithmetic average is probably 
the most common measure of central tendency. It is usable only 
with variables measured on an interval or a ratio scale. 
Conceptually we should see the mean as the arithmetic average. 
If we think of all the cases in a distribution as spread out 
along a graph, such as a frequency polygon, the mean would be the 
center of gravity, the place along the base line that would be 
the balancing point for the distribution. 

The formula for the mean is simply: 

where n = the size of the sample, 
Xis the mean, 
Xi refers to each individual value 

[Xi refers to the sum of all of the 
of s, and 
values of Xi 

(2-8) 

The mean is used in many advanced statistics and its 
usefulness derives from the fact that it is the "center of 
gravity" of a distribution. More specifically, the mean is the 
only value from which the sum of all deviations of scores will 
balance out or equal zero. That is, if we examine the deviations 
of all scores in a distribution from the mean and add up these 
deviations, we will find that the sum ·equals zero. This means 
that the sum of the deviations of scores around the mean is lower 
than the sum of the deviations would be around any other value. 

Table 2-15 illustrates this quality of the mean. Note that 
the mean of the distribution is 11. The median of the 
distribution is 9. The sum of the deviations around the mean is 
zero. The sum of the deviations around the median is 12. 
Students may try substituting other numbers and will discover 
that only the mean will produce the sum of zero in adding 
deviations. 

Table 2-15 Example of Computing Deviation 

Ages 
Referred to 
Clinic 

6 
7 
8 

10 
16 
19 

Totals 66 ~ ~ ¥-; 1/ 

fof~,'1kt t' 9 

Around the Mean 

x-x = \t 

6-11 = -s 
7-11 = -4 
8-11 = -3 
10-11 = -1 
16-11 = 5 
19-11 = 8 

0 
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6-9 = -3 
7-9 = -2 
8-9 = -1 
10-9 = l 
16-9 = 7 
19-9 = 10 

+ 12 



Table 2-15 showed how one would compute the mean if there 
were only one case with each value. If there is more than one 
case with a value in a distribution, as in Table 2-16, the 
computation of the mean is again quite simple. We simply 
multiply the frequency (or number) of cases with each value times 
that value and add up all the products. For instance, in Table 
2-16 below, instead of adding 6+6+7+7+7+ .... we add 2(6) + 3(7) 
+ .... 

The general formula is 

where~ is the mean, 
fi is the frequency associated with each value, 
Xi is each value of the variable X 
and n is the sample size. 

Table 2-16 Example of Computing Mean with 
Grouped Data 

X Frequency fx 
(f) 

6 2 12 
7 3 21 
9 l 9 

10 3 30 
12 2 24 
15 l 15 -

Total 12 111 

(2-9) 

x: CJ!;. ,, 
C JjJ 

t:l... 

~ t:f_),J 

If we have discrete data rather than continuous data we simply 
assume that our data are continuous and proceed as above. 

If our data are grouped into intervals we use the same 
procedure as in Table 2-16, but we use the midpoint of the 
interval in computing the mean. The relevant formula is given 
below: 

Y is the mean, 
f is the number of cases in each interval, 
n is the sample size, and 
Xi is the midpoint of the interval. 
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Table 2-17 gives an example of computing the mean with 
the grouped data on the job levels of BIA employees. 

Table 2-17 Computation of Mean for BIA Data 

Grade Level Frequencies (%) fx 
Midpoint of Native non-Native Native non-Native 
Intervals Americans Americans Americans Americans 

2 3 0 6 0 
4 55 9 220 36 
6 17 11 102 66 
8 7 10 56 80 

10 9 36 90 360 
12 7 24 84 288 
14 2 9 28 126 
16 0 --1 0 16 - - -

Totals 100 100 586 972 

Native Americans 

non-Native Americans 

Before the days of computers and inexpensive calculators 
with memories we used fairly complex methods of computing the 
mean with grouped data. These methods were designed to reduce 
errors when using large numbers and doing lengthy hand 
calculations such as multiplying frequencies by interval , 
midpoints. Now that we have very cheap calculators with 
extensive memories these older techniques are not all that 
useful. To compute a mean with a calculator you could simply use 
the actual midpoint of the interval and formula 2-10 given above. 
SPSS uses formula 2-10 in computing the mean also. 

As long as you have submitted the actual raw data into the 
computer there will be no problem with SPSS using formula 
2-10. However, if you have put in your data coded in some 
manner, such as the NORC data on income shown in Table 2-14, you 
must be careful in interpreting the -results. With the codes 
given in Table 2-14, the computer would tell you that the mean 
for the data is 6.17 . You would want to instead tell the 
computer to regard each code as the midpoint of the interval. 
You could do this with a RECODE command, as in RECODE VAR22 (1 
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= 500 2 = 1500) .... The machine would then use these 
recoded values in computing the mean and would tell you that 
$6684 was the mean. 

Sometimes you will want to combine the means from several 
groups. How you combine these means depends on your purpose, 
what you want to accomplish. You might want to have the ~verage 
(mean) of the groups . That is, if you are looking at the average 
GPA's of students in various schools and college in the 
university, you might want to know the average GPA of these 
schools. Your unit of analysis is the school or college. Then 
you would simply add up the averages for each of these schools 
and compute the average of these averages. This is shown in part 
a of Table 2-18. 

Table 2-18 Combining Means from Several Groups 

School or Mean _,, 

2/t-· k't-' College GPA= £(t.t' ni /1,: X ,: ~ 
..,:;..--,, , 

~ 

Journalism 2.9 30 (30) (2.9) = 87 
P.E. 2.8 40 (40) (2.8) = 112 
Education 2.7 60 (60) (2.7) • 162 
AAA 3.2 40 (40) (3.2) = 128 
CAS 3.10 100 (100) (3.1)= 310 

Totals 14.7 270 799 

-a) X = litl = 2.9 (unit of analysis is the school or college) 
5 

B) .X = 799 = 2.96 = 3.0 (unit of analysis is the individual) 
270 

The Mean, Median or Mode? 

Finally, how do we decide which measure of central tendency 
to use? We would want to consider the level of measurement of 
our data, for some are appropriate for some types of data only. 
We would also want to consider what we want to know about our 
data. We would also want to consider the shape of our data. If 
we have a lot of extreme values then the mean might be a less 
accurate summary measure of the central tendency than the median, 
for it is more affected by extreme values. If we have a flat 
distribution, with no clear modal value, the mode might be very 
misleading. Finally, if we want to make further arithmetic 
calculations, the mean is usually the most useful statistic to 
have. Note that computer programs commonly give all three 
statistics, so the researcher must decide which ones ·to report. 
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If we know the mean, median, and mode for a set of 
quantitative data we can draw a rough diagram pf the frequency 
distribution or frequency polygon. We know that the mode 
represents the highest point of the graph, the median represents 
the ·halfway point,- and the mean is the center of gravity. 
Because the mean is more affected by extreme points than the 
median is, we can tell the nature of skew (unevenness) in the 
distribution by examining their relative values. If the mean is 
greater than median, the distribution has a positive skew, as in 
Figure 2-11. If the mean is smaller than the median, the 
distribution has a negative skew as in Figure 2-12. If the mode, 
median, and mean are· equal, we have a symmetrical distribution, 
as in Figure 2-13. Finally, Figure 2-14 illustrates the 
situation where two distributions have identical means, but 
unequal modes and medians. This illustrates the importance of 
examining all three measures of central tendency when you have 
the appropriate level of measurement and the usefulness of 
graphing data. 

Figure 2-11 Example of a Positively Skewed Distribution 

-~ 
Mr-k i "'~'-V\ 
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Figure 2-12 Example of a Negatively Skewed Distribution 
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Figure 2-13 Example of a Symmetrical Distribution 
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Figure 2-14 Example of Distributions with Equal 

Means and Unequal Medians and Modes 
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Measures of Dispersion 

To this point we have been discussing measures of central 
tendency, statistics that describe where most people are. 
However, we aren't always interested in these "central" points. 
Sometimes we might be interested in the furthest ranges - e.g. 
How much money do the richest people make? How poor are the 
poorest people? Or we might be interested in how spread out a 
distribution is. Consider the two income distributions graphed 
in Figure 2-15 below. In society A the mean income is $15,000 
and in society B the mean income is also $15,000. But in society 
A people are much more spread out around the mean than in society 
B. Which society would you rather take your chance of living in? 
Your decision would be much more informed if you knew not just 
the central tendency of the distribution but also had some idea 
of its dispersion. That is what we will look at now. We will 
first look at a measure of dispersion appropriate for qualitative 
data; then explore measures useful with quantitative data: the 
range, average deviation, variance and standard deviation; and 
finally examine a measure that incorporates both measures of 
central tendency and measures of dispersion, the coefficient of 
relative variation. 

Figure 2-15 Hypothetical Income Distributions 
in Two Societies 

litrlT!:1) 
I 

The Index of Qualitative Variation 

Because qualitative variables have no magnitude associated 
with them, they are categoric, we cannot examine dispersion as 
the amount of distance from a set measure of central tendency (as 
we will do below). Instead, we look at how variable -- or how 
different -- are the cases in a given data set on the variable of 
interest. Consider the distribution of the hypothetical sample 
in Table 2-19 below. In part a the cases are distributed evenly 
among the four religious categories. In part b of Table 2-19, 
the cases are all within one category of the religious 
affiliation variable. The subjects are much more diverse or 
varied in their religious affiliation in part a of the table than 
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in part b. We would say then that the variation for subjects in 
part a is greater than the variation for subjects in part b. In 
fact, since the subjects are equally distributed among the four 
categories in part a, they show as much diversity as they 
possibly could. That is, their diversity is at a maximum. Since 
the subjects in part bare all grouped into one category, they 
show the least diversity that they possibly could and we would 
say that their diversity is at a minimum. 

Table 2-19 Hypothetical Data on Religious 
Affiliation of 3 Samples 

Religious 
Affiliation _jL JL.. _£ 

Protestant 25 100 40 
Catholic 25 0 30 
Jew 25 0 20 
Other --1.2. _Q -1Q 

Totals 100% 100% 100% 

The Index of Qualitative Variation (IQV) has the very nice 
quality of reporting this amount of diversity in a proportion. 
When a measured variable has the maximum variation or diversity 
possible, the IQV = 1.00. When the variable shows no diversity 
whatsoever, the IQV • o. 

To compute the IQV one determines how many differences - or 
how diverse - a set of cases could possibly be. That is, one 
computes the maximum number of differences among cases within a 
data set. This is called Sm. One then examines the actual 
variation in one's data set. This is called the observed 
differences and is called s0 . _ The IQV is then the ratio of these 
observed differences to the maximum possible number of 
differences: • 

• 
IQV = S0 / Sm (2-11) 

To compute the number of observed differences one multiplies 
every category frequency by every other category frequency and 
sums these products. This is represented by the formula: 

le. k. 
(' _ [. (" Al ••}, t,,',1:/ 
.) C .,. . L fV" /VJ V 

t,:: I j• I 
.1. I p/" <,~e.{ /11 +u... /~£.·a:ki-,,-7 hr /V'" ~111-LM:J~ • 

w e e ,. 1 _ , · I, / c.~ ~ ~ 1 ,;¼. c.aJ-c.· .,. 7 
/ V ,/ - I? 1-,Ut,( ~ -Y- V 

~ -k , flu:. "w,J)(.-r t1+ ctd-e.31riu 
• -V •I -1- t .i...f' )0)...f") 

For part a of Table 2-19, s0 = C ;..r ,%..i..rJ -f (,i.r A-:2.r./ 

+ c;.../-X,;.J-) + o..r ,l;,;. f") -1 C.:...;-;::,J,..r) ~ 3 7 f"O 
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For part b of Table 2-19, S0 = IOOCo} -+ /~ {o) f l~U'J -f t1{P) f (,P)(CJ ) 
.,-(1))4,j ~i) 

For part c of Table 2-19, s0 = (1/0.,,t3e,,) f- 0:l~XJ..t) ) -t '{tJ(,tt)) t- lJr))C,)..iP ) 

-f (3()){rO) + {j_()){lt) :: J.f"t)() 

To compute the maximum number of differences one uses the formula 

S', = !; fk.-1) IV ;i_ ~ /J = ~ ( -1 - 13) 
~ :i...., ' ,c., k ,... 

For part a of Table 2-19, Sm= 

~ { 'f-t)(:u-)l- =- t.:iJC,3 ){b ;_r): J7.f'O 

For part b of Table 2-19 Sm = ).. (J){. (..l-1') = J?JO 

For part c of Table 2-19 Sm = (.i..)CJ J{j.).J) -: J7S-cJ 

The IQV's for these various tables are as follows: 

for part a of Table 2-19 

for part b of Table 2-19 

for part c of Table 2-19 

IQV • 3750/3750 = 1.00 

IQV.., 0/3750 = 0 

IQV • 3500/3750 = .93 

Note that Sm= s0 for part a of Table 2-19. This i s as it should 
be because we knew that those data were as diverse as they could 
possibly be. For part b, s0 = 0, for there is no diversity. s0 
for part c is between those for parts a and b. 

The IQV can be used nicely for comparative purposes. 
Mueller, et al (1978) give an example in computing the relative 
amount of racial homogeneity in two communities. The numbers of 
whites and blacks in Indianapolis and Louisville in 1970 are 
shown in Table 2-20 below. The IQV for each city is also 
computed and it may be seen that they are quite similar in the 
amount of homogeneity. 

If one has data that are given in proportions rather than in 
raw frequencies one can simply compute the IQV using the 
proportions rather than the frequencies, as shown with the data 
from Table 2-19. 
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Table 2-20 Racial Composition of Indianapolis 
and Louisvil"le, 1970 

Indianapolis 

Louisville 

For Indianapolis 

For Louisville 

The Range 

Number of Whites 

967,710 

724,120 

Number of Blacks 

137,364 

100,683 

So= (967,710) (137,364) = 
Sm= (553,537) (553,537) = 
IQV = S0 /Sm = .434 

13,292,851 
30,640,321 

~~: <124
t½!~J f¼~g:~g~J2=.

1
i~;86~;I99 

IQV =So/Sm= .429 

While the IQV is suitable for qualitative data the range is 
suited for quantitative data (and in a limited sense to data 
measured on an ordinal scale). The range is simply the smallest 
interval that encompasses all values. For instance, in Table 2-
1, the ages of the bank employees range from 23 to 64.5. This is 
a total range of 41.5 years. The SPSS computer printout gives 
the minimum value of this range (23.0), the maximum value 
(64.50) and the total range (41.5 years). It assumes that we are 
dealing with quantitative data. 

If we have data measured on an ordinal scale we can discuss 
its range in a theoretical sense. For instance, we may say that 
political organizations in a community range from the John Birch 
Society on the far right to a neo-Maoist organization on the 
left. This is a theoretical range, however, not a mathematical 
one; so it cannot be regarded as a statistic and is not used in 
computations. 

There are, of course, many problems with the range as a 
statistic. It is crude, inexact and gives no hint as to the 
distribution of values between the extremes. We have no idea if 
the minimum and maximum are erratic cases or actually not that 
atypical. To counteract these problems you might want to report 
some type of intermediate range. These would use the position 
measures discussed earlier in conjunction with the computation of 
the median. For instance, you might report the interquartile 
range, the first and third quartile of a set of data (3.8 and 7.0 
for the BIA data for Native Americans). You might also report 
the middle 80% range (from Cl0 to C90) (3.25 to 10.78) for Native 
Americans. 
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Sometimes we might be interested iri how the range is 
affected with changes in a frequency distribution. Say we are 
examining the distribution of incomes within a population. 
Suppose the minimum is $3000; the maximum is $15,000; and the 
range is $12,000. If everyone earns $1000 more then the range is 
unchanged, even though the minimum and maximum both are 
increased. If only the poor people earn more, the range would 
become smaller; if only the rich earn mo~e, the range would 
become larger. This illustrates how the range can be useful in a 
limited sense. 

Averaged Deviations 

The most common way of measuring dispersion within a 
frequency distribution is to examine the deviations of scores 
from a measure of central tendency. There are three types of 
these measures and each will be considered below. They all 
involve summing the deviations of the scores from the mean or 
median and then averaging these deviations. 

The Average Deviation -- As noted above, the sum of 
deviations of scores around the mean equals zero. However, if we 
ignore the sign of these deviations and simply look at the 
absolute difference of scores from the measure of central 
tendency, the sum of deviations or absolute deviations around the 
median is smaller than the sum of absolute deviations around the 
mean. This is illustrated in Table 2-21 below with data from 
Table 2-15. 

Table 2-21 Example of Computing Absolute Deviations 
Around Mean and Median 

_x Ix-Ma! tx-xf 

6 3 5 
7 2 4 
8 l 3 

10 l l 
16 7 5 
19 10 ~ 

24 26 

The average deviation around the median (ADmed) is simply 
the average of these absolute deviations of scores around the 
median. For the data in Table 2-21, ADmed = 24/6 = 4.0 
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In general, 

n 
where Xis a score, 

Md is Median,and (2-13) 
n is the sample size 

This is also referred to as the median deviation. The value can 
simply ·be interpreted as the average distance of values in the 
distribution from the median. 

One could also compute the average deviation of scores from 
the mean, but because this value is consistently larger than the 
ADmed, it is seldom used. In fact, even though the ADm d has a 
very nice intuitive interpretation it is seldom reportea in the 
literature and is not commonly provided by computer programs, 
including SPSS. 

The AD can also be computed for grouped data. Table 2-22 
gives the computation of the ADmed for the BIA data. Note that 
the general formula is: 

l': ix~ -~~l 
ADmed • t,--;:;--- where fi is frequency of an 

Xi is midpoint of that 
Md is the median, and 
N is the sample size 

interval, 
interval, 

Table 2-22 
i.1.g;,i NA 
lit~ -Ylf.l. I 

Competition of Average Deviation 
from Median for BIA Data / {t/ 

tJA irc'b ·~ ,vi? JJ _I; .-( K.- Yl ~ ;Vii 
2 2.7 8.1 3 0 8.1 0 
4 0.7 6.1 55 9 38.5 54.9 
6 1.3 4.1 17 11 22.1 45.1 
8 3.3 2.1 7 10 23.l 21.0 

18 5.3 0.1 9 36 47.7 3.6 ' 
12 7.3 1.9 7 24 51.1 45.6 
14 9.3 3.9 2 9 14.6 35.1 
16 11.3 5.9 Q 1 o.o 5.9 

Md-Nt1: tl. 7 
~~ M,t )J ~ ~ IP. I 

100 100 205.2 211.2 

for Native Americans ADmed = 205.2 
100 

= 2.05 

for non-Native Americans ADmed = 211.2 = 2.11 
100 
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The Variance -- Much more common than the average deviation 
is the variance. The variance involves deviations around the 
mean. However, because the deviations around the mean sum to 
zero, it is necessary to somehow get rid of the negative signs. 
This is done by squaring each of the deviations. The variance is 
then computed by averaging these squared deviations. It is 
defined as follows: 

-)i. 
£ {_ X. -· X w/..e.re_ X' = ~ 

.N N ~ fo'f ~Ip_ /.;Ni'" s-, ze. 

Note that we have. used the Greek letter C"~n defining the 
variance. This indicates that the value is for the population. 
In talking about the sample we use the roman letter si. 

The variance does not have an easy intuitive interpretation. 
It is the average of the squared deviations of scores around the 
mean, but this does not seem to mean much on an intuitive level, 
especially when you realize that we are talking about squared 
units. Table 2-23 gives the computations for the variance for 
the BIA data. Note that this says that the variance for Native 
Americans is 8.18 squared grade levels: the variance for non­
Native American employees is 8.08 squared grade levels. 

The Standard Deviation -- The standard deviation is a 
translation of the variance into units that are more easily 
understood. The standard deviation is simply the square root of 
the variance: 

(2-16) 

for grouped data: 

(2-17) 
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Table 2-23 Computations of Variance and Standard 
Deviation for BIA Data ~ 

( ) ( --) ~ I l X ,; --X. ) . 
Frequencies 
NA non NA 

Y~ - i x-<-·.-x -t 
Xi 

2 
4 
6 
8 
10 
12 
14 
16 

3 
55 
17 

7 
9 
7 
2 
Q 

0 
9 

11 
10 
36 
24 

9 
J. 

100 100 

NA non NA 

-3.9 -7.7 
-l.9 -5.7 
0.1 -3.7 
2.1 -1. 7 
4.l 0.3 

6 2.3 
8.1 4.3 

10.1 6.3 

XY\ a-~~ q 1;, AJA 6"'1:: r Ii-·¾CD ~ 1. , f 
-x ,q,7 

~1.JA, 

NA non NA NA 

15.2 59.3 45.6 
3.6 32.5 198.6 
.Ol 13.7 . 2 
4.4 2.9 30.9 

16.8 0.1 151.3 
37.2 5.3 260.5 
65.6 18.5 131.2 

39.7 Q 

818.3 

c:.:i..~L 

non NA 

0 
292.4 
150.6 

28.9 
3.2 

127.0 
166.4 

39.7 

808.2 

iff >"~ I'\ Nii <,:;_~ ftlf.;;L/ioi> ~ i .tJ f 6 : J... f'if 

70~(,14,A.ill~ NUut~,'lt.J • '" :Jt', . dJ';,,· ,6_.,,.Jc,J..,..,l~- -
e,,-r,u .i, /u,,, /_ {4'""ft..Yt:--f&/'IL.,,, ✓h.·t,c}A if'c~,rp"'-"'-7 l-tAt.<- a.. .:.o '--'f' 0 

For the BIA data, the standard deviation for the native 
Americans is 2.86; for the non-Native Americans it is 2.84. Note 
again, however, that the standard deviation does not really have 
an easy intuitive definition. It is the square root of the 
average of the squared deviations of scores around the mean. By 
comparing the standard deviation of the native Americans and non­
Native Americans we can see that they are essentially equally 
diverse. They have approximately equal standard deviations. 

As noted above, we have used the Greek letters above in 
defining the standard deviation and the variance. This is 
because the values and formulas differ slightly if we are 
describing a population or a sample. Simply because we are 
taking a sample from a population any sample is less variable 
than the population it comes from. When the sample is small 
compared to the population this difference can be substantial, 
but with very large samples it is quite small. The formulas for 
the standard deviation and the variance of a sample take this 
into account, however, by altering the denominator to be n-1 (or 
one less than th~ sample size) rather than n. For small samples 
this will produce greater differences between the formulas for 0 
ands than for larger samples. Some texts call this formula2-· 
instead of s . You should understand the logic and look for the 
formula as it is defined. The formulas for the sample values . of 
the standard deviation and variance are given below. 
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.../) L, 

}- l'cJ:: - X 
S:i..:oJ- : ~ n- f (2-18) 

,.. [. (X, -x )~ s~ 0 :::· :::;...:::...--
l'1 - I (2-19) 

The SPSS program assumes the data it is given are from a 
sample and uses the formulas given directly above in its 
computations. Sometimes the value of the variance is too large 
for the computer to print {it has too many digits). When this 
happens you can compute it by simply squaring the value of the 
standard deviation. Just as with the measures of central 
tendency you must be careful in how you submit data to the 
computer for the results with the standard deviation and variance 
to be accurate. Your best bet is to simply recode the values, as 
with the income data in Table 2-14 from the NORC study, to the 
midpoints of the intervals. If you had used the unrecoded data ­
the computer would give you a much smaller value as the standard 
deviation for these data then if you had recoded to the midpoint 
of each interval. 

The Coefficient of Relative Variation -- The full utility of 
the standard deviation will only become clear after we discuss 
the normal distribution in the next section. The standard 
deviation and the average deviation, however, both have a nice 
descriptive use in the Coefficient of Relative Variation, a 
measure that is used with ratio data. It is necessary to have 
data measured on. a ratio scale when using the CRV because it 
involves looking at the relative size of the measure of • 
dispersion and the measure of central tendency. If the size of 
the intervals were arbitrary (that is, if there were no true zero 
point), this ratio would be meaningless. 

The form of the CRV is simply the measure of dispersion 
divided by the measure of central tendency. For the median 

CRV = ADmed,/Med (2-20) 

and for the mean 

CRV = S/X (2-21) 

The CRV is used to compare the deviations of a group to the 
average for that group. You might remember that while the native 
American and non-Native American employees of the BIA have very 
dissimilar measures of central tendency in grade level, the 
measures of dispersion are quite similar. The CRVs for these 
data are given in Table 2-24 below. 
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It appears that the CRV for Native Americans is 
substantially larger than the CRV for non-Native Americans. This 
indicates that not only do the non-Native Americans have a larger 
mean, but that relative to this mean they vary much less. 

Table 2-24 Computation of CRi.1s for BIA Data 

CRV median 

CRV mean 

Native American 

2.05/4.71 = 0.44 

2.86/5.86 = 0.49 

non-Native American 

2.11110.11 = 0.21 

2.84/9.72 =- 0.29 

Another example is given by Mueller et al, 1978. This 
involves the homicide rates in the New England and South Atlantic 
states. The AD for the New England states is .78, while the AD 
for the South Atlantic states is 3.60, suggesting that the states 
of the northeast are much more homogeneous since their average 
divergence from the median is so much smaller. However, once we 
look at this average deviation relative to the median the picture 
changes. The median homicide rate for the New England states is 
2.75, while that for the South Atlantic States is much larger, 
12.15. The CRV's are computed below. 

New England States: CRV • .78/2.75 • .284 
South Atlantic States: CRV = 3.60/12.15 = .296 

It is now apparent that relative to their respective medians, the 
two groups of states do not differ markedly in their relative 
variation. 

Yet, another example of the use of the CRV is in Tables 2-25 
and 2-26. These are taken from Christopher Jencks' book 
Inequality (1972). The first shows the coefficients of variation 
for education (years of regular schooling completed) for various 
groups of cohorts of indtviduals in the United States. The 
second gives the coefficients of variation for income. Note that 
the CRV's are much smaller for education than for income, a 
central point in Jencks' analysis. 

It must be mentioned again that the CRV is only usable when 
we have ratio data. It involves computing ratios and this can 
only be done when we have a true zero point, when those ratios 
would make sense. 
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summary 

We have examined a number of ways of describing univariate 
distributions: frequency distributions displayed in tables, 
graphs of the data, measures of central tendency, and measures of 
dispersion. We have noted which forms or statistics are 
appropriate for variables measured on different levels. We have 
also cautioned students on the use of computers and calculators 
and their output. 

We have used one example throughout this chapter -- the 
grade levels of employees of the Bureau of Indian Affairs in 
1970. We have assumed that this variable is measured on a ratio 
scale (although this is admittedly stretching it unless we 
translate the grades into dollars earned, the original reason for 
setting up the grade limits). The frequency distribution for 
both Native American and non-Native American employees is given 
in Table 2-6. Relevant graphs are given in Figures 2-2, 2-3, 
2-7. Statistics for these data are computed throughout the text 
and are summarized in Table 2-27. Note that all of these r~sults 
suggest that Native Americans are employed at much lower grade 
levels than non-Native Americans, even though it is the policy of 
the Bureau (and has been for many years) to give Native Americans 
employee preference in hiring. All of the measures of central 
tendency are much lower for the Native Americans than for the 
non-Native Americans. The range for the Native Americans is 
slightly smaller although the average deviation, variance and 
standard deviations are almost equal. However, the coefficients 
of relative variation are strikingly different, with that for the 
non-Native Americans being much less. This suggests that, 
relative to their means, the non-Native Americans actually have 
much less variation than the Native Americans. 



Table 2-27 Summary of Measures of Central 
Tendency and Dispersion for BIA Data 

Measure 

Mode 
Crude 
Refined 

Median 
Mean 
Minimum* 
Maximum* 
Range* 
Average Deviation 

(median) 
Variance 
Standard Deviation 
CRV Median 
CRV Mean 

Native 
Americans 

4.0 
4.16 
4 ~71 
5.86 

l 
16 
15 

2.05 
8.18 
2.86 
0.44 
0,49 

non-Native 
Americans 

10 . 00 
10.37 
10.ll 

9.72 
l 

17 
16 

2.11 
8.08 
2.84 
0.21 
0.29 

*Computed from data with interval lengths of 1 grade. 
All others computed from data with interval widths of 2 grades. 
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III. Univariate Inferential Statistics 

In this section we examine inferential statistics that apply 
to one variable. Suppose we have information about people in a 
sample and we want to know how typical this information is of the 
corresponding total population. We will examine in this section 
how to make this type of inference. 

To do this we must first explore the characteristics of the 
~ormal curve. We then go through definitions that are basic to 
statistical inference and develop the idea of a sampling 
distribution. Finally, we apply this information to developing 
confidence intervals around a mean. The confidence interval or 
band gives us a range of values in which a population parameter 
is likely to fall. We may specify through various manipulations 
how likely it is that a given parameter will fall within that 
band. 

In this section all of our inferences will be made regarding 
the mean, a measure of central tendency. In later sections we 
will make inferences about other statistics. We will also 
examine how we can make inferences through hypothesis testing 
rather than through confidence intervals. 

The Normal Distribution and Univariate Inferential Statistics 

The normal distribution is a special frequency distribution 
that has very useful mathematical properties. It is symmetrical, 
that is both sides of the distribution are identical. This means 
that half the cases are above the mean and half the cases are 
below the mean. It is bell shaped, indicating that most of the 
cases are at the mean and relatively fewer are at the extremes. 
It is infinite; that is the distribution keeps going out on 
either side infinitely. It is also unimodal; the mean, the mode, 
and the median are all the same value. Figures 3-1 and 3-2 give 
examples of the normal curve. In the first example three normal 
curves are shown. They all have the same standard deviation, but 
different means. In the second example the distributions are 
also both normal. They have the same mean, but they have 
different standard deviations. 

Normal distributions are most commonly found in natural 
situations. For instance, shoe size, height, weight, gestation 
periods, and other biological phenomena are generally normally 
distributed. Other distributions tend to approach the normal 
one, but, most importantly, theoretical distributions used in 
statistical inferences are often normally distributed. Many of 
our statistics are based on the properties of the normal curve. 

The most important aspect of the normal curve involves the 
area under or enclosed by the curve. Regardless of what the mean 
or the standard deviation is, the proportion of the area under 
the curve between the mean and a given distance in standard 
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Figure 3-1 

Comparison of normal curves with the same standard deviations but 
different means. 

Figure 3-2 

Comparison of two normal curves with the same means but d i fferent 
standard deviations . 
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deviation units from the mean is constant. In other words, we 
could mark out the distance from the mean in standard deviation 
units as is done.in Table 3-2 and know what proportion of the 
area under the curve is in each part. Obviously, half of the 
area is above the mean and half is below the mean. About 34%.of 
the-area is between the mean and one standard deviation on each 
side. Or about 68% of the area is between one standard deviation 
above and one standard deviation below the mean. About 95% of 
the area is between two standard deviations above and below the 
mean. 

Because this is standard within all normal distributions we 
can compute, for any normal distribution, the area under the 
curve and corresponding information (examples are given below). 
This is done by using standard tables. statisticians have 
developed that tell what proportion of the area under the curve 
is between the mean and any standard deviation unit from the 
mean. An example is Table 3-1, the table of the normal 
distribution. To use this table for any normal distribution you 
need only convert your normal distribution to equal the one where 
the mean is zero and the standard deviation is one. Table 3-l 
gives the areas under the curve for this standard normal 
distribution represented as N (O,l). (Some tables give the 
proportion of area found under the curve beyond a given standard 
deviation unit from the mean. To convert one table to another 
you simply would subtract a value for a given standard deviation 
unit from 0.5000.) 

Part one of Table 3-2 illustrates the use of this table with 
a normal distribution. For instance we know from the properties 
of the normal distribution that the area on one side of the mean 
of zero is 50% of the total distribution (lines a and b) . 

. suppose we were interested in the proportion of area under the 
normal curve between the mean and one standard deviation above 
the mean. To find what value corresponds to this area we look 
down the left hand column of Table 3-l until we find 1.0, 
corresponding to l standard deviation unit from the mean .. We 
then.move to the next column to the right headed .oo. (The 
columns headed by two decimal points [.00, .Ol, .02, ... Jar-, 
used when finding the area under the curve at a point in stan .:.r,... 
deviation units measured to the nearest hundredth.) The value 
here is .3413, indicating that the area from the mean (0) to one 
standard deviation above the mean includes 34.13% of the total 
area (line c). Remembering that 50% of the area lies below the 
mean we can say that below l standard deviation above the mean 
there is 50% + 34.13% = 84.13% of the total a,rea under the curve 
(lined). 

Again looking at Table 3-1 we can see that between the mean 
and two standard deviations above the mean we have .4772 of the 
total area (line e). If we remember that one-half of the area is 
below the mean we can easily calculate that ,9772 of the total 
area. falls below two standard deviation units above the mean 
(line f). Then combining information in lines c and ewe can 
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t ll tandar viation and two at ndard 
devi M above th • n i ,1359 ot th r a ( ine g). Line i 

oo th corr• ponding ar ab low th man. If we re ember 
that normal di tribution is ymmetrical, can compute that 
.8185 ot th• tot l r i b tw en on• tandard d viation blow 

n and tvo at dard deviation abov th an (lin h). 

Par tw ot Tl.I.bl• J 2 illu trat • how on finda the 
roportion of ar a under no curve hen th ean i not 

aqu to z ro and the sundard devi tion i not qu l to on. In 
the ex le th• ••an ia 50 and th standard deviation i■ 10. To 
tran torm thi■ diatribution to on wh r it i N(O, 1) w comput 
z- cor •· i'hi i• RiJnpl tran fo tion that i ply ov th 

an ot the di tribution along to ro and tr tch or 
co pr • th atand rd d via ion o that it is qual to one. 
Th z tranatormation i 1 ply 

z • (X - X)/• or (X-, /o (3-1) 

You y ••• in part b of T l• 3-2 tl1at. h n the an (50) i 
aub tituted for x in the -transto tion th z- core equals 
zero When 40, on at nd rd d viation below th man i 
■uJ:>atituted, z • -1. en 60, one tandard deviation above 
111 i ut,atitut d, z • +l. Th ch rt in part.bot. Tabl 3-2 
give• the z-acore for variou value■ ot X and then hows how on. 
ould co puta the proportion ot area und r th curv up to th3t 

v lu of x. 

Por in■tanca, when X (the core und r consideration) equals 
60, the cor eaponding z- cor i ( O-5O)/1O • +1.0. We can the. 
rat r to Tabl 3-1 nd note that b tw en the• an and on 
standard deviation bov th man th re ia .3413 of th tot 1 
re Since • know that .5000 f th area i below th ear., w 

c n ■ay t.b t .500 + ~3413 • .8413 of th ar a und r th curve is 
t bel the acor of 60. A anoth•r in tanc, consider x • 

40. Hr z • (40-50)/10 • -1.0 or on tandard v ation unit 
blow the ean. W know th t betw en th an and on standard 
d viation balo th maan I' is .3413 ot the total ar a. Sine 
th r i 5000 of the ~ot ~lo. th n, b lo one 
atand rd •viat.lon belo th • n, there at be . 5000 - . 3413 o~· 
.1587 of th total area. Sud t hould work through rm ining 
ax pl• to a■ ur• th•y und ratand the proc dura nvolved . 

so, we h~v• ~nly t lked about "score and in rath r 
tr ct teraa. 5 pp~s int ad, gin eon id r ng p rt b of 

Te.bl 3-2, at the core r pr sent then r of item on a 
t t that ■tud•~~• h«d corr.~ctly an wer d. A••wn al o that 
th re war ny •tud nt involv and th t th distr ution ot 
score waa N (50, 1) (no lly di tribut d 1th a not 50 and 

atand~~d d viatior, ot 10) The computation in part b o Table 
3-2 woul then t ll 1s that 84. lt ot th stud nt h d core of 



60~ or lov&r, 931 of the students had scorea of 65 or lower, etc. 
In addition, 951 ot the stndents had scores between 30 and 70. 

~~sic Definitions 
The following d•tinition• are basic to the use ot 

inferential atatiatics. students ahould be familiar with all of 
the11t. 

A PQJi)ulation is the entire set or group of scores, people 
animals, wh~tevar the el~~ents that are being atudied. 

A sample is a subset ot the population, part of the 
population. 

A randOJI som>1& is a sample that is selected in such a way 
that each element ot the population ha• e.n equal chance of being 
in the sample. 

A repn,11ntativ1 sampa may also be used in making 
inferences. Thia is a sample where the researcher knows how the 
sample waa collected and in what way it is representative ot the 
total population. Both random and representative samples, as 
noted earlier, are probability samples. In this course we will 
assume, when uaing inferential statistics, that all our 
probability ■ample• are simple random aampl••· (The procedures 
involved in making interencea are slightly more complex when 
other type• ot probability samples are involved.) 

A parameter i• a specified value of the population, such as 
the mean or variance. Parameters are generally designated by 
Greek symbol•. 

A statistic i• a apecitied value ot the •~mpla, such as the 
mean or variance. Statistics are usually designated by Roman 
letters. 

The sampling error refers to the difference of the true 
population value and the suple value, the difference between the 
parameter and statistic. For any given sample taken from a 
population, a statistic (such as a mean) may differ from the 
corresponding parameter in the population. The difference 
between the atatiatic and parameter is the sampling error, the 
error introduced by looking at the sample instead of the total 
population. 

Th• sampling dittribution is a distribution of sample 
statistic• obtained by drawing an infinite number ot samples from 
a population. For exuple, given a large population one wo1Jld 
draw one sample from the population, obtain the mean and standard 
deviation ot that sample and plot it. The ■ample is then 
replaced and the procedure is repeated an infinite number ot 
times. The eventual result is the sampling distribution. 



Tabl•• 3-3, 3-4, and 3-5 and Figure 3-3 illustrate the 
devalopaent of a sampling dis~ribution. Table 3-3 gives data for 
a total population: the suicide rates for 220 SMSA's in 1970. 
Table 3-4 givec the reaults obtained when samples, each sized 30, 
were taken tro~ thia population and the average suicide rate was 
computed. Table 3-5 gives ft tally of these aample means and 
Figure 3-3 display• thia tally in a histogram. only 100 samples 
were drawn in thi• 1JXample, but we could repeat the procedures an 
infinite mmber of timea. (Data are taken tr011 MUller, et al.) 

Sampling theory tell• Uft that when we have an infinite 
number of samples in our •~wpling diatribution, the mean 
(average) ot the aampling diatribution of the means (the mean ot 
the sample meens) will equal the population mean. As the samples 
drawn get ~arger the distribution asaumes the ahape of the normal 
curve. 

Table• 3-5 and Figure 3-3 illu■trate thia result. It may be 
seen that the aajority of sample mean■ in the distribution 
cluster around the true population mean ot 11.7 . While the 
diatribution of these actual sample means around the population 
mean of 11.7 i• not exactly shaped like a normal distribution 
(this ia called the empirical sampling distribution), if we drew 
an infinite number ot samples, we would expect the sampling 
di■tribution around the population mean to be normally 
distributed. Because we could never draw an infinite number of 
samples this is referred to as a theoretical sampling 
distribution. It is this theoretical sampling di9tribution that 
we use in making interen~e• from samples to populations. 

The discussion immediately above refers to the most typical 
value ot the eAna (i.e., the central tendency ot the sampling 
distribution). We are also concerned however, with how tar away 
from this central tendency moat samples are. That is, we know 
that the values tend to cluster around the population mean, but 
how much do they vary? What ia the sampling error, the 
difference ot the sample mNn and the population mean? Table 3-6 
gives the diatribution ot •ampling errors for the group ot 
samples in Table 3-4. It 1• clear that the majority ot errors 
ar.e very small. More extram• errors are relatively less 
frequent. 

It turn• out that the standard deviation of the theoretical 
sampling distribution ot means is equal to the standard deviation 
of the population divided by the square root of the sample size. 
This standard deviation of the sampling distribution is referred 
to as the standard error and has the formula: 

(3-2) 



'tiible 3-3 

Tok JJ.I.I -trray of Suicid~ Rates for 129 Unir~J Scares 
Standard M~tropolitan Stati.\tlcal Areas, 1970 

· ·-
2.7 7.3 S.7 9.6 10.7 lt.6 12.7 14.3 16.9 
).J 7.◄ !Ul 9.7 10.7 11.7 12.8 14.l 17.0 
3.8 7.4 8.1 9.7 10.7 11.7 11.8 14,S 17.2 
4.6 1.4 8.8 9.1 10.8 I J.7 J2.8 14.6 17 . .S 
s.o 1., 8.9 9.1 10.9 11.8 12.8 14.7 17.8 
5 . .:? 1.5 8.9 9.1 10.9 11.s 12.i 14.9 17.9 
S.1 1.S 8.9 u 11 .0 Jl.8 12.8 15.J 18.l 
s . .s 7.6 9.0 9.9 11.0 11.9 12.9 IS.I 18.4 
6.0 H 9.0 9.9 11. l 11.9 l2.9 15.2 l .6 
6.3 7.7 9.1 9.9 "'11.2 12.0 13.0 IS.2 18.7 
6.l 7.7 9. l 9.9 11.2 12.0 1!.0 IS.4 l9.0 
6.4 1.1 9.2 10.0 11.2 120 13. l IS . .S 19.4 
6.S 1.8 9.l 10.0 11.J 12.0 132 15.6 20.0 
6 . .S 7.9 9.2 10.0 11.3 12.J 13.2 16.0 20.1 
6.6 7.9 9.3 10.0 11.3 12.2 ll.2 16.0 20.6 
6.6 8.0 9.3 10.1 I 1.4 12.2 1:a.s 16. I 20.9 
6.1 8.2 9.4 10.2 J 1.4 12.2 IJ.6 16.l 21.0 
6.7 8.4 9.4 10.3 11.S 12.3 IJ.6 16.l 21.8 
6.7 8.4 9.4 10.3 11.S J2.). ll.7 16.t 22,0 
6.9 a.s 9.4 10.4 l 1.S 12.4 14.0 16.2 22.1 
6.9 8.5 9., 10.S 11.6 12.◄ 14.0 16.3 22.S 
7.1 8S 9.S 10 . .S 11.6 12 . .S 14.0 16.4 22.S 
7.2 8.6 9.S 10.S 11.6 12.7 14.0 16.S 24.8 
7.2 8.6 9.S 10.6 11.6 12:1 14.J 16.7 24.9 
7.3 17 9.6 10.6 11.6 (2.7 14. l 16.9 25.0 
7J 8.7 9.6 10.7 

Sow«s: U.S. lumlv ol the Ccn.u'- Cowa,y »I tN)' 0..• ..,,_ 19n Tablt J. 
W1&lwlt&IOA. O.C .. U.S. W'«naea1 Pfi111 in, Ollkle. 197J. U.S o.,,._,11m111 ofHeal\11, 
£d11eatioft M4 W.:lfarc. l 'ltal tu11bfrc·, "11111,, (.:,.;,~,4 S,Cll,..._ 11170. VIJI II : M1Xllllity. 
P,111 8 Wa£1-iattoa. 0 C.: U.S. Gu,·tt11mtn~ PrinlinJ Office. 1117' 



Table 3-4 

Tdh 13.1.l Array of 100 Sample 
Mtans. n.., 30 

10.l 10.8 11..S IU 12.) 
10,4 10. H.5 ll.8 12.3 
10.4 10.9 H.5 lt.9 l'U 
10.4 10.9 11.5 11.9 12.4 
I0.4 10.9 11.5 ll,9 124 
10.S ~i.O I l.S 11.9 12.4 
10.6 ll.O 11.6 IUI 12.4 
10.6 &l r. ll.7 IU 11., 
10.6 11.l 11.7 11.9 12.5 
10.6 ii.2 'L'7 11.9 12~ 
10.6 11.2 lt.7 ll.9 12.5 
10.6 IJ.2 JJ.7 ll.1 12.9 
I0.6 11.J ll.7 n.1 12.9 
JO.I l l.l 11.8 12.l 13.0 
10.8 11.l ,u 12.2 13.0 
10.1 ILJ IU J2.2 13.0 
10.8 11.J IU 12.2 13.0 
10.1 11.3 II J2.2 13.0 
10.S 11.3 IU 12.l 11.2 
,0.8 IU IIJI JU Jl.2 

T•6lt IJJ.J Frtqrm,9 Tai y, Empirical Sampling Db­
r,tbt;don, JOO Sample Mtan.s. n 3" 

Cius Tally 
Frequenq 

Intern (/) 

10.0.-10,9 2S 
ll.0-lt.9 • I 46 
11.0-12.9 22 
UJ>-ll.9 7 

1oo 

' . 

l :) . !, '. 

1. ~ 



Figur 3- 3 

48 

s.mi,lemean 

Fl,.,, JJ.IJ Hutogram of JOO Sampte Mtan&, n • 30 



'I'l.ble 3-6 

Tak IJ./ .,I Array of Sampllnu 
Ermrs. UHi S"mpltt."-, n ,. JIJ ---U -·" -.2 . I .6 

-1.l -.9 -.2 
. 

. I .6 
:-u -.8 -.2 .2 .7 
~1.3 -.8 -.2 .2 .1 
!_ l.l -.8 -.2 .2 .7 
-l.l -.7 - .2 .2 .7 
-1.l -.7 -.I .2 ,7 ._ .. , -.1 0 .2 .1 
·-u -.6 0 .2 .8 
-I.I -.s 0 .l .8 
- I.I -.s 0 .2 .8 
-I.I - .s 0 .4 1.2 
- I .I -.4 0 .4 1.2 
- .9 - .4 .I .4 1.3 
-.9 - .4 .J .s l.3 
- .9 -.4 . l .s 1.3 
-.9 -.4 . I .s l.l 
- .9 -.4 .l .s 1.3 
-.9 -.4 .I .5 1.5 
- .9 -.J . l .5 l.j 



Note what ~ach part of this formula implies. First, as the 
population becomes more variable, the samples are less likely to 
have means like those of the population. Thus samples from more 
heterogeneous populations will have larger standard errors. 
Second, as the sample sizes become larger, the standard error 
decreases and the sample means are likely to be closer to the 
population mean. This means that if you were to take two samples 
of different sizes from the same population, the larger sample 
would have a smaller standard error. 

Because one usually does not know the standard deviation of 
the population we must arrive at some estimate of this standard 
error. We use the standard deviation of the sample for this 
estimate, but make sure that the standard deviation is defined as 

.s : 
,r0}~ 
v~ ( 3-3) 

SPSS routinely computes the standard deviation with. this formula, 
but some statistics books refer to it not ass, but as r, to 
denote that it is the best estimate of the population standard 
deviation. (As explained earlier, the denominator of n-1 rather 
n is used in equation 3-3 because samples tend to vary less than 
populations and this corrects for this smaller variance.) Using 
this sample estimate of the population standard deviation, the 
formula for the standard error becomes 

(3-4) 

where 

It should be stressed that the sampling distribution of the 
mean is normally distributed even when the frequency distribution 
for the population is not. No matter what the shape of the 
population distribution, the sampling distribution of the means 
will assume the shape of the normal distribution when samples are 
greater than 100 or so. (We'll discuss the case of smaller 
samples later. Essentially they have an "almost normal" 
distribution, called the t distribution.) It is crucial that 
students understand the difference between a frequency 
distribution, such as those discussed in the second section, and 
a sampling distribution, the hypothetical distribution of sample 
statistics. 
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The sampling distribution and the standard error are the 
basis of all inferential statistics. Above, we mainly referred 
to the sampling distribution of means. However, sampling 
distributions can be constructed (and have been) for many other 
statistics. The basic procedure used with all inferential 
statistics is the same logically, and so in the discussion below 
we will focus on inferences regarding means. Later we will 
discuss the use of other sampling distributions, but we will 
always use the same logic we develop below. 

The important things to remember in the discussion below are 
the nature of the normal distribution; the fact .that with large 
samples the sampling distribution of the means is normal (with 
smaller samples it is the t-distribution whose nature is also 
known and which we will discuss below); and that when we know the 
mean and standard deviation of the sample we can estimate what 
the sampling distribution looks like for that population 
(assuming that the sample is representative of the population). 
This basic information is used in computing all inferences 
regarding means. 

Confidence Intervals 

Confidence intervals are a way of estimating population 
parameters given knowledge of the related sample statistics. 
This is done by using knowledge of the sampling distribution. 
Thus, it is essential that random or representative samples be 
used. Basically, the statistics from the sample are used as 
estimates of the population parameters. From these estimates the 
sampling dist~ibution is reconstructed. Then, using the table 
giving th·e area under the normal curve, assuming we have a large 
sample, the probability of the parameter being within certain 
ranges may be computed. An example will illustrate this. 
Given a random sample of 169 cases from a very large population. 

X ~ JO) 5 ~ irttx ,xi5- ~ )../, y - yr-/ 

This information may be used to estimate the form of the . sampling 
distributio~. As expJ:.ained above, Xis our best estimate of~, 
the population mean. X = 50. 

. :u . i, s · +· . o n H s- : - - - = .i t> S - .:; - t:;, tX-u-- ~ of/1w.a/2.. D G"f , -fL_ S 6..)1;,a.,>~ ~-"frvr. <", r'l".. x triZ, - l 3 • 
X v-;. D 

Thus, we may estimate the sampling distribution to be normally 
distributed with a mean of 50 and a standard error of 2 based on 
our knowledge of the random sample from this population. This 
sampli~g distribution is pictured in Figure 3-4. Note that this 
is a theoretical distribution of means of samples that could be 
drawn from the population . Because the sample we do have has 
been randomly drawn, we may assume that it is representative of 
the population and we use these characteristics to estimate the 
nature of the sampling distribution. 
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Figure 3-4 

68% of total area 

I 

I 

48 5 J 
46.08 53.92 

Theoretical sampling dis­
tri bution where 
x = 50 s = 26 n = 169 s- = 2 , , X 

We can assume that the sampling distribution is normally 
distributed because the sample size is relatively large. Using 
the knowledge of the characteristics of the normal curve (Table 
3-1) we know that between one standard error below the mean and 
one standard error above the mean there is .6826 of the total 
area under the curve. In this case the scores in the 
distribution are sample means and we can say that .6826 of all 
the sample means in this sampling distribution are between 48 and 
52. That is, they are in the area plus or minus one standard 
error from the mean. If we take these sample means as estimates 
of the population mean we can say that .6826 of the estimates of _ 
the population mean are between 48 and 52. Another, easier way 
of saying that is that the probability that the true population 
mean is between 48 and 52 is equal to .6826. This can be written 
symbolically as 

P (48 <_J---<- < 52] = .6826 (3-5) 

This may be referred to as a 68% confidence interval around the 
mean. This means that we can be 68% confident that the true 
population mean lies between 48 and 52. 

Note that we switched from talking about the proportion of 
estimates of the mean of the population that were within a given 
range to discussing the probability that the population mean was 
within a given range. This is the essence of statistical 
inference. We are concerned with the chances of being correct 
(the probability of being correct) in estimating the value of a 
population parameter. We use the sampling distribution estimated 
from the sample values to compute these chances or probabilities. 

Confidence intervals or bands equal to 95% or 99% are 
commonly used. With intervals of this width we are finding the 
range of values in which 95% (or .99%) of the estimates of the 
population value fall. For a 95% confidence interval only .025% 
of the area under the curve would not be included within the 
interval on each side of the mean. Referring again to Table 3-4 
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I 

.005 

we can see that .025 .e,f the area under the curve is remaining 
(.475 on one side of Xis included) when we are 1.96 standard 
errors from the mean. Thus, to enclose the area encompassing 95% 
of the possible means in t~is theoretical distribution we must go 
both 1.96 standard errors above the mean and 1.96 standard errors 
below the mean. 

In the present example the estimated mean is 50 and the 
estimate of the standard error is 2. 1.96 standard errors is 
equal to 3.92. Thus, we may conclude that 95% of the means in 
the estimated sampling distribution are included between 
(50 - 3.92) and (50 + 3.92). This may be written symbolically as 

P(46.08 < /~ < 53.92] = .95 ( 3-6) 

This means that we can be 95% confident that the true population 
mean lies between 46.08 and 53.92 or that the probability that 
the population mean lies between 46.08 and 53.92 is .95. 

For a ninety-nine percent confidence interval we would need 
to enclose all but .005 of the area on each side of the mean. 
This corresponds to an area of .495 between the mean and the 
given point, which corresponds to a z-score of about 2.55. The 
computations below and the figures show how the 99% confidence 
interval would be computed. 

.495 .495 

Figure 3-5 

.005 

p{S0-(2.575(2)]< u <· SO+ ~2.575)(2)] • .99 

p[SO - 5.15 u < 50 + 5.15) • . 99 

p [44.85 < u < 55.15] • .99 

z•-2.575 so z • + 2.575 

These results indicate that 99% of the means in the 
estimated sampling distribution fall between 44.85 and 55.15. 
There is a 99% probability that the population mean falls between 
44.85 and 55.15. We can be 99% confident that the population 
mean lies between 44.85 and 55.15. A general formula for 
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computing confidence intervals is often used. For the 95% 
confidence interval around the mean, when samples are large, we 
may use 

P[i-ct.1(X5;)<r < X t (1.qL )C ~r)].:: .1.S-
(3-7) 

and, for the 99% confidence interval, we may use 

{3-8) 

where Xis the sample mean and S(is the estimated standard error. 

The logic underlying confidence intervals may also be used 
in computing the probability that the population parameter is 
greater than or less than a certain score. For instance, in the 
example above, we may compute the probability thatµ, the 
population mean, is greater than 45. To do this we must first 
determine how far this X = 45 is from the mean of the theoretical 
sampling distribution. We may do this using standard scores. 

x tJ ~; ~ : 'tJ-J(_, C -_£ - - -,_s-
!i ).., ~ - ~ 

That is, a score of 45 is 2.5 standard errors below the mean in 
the sampling distribution. 

45 50 
z • -2.5 

Using the table of areas under the normal curve (Table 3-1). 
we can see that the proportion of area under the curve from the 
mean to X =- 45 is .4938. Thus, P [45 <~< 50) = .4398 . .We know 
that P [?), 50] = .5000 as 50 is the best estimate of the mean 
of the sampling distribution. Thus, Py<-? 45] = .4983 + .5000 
= .9938. 
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Similarly, to compute the probability that .J-v< 53 we must 
determine how far away 53 is from the estimated mean of the 
sampling dis.tribution, 50. z = (X -,r-}/5;. = (53-50}/ 2 = 1.5. 
This indicates that 53 is 1.5 standard errors above the estimated 
sampling distribution . 

. 4332 

50 53 

z • 1.5 

Using the table of area under the normal curve (Table 3-1) we can 
find that 
P [__µ.-< 50] = .5000 

P [50 ~ < 53] = .4332 

and thus P [_,fa-< 53] = .5000 + .4332 = .9332. 

There is a 93% probability that the population mean is less than 
53. Similarly, P [,A> 53) = .5000 - .4332 = .0668. Students 
should work through several more examples of varying types to 
ensure that they totally understand the logic of confidence 
intervals. 

Note that all of these computations have been based on the 
theoretical sampling distribution of the mean. If the sample 
size were different or if the observed mean or standard deviation 
of the sample were different, the results would have been 
altered. 

The computer output for the subprogram frequencies gives the 
standard error for a distribution. Consider the distribution of 
ages of the bank employees shown in Table 2-1. Assume the sample 
has been randomly selected from some larger population of bank 
employees. The sample mean is given as 37.186, and the standard 
error is 0.541. The sampling distribution of the means may be 
estimated as shown in Figure 3-8 below. 
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Hypothesis Testing 

Hypothesis testing, the other major inferential technique, 
is somewhat more common than confidence intervals. Here, instead 
of using sample statistics to make inferences about the nature of 
a parameter, we start with an idea about the population 
parameters. We then draw out the implications of this idea and 
test the truth of the implications with the data from the sample; 

The null hypothesis is the hypothesis to be tested. It is 
symbolized as H0 • 

The alternative or substantive or research hypothesis is the 
alternative to the null hypothesis. For example, if the null 
hypothesis, H0 is thatjt-= O; H1 (the alternative hypothesis) may 
be/" Jo ~;-/'"'>o ,,,. /4-<0 

The null and alternative hypotheses are phrased so that we 
can reject the null hypothesis with certain probabilities of 
being wrong and that by rejecting the null hypothesis we can put 
corresponding confidence in the truth of the. alternative 
hypothesis. The null hypothesis is always phrased in the format 
of the population parameter equaling some constant (either zero 
or some other number). The alternative hypothesis is phrased so 
that the population parameter is either unequal to that constant 
or greater or less than that constant~ 

Note that we can never prove the truth of the null or 
alternative hypotheses. We fail to reject or we reject the null 
hypothesis with a certain degree of confidence that our decision 
is correct. We do this by assuming that the null hypothesis is 
true and then drawing implications from this assumption. Using 
the sampling distribution we determine the probability of certain 
sample values appearing. This is the logic of falsification that 
is basic to work in the social sciences. 

The level of significance refers to the decision of how rare 
a sample outcome must be if it is to cast doubt on the null 
hypothesis. Usually researchers use levels such as .05, .01, or 
.001. However, these are arbitrary levels and I recommend always 
noting the actual probability that a given result would occur. 
This is especially important when we consider what would happen 
if we consistently received results that were in the same 
direction, but only marginally significant. For instance, 
suppose we found that we could reject the null hypothesis in 
favor of the alternative with a .20 probability of being wrong. 
Normally, we would fail to reject the null hypothesis. But, 
suppose we repeated the study and found identical results with a 
second sample. The chance of finding this same result two times 
in a row is (.20) (.20) = . 04. This is a result that would be 
acceptable at standard levels of significance, but if we simply 
reported n.s. (not significant) in our write-up, no one would 
know how important the results really were. 
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The zone of rejection is the sample values which lie in the 
area where their probability of occurrence equals or is lower • • 
than the level of significance. Another way of seeing this is as 
the sample values whose occurrence• is so rare that they would 
occur (given the truth of the null hypothesis) only as frequently 
as the level of significance. 

An example may help to make this clearer. Suppose we had 
the following null and alternative hypotheses 

Ho: /- = 100 
H1: r 1 100 

Suppose we draw a random sample from the population 
involved. In this sample 'x_::-9.rJ r~ /J) 1"= 1,<f 

Now we shall suppose that Hg is actually true, that the 
population mean really equals 10. Then we shall use 100 as the 
mean of the sampling distribution of the means. Given that the 
sam~le is a random one of the population, we may use Sx as the 
estimate of the standard error. 

< _ ~ 13 JJ 
..J f - -- ~ - ~ - - / .t) 1/n ~ 13 -

Because then is large, the sampling distribution is normally 
distributed. The theoretical sampling distribution that would 
occur given that H0 is true and with the standard error estimated 
by the sample value of the standard deviation, is drawn in Figure 
3-9 below. 

-zc.t.,-l . c.( 

r(jol'C{i,,'1 

.025 

X. 95 '98.04 99 100 101 

Figure 3-9 

...:,, 

.025 

101.96 

Theoretical sampling . 
distribution assuming 
H0 is true 

l&,1'fl c,1( 

-.Je, /,LJ"' 

This is the theoretical sampling distribution with a mean of 100, 
standard error of 1.0, and it is normally distributed. This 
distribution would be the true sampling distribution for the 
population if H0 were true. 

Suppose we choose a level of significance of .OS. That is, 
we decide that to reject the null hypothesis we must have a 
sample value that would occur only 5 times out of one hundred. 
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Our alternative hypothesis is thatr.tta We have not 
hypothesized that~ ~s less than or greater than 100. Thus, our 
zone of rejection may be on either side of 100. Because our 
level of significance is equal to .OS the combined probability of 
scores in the zone of rejection must equal .os. Thus, the 
probability of scores in the zone of rejection on both sides of 
the mean must equal .025 + .025 = .oso. 

Referring again to the table of area under the normal curve 
we can find that the score or z value marking off this zone of 
rejection will be 1.96 standard errors away from the mean on 
either side. Thus, if a sample ·value falls either 1.96 standard 
errors above the mean or 1.96 standard errors below the mean, 
given that H0 is true, it will fall in the zone of rejection . 
That is, if ~he sample value. falls into the zone of rejection the 
probability of that actually occurring if the null hypothesis 
were true is less than the level of significance, less than .OS. 

In this example, the standard error is equal to 1.0. Thus, 
the zone of rejection equals all values below (100) - (1.96) 
(1.0) = 98.04 and all values above 100 + (1.96) (1.0) = 101.96. 
Ail scores less than 98.04 or greater th~n 101.96 fall into the 
zone of rejection. 

We return now to the sample chosen. In this sample the mean 
was 95. This value clearly falls into the zone of rejection. 
The probability of this value occurring when H0 is true is less 
than .os. In other words, we may reject the null hypothesis that 
the population mean does not equal 100 with less than 5 chances 
out of one hundred of being wrong. 

Note that quite likely the probability of being able to 
reject H0 in favor of H1 is much lower than .os. In actual 
practice it is much more useful to give the actual level of the 
probability of occurrence. As noted above, this is most useful 
for repl i cation. The computer generally prints the exact 
probability. We can easily calculate the exact probability of an 
event occurring simply by finding the z-value that corresponds to 
the actual sample value on the sampling distribution that assumes 
that H0 is true. In this case ' 

- • 1 3/, ~~ X - h ~ ('f',J- IOPJ/;. () ~ - I ==- -.r.tJ 
Si 

Locating this z-va·lue on Table 3-1 we see that the actual 
probability of this value occurring is< 2 (.0001) = < .0002. 
We had to multiply the proportion times 2 because our hypothesis 
did not specify a zone of rejection on just one side of the mean, 
but on both sides. 

Sometimes a researcher may have reason to suspect that the 
true population mean fell above or below a certain level. In 
this case the researcher would use what is called a directional 
alternative hypothesis instead of the non-directional hypothesis 
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specified above. For instance, suppose in the example above the 
hypotheses had been 

H0 : ~ = 100 or 

Hi: _fa<. 100 
- 100 

Again assume that a random sample was drawn, with X = 95, s = 13, 
n = 169. The theoretical sampling distribution assuming that H0 
is true is given below in Figure 3-10. 

.OS 
t i 98.355 

95 zone of 
rejection 

Figure 3-10 

JJ• 100 

The zone of rejection in this case would fall only below the 
mean. That is, we are only concerned with samples in this 
sampling distribution with means less than 100. With a .05 level 
of probability, this means that all means less than 1.645 
standard errors below the hypothesized mean would fall into the 
zone of rejection. In this distribution this corresponds to all 
sample scores less than or equal to (100) - (l.645) (l.O) = 
98.355. Thus, if a sample mean were be 98.355, or less, we could 
reject H·0 : fa= 100 in favor of Hi: J.,,,i._. < 100 at the . 05 level of 
significance. Note, however, that the exact probability of 
getting the sample value of 95 when the null hypothesis is true 
and the alternative hypothesis is true and the alternative 
hypothesis is directional is <.0001. 

This basic logic of testing hypotheses can be extended in 
many ways. Always the format of the null and alternative or 
research hypothesis is used. Also, the sampling distribution, 
assuming that Ho is true is developed and the sample values are 
compared against the "critical values" on -that sampling 
distribution. The critical value is the value on the sampling 
distribution that denotes the start of the zone of rejection. It 
is important to note that the nature of the alternative 
hypothesis depends on the theory, what you as a researcher are 
interested in. For instance, someone interested in the IQ scores 
of college students would likely have as the research hypothesis 
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that.A,> 100. Note that the null hypothesis includes all values 
of 100 and below. • 

The theory of inferential statistics has been developed with 
the assumption that the populations involved are infinitely 
large. Sampling is usually done with replacement (that is once a 
sample has been drawn it is replaced). In real sociological 
research we will sometimes have samples that are relatively large 
in relation to the population. As your sample approaches the 
size of the population your sampling error and also your standard 
error tend to go down. If you are involved in having to make 
inferences in cases where the sample approaches the population 
size you should consult a textbook for the rather simple 
calculations involved in correcting the size of the standard 
error. In essence, these calculations make it even easier to 
reject the null hypothesis. 

Inferences About Means with Small Samples 

In the discussion above it has been stressed that the 
sampling distri~ution of the means is normally distributed when 
samples are large, generally over 100 or so. What about smaller 
samples? 

It is possible to make inferences about means when you have 
samples smaller than 100 using the same procedure as that 
outlined above. The only difference is in the shape of the 
sampling distribution. It assumes the shape of the 
t-distribution. The t-distribution is similar to the normal 
distribution in that it is symmetrical, unimodal, and infinite. 
It, however, varies depending on what is called "degrees of 
freedom." These correspond to the size of the samples being 
studied. With very small samples the t-distribution, is much 
broader and shorter than the normal distribution, but as the 
degrees of freedom (or sample size) become larger the shape of 
the t-distribution becomes more like the normal distribution 
until with large samples they are identical. 

When making inferences about means with small samples you 
calculate the degrees of freedom by subtracting one from the 
sample size (n-1). You can then look up the critical values for 
the sampling distribution on the table summarizing these for the 
t-distribution and use these critical values in your analysis. 
We will examine the t-distribution in detail in a later section. 

Inferences About Proportions 

While, technically, inferences about proportions involve the 
binomial distribution, rather than the normal distribution, they 
can be seen as simply a special case of inferences about means 
and use the normal distribution, as long as one has a relatively 
large sample. The procedure one would use with the binorninal 
distribution is essentially the same as described here. In 
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addition, the similarity to inferences regarding means holds 
whether one is interested in confidence intervals .or hypothesis 
tests. 

When one has a research problem which involves a proportion, 
one essentially has a nominally measured variable which is a 
dichotomy. For instance, if one is interested in the proportion 
of people who support a ballot measure, one is interested in the 
people who vote yes and the people who vote no. Suppose that one 
arbitrarily assigns a score of l to those who would vote yes and 
a score of Oto those who would vote no. Suppose also that in a 
sample of 625 people 325 indicated they would vote yes, while 300 \/ 
indicated they would vote no. ·rhis means that J.,'2.,% of the people t1 
supported the measure. The computations for the mean and 
standard deviation for this sample are shown below, using the 
assigned scores. 

Table 3-11 
Example of computation of Mean and standard Deviation of 

Proportions 

Score 
(X) f fX 
o· 300 o 
1 325 _m.. 
Total~ 325 

- <, 
X = f_ fX/ n = 

s=tfJ#"->?~ 
= . 50, 

x2 
0 
1 

325/625 = .52 

fX2 
0 

~ 
325 

n=625 

Note that the mean simply equals the proportion who voted yes, 
which can be signified asp. The standard deviation simply 
equals the square root of tMe product of the proportion who voted 
yes (Pu) and the proportion who voted no (qu). Blalock provides 
a proot of this relationship: :i:: ~i'-'-

Suppose that one wanted to estimate with 95% confidence the 
proportion of voters in the population who would support the 
given ballot measure. One could use the familiar formula for 
estimating the 95% confidence interval around a mean. The 
estimated standard error would be 

5 f ~ s /·Jn = . 50/25 = • 02. 

The associated sampling distribution is shown below in Figure 3-
12. 

Figure 3-12 



The 95% confidence interval around the estimate of the population 
proportion of .52 would be calculated as 

P [,52 - (l.96) (.02) < P < .52 + (1.96) (.02)) • .95 

= P [.52 - .04 < P < .52 + .04] = .95 

= P [.48 < P < .56] = .95. 

Thus, based on the data from this s•mple, we could be 95% 
confident that between 48% and 56% of the people in the 
population would vote yes on the ballot measure. Note that this 
confidence interval crosses the 50% mark and thus we cannot be 
95% confident that the measure would pass. 

Suppose that we wanted to test a hypothesis regarding the 
fate of the ballot measure and suppose that we suspected that it 
probably would be supported. Our research hypothesis then would 

be fl . /J . s-o , . r '7 

and our null hypothesis would be JltJ : P -; . S-0 

The associated sampling distribution, assuming Ho is true is 
shown in Figure 3-13. 

Figure 3-13 
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Suppose that we decided to use a .05 level of significance. With 
a one-tail test our critical value of z would be 1.645 and we 
could compute our sample value of z with the familiar formula 
where we subtract the hyp9thesized value of the proportion (or 
mean) from our actual value and divide by the standard error. 

z = e_ - e_ = . r; - . r-o ~ 1_0 
sf _ I).).... 

Our resulting z value of 1.00 is far from falling in the zone of 
rejection and we must fail to reject the null hypothesis. In 
fact, consulting the table of the normal curve (Table 3-1) shows 

73 



us that we would actually be wrong 16 times out of 100 if we were 
to reject the null hypothesis in favor of the alternative. 

In general, all tests of hypotheses involve the basic steps 
we have followed here. First one determines a null hypothesis, 
then one determines an alternative or research hypothesis. 
Third, one sketches the sampling distribution one would have if 
the null hypothesis were true. Fourth, one determines the 
probability level at which one wishes to reject the null 
hypothesis and the associated critical value and zone of 
rejection. Fifth, one computes the test statistic, here the z­
value, that corresponds to the sample value. Sixth, one compares 
the sample test statistic with the critical value and decides 
whether one should reject or fail to reject the null hypothesis. 
Finally, one computes the actual probability of being wrong if 
one were to reject the null hypothesis. • 
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IV. Statistics for Data .Measured on an Ordinal 
and Nominal Scale: 

Chi-Square, and Measures of Association 

Most of the statistics we will discuss in this class are 
designed for variables measured on an interval level and for 
variables that have a normal distribution within the population. 
These are called parametric statistics. Sometimes, however, we 
have data that are measured on less than an interval scale and/ or 
which are not normally distributed in the population. For these 
data it is appropriate to use non-parametric or distribution free 
statistics . Such statistics have weaker assumptions and 
requirements than the parametric statistics and do not require 
interval measurement or normal distributions . 

Some cautions should be noted . The so-called distribution 
free statistics are not always distribution free. For instance, 
studies have found that the Mann Whitney U (a non-parametric 
test) is more dependent, in some circumstances, on the shape of a 
variable's distribution than the t-test (a parmetric test we 
discuss in the next section) . Also, although non-parametric 
tests have weaker assumptions and requirements than their 
parametric counterparts they also have less power. That is, when 
using these tests there is a greater possibility of making a type 
II error (to be discussed in the next section). They are also 
often less flexible and thus less useful, especially when dealing 
with multivariate relationships. Thus, there is a trade-off. In 
using non-parametric statistics one can relax assumptions, but 
one can't do as much often in analyzing one's data, and chances 
of type II errors may be higher . . 

Measurement is currently a central focus of researchers in 
methodology, and the problems with non-parametric statistics are 
one impetus to this research. We want to be better able to 
measure variables that we believe can be measured eventually on 
an interval scale. We want to come closer to tapping the true 
dimensions of a variable. This is especially true when we are 
measuring something that we believe probably can eventually be 
measured on an interval scale, but we presently are only 
measuring it with an ordinal scale. We want to try to get our 
ordinal scale to more closely approximate the interval scale that 
best represents the measure so we can use the more powerful 
statistics designed for intervally measured variables. 

Most people in the social sciences then treat ordinally 
measured variables as if they were intervally measured, trying to 
approximate the interval scale as much as possible. (One simple 
way to do this or help do this is to retain as many points in the 
scale as possible -- e.g. by using a summated Likert scale rather 
than one item answered in Likert fashion . ) The non-parametric 
techniques I discuss in this section are then most appropriate 
for variables which can best be measured on a nominal level . If 
data approach an interval scale I suggest using the more powerful 



parametric statistics. I specifically caution against collapsing 
intervally measured variables into a few categories and proceed 
to analyze them as though · they were nominally measured. This 
results in using statistics that are not the most powerful or 
appropriate for the data. There is also a very real danger of 
having different results depending on where you choose to 
collapse the data (that is, where you make the cut-points for the 
collapsing). 

Given these cautions I proceed below to discuss two broad 
areas of statistics appropriate for nominally and ordinally 
measured data and extensions and elaborations of these 
statistics. First, I discuss the chi-square distribution and 
then measures of association for contingency tables. The former 
is extremely important, not just for its use with nominally 
measured variables, but also for its use with more advanced and 
very important statistical techniques. 

Chi - Square 

The chi-square distribution is commonly used when we want to 
test hypotheses regarding whether or not observed frequencies 
differ from those we would expect by chance or by some 
theoretical model. It can be used with univariate, bivariate, 
and multivariate contingency tables, and examples of each of 
these uses are discussed below. Just as with the t and F 
distributions, which we discuss more later, the chi-square 
distribution is really a family of distributions, the shape of 
the curve depending on the number of degrees of freedom. In 
fact, the mean of the distribution equals the degrees of freedom 
and the variance equals twice the degrees of freedom. This 
produces distributions for the lower degrees of freedom (1 and 2) 
that are J-shaped curves, as shown in the diagram below. As. the 
degrees of freedom increase the curve becomes more skewed to the 
right and gradually more symer.rical. 
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It is important to note that in the cases we discuss below the 
degrees of freedom are based on the number of frequencies 
involved in the study (the number of categories being studied) 
and not on the sample size. (The chi-square distribution is also 
used to test hypotheses about a single variance and to put • 
confidence limits around variances and in those cases the degrees 
of freedom are a function of sample size.) 

There are a number of ways to estimate the value of 
chi-square for a sample. For categorical data (which we will 
only be concerned with in the following discussion) they involve 
the difference between the frequencies expected in each category 
and the actual observed frequencies. The expected frequencies 
may be those that would be expected by chance or those that would 
be expected if some kind of -particular association or shape of 
the distribution were true. This format is what makes the chi­
square distribution so useful in advanced statistics. One can 
posit a certain type of model, even a very complex multivariate 
model, and determine how data should look if that model were 
true. This would determine your expected frequencies, and you 
could then compare these expected frequencies to those which you 
actually have with your data (your observed frequencies). The 
most common formula used for the computation of chi-square is 

[
(to - fe)2 

fe 
where fo = observed frequencies 

fe = ~xpected frequencies 

Univariate or Single-Sample Tests -- Sometimes a researcher 
will have information about a particular group of subjects and 
will be interested in the distribution of certain variables for 
these subjects. Champion (1981) gives an example from Metz's 
(1966) study of people who were opposed to the fluoridation of 
water. Metz had information about their knowledge of the effects 
of fluoridation and had categorized this knowledge as (1) 
correct, (2) incorrect, and (3) uncertain. He wanted to know if 
the people who were unfavorable toward fluoridation differed at 
all in their knowledge about it. He thus proposed the following 
hypotheses: 

Persons who are unfavorable toward fluoridation will not 
differ in their knowledge of the effects of fluoridation. 
Persons who are unfavorable toward fluoridation will differ 
in their knowledge of the effects of fluoridation. 

Let us suppose that he set a .001 level of significance 
(two-tailed test). Table 4-1 below gives the actual frequencies 
observed by Metz. Table 4-2 gives the frequencies that would be 
expected if the subjects did not differ in their knowledge (the 
results assumed in the null hypothesis). Using the chi-square 
formula given above we may estimate the chi-square value for this 
sample. The computations follow the tables. 
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n 
% 

n 
% 

Table 4-1 

Knowledge of fluoridation of subjects who were unfavorable 
toward fluoridation (observed frequencies) 

Correct 
Knowledge 

121 
63 

Incorrect 
Knowledge 

40 
21 

Tablef2 

Uncertain 

31 
16 

Total 

192 
100 

Expected distribution of knowledge of fluoridation 
for subject who were unfavorable 

Correct 
Knowledge 

64 
33.3 

Incorrect 
Knowledge 

64 
33.3 

Uncertain 

64 
33.3 

(121-64)2 + (40-64)2 + (31-64)2 
64 64 64 

= 572 + il2 + .112 = 3249 + 576 + 1089 
64 64 64 64 64 64 

= 50.766 + 9.000 + 17.016 = 76.782 

Total 

192 
100 

To determine whether or not this sample value of chi-square 
falls in the zone of rejection on the sampling distribution, we 
must know which chi-square distribution to use -- that is, we 
must determine the degrees of freedom. With this single sample 
test we have used only one degree of freedom. Essentially we 
could put numbers in all the cells except one, and then we would 
be required to put a particular value in that last cell to have 
our correct sample size. Our degrees of freedom in a simple 
one-sample test such as this are equal then to k - 1, where k = 
the number of categories. In this case our degrees of freedom 
equal 3-1= 2. 

We can then use a table of chi-square values such as that 
shown in Table 4-3, as taken from Blalock's appendix. This. table 
gives the proportion of area under the curve of the sampling 
distribution, or the various possible levels of significance, 
across the top of the table. The possible degrees of freedom are 
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given down the left hand side. In the body of the table, at each 
intersection of probability levels and degrees of freedom are the 
actual chi-square values (the critical values) that correspond to 
each probability level and degrees of freedom. For df = 2 and 
the .001 level of significance it may be seen that the critical 
value of chi-square is 13.815. Our sample chi-square value of 
76.782 is much larger than 13.815 and thus we may reject the null 
hypothesis with less than a .001 chance of being wrong in doing 
so. 

Note that at this point the researcher must return to the 
actual data to determine how the observed frequencies differ from 
those that would be expected. It may be seen that those opposed 
to fluoridation much more often have correct knowledge and much 
less often have either incorrect of uncertain knowledge. The 
researcher would then diseuss theoretical explanations for these 
findings. 

In the computations above we used a definitional formula for 
chi-square. This formula involves numerous subtractions and 
these repeated subtractions lead to rounding error. It is thus 
suggested that when doing chi-square tests by hand that the 
researcher should use a computing formula as follows: 

~1-~ cn~r N 

Blalock's text includes a proof that this computing formula is 
equivalent to the definition. Below we repeat the computations 
for the example given above using this computing formula. 

J~~~f N = (121) 2 + .il.Ql.2 + illl2 - 192 
64 64 64 

= 14641 + 1600 + 961 - 192 
64 64 64 

= 228.76 + 25 + 15.02 - 192 = 76.78 

Clearly the chi-square test is easy to compute and easy to 
interpret. It is thus widely used. Its major disadvantage is 
that it is extremely sensitive to sample sizes. If sample sizes 
are large the chi-square value can be easily inflated, even 
though the actual distribution has not changed at all. You can 
easily demonstrate this to yourself by simply doubling the values 
in Tables 4-1 and 4-2 and recomputing the chi-square. The chi­
square value that you will get will be much larger, even though 
the actual proportions ~emain the same. Similarly, if the sample 
is so small that the expected frequencies in each category are 
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small (usually five of less for any one cell), then the chi­
square values can be easily distorted and much higher than they 
should be. Again, you may demonstrate this to yourself by trying 
tests with artificial samples of varying size. In general, you 
should avoid using chi-square tests with very small samples and 
take results with large samples with a grain of salt. (You 
should, in the bivariate case use the measures of association we 
discuss below in conjuction with the chi-square also . ) • Sometimes 
it is possible to collapse various categories :to raise the 
expected cell frequency to exceed five. When this is done you 
should make sure that the collapsed categories make theoretical 
sense. If they do not have some theoretical justification then 
your resulting chi~square will be meaningless. 

The most important use of the single-sample or univariate 
use of chi-square is in testing the hypothesis that a given 
distribution assumes a particular shape. Oftentimes one would be 
interested in testing the hypothesis that a sample comes from a 
population with a normal distribution on the variable being 
considered~ Chat is, testing the null hypothesis that the 
variable is normally distributed within the population. 

Consider the data displayed in Table 4-4. These are the 
cumulative grade point averages of seniors who graduated from two 
high schools in a western city in 1978. Suppose we were 
interested in testing the following hypotheses: 

The variable of cumulative grades has a normal distribution 
within the population. 
The variable of cumulative grades is not normally 
distributed within the population. 

(Note that the population to which we are inferring here is 
essentially a hypothetical one and for all practical purposes we 
are testing the possibility that any deviations of the 
distribution given from a normal one are only deviations that 
occur by chance.) 

We may use the chi-square distribution to test this 
hypothesis. our observed frequencies are those given in Table 4-
4, and our expected frequencies are those that would be expected 
if the distribution were normally distributed. To determine 
these expected frequencies we need our best estimates of the 
population mean and standard deviation and these come from our 
sample data: 

-X = 2.85, s = .59 (rounded to the nearest hundredth). 

Now we may group our data into categories and, using Table 3-1, 
the table of the normal curve, compute the · proportion of area 
that would be in each category if the data were normally 
distributed. We can then use these expected proportions to 
calculate the actual number of cases that would be. expected in 
each category, given that there is a sample size of 569. A chart 
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Range (true 
values) 

<l.75 
l.75-2.05 
2.05-2.35 
2.35-2.65 
2.65-2.95 
2.95-3.25 
3.25-3.55 
3.55-3.85 

3.85 

Totals 

Z Corres­
ponding to 
upper limit 

-1.86 
-1.36 
-0.85 
-0.34 
+0.17 
+0.68 

-+1.19 
-+1.69 

P. of Area 
under curve 

.5000-.4686=.0316 

.4686-.4131=.0550 

.4131-.3023=.1108 

.3023- . 1331=.1699 

.1331+.0675=.2006 

.2518-.0675=.1843 

.3830-.25i8=.1312 

.4585-.3830=.0755 

.5000-.4585=.04:t.2 -/ . /)6 

A :2. = ~f;o2 - N = 585. 9 - 569 ... 16. 9 

.001 < P[1:J. = 16.9 df=6] < .01 

J).(-

,, ..... 
/ti 

;.r 
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fe fo 

18.0 12 
31.6 43 
63.0 63 
96.6 106 

114.0 93 
104.8 104 

74.5 68 
42.9 58 
23.6 22 ---- -

569 569 

df = 9-3 = 6 

-- ... - . .. 

fo 2/fe 

8.0 
58.5 
63 

116.3 
75.9 

103.2 
62.1 
78.4 
20.5 -

585.9 



that contains all of the relevant data, the computation of the 
chi-square value, and the histograms of the expected and actual 
frequencies are included in Table 4-4. 

These computations are exactly like those discussed when we 
studied the normal curve, and thus should be familiar to 
students. For instance, the first category listed includes all 
values less than 1.75. Given the mean of 2.85 and standard 
deviation of .59, we can calculate that a score of 1 .75 would 
fall 1.86 standard deviations below the mean (z = 1.75-2.85/ .59 
• -1.86}. The table of the normal .curve (Table 3-1} indicates 
that between the mean ·and 1.86 standard deviation units below the 
mean there is .4686 of the area under the curve. since .50 of 
the total area is less than the mean, .50 - .4686 = .0316 of the 
area should be below 1.75. In other words, if this distribution 
were indeed a normal one, with a mean of 2.85 and a standard 
deviation of .59, we would expect only .0316 of all the cases to 
have scores lower than 1.75. Since there are 569 cases all 
together in the sample, this would translate into 18 cases (.0316 
x 569 • 18). In other words, we would expect 18 actual cases in 
our sample of 569 to be in this interval if the distribution were 
a normal one. This is our expected frequency if the null 
hypothesis were true. In actuality, we can see that only 12 
cases fell into this interval. That is, our observed frequency 
was only 12. 

Similar procedures are used for each interval. Students 
should carefully work through the calculations for each interval 
to ensure that they understand the procedure. To check that 
computations are correct one should always add up the expected 
proportion under the curve (it should equal 1.0) and the observed 
and expected frequencies (they should both equal the sample 
size) . 

once the sample chi-square value is computed we need to 
determine where this value falls on the sampling distribution 
that is constructed assuming the null hypothesis is true. We 
thus need to determine the degrees of freedom for our problem so 
that we examine the correct sampling distribution. For • this 
problem we have nine categories or nine total frequencies that we 
are examining. To compute our expected frequencies we need to 
compute a mean and a standard deviation, thus losing two degrees 
of freedom. In placing frequencies in categories we may freely 
choose all frequencies but one, thus losing one more degree of 
freedom. All together then we lose 3 degrees of freedom from our 
total of nine and have . 9 - 3 = 6 degrees of freedom. We thus . use 
the sampling distribution of chi-square with 6 degrees of freedom 
and compare our sample value with the critical values in that row 
of the table for chi-square in Table 4-3. It may be seen that 
our sample value of 16.9 falls between the critical values for a 
.01 and . 001 level of significance. Thus, we may reject our null 
hypothesis that the grades are distributed normally in the 
population and be wrong less than 1 time in 100, but more than l 
time in 1000 in doing so. 
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Note that in this problem we usually want to fail to reject 
the null hypothesis, that is, we hope that our distribution is a 
normal one in the population. Thus, the conservative step here 
is to use a large level of significance such as .10. With this 
problem however, our exact probability of being wrong in 
rejecting H0 is much less, in fact less than .01. 

Examining the frequency polygons of the actual and expected 
frequencies .can lend insight into the nature of the deviations of 
the distribution. In our example, it may be seen that there is 
no clear pattern in the deviations; it is not one tail or the 
other that deviates, but a seemingly random pattern of 
differences between the expected and observed frequencies except 
for a flatter pattern in the observed frequencies around the 
mean. One could suspect, then, that at least one source of the 
high chi-square value in this case is the large sample size. 

Bivariate Uses of Chi-Square -- Besides its use in these 
single sample tests, chi-square is often used in determining if 
frequencies in contingency tables differ from those that would be 
expected by chance. In such a case the hypotheses are as 
follows: 

Variable X and Variable Y are statistically independent 
of each other 
Variable X and Variable Y are not statistically 
independent of each other. 

Consider the following example of the relationship between the 
race of workers and the type of job which they have. Each of 
these variables will have only two categories in this example: 
Race, white and black; Job, white collar and blue collar. The 
actual observed frequencies (hypothetical) are shown in Table 4-
5. 

Table 4-5 
Hypothetical Cross-Tabulation of Race and Occupation 

Race: 

White Black Total 

White Collar 175 25 150 
Type of 

Job 
Blue Collar 175 75 250 

300 100 400 
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To compute the frequencies that we would expect by chance 
(the situation when there is statistical independence) we need to 
consider the marginal frequencies. Note that 150/400 = 3/8 of 
all the subjects have white collar jobs. Note also that 
300/400 = 3/4 of all the subjects are white. That means that if 
the data within the contingency tables are arranged as would be 
expected by chance 3/4 of the blue collar and 3/4 of the white 
collar workers should be white. Similarly, 3/8 of the whites 
should have white collar jobs and 3/8 of the blacks should have 
white collar jobs. An easy way to compute these expected 
frequencies for each cell is to multiple the two marginal 
frequencies by each other and divide by the sample size. For 
instance, the expected frequency for white, white-collar workers 
is (300) (150)/400 • 112.5. The expected frequencies computed by 
this logic are shown in Table 4-6. 

Table 4-6 
Expected frequencies for Hypothetical Cross-Tabulation of Race 

and Occupation 

Race: 

White Black Total 

White Collar 112.5 37.5 150 
Type of 

Job 
Blue Collar 187.5 62.5 250 

300 100 400 

The chi-square value may now be computed in the typical 
fashion by comparing the expected and observed frequencies; and 
these computations are shown below. 

fo fe fo2 fo2/fe 
125 112.5 15625 138.89 = 408 . 89 - 400 

25 37.5 625 16.67 
175 187.5 30625 163.33 = 8.89 
~ 62.5 5625 90.00 

400 400 408.89 
df = 1 :.., 
.0l<P[°X =8.89]<.001 

df=l 

To compare this sampl e chi-square value to that which would 
occur if the null hypothesis were true it is necessary to 
determine the degrees of freedom. Again the degrees of freedom 
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are determined by looking at the number of free choices of 
frequencies that· are possible given the marginal frequencies. In 
the bivariate case with two values in each variable it may be 
seen that there is only one degree of freedom. If a value is 
placed in the white race/ white collar job category the values for 
all the other cells are automatically determined. Similarly, if 
a value is placed in the black race/white collar job category the 
values for all the other cells are automatically determined. 
Thus, for this example there is only one degree of freedom. 

_The sample value of chi-square of 8.89 may then be compared 
to the values in. the chi-square table in Table 4-3 for the row 
with degrees of freedom equal to one. It may be seen that the 
sample value of 8.89 falls between the critical values for a 
level of significance of .01 and .001. Thus, we may reject the 
null hypothesis that race and type of job are independent in 
favor of the alternative that they are indeed statistically 
dependent and be wrong in doing so less than 1 time out of 100 
but more than 1 time out of 1000. 

Chi-square may be used to examine frequencies in contingency 
table5that are larger than 2x2 cells. In computing chi-square 
with the larger tables the expected cell frequencies are still 
computed by using the marginal values and getting frequencies in 
each row and column that are proportional to the marginal 
frequencies. As noted above, an easy way to compute these 
expected frequencies for each cell is to multiply the row total 
by the column total (that corresponds to the cell) and dividing 
by the total n. In larger tables the degrees of freedom also 
increase. In general the degrees of freedom equal (r-1) (c-1), 
where r is the number of rows and c is the number of columns. 

Chi-square retains its advantages and disadvantages in the 
bivariate case. It becomes unreliable when the expected cell 
frequencies are small, especially when they are less than 5. It 
also is inflated when the sample size is large. Most 
importantly, the chi-square value tells us nothing of the actual 
shape of the distribution or the nature of the relationship 
between the two variables that are being studied. Chi-square, 
however, is easy to compute and is a favorite test of 
significance when examining bivariate tables. 

Multivariate Tables -- In the last 10 to 15 years techniques 
have been developed to use chi-square in analyzing multivariate 
contingency tables. Blalock briefly refers to these techniques 
in his text, although a complete treatment of the area requires a 
knowledge of topics to be discussed later in this course. These 
techniques are usually called log-linear models, or also 
discussed in general terms of categorical models. 

The general idea in these models is to develop expected or 
hypothesized models for relationships among the variables be i ng 
studied, compute expected frequencies for each of these models, 
and then compare the actual observed frequencies to those 
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expected under each model. The researcher is generally 
interested in findfng the simplest model that can best account 
for the relationships in the data. Thus, as with our work with 
the test that a distribution is normally distributed, the idea 
with the log-linear model is to fail to reject the null 
hypothesis for the model that has the best fit. The researcher 
looks for the lowest chi-square value in conjuction with the 
simplest model to describe the data. It is then possible to 
obtain parameters that describe the extent of various 
relationships within the model. These parameters are based on 
"odds-ratios" and the logarithms of these ratios. Many 
extensions and variations of these methods are possible; they are 
simply too complex and varied to pursue at this point. Suffice 
it to say that if one is dealing with categorical data today, the 
best type of analysis procedure to use is one of the log-linear 
type models. Most other analysis techniques are not accepted by 
journals. 

Chi-square is also used as a way to test the fit of 
multivariate models developed through structural equations and 
with proportional hazard techniques. The former involves an 
intervally measured dependent variable and interval: independent 
variables and can handle hypotheses regarding two-way causation 
and panel data. The latter involves over-time data with a number 
of data points. Again, with both of these techniques elaborate 
multivariate theoretical models are developed, the frequencies 
expected with these models are computed, and these expected 
frequencies are compared with the actual frequencies using a chi­
square statistic. 

Measures of Association -- Given this pitch for log-linear 
analysis, it is still important to briefly mention the large 
number of measures of association that have been developed for 
non-pa~etric data. such measures of association are often easy 
to compute and handy to use when looking at data from field 
research or doing exploratory or preliminary analyses. Blalock 
and other texts give extensive discussions of many of these 
measures. 

A number of measures of association can be derived from the 
chi-square value for a contingency table. These measures are 
usually some function of chi-square and the sample size; however, 
they lack easy interpretations and are not as useful as a family 
of measures that have a "proportionate-reduction-of-error" 
interpretation. 

Here we will show the computations of only one measure of 
association, lambda ( A ), a measure appropriate for nominally 
measured variables. There are many such measures, however, and 
the text may be consulted for details on computations of others. 

The general format of a measure with a PRE (proportionate­
reduction-of-error) interpretation is as follows: 
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PRE= reduction in error with more information 
original error 

Essentially, the measure compares how much error is reduced once 
we have more information (usually about an independent variable) 
from our error that we had with only our original information 
(usually about the dependent variable alone). 

Lambda is an asymetric measure. That means that we need to 
designate our dependent and independent variable and that the 
value of lambda varies depending on which variable is called 
dependent or independent. 

In computing lambda we are essentially only concerned with 
the categories of our variables. We are concerned with 
predicting the category in which most people fall on our 
dependent variable and the extent to which knowing about the 
independent variable helps improve our prediction of the category 
in which people fall in the dependent variable. 

Consider the example in Table 4-7, taken from Loether and 
McTavish, of the relationship between the marital status of the 
head of household and the sex and parental status of the 
household head. Let us say that the marital status is our 
dependent variable. If we only know the marginal frequencies on 
this variable we would predict that heads of households are 
usually married, and we would be wrong in this prediction 
64,372 - 45,501 • 18,871 times (the total n minus the number of 
cases in the modal category). If, however, we know the sex and 
parental status of the household head (the categories of the 
independent variable) we can see that our prediction would 
change. If the head is a male, either with or without children, 
we would still predict married and we would be right 25,776 + 
19,214 • 44,990 times. If the head is female and has children 
under 18 we would predict divorced; if the head is female and 
does not have children under 18 we would predict widowed. We 
would be right here 1,135 + 6,457 = 7,592 times. Altogether, 
with this knowledge of the independent variable we are right 
44,990 + 7,592 = 52,582 times and wrong 64,372 - 52,582 ~ 11,790 
times. (The correct predictions we would make in the dependent 
variable once we know the categories of the independent variable 
are underlined in Table 4-7.) 

Now, using our PRE format, we can see that we have reduced 
our error from 18,871 to 11,790 or a reduction of 7,801 cases. 
This is a reduction of 7,081/ 18,871 = .375 = lambda. our 
reduction in error in predicting categories of the dependent 
variable once we know the independent variable is .375. This 
measure is lambda. We have reduced our error in predicting 
marital status by 38% once we know the type of household 
involved. 
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I 
Table 4-7 

Relationship of Type of Household and Marital Status of Household 
Head 

Type of Household 
(sex of head and presence of children under 18) 

Marital 
Status Male Head Female Female 
of Household Male Head no chil. Head no chil. 
Head cnil.<18 <18 chil.<J,8 <18 Totals 

Married ~S 1776 19 I 214 313 198 45,501 
Separated 79 502 998 425 2,004 
Divorced 74 946 Ll35 l,105 3,260 
Widowed 181 1,199 942 61457 8,779 
Single 64 2,302 349 2,113 4,828 

Totals 26,174 24,163 3,737 10,298 64,372 

In general, values of lambda range from o to 1.00. A value 
of O indicates that the independent variable does not help at all 
in gaining knowledge of the dependent variable; a value of 1.0 
indicates that perfect prediction of the dependent variable 
occurs when the independent variable is known. The sampling 
distribution of lambda is known and computer programs typically 
give both the value of lambda and its associated level of 
significance. 

It is possible to compute both partial and multiple measures 
ot association such as lambda. The partial measure is simply a 
weighted average of the measure within each category of the 
control variable. The m~ltiple measure is that obtained when all 
the categories of the independent variable are combined, as could 
be obtained in the above example if a variable such as race were 
added and there were categories across the table for each 
combination of the various attributes of the variables of race 
and type of household. 

In general, lambda is easy to compute and easy to interpret. 
It, however, can be affected by uneven marginals and will go to 
zero quickly with skewed marginals. There are m.any measures of 
association available and these can easily and quickly be used in 
exploratory work. 
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V. Bivariate Inferential Statistics 

In this section we examine statistical procedures that allow 
us to make inferences about two variables. These involve the t­
distribution, mentioned briefly earlier. Thus, we first discuss 
the nature of the t-distribution and give an example of its use 
in testing a hypothesis about a single mean. Second, we extend 
this work to examining differences between "dependent samples." 
This involves either l) the case where we want to infer from the 
differences within a sample between scores on one variable and 
scores on another variable (for example whether students have 
higher math SAT or verbal SAT scores) to the population or 2) the 
case where we want to examine the differences between related 
groups (say brothers and sisters, husbands and wives, matched 
pairs) on a particular variable (for example whether wives or 
husbands contribute more hours per week to household chores) and 
infer from the sample to the population. Third, we move to 
examining differences in averages between two independent groups, 
for instance, looking at whether men or women (unrelated to each 
other) earn more money on the average when employed in full time 
teaching positions at the University. We want to test the 
hypothesis that there is no difference in these averages in the 
population. Fourth, we briefly describe extensions of this work 
for developing confidence intervals around differences between 
means and mean differences. Fi°fth, we describe the computer 
procedures that are used in dealing with the second and third 
areas of inquiry. Then we describe a descriptive statistic that 
can be used with tests of differences between means, and, 
finally, we review the nature of inferential statistics and 
provide cautions about their use. 

The t-distribution 

We noted briefly above that there are many different 
sampling distributions. For instance, the chi-square 
distribution is used in testing hypotheses about frequencies . F­
distributions are used to test hypotheses about variances. The 
t-distribution is used to test hypotheses about means when sample 
sizes are small. The t-distribution is used in single sample 
tests such as those discussed above when the sample size is 
around 125 or less and also in cases where the means from two 
samples are compared. When the sample size is large (over 150) 
the t-distribution approaches the shape of the normal 
distribution and the normal distribution may be used. 

There is not just one t-distribution, but a whole family of 
distributions. The t-distribution is essentially flatter and 
wider than the normal distribution, and as then gets larger it 
approaches the normal shape more and more. Because there are so 
many different t-distributions, the table describing the t­
distribution does not give all the values (as Table 3-1 does for 
the normal distribution). Instead, the table (Table 5-1) gives 
the critical values (the values oft found at the edge of the 
zone of rejection) for a number of levels of significance. This 
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is given for both the case when the alternative hypothesis is 
two-tailed (no direction given) and when it is one-tailed 
(directional). These values then can also be used for confidence 
intervals. 

The formula used to calculate the t-value for any value 
along the distribution is directly analogous to th~ computation 
of the z-score. 

t = (X -r) /sx where Sx =- J ; s = i Ii (X-X) 2 ( 5-1) nr V ..:::. n-1 
What this formula does is to locate the sample value along the 
sampling distribution. It tells us how far the sample value is 
from the estimated or hypothesized mean of the sampling 
distribution, which is shaped like at-distribution. 

A simple example can illustrate this. Say we had the 
following hypotheses: 

H0 : j = 4 O ; H 1 : )" < 4 o ; s • V ( x-x) 2 /n-1 • 5 ; n • 2 5 ; X = 3 8 ; 

sx= 5/~ = 5/5 = 1.0. 
Say we had chosen a significance level of .os. 

We turn now to the t-distribution in Table s-1. To read 
this table you need to understand the nature of degrees of 
freedom. Degrees of freedom are related to the size of the 
sample. In one sample tests, such as this, the degrees of 
freedom simply equal n-1. Degrees of freedom come from the 
number of free guesses one has in determining the value being 
examined. In this case ~at value is the mean. In choosing 
sample values for a particular mean we can choose values randomly 
for all the cases except one. To make the mean correct, or equal 
to a particular value, we must set one score equal to some 
specific number. Thus, we lose one degree of freedom. Here, our 
df = n-1 = 25-1 = 24. 

Now, reading Table 5-1, for a one-tailed test (from our 
directional hypothesis), for 24 degrees of freedom, for a .OS 
level of significance, the critical value is 1.711 for us to 
reject the null hypothesis in favor of the alternative that~ 
is less than 40. Because the alternative hypothesis is woraed so 
that the expected population mean is less than that in the null 
hypothesis, our t-value will also need to be negative. 

To compute t we simply substitute in the formula that is so 
similar to the formula for z-scores. t = <X;?-)/t"x ~ {.3f'-<ftJ}/ 1 :r -;z .4 
In other words, along the t-distribution, as shown below, our 
sample value falls at two standard errors below the hypothesized 
mean in the null hypothesis. This is indeed in the zone of 
rejection and we can reject the null hypothesis in favor of the 
alternative at the .OS level of significance. By examining Table 
5-1 we see that this t-value is not large enough to reject the 
null hypothesis at the .025 level of significance. Therefore, 
the probability of being wrong in rejecting Ho is less than .os, 
but greater than .025. 
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FIGURE 5-1 

T-Tests with Matched or Dependent Samples 

Sometimes you will want to compare scores on two variables, 
but the samples will not be independent of each other. Perhaps 
you have scores on two tests for the same people, say verbal and 
math scores for boys, and you want to compare their performance 
on the same subject. Or suppose you had information from 
brothers and sisters on the same variable and you wanted to 
compare their responses. In each of these cases the samples are 
not independent. The brothers and sisters grew up in the same 
family, they are related to each other. Obviously the same 
people took the verbal and math tests. In other instances, 
researchers may specifically try to match respondents on socio­
economic or demographic characteristics. All of these are 
examples of matched or related samples. 

When we want to compare the scores on two variables in cases 
such as this our procedure is a simple extension of the one­
sample tests discussed above. This is because, in essence, we 
are dealing with one sample. Instead, however, of using the 
actual scores we use difference scores. For instance, suppose we 
were interested in boys' scores on math and verbal tests. If the 
tests were standardized in some way so that the scores were 
directly comparable (say on a base of 100) then we could look at 
the difference of each boy's math and verbal scores. We would 
then be interested in the average of these differences (the mean 
difference). 

Our null hypothesis 

and our alternative 

H0 would be fl~ ~ r e -: tJ 

hypothesis could be Hi / o >0 {Yo' X--Xv ) 
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We chose a directional hypothesis here because some earlier work 
has suggested that boys have more success with mathematical than 
with verbal problems. Based on information from the sample we 
can estimate the sampling distribution that would occur if the 
null hypothesis were true, then compare the data for our sample 
with this sampling distribution and carry through the 
implications. The logic here is identical to that used in the 
other tests of hypothesis. An example illustrates this. 

Boy Math Score 

A 91 
B 85 
C 91 
D 97 
E 73 
F 72 
G 71 
H 76 
I 75 
J 97 
K 84 

- f_(M-V)/N = Xo = 

SD = ·j (~-'xo>2 

n-1 

= ( 9.27 - 3.31 

Figure 5-2 

Verbal Score 

89 
80 
95 
98 
70 
71 
68 
72 
74 
95 
80 

20/11 • 1. 82 

= - r_;r N 

~ = ~6) 

6 

{M-V) 
(Difference) 2 Difference 

2 4 
5 ~ Lb -4 

-1 1 
3 9 
l 1 
3 9 
4 16 
l l 
2 4 

_.i _l.§. 
20 102 

{; .. 
l 

102 - (201 2 

11 11 
~

l 

10 

~ = (2.44) (1.05) = v.-5-6 
;._~)J 

Theoretical sampling 
distribution assuming 
Ho is true 
df = n-1 = 11-1 = 10 

2.56 = 2.56 

-'177 3.32 



In this case our degrees of freedom= n-1 (there is only one 
mean to compute so we only lose one degree of freedom) and n-1 = 
11-1 = 10. If we want a . 01 level of significance, we can see by 
looking at the t-distribution table (5-1) that the critical value 
will be a 2.764. Now, given our standard error ( ; ,77) and sample 
mean difference (l.82) we can compute the t-value for our sample: 

t = X - fa-= l. 82 - 0 
SXD .77 

~-Ft 
2.~ (5-2) 

This value is not high enough to reject the null hypothesis at 
the .0l level of significance. However, we can see in the table 
that it is large enough to reject the null hypothesis in favor of 
the alternative at the .025 level of significance. In other 
words, we can reject the null hypothesis that boys will do 
equally well in math and verbal tests in favor of the hypothesis 
that they will do better in math tests and be wrong less than 2.5 
times out of one hundred but wrong more than one time out of one 
hundred. The researcher would then discuss the substantive and 
theoretical reasons that would support and explain this 
conclusion. 

Another short example can illustrate this procedure. 
Suppose that we had asked a group of young women to respond to 
the following statement: "My father is concerned that I make 
moral decisions," and the subjects indicated the extent to which 
they believed that statement was true on a Likert-type scale 
varying from one to four. The question was also repeated for the 
same subjects with respect to their mothers. Figure 5-3 shows 
the results for a set of 12 subjects. Suppose we wanted to test 
the possibility that the subjects saw their fathers as being more 
concerned about their behavior than their mothers were. We would 
then have the following hypothesis: 

H0 =/'o-=o 

H1 = /D > 0 

where Xo = X FA - Xmo 

The sampling distribution that would occur if H0 were true is 
also shown in Figure 5-3. The estimate of the standard error i s 
computed from the sample information. In this case df = n-1 = 
12-1 = 11. For a .os level of significance for our directional 
hypothesis, the critical value oft equals 1.796. The 
computation of the t-value for this sample is also shown in 
Figure 5-3. Here t = .89. This does not fall in the zone of 
rejection and we cannot reject the null hypothesis in favor of 
the alternative, even at the .10 level of significance. On the 
basis of this sample we cannot conclude that young women rate 
their mothers and fathers differently in their concerns about 
their daughters' behavior . 

7 



Person 

A 
B 
C 
D 
E 
F 
G 
H 
I 
J 
K 
L 

Father Score 

3 
1 
2 
3 
3 
4 
4 
4 
2 
2 
1 
4 

Figure 5-3 

Mother Score 

2 
2 
2 
2 
1 
3 
2 
3 
4 
3 
3 
1 

x:o 
Fa-Mo 

Difference 

1 
-1 

0 
1 
2 
l 
2 
l 

-2 
-1 
-2 
--1 

5 

(Difference)2 

1 
l 
0 
1 
4 
l 
4 
l 
4 
1 
4 

--2 
31 

)( :: -zLFIA- - ti{,p} ,, !"' 
0 /..I ,-;;_~,4-;;.. 

5o ~ ~ v,; ~ t -{{;► fi ; 
y";.r.r- If' Vt--;; ~ ~ ,;T.t79 ~ ;_.t I 

1'· 

C;r-1-f:-~ 

6 ~ / . 7q /, 

8 



It is important to carefully watch for situations when you 
have related samples rather than independent samples. This often 
occurs when researchers try to match subjects on various 
variables or when you are concerned with variables regarding 
related items. Note that when matching is involved problems 
often occur in deciding to what population the results may be 
generalized. Computer programs usually automatically take into 
account if matched samples are -involved simply from the way data 
must be fed in. This, however, does not always occur. In any 
case the researcher should always think carefully about the 
nature of the sample and problems ' involved in planning the 
analysis. 

Two-sample Tests: Differences of Means 

Quite often a researcher will have two independent samples 
and will want to compare the average scores of people in these 
two samples on some variable. For instance, you might want to 
compare the average income of blacks and whites or the average 
occupational prestige of men and women workers. The t­
distribution is used in testing hypotheses in situations such as 
this. 

Let us briefly review the logic involved in the two 
techniques of inference before moving on. In developing 
confidence intervals one uses the sample values as the best 
estimate of the population parameters and then uses this 
information to develop a range of values in which the population 
parameters likely fall. How likely it is that they will fall in 
this range may be specified by the researcher. In hypothesis 
testing, the null hypothesis is usually the hypothesis of no 
difference. The researcher assumes that the null hypothesis is 
true and then follows out the implications of what would happen 
if that were so by looking at information from the sample. In 
both techniques the sampling distribution is the basis of the 
logic and conclusions. The standard error is the standard 
deviation of the sampling distribution and is estimated from 
information about the standard deviation and size of the sample. 
In general~ as sample sizes get larger and standard deviations 
get smaller, the standard error gets smaller and confidence 
inte~als become smaller and the null hypothesis is easier to 
reject. 

Even though it does not make strict sense to use levels of 
significance when talking about total populations, Blalock notes 
that they are sometimes used to determine the probability that 
some event would occur by chance. In other words, we find out 
what the probability is that the findings are chance ones within 
some hypothetical larger population. 
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Suppose you were interested in the math ability of eight 
year old males and females. Your null hypothesis is that the 
males and females are equal in ability. 

H0 : j-'--m = /'f or ~m -J-f • O 

The alternative or research hypothesis (based on your earlier 
study in the area} was that the males would do better than the 
females. 

or > 0 

To test this hypothesis we need a sampling distribution of 
the difference between the means ,_,,u-..,, ~F • This sampling 
distribution is known and in fact it is the t-distribution. We 
must assume that both the sample of males and the sample of 
females have been chosen from their respective populations 
randomly and that they are not related to each other (e.g., 
aren't brothers and sisters, or don't sit next to each other in 
some matched way.) This sampling distribution is the theoretical 
distribution of all the differences in means that would be 
computed by drawing successive samples of males and females, 
computing the differences between the means, and plotting them. 
The mean of this sampling distribution will be 

/-JU,,/~ 

and the standard error will be 1/~:_- f ~;-

v' ~ 'f<.., /l ,c-

Note that this standard error for the difference between the 
means is simply the square root of the sum of the individual 
standard errors for each mean. 

Although with small samples the theory behind the 
development requires that the populations from which the samples 
are drawn be normally distributed on the characteristic tested, 
this requirement lessens as the sample sizes get larger. Also, 
as the sample sizes get larger, the t-distribution approaches the 
shape of the normal distribution. It is important that both of 
the samples be randomly selected, so that the inferences will be 
correct. It is also important that the samples be independent of 
each other, so that people in one group are not related in some 
way to specific individuals in the other group. 

Note that the standard error of the sampling distribution of 
differences between the means ~;;; .....,-x:;,: is larger than either 
6t. or ~"' . This occurs simply because the chances of sampling 
error are larger when two samples are involved. The standard 
error reflects this chance of error occurring. 
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Just as with the single sample tests, 
the population values of the variance, "m 
get estimates of 4.. , ~ ~ 6'7 -
ways of getting this estimate. · >i<-.A~F 

we rarely will know 
or o- F. Thus, we must 
There are two possible 

The two ways of getting the estimate of the standard error 
of the difference between the means depend on whether or not we 
can assume that the two groups being compared have equal 
variances on the dependent variable . In our particular example, 
we want to know if the variance of math scores is the same for 
the males as for the females. To examine this, we look at the 
ratio of one variance to the other, always placing the 5 :; • .,. . S'r.<a..,//-o-­
variance in the denominator. If this ratio is substantially 
greater than one, we would suspect that the two variances are not 
equal. If, however, the ratio is close to one we are relatively 
safe in concluding that the two variances are equal. In fact, 
the ratio of the variances is a particular statistic called the 
F-ratio, which has its own sampling distribution (or family of 
sampling distributions depending on the sizes of samples 
involved). For this particular level of statistics when doing 
hand computations it will be sufficient to sbnply inspect the 
ratio visually. When using computer output the exact F ratio is 
given along with a probability level that indicates our chances 
of error in rejecting a null hypothesis that the two variances 
are equal. 

If we can assume that the variances are equal we may .use 
what is called the "pooled variance estimate" of the standard 
error of the difference between the means. This is computed by 
the relatively complex procedure described below. 

If we assume that the variance of the two samples are equal: 
er-,· l- - ,,,..- .z._ .::oL 

')-1, - 0 p 

In this case 
0--: 

)(~ - £,: 

and we need only estimate v 
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We can do this by what is called a "pooled variance" estimate. 
This is a weighted average of the sample variances. Defining 

ni +n2 = 2 is the degrees of freedom associated with Xi - X2. In 
this case we lose two degrees o.f freedom because two means are 
involved. 

We now substitute this value back into the formula for the 
standard error. The first term is the pooled estimate of the 
population's standard deviation. The second term is the factor 
needed to make the standard error. 

{ s~ u,~- 1)-,. f ';, (,,;, -1) 

Yl;,u..,f n~ -;i_, 

If we cannot assume that · the two samples come from 
populations with. equal varia.nces we cannot simplify and use the 
pooled estimate as above. Here it is necessary to estimate 

separately. The familiar formulas are used 

) J. .;_>~ 'Z- $',J.. 
q-- f- - ~ if$ _r°J-

• ~ ..,, • ._ f!,(, y ;: ~ f F 
X --· XF - ) )(,.._; 'l( ,= -/t': 

111-<' ..... 
n""-' l n~ n P (5-4) 

This estimate is usually larger than the estimate when we assume 
that the population variances are equal. It is slightly less 
efficient and more subject to sampling error. 

Now back to an actual example: We hypothesized earlier that 
with a group of eight year old students a sample of males would 
score higher on a test of mathematical ability than a sample of 
females. This was our substantive (or research or alternative) 
hypothesis. Our null hypothesis was that they would score 
equally well. 

Ho: !'-m - r F = 0 
Hi: /""m - / F > O 
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Suppose that we had selected two independent random samples 
of males and females, gave them a test of mathematical ability 
and got the following results: 

Xm == 76. S 

s 2m = 105.0 

nm= 100 

Xf = 75.0 

s 2 2 = 120 

nf = 100 

where s 2 = L(X-X) 2 /n-1 

From this information we can get an estimate of the standard 
error of the sampling distribution of the difference between the 
mean scores of males and females and then draw the estimated 
sampling distribution when we assume that H0 is true. 

To decide which estimate of the standard error to use we 
must first examine the ratio of the two variances: 

This is enough larger than 1.00 to raise some doubt in our minds 
as to whether the variances are truly equal, so we will take the 
more conservative step of using the separate variance estimate of 
the standard error of the differences of the means. 

This estimate is 

and the theoretical sampling distribution of the difference , 
between means of the two samples if we assume that Ho is true~ 
shown in Figure 5-4. 

Figure 5-4 

Theoretical sampling distribution of the difference 
between the means of the two samples 

assuming that H0 is true. 

\ 

\ 

\ 
I 
I 



Suppose we choose a level of significance of .os (saying 
that it is okay with us if we are wrong in rejecting H0 in favor 
of H1 5 or less times out of one hundred). We know that we have 
a one-tailed or directional alternative hypothesis, and we know 
that our degrees of freedom equal nm+ nf - 2 = 200 -2 = 198. 

We can look at Table 5-1 and see that the zone of rejection 
begins when the t-score for our samples is greater than 1.645. 
That is, the critical value oft is 1.645. If the difference in 
the two means in our sample is more than 1.645 standard t-scores 
from the hypothesized mean of zero, these results would occur 
only 5 or less times out of a hundred and we can feel that 
confident in rejecting the null hypothesis in favor of the 
alternative that males scored higher than females. Note here how 
important it is to keep the order of the variables involved 
straight. 

Now, how do we find the t-value for our sample? Remember 
that tis defined as (X - J-<.,)/sx wherer.is the mean of the 
sampling distribution that is being used and~ is the sample mean 
value, aJld $ x is the estimated standard error of the sampling 
distribution. . .-

t ~ l tl, :_, x~-- (r, 7;z_)] / .s X, ~x~ (5-5) 

where ( X 1 - X2) is the sample value, <r+ -~ 2) • 0 is the mean 
of the sampling distribution ands~ , ,~~ is the estimated standard 
error. 

Therefore 

(5-6) 

when H0 is )') 
/1 71..:-u 

In this case -t ::. ( f w..- - ~ } :f:IA-v 7r:) : 
Sx , .. ,£_.,_ 

{ 7/,.J- 7r. t> J~ .0[: ~ /. t) 

,.r 1- r 

This value does not fall into the zone of rejection. We must 
fail to reject the null hypothesis in favor of the alternative 
hypothesis. The researcher would then try to explain why these 
results occurred. Actually, in this case the resul t supports 
earlier studies where differences in math ability i n boys and 
girls usually do not appear until around adolescence. In fact, 
the most recent studies indicate that gender differences in math 
achievement are virtually non-existent, even at adolescence. 
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Because our samples are large, the degrees of freedom here 
equal nm+ nf - 2 • (l00 + 100) - 2 = 198. When the degrees of 
freedoms are so large the t-distribution is the same as the 
normal distribution. We can then use the table of values on the 
normal curve to find what the actual probability of being wrong 
in rejecting H0 in favor of Hi would be. When we examine this 
table we see that with z = 1.00, the proportion of area under the 
curve from the mean to that point is .3413. This means that 
beyond that point there is .1587 of the area. This tells us that 
if we had rejected Ho in favor of ·H1 we would likely be wrong 
about 16 times out of 100 in doing so. 

If our sample sizes had been quite small or if the samples 
had been quite different in size and we had to reject the 
hypothesis that the variances were equal our estimate of the 
degrees of freedom by the formula n1 + n2 - 2 • df may be too 
large. 

There is a formula that should be used to estimate the 
degrees of freedom in this case. The SPSS computer program 
automatically uses this formula, and it is included in Blalock's 
text. 

Let's do one more example. In this case suppose we had 
asked young males and females to respond on a survey to the 
following item which had a Likert-type scale as the possible 
response: "When I was in high school above all my father wanted 
me to be happy." We called group one the females and we called 
the males group 2. Based on our earlier understandings of 
father-daughter and father-son relationships we expected that 
daughters would see their fathers as wanting them to be happy 
more than the sons would. The young men and women were not 
related to each other so we could assume that the two samples 
were independent. our two .hypotheses then were 

1-1tl :r, r~ ~ o 

II, ~I /1 >{) 

and our data from our sample were 

Group 1, females 

-X = 3 .2 

s = 1.1 sz;. 1.21 

n = 65 

higher scores means greater 
wanting of happiness 

Group 2, males 

X = 2.5 

s = 1.1 

m = 60 

15 

s~ 1.21 



Because the two standard deviations were identical, there 
was no reason to assume that the population variances were 
unequal and we can use the pooled variance estimate of the 
standard error of the sampling distribution. This estimated 
standard error is computed below. 

= .rz;::.n, <64) + <1.21> <s9> 
If .J....,!,..: 65 + 60 - 2 

= (l.21 X .17) = .21 

65+60 = 
(65x60) 

In this case our degrees of freedom• 123 • n1 + n2 - 2. We 
lose two degrees of freedom here because there are two means 
involved, not just one. If we choose a .05 level of significance 
and since we have a one-tailed or directional hypothesis, we can 
look at Table 5-1 and see that the critical value oft, the value 
that marks the zone of rejection is 1.658. (We use 120 degrees 
of freedom since it is the closest smaller degrees of freedom in 
the table. We generally take the smaller df to have a more 
conservative decision.) Figure 5-5 shows the sampling 
distribution that we would have assuming that the null hypothesis 
is true. 

Figure 5-5 
Sampling distribution assuming H0 is true; df = 123 

r, 7;.J O ,,,.,-..,4~ f; -:: /,tr r­
~t~- i;; 3_ 33 

Now we must see where the value for our sample lies. We 
have an estimate of the standard error of the sampling 
distribution (.21) and we can use this in computing the t-value. 
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It is obvious that the t-value for our sample falls well 
within the zone of rejection. In fact, we can compare this value 
to the t-values for df = 120 in the Table 5-1 and see that the 
probability of getting at-value of this size if H0 were really 
true is less than .005 but not as small as .0005 (,0005 < p < 
. 005) . 

Extensions of the t-test 

The elements which are computed in at-test allow one to 
also place confidence intervals around the difference between the 
means or the average difference. The procedure is simply 
analagous to that used. with a single sample estimate. For a 
confidence interval around the difference between two means, you 
use the difference between the two sample means as your best 
estimate of the difference between the population means and the 
standard error of the difference of the means as your estimate of 
the standard error. For a confidence interval around the mean 
difference, you use the mean difference as the estimate of the 
population mean difference and the standard error of the average 
difference as the estimate of the standard error. You can then 
use these elements as the basis of your estimated sampling 
distribution for the difference between the means. This is 
shaped like the t-distribution when you have small degrees of 
freedom and like the normal distribution when the degrees of 
freedom are sufficiently large (greater than 120 or so). 

To illustrate this process I will use data from the examples 
given above. The first example used in illustrating a test of 
the hypothesis that the average difference between two related 
scores equals zero involved boys' scores on math and verbal 
tests. The calculations given there showed that there was an 
average difference of 1.82 and a standard error of the mean 
difference of .77. Given the sample size of 11, the degrees of 
freedom equal 10. We may use this mean of 1.82 as our best 
estimate of the population mean and the mean of the sampling 
distribution of the average differences. The table of the t­
distribution indicates that the t-value which corresponds to the 
.OS level for a two-tail test of significance and 10 degrees of 
freedom is 2,228. This means that 95% of the area in the t­
distribution for 10 degrees of freedom lies between 2,228 
standard errors below the mean and 2.228 standard errors above 
the mean. Thus, to encompass 95% of our estimates of the average 
difference, we need to go 2,228 standard errors below l.82 and 
2.228 standard errors above l.82. The estimated sampling 
distribution is shown below. 
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To compute the 95% confidence interval around the average 
difference we would need the following simple calculations: 

P [ 1. 8 2 - ( 2 • 2 2 8 ) ( . 7 7 ) < }I-a.. < 1. 8 2 + ( 2 • 2 2 8 ) ( • 7 7 ) ] = , q J 

p [ l. s 2 - 1. 7 2 < r◊ < l. 8 2 + 1 . 7 2 ] • / f s -

p [ .10 < ,J-<-o < 3. 54] ~ , ? J 

We can be 95% confident that in the population the average 
difference between the boys' math and verbal scores f all s between 
. 10 and 3.54. 

The t-table indicates that for 10 degrees of freedom 99% of 
the cases would fall between 3.169 standard errors above the mean 
and 3.169 standard errors below the mean. With this knowledge 
one can compute the 99% confidence interval around the average 
difference as below. 

p [1.82 - (3.169) (.77) <~o < 1.82 + (3.169)(.77)] = . ?1 

p [ l.82 - 2.44 < /'-o < 1.82 + 2 . 44] = , 1'? 

p [-.62 < 70 < 4.26] 

Thus, we can be 99 percent conf ide.nt that in the popul ation the 
average difference between the boys• verbal and math scores mean 
score of the boys and the mean score of the girls falls between 

-.62 and 4.26. Note that while the 95% confidence interval does 
not include zero, the 99% confidence interval does. This 
corresponds to our decision to reject the null hypothesis at the 
.05 level t but not at the .01 level with a two-tail test. 

This logic can be extended to placing confidence intervals 
around differences between means. The first example of testing 
the null hypothesis regarding differences between two means 
i nvolved examining the differences in math scores of a year old 
boys and girls. The average score for the boys was 76.5 and the 
mean for the girls was 75.0. The estimate of the standard error 
of the difference between the means was 1.5, and the degrees of 
freedom were 198, sufficiently large to use the normal curve 
table rather than the t-table . • 

We can use the difference between the s ample means of 76 . 5-
75.0=l.5 as our best estimate of the difference between the means 
of the two populations. Because we can use the normal curve 
table as our guide, we know that to encompass 95% of the 
estimated values of the difference between these two means we 
need to go 1.96 standard errors above the estimated difference of 
the population means (1.5) and 1.96 standard errors below this 
estimated difference. The estimated sampling distribution used 
t o compute the confidence interval is shown below. 
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Figure 5-7 

To calculate the 95% confidence interval around the difference 
between these two means we would have 

P ( 1. 5 - ( l. 9 6) ( 1. 5) <_r 1 7i.- < 1. 5 + ( l . 9 6) ( l • 5 ) ] = 

p [1.5 - 2.9 <7 ,-r.).;, < 1.5 + 2.9] = _fr 

P (-1.4 <~, -r.).., < 4.4] ., , 9S-

The 99% confidence interval around the differences between 
these means would be calculated as below. 

P [ 1. 5 - ( 2 • 5 8) ( 1 • 5) <~ I ~.l,. < 1. 5 + ( 2 • 58) ( 1. 5) ] = , 91 

p ( 1. 5 - 3 • 9 </'-I ?J.. < 1. 5 + J • 9] • , 'IC( 

p (-2. 4 <.J'-1 ~)-, < 5. 4 J ~. C/9 

Thus, we can be 95 percent confident that in the population the 
difference between the mean score of the boys and the mean score 
of the girls falls between -1.4 and +4.4 and 99% confident that 
it falls between -2.4 and +5.4. Note that this confidence 
interval includes zero, thus corresponding to our decision to 
fail to reject the null hypothesis that}.L-1·)'-1..• O at either the . 05 
or .01 level of significance in favor of a two-tail alternative. 

It should also be noted that testing hypotheses about the 
differences between proportions is a special case of the 
difference between the means. This situation often occurs when 
you are dealing with dichotomies, as in investigations of voting 
preferences. 

The computer will automatically treat dichotomies as a 
special extension oft-tests. When, however, you are doing hand 
computations you will want to think through the logic and make 
sure your formulas are correct. You would use the estimate of 
the standard deviation to get an estimate of the standard error 
of the sampling distribution and proceed to test the hypotheses 
as in the case with an intervally measured dependent variable. 
Confidence intervals can also be computed. 
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All of this logic can also be extended to more complex cases 
such as looking at "differences of differences of means," 
"differences of mean differences," etc. 

Examples with Computer output 
~ 

Fortunately, computers now can do/...all the work that we have 
done by hand in the examples above. For a given problem the 
computer will compute the sample t-value, the degrees of freedom, 
and the exact probability of being wrong in rejecting the n 11 
hypothesis. It will -also give other relevant information such as 
the mean or average difference scores (when dealing with 
dependent samples) or the -mean of each sub-group (when dealing 
with independent samples). 

With SPSS you use the T-TEST procedure. The examples below 
involve data on achievement test scores for high school students 
in a western Oregon school district. Assume that they are 
randomly selected. Suppose you were interested in the difference 
between the composite achievement scores and the reading and 
language arts scores of the students and suppose also that you 
wished to examine this difference for male students and for 
female students respectively. Suppose VAROS is the variable 
number for sex, with 1 the code for males and 2 the code for 
females. VARlS is the eleventh grade composite achievement test 
score, VAR16 is the eleventh grade reading achievement score, and 
VAR17 is the eleventh grade language arts achievement test score. 

Further, suppose on the basis of your understanding of the 
literature that you theorized that the females would have higher 
reading and language arts achievement test scores than composite 
test scores. You theorized that the males would probably have 
reading and language arts test scores that would be about equal 
to their composite test scores. You would expect then to be able 
to reject the null hypothesis in favor of the alternative 
hypotheses for females but to fail to reject the null hypotheses 
for males. These hypotheses and related theoretical sampling 
distributions are given below, and a copy of the computer output 
is on a subsequent page. 

For females: 

Ho: / '- VAR15 - VAR16 

H1: ~ VAR15 - VAR16 

= 

< 
0 

0 

Ho: /-vARlS - VAR17 = 0 

H1:rvAR15 - VAR17 < 0 



For males: 

Ho: / vAR15 - VAR16 .,. 0 

H1: / vAR15 - VAR16 f 0 

Ho: _/ vARl5 - VAR17 .,. 0 

H1: j'-vARl5 - VARl7 :j; 0 

Reading across the output you are first told the variables 
that are involved in the particular comparison, both by variable 
name and by label. For the first example they are VARl5 and 
VAR16, the composite score and the reading score. You are then 
told the number of subjects or cases involved, 260 for the first 
example. The mean or average, standard deviation, and standard 
error for each individual variable are then given. Then, 
separated by a row of astericks, you are given the mean 
difference, the average of the differences between the two scores 
that are being compared. For the first case, the comparison of 
composite and reading scores for men, this average difference is 
-2.95, indicating that on the average the men have lower 
composite scores than reading · scores. The standard deviation of 
this difference is also given, and the standard error (the 
standard deviation divided by the square root of the sample 
size). For current purposes ignore the information given in the 
next two columns and skip over to the last three columns. These 
give the sample t-value, the degrees of freedom, and the 
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{VAROS EQ 2) •sELECT If 

I-TEST PAIRS • Vil U 111TH VAR16, VAR15 WITH VAIU7 

The fol1ou1na output va• obtained for male• 

\"arlable NUD1ber Standard Standard * (Difference) 
of casea Hean Deviation Error * Hean 

• 
\'ARIS 11th lted Composite 29.103 L805 • 

46.)038 
• 

260 49.2518 21.741 1.720 • -2.9500 
\'ARl6 11th lted Reading 

Standard &t'andard * 2- l'aU 
cg cee■ of 2-tall 

* T 
Deviation Error * Corr. Prob. • Value 

freedom Prob. 

-------------• • 
* • 
* • 

12.112 0.751 * 0.910 0.000 * -).9) 259 0.000 

----------------------------------- --------------------- ----------------\'ARI 5 11th lted Co■poaite 
46.30)8 29.103 1.805 * * * 

260 9.888S 14.066 0.872 * 0.876. 0.000 • 11.34 259 0.000 
]6.054 26.68S 1.655 * 

\!AR 17 11th Ired Langan■ 

and for female■ 

VarlS 11th lted Composite 
. ... 51.77J9 25.470 1.608 • * • 

251 • -J.1793 10.219 0.645 * 0.918 0.000 • -4.93 2.50 0.000 

54. 9522 24.836 1.568 

YAKl6 11th lted Readln& 

~ARI s - ;~;~-;;~~-;.:~•U.;•i ,.7,.7:------------------- --~------------------------------------------
Sl. 7729 25.470 1.608 • • • 

2.51 3.3028 12 • .59.5 0.795 * 0.883 0.000 • 4.15 250 0.000 

48.4701 26 . .509 1.673 

VARlJ 11th lted Langart ■ 

------------------------------------------------------------------------------------------------ ----------------



probability of being wrong in rejecting the null hypothesis. The 
sample t-value is simply computed with standard formula 
t = X -r/ sx where~is hypothesized to be zero. Here 

t =-2.95/ 0.75 • -3.93. 

our degrees of freedom equal n-1 • 260 -l = 259, and the 
probability of being wrong is less than .001 (the computer will 
usually not print more than three decimal points). Note that 
this is a two-tailed probability. If we have a one-tail 
alternative hypothesis (as with the hypotheses for the females) 
we will need to divide this probability by two) . Note that we 
must reject the null hypothesis that the males have equal reading 
and composite scores in the population in favor of the 
alternative hypothesis that they are unequal and be wrong in 
doing so less than l time out of a thousand. This is contrary to 
what we had theoretically expected. 

students may follow this procedure by examining the results 
for the comparison of the composite and language arts scores for 
males and should reach the conclusion that they must reject the 
null hypothesis in favor of the alternative and be wrong less 
than one time out of 1000. The average difference here is 9.89, 
indicating that the males tend to have higher composite scores 
than language arts scores and that this difference probably 
occurs within the population. 

With the females and the difference of composite and reading 
scores we may reject the null hypothesis in favor of the 
alternative hypothesis and be wrong less than .ooos times in 
doing so. With the difference of the composite and language arts 
scores we may not reject the null hypothesis in favor of the 
alternative. Students should be able to elaborate on these 
conclusions and understand why they were reached. 

The examples above involved dependent samples. The computer 
also examines independent samples. Suppose you were interested 
in comparing the average scores of male and female students and 
you suspected that the males and females would have equal 
composite scores, but that in the population the females would 
have higher language arts achievement scores and the males would 
have higher math achievement scores. Given the hypotheses listed 
below (and subtracting the scores of females from those of males) 
you would expect to fail to reject the null hypothesis regarding 
composite scores but expect to reject the null hypotheses 
regarding the language arts and mathematics scores. A copy of 
the printout is given on the following page. 

At the top of the printout it is noted that group one is the 
code l, males: group two is the code 2, females. Then the 
results for each hypothesis are listed: those for the composite 
scores, then those for the language arts scores , and then those 
for the math scores. For each variable the number of cases, the 
average, the standard deviation and the standard error for each 



Compdsite scores H ·µ - µ • 0 

~ o• m F 

H1:l-lm - l-lF • I- 0 

language arts scores !fo:l-lm -µF • 0 

~ Ho: I-Im - lJF • <O 

Math scores Ho:l-lm -l-lF - 0 L~ 111:lJm -lJF • >0 

(s haded areas show zones of rejection) 

The computer was given the following instructions: 

T- TEST GROUPS• VAR05 (1,2)/VARIABLES • VAR15, VAR17, VAR18 
and the following results were obtained 

GROUP 1 - VAR05 EQ 1. 
GROUP 2 - VAR05 EQ 2. 

' * *Pooled variance estimate *Separate variance e s t i ma te 
Variable Number Standard Standard*· F 2-tail * T Degrees of 2-tail* T Degreessof 2 - tail 

of cases Hean Deviation Error *· Value Prob . * Value Freedom Prob . • Value Freedom Prob. 

~ : ~ : 
VAR 15 11TH ITED COMPOSITE * * * 

GROUP 1 260 46.3038 29 . 103 1.805 * * * 

GROUP 2 251 51. 7729 25.470 
* 1. 31 .034 

1.608 * 
* -2.26 509 
• 

.024 * - 2.26 504.20 

* 
0.024 

------------------------------------------------------•-------------•------------------------•------------------------------
* • * 

VAR17 llTH ITED LANGARTS * * * 
GROUP 1 

GROUP 2 

261 

252 

36.4559 

48 . 4365 

26.641 

26 . 462 

• * * 
1.649 * 

* 1.01 . 915 
1. 667 * 

* 
* -5.11 
* 

* 
511 0 . 000 * - 5 .11 510.59 

* 
0 . 000 

------------------------------------------------------•--------------•------------------------•------------------------------
VAR18 11TH ITED MATH * * * 

GROUP 1 

GROUP 2 

262 

254 

53 . 7137 

52.9843 

29.208 

25.240 

• 
1.804 * 

* 1.34 . 020 
1.584 * 

* 

* 
* 
* 0.30 514 
• • 

* 
* 

.762 * 0.30 507.38 
* 
• 

0.761 

------------------------------------------------*--------------*-------------------------•-----------------------------



lJ• Alli,,.MI•, 1utC"n •nd Slncluml 

l'•ba• J. Me11n Sctm."S and Sl:imfard D ·v1.-1icm~ . .tit Vitriilhlci.. Females ,int.I M;,lc~. h,u11h 
<.iradns 11n1J Adok:i;ccnt~ 

Female~ M11lc~ 

Me:tn (SD) Mean (S/J) ,If p d" 

Sclr-cst~m 
Fourth gr11dcn 2-4,1,,. (11.54) .. Hl7 (11.50) -).12 602 < .002 ·.25 

(Tu1al group) 
Fourth graders J .11 (0.47) .U2 (114.l) -u,o so .1.2 · .47 

(Panel s1udy) 
Twelfth grndcn J .12 (II.SI,) .l26 (0.5~) -.RS 50 :l8 -.2~ 

(Panel study) 
Adole.sccn1s 2.11) (0.~)) .l0S ((1.411) ·6.1;\ 797 < .001 -.•J 

Sclf-crf icaq 

Fourth graders 2.76 (0.45) .UI~ (0.411) ·1.13 598 < .001 - .62 
(Tolal group) 

Fourth eraden 2.88 (0.]8) 1.19 11u•> -2.65 .so .01 - .76 
( Panel study) 

TwclC1h 1radcn 2.% (O.SO) .1.23 (O . .SO) • 1.90 so ,()6 -.s• 
(Panel study) 

AdolCllCCnls 3.46 (0-~Sl .1.75 (ll,4Y) • -7.90 797 < .001 - .Sb 
Rclationality 

Fourth graders .llJ (0.54) 2.Y4 (0.52) ... 20 598 < .I.MIi . . Jh 
(Tot11I group) 

Founh graders 3.08 (0.52) J.07 (0.SI) . II so < .91 .02 
(P.incl study) 

Twc:lflh ~raden :Ul (0.42) J.2.S (0.66) .38 so 70 . II 
( Pllncl study) 

Adole~"Cnls J .99 {0.47) .U.l (0.66) 11 .17 797 < ()(JI .80 

'Cohen's d equal., 1he diffcrt'ncc bclwccn 1hc lwo means divided by the comnwn standard 
deviation. Cohen (1977) suucs1s 1ha1 effect sm:s or .l rould be considered small. 1hosc of 
.S medium in size, and 1hosc of .8 or i:rca1cr 10 he lllrge. 



--

Table V, Avn■ie Scale Scores or Mm and \\'omm in Each Sample• 

Sample 
1972 Collqe 1912 College 1982 Hl1h school 198J Nurse,• 1984_ CollC!c 

Scaln Womtn Men Women Mm Wonim ~Im Women !'-Im Women \Im 

E~;,rnsivmns 
X u, ).26 ) .. , 3.2' 3.60 3.33 J.64 J.47 J.49 ).)J 

I 0 . .36 0 . .34 0 . .36 o.J, O.JS 0 . .37 0.JI 0.4) 0.41 0.42 
N 21' 19' 1.52 161 117 12' 240 186 2~0 21, 
t(p) • 2.75 (.006) us (<.001) ,.79 (< .OOll 4.J0 r < .oon 4.0,& r < .on11 
Effect size• .26 .'6 .1, .4? -~" 

Instrumental 
l1)11umious 
X J.ll J.o, 3. 16 J.02 J.07 3.03 ).'8 J .43 ) . 16 J .0,& , 0 . .53 0.46 0.48 UI 0.50 0 .4' 0.31 0.46 o." 0.!2 
N 213 t94 .,. 170 Ill 126 240 116 249 216 
t(p) 1.22 (.224) 2.6, (.OCWl 0.,1 ,.,691 1.,1 f< _{'IOI) 2.13 10 . .::11 

Errtc1 size .12 .29 .09 .)6 .::? 
Analytic 
X 3.()4 J.16 J.0J J.17 3.20 3.01 3.)2 , ... , 3.21 .) . .::4 , o.,, 0.41 0.47 0.45 0.,0 o.,o o.,o o.,o o.4rt 0.49 
N 209 191 145 m 113 121 237 116 :!0 ws 
l(p) -2.34 (.020) -2.6' (.009) 2.9' (.003) -2 . .51 (.012> -0.SI f . .119) 

~rr.cc size -.ll - .30 .JI - .26 -.06 

,\uto-~· 
T-fZ!cc(ul 

2.90 2.89 2.93 .2.97 J .O, 3.02 J.03 2.86 2.19 
X l .14 
I 0.40 0.41 0.4' 0.42 0 . .51 o.,o 0.46 o.,o N 196 213 163 161 117 Ill 237 114 247 2011 lfp) -0.11 (.416) -,.,, (.161) -0.09 (.929) -0.66 · ( . ~If) Effffl size -.09 - .19 - .02 - .06 AJ;(vm1urous 

X uo 2.13 3.06 J.O, l.91 3.21 2.11 J.01 3.01 J .O, 
, 0.,0 0.62 0.61 0 . .51 0.66 0 . .51 0.,6 0.11 0.64 0.68 H 219 19' 166 17S Ill 132 2,2 119 249 216 l(p) 0.24 (.810) 0.02 (.914) -2.17 (.004) -2.40 (.0.17) -o.4, 1.6~6) errect size . t! .02 - .J7 -.24 - .o, 

"Scorn on each~ have been summed and averaaed. An •va•~ _,.,. .,r 4.0 •ould mean all rnpondcncs had indicated 
items on 1he .scale were '1ff'T tnw of mr: an averqe score of 1.0 would mnn 1hat all rnpondcnu had indicated 1h, irtm, 
Wffe wry lltrtrw of"''· . 

•rn tbls sample, the apressivmas scale docs no« lndudc oblllftrf; the industrious •llbscale of Instrumental includt1 lr,mf•·ork, 
;,,, instead or illdfUtrious: the (orcef'ul subdimcnsion of the' auronomy scale don not include st,r,,; and the_ ad,·cn1urou, iut-, dimension doa not indude dffrilff, _ _ _ _ . 

~ efrtct sized wu computed wich. the formula X, .:.. x,1 S where X, it the mnn in one sample, x, the mean or the Nhcr sample, and S is &he wichin-sroup standard dn·iauon. 



134 All1t1111d-Mcrtc11 ~nd Stockarcl 

Tahle I. Mean Scores and St.t nd;1rd Dcviations. all Variahks, Fcmaks and Malc,. Fourth 
G radcrs and Adolcscenis 

Females Males 

Mean (SD) Mean (SD) df p d ' 

Self-esteem 
Fourth graders 2.94 (0.54) .107 (0.50) - 3 12 602 < .002 - .25 

(Total group) 
Fou rth graders 3. 11 (0.47) J.12 (0.43) - 1.60 50 .12 - .47 

(Panel study) 
Twelfth graders 3.12 (0.56) J.26 (0.5'.i) -.88 50 .38 -.25 

( Panel study) 
Adolescents 2.83 (0.53) 305 (0.48) - 6.IJ 797 <.00 1 - .43 

Self-efficacy 
Fourth graders 2.76 (0.45) 3.05 (0.48) -7.TJ 598 <.001 - .62 

(Total group) 
Fourt h graders 2.88 (0.38) 3.19 (U.44) - 2.65 50 .01 -.76 

(Panel study) 
Twelfth graders 2.96 (0.50) J .23 (U.50) - 1.90 50 .06 -. 54 

(P"ncl study) 
Adolesce nts 3.46 (0.55) .1.75 (0 .49) • - 7.90 797 <.001 -.56 

Rclationality 
Fourth graders 3.13 (0.54) 2.94 (ll .52) 4.20 598 <.001 . ](, 

(Total group) 
Fourth graders 3.08 (0.52) 3.07 (0.5 1) . II so < .91 .02 

(Panel study) 
Twelfth graders J.:ll (0.42) 3.25 (U.66) .38 50 .70 . II 

(Panel study) 
Adolescent 3.99 (0.47) 3.S:l (0.66) 11 . 17 797 < .001 .80 

QCohen's d equals the d ifference between the two means divided by the common standard 
deviation . Cohen ( 1977) suggests that effect sizes of .2 could be considered small, those of 
.5 medium in size, and those of .8 or greater to be brgc . 



Table V. Average Scale Scores of Men and Women in Each Sample" 

Sample 

1972 College 1982 College 1982 High school 1983 Nurses" 1984 College 

Scales Women Men Women Men \\'omen Men Women :"-fen Women :"-ten 

E.~12.ressi veness 
X 3.3S 3.26 3.4S 3.25 3.60 3.33 3.64 J .47 J .49 3.33 
s 0.36 0.34 0.36 0.3S 0.3S 0.37 0.38 0.4J 0.41 0.42 
N 21S 19S 152 161 117 12S 240 186 250 215 
t(p) 2.7S ( .006) 4.95 (< .001) 5.79 (< .001) 4.30 ( < ,001) 4 , ()-l (< .0011 
Effect size' .26 .56 .15 .42 .JI!-

Instrumental 
I [!!lust rious 
X 3.1 1 3.05 3. 16 3.02 3.07 3.03 3.58 J.43 3. 16 3 .0-l 
s 0.53 0.46 0.48 0.48 0.50 0.44 0.38 0.46 0 . .55 0.52 
N 213 194 154 170 118 126 240 186 2J9 216 
t(p) 1.22 (.224) 2.65 (.009) 0.57 (.569) 3 . .57 ( < .C'QI I 2. IJ (0.11) 

Effect size .12 .29 .09 , )6 .~2 
Analytic 
X 3.04 3.16 3.03 3. 17 3.20 3.01 3.32 3.45 3.21 ) .2J 
s o.ss 0.48 0.47 0.45 0.50 o.so 0.50 0.50 0.J~ 0.J9 
N 209 192 145 173 113 128 237 186 250 216 
l(p) -2.34 (.020) -2.64 (.009) 2.94 (.003) -2.51 (.012) -0.8 1 1.Jl9l 

Effect size - .23 -.30 .38 -.26 - .06 

,.\utonomy 
F2,rceful 
X 2.84 2.90 2.89 2.93 2.97 3.0S 3.02 3.03 2.86 2.89 s 0.40 0.41 0.44 0.42 0.SI 0.50 0.46 0.50 N 196 213 163 167 117 123 237 184 247 208 t(p) -0.81 (.416) -1.41 (. 161) -0.09 (.929) -0.66 UIII Effect size - .09 - . 19 -.02 - .06 A_gventurous 

X 2.90 2.83 3.06 3.0S 2.98 3.21 2.88 3.08 3.01 3.04 s 0.70 0.62 0.61 0.58 0.66 0.58 0.86 0.81 0.64 0.68 N 219 19S 166 17S 121 132 242 189 249 216 0.02 (.984) -2.87 (.004) -2.40 (.017) -0.45 1.656) 

t(p) 0.24 (.810) 
Effect size . II .02 - .37 - .24 -.OS 

•Scores on each scale' have been summed and averaged. An average score of 4.0 would mean all respondents had indicated 
items on the scale were l'"J' rrut of mr, an average score of I .O would mean that all respondents had indicated the it em~ were very untrvt of mt. 

6
1n this sample, the e,ipressiveness scale does not include obliging; the industrious subscale of instrumental includes hard,,.·ork­
ing instead of industrious; the forceful subdimension of the autonomy scale does not include sttrrr: and the.ad,·enrurous sut--dimension does not include darin1. _ _ _ _ 

"The effect sized was computed with the formula X, - X,IS where X. h the mean in one sample, X, the mean or the Nher 
sample, and S is the within-group standard de-·iarion. 
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134 Allgood -Mt·rt<·n and Slockard 

Tuhli, I. Mean Scores and S1.111dard Deviations. all Variahlcs. Females ;ind Males. Fourth 
Graders and Adolescents 

Females Males 

Mean (SD) Mean (SD) df p ti' 

Self-esteem 
Fourth graders 2.94 (0.54) 3.07 (0.50) - 3.12 602 < .002 - .25 

(Total group) 
Fourth graders 3.11 (0.47) .1.32 (tl.4.1) - 1.60 so .12 - .47 

(Panel study) 
Twelfth graders 3. 12 (0.56) 3.26 (0.55) - .88 50 .38 - .25 

(Panel study) 
Adolescents 2.ID (0.53) 3.0S (0.48) - 6.13 797 < .001 - .43 

Self-efficacy 
Fourth graders 2.76 (0.45) 3.05 (0.48) - 7.73 598 < .00 I -.62 

(Total group) 
Fou n h graders 2.88 (0.38) 3.19 (ll.44) - 2.65 50 .01 - .76 

(Panel study) 
Twelfth graders 2.96 (0.50) 3.23 (0.50) - 1.90 50 .06 - .54 

(Panel study) 
Adolescents 3.46 (0.55) 3.75 (0.49) · - 7.90 797 < .001 -.56 

Rcl.1tionality 
Fourth graders 3. D (0.54) 2.94 (0.52) 4.20 598 < .001 .36 

(Total group) 
Fourth graders 3.08 (0.52) 3.07 (0.5 1) . II 50 < .91 .02 

(Panel study) 
Twelfth graders 3.31 (0.42) 3.25 (U.66) .38 so 70 . II 

(Panel study) 
Adolescen ts 3.99 (0.47) 3.53 (0.66) 11.17 797 <.!IOI .80 

aCohen 's d equal the difference between the two means divided by the common standard 
deviation . Cohen (1977) suggests that effect sizes of .2 could be considered small. those or 
.5 medium in si1.e. and those of .8 or greater to be large. 



Table V. Average Scale Scores of Men and Women in Each Sample" 

Sample 

1972 College 1982 College 1982 High school 1983 Nurses6 1984 Colle!!e 

Scales Women Men Women Men Women :-.ten Women :'-fen Women .\fen 

E.~12.ressi\'eness 
X 3.3S 3.26 3.4S 3.25 3.60 3.33 3.64 3.47 3.49 3.33 
s 0.36 0.34 0.36 0.3S 0.3S 0.)7 0.38 0.43 0.41 0.42 
N 21S 19S IS2 161 117 12S 240 186 2!'0 21!' 
t(p) 2.7S (.006) 4.9S ( < .001) S.19 (<.001 ) 4.30 (< .00ll J , (),I ! < .00ll 
Efrect size< .26 .56 .7~ .42 . )II 

Instrumental 
lflilustrious 
X 3. 11 3.0S 3. 16 3.02 3.07 3.03 3.58 3.43 J . 16 3.04 
s 0.53 0.46 0.48 0.48 o.so 0.44 0.)8 0.46 o.ss 0.52 
N 213 194 IS4 170 118 126 240 186 2-19 216 
11,p) 1.22 (.224) 2.65 (.009) 0.57 (.569) 1., 1 ( <.COil 2. D !0 .21) 

Effect size .1 2 .29 .09 .)6 
,, 

Analytic 
X 3.04 3. 16 3.03 3.17 3.20 3.01 3.32 3.4~ 3.21 3.2-i 
s 0.5S 0.48 0.47 0.4S 0.50 o.so o.so o.so 0.-111 0.-19 
N 209 192 14S 173 113 128 237 I !!6 250 216 
l(p) -2.34 (.020) -2.64 (.009) 2.94 (.003) -2.51 (.012) -0.81 !.-l l 9l 

Effect size - .23 - .30 .38 - .26 - .06 

, \uro"om y 
F2rceful 

2.89 2.93 2.97 3.05 3.02 3.03 2.86 2.89 
X 2.84 2.90 
s 0.40 0.41 0.44 0.42 O.SI 0.50 0.46 0.50 N 196 213 163 167 117 123 237 184 247 20!1 t(p) -0.81 (.416) -1.41 (.161) -0.09 (.929) -0.66 (.SIil Effect size - .09 -.19 -.02 - .06 A_gven1urous 

X 2.90 2.83 3.06 3.0S 2.98 3.21 2.88 3.08 3.01 3.04 s 0.70 0.62 0.61 0.S8 0.66 0.58 0.86 0.81 0.64 0.68 N 219 195 166 17S 121 132 242 189 249 216 /(p) 0.24 (.810) 0.02 (.984) -2.87 (.004) -2.40 (.017) -0.4~ (.6!'6) Effect size .II .02 - .37 -.24 - .as 
"Scorn on each scale have bttn summed and averaged. An average score of 4.0 would mean alJ respondents had indicated 
items on the scale were Vff"J' trut of Mr, an aver.age score of 1.0 would mean tha1 all respondents had indicated the i1em~ were vtry untrvt of mt. · 

•rn I his sample, the expressiveness scale does not include obli1in1; the industrious sub,cale of instrumental includes lrard .. ·orl(. 
in1 instead of industrious; the forceful subdimension of the autonomy scale does not include stern: and the_ad,·en1urous sut--
dimension does not include darin1. _ _ _ _ 

6The effect sized was computed wi1h the formula X, - X,IS where X, is the mean in one sample. X, lhe mean of the Nher 
sample, and S is the wi1hin-1roup standard dC\i ation. 
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Assignmert. T\<10. ScGiology 412 
Due F!Oruary 11 , 1992 

There are several ~triable~ in each of the data sets 
that divide the sample hto two discrete groups. With the 
GSS and Bank data, examr:les are :sex and race (called 
minority in the bank dat? ). Wi f.h the Western Electric data, 
examples are vital 10 ( ~t.atus a·:. 10 years) and famhxcvr 
( family history of coY-on"'Y heal't disease). Other variables 
might be grouped, usi ~g t,e rec~de command, into two 
discrete groups. When,,vi,• var i.ables are grouped. however. 
it is important that v tinoret.i.cally sound reason be given 
for the grouping. St1 .. de11:s sh:.>uld feel free to consult with 
the instructor if the re t 1·e qu~stions about the groups they 
will use . 

A. Choose two dichotomou~ variables in your data set that. 
you believe are theoret ic~lly related to the intervally 
measured variables you exH~ined in the first assignment. 
Discuss your theoretical t• ·pect~tions regard! ng differences 
between people in each grc1p in e8ch of these variables on 
both of the intervally mea!ured variables. In other words, 
treat the intervally measu?3d variables used in the first 
assignment as dependent vai Lables and the nominally measured 
variables as independent. l·llat types of differences would 
you expect to find and why? (For example, what kinds of 
differences would you expecl; between men and women?) Se 
specific and discuss each oV the combinations of the 
dependent and independent vi ·iables. Then translate your 
theoretical expectations int,, statistical hypotheses. 
Describe whether your theoretical discussion would lead you 
to expect to reject or fail~~ reJ~ct each null hypothesis. 

B. Use the SPSS program t-ttist to t,sst these hypotheses. 
Make sure you have first inc:.uded any appropriate misaln9 
value and recode commands an<: use instructions like the 
following. 

T-TEST GROUPS= independent variable (a,b)/ VARIABLES= 
dependent variables 

where •independent variable' r~fers to the computer name of 
a given dichotomou8 variabl~ , •a• and •b• are the two values 
coded for the dichotomy, and "..:fependent variables• refers to . 
the intervally measured vori.ablea you are studyinq. You 
will need a separate t-te·st command for each independent 
variable that you use. Please turn in your_ output with your 
assignment. • 



• 

c. Interpret the results which you obtain . Be sure to 
include both statistical and substantive interpretations, to 
discuss both inferential and descriptive results (i.e. test 
and interpret your statistical hypotheses and alsc compute 
Cohen's d and interpret it), and relate your discussion to 
the theoretical expectations developed in Part A. Be 
specific and detailed, writing in a style appropriate for a 
research report. 
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sex group are given. The next two columns are headed F-value and 
2-tail probability. These are used in deciding which estimate of 
the standard error to use. The Fis simply the ratio of the two 
variances. The probability is the chance that we would be wrong 
in rejecting a null hypothesis that the variances are equal. For 
our purposes, if this two-tail probability is .10 or less, you 
should use the separate variance estimate. 

The final six columns give estimates oft, the degrees of 
freedom, and the two-tail probability of being wrong in rejecting 
the null hypothesis. The first three columns are values based on 
the pooled variance estimate: the last three columns are based on 
the separate variance estimate. 

With the results for the composite score we should use the 
separate variance estimate. This is because the F ratio is so 
large that the probability of being wrong in rejecting H0 : ', t... _ / 00 
is only .030. We cannot assume the two groups come from z~- . 
populations with similar variances, and so we must use the ~ 
separate variance estimate of the standard error. 

!he s~mple t with this estimate (based on 
t • (X1 - X2)/Sx1 - ~2 )is -2.26, the degrees of freedom are 
504.2, and the probability of being wrong in rejecting the null 
hypothesis is .024 (assuming we have a two-tailed alternative 
hypothesis). Thus, we may reject the null hypothesis that males 
and females have equal composite scores in favor of the 
alternative that they are unequal and be wrong in doing so only 
about 2 times out of one-hundred. We can note that the direction 
of the difference indicates that females have higher scores than 
males. This result was unexpected. 

Students should be able to verify that with the results 
regarding language arts we would use the pooled variance estimate 
and that we would reject the null hypothesis in favor of the 
alternative and be wrong in doing so less than ~0,005 times out of 

/0,i,tJV a hundred. (Because we have a one-tail test we must divide the 
given probability by two). With the results with the math scores 
we would use the separate variance estimate, but fail to reject 
the null hypothesis. 

Cohen's D: A Descriptive Statistic 

The t-test for the difference between two means is an 
inferential statistic. Sometimes we are also interested in 
having a descriptive statistic that can describe the difference 
between two means. In the paragraphs below I explain why it is 
important to use both descriptive and inferential statistics; 
show how Cohen's d, a descriptive statistic appropriate for use 
with the t-test is computed; and then give examples of its use 
and briefly discuss its utility in meta-analyses. 
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statistical vs. Substantive Significance 

Whenever you use an inferential statistic you need to be 
careful that results that provide statistical significance also 
produce substantive significance. For instance, a given result 
may not be a chance occurrence, it may not occur by random; yet, 
it may be so small that it really doesn't mean much for people's 
daily lives. The results may be statistically significant, but 
they may not be substantively or practically significant. This 
situation can often arise when you have large samples. Large 
samples are important for good multivariate analyses, yet a large 
sample helps produce a much smaller standard error and thus a 
much greater chance that any given result will be statistically 
significant. 

For a while, in the late 1950s through the 1960s and early 
1970s, some researchers suggested that we should avoid using 
tests of significance and rely on descriptive statistics instead. 
Others argued that inferential tests can provide benchmarks or 
criteria to use in analyzing data and that they should not be 
discarded. 

It is the latter view that has prevailed, helped along by 
the development of descriptive statistics that are used in tandem 
with the inferential results. The descriptive statistics can 
tell us the magnitude of a result, can describe how extensive it 
is; the inferential statistic can tell us the probability that a 
result would occur by chance. Descriptive statistics can be 
small, even with highly significant inferential results, as can 
occur when a sample is quite large. on the other hand, 
inferential results can yield no significance, even though the 
descriptive statistics are quite large, as can happen when a 
sample is small· Thus, both types of statistics should be used. 

Cohen's d 

Cohen's dis a very simple statistic to compute·that 
describes the magnitude of the difference between two means 
relative to their standard deviation. It is simply computed as 

d = (5-7) 

-where )(1 and X::>- are the means of the two samples being 
compared and 5 is their common standard deviation. (For 
practical purposes the weighted average of their standard 
deviations, or the standard deviation of the two combined groups 
can be used. ) 

Cohen's d has a very simple interpretation. If it is near 
zero it simply means that there is no difference between the 
means (illustrated in part a of Figure 5-8 below). If it equals 
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one it means that the two averages differ by an entire standard 
deviation ( as shown in part • ~of Figure 5-8) . If it equals . 5, b 
the two means differ by one-half of a standard deviation (part 
of Figure 5-8). The measure simply provides a handy description 
of the extent to which the two groups differ, totally independent 
of their sample size. As a rule of thumb, Cohen has suggested 
that effect sizes of .2 could be considered small, those of .5 
medium in size, and those of .8 or greater to be large. 

Figur~ 5-8 
Illustration of Cohen's d Values 

-6 

---------

For the results given on the computer printout discussed 
above, the following values of Cohen's d could be computed. 
Values oft and the associated probability levels are given for 
comparative purposes. 

VAR15 - 11th Grade ITED composite score 

Mean Standard Cohen's 
Deviation d 

Males "46. 3 29.1 46.3-51.8/27.3 
= -5.5/27.3 

Females 51. 8 25.5 = -.20 

VAR16 - 11th Grade ITED Language Arts Score 

Males 

Females 

36.5 

48.4 

26.6 

26.5 

VAR17 - 11th Grade ITED Math Score 

Males 

Females 

53.7 

53.0 

29.2 

25.2 

27 

36.5-48.4/26.6 
= -11.9/26.6 
= -.45 

53.7-53.0/27.2 
= 0.7/27.2 
= .03 

t 
(Pl 

-2.26 (. 02) 

-5.ll(<.001) 

0.30 (,76) 



Other Examples 

Cohen ' s d has proved especially useful in comparing results 
from several samples and with different groups. The following 
two pages include examples of the use of Cohen's d from articles 
written by the instructor. Both tables give results oft-tests 
between the sex groups and the corresponding Cohen's d for 
different measures and different samples. 

The first example {Table V) gives results for 5 different 
scales {all listed down the left hand side of the table) ands 
different samples (listed across the top of the table). For each 
scale and sample the mean score, standard deviation, and sample 
size are given for both men and women (reading down within each 
sample and within each scale). This is followed by the t and the 
associated probability level {the probability of being wrong in 
rejecting H0 : µ., - /-'-;. : {) ). The last line in each section is the 
effect size, or Conen•s d. By comparing across the columns 
within each row one may assess the extent to which simi lar 
results are found across the various samples. By comparing 
between the rows (down the columns) one may assess the extent to 
which results differ across the different scales. The positive 
or negative value attached to the d indicates the direction of 
the difference. {A positive value indicates that women had a 
higher average score: a negative value indicates that men had a 
higher average score.) 

The second example {Table l) gives results for four samples 
and three scales, all listed down the left hand side of the 
table. Within each row the mean and standard deviation are given 
for females and males, followed by the t value, the associated 
degrees of freedom and probability level, and Cohen's d. The 
results in this table can help illustrate the difference between 
substantive and statistical significance. Consider the results 
for self-esteem with the fourth graders (panel study) and twelfth 
graders (panel study). They are not statistically significant, 
yet the d for the fourth graders is the highest of all given for 
that scale and the d for the twelfth graders equals that for the 
fourth graders (total group), which had at-value significant at 
the .002 level. The panel study group was much smaller than the 
other groups (n=52 vs. n•604 and n-799), ~us making it much 
easier to obtain statistical significance~ ./,,{,J._ Id<.;,- ;-m-·-r . 

In recent years meta-analyses have become much more common , 
especially in the social psychology literature . Meta-analyses 
involve the review of a large number of replications of the same 
study in order to determine general patterns and trends. When 
these studies involve the comparison of two groups Cohen's dis 
typically used as a descriptive statistic. Cohen's dis computed 
for each study in the meta-analysis and these are then averaged 
to deter:mine the average effect size over a group of studi es. 
Sometimes a researcher is interested in variations in the studies 
and will compare Cohen's d across various groups. 
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For instance, a large number of studies of psychological sex 
differences have been conducted and meta-analyses of these 
results have become fairly common in recent years. A researcher 
might compute an overall average Cohen's d for a group of studies 
(say on gender differences in aggression), and then examine the 
averaged for studies of people in various age groups, with 
different measures of the dependent variable, with different 
types of study designs, etc. As you should remember from your 
methodology coursework, replications are central to the 
scientific enterprise, and Cohen's d has become a standard 
element in summarizing and analyzing patterns found in 
replications. 

A Few cautions and Other comments 

All of the results regarding t-tests are based on 
assumptions that statisticians used in developing these tests. 
We assume that the samples are randomly selected from a 
population that we are interested in. We assume also that the 
subjects have been selected independently of each other. We also 
assume that the variables in the populations are normally 
distributed and that the dependent variable is measured on an 
interval scale. If you have a representative sample (i.e., a 
probability sample) that is not a simple random sample (e.g., a 
cluster sample or a stratified random sample) the estimates of 
the standard errors will be slightly different. Advanced 
statistics and sampling texts can help you with these problems. 

Researchers have investigated what happens if you dot-tests 
with samples from populations that are not normally distributed. 
They conclude that if you have large samples (over 25 for each 
group is sufficient) you generally will not have problems with 
faulty inferences if the populations are not normally 
distributed. 

Others have examined what happens if you use variables 
measured on an ordinal rather than an interval scale, that is, 
treating ordinally measured variables as though they were 
intervally measured. They concluded that there are not extreme 
problems. Inaccuracies are most apt to occur with one-tail 
tests, unequal n's in the two groups and badly skewed 
populations. 
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VI. Analysis of Variance 

With t-tests we are able to compare the means of two groups. 
What, however, if one wants to compare the averages of more than 
two groups? Then one must use analysis of variance. This 
technique has the same kinds of assumptions that underlie the 
formation of the t-test (interval measurement of the dependent 
variable, normal distributions of the populations, random and 
independent sampling, and equal variances of the populations--an 
assumption that was relaxed through using a different estimate of 
the standard error int-tests). With analysis of variance our 
null hypothesis is that the means of the k categories or groups 
are equal: 

Ho: ?1 ;- )-'-:z.. ~3 : •• - - s_j-<-K. 
and the alternative hypothesis is that they are unequal: 

While in fact the t-test is a subset of analysis of 
variance, the logic of analysis of variance and the nature in 
which the work is done differ considerably. Below we discuss 
both one-way analysis of variance (where only one independent 
variable is involved), two-way analysis of variance (using two 
independent variables), and other variations only briefly. we 
describe the logic behind the arguments, give examples of the 
computations, and also show a descriptive statistic that assesses 
the amount of association between the independent and dependent 
variables. Note that this means that analysis of variance can 
yield both an inferential test or statistic and a descriptive 
statistic. 

one-way Analysis of Variance 

Below we first describe the logic behind analysis of 
variance by trying to give an intuitive understanding of the 
manipulat ions or logic involved. Then two examples are given 
after t he various computations are explained, and finally a 
related measure . of association is explained. 

The Logic and Required computations 

In analysis of variance we are interested in understanding 
how an independent variable, which need be only categoric or 
nominally measured, can help explain the variation in an 
intervally measured dependent measure. For instance, the 
dependent variable might be school performance as measured on 
some kind of percentage scale. The independent variable could be 
the type of instruction method used such as lecture classes, 
reading classes, and discussion classes. We would be interested 
in whether the nature of the classes affected the students' 
academic performance, in other words we would be asking if 
experience in different kinds of classrooms was related to 
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different levels of performance. Then our null hypothesis would 
be that students in each different class setting would do equally 
well. 

Ho: / ~ = /-r =/~- d 

our alternative hypothesis would be that the students in the 
different classes would score differently. 

H l : / A.1 f r r I/= 4. d 
/ / 

(Note that we did not predict the direction in the difference 
between each of the groups because more than two groups were 
involved. If desired a later step in the analysis would involve 
testing hypotheses regarding the differences between each pair of 
means. caution needs to be used however if a large series of 
means is compared to assure that significant results do not occur 
by chance alone. Special techniques are available for these 
comparisons. ) 

If we knew nothing about the classes to which the students 
were assigned, our best single predictor of the students' 
achievement would be the overall average of their achievement 
scores. That is because variaSions of the sco~e! about the mean 
are always at a minimum: £(X-X) • O ang £(X-X) is a minimum. 
In the discussion below we call £(X-X) the variation. (Note 
tha~ t?;is co2trasts tg ~he variance, which is sim~ly t~e average 
variation,0 = ~CX-X)- for the population and~ • s = 

n 
< - 2 ~cx-x)-

n-1 
sample. 

as the best estimate of the population value for a 

It is possible to see the variation as a measure of error, a 
measure of how far off the individual scores are from the mean. 
The higher the variation, the farther removed the scores are from 
that best guess, the mean. The smaller the variation is, the 
closer are the scores to the mean and the better the mean is .as a 
predictor of the actual scores. Thus, as variation gets smaller, 
there is less error, and our prediction of the scores is better. 

In analysis of variance it is assumed that the population 
variance, o---i,, is the same in each category of the independent 
variable. In this case we assume that crj:: « c:,;.,_ : a-;• ::- cs->-. 
This common value er:- is called the common variance.~ The 
variation (and the variance) in each category of the independent 
variable indicates the amount of error in predicting the 
dependent variable in each category. We are interested in 
understanding how this variation or variance in the dependent 
variable can be explained or accounted for, and, specifically, if 
the various categories of the independent variable can help 
explain it. 
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The technique of analysis of variance involves getting two 
estimates of this common variance. one of these estimates is 
unbiased. It always 2gives an accurate estimate of the true 
common variance, a- . This estimate is called the within 
categories estimate of the common variance and is based on the 
variation of the scores within each category of the dependent 
variables. 

The second estimate of the common variance is unbiased only 
if the null hypothesis is true. This estimate comes from looking 
at the variation of the category means around the mean of the 
total sample and is called the between categories estimate of the 
common variance. 

Now, because these two estimates of the common variance are 
equal only when the null hypothesis is true, we can use a ratio 
of their values (between categories estimate/ within categories 
estimate) to test the null hypothesis. This ratio is an F-
ratio or F-statistic. If this ratio is close to unity, then the 
null hypothesis is likely true. If the ratio is quite a bit 
larger than unity, then we may cast doubt on the null hypothesis. 
As we noted in the last section, the F statistic is the ratio of 
2 variances and its sampling distribution is known for samples of 
various sizes. It is possible then to find out if the F 
statistic from this ratio falls into a zone of rejection, That 
is, we can determine the probability that such an F ratio would 
occur if the null hypothesis were true, 

Now we will go into each step of the above description in 
more detail. First, what are the two estimates of the common 
variance? Remember that the common variance is the variance of 
the .scores in each category. This is illustrated in Figure 6-1 
below: 

Figure 6-1 

X --- ---

For each category we_ca~ find t~e Jariatio.!l o~ error around 
the category mean ( £(X-X1) ; £ (X-Xr) ; !:(X-Xa) . These 
estimates of the variations are also called the sums of squares 
within categories, SSw. For each category we can compute the 
sums of squares, the variation of individual scores around the 
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category mean. We can tJlen !dd up thi~ v!riation_in each _ 
category, SSw = Z ~ (X-X. j) = t:: (X-X1) + z(X-Xr) 2 + r' (X-Xd) 2 , 
This is the variat1on of the scores around the means within the 
categories. It is also called the within categories sum of 
sguares or wss It is also called the unexplained sums of 
squares, referring to the fact that it is the variation that is 
unexplained, or not accounted for, by the categories of the 
independent variable. 

To get an estimate of the common variance we must divide 
this sum of squares, or variation; by the appropriate degrees of 
freedom. As with computations of degrees of freedom in other 
cases, this involves the amount of freedom we would have in 
assigning values to subjects after certain parameters are fixed. 
For the within categories sums of squares the degrees of freedom 
are always the number of cases involved minus the number of 
categories (N-k). This is because there are N subjects involved 
and k means. Another way of remembering this is realizing that 
instead of dividing by N-1 to get the best estimate of the 
population, we are really trying to get the best estimate of the 
variance for several (k) populations (even though this estimate 
is assumed to be the same in each case). Thus we cannot divide 
the sums of squares by N-1, but must divide by N-k, to get the 
best estimate of the population variances. This estimate of the 
common variance that is obtained from the within category sums of 
squares is the within categories estimate of the common variance. 
It is also called the mean sum of squares within categories 
(MSSw) referring to the process of averaging involved in getting 
the value for the variance. This value is always an unbiased or 
correct estimate of the population variance. 

The second way of estimating the population variance, 0-2 , 
is unbiased only if the null hypothesis is true, if the category 
means are equal. This estimate involves looking at the variation 
of the means in each category around the grand mean or overall 
mean of the sample. In general this may be written as 

k.. 
< - - 2 ~ (X.j - X .. ) 

.J ~ I 
In this example, the estimate would equal 

- - 2 - - 2 - - 2 (X,1 - x. , ) + (X.r - x . . ) + (X.d - x .. ) 
This is called the sum of squares between categories or BSS. It 
is also called the explained sums of squares, referring to the 
fact that it involves the amount of variation that can be 
accounted for by the means of the categories of the independent 
variable. 

We can divide this value by the appropriate degrees of 
freedom to obtain the between categories estimate of the common 
variance. In this case the appropriate degrees of freedom are 
the number of categories involved minus one (k-1). This is 
simply because k different values (category means) are used in 
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calculating the variation. To have a good estimate of the 
population value, we must have the number of cases less one in 
the denominator rather than the number of cases itself (as we 
would in the case of the total population). This estimate of the 
common variance is called the between categories estimate of 
variance of the Mean sum of squares between, MSSb• 

If the null hypothesis is true and the categories do have 
equal averages, this estimate (MSSb) will be an unbiased estimate 
of the true common variance and MSSb • MSSw. But, if the null 
hypothesis is not true, there will tend to be more variation of 
the category means around the grand mean and MSSb will be greater 
than MSSw• Figur e 6-2 gives an intuitive illustration of why 
this occurs. 

a.. 
Figure 6-2 

b 
r 

\ 

\ 
) 

J 
In part a of Figure 6-2 each of the category means is quite close 
to the overall mean of the total population. In part b, however, 
each of the category means is fa~~r away from the overall mean 
of the total group. Clearly, l(X.j-X) 2 , the between sums of 
squares, will be larger in part b than in part a, even though the 
variation in the three categories (the within sums of squares) 
has not changed. Thus, in part b the MSSb, the between 
categories estimate of the common variance will be much larger 
than the MSSw, the within categories estimate. 

To tell if this difference in the estimates of the variance 
is greater than would occur simply by chance, we use the F-ratio. 
This is a ratio of variances and it is simply 

The larger estimate of variance (which will be MSSb if H0 is to 
be rejected) will always go on top. 

If the null hypothesis is true, these two estimates will be 
approximately equal and the ratio will be close to one. If Ho is 
not true, the ratio will be greater than one. As we mentioned in 
the previous section, the sampling distribution for Fis known 
and is summarized in tables in Table Jin the appendix of 
Blalock. This table gives the critical values of F needed to 
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reject the null hypothesis for the .OS, .Ol, and .OOl levels of 
significance. If our computed F-value for a sample is larger 
than a critical value, then we may reject the null hypothesis in 
favor of the alternative at that level of significance. 

The degrees of freedom correspond to denominators used for 
each estimate of the common variance. This is k-1 for the MSSb 
and N-k for the MSSw, seen as degrees of freedom one and two 
respectively in the tables. 

The notation used in analysis of variance is actually quite 
simple. As shown in Table 6-l each individual score can be 
assigned a subscript. The first number in the subscript refers 
to its position within the category. The second subscript refers 
to the category to which it belongs. Thus, X33 is the third case 
in the third category, and X41 is the fourth case in the first 
category. 1'•1 is the average of the values in the first 
-'6ategory. X.k is the average of the values in the kth category. 
X .. is the average of all the values. ,,,, 
.L .Y, 1 means the summation of all values in the first category; 

1,;; I ,1,: 

£X,:1: means the summation of all values in the kth category. 

f £,Lt: ·· - .. J 
' J 

~ t,;.ft(. f 

a,_\1-lV?..";~ 

,{t,.w-(~ 
J ; t..l_ 

means the summation of all values in the table, over all 
the cases i and over all categories j. 

Table 6-1 

:;_ 3 - , . k 
X11 x.,_ X13 X,k 

x.l.t xl.l-, X..z.3 x.l( 

x .. q ')(_\'\~ XV\1 - - - X~d~. 
%r~ ~IC 

y'] I 
,,,,,.. 

'! _£ Y, k_ f~ L X,·, £X:~ . Xc"1 f-L t,·5 , : I ,~ I '- .. , i;.::/ 
(. J -- X. 3 X 'f . ( x . ..l- . I<. x 

V:-..z_ V? - 3 17 . 3 (1 . -
1'1. l 
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The computation of the values of MSSb and MSSw for a sample 
all involve the notion of variation. !(Xij-X .. ) ls the variation 
of a single score around the grand or total mean. This single 
variation or deviation from the grand mean may be broken into two 
parts as shown in equation 6-1 below. 

(6-1) 

The first element is the deviation of an individual score . from 
the mean in each category and the second element is the deviation 
of the category mean from the grand mean. Note that if the 
parentheses were removed the two terms of the category mean would 
cancel each other out and the terms on both sides of the equation 
would be the same. 

Now, in just a mathematical twist, we can 
of the equation, and we get as in 6-2 below: 

(Xij-X .. ) 2 = (Xij-X-j) 2 +2(Xij-X-j) (X.j-X .. ) + 

square both sides 

(6-2) 

We could then add up all the deviations of each score from the 
mean. In other words we could sum across all cases and in each 
category, and we would have the results shown in 6-3. 

£:[<Xij-X •• ) 2 il<Xij-~j) 2 + 2~Xij-X•j) (X.j-X•.) +ff<X-j-X•.) 2 (6-3) 
,: j J .; ., j ,·J 

Look now at only the middle term in equation 6-3. The 
calculations in 6-4 below show that this term actually equals 
zero. That is because in any col umn the category mean X.j is 
always a constant. Thus the summation across the categories can 
be moved outside, and we need only look at the summations of the 
deviations of the scores around the category mean. Yet, by 
definition the deviations of the scores around the category mean 
equals zero and so the whole term reduces to zero. 

mean 

~t (X!j=-X·jl(Xij-X •• ) ~ 
j " [~X•j:i• . )_~ (X:!j-X•i)] 

= , ( ~le. j -X. ~ ) (. OJ] • 0 
✓ 

(6-4) 

Finally, then, the sum of the squared deviations around the 
can be written as 

(6-5) 

The first term is the total sum of squares, the variation of 
scores around the grand mean. The first term on the right hand 
side is the within categories variation, the sum of squared 
deviations around the categories means. The second term on the 
right hand side is the between category sum of squares, the 
between categories variation, or the sum of squared deviations of 
the category means around the grand means. In other words , the 
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total variation of the sample (which can be used to estimate the 
total variance of the population) can be broken into the 
variation within the sample categories and the variation between 
the sample categories. (Note that this refers to variation, not 
to variance.) The SSw, the within categories variation, is 
sometimes called the unexplained or error sums of squares. This 
is variation that remains after the division of the sample into 
categories of the independent variable and cannot be accounted 
for by the independent variable. The ssb, the between categories 
sum of squares, is called the explained sum of squares, that part 
of the total variation that can be accounted for or explained by 
the categories of the independent variables. 

Note that the within categories sum of squares (SSw) can be 
calculated if the variance. of the dependent variable in each 
category is known. rh.. .. 

< S .. L £.. t. X. - x .. ) ;_ :: f:..' f ,·, -f.; ) --+ . £. C X t: .1 - i . .2.. ) -
..). v..l . ,.) . , ... , ' ,~, 

.) 

"'"- ...... )..:_ A V l- • (>1 -JXJ1....1..) f- .• --
-f __ ~ +.£. (X-i1:.. -X--- ::::-(i,,-,,,,,_s,)' .).. (6-6) 

(,,:: I 

-t (YU .. -· I)( s le.. l-) tvh-i-Y"G, .l:~-.: zf_J{,· Jc. - X -· le.. )i..: !i-:... z-

Y'l k - I "' 

£,(X,:1;-k. k, )'- "~ 2.. 
Remember that sk2 =- nt;.-/, also called 6"'i_ by Blalock. Because 

,.,t. 

(n-l)sk2 • ,{,(X. - X.k)=2 , SSw may be written as in the second 
line of ( 6-6) . ,../<.. 

To get estimates of the variance in each category, the 
common variance, we must divide the sums of squares by the 
appropriate degrees of freedom as described earlier. For the 
total sample remember that to get the best estimate of the 
population variance, we must divide the total sum of squares by 
n-1. (We lose one degree of freedom here by computing just one 
mean.) For ssb we have k-1 degrees of freedom, losing one degree 
of freedom for the overall or grand mean. For SSw, we have N-k 
degrees of freedom, losing one degree of freedom for each 
category mean. 

Note that 
N - 1 = (N - k) + (k - 1) = N - 1 (6-7) 
df for= df for+ df for 
total SSw ssb 
That is, the total degrees of freedom are equal to the degrees of 
freedom for the sums of squares within plus the degrees of 
freedom for the sums of squares between, just as the total sums 
of squares equals the sums of squares within plus the sums of 
squares between. 
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The two estimates of the common variance are 

MSSw = SSw / (N - k) 

MSSb = ssb / (k - 1) 
.: J 

(N - k) 

(k - 1) 

(6-8) 

(6-9) 

And the F ratio= MSSb / MSSw with the degrees of freedom= 
(k-1, N-k). If the null hypothesis, that the means within the 
categories are equal, is true then this ratio should be close to 
one. If it is not true, then it will be enough larger than one 
that the F-value falls into the zone of rejection for the 
F-distribution corresponding to the appropriate degrees of 
freedom. 

Examples 

Below a hypothetical example of the achievement of students 
in three different classrooms is shown. The dependent variable 
is the student's achievement, measured by the number of correct 
answers given on an exam. The independent variable is the 
classroom to which the students were assigned, either a lecture, 
discussion, or reading section. The analysis of variance model 
assumes that the students were randomly assigned to the classroom 
(they weren't matched in any way), that the population of 
achievement scores in each category of the independent variable 
is normally distributed, and that the population variance in each 
category is equal. The null hypothesis is that the population 
means in each category are equal, and the alternative hypothesis 
is that these means are not equal. Table 6-2 shows the actual 
scores of students in each class. For computation purposes the 
squares of each of these scores are also given. 

Ho: 

Hi: 

)'- 1 = /-r = rd 

J-1 f J-r //~ d 
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Table 6-2 

The Scores of Students in Each Group 

Lectures Reading Discussion 

X x2 X x2 X x2 

50 2500 50 2500 55 3025 
55 3025 60 3600 65 4225 
60 3600 60 3600 65 4225 
90 8100 70 4500 75 5625 
95 9025 75 5625 75 5625 
70 4900 80 6400 80 6400 
75 5625 85 7225 80 6400 
80 6400 90 8100 85 7225 
80 6400 95 9025 90 8100 
90 8100 95 9025 95 9025 

._JJ, ti :a-

_f Xi3 = 765 . Z... Xil = 745 .t°Xi2 • 760 
c.,.-::./ ;_.: I t,.:.I r,J 
· _c:''xi12 • 57,675 _fx12 2 • 60,000 .1:·x132 • 591875 
.,:; i I,~/ e.4' 

N1 = 10 N2,. 10 N3 • 10 

- -X.1 • 74.5 X.2 • 76 X.3 = 76 . 5 

x .. =- 2270 = 75.66 · J. LXij • 745 + 760 + 765 =- 2270 
30 "' j 

N •• /~Xij 2 • 57,675 + 60,000 + 59,875 = _177,550 
(., J 

=- 30 

3 ,,,,_: :&... 

TSS (total sums of squares) - .L L x~-
J ;-I ~·.;-11 ✓ 

/ L. t.· X: - . ) .2.. -C; l . c j 
A/ 

Lu,o 1- -1 3 s-7r t 1, 7 
:: /77,.t"Sc) -

3
/J _ /77,.f"))'i:}-/7/ , 7~.J.~ -

WSS (within sums of squares) = TSS - BSS = 5786.67 - 21.67 = 
5765 

E2 = BSS = 21.67 = .004 
TSS 5786.67 
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Source of Variation 

Total 

Table 6-3 
Testing Ho 

df 
§§. 

MS= df F 

Between 

ss 

5786.67 
21.67 

5765 

n-l = 29 
k-l = 2 
n-k = 27 

199.54 
10.835 
213.52 

.0507 
Within 

To reject Ho at .05 level of significance with df = 2J27 
We need F > 3.35. Obviously we cannot reject the null hypoth~ses 
of no difference between the category means. 

In our discussion above we gave the definitional formulas 
for the total sum of squares and the sum of squares within and 
between categories. Anytime, however, that you repeatedly do 
subtractions, rounding error may enter into the calculations, and 
it is more accurate to use computing formulas. These computing 
formulas for the sum of squares are shown in Table 6-2 above. 
Note that the total sum of squares is computed, the between sum 
of squares is computed, and the within sum of squares is computed 
by simple subtraction f~om these two values. (We will explain in 
the next section what E is, it is simply a measure of 
association.) 

Table 6-3 summarizes the information needed to test the 
hypotheses. This is the standard form of a table used in 
analysis of variance. It shows the source of the variation that 
is being measured (1st column), gives the values of the sum of 
squares (2nd column}, the degrees of freedom or the value in the 
denominator when obtaining the best estimate of the population 
variance (3rd column}, the mean sum of squares, or the estimate 
of the population variance (4th column}, and in the final column 
the F ratio, obtained by comparing the MSSb to the MSSw in a 
ratio. In this case our degrees of freedom are 2 and 27. From ~~ 
Table J in the appendix of Blalock it is apparent that to reject GJ;. r· . t,.) 

the null hypothesis with these degrees of freedom we need an F-
valu~ greater than or equal to the critical value of 3.35. 
Obviously, the F-value for our sample is much less than this (and 
in fact less even than one} and so we must fail to reject the 
null hypothesis of no difference between the category means. 
Apparently, from this study we would conclude that the three 
teaching methods do not result in different amounts of student 
achievement. The researcher would then speculate on possible 
reasons why this might be so. 

A second example comes from the field of physical education 
(like psychology they very often use analysis of variance models, 
largely because they use experimental designs}. Suppose that 
students were randomly assigned to one of four different activity 
programs: yoga, calisthenics, football, and nothing. We were 
interested in how these programs affected their overall 
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flexibility. The dependent measure is the difference in 
flexibility in inches measured from the beginning of the term to 
the end of the term. The null hypothesis is 

Ho: ./1 =/-2 = /-3 =j-4 (with the numbers representing 
each activity) 

and the alternative hypothesis i s 

The analysis of variance model assumes that the dependent 
variable, difference in flexibility, is intervally measured (here 
it is actually measured on a ratio scale), that the subjects have 
been independently and randomly selected, that the scores are 
normally distributed in the populations, and the variances in the 
populations are equal . (If you do suspect that the variances are 
not equal, you could check this hypothesis, although simulations 
»1,1wt suggest that this need not be a large worry when the 
populations are not skewed or the examples markedly different in 
size) . 

The data for the example are given in Table 6-4 and the 
summary information is given in Table 6-5. 

Table 6-4 
Differences in Flexibility 

Calisthe2ics Yoga 
x2 

Footbal¼ No Activit¥ 
X X X X X X X 
0 0 l 1 0 0 -2 4 
l l 2 4 l l -1 4 
l l 3 9 2 4 0 0 
0 0 0 0 0 0 0 0 
2 4 2 4 -l l l l 
3 9 3 9 -2 4 -4 16 
l l 4 16 -3 9 -3 9 
2 4 4 16 -3 9 2 4 
1 1 5 25 1 1 l l 

rt ...ll ....l 
~ - .J ~ -0.- ~ 21 25 2 :-2 -Xrj. l. l 2 . 5 .2 -.2 

Yl" 10 10 10 10 
~ 

i. f Xij i_{j:2 ij 
Each score measures change in 

= 36 = 158 flexibility from beginning to 
I., .J iJ 

end of term. Larger scores 
indicate a greater change. 
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Table 6-4 (continued) 

TSS = SSt 

SSw = SSt - SSb • 125.6 - 43.0 • 82.6 

E2 = SSb/SSt = BSS/TSS = 43.0 / 125.6 = .34 

Table 6-5 
Analysis of Variance Summary Table 

Source of Variation 

Total 
Between 
Within 

ss 

125 .-.e~ 
43.0 
82.6 

Degrees off. 

N-1 = 39 
k-1 • 3 
n-k = 36 

MSS 

14.33 
2.29 

F 

6.25 

In this case, with degrees of freedom equal to 3, 36, Table Jin 
the appendix to Blalock shows that at the .os level of 
significance we need an F-ratio of 2.92 to reject the null 
hypothesis that the means in the categories are equal. 
Obviously, 6.25 is greater than 2.92, and we can reject the null 
hypothesis at this level. FUrther inspection of Table J shows 
that this F-ratio for our sample is large enough to reject the 
null hypothesis ,at the . 01 level of significance, but not at the 
.001 level. Thus, we can reject our null hypothesis that the 
activities produce the same amount of change in flexibility in 
favor of the alternative that they differ in the amounts of 
change induced and be wrong in doing so less than one time out of 
one hundred, but more than one time out of a thousand. 

We can then inspect the category means and see that yoga 
produces the most change, calisthenics the next greatest amount, 
and football and no activity almost none. one could then, if 
desired, compare the differences between these separate 
activities, noting that repeated tests do carry a problem of 
getting significant results simply by chance. (A Sheffe test can 
be used for such comparisons and takes into account the problem 
of repeated tests of significance. Advanced texts in psychology 
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discuss this procedure.) one would also want to speculate about 
why yoga would be a better activity at producing flexibility 
changes than the others. 

The best computer programs to use on SPSS-PC for a one 
analysis of variance for most sociology purposes are MEANS or 
ONEWAY. MEANS gives a tab¼e with the category means, the related 
F-ratio and the measure, E, the measure of association discussed 
below. ONEWAY includes tests for comparing multiple means with 
each other. 

g., a Measure of Association for Analysis of Variance Problems 

Sometimes, a researcher is not as much interested in whether 
or not the catego~~ means are equal as she or he is interested 
in how much the independent variable helps us understand the 
v~riation in the dependent variable. How much does the 
independent variable help reduce our error in predicting values 
of the dependent variable? The answer to this comes immediately 
from the summary tables used in computing analysis of variance, 
by looking at the total sum of squares and the breakdown of this 
total variation of the dependent variable into that which can be 
accounted for by the independent variable (SSb) and that which 
cannot be

2
accounted toi by the ind!pendent variable (SSw). The 

measure E (called eta by SPSS, E by Blalock) summarizes this 
information. 

E2 = SSb/ SSt,. 
variation explained by independent variable/total variation. 

Note that this also equals 
(total variation - unexplained variation)/ total variation= 
(SSt - SSw) / SSt, This measure can simply be interpreted as 
telling us the proportion of the total variation or error in the 
dependent variable that can be explained or accounted for by the 
categories of the independent variable. 

A measure of association should always be used, when 
possible, in conjunction with an inferential test. This can 
guard against unwarranted substantive conclusions from the 
inferential results based on . large or small sample sizes. For 
instance, if the sample is small, but the E2 measure indicates 
that a substantial proportion of the variation is explained by 
the independent variable even though the F statistic only 
approaches significance, then one should be sure to report that 
there is good reason to believe that association exists and that 
replication seems in order. 

It is also important to note briefly som' confusion in th~ 
literature in notation~ What Blalock calls E , SSPS calls eta . 
What Blalock calls eta is an analogu' to E2 but uses variances 
rather than variation. Blalock's eta then has no easy intuitive 
i9terpretation . We will see in the next unit on correlation t~at 
E is analogous to t~e square of the cor~elation coefficient r. 
What Blalock calls E and SPSS calls eta is then the most useful 
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measure. It is the one that I will be using throughout the term. 
However, you should always check carefully for the formula used 
when people deal with this measure to make sure that they are 
talking about proportion of variation (or sums of squares) that 
is explained. 

Two-Way Analysis of Variance 

In this section we review the logic of two-way analysis of 
variance, the situation with two independent variables and one 
intervally measured dependent variable. We review the logic, go 
through an example, discuss more complicated instances only 
briefly, and review the associated computer procedures. 

The Logic of Two-way Analysis of variance 

With one-way analysis of variance we compare the total 
distribution of a group of scores (say income of a group of 
people) with the distribution of the scores within a number of 
categories in a nominally measured variable (say religious 
groups). We test the null hypothesis that the average incomes of 
the people in each religious group are equal. Here income is the 
dependent variable and religion is the independent variable. We 
are essentially trying to see if breaking the scores or people 
i nto religious groups helps us to know more about their in_gome~ 
We use variation of the incomes around the mea.n (l£ (Xij - x .. ) 
as our basic measure. The variation of all the incomes around 
the average of the total group may be broken into two parts: that 
unexplained by religious groups (the variation within each of the 
religious categories or the within categories sum of squares -­
SSw) and that explained by the religious breakdown (the between 
categories sum of squares or the variation between the means of 
each category and the total me~n -- SSbl_. 3'he within category 
sum of squares is defined as 2.. L(Xij - X.jl,.: and_the between 
category sum of squares is de!ihed as f i "'(X. j - x .. ) 2 . 

" .J 
In two-way analysis of variance we have not one but two 

independent variables, each measured on a nominal scale. For 
instance, we may be interested in the effect of both race and 
religion on income. (The formulas given below and in class 
relate only to the case where we have an equal number of scores 
in each subcategory, i.e. there are the same number of people in 
each combination of race and religious group. .I will return to 
this later when discussing the computer calculations.) With two­
way analysis of variance we may again break the total variation 
of the dependent variable into parts. The unexplained variation 
is that which has not been explained by the two independent 
variables. This is the variation within each of the 
subcategories of race and religion such as the variation of 
incomes of white Protestants and the variation of incomes of 
white catholics. This may be called the within subclass sum of 
squares or variation. 
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The explained variation is the between-subclass sum of 
squares or the variation between the means of each subcategory 
and the total mean. Note the direct analogy to the between 
category sum of squares in simple one-way analysis of variance. 
This explained variation can then be broken into three component 
parts: l) that explained by one independent variable (say 
religion; 2) that explained by the other independent variable 
(say race); and 3) that explained by the interaction of these two 
independent variables or the special joint effect of race and 
religion on income (for instance the special discrimination given 
to Black Jews over and above that ·which they get separately as 
Blacks or as Jews). 

These components of the explained variation are called 
respectively the between columns sum of squares (if religion is 
placed in the columns in the table); the between-rows sum of 
squares (if race is placed in the rows in the table); and the 
interaction sum of squares. They are defined as follows: 

The within subclass sum of squares: tt[ (Xijk - X•jk) 2 
C. J ,c:;. 

The total expla~ned va~iati~n or between subclass sum of 
squares : ll [. (X• jk - X ... ) 

,:, j ' Ir. 

This total explained variation includes: 

The between columns sum of squares: ~ i.[(X.J·. - X ... ) 2 
., J ,_ 

- - 2 The between rows sum of squares: ! 1.. 1- (X .. k - X . .. ) 
.: ; k.. 

The interaction sum of squares: between subclass ss -
(between columns SS and between rows SS) 

Note that the interaction sum of squares is simply that part of 
the total explained variation that cannot be accounted for by the 
column variable alone or by the row variable alone. 

Also note that since SSt = SSwithin subclass+ 

SSbetween subclass,we may compute SSwithin subclass by simply 

SSt - SSbetween subclass in a direct analogy to the procedure 

with one way analysis of variance. 

The notation used in two-way analysis of variance is very 
similar to that with one-way anova with the simple addition of 
one more subscript to refer to the row variable. This is 
illustrated in Table 6-7. 
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Table 6-7 
Notation in Two-way anova 

Xijk each score: i refers to the score, j refers to the 
column, k refers to the row 

-X •• • the mean of all scores 

X. • k the mean in each row k 

x. j. the mean in each column j 

;)_ 3 J l x 
i 

j X11 t 1411 ! Xu.a X'.,11 )( I j I 
)( 1.1, 

. . I Xu., X.~1, X,:J.j I .. ! 
'i.] I I - l X. ~ J..J - - i., - . . - -

ff ~jl --. x~ J, x ~· 11 j · • '/ ~ i I 
x,. .I- ;it, .. ~ !C,:;.L. 
x,.,:-. l(~:u .. >(.2,,3 ~ - -

'LL.· ... ~ 

L l >- "J .,_ X • ;i.. 
- . . X ,: I J.. - -. 

. ·• X:3i. 
I. J 

- - ~ - - - . - - - -
l( 1,1.l(_ X IIL X,31... )( ,j k. 

'(1.11.. x~,.1c.. "2.,~ 1J..j ... y. i.j i<- -- - . I xi;,"- }( .. ·>-k • • Xi1t - .. . - .. - - -. 
k. 

i.£ f Xi" 1.../... 

x · .t.· 
-

Interaction Effects 

Before giving an example, we will try to give more of an 
intuitive idea of what interaction is. Interaction is simply 
additional influence of the independent variables that comes from 
their joint action. some examples can help. suppose that we had 
an experiment where we were interested in levels of aspiration. 
We randomly assigned college men to three treatment groups. They 
were all given a game that apparently involved their own skill in 
winning. In actual fact the outcome of the game was controlled 
and everyone would get the same score. Yet, the subjects were 
told that they had done above average, average, or below average. 
They were then asked to predict how well they would do on the 
next try. The average predicted score on the next try is the 
score given in the tables below. Suppose that we did this with a 
random sample of athletes and a sample of regular college 

46 



students. If there were no interaction the results shown in 
Table 6-8 would occur . 

Table 6-8 
No Interaction, Only a Column Effect 

College students 
Athletes 

Above Av . 
28 
28 

Average 
33 
33 

Below Average 
35 
35 

In Table 6-8 there is no interaction, and only the experiment 
itself had an effect. Whether or not the students were athletes 
had no influence. Note that for both cases the difference from 
being told one was above average to average was .5 points and the 
difference from average to below average was 3 points. 

In Table 6-9 again there is no interaction. This time, 
however, the experimental variable has no effect and the only 
variable with an influence is the status of the students. 
consistently, the college students predicted a four point better 
performance than the athletes, regardless of the experimental 
condition. 

Table 6-9 
No Interaction, Only a Row Effect 

College Students 
Athletes 

Above av. 
34 
30 

Average 
34 
30 

Below Average 
34 
30 

In Table 6-10 there is again no interaction, but this time 
both the experi mental variable and the student type affect the 
scores. The effect of moving from above average to average is 5 
points , the effect of moving from average to below average is 2 
points -- for both the college students and the athletes. 
Consistently also the college students differ from the athletes 
by four points. 

Table 6-10 
No Interaction, Both Row and Column Effects 

College students 
Athletes 

Above Av. 
30 
26 

Average 
35 
31 

Below Average 
37 
33 

Finally , in Tabl e 6-11 we may see interaction effects. In 
thi s situati on the athletes show a different pattern between the 
three experimental groups than the college students do. 
Conversely we may say that the college students and athletes 
differ from each other in different ways in each experimental 
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situation. For the above average situation the college students 
and athletes are the same. They differ widely, with the college 
students 16 points highe~1_in the average situation. And they 
differ less strikingly, r:ry only 4 points but in the other 
direction, i n the below average situation. 

College Students 
Athletes 

Table 6-11 
Interaction Effects 

Above av . 
28 
28 

Average 
41 
25 

Below Average 
33 
37 

Interaction effects are very important theoretically, and 
generally cannot be detected from simply inspecting the 
marginals . Table 6-12 illustrates this possibility. In this 
case suppose that two methods of instruction (#1 and #2) were 
used in teaching students, both boys and girls. The average 
achievement scores for each group are shown with the marginals, 
or average scores for all the students, on the outside columns 
and rows. From comparing the averages for all boys and girls we 
would conclude that they did not differ in their achievement. 
From comparing the overall averages for the two methods we would 
conclude that method one was superior to method 2 . However, by 
looking inside the table it appears that method 2 is better for 
girls, while method one is better for boys. Interaction has 
occurred. The methods do not have the same effects on boys as 
they do on girls. 

Table 6-12 
Example of Interaction Effect and How Cannot be Detected 

From the Marginals 

Girls 
Boys 
Total Scores 

Method One 
55 
75 
65 
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Method Two 
65 
45 
55 

Total Scores 
60 
60 
60 



Hypotheses 

Because there are three components to the explained sums of 
squares in two-way analysis of variance, three hypotheses must be 
tested. These are: 

Ho1: the population means of the categories in the row 

variables are equal / J.-.. 1 • r• . 2 = • • • = jA;;. k 
/ . 

H11: 

Ho2: 

the population means of the categories in the row 

variables are unequal)" .. 1 It:µ,. •2 tr,: . . . #/,(-;. k 
/ 

the population means of the categories in the column 

variable are equal ,r•1• = ,l(.,•2· = •·· • f- • j• 
. / / 

the population means of the categories in the column 
v~riable are unequal 

1
k-.1 . F / U- • 2 • -I= • ~ • :f ./.U... • j'• 

there is no interaction (essentially the sum of 
squares accounting for interaction and the 
associated estimate of common variance is zero) 

there is interaction 

If it turns out that we must reject Ho3, in other words if 
there is interaction, then it makes no sense to go ahead and 
examine the first two hypotheses. This is simply because if 
interaction exists then different things are happening between 
the rows depending on which column you look at and vice versa. 
Thus, separate generalizations about the rows and columns make no 
sense. Thus, the first hypothesis to be tested is that regarding 
interaction. Then the other two hypotheses are also tested. 

An Example 

On the following pages an example is given that is an 
extension of one of the examples used with one-way analysis of 
variance. In this example we are interested in examining the 
influence on a person's change in flexibility over a term of 
assignment to three different activities: none, sports and yoga 
as well as the kind of body (loose versus stiff) that a person 
has. As before this change in flexibility is measured in inches. 
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Three hypotheses are listed: that there is no interaction 
(actually testing one of the assumptions needed to complete the 
analysis), that the column means are e~al -- that each activity 
contributes equally well to changes iry.tlexibility, and that the 
row means are equal -- that people of both body types have equal 
amounts of change. 

Note that all the equations used apply only to cases where 
there are equal number of cases in each subcategory. This is 
because this automatically makes the activity type and the body 
type not associated with each other. If this did not occur the 
various sources of explained variance would not sum to the total 
explained variance as they should. Computer programs can easily 
handle the more complex equations needed when there are unequal 
n's across the cells. Below the definitional formulas for each 
source of variation are again given. Then the computing formulas 
and the computations for this example are given. Note again that 
one should always use the computing formulas rather than the 
definitional formulas in computations to minimize rounding errors 
and also to prevent simple arithmetic mistakes. 

First the hypothesis that there is no interaction is tested 
(Table 6-14). This is done by commputing the sum of squares for 
interaction and for error (or within each sub class) along with 
the associated degrees of freedom and then computing the 
estimates of the common variance. The estimates of the common 
variance are shown in the fourth column of the table. All of 
these procedures are just as in one-way analysis of variance 
except that here we have more sources of explanation of the 
variation. To obtain the F-ratio to test the hypothesis 
regarding interaction, we look at the ratio of the estimate of 
variance from the sums of squares due to interaction and that due 
to error. This F ratio= .067 which is far below unity and we 
may fail to reject the null hypothesis of no interaction. Thus, 
we may assume that additivity exists. This means that the column 
variable and the row variables act independently on the dependent 
variable and we may analyze their separate effect. 

Blalock suggests that at this point one should add the sum 
of squares or variation due to interaction back with the error 
sum of squares, the variation within each subclass. His 
justification for doing this is that if we can fail to reject the 
null hypothesis that interaction exists, then any variation 
explained by interaction must be simply due to error and so we 
can treat it as such. This is the procedure we have used above. 
However, other sources do not do this. For instance, Hays, the 
premier text in psychology does not add the interaction sum of 
squares into the error term, but retains it as a separate 
element. Similarly, SPSS retains it separately. If you do add 
it to the error term note that the degrees of freedom are also 
added in. 
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Table 6-13 
Example of Two-Way Analysis of Variance 

We will test each of the following null hypotheses: 
Ho1: no interaction among the cells (between the 2 

variables) (Note this is testing one of the assumptions 
on which 2-way anova is based and is necessary to do 
before proceeding to the next 2 hypotheses.) 

H11: There is interaction among the cells (between the 2 
variables) . 

Ho2: Jr+ = jv_ 2 =f"" 3 (column means are equal or means 
within each category of activity are equal) 

H12: r 1 tr_ 2 /a r 3 (column means are unequal or means 
within each category of activity are unequal) 

Ho3: _),v 1 = -,l<-2 (row means are equal or 
category means within each body type are equal) 

Ho3: ~l ~I-' 2 (row means are not equal or 
category means within each body type are unequal) 

Note: The method illustrated here is derived for cases with 
equal n's in each subcategory. 

In two way anova our un_!.xpla½ned variation is within each 
subclass: [ [ ( (Xijk - X-jk) • 

The explained variation comes from 3 sources: 
1) that explained by the variable in the columns 
2) that explained by the variable in the rows 
3) that explained by the interaction or joint effect of 

these two variables. 
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Table 6-13 (continued) 

The total explained va~iatio~ is called the between subclass 
variation and = £_-£ ( (Xok - X •.. ) 2 

I) /4... <., ¥' / ✓ - -
The between columns SS = t-~~(X·j· - x ... )2 

{<._ ,I ' 
- - 2 The between rows SS = ~Ll (X. •k - X .... ) 

I<. ✓-, · 

The interaction SS = between subclass SS - {between rows SS and 
between columns SS). 

The error or within subcategory SS = TSS - between subclass ss. 

If the contribution of the interaction ss to the total variation 
is not significant, Blalock suggests that we add this 
interaction SS back into the error ss and use this value for 
estimating the within category variance for the F ratios in 
testing the second and third hypotheses. 

Computing formulas and computations: 

TSS - ff {- ),,j I<- -(f ff f/4;;_ le (.Lr-
.A) 

(. 
r- c { [ _k,J'-1:. )/-Between columns SS = L. 

J J1J 

... 6_L L. + Jg: .J.. 2..2. l-) 
- 1../) lJ T- _, 

.2.. zL) 

Error SS = Total SS - between subclass ss = 106.85 - 14.15 = 92.7 

Interaction SS = Between subclass ss - (Between Col. ss + between 
rows SS) 

= 14.15 - (11.1 + 2.82) = 0.23 
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Source of Variation 

Total 
Between subclass 
Between columns 
Between rows 
Interaction 
Error 

Table 6-14 
Test for Interaction 

ss 

106.85 
14.15 
11.1 

2.82 
0.23 

92.7 

df 

-1 - ~ 4 
kl-1,. 5 
k-l,. 2 
1-1 • l 

(k-1) (1-1)=2 
n-kl = 54 

Estimated 
Variance 

1.811 
2.83 
5.55 
2.82 
.115 
l.717 

F 

.067 

And since the F ratio is far below unity 
we can fail to reject our null hypothesis 
of no interaction - i.e. there is 
additivity and we may proceed with the 
analysis. 

Table 6-15 
Testing for Column and Row Effects 

(Interaction SS - added to error term) 

Estimated 
Source of Variation .S.S. df Variance F 

Total 106.85 59 
Between columns 11.1 2 5.55 3.3433 
Between rows 2.82 l 2.82 l.697 
Error 92.93 56 l.66 

We may reject the null hypothesis of no difference between the 
means of the column categories at the .05 level of significance, 
but we must fail to reject the null hypothsis of no difference 
between the means of the row categories. That is, the type of 
activity, but not the body type, ·appears to influence an increase 
in flexibility. 

E2 by activity 

E2 by body type 

E2 act, body 
& .. 

1 n 1~ r tz--Cl-,'l!'>?. 

= 

= 

Table 6-16 
Calculation of E2 

Between columns ss 
TSS 

Between rows ss = 
TSS 

= ;J.l.l = .1039 
106.85 

2.817 = .026 
106.85 

= Between subcl. SS = 14.15 = .1324 
TSS 106.85 

53 



Table 6-15 gives the swnmary table that shows the test of 
the two hypotheses regarding the influence of the row and column 
variables. For the influence of the column variable of activity 
type, the degrees of freedom are 2 and 56. From Table Jin the 
appendix we see that an F ratio of 3.23 is needed to reject the 
null hypothesis at the .OS level of significance and an F ratio 
of at least 5.18 is needed for rejection at the .Ol level. In 
this case the F ratio is 3.34, large enough to reject the null 
hypothesis at the .OS level and to tell us that the activi~ies do 
indeed differ in their influence on flexibility, independent of 
the influence of body type. 

For the impact of body type the degrees of freedom are land 
56 (df is less here because there were only two types of bodies, 
but three types of activities). For rejecting the null 
hypothesis at the .OS level of significance, Table J tells ~~r 
that the F-ratio would have to be at least as large as -~r. - our 
F-ratio is not that large and we must fail to reject the null 
hypothesis that body type influences the change in flexibility 
over the term. The researcher would then proceed to discus s why 
the activities influence the changes and which activities are 
most influential and why differences in body type apparently do 
not. 

Table 6-16 shows the second important part of the analy!is 
of variance procedure,_ · - . . These are the measures of E, 
the proportion of the total variation in the dependent variable 
that can be explained by each of the independent variables. 
Note, that as we would expect from the F-ratios, the most 
variation is explained by activity, over 10%. Body type alone 
explains almost 3% of the total variation. Together these two 
variables (including interaction) explain over 13% of the total 
variation. In trying to understand how important these variables 
areJthink that if one had 6 more variables as good as these, one 
could explain all the variation. With some subs tantive areas 
that will be terrific. In others, you may not impress many 
people. With just the activity variable alone you would only 
need ten other variables just as effective and you would explain 
all the variation in flexibility. Obviously, it will sometimes 
be easier to find explanations of variables that are physical in 
nature such as flexibility than those that are more cognitive and 
social in nature. 

It might be helpful to remember that E2 is what Costner has 
called a PRE, a proportionate reduction of error, measure. For a 
PRE measure you must have a definition of error. In this case ) v 
this is the variation of scores around the mean: 't:,_[.£_ X":;i,_ - :f., -­
Then we have two rules for finding this error. Rule one is when 
you know only the dependent variable. This is simply the total 
sum of squares and the ~quared deviations around the grand mean 
SSt = rcL(Xijk - X ... ) . Rule two gives the error if we also 
know the independent variable. This would be the variation left 
in each category, or the within category or within subclass sum 
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of squares: SSw =ZLL(Xijk - X•jk) 2 . A PRE measure is simply 
then (error by rule 1 - error by rule 2)/ error by rule 1. 
In this case it is SSt - SSw / SSt = ssb / SSt = E2 . This is the 
proportion of the total variation or error in ' the dependent 
variable that can be explained by knowing the categories of the 
independent variable(s). 

Extensions 

There are many types of analysis of variance designs. These 
are closely associated with various experimental designs. You 
will hear of block designs, nested designs, etc. If you are to 
be involved at all with experimental work it might be a good idea 
to take a statistics course in the psychology department that 
seriously deals with these variations. Three-way analysis of 
variance would involve the addition of a third independent 
variable and the computations and logic used here would be 
extended. 

Because most sociologists don't use experimental designs we 
will not often use the formats the psychologists use. After 
studying multiple regression, I will show you how analysis of 
variance is simply a subset of multiple regression and how we may 
use those techniques when we want to do analysis of variance. 

To prepare students for this step Blalock has a discussion 
on pp. 356-357 that describes how an individual score may be 
broken into component parts. Unfortunately, the no.tation in 
those paragraphs is somewhat inconsistent. Below I have tried to 
translate his work with more consistent notation starting with 
the second line from the bottom of page 356. 

"Letting the score of the ith individual in the kth row and the 
jth column by represented by Xijk, we may conceive of this score 
as being composed of the following components: (1) a component 
"due to" the overall population mean)-'-,,.; (2) a second due to the 
effects of being in a particular ro'-7 k, which we shall label the 
row effect«~; (3) a similar effect fvJ owing to being in column j; 
( 4) an interaction effect dJ 1c. due to the peculiar combination of­
the kth row and jth column; and (5) a unique effect, or error 
term t../k.. produced by factors not expli~y considered in the 
equation. The equation then becomes 

Xi j k == j-A- + <J\ k +/.> .. j + 0 j k + ~ i j k 
which of course refers to population parameters that must be 
estimated from the sample data. It turns out that if all of the 
required assumptions for two-way analysis of variance are met, we 
may obtain unbiased estimators of the parameters in the above 
equations as follows: 
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,,._ "-r - Ojk X. ·k - -= x ... = X-jk - - x. j. + X ... 

" - - " 
..... ,_ 

O(.k = X. •k - X • •• = X•jk - (ex k +/3 '. j +;-, ) 
/\ ,,.._ 

;J 1j - - -= X. j • - x ... [ ijk = Xijk - X•jk 

"Each of these estimates makes intuitive sense except, 
perhaps, for the estimate of the interaction effectf ·jk· We use 
the sample grand mean x ... to estimate?- and the deviations of 
the row and column samp~e means from x ... to estimate the row and 
column effects, d-. k and~--j, respe~tively. The devia.i,;ton of Xijk 
from the subcategory sample mean X-jk of course represents 
unexplained variation in the sample that estimates the comparable 
residual term £, ij k. The estimate of the interaction component 
can then be obtained by subtraction. In effect, then, we have 
expressed each individual Xijk in terms of the following 
components: :,>,re~~ (. y~ev d~e,,J, c.:1/~ <.:#~./.. / nle,..~~ -e-fl'ec oL 

Xijk=X ... + (X •• k-5C. .. ) + CX:j• -x ... ) + (Xijk-x-.. k-

- - -X:;.,j( + x ... ) + (Xijk - Xj :Jc) • II 
.eMpr 

One important exception to the case of .translating analysis 
of variance to multiple regression is the case of repeated 
measures. The case of repeated measures is similar to that of 
matched cases that we found int-tests. Sometimes you will have 
measures on the same person or on related people for several 
different categories and you want to compare them. I ran into 
this once with a study comparing lesbian feminists, heterosexual 
feminists, and heterosexual traditionals on their reports of 
behavior of their mothers and fathers. The analysis format is 
illustrated below. 

Mother score 

Father score 

LF HF HT 

Note that here while the groups of three women are independently 
selected, the mothers and fathers within each group are obviously 
related to each other. In any situation like this (while you 
could use difference scores of mother and father this is not 
really recommended because you may mask some interaction effects) 
you would use what is called repeated measures analysis of 
variance. This can test for different patterns occurring for the 
mother and father scores within the three groups (the interaction 
effect), and differences between the mother and father scores 
(the row effects) and the differences between the three groups 
(the column effects). The calculations, however, are different 
than those described here and you should consult a psychology 
textbook for further guidance. 
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While the MEANS program or ONEWAY can be used for one-way 
analysis of variance, the ANOVA program should be used for two­
way analysis of variance. It can also be used for one-way 
analysis of variance. It is quite versatile and extensive. 

Assumptions Underlying Analysis of Variance 

The assumptions underlying analysis of variance are 
essentially identical to those that are associated with the 
t-test. In fact, the t-test is simply a special case of the 
F-test. It is the square root of the F-ratio when the first 
degrees of freedom is one (categories of the independent variable 
• 2). This may be easily seen by comparing the square roots of 
the values in the F-table with the corresponding values in the 
T-;~le for a two-tail test. Boneau's 1960 article and 
Li ists's Design and Analysis of Experiments in Psychology and 
Education deal with this issue. Lindquist cites an unpublished 
Ph.D. dissertation done in 1952 that examines the impact of 
altering variances and population snapes on the F values. Boneau 
adds the impact of changing sample sizes. 

Essentially, these people conclude that if we have both 
unequal n's and unequal• the population variances we may have 
problems with inac9Urate results. Also, if the populations are 
skewed, especially if skewed in different ways, and there are 
unequal n's we may have problems. If, however, the sample size 
is increased these problems diminish. If the samples are larger 
than around 25 or 30 we can virtually ignore the assumptions. 

I have not yet found an article that specifically deals with 
violating the assumption of interval measurement -of the dependent 
variable with F ratios. This likely needs to be specifically 
tested. However, since tis a special case of F, mathematically 
the results obtained with the t statistic should extend to F. 
Boneau (1960) cites articles that show that other results 
regarding t extend to results regarding F. 
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VII . Correlation and Regression 

Quantitative analyses are always linked with research 
designs. We use statistics to help answer research 
questions. Sometimes we are interested in comparing the 
magnitude or size of results in two groups, in which case we 
would use at-test, or in three or more groups, in which 
case we would use analysis of variance. As we saw in the 
previous section, analysis of variance may be extended to 
the case where two or more independent variables are used . to 
explain or account for variation in the dependent variable. 
In this case the independent variables need be measured only 
on a nominal scale. 

What, however, if we were not interested in comparing 
magnitudes or central tendency, but were interested in the 
association between two variables, especially in the 
association between two variables when both the independent 
and dependent variable were measured on an interval scale. 
Here we are interested in association or correlation, what 
happens to the dependent variable when the independent 
variable changes. For instance, one could be interested in 
the association between income and education, what happens 
to peoples' incomes as their levels of education rise. When 
both the dependent variable and the independent variable are 
measured on an interval scale we may use regression or 
correlation techniques. 

Below we explore the elements of basic bivariate 
correlation. we ·develop the use of the reg~essi~n line, the 
nature of the PRE measure of association, r, interpret the 
correlation coefficient r, give · examples of computing both 
of these values, test hypotheses that the association 
between two variables is linear and that the correlation 
coefficient is equal to zero, set confidence inte~ls - -f~rl- ""­
around the population conterpa~t of r,/a?1d briefly discuss ~1 o~11 

computer programs used in doing these processes. ~ 
<.,.,, ~ 

r 2 as a Measure of Association 

In our discussion of analysis ~f variance we introduced 
the summary descriptive statistic E as a meas~re of 
association used with analysis of variance. E = the sum of 
squar,:s between divided by the total sums of squares. The 
total sums of squares is the total variation in the sample, 
and the between sum of squares is the explained sum of 
squarias -- actually the difference between the unexplained 
variation (variation within each catejory of the independent 
variable) and the total variation. E is a PRE measure of 
association, in that it tells us the amount which we have 
reduc,ad our error in predicting the dependent variable when 
we kn,:w something about the independent variable. In this 
case the information we use about the independent variable 
is its categories, and our best predictor of the dependent 
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variable when w' know this information is the category 
means. Thus, E tells us how much of the variation of the 
dependent variable is explained when we know the categories 
of the independent variable. 

E2 is an extremely useful measure. Howeve~, it tells 
us nothing about the particular nature of the association 
between the independent and dependent variable, only that 
when the value is greater than zero t~e two variables are 
associated in some way or another. E requires that the 
independent variable only be measured on a nominal scale. 
What, however, if you thought there were some pattern in 
the association between the independent and dependent 
variable? What if, say, you thought that they had a 
positive linear. association -- as one varible went up, _so 
did the other (as in the example of income· and education 
above). or, what if there were a negative linear 
relationship -- as one variable went up the other went down 
(as in an association between educational level and amount 
of superstitious beliefs) . . 

Figure 7-1 below illustrates the possible association 
between the income and education of a group of people. On 
the horizontal axis the amount of education is represented 
from high to low. on the vertical axis the amount of income 
is shown. Each dot represents one person. It is apparent 
that people with low amounts of education tend to have lower 
incomes, people with higher educations tend to have incomes. 

~i~~-r 

Income 

lo 

Figure 7-1 
Relationship between Income and Education 

for a Hypothetical Group of People 

/.....:., 

Education 
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It is possible to draw a straight line through this 
diagram so that it falls as close to each element of the 
sample as possible. · &uch a line is drawn through Figure 7-
1. 

From elementary algebra you will remember that the 
equation for a line is 

Y ,.. a + b X (7-1) 

where Y is the dependent variable, the variable on the 
vertical axis; and Xis the independent variable, on the 
horizont~l axis. The value "a" is the Y-intercept, the 
value ·of Y when X = o or the point where the line crosses 
the vertical axis. The value "b" is the slope of the line, 
the amount of change• in Y for each unit change in X. 

Based on the actual data on two variables for a sample 
it is possible to construct a line that best predicts the . 
scores of Y, the dependent variable, from the scores of X, 
the independent variable. This equation is called the 
regression equation and is written 

/'-
y • ayx + byx X (7-2) 

where Y is the predicted value of Y for any X, ayx is the 
y - intercept, byx is the slope of the line, and Xis any 
value of the independent variable. The subscripts, yx, 
indicate that the coefficients in the equation are 
predicting the variable Y from the values of X. 

Now, because it is possible to construct this line so 
that it is the best line that predicts values of Y f~om 
those of X, we can use these predicted values of Y, Y, as 
our best predictors of the dependent variable when we know 
the values of the ·independent variable and when we assume 
the two variables have a linear association. Because~ is 
our best predictor of Y when we a~sume that the associ~tion 
between X and Y is linear /;(Y - Y) = O, and £(Y - 1) is a 
minimum for any value of -Q- that can be developed through an 
equation of the form ayx + byx X (where Xis the value 
corresponding to that X in the scatter diagram). 

Remember that t:(Y - Y) 2 is our measure of error when 
all we know is the dependent variable, for the mean is 
always the _best predictor of an intervally measured 
variable. 

Note that we now have all the elements of a PRE 
measure. We have a rule for classifying subjects on the 
dependent variable when we only know the dependent variable: 
We simply would give them the score of the mean, for our 
deviations around the mean are at a minimum for any value. 
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our rule for classifying subjects on the dependent variable 
when we know the independent variable is the regression 
line, fo~ deviations of scores around the regression line 
are also at a minimum. Our definition of error can simply 
be squared deviations of scores around these points (we 
square to get rid of negative values.) 

For the first rule 

E1 = J(Y-Y) 2 
or the squared deviations of scores -around the mean. 

(7-3) 

For the second rule 

E2 = £ (Y-Y) 2 (7-4) 

or the squared deviations of scores around the regression 
line. 

Remember that a PRE measure is (E1 - E2)/E1 . From the 
definitions of E1 and E2 above we can then construct the 
following measure of association: 

= 
£ (Y-Y) 2 L (Y-Y) 2 

l (Y-Y) 2 
= r2 (7-5) 

In this measure the total variation to be explained, or 
the error when we only know the dependent variable is 
[: (Y - Y) 2 . The variation unexplained or left around the 
regression line, the error when we also know the linear 
association with the independent variable, is ~(Y - ~) 2 . 
The difference between the total variation and the 
unexplained variation is the variation of the dependent 
variable that is explained by the regression line or by the 
lineaar association between ;he dependent and independent 
variable. This--- . _ _ . --- . . is r . It is the square of the 
Pearson product moment correlation. It is simply 
interpreted as the proportion of the variation in the 
dependent variable (or one variable) that is explained by 
its linear associati on with the independent (or other) 
variable. It may also be seen as the proportionate 
reducti on of error in predicting values of the dependent 
variable when we know the linear association between the two 
variables compared with our error when we only know the 
dependent variable. 

Note how this measure is analagous to E2 . Both 
measures use the same definition of total variation or total 
error. They differ in h~w they use information from the 
indep,:ndent variable. E simply uses the average 1ariation 
withi~ each category of the dependent variable. r uses the 
total pattern of variation or association between the two 
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variables to develop a straight line that best illustrates 
this association. Because there is almost always some 
variation from a straight line association between two 
variables, E2 is always bigger than or equal in size to r 2 • 

Because E2 only uses the category means as a best 
predictor of the values of the dependent variable when the 
independent variable is known, it also may be used to show 
the presence of a nonlinear association. The scatter 
diagram in Figure 7-2 shows a curvilinear association. The 
category means show this association, but the straight line 
drawn throujh the diagram shows almost n~ association. In 
this case r would be quite small, but E would be quite a 
bit larger. 

Figure 7-2 
Example of a Curvil ' near Relationship 

y 

X' 
Because E2 and 52 use the same basic measure of total 

variation ( £(Y - Y~ J , ¼tis legitimate to compare their 
values. In fact, E - r can indicate the degree to whic~ 
a2 association between two variables is not linear. If E 
r is much greater than zero, then it indicates that the 
two variables are associated, but that their association is 
not primarily a linear one. (Later we will test the null 
hypothesis that the difference between the~e va~ues in the 
population is equal to zero) Note that E - r may be 
greater than zero even if r~ is also significantly greater 
than zero. (See Figure 7-3.) In this case, however, the 
fact that the nonlinear relationship is much larger than the 
linear one would indicate that it would be the one to pay 
most attention to. 
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'I 

Figure 7-3 
Example of a Situation Where Both E2 and r 2 

are Greater than Zero 

'./ 

An Example 

~ 
J 

I 

A simple example can illustrate the meanin~ of r 2 and 
its relation to the regression line. Figure 7..Jf. shows a 
scatter diagram of data representing the reported monthly 
church attendance of pairs of mothers and daughters. These 
data are also summarized in Table 7-1. Note that in family 
A both mother and daughter attended once in the month; in 
family B mother attended twice, daughter 3 times; in famil y 
C mother attended four times and daughter 3, and so on. 

A scatter diagram, as in Figure 7-2 is a device used to 
illustrate the nature of the association between two 
variables. From the scatter diagram in Figure 7-2 it 
appears that there is a positive linear association between 
the daughter's church attendance and the mother's church 
attendance. As the mother has higher church attendance, so 
does the daughter. 

Now we want to construct a line that can be drawn 
throuc;h this scatter diagram that will best predict values 
of Y (the daughter's attendance) from our knowledge of the 
mother's attendance (X) . I will not here go through the 
derivation of the formulas used to get values of byx and 
a~. They involve a knowledge of elementary calculus. 
Suffic e it to say that mathematicians have figured out the 
equations that will produce these best predictors . 
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Figure 7-'i 

Scatter Diagram of Hypothetical Data Regarding the Monthly 
Church Attendance of a Sample of Mothers and Daughters 

8 • (F) 

7 

6 . (E) 

5 

4 • ( D) 
Daughters' 
Attendance 3 .- (B) .(C) 
(Y) 

2 

1 . (A) 

I 2 3 4 5 6 7 8 

Mothers' Attendance (X) 

Computations Needed to 
Table . 7-~ 
Computer for data in Figure 7-2 

Family Mother Daughter {X-X) (X-X) 2 <Y-Y) (X-j.) {Y-Y) 
(X) (Y) 

A 1 1 -3.5 12.25 -3.2 11.2 
B 2 3 -2.5 6 . 25 -1.2 +3.0 
C 4 3 -0.5 0.25 -1.2 +0.6 
D 5 4 - .5 0.25 -0.2 -0.1 
E 7 6 2.5 6.25 1.8 +4.5 
F ~ ~ ~ 12.25 ~ +13.3 

Totals 27 25 32.5 

X = 27 = 4.5; y = 25 = 4.2 
6 6 
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An intuitive explanation of the formula for bis 
possible. 

byx = le X - X) ( Y - Y) / [ ( X - X) 2 ( 7 -4) 

This is simply the covariation of X an~ Y ( £. (X.:,X) (Y-Y) J 
divided by the variation of X ( L(X-X) J, the predictor or 
independent variable. 

Remember that byx is the slope of the regression line. 
When it is greater tfian zero there is a positive 
association; when it is less than zero there is a negative 
association (as one variable goes up the other goes down) 
and when there is no association the slope is approximately 
equal to zero. The variation of Xis always greater than 
zero (if it were equal to zero there would be no use in 
conducting an analysis). Thus, to understand how this 
formula for the slope can result in a positive, negative, or 
zero value, we need look only at the covariation of X and Y. 

We can see that the covariation includes information 
about the mean of X, which is our best predictor of X when 
we only know X, and about the mean of Y, our best predictor 
of Y when we only know about that variable. The covariation 
takes into account how the actual pairs of scores vary 
around the best two predictors for each variable. Figures 
7-3, 7-4, and 7-5 illustrate situations that will result in 
different values of b. 

y 

Figure 7-3 
A Positive Value of rand b 

.x. . 
I • 

•) 
,... • V I 

• r I ., / 

X 

cx.--9. X,'i-Y) 7tJ 

+ -r 

In Figure 7-3, because the relation is positive most of 
the pairs of scores fall into the quadrant where both Y-Y 
and X-X are greater than zero, or in the quadrant where both 
of these values are less than zero. In both these cases the 
product of (Y -~) (X - X) would be positive (positive times 
positive= positive; negative times negative= positive) and 
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thus ·t:he covariation would be positive and b or the slope 
would be positive. 

In Figure 7-4 the association is negative. In this 
case most of the cases fall into the quadrant where (X -X) 
is less than zero and (Y - Y) is greater than zero, or into 
the quadrant where (X - X) is greater than zero and (Y - 1) 
is less than zero. In this case the product of (Y ~ Y) (X -
X) would usually be negative and thus band the slope would 
be negative. 

I 

Figure 7-4 
A Negative Value of rand b 

c.x.:_£_~-+-~><o x c~-f~v-;;J 7{) 
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c.,~- £ LY -9)-< 0 
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Finally, in Figure 7-5, there is no association. In 
this case the pairs of cases generally fall equally between 
the four quadrants. Thus the number of times the product of 
(X-X) and (Y-Y) is positive should about balance off the 
number of times the product is negative and thus the overall 
sum of these products over all cases would be close to zero. 

Figure 7-5 
A zero value of rand b 

(:\l ..-£)LY-Y) <.() 'f 
(X,- x X, y - i);, D 

.J -, "\ 

I , . 
) ;. 

I 
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:/ 'C' 
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If the variation in X (LLX-X) 2) is about equal to the 
covariation of X and Y ( L(X-X) (Y-Y)J, then b would be 
approximately equal to one. This means that the changes in 
X and Y are about equal, as X moves one unit, Y is predicted 
to move about one unit. When bis greater than one, the 
covariation of X and Y is greater than the variation in X, 
and when X changes one unit Y is predicted to change by more 
than one unit. Conversely, when bis less than one, the 
covariation of X and Y is less than the variation in X, and 
the predicted changes in Y are less than the unit changes in 
X. Each of these situations is illustrated in Figure 7-6. 

Figure 7-6 

-----------
b <- I 

Given this intuitive feel for the meaning of b~, let 
us return to the example involving mothers' and daughters' 
church attendance. Using the information given in Table 7-1 
we can calculate: 

bxy = Z:(X-X) i,Y2Yl = 32.5 = .87 
.[(X - X) 37.5 

(7-5) 

y -ayx = - byx X = 4.2-3.9 = 0.3 (7-6) 

= 4.2 - 3.9 = 0.3 

The regression line that best predicts the values of Y, the 
daughter's attendance, from the values of X, the mothers' 
attendance is:" 

Y = 0.3 + .87 X (7-7) 

In Table 7-2 we present the dat~ that can be used to 
develc:>p the measure of association r . This measure tells 
us how much of the variation in daughters' church attendance 
can be accounted for by its linear association with mothers' 
attendoa'ce. 
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Data 
Tab~e 7-2 

for Calculating r for data in Figure 7-2 

Family 
A 

(Y-Y) 2 (Y-'/) (Y-Y) 2 X y y y - y 

A 1 1 1.17 -3.2 10.24 - . 17 .03 
B 2 3 2.04 -1.2 1.44 +.96 .92 
C 4 3 3.78 -1.2 1.44 -.78 .61 
E 5 4 4.65 -0.2 .04 -.65 . 42 
D 7 6 6 . 39 1.8 3.24 -.39 .14 
F 8 8 7.26 ~ 14.44 .74 .55 

-5.8 30.84 -1 . 99 2.67 
Totals +5.6 +l.70 

-.02 -.29 

Note that the simple sum of deviations of the scores of the 
dependent variable around the mean. are approximately equal 
to zero. Thus the sum of the squared deviations around the 
mean are also at a minimum. The predicted values of Y shown 
in the table are those computed when the given value of X, 
the mothers ' attendance for each family, is substituted in 
the prediction equation. The simple sum of the scores of 
the dependent variable around the predicted values of Y from 
this regression line are approximately equal to zero, and 
the sum of the squared deviations around the regression line 
are at a minimum. 

We may now use the sum of the squ,red deviat!ons around 
these two best predictors to computer. L(Y-Y) = the 
variation of scores around the mean, the best ~redictor when 
we only know the dependent variable. ~(Y-~) = the 
variation of scores around the point on the regression line 
that is predicted for that family or pair of scores. This 
is our best predictor of the dependent variable when we know 
the independent variable and assume that the association 
between the two variables is linear. 

"" ~(Y-Y) 2 - C(Y - Y) 2 

.L(Y-Y) 2 

= 30.04 - 2.6r = 20.11 = .91 
30.84 30. 8''+ 

(7-7) 

Thus, for this sample, when we know the mother's 
frequ1ancy of church attendance we can reduce our error in 
predicting the daughter's attendance by 91% when we assume 
that the association between the two variables is linear 
(can be represented by a straight line). Another way of 
sayin9 this is that 91% of the total variation in the 
daughter's church attendance can be explained by its linear 
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association with the mothers' frequency of church 
attendance. 

Note that r 2 is a symmetric measure. In fact, we could 
work out ihe equation predicting X from values of Y and 
computer that way and come up with the same figure . We 
could also say then that 91% of the variation in mothers' 
church attendance is explained by its linear association 
with daughters' frequency of church attendance. 

r 2 is sometimes called the coefficient of 
determination, representing the !xtent to which one variable 
is determined by another. 1 - r (in this case= .09) is 
called the coefficient of alienation, the proportion of 
variation that is not explained by this linear association. 

Because our way of computing r 2 above used the 
definitional formula involved a number of subtractions, and 
thus is b~und to introduce rounding ·errors. When you 
computer by hand it is preferable to use a computational 
formul a . 2 This is usually written for the value of r itself. 
To get r we simply square this value. The computati onal 
formula for r is simply ) 

J1J t')(, V -ccx.UY 
(7-8) 

in our example r = 6(145) - (27) (25) 

= 195 = 195 = 195 = .95 
(225][185] 41,625 204.02 

r 2 = ( 9 5 ) ( . 9 5 ) = . 9 o 

The Pearson Product Moment Correlation, r 

While r 2 has an easily understood interpretation in the 
PRE format, the pearson produci moment correlation, r, is 
more frequently used. While r varies between o and 1 (with 
o indicating no association and 1 indicating perfe~t 
associ ation), r varies from -1.0 to +1.0. rand r are 
obvi ously related in that r 2 is simply the value of r 
multipl ied by itself. Yet, the interpretation 05 r i s 
somewhat different than the interpretation for r. Below we 
go through four interpretations related tor after exploring 
more the formula for r itself . 
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Above we gave the computational formula for r. It is 
also instructive to examine the definitional formula. The 
definition of r is 

r = £ (X - X) (Y - Y) = covariation of X and y c-z-~ 
Y[ (X - X) 2 £ (Y - Y) 2 r (variation of X) (variation of Y) 

Note that this is closely related to the definitional 
formula of the slopes: 

byx = covariation (XY) 
variation X 

bxy = covariation XY (7-10) 
variation Y 

While the slope always has the covariation of X and Yin the 
numerator, the denominator is either the variation of X or 
the variation of Y depending on whether X or Y is the 
predictor variable . 

r 2 = byx bxy and thus r = V byx bxy (7 - 11) 

The various possible interpretations of r followfthese 
observations. First, by observing the sign associated with 
the correlation coefficient, we may ascertain whether the 
association between the two variables is positive or 
negative. This follows from the logic associated with the 
sign associated with the slope as explained earlier. 

Second, we may simply square the value of r to get r 2 , 
which tells us the proportion of variation in one variable 
explained by its linear association with the other. This 
was fully discussed above. 

Third, we may remember that r is equal to the square 
root of the product of the two slopes. This is called a 
geometric mean, one type of measure of ma• 112 Cllf central 
tendency. The correlation coefficient then is the geometric 
mean or geometric average of the two different slopes byx 
and bxy, 

Fourth , r may be interpreted as the slope of the 
regression line when standard deviation units are used as 
scores rather than the raw scores. Figure 7-8 illustrates 
this interpretation for the example used in the previ ous 
section. As shown in Table 7-3, each of the scores may be 
transformed to its corresponding z-score or standard 
deviation unit score. Based on these scores we may compute 
byx a~d bxy· Note, however, that bz z = bz z = rz z . 

y X X y X y 

In other words, r is simply the change in standard devi ation 
units in y for every standard devi ation unit change in x. 
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Also, r = L(ZyZx) / N, or the average of the cross­
product of the stanaard errors. This occurs because when 
standard scores are used the standard deviation of the 
standard scores is automatically one and the mean is o. 
(Remember that the definition of standard scores or z-scores 
is a d i stribution where the mean is o and the standard 
deviation is 1). This then means that the sum of the 
squared deviations of scores from the mean simply equals the 
sample size, as shown in equations 7-12 and 7-13. 

2 szx = 1 = = - (7-12 ) 
N N 

and by multiplying N by each side of the equation: 

N = L (Zx - Zx) 2 = L"CZx - 0) 2 = .Czx2 (7-13) 

Thus, the sum of the squared.deviations around the mean are 
simply equal to the sam~le size. This means that t&e e•oss­
P••due• z1 zx ■ - 1f ,...-:an'1 the square root of the product 
of the variations is equal to the sample size. 

( /'? (X-X) 2 ~ (Y-Y) 2 = y' (N) (N) = (N) ( 7-14) 

Family X 

A 1 
B 2 
C 4 
D 5 
E 7 
F J 

27 

Zx = x-x Zy 
Sx 

Table 7-3 
Calculations of rand r 2 for Data 
in Table 7-1 Using Standard Scores 

y zx Zy zxzy 

1 -1.3 -1.33 +1.73 
3 - .92 - .49 + .45 
3 - .18 - . 49 + .09 
4 + .18 - .07 - .01 
6 + .92 + .77 + .71 

J +1.3 +l.61 +2.09 
25 0 0 5.1 

= Y-Y r = fZxZy = 5.1 = .85 
Sy 6 

N 

X = 4.5 
y = 4 . 17 
Sx = 2.7 
Sy = 2.38 
n = 6 

- . 9 -
And these results are equal, when rounding errors are taken 
i nto account, to those found through other computation 
methods above 

This final interpretation of r is the one that will be 
the most useful . From it, one can interpret r as being the 
standard deviation unit changedsthe other variable . This 
is analagous to the interpreta~ion)of the slopes, but 

~ "~ v..,.1A.-J,/e, /"'~~~~ 
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involves the use of standard scores rather than actual 
scores. That is, the value of r tells us how many standard 
deviation units we would expect one variable to change when 
the other changes one standard deviation unit. The result 
above says that we would expect daughters to have church 
attendance patterns that were .85 of a standard deviation 
higher than the average when mothers' church attendance was 
one standard deviation above the average. Similarly, if 
mothers had church attendance patterns that were one 
standard deviation below the average for mothers, we would 
expect daughters' church attendance patterns to be .85 of a 
standard deviation below the average. 

Figure 7-8 
Illustration of rand b when using standard scores 

with data from Figure 7-2 

. ( E) 

Zy=O~ 
-=--------::::1' 

Daughters' 
Attendance . (B) . (C) 
(Zy) 

/) 
Zx=O 

Mothers' Attendance (Zx) 

• ( F) 

The term Pearson product moment correlation also comes 
from the definition of r as £.zxzy / N. A moment ·is an 
average. The mean is the first moment (the average of the 
scores). The variance is the second moment (the average of 
the squared deviations of the scores around the mean) . Here 
we are averaging the products of standard scores, thus, the 
product moment correlation. Karl Pearson is the 
mathematician who developed the statistic, and thus the name 
Pearson. 
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£ "~ b t.,.J; +l. -Computer Work 

Various computer prog5ams can provide scatter diagrams 
and compuations of rand r. The output shown below in 
Figures 7-9 and 7-10 come from data from a western Oregon 
high school. I requested two scatter diagrams, both looking 
at the association between scores on a general achievement 
test taken in the eleventh grade (called VARll by the 
computer) and the students' average grades in the seventh 
grade (called VAR15). I posited that the grades were 
dependent upon achievement. These calculations were 
requested for each social class group. Results for the 
middle class are given first, results for the working class 
are given second. Each* on the table represents one person 
at the intersections of those points. If more than one 
person falls at a point the computer prints the number of 
people involved. Note that the cases cluster around the 
regression line. [In asking for this output I asked the 
computer to have the plot lines be equal to integer values. 
This makes it somewhat easier to draw the regressi on line, 
but it also results in all of the data being in the lower 
half of the table (because gpa was measured to two decimal 
points, but spans· only 4 integer values).] 

The associated regression line is drawn on both 
printouts. To draw the line the values for a and b were 
taken from the printout and the equation for the line 
developed. Then predicted values of Y were computed for 3 
separate values of X and resulting points were plotted. For 
the middle class students 

A 

Y = 2.32 + .0l3X. 

For the working class students 
r-

y = 2.20 + .012 x. 

( 7-15) 

(7-16) 

Note again that this is the regression line predicting gpa 
from achievement. GPA is the variable on the vertical axis 
of the scatter diagram. Note also that both they-intercept 
and the slope are lower for the working class students than 
for the middle class students. 
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Table 7-4 
Calculation of Grades predicted for Middle Class and Working 

Class Students at Various Levels of Achievement 

Achievement Predicted Grades 
Test Scores Middle Working 
(Percentiles) Class Class Difference 

~ A A A 
X Ymc Ywc Ymc - Ywc 

0 2.322 2.202 0.102 

25 2.647 2.502 0.145 

50 2.972 2 . 802 0.170 

75 3.297 3.102 0.195 

Table 7-4 shows the results of using the regression 
equation to compute predicted values of the gpa for working 
and middle class students using their respective regression 
equations. It may easily be seen that at all values of 
achievement middle class students have higher predicted 
grades than working class students. Because the slope in 
the regression equation is larger for middle class students 
than for working class students the gap or difference 
between the predicted grades becomes larger with higher 
achievement scores, reaching almost .2 of a grade point for 
students with achievement test scores at the 75th 
percentile. 

Looki9g again at the printout results it may be seen 
that the r between achievement and grades is .36 for middle 
class students, but .26 for working class students. If we 
know the linear association of students' achievement scores 
with their grades we may account for over one-third of the 
variation in middle class students' grades but only about 
one-f1Jurth of the variation in working class students' 
grades. Not only do middle class students receive higher 
scores than working class students when they have equal 
achievement, but the variation of scores around the 
regression line is much smaller for middle class students 
than for working class students. 

When researchers report results regarding the 
correlations between a number of variables they typically 
use what are called correlation matrices. Examples of 
correlation matrices were handed out in class. They are an 
efficient way of showing the relationship between a large 
number of variables. 
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Inferential Tests '+" : . 
(~ ~ i"<..~I~ ~~) 

The rand r 2 valuesAare ~ descriptive statistics. r 
tells us the standard deviation unit change produced in one 
variable by one ~~~ndard deviation unit change in the other. 
The other measure'"j:s a PRE statistic that tells ·us what 
proportion of the variation in one variable is accounted for 
by its linear association with another . Yet, we also might 
want to generalize these results to the population from 
which the sample was drawn. As with any inferential test, 
we must assume then that the sample used is representative 
of some larger population. Below we show how to test the 
null hypothesis that the correlation coefficient in the 
population is equal to zero, how to test the null hypothesis 
that the association between the two variables is linear 
rather than non-linear, how to put confidence intervals 
around the value of the correlation coefficient, and how to 
test the null hypothesis that two correlations are equal 
within the population. 

Testing the Null Hypothesis that Rho Equals Zero 

To test the hypothesis that within the population the 
correlation coefficient is equal to zero, that the 
correlation occurs only by chance, we would need the 
following hypotheses. 

.z.. 
f : (J Ho: 

H1: jl~ J() 

Rho ( f ) is the population counterpart to the sample term 
of r. To complete this test we must assume that the sample 
was independently and randomly (or representatively) drawn 
from the given population. We must also assume that X and Y 
have a bivariate normal distribution. This means that each 
variable is distributed normally about the other. Blalock 
has a good three-dimensional representation of this in his 
text. He describes it as a fireman's hat. One can also 
think of it as a slightly melted ice-cream sundae. In any 
case, what happens in a bivariate normal distribution is 
that if one sliced into it at any point, one would find a 
normal distribution of one variable about the values of the 
other. 

Implied by the existence of the bivariate normal 
distribution is the condition of homoscedasticity . This is 
simply the assumption that for each value of y the values of 
x in the population have equal variances. Similarly, if we 
would look at the population at each value of x, the values 
of y would have the same variance. 
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Note that all of these assumptions are analagous to 
those needed for the development of analysis of variance. 
There we assumed that within each category of the population 
the values of the dependent variable were normally 
distributed. Here because both variables are intervally 
measured (and the measure is symetric) we extend this to 
normality of both variables. Also, we assumed in analysis 
of variance that within each category the values of the 
dependent variable had equal varianc~ This is like the 
homoscedastic assumption. Figure 7-4 below illustrates 
grossly what these assumptions imply with both X and Y given 
as the dependent variable. Figure 7-5 gives two examples of 
when homoscedasticity does not exist. 

Figure 7-4 
An Example of Homoscedasticity 

y 

X 'I 
Figure 7-5 

An Example of non-homoscedasticity 

y 
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The test of the hypothesis given above then follows the 
format used with an~lysis of variance. Remembering our 
interpretation of r, you will recall that 

r 2 = explained ss 
total ss 

The explained sums of squares refers to the variation that 
can be explained by the linear association between the two 
variables. The total !ums of squares is written as L'(Y-Y) 2 . 
Blalock calls this lY. From the above then we can see 
that the explained SS = r 2 ( £ (Y-Y) 2 ) = r 2 £ y 2 . These 
results are summarized in Table 7-5 below. The unexplained 
sum of squares e~als the proportion of variation that is 
unexplained (1-r) times the total sum of squares. This 
follows directly from 

(' J.~ -1,:,/,...e,ff - ~~/ :' ~ - ~u.,,,l-!.! . .; / - ::-·~~ 
.h,,f.fl ✓ .I ~.I J Jr4.I...I✓ ~ ,/.f 

._;_) r:...- t • ~ -> G,-.... ,)l-1-4-tl.r), -w.~1 -> {t - ~JL:,4,/o.t~f~ 
~1'.f 

Table 7-5 
Testing the Null Hypothesis that rho= O 

Source of 
Variation 

Total 

Explained 

Unexplained 

Sum of S ares df 

[(Y-Y)~ n-1 

-)~ 
( I., .,.1..) L.(Y,Y 

MSS 

rJ- ;:(Y--Y>"-
c' 

I 

Ct--r--} £(Y-Y) .... --

F 

r ,_ £. l 't., yt l"' --:) 

T-r._) 'i l Y - Y ) ..... 

-: Y"'"(n , ~) 

, .. y-2-

What are the degrees of freedom associated with these 
values? As with simple analysis of variance, we only lose 
one degree of freedom with the total variation. This comes 
from the computation of the mean. Thus, the degrees of 
freedom associated with the to~al variation is N-1. 
Recai1¼ng t~~-~lanation off, the unexplained variation= 
f(Y-'?) , th~eviations of scores around the regression 
line. To make the regression line we need to know two 
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points. (Two points are needed to draw any line; we also 
need to calculate two values: a and b.) Thus, for this sum 
of squares we lose two degrees of freedom. Finally, since 
the total degrees of freedom must equal that for the 
explained variation plus that for the unexplained variation, 
the degrees of freedom for the explained variation must 
equal dftotal - dfunexplained = (N - l) - (N - 2) = -1 + 2 = 
+l 

To get the mean sum of squares, the sums of squares are 
simply divided by the degrees of freedom. These give us the 
two estimates of the common variance. As with analysis of 
variance, only the estimate from the unexplained sum of 
squares is always unbiased. The estimate based on the 
between sums of squares is valid only if the null hypothesis 
(that the correlation coefficient in the population equals 
zero) is true. 

Remember that the unexplained sums of squares is tbe 
variation of scores around the regression line [(~Y - ~) 2 ]. 
The explained sums of squares is the variation of scores 
between the regression line and the overall mean, or the 
squared deviations_o~ the predic~ed values o; Y from the 
mean of Y ((!Y - Y) ]. The estimate of variance from the 
unexplained sums of squares is always a good estimate of the 
common variance (the variance around the regression line), 
analagous to the mean sums of squares within in analysis of 
variance. The estimate of variance from the explained sums 
of squares is only a good estimate when the correlation 
coefficient equals zero, or when the regression line 
essentially lies on the mean and the two variables are 
unassociated with each other. The sketches in Figure 7-6 
below illustrate these two possibilities. 

Figure 7-6 

M 55' ~ "> M..$Sw 

" -) .,.r '>/J r_Y - y 
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The two estimates of the common variance are compared 
in the F-ratio, and the resulting value may be compared to 
the critical values in the F-table in the end of the book. 
·Note that in the F-ratio as shown in Table 7-5, the sums of 
s~ares cancel each other out so that the F ratio= 
r (N-2) / (l-r2 ). Thus, the F-ratio is simply a function of 
the size of the correlation coefficient and the sample size. 
It is simple to see that as the sample gets larger and as 
the correlation gets larger, the F value will also rise. 
This should make intuitive sense. We would be more likely 
to expect a correlation different from zero in the 
population if we had a larger sample value and if we had 
more cases in our sample. 

Note also that since the degrees of freedom equal (1, 
N-2) that we may use the square root of this value as equal 
to the t-statistic. Some text books use the t-statistic in 
testing the hypothesis that the correlation coefficient in 
the population is equal to zero. The results from the two 
methods are equal. The advantage to using the t­
distribution is that you can have a ·one-tail test rather 
than a two-tail test. In doing such a test, t simply equals 
the square root of the F-ratio defined above. 

t = . L, vjl\-~); n -... ~ 
Note again, that as the value of r becomes larger and the 
sample size becomes larger it is easier to reject the null 
hypothesis. The degrees of freedom equal n-2. 

As an example of these tests, consider the data 
displayed in the scatter diagram in Figure 7-7. These data 
describe the relationship between delinquency rates and 
average monthly rental costs in a variety of housing areas. 
Calculations of the regression line, r, r 2 , and E2 produced 
the following results: 

y = 68.9 - 1.19 X 

r = -.59, n=l40 

r2 = .35 

E2 = .37 

Table 7-6 is the analysis of variance table that can be used 
to test the null hypothesis that /J~rho)2-= o. Note that 
the F-value of 73.6889 is much larger than the F value of 
11.38 needed to reject the null hypothesis at the .001 level 
of significance with land 138 degrees of freedom. 
Converting this F-value to at-value of 8.58 we can consult 
the t-table and again find that the result is off the table 
with a very small chance of being wrong in rej.ecting the 
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null hypothesis that there is no association between 
delinquency rates and average monthly rentals. 

Figure 7-7 
Scatterplot of Data Showing the Relationship between 

Delinquency Rates (Y) and Monthly Rental Price .(X) 

Source of 
Va iation 

Total 

Explained 

Unexplained 

. ... 
• I 

\ ' .. .. , ~ 
( • 

"- .. 
'\. \ . - ~, 

' \., . 
• I 

~ 

Sums of 
s ares 

{(y-'1)1-

,,. 

(.,_[.CY--Y)i-

u--,,1..J £('1.,9) ... 

' : 

Table 7-6 

Mean Sums 
df of S ares F 

'1-/ 

-)_: -rJ.. t l y ... y ( l.. (;,J-:l) 

- · J-f1-
I .:: . sS-CIJ9) 

( I ., ( l.) LC y--YJ ► . t.,r 
Y)-).., -/) .. 2-

:; 7.J. ' 9 

z (_~ p:O) 
Note also that a test of the hypothesis that f = o "- is 
equivalent to the test that in the population the slope is 
equal to zero, for both of these terms have the same 

A 
numerator. { r-1-b) 

27 



Confidence Intervals Around Rho 

You may also want to set confidence limits around the 
value of rho. In other words, you might want to find what 
would be a reasonable expectation of the size of the 
correlation coefficient in the population. Th~ sampling 
distribution of correlation coefficients is not normally 
distributed, nor symetrical, so we cannot use the r 
directly, but we can use a transformation of r whose . 
sampling distribution is normal. Blalock calls this term z. 
I will try to call it Zr to distinguish it from standard 
scores. 

Zr= l.151 log (l + r/ l-r). It varies from o to 
infinity . . The sampling distribution of Zr is normally 
distributed, even when the sample size is fairly small and 
if there is some departure in the population from bivariate 
normality. The standard error of the sampling distribution 
of Zr• l/VN-3. Now, given the value of Zr that 
corresponds to a sample value of r, and also knowing the 
standard error for Zr, it is possible to use the table for 
the normal curve to compute a confidence interval around Zr· 
This can then be converted back to values for r itself . 

Table Kin Blalock's appendix gives the covers i on of r 
values into Zr values . One simply uses the absolute value 
of r to get the Zr value and then adds the sign to the Zr 
value. 

For our example r = -.59, Zr= -.6777 

The standard error= 1 / YN-3 = 1 /r-:;:;., = 1 / 11.705 = 
.0854. 

Then, following the standard format we used earlier for 
computing a 95% confidence interval: 

.95 

P[zr - (1.96) (Szr) < Zr < Zr + (l.96) (Szr)] = .95 

PE,-. t.111- (1.96) (.08541) < ZR< -.6777 + (1.96) (.0854)] = 

P[-.8452 <Zr< -.5103] = .95 

We may now use the Table K to convert these Zr values back 
into actual correlation coefficients . 

P[-.69 <~ < -.47 ] = .95 

We can be 95% confident that in the population the 
correlation between delinquency rate and rentals is between 
-.69 and -.47. 
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Testing the Null Hypothesis that Two Correlations are Equal 

If one has correlations between two variables from two 
independent samples one may be interested in testing the 
hypothesis that these two correlations are equal. This is 
analogous to the situation where we tested the null 
hypothesis that the means from two samples were equal, and 
the procedure to test this hypothesis is very similar to 
that situation. In this case 

Hi: f I - f ~ .:/=O, 
,(L'.) I n.,,, 

>O 
To conduct a test of this hypothesis one simply transforms 
the two r's or correlations into Zr's using Table K, as 
shown above. Then one uses a formula for the standard error 
for the difference between the two Zr's, which is simply 

Note that this is equal to the square root of the sum of the 
standard errors for each r alone and is analagous to the 
formula for the standard error of the difference between two 
means. 

One can then simply use a familiar z-score to test the 
null hypothesis, with 

z = 

5~.,.. -~., .... 

Zero is in the second part of the formula to represent the 
value of the difference between the correlations in the null 
hypothesis. Note how this is exactly analagous to our 
earlier use of the z and t scores in testing hypotheses 
about means, with the difference between the sample value 
and the hypothesized value of the mean in the numerator and 
the standard error in the denominator. 

As an example, suppose that one went to a second 
community than the one which provided the data in Figure 7-5 
and f1:,und that the correlation between delinquency rates and 
monthly rents was only -.35. The sample size in the second 
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city was 150. Suppose that we expected the correlation in 
the population from which the sample for the first city was 
taken would actually be a greater negative value than the 
correlation for the population from which the data for the 
second city was taken. In this case, we would have the 
following null hypothesis of no difference between the two 
correlations and a one-tail or directional alternative 
hypothesis. Note that the direction of the one-tail 
alternative indicates that the first correlation will be 
smaller (more below zero) than the second. 

Ho: /J, -;;.._ = {) 

H1: ~ 1 -17J.. '( {) 
Using the formulas given above, we can calculate the 
standard error as ..__ ____ _ 

,r_L .1- ,r, ..t -:- 1(pt?7J, .~, ~ 
J.. : y' ii, --J t- n .. -J :: f tn f l l/7 fl · .,,.-: / 

~,, -e,~ -::- V,N'II :- • )-

Consulting Table Kin the appendix to Blalock, we may find 
that the Zr corresponding tor= -.35 is -.3654. Remember 
that the Zr corresponding to the r for the first sample of 

-.59 is - . 6777. • 

We can then substitute the values into the formula for 
the z- ratio as follows 

Consulting the table for the normal curve we can see that 
the resultin~ z value of -2.60 allows us to reject the null 
hypothesis that the two correlations are different, in favor 
of the alternative that the one for the first community is 
more negative, with the chance of being wrong only 47 times 
out of 10,000. our theoretical views were supported. (Note 
that different procedures are involved if you are testing 
hypotheses about correlations from dependent samples.) 

Testing the Null Hypothesis that the Association is Linear 

Finally, we may want to test the hypothesis that the 
association itself is linear. In other words, it may be 
possible that two variables are associated, but that the 
pattern of association is not best represented by a 
straight line . We noted earlier the comparability of E2 and 
r 2 and that the difference between these two values can be 
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used to represent the extent to which the asso~iation 
departs from a linear one. In essence, E2 - r represents 
the proportion of variation in the dependent variable that 
may be explained by the independent variable, but cannot be 
explained by a linear association. Table 7-7 summarizes 
this test. 

Source of Sums of 
V • s 

Total 

Explained Y-~!'7'\,. 
by linear 
relation 

Additional l€ l.._ ~~) l <, 2-

explained 
by nonlinea 
relation 

c1-- l ~ J ! 7,. 
Unexplained 

Table 7-7 

d 

n-1 

I 

J:. - .2., 

;tl-k 

Sums 
ares 

(E ).. - ,..-I ~ 1-~ -k-,;_ 

(1-£:l.J £'1--,._ 

;v-( 

£ l._ ., J.) l '1 L (;4,1!) 

(k-i..x...,- e a...J L't ~ 

-~ 
- Ct-e')(~--:J-) 

Again note that the F-ratio includes only the 
associatio~ The sums of squares cancel out. 
example thelF-ratio equals: 

measures of 
In our 

~Aqg~ 
I 

(__£-i..-.,..1.)c.,n-/):: {. J7 - . 3rX,'I()- 'l):: 

C , - t l. X k.. - .i.J ( ~- ;_)CI - • J ~) 
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Obviously, this ratio is less than unity and we may 
reject the null hypothesis that the relation is _ linear. 
In other words, the best representation of the association 
between delinquency rates and monthly rents is the 
regression line, and our earlier test of the hypothesis that 
rho equals zero assured us that this relationship was non­
zero, with only a small chance of being wrong in this 
conclusion. 

If you did reject the null hypothesis that the 
associ!tion was linear, you could then test the hypothesis 
that E in the population equaled zero. This is equivalent 
to the analysis of variance test. 

Note, also, that as with all tests the F-ratios used 
here are very much affected by sample sizes and that you 
should look at the descriptive statistics of the amount of 
variation explained as well as the tests of hypotheses about 
the nature of the results in the population. If you hav~ a 
large sample, a very small r will be significantly different 
from zero. Conversely, with a small sample, a large r will .!b~,'IC,(U 
not be significant. 

Computer Work 

Several programs may be used with SPSS studentware to 
obtain correlation coefficients. The CORRELATION program is 
probably the best to use if you are interested in getting a 
correlation matrix. It, however, does not provide a test 
for linearity nor the regression equation. The MEANS 
program should be useg when one wants a test of linearity, 
for it provides r 2 , E, and the analysis of variance results 
for the difference between the category means and test for 
linearity. The PLOT program provides the scatter diagram, 
the regression equation, and the correlation coefficient. 
Note that with both the Means and Plot programs you must be 
very careful in how you designate your dependent and 
independent variables. You must make sure these 
designatio2s match you~otheses. While r is a symmetric 
measure, E , 11b ," and ''a" :"'6,.1.H!.,, different values depending on 
which variable is designated as dependent. 

I know of no way to have the SPSS program do the 
calculations for the confidence interval around r or to test 
hypotheses about differen~es betw~en c9rr~lation 
coefficients·- Cj,.u.. c.-.... ~ / 17 ~ ~ "r ~- _ 
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VIII: MUltiple Regression 

In this section ve discuss multiple regression including tecmiiques 

o! partial.ling or partial correlation. In the !int part ve discuss the 

logical reasorus t.bat DU.1ltipJ.e ~ regression tecmli.ques are used, referring back 

to a discussion early- in the term about the nature of experiment.a.I. designs 

and causal in.rerences in sociological research. In the secona section ve 

deve.l.op an intuitive notion of the various measures • .axn In the third 

section ve vork throuch an example, computing trie deacript1Te stat.1st1cs 

and the associated in!erentia.J. statistics. In the !ina.J. section ve discuss 

the computer tecbniquea that are used to get these aeasures. In the next 

and .J.aat section !or this t.erm (t;h. I.I) ve discuss the general linear 
IIOde.L as an exten.sion o~ au.I.tip.Le regression and show bow it can incorporat.e 

not o~ the t.echniques in this ana the pre-nous unit but. a.J.so analy-sis or 

Tariance. 

causal In!erences in ~ioloq 
Ear~ 1n this term ve discussed the nature or experilllenta.J. designa 

and bow ve arare..ly approach or use tnese aeaigns 1n socio.J.oa, tor 00th 

practica.J. and ethica.J. reasons. In one aenae this makes conc.J.Usions 10out 

the nature of socia.J. phenomena di.rticu.J.t, !or a con'trOlled experimental 

situati~t~s11Rl1~0iif in Vbich w can enr eonclusiTel.7 show the exiat.ance 

o.r a causal re.J.ationship. TDis is because, only' that .sit.uation can ensure 

tbe presence o! a lcnovn t:iJle oraer, ~• n nature o.r the coTariation, ana 
GOM◄•O 

ru.J.e out otherATariab.J.ea. (see earlier discussion ror detai.ls here.) 

With demographic, surTey, obaenationaJ. dat.a, ulact aJJaost. a.Ll data 
• ,u.•-'4 

used 1n the aocial science• except !or tboae !rom experi1rt .,~ we cannot 

eaa~ asseas tn.e nature o! t.ime oraer. uau~ ve must ini'er t.zns, either 

.l0c1ea.LI.7 or a on the basis o! ocsenationa. In moat cases, t.hia is not 

too J.n-i• a prob.I.ea, and 1n uny suDStanUTe area• the logical exp.l.•nat1on 

o! ti.lie sequence 1~ net mr:p b:1.gh.1.7 1rgua0.J.e. ln ot.her ~tances, this u7 

be DION di.!.!1cuJ.t • 
.Lll 1.!most. ail cases, however, the proclem o! ruling out other causa.J. 

Tariab.les is more di.!!icult. we can obsene tut there is an m aaacciation 

bet~een tvo varia0.1.es lthat coTariation exists) and ve may be even able to 
say vnicn variabJ.e preceded the other, but ve cannot assess with any 

accuracy toutside o! the controlled experimental situation ) i! there are 
other variaolea tha~ might be in!~u•81cing tnis aaaocation. 
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.ibi~e the techniques associated vith mu~t1p~e regression cannot so~Te 

tlu.s pr-oc~, they can,uavitil the aid of the sociologists' imagination, he~p 

to rule out the posaib1lit7 o! other possible causal variables. Thia can 

be done through tectmique~g multiple regression equations (siap.1,1 an 

extension o! the biTar1ate re&reaaian equation used 1n VII -- vith more tnan 

one predictor Tart.bl.a} or vi.th partial corn.J.ation coe!ricienta (an extension 

o! ~ ai.Jlple correl.ation coe!!icimt • Dut. one tut takes inT.o account am 
Naona the in!luence er one or aore ouer Tariablea). ~lov we will show how 

partul correlation coe!'ricienta can be used whelp rule a out the 1Jlpact 

o! et.Aer causal Ta~bl•• men n:1w:1n1nc cauaa.J. re.J.ationsh1pa. TAe ex.ample aa7 

alao be uaed to Wast.rate t:ie iaportance et ene's tbeoretica.l peait.ion 1n 

estabiiahinl ~ u1.un et cauaal rela1.1ona. Later ve vill iiluatra" .-o 
, .. bolf aw.tip~• recr•••ien equationa can Hr-re tee ••• ,- purpo••• 

SappoN ene were int.eru-t.ed ill tu aaaociat.ien betveeA aarijauan~ 

noJd.nl {called Tal'iable I) and •■d++ i:a.ro1.11 uae (Tariabl• I). Let's 
say a.Lao 'tlaat one tlleori.Ha t.bat ~ althoqb a COllplltat.ion o! r Sb.owed . -xr 
tllat 1~ had a Talue that..••• creater than sero, th1a correlation vaa 

siap~ cue t.o a aaaociat.ion or ~th ur1;11ana uae (I) and heroin use (!) 

Vith the aount oz expoeure peep.le had to dr'llp {Z). T!ua situation is 

iilunrated in l"icur• ts•l be.l.ov. 
pr~~ 

~'a--~~ D 
a..s '"'--"~ 

r<~ ;.O 
1'11'1" 0-1 ri."7.ii) 

n-a tlu.1 IIOdel we voltia :predict. -;h,at tae aasoci•tion t:>etveen .x aJU1 "1 vaa 

onJy a:x:sa due to the aaaociation or 00th tAeae Tari•bles With the prier 

TU'iable z. Thus r -0, or tu partial. cerrelat.ion cee.t!'icient t:>et;wee• rr,s . 
I and Y, controilinc !or Z equal.a aero. Thll meana th.at tAe cerrelation 

between l. ma l vban the illpact ot Zia NMTed i.s n.n ex:1.steaca. No't-8 t.Alt. 

tlli• IIOdel wo asaW11ea that the correlation 0etveea sand x and between 

z ana "1 are mequaJ. to aero ( r a s u and r q 1! u) • 
,o i.iluatrate t.be illlport.ance or theor,- in ea·u0ils!linc the nature 01 

f",'-
t.l:w causal re.J.atiensh1ps nete tut t.ne situati•na iD c.t.ll ticures ee- ana o-J 
vouJ.a llaTe the saae preaic-tion an.a aasQJ1Ption equations. HoveTer, in figure 

0-2 it is suggeatea ~- i!MO~, Mrijuana inauces peop~e to AaTe a need 

!or arucs vbicb then ieaas them to lm:lm use herein. Figure o-J suggests tut 

saokinc heroin leads to a need for drugs wbicn Ulen in1'1uences ~ the uae o! 

marijuana. While !ii,are ~-J-...,. not orten oe posit.ea, figures 0-2 and O•l are 
and 1 t. might be ttLat in au area vi tzl con!J.iC"t.., such aa th1.s sUrTey or doemgraphic 
data aay not oe SD wnat one want.a to use. 
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I 

I 

Figure 8-2 Figure o-J 

in 111any areas the arguents d oTer ti.Ile priorit7 IILIY' not be as dwcdw 

bllurh, or it aq De ao dir!icul.t t.e 1ain experillent.al. aat.a that one 

11Uat resort w logi•al concl.uaions abo•t tiae order ana t.e tectmiques such 

as those briei'.ly diacuased aboTe to ru.le out other causal TariaDles. 

in !igure a-~ below an association between ~our di!!erent Tariables is shown. 

I and Y are ~otnesised aa in!luencini Zand o~ Zia seen as in!luencing w. 
·1·ne usual practice is to haTe tae tiae order go rrom l.e1't to right. 

Note that in this situation I and Y are seen as occurinc siJIUJ.taneous.iy, 

Z occurs next, ana is 1'oilovect by' w. f' f"'-l,J-

~ ~ s I.(.,~ v- ; 0 
Y'i._ =t,6 1 X.W-i -

y 

.n-011 this JIIOdel the assuaption equations and the prediction equatiom listed 

aDOTe can be aetenainec. ,VSSUllptiona equations are tnoee that represent the 

associations theor1sea to De unequal. to zero, in this case between X an~! and 
,! , .•'"'. 

z anc betvoen z ana w. ~n• prediction equations are tnese t.hat are pre~ited 

to be sero. in this case tbis inTol.Tes tae partial correiation coerricients 

be:\110& X iiHdJa'!PJ!a~evMR t.AO wa,••~ e:f Z i.1 ~•g--,wt ane a}•o between Zit 

X ana w when z is reaoTed and between Y ana W when i and l are• NIIOTea • 

.J.n general, in 11ooels aucn as t.nis, when there is no airect J.inlc between two 

TariaDles, the correapena.imc partial .mpm coe!!1c1ent is predicte<1 to equal. 
ll~ .. 

sero. ~en there is a direct ilnJc it ia aasuaed te be equal. to zero. l:iOth 

preeiction anci assumption equations will haTe to be testec:1 with eapilfical 

as aata, noveTer, to see 11' tney are accurate. Witn a moael vita more tnan 

thr~ Taria01es, one sno_ua . be careru.l no_t ::,ntro~ ror de~ndent Tariab.Les. 

"'•Wt ■-Afw¾f~D'JIT~J.~X~5i&XU.U ;q z ;q 
-■ Xl■W Cal #IJSP IWl lliM-:.t.h.iDMMMMX X IN X M Iii CM nuq:x 
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loJ. 

\,Ile coUJ.<l uso analyze the situation in rtcure lj-4 with a mu.J.tipJ.e 

regression equation. rhe coe!ricients in I aultip.J.e regression equat.ion 

are analgous to tbose in a biTariate regression equation discussea in VJ.I 

except that because aore taan one causa.J. variaDie is usea tne predicted Talues vil 

-~t !ol"lll a ~i~int wn1.1siei1i8IB~chcate the expected change 1n the 

aepenaent Tariabie vitA eaen unit ct1an1e 1n the independent variables are 

computed with the illpact o! the other variab.les in the equation remoTeG 

(we wiil Giscuaa thia ail in more deta1J. later). 

!oilo1finl tvo equat.iona rer the DI0<1el 1n • Fi.pre 

Z • S a. + b I + b Y 
• :IX~ q . .,._ 

W • a + b Z + b I 
P vs.~ vx -i~ 

Thus we eeu.J.d have the 

1:S-4 

(0-1) 

(8-2) 

1'Toa Figure 1:S-4 we wou.ld predict that. ·0 ano o in equation o-J. voUJ.d 
:IX q 

be anequa.J. t.o ~ero ana t.llat bvz 1n equation 0-2 vou..1.d aJ.ao De unequa.J. to 
zero. However, ve vou.1.a predict, since no Jd.ne connect.a .I ancs Y to W 

in i"icure 0-4 that b ana b in equation 0-2 voua cot.a eq•a.J. zero. vx .,,.,. 
the tera e.J.aboration o! associat.iorus was co1nea r:,y Lazar!ecldn anG 

bis associates to describe Tarieua procedures used vitb con'tingency tab.lea 
to J.oo~ at tJle i.llpact. of various Tariab.J.ea ana Tarious patterns o! causation. 

Below Tarioua alternatiTe patterns are sbown. In Figure o-s a spurious 

association is shown. T.0.1s is the 1"am1llar exaap.le or the association Detveen 

the do.U.ar .loss at a fire (l) and the nUJll0er o! !'iremen there (I) both or 

whicn ;re actually caused tr,- the prior Tariable z, them a1ze o! tne 

tire. l.n th:u case i! the prediction equation r~. 
1 

-0 ha.J.aa tne, tnen 

we vou~d say tna~ t.ne association oe~ween aoilars ~ost ana »llj,r !ireaen 

I 
is spurious. 'P y-<.k'J;-

Y- ~ 4 
)l.'1 • ~ 

-----1 Y., 

~ ----- -, 
--- 1 'I 

I 
ngure o-, 
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Three aui-erent pat,;,erns of inaepenaent et.rec,;,s are a.Lso possib.Le. 

·rhese are shown ill rtgures o-o, o-·r ana o-o. In tnese !igures .x. represents 

~, T represent interest 1n po.Utica, ana I is .Lixe.Lihooa to D:i: vote. 

-rtli.s examp.Le is t a~en !rom vortc ey l,zat!'e.Lo. ln rigure 6-o, T i.s an ....., 
intervening variab.Le to x ano I with the iaea tnat peop.Le With higher S~ 

are more .likely to be interested in politics ana there1·ore more .Likely 

to vote. It is predicted tnat z r t-. u,.1w■ xt11t>.:u:wx-tY 
~- xy. 

An alternative explantion is ill rigure o-7, wtrl.ch predict s t hat bot h x ~nd T. r-.. 

intluence Y. Here noae o! tne paniala are precsictea to equa.L zero and cotn 

X ano •.r 1n!.Luence I alt.hough X is also seen as influencing -i·. .nnally, 

in !''i.g ure o-~ both I ana "l' are seen as indepenaem.J.y 1n!.Luencing Y, 

but as aoing so independentJJ or eac¥tner vi.th x not necessari.11" 1nr4uencin1 
\ 

·i ·. r.r one sti.L.1 saw I as preceding T in time, one would preoict that r '._o. 
xt-y \ 

1r one !irst positied the situation in o-c and found tnat i~ aian't ' 

llolC1 then one voula generally -turn to one of the two mode.LS in !igures 0-7 or 
0-0. 

··--••1 
a..:>,w .. ,u.. ~ r -rl 4 D 

Y°t V :I 7) 

rt~·T.;f D 

-"igure o-·r 

a..ss-1J...t1U..-: Y'x 't ~ b 

r7 v 4 D 

~ X 4 i OC.W--1.., ,._,I- $ ~ ~ 
~ ~ 

.l:'"i gure o-o 

~ina.L.Ly,tnere may be suppressor variab.Les. In other words, wnen an 
association equals zero, 1ihi.s may not De the vno.Le .st.ory- ana 1! the 

inf.Luence of a third variab.Le 1a introducea tne association will rise. 

This ia a situation that is sometilles narcs to predict and a p.Lace wnere one's 

tneoey is especia.Lly import.ant. SOJHti.mea eTen the association ma7 go in 

one direction witn some values 01 tne control varia~.Le and in other directions 

with other va.Lues. This is Tery hard to detect ntnout con,;,ingency tables, 
ana ir such a si1i~ation is suspecteo, great care should be taken. 
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Measures of Association and other Measures in Multiple Regressi on 

The work in section VII involved only zero order corre.J.ati ons or 

bivariate nu,asures o! association. iiilhen there is a linear association 

(or vnen we think there may be one) between two variables we learned to 

compute a regression equation ror a line that would best represent 

the association between the two Tariables. This line took the form 

A 

Y • ayx + b1X I l~-J ) 

where we predict Y rrom I. {the equation coula also be formulated predicting 

I fr011l Y, but the coef.ficients a and b wouJ.Q be di1rerent. Convention usually 

holds that l 1s designat.ed t.he dependent Tariable.J Vil BY definition 
I\ 

this .line and the Talues Y are c.J.oaer to each of the actual vaJ.ues or 

Y t.han any other straig.bt line cou.1.0 be. flY - i, • 0 and L (Y - x? • min. 

Hased on this knovJ.edge, the measure r 2 as a measure o! associati on 

i s det'ined as 

• 
t:. c. Y -Y) 1- - £. l Y;::iJ_ "L.. -= 

t:.L Y- Y) ,_ 

1:_j __ '_ ·---~(_~, 
t : '- :.. 

(j (0-4) 

·rhis may be interpreted as the proportion or tota..L nriation 1n one 

variab..Le tn.'t may De explainea Dy its linear association With the other 

variab.1.e. (:note that r 2 is symmet'.tric, ita va.J.ue is the saae wnetur x 
or Y is designated as the dependent variable. The formula in (!o-u) lists 

Y as the dependent Tariable, Dut the measure couJ.d also be written With 

i as dependent.) 

t he measure r 2 Taries from Oto land has a PR!!; interpret ation. 

·rhe measure r is also used. It Tarias from -.J. to +.J. and aay- be int.erpret.ed 

as the slope o! the regression equation wnen standard scores o! X and Y 

are p.l.ot~ed. ln other worda, r giTes the expected change 1n atancard 

ma detiati on uni~a or one variable when the other Tariable changes exact~ 

one standard deTiation unit. 

I! the aeasure rand tne measure r 2 are to be reallJ' accurate, we must 

assume that other Tari.ables that might De baTing an er.feet on the dependent 
\,~ TariabJ.e in equation (ij-J) are uncorrelated With the dependent TariableX• 

.l"or instance, if we were 11sing the nWllber of the .rireaen at a fire as 

Tariable X to predict the dollars lost at a fire (Y), we wou~d haTe te aasuae 
that it' ve were to accept the resulting correlation coef.ficient as valid 

that there were no other oowt Tariab.1.es that had an e!fect on l that were 

a.J.so related to x. UDViously, however, tnat isn't so. AJlot.ner variabJ.e, 
the size of the !ire is related to both the dollars lost and to the number 
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of !iremen at the !ire. The correlation that would resUl.t rrom simply looking 

at the relation oet.ween x, dollars lost, ana Y, nuaber ot !ireaen, woula be 

inaccurate because this other Tar1aole was actually' associa~ witn both Tariaoles 

in the equation. 
or s~atiatical . In more exact_,\anguage, the aboTe paragrapn. deals ¥1th the assuaption 

that ux■■KINXAXl■•xt•■xc■gc■■WldXKf4PrttU within the population each 

score Yio! tne dependent Tar1aole aay De repnaented as 

11 • o<~ + j'f'c'Xi + £:. i 

vbere ex ia the popul.ation count.erpart ot a, tbe Y-in-.ercept ot the 

regression line; (t,~a the slope or the regression .line in the population, 

ano ti ia a meaa~r• of hov tar ava7 each actual score l is troa the 

score that voUJ.d be predictea !roa t!le regrealion equation. ~rhis error 

baa tvo parts. ()le ceaponmt COiiea aiap.Ly !rem 1Haaurement. error - hov 

tar o!r ~ aeaa.i-ement or Y is rroa t.he actual :tu. value or l. uenerally, 

we hope that theae aeasureaent errors Da.J.ance out to be sero, that tlal1" 

the time ve aeasure above the WE1YJ.a0i•1tfxtn:x tne Talue and luJ.! the 

ti.Jae below the tne va~ue, although it is rea.LI.7 hoped that the variance 

of the measurement error m ViJ.J. oe aa saall as possible. It is di!!'icult 

to detect this llleaaure•nt error, and it is here that techniques auch as 

using multiple 1nc1i.cat.ors o! a variable are moat useful. 

The other aspect o! - error 1n equation o-, above comes rroa otner possible 

casuea of the depeuent Tariable Y. ror ina~ce wit• the exaaple direct.l.7 

above if we haa used nUJlber of firemen to pre<:1ict collar• loat part of the 
' error component volUd De otner Tari•Dles such as sise of the !ire. Nov, 

i.r the Taluea a.. ,Ji,..~ r are to be accurate, t:u.a aapect o! the error 

term las well as the total error tera) aust be mcorrelated Vitn tne 

predictor T•riable x. ·rhi• 1s e!ten ver, hard te do eaptrital.l;y, aa 1n 

eur example, so ve try te take these otner poss101e ca~sal variab~es into 

account. Hopefu.L.J.7, aa other possible causal Tariacles are taken inte 

account our ■eaaure of actual in!luences on the !af}fn81&!"fail!iBlUcuiiti~ 

hevever, tnat when this is Gone ve are no longer deallne vith a s~etrical 

measure, but de!init.el)r UTe a eepenoen~ YariaDle chosen. 

7 



165 

A controlled expirmmental design takes the possi0le intJ.uence of ot.her 

Tariab.Les into account by matching on these variables between the groupa 

ana/Dr by randomization. In 110at. work done 07 socio.l.oeist.s, this is 

nr, difficult to do. As noted in the first. section here th.is m.kea tne 

sociologiat.1 theoretical task extre■eJ.J' important. It is up te the 

reaeareher to thinJc of other possible confounding Tariables, other TariaO.l.es 

that mgnt De ini'lu.nc1n( the as~ociation noted, ana t.o pull these int.a 
V 

tne ■tuay. AJ,ao note tnat one can neTer 0e sure that one has taken ma 
1nt.o account. all poaaible Tariat>lea. But, with continued try-in& ana 

goocs tneorisinc 1t. ia poaaible te couaiGer lll1lT or tnose that. might. 

be important. ~ote that this pro0.l.ea is raced in!!:!_ re■earcA designs 

o~ aetti.do.l.op.ea 111:t.11 the Ill exception or experiJ1Mmts (vluch ha..-e tne1r 

own proc.l.ema o! genera.lisabilit.7, •tn1cs, etc.). Jn71;111e a researcner 

aisc•sses associations or relationships, unless there ha't'e been expJ.icit. 

aea1gn measures to cont.rol llfor other causal Tariab.l.es aa tllrough randoai-

zat1on tecmiiques in exper1Jllents, the possioi.lity o! other Tari.ables act~a.1..1,7 

causiJli the reJ.ation:ship ia t.nere. ·r.t11s happens 1n fiela research, 

historical research, survey-, 1n all out the moat controlled o! experilllenloa. 

(al.though t.aere J . ; • .,J it is not ~ne experiaent.al. Tariab.le - ou~ soaetllinc ail) 

aoout the experilllent.-that is aometillea later !ouncl to be ca•aing m aaaociatio~ 

t o take these other Tariables into accoant, •ore than one Tariaole 

is usea in the regression equation. wnen there are tvo caasa~ TariaD.l.es, 

the_ rea\llting equation proauces a pJ.ane in tlaree-sfpee, rat.her tnan a 

line in two-apace as in the case or aero-order correlation. waen there 

are 110re than t.vo causal Tariablee tmore ta.an tllree TariaD.les in a.U. ) the 

reaul1.1llg 1"o1'111tion is in 110re tnan tllree space ana ia hard !or all out 

science-fiction freau to enT1.sion 1niu ti Te.11'. ·rnus here we viil simply 

uae a case vitn tjn-ee Tanab.l.ea - tvo ca•sal Tariables - !or illustra1.ion. 
~ 

~'Uppose as in the --..e, the dollars J.ost at the !ire was tbe oependent 

TariabJ.e i. -rhe number o! !'ir-en at the rire wast.he causaJ. or inaepencient. 

Tariab.1e x1 and the Sise of the !'ire was the inaepenaent variaaJ.e x~. 
1·hen tne regression equation 

A 

Y • •y + bl X.l. + b2 1.2 tO-o) 
cou.1.a l>e computed. 'l'he resu.lting format or tJ:l.is equa1.ion vouJ.a oe 

a plane in three-space. By ael'ini1.1on, as with the tvo-Tari.ab.l.e case, 
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I ~l.,.. 

_._, . . l 
J-

this i.liii■w is cloaer to all the actual. cases or Y then 1111' other plane 

would be. ·rhis means then t.hat 
,,.., 

[. l:t - !) • u and tllat. 

It is then possiole to aerine a uasure of association 

£C Y- yJz. - [,{, Y-l] i. {. , - t',µ/,=._ 
l 

: ~ - --·----
lt • £C V-Y),l... f',, , {0-0) 

This measure ia analageus to r 2 in the zero-order ease. It 'iel.J.s us the 

proportion or Tariation in Y, the oepeDdent. Tariao!e ldo.L.urs .!.oat at the 

rire J, that can be expJ.aineci r:11 t.he tvo independent TariabJ.es .r., ( nwaoer or 

!iremen) and X.~ (sise or tne rire)rvben the tvo independent. Tariables are 

seen as being line'1' l..J:,' re.Lated t.o 1. ·rn1a .i.aat c~se or tne aooTe sentence 

is illportant, because we are noting tnrou1n the regression equat.1on ana tne 

R2 Talue o~ tne .linear assoeiat.ion between the Tariab.Les. Tnis is 

oecauae tne p.Lane it.aeJ.1' is !.Lat and because each or the a.Lopes represent.a 

a straight !ine within a p.l.ane. About half the cases ef Y are aoo•e 
tne predict.ea p.l.ane gi Ten s:a. bJ the equation in { tj-o J ana aoout nal.r the 

cases or Y are be.Low it, and ail t01ether this pJ.ane ia CJ.oser to 

these point.a tnan arq otner p.Lane vouJ.d t>e. The measure K2 t.el...LS us 

nov mucn bet.ter lcncnnng tnis plane hel.ps us predict. the val.uea or 

I t.han 1r ve .. IIIK simp.iy used the aean or Y as tne predict.or TariaD..Le. 

R2 Tanes Detween o, mealll.ng no J.J.near association, to ..L, a per1·ect .Linear 

association. 'rhe measure R 1 tae.u has DO reaJ. aeaning and 1a not. analagous 
'.., 

t.o r. When K 1s liven on a cemputer print.Out, I woula suggest. Slllpl.y 
l l convening it to R • 'i·ne measurea {J. - R J is sometimes usea as tne 

coeir icient. 01 al1enation just as in the zero oraer case. 

Nov, Desides mov:i.nc now vel.J. two or more Tanao.J.es can preaict • 

oepenaent. variabl.e or t..ne extent or tneir .unear assocl.at.ion, a reaearcner 

wou.La a.Lao De int.erested int.he exact nature or tne association. In tllis 

case the researcner vou.l.a J.ook at tne regression equation itae.L! {eq. o-oJ 

or part.ial corre.J.at.ion coeri"icient.s (see De.Low). Witzn.n t.ne regression 

equat.ion each of the SJ.opes bl. ana bl t.e.J.J6 t.he amount ol cnange that. would 

be predicted to occur in the aepenaent variable l vnen 11 and Xl respectiTely' 

cnangej one unit and the other Tariabl.e ,x2 or X, ) remain'- constant. 
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Again, 00th part,,! t!li.s •.sentence are important. I! tne actuaJ. 

vaJ.ue.s in the regression equation l• ~-6) were 

Y • 100 - !)U .X 
J. 

tl4Xu-i..~ 
tile ea a a, in the equation vouJ.Q teil us the f oU.lling: ·rhe X•intercept 

J.UO vouJ.a teil us that we wow.d expect to J.ose $.1.UO U' 1:10 !1rement came 

and il tne !ire registered zero on tne scaJ.e or size lPerhaps in amount 

ot area b~ i. ObTiouaJy, tbis oy it.aeil aeeu ratner ri.OCUJ.ous, 

Dut m.y occur in an actuaJ. situation Wllere uie pJ.ane has Deen drawn t.o 

0eat represent all points. The reaJ. case or zero in Doth 1naepenaent 

vanaDJ.ea vou1'1 prooab.Q' never occur 1ll reaJ.1ty. .MOre 1mportant are 

tile vaJ.ues b1 and 02 • 01 • -so teJ.J.S ua that vnen the nwaber or 

firemeni at tne !ire• increases r:sy one, ■■ ww+■ 1 1x■ 1pwc,w1■w••■ •a1cw 

1+•1q and tile size o! tAe r1re aoea not Change \remains constant), ve 
vou.1.a expect the dollars .1.oat t.o a1Dc.msn oy ~50. 0, • '/OJ teJ.J.a us 

that vnen the Size oi' tne tire increases t,y onFunl:~ i»-i8a.J.81' ~~en• gBJR,iOt 

the aoJ.J.ars J.oat to lllcrease by ~·ruu. Ubnoualy", tnia equa't.1O11 teJ..J.s 

ua that tne size of the !ire naa a positive a in!J.uenc~ on tAe doJ.J.ara 

J.ost, vniJ.e• the nlDlDer or firemen• tnere, actua.u.y act.a to aecrease tne 

ao.1..1.ars J.oat. NO't.e tnat ootJl coe!ricients tel.J.s us vtiat the inaependent 

or separate impact or each ina~endent TariaDJ.e 1a. Note al.So that t!lis 

separate impaC't. may not oe at a.u not.iced in tae sere-oraer regression, 

especia.LJ.y' vnen land cenera.J..LJ' on.J.y vnenJ an independent. variaOJ.e is associated 

Vitn 0otn the aepenaen~ variaoJ.e and Vl.tn the other indepenaen~ TariaDJ.ea. 

1·.ne ae:tininc equation tor each or these partiaJ. SJ.opes - a • ■au beJ.pa 
ilJ.ust.rate how tne;r are reJ.aT.ea to t.ne sero oraer equa't.ions and aJ.so how 

tne impact. reported is or the separate inrJ.uence o.r eacn TariaoJ.e. 
·1·0 ge't. the coer.ricient DJ. aDove tnat. precicts tbe inr.1.uence or 1

1 
on i 

'<. wnen tne impact 01 l..l is controilea, tne !oiloving equation vou.ld be used. 

D - {0 )(0 ) 
byx • X • _-P._J. ____ Y'X_2 __ x,_x_2 __ _ 

J. 2 
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,ne su0scr1pts to t.lle coerricients 1n tnis equation are illlpt,rtant. ~ 

0 is tlle partial regression coerricient that is 0e1ne computea. 
~, x2 

~e coerricients on tne richt hana side or the equation alJ. come rrom 

a.1.!!erent zero orcier regression equationa. ~he r1rst su0scr1pt tells us 

vhat to• aepenaent TariaDle is 1n ue equation and the second s•oscript 

p identifies tne preaictor Tariab.Le in that equation. 

Consicter the nu.aerator r1rst. The !int element. is tlle zero order 

reereasion coe!'!'icien~ t.Dat corresponds to tne pa~ial tnat is beini 

coraputec. ·rne secona elmun~ 1~a prOduct or tvo coe!l'icients. ·i·ne .rirst 

coel'!icitent 1• the preeict~i the dependent "!•riaDle With tlae otber 
~ N-~. 

indepenoent Tari ab.Le 1a t.lle equation~ ·rhe aecond co~f icient in the prod•ct 

is t.lle II a.Lope i-roa tae equation preaic-;inC ~• precictor TariaoJ.e 1roa 

saa tnis secona TariaDJ.e. In essence tnen, tJU.a proc•ct 18 the product or 

tbe tvo a.Lopes .rrca the equations preaicti.nc the Ta.J.ues or ue ~ 

depenaent anu preaictor variable rrom tbe control ·Tariable or otner Tariable 

in tne equation. ·rh1a llaY' De seen as reaoTing that part or tbe inl'J.uence 

o.r the indepecaent Tan.able don uie dependent Tariable that coaes rroa 

this control Tariable. 1.r the conu-ol Tariable aoea a good job preaicting 

both the aependent ana ine1~ent variable, then tnis proauct v1.U. oe 

greater. J.! tne contro.J. variable 1s uncorre.Latea with either or these 

Tariao.Les l0Y'x2 • (J orb x • U) then it viil haTe no illpact on the 
X, 2 

partial rerreaaion coe!f1c1enT. • .1:Nt u 1.t 18 correlated 111th both or these 

Tariables 1 t will lower the regression coe.ri·1.c1ent censicterably (1! tne 

sero order coe!ticienT. ia positive). Note th.at in a011e caaes tae eri-ect 

el' takin& out this 1.n!orsation - i1' the 1+0+·11u WJ.uence o! the sont.roJ. 

var1a0J.e on tbe independent and Clependent TariabJ.e 1a quite high - Viil 

actua..1.J.)" c.11an1e the C1irection or sign or tne s.1.ope. Thia occurs when tne 

product o.r 0 0 1a greater ttaan the zero orcier coeriicient D.._.. 
7X2 and x,x2 .,-.L 

~l• tn.e numerator 01 this equation is iaportanT. in 0-eterai.ninc t.lle 

magnitude and a.:1.rection or the inr~uence or tne partial regression coel'!icient, 

tne aenominator uy be aimpJJ seen as a correction ractor. t!Y 1u0aractin1 

the product or ax x. and ox.x from one, the amount ol ini'~uenc• that the 
~ l l 2 

tvo indepenaent variab.Lea have on eacn ot.ner is removed anct taken out o.1' 

any in:uuence on the partiaJ. SJ.ope. Note t.hat ir the tvo inaepenaent 

variaoles are general,JJ wu-e~ated to each other t.nen T.his aenominator 
is cJ.ose to one ana u b.as no inl'J.uence. 1.r t.hey- are high.!T positively' 
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associated with each otner,tnen the aenominator becomes ieas than one ana 

the part1u aJ.ope ia thus accounted for {or aupplementeo. rorJ tnis intercorrel.t ~~­

r:rr an increase. I! they are negative..LJ associatecl With each other the 

correction goes in tne etiler vq. psentia.l.1.,7, "Wlia oeneJIU.1\ator aay be 

seen ump~ as a correct.ion .taetor, ~ joint 1n1·J.uence or 

tlle t1fO independent Tariablea on eactl otner. -rhe nuaerator is important 

in that it takea out the 1n.t'luerice tne conu-oJ. TariaDJ.e ha• OD 00th the 

causal and the depenaen~ TariabJ.e. 

Juat •• 1D saro order correlat.1011 where tne I•int.erce~ 1s a !anct1on or the 

mean• or the depenaent and in4epencent TariaDl.ea ana 'She alopea, tne 

'.i•intercept when aore than one illdependent variaDle is 1nTo1Tea 111a7 s1J1p4 

t>e z written as a !unction or tl1e anra1ea or each variabJ.e and the 
partial siepes. 

I -

·1·heae ronnuas ..,- De ffSUJ' ext.ended to comput.tions vben there are 

three indepenaent Tariables. 1n this case 

Y b x -b x~ - ~v . xl a_ . := - 'l;< , ,~~ x'..:i \ YX J _ _-A.. 1 x·3 X3· X. iX. J 
4 · X,)(..~.( 3 

by.x:• x~x3 
I 

When there are more tn.an three independent Tariables, band computationa 

1et 110re cUllbersome, although tAey are still poaaible. It 1s iaua.L.J.7 more 

accura°'e at this point to simply use tl1e COllputer to obtain the ca.l.cuJ.at1ona. 

Note that the interpre~t1ons or the w1■p■ 1wx partial a.Lopes and the Y-intercep~ 

remain anaJ.agoua to tl1e interpretations with tvo 1n4epeneent Tariaoles wnen 
more than two independent Tariablea are uae<1. 

Yo'll qy haTe noticed uit,ne exanap.J.e above that it 1s hara to tell rroa 

aillp.l.1" coaparinc b1 and b2 viu.cn Tariable has more impact. We can cueae 

!rom .Looking at the units inToJ.Ted, but sometimes ve Viil want I more 

standarclized measure to use 1n comparing the direct i.nr~uence of seTerai inde­

penaen~ var1aoJ.es on a dependent Tariabie. A aeasure anaJ.agous tor tha~ 

iives the predicted change in s~ana.aM score roni vouJ.d. be deairabJ.e. 

And, or cou.rse, there is S'llch a Jlleasure. I! the depenaent and independen~ 
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variables are changea to stanaara score rorm and the regression equation 

is again ccmputea, the reauJ.t.ing regression coe!!icients viil tell ua the 

expectea standani deviation unit change in m the dependent. Tariab!e, when 

each indepenaent variable cungea one unit and tne other variabl.es are 

hel.a constant (ao not change). Because each variab.le is 1n stanaara score 

rorm lwitn a lllean o£ O and standard cleTiation of .L) then eacn or the 

coe!ticien~s is c011parabl.e. When g~~t!8~i!t is J.arcer than another 
that aeana that •MI l■p■-, tne impact or tD.at variable is ireater tnan tne 

impact or tne other. lThia 1181' DOt neceasar1,lJ' oe tne case with tlle 

•••urea with tbe regular scores if they are aeaaured in wide.JJ Tal7'1,nc 

wu.ta where one variabl.e 1• verr compact Vit.h a small cllance 1n ac~uai 

nQJl0era proci•cing a lar1e 1.llpact anc another variable ia quite TariaDle 

V1tn a smalJ. cnance produciq not ao J.arce an impact. Because the one 

Tariable is ao compact tu magnituae or it.a impact would not be apparent 

unJ.eas stanc:iaN scores were •aed anCl ve couJ.d see bov J.arge its i.lllpact 

vas in comparison to another. ) note aJ.So that because atanaara scores 

are uaed,tn.e I-intercept equa.J.a sero,.~&xa,■p«~·1■■axs•c■11 T.be predictec 
regression J.ine simply goes tnrough the intersects o! the means or the 

variabl.es at sero. 
These atanciara1sec1 regression scores are called beta veignta. They' 

are equiTal.ent to path coe!!icients that are used in aimpl.e causal. IIIOClels 

lBee aiscussion belovJ. Tb.e stanaaraizea regression equatien !or tne 

equation originalJJ' given in lO-OJ qy De written 

/3 ~, x
2 

teilS vnat the expected change 1n tne st.anaard score or the 

e1ependent Tariabl.e Y vouJ.d be vitll a atanaarc <1eTiation score cn.ange of 

1n .X, vnen 12 aie1 not cllanie. (3 . x tells tne expected cn.ange in 
1X2 , , 

tJle s~andard score o! Y Wi.tn a one ax s~ancara <1eviat.ion score cn.ange or 

~ when 11 aoes no~ cnange. 
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The standaraizea regression coerricients may De computed <lirectly from 

the unatandardizea coe!!icient.s. They are sillp~ a function of the 

relative st.anclard deTiationa o:t' the aependent and 1n11epencen~ TariaDles invol.T __ _ 
.ror instance S .>. , 

(3 . . ~ 6. - s 
and 

• Y x, , x,J.. Y x, · X;;... 5 'I t c:s-.1 > 

Sy 

Note that in Doth cases the atana&rd. aenation o1 tne iDaepenaent vari.aDJ.e 

1a 1n tne nwurator anc the standarc1 aeviation Sil of the e1epenaent. var1abJ.e 

is in the aenominator. 11•*1* i h Thus, U tne ~epenaent var1a0J.e is 
more va.n.aDle than thejependent variable the sta:miarcnse<i regression 

veignt. 1s small.er t.han the unstaDOaraisea coe%'.I'icient. rt tne Dttependent 

variable is more compact. or J.eaa variable than tne ino.epencent. variable 

ttien tne ratio ia greater tnan one aDd the atanaamized regression weight 

is larger tnan t.ne unstandardized measure. 

Note aao t.llat in the zero oraer case the correJ.ation coe!.ricien~ r 

is equiva.lmi~ to the beta cou11cient.. Thia COlleS direCt.J.1' rr0111 tAe inter­
pretation or r •• the expect.ea cballge in stanaara ae"fi.at.ion units. 
NO'te bovenr that vbile r ia a syme~cu •aaw.re, the beta veigbts are 

as:ymetrica.1 as soon aa tnere 1s 110re t.nan one 1zmepenc1ent Tariac.J.e. 

) in our discuaaion o.I' cauaa.1 reJ.ationsDips we used the partial. coerel.at.1on 

coerr1c1ents. 11an.1aJ. coereJ.at1on coe1'1icient.s are rel.at.ea. t.o the oeta 
veignta and aJ.ao have an interpret.at.ion or 'their own. Because a part.i aJ. 
correJ.at.ion coe.rric1ent is s,metu:t-e r 1.11: 11 a I • r ; ea.laii a lltll , .. apee"6e<1 

I •• .I • llill :a ■ al ..... ....... ~II I a■ i e I •••• • lili l■CI l:C 

•«Ia tea 12■# t g ii ••ei,aa ,a, 1 11 14'"'1 • 1 (O .ao-e 

va1111ur: r ; I ••••••U~-, Vili.J.e t.ue oet.a coe!lic1ents are asymt,eric, the;r 
are not airectlJ' comparabJ.e. What happens is tnat the square or a 
part.iaJ. correl.ation coe1•1icient » equaJ.!: • the pr0<1uct or 1 ts two 
associateo oeta weights. 

14 



i ne cet.a veign·u may aJ.ao be airect..cy computea !raa t.ne correJ.at,1.on 

coerr1c1.ent.s. Not,e hov anaJ.agous t.bl.s equat.io~eq. O•lO) to 

the equa,:.~on ror computinc t.ne unstanaaraized s.1.ope. l.n the numeraT.Or 

,.Bi~g¥~.Jti5Rlor t.l18 1.naepencent. ana aependent. Tariao~es V1t,h tne 

cont.ro.1. TariaD.1.e is suot.racte<1 rraa tbe sero-orcier count.erpart 01· the 
,k.,,;~~c:1,,,,... 

part.ia.1. standaraised coe!!'icient.. in the ·- I &'WZ', t.he ptNNMl#Nh CMM( 

square or the corre.&.ation or tne 1.neepenceni:. variao.1.e With tne control 

Tariable is auDt.ract.ea rroa m one to use as a correction !actor. 

~ ~ )( 1 - rv K.1.. 'x, v - l ts - .1.0) 
( V Y'i(, , )(.Jo- .;' ".Lo 

I - r. ...._ 
)(Ix..._ 

~auae a part1u correJ.at,ion coeI!1cient U s,metric, it 1s 1llportant l"6 

rememoer tJiat 1t.111nterpretation is aU!erent !ram t.uaT. or i:.ne st.ana.rdisea 

SJ.Ope. ~•----++Ii ... OMIIMM#Mil IOU SDOW.C1 w,e OIUy the Deta vei.gn,:.a 
and tne unstandarcu.sea regression coerricients 1n ta.J.king about expected 

cnangea in tne aepenaent variao.1.e rrom a.l:t.erations in tne 1ndepenaent 

variao~es. The squares o! tne partia~ correlation coei!icients can De 

usea t.o tell the amount or Tariabion expJ.ainea in one TarJ.ao.1.e f111t,S 

J.inear association Vi.t.n another, vben the l.lllpac,:. or a tnil'U variao.1.e is 

reaovea. 

ihe aerinition o! the partia.1. correJ.ation coe!.t'icient is similar 

to that. 10r tue part.ial a.I.ope 

J/1-r4. 
'r J( ... 

VI - yz.. 
..t:, A.._ 

Note that 1n the numerator i:.ne c+rce• prodllC1i or t.ne correJ.at.iona Detveen 

the tvo vanao~es or concern ana t.ne coni:.roJ. variaDJ.e is auotractea rrcm 

t.ne zero-orcier comt.erpart ol' the desired part1u. What 'this aoes essent.1a.u.y 

is to take out or the sero orcier corre.1.ation uie part o.r tnat. correJ.ation 

or m expJ.ained variat1on T.nat 1s ne~ in comaon n tn tne coni:.ro.1. 

variabJ.e. ·rne <1enominator is a a correct.inc l'act.or, reaoving ...., 44._ 

pan. or~ ai:.ion that is heJ.ct 1n COIIIIOtl so t.Jlat. it. aoes not D%D tn.rov 
A., 

01r tne size or t.ne correJ.ation. t,,..U..A fu.. UY.J+uJ_~J~ 
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173 

T~re are two possible ways to unaerstand what the par~ial correlation 
~a. I \\" 

is. The first involves~the~partial D correlation DXDWXYsxwrt;,stux••txwm, 

oetween a variable& Y and x1, while controlling for x
2
, as tne correlation 

between the residuals of the regressions of I on~ and x1 on x
2

• 

TO understand this, we must return to the zero-order regression equations. 

With the two equations ~~lf a.mm Y • a + b x
2 

and 
yx2 

~ 

11 • a + oyx
2 

x2 we are predicting values of Y and X, rrom ~ ttieir 

linear association with x2 • an. Tbe resulting regression lines are 

the best fitting or arrr possiole J.ine that can De drawn through the 

set of variaDles. Thus tne deViations of the actual scores or 1 and x
1 are2a llinim1m 

!rom their predicted scores is 1ilila1Qi.jj~ sq£tf9! Y) • m1ni :arum and 
"- 2 

[. {I1 - X,) • a mnilllWll. Each of these au-rerences or an actual score 

o! Y or x1 n:xxa !rom tbe pred1ct.ed score in tlle regression equation 

using x2 is termed the residual value. rt represents bow far off the 

score is 1'ro11 its predicted vaJ.ue. Sometimes the actual score Will De 

greater than and sometilles 1 t Will be J.ess than the predi<t__;ted vaJ.ue. 

These residuala represent the error component 1n the representation or each 

score Yi as a + b ~ + e1 and each score 11 as a+ D x
2 

+ e1 • 
1 

We noted earlier that part or this error component was made up of 

meaaureJ1ent error, but that part or the error tem coul<i be aue to 

other variables that were correlated vi~h both tbe predictor and the dependent 

variable. In partial• correlations we are essen~1al.Ly trying to 

understand more about this error component. this is oone by taking the 
A 

amount each predicted score Y is off frOlll ita corresponaing actual score y 
""' and pairing it with the associated residual or 11 from xl. 

We can then look at the association or• correlation oetween these two 

residuals. Since x2 a bas expJ.aineo ail it can 1n Dotti Y and x
1 

berore these resiauals are calcUJ.ated, t~e correlation between these 

residaals represents the correlation oetween Y ana x1 when the 1n1·1uence 

or x2 has been removed. A partial correl.ation· coei'ficient then can be 

seen as the correlation between errors with respect to the control variable 

or the correlation between the amount no~ accounted for r,y the con~rol 

variab.l.es. 
, . 

I 
I 

---
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The partial correlation coe!!icient. can a.Lao be seen as a veignted 

average of the indiVidual correlations between tne two variables in each cat­

e1ory or the control variable. I~ other words, if we were int.erest.ecs in 

r we coltld see this as a weighted average lVeighted t,y the nWllber or 
VX..• X 

-~ l 2 cases ill each categoey) or the correJ.ation oet.veen 7 and x, in each~ 

small categoey o:r ~• 

AS an actual example, suppose we were interesed in the association 

between occupational prestige (X,) ana income (Y) when the Tariable or 

education (X
2

) was controlled. witn tne !irst expJ.anation aoove we coUJ.d 

seer as the correlat~on that wou.1.0. occur i! we predictea occupa-.enal 
µixi 

prestige rrom eacuation anC1 income !rom eaucation and then coaputed the 

residuals or di!rerence o! each actual income and occupational presti~e 

i:.cere i"r01t the predicted scores. The pa~••l correlation would then 
tween 

De the correlat.ion between vnat was le!t ~ne parts or occupational 

prestige and income tnat were left after education was taken into account) 

AJ.ternatiTely, ve could see the partial corre.lation as a veignted avera1e 
of the correlation between occupational m prestige and• :DIil income in 

each category of education • 

.An .!!;Xample 

()l the next pages an example using data on sell-reported aelinquant 

benaTior or junior high school !aales is giTen. The matrix on page l'/5 

is or the zero order correlations between siX variables: the girls' 

reprots of their delinquent behavior, the aaount o! deJ.inquent be.baTior they 
expect in the future, tne expectati!Lf!Ei!iiTie~Htnave !or their own 

{respondents' J behavior, the perceiTed expectations or the parents, 

the expectations o! the teachers, ana the actual zapwrsmr aelinquency 

.levels or the peers ldei'inea as Dest. friellJ as reported b7 the respondents. 

A.LI. o! the correlations are positive, ranging rrom r • • 2~3 to r • • '(4!:>. 

At the bot.t.om or pace 17!:> a hypothesised 110e1el is snovn. In this mcdel 

B, the measure or anticipated future delinquency is seen as tJle !1nal 

dependent variaule. A, the current .level. or se..U'-reported behaTior is 

an int.ervening variaD~e, ana % the !our variables~ through~ are independent 

variables seen as causing A. It is predicted that variable~, the 

actual delinquency o! peers has no direct inrluence on the future aeilnquency 
leve~, except through its inf"luence on the young people's current behaTior. 
the J assumption equations and prediction equations for this moael are 

given by the lllOdel on page l '('::,. 
17 
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·1·he test of the bypotheSl.lS H
0

: / ' ;::-6 / ./l -= 0 on page .l 77 i:s done in 

tAe same manner tbat in!erentia.l tests vere done in section seTen in aaaoc1a• 

t1on with sero-ol'der correlation. In aoing inrerential teats associatea 

with regreaaion it 1• neceaaary to aaaUJDe that tlle samp.le has been r andollll7 • 

drawn f roa or :18 repreautati Te 01' a popUJ.ation and tbat in the case 

or testing hypothea•• about up partial. correJ.ations tJ:lat tAere is a 

mu.1.tivariate noraa..L distribution. ·rtlia ia the IW..l.tivariaT.e extension 

o!· a bivar'1~ norma.L distribution, wit.A each variable liatributed 

oormal.1.J' about the others in the popu.J.ation. ·rhia alJso illlpllea that 

no110sceaaaticit7 exiata. Note that these aaaumptiona are aot needed 
to compute the valuea o! the partial correlation coe!!icients, but thq 

are needed 1r nan roing to uke in!erencea about these values to the 

popu.l.ation. 
In tao.lets-lit..,. be seen that as usuall the total variation is 

de!ined as the variation around the mean. ·rhe degrees or rreedom 

associated with the total variation or SUll o! squana is k•l, .loainc 

one degree or rreedom ror t.ne overall mean. ·1·he unexplained and 

explained variation baa tvo aspect.a. rtrat the variation explained 

b,- the contro.L variab.LJ;ifrut unexp.Laineo r:,y the control variab.1.e ia conaidered. 

A.• vi th the sero oraer caae, the expJ.ained variation is r\a l [f__ ¾ - 1t>) 
2) 

am the associated e1erreea or rreeaom ia one. ·rbe unexp.lainea 11q 

variati on is (.l - r 2 ba J ( £: tl - i ) 
2) auo \.ae· a:,eociat.eo "9gree:s 0.1 J.reeooa 

are N • 2, .Lo•ina two aecree• oi rreedom vllen computing the regresaion 
.Line. TJliS par,; or t.ne arglDIMmt ia 1aGt~aJ. to t!lat used vitn sero-ol'der 

correlation. we tJlen ..,- look at the proj~ o.r tlle variation tbat. 1.a 

exp.1.ainea r:,y tne otAer 1naepenaent vanab.Le once tne uu·J.uence or tne 

contro.J.. variao.Le haa Deen taken into account. ·rllis ia ri:: r {.L - ri0 J { [. {.1.. - l 
D , a I 7) 

Note that this is aimp.Ly taklllC tbat vtu.cn 1.a unup.lained by x aa tne 
a 

new aerinl.~1.on or tJle tota.1. variation ana tnen .1.oonnc at vnat ,ci,ri,1■■ or 

tnis new ~ota.J.. variat.ion 1s accounted ror r:,y y the other vanao.1.e. 

·1·Ae unexp.1.ainea variation is Ulen ( I - y ... v' I - r .:!. V £ Ct - I~ ) L. ) 
P:-a/'- .!,<tA I? 

,J 

( ~ 4/4,P<- r- / ,cc)<. -X J ._c..; µ.,~"-<-~ a..... L z 2.) 
tJ " e 
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'l'be degrees o! 1'reeao11 expJ.a1neQ r,y J.r in t.abJ.e ts-J. are one, ana -c;he 

aegrees o! rreedODl 1'or t.ne vana"tion unexpJ.ained rr, tlle Tanao~e F vn.n 

i;ne inriuence or A is r8110Ted is N - J, J.osing one more aegree or 

rreeaoa with 'the addition or anoi;ner variaoie. Tne estillat.es or the 

x common variance in tl18 popw.a1o1.on are computed 1n the usuai vq or 
aina.J.ng t.ne smu ol' squares or variat.iona rr, t.be 0811"988 or rr9ec1011, 

ana tne li'•ra'tio comea 1roa uie rat1o ot tae u:timates or vanance 1·rom 

the unexpul.ned or V1thia variation ana uiat rrea t.ne esi;lJlat.e xrom 

1ibe explainea variation. 

~n• •aquia~ pie• example can neip ~•in boV t.lle 1 ■ci ■ 1aew1 ►.::x. 

unexpul.nea ana exp111nec Tariation coae about.. 

(0 

,e'er r-1 

. _p_i-_,4,; ~ fi ~r---~ -
U- r ~ l z ,r - x ) 2. ) 

8/l t 6 

23 
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>.a Vit.h zero-oraer correlation we start. out. witn tne t.or.a1 variation as 

in part a 01 rigure 0-.1.. ·1·n1s t.llen can De broJCen int.o t.hat Vhicn is 

exp..Lainea DY J.inear association oetveen D and a and that vhich is unexplained 

r,y tnat asaociat.ion aa snovn 1n part D • ol' t.ne 1igure. ·rnen, U ve 

tajee out. ttns exp.1.a1nee1 part, a• in part~ ol' tne Iigure, ve just have 

tne mxp part. or t.Ae total Tar1at.1on 1n 0 tnat. ia unexplained DY A. 

We can aa tnen aquian tbis t.ogeuer ~as one !light squia.11 together tne 

pieces or a pie so tnat noone vouJ.a lalOV you nad taken a piece) ana 

tnen use tm.s nn com·igurat.1.on aa the totu Tariation. ·rJlis may tnen 

De Droken 1n-i.o t.nat vbich is exp.&.uneo DY !" ana tilat vtnch is unexp..Lainea 

r31 1" aa 1n part •• ·1·he important point 1a, tnat now ve are aealin& 
Vitn tne propon.1on or variaT.ion explained r,y r vnen th.at part 

exp..Lained DY a is remoTec. 
note tllar. t.ne reaw.t.a ot tnia test support.ea tu eypot,neaisea moe1e.1. 

on page .1.·t5 ana tnat ve c110se to keep the moae..L aa nypotb.esised. HoveTer, 

ve may uso viah to examine t.ne moa.e.1, not tnrough testin& 11■ 11 c its 

..Logical illpl.1cationa tnrough prediction aDC1 aaauapT.ion equations, but DY 

ual.Dg t..lle recresaion equation to examine tne 11r11w1ww magnituae or the 
inf..Luence or t.he 1DCJepenaent van.ab..Les on t.he aepenaenT. variables. 

·o do this we could compute the equation or the l:J1perplane tilat Dest, eat1Jlatea 

the Talues ol' tbe depencent Tariablea U011l tlle inaependent Tariabl.es. 

These recreaaion equation• were comput.eti D1 tAe coap•~•r and are p.Ten 0elov. 

¾ • .o~ + .!:>..L.4 .x
1 

+ .il"/ Xe + .on IQ + • .1.35 le 

1r one ww•■ ·1■ k■1xa haa aim:U.ar aata on a group or Doys th.at one cou.ld 

compute comparaD..Le regression equations !or, one voUJ.d van~ to keep ~he 
regression euqationa 1n tnis form. t his vas the caae 1n the paper rrom 

Vnich this aata were ta~en. u:ie voU..LO. use unstandardised coef!icients 1n 

comparing rrom one group to another 0ecause one a would De 1nterestea 1n 

seeing in vbich group a certain variabie naa more or ..Lesa or an impact 

:=:::.~:::= ~zz··:::J~up~ ¥- 71l 
' { • .L~~ a...d._ ~ ~ ~ 

~ ,-:-~~: ~ 
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However, if one were interestea oruy 1n this sampJ.e, one vou.1.d prooabJ.y 

want to convert the unstandarc11zea regression coerricients into standardized 

'&."+;·to~beta weights. Hecause the standaro. deTiations or eacn or tne 

variab.Lea in tne aoae.L are not equal, tAe above equations don•t tell us 

about tlle relative impOrtance of the e!!ect ot tne inaependent variables 

on tne dependent variables. we cannot easi.17 compare tne impact sar or variabJ.e 

con variabJ.e A ana variable U on variable i. ~ne unatandard1sea a.I.apes int 

the equation• above tell us tb.e preaictea actuau chance in tne aependent 

variat>J.e vitll an actuaJ. cnange o! one value in the independent variables 

when the otner independent variables do not change. However, because 

each variable..,- var,- 1n ita variance or compactness, :s. it is d.U!icult 
to mov !or sure !roll simply .Looking at tne unatanaardise<1 a.Lopes VD1ch 

variab.Lea nave the ••t impact. 

to standardise the a.Lopes we compute i:>eta veighta. ·rhia ia aone f1T 

adjusting tJ1e a.Lope•, eaaentia.LJJ cAangl.ng ail the scores 'to atandara 

aenation 'QDits (s-acorea) and recmputing tne regression equation. 

AS noted earlier tb:i.a 1a equivalent to simp.q JIUJ.tip..111.nc the umtandaraised 
a.Lopes 07 a ratio ol' uie .._ staDAara c:tenationa of tne 1.naepenaent. 

ana depenaent variabJ.ea. in this case 

Note aJ.ao that w coul.4 compute the beta veichta directly !'rom tlle 

corre.Lation coe!!icienta as a1scuaaec:1 ear.Lier, &.Ltmugn with t:ie numDer 

of variaDJ.es 1n thia moc1el the computations quickly become tedious. 

With standarClised scores the regression equationa become 

x a'.. = . ;?.22.> Ye -f . t)S'9.,2. 1; t" . o..JJ.8' .k'E t , 5",)_/J 1 F 
( 0. 'f 4'!) ( C~, Jtt' ) (. 'ft. ,f-'£ ,2 )-'<IE 

tne in! .Lu enc es 
aa representing cnanges in stanaard scores, the convention is genera-Uy 

to simply write tAe equation ua1ng tne regw.ar notation ror the variaDJ.ea. 
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Note tbat the Y-intercept here equala zero because the regression plane 

goes through the intercept or all tbe means VD1ch 1s sero. ,AJ.so note 

that ve can see rroa these equation• t.nat TariaDJ.e ¥, ~a• ac~~•J. oe..a.i.u­
quenq o! peers is the moat important 1.nr~uence on the current J.eTeJ. or 
reported behaviors and that c, the expectations of peers ia next mos't 

important. ·rne most important in1' ~uence on anticipated ruture de.Linquenq 

ia the current J.eTeJ. o! aeJ.r-reportec1 behavior ana IMNMlll#MipMCIMliMM##ilMK 
• miext moat important are tlle expectations or peers. 

lt 1a aJ;!o pc,anbie t.o teat the by'potJleaia tnat the regression coe!ticien~ 
are equal. to sero. Again tbia 1a Clone in the !amil1ar ana.J.yaia 01· Tariance 

rormat. As vi.th t.ile partiaJ. correJ.a'tion coexricienta ~~• asaociatea 

a.ear••• or 1reec1om are one m<1 n - Jc, vnere le represents the naoera or 

variaDJ.es lboth inaependent and Clepenaent) in the .~ .. - ·1·ne 

,·-ra'tios associated nth eacn or tne coei'.1icienta in equations l CJ-23) and 

l0-24) are given in parentneae1 DeJ.ow eacn coerr1c1ent. in equation lCJ-2.3) 

r:sy comparing the .li'-ra'tioa to ·uDJ.e J in w.aJ.ocic we may see ttlat tne inr.1uence 

or Xe on i
8 

wouJ.a occ11.r ey chance J.ess than J. t1JDe out or one nunarea and 
_Cba-t :SSIN I I 
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that the in!.1.uence or Ar on X
8 

vo\Ud occur oy chance .1.ess than one time 1n 

a tnousand and pr00a0.1y mucn more rare.Ly l the .t-taD.1.e 1.sn • t exact enougn 

to te.u. nov rare.Ly.) ~.J.ar.cy, with equation l0-'4) ve may reject i.ne 

nu.u. nypot.nesis that the regression coerricient is zero in ua ravor 

01 tne al.ternat1ve tnat it is not equal. to zero With tne 1.nl'l.uence f6 
~ 

on.cy .la on 10• ·rne in!.1.uence 01 .le approacnes s1.gn1r1.cance at tne . U!, 

.L.evel, cut 0ecause or tue crudity or tne taDl.e ve cannot tell wnai. the 
exact prooabiilty or Del.Ilg wrong in rejecting tne nu.u. nypotnesis VO\Ud 

oe 1n tbls case. ~-u0stantin..cy, these conc.1.usione te.u. us that parents' 
and teachers• expectations have pro0a0J.y no rea.1 el'l'ect on ;young vomen•s 

current reported oehanor ano tnat current oenan.or 1s tne major l.nf.1.uence 

on ruture ant1c1~ aelinquency. The in!l.uence or peers• expec,;.ation• 

and a.J.ao somevn.t or teachers• expectations approacnes tne traditional 

.u!, .L.eve.L. or siiJli,1'1cance. 

we may a.J.ao measure a now mucn o! tne a Ii && total. variation or tne 

depeneent variaole is explainea UT tzi.e im.ependent Tariac.L.es. ·1·1lis 
2 value 1a given rTf :t , tne llUltipJ.e corre.ution coe1'.t'1cient sqv.arecs as 

snovn rTf eacn or tne equations o•lj ano. o-"-'• .ADOUt ,5~ or ue variation 
1n current reporteci 0enaV1or is expJ.ainea UT tne expectations or 

peers, parents, teachers ana tne actua.i oenanor 01· peers. ADOUt ~ 

or bail or tne var1.at1.on or 1uture ant1.c1patea ue.bavior is exp.1.ained 

UT tne TanaDl.es 1n equation O•"-'• Again U3ing the anaJJ111s or variance 
1ormat we may test the eypothe~s tna~ tne 111U..Lt1pJ.e correjation coen1.c1.ent 

s quarea in the popUl.ation is equal to 1ero. ·rne ciecrees or 1reeaom 

associated vith tne unexpl.a1nea van..~1.on voUJ.C1 oe N - x - .L., vnere 

k represents tne numDer oz inaepenaent vanabl.es. J!,Saent.eal...cy one 

degree 01' I'reeaom is .L.oat 1or eacn Tariaul.e invoJ.TIIC 1n t.ne computation 

\aaaing wgetner incepencent ana ciepenaent. var1abl.es J,. ·r.lle expJ.aineo 

aegrees 01 1reeaom are 1e, the nUlDer 01 indepenclent vanao.les. ~ nt.n 

zero ol"der correl.ation, tbe associated F•ratio is 
• 

-
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.1r0r our tvo exampJ.es t.ne ~ ratios are 

'?', 1.r 7 

and oy rerernng T.O ·nuJ.e J ve can see tnaT. l.I1 ooi.n cases ve can easi..lJ 
~ . 

reject T.he nUJ.J. b1J)oT.llesia tnat in toe popu.Lat.ion rt • u in 1avor 

01 tne al ternati Te t.llat. '1:1:~ :j: u Vi u leas t..Dan one cllance 1n one-tnousana 

01 oeing wrong in Going so. 

J.n recent 7eara irtanoara1zec1 m re1ress1on coe111cient.s naTe oeen 

uaea ey socio.J.ogins in pau a.iacraaa • .t'aT.n ana~is is siap.17 tlle use 01 

JDUJ.t.ip.u regression ana.Lyns in ana.ly'llng 1onaaJ. IIOC1eJ.a. J.n pat.ll ana.Q111s 

we picT,Oriail7 represent. a 1100eJ. of inwrreJ.ationalll.pa. ~"tanctarc11sed ,mm 
regression coe11ic1enta or uet.a veignta or path coe1r1c1enta \they are t.ne 

aJ..L tne same t.Jlinl) represent. t.ne airect. inrJ.Uence or an inclepenaent 

{ t- ,,J. ; J 

\or exogenous) TariaD.e on a aepena.ent. {or ena.oceno~SJ var1a0le. ~ exam1ning 

t.lle patn aiagram ve can aee now t.ne exogenous TariaDJ.e a.L.So inclirectJ.Y 

llll'J.uences the encogenoua TariaDJ.e. -.rne inl'J.uence or otner Tariao.J.ea not 

incJ.uaed 1n tne JIIOQeJ. is represent.ea ey a •residual variao.J.e.• -.rhe 

percent.age or variation exp.J.ainea ey tnese •resiaua.J. variables• is simp.17 the 

pereent.age or Tari.at.ion tnat naa Deen unexp.J.allled Dy the ot.ner TariaD l H 
l 01 J. - rt • Tnen the patn coe11ic1ent 1rom tlle residuai to the aepenaent 

v anao.J.e is if I- t 2- • UD"fJ.OUDJ.7 t.nis is equi vaJ.ent to tne correJ.at.1.on 

oet.veen t.ne residua.L variab.l.e and tne depenaent variabJ.e. ·rnis is tllen 

equiva.Lent to• or comparable to tne ot.ner oet.a veicnt.s, oecause in t.ne 

1ero oraer case a corre.Lation coe.rr1c1ent. is t.ne same as tne beta ve1gnt. 

and 1l ve are to assume that tne path coe11ieients or oeta weights are 

accurate, we must assume tnat tne resiauaJ. ia not corre.J.atea V1tn tne 

otaer variaDJ.es in the moaeJ.. \Just as ntn any corre.Lation ve must assume 

tnat tne enor term is uncorre.J.at.ea With the var1a0.Les inTOJ.Tea.J 
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.i.ne most. import.ant use of pat.h anaJ.ySl.s ia in .unnng 't.neoret1.ca.L resU.Lt.S 

witn st.at.ist.ica.L ana.Q"aes. '/SY examining pat.u uiagrams we can eiwher corrooorate 

. or re1ormU.Late our tlleoretica.L moc1eJ.. It. 1.s import.an1, 'to real:ue uiat 

no statiat.ica can 4IO conceptual magic 1or researchers. Tne researcners• 

tneoret1cal unaerst.and1nC and concept.ual accuracy 1a most import.ant. 

•• Wi tuout. 'toe "tlle0ret.1cal and cenceptual basis, the pat.n anaJ.y-313 or any 

st.at13ticu analysis Viil be meaning.Leas. Tnua, one snoua use tnis 

t.ype or ana.1ya1.s onJ.7 vnen one naa aeve~oped a theor.r t.nat one Wishes 
t.o unaera~ more tneorough.l.y. 

AfJ an examp.Le or the uae ot patn ana~ia the reaw.ts 01.acuasea 
above are preaentea ll1 a pat.ii diagram on tlle next page. un pages .LO"/ ana 
!oilolfing more 1n!'ormat.1on pn path ana~ais is given. 
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Additional infonnation on inteI?reting p ath diagrams: 

Path coefficients are standardized r egress i on coefficients. Thus we may 
see Pbc = f.3bc as telling us that when Xe changes one stan~ .~~~~op. 

1
~t, .. ~·c,Y~ 

Xb ch~es .• 1428 stan!'fard deviation unit.s. . 1!1 y_onstra~t_, ~e~~,J~~e ..., 
i'<W J.!-<i:U.l.7 ~ t«.~ ,n,.x_ ...c:~~"' ~ -f - , ~1la.Y .... p...c..,... <..,?">V~µ I 
~as:.ae gmt~an"'ila;±~ ¾£ f ;, et ~~i@n ·i:~t, Xb C nges . 041 
of a st;ias,dard de·..ria.tion~Since we are dealing now with standard deviation 
uni ts ( the same thing as using normal scores with s= 1 ) we can directly compare 
these beta coefficients or path coefficients. We can see the,P. that variable 
Xe has·~ch larg·er influen::e (when the im;:,act of variables D 1 and E are removed) 
:tk on Xb, than does Xci (men the impact of variables c.-ind E are · removed). Sinilar 
o:,mparisons can be mde with Pbe• In general, beta weights or path ceefficients 
may be irt.erpreted as telling us the standard deviation unit change in the 
dependent variable ,lhen the influence of the other independent variables (or 
other ci±vari.able ~irectly ca.using the dependent va.ria ble) z:m is controlled. 
They are perhaps most useful when we t-mnt to compare the influence of several 
indepen.:ient variables within a given sample(or population) . 

In our exa~le we can see that the expectations of peers and the actual delinquency 
of peers have the rost ~ortant influence on the students' current reported delinquency. 
The students I current delinquency has the most ~ortant influence on their 
projected future delinquency. 

Land (1969) quotes Wright (1934) as saying that "the squared path coefficient 
measures the p roportion oft he variance of the de!)endent v.ariable for which the 
determining variable is directly re~ onsible (Land, p. 10, emphasis in original)•" 
This comes from seeing the path coefficient as measuring"the fraction of the standard 
deviation of the endcgenous variable ••• for which the designated variable (the 
exogenous variable) is directly re5?onsible 11 (pp.8-9, Land, 1969) 
Its im?ortant to note that this is percentage of variance, not variation, which 
is th~ basis of the interpretations of r2, E2 arxi R2 . . . ....-

.i:his leads to anotheif.i.mportant inter? retation from path dia~ By displaying 
the assoc~ tions in a path diagram we may examine both the indire!St Ced direct 
effects of the exogenous or independent variable on the endogenous or dependent 
variable . \·lithout going into why this happens, we may represent the correlation 
between each Jrindependent and dependent variable as a function of the .. 'Oath coefficient 
between that independent variable and the dependent variable plus. combirations 
of the path coefficients from other independent variables and the- correlations of 
our ime?endent variable (the one in the first correlation) and all the others . 
This association is mown at the bottom of page 9. 
Here rac = Pac + Padrdc + Paerec + Parrrc or ( 1 ) 

. 648 = .2225 + (.0592)(.428) + (.0328)(.357) + (.5218)(.745) (2) 

. 648 = .222, + .0253 + . ott7 + .J887 = . 2225 + . 4257 (3) 

Pac= . 2225 represents the di~ct influence of Xe on .Xa; .but~ =.648 . rac-Pac • .4257 
mich represents the influence of Xe on Xa that is indirect. ac 
From examirti.ng lims 2 and 3 directly above we can see thQt the largest oart 
of this ~irect: effect is through variable ~ th~ctual delinquency of· peers. 

To unaerstana the patterns of direct and ifrlirect effects you can use either 
the generQl formula given at t he bobtom of page 9 or follow the diagram. 
To do t i:ri.s t·n.th rac you may s~ .rt at Xe follow the direct influence along Pac 
to Xa, from Xa go back to ~ and then through rdc back to Xe; then along rce 
to Xe and e.long ?ae to Xa; back along paf to _Xf and baqk cµ_qrg ref to Xe. 
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A third ir.oorta.nt i.J:hnterpreta.tion from pa.th diagr<l:ns ir:volves t he residutl. 
Hith regression ecpations we were interested in R2, the total percentage of 
variation cf the denend.ent variable that can be e~ la.ined by the inde':)endent 
variables. ?iy definition R2 = (e:r;,lained variation in de:Jend.ent variable)/ 
(total variation of the dependent variable ) . This = .[ (!' - Y.) 2 / L (Y - !)2. 
'J.:his is exactzy analagous to the measures of association, r~ am E2 . 
Again, this definitional for ml.a is not used in computations. 
Say x

1 
is the dependent variable and x2 and X3 .are independent variables. 

i '(i 

If r23 = o, R21( 23) = r 212 + r 213• But usually r23 is not equal to zero. 
We have to then take into account the overlapping explar.a. tions l[m of x1 provided 
by ½ ani x1• .T-nis can be dore by multiplying each of the correlations 
of tne inde~endent variable with the dependent variable by its related standardized 
beta coefficient. In. our ex.ample. 

R2 a(cdei') • rac/3 ac + rad /3 ad + rae /3 ae + rat /3 a:f 

(note that really above /3 ac = /3 ac•def, and so on) 

or .5u82 • (.648 )(.2225) + (.348)(.0592) + (.285 ) (.0328 ) + (.717)(.5218) 

.5482 • .1 4!.l2 + .0206 + .0093 + .3741 • .5482 
.,z~ ~ 

You r..zy also c ompute R2 directly from the zero-order r 1 s as movm : u . g~ 

Nat-r since R2 is the percentage of the total v.:,.riation of the dependent varia­
ble that rey be e:,,p laired by the im.eperxient variables, l-R2 gives the percentage 
of the total variation that is uneJ<Pla.ined.. In path diagrams variables that 
a.re not in the model are represented by one residual variable for each endogenous 
variable. All the variables not included int he model that could explain the 
variation til.at is un~ laired are seen as being in this residual vari~le....... 
Then 1-R2 tells how much variation this residual variable e=<0lains. 1-R2 
is the µath coeffieient bet~-reen the deperrlent variable and the residual 
variable, and, sirx:e the residual variable is asSWTBd to be uncorrelated with 
the independent variables (mre on this below), this is also equal to the correlation 
bet,-reen the residual. variable and the dependent variable. The size of the 
resio.ual ':)a.th is co'.i1110nly seen as indicatin~ how tgood" the model is at eJ<;)laining 
the de;:,end.ent variable. T"neoretically this ?ath should ~proach zero as we 
get better and better at understanding the social world. 

[tis important to note that as the number of ~redictor variables a?proallE'es 
the sam?le size, R2 is artificially inflated. In fact, if N=k (k=the number of 
independent variables) R2=1.00. This is because the hyperplane best fitting the 
points can go exactly through each of the points. There is then a correction 
factor that corrects for this ·inflat::ion effect. 

coefficient and R2c 
variables. 

R2 c = 1 - ( r;~) (1-R.2 ) where IT is the sample size, R2 
the uncor rec .. ed multiple correlation 

the corrected coefficient, and k . is the number of in:iependent 

One final co nment on path analysis. If one variable;:x~zw:i.ntervenes between 
an antecedent arxi a de:Jendent variable, this association may be exa~ined through 
path anal:lsis, also , and the re.ture of the associa.tion may be examined for fit 
by recreating the zero-order associations betueen t he antecedent and dependent 
variable as illustrated above far t!1e ind.e!)endent a n::i de?endent vari2.bles. 
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A few cor:iments on SPSS c1nd r.rJlti-;:,le regression: 
If you a.re using :>rediction a.:;::i D.SSUI:!?tion equations to t est t:-,e l ogic.tl 
im:JlicatiOIJS of your model you will ;-1ant to use the suh; rogram ? A.::ZTIAL CO~B.. 
This a fairly straightforward progr.:J.."'.l. You ma:r c:.11 for the zero order correlations, 
the TTEans and standard deviations, and partial correl.:!.t ions with up to five 
control variables. 

X If you· want to CC!;t.)Ute the multi?le regression equation (with either unstandardized 
·· b's or the stcl?ld.ardized beta coefficients ), and the multiple correlation coefficient 

you will use the sub!)rogram R3G:1SSSION. J;he out;,ut for this program gives the 
coefficients for the multiple re; ression equation (for the unstandardized equation 
you are given· the B1 s for each of the independent _variable and the constant 
value or a; for the standardized regression equation you are given the beta weights, 
the st anda!'dized r egre ssi on coefficients~. For each of the BI s ( the unstandardized 
coefficient s ) you are given t he standard error. This value can be used in 
testing the hY?othesis that the population .a:iunterpart of the B equals zero and/or 
for placing confidence limits around the population coefficient. For each 
of the BI s an F-val :ie is given. This F value may be used in testing the hypothesis 
that the sl()?e coefficient in the po--;:,ulation is equal to zero. 
In this program each of the independent variables may be added to the regression 
equation by itseli. It is possible t nen to test if adding a given variable 
ex-olains a sigsi.fi.cant additional amount of variation in the dependent variable. 
For each ste':) in this addition process you are given both the F value tes_ting . 
the hy~•othesi.s that the B value of the variable(s) in the equation equal zero 
in the population and the F-values that would apply to the remaining independent 
variables if they were the next variable to enter the equation. The standardized 
regression coefficient of these remaining variables (if they were to enter alone 
on the next step ) is given; we are alao given the partial correlation coefficient 
between the remaining variables amt he deoendent variable if the other inde-:,enient 
variables are controlled; nad we are given· the "tolerance" of the independent 
variables not yet added to the equation. The tolerance refers to the proportion 
of the variance of ·the independent variable (not yet in the eauation) that can 
ax JlQ:t, be explained by the independent variables already in the equation. 
So, if a variable has a tolerance equal to zero, that mea.'1.s that it is very 
highly related to variables already in the equation while if the tolerance is 
close tc 1.0 it is fairly independent of the variables already predicting the 
de;:,en:ie.1t variable. Finally, the printout gives the multiple correlation · coefficient, 
the square of this a multiple coefficient, and the adjusted coefficient. 
The standard error · of :l is also given for CO?'Tt)Uting cofidence limits. 

To conpute st~ndardized beta coefficients if you want to do it by hand requires 
some knm·rledge of algebra. The easiest way to do it is with matrix algebra. 
'lne exam7)le below shows how you would compute the beta weights in the equation 
pred:cting Xa, either by using four equations with four unla:imms or in the matrix 
fonn,3.t. 

~ = ;3a.c_ + /Jo..o ro(_ f (3a.c fc. t'- (] 4 F r;.c., 

,0 $' /S a-c. fZc f /J A() f /3a.[ 'to .,.. (J,,,;,p r;0 

~: (6 ac. 0. -f (.J ,;~ r;~ rf,,:;~ -r /2 rt f:' r;.. €. 
p-

~ <~ 1cr 
rco Yc;., r;;f 

=-
'c. ~ tz,t 

r;i; 
re. ~ Y-c;,,. (,=-

/',. 

I 

~ 
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Path .Analysis 

In this section ~:e discuss the c~.s~: ele~ents of path analysis in 

rr.ore detail tha:i we did last term. : ::.st "e review the basic theorer:s 

and underst.lnci.~..;s, then discuss tte r:ssibility of using ordinally 

measured V.lriacles in path diagrar..s, t~::i look at the use of multiple 

indicators in path analy~is, and fiI'.a:l7 discuss more complex techniques 

by only bric!l7 cescricing the use of ~~-::ulta:ieous equation models. 

Obviously tr.is ~rea is cor.:plex and va~~. it all sterr~ from understanding 

of the general linea~ ~odel, but there ~s no way to thorougl~ cover 

all its aspects in only o:ie term. 
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In quant I I i·:''? brieny c.iscusscd ~-".t :1 c=.lysis ir. t r.e c ontc):t of re;ression. '= ~-;­
The stand.:.rdi.zed regression coefficie:::s are equ.:1.l to path coefficients. 
T:1.is tern ·,re will exter.1 this di~cussi :::-: going i nto the details of the 
gene r al t ho ore::-: of ;- ath a."lilys::i.7 a."'ld i.~ er-:'.)reta t ions of ;iath diagra.r.1s; 
the use of ardintl v:..riables irpath z.=:;:.yses; and using multiple indicators 
of a variable i:: _:ath ar.alysi!;. 'I'hese !.:.st t:-ro techniques should be 
hel?i'ul in deveL:1ing .::ore -;: r ecise i.lea::-.:res of sociolo:;ical conce:Jts. 

T:1e causal r.:odel belo,·r is identical t.:: :.:iat discussed in the fi:-st -;,art 
of Dur.can• s article . :'his is what we ctll a 11:'ull:,· identified ::1o~el. 11 

Sach of the prior v ariablesf,.n time is seen as causing a later v~riablo. 
In-1:ile model t :10 vari~bles are spaced f ::-o~ left to right as they occur 
in time. 

Suppose that the Xi 1 s in the rodel ar~ stand::.rd or z ~cores (if the 
real !ll~lsure of the .!':i!-st v;u-fable is v, , X1 = (V1 - v1 )/ er 1 ) • 
Then ,·:e could re;,re~ent e::.ch of the de:: :::1dent vari ::.bles in the 
lOO".iel above u with t ie .!'olloi·:ing -prec.::..::tion e~uations . These are 
the standardized r egre ssion e e:uations :-~= studied last ~/ei,,.-. . 
T"ne j3 ij 1 s re~:-es!;nt the standard dev:.::.tion U."'lit change in the 
derendeny variablel.~·rith a che.nge of o:;s standard deviation in the in­
de_,endent vari.-iblc j . So i.'1. t :1e XDCIZinPiei i·:he:-e the Xi ' s a re a.11 

equa~~J~s . J: - 1 
in stzndard den2tiori units, the ;3 ij ' s rei:.,res~nt the ;;_:nou."'1t of ..:.<P~ •~ 

chalgc in the de':)ende:1t variable Xi wit:i a change of one turi. t in X. ,µ.•/..L-u. -I~ 
J . -'- / . ., 

I ,.-. M. C~-'-'-~ 
/ ~ /,'-~ ' 1 ' - ~-<.. 

"""-- +d.,i. "....2~.;.v-<.~ I,,:, 

/~......-i~.f • 

"' t- {l i4, (.I) X3 = 1,x, ,: .. 
~ (? j I -f I> '1~ I 1.. 

I f?"sx3 (. .t) X4: 'I I 

-f (JJ".l, :IJ., 
~ (3.-j I; A (]n X, 

(3) x-- = , 
?or each of the se :,rediction ecun.tior.s ·r:: ;:-.;;.y obtain an R2, a multi:1le 
correlation ccefficier.t, v:nich indic1,:. :-=3 ho·,; much of th1: v :1:-i '-.ticn i.11 
tm c:e:,enie:1t v.= :-i-:.ole is e:-::: J..3.i.11ed t·: -::--.~ i.'1cie :e::rlent v ·;.riabl "'s• 
:iou su~-;:,ose th?..t thz:-e ~-•2.s so::'!e oth '"!r ' ·: ::.:::.2-ble i cr each of the equ:.tions 
ahc-;e th.;;.t C0"1 ·i e·~), ·."..., ::.11 oT' t ,,,.1.· e .... :- : " -i· n~ ••-,ri· ,e • .1.· or: ._ ..__ ,. A _e,;._. 1 - - ls!..., - -• - •: ·~ V ._ -V 4 • 

i·ie cot:ld call t i:e3e v:.:-:. ""bles (ae:~in i:-,~-: :.!1:i::.:-d sco!'e .:o:-:-:i) R'..l, ?..v, n.n:! ~ 
res··cctivel:: f c:~ en.d! o: t::e three eCj·;:. -::.::::1s P.bove . 

1 
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l 4 
We could the:1 re~ite the ~rediction equations 1, 2, an1 J a::•:e 
includirg these new variables. How, howe•rar, ·a11 the vari.aticn in 
the deoerxlen~ variables is e:x::>lained by variables i n the equ~t ions. 
?art of the so ~riables l·n.11 be measured ( the Xi's ) and on~ :.:: eo.ch 
equation is unmeasured (the Ri's ) . 
These equations written below (equations 4,5, and 6) are ~a•~ ed 
structural eq:iations. Pij 's replace the ~ ij 's. These p's are 

called -pa.th coefficients. These equa.tfons r..ay be seen c:s re-;:-escnting 
the "structure'' of the model, the nature of in:.--:1.uerees on t:ie vari.;.bles in 
the model. 

(4) 13=- Pi, l. 1 tf;;).'i~ + p 3 ""' R t..... 

(5) x4,. f 'f l Ai ~ f'IJ,j:J, -t f-fJ /.3 -1 f~i1 Rv 

-t f:,-" x'{ 
f fnv £w 

.,, f s-.J. ,(_ + P s-:s X1 (6) f $"I ,(, Is = 

How ma;;r these structural equations be used to help us inte::-;::-et 
the model and the mture of effects(both direct and indirect)on 
t.~e dependent variables? 
Remember the ~efi.nitio of tne co::-re atio ~rficient as 

./ 
~ 

~-

,.. 
~ t l:,, . , ,. , 

1,, , 

-~ ... 

covariation (rr.)/ variation X (variation !) = rx:r ~ 

When we are usire standard scores vr,riationX • variation ! = 1, by defi."lition. 
The covariation XI • L,II• (X and Y are Standard scores.) 

Suppose the:1 ~-re look at the correlation bet~·reen X3 and XS• .Since both 
of these va.ri~bles are written in standard scores we know th:.t 
r35 = L X31:,/?:. ~ ~ ) 
We can now e~and this .fo:rrrrula by substituting in the structu:-~l equation 
for x5. 

£;(3 ..k',r r;,- :; -~ ~ 
-~ 

-f fsY 
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This :,rocess can be repeated' for all combi.r::ations 0£ the de;:endent t, 
and i?Xie:,encient variables. This yields the foUow:i.~ formulas • . - ,.J 1 

.. •• •• • • ----:....--- -- .'.,..1,.,i.' 

(J'J I / • vY 
r34 • P4.)_ . + P42 r23 + 1:>41 ll1.3 . _:":-'- ~ 

V ) l 
(t;) r 32 • P.32 + P31 r;; ···~i:~vJ, Ct~ r31 • PJ1 + P32 r2i1 

In ge~aJ.,(" J rij • [ Piq rjq ·: were i and j are two V-;J'iables ·1n 
the systa:i and q runs over all variables 
t-::1. th ?a th~e ading directl:r to Xi_. 

If we keep ex;, aming these fonnulas by substituting in we ca.., 
get them to the point where we can see any correlation bet;.een an 
irxl.e? err.ient =.nd de?erxient variable as a function of paths bet::een 
inde?endent .:.."'ld dE!;)endent variables an:i correlations bet1-1een variables 
\-.!i~h no causal relation. Far e~le, 

Q;) r35 = P.51 r31 + P52 r23 + P53 + P54 r43 

= P51 (?31 + P.32 r2f) + P52 (P.32 + P.31 r, 2) + P53 + HI 

?54 {p43 + P42 (?32 +P31r·12) +P41 (P.31 +p3~12)J 
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Remember th~t oath coefficients arc the sa-r:ie as s,.,andardized regression 
coefficients; ~-re kn0t·T that a ?ath coefficient from variable j to vari~ble 
i represents the stan::iard deviation unit cnange in i we would e:>.--;>ect with 
or:e standard deviation unit change in v ariable j when the influence of 
other variables affecting i is controlled. Thus, P53 represents the 
change in v:.tlable 5 caused by variable 3 when the innuence of other 
V.:lriables ca~s:i:ng 5 (variables 1, 2, and u) is removed. P5J is 
then the direct in!l.uerx:e of 3 on 5. 1,3 is the total rela.tionshi? 
between variables 5 and 3, or the ~ standard devi2. ti~n unit 
change ,•ie would er::,ect in 5 with or:e standard deviation unit change in 
3 when no ot.~er variables were involved. But, in our im tance, other 
variables do affect v~riable 5 besides vari..?.ble 3. Thus P53 ..::. r53, 
and r53 - P53 must equal the inf'lueri:e of variable 3 on variable 
5 tha~ is not direct. r53 - P53 represents the :iJd:J:x indirect influence 
of vc:.riabl.e 3 on variable 5. By using the e>;i ansion of r53 in equation ,,_., 
we can examine the nature of this indirect effect. 

'lbe final ex?ansion of r53 expresses this correlation only in terms of 
pe.th coefficients and the correlation between 1 and 2. No causal order 
is posited bet~-reen variables 1 and 2 so there can be no pat:1 bett·~en 
them. T'nis e~nsion then can l et us see how variable three directly 
infl.ue~es variable 5 (thru P53) and then how the indirect influence 
ischanneled through associations of variable 3 with other vari2bles and 
the way these other variables cause variable 5. Far instance: 

(13 ) r53 (diock; total influence of variable 3 on variable 5 ) • 

p
53 

(direct influence of x3 on X5) + 

P51 falii.3 t (indirect influence of X3 on 15 through x1 ) + 

P52 f-fe (indirect influence of X3 on XS through x2) + 
31, .. 

P54 f 43 (i."ld:i.rect influence of X3 on Xs through x4 ) + 

') 

?51 P32 r21 + PJiP52r12 (indirect influence of X3 on X5 through X., and x2 ) + 

P5u Pu2 P32 (indirect influence of X3 ~n X5 throueri X4 and x2) + 

P5u P41 PJ1 (indirect in.f'luence of X3 on 15 through X4 and x1) + 

P54Pu2P31r12 + P54P32P41r12 (in.:iirect irfluence of X3 on Is through x1 ,½ and X , 

Similar e~&."!sions can be mde for all associations between dependent 
and iniepenie!'lt variables. This a bility to dissect the direct and 
indirect iru.'":..uences of the i nde--::,endent vari~ble on the denendent variable 
is the prir.lE.!j- asset of ~ th analy~is.in inter-;,retir:g re lationshi:')s. 

38 



t'"' - •--.,; --- :- • 6"' 

Equation 11 is called the general theor~~ of p~th analysis. It is at 
the base of this ability to dissect the direct and indirect i."1-~uences 
on the de?endent variable. 

Also note th~t it is oossible to trace the direct and indirect influences 
of 3 on 5 dight on t~ model given on t.-ie first page. Taki:r.g each of 
the terns in equation 13 you may trace the relation bet:-:een v~::.bles x3 
arti Xi;. Tiie not.:1.tions in :'.2rentheses c.:m help guide you on t:-.is tracing. 
(\'lith:1.n any one tenn of coefficients mUltiplied by ea.ch 0th~:- the order 
given can be changed. ) 

In your o .. m ;-:orlc you uill :,iant to cor:i;,ute the values of eac:i indirect 
arxi direct inf'luerx:e. Comparing these values is a fantastic aid to 
int.er:.Jreta.tions. 

To get the path ccef ficients on the COJ1l?uter use the sub:)rog:-a.':l RID~.3310:i{. 
As ~ntioned cl>ove the ::;a.th coefficients are siJ!l:,zy- the stan:iardized regres­
sion coefficients. Iou will need one regression st.aternent for each 
structural equation in ,our model. 

i-Jhat if you:- :icxiel is not fully identified? '!bat is, l-m.at i! one of 
your exogenous (inde:,:e?Xient) variables is not seen them:>etie=lly as 
directly infl uencil"€ your deperrlent varici.ble. 
Your stmictur-s.l e ::u.ations would then be different and your ~"l:!.lysis of 
direct and b::!irect influences on the de·.:endent variables i-,ould be different. 
For instance, if you h'Y:)othesized that variable X1 did not directly 
influence ½ ;rour structural equation predicting Xs ,~uld be ~ in eq. 14. 

(14) 15 • ?52 ½ + P53 X3 + P54 X4 + P.5'w ilw, • 

X, has been atmitted and P51 is then zero. You could now CO::??Ute 
n~r .fo!"!l'JUl.as estimating r5), r54, r52, and r51 without the direct in_f'l:..ience 

of X1 on ½• If indeed x1 dee s not directly influence X5 then these 
estimates should, within s am_:iling error, re-produce the correl~tions. 

This tec~mi(;!le of ~roduci.>1g the ca-relations is a tedious :):-ocess and 
there is a rmc.11 easier uay corl'!?utati.omi.lly to deal with the issue of 
Vc!ri.able s with theoretical..l;:,· only indirect ef.r ects, uhich ?reduces the 
sa.JlE results theoretically. 

What we are s~j1.ng in equation 14 is that x2, ~, and I4 exp)~; n all the 

-\ variation in ~ that can be e::o laired by measured variables in our model. 
If then, variafile ~ were added as a predictor it should add no additional 
~lana~ion of the variabion in ~. That is, the R2 obtained when 
?redi~t~ ~5 !'rom I¥; x,, x3, and X1, mould be essentially t.-ie same as 
the R obtai::1~ when X1 is aaded as tr predictor. CorreS!)ond;,;gly, 

/3 51 • 234 sho;.:.ld be equal to zero. It is possible to examine both of 
these ·:)OS sibi2.ities uhen using a regression -orograrn on the co~uter. 
R2;,are given =- s part of the standard out~ut ~s are F ratios ~~ting the 
hypothesis th.:.t beta Heights (;J .:a.th c Or!fficients) are eaW!l to zero. 
To .&:a.M:t:t::wl: m~e X1 ent. er the regress ion e c;ua t i on last, ·ho~·teVe.!", you will 
need to requ:;:at a h!i~r1:1.rchical orderin; of the va.riables in ti'? eqt:ia.tion. 
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Wh.:,.t about t ::e residual variable? You r cirember that the res:.c.:.i~l v.:?.riable 
{represented by Rj_) represents all othet1Varia.bles that might be c~using 
the dependen:. variable. For instance, ~ -T is all oti1cr influe::ces on x5. 
It is necessa...7 to assume that ~ 1 is uncorrelated with Di: t::e me.::i.sured 
variables in the model th.:?.t are '!)rior to 15• If we didn't assume this 
ue would be 1.l."'lable to get values for the pa.th coefficients :-e-;,rese:iting 
influences on X5. This is actucl.lJ· a b2si.c rlssu.,;r;,tion of cl.1 analyses. 
Mll:xaa:s.ii1111Dl?iilz: If we take our results as vaild ue are ass uni:-~ that there 
aren't other variables around that could destroy this relatic~shi? 
(that there a:-en 1t suppressor, distorter, Etc. var~bles to ~~e La.zarfeld1s 
terms)• • Obviously this is a vcrJ difficult""assur:t:)tion." T".ne i.':t;)ortant 
point to rer..e::!)er is that we ab~s h-=.ve this problem. You cannot change 
your analysis techniques or meth s and escape it. (Unless ::ou do a 
controlled ex;,eri.ment.) 

La.st tenn He sir:1-::il stated that the Dath coefficient from the residual 
equaled 1 - R • :fx:Lu cwsd k Iou rer.iember that ,•!hen ::ilex!!:d::x there 
is only one 7~iable influencing a dependent measure the n =--rlb coef'~j cient 
eqmls the correlation coefficient. Thus P5w • r5w = '{1 - R25.

1234 
We can SU;JpO:-t this contention both through logic and throug:1 
using the basic theorem of ~ath analysis. prooortion 
Via logics Reimmber that R P•1234 • the p•t111•.ru:ga of vari<l-tion in x5 that can be explained by all variables 

acting on it. in the mo::iel. 
2 pr09ort1on 

1 - R 5•1234 • the p•te-~ of va~i~tion in X5 
that is not exr.,ltined b:r these variables. 

If Ne re:::ember that R.., represents all variables 2 
outsicie the model t!iat ere:la.in x5 then r 2

5w • 1 - R 5.1234 

Then {r25w • r5w • -P5w-

Via the gene~al theoreIT1.: 

Consider t • 1 • f P}q r ~ 

.... 
f.rw 

;:.rwJ.... .::: 1-f~-: 0s--
~ 

l--

- /! ; ./.1,:J'{ f.rw I = 

-f.r~l';r -fs-J ,;.r -f.n t;,r- ) 

----~------./ s 
~ .,t(_.__ -./ozt t (fu _j. 1 /J ,)_ I J T 'f ,..,_ ~ 

~ ~~/41~~ 
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r4 ~ ~~~~ 
c.,v , J°.1~ 

1. 

I - f .1,r;.1 ~ :J),. r i..J f .J<-
: ..,. 

= I -( /3.1, . J.r,3 f (3 .3:J. -1 
, ) .2..J 

Om final cort!lent on path analysis: AifS' tY?e of causal analysis 
(apart from !'Ull experimental designs) cannot prove causa:ili.ty. 
You must substantiate the causal nature and order of 7our model 
through previous work or theoretical argwrents. The theoretical 
basis is D10-st important and 7our path analysis will mean nothing 
without it. 
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IX: The General Linear Moael 

in this final section we pull together the various topics that have 

been discussed this term by showing how analysis of variance may be 

seen as simply a subset o! multiple regression. In the first short 

section on page 21u the assumptions unaer.Lying tests of hypotheses with 

multiple regression are brie!J.y discussed. Note now tnese paralJ.g!r~Bily 

assumptions used with analysis of variance. In the second section {p. 2lU to 

~l.4 an example of using multiple regression to do one-way analysis 

of variance is shown. These analyses were done by hand. In the next 

section this proceaure is extended to tvo-way analysis of variance. 

'!'his time the procedure is more complex and is done by computer. All 
computations are done With the ~~IU'i program and the notes on that 
program given in the previous section may be consulted. Actual examples 

!rom a run are included in these notes. 
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Assu~tion.s: 
Because we are ciealirw. with the regression or li.rn ar model, we stil~ have 

the assU?1ptions that we have dealt witn previously. The model is based on the 
asSJ.mJtion that the variables are rreasured on an interval scale; that the X 
value~ are norma.lzy distributed around the predicted values of the de?endent 
variable with equal variances around the predicted values (actually this 

2 is necessary for the testing of hypotheses, but not strictly for oom;iuting R , 
oartials or the B1 s or Beta's); and that the error tennis uncorrelated with 
the inde;)errlent variables . In ad:li tion, in testing hy-:otheses we assum8 that 
the sample is inde-;:>enci.ently and randomly selected from the population. 
i-.e also assume that tb3 influeree of the iniependent variables is additive . 
This ITeans in our example that the infl.uen::e of expectations of peers adds 
to the influence of expectations of parents which adds to the influence of 
teacher's expectations and so on. There are ways to deal with cases where 
this last assunption is problematic; there are alro\AEys of dealing :dth variables 
!'IEaaured on less than an interval scale; and ~ may test normality assumptions . 
The real)y tricky assWtption involves the error term. To put it s1.m9ly, this 
involves the constant problem in social science of making sure t·re have ruled 
out other causal factors. If there are other variables not included in the 
regression equation that could be suppressing the correlation or making it spuriously 
high, then our results are mt valid. To assume that our results are valid we 
must asswne that there are no such other variables; that is, that any other 
variables influencing our dependent variable are uncorrelated with t~ose we are 
considering and would mt alter our rerults. This is the basis of the a ssum;:;tion 
given in path analysis that the residual variable (the error, essentially) is 
un::orre lated with the in::iependent V:J.riables. Obviously this is a difficult 
assuM?tion, but it is not one that disa?pears with switching analysis techniques. 

A Review and a synthesis: 

This term we have reviewed t - tests and studied analysis of variance and 
regression. The t-test may be seen as a ~ecial case of one-way analysis of 
variance (with df=1,n-1 and t = -.;-p ); and each of the other technioues we 
have studied are cases of the general linear model. In each of the models of 
analysis we have studied, it was assumed that the dependent variable was 
measured on an interval scale. We can then use the mean as the best predictor 
of the de"'.)endent variable when we only have knowledge of that variable, 
ani use deviations frorn the mean as a measure of error. The squared deviations 
of scores from the mean of the dependent variable is called the variation of 
the de-;;endent variable . We used the various techniques of analysis to try 
to e~lain or account for this variation. ':Tith analysis of variance the indepen­
dent variable s were measured on only a nominal s ca.le, while with regression 
we assume that the variables are measured on an interval scale . Techniou.es 
with one and ,ti.th more than one in:iependent variable were used. • 
v.e computed both surrunary measures of associa tion (E2, r 2, R2, and !Ja:-tial r2) 
that indicate the extent to which the total variation has been e:x:nlain?d or 
ace ounted for by the independent variables and tests of hY':)othese~ . The tests 
of hypotheses are used to test whether the results obtained could be e.:mected 
to occur in the paptll.ation, USJ illy that the measure of association would be 
zero in the popul .=..tion. There is a good deal of controversy over t he use of 
such tests of significance ( see earlier han<but with r eferences ) , primarily 
because they a re s o easily affected bys ample size and the differences between 
statistic z.l and substantive signifi c m ce, and thus we suggested that both measures 
of asso ciat i :m and tests of significance be used. 
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.nra,lysis of variance, regre~si.on, and analysis of covariance all derive from the 
gemral lirear mdel. m '!hrough using tnis model we can see that the major 
·difference between these techniaues is in the different levels of measurement of 
the eX';)lanatory varia bles. With analysis of variance they are nominally measured; 
wi1:.h regression they a.re imrvally measured; and with analysis of covariance they 
may be measured on oo tn levels. 
With linear regression the application or fit with the general lire ar moo.el 
is obvious. ( in fact by definition). :h:111wo:ml'.111hoommtJM.11~11.111.m.mlfflJ':iJnJrnl 
Any I (d.e?endent variable ) in the data set or sample may be represented mas 

Ii = ~ . + /S, I1 + /3}., ~ + /3 3 x3 + • • • + /Jc.. Xk + l,.: 

where we are predicting I from the k independent v -:u-iables Xj_, i =1, ••• ,k. 
We were able to test the hypothesis that :kn for the entire ~thef., =0 
and to com';)ute a neasure of asscciation, R2, that irrlicates t · e amount of 
spread of the data around this predicted plane. 

We can see how analysis of variance fits this model by simply altering the 
way we view the :iniependent variables. Say we had data as given below with 
scores of 15 subjects who had been divided among· three dii'ferent treatment 
gro1J.?s. We were interested in the way the treatment groups affected their scores, 
a ty;;ical analysis of variance problem. 

Group 

A1 

t:. 
x 
s 

s:: (. 'I )i,-
( 1" 

r (score ) 
4 
5 
6 
7 
8 

7 
8 
9 

10 
11 

1 
2 
3 
u 
5 

90 
6 
2.9277 

(,J.0 

x, 
1 

1 
1 
1 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

5 

, 

.333 

.488 
s-

~ 
0 
0 
0 
0 

1 
1 
1 , 
1 

0 
0 
0 
0 
0 

5 
.333 
.uaa 

J 
We co uld CO!T'9Ute a standard analysis of varian::e within these three categories 
arrl t rat analysis is given at the to;, of the next page. 
But ;;e can also reconce!)tualize these thr ee groups. What if we made two new 
variables : one of them x1 will have a value 1 if the per son is a member of 
A1 and O otherwise; the second, X2, will have a value of 1 if the person 
was in A2 a nd O otherwise. Then each person's group membershi? is represented 
by their score on the vari ;;,bl es x, and x2• Th.is technique is called dummy variable s . 

\./ 
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So we can also compute a regression analysis that would predict Y from the 
person's score on X1 · and X2: 

The~e cor.r:::iutations are also shown below. 

/;Id 

~./J_ S~;,,:i /~ ~ £C,S· 1., -

~ /;J.l) 

,..t£.,M(_ 

1.2.0 

for max each 7 

F 

1~./fd-U.-.., 'j!) ltf_ 0 
w. -1-L:, 

;€eJ ,ew.S / QYL.-

r. :- 1r £ Yl', - c r~x1 Y J :-
r I I I J ,exz - ~Jz.J I I f ['f L - (£ .,,"rJ 

- 0 

;r - Ir ( o) - { S-,,(_,r) 
l ,l. - ----

t/DJ-(S-)-(f'-).J l 1rtn - ci- .. )J 

r _ 1:;- (i./S-J - { <JoXS-J __ 

/ 2- - 3M 

= - .,2;- -,: - , J-~ 

:,-o 

45 



r,,,.o . r -~ ~ - :::- - s l/C/(,/ 
r; ' ) / .)... • I 

6'1, = ) , ~ ,, o ; b'J)_, ( 7s-C.::f/:: '{. r 

b IJ.., eC-, >= )C.f,!J .. ~ ---,rtrtJV b.,_, "" -. s-~ 

b,,. - (6(, fb) : 
I - ( 6~, )(),).) 

'i:. .r- { 0 ,t.-. J-) 

, 7~-

a .. y - 6 y - .b x.l-' 
1-/).. -~, l ' •.2. I J:i. -1 

:: :. 6 - (3. rJ)(.333) - {.( _()x_, ?33 ) 

::: 3 .003 

~~ ~~~ t,., 

( = J _()O 3 -f 3 . t;-t) l, -f t. . t70 ,,( ~ 

0 + ( . 7J- ) ~ - ,;2. ( 0 )(-. j -J(., 7~) 

I - (-~0) i..-

1 ' - ;- 1 

- ·----- . 
;: / 
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Rogreuion techniques become especially import ant when we need to 
do two way. analysis of v--ariance and when we have unequal cell sizes ar.d/ 
or vben there is a possibility- o! interaction effects. below is 
an example using the i,econd ueignnJ!nt doDe on the computer where 
VJJ0.6, liberties granted, 1a the dependent variable and the recoded 
variable, VARJ.9, political views, and VAROS, gender, are the independent 
variables. VAR0.5 he only two categories, and for the regression I 
recoded them so that code O • female and code l • me.le. 
Because VARJ.9 had three categ0121s, l•liberal, 2-moderate, and 3 • 
conservative I had to recode it to two dummy variables. 
The IF statements to make thAB-;tiUil'IITIY variables are ishmm. on the 
next page. Pl is the first m.iimny variable with a code 1 indicating 
being liberal and O-either conservative or moderate. F2 has a code 
l • moderate and O -either liberal or conservative. Therefore someone 
with a O on both Pl and P2 would be a conservative. Missine values 
were assigned a 9 on both variables. 

Because we also have the possibility of interaction we need to deal 
with this with the dummy variables. These are called Il and I2. 
As you can see from the next page, n equala the product of the score 
on Pl and the s_qcre on gender. ll would equal one if Pl equaled one 
(a liberal) and •• if var05 equaled l (a male). Therefore all people 
who were not male liberals would be O on n. I2 equals l if P2 
and VAR 05 equal one. There.fore all people who are not moderate males 
would be O on I2. Later below it will become apparent how all possible 
cases are taken care ot by these two interaction variables. (Essentially 
kncwiilg these two enables w, to tell the interaction effect with all 
other combinatiom,-it is ii analagoue to degreee of freedom in chi-square: 
the number of categories in one variable mi.Jms one time~ the number of 
categories in the otwc other variable m1nu:9 one (r-l)(c-1)) 

To be most eu11lwdx concise and accurate I should also have listed 
missing values for Il and I2, but the default option on regression that 
calls for liatwi.se deletion, the removal of any case if it 1s missi.Dg 
on one variable saved me. If a case was missing on VAR.05 or :ttR Pl or P2 
it would automatically be excluded. If a case was missing on VAR.05 or 
Pl or P2 it would autom~ically also be missing on Il and I2. 

As With the one-way analysis of variance on the other handout, we are 
interested here in explaining the dependent variable with the two 
independent variables. We are interested in accounting for the variation 
in VJ1.HJ.6 through the i~luence of VAROS, V.hiU9 (now seen as Pl and P2) 
and any joint effect thes£ variables may have (the interaction terI"..S 

il and 12~. 
To see this then we ask for a regression equation predicti:::1g VARJ.6 from 
Vi,.?.05, then predicting v;_qi6 from VAROS and Pl and P2 (VAR.19 ) and finally 
predicting VA.RJ.6 from Vb.?..05, Pl ·and P2, and 11 and 12. 
We should also have askeci for a recressi on equation predicting Vi,..n.J.6 
.fro".11 Pl and P2 alone (use t he statement R.S ;~.SSietti • vi-.Rl 6 F I T! Pl,P2 (1 )) 
but l forgot to do t his c1. -.d cornout ed t he rt2 that 1-rould resclt f rom this 
by hand . (R2 • .Ou6) • 
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Re Cw OE 
lf 
IF 
If 
IF 
[F 

If 
COMPUTE 
COMPUTE 
MISSING VALUES 
RE\7RESSION 

VAROS (2=JJ 
( I/ AR 18 E Q l ) P l = l 
(VARl8 EJ 2 OR VAR18 EQ 3) Pl=O 
(VAR18 EQ Ol Pl=9 
(VARlB EQ 2t P2=l 
(VAR18 EQ l OR VAR18 EQ 3) P2=0 
(VARl8 E~ 0) P2=9 
Il = Pl * VAROS 
12 = P2 * VARC5 
Pl, P2 (9) 
V AR I AB L E $ = VA R 16 , V ARO 5 , P l , P 2 , ll , I 2 / 

STATISTICS 
REGRESSlUN= I/ARl6 WITH VAROS (8) Pl, P2 (6) 11, 12 (4) 
l,2 

VARI ABLE ,'oit::AN STANOARO DEV CASES 

VAR16 2.8093 1.2759 1327 
VAROS 0.4635 0.4989 1327 
Pl C.L962 0. 4567 1327 
P2 o • .3956 o.4a92 l.J27 
11 0.159\l 0.3658 1327 
12 0.1530 0.3601 1327 

~ "t,rrc , ~ _, • 
;.r,A 11(,,A/~ 

VAR16 VAROS Pl P2 -1 l 12 

VARl6 1.00000 ;J.0228l 0.21214 -O.l37t3 0.17648 -0.10389 

VAROS G .0228l 1.00000 0 . 09554 -0.12458 0.46786 0.45726 

Pl 0.21~14 J.-)9554 l. O•JOOO -J.52483 0.67033 -0.27567 

P2 -0.13763 -u.12458 -G.52483 1. oooco -0.35180 o.s2s26 

I l C.11648 0.46786 0.67033 -0. 35180 1.00000 -0.18479 

12 -v .10389 J.45726 -0.27567 o.52526 -C.18479 1.00000 
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CE PENDENT· ~AR [ AdLE •• VARl.6 OPINION ON HO~CSEXUALITY 

VARIABLE($) E~TERED CN STEP NUMBER l .. 

MULTIPLE R 
R SQUARE 
ACJUSTED R s,uARE 
STANDARD ERROR 

J.u22dl. 
0.00052 

-c. 00023 
l.27609 

VAR 05 GENDER 

ANALVSlS OF VARIANCE OF 
REGRESSION 1. 
RESIDUAL -·1325. 

----------- VARlAdLES IN THE EJUATION ------------------

VA~CS 
(CCNSTANT) 

8 

c. 0583 5 
2. 7823 0 

BETA 

0.02281 

STD ERROR e 

0.07025 

F 

0.690 

• • • * * * • * * • • * * * • * * * * * * * * • * * * • * * * * * * * 

VARIASLE(S) ENTERED ON STEP NUMBER 2.. Pl 

~~LT I PLE R 
R SQUARE 
ADJUSTED R S~UARE 
STANCARO EFl~CR 

--------------
VARIABLE 

VARCS 
Pl 
P2 
(CC~STANT) 

0 .2143 7 
0.04596 
0.04379 
1.24 769 

VARIAdLES 

d 

-0.00v4l 
C.53944 

-C.C9470 
2.68/2.4 

P2 

ANALYSIS OF VARIANCE OF 
REGRESSION 3. 
RESIDUAL 1323. 

IN THE EQUATION ------·------------
BETA STD ERROR e F 

-C.00016 0.06927 0.000 
0.1931 ,J u.J~8l9 37.416 

-0.03631 O.u8261 1.314 
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DEPE~CENT VARIABLE .. VAR16 OPINION ON HC~CSEXUALITY 

VA~IAELE(S) ENTi::REO Li~ STEP f\iUMBER 3.. 12 
Il 

MULTIPLE R 
R SQUARE 

0.2224-6 
0.04949 
0.04589 
1.i4632 

ANALYSIS OF VARIANCE Of 
REGRESSION 

ACJUSTED R s,uARE 
STANCARD E:PRCR 

RESIDUAL 13 I 

----------- VARlAbLES IN THE EQUATION-----

VARIABLE 8 SETA STD ERROR B F 

VAROS -C.C2u50 -0.00801 a.l2..i27 0.028 Pl 0.41277 0.14776 0.12650 1 o. 64 7 P2 -0.04494 -0.01723 0.11087 0.164 
12 -0.13414 -o. 03 786 0.16635 0.650 
Il 0.23762 0.06dl3 
(CCt\STANT) 2.6<;712 

0.17633 1.816 

ALL VARIABLES ARE IN THE EQUATION 

The above information is the resulting printout with the mean, standard 
deviation and number or cases for each variable involvea; the zero order 
correlation matri.X, and the resul.ts or the stepwise regression. 
In step one ot' this regression we are given tne equation that predicti 
the J.ioerties granteo from genoer. 1n step two we are given the equation 
that predicts J.ioerties granted from genoer, and the t.wo aummy variabies 
t'or po.J.J.t.ical affiliation. In step t.nree, gender,~ polit.ical affiliation 
and the int.eration of these two variaoies are all enterea as preoictors 
of libert.ies grant.ea. In each of these steps we get a measure ot' Rl, 
the proportion of the total variet.ion :t,r~ in uoerties grantee that. 
may be exglaineo by the inoepenoent. variables. tou will remember that 
oecause R2 • explainea variation/ total varia~ion; expiained variat.ion • 
i: .tt~ (total variation). we will use this to deveiop the tests of analysis 
of variance as shown below. 

With two-way analysis of variance we have three hypotheses: 
1) H0 : the row means are e...qual or the means of the categories of one 
variable (say gender) are equal ano H1 : the means of the categories of 
genoer are not equal. 
2) Ho: The mean liberties granted in the categories 01· political 
affiliations are equal and !11: '!'he mean liberties granted in the categories 
of polit.ical affiliations are not equal. 
3) H0 : There is no int.eration and Hl: There is interaction. 
we must test the third hypothesis 1irst. In the standard way of 
anaiysis if we u reject the null hypothesis we cannot complete 
the analysis. With regression it still makes no sense to complete 
the analysis, but we can make furtner interpretations ana analysis. 
The following table gives the analysis of variance 1'or t~is problem. 

50 



I 
I 

I 

I 

.t;elow are the F tests for each of the hypotheses given on page four. 
You may compare these to the resuits from the anova program~to see 
that they are identical. Cp. t ) 

;.; .. J 
l) to test the hypothesis 3, of interaction 

F • MSS(interaction)/ MSS (unexpalined) =-(:003 £y
2
/ J;{.951£y

2 
/ 1321] 

= (·"!2J_t.1r-l) ,J, ~I. 
...1.. . <if"/ :: I .~ ~ ,,2 • c) f 

2) To test hypothesis l - of no difference between the means in the 
two gender groups 

r (Qf '.:!.!.!) ::' {) F • MSS(gender) I MSS(unexplained) 1 . e:r, 

3) To test hypothesis 2 - of no difference between the means in . the 
three political groups 

F • MSS (poll tical groups) / HSS l unexplained) =( O 'tS-)f ~ IJ.3:1 ) .:: .J /. ;2 f° 'I 
-2- ;l,. . '?Fl/ 

Note that we did not add the~ from interaction back tinto the error 
tenn. The .ANOVA program does not do that unless you specifically ask 
it a to do so. You could do it with the regression work if you 
vanteo. 

As you can see f rom either the .ANovµrogram or f.11% f rom looking up 
the cricitca, i F values in a table we J11: may fail to reject the 
hypothe~s or'no interaction (although this is quite close) and fail 
to reject the hypothesis of differences between the gender groups; 
but we can reject the hypothesis of differences between the political 
groups at the . t)O I level of significance. 

~ Using the regression equaitions given on pp. 2- h we may 
also examine the dif ferences between the liberty scores for each 
of the groups we are concerned with. 
If we assume there is no h interaction (i.e. we reject the null 
hypothesis three) we may use the regression eqution given i n step 
t wo to analyse the influence of gender and political affiliation on 
liberties granted . From page 4 we get 

'-! (_ 

VAR16 • 2.oo7 + (-.0004 1 G + ( . 539) Pl + (-.095) ?2 



Analysis of variance -- political liberties-- VAR16 L 'i) 

source of Variation su~.s of Squares 
from regression degrees of f reedom 

1) Total variation [ y2 ~ [ l Y ··Y)"' N - 1 

2) Total explained 
between sub-class 
SS expt;.ai ned by 
gender, political 

R2 2 
G,P1 ,P2,Il,I2 [,.Y 

• ( .049) [. y 2 

views and interactionA 
f l'-+ p J,. :I 1-+1 ~ 

3) BXplained by R
2
G Pl p2 l Y

2 

additive model , , 

a)explained by 
gender adjusted 
for political 
views 

b) explained by 
political views 
aojusted for 
gender 

• ~.04C) t y
2 

2 
(RG,Pl,P2 

• (.04b -

- 0 

2 
(RG, Pl, P2 - R2 G)£ y2 

• (.046 - .001) £y2 

• . 045 t: y 2 

5 

3 

1 

2 

4) explained by 
interaction 

2 2 2 
(RG,Pl,P2,Il,I2 - RG,Pl,P2~ 2 y 

• (. 049 - • C46 ) l y
2 

• . 003 [ y2 

S) Unexplained 2 2 
t l - HG,Pl,P2,Il,I2)f y 

• (l - . 049~!. y
2 

• . 9;,l [ y 

2 

h 
N - b 

• 1321 

Mean ~u:n of 
Squares 

0 

By l ooking at the calculations under step three above you can see 
why the results in the regular A!-lOVA progr am we did wi. ttythis data produced 
surns of squares that did not add up in the way they do when you have equal 
cell s~zes. Because the number 01 cases i n each subcell are not equal 
(or propor tional to the r.!.arginals) the ~ effec~ of ger.der and political 
views on lioerties are r.ot independent of each ot~er tas we coula 
force tne:n to be in a con~r olled eXJ:eriment) and so so!r.e of the total 
explained variation in the additive moael comes from this overlap~ing 
exp~~ation which cannot be attriou~ed s~ly to ei~her ; ; dependent 
Var l. a ole • . ~ r I 

' 



~ ~ ~II/t i ~, ~ -07 -, ~t)OV ( P) I'- · S-.19 ( t>) - . t> ~j-('t)) 
~ .2. 'F? 

~ ~ 
~ 

J?f....R.,_ 7 . .,2:2;-~ .2. , S-f'I ~ ;2 . (tfi(, 

{;_~ 3 .~j,' 

> .oooy 

;. . S-'f:;, ,2.~J-'7 
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Ai..,uVA 

STATISTICS V~Rl6 BY VA RJS. VAPle (l,3)/ 
l ,2. . . .. . 

SCURCE OF 

* * * • A 
VA.R16 

13Y VARC5 
VARld 

VARIATICN 

MAIN EFFEClS 
VAR05 
VAR18 

2-114AY I NT ER ACT I □•~ S 
VAROS VARl8 

EXPLAINED 

-:. •• • ., . ·.;_ r ... , . . 

· · - - ··· · • •• - ·- .I • • - - -~ 

NALYSI S OF VAR IAl'\C 
OPINION 0~ HOM~SEXUALITY 
GENDER 
RECODED POLITICAL VIE~S 

SUM OF ~EAN 
SQUARES OF SQUAP.E 

99.208 3 33.069 
O. J ,)O 1 '.:>.10J 

9o.oas 2 49.:)43 

7.627 2 3.813 
7.627 2 3. 813 

106.835 5 21.367 

SfGNIF 
F OF F 

21.291 0.001-
'J.JJO 0.999 

31.575 0.001 

2.455 0.084 
2.455 0.084 

13.757 0.001 

, RESIDUAL 2051.784 1321 1.553 

' 

TC TAL 2158.619 1326 . 1.628 

1499 C4SES wcRE PKOCESSED. 
172 CASES l 11.5 PCT) WERE MISS.ING. 

~. • t ' • • ,. 

* * "' u L T I p L E C L A S S I F I C ~-. t-1 -~ N . "A N. A L V · S l S 
VARlo 

e" VARC!> 
VARlo 

* * * * • * * * * * * 

;J:iANO MEAN = 2.81 

IAR(ABLE + CATEGO RY 

·1AROS 
1 
2 

I AR le 
l 
2 
3 

ULTIPLE R S~UAKEC 
,. ULT I PL E R 

* 

OPINION uN HOMOSEXUALITY 
GENDER 
RECOOcO POLITICAL VIEtlS 
# * * * * * * * * * * * * * * * * * * * * * * * * * * * 

615 
712 

393 
525 
4J'1 

UNADJUSTED 
DEV' N - ETA 

0.03 
-).J3 , 

0.02 

0.42 
-0.22 
-0.12 

0.21 

55 

ADJUSTED FOR 
INDEPENDENTS 
DEV 1 N BETA 

-o.oo 
0 . 0:) 

0.0() 

C.42 
-0.22 
-0.12 

0.21 

o. _046 
0.214 

ADJUSTED FOR 
[NOEPENOENTS 
+ COVARIATES 
DEV'N BETA 



Types of Coding for "Dummy Variable" Regression 

Kerlinger and Fedhazur discuss three types of coding that may be used 

i n dummy variable regression. All of these produce the same results in 
, 

terms of variation explained and the results or the various hypothesff 

tests. 1'hey differ in the form of the coding used and t he way in which 

once may interpret the regression equations that result. In all cases the 

number of variables (what Kerlinger and Pedhazur call vectors) that are 

used to represent a given nominal variable - equalJw the number of 
categories in that variable minus one. 

The type of coding used in the examples earlier in these notes 

is called dunmy coding by Kerlinger and Pedhazur. In this kind of coding 

each dummy variable or each vector 111p1 is made up of zero's and one's. 
When a subject is in a group it is assigned a one, when it is not ia is 

assigned a zero. ()le category then has codes of zeros in all the variables. 

This group or category may be seen as a "control group" or the one to 

which comparisons are made. (The example of dumm:y c0<1ing with three 

groups and a xa one-way analysis o! variance can be consulted !or an 

example of this method. Here the third group, A
3

, may be seen as the 

"control group".) this methoa is then especially useful in experimental 

or other situations where one wants to compare all but one of the ca~egories 

tom that one group. lttD The regression equation in tnis case 

yields an intercept that equals the mean 01 this control group. 

~ch slope coef!icient (b) equals the lli.fference betwee~!Be0 ,s~8!ilti8P designate 

independent variable and the mean of the control group. 

A second methoa o! coding is called effect mBia coding. While in 

dummy coding one group is given zero's in all vectors or "durnmyI variables," 
in effect coding this group would be given the score of -1 in each or 

these vectors. The advantage of~ using this form or coding is that it 

gives results that are easily transferable to the general linear model 

tespecially when there are equal n's in the subgroup). The K2 and F-tests 

for te~ting hypotheses are exactly like those ob~ained wi~n the other methods. 

Tbere are however dir!erent regression equations. When there are equal suD-group 



n's, the i ntercept equals the grand mean of the dependen~ variao~~ . .e.a~u ~~oµe 

coefficient orb equal& the •treat.ment effect," the di~ference of the 

mean of the group with which the vector is associatea (where it has a +l) 

from the overall or grand - mean. When there are unequal subgroup n's 

the intercept equal.5 the ..---xgtw unweighted mean of the subgroups (this 

means that the larger subgroups don't contribu~ed as much to this overall mean). 
I,.. 

.l!;ach b then equals the difference of the subgroup mean from this unweigted mean. 

XlldAcn1uw■twwi.01wtftfwDDJt,11nw■■nmiwx tlll&i i1■iltt1011i1■PJXM1Jiiitli:cn:r '!'he data 

that were used in a ng dumm;y variable code analysis for one-way 

anova are shown bu.ow with effect coding. By the way, this coding is 

cal.led effect coding because each b tells the effect or ~he treatment 

in terms of deviations from the overail mean. 
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The third type of coding is In orthogonal coding. It is used when 

the researcher wants to make specific comparisons between the means of 

some of the groups involved. The type of coding used is determined 

r,y the kind of comparisons that one wants to ldcnake. one can make as 

mar17 orthogonal comparisons u as there are vectors. Thue, if as 

1n aour example there are three categories, one can mak! tvo orthogonal 

comparisons. TVo comparisons are called orthogonal when the sum of 

the products of tn.eir ooef!icients for tneir elements is zero. 

In the !irst comparison below, as shown, the comparisons are orthogonai; 

in the second, however, they are no~. 

(l) Di_ • (l)' ·-7, ) -t ( - , r. Y .l.) +- Cot V 3 ) _ ) 

IJ ~ ;; C- ~ X. y I ) +- (- ±_ X. y .i) f (L )( 'f 1 

( I k_ - ,t ) +- (-1 ~- {_ ) + ( () (. t \ ::: 0 

(tX-1) -r- (.-. ,J:o) +· (.oJUJ ::. - / 

When one us•s orthogonal coding in comparions one simply uees the coefficients 

1n the hypothesized contrasts as the codes. ODe the next page the same 

example used earJ.ier is repeated with orthogonal coding. The coefficients 

in the first comparison above that vas shown to be ortbogonal are used 

(those :bDl in the second vector were simply multipled by two to simplify 

computations). Note that because these two vectors are orthogonal, their 

intercorrelation is zero { orthogonal means uncorrelated). Note that the same 

value is obtained for R2, but that the regression equation is 501,1t:what 

different. Here tue intercept equal.a the grand mean (for both cases with 

equal and unequal subgroups sizes). 'l'he slope coefficients relate to the 

specific comparison involved. The F-ratio (or t-ratio) associated with 

each sbpe actually tests the hypothesis that the two means in tne 

comparison are equai. In this example b is associated with the . JXi•x 
comparison between A1 and A2 (because in x

1
) iheir sums add to zero. 

b is associated with the comparison between AJ and the average of 
yx2•X, 

the means of Al and A2. 
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There are a few differences in the notation that Kerlinger and Pedhazur 

use from tnat we have used previous~. They refer to the regression 

sum of squares. 'fhis is simply the unexplained sum of squares that 

we have used in testing hypotheses re.1.ated to regression. {'l'he term 

regression sum of squares is the same term that SPSS uses in the 

printout and book.) 

In table 10.J, page 230, the variable labeled 4 is simply the interaction 

term. What Kerlinger and Pedhazur try to do in the first part of this 

chapter is actually to present the logic of ana.iysis of covariance and 
only introduce the term itself in the last chapter. This is probably 

to avoid the problems associated with just seeing anaJ.ysis of covariance 

as associated with experimental designs. 

Ul page 2~, the last para~, the term multiple comparisons 
refers to comparisons between means to see which are signil"icantly 

di!rerent from each other. 

Pp. 245 !!, note here the dis~inction between ordinal and disordinal 

interactions and calculating the point of intersection with interaction 

ef!ect. This was not mentioned x in the notes or in Blalock, but is 

a useful way o! describing the nature of the interaction. 

In pp. 260-205 they discuss non-linear relations and the use 

of these in regression. The technp.ue they use is the CODIDO?l one 

or using a squared or cubed term (or even higher order) and simply 

adding this to the regression equation such as in Y' •a+ b I + 3 b x2. 

On page 274 MSR refers to the mean square of the residuals (mean 

square _res1daals} this is the mean square or estimate or variance for 

the sum of squares (variation) associated with the error term or wituin 
estimate. 
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~. Analysis of Covariance 

In this section we explore analysis of covarefince. This is a tee h­

nique that combines analysis of DI variance and regression. Continuing 

from the work of last term we will discuss the logic in analysis of variance 

terms and also show how the work may be done using regression techniques. 

In the first part of this section we discuss the general logic of the 

technique. Int he second part we show an example of an analysis using 

regression techniques. In the last part. of this section the pages from 

the SPSS manual that discuss analysis of covariance· are attached. This 

includes the analysis of covariance runs in the classical tradition 

(not using regression and dummy variables). With the kind of data 

sociologists usually have I recoJ1U11end generally using regression techniques. 

The other material is appended for your interest. Blalock gives an 

example of working through an analysis of covariance with the classical 

techn~ues by hand. 
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A3o y 
(,~,1'1""'-) 

In analysis of covariance we have a dependent va.r:iable that is intervally 
measured and two or more in:iependent var:iable s, one of tvhich is nominally 
measured ani the other !Tl:!asured on an interval scale. (The additional 
independent variables may be either nrvally or nominally measured.) 
The diagrams below illustrate possible casP.s where you might want 
to employ an~sis of covariance. You might want to examine the 
influence of the intervally J1Basured in:lepen:l.ent variable (called X) 
on the dependent variable (called I) wen the i:rifluenee of the nominally 
measured iniependent variable (A) is controlled or look at the influence 
of A on I when X is controlled. 

" 0 0 
(J O i) 

(J O c) 

.,, 

ooo 
a o o 
ooa 

, / ,,. , 

In this hy;,othetical situation 
you can see that when we control 
far A the relation between X and I 
disappears. Substantively, if 
I were :in:ol'IB and X were educatiQ_Jl, 
and·A. were racial groups this 
configuration would suggest that 
race was the determining factor in 
incane rather than education (because 
:DJP1:xmw:nr• within each· racial 
group the association between X and r 
disappears, yet the differences in 
I between ea.ch group of A remain 

In this hypothetical situation 
education does not a-ppear to affect I 
because all groups of A have the same 
r~ge of vaiucs in I, but very different 
Y values. In fact, if this situation 
appeared in your scatter diagram 
it would likely be almost a waste of 

I 

-
Y,4, 

tine to do an analysis of covaraiance 
(especially if you were doing it by hand). I 

\ :~o ✓,tz{:V;t ~ 
l - I i~~/~) y 

·,(- 1,/T J 
y/),(1 , 
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An intuitive explanation of analysis of covariance: 

If you ~ember how analysis of variance and e~ecially im:x two-way 
amlysis of variance worked, you will easily understand the logic 
UIIierlying analysis of covarian::e. In analysis of variance we were 
concerred lrl. th acoounting for the variation and we broke up the 
sums of squares, £rc...Y-'9)i., , into ?Ortions that cwld be 
~la:i.ned by the independent variables and partions that 
were 'Wl!)p lained. A.mlysis of covariance is analagous to this except 
that here we are concerned with covariance instead of variance or 
actually with covariation instead of variation. (cr-cx-k' Jc y -9) 
instead of C! <. '/ -YX Y-Y) ~ U VI-Y) ,._) 

As 'With analysis of variance, the total covariation ~r ( Y-~7"X., . .X: y'-j -Y. ·) 
can be broken into the urexplail'B d covariation, - _ 
the c ovar:ia tion atlili ,4 within each . of the £CC .(,,'J - )< ·J X Y "/ -Y.J ) 
categories of the nominally 112asured variable 

3 

(1.e. that ~ch is une)p lained by either the nominally measured variable 
or the k ■le1e11l +abx:»a::mblld intervally- ne asured in:iependent variable), 
and the e~lained covariation - analagous to -
the between variation, the covariation of the X and r c~ ( i .J· _ i .. ){ Y.J -Y .. 

in eacqtategory www around the grand means of the two 
intervally measured variables. 

f./P---

.As with two-way- amlysis of variance this total q, lained variation 
can be broken into even I!Dre parts: that explaired by tht mminally 
measired variable A., that explai.md by the interva.]Jzy' measured variable 
X, and that eJCP lained by interaction between these two iniependent variables. 
Also, as with analysis of variance, we davide the covariation by the 
a-;,propria.te degrees of freedom to get estimates of the covariance, examine 
the ratios ot the explaired and une~ laim d estimates of the covariance, 
an:i use the F-distribution to check if the reSJlts could be obtainable 
by chance. 

To c orrplete the analysis of covariance it is necessary that there be 
no interaction. And as w:i. th analysis of var:ia :i&fa( we can examine the 
data to see if there is inieed interaction. Here, however, we don•t 
compare the magnitude of means in each category to have additiVity 
but the slopes of the regression line (bys) in each category of A. 
The figures below illustrate the case of no interaction and interaction. 
The tables below the figureS show (in gress ways) what the same data 
would look like if X were divided into three l§ii@k saH;, categories on a 
nominally measured scale. This illustrates how the concept of interaction 
is basically the same in analysis of variance and analysis of covariance. 
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In two-way analysis o£ y, • X, <f q I 7 . 
was t~e total e:,p lained .:=:e!he. between subclass sums of squares 
eJCplaJ..?Bd by the two in::iepenient v~~udi~ interaction plus that 

Xis the total e:ip lained covariation ~!blesb) • Here the analagous tenn 
and A together. c:r- en a ove, that explained by 

The variation in Y that is unexplained when we assume there 
is no interaction between X and A will always be greater than 
or equal to the variation that is unexplained when we assume 
that there is interaction. That is, if we let interaction 
explain some of the variation it can do notllng but explain 
more of the variation; it cannot add to the unexplained varia-

I 

I 
tion. 7"-'..· ~ ~,4, o).,l,__s-, ·~ ~ ~~ J1 ~ . 
what we do then to look at how much variation is actually explained 
by interaction between X and A is use the total that is unexplain1 
when we assume there is no interaction (i.e. assuming that 
X and A each separately influence Y) and compare this to 
how much is unexplained when we assume that there is interaction 
(i.e. assume that X and A may act together in their influence 
on Y). ~he difference between these two figures is then 
how much variation is actually explained by interaction. 

64 

I 



When there is no interacti_on the slopes (b ) in each 
category of A are equal. ~hus, when we as{iline there 
is no interaction we use a common slope (b) for all the 
categories of A. This is simply a weighted average of 
the slope within each of the separate categories of A. 
If this common slope is a good estimate of the actual 
slopes in the categories then the variation in Y explained 
by using this estimate should be about equal to that 
when the individual slopes in each category are used. 
Any difference between these two f'igures may be atti·ibuted 
to variation explained by int~action. This amount is 
treated as the explained or • l>¾ifn variation. The amount 1 va.rra_,k;_ 
unexplained when we assume interaction is the errorJ~uh¥iJ,,11 r 
unexplained. Using the appropriate degrees of' freedom 
we may get estimates of the variances, have ratios of' the explained 
to unexplained variances and test the hypothesis that there 
is no interaction. 
I£ we :bxu £ind that there is no interaction, Blalock 
suggests putting the variation explained by interaction back 
into the error term and then directly examining the 
variation of Y explained by X and that explained by A 
(when controlling £or the other variable). 

Looking at variation explained by X (the intervally measured 
variable) when we control for A: 
Note: we can go to this step only if there is no interaction 
(or if the interaction was shown to be a non-significant 
contribution to the explanation of the variation of Y) 
Because the regression line in each of the categories of 
A has a common slope, we can compute an average correlation 
coefficient for the association between X and Yin all the 
categories of A. This is called the average within E&X class 
coffelation coefficient, r • , and is analagous to the partial xy a 

;,,,,-1 .µ> • , ......... . \..>->->­
v)! IJ7" • 
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correlation coefficient. This average within class correlation 
coefficient is simply a weighted average of the correlation 

1 between X and Y within each category of A. It - only makes sense t.:;:; 

if there is no interaction. that is. if the slopes of the 
•~:1:z•x regression lines are the same in each category of A. 

r _ xy•a may be interpreted as simply the ~•zxx proportion 
of the variation of Y that is explained by X when A ia 
controlled (when the influence of A is removed). The· 
hypothesis that /J • a ~ 0 may be tested using the 
familiar analysis ofYvariance procedures. 

Note how this within class correlation coef!'icient has an 
advantage over the partial correlation coefficient. 

1 t~tials. we ume tha ~ere are linear associations; 

11 \r ·"' with the w n-c ss coe:fficient w can actually test this 
-l,pr y ~ ~ by looking at th possibility o:f interaction. 

/A~ Looking at the variation in Y explained by A (the nominally 
~JY measured variable) when we control :for X (the intervally 
yl" 1. measured variable)a 
~ ~- Here we are testing the hypothesis that the meansof Yin 

v· each-category of A are equal when we remove the influence 
of X on A. we can't really •control• for X here, but we 
can adjust for the iru'luence o:f x. The term control implies 
a'1holding constant/ looking at the in:fluence of A and Y in 
•categories• of x. But Xia here operating as ,an intervally 
measured variable. As X changes, Y changes. 1his rate 
of change is measured and ia equal to the slope, b , 
the change in y for each unit change in x. yx 

b • £:,;. y/ D. x • yx 

P-hen we adjust for X we essentially want to adjust for or 
control the influence of X on Y. This we can do by 
holding X constant, adjusting the Y values to this constant 
value of X &nd then looking at the influence of i A on Y 
by comparing the adjusted Y means in each category of A. 

Again, this step only makes sense when we can assume that 
there is no interaction between X and A in their influence 
on Y. Because we can assume there is no interaction, we 
have an estimate 0£ the common slope 0£ the regression line 
0£ X predicting Yin the categories of A. This is the 
average within class b. , which is equal to Che predicted yx 
change in y for each change in x. 

To adjust•• Yin each category of A for the influence of 
X we use this common slope. The average value 0£ X varies 
within categories of A. To adjust f2r the influence of 
X we adjust each of these values of X to a common value,~~)IU-L.,,. 
and then see what influence this has on the Y values. 
We know that b = ..6. y/ Ll X• Then, using simple algegra, yx 

A y 2 (A x)x (b ). We know the value of b • 
.A _ Y.& yx 

Xf we let ~ x = (x •• - x.j), the difference of the grand 

me¥t of X and the mean of X in each category of A, and 
-I -

••z=amz~%•~mcmxmaa ~ y = (Y •• - Y.Jj, the difference betwee 

../i,.__~~+~~~<f7 ~~ y 
~eL~ ~" L<t ~ ~~l 



Y. .3 

I 

then_A y = b (x •• - X.j). yx 
..j y is simply(Y¾J - Y. j ) , 

the difference of 
of A ad•• and the 
we adjust for the 

Then Y: = 
j 

b refers yx 

-Y. -j 
to the 

the actual mean 
predgjlted xal:aa 
change in x. 

of Yin the category, J, 
maan value of Y when 

b (X.j - i .. ) • (Remember that 2 yx 
average within class correlation coefficient.) 

• (you can also see the above equation as Ylj = Y.j + b (x .. - x.j).) 

If you then do this adjustment pro£ess in each category 
of A you get adjuste~ means of Y, Y!j, for each category 

of A. You can then use these adjusted means of Yin testing 
the hy~othesis that the means of Yin the categories of~ 
are equal, bowing that the infiuence of X on Y is removed. 
The regular analysis of variance ~ormat is used in testing 
this hypothesis. 
The diagrams below illustrate possible adjustments that 
may be made and the results. 

x. - 1 

~t -~--Y.~ 

l - I 

'k-----Y . 2-

',' .\ 
..... - . - -

1 X·-
1 -

J,...«....,,_ tL. ~ ~ Y-j 

k=~+~ot-X· 
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Analysis of covariance may be extended to incorporate more 
than one nominally measured variable and/or more than one 
intervally measured independent variable. However, 
hand computations become extremely tedious with these additions, 
especially if the n's in the subcells are unequal. 
Because of the tedious nature of the hand computations, I 
suggest using dummy variables in regression -analysis 
in dealing with analysis of covariance. If the interadtion 
terms provesto be significant, using regression with dummy 
variables will aliow you to continue the analysis. 

You may continue the analysir, if intcr~ct~on occurs by lookir.g at the 
pattern of interaction, seeing where it occurs. You may also then 
(should really; try to see if it follows some kind of pattern, 
if perhaps by ordering the ¥}11puutbi categories of the nominal 
variable from those with the smallest to largest slope there is some 
underlying variable (maybe interval in measurement) that can 
explain this apptern. This can then be added to subsequent analyses 
to try to understand more about the relationship. 

It is important to realize how analysis of covariance involves 
both types of hypotheses used in analysis of variance and in 
&:Ji1.al:puiw1iid regress ion analysis• 
You are interested in the h}lPothesis that the cawmg average scores 
of the dependent variable are equal in each category of the 
nominally measured m independent variable once the other independent 
variable is taken into accou:.nt. 
You are also interested in the null hy-~ thesis that the association 
between the intervally measured independent variable and the dependent 
variable is equal to zero when the influence of the nominally measured 
µ,idependent variable is removed. 
~ inally, you are interested in the hyp¢hesis that there is no 
interactive effect me of the two independent variables on the 
dependent variable over and above their separate, independent 
influences. 
Each of these hypotheses may be tested using F-ratios. The hypothesis 
regarding interaction should be tested first. 

Comouter Analysis 

Blalock gives an example of duing analyis of covariance with hand 
computations. I will briefly discuss here results of an analysis 
with regression. teachniques. The same format used with analysis 
of variance and discussed in last term 1s notes is used. 
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This analysis was done with the 1972 (I think ) NORC data. The dependent 
variable is male respondents' occupational prestige. The two• independent 
variables were the respondents' self- indi cation of class status (either 
lower, working, or middle - there were so few calling themselves upper 
class that they were omitted) and the respondents' educational level. 
The class status variable in the notes below is var09. The education 
variable is var26. Occupational prestige is var04. 
~ variables Xl and X2 computed 11w hew r below represent the class 
level. The interaction terms EDl and ED2 represent the interaction 
between education and class status. 
The following computer instructions were needed. 

GET FIIE 

IF 
IF 

COMPUTE 
COMPUTE 

ASSIGN MISSIID 

REGRESSIOn 

2 

WHATEVER 

(VAR09 EQ 3) Xl•l •' ,"'\ 
(VAR09 EQ 2) X2•1C.) 

EDXl • ll * VAR26 
EDX2 • X2 * VAR26 

n,x2,EDX1,EDX2 (99) 

VARIABLES•VAR09,VAR26,Xl,X2,EDXl,EDI2/ 
REGRESSION• VAR09 WITH n,x2 (8) VAR26 (6) EilXl, EDX2 (4)/ 
REGRESSION• VAR09 wrm VAR26 

The resu.J_ting R and the analysis of covariance table written in 
the same manner as analysis of variance tables and tables testing hypotheses . 
regarding regression is given below. 
Note that with an F• 3:ift:Y .9517 we may fail to reject the null 
hypothesis that there is no interaction. 
The SS due to interaction was then added back into the unexplained SS 
assuming that this SS was simply due to DD chance. 
The F•239.35 with df• l,687 tells us that we can reject the null hjlpothesis 
that there is no association between education and occupational prestige 
when we remove the influence of subjective class placement and be 
wrong i.n rejecting this null hypothesis less than once out of 1000 times . 
The F-6.462 with 2 d.f• 21687 is very close to significance at the .05 level. 
There is some slight indication then thail we could perhaps reject the 
null hypothesis that t here are equal means of occupational prestige in 
each subjective class category when we remove the influence of. educational 
level id attained. Note however how only about one percent of the 
variation in occupational prestige is explained by t his variable, compared 
~o about 24% by education apart from class status. (See SS column below.) 
i ogether both of these variables do have a significant impact 
(F•l04.96, d.f•J,687) 
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Even though the diagrams on page 11 showed some interaction, the 
F-ratios showed that this was not significant. The largest difference 
in slopes is from the lower class to the others. This group had 
the smallest number of subjective choiees and may have affected the results. 
Note, however, that when interc::ction terms are inciuded the 
predicted slopes as well as the Y-intercepts will change. 
I£ interaction terms had been signifcant one would want to examine 
the nature of each of these terms and their associated F-ratios. 

Besides doing analysis of covariance via regression it can be 
done with the ANOVA program used in the analysis of variance 
work last term. As with the ANOVA printou-t, however, this program 
gives fairly abbreviated results, especially if there is interaction. 
The program with analysis of vovariance is exactly as with analysis 
of variance excep't that the covariates ( the independent variables 
that are nominally measured) are added after WITH on the 
anova card. 
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" ·, iactor Analysis 

Basic Ideas 

Factor analysis is based on the general linear model. Variance 
(note not variation) is used as the measure of total error in prediction 
and we look at ways that we can explain this variance. In s tandard 
regression analysis we tr-/ to explain the variation in one variable 
(say Y the dependent variable) by looking at the influence of specific 
other variables (X1,X2, ••• ) In factor analysis we try to lf@«it 
explain the variance in one variable in a set of variables by what it 
hodls in common with other variables in that set. This is not a 
causal analysis, but a reduction o! the variance o£ owx oc each 
variable in a set into .factors held in common with other variables 
in the set and a portion that is unique to that variable. The solutions 
obtained then in a !actor analysis var-1 with the variables included 
in the analysis. 

0 
I! all the variables are seen as standard scores (mean• t, standard 

deviation and variance •1)1 then the• parts of the variance explained 
by ~ther variables and unique to the variable may be seen as proportions 
,\part of one) 
rhe variance of a variable• land 

l • 

-
-

what is held in common 
with other variables in 
the group 

communality 

h2 

may be broken into 

+ 

+ 

+ 

what is unique 
to that 
variable 

• 

The colllnIWljaity n (represented common17 aa h2) gives the proportion 
of variance that is held in common with the other variables. 
The uniqueness (b2 + c2) gives the proportion that is unique to that 
variable. The two parts of the~ uniqueness are 
b2, representing specifictty, what is specific to that variable, and 
c2, error variance --what occurs by error in measurement. 

This error variance, c2, is also called the :m W1reliability of a variable. 

Together g h2 + b2 • l - c2 is termed the reliability of the variable, 
that proportion which is not attributatle to error. 

Sometimes researchers use an index of CO:.ipleteness of factorization. 
This equals 2 2 2 Hj • 100 (hj / (hj + bj) ) • 100 (co~ity/reliability). 

This index ranges from zero to one and ~ives the percentage of the 
reliable variance of a variable that can be accounted for by t he common 
factors. (Note the analogue to a PRE rreasure. ) 
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When you have a set o.f n variables you may represent each variable 
as a linear function of the common (called factor) and unique components. 
This pattern o.f linear relations is called a factor pattern. Note 
how similar it is to the regression equations and to structural equations 
used in path analysis• In the factor pattern shown below there are 
n variables, represented by zi. Each F; represents a factor or 
some part of the variables that are helc in common. In this case there 
are m different factors that represent the variance the variables 
hold in common. The aij's are the coefficients (called loadings) 
that tell us how lliil&Xblxi much influence each variable has from a factor. 
These coefficients range from -l.00 to +l.00 just as beta weights 
do. :tfwe1mhwtel]D&imiftamKalllba111+♦1ia11sx&tiemi1iia As we see below they 
may be interpreted in the sarrE way as beta weights may. The Ui I s 
in the equations represent the part, of the variance of each variable 
that is unique to it. (Note that in these coefficients the subscript 
i refers to the variables and j refers to the factors. We will try to 
keep this convention throughout.) 

Table 2-l 
f A Factor Pattern 

z1 • 8iJ. Fl + 812 F 2 + • • • + alm Fm + ~ Ul 

z2 • 8 21 Fl + ~2 F 2 + • • • + a2m Fm + 

• 
• 
• 

z -n 8-nJ. Fl 

The number of common factors for a set of variables is referred to as 
the complexity. 

. Each loading or influence of a factor on a variable is represented 
above by the a1j•s. If the factors are not correlated with each other, 
then each of the aij's is the correlation between the variable and the 
factor. In other words, a11 above gives the correlation between 
factor one and variable zlJ• 8n2 gives the correlation between Factor 
two and variable Zn, if the factors are not correlated with each other. 

;t'l'he ,,-rr proof of this statement is given below. 
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l£ the factors are correlated and -e know the correlations between 
the factors (which can be :bee determined) then we can still use the 
equation in step four of the proof to determine the correlati on between 
each varic-ble and each factor. The correlation, coeffi cients of the 
factors with t he variables make up the structure of the factor analysis. 
Note that elements of the factor pattern and £actor structure are 
equal when the factors are uncorrelated with each other. 

In general, the factor pattern ( the set o.£ equations in Table 2-1) 
is simply a classic regression equation where zi • the predicted 

score of the variable; /1 it, • a . . ; and all variables are in standard 
score form. 1 J 

• • • + A . F f"'J,.,, m 

When the factors are uncorrelated, /Jij ~ ~ • 
and when the factors are correlated, the betas represent the independent 
influence of each factor on the variables. This DXUU■i~@ia'w-ci::4 
tceon.11xmtMtawiba11QN■,r,1muJIAJi is directly analagous to aa basic theo~ 
used in path analysis. If the factors are uncorrelated, the influence 
of a factor on a variable is just shown by its loading and is all 
direct influence. If the factors are correlated, some of this influence 
mu.st be indirect, through other f acto::-s. This is directly analagous 
to interpretations of direct and indirect influences in path analysis. 

The basic idea in computations in path analysis is to get the 
predicted scores of the variables, f...'s, as dnsru close as possible 
to the real scores, ~<.- 's . We want to choose the betas or factor 
loadings so that the difference between these two values is minimized. 
h2, the communality, measures how we~ the factors pnmit predict the 
variables. h2 is then analagous to R in multiple regression. The 
proportion of variance not explained is the uniqueness and equals 1 - h2 

(and is analaogus to the square of the residual path in path analysis ) . 

IN path analysis it is possible to reproduce correlations between 
iJlY two variables by looking at associations. in the path model (the 
gegression coefficients). we can do tbe. same thing in ~ facto~ analysis 
and represent any correlation between ~-o variables as a function of 
the factor loadings ~the analguges to the regression coefficients ) . 
In other words, we can trace the association between two variables 
through their loadings on common factors. The proof of this theorem 
is given below and is similar to the p!."oo.f of the similar result in 
path analysis. It is important to reITE~ber that by definition when 
using standard scores ,v _ t. ~, ~z.. 

7.,'1...:l.. 
/v' 
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Equation 4 above simply says that we may repgfduce the correlation 
between any two variables through the factor loadings (and !mowing the 
correlations between the factors when they are correlated). 
In the case where the factors are not correlated with each other the 
correlation simply equals the sum of the cross-products of the loadings 
of each variable on each factor. For inst!)Qce, the correlation between 
variables one and two equals the sum of the product of the ~ings of 
factor one on the two variables plus the sum of the product of the 
loadings of !actor two on the two variables and so om. 

In general, r_/1c. ~ { ~ :,;· cl..;.._"· 
the two variables j and k. 

Almost always dx '; ic.. -f 'j ·1.:_ 

, where i runs over all factors common to 

• ~ome of this 

discrepancy will c~me from sampling error, but some will c OllE because 
the communality, h , is IDipl less than one. That is, not all the 
variance of each variable will be held in common with the other 
variables. As more common factors are added the difference between 
the reproduced and actual correlation will be less. When the number 
of factors equals the number of variables than the match will be 
exact, but then what use is it to have a factor analysis im:t because 
the factor pattern will be as complex as what you started with. 

Once a factor pattern is found, we can test its adequacy by reprdducing 
the correlations and comparing these reproduced correlations with the true 
correlations. We use r;- : r,. _ r ( • 

- ,/ le. 'J ,~ J I. 

ij ·k , the difference, is called the residual correlation. 

How large the residual correlation may be depends at least partly on 
what you want to do with the results. Obviously, you would like to 
have the difference be within sampling error of zero. But, you also 
don't want so many factors that it is so complex that it is as hard 
to analyse the factors as to analyze the variables. Generally, you 
can get the residual correlation to within sampling error of zero without 
having the factor pattern too complex. However, sometimes you may 
want to be satisfied with less fit so you will have more simplicity 
with the factors. 

It is important to note that the communality, h2, will be a unique 
result for a given analysis. However, the loadings of the factors on 
the variable is not unique. This may be affected by what is called 
rotation, a technique of trying to get the best and most understandable 
fit of the factors to the data. This is not really cheating or anything 
underhanded. The communality and the number of factors tell us how 
much variance is held in common by the variables involved and how many 
different factors are needed to represent this. This does not change. 
However, how these factors can best fit the data is a descriptive process 
and we maywant to try several different fits blx to find one that 
makes the most sense. 
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Computations 

Delow we first discuss sozoo basic concepts from matrix algebra 
and geonetry and then discuss two techniques of computing factor analyses. 

Basic conce al ebra and m eomet - A matrix is 
simply a square or recta ..... ,.-~ arrangement of numbers in a table. 
A correlation t matrix with the correlations of all var±ables with 
each other is a familiar example. I! the number of rows and UJ1 
colW!DlS in a matrix is equal, then the matrix is a square matrix. 

A matrix may be transposed. A transpose of a matrix is obtained 
by simply switching the rows and columns. Below the transpose of the 
matrix Z is Z• (this is the common notation. 

2' :: _. [31

1 !] 
A detenninant of a matrix is a multiplicative function obtainable 

in a square matrix. Although it is a farily complicated procedure for 
a matrix larger than two by two, in the two by two case shown below 
the determinant is ad - be, the difference of the two crossproducts. 

·1 o_ b ( 
( . )_. \ 

The two lines along the sides, rather than 
the bfackets used above designate that a 
determinant is to be taken. 

The 111 Ni■ minor of a determinant is the determinant of a matrix when one 
or more columns and rows have been deleted. A first order minor is when 
one row and column have been deleted, a second order minor is when two 
rows and columns have been taken out, and so on. 

A singular matrix is one whose determinant goes to zero. When a 
determinant lf a matrix equals zero, it means that at least one row or 
column is ~-function of the others. For instance, in a correlation matrix, 
if one variable is totally a function of the other variables, then its 
determinant will be zero and it will be a singular matrix. (You may 
now be getting an idea of how this relates to factor analysis. In a 
correlation matrix if the variables are highly related to each other, 
some may be functions of the others and thus the determinant of the 
matrix will be zero. If, however, we can reduce the matrix to minors 
whose determinants will nob go to zero, we will know how many factors 
,mderlie the rr.z t rix of correlations. ) 'i.'he rank of a matrix is the 
number of rows (or columns ) in its largest non-vanishing dete~~inant. 
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It is possible to add, subtract, and multiply matrices. ~~e will 
use this below with an example.) There are also identity matrixes 
(by which when multiplied a matrix stays the sane ) and inverse matrices 
which will change a matrix to its inverse by I1IUltiplication. 

The fundamental theorem of factor analysis discussed above that 
sh~ed how to reproduce the correlations between variables from the 
.factor pattern may also be written in matrix form. This .format 
shows the fundamental theorem for all the variables involvea. 

where A is the .factor pattern 

t is the transpose of the .factor pattern 
is the matrix of correlations between 

factors; if the factors are uncorrela­
ted this is the identity matrix with 
ones on the diagonal 

R is the correlation matrix with h2 
(co~lities) in the diagonal 

I! we assume that the factors are uncorrelated we may write this as 

'-./ r;._ 
r. ·' --.Yi "- a.,, Q_li.. a..,, .-. Q_ll>t\.. a. !1 a.1., 

rJ..I k1-
~ 

(,,_J a.. .. 
l-1 a.,.;. <l. .. 1 a..i; .... CC1.. 0.. 1.l.. -. . . 

; a_l J e..~ 3 

/_ l ~~t, •• "'f../7. ~· . .1--:. · - ) 
l (/J:-/u.. ''.~ ~ ~ t,u.. ~.Lt:f. V-~ ~~ t.:I ~--..~'( ~f;,/..:c...1-

t-~ J ~ #-,(1,'-~...,,_ • 

Matrix multiplication is done element by elemmt. For example 

t;_,-=- t221<1.,, t C:..1~ <2.,L.+ a.~.1 a., 3 f • - • -I- a l.,._ c2 u .... 

rlere it is clear that r n equals the cross product of ele~nts in the 
second row and first cof~ of A and A 1 , the row and column n corresponding 
to the place of r

21 
in R. 

z.. 
2 ~ ~ r~ 

Note that lli • (2 11 ,_ I- a..,4 f a.lJ f- - - • ..:...,Joe, 

t he sum of the aquare of ixo&ma'litiilBlha:mJ Milt t mgtlliildXlla&1l & variable one I s 
loading on each factor. This is analagous to t he compus1~; of R2 
when variables in the prediction equation Canalagous here to f~ctors) 
are uncorrelated. 
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Note that the matrix format allows us to reproduce the basic theorem 
of factor analysis in a much more succinct form than previously. 
Also note that if we did not have h2, the communality, in the diagonal, 
we could not get correct reproductions of the correlations. 

Now to geometry. It is possible to represent correlations geometrically. 
We may see a correlation between two variables, if they are both represented 
by vectors (arrows) of the same le~h, as eq~l to the cosine of the 
angle between them. rij • cos </J , where f is the angle between i and j. 

Figure 2-1 . 
The Cosine Function 

o+---~--__,. ___ -1--------:... __ _ 

-( 

Figure 2-1 shows the relationship between the size of an angle and its 
cosine. You can see that when an angle is 90 degrees, its cosine is 
o, when an angle is 0 degrees, its cosine is one. Thus, if :ax 
two variables are perfectly cwccda &b correlated (r • 1.00) then 
they would fall on the same line, the angle between them would be zero. 
On the other hand, if two variables were not correlated (r-0) they 
would be at a 90 degree angle to each other. If two variables were 
perfectly negatively correlated with each other (r • -1.00) they would 
fall at opposite ends of the same line, with an angle of 180 degrees 
between them. 

t ·igure 2-2 shows wow we can represent loadings of four variables, 
all with communalities equal to one which are represented by two factors, 
uncorrelated with each other. The two factors, I and II, are at right 
angle~r 90 degrees to each other because they are uncorrelated. Because 
variable 2 is uncorrelated with factor II and is perfectly co:-related 
with Factor I it lies at a 90 degree vngle with Factor II and on the 
line of Factor I. Variable 1 has a correlation of .8 with factor I. 
The angle whoe cosine is .8 is Jl17ciegrees and so variable 1 is at a 

3 7 15 degree angle from factor I. It j,s correlated .6 with factor~ S3 
The angle whose cosine is .6 is a,~-degrees and so it is at a~ degree 
angle from factor II. These results are simple because the comm:unali~ 
are DI exactly equal to one, but they serve to illustrate the gecmetric 
principles involved. 

~</./ 
~iv ¥"'/~;rt/) 
\._Al~J/1 -~ 9J' 
y / ✓i,,r 
~ ~ yi,J 

.1 
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Co~tations - T~re are a number of different methods of comput~ 
resultsor a factor analysis. Some methods are mainly of historical 
in~rest because they were developed for use before we had computers. 
One of the simplest hand computation methods will be described. Then 
I will review a much more accurate method that you can sanely do only 
with the computer. It is far too tedious to attempt to do b;r, hand. 
A number of other methods are also available. Fruchter and ffarman 
both describe these methods in sections of their books that were assigned. 

The Diagonal method is an easy technique especially- if you are not 
dealing with many variables. It is necessary to have fa~ accurate 
estimates of the communalities for the technique to produce accurate 
results. You will need to have the correlation matrix as shown below 
with the cowmmalities for each variable placed on the main diagonal. 
You will also need the factor matrix as shown. This method obtains 
orthogonal factors, or factors that are uncorrelated with each other. 
Note that the form of the factor matrix assunes that the first variable 
only has loadings on the first factor, tne second variable has loadings on 
only the first and second factf; the thi=d variable is loaded only on the 
first, second and third factor and so on. This is a basic definition 
to this method. You know that you cannot have more factors than you 
have variables, so this assumption is perfectly logical. Theoretically 
your analysis and computations could er.,end until you have computed 
loadings on as many factors as you have variables, but you likely 
wouldn't want to do this. 
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f_, • r, • r, J . _, 
,- a.~ _,.., 

a::;, 0 0 
1 e.,., a.;.., Yi,,_ ~ .;, ! 

r · ~~ 
a..Li . . 6 0 a.>-,. ~.i ... 

i, &. r;,) . - . r a.h. 0 -

0, 
J. ,c, 0 8..3.3 = <2.1;, a..JJ. a_;, 0 . - • 0 

0 
i.... 0 

The matrices above show the fundamejj6al theorme of factor analysis. . \ 
From this theorem we know that for any individual correlation rjk' C(,1..

11 ,:,• '/~:,,14-(.) 
'f-4. ~ 

!~ :: [ a. ' a.. I<. r-- ~1. fu..v 
J f:". t-. • 

F ' ' 

r, ~ .:: a,, a..1., f a.,4 t<2 j__ + • - • t a.,11 a.1.-" 

/./4..u_J ~J Q I J.. :: a_/ J :- . .. ;; a._/lf. -; 0 ~ 

Y. - ,,., /"l 
,.,_ - '-"C..11 '--<-,,u 

s.· •(} tJ 
I ~ I 

¼..<- ~ '-= .:1,.,._, 

r-~~.I. 

r 
/) - tJ 
vl..Ji - -

0, I/ 
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One of the byproducts of this pro:e::s :.,s t he eigenvalue. Eigenval ~s 

te.L.L us the amount of tne total variance :ia~ is explained by a factor. 

Because each variable in standard score :Jr~ has a variance of one, 

the sum of tbe variances 01' a.LL tne var:.a:.:.Lc:6 -= N, \tld nw,thr of va.riabla,. 

Eigenva.Lues ~ vary in size fro:: zer: :. J x. If they are zero, tnen 

the factor explains none of tne variance o: ~ne total group. If x 
an eigenvalue equals N, then it explai~~ it a.J..L. If an eigenvalue 

of a ractor is less than one than it ex~~a::.ns ~ess than one variable 

accounts for. The computer progra~ will genera.L.Ly print out all 

the eigenvalues for all the factors tu~ ~o t he number of variables 

involved). However, in the final ca.Lcula~ions on.Ly those with eigen­

values greater tllan one are inciudeo. :ou can aiso specify other 
eigenva.Lues as cutoffs~~/'"-! +:---~- .,,, __ ,. .; _, ,:.: ,.:;. - , 

The net result of all tnis is a series of factors that best represent 

the common nature of a group of variables. Note that as an estimate 

of the communality a common practice is to use lti predicting one 

variable from ail the others in a set. :he princiJPl factors method 

gives re'ults that are aimi.Lar to the diagQ_!_na.L method, but are more 

exact and also generally invo.Lve .Less ~actors. 

i>th of these me'thods 01· calculat:.o~ adequately re1·1ect the number 01' 

underlying factors. They may however yi~la loaaings that do not give 

the best 1'it or variab.J.es to these factc:-s. .tor i nstance, the picture 

below (li'igure 2-3) illustrates the same s~,:, oI variables that are 

best represented by two~ orthqgonal ~a~tors, but in part b 
~¢,•~-z....,,_,_. 

the factors are rotated ·.c..,;u degree:s rro::: :he:.r position in part a and 

the fit of the !actors to tne variables is much closer. This princi,W 
~ ~- ~ 

~ ✓ 
, / ' 

--
' 

\ 

..... ,., 

'-' ' 
~ 

I 

\ F". ,.I.•,. 
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of 'a:li moving the f actors so they better fit the data is cal.led rot.ation. 

While .l<'igure ~ 3-3 involved only t;;o factors, the same technique can 

work in larger space lwi th more (__,actors.'. 

There are twu techniques of rotaticn. urthogonal rotation means 

that the factors are uncorre.i.ated vi th each other. In rotating
1 

the 

factors are kept perpendicular to each other. In oblique rotation 

the factors may correlate. Note that rotation can yiela an infinity 

of possible solutions or · f:.t to the data. The main aim is to make 

the data set more understandable. The co.nmunalities and the number or 

1·actors remain constant, it. is the loadings or rit of the factors to 

t.ne variables that change. 

Three ortnogonal rotations are possible With SPSS. %ll Quartiraax 

makes the complexity or a variable a minimum. Wit.h t.nis type or rot.at.ion 

the !actors are movea so that a variable loads on as few factors as possi­

ble. This kind of rotation would be used when you wanted simple 

H!tarBrltf~~ons Hb~uttepch variable. Varimax rotation simplifves the 8 1 g eac ac O 
• It makes the loadings on a given factor 

JL.ilose to zero or one as possible. T~is is best for easy interpretations 

of each factor. Equimax is the third technique u and is essentially 
a compromise between the other two. 

Oblique rotations have a similar a:.n as the orthogonal rotations in 

the si!nse 01· making easier interpretations. However, they don't require 

that the factors be uncorrelated. You can specify how correlated the 

factors may be. Tnis is somewhat more difficult to interpret than 

the = ~~otations simply because you must also deal with relat.ions 
between the factors. 

On the following pages the pages from the SPSS manual describing 
,: ,,.,. . ,, ·,, -,. ~ : 

the computer work are attached.•- There ;;re two ways of entering data 

for a factor analysis, using the raw da~a ana us.i.ng a correlation matriX. 

Both procedures use the same procedure card. An example of this is 

shown below. i~rst you mus~ list the variao1es involved, then list the 

type of factor ana~ysis program you desi~e, and tneu a number of •optional 

additions in case you want to alt.er the aiagonal elements in the matrix, 

speci1·y the numoer of factors to be ext~acted, minimize the eigenvalue, 
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or specii'y the numoer of iterations. In all these cases t here are 

very sensible default proceaures used by the computer. The co~pu~er 

will authomatically use a principai axes method of extracting the factors 

that estimates tne commonalities. This is the most accurate proceoure 

for using tne principal axes method. The default rotation i s XXX 

varirnax. There are several statistics that can be used. 

~raw data -input you simp.J.:y use the FACTOR card. With matrix 
~, you snould use the !oilowing set of cards. 

RUN NAME 

Fiu; NAME 

V AR.1.~LE LIST 

IliPIJT MEDIUM 

N 01'' CASbS 

FAC'l'OR 

OPl'IO.N:;$ 
S'!'ATlSTICS 

RE.Au MATRIX 

use list of variables in the matriX 

CAHJJ (11' matrix is on cards) 
use the number of cases (estimate i! necessary) 

V.UU~J.JS-5 • •••• (as before) 

enter matrix cards nere 

~ J.Nlfili 

I* 
rr you are going to type your own data !or tne matrix input it must be 

1n the format of tj 1'' io. 7, that is with ~""'correlations on a card and 

and seven vu.ues to the right or tne aecimai point. The decimal point neea 

noi be typed on t)le caras • 
.n-om the computer printout you will get 1.nf'ormation about the percentage 

of total exp.l.ained variance that is accounted for by eac~ i'actor. This 

is given with the ini'ormation about tne eigenvalues. The communalities 

tell wha-,'Percentage of variance of each variable is held in common with 

the other variables. The percentage of the total variance that is explained 

by the !actors may De computed Dy aoaing up the eigenvalues of tne 

factors involved and diviaing by N. Interpreting what the factors mean 

is the most involved ano tricKiest task. Here you mat:Jt iook at the nature 

of the ioaaings, looking at what variab~es are big~ loaded and in 

what direction ana trying to i'igure out what kind or tneoreticu. meaning 

this can nave. ~onsulting the results in the :;xpressivettss Reevaluated 

X article may help here. Note that for best results you shoula genera.Lly 

interpret the rotated facior matrix. 
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Finally, µxu you may want to use factor scores. You remember from 
.j,,o, 

the earlier vscuss"--that each variable can be represented as a 1·unction 

or the factors. BUt, 1! the !actors make some kind of tneoretical 

sense, you may want to ·do furtner analyses using the factors. You 

can 0uild factor scores, in otner words construct new varia_b.l~s re pre-
,,., ~ a...~..-- .,-..,,,_,, Z -:,rz' -<-'--~ -

sen ting each factor as a ruction of the variablesAand use these in 
analyses. In generai 

F. - ...., - -L. /I ;z t I - .__,, 'C I T ......_.2., ... ..2 

s.:: C2.. ; .z. ~, -; <l..2.1..Zz_ -f-

2· 
where ~v is the stanaara scores or the variabies.• 

The machine can in t,_,ct output tnese !actors scores and can even 
punch them onto cards or print them onto tape. these !actor scores 

can then be used in further analyses. 
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XII. Discriminant Analysis 

Discriminant analysis is used to represent the 
distinction between two or more groups as a linear function 
of 1 or more intervally measured variables. It is used for 
explanatory purposes, primarily in sociology and psychology, 
and for prediction, primarily in areas such as business and 
education. The groups under study may be seen as dependent 
variables or independent variables, depending upon the 
theoretical notion under investigation. 

Suppose we were interested in the extent to which 
socioeconomic variables could discriminate between people 
who lived in the country or on farms at age 15 and those who 
lived in or near large cities. In other words, we have a 
nominally measured variable, place of residence at age 15, 
with two attributes. Suppose also that we were interested 
in how three intervally measured SES variables: education 
(X1), occupational prestige (X2), and income (X3), were 
related to place of residence. Using discriminant analysis 
we can derive a function that best describes the difference 
between these two groups on these three variables. 

(12-1) 

where D represents the discriminating function, di (i=l,2,3) 
represents the relative weight of each variable 
in discriminating between the two groups, and Zxi are the 
standardized scores (z-scores) of each variable. 

Note how the function resembles the standardized 
multiple regression equation. In fact, in the two-group 
case the results of a multiple regression are proportional 
to the results of a discriminant analysis of the same data. 
The values of di may be compared to see which variables 
contribute the most to the discrimination, just as one 
compares the beta weights (the standardized regression 
coefficients) in a multiple regression equation. 
Essentially, higher discriminant scores mean that a variable 
is a more effective predictor of the difference between two 
groups. 

Computer programs for discriminant analysis also 
commonly provide unstandardized discriminant coefficients. 
These are analogous to the unstandardized regression 
coefficients and are used with the raw data rather than the 
standardized scores. 

One may use the discriminant function scores to predict 
the group placement of each member of the sample. That is, 
one can multiply the standard score of each member of the 
sample on education, occupational prestige, and income by 
the associated standardized discriminant coefficient, sum 
these values, and obtain that case's predicted value on the 
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discriminant function. Similarly , one could obtain a case's 
predicted value on the discrim~nant function by multiplying 
the unstandardized discriminant coefficients by the actual 
values of a case on the three independent variables and 
summing the results (plus a constant value analogous to the 
intercept in regression). Note again how this procedure is 
like what one would use in obtaining the predicted values 
for a given case with a regression equation with either 
standardized (betas) or unstandardized (b's) regression 
coefficients. The difference is that instead of the 
predicted values being a straight regression line or a plane 
that best fits the pattern of relationship between two 
intervally measured variables, the predicted values fall on 
a line that best represents the difference between two 
points in space (the two attributes of the nominally 
measured variable) . The average overall score on this 
discriminant function is zero, and cases have discriminant 
scores that are either positive or negative. 

~ Based on these scores on the discriminant function 
cases can then be sorted into two groups: those with 
positive scores and those with negative scores. Those with 
positive scores would be predicted to belong to one group, 
those with negative scores would be predicted to belong to 
another group. One can then compare the actual group 
classification of each case with its predicted group 
classification. If the chosen variables do a good job of 
discriminating between the groups, a large number of the 
cases should be predicted to fall within their actual 
groups. If the variables really aren't related to group 
membership at all then the predicted membership should be 
essentially unrelated to the actual membership. The 
computer output reports the percentage of cases that have 
been correctly classified. 50% would be expected to be 
correctly classified by chance and so one would hope that a 
considerably larger percentage would be correctly classified 
by the function if one's theory were to receive support. 

After computing the value for the discriminant function 
for each case, one can compute the average value of these 
discriminant function scores for all the members in each of 
the two groups. These are referred to as the" group 
centroids." By comparing the average discriminant score for 

ach group on each function the relative placement of each 
group can be compared. One can also see then how (or in 
what direction) each of the predictor variables explains the 
placement of cases on the discriminant function. A plot of 
discriminant scores is often useful to examine, for this 
gi ves the actual distribution of discriminant scores 
calculated for each case . 

Note that it is also possible to apply the di scri mi nant 
function to cases whose group membership is unknown. This 
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may be done to help classify them or to predict their group 
membership. 

Suppose the following results had been obtained for a 
standardized discriminant function differentiating those 
from rural and urban origins. 

D • l.05 (education) + (-.34) (income) 

centroids: rural origin: -.34 
urban origin: +.30 

+-

4t'1-' ~ . 

_______ l-=-____ /_~ ______ l-=-----
-.34 0 .30 

To produce a discrimi~a3/score typical of people from rural 
backgrounds {negative~ ~~e would have lower education and 
lightly higher income than other subjects. To produce a 
score typical of those of urban origin {positive), one would 
have higher education and lightly lower incom,. Note that 
education contributes substantially more disc imi natory 
inf 1 uence than income . .,, ()7.., -«t fl, 7 ~ _ . ,u..,, _ 

.J IJl- r 

Wilk's lambda is associated with each variable entered 
into a discriminant function and with each discrimination 
function that is computed. It is an inverse measure of how 
well the variables discriminate. If variables discriminate 
well, they will have a low lambda. Lambda is associated 
with the chi-square sampling distribution and this is used 
to test its significance. 

There are apparently a number of ways to compute 
lambda. The one that is most intuitively appealing is to 
see lambda as unexplained variation/ total variation. That 
is, l ambda represents the proportion of variation that is 
unexplained {the coefficient of alienation). With 
discriminant analysis the term variation refers to the 
variation or differences between the categories or groups 
being studied. It is analogous to, but not identical to, 
variation with intervally measured variables. 

Canonical correlation is used when there are multiple 
independent and multiple dependent variables. A canonical 
correlation represents the association between these 
independent and dependent variables.. With discriminant 
analysis a canonical correlation is associated with each 
discriminant function. This correlation represents the 
degree of association between variables in the function and 
the groups being discriminated. The square of the 
correlation may be seen as the proportion of variation in 
these dependent variables that is explained by the 
discriminating variables. (This is ana~ogous to Rand R2 in 
multiple regression.) Note that 1 - Re is approximately 

J-~ C _£2-
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equal to lambda. The chi-square associated with lambda then 
also tests the significance of the canonical correlation. 

Discriminant analysis can easily be extended to 
differentiating between more than two groups . The 
procedures and results described above also apply in this 
case. The only difference is that the number of possible 
discriminating functions increases. The number of possible 
discriminating functions is always one less than the number 
of groups. This stems from the simple geometric fact that 
if one has two points (or group centroids) one represents 
their difference with a line (a one-dimensional space). If 
one has 3 points they can be represented by a plane (a 2-
dimensional space). 
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_1]Il. EuliivariE-te ;,.naJ.ysi.s of Contingency Tables 

-
Taro ughout this class and the :=>revious class ·,re have focussed. on 
+,. 

parametric statistics. These are statistics that have an intervall:;· r..easure:i 

dependent variable. Yet, very often sociologists will have only nor..i:-~ally 

measureJ. variables. .n.1though it is possible to have nonti.na.lly r.ieasU!"ed 

, variable:,' M- ind.epenieiit" ~within the c; eneraJ. linear model, a.nythine 

beyond a dichotomy cannot be used as a. de~endent variable. In t his section 

;.;e explore a technique that has becone po?ular only rather recently (and was 

in fact develo~~ed only wi t iun the last l G years or so) to analyze models 

With more th.an two variables measured on a nominal scale. This technique 

has been mainly developed by Leo uoodman of the uni vers:i. ty of Chicago aIJi 

has been generally called hierciTchical models or the log linear technique. 

(Hote the tem log linear -- that is a clue that in fact the forn that 
• ' \ :0-U 

tnis t echnique takes ci.oe~ave_ sor.,e gj;"i' ~ 1to the general linear model that 

we have been studying. ) Below I first briefly discuss the nature of 
.. tA,l\v\. 

contingency tables.Awa~ tii..ey have been analyze:l. :::,reViousJ.y1 nrhmDDOC 

:i: then discuss basic definitions and ;.a:1s of seeing contingency tables 

ar.;_;_ intrcxluce t ne conce::t of cross - product~ ratios1 aA.i the it:f ;{ 
logarith.":15 in rel.::.tior: to thes~- Finaily I show how t hese relate t o 

anal y-zi:ig ccntineencj• tables anc! work thrcu£; i1 an e:-::zr.r;ile • 

.ii.nalysis of ~ontingency Tables 

.:iociolQgists havelong used contingency tables -- both f or analytic 

pur;ioses (wi t."l.ess the ca,u,;on use of four-fold tables i n t neories ) and in 

z-esearc:: . Our a."'laly sis t ecnni ques ,rit.:1 these ta.bles have , i10;1ever, been 

relat.ively sim.le . ..>ercentages &.r e often us ed , c:li -s;uar e stat.istics can 

be used to see if t he ci'istribution :J.: ca ses d iffers from ~.hat would be 

ex:~ected by chance, a nd var:ous ~easures of a ssoci&.t ion (e . g . lar.ibda, 

gar.ma, tau) are :.ised. t o d escri::Je t :-ie %~t-.i.:-e of t :ie a ss:::. ci&.tion . 
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,h th r.iultiva.riate questions the issue is r.io=e difficul t. .1.,azarsfe ld a.-id 

his associates tal kecy,f elaboration of t.:.ol es trying t c specify 

relati ons. In the same • .• a✓- we will use below he sugges t ed snoring the 

association between two Va:iables :-ri. ~1.in each categor-.r of a third ( or 
~fl~~ y . 

ma;:/'be.t..a fourth; . Lazarsfeld and :us as :e;: ociates rare~y used xwa:sc,"Oi3X' 

tests of significance ~or in sone cas es even neasures cf associati cn) but 

:;:,referred percentage ...na.lyses. James Davis i."1 !".is work i n t ne 1 ;;160 1 s c.ici. 

same of the most sop::Usticated ~ork buil~ing off of these tec:miques. 
work 

(See also Hyman1 s\and ~se~erg
1
s work) 

In the 196o1 s Goodman and hruskal introduced their mea,96res of asso­

ciation for contingency tables; the lambda, tau, and gamna that are now 

widely used. They also introduced tl'le multiple and partial measures of 

association associated with these. 'I'he multiple measure xn is sir,9 1.y 

a measure with the depencient variable reraain~ tne same a."'ld the categories 

of the itrlependent variables all combined. The partial measures are 

usually ;1ei gnted. averac;;es of the measures witnin each category of t he 

cen t r al va:iable o= conbinations of catD; ories o: t he control va~ia.bles. 

~·Ll l of t hese te!),Cniques i·~ad ~:-able.ms. They involved. fae often t ec.ious 

tas:-~ of s earchin5 f or associations a:1.G. -::,e ::-artial .measures coulc. not 

be used i f t ne patterns of association ·,1ere dif ferent i1l t he various categories 

of t ~1.e c :.;ntrol measure. .i1.lso t."1.e ""'azarsfeld techi: iques had. no wa y of seeing 

h_"~ ~ ~ if t ~e results were ci ue to chance, 'f- ~ - _ .. . 
11 
~ 

~-~ .;. r.,,,~~ • ~~-. a--,, ~ k.J:,f ~ -~ ~ n- • 
r,he new techni que ;:reposed by llcod.man t.'1.at we discuss here is superior • 

t o these i n that it requires the researcher t o pos i ~ ahead. of t ir..e a model 

or theor J of w!lat k:i.nci of a s s ::icia tion :s/he t hinks ·.n.11 be i n the data. 
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~sentially the~ tne reseucner uses tr;is ~odel as the expected fre~uencies, 

the actual data as the observec. frequenci•.-:S a:id cons-.ructs a chi-square 

statistic. 1his chi-square stat istic can then tell t r.e research--2 r if the 

differences bet#een the obs~rved :re~uencies and expected were ~ue to chance. 

In contrast to the traditional use of chi-square where the :-esearcher ~sually 
ti~ ..tti4,d_f:n-~ K 

ho~e:i to reject tte null hypot:1esis that tr.e difference '\las zer~, ir. this 1J M 
~ -

cc:. s e the researcher wants to ~ to reject the nuil hy?othesis, because 1✓..,, 

s/he hopes that the data actuall::i .fit t.'le ;Jro:;::osed nod.el . 

3asic _;oncepts 

fne two articles assigned for this section are t he simfle st ones I 

nave foun:l that explain Goodman I s mociel. Probably as it is more widely 

used other writings will become av4JJ:>e. 30th of these articles list 

the bc:.sic references in Goodman I s own writing and the work of others. 

l hose of you who feel relativel,: coniident with your .:iathe.'".latical back-... 

grounds may vant to read. tc.ese original ,:orkis . i.Javis 1 article, published 

in Sociological •·•ethociology 19)3- 74, deals only wi t..--i the logic of hierarchical 

::iodels . ·-eynblds!. work also covers t his anc:. discusses the natu:e of 

the loc :..inear model itself . the two articles are indeed co:;plementar; 

and do suo~ort each other. ~--~-- i 
~ ,fine 11.rst basic conce'::t used by od.Tila.."'l is odds ratio. ·:£'ms is simply 

~ -
tne ratio of t."-le f:-e~uencies for t~m categories of s om:: variable. 

l.t can be a,:::plied to the r.arginal frequencies, to the interior of one table 

or for c :D?arisons across several tables. It can be used with dichotomies 

or witr. polytomies. Obviousl :, if t ne t~.o categories cd are of equal size 



the odds ratio will be nmx equal to one. - 2 ti J bin c ace 1 

In table 4/- -1 below, if we l ook at the marginals, we see that t ne 

odds ratio :.n variable i is 1.00. i'ne odds ratio fo r variable • fl 

i s 40 :60 ~ .67. In each case t he number of cases :L, one category 

wa.s divided by the number of cases in t he other. 

7~4 -1 

tS fl.A.: 10 Jc? J!- :- . l? AlJ: 
lo &0 

3o .;._ {) 

\>· ftJ 
l- O ,:...-- t: 

~ t.tJ !ri1 
'/t> 

Davi s uses t :,e ter::, conditional " d::i.s ratio to refer to the odds ratio for 

two categories within one cateog;ry of ar,other variable. i'or instance, 

i n table ont,bove, we coul d have the 

[ (;;//,4:: /4:].,. 10: sc> ~ ., 3 J 

following conciitional odds ratios : 

£:.:) / B ~ L ] ~ I",.- '1 t' ~ • l r 

i~ote that we cc·ud see a. cond..:. tional i1ds ratio for the categories 

i..."l eac;1 c~ ~e~=7 of 3 a.nd for the categories of 3 i."1 each cateborj" of A. 
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ubv:..ousl:,·, these conditional od.ds r~t:. e,s are not ec_ual. '.i.hey are 

less than one for categories of 3 when~ is hi arri c~~egoties of A 

when B is high, and greater th.an one in the other categories. If 
ue just compare the 
itPj l 11.4 i n lhe conditional odds ratios for 3 in categories of 

;. we have the ratio .33/ 2.0 : . 167 Or, if we compare the 

conditional od.d.s rat:.os for .... in categories of 3 we have .25/ 1.5 :::: .167 • 

In other worc.s , these ratios show that there are di::ferent 

relations bet~reen the catecories in 3 depending on whether one 

is lool'.ing at ti':.e hit;;h or low cate£:OI"'J of A (and vice versa) • 

.i.'h~ s cor.ipari.son of the concii tional odds ratios is called. the reative 

odds ratio by iJavis. It is also simply the cross-product odds 

ratio, the familiar ratio of the prcxiuct of the diagonal elements 

in a four-fold table. Below in Table 4-2 the cross products 

odds ratio equals ad,lbc . ior table one this equals (10) (20)/(40) (30)~.167 

the same value we obtained above. By various ma;ufalations of ~ 

eleraents Javis shows that the cross-?roducvS o:ids ratio and the 

::-atio of t i.1e relative odds ratios are i dentical. 

Just as ::iti: the other odds ratios, the cross products odds 

rat:. o e::;,uals one when there is ~o asscciation, that is whm 

the values i."'l. the cells are ;-r o.::or:.ional to t hose in the marginals. 

T he value of the cross-;i::-oduc:I. odes ratio rer.:ains t.--ie sa.>:ie when 

t;.1e values i n t:ie cell are r.n.L.ti j:liei by a constant. If the 

values i n the cells are rearranged. (con?are table 3 to table one) 

the cross- product ratio beco~es the ~ inverse of the 

early rat:.o . The values of the ra.t::.o may then va::-y from eiero t o infinity. 
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\Ji th tables larger than tile two-by two ones d.iscussed here we can 

still compute these various ratios, but asually do so by comparing 

each cell to one specific cell, often the one in the lower rigr.t 

hand corner of the table. 

1\us is also the i: rocuedure th""':. is used when a third variable 

is added to the analysis. For :..nstance, L-" Table 4 below we could 

exa.~ine the various ratios o: each cell value to the criterion cell 

in the botton r ight nand corner of the second t abl e. 

d' ~ -

~.c $4 ;v i d- ~7 
?,Y) a_ i:, <:.. ~ <)- ..Q_ ) J._ . Q -/4_ . 
~. ~ ~-~ ·- I 

~ 
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(5·J(l) 
G )c_7) 

i.ogariQhms -- Because the cross- p562duct ratios vary fror., zero to ,... 

infinity, with a value of one when tnere is equality or no association} 

The cross-product rat::.o ~ is not s:r.,1etyic. 
- . . 
Dil &Witt 

~- . ru. s ner.ns 

th.a t if there were :.tllcctlt two tables with the columns reversec. \.s ee table 3 

below) t he cross :;>rocluct ratios wot:.ld not be equidistant f rozr. one. 

Instead, :10·.,ever, the:, a:-e recip::-oca:. vulu.es of each other (see note above 

about changes in table one with cells moved, also) . 

I I ~1,· { iJ :: 

' s-
'i.!2- I 

01t:. r J ._ .... .lo : 
'O-

7 i f 7 - .,2. ( --
..¼_) 

: .) () -- · 

"I,,;_ -',10 

,)._i : q S.z_ /. ()JO ,:: , 

It is harrly to have a measure of association that is s yr,Ul~ric (for 

inst ance a positiver has then same i.~terpretation as a negative r of the 

sa.~e r.1agnit-...de xi: e.~cept for the direction) . 3ecause the cross-prod~ct 

.::-at::.o is ::ot Sj'!i,~tri c, we want to trans..:o=m it to a quantity that i s. 

It tu.-ns out that t:~e natural loba:-:.tbn o..: the cross-product ratio 

is 5j,,1~ic arowri ~ero, va::,-:.ne fror,1 mums infim.ity to i."li'L"'lity. 

The nr.tural ~ogari thm is the exponent :a wnich e (a number aproxi.mately 

equal to 2. 718) must have to equal t he cross- product. lor instance, 

if the ~oss-product ratio- equ;(s 1.0, the log equals zero. This i s 

because a:ny number to t he zeroth power is one. The gra:;>h below (Figure h-1) 

shows the rela tionship between x (t he value of the cross- product ratio) 



i:' . ' 1 i gure 4-

The properties of ex;;,onents (and thus logari thns ) are also extrer.iely 

useful. 'Ibese are theorems which can be proved (if you want to see the 

proofs, any calculus text should include than ) , but I will just state t hem 

here, both in tenns of logarithms and in the exponent form • 

y 
X =- r L~ x u 

~,;~i 

)'-. :; lJ 

1 '>J r.J-'--i. 01 

x<tj 

e .l:; Y 
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'"'iv en t."lese properties, ;fe ca:1 t ra.:1si' o::-:-, the c r oss-prcxi uct A:i.d s 

ratios into their natural logari thns and. t!'!ey will be sy:n~ric aroun:i 

zero. (They will also make an additive .function, a pro?erty which Will 

be e;...-tremely useftl in interpretations as we see below.) 

£or t h is transf orraation we :.m:aax.· take t he • 

log ( ~"') / b '-- ) ~ ,/,:,J ,..._ ,. _e. 0 .:( 

from the table !YI? and the proper ti es of lo gari thims. 

•.'-eynolds ca11fthis value, lillllXk tu~<o{. 1 the log odds. (Javis does not 

discuss the logam.-1~s, but proceeds llJl to s:i.m?lY discuss the logic of effects 

and models.) 

Effects and Nodels -- In other uni ts we have discussed various causal 

models and used multiple regression and path analysis to analyze these 

::icdels. ,lith contingency tables we can also 9ropose various theoretical 

models . These models are com.prised of several effects, which are composed 

in a hierarchical r.ianner .from the s ir.1plest to the most complex. In contra.st 

to the regression analyses wnere the c.epenient variable ranges over a 

',Ji.de ::-a.nge of values and ;-,e a:-e interested in explaining this va."'"iation, 

in t he log linear model ,au;:;m,rn±m:tm:m:s::bwi-~ our dependent variable r.1ay 

be seen as :txa a cell prooabil:.t~,, or t r.e probabi::..ity that a given member 

of the population falls into a given cor.lbination of the categorieF>f each 

of t.he variables involved. Davis goes through the logic of this using 

cross-product ratios; in the discuss:i. on below I wiD..use logari~hms 

as ueynolds does. 

106 



---the simplest model that is possible is one .dth no effects • 

.L'his si.,;ipl.J m~ans that absolut ely nothing is happenin6• In the 

exaz::ple below we have three variables. One ;ra:;crxmx (x) measures attitudes 

t-.1oa.rd ~ a woman be a.n ele:ientary principal.. It has three catego:-ies 

of strongly ~prove (SA), approve (.:..), and disa~prove (~). Two ot.~er 
L y1 

variables, region,<.of residence (ca~egories of metro (1-:), cities (C) and 
(Z) 

rural (R) and education level ... attai.ned (hign meaning some college and above 
some 

(H) and lo (less thanllcollege) are hy::,othesized as possible having some 

influence. The hypothetical array of the data in table 6 below shows 

now the data would be arranged if the re were no effects. 

I~ t 
~1_ ~ ./4 c:f~,k~ 

Y: ~t#- - ~~' r>1 ~ 
P'(@// c_,.u/7 

X: &i'ltlu..P. 
st I l'ZJ I t?ZJ //!7J //7,) ;m /rc::J I:,~ 

J er.:, / /7) / Im ? t:>-6 
,4. ( /1TJ I~ / "7} 

/ /TZJ ;JR'.) b l'fo 

a ( P'V i CJ?, I PZJ 
/ Pc.J 

J.L!JO I 18'"-"V 3/J-.-J 
~ 3C?J '5~ -:; 60 

:J~) 

It is clear that all the categories have exactl.:,.· the same number of cases 

and that each of the rows h&s the same number of cases and each c olumn xx 

has the same number of cases. In other words, nothing seems to be happening. 
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we could express this no ei'fectsrnodel ir. symbols (folla,1ing_ iieynolds) as 

(where i,j, and k represent the 
categories in each of the three 
variables* and F represents the 
cell frequency) 

or we could tra:nsf onn this to a natural logarithm 

In the no effects model ever/ cell has the same .frequency 

or the same natural log. 

Obviously the no effects model pm11a:e1, may not be likely to occur 

with this exar.iple (and probably not with any others). One~fect 

is a row effect (or single effect). In other words, as shown in Table :» 7 

below, ~ ztt the cells in dii'.1'erent rows are af different 

sizes (have different frequencies). There are no column effects so tha.t 
cell 

within each row all the columns have equal frequencies and t he column 

raarginals are al l equal. 

Table 7 

2 .- c,l ~-,1,u.: £ )__~ fa 
Y : µ _a~ P2-4 ~-

( I 

/2- /J7 c... ~ 
;,11 C 

,./'t) cYv rrJ g"v 
f4 'iO f{J 

X: a,/1, U s / i7V / {J,,,I.,' 
/ tn) / t'V 

/ tn:> R /r0 I 2.. tJ i u> 

n .. o ( 2.,.,> 
( .J,..() 

""\ 4 I )...L) 3~ 
U · 3tv J C, -o ' .> C 

- ~ frL 1. 
j tr[) Joo 
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riere s:ymbolically ani me.them.a tica.lly 1-re can represent our model as 

and i:i logari t.hm.ic form 

X 

where ,}<-:- differs for each 

value of i 

I -
I 

F,jk. ~(Jmi,-f')£n 
0./L ~{J,?7J )(I) 5 ( tJlJ 

r:-"J Ji- t' (,l(>-C} }(j .L) ~ I_;_/) 

and wfiwcct 

single ei'fects of the third variable. In Table 8 we show hypothetical 

cell frequencies that could ai~pear if there were row effects, column effects, 

and effects of the third variable (which we can call the control variable 

'~ ~ 
for lack of a better tem--may also ca.11,..thc specifier variable). 

Table 8 

£,,.l =- A.Li ;&-

>' . £,_? ~ 
.,_ 

- X!_.J (_ .I,, ,f 

./)1 
I C ~ 

x. : oti- I @ bl./ ( tLO f 6 I I'(, / 2...}- 0)C') '-I JtJ 
) ,~ 'I-;_ .., 

'- j,, 7 fi-1 (_;_r:;-a ~ ) A r · ; 1 ] '1 I 6 6 
l Yt'D ) ~ tr> 

72..C' 

3 

'" fO (ic:J t 2-vC') 0 I 1-,r 

<-::-~ J ;-2._ {' I(; r:- )07) ~ 11 1) ( t,t7J . 

; c;: L. ( 'f (f, ) ~ 
/ t O 

;~t70 
( /l."'5 ) 

t/rJ y{-d 
t 
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1•e can 

J ,q7 ~ 

!•;o"tve that this model has c:::1sistent cr-...anges from one column t o the 

next, fron one ro·.-1 to the n~t, and fror. one level of education to the 

ne1::t. .:he magni tu.de of these cha."lges are given by the size of the 
~ 

above! I'D.is med.el is called a single ef.:'ects model because of the 

consist ent changes. 

I 

It is also said that :ti1is single effects model doe~ot have any 

inte:-action effects. 'i'hat is, region does not seem tc be related to 

attitudes, .r:t education does not seem to be related to attitu:!es, am 
education is 
~~ t 1 ted t '"' ' ~ /,<__~ -~ ax: no r e a o r eg:on. 1r ue er.ougn , more people di~apr:meppPe'\CC 

than~ a~prove; more ?eo~le a) prove than strongly a~prove. But this 

patterns occurs i..r1 the sa:,ie :;:.ag:--.i tude in eac:i c:i.ifferer:t ~~egion and in 

ec.c:: leve~ 0::- ~ducc.tio:i . 5.Lililar~y, .:iore ?eo_;:le live in rural areas than 
110 
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in cities anfraore people live in cities tnan in metro areas, but again this 

pattern appears consistently in all categories of attitudes and in eac~ 

education level. It can be said. t."ien t:iat there is no irLeraction in 

Table 8. Note how this pattern of cons:.stent cl1anges in the ;:rop~rtions 

oi cell frequencies is sim:.lar to t:'.e case of no interactions in analysis 

of ~ variance. lfote also how t he expression of t n.e model in 

logarithr.ti.c fonn resembles the eq-...ations of eff ects used ~n t he general 

linear model. This resemblance is why this model is called the log ~r 

n1odel. 

!iow, of course it may occur that there really is some interaction 

between people's educational. level and their attitudes and also their 

regi on of residence and their attitude, as well as sone relationship 

bet-;.reen their educational level an:i region of residence. In table 9 

below we show a l"zy?cthetical exa.:,iple of what couJd occur if there were 

an .at interacJion (association) between region and attitudes and education 

anc. atti tmes, but no ass<. ciation bet~-reen education and region. 
- I. /J ,., /~ --( 

( ,._ ) 

1&.. ·~ ( (/'\,l.., 
I A r1 c- 2-

~ 

l l D 

t. lL. 

J(4 I tr[) 7S- /:. 5- ')lio /ro --; r i, .r ;). t, t' 'l.f , 

4 S-0 ll,O S-6 1. crJ 

u ~ ; i.-r 
~ lo ~ ~ ' b 0 

I ro ;Lo--() 

{)-C 
~ I LS-

/CV 'lev t, e>c 

111-
,"f 
5-6./ 7ZO 

[ 
I b U- Z-C77 )- •{ 0 I.. l:""t.,> 52() i/C'u 'f /·i'' / l.h.> ) /J ,1t1 
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Fron Table 9 and the reconstructions of the tab~es in 10 it is clear that 

rurll people in eaci, level cf educat:: on are more likely to disapprove 
. y 

(an interaction between .IID atti-Cu'cte and region, independent of education); 

),:I that ::1ore highly educated. ~.)eople are more likely to a ~prove in each 

region (an interaction between eduGation and ~ tti tude, inde:;:ien:ie.-:. t of 

rc!;ion); but that there is no a.sucaH; associo.tion bet.,een education and 

~ rtti:i=Jri: region (t..11at is pec.,;;le in rural areas are not nore o: ~:ss likely 

~ to be hi(;!liy eiucated) in each cateGcry of attituue. ~J,?, 

J.'hese associations may be represent.ed syrnbo_ic~ly as before in 

t ~e effect on frequencies ani also by transforming these to logarithr.ls. 

-.- t • th ~, ~ t · ~ r't~ · ~ t th .(' f ' r.o e a.gain e ana..i.oQ.le c.:. .:1.e .J..OCa'rtJ..:lr.'.:l.C .r.or.::i o e • er,-:: o tne 
'---

general linea£ nod.el. /.._ r.1ay be seen as re:·,resentinc t:1-& grand. nean, 

the size of the lcf; of t:::e categ-::::r-Jl,ll:Slm the.:-e a.re no e;:'fects. 

ll l 
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t 
,, J,,- /c.. single 

L'-<-_ fa. y 'r I . / , .,
1 

i, Iiiay eac.:-. te seen as represe:itini; rcsyectivel:,· the affects of va.:-ia.bles 

1 (attitudes), Y (region), a."1.ci Z (education) ax:tn:-= on the marginal 

categories. In ot.'-ler words t~-ie:,· tell ho>miuch each cateboz7 :-ii lbcsAf 
log of the 

ma.rgino..l differs from the expected.A.category frequency ',men there are no 
)V kl 

effects. The two tero/LY y- r,"'- rep:-esent tne special (interc.ction) 

effect that influences each ccnoination of the categories of X an:i Y an:i 

X and z. .-he fact that eadl of t:i.ese terms has the subscripts i, j, and/or 

k indicates that for each ca""Ce_fgry an:i combination of categories a. 

different effect is .;: ossi ble. This is different fran the general linear "'.,. _,"z 
model ·..mere these fS. rameters would.,,.have constant effect as 3 ·.: acooss 

the nod.el. 

~he ncxiel for table 1 assw:,.erl that there was no inte:-action of Zand\ Y 

inciependent of X and also that the patter.is of interaction bet-..een X and Y 

held. in cate~ories ~ Z and the inte:-.::.ction of .{ and Z held in Cc.tegories 

of Y. In fact, '.i:'able 9 was ccn:;tructcd sc th.s.t siti.lci.tion did occur. 

It '.·1ould be possible of course that Y ,arri Z could be associated, and t nat 

in audition t :; tile ef!'ects given in Table 9 we would also need to add to 

the r.,od.el .,he interz.cti:::n of Y ar..d. Z in:ie;:> encient of J... (ror instance, rural 

peo;::le could have less educa._,ion an:l. this res~t would occur i n each 

categoz-J of atti tua.es.) Tne .:1o:iel for t :j_s situation could be ;,:riv ten as 

I ,( y I l I kY I ,l'.l 'yl 

~ jk ;- .r ;~: -~,J 1~ /'t/ ?,·t_ r~i-_ 
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F:inally, it r.ia:r be that attitudes are associated with people's education, 

but that t:-us v;;;.ries :in region (ma.j-be t·rith rural :? eople being even r.1ore 

li.irely to disapprove when th~~ rai have low educations than are urban 

people w:i. th low ed-..i.cations). Or ::iaybe t.-ie association bet~1eer;. region and 

atti t'Jdes varies among categoriesat' education, being much stronger alolon€; 

the la-.er educated group. This would be terme:i a three- way interaction 

and a, uld be represented symbo~ca.lly as 

· he various oa.ra;:ieters have t:"le sane in·..,c:~::: ::. ta:.ior: as before. 
• • I XY~ - · Uj.S -'l'i' 

'.i'he one 

addition is the three way interaction ternii}'--c1:. r-r- r ,-j'A 
I • These 

represent the effect noted above that the association bet;1ee::i ~y t wo 

variables may d if.fer depeniing on the category of the third variable. 
expected 

In this r.iodel every ~ell frequency or its assccia ted l ogarithm has a 

unique combination of terms in the mcx:l.el equation. The model is then 

calJed saturated. I t is analgous to the cor.iplete equation with interaction 

when multi-way analysis of vari ~nce is ~ e~ressed in regression terms. 
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Cnce you r..a.ve d.ecicled t i1eo:-etic.J.2.2.:,· w:iat ld.rri of e!.:ects :.10d.el your 

problen should s ::1ow, you. will want t~ cor.i:,az-c yo1J..: act1.1c.l date:. i:ith t his 

model that you have hypothesized. This is a.ctutlly cione in the usual 

cr-.i-square test af tile hypothesis that the two var:iucles in a contingency 

t i:.ble are independent. For inst..r.ce, in Table 11 a hy::; : tnetical table 
and 

with the obs 2rved fr,uencies A_ those expected by chance (when there is 

no association) is shown. T:ne frequencies expected b:., cha.ice are 

those tm t we would expect to £ind i n t."i.e,mxri':fJDCY mod.el with single 

variable effects. (i.x:pected freque:.cies with the no effects 1,.ouel would 

i.":l::l;l t:C,.a. t the marginals were all equal too.)- •'4'!'!:.!'!!!!.:.!9111j11iilllliilllalliF.-rt1R'"4iim•lllll•·=·•c~» • 

...,- '"'11 L.""' To get tne chi-s~u.a.re statistic one uses the formula, L _ 
.1. 

This is actually a sa: .. ple value th:.,,t can be cor.1pared to the samp::.inb dis­

tribution o.: C:.-:i-squ;;.re that ;-ro1..:J.d occur whe.'"l the null hy ct:iesis of 

no associc.:.tion (that tr.e moC..:.el exists ) is true . Just as with F-distributiams 

an:ithe others that we h::ve studied, -4 the ch;i.-s~ua.re statistic falls 

into a zone of rejectior. we r..ay ca.st doubt on this null hy_;othesis . 

Just as ~ri. th t he t and F distribution, there are a number of cili-SElU.SXe 

::iistributions, each one v:.:.r::,-ing by degrees of f reedon. For instance, 

,-n .... ri table 11 there are '-I degrees of freedom, i/ chances to freely 

d:oose cell f:-equencies based on the size of t ile margi:.nls. 2 
.. 

ne 

{ 6 
3 H, are s sf 3 ,e61r Ss ... ncos .. +~ e , 

' 
~' "-' C '. ; •' 11 h · :££( ;ts. L"l general, the degrees of freedo!':i rep!'esents the nuro:ber of 

uns:;:,ecifieci. _::iarca.neters , tne number of L·ee choices, XII the nur..beff 

115 



3]. J 

Jo / {I 
f{) 

y 
70 

76 

.). .J . 3 -t-

~~/.~ ./4.~l 1-J..c, / . ~ -/ ! ~0, J,· 

4 ~ (_ 3 - J.f.}-.t) , tf 
116 



we have essentia.ll~· posited that t:-.ere is ~ ;: no associatior. 

or interaction bet·.1een the two varia.cles. 1-.1 though ;;e do posit that t.~ere 

are sir:gle effects or tha. t the marginals may differ and base our e:»."?ected 

frequencies on this, we posit no in -.eract:.ons. '.l.'ne ex;,ected freque.'"cies 
for ea.cl: cell 

1. equal the prcx:iuct o~ the two associate¥,iarginals divided by the grand 

total of cases. The r.iodel im~::..icitly posited in the usual cni-square test 

is 
I I ,K y 

~✓-:: /".J-i·~;-

·.1.·o compute the chi-square statistic x± we oor.ipare the expected cell frequencies 

under this model with t::ose ;.re a.ctuall~T have or observe i:-1 tne data. 

~-lith Pi ikU@_dw the data in table 11 we obtained a chi-square value of 

ft3. (9nparing this to t:.e c:-:.i-sqUE.re values inthe sa:.12:ling distribution 

ass..unin6 the null ny-;,othesis (that t :::e r.1od.cl h::::1:ls) is true for 4 degrees 

of freedom we found that these reSt:.l t s would ra.rely occur by chance alone. 

In ether ',:oris the moo.el of only single variable effectFnot hold and 

the ncdel with i:it eraction effect¢.s the one that must fit t he data. 

-~it:i two variables this isthe saturated model. 

, ,. r .v -xv 
~J· ~ r Yt' r;· r'</ 

ihis }:ind of logic is t he t :r~e used wheneve::- one tests t he va..--i ous 

1.:ocicls tr.at .:.re pos:ii.ble. Obviously the t.ro va.:-i::.:.ble case is a sir: .le one 

anJ • .. re can readily see t i:e nature c·f the associc'.l.tior.. ••ith nore variables 

t he si t uation be cones : .c:-e c · .::~lex, both i :i asc0rta:..ni:-.c t ;1e r:a ture of 
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t::~ associati::.n si.r.1) :..:,- b:: inspection a.r.cl also in estinatin; the freq....:.er:des 
varicus 

th.at would. be expected. i: ·the~odelfeld. Tue rss-..:.1.t.s of testing the 

various r.ioc.els wi-4 guid'."t~:e LTJ.spection of t:ic data. Gettir.g t he expected. 

frequencies for each possible n:del can be done throug;. var:ous c~~?~tatiozv 

that can get tediou.s when done by hand. Dav:.s des:ribes one methcc.i of 

doing t.-:Us by hand. 
. . . I 
.:Lou may also c onsult licodr:an s -..,ork. 'Ine easiest 

wa:r, ho;.;ever, is to use a cor.i;:uter proc;ra.':l. These programs ~an:i the 

hand r..ethods) essentially go tilrough several iterations or tries at 

gett:L~g expected cell frequencies that fit t.~e model and sum to .the marginals 

expected ey t.-ie single effects model. :c:acn iteration approaches tile 

sum of the marginals more closely. Because the procrams that de the i1:,er­

ations are becoming more a~d more available l wi1flot describe how to 

cio the iterat:..cr.s. 

Cnce one has t::.e frequencies e=? ected fer a data set when a Given 

r.1cdel holds, ort.,e may campare these expected frequencies with those actually 

observed.. Cne may t:1en c , .. npute the usual c:-u.-square stati.:tic and c -:,:1-

_?are that value to the sampling distribution. If one is using log ratios 

the 6i-square statistic must be modified slightly to the li:(elihood 

ratio chi-square. Some techniquesalso use a at statistic called the 

ini'orr.iation statistic (K·..J. anc. :.ullbac k). Au of these statistics have 

I 11 

sa:.:.~ling distributions equal to or ver:,r si.E1,,lar to tne chi-square distribution. 

·•e can work through an exa.-::ple usine actual survey data fror.. a sar ,ple 

of ::esid.e:-.tff Uregon wh o were re~:!'eser..ta1:,ivelJ' tc:elected i."1 Junuar-.;r, 1971 . 
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~c.-i of the resr,ondents w::.s as~ed ho·,,; they would feel aoout a wonan being 

hired as an elementar:r school pri."lcipal in faeir local s C:"lools. ·.1.ney 

could respond on a te.--i point scale ranging from str:ngI:i· d.isa;;prove to 

strongly a;,prove. Because the responses tendedjw be skewed to·.,-ard t.";,.e 

strongly ap?rove end of tile scale the res::::onses were tric:iotol'Ji.zed i.-.to 

three categories: strongly a~prove, approve, and disapprove. Because 

the~ residento/>f the state live in fairly distinct regions we also 

noted the area of residence and :cx:mla:i'Jn! !JS:i,kcs:1~ dividedthese 

into three categories: metropolitan Portlan::iarea; the ''illar.tette Valley 

area; and the rural areas of the state incluiing the 1,;oastal region, 

oJouthern Oregon:; and 2.a.stern Oregcn. '.1.·hese divisi. ons were z.ade to separate 

out tile metropolitan residents who generally have different in:.erests 

andccncerns than ot:.er resi .-ents; the ''illamette Valley people who tend 

to be 1~.o:re liberal; and the rural resident/who a re generally seen as more 

cons : rvative. tinally, the neasure of the res:;,ondents' education was 

used, divided at the college/non-college level, with everyo:ie with 

some college education ir,cluded in the first ca~egorJ. Based on i:reVious 

studies of D:i:x atti tudestwoarc. wor:1en sch ool adm nistrators we expected 

that more conservative attitudes would be displayed.in rural areas 

and by those w:i th less education. 

The progran COHTA3 was used to analyze the data. The c2.rds used 

to access the progran (they may not be aµplicabl e after spring, 1978) 

arxi to define the runs wanted are shown bele\-1. 
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{"'ne data for this problem are mown above. The first six ca.."'Cis on 

the p:-evious page are job control langauge cards. ~he first is t :-:e fa;:1iliar 

job care.. .i.he second accesses t."-J.e program from disc. The third and fourth 

instruct t:-:e c:;:,iputer t o cutput ~e results · on tne ;;rinter. :1\1e fifth 

jcl carci. tells t .ie ccn;,1.;.ter to so ahead. 'ilie :-emai~in.:; cards instruct 

the contab progrca.'il as tc what '.-:ind of data is being used anc: what hy::otheses 

to test. 7he factors equal 3 tells im it that 3 variables are included. 

T 'l.'ne 1 • :1e ?L terns give labels to these three variables. tit e ter: : gives 

a na.-:-,e to t he run. 'lhe list _:::a.rer;:eter as ks for various kinds of output. 

These are described in .. o:-e det.:.il i n the d escri~tion cf the program 

attached to these notes. ~fter the list the first tiiree numbers (3 2 3) 
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tell ke o:iu:;:;u'c.er thut t:1e fird variable (attitucies ) has three categories; 

the second (education) has t~o cotegories; and the third variable has 

three categories. i1.fter this fae data its elf (earlier gotten by t:.Sing 

an SPSS crosstabs run) is given. The cell fre;uencies a.:-e typed. i n tie 

order of cell frequencies lll, ll2, 113, 121, 122, 123, arri so on with t.1.e 

final digit varJ-i_ng r.,ost quickly and the first digit var:7ir.g least ;uicldy. 

':i:'he final cards present the various hy;,othese or :iodels that are to be 

tested. 

r~ first terms state:,ent hypot.;1esizes t:iat all t he ter:.1s are 

independent. In ·other words, it suGcests that only single e.:'fects an::_ 

no interactions are present. 

':i:'he second terr.; hypoti1esizes that there are second order interactions 

but no third order interactions. It hy-_:.Jothesizes interactions between 

each pair of variables, but that these in teract:.ons are t::-~e sa.""ne in 

syr.ibcls this 1~.a.y be seen as 
)' 'e 

f /i'-

The third term hypothesizes that there is only an interaction between 

the first term and the third term and between the second term and the third 

term, and that this interaction is the same in each category of the variable 
t r 2 .r-c Y l:-

not included in the interaction. L,/1: :A ;J...,- .i--_µ-i :J.,,_ t ;- ,/v...L·~ ~,A,,,~ 

The fourth term hypothesizes that education is associated with attitudes 
this -pattern 

and that education is associated with (interacts with) region and ~/4 
all 

is similar in D:tx categories of the variable not included. in each term. 
,\ y y~ 

.L. • . A .r r ~ ;. J..,,.. 
',; "-- ;- _,.I-<- ...__ ' ~J- j ,.. /'- i.: : ;. ... r.j / j1c. 

~inally, the filth term is the~ saturated model, hwothesizfing 

all possible interactions both of the second and third degree, 
.le >' 2 xY l(.c- >rt: X,Y~ 

I.. l : ;c_ .r P,- r ,,fa--1.· ,I. J--. , 1-?- k, -f )-t..c ' -r f,t_t A: --r/ . . T ~ . · v . , ii / ~ ~1 / J l.t.. l . k 
• V I . j 
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.Lil- a sun.::Jar' ·· table the con tab -:;ror::ra.:. :: r:.:its a SU-:lflc..r-r of the 
ti - .... - J 

res..;.lts of r,esting each of these noiels against the actual data. 

This inf orm.a.tion is su.-nrnarized belo· .•• 

~~±t 
p~-.1!~~ -· 
~ ~ 

{_1L1C </) L z;.) / 

c v. '-I Jl ~ b )l Y ~) • 
~-~~ol r~.:.u.AI 

j. , () . ',tt'F/ -f4d-!o~ 

Cx c)l 'I!.) 3 , ((l, t,Of t 0 _ /{) I] 

Lt YJl V l) Cf, Jo. fJS- ~ 0, O~o.J-

. ['1,"11,J J. o.nr-1 D - I . th:,-o 

iror., t~us summary we can conclude that the r.1odel that best fits the 

data (aside fror:i the saturated r.iodel which we would like to a.void if 

a sinpler one will s-.J.ffice) is the second one XJ£ presented, that of 

in\Jeraction effects of all variables on the seconi order, but no third 

order effects . 

i.low tc analyze tne specific nature of the effects of this r:-,odel 

we tum to tlie table .of data arrl to the out_;;ut given regarding the 

test of this riodel. ·.i.:his oi.:.tput is shown on tne next several pages. 

he first part of t:1e out:;:ut, ]a.oelec. r:iarginals essential:ly gives ... 

the tables of frequencies in eaci cross-tabulation of variables shovm • 

.:.ou can conpare tl:ese t2.bles to T2.b:i..e 12 to see that they match. 

1-erce:·,t:.ges have been added to these tables. l.t is clear tna t lower 

edi.:.cat::on i s associated ;-:ith disas;prov:i.nc as is residence in rural 

areas • .n.lso, there is a tendency for rural res:.dents ao have less 

~f~ 
~~ 

~ ~ 

education than r:etro res~_d.ents c.nd metre resicients tc iave less education 

than willam et te valle:.r residents . ,ie knwo fron the results f testing 

r:oie:.s 3 and. 4 that these 1·esuhs a1i~ll inde9encient cf each -::t her. 



HYPCJTHI: SIS 2 

MAf.G[NALS: 

·-- -- ---------- -------·--·-- ·• ·- -- ------· · 
MARGINALS: ATTELM • REGIGN. 

1 2 3 

10 
2 fl 
3 s ,,( 

"1ARGl~ALS: 

11 • CJ CCC s- 2 l • CJ O O S". 'I 2 C. 0 CC O 9. ' 
3 6. 00 oo 11 •• 'I- 106. ooc o _:2_1_._2-_ __ 1-=2....c... _o-'-c-C.-c ~ .. 3"--'------

.!11· uc oc~ • ~.0000 f:.];.J ~.OOOu s-r.,I' 
2.20 1 l1l> Jft:j IPIJ·l> 2.6J 1 ~ 

;'k • ...f_ 
2 3 ~ - - --9-,a--------''--.,1' _ ______ _ 

1O3.OGOO 'lt.'i 166.0000 1/J.'l- 86.0COC 'II,$ 
J..!-7. ooccs-J ! z.. __ ___ E,h.9_9QQ r,. L _ ID,.!_Q_o_oo _rt.._?~_ 
>,2.0 3 N )..68 

RESIDUALS: ATTELM,, ED z Rt:GIO~•--- F-IRST _ l _LE_VELS _: _ ___;t __ ___ _ _ _ 

1 
1 
l 
l 
l 
2 
2 
2 
2 
2 

OBScRVEU 
PRcOICTEu 

"ESIDUAL 
OUTLIEt<. 

LOG PATIO 
Ct3St:RVEO 

?R~uICTEU 
'\cSIJUt..L 

JUTLIEF­
LOG RATIO 

l 2 3 · 

------ ------·-----' 

l 3.0O0JC0 4.~CJ~0 0 7.0OOUJO 
2 3.231145 5.592946 5.176C24 . - . • -----
3 -0.231145 -1.5~29~6 l.823976 
4 o.O1s1O6 o.sGo466 o.582304 
5 ---=.hc.25~1 l . _.::Z.a.!til.0~2---.---=.Z . .a.2.b.£!: . .Z,L __ 
6 8.000000 17.000000 13.0OOOOG 
7 7.768652 15.407 0 74 14.82~302 
a 0.231348 1.592926 -l.b243G2 

·- · ·-· · - •---·---·---------- -- -·•-· - - - -----··-·-----
5 C.J07ll3 G.l627C3 0.23745 2 

l C ----=La..lZa~.LO. _ ::.l.a.!t!t~~.Q ___ =.l.a.:t~22.a. 
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KESluUALS: ATTELM *EC• REGICI.. FIRST l LEVELS: · 2 

l 

----------- ·-------------- ------- -- .. --- - ··- ---·- .. 
1 OSSE~VED l 13.0)JOOO 49.0QOJ0 0 3J.000GJ~ 
l PRcuICTEO 2 16.596924 45.jG94l8 JC.092560 
l RESIDUAL 3 -3.596924 3.690582 -u.L9256J ----- - -· l OUTLIER 4 0.858728 0.310617 -0.000212 
l LOG RATIO 5 -1.369289 --~0,364992 -Q,lli22S 
2 CBS ERV Eu 6 23.000000 57.000000 42.000000 
2 PREDICTED - 7 ---- ·----i 9~ 4J3J 30 ........ 60. 690 5-5·2 ··-. ··- ··41.9073 33 
2 RESIDUAL 8 3.596970 -3.690552 J.C92o67 
2 OUTLIER 9 o.645275 o.24oJ4o 0.000424 
2 ·LOG RATIO 1 a ·==-- --r,-zn. cua __ -=.aJl12.m ___ =ll .. !t:u~.!tb 

RESIJuALS: MTTELM *ED• REGION. FI~ST 

1 

1 LEVELS: 

2 

3 

3 

l 
l 
l 
l 
1 
2 
2 

OBS tRV ED 
P~EDICTED 

KESIOUAL 
OUTLIER 

LOG KATIO 
ObSERVED 

PREDICTED 

2 RESIDUAL 
2 CJ TL IE R 
2. L CG k.A TI 0 

NO NlcRO EF FcCTS: 

l 
z 
3 
4 
5 
6 
7 

87.000000 115.000000 49.000000 
83.17ld75 ll7.uS76lJ 50.7314JJ 

3.828125 -2.097cl0 -1.731400 
~.193468 0 .043287 ~.063274 
o.2~z~Qi ___ ~~j.d!t..2.il_ __ =~i2i~~c-.;z,---

a6.oooooo 147.000000 67.000000 
89.828308 144.902237 65.268311 

& - 3 .828308 2.097763 l.731689 
i u.185097 0 .0366 75 a .:49364 

l v ______ .Q.&.J.l~l~----- ~..ul . .22z ______ :::JJ..,Q..UUQ.Q..l.__ 
GENERAL MEAN= -3.393629 
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1 EFFECT 
l ST.lN. D:V. 
l ~TANDAROIZE 

NCNZERO EFFECTS: ED. 

l EFFECT 
l STA"J. DEV. 
l STANDARDIZE 

l 2 ~ 
-- - . ---·· ------- - ------ ----- - ---- - - ---- - - - - -- -- --· --- ---··· ·· - --- --

__ l . ___ .. __ -1 . _308747 ________ C. _16~2_7C 1.1484 77 
2 0.111822 G.C7546C O.Joo771 
3 ----=ll~l!U~l~ ___ i....1n:,u5 _____ 1.L.~~l112 

- --- ----··- · - -----------····•----- - .. ... 

- ··- - . -. --· - - ·--··-----·----- -- - - ... - · - - -2 - -· ·-. - - . 
l 

---------- ------- -- -------
l -0.236916 0.23b9l6 
2 0.061454 O.Ocl454 

_3_ ----~.2~l~.l UCL . ___ J£~.ti.l _ .. 

NONZERG EFFECTS: REGICN. 

l 2 3 

------ --- - -

l EFFECT l -C.325946 0.373773 -0~047827 
l STAN. DEV. 2 0.0~5308 ___ J.~80827 c.v83923 
l STANOA?.DIZE 3 ___ -=.J.a.il:l!l.21----~£~~j~;Q_----=ik2~iail 

NCNZERO EF~~CTS: ATTELM * ED. 

1 2 
- . ----·---------

1 ::FF::C T i -0.253553 C.253553 ---- ·--· -·· - -- - .. ---- -- -· -- . -- - - -- - -- --- -- ---- -
l ST At-.. OEV. .2. 0.111822 0.111822 
1 STANCAt<-JIZE 3 ------=Z4Z~1~1J _______ i..._l.~1~1J 
2 EFFECT .. U.1~6971 -J.lL697l 
2 ST AN. DEV. 5 0.075480 - ·-·o.01s4ao -------··-·-·- -· 

2 ST~NDAi<.DIZ.E 6 ----~lll~----=1....:t.UZ~Q 
3 ::FF£:CT 7 C • 146 5 81 - 0. 146 5 o l . 
j S 1 A"J. DEV. d j.~66771 0.066771 • 
j STAt>.;0.C.RDllE s ____ 2.aJ.~2211 _____ =2~1£5211 

· - .. ·-·--- - ------------------- -- - --------- -

NCNZERO EFFECTS: ATTELM • REGICN. 

l ::FFELT 
l STAN. DEV. 
l ST !. ;\JOAKU I ZE: 

l 2 --- ; - -

1 • -c·.ob-5 ~3°4°13°" - -------..:·\5:-i46&6_9 __ •·- - •• ---c-;-z-141ra -· 
2 C.173150 0 .14~425 U.151694 
3 -----=L~l~~2n ____ =1L~~~~----1L~l..2!t~a 
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2 EFFECT 
2 STAN. uEV. 
2 STANDARD IZE 
3 EFFECT 
3 ST AN. DEV. 

-3 STANOARJIZE 

~ -0.259012 C.ll3~9c 0 .145410 
5 O.ll87o4 J.C975S~ 0.102712 
6 -----=Z.a..li.Q.2lJ __ ,.., ______ .l.a.J..il.21~------L.~l.2LJ~ 
7 0.324861 0 .035273 -0.36)134 
b 0.102022 O.C87428 O.Q9j2b3 
9 __ ----~ a llJ't 2JJL ___ "-.ai~~i2L ____ =~~~"~~ 

NCNZER::, EFFSCTS: ED * _REGI_JI".. _ ----------------------·---. 

1 2 3 

l c:FF EC T 1 0.051839 -O.Olbl92 • -C.035647 
l ST.lN. DEV. 
l STANCAPDIZE 
2 EFFECT 
2 ST AN. OE~. 
2 STANC4Ji.OIZE 

2 0.095308 c.Jsoa21 o.ud3923 . • ·-- ---
3 ----D.a.2il.2ll_ - .Q .. Z~1n_ __ =Q..!t Z:tl22 
4 -C.051839 o.Olol92 O.G35o47 
5 0.095308 J.Q808Z7 o.~83923 
c ---=C,5¼3~12-- -~~.o.Q~21---_;__-3l,..~2~122~ 

INFGRMATICN STATlSTll 4.006 716 
--------- -·------··-·-·---· PRO&AdlLITY OF A GREATER VALUE 0.405098 

LN(R~FERENCE/(N/NUM8ER OF CELLS}t C.389425 
LN{REFERENCE•/(N/NUMHER OF CELLS)> C.3b3240 

- - ••• - ----------·-··---- - -

SMOOTH 
ZERO 
SAMPLE SIZE 
MAXEKRJR 

Ou TL I ER. dCU11ju 

() .c,cc,vvC-
0. JCOOC l ----- ---- ·-· ---

6 l 7. QOOOC C 
O.CJlu;)O 

7. 0CCOCv 

EFFECTS - INTERACT! □~ LEVEL PRINTED 2 
MARGINALS - ---- - - -···· -··- - -- -· - - - - -

RESIDUALS 

---- -------
,,. 

--------- -
FAC TJR S 

3 ~UMdEi< OF CELLS 
ZERU CELLS ____ ____ ------ ·--- -------- ----- -- _ _______ ld _______ _ 

MARGINAL ZERO TOTA LS v 
TEP MS v 

- - - ··-- -- -- --- j 
----- ----

- -- -----------------
·- --- -------------
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iollo,•Ii.ng the data for t:1e t-.ro by "'wo tables t r1e data fer each cell 

inputted is given. This data is given for the asscciat::..c:: 'oet;,;een att:.-:.t:.d.es 

a.'1Cl eciuca tier. in ea~ e,;. teg -Z-J of reg:.on. 'J.'he first set e:,ves the 

:-esul ts for the three levels of atti tt:.de and the b :c categories of 

edt:.cJ.t:..on for t..~e ;n.lla.-:iette vallS"J region. The observed value is t i at 

w:u.ch ~.;as ~edicted to occur (esti..-,;itec.) if t l~e nodel hyr,othcsizec. were 

tjre. ·~he r es:.d.ual tem is the di.:fe::~ence between the ns id n~ observed 

a ,-rl predicted value. ·.i:he outlier term is an indicator of how well t i1e 

cell fits t:1e model. It is a function of the residual value md the sa;,:ple 

size. A snail cutlier value i.,dica"'es that the cell closely fits t he model • 

..-._ larger value indicates that it 11outlies" the r,odel more. '.1.'he l og ratio 

is the logarithm (base e) of t.~e ratio of t.'1.e predicted va.2.ue for t hat 

cell to t:1.e predicted val'J.e for the r -::f erence cell \.tiie last cell :l.n t:1.e 

table ) . These ratios will varr arc-.i."ld. zero an:i will e qual zero when 

the zJEt :-=ed.~~ted ce:i values are equal and there is :10 ei':.ect-. 

--ach of these values is (;iven ~or eac::. cell. 

t he next sect:.or. o: ti1e . .:-:..ntot:.t tells about the effects in t:1.e r.iod.el 

in loc.:.r::. t nr.1 f orn and can be used to 
.k y 'C 

L,/k ~ r + ~,· ,./'-J T ~ k 

fill in tne mod.el e c::iat:.on 
xY Ye· vc 

r /-'-'/ T rt,· Jc .; / .j k. 

'J.·he effect ter.-:. [ivcs t he actual loga.r:. ti:un for each particular effect. 

J.:1.e stan,2.rd d.ev ::.at ion i s t;,e standard d~ViatTo:1 for tnis effect, whic.'1. 
~r't')Y 
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can be used i..-1 testil1g hY:.::ot:n.ese abc·.:t effects or ;utting confi:ience ba.-ids 

around tnem l..see •i€ynolds 1 discussion). 'i•he ter;:2 standardize ::efs::-s 

to the ratio of the effect to the stc:.:1dard deviation. 1his ro,: eva.n 

be ::.e2.;:f;..l ~ inter~ctions are i.-:1~0::-tant by .. el,: inc y ou !'in:i vl:.ere the~· 

are. 3asecl or: the sur:r:ar:.· of ef.:ects we can provide · t::e follo1:i:ng p.:.ra.:- :eters 

for tr1e model. 

/_e,· J::. I . ::' 

/ 
t. 

-f 
/-t' 

3 . 3 9 3/ 
y k 

z• / I ~ - / • .lt) <J r &. 

)' 

-t/i /~ : -, .2, J7 ?:: ~ _.).3; 

~ 

7/L 
~ 

-: J:z.., /: 
~ 

- . tJ '-I I 
/-'-

:: /- ~ ~ 
:_ )7 y 

XY 

1' /-(,:; - I/ 

1 ~ 

/t ·k 

Y? 

T/ 

/-

>- .... ), ~ 
Yl 

II ~ .6S-/_w ~ -:t12-/- 1i ,,; 
-- 0~ I ~ 

y y~ ), ' 
/~"Z,, -:-:(}r/ ~- (J2. J- ~J ~ ,o"I Zt. 
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~::e informations tatistic and the ~rob&.bi J.:. ty o:: being ,;rong in :·-:jecti::-.r, 

ratios of the refere."lce cell (last one :.n t."--le:t tz.ble) to f:.rst the ~vera.ce observed 

cell count and second to tne average :;:redicted cell coimt. 1ou r..ay 

war:t to compare this to the various log ratios obtained. fer eac:i ce2..l 

earlier. .I.he smooth arrl zero values are those y:;u can input tc r.10dify 

your data if necessar:r. Tne outlier b:::und used :.;as a defa·..J.t VE.lue and. 

no cells exceeded this bound. 

In cor:1pleting a subs~tive intel'?retaticn o:f the mociel one wo'..lld 

exa: i.ne the paraneters f er t r1e.x::m :nociel in co:--..t}unct:.on ;ii t n tne co1: tingency 

t.s.bles and make interpretations. In t his case the :.mpcrtant information 

wouli be the inde) endent effects of both region clnd educat::.on on 

atti tucies and the eli;'ec:h tend-enc;y fo::- rural residents anci. less ·.;elj_ 

edilcated residents to ciisap?rove (an:. t:1.e r:,aintenance of tr.is e.:fect 

desj i te tile te:1denc:r for rural res:.c.ents tc have less JCD: ec.ucation) . 
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Sociology 413, Spring, 1988 
The General Linear. Model 

Most of the statistical procedures you will use in your professional 
1 ife as a social sci -entist are based on the general 1 inear model. All 
of these involve the notion of explaining variation <or an analogue to 
this) in a dependent variable(s) through its association with one or 
more independent variables. The outline below is meant to be only a 
sketch of the various techniques that may be used. It is not meant to 
be exhaustive. Remember that each of these techniques incorporate 
both inferential and descriptive statistics and that each is 
appropriate only for c~~tain Kinds of var i ables and research 
questions. The key to success in using stat i stics is understanding 
not just the mechanics of applying the techniques but in Knowing when 
each type of statistics should or should not be used and in accurately 
interpreting the resu 1 ~ W i th the ba~ l<nowl edge of the genera 1 
1 inear model gained in this class you should be able to ~sue 
advanced course work or reading in these areas with relatively 1 ittle 
difficulty. 

1. Simple bivariate regression 

Y = a Yx + b Y x X 

descriptive statistics: a - they-intercept 
b - the slope, predicting y from x 

Tit r - the Pearson product moment correlation 
r - the square of r (th~ proportion of 

variation in Y that is explained by its 
1 inear association with X) 

inferential statistics: test of H.::,: r-,,._= 0 (equivalent to test of 
H O : r ;-v. = 0 and H D : b = 0 ) 

confidence intervals can also be placed 
both r (using the z transformation) and 
b <using the standard error of b) 
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2. Multiple regression 

y = a )'x. + br;· X 1 + b.., X,_., + ... + b X, 
x., t,.,, Y}..._ I(.. 

y = fJ..,,.,x I + ~YL-,_X1.,, + ... + IZ.,'-x .... 
.., 

descriptive statistics: ~ 

b 
t3 

they-intercept 

inferential statistics: 

3. Analysis of Variance 

unstandardized regression coefficients 
s tanda.rd i zed regression coefficients 

17 
-:-,it.l,4.1' •: ~ , 

R:.-:
1 

. • :._- multiple correlation coefficient~ ... (the 
proportion of v~riation in Y that is 
explained by its 1 inear association with 
Xr • • • X ;:.._ > 

partial correlation coefficients 
pa.rt correlation coefficients 

:;)..., 
t es t of H ~ : R = 0 
test of H O : bv).., = 0 (equivalent to testing 

<H z,C..: /1'1, = O> <can al so test H c, : a = 0) 
Confidence i ntervals can also be placed 
around R~, and around they-intercept and 
each unsta~dardized regression coefficient 
using the standard errors.) 

y = a + b Xi + b X..:., + ... + b x"' 

where the x'-· are dummy var i ab 1 es < or var i at i on s of 
dummy variables which represent the categories in the 
nominally measured variables and any possible interaction 
terms) • 

► 

descriptive statistics: R = the proportion of variation in Y that 
c~n be explained by the categories ~f the nominally measured 
var-i.ble(.s). It is equivalent to E--used in analyses of variance. 

a and b : interpretation of these values 
depends upon the way in which the dummy variables were coded, but in 
general they can be used to describe differences in average values of 
the dependent variable in each category of the independent variable 

i n fer en t i a 1 stat i st i cs : test of H O : _)-'--, = /-" .l ; • - • .;. / ~ 
<null hypothesis that the average [mean] of the dependent variable is 

equa 1 in each category of the independent var i ab 1 e > When more than 
one independent variable is involved, a test would be conducted for 
each independent variable and for each possible interaction term. 
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4. Analysis of Covariance 

where some of the XL'are dummy variables <or variations of 
durrmy variables which represent the categories in the 
nominal 1 y measured variables), some of the Xi, are 
intervally measured variables, and the rest represent 
l nteractions between these . 

.., 
descriptive statistics: R - = the proportion of variation in Y that 
can be explained by the categories of the nominally measured 
variables, the intervally measured variables, and any interaction 
between them. 

a and b = interpretation of these values 
depends upon the way in which the dummy variables were coded, but in 
general they can be used to describe differences in average values of 
the dependent variable in each category of the nominally measured 
independent variat1~s and th~ relationship between the intervally 
measured independent variable(s) .nd the dependent variable~ 

inferential statistics: test of H v : ~, -:- .f--i/,.. = .:/'-;,._ 
<null hypothesis that the average Cmeanl 

of the de pendent var i ab 1 e is equa 1 in each category of the nom i na 11 y 
measured independent variable once they are equal on the other 
variables) 

t es t of H " : fl YA- :: 0 
<null hypothesis that the association 

between the dependent variable and the intervally measured independent 
variable equals zero, once they are equal on the other variables) 

test of H O : there is no interaction 
<null hypothesis that the association 

between the intervally measured independent variable and the 
dependent variable is the same in each category of the nominally 
measured independent variable) 

5. A Test of Curvilinearity is used when you are concerned that the 
association between a dependent variable and an intervally measured 
variable may not be 1 inear in nature. You may then convert the 
intervally measured variable into dummy variables, conduct an analysis 
of variance (as shown in 3 above>, compute Ei. and compare this value 
to the R :i...<or r ► > obtained in the simple regression which treated ) 
the variable as interval 1 y measured. You may test H O : 7::..-j?~~ _) (!·;.._ f";J.:::- L) 

If you reject the null hypothesis it is not appropriate to use the 
simple 1 inear model. However, you can examine the scatter diagram and 
use various transformations of the dependent variable to try to 
approximate the relationship as shown in the examplet below . 

. , / 
;; =- o..+ 1, x~ >1---

1 
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[Note: In techniques 6-9 described below nominally measured variables 
may be used · as intervally measured independent variables if converted 
appropriately to dummy variables or some varient thereof. Dummy 
variables (or their varients) should not be used as dependent 
variables in these techniques.] 

6. Multivariate Analysis of Variance should be used when you are 
conducting several analyses of variance all with the same independent 
variables, ~ut different dependent variables, all of which are 
measured with equivalent scales <e.g. examining the influence of 
social class, race, and sex on achievement test scores in a variety of 
subjects). The techniques of multivariate analysis of variance 
(manova) control for the possibility that you will get significant 
results from a series of hypothesis tests simply by chance. <e.g. if 
you do 100 hypothesis tests just by chance you will get 5 results that 
are significant at the .OS level). Canonical correlat ion provides 
similar results when the independent variables are interval, rather 
than nominal . SPSSx does canonical correlations as a sub-program 
w i th i n man ova . 

7. Factor Analysis is used when you believe that there are certain 
types of dimensions which underlie a set of intervally measured 
variables all of which are measured on the same scale <e.g. a set of 
variables which measure attitudes of subjects toward Communism). The 
•factors• are hypothetical variables which represent these\variablesF"kr1y," 
and which may be represented as 1 inear combinations of each of the v 
variables. A hypothetical •factor structure• with . three factors 
•underlying• 15 variables is shown below. 

F, :. {,, X1 -r- rl,.2.,i,._ t .{:1 t, -t , ~ • -r {1,;r ;(,I 
~I ~ ,/ X 

r , .I x. ~ I t ~ .-<l-J ;(1 f , • • t -<{.).,1✓ - -u-
r -• - •I).),./ ~ I j),. ,2.. .I.. " • 

;;· ~-(3 ,X:
1 

t {3.X:.. 1{33X; t - - f-{:;,1.r/.r 

The •factor loadings• represent the association (actually a 
correlation) between each variable and the hypothetical factors. Each 
variable has associated with it a •communality,• analagous to an e~, 
which represents the proportion of variation which the variable holds 
in common with the other variables in the factor analysis. Each 
factor has an •eigenvalue• which is used to indicate the proportion of 
the common variance wh i ch that factor can account for. Factor 
analysis was traditionally used as an exploratory technique to 
determine •underlying structures• to sets of variables. In recent 
years we hav~ realized the problems of such a.theoretical searching for 
results and the use of confirmatory factor analysis has become more 
popular. This may be done as part of the LISREL package of structural 
equation models. 
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8. Structural Equation Models incoporate elements of both path 
analysis and factor analysis, allowing researchers to develop causal 
models that use multiple measures of conceptsand feedback loops. The 
term •two stage least squares• is also sometimes used to describe 
parts of these techniques. The techniques continue to build on the 
general 1 inear model but incorporate both a •measurement mode l, " us i ng 
aspects cf factor ana lys i s ( spec i fically confirmatory factor analys i s) 
in describing how multiple measures contribute to a concept and a 

'~tructural model#that represents the associations between the actual 
variables of interest. This type of analysis is preferable when you 
have panel data, multiple measures, and/or feedback loops. 

9. Discriminant Analysis is used when you wish to use several 
intervally measured variables to distinguish between cases in two or 
more groups. The result is an equation of a •discriminant function• 
as illustrated below. 

o : ~ :t, -t L, K' 1 ,,.. - - - -;- t. 'i 1<... 

The equation represents a spatial dimension along which the cases are 
clustered. If there are only two groups, one dimension represents the 
differences among them; with three groups, two dimensions may be used; 
in general, with k groups, up to k-1 dimensions may be used to 
describe their differences. The dimensions are structured so that 
they maximize the differences between the •centroids• of the groups 
which are being distinguished. Each of the coefficients in the 
discriminant function represents the contribution of a given variable 
to the function and is analagous to a standardized regression 
coefficient. 

10. Cronbach ✓ s alpha is a convenient statistic used to summarize the 
association among variables which may be combined together into an 
additive scale (e.g. a Likert scale >. It is commonly used in 
reliability programs to assess the reliability of a scale. It 
essentially represents the degree of assoc i ation among variables 
combined together into an additive scale or the extent to which they 
all appear to be measur i ng the same thing. 

11. Log-1 inear analysis is a whole family of techniques which are 
appropriate for multivariate analyses of nominall y measured (or 
ordinally measured) variables. They essentially look at the •odds• of 
a case falling into a certain category and then represent it as the 
product of various other category memberships. As a very simple 
example, and assuming there are no othe r variables involved, the odds 
of a person in the U.S. being a democrat, rather than in another 
party, might be 3/2. The odds of being a democrat are i ncreased if 
one is non-white, rather than in another racial-ethnic group ( say 
2/1), and Catholic, rather than non-Catholic (3/2), but decreased if 
one is high-income, rather than low-income ( by say 1/ 2). Together, 
however, one can combine the information on race/ ethn i c i ty, religion, 
and income to find the odds of being democrat. 
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3/2 = (2/1) ( 3/2)(1/2) = (6/4) = (3/2) 

odds (dem) = (odds race)(odds Cath><odds income> 

Mathematically, this multiplicative function is difficult to deal 
with, but one can s imply take a logarithm of the function and turn it 
into an additive function. <Logarithms are exponents and you may 
remember that when we multiple exponents, we simply add them, as in 

(1tJ'l10J) : (tJ"'f 1 : /t}.r 
By taking the odds of the •quation above we get a function similar to 
that be 1 ow 

Ln (democrat>= a+ b ln (Race> + b ln <Cath) + b ln <Inc) 

As you can see the resulting equation is in the standard format of the 
1 inear model. There are standard errors associated with each of the 
coefficients. Thus, with this technique, it is possible to examine, 
with relatively succinct models, multivariate relationships among 
gual itative variables using an i nteresting and useful variant of the 
1 i near mode 1 . 
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Sociology 413/513 
Spring, 1992 

Final Exam 

Please answer each of the questions below as thoroughly as 
you can, but try to limit your answer to each question to 
less than two typed pages . You may consult any of your 
books or notes in developing your answers, but please work 
independently of your classmates. Do not put your name on 
the front of the paper. Instead, place your social security 
number only on the front page. If you would like your grade 
posted by social security number on my door at the end of 
the term, please leave me a separate note telling me this. 
If you want me to mail your exam to you, you may leave me a 
stamped, self-addressed envelope or an envelope for campus 
mail. All exams and the fifth assignment are due by noon on 
Friday, June 12 in my mailbox in room 736 PLC. 

1. Suppose a researcher had data from a random sample of 
the residents of Eugene. She knew how many times the people 
attended church in the previous month, their age (in years), 
income (in dollars), and education (in years). She was 
interested in how these latter three variables could help 
predict variations in church attendance. What is (are) the 
dependent variable(s) in this analysis and on what level is 
it (they) measured? What is (are) the independent 
variable(s), and on what level is (are) it (they) measured? 
What type of analysis procedure(s) would you suggest that 
this researcher use? Why? What descriptive statistic(s) 
could she use, and what would they tell her? What 
inferential tests could she use and what would they tell 
her? 

2. Suppose this researcher was interested in how both 
gender and age affected church attendance and suspected that 
the influence of age on church attendance might be different 
for men and women. What would be the dependent variable(s) 
in this analysis and on what level is (are) it (they) 
measured? What is (are) the independent variable(s), and on 
what level is (are) it (they) measured? What type of 
analysis procedure(s) would you suggest that this researcher 
use? Why? What descriptive statistic(s) could she use, and 
what would they tell her? What inferential tests should she 
use and what would they tell her? 

3. Suppose another researcher had information from a random 
sample of people in Lane County on their political 
affiliation, specifically whether they were registered as 
Democrats, Republicans, or Independents. (Those with other 
affiliations were ignored.) He was interested in how 
respondents' gender and race influenced their political 
affiliation. What would be the dependent variable(s) in 
this analysis and on what level is (are) it (they) measured? 
What is (are) the independent variable(s), and on what level 



is (are) it (they) measured? What type of analysis 
procedure(s) would you suggest that this researcher use? 
Why? What descriptive statistic(s) could he use, and what 
would they tell him? What inferential tests should he use 
and what would they tell him? 

4. Suppose this researcher was also interested in how age 
(measured in years), income (measured in dollars earned), 
and education (measured in years of education attained) 
could help predict respondents' political affiliations. 
What type of analysis procedure(s) would you suggest that 
this researcher use? Why? What descriptive statistic(s) 
could he use, and what would they tell him? What 
inferential tests should he use and what would they tell 
him? 



The General Linear Model 
Addendum to Spring, 1988 Notes 

12. Time series is a way to examine changes in variables 
over time, especially when one has data over a long period, 
often involving large groups and aggregated measures. In 
these analyses time becomes an independent variable and we 
can assess how variations in a dependent variable (Y) are a 
function of time. Additional variables can be added as 
predictors so that one can see how these indpendent 
variables predict changes in Y, either as a constant 
influence or as covarying with time. For instance, the 
equation below would represent a situation where some 
variable changes relatively constantly over time (b 
indicates the rate of change) and has a relatively constant 
influence of the variable x1 . 

Y =a+ b (Time) + b (X1) 

13. Proportional hazard models are also used to analyze 
changes over time. These techniques are also called 
survivor functions, hazard models, and event history 
analysis. Unlike most uses of time series, proportional 
hazard models (or hazard models in general) are ways in 
which we can predict the probability (or hazard) that 
individuals will attain a certain condition or have a given 
event happen to them, such as dying, having a disease, 
terminating a job, dropping out of school, etc. Thus, the 
dependent variable is dichotomous and is measured over a 
large number of time periods. The analysis focuses on 
predicting the probability that individuals will "survive," 
or not succumb to the condition. The predictive, or 
independent variables include time as well as conditions 
related to the individual and his or her environment. These 
additional independent variables may be constant over time 
(a proportional hazard model) or may vary over time. 

14. Hierarchical linear models are recently developed 
techniques that are extremely well suited to multi-level 
data and analyses, as when a researcher has a dependent 
variable measured on the individual level of analysis and 
independent variables measured on both the individual level 
of analysis and aggregated or grouped levels. If one were 
to subject these data to a simple regression analysis, one 
would have to assume that the influence of the individual 
level independent variables was the same in all the groups 
(e.g. individual ses influences students achievement in the 
same way in schools with all levels of funding). A 
hierarchical linear model, on the other hand, allows one to 
observe whether or not the influence of individual ses 
differs among different types of schools (which analysis of 
covariance does - assuming that the school level funding is 



only a nominally measured variable), but also allows one to 
estimate how the grouped level variable of school funding 
influences these different influences of the individual 
variable. Thus, you essentially have regression equations 
within regression equations. You can see how the individual 
level independent variables affect the dependent variable 
and how the group level independent variables affect the way 
in which the individual level variables affect the dependent 
variable. These techniques, to date, are not included in 
standard statistical packages such as SPSS. 

15. Meta-analyses are a way of summarizing results from 
other studies. They have become increasingly important as 
we begin to build up results in fields and have been used a 
great deal in recent years in psychology and related areas. 
In these studies the results of a whole set of studies 
become the dependent variable. The results of these earlier 
studies are often summarized through descriptive statistics, 
such as Cohen's d. Thus the sample would include all 
studies of a certain phenomenon, such as gender differences 
in mathematics achievement, and the dependent variable could 
be the size of Cohen's d obtained in each of these studies. 
Then characteristics of the studies, such as the nature of 
the sample (e.g. the age of the subjects or the educational 
level or the date the data were gathered), are used to help 
explain variations in these descriptive statistics. 

The Sage series of books which you were exposed to this term 
has monographs on each of these techniques. Some, as you 
know, are more technical than others, but the more technical 
ones generally have references to more easily understood 
materials. In addition, review journals and monographs, 
such as the Annual Editions series and Sociology 
Methodology, often have nice review articles of new 
techniques. 




