Packet 56
SOC 412
SOCIOLOGICAL RESEARCH METHODS
Professor Stockard
University of Oregon
Winter Term 1992

f nkols Copies:

$5.40

| Binding $1.75

the copy center Royalties $0.00
860 E. 13th Permission Handling Charges $0.00
Eugene * 344-7894 Total cost of packet: $7.15




TABLE OF CONTENTS

Jean Stockard - Soc 412
Packet # 56

I Introduction To Statistics and Computing
Uses of Statistics and Basic DefinltiOns .wsssessssssssssssssssmsossssssssmssnmsnts 2

L OIBDIIOE WIEK .....ocoillis ol s conssvnsoss mars okt spsisnss oo aeis s MR S A 6

II Descriptive Univariate Statistics

8 R S SRR s ST Y 100 S SRR o 12
RITBDIIE coninsvansumsssissssonssumsinsusmmamsmre o omss iAo eSS se s P AL SN S FOI DRSS OO SR REA P} |
Measures of Central Tendency T i I 33
Menturcs Of DISpPersian it ios o e as ey 46
ISR o icroimenmsinrmmitib g ot csgfiass iprascmepsesssnnermbiniloserseppsesisisriihd 56

III. Univariate Inferential Statistics

The Normal Distribution and Univariate Inferential Statistics......58
CONTIdenon INIBIVRIS .oimiii s iis s o eass i A R AR soIR 62
Hypothusi TORRDE....cciumsivemmmmmums ol ssms s s s s 67
Inferences About Means With Small Samples.........cccccciviiiiiiiiiiinnnnnne. 71
Inferences AbDOUL POrpOrtOn. ik st v |

IV. Statistics For Data Measured on an Ordinal and
Nominal Scale

RS0 .. conivscrsnrisdomssenons b Ik et e stiimenmrroniayrss minenisnppangmesthinsnctiin 76

Measures Of ASSOCIALION .....iiveiersrrerrersssssreessssssasessssssssssssssssssssesssssssesassssssssassss 87



I. Introduction to Statistics and Computing

In this section some of the basic definitions and
instructions needed for understanding the material in the course
are presented. First we will examine material relevant to
statistics, whether they are computed with the help of machines
or by hand; and then we will discuss the basics of using a
computer to analyze data.

Uses of Statistics and Basic Definitions

Below the uses of statistics are discussed. Then types of
statistics, levels of measurement, arithmetic operations relevant
to our work, and, finally, topics related to measurement are
briefly discussed. It is assumed that you have had some exposure
to most of these topics, so they are reviewed only briefly.

Uses of Statistics

Statistics are a tool. They help social scientists analyze
their data. In themselves, statistics can work no wonders. If a
sociologist has poor theory or data that are unreliable or ‘
invalid, the best statistics in the world can not improve upon
these basic problems. Moreover, there are many different
statistics, but only certain ones are relevant for a given
problem. Researchers, if they are to have useful results, must
choose the appropriate statistics for the data and problem.

The problem of choosing appropriate techniques has become
compounded with the availability of easy statistical computations
with computers. When statistical computations were done by hand
they took many hours to complete and one would not embark upon a
computation unless one usually was quite sure that it would be
useful. Now one can get a myriad of statistics with the push of
a button. Only some of those will be appropriate for a
statistical problem and the researcher must think very carefully
to make the correct choices.

Given these cautions, we may say that statistics do have
many uses. They are a most useful means of summarizing the
characteristics of large masses of data. They also allow us to
describe the incidence of certain events or behaviors, to look at
the associations among two or more variables, and to infer from
small samples to large populations. Statistics are used by
researchers who employ a whole range of data gathering
techniques, for statistics may be used with the gualitative data
that are often obtained by participant observers as well as the
more quantitative data often used by demographers.

You may have heard the saying that one can "lie with
statistics." To some extent this is true. However, one can also
lie with words. A solid knowledge of sociological methods and
social statistics makes it more likely that you will be able to
detect such "lies," if or when they occur.



Descriptive and Inferential Statistics

Statistics may be divided into two basic groups: those that
describe the characteristics of a sample or population
(descriptive statistics) and those that allow us to generalize
from a sample to a populationCinferent a,{ statistes) -

To understand this distinction it helps to review the nature
of sampling. Remember that a population is the total group of
units (people, organizations, cities, etc.) that one is studying.
Only rarely does a social scientist study an entire population.
Instead, we usually examine only a subset of the population.

This subset is referred to as a sample.

Samples may be selected in basically two ways. In one way,
called a probability sample, the elements of the sample are
selected so that we know the chance that each member of the
population has of being included. The simplest type of
probability sample is the simple random sample. Other types
include the systematic sample, stratified random, and cluster
sample. Samples that are not selected in a way in which we know
the chance that each member has of being in the population are
termed non-probability samples. These include availability
samples, quota samples, and theoretical samples.

Descriptive statistics can be used with either probability
or non-probability samples. They describe certain
characteristics of the sample. Percentages, averages, and
measures of association, such as correlation coefficients, are
all examples of descriptive measures or statistics. Inferential
statistics are used to infer information from a sample to a
population. With inferential statistics we can find the
probability that certain characteristics in a sample apply to the
population. To make accurate inferences we need, however, to
have a probability sample, so inferential statistics are only
appropriately used with probability samples. While descriptive
and inferential statistics have different uses, they are related,
for inferences can be made about descriptive statistics-rif we
have a probability sample. Thus, in this class, we will learn,
among other things, how to make inferences about the average
characteristics of a population from information about a sample.

Levels of Measurement

You may remember from your research methods classes that
when variables are measured they may be measured in different
ways. One way of describing the nature of this measurement is to
say whether it is qualitative or guantitative--referring to the
extent to which numbers may be assigned to the measure or
variable. A more exact distinction involves four levels of
measurement. These distinctions are very important to understand
for they provide the basis of choosing appropriate statistics for
a given data set.



The simplest and most all inclusive level is the nominal
one. Variables measured on a nominal scale are placed only in
categories. Thus the terms nominal and categorical are sometimes
used interchangeably. Within this level no order is posited, we
cannot say that one category is greater than or less than
another. Examples of a nominally measured variable could include
religious affiliation, marital status, race, etc. Any variable
that has categories that are mutually exclusive and exhaustive is
said to be measured on at least a nominal sca
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Figure 1-1: Representation of the relative
restrictiveness of the four levels of measurement

Variables measured on an ordinal scale are essentially one
step up from nominal. The data are still categorical; they have
no inherent numerical quality (thus they are still usually
referred to as qualitative), but they can be ordered in some
fashion. For instance, it is often possible to order religious
groups from those that are the most conservative to those that
are the most liberal. One can order political groups in the same
way. Hair color can be ordered from the most to the least
common, etc. Some people claim that practically any variable can
be at least ordinal in some theoretical sense.

Interval scales are a step up from ordinal scales, and are
the first to be termed quantitative, primarily because arithmetic
operations are possible with them. (See more below on this.) An
interval scale is like an ordinal scale in the sense that the
attributes are ordered. However, with an interval scale we are
able to say that the distance between point 1 and point 2 on the
scale is the same as that between point 2 and point 3. That is,
we can say that there are equal intervals between all points on
the scale. Temperature, time, and IQ scores are variables
commonly classified as interval.

Ratio scales are the most restrictive. They not only
involve ordered categories with equal intervals between them, but
there is also a true zero point on the scale. This makes it
possible to say that the difference between point 2 and 8, for
example, is twice as large as the difference between 2 and 5



(That is, 6 is twise as large as 3). More specifically, we could
say that someone who earns $4000/yr. earns twice as much as
someone who earns $2000/yr. We cannot say that when it is 80
degrees outside it is twice as hot as when it is 40 degrees,
because if we were using different measurement scales (e.q.
Celcius or Kelvin) we would have different results than when we
used the Farenheit scale. Similarly, grade point averages vary
depending on whether we use a four point scale with A=4 or a five
point scale with A=1. In each instance the intervals are equal
between each letter grade, but the ratios are not.

These examples point to the fact that each level of
measurement allows different types of arithmetic relationships or
transformations. These in turn specify the types of statistics
that can be used. With nominal scales we can employ only
matching, or equivalence relations. For instance, if we know
that both Mary and John are Catholics, but Beth is not, we can
say that Mary and John are in the same category and Beth is in
another. Mary and John have equivalent attributes, Beth has a

nonequivalent one. Vs ordinasasades (M=J; M#B; J¥B).

With ordinal scales we can not only have equivalence
relations, we can have ordered relations. Suppose on a scale of
political attitudes Mary has the most conservative scores; John
has the next more conservative scores; and Beth has the most
liberal scores. This tells us that Mary would score highest on a
scale of conservatism; John would score lower than Mary, but
higher than Beth; and Beth would score lowest (M>J>B and B<J<M).

With interval scales we can have equivalence relations,
ordered relations, and also the possibility of adding and
multiplying. For instance, we can add up all the high
temperatures recorded in a city over a week and compute the
average temperature for that week. Similarly, we can compute the
average GPA that a student earns in a term. This is possible
because the difference between each interval on a temperature
scale is equal and the difference between each interval on a
grade point scale is equal.

With ratio scales we can not only add and subtract, but we
can also discuss ratios. Because there is a meaningful zero we
can say that John earns twice as much as Mary or compare the
average salaries of whites and blacks as a ratio.

Both the distinction between descriptive and inferential
statistics and that between the various levels of measurement
will be important, even crucial, in determining which statistics
are appropriate for a given problem.



Arithmetic Operations

It is assumed that all students taking this course have
taken high school algebra. The following three comments are
meant only as a brief review. Students who need a review of
basic algebraic definitions and manipulations should consult a
textbook.

First, we will often work with rounded numbers or will have
to round numbers off to a given point (nearest whole number,
nearest ten, etc.). (We will discuss the latter topic more fully
in the second part of the course.) When doing computations with
rounded numbers, we always round the result to the same point as
the original numbers. For instance, if we are doing computations
with numbers rounded to the nearest hundredth, the result should
be rounded to the nearest hundredth.

= ,0072 = .01

= ,072 = .07 (note that the last significant
digit is commonly underlined when
it is a zero, to distinguish it
from a zero which is not a
significant digit.)

(.02
(.20

The term significant digit refers (as implied above) to how
many digits remain in a number that have not been rounded off.
That is, it tells us how many of the digits in a number were not
rounded off. The chart below illustrates this concept.

Table 1-1
Number : Number of Rounded to the
Significant Digits Nearest
10 2 whole number
350 2 ten

1400 2 hundred

16000 3 hundred

14.0 3 tenth

Finally, precision refers to how exact our measures are.
For instance, a population figure of 43,976 is said to be more
precise than a population figure of 44,000. While in areas, such
as the physical sciences, very precise measures are both possible
and desirable, this is often not the case in the social sciences.
In fact the population figure of 44,000 may well be more accurate
and thus preferable to the more precise figure.

Measurement Issues

It is assumed that students have had an introduction to the
logic involved in measurement in their basic research course.



The following comments then are made only to remind students of
important distinctions and concepts.

First, the distinction between discrete and continuous
variables can be an important one when working with gquantitative
variables (those measured on an interval or ratio scale).
Discrete variables are those where the values can be actually
numbered or counted. Examples could be the number of children in
a family, the size of a city or country, etc. We cannot have
one-half of a child or one-half of a person. Continuous
variables are those whose possible values form a continuum.
Examples include age, height, time, etc. We are constantly
growing older; people vary along a continuum of height and
weight, etc.

Note that we often round continuous variables and treat them
as though they were discrete. For instance, we talk about all
two years olds, all three year olds, etc. When placing data into
tables this is often the preferable step, in order to make the
date easier to understand. When doing statistical computations
by hand, grouping continuous data also makes them easier to work
with. However, as long as our measures are accurate, it is
generally best to keep the measures as continuous as possible,
especially if one has machines to do the computations.

Second, it is important to briefly discuss measurement
error. Measurement error is a very complex topic, well beyond
the scope of this course. Here we can only note that errors in
measurement do occur. The statistical treatments we will deal
with all assume that this measurement error is random. For
instance, in measuring income sometimes we may have a high
estimate, sometimes our estimate is low=--but in the long run
these errors balance out. While we know that this is often not
the case, the ways of dealing with this error (in a statistical
manner) are too complex to be explained until you understand the
material given in this course and probably your next statistics
course.

Computer Work

Almost all of the statistics we will do this term will be
computed with the help of computers. Below we examine the
advantages and disadvantages of using the computer, an overview
of the SPSS package that we will use, a description of the data
file that may be analyzed, and an example of a run using these
data.

Computers vs. Hand Computations

Obviously, computers have many advantages over hand
computations in doing statistical work. They are much faster and
easier to use and they are also much more accurate (assuming the
input data and computer programming are correct) than hand
computations. Just a relatively few years ago social scientists



would spend literally hundreds of hours in data reduction
(getting simple frequency counts) and computing the simplest of
statistics. They can now accomplish this work in a few minutes.

On the other hand, because it is now so easy to calculate a
wealth of statistics at the literal touch of a finger there is a
great danger of misusing statistics. Computers cannot decide for
you what kind of statistic is appropriate for a given problem or
how to interpret a statistic once you have it. The researcher
must give a good deal of thought to his or her analysis in order
to choose the proper analysis method. Furthermore, we usually
code our data when we use machines to analyze it and we must make
sure that the measures that the machine is using are comparable
to what we really want it to analyze. At all steps of the
analysis process the researcher must think very carefully about
what is happening. This was true, of course, when computations
were done by hand. But, perhaps because it is so easy now to get
all kinds of statistics from a machine in just a few minutes, it
is especially important to remember how important this planning
is now.

Statisical Package for the Social Sciences (SPSS)

In this class you will be using SPSS/PC+ studentware to
analyze data. The SPSS packageis a very widely used set of
computer programs developed for both main frame and personal
computers. It is probably the most flexible and widely used
program for social scientists. You will be using a version of
the program that has been specifically developed for the PC and
for student use. The commands that you will be using are similar
to those which are used in the mainframe and regular pc version,
so it will be relatively easy for you to use other versions of
SPSS once you have worked with this package. There are several
other computer packages commonly used by social scientists
(biomed and SAS are perhaps the most common), and all are
relatively easy to learn once you have some familiarity with
using a computer for data analysis. The book by Norusis required
for the class describes the SPSS/PC+ studentware program in great
detail. Classes will also be held to introduce you to the use of
the computer package (or software as it is commonly called).

With SPSS we can take a group of data that has been coded
and prepared in a form that is readable by the machine (say on
cards, tape, or disk) and tell the computer (through ways defined
by SPSS) what each of the variables are and where they reside on
the cards, tape or disk. This set of data is referred to as our
data file or as an SPSS system file, once it has been defined
within the SPSS system. A data file is generally arranged =le]
that each case or unit of analysis (people, states, nations,
organizations) is in a row or set of rows and each variable is in
a different column. The data we will use has already been
defined within the SPSS system and is such a data file. (See
below.)



Once our data have been defined we can then ask the machine
to perform various statistical manipulations with the data. For
instance, we might ask the machine to look at a certain variable,
tell us how many cases have each attribute of the variable, to
compute the percentages associated with these frequencies, and
perhaps, if appropriate, to compute some type of average. This
would be done with various "tasks" or lines in the program where
we define the "procedures" we want the computer to do and the
associated statistics. The manuals associated with a given
computer program give detailed instructions on how to ask the
computer to perform these manipulations.

The Bank Data File

For this class you can use a variety of SPSS system files
that have been developed by the SPSS company. One of these
includes data on all the employees of a midwestern bank that were
hired in 1969, 1970, and 1971. The data were gathered in March,
1977. Data are available on the subjects' sex, race, age, length
of employment in the bank, current and beginning salary,
educational attainment, and the category of job in which they
currently work. The code book for this data set is given below
and is similar in format to all codebooks. In the codebook the
left-hand column gives the SPSS variable name for each variable.
This is the way that the variable is identified in the SPSS
system file. Thus, if one wished to analyze the variable
regarding job seniority one would ask the computer to look at the
variable TIME. If one wanted to look at current salary, one
would ask the computer to look at SALNOW.

The right hand column describes each of these variables.
For instance, SALBEG, the beginning salary of each employee, is
coded as the actual salary, in dollars, at which the employee
began work at the bank. SEX is coded with 0 meaning male, and 1
meaning female. Unlike many data sets, the bank data set has not
grouped the quantitative data. Because it was possible to
actually examine the exact data on salary and age and experience,
instead of asking people to report these figures, the actual
dollars earned, months worked, or age (in years and fraction of
years) are coded.

At the bottom of the page it is noted that N=474. This
means that there are 474 people included in the data set. There
are no missing data.



Variable Name

EDLEVEL

MINORITY

SEXRACE

Figure 1=-2
Sample of Codebook for Bank Data
Bank Employment

Description and Code
Identification number of each employee

Beginning salary when hired
actual beginning salary is coded (5 digits)
0 -- missing

Sex of employee
0 =-- male
l -- female
9 == don't know, missing

Job seniority, coded in number of months have
worked at the bank
0 -- missing

Employee's age, coded in actual years with two
significant decimal points

Current Salary, in actual dollars (5 significant
digits)

Years of education attained (actual years are
coded)

Years of work experience, with two significant
digits beyond the decimal point

Employment category
-= clerical
-- office trainee
-- security officer
college trainee ‘
-- exempt employee
-=- MBA trainee
== technical

SOk WM+
|
I

Minority classification
0 -- white
1l -- nonwhite

Sex and race classification
-=- white males

minority males

-- white females

== minority females

PR ™
1
]

10



A Sample Run

You might find it helpful to ask the computer to produce a
listing of each of the variables in the file with the number of
people holding each attribute and the associated descriptive
statistics. You can ask SPSS to produce such output by using the
subprogram or procedure FREQUENCIES. The manual gives details on
the procedure, but it generally would involve giving the computer
instructions like the following.

get file = 'bank.sys'.
frequencies variables = salbeg to sexrace.

The first line instructs the computer to access the bank
data in what is known as a systems file. This_ is the part of its
memory where it has stored the data. If you:ﬁéta of your own
that you want to use you would need to tell the computer what the
data were and how to find them. Note that the line ends in a
period. That tells the computer that you are finished with the
get file command.

The second line asks the computer to run the procedure
"frequencies" and count the number of cases for all of the
variables from salbeg to sexrace. Note that ID is not included
in the list. That would result in a waste of paper, simply
listing each individual case. Other commands can be added to ask
the computer to compute various descriptive statistics such as
those described in the next section.

11



II. Descriptive Univariate Statistics

We move now to examining ways of summarizing and describing
distributions of single variables. We first discuss the
construction of tables that summarize data and then describe
graphs that can be used to pictorially represent these data. We
then describe various measures of central tendency and finally
measures of dispersion.

Tables

Most of our discussion in this section will involve
quantitative data (those measured on an interval or ratio scale).
The procedures involved with qualitative data are essentially
equivalent, but because one cannot "round off" qualitative data
or "group" it in the same way one deals with guantitative data,
the discussion regarding quantitative data is somewhat more
complex and will be the focus of our discussion.

When dealing with masses of quantitative data we usually start
with a mass of numbers. For instance, with the bank data we
might be interested in the subjects' ages. We could ask the
computer to give us a listing of the subjects' ages and we would
have a page of computer printout such as that shown on the
following pages. Note that the computer has already arranged the
numbers in chronological order, and that the computer tells us
how many people have each age. One person is 23 years old, 2
people are 23.25 years old, 1 person is 23.33 years old, etc.

Sometimes, we will want to round off the numbers to bring
them to a more manageable size. This is especially true if the
numbers are quite large or extend to several more decimal points
than we desire. For instance, we might be more interested in age
to the nearest year, rather than to the hundredth of a year. We
would then round 23.25 years to 23 years; 23.58 years would
become 24 years, etc. In arithmetic you might have learned that
when rounding to the nearest whole number and the original number
ends in 5, you automatically round up. Thus 15.5 would become
16, 16.5 would become 17, 17.5 would become 18, etc. Note,
however, that this introduces an upward bias. We are always
rounding upward. To counteract this upward bias, the convention
among social statisticians when rounding to the nearest number is
to round to the nearest even number when the original number ends
in 5. Thus 14.5 would become 14, 15.5 would become 16, 16.5
would become 16, 17.5 would become 18, etc. This produces
somewhat higher groups at each of these even numbers, but it
avoids the upward bias present in the other system and is thus
more accurate.

Note that we do not always round to the nearest whole number.
In fact, with age, in our society, we actually round to the next
:lower number. One does not become one year of age until living
~— an entire year; one is then considered one year old until

12



Table 2-1 Output from SPSS Frequencies

Run for Age

Adj Cunm Adj Cun Adj Cum

Code Freq % % Code Freq 2 2 Code Freq % I
23.00 10 0 32.00 3 vV 50 4858 2 0 77
23.25 2 0 1 32.08 85 ) 31 #.75 10 77
23.33 O T 1, 86 51 42:33 2 0 77
23.42 I § 1 3.3 3 1 32 M 2 0 78
23.58 19 2 212.33 2 .0 33 42,72 1 0 78
23.47 3 1 2 % 27 0 5% 48.00 1 @% 78
23.75 1 0 3 .47 £ 1 %K 48.2% 1 0 78
24.00 2 0 3 32.83 2 0 54 48.33 . 9 .79
24,08 2.¢% 3 3292 3 | 5% 48.50 1 Q9 79
17 2 0 4 33,08 1. @ 55 . 40,87 R
24,33 501 5 35 1 0 55 48.83 1 0 79
24.42 2 6 3 3342 2 0 56 49.08 1 0 890
4,50 2. 0 & 3.5 & 1 % az 1 0 80
4,58 2 9 & B 1 0 57 49.58 10 80
24,67 2 0 7 3¢ I 85 e 1 0 80
24.75 3 1 7 33.B3 2 0 58 50.00 ¥ . B0
24.83 3 1 8 . 34.00 ¥ o858 . 50,13 1 0 81
24,92 3 1 8 3817 3 v 58  50.2% 2 9.8
25.00 3 T v 32 2 0 59 _50.33 1 0 81
25.08 4 1 10 34,33 2 0 59 751.00 1 0 8
25.17 1 0 10 34.50 1 0 59 51.17 1 0 42
25.25 I 1 1t 3A.58 2 0 &0 51.42 2 9 B3
25,42 3 1 B  3E 1 .0 60 51.50 ¥ i 'g3
25.50 I R L 1 0 60 51.58 2 ¢ 83
25.58 4 T 13 .53 1 0 &1 51.92 1 0 83
25.75 2° 0 13 M. 1 0 &1 52,00 2 0 84
25.83 3 1 14 35.17 20§ 3247 1 0 B
25.92 1 0 14 35.25 t 0 &1 52.33 1 0 B4
26.08 1 0 14 35.33 1 0 &2 52.50 1 0 84
26.25 3 1 15 J35.42 2 70 42 53,92 {0 8%
26.33 i1 0 15 “35.58 1 0 62 53.08 1 0 8%
26.58 1 0 15 35.67 1 0 42 53.33 1 0 85
26.67 10 16  36.00 1 0 &3 53.50 t 0 8%
26.83 4 1 16 36,92 1 0 43 53.92 I 1 B
26.92 1 & 1 3r.08 1 0 &3 54.08 10 86
27.00 i O A7 3R 1 0 63 S54.17 2 0 Bé
27.08 I 1 18 3200 1 0 64 54.33 1 0 87
27.17 2 0 18 37.83 1 0 644 54,42 1 0 8§
27.25 3 211y 3800 1 0 64 54,92 i o8
27.33 301 19 38.17 1 0 64 55.08 1 0 87
27.42 3 1 20 3.42. 1 0 64 55.17 1 0 88
27.50 2 0 20 38.50 1 0 &5 55.25 2 0 88
27.58 4 1 21 38.47 10 65 <55.33 1 0 88
27.67 2 0 22 38.92 1 0 &5 55.50 1 0 88

13



7424(/(_ l'/',[mz -L)

27.83 2 0 22 300 1 O &% . %5.58 3 1 89
28.00 2 0 39.33 20 65 85,92 1 0 B89
28.08 1 0 23 39.42 1 0 66 56.00 1 0 89
28.¥7 g 1 2% 39.30 1 0 &6 56.67 2 0 90
28.33 4 1 2 39.47 3 1 &7 %652 1 0 90
2B.42 4 1 25 3975 1 0 &7 57:17 1 0 90
28.50 k| 1 28 39.83 1 0 &7 57.42 1 9 91
28.47 S 1 27  40.08 1 Q. &% $7.50 1 0 91
28.75 4 1T 27 4017 1 0 48 57.83 2 O 9
28.83 3 1 28. 40.33 1 0 4B 58.00 1 0 9
29.00 Z 0 28 >50.50 1 0 4B 58.08 1 0 92
29.08 4 1. 29 “2),58 1 0 &8 58.50 1 ¢ %2
29.17 4 1 30 40.67 1 0 48 58.75 1 0 92
2325 3 1 3 41,00 1 0 49 59.08 2 0 92
2%.33 3 1 3 41.17 2 0 By 5Y.A2 1 g .93
29.42 1 0 32 41.47 1 0 6% $59.%50 1 0.93
29.50 & .01 33 -ALN2 2 0 20 ° 8%:7% 1 ¢ %3
29.58 4 1 34 42,08 | A0 8983 3 1 94
29.67 4 1 35 42.17 1 0 70 40.00 1 0 94
Fa A 4 1 35 42:38 1 0 70 40.50 3 1 95
29.92 4 1 36 42.42 1 0 70 60.67 3 1 9%
30.00 1 0 36 42.%58 25008 60.75 1 0 %5
30.08 3 1. 37  43.25 1 0 2 61.33 1 0 94
30.17 5 1 38 43.33 1 0 2 41.50 1 0 96
30.25 4 1 39  43.42 1 0 =22 ELak? 2 0 96
30.33 b 1 40 43,67 1 ¢ 22 A1.7% 1 0 94
30.42 4 (I B 43.92 1 0 72 62.00 1 0 77
30.50 2 0 42 44,00 1 0 72 62.08 1 9 97
"30.58 10 42 44,42 o0 22 . 42.3% 1 0 97
30.467 4 1 43 44,50 3= 23 2,42 1 0 97
30.75 5] 1 44 44,58 1 g 73 62.50 1 0o 97
30.83 1 0 44 44,67 1 0 73 43.00 1 0 98
30.92 2 0 44 44,83 1 0 74 $31.25 1 0 98
31.00 2 0 45 44,92 1 0 74 43.42 1 0 93
31,08 1 0 45 ~\5.17 1 0 724 43.50 1 0 98
387 3 1 46 45,50 2 0 74 43.%8 1 0. 99
31.25 2 0 46 45,47 1 0 75 63.75 2 0 99
31.33 1 0 46 45.92 1 0 75 463.83 1 0 99
31.42 1 0 46 46.00 1 0 7% 463.92 1 0 99
31.50 3 1 47 44,17 1 0 75  44.2 2 0100
31.467 3 1 48 446.25 20 .0 76  64.50 1 0 100
375 4 1 49 45,42 1 0 74
31.92 - 1 50 446.50 2 0 76

Hean 37.186 Std err 0.541 Median 32.013

Mode 29.500 Std dev 11.787 Variance 138.939

Kurtosis -0.562 Skewness 0.864 Range 41.500

Minimunm 23.000 Maximum 64.500

Valid cases 474 Missing cases 0

14
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one has lived a total of two years. In the grocery store all
prices are rounded to the next higher number. So, if two cans
cost $.49 and you buy one you would pay $.25 automatically. If
the price is 3 for a dollar and you buy one, you will pay $.34
and not $.33. Table 2-2 illustrates these different rounding
rules.

Whether or not one rounds off the numbers one is dealing
with, one will then proceed to developing groups or intervals in
which to place each of the cases. Suppose that we decided we
wanted to group the bank employees into age categories that each
included a span of five years. Remembering that we had rounded
the ages to the nearest year we could say that we wanted to
include all people with ages from 20.51 to 25.49 years (or
rounded limits of 21 to 25 years) in the first category. Those
from 25.5 to 30.5 (or rounded limits of 26 - 30 years) in the
second category, and so on. These categories are displayed in
Table 2-3. The rounded limits refer to the rounded numbers that
define the ages. The true limits refer to the actual span of
ages that is included within each interval. The interval width
(i) refers to the total number of years included in each
interval. Note that it is the difference between the upper and
lower limits of each true interval (i=U-L). The midpoint of each
interval is the lower limit of each true interval plus one-half
of the interval width (M =L + (1/2)1).

Table 2-3 Intervals & Midpoints for Grouped
Age Data Levels

Rounded True Interval

Limits Limits width Midpoint
21=25 20.5-25.5 - 23
26-30 25.5-30.5 5 28
31=35 30.5=35.5 5 - ).
36-40 35.5-40.5 S 38
41-45 40.5-45.5 5 43
46-50 45.5-50.5 5 48
5)X=-85 50.5=-55.5 5 53
56-60 55.5-60.5 5 58
61-65 60.5-65.5 5 63
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Now that the intervals are established we can return to the
distribution from the computer printout that is in Table 2-1 and
actually count up the number of people that fall into each
interval. For instance, we can determine that 54 people fall in
the first category with ages between 20.51 and 25.49 or 21 and 25
rounded years. (Note that the first interval has a true lower
limit that is substantially lower than the lowest age. This was
done to allow for age intervals that were evenly spaced at points
on the scale that were easy to comprehend.) In the second
interval (true limits of 25.5 to 30.5 and rounded limits of 26 to
30) there are 143 people. You may continue this process until
you have determined how many people are within each of the
intervals. Table 2-4 summarizes these frequency counts and is
referred to as the frequency distribution for age for this sample
of bank employees.

Table 2-4 Age of Bank Employees

"ILess than" "More than"

Cumulative Cumulative
Years equenc Frequency Frequency
21-25 54 54 474
26-30 143 197 420
31-35 97 294 217
36-40 28 322 180
41-45 29 351 152
46-50 34 385 123
51-55 33 418 89
56-60 30 448 56
61-65 26 474 26

Total 474

Table 2-4 also includes two columns that are called the
cumulative frequency distributions. The first of these has the
"less than" cumulative frequency distribution and tells us how
many people are a given age or less. For instance, 54 people are
25 years old or younger; 197 people are 30 years old or younger.
The "more than" cumulative frequency distribution tells us how
many people are a given age or older. For instance, all 474
employees are at least 21 years old; 420 employees are 26 years
old or colder. (Note that when reading the less than cumulative
distribution we use the upper limit of the interval; when reading
the more than cumulative distribution we use the lower limit for
a reference point.)

When your sample involves a hundred people (or cases) or
more it is best to use percentages rather than raw frequencies.
This allows for easy comparisons and is a method of
standardization. Table 2-5 is equivalent to Table 2-4 except
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that the distributions are percentage distributions rather than
distributions of the raw frequency data. In reading this table
we would know that 11.3% of the employees are between 21 and 25
years of age and that 11.3% are 25 years old or younger. The
percentages are given on the computer printout in the columns
following the codes and frequencies. The first two columns of
percentages (relative and adjusted) give the percentage of cases
associated with each code. The cumulative % frequency is a "less
than" percentage frequency distribution. When adding these
percentages together one should always check to make sure that
the computer has rounded the numbers so they do add to 100. If
they do not, you will either want to note that fact or redo the
computations to make the needed corrections.

Table 2-5 Age of Bank Employees

"LLess than" "More than"

Frequency Cumulative Cumulative
Years Y Distribution Distribution
21-25 11.3 11.3 % 100.0 ‘7,
21-30 30.2 41.5 88.7
31=35 20.5 62.0 58.5
36=40 5.9 67.9 38.40
41-45 6.1 74.0 323
46-50 7.2 8l.2 26.0
51=-55 740 88.2 18.8
56-60 6.3 94.5 11:8
61-65 5.5 100.0% 5.57
Total 100%
n=474

Finally, note the way in which the tables are labeled.
Figure 2-1 contains instructions on the elements of a table that
is properly constructed. These include labels for the table and
each part of it. If percentages, as well as or instead of
numbers, are used, you should make sure that enough information is
given about the sample size so that the reader can reconstruct
the actual numbers of people involved.

Table 2-6 gives yet another example of a frequency
distribution. This involves two groups: Native American and non-
Native American employees of the Bureau of Indian Affairs. The
data examined are the grade level of employment. These grade
levels are actually discrete variables, as opposed to the
continuous variable of age. Note that when we have discrete
variables we simply treat them as though they were continuous.
(Some may argue that grade level is ordinal, rather than
interval, but the levels correspond to pay increments, and at one
time translated directly into dollars, so for the sake of example
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we will treat these data as measured on an interval scale.) Note
too that these data are rounded to the next lower number. A
person is in grade four until he or she moves into grade 5.

Note how the side-by-side arrangement of data for the two
racial/ethnic groups helps in comparisons. (Remember that the
lower grades are paid much less.) Most of the native Americans
are at the lowest grades. The non-Native Americans are much more
spread out and predominate at the higher grades. For instance,
over half of the Native-Americans are in grades 3 and 4, but only
9% of the non-Native Americans are at that level. Almost one-
fourth of the non-Native Americans are at grades 11 and 12 and
one-third of the non-Native Americans are in grades 9 and 10.

The comparable figures for Native Americans are 7% and 9%
respectively. The cumulative distributions show similar results.
75% of all the Native Americans are at grade 6 or lower, but only
20% of the non-Native Americans fall in that range.

Table 2-6 Grade Level of Native American and
Non-Native American Employees of the
Bureau of Indian Affairs, 1970

Native Americans Non-Native Americans
(osa—than) ks Yan) (SRSE=EhT (v Vian )

Grade Frequency Cum. Freq. EFrequency Cum. Freq.
1 0.05 0.05 0.04 0.04
2 2.72 2.77 0.34 0.38
3 21.36 24.13 2.64 3.02
4 33.69 57.82 6.19 9.21
5 15.50 73.32 9.14 18.35
6 l1.98 75.30 1.61 19.96
Y 6.44 8l.74 10.14 30.10
8 0.21 81.95 0.21 30.31
9 8.95 90.90 32.82 63.13
10 0.14 91.04 3.40 66.53
& X 4.51 95.55 13.79 80.32
12 2.29 97.84 10.35 90.67
13 1.14 98.98 4.88 95.55
14 0.80 99.78 3.57 99.12
15 0.19 99.97 0.79 99.91
16 0.03 100.00 0.06 99.97
17 0.00 100.00 0.03 100.00
Totals 100.00% 100.00%

n 5853 6697

Source: Congressional Record, Dec. 14, 1970
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In general, when constructing tables with quantitative data
one would want about 10 to 15 intervals for easiest
-understanding. One usually uses equal-sized intervals, unless
some of them contain very few people. For instance, there may be
very few subjects with very high incomes or very low incomes in a
sample and the intervals at these extremes may be made much
larger or even open-ended (e.g. $75,000 +) to accommodate these
people. Whenever one is comparing two groups, as in Table 2-6,
it is important to use the same intervals for both groups so that
one has valid comparisons. Also, when one is comparing two or
more groups one would always use percentages, rather than raw
frequencies, in order to have valid comparisons.

With qualitative data the procedures in table construction
are basically the same as those described above, except that one
does not have intervals, but instead categories. Table 2-7 gives
a hypothetical example of a table with qualitative data, the
distribution of religious affiliation for a sample.

Table 2-7 Religious Affiliation of
Members of a Hypothetical Community

Religious
Affiliation Percentage
Protestant 55
catholic ' 25
Jew 15
Other 5
m——
Total 100
n 375
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Graphs

Graphical displays of data are often a very helpful way to
summarize and display the information provided in tables. The
types of graphs appropriate for data depend on whether one's data
are measured on an interval or ratio scale (quantitative data) or
an ordinal or nominal scale (qualitative data). We will deal
with graphs for both types of data in turn.

Graphs Appropriate for Quantitative Data

There are three basic graphs that are commonly used to
represent quantitative data: histograms, frequency polygons, and
ogives (or cumulative frequency graphs). Each of these has a
common form in that along the horizontal axis the intervals for
the distribution are graphed. These would be the same intervals
that one has used in the table displaying the data, except that
one would want to make sure that all the intervals were equal in
size. That is, if one had doubled the size of some intervals in
the table because they contained very few people, one would want
to use the actual (uncollapsed) intervals in the graph. Along
the vertical axis one plots frequencies or percentages, whichever
one wishes to graph. When the sample size is large (over 100)
one should use percentages. When comparing several groups
percentages would also be more appropriate.

A histogram for data on grade-levels of Native American
Employees of the BIA is shown in Figure 2-2. Note that the true
limits of each interval are marked along the horizontal axis.
Then within the boundaries of each interval a bar is drawn to the
height that corresponds with the proportion of people in that
interval. Thus, the height of the bar of the histogram for the
first interval is at the 3% mark. The height of the bar for the
second interval is at the 55% mark, and so on. Note that each
bar of the histogram is adjacent to the next. This is because
the variable, grade levels, is measured on an interval scale, and
we are treating it as though it were continuous. (Intervals are
collapsed from those shown in Table 2-6. Percentages used are
given in Figure 2-2.) i

A frequency polygon of grade levels of Native American
employees and of grade levels of non-Native American employees is
shown in Figure 2-3. The solid line gives data for the Native-
Americans, the broken line gives data for the non-Native
Americans. Note that again the base or horizontal axis includes
the intervals of the variable grade levels. The percentages are
placed along the vertical axis. With the frequency polygon one’
uses the midpoints of each interval and plots at the midpoint the
percentage (or n if using raw data) of people who fall within
that interval. Thus, the midpoint of the first interval is 2.
For Native Americans the point is plotted to correspond with 2 on
the horizontal axis and 3 on the vertical axis, indicating that
3% of the Mative Americans fall in that category. For the second
interval, the midpoint is 4. Corresponding to this point on the

21



%o

Figure 2-2

.

Histoaram. o€ Grade levels of Native, HAmericanr

Emﬂ/’7‘“ o'f KJ#. Qjaa.;“e /?70

r /’
' Gra-ll., ﬁr.uo s '\‘/‘
o Ol
60 ‘ [,J::;l linety A// /‘/4
/-3 -2 3 0.40
3-8 3-y 5% Ei
4o ok ST R . SR
' 7-9 7-F 7 10
9-1/ q-t0 9 3¢
0 - s R S A7
| 1345 {34y 2 ¢
! ' ~/7 o5
4 8 sl “« 0.2l .7
20 1 g Irfy. © 0.03
i £ g
104 q
i =9 ‘
3
-
\ 3 J " 9 " 3 5 T
Grals levels -



Figure 2-3

fI# , Clrea. (970 Go (4 /lk.b)

F'Tmiaeuc? 7@/%07& of &rake Llevels of Mt /m,m'

&v.f /Mrd.u

| ank pon-Natise

t‘fmtrftm C/xf/u/ea yerea 1920 ( broten //hl-)

!
!
I
:

G rade Leub/.f ;

v '
| !




horizontal axis, a point is marked corresponding to 55% on the
vertical axis for Native Americans and a point corresponding to
9% on the vertical axis is marked for the non-Native Americans.
This process is continued. The points are then connected and the
polygons are closed by plottlng zero on the vertical axis at the
midpoint of the interval that is theoretically below the first
interval and the midpoint of the interval that is theoretically
above the last interval.

It was mentioned briefly above that if one has uneven
intervals in a table, one needs to be careful in transferring
these data to a graph to ensure that one does not misrepresent
the data. Figure 2-4 illustrates how one could do this. Three
intervals are given in the data. The first two have a true
interval width of 2 but the third has a true interval width of 4.
Because we do not know the actual underlying distribution of
these data (if we did we would use the true distribution for this
third interval), we simply divide the subjects within the third
interval evenly into two intervals the same width as the earlier
ones. This is shown in the second table in Figure 2-4. (If the
uneven interval had been three times the size of the other ones
we would divide it into three parts, etc.) The data with equal
intervals are then plotted. A second graph shows how one would
incorrectly have graphed the data if one had not divided the
subjects up among equal intervals. This incorrect graph shows a
much greater proportion of subjects between 4.5 and 8.5 than in
actuality are there.

Sometimes one will have data in a table that are open-ended.
For instance, we will simply list the first category of income or
age as all subjects at or below a certain point (<5000 dollars,
for example). At the upper end we might include all people who
make above a certain amount of money (e.g. $50,000+). When
graphing these data we clearly cannot continue the graph
infinitely, so we must arbitrarily close it. At the lower end we
would use zero, or whatever would be appropriate. At the upper
end we would simply choose an arbitrary closing amount and then
add a footnote to the table indicating that there were people in
the last interval who made considerably more money or had
considerably higher scores on the variable, but that this could
not be represented on the graph.

one final point on graph construction: Sometimes your
horizontal axis or interval scale will begin at a point
considerably above zero. When drawing a graph for these data, if
you wish to include a zero point on the axis, you could include a
little break mark to indicate that a number of points were
missing, as illustrated in Figure 2-5.

The decision of whether to use a histogram or a frequency
polygon is often an esthetic one. For comparative purposes, as
in Figure 2-3, the fregquency polygon is often better. However,
for exact representatlon of the data, a histogram might be
preferable, for all of the data for a given interval are
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represented within that interval. The data for a given interval
within a frequency polygon are actually spread across the area
allocated to three intervals.

Nevertheless, the frequency polygon and the histogram both
accurately reflect the data in that they both enclose the same
amount of area. Consider the histogram drawn in Figure 2-6.
This histogram and the associated frequency polygon for the data
are produced below in Figure 2-6 superimposed on one another.
Note that the polygon and histogram enclose the same area except
for several triangles identified by letters. These triangles,
however, are congruent to each other and thus hold the same
amount of area. Consider the triangles labeled a' and a". The
opposite angles are equal, the right angles are equal, and the
distance from the base of the histogram bar to the midpoint of
each interval is equal (1/2 i). Thus they have at least cne
equal side and two equal angles. This then implies that they
have three equal sides and three equal angles and the two
triangles are congruent. The area that is cut out of the
histogram by the frequency polygon (a") is added onto the
frequency polygon at another place (a'). The same argument could
be made for all other pairs of triangles.

The ogive is a graph designed to represent cumulative
frequency data. Again the intervals are displayed along the
horizontal axis and the percentages (or frequencies if using raw
data) are displayed along the vertical axis. One can have ogives
for the "less than" and for the "more than" cumulative
distributions. Both of these graphs are shown in Figure 2-7 for
the data on BIA employees. 1In plotting points for the ogive one
uses the end points of the intervals and one must think about
what each distribution means. Consider first the "less than"
distribution. 3% of the Native Americans are found at grade 2 or
below. Thus, corresponding to grade 3 (the true upper limit of
the first interval) the point is plotted at the line
corresponding to 3% on the vertical axis. 58% of the Native
Americans are in grade 4 or less, so the point is marked at the
line corresponding to grade 5 (the true upper limit of this
interval) on the horizontal axis and to 58% on the vertical axis.
One then continues in this manner until one notes that 100% of
the employees are found in grade 14 or lower and plot at the 100%
point on the vertical axis at the points corresponding to 15 and
to 17 on the horizontal axis.

For the "more than" distribution, the logic is somewhat
different. 100% of the employees are in grade one or beLdli, so we
plot a point that corresponds to 1 on the horizontal axis (the
lower limit of the first interval) and 100% on the vertical axis.
97% of the subjects are in grade 3 or higher so we plot a point
that corresponds to grade 3 on the horizontal axis (the lower
limit of the second interval) and 97% on the vertical axis. To
complete the graph each of the points plotted is connected.
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_ Once one has drawn the appropriate graph for one's data one
would then examine it to see how it helps describe the data. For
instance, in looking at Figure 2-2, the histogram of grade levels
for the Native-American employees, one would note that over half
of the employees are found in only two grade levels (those that
correspond to aide and janitorial positions). The next highest
category involves those in grades 5 and 6, low-level supervisory
positions, but relatively few are in the higher level posts and
almost none at the highest levels. In looking at Figure 2-3,
with the frequency polygons for both racial groups, one could
make similar conclusions regarding the Native-Americans and
compare their distribution with that of the non-Native American
employees. Here you could note the striking lack of overlap or
correspondence between the two curves. Most of the Native
Americans are at the lower grade levels, most of the non-Native
Americans are at the higher grade levels. The two groups of
employees appear to be in almost totally different job
categories. One could continue with a more detailed examination
of these differences, a task which would be good for students to
pursue for practice.

: In examining the ogive we can see how quickly or how slowly
subjects increase or decrease on a certain variable. For
instance, in looking at the "less than" distribution in Figure 2-
7, we can see that there is a very steep slope, indicating that
most of the subjects are included by the very lowest grade
levels. The more than distribution alsc has a very steep slope
indicating again that most of the subjects are found at the
lowest levels. If one were to graph the ogive for the non-Native
Americans (again a profitable exercise for students) one would
find that the slope was much less steep, and informative
comparisons could be made.

Besides the comparisons noted above, the ogive provides an
easy way of finding what proportion (or how many, if using
frequencies) of a group fall at or below a certain point.
Conversely, we can also find out what point along the
distribution or interval scale corresponds to a given percentage
or frequency. For example, if we want to know approximately how
many subjects have jobs at grade 10 or higher we would locate
grade 10 on the horizontal axis and follow that point until we
hit the graph. It then appears that about 13% of the subjects
are at grade 10 or above. One could also ask what is the point
at which we find 50% of the subjects with less than a particular
grade and 50% with more. That is, what is the point on the scale
that divides the group into two equal parts? One would then find
50% on the vertical axis and follow that line across. Note that
this is the point where the "more than" and "less than" graphs
cross. It appears that this point corresponds to approximately
grade 4.8. If we are interested in the 25% mark, the first
quartile, we may follow this line across and find that 25% of the
subjects appear to be at grade 3.8 or less (approximately) and
that 25% of the subjects appear to be at grade 7 or higher.
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Students should also continue this exercise on their own until
they feel confident in interpreting this graph.

Graphs Appropriate for Qualitative Data

There are a number of graphs that are used with qualitative
data. We will focus on bar charts, which are the most common.
You may consult various statistics texts for examples of other
types. As with the quantitative data, the bar charts are
designed to display the data found in the tables in a way that
pictorially summarizes the data.

The basic form of the bar chart involves a base line on
which the categories of the variables are labelled. Note how the
form is different from the histogram. With bar charts there are
spaces between each of the categories because we are not dealing
with interval data, but with categoric data. The second
dimension of the chart involves either percentages or fregquencies
as with the quantitative data graphs. The length of the bars
represents the frequencies or percentages within a given
category. The bars may be displayed either wvertically or
horizontally, depending on the researcher's desires. With
ordinal data one would usually want to have the categories in the
relevant order. With nominal data one might have an order of the
categories that is theoretically important or one might want to
display the data in order of frequency of occurrence (e.g.
smallest to largest).

Many varieties of bar graphs are possible. It is also
possible to use a bar graph to display data for more than one
group. Figures 2-8 through 2-10 display the data shown in Table
2-8 on the type of descent system common in three different types
of economies. (You might remember from your introductory
research methods class that tables are percentaged in categories
of the independent variable. We are assuming here that the
economy of a society is the independent variable and that the
type of descent system that a society adopts depends on the
economic system of that society.)

Figure 2-8 is a regular bar graph such as the general case
described above, but includes data for the three different types
of societies. The first sub-graph includes data for the hunting
societies. It is apparent that in these societies matrilineal
descent systems are most common, followed by bilateral and then
by patrilineal descent systems. The second sub-graph gives the
data for societies with a pastoral economy. These are most
likely to have patrilineal descent systems, bilateral systems are
much less common and matrilineal descent systems are relatively
rare. Among agricultural societies matrilineal and patrilineal
descent systems are about equally likely to occur and bilateral
descent systems appear less frequently. Because we have data for
the three types of societies here we can also make comparisons
across the three types of societies (among the three categories
of the independent variable - type of economy). It is apparent

30



Figure 2-8

froigh. § Bar Grrh Goitl i Tatsde 470

ii;tﬂ“*b
_ﬂiﬁﬂb ‘__ Bancnlj%ji:;
Hasia gl
I} e L BEA
‘ SEL v @ Bt
7
Astersl 22
- 1'(60'0
/l'nuffui 7% g

31



that matrilineal descent systems are about equally likely to
occur in hunting and agricultural societies, but only rarely .in
pastoral societies. Patrilineal descent systems most often occur
in pastoral economies, next most often in agricultural economies
and least often in hunting societies:. Bilateral descent systems
occur most often in hunting groups, next most often in pastoral
groups and least often in agricultural groups.

Table 2-8 Descent Systems Found in Societies
with Different Economic Bases

Type of Descent System

Economic

System Matrilineal Patrilineal Bilateral Total
Hunting 43 26 31 100%(70)
Pastoral 7 72 21 100%(14)
Agricultural 40 43 37 100%(110)

(Source: axapted from Mueller, et al, 1977; p. 47)

Figure 2-9 gives a version of a sliding bar graph. This
type of graph is most useful when we want to distinguish between
two types of attributes of the dependent variable. For instance,
in Figure 2-9 we are distinguishing between matrilineal descent
systems and the other two types. Within each economy (or sub-
graph) we have represented the family types on a long bar, all of
equal length. These bars are then divided into segments to
represent the different family types. Shading is used, as in
Figure 2-8 to represent the different types of descent systems.

A vertical axis is drawn down the middle of the graph to separate
the matrilineal and other descent types. The various graphs are
then "slid" to the left or the right to represent the proportion
of societies within each group that have matrilineal descent
systems. Clearly the pastoral societies are least likely to have
this type while the hunting and agricultural societies appear
about equally likely to have this type of system. One could have
constructed this type of graph with either of the other types of
descent systems as the focus of interest, depending on one's
theoretical point.

Figure 2-10 gives another way of using bar graphs. Here
again the relative representation of descent systems within each
society is represented on a bar. A separate bar is drawn for
each society. Then to demonstrate the comparisons between the
three types of societies dotted lines connect the various
categories. These illustrate how the representation of
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matrilineal types is much larger in hunting and agricultural
societies, for instance, than in pastoral societies.

A number of computer packages offer options for graphs. You
should be very careful in using these options. They are quite
nice if you have the appropriate data and it is coded and input
in a way that you want. If not, however, the results are useless
and often misleading. Therefore, you should think very carefully
before automatically using material that a computer has spewed
out in graph form. You also must be very careful when using a
graphics program with a micro computer to ensure that the graphs
are correctly drawn.

Measures of Central Tendency

While tables and graphs illustrate the dispersion of data
and where most subjects or cases tend to be, they do not provide
a single summary statistic of the location of most of the people.
Measures of central tendency are designed to provide such a
summary. Three measures of central tendency are commonly used:
the mode, the median, and the mean.

The Mode

The mode is simply the most frequently occurring value or
point. We can use the mode when talking about qualitative data
if we refer to the modal category. For instance, in Table 2-7 we
could say that the modal category is Protestant; it is the
category with the greatest number of people. We can simply count
the number of cases that have each attribute and find which
attribute has the most cases associated with it.

With quantitative data we must go beyond this simple
counting procedure and would like to find the value within an
interval (assuming that our data have been grouped into
intervals) that corresponds to the modal point. There are two
ways of doing this. The first is called the crude mode. The
crude mode is simply the midpoint of the interval that has the
largest number of cases in it. For instance, with the data on
BIA employees that is again presented in Table 2-9, the modal
interval for Native Americans is that with true limits 3 and 5.
The midpoint of this interval is 4.0, and this is the crude mode.
Students should verify that they understand this by demonstrating
that the crude mode for the non-Native Americans is 10.0.

The second way of computing the mode with grouped data
results in what is called the refined mode. The refined mode is
an adjusted value that is based on the relative size of the
frequencies in intervals adjacent to the modal interval. It is
based on the idea that the true place of greatest density (the
true location of the mode in an interval) will be closer to the
interval with a higher frequency. The larger one adjacent
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interval is than the other, the more that the mode will be
shifted toward that larger interval. The formula for the refined
mode is given below in equation 2-1.

Refined Mode = L + x i (2-1)
D1 + D2

where L = the true lower limit of the modal interval;

D; = the difference between the frequency in the modal interval
and the frequency (number or % of cases) in the next lower

interval:; '

D = the difference between the frequency in the modal interval
and the frequency in the next higher interval; and

i = the width of the interval.

Computations in Table 2-9 show that for the Native Americans the
refined mode = 4.16. For the non-Native Americans the refined
mode is equal to 10.37.

Examining Formula 2-1 more closely it may be seen that when

Dy = Dy, that is when the two adjacent intervals have the same
number of cases, the refined mode equals the crude mode. In this

case we would add one-half of the interval width (i) to the lower
limit of the interval, thus being at the midpoint of the
interval.

If the adjacent lower interval had more people than the

adjacent higher interval, D; would be less than D;. That is, the
size of the next lower interval would be closer to the modal

interval than would the next higher interval. When Dj is less
than Dg, D1/(D1 + D) is less than one-half and the refined mode
would be smaller than the crude mode (i.e. not as large as the
midpoint of the interval). When, however, the next higher

interval has more cases, Dy / (D1 + D3) would be greater than lk2
and the refined mode would be larger than the crude mode.

Graphically the mode appears as the high point of the graph.
On the frequency polygon, the mode would be the highest point,
the scale point that corresponds to the highest frequency or
percentage found in any category of the data. Sometimes there
will be more than one high point. We say then that a
distribution is bi-modal if there are two high points or trimodal
if there are three. This can result if there are basic divisions
within the group. For instance, if we were to graph the grade
level of all BIA employees, combining the two groups in Table 2-
9, we might well have a bi-modal distribution. This, however,
would be because the two racial groups have very different job
level distributions.
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Table 2-9

Example of Computing Mode and

Median with BIA Data

Grade levels Percentage

Rounded True Native non-Native
Limits Limits Americans Americans
1=-2 1-3 3 + 0
3-4 3-5 585 9
5=-6 5=7 4 L1
7-8 7-9 £ 10

9-10 9-11 9 36
11-12 11-13 7 24
13-14 13-15 2 9
15-16 15=17 0 1l

Total 100% 100%

Native Americans

crude mode = 4.0 = 3* /

refined mode = 3+ [ (55-3) X 2
(55=3)+(55=17)

= 4.16

100

3.04 2 =3,0 x2

55
3.0 +{%1 X %]
5

3.0 + 1.71 = 4.71

Median

35

Cumulative %

Native non=Native
Americans Americans
3 0
58 9
75 20
82 30
91 66
98 90
100 99
100 100

non-Native Americans

-
crude mode = 10.0 = 7#1

refined mode =

9.0+ ((36-=10) X2
(36=-10)+(36-24)
5

= 10.

100
Median = 9.0+|_2 = 30 x2
36

9.0 + [50=30 x 2
36

9.0 + 1,14 = 10.11



The SPSS subprogram FREQUENCIES gives the mode as one of its
statistics. This is not a refined mode or a crude mode, for the
program assumes that the actual values are given as input, at
least for this statistic. If you have data that are coded in
intervals and input in such a way you would probably want to
compute the refined or crude mode yourself. Also, if you have
bimodal (or multi-modal) data, SPSS will not tell you this,
Instead, it will automatically assign the mode to the lowest
value on your scale or variable that has the highest frequency.
(Say you are studying age and 35 people fall at ages 29, 39, and
49 SPSS will report only 29 as the mode. You will have to
inspect the data to find the other modes.)

The mode has certain advantages. It can be used with
gqualitative data. It is easy to calculate and it can be easily
related to a graph. However, the mode does have certain
disadvantages. It generally cannot be used in further
calculations. While this is often not a problem with qualitative
data, it can be a real disadvantage with quantitative data. The
mode is also unstable and can be greatly influenced by how large
the intervals are in a data set. Third, the mode is nonspecific.
We don't know "how modal" a certain point is. We know from the
mode what value most often occurs, but we don't know if this
point occurs twice as often as all others, or just a tiny bit
more often.

The Median

The median is a position average and is defined simply as
the point in the distribution where one-half of the cases are
above and one-half are below. It is strictly suitable only for
variables measured on an interval or ratio scale, but it is
sometimes used with variables measured on an ordinal scale. With
an ordinal scale, however, we can only talk about the median
category, the category in which the median is found.

To compute the median with ungrouped data we simply arrange
the data in order from the smallest to the largest and then take
the middle case. If there are an even number of cases, as in
Table 2-10 below, this would be the point halfway between the two
middle points, as shown. If there are an odd number of cases, as
in Table 2-11, we would use the point exactly in the middle, as
shown. Table 2-12 gives an example with ordinal data. Here the
median category is that of mild support.

Very often we don't have ungrouped data, we have data that
have been grouped inte intervals. Here we can find the median
interval by examining the cumulative frequency distribution.

But, as with the mode, we still must determine the point within
that interval where the median falls. To do this we assume that
the cases are evenly spread throughout the interval (note how
this differs from the assumption involved in computing the
refined mode where we assume they are more grouped toward the
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Table 2-10 Example of Computing Median With an
Even Number of Cases

Ages of People Referred to Clinic

6 13
7 17
5 cases 8 19 5 cases
9 21
11 22
Median = 11 + 13
2
= 24
2 = 12

Table 2-11 Example of Computing Median with
an 0dd Number of Cases

Ages of People Referred to Clinic

6 13
7 T 17 Y coegro
4 1g & 19
Cearo [ 9 % 21
nelion
Median = 11 Vel

Table 2-12 Degree of Support Respondents
Report for President

3
Highly Supportive 20
Mildly Supportive 40<4~Median Category
Neutral 10
Mildly Unsupportive 10g 4012
Highly Unsupportive 20
Total 100%
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adjacent interval with more cases). We then see how far we need
to go within that interval to get to the median point. For
instance, in Table 2-13 below, an imaginary distribution, there
are 189 cases in all. The median case would be 189/2 = 94.5, or
between the 94th and 95th case. We can see from examining the
cumulative frequency distribution that this occurs in the
interval with the true limits of 4,950 and 5,950. There are 51
cases in this interval and at the beginning of the interval we
have 81 cases. To get to the 94.5th case we must go 13.5 cases
beyond the lower limit of the interval. Since there are 51 cases
in all in the interval we must go through 13.5/51 cases or about
26.5% of the total interval. The interval here is 1000 wide, so
26.5% of 1000 is 265. If we add 265 to the lower limit of the
interval we have 4950 + 265 = 5215, and this is the median.

Table 2-13 Imaginary Income Data

Cumulative

rue mits Frequenc Fregquency
1l,950-2,950 17 17
2,950-3,950 26 43
3,950-4,950 38 81
4,950-5,950 51 132
5,950=-6,950 36 168
6,950-67,950 21 189

In general, the formula for the median is

Median = L + [Ngg -cf x ial (2=2)
4

where L is the true lower limit of the interval containing the
median, N/2 is one-half of the total sample size; cf is the
cumulative frequency at the beginning of the median interval; f
is the frequency in the median interval; and i is the width of
the interval.

For the example above,

(94.5 = 81)
Median = 4950 + 51 X 1000|= 5215 (2=3)

A procedure just like that outlined above is used with
percentages except that we are looking for the 50th percentile
(or N/2 = 50). Table 2-9 gives a: example of finding the median
for the BIA data. Students should work through these examples to
make sure they are familiar with the procedure. If you have
discrete data you simply, as before, treat it as though it were
continuous. (A good example would be data on family size.)
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The formula for a median can also be used to compute other
position measures. The most common ones are quartiles (25%, 75%
points), deciles (10%, 20%,...), and centiles (1%, 2%, etc.).
While you can use the cumulative frequency graph (ogive) to
approximate these positions you can use a variation of the median
formula to get the exact value. All one does is alter the N/2
part of formula 2-2. For instance, if one is interested in the
first quartile, the 25% point, one would want to look at N/4
instead of N/2. For the third quartile, the 75% point, one would
want to look at 3N/4 instead of N/2. For the third decile one
would examine 3N/10, and so on. Below, examples of computing
various other positions are given using the BIA data.

Aj 11,'9-(_, KB Ea~
parli 1€ /{':Ln'CafJ Matroe Americand

Q‘sf-#[i? X 5_] 34’*[&? )(,Lj > .zf.zo x,lj PrAs

ot 36’ « §.0
gi(?c.ut!#’/ﬁ
Wkl
- so+4 ] -5% o+ | ~z4 '“'_7 (2-5)
03=L+[3f_ﬁ ' e
i c
‘{ z 7.0 = (L. e
s Deci’e 2
W i vz e VS
: L+Z}§ 'ff’u"] g %j‘x,i/:f.‘k.f’ 504 i ® 7
e T al . 5P

Position measures such as the above are commonly used in
comparisons of individuals (e.g. SAT scores, GRE's, height and
weight percentile placements for children, etc.) ‘

Position measures have certain disadvantages as well as
advantages. They cannot be used in algebraic manipulations and
thus have limited utility for use in more advanced statistical
manipulations. The median however is quite stable. It is not
affected much by extremes and is usable with open-ended data. It
is commonly used in describing income distributions because it is
so unaffected by extreme cases. Graphically, the median is the
point where the less than and more than cumulative frequency
distributions cross (See Figure 2-7).

The median is part of the output given on the subprogram

FREQUENCIES by SPSS. When computing the median SPSS assumes that
data are grouped into intervals with an interval width of 1. It
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then uses the type of formula described above to find the median
point with the interval.

Very often you will have data that have been grouped and
have been coded with these groups. In Table 2-14 are the codes
in the National Opinion Research Survey data for income that is
self-reported. Note that the categories are quite large. Also,
note that they have been coded. If SPSS were to report the mode
for this data it would give the value as 9. If it were to report
the median, it would give the value as 6.61. Clearly, these
values are not correct. One solution would be to recode the data
within the computer (a minor procedure) to reflect the midpoints
of each interval (1 would become $500; 2 would become $2,000;
etc.). The mode would then be given as "12,500”in the SPSS
output. The median would then be computed within the interval of
one dollar around the value of $7500. In deciding what step to
take, you would have to consider what purpose these various
statistics would have for you. To have the most accurate results
you should compute the median by hand using the full interval
width of $1000.

Table 2-14 Example of Income Data from an
NORC Survey

41. Did you earn any income from (JOB DESCRIBED IN Q. 1l1) in
19737
YO58 v s v w s AR
No . . . . . . ( )‘

A. IF YES: In which of these groups did your earnings from
(JOB IN Q. 11), for the last year--1973 fall? That is,
before taxes or other deductions. Just tell me the

letter.
COlLS. 38-39
RESPONSE PUNCH _N
Under 51,000 . . « & & « & s & & _5» 0l 69
2 1,000 o 2,999 . o ¢ o & 5% @ 02 ‘ 116
S 3,000 o 3,999 . v s o » e s e 03 49
$ 4,000 O 4,999 . v s & & v o 04 67
205,000 o B5;999 4 ¢ ¢ w5 5 u s 05 64
S 6,000 o 6,999 . & s o 5 » e 06 48
$ 7,000 ¥ 7;999 . v i & v ¥ ¥ @ 07 57
$ 8,000 €6 B,998 i & + 5 ox @ = @ 08 89
810,000 %0 X&,998 . o & o 6 » » @ 09 155
915,000 o 19,000 . & ¢ 5 o = = @ 10 60
$20,000 to 24,899 . « & + » e o 11 30
$25.000 Or OVBY .+ » ¢ s % » & ¥ 12 35
RafuBad .  « 5 &« ¢ &« » % o o % 13 37
PDOR'E KNOW « ¢ & s o % & 5 & » » @ 98 15
Not applicable . . . . . . & @ BK 593



The Mean

The arithmetic mean or the arithmetic average is probably
the most common measure of central tendency. It is usable only
with variables measured on an interval or a ratio scale.
Conceptually we should see the mean as the arithmetic average.

If we think of all the cases in a distribution as spread out
along a graph, such as a frequency polygon, the mean would be the
center of gravity, the place along the base line that would be
the balancing point for the distribution.

The formula for the mean is simply:

X =£x3 (2-8)
-

where n = the size of the sample,
X is the mean,

Xi refers to each individual value of S, and
£Xj refers to the sum of all of the values of Xj

The mean is used in many advanced statistics and its
usefulness derives from the fact that it is the "center of
gravity" of a distribution. More specifically, the mean is the
only value from which the sum of all deviations of scores will
balance out or equal zero. That is, if we examine the deviations
of all scores in a distribution from the mean and add up these
deviations, we will find that the sum equals zero. This means
that the sum of the deviations of scores around the mean is lower
than the sum of the deviations would be around any other value.

Table 2-15 illustrates this quality of the mean. Note that
the mean of the distribution is 11. The median of the
distribution is 9. The sum of the deviations around the mean is
zero. The sum of the deviations around the median is 12.
Students may try substituting other numbers and will discover
that only the mean will produce the sum of zero in adding
deviations.

Table 2-15 Example of Computing Deviation
Around the Mean

Ages
Referred to -
Clinic X=X =y X - Md
6 6-11 = =5 6=9 = -3
7 7=-11 = =4 T=9 = =2
8 8-11 = =3 8§-9 = =1
10 10-11 = -1 10-9 =1
16 16-11 = 5 16-9 = 7
19 i89=1]l = 8 19-9 = 10
Totals 66 < . ¢4 0 + 12
X = = =1/
Mediay = 7
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Table 2-15 showed haw one would compute the mean if there
were only one case with each value. If there is more than one
case with a value in a distribution, as in Table 2-16, the
computation of the mean is again quite simple. We simply
multiply the frequency (or number) of cases with each value times
that value and add up all the products. For instance, in Table

2=16 below, instead of adding 6+6+7+7+7+....we add 2(6) + 3(7)
+...l

The general formula is ok g{ X
X = 5= (2-9)
n
where X is the mean,
£fi{ is the frequency associated with each value,
Xi is each value of the variable X
and n is the sample size.
Table 2-16 Example of Computing Mean with
Grouped Data
X Frequency fx
(£)
6 2 12 Y- %&
7 3 21 &
9 L 9 i
10 3 30 (2
12 2 24
Total 12 113

If we have discrete data rather than continuous data we simply
assume that our data are continuous and proceed as above.

If our data are grouped into intervals we use the same
procedure as in Table 2-16, but we use the midpoint of the
interval in computing the mean. The relevant formula is given

below:
. L Ke
X - 4‘ - (2-10)

7

X is the mean,

f is the number of cases in each interval,
¥ is the sample size, and

X; is the midpoint of the interval.
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Table 2-17 gives an example of computing the mean with
the grouped data on the job levels of BIA employees.

Table 2-17 Computation of Mean for BIA Data

Grade Level Frequencies (%) fx
Midpoint of Native non-Native Native non-Native
Intervals Americans Americans Americans Americans
2 3 0 6 0
4 558 9 220 36
6 17 11l 102 66
8 7 10 56 80
10 9 36 90 360
12 7 24 84 288
14 2 9 28 126
16 _9 a5 _0 16
Totals 100 100 586 972

Native Americans

LR AL ST

non-Native Americans _ 3 K, g7L Z w D
i P i
" ” (20

Before the days of computers and inexpensive calculators
with memories we used fairly complex methods of computing the
mean with grouped data. These methods were designed to reduce
errors when using large numbers and doing lengthy hand
calculations such as multiplying frequencies by interwval,
midpoints. Now that we have very cheap calculators with
extensive memories these older techniques are not all that
useful. To compute a mean with a calculator you could simply use
the actual midpoint of the interval and formula 2-10 given above.
SPSS uses formula 2-10 in computing the mean also.

As long as you have submitted the actual raw data into the
computer there will be no problem with SPSS using formula
2-10. However, if you have put in your data coded in some
manner, such as the NORC data on income shown in Table 2-14, you
must be careful in interpreting the results. With the codes
given in Table 2-14, the computer would tell you that the mean
for the data is 6.17. You would want to instead tell the
computer to regard each code as the midpoint of the interval.
You could do this with a RECODE command, as in RECODE VAR22 (1
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= 500 2 = 1500) . . . . The machine would then use these
recoded values in computing the mean and would tell you that
$6684 was the mean.

Sometimes you will want to combine the means from several
groups. How you combine these means depends on your purpose,
what you want to accomplish. You might want to have the average
(mean) of the groups. That is, if you are looking at the average
GFA's of students in various schools and college in the
university, you might want to know the average GPA of these
schools. Your unit of analysis is the school or college. Then
you would simply add up the averages for each of these schools
and compute the average of these averages. This is shown in part
a of Table 2-18.

Table 2-18 Combining Means from Several Groups

School or Mean

College GPA= [{K: ni a K = Zga'k&'
r‘]“

Journalism 2.9 ' 30 (30) (2.9) = 87
P.E. 2:8 40 (40) (2.8) = 112
Education 2.7 60 (60) (2.7) = 162
AAA 3.2 40 (40) (3.2) = 128
CAS 3.10 100 (100) (3.1)= 310
Totals 14.7 270 799

a) X = 14.7 = 2.9 (unit of analysis is the school or college)

B) X =799 = 2.96 = 3.0 (unit of analysis is the individual)

The Mean, Median or Mode? ‘

Finally, how do we decide which measure of central tendency
to use? We would want to consider the level of measurement of
our data, for some are appropriate for some types of data only.
We would also want to consider what we want to know about our
data. We would also want to consider the shape of our data. If
we have a lot of extreme values then the mean might be a less
accurate summary measure of the central tendency than the median,
for it is more affected by extreme values. If we have a flat
distribution, with no clear modal value, the mode might be very
misleading. Finally, if we want to make further arithmetic
calculations, the mean is usually the most useful statistic to
have. Note that computer programs commonly give all three
statistics, so the researcher must decide which ones to report.



If we know the mean, median, and mode for a set of
quantitative data we can draw a rough diagram of the frequency
distribution or frequency polygon. We know that the mode
represents the highest point of the graph, the median represents
the halfway point, and the mean is the center of gravity.
Because the mean is more affected by extreme points than the
median is, we can tell the nature of skew (unevenness) in the
distribution by examining their relative values. If the mean is
greater than median, the distribution has a positive skew, as in
Figure 2-11. If the mean is smaller than the median, the
distribution has a negative skew as in Figure 2-12. If the mode,
median, and mean are equal, we have a symmetrical distribution,
as in Figure 2-13. Finally, Figure 2-14 illustrates the
situation where two distributions have identical means, but
unequal modes and medians. This illustrates the importance of
examining all three measures of central tendency when you have
the appropriate level of measurement and the usefulness of
graphing data.

Figure 2-11 Example of a Positively Skewed Distribution

_LE

Mede  © Mion

Median
Figure 2-12 Example of a Negatively Skewed Distribution

ned. ML
Figure 2-13 Example of a Symmetrical Distribution

e o
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Figure 2-14 Example of Distributions with Equal

Means and Unequal Medians and Modes
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Measures of Dispersion

To this point we have been discussing measures of central
tendency, statistics that describe where most people are.
However, we aren't always interested in these '"central" points.
Sometimes we might be interested in the furthest ranges - e.gq.
How much money do the richest people make? How poor are the
poorest people? Or we might be interested in how spread out a
distribution is. Consider the two income distributions graphed
in Figure 2-15 below. In society A the mean income is $15,000
and in society B the mean income is also $15,000. But in society
A people are much more spread out around the mean than in society
B. Which society would you rather take your chance of living in?
Your decision would be much more informed if you knew not just
the central tendency of the distribution but also had some idea
of its dispersion. That is what we will look at now. We will
first look at a measure of dispersion appropriate for qualitative
data; then explore measures useful with quantitative data: the
range, average deviation, variance and standard deviation; and
finally examine a measure that incorporates both measures of
central tendency and measures of dispersion, the coefficient of
relative variation.

Figure 2-15 Hypothetical Income Distributions
in Two Societies

$NJC¢3 A Sacj<¢& g

510472 &, o v

The Index of Qualitative Variation

Because qualitative variables have no magnitude associated
with them, they are categoric, we cannot examine dispersion as
the amount of distance from a set measure of central tendency (as
we will do below). Instead, we look at how variable -- or how
different -- are the cases in a given data set on the variable of
interest. Consider the distribution of the hypothetical sample
in Table 2-19 below. In part a the cases are distributed evenly
among the four religious categories. In part b of Table 2-19,
the cases are all within one category of the religious
affiliation variable. The subjects are much more diverse or
varied in their religious affiliation in part a of the table than
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in part b. We would say then that the variation for subjects in
part a is greater than the variation for subjects in part b. 1In
fact, since the subjects are equally distributed among the four
categories in part a, they show as much diversity as they
possibly could. That is, their diversity is at a maximum. Since
the subjects in part b are all grouped into one category, they
show the least diversity that they possibly could and we would
say that their diversity is at a minimum.

Table 2-19 Hypothetical Data on Religious
Affiliation of 3 Samples

Religious

Affiliation a b o -
Protestant 25 100 40
Catholic 25 0 30
Jew 25 0 20
Other 25 0 10
Totals _ 100% 100% 100%

The Index of Qualitative Variation (IQV) has the very nice
quality of reporting this amount of diversity in a proportion.
When a measured variable has the maximum variation or diversity
possible, the IQV = 1.00. When the variable shows no diversity
whatsoever, the IQV = 0.

To compute the IQV one determines how many differences - or
how diverse - a set of cases could possibly be. That is, one
computes the maximum number of differences among cases within a

data set. This is called Sp. One then examines the actual
variation in one's data set. This is called the observed

differences and is called S,. The IQV is then the ratio of these
observed differences to the maximum possible number of

differences:
IQV = Sg / Sp (2-11)

To compute the number of observed differences one multiplies
every category frequency by every other category frequency and
sums these products. This is represented by the formula:

£k
Sez L L Wy <% (R~

s J::

» e, i
where A/r,' F numéer of caves f’)] fle jz‘ c‘zf ;.7
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For part b of Table 2-19, Sq = 00() + 109 (o) ¢ 102 (0] + 0(s) + (2X0)
+@io) =0

For part c of Table 2-19, S =(PX30) + &2X1p) + 92(10) + (30)(20)
+ (3)0) + (20)Le) = 3500
To compute the.magfmum number of differences one uses the formula
- :f(/«z) N = udase V= TCAZ (2-13)
For part a of Table 2-19, Sp =
£ (4-0(2c)" = ans)gas) = 3759

For part b of Table 2-19 Sp = 1(3)(4AfJ = 3797

For part c of Table 2-19 Sy = (ix3)XLAT) 7 375‘&

The IQV's for these various tables are as follows:

for part a of Table 2-19 IQV = 3750/3750 = 1.00
for part b of Table 2-19 IQV = 0/3750 = 0
for part ¢ of Table 2-19 IQV = 3500/3750 = .93

Note that Sp = S, for part a of Table 2-19. This is as it should
be because we knew that those data were as diverse as they could

possibly be. For part b, Sy, = 0, for there is no diversity. Sg
for part ¢ is between those for parts a and b.

The IQV can be used nicely for comparative purposes.
Mueller, et al (1978) give an example in computing the relative
amount of racial homogeneity in two communities. The numbers of
whites and blacks in Indianapolis and Louisville in 1970 are
shown in Table 2-20 below. The IQV for each city is also
computed and it may be seen that they are quite similar in the
amount of homogeneity.

If one has data that are given in proportions rather than in
raw frequencies one can simply compute the IQV using the
proportions rather than the freguencies, as shown with the data
from Table 2-19.
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Table 2-20 Racial Composition of Indianapolis
and Louisville, 1970

Number of Whites Number of Blacks
Indianapolis 967,710 137,364
Louisville 724,120 100,683
For Indianapolis Sg = 5967,710)(137,364 = 13,292,851

Sm = (553,537) (553,537) = 30,640,321

IQV = So/Sp = .434

For Louisville

s 724,120) (100,683) .= 7,290,657
g9 (g t2-1}f4121402}2 =177007, 499
10V = §o/8p = .429

The Range

While the IQV is suitable for qualitative data the range is
suited for quantitative data (and in a limited sense to data
measured on an ordinal scale). The range is simply the smallest
interval that encompasses all values. For instance, in Table 2-
l, the ages of the bank employees range from 23 to 64.5. This is
a total range of 41.5 years. The SPSS computer printout gives
the minimum wvalue of this range (23.0), the maximum value
(64.50) and the total range (41.5 years). It assumes that we are
dealing with quantitative data.

If we have data measured on an ordinal scale we can discuss
its range in a theoretical sense. For instance, we may say that
political organizations in a community range from the John Birch
Society on the far right to a neo-Maoist organization on the
left. This is a theoretical range, however, not a mathematical
one; so it cannot be regarded as a statistic and is not used in
computations.

There are, of course, many problems with the range as a
statistic. It is crude, inexact and gives no hint as to the
distribution of values between the extremes. We have no idea if
the minimum and maximum are erratic cases or actually not that
atypical. To counteract these problems you might want to report
some type of intermediate range. These would use the position
measures discussed earlier in conjunction with the computation of
the median. For instance, you might report the interquartile
range, the first and third quartile of a set of data (3.8 and 7.0
for the BIA data for Native Americans). You might also report
the middle 80% range (from Cl0 to C90) (3.25 to 10.78) for Native
Americans.
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Sometimes we might be interested in how the range is
affected with changes in a frequency distribution. Say we are
examining the distribution of incomes within a population.
Suppose the minimum is $3000; the maximum is $15,000; and the
range is $12,000. If everyone earns $1000 more then the range is
unchanged, even though the minimum and maximum both are
increased. 1If only the poor people earn more, the range would
become smaller; if only the rich earn more, the range would
become larger. This illustrates how the range can be useful in a
limited sense.

v ed Devi ons

The most common way of measuring dispersion within a
frequency distribution is to examine the deviations of scores
from a measure of central tendency. There are three types of
these measures and each will be considered below. They all
involve summing the deviations of the scores from the mean or
median and then averaging these deviations.

The Averadge Deviation -- As noted above, the sum of
deviations of scores around the mean equals zero. However, if we
ignore the sign of these deviations and simply look at the
absolute difference of scores from the measure of central
tendency, the sum of deviations or absolute deviations around the
median is smaller than the sum of absolute deviations around the
mean. This is illustrated in Table 2-21 below with data from
Table 2-15. .

Table 2-21 Example of Computing Absolute Deviations
Around Mean and Median

X Ix=mall (X=X
6 3 5
7 2 4
8 1l 3
10 1 1
16 7 5
1% 10 8

24 26

The average deviation around the median (ADpeg) is simply
the average of these absolute deviations of scores around the

median. For the data in Table 2-21, ADpeg = 24/6 = 4.0
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In general,

Zl -mal

ADpeg = ——— where X is a score,
Md is Median,and {2-13)
n is the sample size

This is also referred to as the median deviation. The value can
simply be interpreted as the average distance of values in the
distribution from the median.

One could also compute the average deviation of scores from
the mean, but because this value is consistently larger than the

ADpeq. it is seldom used. In fact, even though the ADpeq has a
very nice intuitive interpretation it is seldom reporteg in the

literature and is not commonly provided by computer programs,
including SPSS.

The AD can also be computed for grouped data. Table 2-22
gives the computation of the ADpeq for the BIA data. Note that
the general formula is:

ol -
éé‘fx” ﬂ&l where fi is frequency of an in‘.:en':w:ll,(":1 4)
'""Kr’_ﬂ’. Xi is midpoint of that interval,
Md is the median, and
N is the sample size

ADpeg =

Table 2-22 Competition of Average Deviation

"}’qﬂ wea ¥ A4 from Median for BIA Data’{{K ﬂ{lf

i - P req e
2 2la 8.1 ;| 0 8.1 0
4 0.7 6.1 55 9 38.5 54.9
6 1«3 4.1 17 11 22.1 45:1
8 3.3 - 7 10 23:1 21:0
18 B3 0.1 9 36 47 .7 3.6
12 T+3 1.9 7 24 51.1 45.6
14 9.3 3.9 2 9 14.6 35.1
6 211.3 5.9 0 1 0.0 5.9

- e
el NA = 4.7 100 100 205.2 211,32

el nn MR =10 [

for Native Americans ADpeg = 20562 = 2.05
10

for non-Native Americans ADpeq = 211.2 = 2.11
100
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The Variance -- Much more common than the average deviation
is the variance. The variance involves deviations around the
mean. However, because the deviations around the mean sum to
zero, it is necessary to somehow get rid of the negative signs.
This is done by squaring each of the deviations. The variance is
then computed by averaging these squared deviations. It is
defined as follows:

ZfX-*?)L X= mean | (h~/f9

il a)lerc_ Nz /ﬁy«,/,uémk Size

Note that we have used the Greek letter S'an defining the

variance. This indicates that the value is for the pspulation.
In talking about the sample we use the roman letter s<.

The variance does not have an easy intuitive interpretation.
It is the average of the squared deviations of scores around the
mean, but this does not seem to mean much on an intuitive level,
especially when you realize that we are talking about squared
units. Table 2-23 gives the computations for the variance for
the BIA data. Note that this says that the variance for Native
Americans is 8.18 squared grade levels; the variance for non-
Native American employees is 8.08 squared grade levels.

The Standard Deviation -- The standard deviation is a
translation of the variance into units that are more easily

understood. The standard deviation is simply the square root of
the variance: -
K-x)
s = Z
A

(2-16)
for grouped data:
. . =
g—- . 21(, (X‘: "'P')
N (2-17)
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Table 2-23 Computations of Variance and Standard
Deviation for BIA Data

(xc -X) O, -X)* {0 -x)"

Frequencies
X1 NA non NA NA non NA NA non NA NA non NA
2 3 0 -3.9 -7.7 15.2 59.3 45.6 0
4 58 ") -1.9 -5.7 3:8 B2.5 198.6 292.4
6 17 11 [ 908 4 -3.7 +OL 3T 2 150.6
8 7 10 >, 2 -1.7 4.4 2.9 30.9 28.9
10 9 36 441 03 16.8 0s:1 1513 3.2
12 7 24 6 243 37.2 5.3 260.5 127 .0
14 2 ] 8.1 4.3 65,6 '18.5 2318 l166.4
16 o e 9 10:1 6.3 39.7 0 39.7
100 100 8l18.3 808.2
Xna? €9 piwA t ¥183, g1y & 728l
- .9.7
XWUA'
.Apv nen NA 2. fmvl/[m 08¢ €= 274
Z><ﬁmh44§ roenfice ,g;hdxﬁk‘

Ervory, A‘-”‘e Q’k?‘u%)‘ﬁlz;(d fll’ub/tz a{m]a% tede t.’oI«?Ou)éhd‘

For the BIA data, the standard deviation for the native
Americans is 2.86; for the non-Native Americans it is 2.84. Note
again, however, that the standard deviation does not really have
an easy intuitive definition. It is the square root of the
average of the squared deviations of scores around the mean. By
comparing the standard deviation of the native Americans and non-
Native Americans we can see that they are essentially equally
diverse. They have approximately equal standard deviations.

As noted above, we have used the Greek letters above in
defining the standard deviation and the variance. This is
because the values and formulas differ slightly if we are
describing a population or a sample. Simply because we are
taking a sample from a population any sample is less variable
than the population it comes from. When the sample is small
compared to the population this difference can be substantial,
but with very large samples it is quite small. The formulas for
the standard deviation and the variance of a sample take this
into account, however, by altering the denominator to be n-1 (or
one less than the sample size) rather than n. For small samples
this will produce greater differences between the formulas for s
and s than for larger samples. Some texts call this formula g2
instead of s. You should understand the logic and look for the
formula as it is defined. The formulas for the sample values of
the standard deviation and variance are given below.
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- T L - " il
£ 6 n-| (2-18)
fw o= = g;éfi:ELZf
. - - (2-19)

The SPSS program assumes the data it is given are from a
sample and uses the formulas given directly above in its
computations. Sometimes the value of the variance is too large
for the computer to print (it has too many digits). When this
happens you can compute it by simply squaring the value of the
standard deviation. Just as with the measures of central
tendency you must be careful in how you submit data to the
computer for the results with the standard deviation and variance
to be accurate. Your best bet is to simply recode the values, as
with the income data in Table 2-14 from the NORC study, to the
midpoints of the intervals. If you had used the unrecoded data
the computer would give you a much smaller value as the standard
deviation for these data then if you had recoded to the midpoint
of each interval.

The Coefficient of Relative Variation =-- The full utility of

the standard deviation will only become clear after we discuss
the normal distribution in the next section. The standard
deviation and the average deviation, however, both have a nice
descriptive use in the Coefficient of Relative Variation, a
measure that is used with ratio data. It is necessary to have
data measured on a ratio scale when using the CRV because it
involves looking at the relative size of the measure of
dispersion and the measure of central tendency. If the size of
the intervals were arbitrary (that is, if there were no true zero
point), this ratio would be meaningless.

The form of the CRV is simply the measure of dispersion
divided by the measure of central tendency. For the median

CRV = ADpeg/Med (2-20)
and for the mean
CRV = S/X (2-21)

The CRV is used to compare the deviations of a group to the
average for that group. You might remember that while the native
American and non-Native American employees of the BIA have very
dissimilar measures of central tendency in grade level, the
measures of dispersion are quite similar. The CRVs for these
data are given in Table 2-24 below.



It appears that the CRV for Native Americans is
substantially larger than the CRV for non-Native Americans. This
indicates that not only do the non-Native Americans have a larger
mean, but that relative to this mean they vary much less.

Table 2-24 Computation of CRVs for BIA Data

Native American non-Native American
CRV median 2.05/4.71 = 0.44 2.11/10.11 = 0.21
CRV mean 2.86/5.86 = 0.49 2.84/9.72 = 0.29

Another example is given by Mueller et al, 1978. This
involves the homicide rates in the New England and South Atlantic
states. The AD for the New England states is .78, while the AD
for the South Atlantic states is 3.60, suggesting that the states
of the northeast are much more homogeneous since their average
divergence from the median is so much smaller. However, once we
look at this average deviation relative to the median the picture
changes. The median homicide rate for the New England states is
2.75, while that for the South Atlantic States is much larger,
12.15. The CRV's are computed below.

New England States: CRV = ,78/2.75 = ,284
South Atlantic States: CRV = 3.60/12.15 = ,296

It is now apparent that relative to their respective medians, the
two groups of states do not differ markedly in their relative
variation.

Yet, another example of the use of the CRV is in Tables 2-25
and 2-26. These are taken from Christopher Jencks' book
Inequality (1972). The first shows the coefficients of variation
for education (years of regular schooling completed) for various
groups of cohorts of individuals in the United States. The
second gives the coefficients of variation for income. Note that
the CRV's are much smaller for education than for income, a
central point in Jencks' analysis.

It must be mentioned again that the CRV is only usable when
we have ratio data. It involves computing ratios and this can
only be done when we have a true zero point, when those ratios
would make sense.
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Summary

We have examined a number of ways of describing univariate
distributions: frequency distributions displayed in tables,
graphs of the data, measures of central tendency, and measures of
dispersion. We have noted which forms or statistics are
appropriate for variables measured on different levels. We have
also cautioned students on the use of computers and calculators
and their output.

We have used one example throughout this chapter =-- the
grade levels of employees of the Bureau of Indian Affairs in
1970. We have assumed that this variable is measured on a ratio
scale (although this is admittedly stretching it unless we
translate the grades into dollars earned, the original reason for
setting up the grade limits). The frequency distribution for
both Native American and non-Native American employees is given
in Table 2-6. Relevant graphs are given in Figures 2-2, 2-3,
2=7. Statistics for these data are computed throughout the text
and are summarized in Table 2-27. Note that all of these results
suggest that Native Americans are employed at much lower grade
levels than non-Native Americans, even though it is the policy of
the Bureau (and has been for many years) to give Native Americans
employee preference in hiring. All of the measures of central
tendency are much lower for the Native Americans than for the
non-Native Americans. The range for the Native Americans is
slightly smaller although the average deviation, variance and
standard deviations are almost equal. However, the coefficients
of relative variation are strikingly different, with that for the
non-Native Americans being much less. This suggests that,
relative to their means, the non-Native Americans actually have
much less variation than the Native Americans.



Table 2-27 Summary of Measures of Central
Tendency and Dispersion for BIA Data

Native non=Native
Measure Americans Americans
Mode
Crude 4.0 10.00
Refined 4.16 10.37
Median 4.71 10: 31
Mean 5.86 9.72
Minimum* 1 1
Maximum* 16 17
Range* 15 16
Average Deviation
(median) 2.05 2.11
Variance 8.18 8.08
Standard Deviation 2.86 2.84
CRV Median 0.44 0.21
CRV Mean 0.49 0.29

*Computed from data with interval lengths of 1 grade.
All others computed from data with interval widths of 2 grades.

57



III. Univariate Inferential Statistics

In this section we examine inferential statistics that apply
to one variable. Suppose we have information about people in a
sample and we want to know how typical this information is of the
corresponding total population. We will examine in this section
how to make this type of inference.

To do this we must first explore the characteristics of the
normal curve. We then go through definitions that are basic to
statistical inference and develop the idea of a sampling
distribution. Finally, we apply this information to developing
confidence intervals around a mean. The confidence interval or
band gives us a range of values in which a population parameter
is likely to fall. We may specify through various manipulations
how likely it is that a given parameter will fall within that
band.

In this section all of our inferences will be made regarding
the mean, a measure of central tendency. In later sections we
will make inferences about other statistics. We will also
examine how we can make inferences through hypothesis testing
rather than through confidence intervals.

The Normal Distribution and Univariate Inferential Statistics

The normal distribution is a special frequency distribution
that has very useful mathematical properties. It is symmetrical,
that is both sides of the distribution are identical. This means
that half the cases are above the mean and half the cases are
below the mean. It is bell shaped, indicating that most of the
cases are at the mean and relatively fewer are at the extremes.
It is infinite; that is the distribution keeps going out on
either side infinitely. It is also unimeodal; the mean, the mode,
and the median are all the same value. Figures 3-1 and 3-2 give
examples of the normal curve. In the first example three normal
curves are shown. They all have the same standard deviation, but
different means. In the second example the distributions are
also both normal. They have the same mean, but they have
different standard deviations.

Normal distributions are most commonly found in natural
situations. For instance, shoe size, height, weight, gestation
periods, and other biological phenomena are generally normally
distributed. Other distributions tend to approach the normal
one, but, most importantly, theoretical distributions used in
statistical inferences are often normally distributed. Many of
our statistics are based on the properties of the normal curve.

The most important aspect of the normal curve involves the
area under or enclosed by the curve. Regardless of what the mean
or the standard deviation is, the proportion of the area under
the curve between the mean and a given distance in standard



Figure 3-1

Comparison of normal curves with the same standard deviations but
different means.

— —

Figure 3-2

Comparison of two normal curves with the same means but different
standard deviatioms.
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deviation units from the mean is constant. In other words, we
could mark out the distance from the mean in standard deviation
units as is done in Table 3-2 and know what proportion of the
area under the curve is in each part. Obviously, half of the _
area is above the mean and half is below the mean. About 34% of
the: area is between the mean and one standard deviation on each
side. Or about 68% of the area is between one standard deviation
., above and cone standard deviation below the mean. About 95% of
the area is between two standard deviations above and below the
mean. .

Because this is standard within all normal distributions we .
can compute, for any normal distribution, the area under the
ciirve and corresponding information (examples are given below).
This is done by using standard tables. statisticians have
developed that tell what proportion of the area under the curve
is between the mean and any standard deviation unit from the
mean. An example is Table 3-1, the table of the normal
distribution. To use this table for any normal distribution you
need only convert your normal distribution to equal the one where
the mean is zero and the standard deviation is one. Table 3-1
gives the areas under the curve for this standard normal
distribution represented as N (0,1). (Some tables give the
proportion of area found under the curve beyond a given standard
deviation unit from the mean. To convert one table to another
you simply would subtract a value for a given standard deviation
unit from 0.5000.)

Part one of Table 3-2 illustrates the use of this table with
a normal distribution. For instance we know from the properties
of the normal distribution that the area on one side of the mean
of zero is 50% of the total distribution (lines a and b).
. Suppose we were interested in the proportion of area under the
normal curve between the mean and one standard deviation above
the mean. To find what value corresponds to this area we look
down the left hand column of Table 3-1 until we find 1.0,
corresponding to 1 standard deviation unit from the mean.. We
then move to the next column to the right headed .00. (The
columns headed by two decimal points [.00, .01, .02, ...] ar=:
used when finding the area under the curve at a point in stan.ar”
deviation units measured to the nearest hundredth.) The value
here is .3413, indicating that the area from the mean (0) to one
standard deviation above the mean includes 34.13% of the total
area (line ¢). Remembering that 50% of the area lies below the
mean we can say that below 1 standard deviation above the mean
there is 50% + 34.13% = 84.13% of the total area under the curve
(line d).

Again looking at Table 3-1 we can see that between the mean
and two standard deviations above the mean we have .4772 of the
total area (line e). If we remember that one-half of the area is
below the mean we can easily calculate that .9772 of the total
area falls below two standard deviation units above the mean
(line f£). Then combining information in lines c and e we can
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tell that between one standard deviation and two standard
deviations above the mean is .1359 of the area (line g). Line i
looks at tha corresponding area below the mean., If we remember
that the normal distribution is symmetrical, we can compute that
.8185 of the total area is between one standard deviation below
the mean and two standard deviations above the mean (line h).

Part two of Table 3-2 illustrates how one finds the
proportion of area under a normal curve when the mean is not
equal to zero and the standard deviation is not equal to one. 1In
the example the mean is 50 and the standard deviation is 10. To
transform this distribution to one where it is N(0, 1) we compute
z~scores. This is a simple transformation that simply moves the
mean of the distribution along to zero and stretches or
compresses the standard deviation so that it is equal to one.

The z transformation is simply

z= (X - X)/s or (x;’p/o (3-1)

You may see in part b of Table 3-2 that when the mean (50) is
substituted for x in the z-transformation the z-score equals
zero. When 40, one standard deviation below the mean is
substituted, z = ~1. When 60, one standard deviation above the
mean is substituted, z = +1. The chart in part b of Table 3-2
gives the z-score for various values of X and then shows how one
would compute the proportion of area under the curve up to that
value of X.

For instance, when X (the score under consideration) equals
60, the corresponding z-score is (10-50)/10 = +1.0. We can then
refer to Table 3~1 and note that between the mean and one
standard deviation above the mean there is .3413 of the total
area. Since we know that .5000 of the area is below the mean, we
can say that .500 + .3413 = ,8413 of the area under the curve is
at or below the score of 60. As anothar instance, consider x =
40. Here z = (40-50)/10 = ~1.0 or one standard deviation unit
below the mean. We know that between the mean and one standard
deviation below the mean there is .3413 of the total area. Since
there is .5000 of the ctotal area below the mean, below one
standard deviation below the mean, there must be .5000 - .3413 or
.1587 of the total area. Students should work through remaining
examples to assure they understand the proceduras involved.

8o, we have nnly talked about “scores" and in rather
abstract terms. 5Supprnse instead, again considering part b of
Table 3-2, that the scores represent the number of items on a
test that studen*s had corractly answered., Assume also that
there were many students involved and that the distribution of
scores was N (50, 10) (normally distributed with a mean of 50 and
a standard deviation of 10). The computations in part b of Table
3-2 would then tell us that 84.13% of the students had scores of
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60. or lower, 93% of the students had scores of 65 or lower, etc.
In addition, 95% of the students had scores between 30 and 70.

Basic Definitions

The following definitions are basic to the use of
inferential statistice. Students should be familiar with all of
them.

A population is the entire set or group of scores, people
animals, whatever the elements that are being studied.

A sample is a subset of the population, part of the
population.

A random sample is a sample that is selected in such a way
that each element of the population has sn equal chance of being
in the sample.

A represantative sample may also be used in making
inferences. This is a sample where the researcher knows how the
samnple was collected and in what way it is representative of the
total population. Both random &nd representative samples, as
noted earlier, are probability samples. In this course we will
assume, when using inferential statistics, that all our
probability samples are simple random samples. (The procedures
involved in making inferences are slightly more complex when
other types of probability samples are involved.)

A parameter is a specified value of the population, such as
the mean or variance. Parameters are generally designated by
Greek symbols.

A ptatistic is a specified value of the sample, such as the
mean or variance. Statistics are usually designated by Roman
letters. ‘

The gampling exror refers to the difference of the true
population value and the sample value, the difference between the
parameter and statistic. For any given sample taken from a
population, a statistic (such as a mean) may differ from the
corresponding parameter in the population. The difference
between the statistic and parameter is the sampling error, the
error introduced by loocking at the sample instead of the total
population.

The gampling distribution is a distribution of sample
statistics obtained by drawing an infinite number of samples from
a population. For example, given a large population one would
draw one sample from the population, obtain the mean and standard
deviation of that sample and plot it. The sample is then
replaced and the procedure is repeated an infinite number of
times. The eventual result is the sampling distribution.
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Tablas 3-3, 3~4, and 3-5 and Figure 3-3 illustrate the
development of a sampling disctribution. Table 3-3 gives data for
2 total population: the sulcide rates for 220 SMSA's in 1970.
Table 3~4 gives the results obtained when samples, each sized 30,
were taken frosz this populuticn and the average suicide rate was
computed. Table 3-5 gives a tully of these sample means and
Figure 3-3 displays this tally in a histogram. Only 100 samples
were drawn in this example, kut we could repeat the procedures an
infinite number of times. (Data are taken from Muller, et al.)

Sampling theory tells us that when we have an infinite
nunber of samples in our ssuwpling distribution, the mean
(average) of the sampling distribution of the means (the mean of
the sample mesns) will equal the population mean. As the samples
drawn get iarger the distribution assumes the shape of the normal
curve.

Tables 3-5 and Figure 3-3 illustrate this result. It may be
seen that the majority of sample means in the distribution
cluster around the true population mean of 11.7. While the
distribution of these actual sample means around the population
mean of 11.7 is not exactly shaped like a normal distribution
(this is called the empirical sampling distributicn), if we drew
an infinite number of samples, we would expect the sampling
distribution around the population mean to be normally
distributed. Because we could never draw an infinite number of
samples this is referred to as a theoretical sampling
distribution. It is this theoretical sampling distribution that
we use in making inferences from samples to populations.

The discussion immediately above refers to the most typical
value of the means (i.e., the central tendency of the sampling
distribution). We are also concerned however, with how far away
from this central tendency most samples are. That is, we know
that the values tend te cluster around the population mean, but
how much do they vary? What is the sampling error, the
difference of the sample mean and the population mean? Table 3-6
gives the distributiocn of sampling errors for the group of
samples in Table 3~4. It is clear that the majority of errors
are very small. More extreme errors are relatively less
freguant.

It turns out that the standard deviation of the theoretical
sampling distribution of means is equal to the standard deviation
of the population divided by the square root of the sample size.
This standard deviation of the sampling distribution is referred
to aa the standard error and has the formula:

6_;? ‘ %—- .(3"'2)



Table 3-3

Table 13.1.1 Array of Suicide Rates for 229 United States
Standard Meiropolitan Siaiistical Areas, 1970

27| 23|82 96| 107 | 16| 127 | 143 169
3374 e8] 97 w7l nylns|ie3l o
38 | 724 {8x| 972107 | 17|28 | 1as] 172
46 74 | 88 917 108 117 128 146 i7.5
50 (74|89 98 {109 | 118|128 147 178
s2t2s|89| 98! 109 | 118|128 | 149 179
52| 75189 98 | 110 | 118|128 | 52| 183
55 76 | 90 99 110 L9 129 | 151 184
60 758 | 90 99 1Ll 118 129 | 152 § i86
63| 727191 | 99 Fii2 | 120 | 130 | 152 | 187
63| 77 91| 99| 152 | 120 | 120 | 154 | 190
64 77 192 100 11.2 120 13.4 155 19.4
65| 781921 100 | 113 | 120 | 132 | 156 | 200
65| 79 l9o2fi00 ] 13 |iz1 ] 13260l 200
66 | 19 |93 | 100 | 113 {122 ]| 132 | 160 | 208
66 | 80 [ 93| 101 | 114|122 | 125 | 161 | 209
67 | 82 {94 102 | 14|22 136|161 210
67 | 84 |94 ] 103|115 | 123|136 | 161 | 218
6.7 84 | 94 10.3 11.5 123 13.7 16.1 220
69 | 85 |94 | 104 | 115 | 124 | 140 | 162 | 221
69 | 85 |94 | 105 | 116 | 124 | 140 | 163 | 225
%4 85 | 95 105 116 i25 140 164 § 225
72 | 86 {95 | 105 | 116 | 127 | 140 | 165 | 2438
72 86 | 9.5 10.6 11.6 12,7 14.1 16.7 } 249
23187 {96 {108 | 116|127 | 141 | 169 | 250
3 8.7 | 986 10.7

Sowrees: US. Bureau of the Cemus. County amd City Data Book. 1972, Table 3.
Washingion. D.C.. US. Governmens Printing Office, 1973, U S. Depariment of Healh,
Education and Wellare. Vital Siativiies of the United Stares. 1970, Vol 11: Mortaiity,
Part B. Washingion. D C.: US. Goverament Printing Office. 1974



Table 13.13 Frequency Tally, Empirical Sampling Dis-

Table 3-4

Table 13.]2 Array of 100 Sample

Means, n = 30
103 | 108 | 115 113 123
104 | 108 | 1LS 118 123
104 109 115 1t9 124
104 109 1.5 119 124
104 109 1.5 119 124
105 | 10 | 115 119 | 124
106 | 110 | 116 119 124
106 {10 1.7 1i19 124
106 | 111 11.7 119 | 125
10.6 ii.2 .2 119 125
10.6 1.2 117 119 123
10.6 112 1.7 i2.1 129
106 112 1.7 12.1 129
108 i3 118 12.1 130
108 1.3 11.8 12.2 130
108 113 i18 122 130
108 113 11.8 122 130
108 1.3 I8 122 130
108 11.3 1.8 122 132
jos | 114 | 18 | 122 | 132
Table 3-5

tribution, 100 Sample Means, n = 30

Class Frequency
Interval Toly (f)
100-10.9 N 25
11.0-11.9 T O N L)
120-129 L L L] 2
130-13.9 1] .

100




Frequency

Figure 13.1.1

Figure 31-3

9.95 10.95 §1.95
Sample mean
Histogram of 100 Sample Means, n = 30

14.95
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Table 3-6

13.14 Array of Sampling

Errors, 100 Sampies, n = 30

Table

L)
6
7
7
7
7
7
7
3
8
8
2
2
3
X
13
1.3
L3
LS
L5
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— g s
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Note what each part of this formula implies. First, as the
population becomes more variable, the samples are less likely to
have means like those of the population. Thus samples from more
heterogeneous populations will have larger standard errors.
Second, as the sample sizes become larger, the standard error
decreases and the sample means are likely to be closer to the
population mean. This means that if you were to take two samples
of different sizes from the same population, the larger sample
would have a smaller standard error.

Because one usually does not know the standard deviation of
the population we must arrive at some estimate of this standard
error. We use the standard deviation of the sample for this
estimate, but make sure that the standard deviation is defined as

ch-?)"
S = . S
n= | (3=3)

SPSS routinely computes the standard deviation with thls formula,
but some statistics books refer to it not as s, but as 11 to
denote that it is the best estimate of the population standard
deviation. (As explained earlier, the denominator of n-1 rather
n is used in equation 3-3 because samples tend to vary less than
populations and this corrects for this smaller variance.) Using
this sample estimate of the population standard deviation, the
formula for the standard error becomes

Se 2 -
S o

g JEEXE

n-l

where

It should be stressed that the sampling distribution of the
mean is normally distributed even when the frequency distribution
for the population is not. No matter what the shape of the

opulation distribution e sampli distribution of the means
will assume the shape of the normal distribution when samples are
greater than 100 or so. (We'll discuss the case of smaller
samples later. Essentially they have an "almost normal"
distribution, called the t distribution.) It is crucial that
students understand the difference between a frequency
distribution, such as those discussed in the second section, and
a sampling distribution, the hypothetical distribution of sample
statistics.
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The sampling distribution and the standard error are the
basis of all inferential statistics. Above, we mainly referred
to the sampling distribution of means. However, sampling
distributions can be constructed (and have been) for many other
statistics. The basic procedure used with all inferential
statistics is the same logically, and so in the discussion below
we will focus on inferences regarding means. Later we will
discuss the use of other sampling distributions, but we will
always use the same logic we develop below.

The important things to remember in the discussion below are
the nature of the normal distribution; the fact that with large
samples the sampling distribution of the means is normal (with
smaller samples it is the t-distribution whose nature is also
known and which we will discuss below); and that when we know the
mean and standard deviation of the sample we can estimate what
the sampling distribution looks like for that population
(assuming that the sample is representative of the population).
This basic information is used in computing all inferences
regarding means.

Confidence Intervals

Confidence intervals are a way of estimating population
parameters given knowledge of the related sample statistics.
This is done by using knowledge of the sampling distribution.
Thus, it is essential that random or representative samples be
used. Basically, the statistics from the sample are used as
estimates of the population parameters. From these estimates the
sampling distribution is reconstructed. Then, using the table
giving the area under the normal curve, assuming we have a large
sample, the probability of the parameter being within certain
ranges may be computed. An example will illustrate this.

Given a random sample of 169 cases from a very large population.

— ’-\1.
X760, 5+ Vizigzj z i

This information may be used to estimate the form of the.sampling
distribution. As explained above, X is our best estimate of/g
the population mean, X = 50.

s b il Here Sg= 25 = 255
Sz —v-i Lo e beit estrneaty 12 Gg ,tle ¢ Gy X_ erviy. iza vl
Thus, we may estimate the sampling distribution to be normally
distributed with a mean of 50 and a standard error of 2 based on
our knowledge of the random sample from this population. This
sampling distribution is pictured in Figure 3-4. Note that this
is a theoretical distribution of means of samples that could be
drawn from the population. Because the sample we do have has
been randomly drawn, we may assume that it is representative of
the population and we use these characteristics to estimate the
nature of the sampling distribution.

62

= 3. 0



Figure 3-4

687 of total area

Theoretical sampling dis-
tribution where

X =50, S=26,n=169 Sz =2

.025 48[ : 5 .025

46.08 53.92

We can assume that the sampling distribution is normally
distributed because the sample size is relatively large. Using
the knowledge of the characteristics of the normal curve (Table
3-1) we know that between one standard error below the mean and
one standard error above the mean there is .6826 of the total
area under the curve. In this case the scores in the
distribution are sample means and we can say that .6826 of all
the sample means in this sampling distribution are between 48 and
52. That is, they are in the area plus or minus one standard
error from the mean. If we take these sample means as estimates
of the population mean we can say that .6826 of the estimates of
the population mean are between 48 and 52. Another, easier way
of saying that is that the probability that the true population
mean is between 48 and 52 is equal to .6826. This can be written
symbolically as

P [48 < o< 52] = .6826 ! (3-5)

This may be referred to as a 68% confidence interval around the
mean. This means that we can be 68% confident that the true
population mean lies between 48 and 52.

Note that we switched from talking about the proportion of
estimates of the mean of the population that were within a given
range to discussing the probability that the population mean was
within a given range. This is the essence of statistical
inference. We are concerned with the chances of being correct
(the probability of being correct) in estimating the value of a
population parameter. We use the sampling distribution estimated
from the sample values to compute these chances or probabilities.

Confidence intervals or bands equal to 95% or 99% are
commonly used. With intervals of this width we are finding the
range of values in which 95% (or 99%) of the estimates of the
population value fall. For a 95% confidence interval only .025%
of the area under the curve would not be included within the
interval on each side of the mean. Referring again to Table 3-4



we can see that .025 gf the area under the curve is remaining
(.475 on one side of X is included) when we are 1.96 standard
errors from the mean. Thus, to enclose the area encompassing 95%
of the possible means in this theoretical distribution we must go
both 1.96 standard errors above the mean and 1.96 standard errors
below the mean.

In the present example the estimated mean is 50 and the
estimate of the standard error is 2. 1.96 standard errors is
equal to 3.92. Thus, we may conclude that 95% of the means in
the estimated sampling distribution are included between
(50 - 3.92) and (50 + 3.92). This may be written symbolically as

P[46.08 < ,( < 53.92] = .95 : (3-6)
This means that we can be 95% confident that the true population
mean lies between 46.08 and 53.92 or that the probability that
the population mean lies between 46.08 and 53.92 is .95.

For a ninety-nine percent confidence interval we would need
to enclose all but .005 of the area on each side of the mean.
This corresponds to an area of .495 between the mean and the
given point, which corresponds to a z-score of about 2.55. The

computations below and the figures show how the 99% confidence
interval would be computed.

Figure 3-5

p[50-(2.575(2)]< u < 50 + (2.575)(2)] = .99
p[50 - 5.15 u < 50 + 5.15] = .99

p[44.85 < u < 55.15] = .99

. 005 .495 495 .005

z=-2.575 50 z =+ 2.575

These results indicate that 99% of the means in the
estimated sampling distribution fall between 44.85 and 55.15.
There is a 99% probability that the population mean falls between
44.85 and 55.15. We can be 99% confident that the population
mean lies between 44.85 and 55.15. A general formula for



- computing confidence intervals is often used. For the 95%
confidence interval around the mean, when samples are large, we
may use

PLY -0t3LXs5) < g < X+ @absz)[= a5

(3-7)
and, for the 99% confidence interval, we may use

PX - (2.58Ls5z) </V~ < X 4 (l_yg)éfg)j .99 (3-8)

where X is the sample mean and Szis the estimated standard error.

The logic underlying confidence intervals may also be used
in computing the probability that the population parameter is
greater than or less than a certain score. For instance, in the
example above, we may compute the probability that 4{, the
population mean, is greater than 45. To do this we must first
determine how far this X = 45 is from the mean of the theoretical
sampling distribution. We may do this using standard scores.

¥ o
2 = %Lﬁ7ét = ?9:;-—-" z .é? - =2.5

That is, a score of 45 is 2.5 standard errors below the mean in
the sampling distribution.

Figure 3-6

.4938 .5000

45 50
z = =25

Using the table of areas under the normal curve (Table 3-1)
we can see that the proportion of area under the curve from the
mean to X = 45 is .4938. Thus, P [45 < A< 50] = .4398. We know
that P [ 4+ » 50] = .5000 as 50 is the Dbest estimate of the mean
of the sampling distribution. Thus, P [/4 7 45] = .4983 + .5000
= ,9938.
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Similarly, to compute the probability that /M < 53 we must
determine how far away 53 is from the estimated mean of the
sampling distribution, 50. z = (X -/)/sx = (53-50)/ 2 = 1.5.
This indicates that 53 is 1.5 standard errors above the estimated
sampling distribution.

Figure 3-7

.5000 .4332

50 53

2 =1.5

Using the table of area under the normal curve (Table 3-1) we can
find that
P [/ua< 50] = .5000

P[50 < k< 53] = .4332
and thus P [ A< 53] = .5000 + .4332 = .9332.

There is a 93% probability that the population mean is less than
53. Similarly, P [/k > 53] = .5000 - .4332 = .0668. Students
should work through several more examples of varying types to
ensure that they totally understand the logic of confidence
intervals.

Note that all of these computations have been based on the
theoretical sampling distribution of the mean. If the sample
size were different or if the observed mean or standard deviation
of the sample were different, the results would have been
altered.

The computer output for the subprogram frequencies gives the
standard error for a distribution. Consider the distribution of
ages of the bank employees shown in Table 2-1. Assume the sample
has been randomly selected from some larger population of bank
employees. The sample mean is given as 37.186, and the standard
error is 0.541. The sampling distribution of the means may be
estimated as shown in Figure 3-8 below.



Hypothesis Testing

Hypothesis testing, the other major inferential technique,
is somewhat more common than confidence intervals. Here, instead
of using sample statistics to make inferences about the nature of
a parameter, we start with an idea about the population
parameters. We then draw out the implications of this idea and
test the truth of the implications with the data from the sample.

The null hypothesis is the hypothesis to be tested. It is
symbolized as Hg.

The alternative or substantive or research hypothesis is the
alternative to the null hypothesis. For example, if the null
hypothesis, Hy is that/h.= O; Hy (the alternative hypothesis) may

be/«- 20 or p>p ”/uw

The null and alternative hypotheses are phrased so that we
can reject the null hypothesis with certain probabilities of
being wrong and that by rejecting the null hypothesis we can put
corresponding confidence in the truth of the alternative
hypothesis. The null hypothesis is always phrased in the format
of the population parameter equaling some constant (either zero
or some other number). The alternative hypothesis is phrased so
that the population parameter is either unequal to that constant
or greater or less than that constant.

Note that we can never prove the truth of the null or
alternative hypotheses. We fail to reject or we reject the null
hypothesis with a certain degree of confidence that our decision
is correct. We do this by assuming that the null hypothesis is
true and then drawing implications from this assumption. Using
the sampling distribution we determine the probability of certain
sample values appearing. This is the logic of falsification that
is basic to work in the social sciences.

The level of significance refers to the decision of how rare
a sample outcome must be if it is to cast doubt on the null
hypothesis. Usually researchers use levels such as .05, .01, or
.001. However, these are arbitrary levels and I recommend always
noting the actual probability that a given result would occur.
This is especially important when we consider what would happen
if we consistently received results that were in the same
direction, but only marginally significant. For instance,
suppose we found that we could reject the null hypothesis in
favor of the alternative with a .20 probability of being wrong.
Normally, we would fail to reject the null hypothesis. But,
suppose we repeated the study and found identical results with a
second sample. The chance of finding this same result two times
in a row is (.20)(.20) = .04. This is a result that would be
acceptable at standard levels of significance, but if we simply
reported n.s. (not significant) in our write-up, no one would
know how important the results really were.
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The zone of rejection is the sample values which lie in the
area where their probability of occurrence equals or is lower
than the level of significance. Another way of seeing this is as
the sample values whose occurrence is so rare that they would
occur (given the truth of the null hypothesis) only as frequently
as the level of significance.

An example may help to make this clearer. Suppose we had
the following null and alternative hypotheses
H = 100

Hfi‘ﬁ:'f 100

Suppose we draw a random sample from the population
involved. 1In this sample ¥- 95, $=213, ne 149

Now we shall sufpose that Hy is actually true, that the
population mean really equals 100. Then we shall use 100 as the
mean of the sampling distribution of the means. Given that the
sample is a random one of the population, we may use Sy as the
estimate of the standard error.

S © s ,.ﬁi < 13 1.0
Y VA o vgs 8

Because the n is large, the sampling distribution is normally
distributed. The theoretical sampling distribution that would

occur given that Ho is true and with the standard error estimated
by the sample value of the standard deviation, is drawn in Figure

3=-9 below.
Figure 3-9

_ Theoretical sampling
.\ distribution assuming
H, 1s true

o012 oF
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chec Ln i
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X =95 '98.04 29 100 101 101.96

This is the theoretical sampling distribution with a mean of 100,
standard error of 1.0, and it is normally distributed. This
distribution would be the true sampling distribution for the
population if Hy were true.

Suppose we choose a level of significance of .05. That is,
we decide that to reject the null hypothesis we must have a
sample value that would occur only 5 times out of one hundred.



Our alternative hypothesis is that /04 We have not
hypothesized that is less than or greater than 100. Thus, our
zone of rejection may be on either side of 100. Because our
level of significance is equal to .05 the combined probability of
scores in the zone of rejection must equal .05. Thus, the
probability of scores in the zone of rejection on both sides of
the mean must equal .025 + .025 = ,050.

Referring again to the table of area under the normal curve
we can find that the score or z value marking off this zone of
rejection will be 1.96 standard errors away from the mean on
either side. Thus, if a sample value falls either 1.96 standard
errors above the mean or 1.96 standard errors below the mean,

given that Hy is true, it will fall in the zone of rejection.
That is, if %he sample value falls into the zone of rejection the

probability of that actually occurring if the null hypothesis
were true is less than the level of significance, less than .05.

In this example, the standard error is equal to 1.0. Thus,
the zone of rejection equals all values below (100) - (1.96)
(1.0) = 98.04 and all values above 100 + (1.96) (1.0) = 101l.96.
All scores less than 98.04 or greater than 101.96 fall into the
zone of rejection.

We return now to the sample chosen. In this sample the mean
was 95. This value clearly falls into the zone of rejection.

The probability of this value occurring when Hy is true is less
than .05. In other words, we may reject the null hypothesis that

the population mean does not equal 100 with less than 5 chances
out of one hundred of being wrong.

Note that quite likely the probability of being able to
reject Hy in favor of H; is much lower than .05. In actual
practlce it is much more useful to give the actual level of the

probability of occurrence. As noted above, this is most useful
for replication. The computer generally prints the exact
probability. We can easily calculate the exact probability of an
event occurring simply by finding the z-value that corresponds to
the actual sample value on the sampling distribution that assumes
that Hg ls true. 1In this case

2 2 __.ft o (?f~/0ﬂ7/[‘é . "'5’/!_,_ .

X
Locating this z-value on Table 3-1 we see that the actual
probability of this value occurring is < 2 (.0001) = < .0002.
We had to multiply the proportion times 2 because our hypothesis
did not specify a zone of rejection on just one side of the mean,
but on both sides.

Sometimes a researcher may have reason to suspect that the
true population mean fell above or below a certain level. 1In
this case the researcher would use what is called a directional
alternative hypothesis instead of the non-directional hypothesis
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specified above. For instance, suppose in the example above the
hypotheses had been

Ho: M= 100 or = 100
Hy: M< 100

Again assume that a random sample was drawn, with'i = 95, s = 13,
n = 169. The theoretical sampling distribution assuming that Hg
is true is given below in Figure 3-10.

Figure 3-10

""’1/ .05

1~ /~ 98.355 p= 100

95 zone of
rejection

The zone of rejection in this case would fall only below the
mean. That is, we are only concerned with samples in this
sampling distribution with means less than 100. With a .05 level
of probability, this means that all means less than 1.645
standard errors below the hypothesized mean would fall into the
zone of rejection. 1In this distribution this corresponds to all
sample scores less than or equal to (100) - (1.645) (1.0) =
98.355. Thus, if a sample mean were be 98.355, or less, we could

reject Hgo: 4% 100 in favor of H :{LL < 100 at the .05 level of
significance. Note, however, tha% he exact probability of

getting the sample value of 95 when the null hypothesis is true
and the alternative hypothesis is true and the alternative
hypothesis is directional is <.0001.

This basic logic of testing hypotheses can be extended in
many ways. Always the format of the null and alternative or
research hypothesis is used. Also, the sampling distribution,

assuming that Hy is true is developed and the sample values are
compare againsg the "critical values" on that sampling

distribution. The critical value is the value on the sampling
distribution that denotes the start of the zone of rejection. It
is important to note that the nature of the alternative
hypothesis depends on the theory, what you as a researcher are
interested in. For instance, someone interested in the IQ scores
of college students would likely have as the research hypothesis
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that 4> 100. Note that the null hypothesis includes all values
of 100 and below. '

The theory of inferential statistics has been developed with
the assumption that the populations involved are infinitely
large. Sampling is usually done with replacement (that is once a
sample has been drawn it is replaced). 1In real sociological
research we will sometimes have samples that are relatively large
in relation to the population. As your sample approaches the
size of the population your sampling error and also your standard
error tend to go down. If you are involved in having to make
inferences in cases where the sample approaches the population
size you should consult a textbook for the rather simple
calculations involved in correcting the size of the standard
error. In essence, these calculations make it even easier to
reject the null hypothesis.

erences About Means with Sma Samples

In the discussion above it has been stressed that the
sampling distribution of the means is normally distributed when
samples are large, generally over 100 or so. What about smaller
samples?

It is possible to make inferences about means when you have
samples smaller than 100 using the same procedure as that
outlined above. The only difference is in the shape of the
sampling distribution. It assumes the shape of the
t-distribution. The t-distribution is similar to the normal
distribution in that it is symmetrical, unimodal, and infinite.
It, however, varies depending on what is called "degrees of
freedom." These correspond to the size of the samples being
studied. With very small samples the t-distribution, is much
broader and shorter than the normal distribution, but as the
degrees of freedom (or sample size) become larger the shape of
the t-distribution becomes more like the normal distribution
until with large samples they are identical.

When making inferences about means with small samples you
calculate the degrees of freedom by subtracting one from the
sample size (n-1). You can then look up the critical values for
the sampling distribution on the table summarizing these for the
t-distribution and use these critical values in your analysis.
We will examine the t-distribution in detail in a later section.

Inferences About Proportions

While, technically, inferences about proportions involve the
binomial distribution, rather than the normal distribution, they
can be seen as simply a special case of inferences about means
and use the normal distribution, as long as one has a relatively
large sample. The procedure one would use with the binominal
distribution is essentially the same as described here. 1In
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addition, the similarity to inferences regarding means holds
whether one is interested in confidence intervals or hypothesis
tests.

When one has a research problem which involves a proportion,
one essentially has a nominally measured variable which is a
dichotomy. For instance, if one is interested in the proportion
of people who support a ballot measure, one is interested in the
people who vote yes and the people who vote no. Suppose that one
arbitrarily assigns a score of 1 to those who would vote yes and
a score of 0 to those who would vote no. Suppose also that in a
sample of 625 people 325 indicated they would vote yes, while 300
indicated they would vote no. This means that /2% of the people
supported the measure. The computations for the mean and
standard deviation for this sample are shown below, using the
assigned scores.

Table 3-11
Example of Computation of Mean and Standard Deviation of

Proportions

Score

o O £X% x2 £X2

0 300 0 0 0

o 325 325 1 325 n=625

Total™ 625 325 325

X=/fX/n = 325/625 = .52

:/“’L g ZIPSE - 27 =
s = %%i -y = yzlul.__(whl)z = (). §& il

GALT
= .50

Note that the mean simply equals the proportion who voted yes,
which can be signified as p,;. The standard deviation simply
equals the square root of tﬁe product of the proportion who voted

yes (py) and the proportion who voted no (qy). Blalock provides
a proo¥ of this relationship: s5:: PW%“- ‘

Suppose that one wanted to estimate with 95% confidence the
proportion of voters in the population who would support the
given ballot measure. One could use the familiar formula for
estimating the 95% confidence interval around a mean. The
estimated standard error would be

Sp = s /yYAA = .50/25 = .02.

The associated sampling distribution is shown below in Figure 3-
12 .

Figure 3-12




The 95% confidence interval around the estimate of the population
proportion of .52 would be calculated as

P [.52 - (1.96)(.02) < P < .52 + (1.96)(.02)] = .95
= P [.52 - .04 <P < .52+ .04] = .95
= P [.48 < P < .56] = .95.

Thus, based on the data from this sample, we could be 95%
confident that between 48% and 56% of the people in the
population would vote yes on the ballot measure. Note that this
confidence interval crosses the 50% mark and thus we cannot be
95% confident that the measure would pass.

Suppose that we wanted to test a hypothesis regarding the

fate of the ballot measure and suppose that we suspected that it
probably would be supported. Our research hypothesis then would

b
S W P50

and our null hypothesis would be ,L/L, . ,0 f SO

The associated sampling distribution, assuming Ho is true is
shown in Figure 3-13.

Figure 3-13

Suppose that we decided to use a .05 level of significance. With
a one-tail test our critical value of z would be 1.645 and we
could compute our sample value of z with the familiar formula
where we subtract the hypothesized value of the proportion (or
mean) from our actual value and divide by the standard error.

£ -P P I i~ - P

2 = 5 =
P ~O2
Our resulting z value of 1.00 is far from falling in the zone of
rejection and we must fail to reject the null hypothesis. 1In
fact, consulting the table of the normal curve (Table 3-1) shows




us that we would actually be wrong 16 times out of 100 if we were
to reject the null hypothesis in favor of the alternative.

In general, all tests of hypotheses involve the basic steps
we have followed here. First one determines a null hypothesis,
then one determines an alternative or research hypothesis.
Third, one sketches the sampling distribution one would have if
the null hypothesis were true. Fourth, one determines the
probability level at which one wishes to reject the null
hypothesis and the associated critical value and zone of
rejection. Fifth, one computes the test statistic, here the z-
value, that corresponds to the sample value. Sixth, one compares
the sample test statistic with the critical value and decides
whether one should reject or fail to reject the null hypothesis.
Finally, one computes the actual probability of being wrong if
one were to reject the null hypothesis.
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IV. Statistics for Data Measured on an Ordinal
and Nominal Scale:
Chi-Square, and Measures of Association

Most of the statistics we will discuss in this class are
designed for variables measured on an interval level and for
variables that have a normal distribution within the population.
These are called parametric statistics. Sometimes, however, we
have data that are measured on less than an interval scale and/or
which are not normally distributed in the population. For these
data it is appropriate to use non-parametric or distribution free
statistics. Such statistics have weaker assumptions and
requirements than the parametric statistics and do not require
interval measurement or normal distributions.

Some cautions should be noted. The so-called distribution
free statistics are not always distribution free. For instance,
studies have found that the Mann Whitney U (a non-parametric
test) is more dependent, in some circumstances, on the shape of a
variable's distribution than the t-test (a parmetric test we
discuss in the next section). Also, although non-parametric
tests have weaker assumptions and requirements than their
parametric counterparts they also have less power. That is, when
using these tests there is a greater possibility of making a type
IT error (to be discussed in the next section). They are also
often less flexible and thus less useful, especially when dealing
with multivariate relationships. Thus, there is a trade-off. 1In
using non-parametric statistics one can relax assumptions, but
one can't do as much often in analyzing one's data, and chances
of type II errors may be higher.

Measurement is currently a central focus of researchers in
methodology, and the problems with non-parametric statistics are
one impetus to this research. We want to be better able to
measure variables that we believe can be measured eventually on
an interval scale. We want to come closer to tapping the true
dimensions of a variable. This is especially true when we are
measuring something that we believe probably can eventually be
measured on an interval scale, but we presently are only
measuring it with an ordinal scale. We want to try to get our
ordinal scale to more closely approximate the interval scale that
best represents the measure so we can use the more powerful
statistics designed for intervally measured variables.

Most people in the social sciences then treat ordinally
measured variables as if they were intervally measured, trying to
approximate the interval scale as much as possible. (One simple
way to do this or help do this is to retain as many points in the
scale as possible =-- e.g. by using a summated Likert scale rather
than one item answered in Likert fashion.) The non-parametric
techniques I discuss in this section are then most appropriate
for variables which can best be measured on a nominal level. If
data approach an interval scale I suggest using the more powerful



parametric statistics. I specifically caution against collapsing
intervally measured variables into a few categories and proceed
to analyze them as though® they were nominally measured. This
results in using statistics that are not the most powerful or
appropriate for the data. There is also a very real danger of
having different results depending on where you choose to
collapse the data (that is, where you make the cut-points for the
collapsing).

Given these cautions I proceed below to discuss two broad
areas of statistics appropriate for nominally and ordinally
measured data and extensions and elaborations of these
statistics. First, I discuss the chi-square distribution and
then measures of association for contingency tables. The former
is extremely important, not just for its use with nominally
measured variables, but also for its use with more advanced and
very important statistical techniques.

chi = Sqguare

The chi-square distribution is commonly used when we want to
test hypotheses regarding whether or not observed frequencies
differ from those we would expect by chance or by some
theoretical model. It can be used with univariate, bivariate,
and multivariate contingency tables, and examples of each of
these uses are discussed below. Just as with the t and F
distributions, which we discuss more later, the chi-square
distribution is really a family of distributions, the shape of
the curve depending on the number of degrees of freedom. In
fact, the mean of the distribution equals the degrees of freedom
and the variance equals twice the degrees of freedom. This
produces distributions for the lower degrees of freedom (1 and 2)
that are J-shaped curves, as shown in the diagram below. As the
degrees of freedom increase the curve becomes more skewed to the
right and gradually more symetrical.

S

76



It is important to note that in the cases we discuss below the
degrees of freedom are based on the number of frequencies
involved in the study (the number of categories being studied)
and not on the sample size. (The chi-square distribution is also
used to test hypotheses about a single variance and to put
confidence limits around variances and in those cases the degrees
of freedom are a function of sample size.)

There are a number of ways to estimate the value of
chi-square for a sample. For categorical data (which we will
only be concerned with in the following discussion) they involve
the difference between the frequencies expected in each category
and the actual observed frequencies. The expected frequencies
may be those that would be expected by chance or those that would
be expected if some kind of particular association or shape of
the distribution were true. This format is what makes the chi-
square distribution so useful in advanced statistics. One can
posit a certain type of model, even a very complex multivariate
model, and determine how data should look if that model were
true. This would determine your expected frequencies, and you
could then compare these expected frequencies to those which you
actually have with your data (your observed frequencies). The
most common formula used for the computation of chi-square is

fe = expected frequencies

iki" = f (fo - fe)2 where fo = observed frequencies
fe

iva te o ngle-Sample Tests =-- Sometimes a researcher
will have information about a particular group of subjects and
will be interested in the distribution of certain variables for
these subjects. Champion (1981) gives an example from Metz's
(1966) study of people who were opposed to the fluoridation of
water. Metz had information about their knowledge of the effects
of fluoridation and had categorized this knowledge as (1)
correct, (2) incorrect, and (3) uncertain. He wanted to know if
the people who were unfavorable toward fluoridation differed at
all in their knowledge about it. He thus proposed the following
hypotheses:

Ho: Persons who are unfavorable toward fluoridation will not
differ in their knowledge of the effects of fluoridation.

Hy: Persons who are unfavorable toward fluoridation will differ
in their knowledge of the effects of fluoridation.

Let us suppose that he set a .00l level of significance
(two-tailed test). Table 4-1 below gives the actual frequencies
observed by Metz. Table 4-2 gives the frequencies that would be
expected if the subjects did not differ in their knowledge (the
results assumed in the null hypothesis). Using the chi-square
formula given above we may estimate the chi-square value for this
sample. The computations follow the tables.



Table 4-1

Knowledge of fluoridation of subjects who were unfavorable
toward fluoridation (observed frequencies)

Correct Incorrect
Knowledge Knowledge Uncertain Total
n 121 40 31 192
% 63 21 16 100
Table42

Expected distribution of knowledge of fluoridation
for subject who were unfavorable

Correct Incorrect Uncertain Total
Knowledge Knowledge
n 64 64 64 192

% 33.3 3333 33.3 100

}{ Zr}fo-ﬁg)z = (121-64)2 + (40-64)2 + (31-64)2
64 64 64

572 + 242 + 332 = 3249 + 576 + 1089
64 64 64 64 64 64

50.766 + 9.000 + 17.016 = 76.782

To determine whether or not this sample value of chi-square
falls in the zone of rejection on the sampling distribution, we
must know which chi-square distribution to use -- that is, we
must determine the degrees of freedom. With this single sample
test we have used only one degree of freedom. Essentially we
could put numbers in all the cells except one, and then we would
be required to put a particular value in that last cell to have
our correct sample size. Our degrees of freedom in a simple
one-sample test such as this are egual then to k - 1, where k =
the number of categories. 1In this case our degrees of freedom
equal 3-1= 2.

We can then use a table of chi-square values such as that
shown in Table 4-3, as taken from Blalock's appendix. This table
gives the proportlon of area under the curve of the sampling
distribution, or the various possible levels of significance,
across the top of the table. The possible degrees of freedom are
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given down the left hand side. 1In the body of the table, at each
intersection of probability levels and degrees of freedom are the
actual chi-square values (the critical values) that correspond to
each probability level and degrees of freedom. For df = 2 and
the .001 level of significance it may be seen that the critical
value of chi-square is 13.815. Our sample chi-square value of
76.782 is much larger than 13.815 and thus we may reject the null
hypothesis with less than a .001 chance of being wrong in doing
so.

Note that at this point the researcher must return to the
actual data to determine how the observed frequencies differ from
those that would be expected. It may be seen that those opposed
to fluoridation much more often have correct knowledge and much
less often have either incorrect of uncertain knowledge. The
researcher would then discuss theoretical explanations for these
findings.

In the computations above we used a definitional formula for
chi-square. This formula involves numerous subtractions and
these repeated subtractions lead to rounding error. It is thus
suggested that when doing chi-square tests by hand that the
researcher should use a computing formula as follows:

Y- [fa]-

Blalock's text includes a proof that this computing formula is
equivalent to the definition. Below we repeat the computations
for the example given above using this computing formula.

7 S e
j[» = Cfgg2 - N= (121)2 + (40)2 + (31)2 - 192
fe 64 64 64

= 14641 + 1600 + 961 ~ 192

64 64 64

= 228.76 + 25 + 15.02 - 192 = 76.78

Clearly the chi-square test is easy to compute and easy to
interpret. It is thus widely used. Its major disadvantage is
that it is extremely sensitive to sample sizes. If sample sizes
are large the chi-square value can be easily inflated, even
though the actual distribution has not changed at all. You can
easily demonstrate this to yourself by simply doubling the values
in Tables 4-1 and 4-2 and recomputing the chi-square. The chi-
square value that you will get will be much larger, even though
the actual proportions remain the same. Similarly, if the sample
is so small that the expected frequencies in each category are
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small (usually five of less for any one cell), then the chi-
square values can be easily distorted and much higher than they
should be. Again, you may demonstrate this to yourself by trying
tests with artificial samples of varying size. In general, you
should avoid using chi-square tests with very small samples and
take results with large samples with a grain of salt. (You
should, in the bivariate case use the measures of association we
discuss below in conjuction with the chi-sguare also.) - Sometimes
it is possible to collapse various categories to raise the
expected cell frequency to exceed five. When this is done you
should make sure that the collapsed categories make theoretical
sense. If they do not have some theoretical justification then
your resulting chi-square will be meaningless.

The most important use of the single-sample or univariate
use of chi-square is in testing the hypothesis that a given
distribution assumes a particular shape. Oftentimes one would be
interested in testing the hypothesis that a sample comes from a
population with a normal distribution on the variable being
considered, fthat is, testing the null hypothesis that the
variable is normally distributed within the population.

Consider the data displayed in Table 4-4. These are the
cumulative grade point averages of seniors who graduated from two
high schools in a western city in 1978. Suppose we were
interested in testing the following hypotheses:

Ho: The variable of cumulative grades has a normal distribution
within the population.

Hy: The variable of cumulative grades is not normally
distributed within the population.

(Note that the population to which we are inferring here is
essentially a hypothetical one and for all practical purposes we
are testing the possibility that any deviations of the
distribution given from a normal one are only deviations that
occur by chance.)

We may use the chi-square distribution to test this
hypothesis. Our observed frequencies are those given in Table 4-
4, and our expected frequencies are those that would be expected
if the distribution were normally distributed. To determine
these expected frequencies we need our best estimates of the
population mean and standard deviation and these come from our
sample data:

X = 2.85, s = .59 (rounded to the nearest hundredth).

Now we may group our data into categories and, using Table 3-1,
the table of the normal curve, compute the proportion of area
that would be in each category if the data were normally
distributed. We can then use these expected proportions to
calculate the actual number of cases that would be expected in
each category, given that there is a sample size of 569. A chart
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Range (true
values)

<1.75
1.75-2.05
2.,08=2,35
2.35-2.65
2.65=-2.95
2.95=-3.25
3.25=-3.55
3.55-3.85
3.85

Totals

X"s fo2 = N = 585.9 = 569 = 16.9

fe

Z Corres-

ponding_tg
upper limit

-1.86
-1.36
-0.85
-0.34
+0.17
+0.68
+1.19
-+1.69

Table 4-4

w2l )

Ceon Vrnu

P. of Area
under curve

.5000-.4686=.0316
.4686-.4131=.0550
.4131-.3023=.1108
+3023-.1331=.1699
.1331+.0675=.2006
.2518-.0675=.,1843
.3830~,2518=.1312
.4585-,.3830=.0755
.5000~.4585=,0415

—

.001 < p[YJ’ = 16.9 dfgs] < .01

2+

164 1

75' -+

is

.06

fe

18.0
31.6
63.0
96.6
114.0
104.8
74.5
42.9

23.6
i

569

df = 9-3 = 6

fo

12
43
63
106
93
104
68
58
22

a—

569

82

fol/fe

8.0
58.5
63

116.3
75.9
103.2
62.1
78.4

20.5

585.9



that contains all of the relevant data, the computation of the
chi-square value, and the histograms of the expected and actual
frequencies are included in Table 4-4.

These computations are exactly like those discussed when we
studied the normal curve, and thus should be familiar to
students. For instance, the first category listed includes all
values less than 1.75. Given the mean of 2.85 and standard
deviation of .59, we can calculate that a score of 1.75 would
fall 1.86 standard deviations below the mean (z = 1.75-2.85/.59
= -1.86). The table of the normal curve (Table 3-1) indicates
that between the mean and 1.86 standard deviation units below the
mean there is .4686 of the area under the curve. Since .50 of
the total area is less than the mean, .50 - .4686 = .0316 of the
area should be below 1.75. In other words, if this distribution
were indeed a normal one, with a mean of 2.85 and a standard
deviation of .59, we would expect only .0316 of all the cases to
have scores lower than 1.75. Since there are 569 cases all
together in the sample, this would translate into 18 cases (.0316
X 569 = 18). In other words, we would expect 18 actual cases in
our sample of 569 to be in this interval if the distribution were
a normal one. This is our expected frequency if the null
hypothesis were true. In actuality, we can see that only 12
cases fell into this interval. That is, our observed frequency
was only 12.

Similar procedures are used for each interval. Students
should carefully work through the calculations for each interval
to ensure that they understand the procedure. To check that
computations are correct one should always add up the expected
proportion under the curve (it should equal 1.0) and the observed
and expected frequencies (they should both equal the sample
size).

Once the sample chi-square value is computed we need to
determine where this value falls on the sampling distribution
that is constructed assuming the null hypothesis is true. We
thus need to determine the degrees of freedom for our problem so
that we examine the correct sampling distribution. For:this
problem we have nine categories or nine total frequencies that we
are examining. To compute our expected frequencies we need to
compute a mean and a standard deviation, thus losing two degrees
of freedom. 1In placing frequencies in categories we may freely
choose all frequencies but one, thus losing one more degree of
freedom. All together then we lose 3 degrees of freedom from our
total of nine and have .9 - 3 = 6 degrees of freedom. We thus use
the sampling distribution of chi-square with 6 degrees of freedom
and compare our sample value with the critical values in that row
of the table for chi-square in Table 4-3. It may be seen that
our sample value of 16.9 falls between the critical values for a
.01 and .00l level of significance. Thus, we may reject our null
hypothesis that the grades are distributed normally in the
population and be wrong less than 1 time in 100, but more than 1
time in 1000 in doing so.
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Note that in this problem we usually want to fail to reject
the null hypothesis, that is, we hope that our distribution is a
normal one in the population. Thus, the conservative step here
is to use a large level of significance such as .10. With this
problem however, our exact probability of being wrong in
rejecting Hy is much less, in fact less than .0l.

Examining the frequency polygons of the actual and expected
frequencies can lend insight into the nature of the deviations of
the distribution. 1In our example, it may be seen that there is
no clear pattern in the deviations; it is not one tail or the
other that deviates, but a seemingly random pattern of
differences between the expected and observed frequencies except
for a flatter pattern in the observed frequencies around the
mean. One could suspect, then, that at least one source of the
high chi-square value in this case is the large sample size.

Bivariate Uses of Chi-Square -- Besides its use in these

single sample tests, chi-square is often used in determining if
frequencies in contingency tables differ from those that would be
expected by chance. In such a case the hypotheses are as
follows: '

Hy: Variable X and Variable Y are statistically independent
of each other

Hy: Variable X and Variable Y are not statistically
independent of each other.

Consider the following example of the relationship between the
race of workers and the type of job which they have. Each of
these variables will have only two categories in this example:
Race, white and black; Job, white collar and blue collar. The
actual observed fregquencies (hypothetical) are shown in Table 4-
5%

Table 4-5
Hypothetical Cross-Tabulation of Race and Occupation
Race:
White Black Total
White Collar 175 S 25 150
Type of
Job
Blue Collar 175 75 250
300 100 400



To compute the frequencies that we would expect by chance
(the situation when there is statistical independence) we need to
consider the marginal frequencies. Note that 150/400 = 3/8 of
all the subjects have white collar jobs. Note also that
300/400 = 3/4 of all the subjects are white. That means that if
the data within the contingency tables are arranged as would be
expected by chance 3/4 of the blue collar and 3/4 of the white
collar workers should be white. Similarly, 3/8 of the whites
should have white collar jobs and 3/8 of the blacks should have
white collar jobs. An easy way to compute these expected
frequencies for each cell is to multiple the two marginal
frequencies by each other and divide by the sample size. For
instance, the expected frequency for white, white-collar workers
is (300) (150)/400 = 112.5. The expected frequencies computed by
this logic are shown in Table 4-6.

Table 4-6
Expected frequencies for Hypothetical Cross-Tabulation of Race
and Occupation

Race:
White Black Total
White Collar 112.5 37.5 150
Type of
Job
Blue Collar 187.5 62.5 250
300 100 400

The chi-square value may now be computed in the typical
fashion by comparing the expected and observed frequencies; and

these computations are shown below. PO
‘y‘-lg Z{%z "’A/
fo fe fo2 fo2/fe
125 112.5 15625 138.89 = 408.89 - 400
25 37.5 625 16.67
175 187.5 30625 163.33 = 8.89
75 £2.5 5625 90.00
af =23 .
400 400 408.89 .01<P[ X "=8.89]<.001
df=1

To compare this sample chi-square value to that which would
occur if the null hypothesis were true it is necessary to
determine the degrees of freedom. Again the degrees of freedom
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are determined by looking at the number of free choices of
frequencies that are possible given the marginal frequencies. In
the bivariate case with two values in each variable it may be
seen that there is only one degree of freedom. If a value is
placed in the white race/white collar job category the values for
all the other cells are automatically determined. Similarly, if
a value is placed in the black race/white collar job category the
values for all the other cells are automatically determined.
Thus, for this example there is only one degree of freedom.

The sample value of chi-square of 8.89 may then be compared
to the values in the chi-square table in Table 4-3 for the row
with degrees of freedom equal to one. It may be seen that the
sample value of 8.89 falls between the critical values for a
level of significance of .01 and .00l1. Thus, we may reject the
null hypothesis that race and type of job are independent in
favor of the alternative that they are indeed statistically
dependent and be wrong in doing so less than 1 time out of 100
but more than 1 time out of 1000.

Chi-square may be used to examine frequencies in contingency
tablesthat are larger than 2x2 cells. In computing chi-square
with the larger tables the expected cell frequencies are still
computed by using the marginal values and getting frequencies in
each row and column that are proportional to the marginal
frequencies. As noted above, an easy way to compute these
expected frequencies for each cell is to multiply the row total
by the column total (that corresponds to the cell) and dividing
by the total n. 1In larger tables the degrees of freedom also
increase. 1In general the degrees of freedom equal (r-1) (c-1),
where r is the number of rows and c is the number of columns.

Chi-square retains its advantages and disadvantages in the
bivariate case. It becomes unreliable when the expected cell
frequencies are small, especially when they are less than 5: It
also is inflated when the sample size is large. Most
importantly, the chi-square value tells us nothing of the actual
shape of the distribution or the nature of the relationship
between the two variables that are being studied. Chi-square,
however, is easy to compute and is a favorite test of
significance when examining bivariate tables.

Multivariate Tables =-- In the last 10 to 15 years techniques
have been developed to use chi-square in analyzing multivariate
contingency tables. Blalock briefly refers to these techniques
in his text, although a complete treatment of the area requires a
knowledge of topics to be discussed later in this course. These
techniques are usually called log-linear models, or also
discussed in general terms of categorical models.

The general idea in these models is to develop expected or
hypothesized models for relationships among the variables being
studied, compute expected frequencies for each of these models,
and then compare the actual observed frequencies to those
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expected under each model. The researcher is generally
interested in finding the simplest model that can best account
for the relationships in the data. Thus, as with our work with
the test that a distribution is normally distributed, the idea
with the log-linear model is to fail to reject the null
hypothesis for the model that has the best fit. The researcher
looks for the lowest chi-square value in conjuction with the
simplest model to describe the data. It is then possible to
obtain parameters that describe the extent of various
relationships within the model. These parameters are based on
"odds-ratios" and the logarithms of these ratios. Many
extensions and variations of these methods are possible; they are
simply too complex and varied to pursue at this point. Suffice
it to say that if one is dealing with categorical data today, the
best type of analysis procedure to use is one of the log-linear’
type models. Most other analysis techniques are not accepted by
journals.

Chi-square is also used as a way to test the fit of
multivariate models developed through structural equations and
with proportional hazard techniques. The former involves an
intervally measured dependent variable and interval = independent
variables and can handle hypotheses regarding two-way causation
and panel data. The latter involves over-time data with a number
of data points. Again, with both of these techniques elaborate
multivariate theoretical models are developed, the frequencies
expected with these models are computed, and these expected
frequencies are compared with the actual frequencies using a chi-
square statistic.

Measures of Association -- Given this pitch for log-linear
analysis, it is still important to briefly mention the large
number of measures of association that have been developed for
non~pa{ﬁetric data. Such measures of association are often easy
to compute and handy to use when looking at data from field
research or doing exploratory or preliminary analyses. Blalock
and other texts give extensive discussions of many of these
measures.

A number of measures of association can be derived from the
chi-square value for a contingency table. These measures are
usually some function of chi-square and the sample size; however,
they lack easy interpretations and are not as useful as a family
of measures that have a "proportionate-reduction-of-error"
interpretation.

Here we will show the computations of only one measure of
association, lambda ( ) ), a measure appropriate for nominally
measured variables. There are many such measures, however, and
the text may be consulted for details on computations of others.

The general format of a measure with a PRE (proportionate-
reduction-of-error) interpretation is as follows:
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PRE = reduction in error with more information

original error

Essentially, the measure compares how much error is reduced once
we have more information (usually about an independent variable)
from our error that we had with only our original information
(usually about the dependent variable alone).

Lambda is an asymetric measure. That means that we need to
designate our dependent and independent variable and that the
value of lambda varies depending on which variable is called
dependent or independent.

In computing lambda we are essentially only concerned with
the categories of our variables. We are concerned with
predicting the category in which most people fall on our
dependent variable and the extent to which knowing about the
independent variable helps improve our predlction of the category
in which people fall in the dependent variable.

Consider the example in Table 4-7, taken from Loether and
McTavish, of the relationship between the marital status of the
head of household and the sex and parental status of the
household head. Let us say that the marital status is our
dependent variable. If we only know the marginal frequencies on
this variable we would predict that heads of households are
usually married, and we would be wrong in this prediction
64,372 - 45,501 = 18,871 times (the total n minus the number of
cases in the modal category). If, however, we know the sex and
parental status of the household head (the categories of the
independent variable) we can see that our prediction would
change. If the head is a male, either with or without children,
we would still predict married and we would be right 25,776 +
19,214 = 44,990 times. If the head is female and has children
under 18 we would predict divorced; if the head is female and
does not have children under 18 we would predict widowed. We
would be right here 1,135 + 6,457 = 7,592 times. Altogether,
with this knowledge of the 1ndependent variable we are right
44,990 + 7,592 = 52,582 times and wrong 64,372 - 52,582 = 11,790
tlmes. (The correct predictions we would make in the dependent
variable once we know the categories of the independent variable
are underlined in Table 4-7.)

Now, using our PRE format, we can see that we have reduced
our error from 18,871 to 11,790 or a reduction of 7,801 cases.
This is a reduction of 7,081/18,871 = .375 = lambda. Our
reduction in error in predlctlng categories of the dependent
variable once we know the independent variable is .375. This
measure is lambda. We have reduced our error in predicting
marital status by 38% once we know the type of household
involved.
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Table 4-7
Relationship of Type of Household and Marital Status of Household
Head

Type of Household
(sex of head and presence of children under 18)

Marital

Status Male Head Female Female

of Household Male Head no chil. Head no chil.

Head chil.<18 <18 chil.<18 <18 Totals
Married 25.776 19,214 313 198 45,501
Separated 79 502 998 425 2,004
Divorced 74 946 1:335 1,105 3,260
Widowed 181 1,199 942 6,457 8,779
Single 64 2,302 349 2,113 4,828
Totals 26,174 24,163 3,737 10,298 64,372

In general, values of lambda range from 0 to 1.00. A value
of 0 indicates that the independent variable does not help at all
in gaining knowledge of the dependent variable; a value of 1.0
indicates that perfect prediction of the dependent variable
occurs when the independent variable is known. The sampling
distribution of lambda is known and computer programs typically
give both the value of lambda and its associated level of
significance.

It is possible to compute both partial and multiple measures
of association such as lambda. The partial measure is simply a
weighted average of the measure within each category of the
control variable. The multiple measure is that obtained when all
the categories of the independent variable are combined, as could
be obtained in the above example if a variable such as race were
added and there were categories across the table for each
combination of the various attributes of the variables of race
and type of household.

In general, lambda is easy to compute and easy to interpret.
It, however, can be affected by uneven marginals and will go to
zero quickly with skewed marginals. There are many measures of
association available and these can easily and quickly be used in
exploratory work.
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V. Bivariate Inferential Statistics

In this section we examine statistical procedures that allow
us to make inferences about two variables. These involve the t-
distribution, mentioned briefly earlier. Thus, we first discuss
the nature of the t-distribution and give an example of its use
in testing a hypothesis about a single mean. Second, we extend
this work to examining differences between "dependent samples."
This involves either 1) the case where we want to infer from the
differences within a sample between scores on one variable and
scores on another variable (for example whether students have
higher math SAT or verbal SAT scores) to the population or 2) the
case where we want to examine the differences between related
groups (say brothers and sisters, husbands and wives, matched
pairs) on a particular variable (for example whether wives or
husbands contribute more hours per week to household chores) and
infer from the sample to the population. Third, we move to
examining differences in averages between two independent groups,
for instance, looking at whether men or women (unrelated to each
other) earn more money on the average when employed in full time
teaching positions at the University. We want to test the
hypothesis that there is no difference in these averages in the
population. Fourth, we briefly describe extensions of this work
for developing confidence intervals around differences between
means and mean differences. Fifth, we describe the computer
procedures that are used in dealing with the second and third
areas of inquiry. Then we describe a descriptive statistic that
can be used with tests of differences between means, and,
finally, we review the nature of inferential statistics and
provide cautions about their use.

The t=distribution

We noted briefly above that there are many different
sampling distributions. For instance, the chi-square
distribution is used in testing hypotheses about frequencies. F-
distributions are used to test hypotheses about variances. The
t-distribution is used to test hypotheses about means when sample
sizes are small. The t-distribution is used in single sample
tests such as those discussed above when the sample size is
around 125 or less and also in cases where the means from two
samples are compared. When the sample size is large (over 150)
the t-distribution approaches the shape of the normal
distribution and the normal distribution may be used.

There is not just one t-distribution, but a whole family of
distributions. The t-distribution is essentially flatter and
wider than the normal distribution, and as the n gets larger it
approaches the normal shape more and more. Because there are so
many different t-distributions, the table describing the t-
distribution does not give all the values (as Table 3-1 does for
the normal distribution). 1Instead, the table (Table 5-1) gives
the critical values (the values of t found at the edge of the
zone of rejection) for a number of levels of significance. This



is given for both the case when the alternative hypothesis is
two-tailed (no direction given) and when it is one-tailed
(directional). These values then can also be used for confidence
intervals.

The formula used to calculate the t-value for any value
along the distribution is directly analogous to the computation
of the z-score.

t = (X - p)/Sx where sz = S i s = T (x-x)2 (5-1)
o n-1
What this formula does is to locate the sample value along the
sampling distribution. It tells us how far the sample value is
from the estimated or hypothesized mean of the sampling
distribution, which is shaped like a t-distribution.

A simple example can illustrate this. Say we had the
following hypotheses:

Hot f = 40; Hy: U< 40; s =|/(Xx-X)%/n-1 = 5; n = 25; X = 38;

sy = 5//25 = 5/5 = 1.0.
Say we had chosen a significance level of .05.

We turn now to the t-distribution in Table 5-1. To read
this table you need to understand the nature of degrees of
freedom. Degrees of freedom are related to the size of the
sample. In one sample tests, such as this, the degrees of
freedom simply equal n-l1. Degrees of freedom come from the
number of free guesses one has in determining the value being
examined. 1In this case that value is the mean. In choosing
sample values for a particular mean we can choose values randomly
for all the cases except one. To make the mean correct, or equal
to a particular value, we must set one score equal to some
specific number. Thus, we lose one degree of freedom. Here, our
df = n=-1 = 25-1 = 24.

Now, reading Table 5-1, for a one-tailed test (from our
directional hypothesis), for 24 degrees of freedom, for a .05
level of significance, the critical value is 1.711 for us to
reject the null hypothesis in favor of the alternative thaté“=
is less than 40. Because the alternative hypothesis is worded so
that the expected population mean is less than that in the null
hypothesis, our t-value will also need to be negative.

To compute t we simply substitute in the formula that is so
similar to the formula for z-scores. t = (X-w)/sc7 = CEyuﬂU//:—zxz
In other words, along the t-distribution, as shown below, our
sample value falls at two standard errors below the hypothesized
mean in the null hypothesis. This is indeed in the zone of
rejection and we can reject the null hypothesis in favor of the
alternative at the .05 level of significance. By examining Table
5-1 we see that this t-value is not large enough to reject the
null hypothesis at the .025 level of significance. Therefore,

the probability of being wrong in rejecting Ho is less than .05,
but greater than .025. )
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T-Tests with Matched or Dependent Samples

Sometimes you will want to compare scores on two variables,
but the samples will not be independent of each other. Perhaps
you have scores on two tests for the same people, say verbal and
math scores for boys, and you want to compare their performance
on the same subject. Or suppose you had information from
brothers and sisters on the same variable and you wanted to
compare their responses. In each of these cases the samples are
not independent. The brothers and sisters grew up in the same
family, they are related to each other. Obviously the same
people took the verbal and math tests. In other instances,
researchers may specifically try to match respondents on socio-
economic or demographic characteristics. All of these are
examples of matched or related samples.

When we want to compare the scores on two variables in cases
such as this our procedure is a simple extension of the one-
sample tests discussed above. This is because, in essence, we
are dealing with one sample. Instead, however, of using the
actual scores we use difference scores. For instance, suppose we
were interested in boys' scores on math and verbal tests. If the
tests were standardized in some way so that the scores were
directly comparable (say on a base of 100) then we could look at
the difference of each boy's math and verbal scores. We would
then be interested in the average of these differences (the mean
difference).

our null hypothesis Hy would be Hy ‘M0 20 )
and our alternative hypothesis could be H1 >#“o >0 [YO"X“f'XV



We chose a directional hypothesis here because some earlier work
has suggested that boys have more success with mathematical than
with verbal problems. Based on information from the sample we
can estimate the sampling distribution that would occur if the
null hypothesis were true, then compare the data for our sample
with this sampling distribution and carry through the
implications. The logic here is identical to that used in the
other tests of hypothesis. An example illustrates this.

Figure 5-2
(M=V)

Boy Math Score Verbal Score Difference (Difference)2
A 91 89 2 =
B 85 80 L 25
c 91 95 -4 26 U
D 97 98 -1 :
E 73 70 3 9
F T2 b & L 1
G o 68 3 S
H 76 18 & 16
& 15 74 & 1
J 97 95 2 &
K 84 80 4 _l6

20 102

Xp = JL(M=V)/N = 20/11 = 1.82

D= 5 (x5=Xp)2 = [fxu? - xD’Z N = 102 ~ f20)% |11
n-1 N N/ N-1 11 11 10

=V9.27 - 3.31 |1.10 = [(5.96) |/ 1.10 = (2.44)(1.05) = 2+56
280

Theoretical sampling

distribution assuming
Ho is true

df = n-1 = 11-1 = 10




In this case our degrees of freedom = n-1 (there is only one
mean to compute so we only lose one degree of freedom) and n-l1 =
1l1-1 = 10. If we want a .01 level of significance, we can see by
looking at the t-distribution table (5-1) that the critical value
will be a 2.764. Now, given our standard error (/,77) and sample
mean difference (1.82) we can compute the t-value for our sample:

- i
t =X -M=1.82 -0 _ 5 . 3& (5=2)
S%, ST e ,

This value is not high enough to reject the null hypothesis at
the .01 level of significance. However, we can see in the table
that it is large enough to reject the null hypothesis in favor of
the alternative at the .025 level of significance. 1In other
words, we can reject the null hypothesis that boys will do
equally well in math and verbal tests in favor of the hypothesis
that they will do better in math tests and be wrong less than 2.5
times out of one hundred but wrong more than one time out of one
hundred. The researcher would then discuss the substantive and
theoretical reasons that would support and explain this
conclusion.

Another short example can illustrate this procedure.
Suppose that we had asked a group of young women to respond to
the following statement: "My father is concerned that I make
moral decisions," and the subjects indicated the extent to which
they believed that statement was true on a Likert-type scale
varying from one to four. The question was alsc repeated for the
same subjects with respect to their mothers. Figure 5-3 shows
the results for a set of 12 subjects. Suppose we wanted to test
the possibility that the subjects saw their fathers as being more
concerned about their behavior than their mothers were. We would
then have the following hypothesis:

Hg = /ﬂé = 0 where Xp = X Fa - XZmo
Hl“/‘b>°

The sampling distribution that would occur if Hy were true is
also shown in Figure 5-3. The estimate of the standard error is
computed from the sample information. In this case df = n-1 =
12-1 = 11. TFor a .05 level of significance for our directional
hypothesis, the critical value of t equals 1.796. The
computation of the t-value for this sample is also shown in
Figure 5-3. Here t = .89. This does not fall in the zocne of
rejection and we cannot reject the null hypothesis in favor of
the alternative, even at the .10 level of significance. On the
basis of this sample we cannot conclude that young women rate
their mothers and fathers differently in their concerns about
their daughters' behavior.



Figure 5-3

Xo
Fa-Mo
Person Father Score Mother Score Difference (Difference)2
A i) 2 1 1
B 1 2 -1 : 8
c 2 2 0 0
D 3 2 1 d
E 3 i 2 4
F 4 3 3 1
G 4 2 2 4
H 4 3 1 2 4
T 2 4 -2 4
J 2 3 -1 1
K 1 3 -2 4
L 4 1l e _9
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It is important to carefully watch for situations when you
have related samples rather than independent samples. This often
occurs when researchers try to match subjects on various
variables or when you are concerned with variables regarding
related items. Note that when matching is involved problems
often occur in deciding to what population the results may be
generalized. Computer programs usually automatically take into
account if matched samples are involved simply from the way data
must be fed in. This, however, does not always occur. In any
case the researcher should always think carefully about the
nature of the sample and problems inveolved in planning the
analysis.

o=S e sts: ences of Mea

Quite often a researcher will have two independent samples
and will want to compare the average scores of people in these
two samples on some variable. For instance, you might want to
compare the average income of blacks and whites or the average
occupational prestige of men and women workers. The t=-
distribution is used in testing hypotheses in situations such as
this.

Let us briefly review the logic inveolved in the two
techniques of inference before moving on. In developing
confidence intervals one uses the sample values as the best
estimate of the population parameters and then uses this
information to develop a range of values in which the population
parameters likely fall. How likely it is that they will fall in
this range may be specified by the researcher. In hypothesis
testing, the null hypothesis is usually the hypothesis of no
difference. The researcher assumes that the null hypothesis is
true and then follows out the implications of what would happen
if that were so by looking at information from the sample. In
both techniques the sampling distribution is the basis of the
logic and conclusions. The standard error is the standard
deviation of the sampling distribution and is estimated from
information about the standard deviation and size of the sample.
In general, as sample sizes get larger and standard deviations
get smaller, the standard error gets smaller and confidence
intervals beccme smaller and the null hypothesis is easier to
reject.

Even though it does not make strict sense to use levels of
significance when talking about total populations, Blalock notes
that they are sometimes used to determine the probability that
some event would occur by chance. In other words, we find out
what the probability is that the findings are chance ones within
some hypothetical larger population.



Suppose you were interested in the math ability of eight
year old males and females. Your null hypothesis is that the
males and females are equal in ability.

The alternative or research hypothesis (based on your earlier

study in the area) was that the males would do better than the
females.

Hy: //Cm %ykf or /“-m -//Lf > 0

To test this hypothesis we need a sampling distribution of
the difference between the means, ##» -/f.g . This sampling
distribution is known and in fact it is the t-distribution. We
must assume that both the sample of males and the sample of
females have been chosen from their respective populations
randomly and that they are not related to each other (e.g.,
aren't brothers and sisters, or don't sit next to each other in
some matched way.) This sampling distribution is the theoretical
distribution of all the differences in means that would be
computed by drawing successive samples of males and females,
computing the differences between the means, and plotting them.
The mean of this sampling distribution will be

/("'Au, "‘/““F

and the standard error will be 2~ z
é/Ei;' & € o T
Moe., o X~ XE

Note that this standard error for the difference between the

means is simply the square root of the sum of the individual
standard errors for each mean.

Although with small samples the theory behind the
development requires that the populations from which the samples
are drawn be normally distributed on the characteristic tested,
this requirement lessens as the sample sizes get larger. Also,
as the sample sizes get larger, the t-distribution approaches the
shape of the normal distribution. It is important that both of
the samples be randomly selected, so that the inferences will be
correct. It is also important that the samples be independent of
each other, so that people in one group are not related in some
way to specific individuals in the other group.

Note that the standard error of the sampling distribution of

differences between the means €3, _y, is larger than either
€7, Or Gz. . This occurs simply because the chances of sampling

error are larger when two samples are involved. The standard
error reflects this chance of error occurring.

10



Just as with the single sample tests, we rarely will know
the population values of the variance, @ p or ¢ gy. Thus, we must
get estimates of SFe , GG apedd &y - . There are two possible
ways of getting this estimate. ~“%**F

The two ways of getting the estimate of the standard error
of the difference between the means depend on whether or not we
can assume that the two groups being compared have equal
variances on the dependent variable. In our particular example,
we want to know if the variance of math scores is the same for
the males as for the females. To examine this, we look at the
ratio of one variance to the other, always placing the %1 - . Smaller
variance in the denominator. If this ratio is substantially
greater than one, we would suspect that the two variances are not
equal. If, however, the ratio is close to one we are relatively
safe in concluding that the two variances are equal. In fact,
the ratio of the variances is a particular statistic called the
F=-ratio, which has its own sampling distribution (or family of
sampling distributions depending on the sizes of samples
involved). For this particular level of statistics when doing
hand computations it will be sufficient to simply inspect the
ratio visually. When using computer output the exact F ratio is
given along with a probability level that indicates our chances
of error in rejecting a null hypothesis that the two variances
are equal.

If we can assume that the variances are equal we may use
what is called the "pooled variance estimate" of the standard
error of the difference between the means. This is computed by
the relatively complex procedure described below.

If we assume that the variance of the two samples are equal:
5—4}:5;?“:0’—2'

In this case & o
% o LA, Vo e
0 kg Bi Mg Pa A T N, s
= A + N
e S
and we need only estimate o AmnNE

11



We can do this by what is called a "pooled variance" estimate.
This is a weighted average of the sample variances. Defining

A D Y= 2
it éx""i) =5 e, SWT lnecl) F SR -/)
i
Nuc T A =

/?w‘ Pac= i)t $% tnp 1)
5z

Yot Wy =2

ny +npy = 2 is the degrees of freedom associated with‘il ™ i}. In
this case we lose two degrees of freedom because two means are
involved.

We now substitute this value back into the formula for the
standard error. The first term is the pooled estimate of the
population's standard deviation. The second term is the factor
needed to make the standard error.

PSR W B ; i 1 7‘”[
S2g. | e Ml rnE 1) () B ¢s-3)
=

If we cannot assume that the two samples come from
populations with equal variances we cannot simplify and use the
pooled estimate as above. Here it is necessary to estimate

separately. The familiar formulas are used

2- '3" { = pA b 2.
Ig lefe e ¥z + Sa w. F S m + g
” Ry Tt K R g Mse il :
7 [RRR | ng e (5-4)

This estimate is usually larger than the estimate when we assume
that the population variances are equal. It is slightly less
efficient and more subject to sampling error.

Now back to an actual example: We hypothesized earlier that
with a group of eight year old students a sample of males would
score higher on a test of mathematical ability than a sample of
females. This was our substantive (or research or alternative)
hypothesis. Our null hypothesis was that they would score
equally well.

Ho: fm = AFp=0
Hl‘/um"/*—F>0

12



Suppose that we had selected two independent random samples
of males and females, gave them a test of mathematical ability
and got the following results:

Xpm = 76. 5 Xe = 75.0
sy = 105.0 s?3 = 120 where s2 = /(x-X)2/n-1
np = 100 ng = 100

From this information we can get an estimate of the standard
error of the sampling distribution of the difference between the
mean scores of males and females and then draw the estimated
sampling distribution when we assume that Hy is true.

To decide which estimate of the standard error to use we
must first examine the ratio of the two variances:

s2,/8%; = 120/105 = 1.14
This is enough larger than 1.00 to raise some doubt in our minds
as to whether the variances are truly equal, so we will take the

more conservative step of using the separate variance estimate of
the standard error of the differences of the means.

This estimate is ))JA & La
u. 1”

and the theoretical sampling distribution of the difference e
between means of the two samples if we assume that Hy is true as
shown in Figure 5-4.
Figure 5-4
Theoretical sampling distribution of the difference

between the means of the two samples
assuming that Hy is true.
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Suppose we choose a level of significance of .05 (saying
that it is okay with us if we are wrong in rejecting Ho in favor
of Hy 5 or less times out of one hundred). We know that we have
a one-tailed or directional alternative hypothesis, and we know
that our degrees of freedom equal np + ng = 2 = 200 =2 = 198,

We can look at Table 5-1 and see that the zone of rejection
begins when the t-score for our samples is greater than 1.645.
That is, the critical value of t is 1.645. If the difference in
the two means in our sample is more than 1.645 standard t-scores
from the hypothesized mean of zero, these results would occur
only 5 or less times out of a hundred and we can feel that
confident in rejecting the null hypothesis in favor of the
alternative that males scored higher than females. Note here how
important it is to keep the order of the variables involved
straight.

Now, how do we find the t-value for our sample? Remember
that £t is defined as (X ~€PL)/sf where /« is the mean of the
sampling distribution thaf is being used and X is the sample mean
value, and Sx is the estimated standard error of the sampling
distribution. = .- '

¢ Lk =X = (pi-pr )]/ S5 (5-5)

where (X; - X») is the sample value, (/“y = A2) = 0 is the mean
of the sampling distribution and Sp. -1 is the estimated standard
error. v

Therefore

t = (%1 - X2)/ Sz1 - X2 (5-6)

when Hq is //LL, :;5“23’69

In this case /. (fm'f;)’ﬁ“%’/u’) (74.5-7707 /4 /D

T —

L& L8

5%, “K~

This value does not fall into the zone of rejection. We must
fail to reject the null hypothesis in favor of the alternative
hypothesis. The researcher would then try to explain why these
results occurred. Actually, in this case the result supports
earlier studies where differences in math ability in boys and
girls usually do not appear until around adolescence. In fact,
the most recent studies indicate that gender differences in math
achievement are virtually non-existent, even at adolescence.

14



Because our samples are large, the degrees of freedom here
equal ny + ng = 2 = (100 + 100) - 2 = 198. When the degrees of
freedoms are so large the t-distribution is the same as the
normal distribution. We can then use the table of values on the
normal curve to find what the actual probability of being wrong
in rejecting Hy in favor of H; would be. When we examine this
table we see that with 2z = 1.00, the proportion of area under the
curve from the mean to that point is .3413. This means that
beyond that point there is .1587 of the area. This tells us that
if we had rejected Hy in favor of H; we would likely be wrong
about 16 times out of 100 in deing so.

If our sample sizes had been gquite small or if the samples
had been quite different in size and we had to reject the
hypothesis that the variances were equal our estimate of the
degrees of freedom by the formula n; + ny = 2 = df may be too
large.

There is a formula that should be used to estimate the
degrees of freedom in this case. The SPSS computer program
automatically uses this formula, and it is included in Blalock's
text. : :

Let's do one more example. In this case suppose we had
asked young males and females to respond on a survey to the
following item which had a Likert-type scale as the possible
response: "When I was in high school above all my father wanted
me to be happy." We called group one the females and we called
the males group 2. Based on our earlier understandings of
father-daughter and father-son relationships we expected that
daughters would see their fathers as wanting them to be happy
more than the sons would. The young men and women were not
related to each other so we could assume that the two samples
were independent. Our two hypotheses then were

HQ://«ﬁ ;%A“l 0 higher scores means greater

wanting of happiness
A/i -‘/L&, 7’“2 >0

and our data from our sample were

Group 1, females Group 2, males

X = 3.2 X = 2.5

s =1.1 $'=1.21 s =1.1 S'=1.21
n = 65 m = 60

15



Because the two standard deviations were identical, there
was no reason to assume that the population variances were
unequal and we can use the pooled variance estimate of the
standard error of the sampling distribution. This estimated
standard error is computed below.

/5,»5,7,-,/ dh g -t) JEtE
= 71 s

= [@1—)(64) ol i g;)(gg) V 65+60 ﬂ?'r‘/vf]/ -39 V
65 + 60 - 2 (65x60) F920

- (1.21 % 17)'= .22

37, .%

In this case our degrees of freedom = 123 = nj; + ny - 2. We
lose two degrees of freedom here because there are two means
involved, not just one. If we choose a .05 level of significance
and since we have a one-tailed or directional hypothesis, we can
look at Table 5-1 and see that the critical value of t, the value
that marks the zone of rejection is 1.658. (We use 120 degrees
of freedom since it is the closest smaller degrees of freedom in
the table. We generally take the smaller df to have a more
conservative decision.) Figure 5-5 shows the sampling
distribution that we would have assuming that the null hypothesis
is true.

Figure 5-5
Sampling distribution assuming Hy is true, df = 123

zone A

rﬁ‘)'e-r)é '97’L

P 4 § ek €= 4478
“(“J"?’/f' ‘€z 4 33

Now we must see where the value for our sample lies. We
have an estimate of the standard error of the sampling
distribution (.21) and we can use this in computing the t-value.

- O R -t 7«;)]/:;_;1_ :@,,z,i/f)'a, 42 iy

- -
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It is obvious that the t-value for our sample falls well
within the zone of rejection. In fact, we can compare this value
to the t-values for df = 120 in the Table 5-1 and see that the
probability of getting a t-value of this size if Hy were really
true is less than .005 but not as small as .0005 (.0005 < p <
» 005) ,

ensions of t t=-test

The elements which are computed in a t-test allow one to
also place confidence intervals around the difference between the
means or the average difference. The procedure is simply
analagous to that used with a single sample estimate. For a
confidence interval around the difference between two means, you
use the difference between the two sample means as your best
estimate of the difference between the population means and the
standard error of the difference of the means as your estimate of
the standard error. For a confidence interval around the mean
difference, you use the mean difference as the estimate of the
population mean difference and the standard error of the average
difference as the estimate of the standard error. You can then
use these elements as the basis of your estimated sampling
distribution for the difference between the means. This is
shaped like the t-distribution when you have small degrees of
freedom and like the normal distribution when the degrees of
freedom are sufficiently large (greater than 120 or so).

To illustrate this process I will use data from the examples
given above. The first example used in illustrating a test of
the hypothesis that the average difference between two related
scores equals zero involved boys' scores on math and verbal
tests. The calculations given there showed that there was an
average difference of 1.82 and a standard error of the mean
difference of .77. Given the sample size of 11, the degrees of
freedom equal 10. We may use this mean of 1.82 as our best
estimate of the population mean and the mean of the sampling
distribution of the average differences. The table of the t-
distribution indicates that the t-value which corresponds to the
.05 level for a two-tail test of significance and 10 degrees of
freedom is 2.228. This means that 95% of the area in the t-
distribution for 10 degrees of freedom lies between 2.228
standard errors below the mean and 2.228 standard errors above
the mean. Thus, to encompass 95% of our estimates of the average
difference, we need to go 2.228 standard errors below 1.82 and
2.228 standard errors above 1.82. The estimated sampling
distribution is shown below.

Figure 5-6
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To compute the 95% confidence interval around the average
difference we would need the following simple calculations:

P {1.B2 = (3.22B)(.77) < /jsz < 1.82 + (2.3228)(.77)] -

P [1.82 = 1.72 < /V-o < 1,82 4% 1.78] =" #357
P [.10 < /‘4-0 < 3.8 .74

We can be 95% confident that in the population the average
difference between the boys' math and verbal scores falls between
.10 and 3.54.

The t-table indicates that for 10 degrees of freedom 99% of
the cases would fall between 3.169 standard errors above the mean
and 3.169 standard errors below the mean. With this knowledge
one can compute the 99% confidence interval around the average
difference as below.

P [1.82 - (3.169) (.77) </‘*o < 1.82 + (3.169)(.77)] = .97

P [1.82 - 2.44 < L < 1.82 + 2.44] = i

P [=.62 < /;LO < 4.26)]

Thus, we can be 99 percent confident that in the population the
average difference between the boys' verbal and math scores mean
score of the boys and the mean score of the girls falls between

~.62 and 4.26. Note that while the 95% confidence interval does
not include zero, the 99% confidence interval does. This
corresponds to our decision to reject the null hypothesis at the
.05 level, but not at the .0l level with a two-tail test.

This logic can be extended to placing confidence intervals
around differences between means. The first example of testing
the null hypothesis regarding differences between two means
involved examining the differences in math scores of 8 year old
boys and girls. The average score for the boys was 76.5 and the
mean for the girls was 75.0. The estimate of the standard error
of the difference between the means was 1.5, and the degrees of
freedom were 198, sufficiently large to use the normal curve
table rather than the t-table. ‘

We can use the difference between the sample means of 76.5-
75.0=1.5 as our best estimate of the difference between the means
of the two populations. Because we can use the normal curve
table as our guide, we know that to encompass 95% of the
estimated values of the difference between these two means we
need to go 1.96 standard errors above the estimated difference of
the population means (1.5) and 1.96 standard errors below this
estimated difference. The estimated sampling distribution used
to compute the confidence interval is shown below.

18



Figure 5-7
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To calculate the 95% confidence interval around the difference
between these two means we would have

P [1.5 = (1.96)(1.5) < L - Mo < 1.5 + (1.96) (1.5)] = S
P [1.5 - 2.9 </~; '/u_z, < 1.5 + 2.9] = T
P [-1.4 < -0 < 4.4] a8

The 99% confidence interval around the differences between
these means would be calculated as below.

P [1.5 - (2.58)(1.5) </u., —/l~:. < 1.5 + (2.58) (1.5)] =, 99
P [1.5 = 3.9 < s, —ftu < 1.5+ 3.9] =, 79

P [~2.4 < j " Mn < 5.4) .99

Thus, we can be 95 percent confident that in the population the
difference between the mean score of the boys and the mean score
of the girls falls between -1.4 and +4.4 and 99% confident that
it falls between -2.4 and +5.4. Note that this confidence
interval includes zero, thus corresponding to our decision to
fail to reject the null hypothesis that/4-x= 0 at either the .05
or .01 level of significance in favor of a two-tail alternative.

It should also be noted that testing hypotheses about the
differences between proportions is a special case of the
difference between the means. This situation often occurs when
you are dealing with dichotomies, as in investigations of voting
preferences.

The ccmputer will automatically treat dichotomies as a
special extension of t-tests. When, however, you are doing hand
computations you will want to think through the logic and make
sure your formulas are correct. You would use the estimate of
the standard deviation to get an estimate of the standard error
of the sampling distribution and proceed to test the hypotheses
as in the case with an intervally measured dependent variable.
Confidence intervals can also be computed.
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All of this logic can also be extended to more complex cases
such as looking at "differences of differences of means,"
"differences of mean differences," etc.

Examples with Computer Output
atm et

Fortunately, computers now can do.all the work that we have
done by hand in the examples above. For a given problem the
computer will compute the sample t-value, the degrees of freedom,
and the exact probability of being wrong in rejecting the null
hypothesis. It will also give other relevant information such as
the mean or average difference scores (when dealing with
dependent samples) or the mean of each sub-group (when dealing
with independent samples).

With SPSS you use the T-TEST procedure. The examples below
involve data on achievement test scores for high school students
in a western Oregon school district. Assume that they are
randomly selected. Suppose you were interested in the difference
between the composite achievement scores and the reading and
language arts scores of the students and suppose also that you
wished to examine this difference for male students and for
female students respectively. Suppose VARO5 is the variable
number for sex, with 1 the code for males and 2 the code for
females. VAR15 is the eleventh grade composite achievement test
score, VAR16 is the eleventh grade reading achievement score, and
VAR17 is the eleventh grade language arts achievement test score.

Further, suppose on the basis of your understanding of the
literature that you theorized that the females would have higher
reading and language arts achievement test scores than composite
test scores. You theorized that the males would probably have
reading and language arts test scores that would be about equal
to their composite test scores. You would expect then to be able
to reject the null hypothesis in favor of the alternative
hypotheses for females but to fail to reject the null hypotheses
for males. These hypotheses and related theoretical sampling
distributions are given below, and a copy of the computer output
is on a subsequent page.

For females:
L,
Ho=/ VAR1S = VARle = 0 Ho=/h"VAR15 = var17 =0
H1=/L‘ VAR15 - VAR1e < O Hl=/L“‘VAR15 - vAR17 €O

ot Q'F ’ \

'.cc'/'
m\) M\J = { \\_/
= * |




For males:

Ho! /’vams -~ VARl = O Hot /'LVAR15 = VAR17 = O
Hy: /u’VARJ.s - vaRle # O H1=/L"VAR15 - var17 F O
T
|
I
1&4 g " Zone O'F\
rejediony : N TRfectlion
/‘“/V?/}/! 1 AT

F

Reading across the output you are first told the variables
that are involved in the particular comparison, both by variable
name and by label. For the first example they are VAR15 and
VAR16, the composite score and the reading score. You are then
told the number of subjects or cases involved, 260 for the first
example. The mean or average, standard deviation, and standard
error for each individual variable are then given. Then,
separated by a row of astericks, you are given the mean
difference, the average of the differences between the two scores
that are being compared. For the first case, the comparison of
composite and reading scores for men, this average difference is
-2.95, indicating that on the average the men have lower
composite scores than reading scores. The standard deviation of
this difference is also given, and the standard error (the
standard deviation divided by the square root of the sample
size). For current purposes ignore the information given in the
next two columns and skip over to the last three columns. These
give the sample t-value, the degrees of freedom, and the
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*SELECT IF (VAROS EqQ 2)

T-TEST PAIRS = VAR 15 WITH VAR16, VAR1S WITH VAR1?7

The following output was obtained for males

Degrees of 2-tail

Varfable Number Standard Standard * (Difference) Standard Standard * 2- Tail *.T Freedom Prob.
of cases Mean Devfation Error * Mean Deviation Error * Corr. Prob. * Value
= * : &
VARLS 11th Ited Composite 29.103 1.805 & * A
46.3038
: & & *
260 49.2538  27.741 1.720 % -2.9500 12.112 0.751 * 0.910 0.000 * -3.93 259  0.000
VARL6 11th Ited Reading
VARLS 11th Ited Composite
46.3038 29.103 1.805 L * b 259 0.000
260 9.8885 14.066 0.872 * 0.876. 0.000 * 11.34 v

36.4154 26.685 1.655 *
VAR 17 11th Ited Langarts

and for females

varl5 11th Ited Composite i 3
i S TR VO R 10.219  0.645  * 0.918 0.000 * -4.93 £4: 20008
54.9522  24.836 1.568
YARLG 11th Ited Reading
i et B : ,
by 17 1470 Leos s e ikt ke | & gl st o o 250 0.000

48,4701 26.509 1.673 *

VARL? 11th Ited Langarts

e o— ——



probability of being wrong in rejecting the null hypothesis. The
sample t-value is simply computed with standard formula
t =X f/L/Sx where/b.is hypothesized to be zero. Here

t“-2-95/0-75 = —3.93|

Our degrees of freedom equal n-1 = 260 -1 = 259, and the
probability of being wrong is less than .00l (the computer will
usually not print more than three decimal pecints). Note that
this is a two-tailed probability. If we have a one-tail
alternative hypothesis (as with the hypotheses for the females)
we will need to divide this probability by two). Note that we
must reject the null hypothesis that the males have equal reading
and composite scores in the population in favor of the
alternative hypothesis that they are unequal and be wrong in
doing so less than 1 time out of a thousand. This is contrary to
what we had theoretically expected.

Students may follow this procedure by examining the results
for the comparison of the composite and language arts scores for
males and should reach the conclusion that they must reject the
null hypothesis in favor of the alternative and be wrong less
than one time out of 1000. The average difference here is 9.89,
indicating that the males tend to have higher composite scores
than language arts scores and that this difference probably
occurs within the population.

With the females and the difference of composite and reading
scores we may reject the null hypothesis in favor of the
alternative hypothesis and be wrong less than .0005 times in
doing so. With the difference of the composite and language arts
scores we may not reject the null hypothesis in favor of the
alternative. Students should be able to elaborate on these
conclusions and understand why they were reached.

The examples above involved dependent samples. The computer
also examines independent samples. Suppose you were interested
in comparing the average scores of male and female students and
you suspected that the males and females would have equal
composite scores, but that in the population the females would
have higher language arts achievement scores and the males would
have higher math achievement scores. Given the hypotheses listed
below (and subtracting the scores of females from those of males)
you would expect to fail to reject the null hypothesis regarding
composite scores but expect to reject the null hypotheses
regarding the language arts and mathematics scores. A copy of
the printout is given on the following page.

At the top of the printout it is noted that group one is the
code 1, males: group two is the code 2, females. Then the
results for each hypothesis are listed: those for the composite
scores, then those for the language arts scores, and then those
for the math scores. For each variable the number of cases, the
average, the standard deviation and the standard error for each



Composite scores “o:"m “Wp

Hl:uIII -uF

language arts scores Hotug —up

H0 ‘Um THfp

Math scores Ho‘"m Mg

“l :llm _u[?

" 5.
- AR
o

0
40
0
<0
0

(shaded areas show zones of rejection)

The computer was given the following instructions:

T-TEST

GROUPS= VARO5 (1,2)/VARIABLES = VAR15, VAR17, VAR1S8

and the following results were obtained

GROUP 1 - VAROS EQ 1.
GROUP 2 - VARO5 EQ 2.

* *Pooled variance estimatec *Separate variance estimate
Variable Number Standard Standard® F 2-tail * T Degrees of 2-tail¥* T Degreessof 2 -tail
of cases Mean Deviation Error * Value Prob. * Value Freedom Prob. * Value Freedom Prob.
B S i e e e * % i i = -
' * * »
VAR 15  11TH ITED COMPOSITE * % .
GROUP 1 260 46.3038 29.103 1.805 * * *
' * 1.31 .034 * -2.26 509 024 * -2.26 504.20 0.024
GROUP 2 251 51.7729  25.470 1.608 * * *
______ st - - —% —% I * e o S .
* * *
VAR17 11TH ITED LANGARTS * * *
% * *
GROUP 1 261 36.4559  26.641 1.649 * * "
¥ 1.01 .915 * -5,11 511 0.000 * -5.11 510,59 0.000
GROUP 2 252 4B.4365 26.462 1.667 * * *
_____________ = = * B S F - P = Y
VAR1S8 11TH ITED MATH * * *
S , *
GROUP 1 262 53.7137  29.208 1.804 * * ®
* 1.34 .020 * 0.30 514 .762 * 0.30 507.38 0.761
GROUP 2 254 52.9843  25.240 1.584 * * *
* * *
c = G o % v i * — i




134 Allgond-Merien and Stockard

lable 1. Mcan Scores and Standard Deviatiops, all Varables, Females and Males, Fourth
Graders and Adolescents

Females Malcs
Mesm  (SD)  Mean  (SD) ¢t df p &
Self-estcem
Fourth graders 294 (0.54) . 1 (0s0)  -3i12 602 <002 -.2§5
{Total group)
Fourth graders it (047) 132 (04})  -160 50 A2 -.47
{Panc! study)
Twellth graders V12 (0.56) V26 (0.55) -.R8 S0 38 -.25
{Panel study) ¢
Adolescents 283 (0.5)) 305  (048) -6.13 9 <00 -43
Scil-cllicacy
Fourth graders 276 (0.45) 305 (04R) -1.73 598 <001 -62
(Total group) :
Fourth graders 288 (0.38) 19 (0.44) -2.65 50 01 -.76
(Panel study)
Twellth graders 296 (0.50) 323 (LsO) -1.90 50 06 ~.54
{Panel study)
Adolescents 346 (0.5S) 375 (nay) --79 797 <l -.56
Relationality :
Fourth graders M3 (0.549) 294 (0.52) 420 598 <0l .36
(Total group)
Fourth graders 308 (0.52) 307 (0.51) 1 50 <91 02
(Pancl study)
Twellth graders 331 (V.42) 125 (U.60) a8 S0 70 11
(Panel study)
Adolescents 399  (047) IS5y (066) 1117 97 < (01 .80

“Cohen's d cquals the difference between the iwn mcans divided by the common standard
deviation, Cohen (1977) suggests that effect sizes of 2 could be considered small, those of
S medium in size, and those of .8 or greater 10 be large.



" Table V. Average Scale Scores of Men and Women in Each Sample®

: Sample
1972 College 1982 College 1982 High school 1983 Nurses® 1984 College
Scales Women Men Woment Men Women Men Women Men Women Men
Expressiveness ;
X 3.35 3.26 3.45 3.28 J.60 3.3 3.64 3.47 3.49 3.33
3 0.36 0.34 0.36 0.35 0.35 0.37 0.38 0.43 0.41 0.42
N 215 198 152 161 17 128 240 186 250 21s
Wp) - 173 {.006) 4.95 (<.001) §.79 (<.00D) 430 (<.001) 4.04 (<.001)
Effect size* .26 56 . 78 .42 AR
- Instrumental
Industrious
X i 3.05 3.16 J.02 o7 3.03 3.58 3.43 .16 J4
3 0.53 0.46 0.48 0.48 0.50 0.44 0.38 0.46 0.58 0.52
N 213 194 154 170 118 126 240 186 249 16
o) " 1.22 (.224) 2.65 {.009) 0.57 (.36 .8 (<00 2.12 .2n
© Effect size . IR 29 09 36 2 ;
Apalytic -
X 3.04 316 30 nn 3.20 3.01 .32 3.48 3.2 3.24
s 0.55 0.48 0.47 0.45 0.50 0.50 0.50 0.%50 0.48 0.49
N 209 192 145 173 113 128 237 186 %0 216
1p) =234 (0200 264 (.009) 2.94 (.003) -2.51 (.012) -0.81 1.419
Effect size -.23 -.30 38 -.26 - .06
Autonomy
Forceful
X i
g 2.84 iso 2.89 293 9y 3.08 3.02 3.03 2.86 2.89
0.40 0.41 0.44 0.42 0.51 s
o) w W W 167 17 123 23 s 208
Effect size o._no’ (416) =141 (16D -0.09 (9290 -066 (s
A}[vmmrons 4 -.19 N -.02 - .06
2.90 2.83 3.06
s 0.70 0.62 0.61 gg: :'2 (,)‘z' 2.88 3.08 3.01 3.04
N 219 195 166 178 121 ~ad 0.88 0.81 0.64 0.68
Ap) 0.2¢ (810 002 (984 -2 oy = 189 249 216
Effect size N o mHE L0 -2 (om —04s (et
: k- -.24 -08

“Scores on each scale ;
gy ":‘:";vb'm'mmofﬂ:: l::.d.:vmm An Stage scors of 2.0 would mean all respondents had indicated
.;'er;“ very untrue of me. s “rage score of 1.0 would mean that all respondents had indicated the items
n this sample, ¢ pressiveness scale i
ing instead :r iuh':: s the forceful :uﬁi’mm‘msiongﬁn: the industrious subscale of instrumental includes Aardwork-
dimension does not include daring. autonomy scale does not include stern; and the adventurous syb-

effect size d was computed with the formula ¥, —

, 40 § is the within-group standasg o X\/S where X, is the mean in one sample, X, the mean of the other
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Table 1. Mcan Scores and Standard Deviations, all Variables, Females and Malces, Fourth

Graders and Adolescents

Females Males
Mcan (SD) Mean  (SD) ‘ df P a&’
Self-esteem
Fourth graders 294 (0.59) 307 (050) -3.12 602 <002 =25
(Total group)
Fourth graders 3.1 (0.47) 332 (043) -1.60 50 A2 - 47
(Panel study)
Twellth graders 312 (0.56) 326 (0.55) -.88 50 38 -.25
(Panel study)
Adolescents 2.83 (0.53) 3.05 (0.48) -6.13 797 <.001 -43
Sell-efficacy .
Fourth graders 276 (0.45) 305 (048) -27.73 598 <001 -.62
(Total group)
Fourth graders 288 (0.38) 319  (044) -2.65 50 01 =76
(Panel study)
Twellth graders 296  (0.50) 323 0S5y -9 50 06 -.54
(Panel study)
Adolescents 346  (0.55) 375 (0.49) - -7.90 797 <001 -.56
Relationality
Fourth graders 313 (0.54) 294 (0.52) 4.20 598 <.001 36
(Total group)
Fourth graders 3.08 (0.52) 3.07 (0.51) B 50 <91 02
(Panel study)
Twelfth graders 331 (0.42) 325  (0.66) .38 50 70 1
(Panel study)
Adolescents 399 (0.47) 353 (0.66) 11.17 797 <.001 .80

“Cohen’s d equals the difference between the two means divided by the common standard
deviation. Cohen (1977) suggests that effect sizes of .2 could be considered small, those of
.5 medium in size, and those of .8 or greater to be large.



Table V. Average Scale Scores of Men and Women in Each Sample®

Sample ,
1972 College 1982 College 1982 High school 1983 Nurses ; 1984 Col\l:ge
Scal Women Men Women Men Women Men Women Men Women Men
ales h
: 13
o 3.35 3.26 3.45 3.25 3.60 3133 3.64 3.4': 3:‘: (3);5
;Y 0.36 034 036 035 035 (l).2357 0.38 0. 0.4 0.
| 152 161 " s 3
;(VP) §'755 (1%2)6) 4.95 (<.001) 5.79 (<.001) 4.30 & (<.001) 4.04 g (<.001
A ; . .
Effect size® .26 56 .78
Instrumental 23
- i 3.1 3.05 3.16 3.02 3.07 1.03 3.58 3.43 8:? o-<2
;Y 0.53 0.46  0.48 048 030 0.1 038 045 03 0
] 4 170 I 3
¢ ?232 (192424) 5565 (.009) 0.57 (.569) 3.57 ” (<00 2.12 . (0.21)
p) 3 » A A 3 u
Effect size J2 .29 e
4 s 3.04 3.16 3.03 317 3.20 3.01 3.32 3:; éi; 039
. 0.55 0.48  0.47 0.45  0.50 0.50  0.50 0. 0.4 0.4
;V 2b9 1.92 - 3o ;'934 :%:)3) 23; 51 (.012) :0.81 (419
- .009 2 1 -2. ]
t(p) L -2.34 (.020) 2.6430 ( ) . e -
Effect size -.23 - %
Autonomy
Forceful
o & 2% 2 293 297 3.05  3.02 3.03 286 2.89
s - ~ 0.40 041 044 042 051 0.50 0.6 0.50
N 196 213 163 167 17 123 237 184 247 208
1(p) - - =08 (469 ~La 6D 009 (99) _oss (51D
Effect size -.09 -.19 -.02 - .06
Adventurous
2.9 2.83 3.06 3.05 2.98 3.21 2.88 3.08 3.01 3.04
s 0.70 0.62 0.61 0.58 0.66 0.58 0.86 0.81 0.64 0.68
N 219 195 166 175 121 132 242 189 249 216
(p) 0.24 (.810) 0.02 (.984) -2.87 (.004) -2.40 (017 ~0.45 L.6%6)
Effect size 31 .02 =88 .24 — 08

“Scores on each scale have been summed and averaged. An average score of 4.0 would mean all respondents had indicated
items on the scale were very true of me; an average score of 1.0 would mean that all respondents had indicated the items
were very untrue of me.

*In this sample, the expressiveness scale does not include obliging;
ing instead of industrious; the forceful subdimension of the auto
dimension does not include daring. 5

e effect size d was computed with the formula X, —
sample, and S is the within-group standard deviation.

the industrious subscale of instrumental includes hardwork-
nomy scale does not include stern; and the adventurous syb-

A-’./S where } is the mean in one sample, }. the mean of the other
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134 Allgood-Merten and Stockard

Table 1. Mcan Scores and Standard Deviations, all Vanables, Females and Males, Fourth
Graders and Adolescents

Females Males
Mean  (SD) Mecan (SD) t df P '
Self-esteem
Fourth graders 294 (0.54) 3.07 (0.50) -3.12 602 <002 -25
(Total group)
Fourth graders 31 (0.47) 332 (043) -1.60 50 A2 -.47
(Panel study)
Twelfth graders 312 (0.56) 326  (0.55) -.88 50 38 -25
(Panel study)
Adolescents 283 (0.53) 305 (0.48) -6.13 797 <001 -43
Sell-efficacy '
Fourth graders 2.76  (0.45) 305 (048) -7.73 598 <001 -.02
(Total group)
Fourth graders 288 (0.38) 319 (0.44) -265 50 01 -.76
(Panel study)
Twelfth graders 296 (0.50) 323 (0.50) -1.90 50 06 -.54
(Panel study)
Adolescents 346  (0.55) 375 (0.49) - -7.90 797 <001 -.56
Relationality
Fourth graders 313 (0.54) 294 (0.52) 420 598 <.001 36
(Total group)
Fourth graders 308 (0.52) 3.07  (0.51) 11 50 <91 02
(Panel study)
Twelfth graders 331 (0.42) 325 (0.66) 38 50 70 11
(Panel study)
Adolescents 399 (047) 353 (0.66) 11.17 797 <.001 .80

“Cohen’s d cquals the difference between the two means divided by the common standard
deviation. Cohen (1977) suggests that effect sizes of .2 could be considered small, those of
.5 medium in size, and those of .8 or greater to be large.



Table V. Average Scale Scores of Men and Women in Each Sample®

Sample
L]
1972 College 1982 College 1982 High school 1983 Nurses ‘ 1984 Col\lege
Scal Women Men Women Men Women Men Women Men Women Men
ales ‘
o e 3.35 3.26 3.45 3.25 3.60 3.33 3.64 3.47 é':? (3).33
;" 036 034 0.6 0.35 1').‘375 ?'2357 gjg! ?b? e Sty
152 161 ?
%) §l755 (l.%:)o) 4.95 (<.001) 5.79 (<.001) 4.30 - (<.001) 4.04 > (<.00D
Effect size .26 -56 78 ’
Instrumental
. e 311 3.05 3.16 3.02 3.07 3.03 3.58 3.43 3.:2 3-9;
X s g 0.48 0.48 0.50 0.44 0.38 ?.8466 o o
N 213 N 0. &5t imm a8 een 16 imin
(. . - o : 2
1) 1.22 (.224)  2.65 16 22
Ef(fec! size 12 29 o i
Anaiytic 3.01 .32 3.45 3.21 3.
.03 3.17 3.20 !
. 055 048 041 045 0s0 0% 050 0 o 0
y 209 192 145 173 1 128 b p R
f(lp) -234 (0200 -2.64 (009) 2.94 (003) -251  (01D) T
Effect size -2 -.30 38 B :
Auronomy
Forceful
X 2.84 2.90 2.89 2.93 2.97 3.05 3.02 3.03 2.86 2.89
s = - 0.40 0.41 0.44 0.42 0.51 0.50 0.46 0.50
N 196 213 163 167 17 123 237 184 247 208
Hp) - - =081 (416) -141  (161) -0.09 (929 -0.66 (.51
Effect size -.09 -.19 -.02 ~.06
Adventurous
X 2.90 2.83 3.06 3.05 2.98 3.21 2.88 3.08 3.01 3.04
s 0.70 0.62 0.61 0.58 0.66 0.58 0.86 0.81 0.64 0.68
N 219 195 166 175 121 132 242 189 249 216
(p) 0.24 (.8100  0.02 (984)  -287  (004) 240 (017) —ous (.656)
Effect size B Y .02 -.37 -.24 -.08

“Scores on each scale have been summed and averaged.
items on the scale were very Irue of me; an average score of 1.0 would mean that ail r
were very untrue of me.,

*In this sample, the expressiveness scale does not include obliging;
ing instead of industrious; the forceful subdimension of the autonomy scale does not include stern; and the adventurous sub-
dimension does not include daring. e

e effect size d was computed with the formula X, the mean of the other
sample, and S is the within-group standard deviation.

- }./S where X, is the mean in one sample, A-’.

An average score of 4.0 would mean all respondents had indicated
espondents had indicated the items

the industrious subscale of instrumental includes hardwork-
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Assignmert. Two, Scuiology 412
Due February 12, 1992

There are several viriables in each of the data sets
that divide the sample i‘to two discrete groups. With the
GSS and Bank data, examples are sex and race (called
minority in the bank dat:). With the Western Electric data,
examples are vital 10 (status a:. 10 years) and famhxcvr
(family history of cororiry heart disease). Other variables
might be grouped, usirg tie recode command, into two
discrete groups. Whenave' variables are grouped, however,
it is important that ¢ tisovetically sound reason be given
for the grouping. Studen.s should feel free to consult with
t?flinstructor if there #2'e questions about the groups they
w use .

A. Choose two dichotomou: vaviables in your data set that
you believe are theoretically reisted to the intervally
measured variables you sxmined in the first assignment.
Discuss your theoretical e¢'pectztions regarding differences
between paople in each grcip in each of these variables on
both of the intervally mea:ured variables. 1In other words,
treat the intervally measur:d variables used in the first
assignment as dependent wvailables and the nominally measured
variables as independent. Liat types of differences would
you expect to find and why? (For example, what kinds of
differences would you expec: between men and women?) Be
specific and discuss each oY the combinations of the
dependent and independent ve isbles. Then translate your
theoretical expectations int: statistical hypotheses.
Describe whether your theoretical discussion would lead you
to expect to reject or fail “» rejsct sach null hypothesis.

B. Use the SPSS program t-tust to test these hypotheses.
Make sure you have first inc.uded any appropriate missing
value and recods commands anc use instructions like the
following.

T-TEST GROUPS = independent varisble (a,b)/ VARIABLES =
dependent wvariables

where "independent variable' rafers to the computer name of
a given dichotomous variable, "a" and "b" are the two values
coded for the dichotomy, and “dependent variables® refers to.
the intervally measured variables you are studying. You
will need a separate t-test command for each independent
variable that you use. Please turn in your output with your
assignment. '



C. 1Interpret the results which you obtain. Bé sure to
include both statistical and substantive interpretations, to
discuss both inferential and descriptive results (i.e. test
and interpret your statistical hypotheses and alsc compute
Cohen’s d and interpret it), and relate your discussion to
the theoretical expectations developed in Part A. Be
specific and detailed, writing in a style appropriate for a
research report.



sex group are given. The next two columns are headed F-value and
2-tail probability. These are used in deciding which estimate of
the standard error to use. The F is simply the ratio of the two
variances. The probability is the chance that we would be wrong
in rejecting a null hypothesis that the variances are equal. For
our purposes, if this two-tail probability is .10 or less, you
should use the separate variance estimate.

The final six columns give estimates of t, the degrees of
freedom, and the two-tail probability of being wrong in rejecting
the null hypothesis. The first three columns are values based on
the pooled variance estimate; the last three columns are based on
the separate variance estimate.

With the results for the composite score we should use the
separate variance estimate. This is because the F ratio is so

large that the probability of being wrong in rejecting Hg: 61"r/‘05

is only .030. We cannot assume the two groups come from 2715
populations with similar variances, and so we must use the -

separate variance estimate of the standard error.

The sample t with this estimate (based on
t = (X3 - X3)/S%1 - %2 )is -2.26, the degrees of freedom are
504.2, and the probability of being wrong in rejecting the null
hypothesis is .024 (assuming we have a two-tailed alternative
hypothesis). Thus, we may reject the null hypothesis that males
and females have equal composite scores in favor of the
alternative that they are unequal and be wrong in doing so only
about 2 times out of one-hundred. We can note that the direction
of the difference indicates that females have higher scores than
males. This result was unexpected.

Students should be able to verify that with the results
regarding language arts we would use the pooled variance estimate
and that we would reject the null hypothesis in favor of the
alternative and be wrong in doing so less than .0005 times out of

'a hundred. (Because we have a one-tail test we must divide the

given probability by two). With the results with the math scores
we would use the separate variance estimate, but fail to reject
the null hypothesis.

Cohen's D: escriptive Statistic

The t-test for the difference between two means is an
inferential statistic. Sometimes we are also interested in
having a descriptive statistic that can describe the difference
between two means. In the paragraphs below I explain why it is
important to use both descriptive and inferential statistics;
show how Cohen's d, a descriptive statistic appropriate for use
with the t-test is computed:; and then give examples of its use
and briefly discuss its utility in meta-analyses.



Statistical vs. Substantive Significance

Whenever you use an inferential statistic you need to be
careful that results that provide statistical significance also
produce substantive significance. For instance, a given result
may not be a chance occurrence, it may not occur by random; yet,
it may be so small that it really doesn’'t mean much for people's
daily lives. The results may be statistically significant, but
they may not be substantively or practically significant. This
situation can often arise when you have large samples. Large
samples are important for good multivariate analyses, yet a large
sample helps produce a much smaller standard error and thus a
much ¢reater chance that any given result will be statistically
significant.

For a while, in the late 1950s through the 1960s and early
1970s, some researchers suggested that we should avoid using
tests of significance and rely on descriptive statistics instead.
Others argued that inferential tests can provide benchmarks or
criteria to use in analyzing data and that they should not be
discarded.

It is the latter view that has prevailed, helped along by
the development of descriptive statistics that are used in tandem
with the inferential results. The descriptive statistiecs can
tell us the magnitude of a result, can describe how extensive it
is; the inferential statistic can tell us the probability that a
result would occur by chance. Descriptive statistics can be
small, even with highly significant inferential results, as can
occur when a sample is quite large. On the other hand,
inferential results can yield no significance, even though the
descriptive statistics are quite large, as can happen when a
sample is small" Thus, both types of statistics should be used.

Cohen's d
Cochen's & is a very simple statistic to compute'that

describes the magnitude of the difference between two means
relative to their standard deviation. It is simply computed as

= ii"xl.

1

d (5=7)

where Kﬁ and..xL—are the means of the two samples being
compared and 3 is their common standard deviation. (For
practical purposes the weighted average of their standard
deviations, or the standard deviation of the two combined groups
can be used.)

Cohen's d has a very simple interpretation. If it is near

zero it simply means that there is no difference between the
means (illustrated in part a of Figure 5-8 below). If it ecuals

26



one it means that the two averages differ by an entire standard
deviation (as shown in part "<of Figure 5-8). If it equals .5,
the two means differ by one-half of a standard deviation (part E
of Figure 5-8). The measure simply provides a handy description
of the extent to which the two groups differ, totally independent
of their sample size. As a rule of thumb, Cohen has suggested
that effect sizes of .2 could be considered small, those of .5
medium in size, and those of .8 or greater to be large.

Figure 5-8
Illustration of Cohen's 4 Values

For the results given on the computer printout discussed
above, the following values of Cohen's d could be computed.
Values of t and the associated probability levels are given for
comparative purposes.,

VAR15 = 1llth Grade ITED Composite score

Mean Standard Cohen's
Deviation d t
(p)
Males 46.3 29.1 46.3-51.8/27.3 -2.26 (.02)
= =5,5/27.3
Females 51.8 25.5 = =,20
VAR16 = llth Grade ITED lLanguage Arts Score
= =11.9/26.,6
Females 48.4 26.5 = =_45
VAR17 = l1llth Grade ITED Math Score
= 0.7/27.2
Females 53.0 25.2 = .03
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Othe X s

Cohen's d has proved especially useful in comparing results
from several samples and with different groups. The follewing
two pages include examples of the use of Cohen's d from articles
written by the instructor. Both tables give results of t-tests
between the sex groups and the corresponding Cchen's d for
different measures and different samples.

The first example (Table V) gives results for 5 different
scales (all listed down the left hand side of the table) and 5
different samples (listed across the top of the table). For each
scale and sample the mean score, standard deviation, and sample
size are given for both men and women (reading down within each
sample and within each scale). This is followed by the t and the
associated probability level (the probability of being wrong in
rejecting Hg: Aoy g/Lal:dD). The last line in each section is the
effect size, or Cohen's d. By comparing across the columns
within each row one may assess the extent to which similar
results are found across the various samples. By comparing
between the rows (down the columns) one may assess the extent to
which results differ across the different scales. The positive
or negative value attached to the d indicates the direction of
the difference. (A positive value indicates that women had a
higher average score; a negative value indicates that men had a
higher average score.)

The second example (Table 1) gives results for four samples
and three scales, all listed down the left hand side of the
table. Within each row the mean and standard deviation are given
for females and males, followed by the t value, the associated
degrees of freedom and probability level, and Cohen's d. The
results in this table can help illustrate the difference between
substantive and statistical significance. Consider the results
for self-esteem with the fourth graders (panel study) and twelfth
graders (panel study). They are not statistically significant,
yet the 4 for the fourth graders is the highest of all given for
that scale and the d for the twelfth graders equals that for the
fourth graders (total group), which had a t-value significant at
the .002 level. The panel study group was much smaller than the
other groups (n=52 vs. n=604 and n=799), thus making it much
easier to obtain statistical significance.w vt Au%»-?nmy-.

In recent years meta-analyses have become much more common,
especially in the social psychology literature. Meta-analyses
involve the review of a large number of replications of the same
study in order to determine general patterns and trends. When
these studies involve the comparison of two groups Cohen's d is
typically used as a descriptive statistic. Cohen's d is computed
for each study in the meta-analysis and these are then averaged
to determine the average effect size over a group of studies.
Sometimes a researcher is interested in variations in the studies
and will compare Cohen's d across various groups.

28



For instance, a large number of studies of psychological sex
differences have been conducted and meta-analyses of these
results have become fairly common in recent years. A researcher
might compute an overall average Cohen's d for a group of studies
(say on gender differences in aggression), and then examine the
average d for studies of people in various age groups, with
different measures of the dependent variable, with different
types of study designs, etc. As you should remember from your
methodology coursework, replications are central to the
scientific enterprise, and Cohen's d has become a standard
element in summarizing and analyzing patterns found in
replications.

A Few Cautions and Other Comments

All of the results regarding t-tests are based on
assumptions that statisticians used in developing these tests.
We assume that the samples are randomly selected from a
population that we are interested in. We assume also that the
subjects have been selected independently of each other. We also
assume that the variables in the populations are normally
distributed and that the dependent variable is measured on an
interval scale. If you have a representative sample (i.e., a
probability sample) that is not a simple random sample (e.g., a
cluster sample or a stratified random sample) the estimates of
the standard errors will be slightly different. Advanced
statistics and sampling texts can help you with these problems.

Researchers have investigated what happens if you do t-tests
with samples from populations that are not normally distributed.
They conclude that if you have large samples (over 25 for each
group is sufficient) you generally will not have problems with
faulty inferences if the populations are not normally
distributed.

Others have examined what happens if you use variables
measured on an ordinal rather than an interval scale, that is,
treating ordinally measured variables as though they were
intervally measured. They concluded that there are not extreme
problems. Inaccuracies are most apt to occur with one-tail
tests, unequal n's in the two groups and badly skewed
populations.
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VI. Analysis of Variance

With t-tests we are able to compare the means of two groups.
What, however, if one wants to compare the averages of more than
two groups? Then one must use analysis of variance. This
technique has the same kinds of assumptions that underlie the
formation of the t-test (interval measurement of the dependent
variable, normal distributions of the populations, random and
independent sampling, and equal variances of the populations=--an
assumption that was relaxed through using a different estimate of
the standard error in t-tests). With analysis of variance our

null hypothesis is that the means of the k categories or groups
are equal:

Hot 444 ey ey F f);ck

and the alternative hypothesis is that they are unequal:

Bt gy F P i F - P

While in fact the t-test is a subset of analysis of
variance, the logic of analysis of variance and the nature in
which the work is done differ considerably. Below we discuss
both one-way analysis of variance (where only one independent
variable is involved), two-way analysis of variance (using two
independent variables), and other variations only briefly. We
describe the logic behind the arguments, give examples of the
computations, and also show a descriptive statistic that assesses
the amount of association between the independent and dependent
variables. Note that this means that analysis of variance can
yield both an inferential test or statistic and a descriptive
statistic.

One-Wa a s of Variance

Below we first describe the logic behind analysis of
variance by trying to give an intuitive understanding of the
manipuliztions or logic involved. Then two examples are given
after the various computations are explained, and finally a
related measure of association is explained.

The Logic and Regquired Computations

In analysis of variance we are interested in understanding
how an independent variable, which need be only categoric or
nominally measured, can help explain the variation in an
intervally measured dependent measure. For instance, the
dependent variable might be school performance as measured on
some kind of percentage scale. The independent variable could be
the type of instruction method used such as lecture classes,
reading classes, and discussion classes. We would be interested
in whether the nature of the classes affected the students'
academic performance, in other words we would be asking if
experience in different kinds of classrooms was related to

30



different levels of performance. Then our null hypothesis would
be that students in each different class setting would do equally
well.

Ho:/ul =/(r ",/‘Ld

Our alternative hypothesis would be that the students in the
different classes would score differently.

Hl-/l "“-d

(Note that we d1d not predict the direction in the difference
between each of the groups because more than two groups were
involved. If desired a later step in the analysis would involve
testing hypotheses regarding the differences between each pair of
means. Caution needs to be used however if a large series of
means is compared to assure that significant results do not occur
by chance alone. Special techniques are available for these
comparisons.)

If we knew nothing about the classes to which the students
were assigned, our best single predictor of the students'
achievement would be the overall average of their achievement
scores. That is because variations of the scoreg about the mean
are always at a minimum: 2 (x-X) - 0 ang. Z(X-X)“ is a minimum.
In the discussion below we call Z(X-X)“ the variation. (Note
that this cogtrasts Ehe variance, which is simgly tge average

variation,cr for the population andg-
51342)3 as the best estimate of the population value for a
n=1
sample.

It is possible to see the variation as a measure of error, a
measure of how far off the individual scores are from the mean.
The higher the variation, the farther removed the scores are from
that best guess, the mean. The smaller the variation is, the
closer are the scores to the mean and the better the mean is as a
predictor of the actual scores. Thus, as variation gets smaller,
there is less error, and our prediction of the scores is better.

In analysis of variance it is assumed that the population
variance, ¢~ 2, is the same in each category of the independent
variable. In this case we assume that o < &, :o‘-z" -
This common value ¢ *~is called the common variance.” The
variation (and the variance) in each category of the independent
variable indicates the amount of error in predicting the
dependent variable in each category. We are interested in
understanding how this wvariation or variance in the dependent
variable can be explained or accounted for, and, specifically, if
the various categories of the independent varlable can help
explain it.
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The technique of analysis of variance involves getting two
estimates of this common variance. One of these estimates is
unbiased. It always_gives an accurate estimate of the true
common variance, o~ “. This estimate is called the within
categories estimate of the common variance and is based on the
variation of the scores within each category of the dependent
variables.

The second estimate of the common variance is unbiased only
if the null hypothesis is true. This estimate comes from looking
at the variation of the category means around the mean of the
total sample and is called the between categories estimate of the
common variance.

Now, because these two estimates of the common variance are
equal only when the null hypothesis is true, we can use a ratio
of their values (between categories estimate / within categories
estimate) to test the null hypothesis. This ratio is an F-
ratio or F-statistic. If this ratio is close to unity, then the
null hypothesis is likely true. If the ratio is quite a bit
larger than unity, then we may cast doubt on the null hypothesis.
As we noted in the last section, the F statistic is the ratio of
2 variances and its sampling distribution is known for samples of
various sizes. It is possible then to find out if the F
statistic from this ratio falls into a zone of rejection, That
is, we can determine the probability that such an F ratio would
occur if the null hypothesis were true.

Now we will go into each step of the above description in
more detail. First, what are the two estimates of the common
variance? Remember that the common variance is the variance of
the scores in each category. This is illustrated in Figure 6-1
below:

Figure 6-1

For each category we_pag find the Xarlatlon 05 error around
the category mean ( S (X-Xi) Z (X=Xy) < (X-Xg) These
estimates of the variations are also called the sums of squares
within categories, SSy. For each category we can compute the
sums of squares, the variation of individual scores around the
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category mean. We can then de up this vsrlatlon in_each
category. SSy = Z Z (X-X.3 Z(%-X1)°% + S(X-%r)? + £(x-Xq)2.
This is the variatidn of t e scores around the means within the
categories. It is also called the within categories sum of

squares or WSS It is also called the unexplalned sums of
squares, referring to the fact that it is the variation that is
unexplained, or not accounted for, by the categories of the
independent variable.

To get an estimate of the common variance we must divide
this sum of squares, or variation, by the appropriate degrees of
freedom. As with computations of degrees of freedom in other
cases, this involves the amount of freedom we would have in
assigning values to subjects after certain parameters are fixed.
For the within categories sums of squares the degrees of freedom
are always the number of cases involved minus the number of
categories (N-k). This is because there are N subjects involved
and k means. Another way of remembering this is realizing that
instead of dividing by N-1 to get the best estimate of the
population, we are really trying to get the best estimate of the
variance for several (k) populations (even though this estimate
is assumed to be the same in each case). Thus we cannot divide
the sums of squares by N-1, but must divide by N-k, to get the
best estimate of the population variances. This estimate of the
common variance that is obtained from the within category sums of

s es is the w in cat ies est'mate o e common variance.
It is also called the mean sum o ares wit categories
(MSSy) referring to the process of averaging involved in gettlng
the value for the variance. s valu ways an unbiase
correct ate of the populati A4 a e

The second way of estimating the population variance, 0_2,
is unbiased only if the null hypothesis is true, if the category
means are equal. This estimate involves looking at the variation
of the means in each category around the grand mean or overall
mean of the sample. In general this may be written as

Z (x.J -X..)%
Ja
In this example, the estimate would equal

(o1 = %)%+ (Xep = %)% + (Xg - X..)2

This is called the sum of squares between categories or BSS. It
is also called the explained sums of squares, referring to the
fact that it involves the amount of variation that can be
accounted for by the means of the categories of the independent
variable.

We can divide this value by the appropriate degrees of
freedom to obtain the between categories estimate of the common
variance. In this case the appropriate degrees of freedom are
the number of categories involved minus one (k-1). This is
simply because k different values (category means) are used in
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calculating the variation. To have a good estimate of the
population value, we must have the number of cases less ocne in
the denominator rather than the number of cases itself (as we
would in the case of the total population). This estimate of the
common variance is called the between categories estimate of

variance of the Mean sum of squares between, MSSp.

If the null hypothesis is true and the categories do have
equal averages, this estimate (MSSp) will be an unbiased estimate
of the true common variance and MSSp = MSSy. But, if the null
hypothesis is not true, there will tend to be more variation of
the category means around the grand mean and MSSp will be greater
than MSSy. Figure 6-2 gives an intuitive illustration of why
this occurs.

Tﬂh—‘( ] ?: Q

Figure 6-2 Q
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In part a of Figure 6-2 each of the category means is quite close
to the overall mean of the total population. 1In part b, however,
each of the category means is farther away from the overall mean
of the total group. Clearly, Z(Xﬁ-X)z, the between sums of
squares, will be larger in part b than in part a, even though the
variation in the three categories (the within sums of squares)
has not changed. Thus, in part b the MSSy, the between
categories estimate of the common variance will be much larger
than the MSSy, the within categories estimate.

S i

To tell if this difference in the estimates of the variance
is greater than would occur simply by chance, we use the F-ratio.
This is a ratio of variances and it is simply

F=MSSp/MSSy,.

The larger estimate of variance (which will be MSSy if Hy is to
be rejected) will always go on top.

If the null hypothesis is true, these two estimates will be
approximately equal and the ratio will be close to one. If Hg is
not true, the ratio will be greater than one. As we mentioned in
the previous section, the sampling distribution for F is known
and is summarized in tables in Table J in the appendix of
Blalock. This table gives the critical values of F needed to
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reject the null hypothesis for the .05, .01, and .00l levels of
significance. If our computed F-value for a sample is larger
than a critical value, then we may reject the null hypothesis in
favor of the alternative at that level of significance.

The degrees of freedom correspond to denominators used for
each estimate of the common variance. This is k-1 for the MSSy
and N-k for the MSSy, seen as degrees of freedom one and two
respectively in the tables.

The notation used in analysis of variance is actually quite
simple. As shown in Table 6-1 each individual score can be
assigned a subscript. The first number in the subscript refers
to its position within the category. The second subscript refers
to the category to which it belongs. Thus, X33 is the third case
in the third category, and X4; is the fourth case in the first
category. X.1 is the average of the values in the first
Lategory. X.x is the average of the values in the kth category.
X.. 1s the average of all the values.

S, means the summation of all values in the first category:
e

Zkah means the summation of all values in the kth category.
Ls /
means the summation of all values in the table, over all

FEr l,,\'/" the cases i and over all categories j.
& J
Table 6~1
i A 3 R L;
X1\ XI;__ x"3 NS x|k
Xay Xon X}-3 o # >(-1£
' ‘ RS 1
4 . s d 2, # _(_ 493
SLm s "_,Z, Xt, “:’[‘X(. et (fJXtJ P = ‘:HZI/L¢§ Lﬁ )(l.)
— —— ‘J -
VRVE ¥ Y ;
= Y[ XJ—-— XJ S X K x
) r1-.
Samtf g V-2 e .
Fota.
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The computation of the values of MSSp and MSS, for a sample
all involve the notion of variation. £(Xij-X..) is the variation
of a single score around the grand or total mean. This single
variation or deviation from the grand mean may be broken into two
parts as shown in egquation 6~1 below.

o e .}-(-..) (Xi4 -E.j) + (E.j _.;{,“) (6-1)

The first element is the deviation of an individual score from
the mean in each category and the second element is the deviation
of the category mean from the grand mean. Note that if the
parentheses were removed the two terms of the category mean would
cancel each other out and the terms on both sides of the equation
would be the same.

Now, in just a mathematical twist, we can square both sides
of the equation, and we get as in 6-2 below:

(X33-X..)2 = (X35-X.4)2 +2(X34-%.q) (R.4=X..) + (X.4-X..)%2  (6-2)

We could then add up all the deviations of each score from the
mean. In other words we could sum across all cases and in each
category, and we would have the results shown in 6=-3,

IS5 (X35-%..)2 =Q’(xij-x,j)2 + 2JX14-X.4) (X.§=X..) %{(x.j-x..)z (6=3)
¢ e 3 N
Look now at only the middle term in equation 6-3. The
calculations in 6-4 below show that this term actually equals
zero. That is because in any column the category mean X.: is
always a constant. Thus the summation across the categories can
be moved outside, and we need only look at the summations of the
deviations of the scores around the category mean. Yet, by

definition the deviations of the scores around the category mean
equals zero and so the whole term reduces to zero.

Fugrauudo = -
J e A . --- o) & T B | -
= 3 [i‘gx.j-x.‘:)dz)] -0

o

Finally, then, the sum of the squared deviations around the
mean can be written as

fJZ- (Xij-}'{..)z = 2’2‘(xij-§.j)2 + 22 &.j:}?..)z (6=5)
g Fiie =
SS¢ = X SSy + ¢ SSp

The first term is the total sum of squares, the variation of
scores around the grand mean. The first term on the right hand
side is the within categories variation, the sum of squared
deviations around the categories means. The second term on the
right hand side is the between category sum of squares, the
between categories variation, or the sum of squared deviations of
the category means around the grand means. In other words, the
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total variation of the sample (which can be used to estimate the
total variance of the population) can be broken into the
variation within the sample categories and the variation between
the sample categories. (Note that this refers to variation, not
to variance.) The SSy, the within categories variation, is
sometimes called the unexplained or error sums of squares. This
is variation that remains after the division of the sample into
categories of the independent variable and cannot be accounted
for by the independent variable. The SSp, the between categories
sum of squares, is called the explained sum of squares, that part
of the total variation that can be accounted for or explained by
the categories of the independent variables.

Note that the within categories sum of squares (SSy) can be
calculated if the variance of the dependent variable in each
category is known.

o )
~ I'T‘ - - — L

550 = _ZZ(X“J _F oYrws Key kend + £ (K R/
< j Lz

" ] N
¥l . 2 ‘ - L5 o=
Bl F (g = Kok =KD F s (Es.>) B
=S
[ .z_’- K‘ -’x"k)‘- A,
+ (N~ !)L,Sk'-) wheve SL~° Z( &k , oy
P~ k
" s(rcp-Ku)" ke
Remember that sy* = hg-/, also called ETL by Blaluok. « Becauls
n

L
(n--:l.)sk2 = ‘%(X_ - X.k)=2, SSy may be written as in the second
line of (6-6).°*

To get estimates of the variance in each category, the
common variance, we must divide the sums of squares by the
appropriate degrees of freedom as described earlier. For the
total sample remember that to get the best estimate of the
population variance, we must divide the total sum of squares by
n=-1. (We lose one degree of freedom here by computing just one
mean.) For SSp we have k-1 degrees of freedom, losing one degree
of freedom for the overall or grand mean. For SSy, we have N-k
degrees of freedom, losing one degree of freedom for each
category mean.

Note that
N=-1=(N=%Xk)+ (k=1 =N-=1 (6=7)
df for = df for + df for
total SSy SSp

That is, the total degrees of freedom are equal to the degrees of
freedom for the sums of squares within plus the degrees of
freedom for the sums of squares between, just as the total sums
of squares egquals the sums of squares within plus the sums of
squares between.
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The two estimates of the common variance are

MSSy = SSy / (N - k) =5  (Xi5-%.4)2 / (N - k) (6-8)
MSSp = SSp / (k - 1) =¢¢ (Xi3-X..)2 / (k = 1) (6=9)

b o

And the F ratio = MSSp / MSSy with the degrees of freedom =
(k=1, N=k). If the null hypothesis, that the means within the
categories are equal, is true then this ratio should be close to
one. If it is not true, then it will be enough larger than one
that the F-value falls intc the zone of rejection for the
F-distribution corresponding to the appropriate degrees of
freedom.

Examples

Below a hypothetical example of the achievement of students
in three different classrooms is shown. The dependent variable
is the student's achievement, measured by the number of correct
answers given on an exam. The independent variable is the
classroom to which the students were assigned, either a lecture,
discussion, or reading section. The analysis of variance model
assumes that the students were randomly assigned to the classroom
(they weren't matched in any way), that the population of
achievement scores in each category of the independent variable
is normally distributed, and that the population variance in each
category is equal. The null hypothesis is that the population
means in each category are equal, and the alternative hypothesis
is that these means are not equal. Table 6-2 shows the actual
scores of students in each class. For computation purposes the
squares of each of these scores are also given.

Ho: /ﬁ-l =,/kE =/A‘d
e gy f e p e
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Table 6-2

The Scores of Students in Each Group

Lectures Reading Discussion
X x2 X x2 X x2
50 2500 50 . 2500 55 3025
55 3025 60 3600 65 4225
60 3600 60 3600 65 4225
90 8100 70 4500 75 5625
95 9025 75 5625 75 5625
70 4900 80 6400 80 = 6400
75 5625 85 7225 80 6400
80 6400 90 8100 85 7225
80 6400 95 9025 90 8100
90 8100 95 9025 95 9025
& 7 of
/—Xil = 745 inz = 760 x,-_3 = 765
’:M (,gl
7 %412 = 57,675 zfxiz = 60,000 5'%432% = 59,875
il v Py
N1 = 10 Ny = 10 N3 = 10
X.1 = 74.5 X.p = 76 X.3 = 76.5
X.. = 2270 = 75.66 Z)_'xij = 745 + 760 + 765 = 2270
30 wnd
N.. = 30 %342 = 57,675 + 60,000 + 59,875 =
<J
D ow L frek, )
o : £
TSS (total sums of squares) Z Z/G - d J
ST e N
(Pl W
o= A LS5 Ljo)" [ 778D - 171, 45.33 = §7&< £
2. /M2
YRS
T (ks ) (zz
BSS (between sum of sqgquare) = N« £ 4
‘Wl f_z_ ”3

(79T (100)F (7680 T

177,550

_#4)

N

Ficgh > ; /.c_._-_/- /74, 735533 = U85~ [, 2S5 3F = dt-d o

w7

WSS (within sums of square s) = TSS - BSS = 5786.67 = 21.67 =

5765

E? = BSS = _21.67 = .004
TSS 5786.67
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Table 6-3

Testing Ho
ss
Source of Variation ss df MS = df F
Total 5786.67 n=-1 = 29 199.54
" Between 21.67 k=1 = 2 10.835 . 0507
Within 5765 n=-k = 27 213.52

To reject Ho at .05 level of significance with df = 2,27
We need F > 3.35. Obviously we cannot reject the null hypotheses
of no difference between the category means. i

In ocur discussion above we gave the definitional formulas
for the total sum of squares and the sum of squares within and
between categories. Anytime, however, that you repeatedly do
subtractions, rounding error may enter into the calculations, and
it is more accurate to use computing formulas. These computing
formulas for the sum of squares are shown in Table 6-2 above.
Note that the total sum of squares is computed, the between sum
of squares is computed, and the within sum of squares is computed
by simple subtraction fiom these two values. (We will explain in
the next section what E“ is, it is simply a measure of
association.)

Table 6-3 summarizes the information needed to test the
hypotheses. This is the standard form of a table used in
analysis of variance. It shows the source of the variation that
is being measured (lst column), gives the values of the sum of
squares (2nd column), the degrees of freedom or the value in the
denominator when obtaining the best estimate of the population
variance (3rd column), the mean sum of squares, or the estimate
of the population variance (4th column), and in the final column
the F ratio, obtained by comparing the MSSb to the MSSw in a
ratio. In this case our degrees of freedom are 2 and 27. From o)
Table J in the appendix of Blalock it is apparent that to reject Q!J’-f'"p“
the null hypothesis with these degrees of freedom we need an F-
value greater than or equal to the critical value of 3.35.
Obviously, the F-value for our sample is much less than this (and
in fact less even than one) and so we must fail to reject the
null hypothesis of no difference between the category means.
Apparently, from this study we would conclude that the three
teaching methods do not result in different amounts of student
achievement. The researcher would then speculate on possible
reasons why this might be so.

A second example comes from the field of physical education
(like psychology they very often use analysis of variance models,
largely because they use experimental designs). Suppose that
students were randomly assigned to one of four different activity
programs: yoga, calisthenics, football, and nothing. We were
interested in how these programs affected their overall
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flexibility. The dependent measure is the difference in
flexibility in inches measured from the beginning of the term to
the end of the term. The null hypothesis is

Ho: //Zl =/fL2 =//L3 f//*n (with the numbers representing
: each activity)
and the alternative hypothesis is

H1=//‘-1ﬁ/"’z /"/"3 %4

The analysis of variance model assumes that the dependent
variable, difference in flexibility, is intervally measured (here
it is actually measured on a ratio scale), that the subjects have
been independently and randomly selected, that the scores are
normally distributed in the populations, and the variances in the
populations are equal. (If you do suspect that the variances are
not equal, you could check this hypothesis, although simulations
wepeet suggest that this need not be a large worry when the
populations are not skewed or the examples markedly different in
size).

The data for the example are given in Table 6-4 and the
summary information is given in Table 6-5.

Table 6-4
Differences in Flexibility
Calisthegics Yoga Footbal& No Activit
X i X x2 X X X X
0 0 1 1 (o] 0 -2 4
3 1 2 4 3 1l -1 4
X 1 3 9 2 4 0 0
0 0 0 0 0 0 0 0
2 4 2 4 -] 1l 1 3
3 ) 3 9 -2 4 -4 16
X 1l 4 16 -3 9 -3 9
2 4 4 16 -3 9 2 4
1l 1 g 25 1l 1 5 | 4
0 ¢
Eﬁf 21 25 ?ﬂk '—% '%% ;g- 1&%
Xef1.1 2.5 8 -.2
12z 10 10 10 10

g Each score measures change in
s L Xiy = 36 Zfﬁeij = 158 flexibility from beginning to
2 59 Z 3 end of term. Larger scores
/ indicate a greater change.
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Table 6=-4 (continued)

P47 AW 14 A
TSS = SS¢ = Zz‘/\/:‘ et L_’___J,)_ T TD =z las -*
'R il
% e o R WS O
£ Gzx,:) )t @ @ P80 5
w o g(E8]-EHL [T TS S
J 4
SSy = S8t = S58p = 125.6 - 43.0 = 82.6

E% = SSp,/SS¢ = BSS/TSS = 43.0 / 125.6 = .34

Table 6-5
Analysis of Variance Summary Table

Source of Variation Ss Degrees of f. Mss F
Total 1259, N-1 = 39

Between 43.0 k=1 =3 14.33 6.25
Within 82.6 n-k = 36 2.29

In this case, with degrees of freedom equal to 3, 36, Table J in
the appendix to Blalock shows that at the .05 level of
significance we need an F-ratio of 2.92 to reject the null
hypothesis that the means in the categories are equal.
Obviously, 6.25 is greater than 2.92, and we can reject the null
hypothesis at this level. Further inspection of Table J shows
that this F-ratio for our sample is large enough to reject the
null hypothesis at the .01 level of significance, but not at the
.001 level. Thus, we can reject our null hypothesis that the
activities produce the same amount of change in flexibility in
favor of the alternative that they differ in the amounts of
change induced and be wrong in doing so less than one time out of
one hundred, but more than one time out of a thousand.

We can then inspect the category means and see that yoga
produces the most change, calisthenics the next greatest amount,
and football and no activity almost none. One could then, if
desired, compare the differences between these separate
activities, noting that repeated tests do carry a problem of
getting significant results simply by chance. (A Sheffe test can
be used for such comparisons and takes into account the problem
of repeated tests of significance. Advanced texts in psychology
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discuss this procedure.) One would also want to speculate about
why yoga would be a better activity at producing flexibility
changes than the others.

The best computer programs to use on SPSS-PC for a one
analysis of variance for most sociology purposes are MEANS or
ONEWAY. MEANS gives a tab%e with the category means, the related
F-ratio and the measure, , the measure of association discussed
below. ONEWAY includes tests for comparing multiple means with
each other.

2  a Meas o ociati Analvsis of Variance Problems

Sometimes, a researcher is not as much interested in whether
or not the categox y means are equal as she or he is interested
in how much the independent variable helps us understand the
variation in the dependent variable. How much does the
independent variable help reduce our error in predicting values
of the dependent variable? The answer to this comes immediately
from the summary tables used in computing analysis of variance,
by looking at the total sum of squares and the breakdown of this
total variation of the dependent variable into that which can be
accounted for by the independent variable (SSp) and that which
cannot be_accounted foE by the lndgpendent variable (SSy). The
measure EZ (called eta“ by SPSS, E“ by Blalock) summarizes this
information.

E2 = §Sp/ SS¢ =
variation explained by independent variable/total variation.

Note that this also equals
(total variation - unexplained varlation)/ total variation =
(SS¢ = SSy) / SS¢. This measure can simply be interpreted as
telling us the proportion of the total variation or error in the
dependent variable that can be explained or accounted for by the
categories of the independent variable.

A measure of association should always be used, when
possible, in conjunction with an inferential test. This can
guard against unwarranted substantive conclusions from the
inferential results based on large or small _ sample sizes. For
instance, if the sample is small, but the EZ measure indicates
that a substantial proportion of the variation is explained by
the independent variable even though the F statistic only
approaches significance, then one should be sure to report that
there is good reason to believe that association exists and that
replication seems in order.

It is also important to note briefly soms confusion in thg
literature in notationé What Blalock calls_E SSPS calls eta
What Blalock calls eta“ is an analogug to E but uses variances
rather than variation. Blalock's eta“ then has no easy intuitive
igterpretation. We will see in the next unit on correlation that

is analogous to tge square of the corselation coefficient r<.
What Blalock calls E“ and SPSS calls eta“ is then the most useful
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measure. It is the one that I will be using throughout the term.
However, you should always check carefully for the formula used
when people deal with this measure to make sure that they are
talking about proportion of variation (or sums of squares) that
is explained.

Two-Way Analysis of Variance

In this section we review the logic of two-way analysis of
variance, the situation with two independent variables and one
intervally measured dependent variable. We review the logic, go
through an example, discuss more complicated instances only
briefly, and review the associated computer procedures.

e Logic © o-Wa alyvsis of Va

With one-way analysis of variance we compare the total
distribution of a group of scores (say income of a group of
people) with the distribution of the scores within a number of
categories in a nominally measured variable (say religious
groups). We test the null hypothesis that the average incomes of
the people in each religious group are equal. Here income is the
dependent variable and religion is the independent variable. We
are essentially trying to see if breaking the scores or people
into religious groups helps us to know more about their iqgome2
We use variation of the incomes around the mean (ijl(xij - Xis)
as our basic measure. The variation of all the incomes” around
the average of the total group may be broken into two parts: that
unexplained by religious groups (the variation within each of the
religious categories or the within categories sum of squares --
SSy) and that explained by the religious breakdown (the between
categories sum of squares or the variation between the means of
each category and the total mean =-- SSp). Ehe within category
sum of squares is defined as ZLZ(Xij - X.4)° and_the_between
category sum of squares is defihed as ;gj{x.j - X..)2.

J

In two-way analysis of variance we have not one but two
independent variables, each measured on a nominal scale. For
instance, we may be interested in the effect of both race and
religion on income. (The formulas given below and in class
relate only to the case where we have an equal number of scores
in each subcategory, i.e. there are the same number of people in
each combination of race and religious group. I will return to
this later when discussing the computer calculations.) With two-
way analysis of variance we may again break the total variation
of the dependent variable into parts. The unexplained variation
is that which has not been explained by the two independent
variables. This is the variation within each of the
subcategories of race and religion such as the variation of
incomes of white Protestants and the variation of incomes of
white Catholics. This may be called the within subclass sum of
squares or variation.



The explained variation is the between-subclass sum of
squares or the variation between the means of each subcategory
and the total mean. Note the direct analogy to the between
category sum of squares in simple one-way analysis of variance.
This explained variation can then be broken into three component
parts: 1) that explained by one independent variable (say
religion; 2) that explained by the other independent variable
(say race); and 3) that explained by the interaction of these two
independent variables or the special joint effect of race and
religion on income (for instance the special discrimination given
to Black Jews over and above that which they get separately as
Blacks or as Jews).

These components of the explained variation are called
respectively the between columns sum of squares (if religion is
placed in the columns in the table); the between-rows sum of
squares (if race is placed in the rows in the table); and the
interaction sum of squares. They are defined as follows:

The within subclass sum of squares: ZZ'Z(Xijk - E.jk)z

T

The total explained va;iatign or between subclass sum of
squares :5zg(x.jk - Xada]
Cjk

This total explained variation includes:

The between columns sum of squares: «?:-fff(;{.j. = B .)2

bJL. _
The between rows sum of sgquares: q;i;(x..k - x...)2
)

The interaction sum of squares: between subclass SS -

(between columns SS and between rows SS)
Note that the interaction sum of squares is simply that part of
the total explained variation that cannot be accounted for by the
column variable alone or by the row variable alone.

Also note that since SSt = SSyithin subclass *+
SSpetween subclass We may compute SSyithin subclass bY simply
SS+ - SSpetween subclass in a direct analogy to the procedure
with one way analysis of variance.

The notation used in two-way analysis of variance is very
similar to that with one-way anova with the simple addition of

one more subscript to refer to the row variable. This is
illustrated in Table 6-7.
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Table 6-7
Notation in Two=-way anova

Xjjx —= each score: 1 refers to the score, j refers to the
column, k refers to the row

'i... -=- the mean of all scores
'i..k -- the mean in each row k

X.j. == the mean in each column j

i 2 3 s
. i X Xqq, f X’.L; x'Jl
l :z.u :_- E Xaag 1231
o o 1T Resd it 7 1
x“)_ Kise K‘JL
g 57 X - -
Kaiz a2 AT
v Xgwnl = -0 KCur Xizs
k Xk Xiai Xizi
}\‘J-lk Kaek Koz k - -
T ol ke - e Kc-:-lg ot i %JL
> 5
i "foclk ;E XL’J_L ‘.CZ/XtJL
o2 l
A i ¥ R e 7 i

Interaction Effects

Before giving an example, we will try to give more of an
intuitive idea of what interaction is. Interaction is simply
additional influence of the independent variables that comes from
their joint action. Some examples can help. Suppose that we had
an experiment where we were interested in levels of aspiration.
We randomly assigned college men to three treatment groups. They
were all given a game that apparently involved their own skill in
winning. In actual fact the outcome of the game was controlled
and everyone would get the same score. Yet, the subjects were
told that they had done above average, average, or below average.
They were then asked to predict how well they would do on the
next try. The average predicted score on the next try is the
score given in the tables below. Suppose that we did this with a
random sample of athletes and a sample of regular cocllege
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students. If there were no interaction the results shown in
Table 6-8 would occur.

Table 6-8
No Interaction, Only a Column Effect
Above Av. Average Below Average
College students 28 33 35
Athletes 28 23 3b

In Table 6-8 there is no interaction, and only the experiment
itself had an effect. Whether or not the students were athletes
had no influence. Note that for both cases the difference from
being told one was above average to average was 5 points and the
difference from average to below average was 3 points.

In Table 6-9 again there is no interaction. This time,
however, the experimental variable has no effect and the only
variable with an influence is the status of the students.
Consistently, the college students predicted a four point better
performance than the athletes, regardless of the experimental
condition.

Table 6-9
No Interaction, Only a Row Effect
Above av. Average Below Average
College Students 34 34 34
Athletes 30 30 30

In Table 6-10 there is again no interaction, but this time
both the experimental variable and the student type affect the
scores. The effect of moving from above average to average is 5
points, the effect of moving from average to below average is 2
points =-- for both the college students and the athletes.
Consistently alsco the college students differ from the athletes
by four points.

Table 6-10
No Interaction, Both Row and Column Effects
Above Av. Average Below Average
College students 30 2% 37
Athletes 26 31 a3

Finally, in Table 6-11 we may see interaction effects. 1In
this situation the athletes show a different pattern between the
three experimental groups than the college students do.
Conversely we may say that the college students and athletes
differ from each other in different ways in each experimental
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situation. For the above average situation the college students
and athletes are the same. They differ widely, with the college
students 16 points higher, in the average situation. And they
differ less strikingly, HQ only 4 points but in the other
direction, in the below average situation.

Table 6-11
Interaction Effects
Above av. Average Below Average
College Students 28 41 33
Athletes 28 25 37

Interaction effects are very important theoretically, and
generally cannot be detected from simply inspecting the
marginals. Table 6-12 illustrates this possibility. In this
case suppose that two methods of instruction (#1 and #2) were
used in teaching students, both boys and girls. The average
achievement scores for each group are shown with the marginals,
or average scores for all the students, on the outside columns
and rows. From comparing the averages for all boys and girls we
would conclude that they did not differ in their achievement.
From comparing the overall averages for the two methods we would
conclude that method one was superior to method 2. However, by
looking inside the table it appears that method 2 is better for
girls, while method one is better for boys. Interaction has
occurred. The methods do not have the same effects on boys as
they do on girls.

Table 6-12

Example of Interaction Effect and How Cannot be Detected
From the Marginals

Method One Method Two Total Scores

Girls 55 65 60
Boys 75 45 60
Total Scores 65 55 60
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Hypotheses

Because there are three components to the explained sums of
squares in two-way analysis of variance, three hypotheses must be
tested. These are:

Hpy: the population means of the categories in the row

variables are equal ,/_,1 =//°;.2 = ...0= MKy
Hy1: the population means of the categories in the row

variables are unequal fe..1 M e Ry

Hgz: the population means of the categories in the column

variable are equal /“-1- = feags ® wue ™ foege

rs
Hi5: the population means of the categories in the column
variable are unequal /A,l. #//x. He P v f T

Hp3: there is no interaction (essentially the sum of
squares accounting for interaction and the
associated estimate of common variance is zero)

Hy3: there is interaction

If it turns out that we must reject Hgp3, in other words if
there is interaction, then it makes no sense to go ahead and
examine the first two hypotheses. This is simply because if
interaction exists then different things are happening between
the rows depending on which column you look at and vice versa.
Thus, separate generalizations about the rows and columns make no
sense. Thus, the first hypothesis to be tested is that regarding
interaction. Then the other two hypotheses are also tested.

An Exanmple

Oon the following pages an example is given that is an
extension of one of the examples used with one-way analysis of
variance. In this example we are interested in examining the
influence on a person's change in flexibility over a term of
assignment to three different activities: none, sports and yoga
as well as the kind of body (loose versus stlff) that a person
has. As before this change in flexibility is measured in inches.
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Three hypotheses are listed: that there is no interaction
(actually testing one of the assumptions needed to complete the
analysis), that the column means are egual =-- that each activity
contributes equally well to changes irfflexibility, and that the
row means are equal =-- that people of both body types have equal
amounts of change.

Note that all the equations used apply only to cases where
there are equal number of cases in each subcategory. This is
because this automatically makes the activity type and the body
type not associated with each other. If this did not occur the
various sources of explained variance would not sum to the total
explained variance as they should. Computer programs can easily
handle the more complex equations needed when there are unequal
n's across the cells. Below the definitional formulas for each
source of variation are again given. Then the computing formulas
and the computations for this example are given. Note again that
one should always use the computing formulas rather than the
definitional formulas in computations to minimize rounding errors
and also to prevent simple arithmetic mistakes.

First the hypothesis that there is no interaction is tested
(Table 6-14). This is done by commputing the sum of squares for
interaction and for error (or within each sub class) along with
the associated degrees of freedom and then computing the
estimates of the common variance. The estimates of the common
variance are shown in the fourth column of the table. All of
these procedures are just as in one-way analysis of variance
except that here we have more sources of explanation of the
variation. To obtain the F-ratio to test the hypothesis
regarding interaction, we look at the ratio of the estimate of
variance from the sums of squares due to interaction and that due
to error. This F ratio = .067 which is far below unity and we
may fail to reject the null hypothesis of no interaction. Thus,
we may assume that additivity exists. This means that the column
variable and the row variables act independently on the dependent
variable and we may analyze their separate effect.

Blalock suggests that at this point one should add the sum
of squares or variation due to interaction back with the error
sum of squares, the variation within each subclass. His
justification for doing this is that if we can fail to reject the
null hypothesis that interaction exists, then any variation
explained by interaction must be simply due to error and so we
can treat it as such. This is the procedure we have used above.
However, other sources do not do this. For instance, Hays, the
premier text in psychology does not add the interaction sum of
squares into the error term, but retains it as a separate
element. Similarly, SPSS retains it separately. If you do add
it to the error term note that the degrees of freedom are also
added in.
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Table 6-13
Example of Two-Way Analysis of Variance

We will test each of the following null hypotheses:

Hp1: no interaction among the cells (between the 2
variables) (Note this is testing one of the assumptions
on which 2-way anova is based and is necessary to do
before proceeding to the next 2 hypotheses.)

Hyj: There is interaction among the cells (between the 2
variables). ;

Hpao: /bkl =/f°'2 =/“'3 (column means are equal or means
within each category of activity are equal)

Bias #J/x‘z #/“'3 (column means are unequal or means
within éach category of activity are unequal)

Hps: //“’1 =;/¢2 (row means are egual or
category means within each body type are equal)

Hp3a: /lbl #/“ 2 (row means are not equal or
category means within each body type are unequal)

Note: The method illustrated here is derived for cases with
equal n's in each subcategory.

ACTIVITY et
Gl Nioke | Sper? y"é”‘ o
T‘{PK (=7 1 OL syea |- 1 -1 3 ey
lopea, 12 15 gxwp [C* 1

L RO il BL T © X
- W S )

L z - "330
%‘Pf'f—/ r & £ /«/(70 * rx- 3

L Bl [l el Le&l Lty

“ ‘ £33
Lhetl EX™iS L@ fpte : 1. D f ks
X==8p  fxe2r IX | Lxee s NZ40

In two way anova our quxpla%ned variation is within each
subclass: s ¢ (Xijk = X.9x)°-.

The explained variation comes from 3 sources:
1) that explained by the variable in the columns
2) that explained by the variable in the rows
3) that explained by the interaction or joint effect of
these two variables.
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Table 6-13 (continued)

The total explained variatiop is called the between subclass
variation and = ifi (Xgx = Xeo2)2

] -
The between columns SS = f:fZ:(X. e = Xise)n
‘-‘/L
The between rows SS = ggzz(x..k - X....)2
& S

The interaction SS = between subclass SS - (between rows SS and
between columns SS).

The error or within subcategory SS = TSS - between subclass SS.

If the contribution of the interaction SS to the total variation
is not significant, Blalock suggests that we add this
interaction SS back into the error SS and use this wvalue for
estimating the within category variance for the F ratios in
testing the second and third hypotheses.

Computing formulas and computations:

TSS = ZZZ/V .-/ﬁ,ff Vou 5 ran )t e

Ky XY # o fBT~ =™ 10685
gre s, JF
Between columns S8 = (/é: £ ¢ Oé-) =
*‘;ﬁ‘_—‘

(¢. + o= -f..-—-—-) (35)L,///

Between rows SS-((<[Z’,K¢‘)/¢)) ({f{/f‘)/c)z‘

/1/
2 zﬂ
i ) « JBAF ¢ 2P~ S * AT
Bet ubclass SS = (£ Koy §% ey B
etween subclass [2 g )&Jﬁ) i [J{L{vaé_/
[’1/'/;
- R 7 i L e 2
F ottt PG e RAr s AT

Error SS = Total SS - between subclass SS = 106.85 - 14.15 = 92.7

Interaction S8
rows SS)

Between subclass SS - (Between Col. SS + between

14.15 = (1l:l & 2.82) = 0.23
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Source of Variation

Total

Between subclass
Between columns
Between rows
Interaction
Error

-

ik
F‘z r:l—,—770‘7

Source of Variation

Total

Between columns
Between rows
Error

Table 6-14
Test for Interaction

SS

106.85
14.15
11.1

2.82
0.23
92.7

at 58

4

|
;ﬁ-l =_60
kl-1 = 5
k-1 = 2

1-1 =1
(k=1) (1-1)=2
n-kl = 54

Estimated
Variance F

1.811
2.83
5.55
2.82
.115

2 TRT .067

And since the F ratio is far below unity
we can fail to reject our null hypothesis
of no interaction - i.e. there is
additivity and we may proceed with the

analysis.

Table 6-15
Testing for Column and Row Effects
(Interaction SS - added to error term)

A
106.85

11.1

2.82

92.93

af
59

2

56

Estimated

Variance F
5.55 3.3433
2.82 1.697
1.66

We may reject the null hypothesis of no difference between the
means of the column categories at the .05 level of significance,
but we must fail to reject the null hypothsis of no difference

between the means of the row categories.

That is, the type of

activity, but not the body type, appears to influence an increase

in flexibility.

EZ by activity

EZ by body type

E? act, body
& -
s fera e on

Table 6-16
Calculation of EZ2

= Be;wéeg columns SS =

. = ,1039

106.85

= Between rows SS = _2.817 = .026
106.85

Between subcl. SS =

_14.15 = .1324

106.85
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Table 6-15 gives the summary table that shows the test of
the two hypotheses regarding the influence of the row and column
variables. For the influence of the column variable of activity
type, the degrees of freedom are 2 and 56. From Table J in the
appendix we see that an F ratio of 3.23 is needed to reject the
null hypothesis at the .05 level of significance and an F ratio
of at least 5.18 is needed for rejection at the .01 level. 1In
this case the F ratio is 3.34, large enough to reject the null
hypothesis at the .05 level and to tell us that the activities do
indeed differ in their influence on flexibility, independent of
the influence of body type.

For the impact of body type the degrees of freedom are 1 and
56 (df 4is less here because there were only two types of bodies,
but three types of activities). For rejecting the null
hypothesis at the .05 level of significance, Table J tells us«g¢/
that the F-ratio would have to be at least as large as -284. Our
F-ratio is not that large and we must fail to reject the null
hypothesis that body type influences the change in flexibility
over the term. The researcher would then proceed to discuss why
the activities influence the changes and which activities are
most influential and why differences in body type apparently do
not.

Table 6-16 shows the second important part of the analygis
of variance procedure,. . These are the measures of E

the proportion of the total variation in the dependent varlable
that can be explained by each of the independent variables.

Note, that as we would expect from the F-ratios, the most
variation is explained by activity, over 10%. Body type alone
explains almost 3% of the total variation. Together these two
variables (including interaction) explain over 13% of the total
variation. In trying to understand how important these variables
are, think that if one had 6 more variables as good as these, one
could explain all the variation. With some substantive areas
that will be terrific. 1In others, you may not impress many
people. With just the activity variable alone you would only
need ten other variables just as effective and you would explain
all the variation in flexibility. Obviously, it will sometimes
be easier to find explanations of variables that are physical in
nature such as flexibility than those that are more cognitive and
social in nature.

It might be helpful to remember that E° is what Costner has
called a PRE, a proportionate reduction of error, measure. For a
PRE measure you must have a definition of error. 1In this case 1
this is the variation of scores around the mean: ZsZ X, - - )
Then we have two rules for finding this error. Rule one “is when
you know only the dependent variable. This is simply the total
sum of squares and_the gquared deviations around the grand mean
SS¢ = ££Z(Xj4x = X...)“. Rule two gives the error if we also
know the independent variable. This would be the variation left
in each category, or the within category or within subclass sum
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of squares: SSy =<fZZ(Xijk - x.jk)z. A PRE measure is simply
then (error by rule 1 - etfror by rule 2)/ error by_rule l.

In this case it is SS¢ - SSy / SS¢ = SSp / SS¢ = E. This is the
proportion of the total variation or error in the dependent
variable that can be explained by knowing the categories of the
independent variable(s).

Extensions

There are many types of analysis of variance designs. These
are closely associated with various experimental designs. You
will hear of block designs, nested designs, etc. If you are to
be involved at all with experimental work it might be a good idea
to take a statistics course in the psychology department that
seriously deals with these variations. Three-way analysis of
variance would involve the addition of a third independent
variable and the computations and logic used here would be
extended.

Because most sociologists don't use experimental designs we
will not often use the formats the psychologists use. After
studying multiple regression, I will show you how analysis of
variance is simply a subset of multiple regression and how we may
use those techniques when we want to do analysis of variance.

To prepare students for this step Blalock has a discussion
on pp. 356-357 that describes how an individual score may be
broken into component parts. Unfortunately, the notation in
those paragraphs is somewhat inconsistent. Below I have tried to
translate his work with more consistent notation starting with
the second line from the bottom of page 356.

"Tetting the score of the ith individual in the kth row and the
jth column by represented by Xj4x, we may conceive of this score
as being composed of the following components: (1) a component
"due to" the overall population meamgs...; (2) a second due to the
effects of being in a particular row k, which we shall label the
row effecte,; (3) a similar effect /4, owing to being in column j;
(4) an interaction effectfxﬂgdue to the peculiar combination of
the kth row and jth column; and (5) a unique effect, or error
term £« produced by factors not explig $_ ly considered in the
equation. The equation then becomes

Xijk = M+ Ny +/5j + ?ij +€'ijk
which of coutrse refers to populationh paraméters that must be
estimated from the sample data. It turns out that if all of the
required assumptions for two-way analysis of variance are met, we
may obtain unbiased estimators of the parameters in the above
equations as follows:
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A A

J/* = X... ajk = X.4x -X..x - X.q. + Xoos
-— A, b
X9k - (;?k a4 +/U=)

& i. .k b i. L ]
A - - A
/Gdj = Xeq. = Xouo £ 19k = Xijk - X.4k

e
(!

"Each of these estimates makes intuitive sense except,
perhaps, for the estimate of the interaction effect] jx. We use
the sample grand mean X... to estimate ~“ and the deVviations of
the row and column sample means from X... to estimate the row and
column effects,  x andf.y, respectively. The deviaifon of Xiik
from the subcategory sample mean X.4x of course represents
unexplained variation in the sample” that estimates the comparable
residual term £ j4x. The estimate of the interaction component
can then be obtaihed by subtraction. In effect, then, we have
expressed each individual Xjjx in terms of the following

components: prard (o) fagh P S M~ Frtlopm ihece,; e
Xijk = Xeeo + (Xoox = X)) + (X, = X.00) + (Xi4k X -

Xujo + Xeuo) + (Xi4k - X:;-_k).“
erpr

One important exception to the case of translating analysis
of variance to multiple regression is the case of repeated
measures. The case of repeated measures is similar to that of
matched cases that we found in t-tests. Sometimes you will have
measures on the same person or on related people for several
different categories and you want to compare them. I ran into
this once with a study comparing lesbian feminists, heterosexual
feminists, and heterosexual traditionals on their reports of

behavior of their mothers and fathers. The analysis format is
illustrated below.

LF HF HT
Mother score - —— T
Father score - -—— "

Note that here while the groups of three women are independently
selected, the mothers and fathers within each group are obviously
related to each other. 1In any situation like this (while you
could use difference scores of mother and father this is not
really recommended because you may mask some interaction effects)
you would use what is called repeated measures analysis of
variance. This can test for different patterns occurring for the
mother and father scores within the three groups (the interaction
effect), and differences between the mother and father scores
(the row effects) and the differences between the three groups
(the column effects). The calculations, however, are different
than those described here and you should consult a psychology
textbook for further guidance.



While the MEANS program or ONEWAY can be used for one-way
analysis of variance, the ANOVA program should be used for two-
way analysis of variance. It can also be used for one-way
analysis of variance. It is quite versatile and extensive.

Assumptions Underlying Analysis of Variance

The assumptions underlying analysis of variance are
essentially identical to those that are associated with the
t-test. In fact, the t-test is simply a special case of the
F-test. It is the square root of the F-ratio when the first
degrees of freedom is one (categories of the independent variable
= 2). This may be easily seen by comparing the square roots of
the values in the F-table with the corresponding values in the
T=-table for a two-tail test. Boneau's 1960 article and
Li ists's Design and Analysis of Experiments in Psychology and
Education deal with this issue. Lindquist cites an unpublished
Ph.D. dissertation done in 1952 that examines the impact of
altering variances and population snapes on the F values. Boneau
adds the impact of changing sample sizes.

Essentially, these people conclude that if we have both
unequal n's and unequal im=the population variances we may have
problems with inaccurate results. Also, if the populations are
skewed, especially if skewed in different ways, and there are
unequal n's we may have problems. If, however, the sample size
is increased these problems diminish. If the samples are larger
than around 25 or 30 we can virtually ignore the assumptions.

I have not yet found an article that specifically deals with
violating the assumption of interval measurement. of the dependent
variable with F ratios. This likely needs to be specifically
tested. However, since t is a special case of F, mathematically
the results obtained with the t statistic should extend to F.
Boneau (1960) cites articles that show that other results
regarding t extend to results regarding F.
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VII. Correlation and Regression

Quantitative analyses are always linked with research
designs. We use statistics to help answer research
questions. Sometimes we are interested in comparing the
magnitude or size of results in two groups, in which case we
would use a t-test, or in three or more groups, in which
case we would use analysis of variance. As we saw in the
previous section, analysis of variance may be extended to
the case where two or more independent variables are used to
explain or account for variation in the dependent variable.
In this case the independent variables need be measured only
on a nominal scale.

What, however, if we were not interested in comparing
magnitudes or central tendency, but were interested in the
association between two variables, especially in the
association between two variables when both the independent
and dependent variable were measured on an interval scale.
Here we are interested in association or correlation, what
happens to the dependent variable when the independent
variable changes. For instance, one could be interested in
the association between income and education, what happens
to peoples' incomes as their levels of education rise. When
both the dependent variable and the independent variable are
measured on an interval scale we may use regression or
correlation techniques.

Below we explore the elements of basic bivariate
correlation. We develop the use of the regfessiqn line, the
nature of the PRE measure of association, r“, interpret the
correlation coefficient r, give examples of computing both
of these values, test hypotheses that the association
between two variables is linear and that the correlation

coefficient is equal to zero, set confidence intervals ~ fest Hho
around the population conterpart of r,-@nd briefly discuss u1d%4ﬂf

computer programs used in doing these processes. ﬁaﬁ-l
Covrel aslres
r2 as a Measure of Association o equal

In our discussion of analysis Sf variance we introduced
the summary descriptive statistic E“ as a measyre of
association used with analysis of variance. E“ = the sum of
squares between divided by the total sums of squares. The
total sums of squares is the total variation in the sample,
and the between sum of squares is the explained sum of
squares =-- actually the difference between the unexplained
variation (variation within each category of the independent
variable) and the total variation. E“ is a PRE measure of
association, in that it tells us the amount which we have
reduced our error in predicting the dependent variable when
we knew something about the independent variable. In this
case the information we use about the independent variable
is its categories, and our best predictor of the dependent



variable when we know this information is the category
means. Thus, E“ tells us how much of the variation of the
dependent variable is explained when we know the categories
of the independent variable.

22 is an extremely useful measure. However, it tells
us nothing about the particular nature of the association
between the independent and dependent variable, only that
when the value is greater than zero the two variables are
associated in some way or another. E“ requires that the
independent variable only be measured on a nominal scale.
What, however, if you thought there were some pattern in
the association between the independent and dependent
variable? What if, say, you thought that they had a
positive linear association -- as one varible went up, so
did the other (as in the example of income and education
above). Or, what if there were a negative linear
relationship =-- as one variable went up the other went down
(as in an association between educational level and amount
of superstitious beliefs).

Figure 7-1 below illustrates the possible association
between the income and education of a group of people. On
the horizontal axis the amount of education is represented
from high to low. On the vertical axis the amount of income
is shown. Each dot represents one person. It is apparent
that people with low amounts of education tend to have lower
incomes, people with higher educations tend to have incomes.

A
kna ket

Figure 7-1
Relationship between Income and Education
for a Hypothetical Group of People

Income

L o

Education



It is possible to draw a straight line through this
diagram so that it falls as close to each element of the
sample as possible. Such a line is drawn through Figure 7-
1 [ :

From elementary algebra you will remember that the
equation for a line is

Y=a+bX (7=1)

where Y is the dependent variable, the variable on the
vertical axis; and X is the independent variable, on the
horizontal axis. The value "a" is the Y-intercept, the
value of Y when X = 0 or the point where the line crosses
the vertical axis. The value "b" is the slope of the line,
the amount of changes in Y for each unit change in X.

Based on the actual data on two variables for a sample
it is possible to construct a line that best predicts the .
scores of Y, the dependent variable, from the scores of X,
the independent variable. This equation is called the

regression equation and is written
P

where § is the predicted value of Y for any X, ayy is the
Yy = intercept, byy is the slope of the line, and X is any
value of the independent variable. The subscripts, yx,
indicate that the coefficients in the equation are
predicting the variable Y from the values of X.

Now, because it is possible to construct this line so
that it is the best line that predicts values of Y from
those of X, we can use these predicted values of ¥, Y, as
our best predictors of the dependent variable when we know
the values of the 'independent variable and when we assume
the two variables have a linear association. Because ¥ is
our best predictor of Y when we agssume that the associstion
between X and Y is linear, Z(Y - 5) =0, and (Y - ?) is
minimum for any value of Q’that can be developed through an
equation of the form ayy + byy X (where X is the value
corresponding to that X in tgg scatter diagram).

a

Remember that Z (Y - Y)2 is our measure of error when
all we know is the dependent variable, for the mean is
always the best predictor of an intervally measured
variable.

Note that we now have all the elements of a PRE
measure. We have a rule for classifying subjects on the
dependent variable when we only know the dependent variable:
We simply would give them the score of the mean, for our
deviations around the mean are at a minimum for any value.



Our rule for classifying subjects on the dependent variable
when we know the independent variable is the regression
line, for deviations of scores around the regression line
are also at a minimum. Our definition of error can simply
be squared deviations of scores around these points (we
square to get rid of negative wvalues.)

For the first rule

Ey = [ (yv-7)2 (7-3)
or the squared deviations of scores around the mean.

For the second rule
Fa
E; = / (¥-Y)2 (7-4)

or the squared deviations of scores around the regression
line.

Remember that a PRE measure is (E; - E3)/E;. From the

definitions of E; and E; above we can then construct the
following measure of association:

(E; - Ep) S-92 - Z(y-9)2

2 !
9 = (7-5)
Eq 5 (x-%)2 &

In this measure the total variation to be explained, or
the error when we only know the dependent variable is
il & 4 -'Y) The variation unexplained or left around the
regression line, the error when we also know the linear
association with the independent variable, is JF(Y - ?)2
The difference between the total variation and the
unexplained variation is the variation of the dependent
variable that is explained by the regression line or by the

lineaar association between Ehe dependent and independent
variable. THIBy. ... . is r It is the square of the
Pearson product moment correlatlon. It is simply
interpreted as the proportion of the variation in the
dependent variable (or one variable) that is explained by
its linear association with the independent (or other)
variable. It may alsc be seen as the proportionate
reduction of error in predicting values of the dependent
variable when we know the linear association between the two
variables compared with our error when we only know the
dependent variable.

Note how this measure is analagous to E2. Both
measures use the same definition of total variation or total
error. They differ in hgw they use information from the
independent variable. simply uses the average gariation
within each category of the dependent variable. uses the
total pattern of variation or association between the two



variables to develop a straight line that best illustrates
this association. Because there is almost always some
variation frsm a straight line association between two

variables, E -

is always bigger than or equal in size to r<“.

Because E? only uses the category means as a best
predictor of the values of the dependent variable when the
independent variable is known, it also may be used to show
the presence of a nonlinear association. The scatter
diagram in Figure 7-2 shows a curvilinear association. The
category means show this association, but the straight line
drawn thrcugh the diagram shows almost ng association. 1In
this case r“ would be quite small, but E“ would be quite a
bit larger.

Figure 7-2
Example of a Curvilinear Relationship
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Because EZ2 and 52 use the same basic measure of total
variation [ £(Y - 7141, it is legitimate to compare their
values. In fact, E“ - r“ can indicate the degree to whicB
ag association between two variables is not linear. If E< -
r“ is much greater than zero , then it indicates that the
two variables are associated, but that their association is
not primarily a linear one. (Later we will test the null
hypothesis that the difference between these values in the
population is equal to zeroé) Note that E€ - r“ may be
greater than zero even if r¢ is also significantly greater
than zero. (See Figure 7-3.) In this case, however, the
fact that the nonlinear relationship is much larger than the
linear one would indicate that it would be the one to pay
most attention to.



Figure 7-3
Example of a Situation Where Both E2 and r?
are Greater than Zero

ample

A simple example can illustrate the meaning of r? and
its relation to the regression line. Figure 7 shows a
scatter diagram of data representing the reported monthly
church attendance of pairs of mothers and daughters. These
data are also summarized in Table 7-1. Note that in family
A both mother and daughter attended once in the month; in
family B mother attended twice, daughter 3 times; in family
C mother attended four times and daughter 3, and so on.

A scatter diagram, as in Figure 7-2 is a device used to
illustrate the nature of the association between two
variables. From the scatter diagram in Figure 7-2 it
appears that there is a positive linear association between
the daughter's church attendance and the mother's church
attendance. As the mother has higher church attendance, so
does the daughter.

Now we want to construct a line that can be drawn
through this scatter diagram that will best predict values
of Y (the daughter's attendance) from our knowledge of the
mother's attendance (¥X). I will not here go through the
derivation of the formulas used to get values of byy and
ayy. They involve a knowledge of elementary calculus.
Suffice it to say that mathematicians have figured out the
equations that will produce these best predictors.



Figure 3.4

Scatter Diagram of Hypothetical Data Regarding the Monthly
Church Attendance of a Sample of Mothers and Daughters
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Table 7=
Computations Needed to Compute r“ for data in Figure 7-2

Family Mother Daughter (X-X) (X-X)2 (¥-Y¥) (X-X) (Y-Y)
(X) (Y)

A 1 1 =3.8 « 12,25 =3.2 11.2
B 2 3 -2.5 §.25 =1.2 +3.0
c 4 3 -0.5 0.258 w3 +0.6
D 5 4 - 05 0-25 —002 —Onl
E 7 6 2.5 6.25 1.8 +4.5
F 8 8 3,5 12,25 3.8 +13.3
Totals 27 25 32.5
X =27 = 4.5; Y =25 = 4.2
6 6



An intuitive explanation of the formula for b is
possible. ;

byx = f(x-'}?) (Y - Y/ S(x-%?2 (7-4)

This is simply the covariation of X ang Y‘[‘ka;i)(Y-Q)]
divided by the variation of X [ Z(X-X) , the predictor or
independent variable.

Remember that byy is the slope of the regression line.
When it is greater tKan zero there is a pos;tlve
association; when it is less than zero there is a negative
association (as one variable goes up the other goes down)
and when there is no association the slope is approximately
equal to zero. The variation of X is always greater than
zero (if it were equal to zero there would be no use in
conducting an analysis). Thus, to understand how this
formula for the slope can result in a positive, negative, or
zero value, we need look only at the covariation of X and Y.

We can see that the covariation includes information
about the mean of X, which is our best predictor of X when
we only know X, and about the mean of ¥, our best predictor
of Y when we only know about that variable. The covariation
takes into account how the actual pairs of scores vary
around the best two predictors for each variable. Figures
7=-3, 7-4, and 7-5 illustrate situations that will result in
different values of b.

Figure 7-3
A Positive Value of r and b
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In Figure 7-3, because the relation is positive most of
the pairs of scores fall into the quadrant where both Y-Y
and X-X are greater than zero, or in the guadrant where both
of these values are less than zero. In both these cases the
product of (Y <Y) (X - X) would be positive (positive times
positive = positive; negative times negative = positive) and
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thus the covariation would be positive and b or the slope
would be positive.

In Figure 7-4 the association is negative. 1In this_
case most of the cases fall into the quadrant where (X -X)
is less than zero and (Y_- ¥) is greater than zero, or into
the quadrant where (X - X) is greater than zero and (Y - 9)
is less than zero. In this case the product of (Y ~ ¥ (X -
X) would usually be negative and thus b and the slope would
be negative.

Figure 7-4
A Negative Value of r and b
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Finally, in Figure 7-5, there is no association. 1In
this case the pairs of cases generally fall equally between
the four quadrants. Thus the number of times the product of
(X-X) and (Y-Y) is positive should about balance off the
number of times the product is negative and thus the overall
sum of these products over all cases would be close to zero.

Figure 7-5
A zero value of r and b
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If the variation in X (leJi)f) is about equal to the
covariation of X and ¥ [ Z(X-X) (¥-Y)], then b would be
approximately equal to one. This means that the changes in
X and Y are about equal, as X moves one unit, Y is predicted
to move about one unit. When b is greater than one, the
covariation of X and Y is greater than the variation in X,
and when X changes one unit Y is predicted to change by more
than one unit. Conversely, when b is less than one, the
covariation of X and ¥ is less than the variation in X, and
the predicted changes in Y are less than the unit changes in
X. Each of these situations is illustrated in Figure 7-6.

Figure 7-6
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W
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Given this intuitive feel for the meaning of byy, let
us return to the example involving mothers' and daughters'
church attendance. Using the information given in Table 7-1
we can calculate:

byy = Z(X=X) (¥=¥) = 32.5 = .87 (7-5)
(X - X) 37.5

|
~
|
o
g
E:
o}
!

4.2-3.9

= 4-2 - 3-9 = 0-3

The regression line that best predicts the values of ¥, the
daughter's attendance, from the values of X, the mothers'
attendance is: A

¥ = 0.3 4+ 87X (7=7)

In Table 7-2 we present the dats that can be used to
develop the measure of association r“. This measure tells
us how much of the variation in daughters' church attendance
can be accounted for by its linear association with mothers'
attendsﬁbe.



Table 7-2
Data for Calculating r“ for data in Figure 7-2

Family X Y Q’ Y - ¥ (Y-Y) 2 -8 (x-9?2
A 1 s RUS. O, -3.2 10.24 - X7 03
B 2 3 2.08 -1.2 1.44 +.96 .92
c 4 3 3,78 1.3 1.44 -.78 .61
E 5 4 4.65 -0.2 . 04 -85 .42
D 7 6 6.39 1.8 3.24 -39 g1l
F 8 8 7.26 3.8 14.44 LTh R

-5.8 30.84 -1.99 2.67

Totals +5.6 +1.70

02

-.29

Note that the simple sum of deviations of the scores of the
dependent variable around the mean are approximately equal
to zero. Thus the sum of the squared deviations around the
mean are also at a minimum. The predicted values of Y shown
in the table are those computed when the given value of X,
the mothers' attendance for each family, is substituted in
the prediction equation. The simple sum of the scores of
the dependent variable around the predicted values of Y from
this regression line are approximately equal to zero, and
the sum of the squared deviations around the regression line
are at a minimum.

We may now use the sum of the squgred devigt%ons around
these two best predictors to compute r<. L (¥-Y)“ = the
variation of scores around the mean, the best Bredlctor when
we only know the dependent variable. :(Y- )€ = the
variation of scores around the point on the regression line
that is predicted for that family or pair of scores. This
is our best predictor of the dependent variable when we know
the independent variable and assume that the association
between the two variables is linear.

S(¥-%)2 - (Y - )2 30.84 = 2,67 = 28.17 = .91
re = 30.84 30.5*4
£(y-%)2 (7=7)

Thus, for this sample, when we know the mother's
frequency of church attendance we can reduce our error in
predicting the daughter's attendance by 91% when we assume
that the association between the two variables is linear
(can be represented by a straight line). Another way of
saying this is that 91% of the total variation in the
daughter's church attendance can be explained by its linear

13



association with the mothers' frequency of church
attendance.

Note that r? is a symmetric measure. In fact, we could
work out Ehe equation predicting X from values of Y and
compute r< that way and come up with the same figure. We
could also say then that 91% of the variation in mothers'
church attendance is explained by its linear association
with daughters' frequency of church attendance.

r? is sometimes called the coefficient of
determination, representing the sxtent to which one variable
is determined by another. 1 = r“ (in this case = .09) is
called the coefficient of alienation, the proportion of
variation that is not explained by this linear association.

Because our way of computing r? above used the
definitional formula involved a number of subtractions, and
thus is bgund to introduce rounding errors. When you
compute r“ by hand it is preferable to use a computational
formula._ This is usually written for the value of r itself.
To get r? we simply square this value. The computational
formula for r is simply

/LJ[W:V'—'GC<)QSV)

.
in our example r = 6(145) - (27)(25)
[6(159) = (27)“][6(135) - (25)%]
= 195 = 195 = 195 = ,95
[225][185] 41,625 204.02
r? = (95)(.95) = .90
The Pearson Product Moment Correlation, r

While r2 has an easily understood interpretation in the
PRE format, the pearson produc& moment correlation, r, is
more frequently used. While r“ varies between 0 and 1 (with
0 indicating no association and 1 indicating perfegt
association), r varies from_-1.0 to +1.0. r and r“ are
obviously related in that r? is simply the value of r
multiplied by itself. Yet, the interpretation of r is
somewhat different than the interpretation for r“. Below we
go through four interpretations related to r after exploring
more the formula for r itself.

14



Above we gave the computational formula for r. It is
also instructive to examine the definitional formula. The
definition of r is

- g -

r=2(X=-%) (¥ -9 = covariation of X and Y

VZTX - 3?)2 rie ?)2 //(variation of X) (variation of Y)

Note that this is closely related to the definitional
formula of the slopes:

b = covariation (XY) b = covariation XY (7-10)
Y sy Xy e
variation X variation Y

While the slope always has the covariation of X and Y in the
numerator, the denominator is either the variation of X or
the variation of Y depending on whether X or Y is the
predictor variable.

r? = byy byy and thus r = |/ byy byy (7-11)

e

The various possible interpretations of r followi%hese
observations. First, by observing the sign associated with
the correlation coefficient, we may ascertain whether the
association between the two variables is positive or
negative. This follows from the logic associated with the
sign associated with the slope as explained earlier.

Second, we may simply square the value of r to get re,
which tells us the proportion of variation in one variable
explained by its linear association with the other. This
was fully discussed above.

Third, we may remember that r is egqual to the square
root of the product of the two slopes. This is called a
geometric mean, one type of measure of nemsewseas-—S% central
tendency. The correlation coefficient then is the geometric
mean or geometric average of the two different slopes byx
and bxy.

Fourth, r may be interpreted as the slope of the
regression line when standard deviation units are used as
scores rather than the raw scores. Figure 7-8 illustrates
this interpretation for the example used in the previous
section. As shown in Table 7-3, each of the scores may be
transformed to its corresponding z-score or standard
deviation unit score. Based on these scores we may compute
byx and byxy. Note, however, that b; ; = bz 2 =Yz z »

y X Xy Xy

In other words, r is simply the change in standard deviation
units in y for every standard deviation unit change in X.

15
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Also, r = (2y2y) / N, or the average of the cross-
product of the standard errors. This occurs because when
standard scores are used the standard deviation of the
standard scores is automatically one and the mean is 0.
(Remember that the definition of standard scores or z-scores
is a distribution where the mean is 0 and the standard
deviation is 1). This then means that the sum of the
squared deviations of scores from the mean simply equals the
sample size, as shown in equations 7-12 and 7-13.

; L (3 ~ 232 F (e ~ 0y
Sy = l= N - N — (7=-12)

and by multiplying N by each side of the equation:

N= Z(2x - 2x)2 =2 (2x = 0)2 =L2y?  (7-13)
Thus, the sum of the squared deviations around the mean are
simply equal to the sample size. This means that the—exess-
p*odueh--__zzag—-—-—-ﬁgazand the square root of the product
of the variatlions is equal to the sample si:ze.

( /Z(x-%)2 Z (¥v-v)2 = (N) (N) = (N) (7-14)

Table 7-3
Calculations of r and r? for Data
in Table 7-1 Using Standard Scores

Family X 4 Zx 2y ZxZy
A 1 =-1.3 -1.33 +1.73 X = 4.5
B 2 3 - .92 - .49 + .45 Y = 4.17
C 4 3 R & - .49 + .09 Sy = 2.7
D 5 4 + .18 - ,07 - ,01 Sy = 2.38
E i 6 + .92 + .77 + Wk n =6
F L M - ey +1.61 +2.09
27 25 0 0 B
Zy = X=X 2y = ¥Y-¥ r=[zxzy=_5_=g_.=.85¢.9
Sy Sy g
N

And these results are equal, when rounding errors are taken
into account, to those found through other computation
methods above

This final interpretation of r is the one that will be
the most useful. From it, one can interpret r as being the
standard deviation unit change,in the other wvariable. This
is analagous to the interpretai%EE}of the slopes, but

P auria bl
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involves the use of standard scores rather than actual
scores. That is, the value of r tells us how many standard
deviation units we would expect one variable to change when
the other changes one standard deviation unit. The result
above says that we would expect daughters to have church
attendance patterns that were .85 of a standard deviation
higher than the average when mothers' church attendance was
one standard deviation above the average. Similarly, if
mothers had church attendance patterns that were one
standard deviation below the average for mothers, we would
expect daughters' church attendance patterns to be .85 of a
standard deviation below the average.

Figure 7-8
Illustration of r and b when using standard scores
with data from Figure 7-2
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The term Pearson product moment correlation also comes
from the definition of r as zfzxzy / N. A moment is an
average. The mean is the first moment (the average of the
scores). The variance is the second moment (the average of
the squared deviations of the scores around the mean). Here
we are averaging the products of standard scores, thus, the
product moment correlation. KXarl Pearson is the
mathematician who developed the statistic, and thus the name
Pearson.
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Computer Work

Various computer programs can provide scatter diagrams
and compuations of r and r“. The output shown below in
Figures 7-9 and 7-10 come from data from a western Oregon
high school. I requested two scatter diagrams, both looking
at the association between scores on a general achievement
test taken in the eleventh grade (called VAR1l by the
computer) and the students' average grades in the seventh
grade (called VAR15). I posited that the grades were
dependent upon achievement. These calculations were
requested for each social class group. Results for the
middle class are given first, results for the working class
are given second. Each * on the table represents one person
at the intersections of those points. If more than one
person falls at a point the computer prints the number of
people involved. Note that the cases cluster around the
regression line. [In asking for this output I asked the
computer to have the plot lines be equal to integer values.
This makes it somewhat easier to draw the regression line,
but it also results in all of the data being in the lower
half of the table (because gpa was measured to two decimal
peints, but spans only 4 integer values).]

The associated regression line is drawn on both
printouts. To draw the line the values for a and b were
taken from the printout and the equation for the line
developed. Then predicted values of Y were computed for 3
separate values of X and resulting points were plotted. For
the middle class students

P

Y =2.32 + .013X. (7=-15)
For the working class students

I~

Y = 2,20 + ,012 X. (7=16)

Note again that this is the regression line predicting gpa
from achievement. GPA is the variable on the vertical axis
of the scatter diagram. Note also that both the y-intercept
and the slope are lower for the working class students than
for the middle class students.
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Table 7-4 d
Calculation of Grades predicted for Middle Class and Working
Class Students at Various Levels of Achievement

Achievement Predicted Grades
Test Scores Middle Working
(Percentiles) Class Class Difference
N : A A A
X ¥me Yyc - ¥me = Ywe
0 2322 2.202 0.102
25 2.647 2.502 0.145
50 2.972 2.802 0.170

75 3.297 3.102 0:198

Table 7-4 shows the results of using the regression
equation to compute predicted values of the gpa for working
and middle class students using their respective regression
equations. It may easily be seen that at all values of
achievement middle class students have higher predicted
grades than working class students. Because the slope in
the regression equation is larger for middle class students
than for working class students the gap or difference
between the predicted grades becomes larger with higher
achievement scores, reaching almost .2 of a grade point for
students with achievement test scores at the 75th
percentile.

Lookigg again at the printout results it may be seen
that the r“ between achievement and grades is .36 for middle
class students, but .26 for working class students. If we
know the linear association of students' achievement scores
with their grades we may account for over one-third of the
variation in middle class students' grades but only about
one-fourth of the variation in working class students'
grades. Not only do middle class students receive higher
scores than working class students when they have equal
achievement, but the variation of scores around the
regression line is much smaller for middle class students
than for working class students.

When researchers report results regarding the
correlations between a number of variables they typically
use what are called correlation matrices. Examples of
correlation matrices were handed out in class. They are an
efficient way of showing the relationship between a large
number of variables.
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Inferential Tests
The r and r? values, are h;g:aéescriptive statistics. r
tells us the standard deviation unit change produced in one
variable by one gsndard deviation unit change in the other.
The other measure,is a PRE statistic that tells 'us what
proportion of the variation in one variable is accounted for
by its linear association with another. Yet, we also might
want to generalize these results to the population from
which the sample was drawn. As with any inferential test,
we must assume then that the sample used is representative
of some larger population. Below we show how to test the
null hypothesis that the correlation coefficient in the
population is equal to zero, how to test the null hypothesis
that the association between the two variables is linear
rather than non-linear, how to put confidence intervals
around the value of the correlation coefficient, and how to
test the null hypothesis that two correlations are equal
within the population.

Testing the Null Hypothesis that Rho Equals Zero

To test the hypothesis that within the population the
correlation coefficient is equal to zero, that the
correlation occurs only by chance, we would need the
following hypotheses.

Hot f72-:
Hy: /OL_fD

Rho ( ) is the population counterpart to the sample term
of r. To complete this test we must assume that the sample
was independently and randomly (or representatively) drawn
from the given population. We must also assume that X and Y
have a bivariate normal distribution. This means that each
variable is distributed normally about the other. Blalock
has a good three-dimensional representation of this in his
text. He describes it as a fireman's hat. One can also
think of it as a slightly melted ice-cream sundae. 1In any
case, what happens in a bivariate normal distribution is
that if one sliced into it at any point, one would find a
normal distribution of one variable about the values of the
other.

Implied by the existence of the bivariate normal
distribution is the condition of homoscedasticity. This is
simply the assumption that for each value of y the values of
X in the population have equal variances. Similarly, if we
would look at the population at each value of x, the values
of y would have the same variance.



Note that all of these assumptions are analagous to
those needed for the development of analysis of variance.
There we assumed that within each category of the population
the values of the dependent variable were normally
distributed. Here because both variables are intervally
measured (and the measure is symetric) we extend this to
normality of both variables. Also, we assumed in analysis
of variance that within each category the values of the
dependent variable had equal variancel This is like the
homoscedastic assumption. Figure 7-4 below illustrates
grossly what these assumptions imply with both X and Y given
as the dependent variable. Figure 7-5 gives two examples of
when homoscedasticity does not exist. :

Figure 7-4
An Example of Homoscedasticity

Figure 7-5
An Example of non-homoscedasticity




The test of the hypothesis given above then follows the
format used with anglysis of variance. Remembering our
interpretation of r“, you will recall that

2

r“ = explained SS

total SS

The explained sums of squares refers to the variation that
can be explained by the linear association between the two
variables. The total sums of squares is written as.Z(Y-Y)z.
Blalock calls this Jy“. _From the gbove hen_we can see
that the explained SS = r2 (L (¥=¥)¢) =r nyz. These
results are summarized in Table 7-5 below. The unexplained
sum of squares eguals the proportion of variation that is
unexplained (l1-r“) times the total sum of squares. This
follows directly from

kS = tnesgloin L | Glel ) _ amerlS L . semhlt

& -
L bl S yotol s drtel s e
94
ey oS g A, I —tnee /s = (L AL ST 2
proi e e (- Oebol S5)e = anecd -
Table 7-5
Testing the Null Hypothesis that rho = 0
Source of ( ‘ \
Variation Sum of Sguares af MSS F
e V-F)s
Total S(Y-yY)* n-{ {_C__-—ZL
n-(
3 i / Lry-Y)" r’-ZCY"?)L(”"L)
] A e r = -
Explained ¥ ZCY e—'i"’;__— dv r‘_) LY -y)
KO Cr)EY)Y | L v n-2)

Unexplained (! \ A 2 |- r&

What are the degrees of freedom associated with these
values? As with simple analysis of variance, we only lose
one degree of freedom with the total variation. This comes
from the computation of the mean. Thus, the degrees of
freedom associated with the total variation is N-1.
Recq%l%ng the eyplanation of F°, the unexplained variation =
J(¥=Y)“, theétdeviations of scores around the regression
line. To make the regression line we need to know two
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points. (Two points are needed to draw any line; we also
need to calculate two values: a and b.) Thus, for this sum
of squares we lose two degrees of freedom. Finally, since
the total degrees of freedom must equal that for the
explained variation plus that for the unexplained variation,
the degrees of freedom for the explained variation must
igual dftotal - 9funexplained = (N - 1) - (N - 2) = -1+ 2 =

To get the mean sum of squares, the sums of squares are
simply divided by the degrees of freedom. These give us the
two estimates of the common variance. As with analysis of
variance, only the estimate from the unexplained sum of
squares is always unbiased. The estimate based on the
between sums of squares is valid only if the null hypothesis
(that the correlation coefficient in the population equals
zero) is true.

Remember that the unexplained sums of squares is the
variation of scores around the regression line [(SZY - %)
The explained sums of squares is the variation of scores
between the regression line and the overall mean, or the
squared deviat%ons 05 the predicted values of Y from the
mean of Y [(£Y - ¥)4]. The estimate of variance from the
unexplained sums of squares is always a good estimate of the
common variance (the variance around the regression line),
analagous to the mean sums of squares within in analysis of
variance. The estimate of variance from the explained sums
of squares is only a good estimate when the correlation
coefficient equals zero, or when the regression line
essentially lies on the mean and the two variables are
unassociated with each other. The sketches in Figure 7-6
below illustrate these two possibilities.

2].

Figure 7-6
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The two estimates of the common variance are compared
in the F-ratio, and the resulting value may be compared to
the critical values in the F-table in the end of the book.
Note that in the F-ratio as shown in Table 7-5, the sums of
sguares cancel_each other out so that the F ratio =

(N=2) / (1-r2). Thus, the F-ratio is simply a function of
the size of the correlation coefficient and the sample size.
It is simple to see that as the sample gets larger and as
the correlation gets larger, the F value will also rise.
This should make intuitive sense. We would be more likely
to expect a correlation different from zero in the
population if we had a larger sample value and if we had
more cases in our sample.

Note also that since the degrees of freedom equal (1,
N-2) that we may use the square root of this value as equal
to the t-statistic. Some text books use the t-statistic in
testing the hypothesis that the correlation coefficient in
the population is equal to zero. The results from the two
methods are equal. The advantage to using the t-
distribution is that you can have a one-tail test rather
than a two-tail test. 1In doing such a test, t simply equals
the square root of the F-ratio defined above.

s (r Vo= ) ==

Note again, that as the value of r becomes larger and the
sample size becomes larger it is easier to reject the null
hypothesis. The degrees of freedom equal n-2.

As an example of these tests, consider the data
displayed in the scatter diagram in Figure 7-7. These data
describe the relationship between delingquency rates and
average monthly rental costs in a varlety of hous&ng areas.
Calculations of the regression line, r, e , and E“ produced
the following results:

¥ = 68,9 = 1,19 X

r = -,59, n=140
r? = .35
E2 = .37

Table 7-6 is the analysis of variance table that can be used
to test the null hypothesis that /QZTrhof' 0. Note that
the F-value of 73.6889 is much larger than the F value of
11.38 needed to reject the null hypothesis at the .001 level
of significance with 1 and 138 degrees of freedom.
Converting this F-value to a t-value of 8.58 we can consult
the t-table and again find that the result is off the table
with a very small chance of being wrong in rejecting the
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null hypothesis that there is no association between
delingquency rates and average monthly rentals.

Figure 7-7
Scatterplot of Data Showing the Relationship between
Delinquency Rates (Y) and Monthly Rental Price (X)
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Table 7=-6
Source of Sums of Mean Sums
Variation Squares daf of Scuares F
Total ZZY-V)z' Bt
F)E | rmer2)
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, e A L i |
Explained E ! 25 138)
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B T aE
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Unexplained
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Note also that a test of the hypothesis that f7= 0ais
equivalent to the test that in the population the slope is
equal to zero, for both of these termgkhave the same
numerator.
(r+b)



Confidence Intervals Around Rho

You may also want to set confidence limits around the
value of rho. In other words, you might want to find what
would be a reasonable expectation of the size of the
correlation coefficient in the population. The sampling
distribution of correlation coefficients is not normally
distributed, nor symetrical, so we cannot use the r
directly, but we can use a transformation of r whose
sampling distribution is normal. Blalock calls this term z.
I will try to call it 2z, to distinguish it from standard
scores.

Zy = 1.151 log (1 + r/ 1=-r). It varies from 0 to
infinity.. The sampling distribution of z, is normally
distributed, even when the sample size is fairly small and
if there is some departure in the population from bivariate
normality. The standard error of the sampling distribution
of zp = 1/ N-3. Now, given the value of z, that
corresponds to a sample value of r, and also knowing the
standard error for z,, it is possible to use the table for
the normal curve to compute a confidence interval around z,.
This can then be converted back to values for r itself.

Table K in Blalock's appendix gives the coversion of r
values into 2z, values. One simply uses the absolute value
of r to get the z, value and then adds the sign to the z,
value.

For our example r = =.59, 2y = -.6777

The standard error = 1 / VN-3 =1 F¥ 137 = 1 131708 =
.0854,

Then, following the standard format we used earlier for
computing a 95% confidence interval:

Pl2y = (1.96) (Szpy) < Zy < 2y + (1.96) (Szy)] = .95

PE.¢17- (1.96) (.08541) < 2R < =.6777 + (1.96)(.0854)] =
.95

P[-.8452 < Zp < =-.5103] = .95

We may now use the Table K to convert these 2z, values back
into actual correlation coefficients.

P[-.69 </0 < =.47] = .95
We can be 95% confident that in the population the

correlation between delinquency rate and rentals is between
-,69 and =.47.
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Testing the Null Hypothesis that Two Correlations are Equal

If one has correlations between two variables from two
independent samples one may be interested in testing the
hypothesis that these two correlations are equal. This is
analogous to the situation where we tested the null
hypothesis that the means from two samples were equal, and
the procedure to test this hypothesis is very similar to
that situation. In this case

Hgo: /55 —?9;,:c9
Hy: /0, -—/0.?.,'#0,

‘C&JR/
>0

To conduct a test of this hypothesis one simply transforms
the two r's or correlations into z,'s using Table K, as
shown above. Then one uses a formula for the standard error
for the difference between the two zp's, which is simply

: S e
SZV.’ZVJ. - ’1‘3 fn,_-s

Note that this is equal to the square root of the sum of the
standard errors for each r alone and is analagous to the
formula for the standard error of the difference between two
means.

One can then simply use a familiar z-score to test the
null hypothesis, with

z = <F3ﬂ_:;j?r*u) -0

j@y,"gn.

Zero is in the second part of the formula to represent the
value of the difference between the correlations in the null
hypothesis. Note how this is exactly analagous to our
earlier use of the z and t scores in testing hypotheses
about means, with the difference between the sample value
and the hypothesized value of the mean in the numerator and
the standard error in the denominator.

As an example, suppose that one went to a second
community than the one which provided the data in Figure 7-5
and found that the correlation between delinquency rates and
monthly rents was only -.35. The sample size in the second
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city was 150. Suppose that we expected the correlation in
the population from which the sample for the first city was
taken would actually be a greater negative value than the
correlation for the population from which the data for the
second city was taken. In this case, we would have the
following null hypothesis of no difference between the two
correlations and a one-tail or directional alternative
hypothesis. Note that the direction of the one-tail
alternative indicates that the first correlation will be
smaller (more below zero) than the second.

B ﬁ/ 'W.:.. :0
Byt A, =@, <O

Using the formulas given above, we can calculate the

standard error as
L ol gt ok &
/ Lo ae e > /;:;M
5 - ,5‘:3 T n,-3 132 T iy7
Zr,‘Zh_ d

sV a9 = __{f‘
Consulting Table K in the appendix to Blalock, we may find
that the 2z, corresponding to r = -.35 is -.3654. Remember
that the 2z, corresponding to the r for the first sample of
—059 iS —067770 .

We can then substitute the values into the formula for
the z- ratio as follows

Z, - - - 223
.- "’__.-E"‘ = ﬂt{fﬁyﬁ ....-'-i—f’ z =240

):?r,'zv.. - Sk

Consulting the table for the normal curve we can see that
the resulting z value of -2.60 allows us to reject the null
hypothesis that the two correlations are different, in favor
of the alternative that the one for the first community is
more negative, with the chance of being wrong only 47 times
out of 10,000. Our theoretical views were supported. (Note
that different procedures are involved if you are testing
hypotheses about correlations from dependent samples.)

Testing the Null Hvpothesis that the Association is Linear

Finally, we may want to test the hypothesis that the
association itself is linear. 1In other words, it may be
possible that two variables are associated, but that the
pattern of association is not best represented by a
sSraight line. We noted earlier the comparability of E2 and
r“ and that the difference between these two values can be
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used to represent the extent to which the_assogiation
departs from a linear one. In essence, E“ - r“ represents
the proportion of variation in the dependent variable that
may be explained by the independent variable, but cannot be
explained by a linear association. Table 7-7 summarizes
this test.

Ho: E2 -2 =0
Hi: B2 -p2 40

Table 7-7
Source of ( Sums of l Mean Sums
Variation | Squares af of Squares

Z(V';‘)Lf &'3" n-1

Total
Explained " f:."' /
by linear (E‘-f‘)[ . (/V-'A)
relation " g 2
(Ez'r‘_)zsz Lk'LL"EL)[Z
Additional |[(€%-r+)Zg™ k-2 k- ;
explained —QF‘-Y‘)(/V’L
by nonlinear = é )
relation Ct'f‘)< -2
(1-E*) Lq*
Cldéa.)i‘?t /J‘é N"’,{
Unexplained 1
|

Again note that the F-ratio includes only the measures of
associatio The sums of squares cancel out. In our
example thgTF-ratio equals:

L o e | P
(£ oyt L) (37— 37X90-F) | 5 o~
L R s 220 R GRS e
C/-'E"'X"'-"J-) (9¢2_)C1-_3)‘;) E&
£
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7

Obviously, this ratio is less than unity and we may /fail to
reject the null hypothesis that the relation is met linear.
In other words, the best representation of the association
between delinquency rates and monthly rents is the
regression line, and our earlier test of the hypothesis that
rho equals zero assured us that this relationship was non-
zero, with only a small chance of being wrong in this
conclusion.

If you did reject the null hypothesis that the
assccigtion was linear, you could then test the hypothesis
that E€ in the population equaled zero. This is equivalent
to the analysis of variance test.

Note, also, that as with all tests the F-ratios used
here are very much affected by sample sizes and that you
should look at the descriptive statistics of the amount of
variation explained as well as the tests of hypotheses about
the nature of the results in the population. If you have a
large sample, a very small r will be significantly different
from zero. Conversely, with a small sample, a large r will Duaoe Vi nies
not be significant.

Computer Work

Several programs may be used with SPSS studentware to
obtain correlation coefficients. The CORRELATION program is
probably the best to use if you are interested in getting a
correlation matrix. 1It, however, does not provide a test
for linearity nor the regression equation. The MEANS
program should be useg when one wants a test of linearity,
for it provides e > , and the analysis of variance results
for the difference between the category means and test for
linearity. The PLOT program provides the scatter diagram,
the regression equation, and the correlation coefficient.
Note that with both the Means and Plot programs you must be
very careful in how you designate your dependent and
independent variables. You must make sure these
de51gnatlogs match yougdngotheses. While r is a symmetric
measure, "p," and "a” kave different values depending on
which varlable is designated as dependent.

I know of no way to have the SPSS program do the
calculations for the confidence interval around r or to test
hypotheses about dlfferences between correlation
coefficients.. 9&1 Cant Qﬂ-f/7 oo Vus ‘(
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VIII: MUltiple Regression

In this section we discuss multiple regression including tecaniques
of partialling or partial correlation. In the first part we discuss the
logical reasons that multiple xm regression tecaniques are used, referring back
to a discussion esrly in the term about the nature of experimental designs
snd causal interences in sociological resesrch. In the secona section we
develop an intuitive notion of the Various messures.imxsm In the thirg
section we work through an example, computing the descriptive statistics
end the associated interential statistics. In the final section we discuss
the computer techniques that are used to get these messures. In the next
and last section for this term (Ch. IX) we aiscuss the general lineasr
model as sn extension of multiple regression and show how it can incorporate
not only the techniques in this and the previous unit but also snalysis of
variance,

Causal Inferences in Sociology
Esrly in this term we discussed the nature of experimental designs
and how we xrarely approach or use these designs in sociology, for both

practical and ethical resscns. In one sense this makes concliusions about
the nature of social phenomens difficult, for a controlled experimental
situatigﬁtgar%ﬁ%igﬂi}°ag} in which we can ever conclusively show the existencs
of a causal relationship. This is because, only that situation can ensure
the presence of a kpown time order, the xX nature of the covariation, and
Tule out other,variables., (See earlier discuasion ror details here.)
with demographic, survey, observatiocnal data, iqfact almost all data
used in the socisl sciences except for those from experiemesst we cannot
easily sssess the nature of time orcer. Usually we must infer inis, either
logically or xx on the bagsis of observations, In most cases, this is not
%00 large a problem, and in meny substantive areas the logical explanation
of time sequence is not xxgxm highly arguable., 1n other instances, this may
be more difficult.

in almost all cases, however, the proolem of ruling ocut other causal
variables is more difficult. We can observe that there is an xxm association
betweeén two variables (that covariation exists) and we may be even able to
say wnicn variable presceded the other, but we cannot assess with sny
accurscy (outside of the controlled experimental situation) if there are
other variaples thst might be intfiueincing this assocation.



while the techniques associated with multiple regression cannot solve
this procﬂlm, they can,xtmwith the aid of the sociologists' imagination, helip
to rule out the possibility of other possible cgusal vaeriables. 'This can
be done through techniques suing multiple regression equations (simply an
extension of the bivariste regression equation used in VII == with more taan
cne predictor variable) or with partial correlation coefIicients (an extension
of the simple correlation eoefficient - but onme that takes into account and
removes the influence of one or more other variables), bSelow we will show how
partial corrslation coeffiecients can be used te help rule =k out the impact
of ether causal varigbles when examining causal relationships. The example may
also be used to illustrate tae importance of one's theoretical pesitien in
establishing the nature eof causal relations, Later we will illustrate ssso
how multiple regressien equations can serve the same @ purpose.

Suppose ene wers interssted in the associatien between marijauana b e
smoiing (called varisble X) snd Nwximm heroin use (varisble Y). Let's " g
Say also that one theorizec thsat xIm although a computation of rxy showed ﬁr“ﬁl
that it had a value that was greater thsn zero, this correlation was i ti .
simply due to an association of bpeth marijusna use (X) and heroin use (¥)
with the amount oI exposure peeple had to drugs (Z). This situatien is

illustrated in Figure U=l below. g
pvd-dd-uv Uf-“j“""
w-z <0
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Figure o-1 Fai 0
Frem this model we woula predict that the gasociation between X and y was
only Emxtk due to the asseciation of poth these variables with the prier |
tariabln Z. Thus r =0, or the partial cerrelstion ceefficient between

' Xy-3 ,
I and ¥, controlling for Z equals zero., This means that the cerrelation

between X and Y when the impact of Z i3 removed is nen existentm., Note that
this model alsec assumes that the correlation bDetweem 3z a nd x and between '
2 and y are unequal to zero (r, ¥ U and rw¢ U)e

To illustrste the importance of theory in estaolishing the nature ox
the causal relationships nete that the situatiens in peth Iigures i;t and U=3
Woula have the same predictien and sssumption equations. However, in figure i
0=2 it is suggested tua® swoxking marijusna induces people to have a need
for arugs vhich then legsas them to um¥m use herein., Figure 8-3 suggests taast
smoking heroin leads to a need for drugs which them infiunences x the use of
marijusna. Wwhile figure U-3 may not orten be posited, figures Y-2 and Y=l are

and it might be that in an area witn conrliicts such as this survey or doemgraphic
data may not be Ikm what one wanis te use, '
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in many areas the arguments mf over time priority may not be as mkxxxiwm
hiéksh, or it may be so diffieult te gain experimental data that one
must resort to logieal conclusions about time order ana te techniques such
as those briefly discussed gbove to rule out other causal varigbles,
Iln figure U-4 below an association between four different variables is shown.
X and Y are hypotnesized a8 influencing Z snd only Z is seen g3 influencing W.
The usual practice is to have the time order go from left to right.
Note that in this situation X and Y are seen a8 occuring simultaneously,
Z occurs next, and is followed DYy W. y {J,_‘,j'

e 58 UMy

20
r;:;é w2

X~
>2 — W ,
\/ /2 Y;B“fo Y:fu)':—:’ =0

Y200 ?ﬁ
Figure U-4

¥rom this model the assumptien equations snd the prediction equations listed
above can be determined. Assumptionx equations are those that represent the
associations theorized to pe unequal to zero, in this case between X andY and
Z and between Z and W. The prediction equations are these that are pré%i;ed
to be zero., |n this case this involves the partial cerrelation coefficients
Send i : between Zx
X ana W when Z is removed and between Y and W when Z gnd X are m removed,
in general, in models sucn as this, when there is no cirect link between two
v ariables, the correspenaing partial mmmx coefiicient is predicted to equal
gerc, When there is a direct link it is gssumed te beagénnl to zero. Both
preaiction ana assumption equations will have to be tested with empirical
=X dgta, however, to see iI they are accurate. Wwith a model with more tnan
three varian;ea, one anou;n _be carerul not to control ror dependent variables,
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une ceuld ailso analyze the situation in rigure U-4 with a muliiple
regression equation. ‘The coefficients in a multiple regression equation
are agnalgous to those in a bivariate regression equation discussed in V1I
except that because more than one causal variable is used the predicted values wil

 not form s 1158?}52‘Eﬁi”ﬁ;%ﬁeS’BEEBﬁ'EﬁJ1c.ta the expected change in the

depenadent variable with each unit change in the independent varisbles are
computed with the impact of the other variables in the equation removea
(we will aiscuss this all in more detail later). Thus we ceuld have the
following two equations fer the model in ¥ Figure S-i

ot TR bn;g ¢ Hd (8=1)
Ve e+ buuz\ s bu%% + b Y (8-2)

From Figure U-4 we would predict that bzx ana Dsy in eguatien 0=1 would
be unequal te xzero and that Pz in equation 8-2 would also be unegqual to
zere. However, we would predict, since no line connects X and Y to W
in 1igure 5-4 that b'x ana b“y in equation v=-2 woulac both equal zero.

The term elaboratien of associations was coined by Lazarfeddxt ana
his associates to describe varieus procedures used with contingency tables
to look at the impact of various variables and various patterns of causation.
Below various alternative patterns are shown. In Figure u-5 g spurious
association is shown, ‘1313 is the familiar exagmple of the association between
the doliar loss at a fire (Y) and the numper of firemen there (X) both of
which are gctually caused by the prior variabie Z, the xum size of tne I
Iire. 1in this case if the prediction equation rxy-z =0 holas true, then
we would Say that tne gssociation bDetween dollars lost ana :qér firemen

is spurious, Pytjb:o&
/7\( Y; %:J
5 1
-2-\; y

Figure o=5
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b4
Three gifierent patterns of independent effects are also possible,

1hese are shown in yigures 0=b, 0=7 and 0=-0, In these figures X represents
SkS, T represent interest in politics, ana Y is iikelihooda to xmk vote.
This example is Q{axen from worx oy iazafreia. In rigure 8=6, 1 is an
intervening veriable to X and Y with the idea that peopie with higher Sks
are more likely to be interested in politics ana theretore more likely

to vote, It is predictea that X rxy ¢ "E U, ¢ TMOOCERALXPXLINX

An alterngtive explantion is in rigure 0-7, which predicts that both ¥ snd T.
influence Y. Here nome of tne partials are predictea to equal zero and voth

X and T infiuence Y although X is also seen as influencing 1. Kinsglly,

in ¥ig ure u=-8 both X snc 1 are seen as independently infiuencing Y,

but gs deing so indepeéndentiy of eachﬁtner with X not necessarily infiuencing
Te II one still saw X as preceding T in time, one would predict that rxt.y\:‘o‘
1f one first positied the situation in 0=-6 and found tnat it aicn't g
hola then one would generally turn to one of the two modeis in figures o-7 or
0=0,

EXmEIIX Yyy # b}
b assume: Y70 ke Y
LOsUmL " Ver £ YTV 4D LERV 20
r. b
1y * . rz\{_T_{-D 06 X+T ac% ok SWW

Pfd*‘lf'{*" (’_V'f=

K\>>/

%
K> T— Y i
Figure 8=0 . figure o= rigure U=g

“inglly,there masy be suppressor veriables., In other words, wnen an
association equals zero, this may not pe the wnole story ana ifr the
influence of @ third variable im introduced tne associstion will rise,
This 18 a situation that is sometimes hara to predict ana a place where one's
theory is especially important. Sometimes even the association may go in
one direction witn some values oI the control variadle and in other directions
with other vaiues, 'his is very hard to detect without contingency tables,
and if such a situation is suspected, great care should be taken.
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Measures of Association and other Measures in Multiple Regression

The work in section VII involved only zero order correlations or
bivariate megsures of associastion. When there is a linear @ssociation
(or when we think there may be one) between two variables we learned to
compute a regression equation for a line that would best represent
the agssociation between the two variasbles. This line took the form

A

T = yx + byx X (8=3)
where we predict Y from X. (The equation coula slso be formulated predicting
X from Y, but the coefficients a and b woula be diiferent., Convention usually
holds that Y is designated the dependent varisble.) ¥=m By definition
this line ana the values‘?' are closer to each of the actual values of
Y than eny other straight line could be. Z‘(I - ?E') =0and (Y~ ?)2 = min,
Based on this knowliedge, the measure r2 a8 a megsure of association
is gefinea as 2. _{-CY"7)L’ Zé—t]_)_‘-: sqr - Hug

P 2 Ze* (o=4)
‘This may be interpreted as the proportion of total variation in one
variable thatv may bDe explainea by its linesr associstion with the other
varigble. (note that r? is symmet®ric, its value is the same whether X

or Y is designated as the dependent variable., The formula in (§o-u) lists

Y 88 the dependent variable, but the measure could also be written with

X as dependent, )

‘The measure r2 veries from O to 1 and has a PRE interpretation.

The measure r is also used. It varies from -1 to +l and may be interpreted
as the slope of the regression equation when standard scores of X gnd Y
are plotted. I[n other words, r gives the expected change in stancarc

as de¥igtion units of one variable when the other varigble changes exactly
one stagndard deviation unit.

If the messure r and the measure r2 are to be really accurate, we must
assume that other variables that might be having an effect on the dependent
variable in equation (8=3) are uncorrelated with thevzepandent variable}(L
¥For instance, if we were using the number of the firemen at a fire as
variable X to predict the dollars lost at a fire (Y), we would have to assume
that ir we were to gccept the resulting correlation coefficient as valiac
that there were no other zumxmx variablies that had an effect on Y that were
also related to X. Ubviously, however, that isn't so. Another variable,

the size of the fire}is related to both the dollars lost and to the number
6 :
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of firemen at the fire., <rhe correlstion that would result from simply looking
st the reiation petween X, dollars lost, ana Y, number of firemen, woula be
ingccurate because this other variable was actually associafed with both variavles
in the equatien.

In more exggyiiﬂﬁﬁﬁgﬁgflthe above paragrapn desls with the assumption

that omqrEcaraEEimrErresEiscayuxtian wvithin the population each
score Iiof the dependent varisole may De represented as

Ii = G*d * foi + £ N (6=5)
where ¢ is the population counserpart of a, the Y-inuercept of the
regression 1ine;/%gga the slope of the regression line in the population,
and 5:1 is a measure of how far away each actual score Y 1%};ro- the
score thst would te predicted from the regresiion equation. " ‘This error
has two parts. (ne component comes simply frem megsurement erroer =- how
far off még'lcuaurqnant of Y is from the actual faxx value of Y. uenerally,
we hope that these megsurement errors palance out to be zero, that half
the time we measure agbove the mmumxamaxiyXfxihmx true value and half the
time below the true value, although it is really hoped that the variance
of the megsurement error xmx will De a3 small as possible., It is difficult
to detect this megsurement error, and it is here that techniques such as
using multiple inaicators of a variable are most useful,

The other aspect of mm errer in equstion U-b abeve comes from other possible
casues of the depemdent variable Y. ror instndce with the example directly
above if we hso used number of firemen to preaict aollars lost part of the
error component would be other variables such as size of the fire. Now,
ir the values a.}..gé* R, are to be accurate, this asspect of the error
term (as well as the total error term) must be uncorrelated with tne
preaictor variasble X. This is eften very hard te do emptrieally, as in
eur exagmple, so we try te take these other possible causal vaeriables into
account. Hopefully, a8 other pessible causal variasoles gre tgken inte
account our measure of actual influences on the !3$#n8332'§.9258¢!fcuﬁg%i;
hewever, that when this is agone we are no longer deagling with a symmetrical

measure, but definitely bave a eepencent vgriable chosen.
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A controlled expkrimental design tskes the possible iniiuence of other
variables into sccount by matching on these varigbles between the groups
ana/or by randomization. In most work done Dy sociologists, this is
very difficult to do. As noted in the first section here this mgkes the
aociologi;tg‘ theoretical task extremely important. It is up te the
researcher to think of other possible confounding variables, other variadbles
that might ve inflnzgpcing the associstion noted, ano to pull these into
the stugy. Also note tnat one can never pe sure that one has taken timm
inte account gll possible variables, But, with continued trying ana
good theerizing it is possible te comsider many of tnose that might
be important. Note that this problem is faced in all research designs
of' methedologies with the pm exception of experiments (which have their
own problems ol generaliszability, éthics, etc.). Anytime s researcher
discusses associations or relstionships, unless there have been expliicit
design measures to conirol mfer other causal variables as through randomi-
zation tecnniques in experiments, the possipility of other variables actually
causing the relstionship is there. ‘'his happens in fiela research,
historical research, survey, in all out the most controlled of experimenus.
(aithough there Somwtdmes it is not tne experimental veriabie - but something ‘
about the experiment—that is sometimes later found to be causing an association,

10 take these other varisgbles into account, more than one variable
is usec in the regression equation. Wwnen there gre two csusal variables,
the resulting equation proeauces 3 plane in three-quee, rather than a
line in two-space as in the case oI serc=order correlation. waen there
are more than two causal variables (more tnan three variables in alli) the
resulting formaticn is in more than three space sna is hard for all but
Science-fictien freaks to envision intuitively. rThus here we will simply
use a case witn three variables -- twe causal varigbles -- for illustration.
Suppose as in the %é:ng the collars Lost at the fire was the aependent
variable Y. 7rhe number of firemen at the fire was the causal or ingependent
variabie x1 and the size of the fire was the incependent variaole xz.

Then tne regression equation
P

T~ - ay + bl xl + b2 12 (B=0)

coulia be computed. 'rhe resulting Iormat of this equation woula be
@ plane in three-space. By ageiinition, as with the two-variable case,
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this Bﬁiiix:n is closer to all the actual cases of Y then any other plane
would be. ‘this means then that

Lu=1) = ana that £ (r = Y)° = minimm, (5-7)

It is then possiple to define a measure of ai?ociatien
Jly-9)* "ZE_V_'_:QL g Gt~ e
IV 7’ (=83

This megsure is gnalsgeus to r2 in the zero-order case. It tells us the
proportion or variation in Y, the dependent variable (dollars lost at the
Iirej,that can be expiaines oy the two independent variables 4, ( numper of
firemen) and 12 (size of tne fire),when the two independent variables are
seen as being 11ne’i14:'ra;sted to Y. ‘Tnis last clyase of tne above sentence
is important, because we are noting through the regression equation ana tae
Rz value only the linesr association between the varigbies, This is
pecause the plane itselr is flat and because each of the slopes represents
astraight line within a plane. About half the cases of Y are above

the predicted plane given Imm by the equation in (U=0) sna apout half the
cases of Y are below it, and all together this plane is c.ioser to

these pointa than any otner plane would be., The measure “2 Tells us.

how much better knowing this plane helps us predict the vaglues or

! than ir we mwsix simply used the meagn of Y as the predicter varisolie,

R2 varies between U, megning no iinear associgtion, to 1, a porreét linear
@ssociation. ‘rhe measure R itselr has no real mesning and is not analagous
to r? When K is given on a cemputer printout, I would suggest simply
converting it to Rz. The megsurex (. - RZ) is sometimes usea as tne
coaxriciént oI alienagtion just as in the zero oraer cagse.

| NOW, besides knowing now well two or more variables can predict e
gependgent Variable or tne extent oI tneir lineagr asSsociation, a researcner
woula also be interested in the exact nature of the association. In this
case the resegrcher woula look at tne regression equation itself (eq. 0-0)
or partial correlation coefiicients (sSee below)., Witnin tne regression
equation each of the siopes b, ana bz tells the amount oI cnasnge that would
be predicted to occur in the cepeneent variasble Y when X4 and xz respectively

changed one unit and the other variable (12 or X1) remsinde constant.
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Again, both partqbr tnis%gentence are important, II the actual

values in the regression equation (= U=0) vers

=100 « 50 xl + (UUX2

#Dzui-d

, (8=7)

the gpemaes in the equation would tell us the folldming: 'rhe y-intercept

100 would tell us thet we would expect to lose $LUOQ

if no riremenf came

and iI the Iire registered zero on the scale oI size (perhaps in amount

ol area bum.ng) J. Obviously, this oy itselr seems

rather riagtuious,

but mgy occur in an actual situation where the plane has been drawn to
pest represent all points. ‘The real case of zero in both independent
variables would probably never occur in reality, More important sre

the values b1 snd b,

o * Dl = »50 tells us thgt wnhen

the number of

firemenf st the fire m increases Dy one, NOBEIFXEXFETIXEREXEELIIES
Isxkxy and the size of the fire does not change (remains constant), we

woula expect the dollars lost to dimnish by $50,

b, = (0U tells us

that wnen the size of the Iire increagses by onsnenIEé EEEQSELBIQEbSEE‘n* g °ﬁgE°‘
the aollars lost to increase by $/UU. (bviously, tnis equation tells
us that the size of the fire has a positive x infivencime on tae dollars

lost, while the number of Iiremen$ tnere, actually
dolliars lost. pnote that Doth coefricients tellis us
or separate impact of each indpendent varispie is.

acts to decrease the

what the 1nnegennent
Note also that this

separate impact may not pe at all noticed in tane zere-oraer regression,
eéspeclally wnen (and generally only wnen) gn independent variable is associated

witn botn the cependent varisole gnd witn the other

independent variaoles,

The derining equation for each of these partial siopes Itxmsxx he.ps
illustrate how they are related to the zero order equations gnd glso how

the impact reported is or the separate influence or

each variable.

10 get the coetficient D, above that preagicts the infiuence of Xy on X
when tae impact ol 12 is controllied, tne roliowing equation would be used,

b - (b

)b )
b iy T i s b

(8=10)

g %o

- (b e )
Tty N

£ 1ot fd?Lpz -“A,fy'-ﬁ;,ii- 34

; 7
e i .@ﬁf_;“;,.,w‘—’z‘
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ine subscripts to the coeflficients in tnis equation are impertant.

Oy . x 18 tne partial regression coefricient that is being computea,
‘${:1 cogrricients on the right hana side of the equation ail come from
aifferent zero oruer regression equations. the rirst subscript tells us
what tne aependent variable is in the equation and the second swoscript
Zx identifies the precictor variable in that equation.

Consicer the numerator rirst, 'The first element is the zero order
regression coefficient tnat corresponds to the partial tnat is being
computea., ‘The Secona element is a product of two coefficients., < he rarst
coetficeent 13 the praiictfhg*3§vtha dependent variable with the other
indepencent varigble in the eqnatiani&uggﬁw:;:g;éucoerficient in the product
13 the 3 siope ITom the equatlion preaicting the predicter variacle irom
Ixm this secona variaple. In essence tnen, this proauct is the product eof
the two siopes Irom the equations preaicting the values oI the xImm
dependent and predictor varigble from the control varisble or otner varigble
in the equatvion., 7This may pe seen as removing that part of the intluence
of the independent variable EX on the dependent varigble that comes from
this control variable., 1f the conurol variable coes a good jeb preaieting
both the dependent sna inappencent variable, then tnis product will pe
greater, If tne control varigble is uncorrelated with either of these

variaoies (O¥,, * U er bx1x = 0) then it will have no impact on the
2
partial regression coefricient. put 1r i1t is correlated with both of these

variables it will lower the regression coefiicient considerably (if the
zero order coeifIicient is positive). Note that in some cases the errect

oI taking out this information == if the EEx¥wiwkt influence of the sontrol
variaole on the independent and aependent variabie is quite high == wilil
actuglly change the direction er sign of tne siope. 7This occurs when the

product oI o

vx is greater than the zero order coefiicient b
2

=,

ot nx1x2 .
iﬁnlic the numergtor ox this equation 1s important in determining the
magnitude and direction of the inIiuence oI the partial regression coefficient,
the denominator may be simply seen as a correctien ractor, iy subsracting
the product of nxzx1 and Dx1x2 from one, the amount o1 inr.uenck that the

tWo independent variables have on eacn other is removed and taken outv or
any iniliuence on the partial slope. Note that if the two indepencent
variaoles gre generally unreiated to each other tnen this denominator
is close to one gna =Em hgs no inrluence, 1I they are highly positively

11
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@ssociated with each otner,then the denominator becomes less than one ana
the partial slope is thus accounted for (or supplementea Ior) this intercorrel: -
py an increase, If they are negatively associatea with each other the
correction goes in the ether way. Elaanmia;ay, wnis ceneranator may be
Seen simply @S a correction Iactor, s joint infiuence or
the twe independent variables on each otner. +rThe numerator is important
in that it takes out the infiuence tne control variaole has on beth the
causal and the depenaent variable,
Just a8 in zero order correlation where the Y-interceptu is a function of the
means ol the dependent and indepencent variables ana she slopes, the
Y-intercept when more than one independent variable is involved may simply
be x written ss a function of the sverages of each variable and the
partial slepes.
b 4 b

yx, x, X2 (v=11)

ryx,
_ These formulss may bDe easily extended to computations when there are
three indepenaent varigbles., In this case o ;E
- g 4 L"vx _

= - X ¥ ; XiX,
o Q?'x.um’ LA PR T e o

é\ = é}/xl.kl & (éyxs'K;LéM,‘kL)
TR =5 (

AR Cé’x,k’_@ -X;_)(é‘{j X, ‘)i_;_>

'y-x1x2 =

when there are more tnan three independent variables, hand computations
get more cumbersome, although they are still pessible. It is isually more
accuratve at this point to simply use the computer to obtain the calculations,
Note that the interpretations of the xxmpmxyx partial slopes and the Y-intercept
remain analagous to the interpretations with two independent variaples when
more than two inaependent variables are used,

You may have notieced iq&ne example above that it is hara to tell from
simply comparing b1 and b2 which variable has more impact. We can guess
from looking at the units involved, but sometimes we will want a more
Standardized megsure to use in comparing the direct intiuence of several inde-
pencent varigoles on a dependent variasbie. A measure gnalagous to r that
gives the predicted change in stanaard score form would be desirgble,
And, oI course, there is such a measure. If the depenaent and iﬁﬁependent

12
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Varigbles are changéd to stsnaard score form and the regression equation
is again computea, the resulting regression coefiicients will tell us the
expected standars deviation unit change in mmm the dependent varigble, when
esch independent variable changes one unit and tne other variables are
held constant (ao net change). Becguse each variable is in stanaasra score
form (witn a mean of O sand standard deviation of L) then each or the
coefricients is comparabie. When 333?385§fggggﬁt is larger than snother
that megns that ixxxiwpywx the impact or that variable is greater tnan the
impact of the other, (This may not necessarily ve tne case with the
measures with the regular scores if they are megsured in widely varying
units where one varigble is very compact with a small change in actual
numbers proauwcing a large impaet and gnother varisble is quite variasbple
witn a small change producing not so large an impact. Because the one
varigble is so compact the magnituce or its impact would not be gpparent
uniess stanaard scores were used and we could See how large its impact
was in comparison to another,) Note also that becguse standagra scores

are usad,tne Y-intercept equals zero,.IEXsImpiyxXEaExxENrExx 1he predicted
regression line simply goes through the intersects of the means of the
variables at zero.

These stancardized regression scores gre called bDeta weights, ‘they
are equivaient te path coefficients that are used in simple causai models
(see giscussion below)., The stanearaized regression equatien for the
squation originally given in (0=0) may De written

y: ﬂy’fr(}. /(1 % ﬁyk;-,&. /V'L (B=14)

,43 %, X tells what the expected change in the stanaard score of the
uapendani variable Y would be with @ standara aeviagtion score change of
in X, wnen X, aid not change. /3 yx, %, tells the expected cnange in
ine standard dcore of Y with s one EmX Standarc devigtion Score change of
12 when x1 does not change,

13
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The standaraized regression coefficients may bpe computed airectly from
the unstandgrdizea coefficients, +rThey are simpiy a function of the
relative standard deviations of the cependent and inaependent variables involv

For instance 6 é Sx,
PorxieXy T THE X, SY (8=45)
and S
At
YA KK " L"f’x.i -)(2_)(3 5 (0=10)
4

Note that in Doth cgses the standard deviation of tne inaependent variabie
is in the numerator ana the standara aeviation xk of the depencent variable
is in the aenominator. Igwxyxxxx Thus, ir tne Imoependent variaole is
more variable than the%ﬂependent veriable the standardizea regression
weignt is smaller than the unstandaraizea coefricient. Iii tne imdependent
Varigble 1s more compact or less variable than the inaepenaent variable
then the ratio is grester thnan one and the standamiized regression weight
is larger than tne unstandgrdized measurs,

Note also tnat in the zero oruer casse the correlation coefricient r
is equivalent to the Deta coerricient. This comes directly from the inter=
pretation of r as the expecvea change in standara devigtion units,

Note however that while r is a symet¥ricali measurs, the beta weights are
asymetrical as sSoon a3 there is more thsn one inaependent varisble,

) 1n our discussion o1 causal relationsnips we used the partial coerelstion
coefficients, FPartial coErelation coerricients are relatea to the peta

A weignts and also have an interpretation of their own. Because a partial

correlagtion coerficient is SymetFIic, LRttt ioule=us—rhe—expocred

P et - A B Rl = e ; PRt S L I T OO e
Versetsear=iaeeneieiied, while tue peta coellicients are asymveric, they
are not directly comparable. Wwhat happens 18 that the square or a
partial correlation coellicient a# equalct® the proauct oI 1ts two
associatea bpeta weights,

rl :[ﬁyki-yzf(ﬁkfy"(:.)

N

s

(O=L7)
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ihe Deta weignts may also be airectly computea from the correlation
coetficients. NOTe how gnalagous this equation is (eqe 0=10) to
the equation for computing tne unstancaraized slope, 1n the numerator
‘Rgocu °£13&§or the independent gnd aependent varigpies with the
control variable is suptracted irom the zero-omer counurpart. of the
partial standaraised coetficient. .in the w the IEEINEEXEXCENEX
square of the correlation or the incepenaent variaole with the control
varisble is subtracted Irom INE one to use as a correction factor.
ﬂw‘ = “vx, = Mye, X xa (8 = 18)
/- rx,‘;‘_

Becsuse a partial correlavion coellicient 13 symetric, it is important ..
rememoer that its interpretation is airferent Irom tnat of the standardizea
siope. ITMEEEELXEINIIXEXXINEXEXX IOU Snould use only the beta weignts
and the unstgndardizec regression coerricients in talking sbout expectea
chenges in tne dependent variaple from glterations in tne indepencent
variaoles, The squares of the partial correlation coeiricients can pe
usec to tell the gmount of variabion explainea in one variaole oy its
linear association with another, when the impact of a tnird variaole is
removed,

ihe derinition of the partial correlation coefiicient 1s similar
to that 1or tne partial siope

ro i
CX,‘kL- ey ( YXa X'}; L
ety v 9 : i
oy E

Note that in the numerator tne xmxEwt product oI tne correlations between

the two variapies of concern and tne control variable is suptractea Irom

the zero=-order counterpart ol the desired partial. What this does essentially
1s to take out or the gzero oruer correiation the part of that correlation

or ¥=x explained variation tnat 1s neid 1n common with the control

variagble, The denomingtor is EX a correcting Iactor, removing whdme ¥{i

part or ,f#aki'iar.ion that is heida in common 30 A4t 1t does not IMXIM tarow

0If the size of tne correlation. U A e et Rad_par i de,

15
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Th_sre are two possible ways to uncerstand what the partial correlation
is. The first involves’fiin? partial xm correlation FExCENEXIXIEEIyTImwcEEiEsmn
between a variablex Y and xi, while controlling for xz, a8 tne correlation
between the residuals of the regressions of Y on 12 and xl on 12.
To understand this, we must return to the zero-order regression equations.

With the two equations Yo g % b. Y. son
yx2 2
I~

X, "a + D X, we gre predicting values of Y and X1 from x their
1 x5 2
linear association with 12 +« IThix the resulting regression lines gre

the best fitting ot any possible line that can be drawn through the

set of variasbles, <thus the deviations of the sctual scores or Y and X
e 5e Dok a‘£°2' minimum 1
from their predicted scores is lgzszllggngl. qﬁtfe‘ Y) ™ minimum and

C x - §1)2- a minimum, Esch of these aitrerences of an actual score

of Y or X, fxxxmm from the predicted score in the regression equation
using xz is termed the residual value. 1t represents how far off the

score is from its predicted value. Sometimes the actual score will be
greater than snd sometimes it will be less than the predig ted value.

These residuals reprosént the error component in the representation of each

score Yi as a + b x2 te, gnd easch score X1i a8 a + b xz +e.

We noted earlier that pert of this error component was made up of
megsurement error, but that part of the error term could be due to
other varisbles that were correlated with both the prediector and the dependent
variable. In partial ® correlations we are essentislly trying to
understand more about this error component. 'This is done by taking the
amount each predictea scoreAE is off from its cerresponaing actual score Y
and pairing it with the associated residual of X, from};l.
We can then look at the gssociastion or 3 correlation between these two

residuals. Since x2 X has explainec all it can in both Y and x1

berore these residuals are calculated, the correlation between these
residusls represents the correlastion petween Y and X, when the intluence

ol 12 has been removed, JA partial correlation coefficient then can be

Seen as the correlation between errors with respect to the control variable
or the correlation between the sgmount not accounted for oy the control

variables.
-
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The partial correlstion coefficient can also be Seen as a weignted
average of the individual correlations vetween the two variables in each cat-
egory of the control variable. In other words, if we were interested in
ryx1=12 we could see this as a weighted average (weighted by the number of
28

cases in each category) of the correlation petween y and oy in each Extmm

small category or xz.

AS an actual example, suppose we were inveresed in the association
petween occupational prestige (x1) ano income (Y) when the variable of
educgtion (Xz) was controlled. with the tirst explsnation above we could

see ryx x 38 the correlation that woula occur if we predictea occupasiénal

preatigt r;on edcuation and income from ecucation and then computed the
residuals or difference of each actual income and occupational prestige
ocere irom the predicted scores. The parggg%e:grrelation would then

De the correlation between what was left (the parts of occupational
prestige and income that were left after education was taken into account)
Alternatively, we could see the partial correlstion as a weightea average
of the correlation between occupational rmx prestige and m fnm income in

each category of education.

An mg.l.e
On the next pages an example using data on self-reperted gelinquant

behagvior of junior high school females is given. fThe matrix on page L1/S
is of the zero order correlations between six variabies: the girls'
reprots of their delinquent behavier, the amount of delinquent bensvier they
expect in the future, the expecta%fgxﬁfiﬁgfi'ﬁeg?ﬂthave for their own
(respondents’) behavior, the perceived expectations of the parents,
the expectations of the teachers, ana the actual xmpmxisa aelinquency
levels of the peers (defined as best fridd) as reported by the respondents.
ALl of the correlations are positive, ranging from r = ,293 to r = .7hb,

At the bottom or page 175 a hypothesized model is shown. In this model
B, the measure of anticipated future delinquency is seen as the fingl
dependent variavie. A, the current level of self-reported behavior is
an intervening variable, and X the four varigbles ( through ¥ sre independent
variables seen as causing A. It is pregicted that variable ¥, the
actual delinquency of peers has no direct inrluence on the future delingueney
level, except through its influence on the young peopie's current behavior,
The m assumption equations and prediction equations for this model gre

given by the model on page Ll/5.
17
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‘rhe test of the hypothesis HO: ﬁfﬁig/# = on page 177 is done in
{

the same mgnner that inferential tests were done in section seven in associa-
tion with sero-order correlation. In going inferential tests associatea
with regression it is necessary to assume that the sample has been randomly =
~ drgwn from or is representative of a population and that in the case
of testing hypothesas gbout Xmgx psrtial correlations that there is a
multivariate normal distribution. 7This is the multivariate extension
of a bivargitsg normal distribution, witn each variable distributea
normally about the others in the population. This alse implies that
homoscedasticity exists., Note that these assumptions are not needea
to compute the values of the partial correlation coefficients, but they
are needed if we are going to make inferences about these values to the
population.

In table 8-l it mgy be seen that as usualf the total variation is
defined as the variation around the mean., ‘The degrees of freedom
associated with the total variation or sum of squares is N-l, losing
one degree of Ireedom for the overall mean, The unexplainea and
explained variation has two aspects, rirst the variation explsgined
by the control variabl“*nd unexplainea by the control variabie is considered,
As with the sero orger case, the explained variation is rzb.(g(xh - iﬁ)z)

and the associated degrees of freedom is one, ‘rhe unexplained xmg

variation is (1L - rzb.)(f (X = -1')2) aNC e a330Cialed aegrees ol ireeUORm

are N = 2, losing two degrees oI Ireedom when computing the regression

line, 7nis parv of tne argument 1s identifal to that used witn zero-order
correlation. We then may look at the proﬁiﬂiaﬁ or the variation that is
explained Dy the other independent variable once the iniluence of thne

control variaole has been taken invo account. ‘his is rznr’. (L4 = rzb.)(z:(xb -]

Note that this is simply taking that whaich 18 unexplained by x. as thne
new cefinition of the total variation ana then lookang at what pli’ii:tnl or
tnis new total variagtion is accounted for by ¥ the other variaole,

‘'he un ined variation is then - gt -z - -
expla a ¢/ r‘#_a}f/ féﬂrf({a Id’) )

(M,c' wa e, e [Cé-i)bd-v. A&MV««_M a___g;_gh/
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The degrees of freedom explainea Dy X, 1n table b=-1 are one, and the
degrees of Ireedom lor tne variation unexplainec by the variaole F when
the 1nfluence of A 1S removed is N = 3, losing one more acegree of
freedom with the addition of another variaole., <ne estimgtes of the
X common varignce in the populasion are computed in the usual way oy
giviaing tne sums oI Squares or variagtions by the cegrees ol Ireedom,
and the F-ratio comes Iirom the ratio or tne extimgtes oI varianee from
the unexplained or withim veriation and tnat Irem the estimate Irom
the explainea variation.

‘rhe "squishy pie® example can help expiain how the MIDEXAEAMICXXX
unexplained gnd explgined variation come gbout,.

Lo 7~/
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AS with zero-orger correlation we start out witn the total variation as
in part a oI rigure O-i, 7ais then can be broken into thst whicn 13
explLainea by linesr association between D and a and that which 13 unexplainea
by tnat association a8 shown in part D ¥ oI tne Iigure, nen, 1I Wwe
take out this explained part, a8 in part C o1 the rigure, we just have
the mmXE part of the total variation in D that 18 unexplained Oy A.
We can Imk tnem squisn this together (as one might squish together thne
pieces of a pie so tnat noone would imow you had taken a piece) ana
then use this new conliguration as the total varigtion. <mis may tnen
pDe broken into that which is expiainec Dy ¥ snd that which is unexplainea
oy ¥ a8 in part e, ‘the important point is, that now we are dealing
with the proportion of variation explained by I when that part
explained oy a is removea.

note that the resulits or this test supportec tae nypothesizea model
on page L/5 ana tnat we chose to keep the model g8 hypothesized, However,
we may aiso wish to exagmine tne modei, not tarough testing zmmxxx its
logical implications tnrough prediction ana assumption equations, but oy
using the regression equation to exgmine the ImXINwwEm magnitude of the
inrluence ol the indepencent variables on the cepencent variables.
"0 do this we could compute the equation oI the hyperplane tnst pDest estimgtes
the values o1 the dependent variables Irom the incependent variables,
These regression equations were computed Dy the cempuier gnd are given Delow,

IA = heJ05 <+ L1Y2 Ic * ddb Xa + Oub le + 302 Ir (8=20)

X, ™ e02LL + o5l X, 4 WLLr X, + W07 X, ¢ o135 X, (8=21)

1f one mmm had similar aata on a group or boys that one could
compute comparable regression equations for, one would want to keep the
regression euqations in this form, ‘this was the case in the paper Irom
wnich this aata were taken, Une would use unstandardised coefficients in
comparing irom one group to another because one Em would be interestea in
Seeing in which group a certain variable hac more or less of an impact

and comparing the magnitude or that act in each group. -
’4 )
& , sl :,!%Z‘WHM({W/W
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M W -
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However, if one were interestea only in this sample, one would prooably
want to convert the unstandaraized regression coerricients into standardized
agdﬁ:béifn.t. weights, Because the standara deviations ot eacn of the
variapies in the model are not equal, the above equations don't tell us
about the relative importance of the effect ol the independent variables
on the dependent variables, We cannot easily compare the impact say of variable
C on variable A ana variable D om variable A. ‘The unstandardized slapes int
the equations above tell us the preaictea actual change in tne dependent
variable witn an actuali change of one value in the independent variables
when the otner independent varisbles do not change. However, because
each variable mgy vary in its variance or compactness, £ it is difficult
to know for sure from simply Jlooking at the unstandardizea slopes wnich
varisbles have the most impact.

t0 standardise the siopes we compute beta weights, —This is aone by
sdjusting the siopes, essentially chsnging all the scores to stagndara
deviation units (z-scores) and recomputing the regression equation.

As noted eagrlier this is equivalent to simply muitiplying the unstandaraized
slopes by a ratio or the xxmgx stanaara devigtions of the incepencent
and dependent variables, 1n this case

- =
ﬁ#c/a SR Sw (8=22)

NOte also that we could compute the beta weights dirsetliy from the

&mfkt correlation coefficients as discussed earlier, aitnough with the number
i of variablies in this model the computations quickly become tedious.
With standardized scores the regression equations become (§-2
X, s 2z le + O B .03 Ke 7.5‘,2/.?- Ae R syss
Cg. 739)% (o.793) (o, 2io) (e 762 )
K= sv2aky t . rafky ¢ 008 X)a » ~C/f{£é’4£ Rre ysiL ¢9-29)
(5 os50)vx  C3.297) , f '?‘}’ v =777 )

Note that even though the interpretation should rightiy see the intiuences
as representing changes in stanaard scores, the convention 1s generally
to simply write the equation using the reguiar notaetion for the variables,
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Note that the Y-intercept here equals zero becsuse the regression planc
goes through the intercept of gll the means which is zero. Also note
that we can see from these equations that variaoie ¥, wae aciual veiin-
quency of peers is the most important infiuence on the current ievel of
reported behaviors and that c, the expectations of peers is next most
importent. ‘rhe most important infiuence on gnticipated future delinquency

is the current level of seif-reported behavior and FNEENEICIXEEELIEINNECEEEX

HE ¥next most important are the expectatiohs of peérs.

e e g - -

1t is also possible to test the hypotnesis that the regression coefricients
are equal to zero. Again this is done in the ramiliar analysis or variance
format. As with tne partial correlation coerricients tne associgted
aegrees oI Ireedom are one gnd N = Kk, Where k represents the numverx of
varisoles (both inaependent and dependent) in the « The
F=ratlos associated with each of the coeiiicients in equations (0=23) and
(0=24) are given in parenthese’ pelow each coerricient. in equation (8-23)
oy comparing the r-ratios to rable J in nlalock we may see that the intiuence

of X, on i woula occur Dy chance less than L time out of one hunared snd

_tht%itﬂ!:::ﬂﬁaunuma=o§=§§;
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that the infiuence o1 X, on Xa would occur by chance lLess than one time in
a thousgnd and probably much more rarely (the r-table isn't exact enougn
to tell how rarely.) %imilarxy, with equation (0=¢4) we mgy reject the
null nypouhesis that the regression coefiicient 1S zero in xmx Iavor
oI the glternative tnat it is not equal to zero with tne inriuence ¥
onLy xa on xo. ‘'he 1ntiuence oI L, approacnes significance at the .Ub
level, put Decaguse o tue crudity ol tne table we cannot tellL wnat the
exact prooability oI being wrong in rejecting the null nypotnesis would
be in this case, Substantively, these conciusions teil us that parents’
and teachers' expectations have prooaoly no real errect on young women's
current reported behavior anc that current Denavior 1s the major infiuence
on 1ruture antlclﬂgg% delinquency. ‘rhe influence oI peers' expectatlions
and also somewnat oI teachers' expectations approacnes tne traditional
US> level oI signiricance,

We may also measure IN how mucn of the xmxuxx total variation of the
dependent varisole is expliainea Dy the inaependent variaoles, 7his
value is gaven oy uz, tne multiple correlation coefricient sguared as
sSnown Dy each oI the equations 0-Z3 ana O=24. APout 55% of the variastion
in current reported dDenavior is explainec oy the expectations or
peers, parents, teachers and the actual Dehavior 0l peers, About SU%
or hall o tne variation ol iuture anticipated vehavior is explained
Dy tne variables in equation O-2i4. Again using the gnaiysis or variance
lormat We may test the nypotheiSs tnat the muitiple correpation coerricient
8 quared in the population 13 equal to zero., ‘he aegrees oI ireecom
associatec with the unexplainec Variation would be N = X = L, wnhere
kK represents the numpber oI lndependent variables, rSsentyesally one
degree of Ireedom is lost lor each variauvle invoivea in tne computation
(acaing vogether incepenaent gna depencent variables) +rThe explainea
degrees ol ireecom are K, the numper oI independent Variaoles, AS wiun
zZero order corre.l.a.tion, the associatea F-ratio is

K> JASEEN £
Z ‘{

(0=25)
/ -
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¥or our two exgmpies the r rallos are

FE LS = #~1 /05T L T
F-: ; : (..—--—— i (/.‘2:)/—/—-—-— = (/7‘5/{; (!’f
: (/"..5—5') 4/ € . g
,5/;/‘: /y" -'/"(.7

/ 7 { a i
< ¥ ope _ /507
el Ay e 3fas AT

e

and Dy rererring o Tavle J we Can See that 1n DOLD cases We Can easlly
reject the null hypothesis tnat in tane population nz = U in 1avor
ol tne alternative that u2.¢ U with less than one chance in one-tnousana
0@ being wrong in @oing 80,

LN recent years stanagrdlzed ENX regression coellicients nave Deen ﬁd,yj‘bL
used Dy Sociologists in path ciagrams., rath analysis is simply the use o1
multiple regression snalysis 1n analysing l1oImgl models, .n path analysis 2.
we pictoriaglly represent a model of inverrelationships., Standardized EXEN
regression coeiricients or vetg weignts or path coeiricients (they are the
all the sgme thing) represent the direct inrluence of an inaepenaent
\Or exogenous) variabie on a dependent (Or enaogenous) variaole, +~y examining
the path Glggram we can See hOW tne exogenous variable also inairectly
inljuences the enaogenous variable, ‘Ine inriluence ol ouner variaoles not
inciuced in the model 18 represented Dy a *"residual variaole.® ‘rhe
percentage of variation explsinec Dy these *resicual variables® is simply the
persentage ol variation thnaet nas Deen unexplained by the other variapbl es
oI L = uz. 1nen the pata coellicient irom thne residual to the aepencent
Variaole 13 UTT??: « UDVlous.y tThlis 138 equivalent to the correiation
petween tne residual variable and the depencent variabie. 1nis 1s then
equivalent to ® or comparable to tne otnher peta weignts, pecause 1n tne
Zero oruer case g correlagtion coeflicient 13 tne same as the beta weignt
and i1 we are to assume that tne path coeiiicients or peta weights are
accurate, we must gssume tnat the residual is not correlated with the
otaer variables in the model, (Just as witn any correlation we must assume
that tne erper term 1s uncorrelatec with the variaoles involivead, )

28
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ihe moST lmportant use of path analysis 18 1n linking tneoretical resultus
with statistical gnalyses. Ky eXamining patu ulagrams we can either corrovorate
or reirormulate our theoretical model, It 13 imporvany to regligze that
no sStatistlcs can @o conceptual magic lor resesgrchers, The researchers'’
theoretical undersvanding and conceptusl accuracy is most imporuant,
Wituout tne utneoretical and cenceptual basis, the patn analysis or sny
Statistical analysis will pe meaningless, Thus, one shoula use tms
Type ol analysis only wnen one has deveioped a theory that one wishes
to uncerstanc more theoroughly.

AS an exgmple of the use o1 path analysis the resuits oiscussed
above are presentec in & path diagram on the next page. (n pages 10/ ana
Tollowing more information pn path snalysis is given.
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Additionzl infommation on in‘i:erpreting patn diagrams:

Path coefficients are standardized regression coefficients. Thus we may _
see Dy, = Bpc 2s telling us that when X, changes one standard deygiation ugit,~ X, ¥¢ Y1 ¢4
c - / TSP

. : oel ©_ b T &
chanzes «1428 standard deviation unitse In c¢onstrast, ‘PRa=S e
x‘?ﬁ};w%.”;.}f'\:/., Xl ci 2 e lansl ‘t:(-'dnb.&»sg U.AA{A)':‘- Agy Yo oo e g )
v = . et i t, X changes .OL1

of a stpéedard deviationwiSince we dealing now with standard deviation
units (the szme thing as using normal scores with s=1) we can directly compare
these beta coefficients or path coefficients. We can see thep that variable

X, has*much larger influence (when the impact of variables D/and E are removed)
% on X, than does Xy (when the irmact of variables C.And E are removed), Similar
comarisons can be made with ppee In general, beta weights or path ceefficients
may be it erpreted as telling us the standard deviation unit change in the
dependent variable when the influence of the other independent variables (or
other dgxvariableslirectly causing the dependent variable) zxm is controlled,

They are perhaps most useful when we want to compare the influence of several
independent variables within a given sample(or population).

In our examle we can see that the expectations of peers and the actual delinquency
of peers have the most important influence on the students' current reported delinquency.
The students' current delinquency has the most important influence on their
projected future delinguency. .

Land (1969) quotes Wright (1934) as saying that "the souared path coefficient
measures the proportion of the variance of the depmendent variable for which the
determining variable is directly regponsible (Land, p. 1C, emphasis in original)."
This comes from seeing the path coefficient as measuringthe fraction of the standard
deviation of the endogenous variable ... for which the designated variable (the
exogenous varizble) is directly responsible" (pp.8-9, Land, 1969)

Its important to note that this is percentage of variance, not wvariation, which
is the basis of the interpretations of r2, E2 and RE. vty

‘his leads to anotheyimportant interpretation from path diag/MBe By displaying
the assocditions in a path diagram we may examine both the indiremt g&md direct
effects of the exogenous or independent varizble on the endogenous or dependent
variable, Without going into why this happens, we may represent the correlation
between each Eindependent and dependent variable as a function of the path coeffickent
between that independent variable and the dependent variable plus. combinations
of the path coefficients from other independent varizbles and the- correlations of

our indevendent varizble (the one in the first correlation) and all the others,
This association is shown at the bottom of page 9.

Here T, = pPac *+ PugTdc + PaeTec * Paffse o (1)
U8 = .2225 + (40592)(sk28) + (40328)(.357) + (5218)(47L5) (2)
HU8 = ,2225 + L0253 + ,LO0PR7 + L3887 = ,2225 + 4257 (3)

Doe = ¢2225 represents the direct influence of on Xa; but r,_.=,6L8. - =
Wich represents the influence of X, on Xg t,hatxgs indg;-ectf i o8 Tao e %o
From examiming lines 2 and 3 directly above we can see that the largest part
of this imdirect effect is through variable Xy thehctual delinquency of peers.
To understand the patterns of direct and irri:i:ect effects you can use either
the general formula given at the bobtom of page 9 or follow the diagram,
To do thnis with r,, you may stert at X, follow the direct influence along pag
to Xa» from Xy 2o back to X4 and then through rge back to X.; then along Toe
to X, and along pae to X,; back zlong paf to Xy and back alomg r.¢ to X,
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A third imortant imnterpretation from path diagrams irvolves the residual, g3
With regression eauations we were interssted in RE, the total percentage of
variztion of the dependent varisble that can be ex lained by the inderendent
variables. By definition R = (explained variation in depend.eng variable)/ ”
(total variation of the dependent variable). This = (T = 1)/ £(x - T~
lhis is exactly analagous to the measures of associatﬁ_on! r? ard E2,

Again, this definitional formla is not used in computailons, r
Say Xy is the dependent variable and X; and X3 are independent variables.
If rp3 = O, R21 (23) - r212 - r213. But usually rp3 is not equal to zero.
We have to then take into account the overlapping explanations mxm of X, provided
by X, amd dﬁg. This can be done by multiplying each of the correlations
e

of tane in ndent varizble with the dependent variable by its related standardized
beta coefficient, In our example. -

R2a.(t‘n:1ef) . z'a.c:/'aa.c.‘, + Tad Bag * Tae [32e * rafﬂaf
(note that really above ﬂa.c = /3 acedefs and so on)

or 5182 = (o6LB)(42225) + (43LB)(e0592) + (4285)(.0328) + (4717)(s5218)
SLB2 = J1Lh2 + L0206 + L0093 + .37L1 = ,5L82 :

acile
You mgy also compute R2 directly from the zero-order r's as shown M

New since R2 is the percentage of the total variation of the devendent varia-
ble that mzy be ex lained by the independent variables, 1-R2 gzives the percentage
of the total variation that is unexplained. In path diagrams variables that
are not in the model are represented by one residual variable for each endogenous
variable. All the variables not included in the model that could explain the

variation tnat is unexplained are seen as being in this residual vari;l}ﬂ._e._
Then 1-R2 tells how much variation this residual varizble explains, V1R

is the path coefficient betieen the deperdent variable and the residual

variable, and, since the residual variable is assumed to be uncorrelated with

the independent variables (more on this below), this is also equal to the correlation
between the residual variable and the dependent variable, The size of the

residual path is commonly seen as indicating how fgood" the model is at explaining
the deocendent variable, Tneoretically this path should spproach zero as we

get better and better at understanding the social world.

It is important to note that as the number of predictor variables anproahfes
the sample size, R2 is artificially inflated. In fact, if N=k (k=the number of
independent variables) R2=1,00, This is because the hyperplane best fitting the
points can go exactly through each of the pointse There is then 2 correction
factor that carrects for this inflation effect,

RZ, = 1 = ( %_‘%) (1-32) where I is the sample size, R2
the uncorrecied multiple correlation
coefficient and ch the corrected coefficient, and k is the number of independent
variables,
One final comment on path analysis. If one variableypcwintervenes between

an antecedent and a dependent variable, this association may be examined through
path an2lysis, also, and the reture of the associztion mzy be examined for fit

by recrsating the zero-order associations between the antecedent and dependent
varizble as illustrated above for thne indenmendent and devendent variables,
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A few corments on SPSS and multiple regression:
If you ere using prediction and assurmption equations to teost the logical
implications of your model you will want to use the subcrogram PARTIAL CO3R.
Tnis a fairly straightforward program. You may c2ll for the zero order correlatvions,
the means and standard deviations, and partial correlations with up to five
control variables,
If you want to comute the multiole regression eguation (with either unstandardized
"b's or the standardized beta coefficients) and the multiple correlation coefficient
you will use the subprogram RIGIZSSION. *‘he output for this program gives the
coefficients for the multiple regression equation (for the unstandardized ecuation
you are given the B's for each of the independent variable and the constant
value or a; for the standardized regression eguation you are given the beta weights,
the stendardized regression coefficients). For each of the B's (the unstandardized
coefficients) you are given the standard error. This value can be used in
testing the hyoothesis that the population cmunterpart of the B equals zero and/or
for placing confidence limits 2round the population coefficient. For each
of the B's an F-value is given. This F value may be used in testing the hypothesis
that the slooe coefficient in the population is equal to zero,
In this program each of the independent variables may be added to the regression
equation by itself. It is possible then to test if adding a given variable
explains a siggificant additional amount of variation in the dependent varizble,
For each step in this addition process you are given both the F value testing
the hycothesis that the B value of the variable(s) in the equation equal zero
in the population and the F-values that would apoly to the remaining independent
variables if they were the next variable to enter the equation. The standardiged
regression coefficient of these remaining variables (if they were bo enter alone
on the next step) is given; we are also given the vartial correlation coefficient
between the remaining variables and the dependent variable if the other independent
variables ars controlled; pnid we are given the ™olerance" of the independent
variables not yet added to the equation. The tolerance refers to the proportion
of the variance of the independent varizble (not yet in the equation) that can
EEx not be explained by the independent variables already in the equation,
S0, if a variable has a tolerance equal to zero, that means that it is very
highly related to variables already in the ecuation while if the tolerance is
close t¢ 1.0 it is fairly independent of the variables already predicting the
deperdent variable, Finally, the printout gives the multiple correlation coefficient,
the square of this zm multiple coefficient, and the adjusted coefficient.
The standard error of R is also given for computing cofidence limits,

To comute standardized beta coefficients if you want to do it by hand requires
some knowledge of algebra. The easiest way to do it is with matrix algebra,
e example below shows how you would compute the beta weights in the equation

gredigting X5, either by using four equations with four unknovms or in the matrix
OIMmate

E‘C = ﬂa_c * ﬁa.o lo. * _ﬂaz’éc f‘ﬁé’F e

Vo e Voo (c-s lec LBec
i # 1z : /'~
(J:O' ﬁd'c co T /3/0 ﬂa‘g €0 ?‘ﬂ,{: ar, rG.D rCO ﬁ:b Q:e (;9&‘ Aa.o
. . = 7= |0 ol & =
ez Bacle 7 Bgoloe * /P4 # Par e ra'g o (e TeF Pac
aF | i
GF‘: ﬂac loe * ﬂ&'ﬂfbr r‘ﬂ,{:@-p ’Lﬂ’“— € Yeoe Yoo e Fac
e
"‘ P
{
(<-<-eu~— E .

i 2
¥z yist ;Wuwij f.}égfi’w
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Path Analysis

In this section we discuss the tzsi: elemsnts of path analysis in
more detail than we did last term, rirst we review the basic theorems
and understandings, then discuss the p:sssibility of using ordinally
measured variatles in path diagrams, tzzn look at the use of multiple
indicators in path analysis, and finally discuss more complex techniques
by only briefly cescriting the use of siultaneous eguation models,
Ubvicusly this area is complex and vzs:i. 1t all stems from understanding
of the generzl linear model, but there is no way to thorougli cover

all its aspects in only one term.
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In cuant II we briefly discussed vw=2th cnzlysis in the context of rezression. &3
The standzardized regression coefficients are equal to nath coefficients.

This tern we will extend this discussi:zn going into the details of the

generzl theorem of rath anzlysis and iz eroretations of nath dizgrams;

the use of ardinzl v=rizbles ir;_Zat'n erzlyses; and using multiple indicators

of a variable in -ath analysis, These last two technigues should be

heloful in devel.ning more precise mezsures of socioclozical concentse.

The causal rmodel below is identical tc that discussed in the first nart
of Durican's article., This is what we czll a2 "fully identificd mocel.™

Bach of the prior varizble time is seen as causing a later vcriable,
In4be model the vari:zbles are spaced frca left to right 2s they occur
in time.
X ' Ru
1
(—l
M
X

Suppose that the Xi's in the model ars standard or z geores (if the
real me:sure of the first variable is Vi, Xy = (V) = V;)/ 0 ¢ )e
Then we could reorecent ezch of the dezsndent varicbles in the

model above xx with the following orediction eguations., These zre
the stanaard:.‘.ed regression ecuations w2 studied last wsewseruc -

Toe 4 ij's re::'esnr't the standard deviztion unit change in the
devendeny warizble Liith 2 chznge of onz standard deviztion in the in-
de ;endent varizdle j. 3o in the XEmooomimx where the Xi's are 2ll

) ) equa:‘_a::s St
in stendard deviation units, the /3 15 's revresent the amount of cxendadd ¢
coet, it change in the denendent variable Xj with 2 chanze of one unit in Aja,xfi-a 7‘44.
A 5 & c'n-g-_.u.
(1) X3 = ﬂX, t ﬂx.z. /"'-/’-L/ il 5
1%;1 lc_',u—d./tv\,
~ 1 (.n/-{.{(
, o+ 4 e
> (D /N B Kr Pzl
S X, + /sy Yy
= A X # ﬂ.u. 7373
" » %= Lol
For each of these -rediction ecuations w2 mzy obtain an 22, a multinle
correlztion cecefficient, which :Lndn.cg:‘:_a how ruch of the warizticn in
the cdenerndent varizole is exs lained br <hz indeerdent virizbles,
siowr sunpose that there ir2s some other vziable for cach of the equztions
sbove that could exslain zll of this remiining variztion.
iie could call tiese vorizhles (agzin irzizndard score form) Ry, 2y, and Ry,
res-ectivel;r for each of the three eqguzzizns zbove,
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We could then rewrite the prediction equations 1,2, and 3 zatcve

including these new veriabiles, How, however, all the variaticn in

the deocerdent variables is exclained by variables in the equ:itions.

Part of thess veriables will be measured (the Xj's) and one ix each
equation is unmeasured (the Ri's).

These equations written below (equations L,5, and 6) are cailed

structural eguationse pij's replace the /3 ij's. These p's zare

called path coefficients. These equations may be seen us rscresenting
the "structure" of the model, the nature of influences on ths varisbles in
the model,

W) Xy = g Xt psa ks 4 Pgu.R‘“

(o
G) x = puk f'Pn.'(x "P-r.ax-? * puv ke .
V% e g
# # Oeu Ky t Prw Rw A Jer
(6) X = F.rw(: "’fr.:,/:- €:31/3 =x F v e -
How may these structural equations be used to help us intergret /- *“\l";
the model and the mature of effects(both direct and indireci)on L SR QN
the dependent variables?
Remember the definition of the correlati 1fficient as

-
-

covariation (XT¥)//(variation X)(variation I) = Tyye

When we are using standard scores viriation X = variation Y = 1 s by definition,
The covariation Xf = § XY, (X and ¥ are standard scores. )

Suppose then we look a2t the correlation betieen X3 and Xg. 3Since both

of these varizbles are written in standard scores we know thzt
r3g = £X315'/uo Care back )

VWe can now ex»and this formula by substituting in the structural equation
for Xs.

' =£_‘Z_£J.: ég/{f(ﬂ_’,’}/‘, *‘FS‘-‘-’VZ- ""PJ‘J'X-’? 'tff‘f’i/"’ *F;‘g)fw)

35 A

X5 X, Xk L X LK Ks o
P,f‘f —f—j'_ fa".‘l -——-—"/‘/ 3 -+ f.i'3 j/ ” FS""/ Py > p_,—; —-/T/-—

5 r oy Gz 7 Pr3 Ks:u

i ; 3
mlpr f} § ! FI’} 133 ; ff.? 3
)
r‘ - _,.f'- C-r/‘fzi"?;q‘w
.Z;’! ?eaem}zz 35 (,‘:gp i
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This nrocess can be repeated for 2ll combinations of the decendent
and independent variables, __,TAI_';:LS zield.s the following formulas, , ;,'.-’jl

F f’r#@B

%
'

/ # - u)"h
i Pu3 * Pup T3 * Pl B3 - v

— . {"
(6) r35= Pl + D3 Tip s Ct9) T31 = P31 + P3p Tog

-

In generaly(s) Tij = Z Piq Tjq where i and j are two variables in
i the system and q runs over all variables
with pathgleading directly to Xi.
If we keep exanding these formulas by substituting in we czn
get them to the point where we can see any carrelation between an

indevendent znd deperdent variable as a function of paths bet:een

independent cnd denendent variables and correlations between varizbles
with no causzl relation, For example,

¢#) T35 = P51 T30 + P52 T3 + P53 + PS) T3
= pg1 (231 + P32 rpg) +ps2 (35 + 031 ™12) + P53 + BE
°su U3 + o2 (o32 + P3yTyp) + Pl (P31 + P327q)
=== = e

= 'p‘ﬂ fz' + thf':'zrl! t F.S'J. F3a. * FJ(fJ‘.‘Lrl

- rfs‘s

I R A TN TR Y N R T N

* Fre P32 P lia
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Remember that path coefficients are the same as standardized regression
coefficients, we know that a path coefficient from variable j to varizble
i represents the standard deviation unit change in i we would excect with
ore standard deviation unit change in variable j when the influence of
other variables affecting i is comtrolled, Thus, pg3 represents the
change in variable 5 caused by variable 3 when the influence of other
variables czusing 5 (variables 1, 2, and L) is removeds pg3 is

then the direct influerce of 3 on 5. rg3 is the total relationship
between varizbles 5 and 3, or the miamgmoom standard deviatiocn unit
change we would expect in 5 with onme standard deviation unit change in

3 when no other variables were involved, But, in our irstance, other
variables do affect varizble S besides varizble 3. Thus P53< rgy,

and r§3 = Pg3 must equal the influerce of variable 3 on varizble

5 that is nol directs rg3 - pg3 represents the ixfix indirect influence

of veriable 3 on variable 5, By using the expansion of rg3 in ecquation 1~
we can examine the nature of this indirect effect.

The final exdansion of rg3 expresses this correlation only in terms of
nath coefficients and the correlation between 1 and 2, WNo causal order
is posited between varizbles 1 and 2 so there can be no patz between
them. This exvansion then can let us see how variable three directly
influences variable 5 (thru Pg3) and then how the indirect influence
ischanneled through associations of varizble 3 with other varisbles and
the way these other variables cause variable 5, Far instance:
</3) Tzy (dixems total influence of variable 3 on variable 5) =
Pg3 (direct influence of X3 on Xg) + —
P51 Pag, (indirect influence of X3 on Xg through X;) + TRPEL -l
p52 pgg (indirect influence of X3 on X5 through Xp) +
3% ‘
og), pu3 (indirect influence of X3 on Xg through X)) +
P51 P32 T21 + P31Pgor2 (indirect influence of X3 on Xg through X; and L) #
o5l P2 P32 (indirect influence of X3 on Xg through X), and X;) +
Dg), PL1 P31 (indirect influence of X3 on X5 through X) and ;) +
P5),P),2P31712 + Pg)P32PL1T12 (indirect irfluence of X3 on Xy through X,X, and X, |
Sirilar expansions can be made for all associations between dependent
and indéperdent variables, This ability to dissect the direct and

indirect inf_uences of the indevendent varizble on the dependent variable
is the primszry asset of zath analysis.in inmtervreting relationshins,
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Equation 11 is czlled the general theorem of path analysis. It is at
the base of this ability to dissect the direct and indirect influences
on the decendent variable,

Also note that it is possible to trace the direct and indirect influences
of 3 on 5 Bizht on the model given on the first page. Taking each of
the terms in equation 13 you may trace the relation beti®een varizbles X,
ard Xc. The notations in parentheses can help guide you on tais tracing.
(Withiﬁ any one term of coefficients muitirlied by each other the order
given c an be changed.)

In your own work you will want to corbute the values of each indirect
ard direct influence, Caomparing these values is 2 fantastic zid to
intercretations. '

To get the path ccefficients on the computer use the suborogram REGRESSION.
As mentioned cbove the zath coefficients are sim:ly the staniardized regres-
sion coefficients. You will need one regression statement for each
structurzl ecuation in your model,

that if your nodel is not fully idemtified? That is, what if ons of

your exogenous (inde:emdent) variables is not seen theppetic:zlly as

directly infiuvencing ydur deperdent varizble,

Your stmcturzl ecuztions would then be different and your zn2lysis of
direct and indirect influences on the decendent variables would be different,
For instance, if you hynothesized that variable X1 did not directly

influence X5 your structural equation predicting Xs would be 2s in eqe 1L

() X5 = ps2X + pg3 X3 + Pgy Xy + Pyl o

has been ammitted and p 1 is then zero, You could now corroute
new formulas estimating rg3, rg), rgp, and rgy without the direct influence

of X4 an Xg, If indeed X, dees not directly influence X5 then these
estimates should, within sampling error, reproduce the correl:ztions.

This tecnnizue of renroducing the carrelations is a tedious process and
there is a rmch easier way comoutationally to dezl with the issue of
variables with theoretically only indirect effects, vhich produces the
same results theoretically.

What we are szying in equation 1k is that Xo» x?’ and Xj explain 2ll the

varietion in that can be exlzined by measured variables in our model,
If then, varizhle X, were added as a predictor it should add no additional
explanation of the variabion in Xg. That is, the R® obtzined when
predigt:ug Iz from X3¥ X5y X3, 2n xb should be essentially the same as
the R® obtained when X7 Is added as Z predictor, Correspondingly,

/3 51e23), should be ecual to zero, It is possible to examine both of
these possibilities when using a regression orogram on the comuter,
Rare given zs part of the standard outout as are F ratios testing the
hypothesis thzt beta weishts (path coefficients) are eoual to zero,

To momorm mzze Xq emter the regression ecuation last, however, you will
need to requast 2 hderarchiczl orderinz of the varizbles in the equztion.
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What about t!ie residual variable? You remember that the residuzl variable
(represented by R;y) represents all otherkrarizbles that might be causing
the dependent variable, For instance, Ry is 2ll other influsnces on Xg,
It is necesszry to assume that R,; is uncorrelated with a&Xx the measured
variables in the model that are prior to Xg, If we didn't assume this

we would be unzble to get values for the path coefficients resresenting
influences on Xg. This is actually a basic assumotion of 2all znalyses,
¥eraxsmmerkhxe If we take our results as vaild we are assumins that there
aren't other variables around that could destroy this relaticnshin

(that there aren't suppressor, distorter, Etc. varizbles to use Lazarfeld's
terms), Obviocusly this is a very difficul® assumtion. The imortant
noint to remezbar is that we alimys heve this problem. TYou cannot change
your anzlysis techniques or me"ﬁﬁgs and esczpe it, (Unless :ou do a
controlled exoeriment,)

Last term we simoly stated that the nath coefficient from the residual
equaled 1 « Ree Taomsxtk You remember that when imx=cix there

is only one vzriable influencing 2 dependent measure the Vn_:‘.;b__m&‘icient

equls the correlation coefficient. Thus Pow = Tgyy = RZ 5°123)
We can suy no*t this contention both through loo':l.c and through
Viz logic: Rermember that e123) = the of variztion in X

that can be explzined by all varizables

act_nsrggo%%'i%ﬁ the model,
§ e 5e123); = the pmrEmwkxxm of variation in X

that is not explzined b7 these varizbles,

If we re-ember that ﬁ{arepresents all vc.rie.bles -
outsice the model t exylain Xg then r25w = 1 - R 5,123L

Then !/I‘zsw = r5W = PGye

Via the generzl theorem:

: (g
Considerrg-1 = %_p}qrq%_ q = /,23,%« WMM

1%,1/

e
T2

= frils Pl ? P0G T Poelis ¥ oot

e

v /drcuj‘ = /"'éf-‘ le _;00‘.1-,::‘ '"f:‘.i Gr T Pie ';‘f )

e =
Vi i Ha FoTL afut o] 2,577

Prw =1 -Fsa39
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Ore final corment on path analysis: Any type of causal analysis

(apart from full experimental designs) cannot prove causaxlity,

You must substantiate the causal nature and order of your model

through previous work or theoretical arguments, The theoretical

ﬁs u%si:ost important and your path analysis will mean nothing
(o} °
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IX: The (General Linear Model

In this final section we pull together the various topics that have
been giscussed this term by showing how analysis of variance may be
seen gs simply a subset of multiple regression. In the first short
section on page 2.1V the assumptions ungerlying tests of hypotheses witn
multiple regression are briefly discussea. Note how these parallg}riﬁgly
assumptions used with analysis of variance. In the second section (p. 2.V to
214 an example of using multiple regression to do one-way analysis
of variance is shown. These analyses were done by hand. In the next
section this procedure is extenged to two-way analysis of variance,
‘This time the procedure is more complex ana is done by computer. All
computations are done with the REGRKSSIUN program and the notes on that
program given in the previous section may be consulted. Actual examples
from a run gre included in these notes.
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Assumptions:

Because we are dealing with the regression or lirear model, we still have
the assumtions that we have dealt wit%rpreviously. The model is based on the

assumption that the variables are measured on an interval scalej that the X
values are normally distributed around the predicted values of the dependent
variable with equal variances around the predicted values (actually this 5
is necessary for the testing of hypotheses, but not strictly for comouting RS,
vartials or the B's or Beta's); and that the error term is uncorrelated with
the independent variables. In addition, in testing hy-otheses we assumz that
the sample is independently and randomly selected from the population.

We also assume that the influence of the independent variables is additive,
This means in our example that the influence of exrectations of peers adds

to the influence of expectations of parents which adds to the influence of
teacher's expectations and SO on. There are ways to deal with cases where
this last assumption is problematic; there are alsowlmys of dealing with wvariables

meagured on less than an imterval scale; and we may test normality assumtions.
The really tricky assumption involves the error term. To put it simoly, this

involves the constant problem in social science of msking sure we have ruled

out other causal factars. If there are other variables not included in the
regression equation that could be suppressing the correlation or making it spuriously
high, then our results are mot valid, To assume that our results are valid we

must assume that there are no such other variables; that is, that any other

variables influencing our dependent variable are uncorrelated with those we are
considering and would mt alter our results, This is the basis of the assumstion
given in path analysis that the residual variable (the error, essentially) is
urncorrelated with the independent variables., Obviously this is a difficult
assumtion, but it is not one that disappears with switching analysis techniques,

A Review and a synthesis:

This term we have reviewed t-tests and studied analysis of variance and
regression. The t-test may be seen as a special case of one-way analysis of
variance (with df=1,n=1 and t = /' F ); and each of the other techniques we
have studied are cases of the general linear model, In each of the models of
analysis we have studied, it was assumed that the devendent variable was
measured on an interval scale, We can then use the mean as the best predictor
of the dependent variable when we only have knowledge of that variable ’
and use deviations from the mean as a measure of error. The squared deviations
of scores from the mean of the dependent variabls is called the variation of
the devendent variable. We used the various techniques of analysis to try
to explain or account for this variation, 'Hth analysis of variance the indepen=-
dent variables were measured on only a nominal scale s while with regression
we assume that the variables are measured on an interval scale. Techniocues
with one and with more than one independent variable were used,

We computed both surmary measures of asscciation (E2, rl, R2, and nartial r?)
that indicate the extent to which the total variation has been explaired or
accounted for by the independent variables and tests of hynotheses. The tests
of hypotheses are used to test whether the results obtained could be expected
to occur in the population, usizlly that the measure of zssociation would be
zero in the populzation. There is a good deal of controversy over the use of
such tests of significance (see earlier handout with references), primarily
because they are so easily affected by sample size and the differences between

statistical and substantive signific ince, and thus we suggested that both measures
of association and tests of significance be used.
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amalysis of variance, r §hron, and analysis of covariance all derive from the
gereral lirear model. %m ough using tnis model we can sze that the major

‘difference between these techniques is in the different levels of measurement of
the explanatory variables, With analysis of variance they are nominally measured;
with regression they are imervally measured; and with analysis of covariance they
may be measured on bota levels.

With linezr regression the application or fit .d.th t.he general l;.re ar moael
is obvious. (in fact by definition). : ) TR e A T
Any Y (devendent variable) in the data set or sample may be renresented B as

Ii= & + ﬁf X“ +/3»X2 +ﬂ3X3 +"°+ﬂt‘xk + &

where we are predicting T from the k independemt variables Xj, i =1,...,k.
We were able to test the hyvothesis that xim for the entire the 4 =0
and to compute a measure of association, R2, that indicates tde amount of
soread of the data around this predicted plane.

We can see how analysis of variance fits this model by simply altering the

way we view the independent variables, Say we had data as given below with
scores of 15 subjects who had been divided among three different treatment

groups. We were interested in the way the treatment groups affected their scores,
a typical analysis of variance problem,

Group Y (score) X
} 1 02
Aq 5 1 0
6 1 0
i 1 0
8 1 0
T 0 1
8 0 1
9 0 1
*2 10 0 1
11 0 1
1 0 0
2 0 0
As 3 0 0
L 0 0
5 0 0
z 90 5 E
3 6 «333 «333
s 29277 .1188 .:88
£ (,:f)': (L0 5§ &

We could compute a standard analysis of variance within these three categories
and that analysis is given a2t the top of the next page.

But we can also reconcentualize these three grouwps., What if we made two new
variables: one of them X4 will have a value 1 if the person is a member of

Aq and O otherwise; the second, X5, will have a value of 1 if the person

was in A, and O otherwise, Then each person's group membershir is represented

by their score on the varizbles X and X,, This technique is called dummy variable s.
. A\

44



D. 2L\

So we can alsc compute 2 regression analysis that would predict Y from the
person's score on X1 and Xo:

I=a +fX + fuXy + % for mmkx each T
Thege comoutations are also shown below,
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AT Aresan—wSiis Tecpeesicn-Lo—do—anBlTeisoi—veriaante,

Regression techniques teccme especially important when we need to

do two way analysis of variance and when we have unequal cell sizes ard/
or when there is a possibility of interaction effects. below is

an example using the second assignment done on the computer where

VaR16, liberties granted, is the dependent variable and the recoded
variable, VAR19, political views, and VAROS, gender, are the independent
variables, VAROS has only two categories, and for the regression I
recoded them so that code O = female and code 1 = male,

Because VAR19 had three categorke, l=liberal, 2=moderate, and 3 =
conservetive I had to recode it to two dummy variables,

The IF statements to make thésefummy variables are shown on the

next page, Fl is the first dummy variable with a code 1 indicating
being liberal and O=either conservative or moderate, P2 has a code

1 = moderate and O =either libteral or conservative, Therefore somecne
with a O on both Fl and P2 would be a conservative, Missing values

were assigned a 9 on both variables.

Because we wlso have the possibility of interzction we need to deal

with this with the dummy variables, These are called Il and I2.

As you can see from the next page, Il equals the product of the score

on Fl and the sgere on gender, Il would equal one if Fl equaled one

(2 liberal) and if ver0S equaled 1 (a male)s Therefore all people

who were not male liberzls would be O on Il. I2 equals 1l if P2

and VAR 05 equal one, Therefore all people who are not moderate males
would be O on I2., Iater below it will become apparent how all possible
cases are taken care of by these two interaction variables. (Essentially
knowing these two enables us to tell the interaction effect with all
other combinations—it is % analagous to degrees of freedom in chi-squafe!
the number of categories in one variable mimus one times the number of
categories in the mmmr other variable mimus ore (r-l)(c-1))

To be most zeximxix concise and accurate I should also have listed
missing values for Il and I2, but the default option on regression that
calls for listwise deletion;, the removal of any case if it is missing

on one variable saved me, If a case was missing on VAROS or ¥R Pl or P2
it would automatically be excluded, If a case was missing on VARQS or

Pl or P2 it would automossically also be missing on I1 and I2,

As with the one-way anzlysis of variance on the other handout, we are
interested here in explaining the dependent variable with the two
independent varisbles, We are interested in accounting for the variation
in VAR16 through the influence of VAROS, VAR1Y (now seen as Fl and P2)
and any joint effect these variables may have (the interaction terms

Il and 12).

To see this then we ask for a regression equation predicting VAR16 from
VARCS, then predicting VAR1S from VAROS and Pl and P2 (VAR1®) and finally
predicting VAR16 from VaRCS5, Pl and P2, and 11 and I2.

We should also have asked for a regression equation predicting Vailé

from P1 and P2 alone {use the statement REAESSIBH = VAR1S WITK P1,P2 (1))
tut I forgot to do this a-d computed the R2 thzt would result from this
by hand, (R2 = ,0L¢)
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RECGDE VARQS5 (2=0)
IF (VAR18 EQ 1) Pl=1
IF {VAR18 EQ 2 QR VAR18 EQ 3) P1=0
IF (VAR18 EQ 0) P1=9
IF (VARLI3 EQ 21 P2=1
IF {VAR18 EQ 1 OR VAR18 EQ 3) P2=0
IF {(VAR18 Ew Q) P2=9
COMPUTE I1 = P1L * VAROS
COMPUTE [2 = P2 * VARCS
MISSING VALUES Pl, P2 (9)
REGRESSIUN VARIABLES= VAR16, VAROS5, Pl, P2, Il,
REGRESSIUN= VARL6 WITH VAROS (8) Pl,
STATISTICS 1s2
VARI ABLE MEAN STANDCARD DEV
VARLG 248093 1.2759
VAROS 04635 0.4989
Pl Ce2962 04567
P2 03950 T 044892
1 Ce1590 0.3658
12 0.1530 0.3601
Corrreg o v"'h/L ,J-“:
VARLE VAROS Pl p2
VARLS 1.00000  0.02281 0421214 ~0.131763
VARQS G.02281 1.00000 0.09554 =-0.12458
Pl 0.21214 JeD9554 1.00000 =—J.52483
P2 -0.13763 =-u.l2458 =-0.52483 1.000C0
Il C.17648 U0.46786 . 0.67033 =0.35180
12 —0.10389  0.45726 =-0.2756T7 0.52526
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127
P2 (6)

CASES

1327
13217
1327
1327
1327
1327

Il

0.17648
0.46786
0.67033
-0.35180
1.00000
-C.18479

11,

12 (4)

12

-0.10389
0.45726
-0.27567
0.52526
-0.18479
1. 00000



CEPENCENT VARIAOLE.. VARLG OPINION ON HOMCSEXUALITY

VARIABLE(S) ENTERED CN STEP NUMBER le.. VARG5S GENDER

MULTIPLE R JeW2231 ANALYSIS OF VARIANCE DF
R SQUARE 0.00052 REGRESSION 1.
ACJUSTED R SQUARE =-(C.00023 RESIDUAL "1325.
STANCARC ERRGR 1.27609

s VARIABLES IN THE EJUATION -—---- S -

VARIABLE B BETA STD ERRQOR B F
VARCS C-05835 0.02281 0.07025 0.569C
{CCNSTANT) 2.78230

% % % X % ¥ % ¥ % ¥ & ¥ ¥ ¥ X ¥ Xk ¥ ¥ x ¥ ¥ ¥ ¥ ¥ ¥ % ¥ ¥ % ¥ ¥ k X% ¥

VARTABLE(S) ENTERED CON STEP NUMBER 2.. Pl

Pe
MULTIPLE R 0.21437 ANALYSIS OF VARIANCE DF
R SQUARE 0.04596 REGRESSION 3.
ADJUSTED R SQUARE Ue04379 RESTDUAL 1323,
STANCARD ERRCR l.24769

———memmmmmeme——— VARIABLES IN THE EQUATIUN =====-=—=———meeee-

VARTABLE 8 BETA STD ERROR B F

Pl Ce53944 Ra15312 Je 8819 37.416
P2 -G«L5470 -0.03621 O0.u8261 1.314
{COCNSTANT) 2068124
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DEPENCENT VARIABLE..

VAR 16

OPINION

;J?'F§2+

ON HCMCSEXUALITY

VAR| AELE(S) ENTERED CLiv STEP NUMBER [2
Il
MULTIPLE R 022246 ANALYSIS OF VARIANCE DF
R SQUARE 0.04949 REGRESSION 5
ACJUSTED R SQUARE 0.04589 RESIDUAL 13 i
STANCARD ERRCR 1.24632
i —— VARIABLES IN THE EQUATION — -
VARIABLE 8 BETA STD ERROR B F
VARQE =C.C2050 -0.00801 Na12327 0.028
Pl 0.41277 0.14776 0.12650 10.647
I2 =0.13414 -0.03786 0.16635 0.650
Il 0.237062 0.06813 0.17623 l.816
(CCANSTANT) 2.66712

ALL VARIABLES ARE IN THE EQUATION

The asbove information is the resulting printout with the mean, standard
deviation and number of cases for each variable involvea; the zero order
correlation matrix, and the results of the stepwise regression.

In step one of this regression we are given tne equation that predicts

the liperties granted from gender. 1n step two we are given the equation
that predicts liperties granted from gender, and the two aummy variables
tor political affiliation. In step tnree, gender,pmpx political affiliation
and the interation of these two variables are all enterec as precictors

of liberties grantea. In each of these steps we get a measure of R<,

the proportion of the total variation frvrvmxy in liberties grantea that
may be explainea by the incepencent variables, You will remember that
because RY = explainea variation/ total variation; explained variation =
® r¢ (total variation)., We will use this to develop the tests of analysis
of variance as shown below.

With two-way analysis of variance we have three hypotheses:

1) Hy: the row means are e qual or the means of the categories of one
variable (say gender) are equal and Hy: the means of the categories of
gender are not equal.

2) Ho: The mean liberties granted in the categories of political
affiliations are equal and Hj: ''he mean liberties granted in the categories
of political affiliations are not equal.

3) Ho: There is no interation and H,: There is interaction.

wWe must test the third hypothesis Iirst. 1In the standard way of
analysis if we zx reject the null hypothesis we cannot complete

the analysis. With regression it still makes no sense to complete

the analysis, but we can make furtner interpretations ana analysis.
The following table gives the analysis of variance tor this problem.
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Below are the F tests for each of the hypotheses given on page four,
You may compare these to the results from the anova program to see
that they are identifdl. CP q)

323
1) to test the hypothesis 3, of interaction

F = MSS(interaction)/ MSS (unexpalined) =EOO3 [y2/ 2J/[-951 fy2 ¥4 1321_:{

- ""3 /.?a-(‘ 4
G5 * 7 70 2.08

2) To test hypothesis 1 == of no difference between the means ir the
two gender groups

F = MSS(gender) / MsS(unexplained) = (€ [ ) - 0

3) To test hypothesis 2 — of no difference between the means in the
three political groups

F = MSS (political groups) / MSS (unexplained) ‘( 0?57( ____/_?/.z/ g Frary

Note that we did not add the S5 from interaction back Xinto the error
term, The ANOVA program does not do that unless you specifically ask
it sx to do so. You could do it with the regression work if you
wanted .

AS you can see from either the ANOV ogram or Xmx from looking up
the cricitca F values in a table"we mx may fail to reject the
hypttheifs of no interaction (although this is quite close) and fail
to reject the hypothesis of differences between the gender groups;
but we can reject the hypothesis of differences between the political
groups at the  pp,; level of significance,

Yximfxxe Using the regression equaitions given on pp. 2-L we may
also examine the differences between the liberty scores for each
of the groups we are concerned with.
It we assume there is no i= interaction (i.e. we reject the null
hypothesis three) we may use the regression eqution given in step
two to analyse the influence of gender and political affiliation on
liberties granted. From psge 2 we get

e

VARL6 = 2,687 + (-,000L] G + (.539) P1 + (=095) P2

gx shontd5"



Analysis of variance == political liberties=-= VAR1S Ly)

Source ot Variation

Sums of Squeres
from regression
&

£y Ley-P)"

1) Total variation N=1
'2) 'rotal explained == 52 y‘2
betweern sub=class G,P1,P2,I1,I2 L 5
SS explained by >
gencery political = (,0u9)Ly
views, and interaction,
Pid P -‘IH*"*Q 5
3) Explained by R opon b7
additive model e
= (J0u0) € y2 3
2 2 2
a)explained by (R - R )Ly 4
gender adjusted G,P1,P2 ‘Pl,PZz
for political = (,0ub = Oub) Ly
views =
: 2
b) explained by (R e - 2
political views G, P1,P2 = R G)Z’y 2
aagjusted for & he 2
o e (.0L6 = 001) Ly
= .OLLSC.V2
2 2 2 g
L) explained by (R - R sy
interaction G,P1,P2,I1,12 G’Pl’PEJ
= (09 - .0L6) L y2 -
= 0037 y°
) 2 2 . b
5) Unexplained (=% p,p2,1,22Y N-5
= 1321

- (l d .0&9;2.}'2
=91 & y

degrees of freecom

2L

Mean Sum of

Squares
£y%/ n - 1

(.oL9 zyaf 5 -

(.Oquy"D/ 3

(gouss 97 2

6003 sy%)/ 2

(. 9515y° )/ 1321

By looking at the calculations under step three above you can see
whny the results in the regular ANOVA program we did witnkhis data produced
sums of squares that did not add up in the way they do when you have equal

cell sizes,

Recguse the numpber o1 cases in egch subcell are not equal

(or propcriional to the marginals) the m2fdpmx effect of gender and political

views on liperties are rnot independent of

each other (as we could

force tnem to be in a controlled exreriment) ancd so some of the total
explained variation in the additive mocel comes from this overlapping

explanation which cannot te sttributed s

variable,

ely to either independent

— e




Substituting the values of VA ROS and Pl and P2 into the Saxx equation for
each of the groups under consideration we get the predicted values

shown below. Again comparing these results to those obtained on the

ANOVA printout, we see that these correspond to the category means
predicted when we assume there is no interacticn.

‘]}

YRR =2.8F7 - 0009(C) 4 ¢35F) = 075 P

made /iborgly : VARIET 2.8F7- 000w (1) #.5BFC1) —0fyC0) T 2254

fonede liferal : URRK : 2-CF7 ~ DopYcp) v s2elt) = 095(0) = F.224&
male maslas g, VPRI ¢ 2LPT = 0o0% i) ¢, 5397(D) - 085 1) 2. TTIL

&MM L URRI e 2.7 = 0009(0) f.5IFL) - . 0FS5Cl) = 2. gl £

ok erxws srativie, : UBRIE = 2 4#7 -, 0009C1) + . S 3F¢Y ,'/)-?;‘(a’) = 2.2764
. - = 2.6F7

NM VAR £ 2.857 —=000Y(0) * 525 ¢0) =.05) co?

Mate /.?..z:rz / 2.57/< /z-(d‘éé />‘woy
raksbs. [3..:.:4 /;.r?.z / 2.657 /

v \VZ
L7y - o

7 < 9)544.4.4_“/’6‘ {
e e e, Thiiiitalip 3075 F
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VAR * 2.70 =, 006 7. ¥/ 1 - f _,.zif.z 2
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AiNUV A
STATISTICS 1, 2,

S

e oz

[re—

= & x % %x % % #* * ANALY SIS CGF V aR
VARLG OPINION ON HOMUSEXUALITY

8Y VARCS GENDER
VAR13 ReCODED POLITICAL VIEWS

VARLlse 3y VARJB, VARLE (1,3)/

¥ % % x X %X X ¥ ¥ X ¥ ¥ ¥ ¥k ¥ ¥ %X ¥ ¥ ¥ X ¥ ¥ % ¥ % % % &k k & *k =

SuM OF

SCURCE OF VARIATICN SQUARES CF
MAIN EFFECTS 99.208 3
VARQS 0.320 1
VARLS 93.085 2
2-WAY INTERACTIONS 1.627 2
VARQOS VARLS T.627 2
EXPLAINED L06.835 5
_RESICuAL 2051.784 1321
TCTAL 2158.619 1326

1499 CASES WERE PROCESSED.
172 CASES ( 11.5 PCT) WERE MISSING.

SN 1!
- Bt v SRR

I s b, W

* % MU ELTIPLE CLASSIFILERT 1IN

MEAN
SQUARE

33.069
0.209
49.043

3.313
3.813

21.367
1.553

.1.628

. —_———

‘ANALYS

ADJUSTED FOR

I ANCE = = % % %« %« % ¥ % *

= x ¥ % % X %

SIGNIF
F OF F

21.291 0,001
2730 0.999
31575 0.001

2.455 0.034
2455 0.084

13.757 0.001

-5 ® x %

ADJUSTED FOR
INDEPENDENTS
+ COVARTATES
DEV'N BETA

VARLS OPINION ON HOMUSEXUALITY
BY  VARCS GENDER
VARLS RECODED POLITICAL VIEAS
* % % % % % #% % & % ¥ % ¥ *x % X ¥ X ¥ % x ¥ x x % ¥ ¥ ¥ % & ¥ ¥ % X *x ¥ *x ¥ kX X
JRAND MEAN = 2.81
UNADJUSTED
(ARIABLE + CATEGORY N DEVIN ETA
fARQS
1 615 .03
2 712 -2.03 |
0.02
[AR1E
L 393 0. 42
2 525 -0.22
3 439 -J.12
0.21

ULTIPLE R SQUARED
~ULTIPLE R
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INDEPENDENTS
DEV'N BETA
—0000
0.02
0.00
C.42
-0.22
—0012
0.21
0.046
0.21%



Types of Coding for "Dummy Varliable® Regression

Kerlinger and Pedhazur discuss three types of coding that may be used
in dummy variasble regression. All of these produce the sgme results in
terms of veristion explained and the results or the various hypothesdé
tests. ''hey differ in the form of the coding used and the way in which
once may interpret the regression equations that result. In all cases the
number of variasbles (what Kerlinger and Pedhazur call vectors) that are
used to represent s& given nominal variable = equals®® the number of
categories in that veriable minus one. ThEmkyEmcnfmmmatim

The type of coding used in the examples earlier in these notes
is called dummy coding by Kerlinger snd Pedhszur. In this kind of coding
egch dummy variable or each vector mamm is mgde up of zero's and one's.
When 8 subject is in a group it is assigned a one, when it is not is is
assigned a zero. O(ne category then has codes oI zeros in all the variables.
This group or category may be seen as a "control group"™ or the one to
which comparisons are made. (The exsmple of dummy coaing with three
groups and a wm one=way analysis of variance can be consulted for an
example of this method. Here the third group, AB’ magy be seen as the
"control group”.) ‘his methoo is then especially useful in experimental
or other situstions where one wants to compare 81l but one of the categories
to smm that one group. MNikk The regression equation in tnis case .
ykelds an intercept that equals the mean or this control group.
kach slope coefficient (b) equals the mifference betweeﬂ:fﬁeogsEQSigfggp designats
independent variable and the mean of the control group.

A second methoc of coding is called effect zmmin coding. While in
dummy coding one group is given zero's in gll vectors or "dummyx variables,n
in effect coding this group would be given the score of =1 in each of
these vectors. The advantage of X using this form of ceding is that it
gives results that sre essily transferable to the general linear model
(especially when there are equal n's in the subgroup). The xz and F-tests
for te S ting hypotheses are exactly like those obtained witn the other methods,

There are however dirferent regression equations. When there are equal sub-group



&

n's, the intercept equals the grand mean of the dependent variaoie. psacu olope
coefficient or b equals the "treagtment effect," the difference of the

mean of the group with which the vector is associatea (where it has a +1)

from the overall or grand =mmm mean. When there are unequal subgroup n's

the intercept equals the wmmmixim unweighted mean of the subgroups (this

means that the larger subgroups don't contributed ss much to this overall mean).

kach b then equals the difference of the subgroup mean from this unweiE%ed mean.
: The data

that were used in s x=x dummy variable code analysis for one-way
anova are shown below with effect coding. By the way, this coding is
called effect coding because each b tells the effect or the trestment
in terms of deviations from the overall mean.
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The third type of coding is %ax orthogonal coding. It is used when
the resesrcher wants to make specific comparisons between the means of

some of the groups involved. The type of coding used is determined

by the kind of compasrisons that one wants to mkmake. O(ne can make as

many orthogonal comparisons xx as there gre vectors. Thus, if as

in mour example there are three categories, one can make two orthogonal '

comparisons, Two comparisons are called orthogonal when the sum of

the products of tneir ocefficients for tneir elements is zero.

In the first comparison below, as shown, the comparisons are orthogonal;

in the second, however, they are not. 4 .
@ = Q7))+ (-1xY,) + (0XVY3) )

3 HEBAT, Y b £ XTu)E G
CX=%) + (IX-%) + (o X1} =0

@ Oi_.s UL-\?,) + C"lx(;.f__) + @}6;3)
| sl BEEE Y, s CoXYs) + (1 XY3)
l.["

FeNe 2] 4 G-t X0 2 loXI) £ < .

When one usés orthogonal coding in comparions one simply uses the coefficients
in the hypothesized contrasts as the codes. (ne the next page the same
example used esrlier is repested with orthogonal coding. *The coefficients

in the tirst comparison above that was shown to be orthogonal are used

(those txm in the second vector were simply multipled by two to simplify
computations). Note that becguse these two vectors are orthogonal, their
intercorrelation is zero (orthogonal means uncorrelated). Note that the same
value is obtained for Rz, but thet the regression equation is souewhat
different. Here tne intercept equals the grand mean (for both cases with
equal and unequal subgroup x sizes)., ‘The slope coefficients relate to the
specific comparison involved., The F-ratio (or t-ratio) associated with

each s6pe actually tests the hypothesis that the two means in tne

comparison are equal. In this example b =N is associgted with the

comparison between A, and A, (because in X)) %heir sums add to zero. l
b is gssociated with the comparison between A3 and the average of

X .x'l
2 '

the means of Al and A
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There sre a few differences in the notation that Kerlinger and Pedhazur
use from that we have used previously. They refer to the regression
sum of squares. ‘This is simply the unexplained sum of squares that
we have used in testing hypotheses related to regression. (The term
regression sum of squares is the same term that SPSS uses in the
printout and book.) _

In table 10.3, page 236, the variable labeled L is simply the interaction l
term. What Kerlinger and Pedhazur try to do in the first part of this
chapter is sctually to present the logic of anaiysis of covariance and
only introduce the term itself in the lsst chapter. This is probabliy
to avoid the problems associated with just seeing snalysis of covariance
as associgted with experimental designs,

Un page 238, the last paragrphs, the term multiple comparisons
refers to comparisons between means to see which are signiricantly
dirtferent from each other.

Pp. 245 ff, note here the distinction between ordinal and disordinal '
interactions ano calculating the point of intersection with interaction
effect., This was not mentioned X in the notes or in Blalock, but is =

@ useful wagy of describing the nature of the interaction.
In pp. 2060-265 they discuss non-linesr relations snd the use

of these in regression. The techngn'.ue they use is the common one

of using a squared or cubed ierm (or even higher order) and simply

adding this to the regression equation such as in Y' =a +b X +3 Db 12. l
On page 274 MSR refers to the mean square of the residuals (mean

square resideals) this is the mesn square or estimate of variance for

the sum of squa res (varistion) associated with the error term or witnin

estimate,
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X, Apnalysis of Covariance

In this section we explore analysis of covargince. This is a tech-
nique that combines analysis of mm variance and regression. Continuing
from the work of last term we will discuss the logic in analysis of variance
terms and also show how the work may be done using regression techniques,

In the first part of this sectionwe discuss the general logic of the
technique, In the second part we show an example of an analysis using
regression techniques, In the last part of this section the pages from

the SPSS mamual that discuss analysis of covariance are attached. This
includes the analysis of covariance runs in the classical tradition

(not using regression and dummy variables), With the kind of data
sociologists usually have I recommend generally using regression techniques.
The other material is appended for your interest. Blalock gives an

example of working through an analysis of covariance with the classical

techng}ues by hand,
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In analysis of covariance we have a dependent variable that is intervally 2
measured and two or more irdependent variables, one of which is nominally
measured and the other measured on an interval scales (The additional
independent variables may be either #nbrvally or nominally measured, )

The diagrams below illustrate possible cases where you might wamnt

to employ analysis of covariance. You might want to examine the
influence of the intervally measured irmdependent variable (called X)

on the dependent variable (called Y) when the influence of the nominally
measured independent variable (A) is controlled or look at the influence
of A on Y when X is controlled.

In this hypothetical situation

you can see that when we control

for A the relation between X and Y
disappears, Substantively, if

Y were irccome and X were educatia n,
and A were racial groups this
configuration would suggest that

€ %X race was the determining factor in

* %X income rather than education (because
W ¥k ramnxeEaoEcis within each racial

(=)
O
0

oo
DDD

S agg
¢ ©
C)Q,O

group the association between X and Y
disappears, yet the differences in
Y between each group of A remain

1
3
weolk
Q .
4
w

In this hypothetical situation we
see that education retains an effec
on income

g MR
P 4 e ’

x 5[} AH’ WO)VM
X (éﬁi}w{/o ,i«’ (\/‘
= go In this hypothetical situation
£ § 5595’ - education does not appear to affect Y
//gﬁ.—' As because all groups of A have the same 'f
go G range of vadumes in X, but very different ¢
od ep _ Y valuess In fact, if this situation
g¥ ¥ appeared in your scatter diagram
R R e o it would likely be almost a waste of
08 e time to do an analysis of covaraiance
OB xi’.‘f Y4, (espem.a]ly 1i' you were doing it by hand). .
L+
SN o
\ g
o
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An intuitive explanation of analysis of covariance: 3

If you remember how analysis of variance and epecially #mx two=way
analysis of variance worked, you will easily understand the logic
urderlying analysis of covariance. In analysis of variance we were
concerred with accounting for the variation and we broke up the
sums of squares, {I(Y-¥)% s into portions that could be
explained by the independent variables and partions that

were urexplained, Amlysis of covariance is analagous to this except
that here we are concerned with covariance instead of variance or

actually with covariation instead of variation. (& (x-F XY -V )
instead of CZ(¥y-YXY-Y) :g1s(Y-y)") =)
4s with analysis of variance, the total covariation £Z ng,-‘x‘- X yLJ' Lg

can be broken into the unexplaired covariation, -~ i

the covariation mxmomt within each.of the Zcc *—'«;)' -k X Y«.\‘J' 'V-J‘)

categories of the nominally measured variable

(i.ee that which is unexp lained by either the nominally measured variable

or the wherewimorcymrioi intervally me asured independent variable),

and the explained covariation - analagous to b1 o !

the between variation, the covariation of the Xand T pr /7 - - X._)(Y- i
means in eachtategory mmaws around the grand means of the two v v

intervally measured variabless.

443,

4s with two-way amlysis of variance this total ex lained variation

can be broken into even more parts: that explained by thé nominally

measured variable A, that explained by the intervally measured variable

X, and that exlained by interaction between these two independent variables,

Also, as with analysis of variance, we d&vide the covariation by the

aooropriate degrees of freedom to get estimates of the covariance, examine

the ratios of the explained and unex laired estimates of the covariance,

and use the F-distribution to check if the resilts could be obtainable

by chance,

To complete the analysis of covariance it is necessary that there be

no interaction. 4nd as with amalysis of variz#&&¥ we can examine the

data to see if there is indeed interaction, Here, however, we don't
compare the magnitude of means in each category to have additivity

but the slopes of the regression line (?yx) in each category of A.

The figures below illustrate the case of no interaction and interaction.
The tables below the figure’ show (in gress ways) what the same data

would look like if X were divided into three mmmiomXXy categories on a
nominally measured scale, This illustrates how the concept of inmteraction
is basically the same in analysis of variance and analysis of covariance,
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The variation in Y that is unexplained when we assume there

is no interaction between X and A will always be greater than

or equal to the variation that is unexplained when we assume '
that there is interaction. That is, if we let interaction

explain some of the variation it can do nothhng but explain

more of the variation; it cannot add to the unexplained varia-
tion. 4o o W%%h'% uild avaliy et 7§ Votdoncis |

"hat we do then to look at how much variation is actually explained
by interaction between X and A is use the total that is unexplain
when we assume there is no interaction (i.e. assuming that e.
X and A each separately influence Y) and compare this to

how much is unexplained when we assume that there is interaction
(iee. assume that X and A may act together in their influence

on Y)e ‘he difference between these two figures is then

how much variation is actually explained by interaction.



'I\‘dw ‘ .
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When there is no interaction the slopes (b._ ) in each
category of A are equal, '+hua. when we asSUme there

is no interaction we use a common slope (b) for all the
categories of A, This is simply a weighted average of

the slope within each of the separate categories of A,

If this common slope is a good estimate of the actual

slopes in the categories then the variation in Y explained
by using this estimate should be about equal to that

when the individual slopes in each category are used.

Any difference between these two figures may be attiributed
to variation explained by inagfaction. This amount is
treated as the explained or wasssn variation. The amountﬁ(wumﬁg~
unexplained when we assume interaction is the error,oexw . Wiew.or
unexplained. Using the appropriate degrees of freedom

we may get estimates of the variances, have ratios of the explained
to unexplained variances and test the hypothesis that there
is no interactione.

If we fxxima find that there is no interaction, Blalock
suggests putting the variation explained by interaction back
into the error term and then directly examining the
variation of Y explained by X and that explained by A

(when controlling for the other variable).

Looking at variation explained by X (the intervally measured
variable) when we control for A:

Note: we can go to this step only if there is no interaction
(or if the interaction was shown to be a non-significant
contribution to t he explanation of the variation of Y)

Because the regression line in each of the categories of

A has a common slope, we can compute an average correlation
coefficient for the association between X and Y in all the
categories of A, This is called the average within z&x class
coffelation coefficient, rxy'a’ and is analagous to the partial

o S
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correlation coefficient. This average within class correlation
coefficient is simply a weighted average of the correlation
between X and Y within each category of A. It only makes sense =
if there is no interaction, that is, if the slopes of the
xg:xxx regression lines are the same in each category of A,

Xy g may be interpreted as simply the pexxx proportion
of the variation of Y that is explained by X when A is
controlled (when the influence of A is removed). The
hypothesis that i O may be tested using the
familiar analysis ofviriance pProcedureses

Note how this within class correlation coefficient has an
advantage over the partial correlation coefficient. .

-With partials, we :;aume_that there are linear associations;

with the within-cldas coefficient we.can actually test this
by looking at the possibility of interaction.

Looking at the variation in Y explained by A (the nominally
measured variable) when we control for X (the intervally
measured variable)3: :

Here we are testing the hypothesis that the meansof Y in
each.-category of A are equal when we remove the influence

of X on Ae Ye can't really "control" for X here, but we

can adjust for the influence of X. The term control implies
a"holding constant,”looking at the influence of A and Y in
"categories™ of X. But X is here operating as_an intervally
measured variable. As X changes, Y changese. his rate

of change is measured and ix equal to the slope, b
the change in y for each unit change in xe.

byx. AY/AIC

ﬂhen we adjust for X we essentially want to adjust for or
control the influence of X on Yo 7This we can do by
holding X constant, adjusting the Y values to this constant
value of X and then looking at the influence of % A on Y
by comparing the adjusted Y means in each category of A,

rx!

Again, this step only makes sense when we can adsume that
there is no interaction between X and # in their influence
on Yo Because we can assume there is no interaction, we
have an estimate of the common slope of the regression line
of X predicting Y in the categories of A, This is the
average within class b}x’ which is equal to the predicted

change in y for each change in xe

To adjust mx Y in each category of A for the influence of

X we use this common slope. The average value of X varies

within categories of A, To adjust for the influence of

X we adjust each of these values of X to a common value,bﬂmTJmLMuu
and then see what influence this has on the Y valuese.

We know that b Py A y/ 4 xe. Then, using simple algepra,

Ay = (4 x)x (be). We know the value of byx'
If we let A x = (i.. - x.J), the difference of the grand
megn of X and the mean of X in each category of A, and
- f p—
BSzoEanznxmanehxhinm ;ﬁ'y = (Y.. - Y‘Jj' the difference betwee
ﬂ)\ e e ~- %,L 15()?:.(3 Lz C— VWA e C,% "\,/
2 % \ ) [ /
Fxé{aagfz%g -

NI e



then_Ay = byx (-foo - :-(.oj)o 'A y is simply(?ﬂé - Y’-,j), '2
the difference of the actual mean of Y in the category, J,

of A minmm and the predcfited xaime maan value of Y when
we adjust for the change in X
Then ?EJ = ‘?.J - byx (E.J - i..) +« (Remember that R

byx refers to the average within class correlation coefficiento)

2 (you can also see the above equation as Y!j = Yoj # b (Xeo = i.j).)

If you then do this adjustment process in each catbégory
of A you get adjustemd means of Y, YlJ, for each category

of A, You can then use these adjusted means of Y in testing
the hypothesis that the means of Y in the categories of #
are equal, knowing that the infduence of X on Y is removed.
The regular analysis of variance format is used in testing
this hypothesis.

The diagrams below illustrate possible adjustments that

may be made and the results.

R »Az?wue s
i Vs
T3 a(l-}J Yyl = 7
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Analysis of covariance may be extended to incorporidte more

than one nominally measured variable and/or more than one
intervally measured independent variable. However,

hand computations become extremely tedious with these additions,
especially if the n's in the subcells are unequal,

Because of the tedious nature of the hand computations, I
suggest using dummy variables in regression analysis

in dealing with analysis of covariance. If the interadtion
termx provesto be significant, using regression with dummy
variables will aldow you to continue the analysis,

You may continue the analysis if interzction occurs by looking at the
pattern of 1nteract10n, seeing where it occurs. You may also then
(should really’ try to see if it follows some kind of pattern,

if perhaps by ordering the zImpssmfm categories of the nominal
variable from those with the smallest to largest slope there is some
underlying variable (maybe interval in measurement) that can
explainthis apptern. This can then be added to subsequent analyses
to try to understand more about the relationship.

It is importznt to realize how analysis of covariance involves

both types of hypotheses used in analysis of variance and in
omiysixmef regression analysis,

You are interested in the hgpothesis that the mxkmwg average scores

of the dependent wvariable are equal in each category of the

nominally measured xxx independent variable once the other independent
variable is taken into accoubt.

You are also interested in the null hyp thesis that the association
between the interwvally measured independent variable and the dependent
variable is equal to zero when the influence of the nominally measured
independent variable is removed,

"inally, you are interested in the hypethesis that there is no
interactive effect mm of the two independent variables on the
dependent variable over and atove their separate, independent
influences,

Each of these hypotheses may be tested using Faratios. The hypothesis
regarding interaction should be tested first,

Computer Analysis

Blalock gives an example of doing analyis of covariance with hand
computations. I will briefly discuss here results of an analysis
with regression. teachniques, The same format used with analysis
of variance and discussed in last term's notes is used,
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This analysis was done with the 1972 (I think) NORC data. The dependent
variable is male respondents' occupational prestige. The two ® independent
variables were the respondents' self-indécation of class status (either
lower, working, or middle == there were so few calling themselves upper
class that they were omitted) and the respondents' educational level,

The class status variable in the notes below is var09. The education
variable is var26., Occupational prestige is varOl.

Dummy variables X1 and X2 computed ¥mwfwxmx below represent the class
level, The interaction terms ED1 and ED2 represent the interaction
between education and class status.

The following computer instructions were needed.

GET FIIE WHATEVER r’i
IF (VARO9 EQ 3) X1=1--

IF (VARO9 EQ 2) Xom1 e
COMPUTE EIX]l = X1 % VAR26
COMPUTE EDX2 = X2 % VAR26

ASSIGN MISSING  X1,Y¥2,EDX1,EDX2 (99)

REGRESSIOn VARIABLES=VARO9 , VAR26 ,X1 ,X2 ,EIX],EDX2/

REGRESSION= VARO9 WITH X1,X2 (8) VAR26 (6) EDX1, EDX2 (L)/

REGRESSION= VARO9 WITH VAR26

2

The resu]ting R and the analysis of covariance table written in
the same manner as analysis of variance tables and tables testing hypotheses
regarding regression is given below,
Note that with an F= 3®5¥% ,9517 we may fail to reject the null
hypothesis that there is no interaction.
The SS due to interaction was then added back into the unexplained SS
assuming that this SS was simply due to Exix chance,
The F=239,35 with df=1,687 tells us that we can reject the null hjppothesis
that there is no association between education and occupational prestige
when we remove the influence of subjective class placement and be
wrong in rejecting this null hypothesis less than once out of 1000 times,
The Fm6,1i62 with £ df= 2,687 is very close to significance at the .05 level,
There is some slight indication then thah we could perhaps reject the
null hypothesis that there are equal means of occupational prestige in
each subjective class category when we remove the influence of educational
level £ attained. Note however how only about one percent of the
variation in occupational prestige is explained by this variable, compared
to about 24% by education apart from class status. (See SS column below.)
logether both of these variables do have a significant impact
(F=10L .96, df=3,687)
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12

Even though the diagrams on page 11 showed some interaction, the

F-ratios showed that this was not significant. The largest difference

in slopes is from the lower ¢lass to the others. This group had

the smallest number of subjective choiees and may have affected the results
Note, however, that when interzction terms are included the :
pre@icted Slopes as well as the Yeintercepts will change,

If interaction terms had been signifcant one would want to examine

the nature of each of these terms and their associated Feratios,

Besides doing analysis of covariance via regression it can be

done with the ANOVA program used in the analysis of variance

work last term. As with the ANO¥A printout, however, this program
gives fairly abbreviated results, especially if there is interaction.
The program with analysis of wovariance is exactly as with analysis
of variance except that the covariates (the independent variables
that are nominally measured) are added after WITH on the

anova card,
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e
Xl Rector Analysis

Basic Ideas

Factor analysis is based on the general linear model. Variance
(note not variation) is used as the measure of total error in prediction
and we look at ways that we can explain this variance., In standard
regression analysis we try to explain the variation in one variable
(say Y the dependent variable) by looking at the influence of specific
other variables (X;,X5,.¢s) In factor analysis we try to s

explain the variance in one variable in a set of wvariables by what it
hodls in common with other variables in that set, This is not a
causal analysis, but a reduction of the variance of mmmoorax each
variable in a set into factors held in common with other variables
in the set and a portion that is unique to that variable. The solutions
obtained then in a factor analysis vary with the variables included
in the analysis,

0

If all the variables are seen as standard scores (mean = X, standard

deviation and variance =1), then these parts of the variance explained
by other variables and unique to the variable may be seen as proportions

(part of one)
‘the variance of a variable = 1 and may be broken into
what is held in common what is unique
ls= with other wvariables in + to that
the group variable
- commmnality + uniqueness

The commn)yaity mx (represcnted commonly as h?) gives the proportion
of variance that is held in common with the other variables,

The uniqueness (b2 + ¢2) gives the proportion that is unique to that
variable. The two parts of the miwmm uniqueness are

b2, representing specificity, what is specific to that variable, and

c2, error variance --what occurs by error in measurement,

This error variance, 02, is also called the x® unreliability of a variable,

Together x he  + b2 =1 = c? is termed the reliazbility of the variable,
that proportion which is not attributatle to error.

Sometimes researchers use an index of completeness of factorization.
This equals 2 5 5.
Hj = 100 (hj / (hj + bj ) ) =100 (commnléity/reliability).
This index ranges from zero to one and gives the percentage of the
reliable variance of a variable that czn be accounted for by the cormon

factors., (Note the analogue to a Fgg reasure. )
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When you have a set of n variables you may represent each variable
as a linear function of the common (called factor) and unique componentSe
This pattern of linear relations is called a factor pattern. Note
how similar it is to the regression equations and to structural equations
used in path analysis. In the factor pattern shown below there are
n variables, represented by z.. Each F; represents a factor or
some part of the variables that are held in common. In this case there
are m different factors that represent the variance the variables
" hold in common. The a,.'s are the coefficients (called loadings)

that tell us how mmmccooa much influence each variable has from a factor,
These coefficients range from =1,00 to +1.00 just as beta weights

do. As we see below they
may be interpreted in the same way as beta weights may. The U;'s

in the equations represent the part of the variance of each variable
that is unique to it. (Note that in these coefficients the subscript
i refers to the variables and j refers to the factors. We will try to
keep this convention throughout.)

1 . . - P s g
T R T o R o AR R e T T S TR T A R RO R

Table 2=1
2 A Factor Pattern

Z; = 39y Fl + a0 Fo + ¢ o0 * a1n Fm + ay U1
Zz-aZlFl +322F2 * o e e "'aszm"' 32U2

zn. aan1 +an2F2 + ® ° © +aanm + anUn

The number of common factors for a set of variables is referred to as
the complexity.

- Each loading or influence of a factor on a variable is represented
above by the a, s, If the factors are not correlated with each other,

then each of the a;.'s is the correlation between the variable and the
factors In other uards, 349 above gives the correlation between
factor one and variable 27}, &,p gives the correlation between Factor

two and variable z, , if the factors are not correlated with each other.

#The gxwf® pro6f of this statement is given below.
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If the factors are correlated and we know the correlations between
the factors (which can be tmx determined) then we can still use the
equation in step four of the proof to determine the correlation between
each vari-ble and each factor. The correlationg coefficients of the
factors with thne variables make up the structure of the factor analysis,
Note that elements of the factor pattern and factor structure are
equal when the factors are uncorrelated with each other,

In general, the factor pattern (the set of equations in Table 2-1)

is simply a classic regression equation where z; = the predicted

score of the variable; A ig = a.j; and all variables are in standard
score forme =

A . '
Gy R ApTar oo v fE s T

When the factors are uncorrelated, ,ﬂzéj” ?5'

and when the factors are correlated, tne betas represent the independent
influence of each factor on the variables., This TExiGmbctinchonixeoroa
‘ is directly analagous to kea& basic theo
used in path analysis. If the factors are uncorrelated, the influence
of a factor on a variable is just shown by its loading and is all
direct influence, If the factors are correlated, some of this influence
must be indirect, through other factors. This is directly analagous

to interpretations of direct and indirect influences in path analysis.

IO w-‘icj BAE TS B

The basic idea in computations in path analysis is to get the
predicted scores of the variables, £.'s, as gXaxxxax close as possible

to the real scores, ¥.'s. We want to choose the betas or factor
loadings so that the difference between these two values is minimized.
h?, the commmality, measures how well the factors pmmik predict the
variables. h2 is then analagous to R in multiple regression. The
proportion of variance not explained is the uniqueness and equals 1 - ne
and is analaogus to the square of the residual path in path analysis).

IN path analysis it is possible to reproduce correlations between
any two variables by looking at zssociationd in the path model (the
gegression coefficients). We can do the same thing in @z factor analysis
and represent any correlation between two variables as a function of
the factor loadings $the analguges to the regression coefficients).

In other words, we can trace the association between two variables
through their loadings on common factors. The proof of this theorem
is given below and is similar to the proof of the similar result in
path analysis, It is important to rememoer that by definition when
using standard scores Sz ©

- ' <

2,2 g
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Equation L above simply says that we may repgrduce the correlation
between any two variables through the factor loadings (and knowing the
correlations between the factors when they are correlated).

In the case where the factors are not correlated with each other the
correlation simply equals the sum of the cross-products of tne loadings
of each variable on each factor. For instpéce, the correlation between
variables one and two equals the sum of the product of the lﬁiéings of
factor one on the two variables plus the sum of the product of the
loadings of factor two on the two variables and so one.

il
In general, lia® f, "-J'.: 2, s Where i runs over all factors common to
the two variables j and k.

Almost always x&x /7, + 4 « Some of this

discrepancy will come from sampling error, but some will come because
the communality, h<, is =mx less than one. That is, not all the
variance of each variable will be held in common with the other
variables. As more common factors are added the difference between
the reproduced and actual correlation will be less, When the number
of factors equals the number of variables than the match will be
exact, but then what use is it to have a factor analysis kmx because
the factor pattern will be as complex as what you started with.

Once a factor pattern is found, we can test its adequacy by reprdducing
the correlations and comparing these reproduced correlations with the true
correlations. We use = '

-
c;k.ss C;A. R

—

<;)g- s the difference, is called the residual correlation.

How large the residual correlation may be depends at least partly on
what you want to do with the results. Obviously, you would like to

have the difference be within sampling error of zero. But, you also
don't want so many factors that it is so complex that it is as hard

to analyse the factors as to analyze the variables. Generally, you

can get the residual correlation to within sampling error of zero without
having the factor pattern too complex., However, sometimes you may

want to be satisfied with less fit so you will have more simclicity

with the factors.

It is important to note that the commmality, h%, will be a unique
result for a given analysis. However, the loadings of the factors on
the variable is not unique. This may be affected by what is called
rotation, a technique of trying to get the best and most understandable
fit of the factors to the data. This is not really cheating or anything
underhanded, The communality and the number of factors tell us how
much variance is held in common by the variables involved and how many
different factors are needed to represent this. This does not change.
dowever, how these factors can best fit the data is a descriptive process
and we may want to try several different fits f£mx to find one that
makes the most sense,
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Computations

“elow we first discuss some basic concepts from matrix algebra
and geometry and then discuss two techniques of computing factor analyses,

Basic concepts in matrix algebra and kmgeometry -- A matrix is
simply a square or rectanguaflr arrangement of numbers in a tzble.
A correlation £ matrix with the correlations of all vartables with
each other is a familiar example, If the number of rows and zex
colums in a matrix is equal, then the matrix is a square matirix.

A matrix may be transposed, A transpose of a matrix is obtained
by simply switching the rows and columns. Below the transpose of the
matrix 2 is Z' (this is the common notation.

123 LA 4
2= [nre 2 s
C

79‘? 3

A determinant of a matrix is a multiplicative function obtainable
in a square matirix. Although it is a farily complicated procedure for
a matrix larger than two by two, in the two by two case shown below
the determinant is ad - bc, the difference of the two crossproducts.

ia b The two lines along the sides, rather than
l 2 the bfackets used above designate that a
¢ A determinant is to be taken.

The xoexm minor of a determinant is the determindnt of a matrix when one
or more columns and rows have been deleted., A first order minor is when
one row and column have been deleted, a second order minor is when two
rows and columns have been taken out, and so on.

A singular matrix is one whose determinant goes to zero. When a
determinant &f a matrix equals zero, it means that at least one row or
colum is 4. function of the others. For instance, in a correlation matrix,
if one variable is totally a function of the other variables, then its
determinant will be zero and it will be a singular matrix. (You may
now be getting an idea of how this relates to factor analysis. In a
correlation matrix if the variables are highly related to eacn other,
some may be functions of the others and thus the determinant of the
matrix will be zero, If, however, we can reduce the matrix to minors
whose determinants will nob go to zero, we will know how many factors
underlie the mztrix of correlations.) The rank of a matrix is the
number of rows (or columns) in its largest non-vanishing determinant,
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It is possible to add, subtract, and multiply matrices. (We will
use this below with an example.) There are also identity matrixes
(by which when multiplied a matrix stays the same) and inverse matrices
which will change a matrix to its inverse by multiplication.

The fundamental theorem of factor analysis discussed above that
sheawed how to reproduce the correlations between variables from the
factor pattern may also be written in matrix form. This format
shows the fundamental theorem for all the variables involved,

R= A(PL' where A is the factor pattern
! is the transpose of the factor pattern
is the matrix of correlations between
factors; if the factors are uncorrela=-
ted this is the identity matrix with
ones on the diagonal
R is the correlation matrix with h?
(commmalities) in the diagonal

If we assume that the factors are uncorrelated we may write this as

—
>
L. (”' ﬁ3 --‘Ylh- G"H Qu_. a-lg"- al)g. G-lr d"-l Fal S a‘-h; -1
Uy L\:_ M3 Ropy Bss, Qg wes A " ) Gse A

- G~13 ‘3-1.3 Ak 3 i
T A, PR e _
n, ne 'h} L\n (.LM [ @...\3 L ah. C"‘lk G.Lg._ = c‘-lmh.a._

o j , g
@D e Wl melicoe Moy e el abpic Liztgiire if il adiit j
FEe :u..(’éf;% -

W

Matrix multiplication is done element by element, For example
,;4' & aifa‘fi ‘LQ"‘& QH."" 6&3 Qlj AR i ali‘. Qli»

fere it is clear that r,., %x equals the cross product of elements in the
second row and first cofﬁmn of A and A', the row and column rm corresponding

to the place of r,. in R,
<X < 2
Note thath{-@:“L,l- Gy ?"‘Q:’JZTL R 7‘-/'2'/:-.
the sum of the aguare of SxromrmerEninonrcrrmEEE, £ varizble One‘s

loading on each factor. This is analagous to the compuskssd of R2
when variables in the prediction equation (analagous here to factors)
are uncorrelated,
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Note that the matrix format allows us to reproduce the basic theorem
of factor analysis in a much more succinet form than previously.

Also note that if we did not have h2, the commnality, in the diagonal,
we could not get correct reproductions of the correlations,

Now to geometry. It is possible to represent correlations geometrically.
We may see a correlation between two variables, if they are toth represented
by vectors (arrows) of the same length, as equal to the cosine of the
angle between them, rij = cos QQ s where ?Q is the angle between i and j,

Figure 2«1
The Cosine Function

44]
i 1§0

Site of
30 i 3

d&? G ’f{a_a-m.’vz,_

Figure 2-1 shows the relationship between the size of an angle and its
cosine, You can see that when an angle is 90 degrees, its cosine is

O, when an angle is O degrees, its cosine is one. ‘hus, if ime

two variables are perfectly mmexmXxkim correlated (r = 1,00) then

they would fall on the same line, the angle between them would be zero.
On the other hand, if two variables were not correlated (r=0) they
would be at a 90 degree angle to each other. If two variables were
perfectly negatively correlated with each other (r = «1,00) they would
fall at opposite ends of the same line, with an angle of 180 degrees
between them.

rigure 2-2 shows Wow we can represent loadings of four variables,
all with commnalities equal to one which are represented by two factors,
uncorrelated with each other. The two factors, I and II, are at right
angle§6r 90 degrees to each other because they are uncorrelated., Because
variable 2 is uncorrelated with factor II and is perfectly correlated
with Factor I it lies at a 90 degree mngle with Factor II and on the
line of Factor I, Variable 1 has a correlation of .8 with factor I.
The angle whoe cosine is .8 is % %degrees and so variable 1 is at a
® degree angle from factor I, It_js correlated .6 with factor II, 53
The angle whose cosine is .6 is #’degrees and so it is at a 3 degree
angle from factor II. These results are simple because the communali
are ®g exactly equal to one, but they serve to illustrate the cemmetric
principles involved,
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Computations == There are a number of different methods of computiiﬁ}
resulls gor a factor analysis, Some methods are mainly of historical
interest because they were developed for use before we had computers.

One of the simplest hand computation methods will be described. Then

I will review a much more accurate method that you can sanely do only
with the computer. It is far too tedious to attempt to do by hand.

A number of other methods are also availbble. Fruchter and farman

both describe these methods in sections of their books that were assigned,

The Diagonal method is an easy technique especia|ly if you are not
dealing with many variables. It is necessary to have fapily accurate
estimates of the communalities for the technique to produce accurate
results. You will need to have the correlation matrix as shown below
with the communalities for each variable placed on the main diagonal.
You will also need the factor matrix as shown. This method obtains
orthogonal factors, or factors that are uncorrelated with each other,
Note that the form of the factor matrix assumes that the first variable
only has loadings on the first factor, tae second variable has loadings on
only the first and second facty; the third variable is loaded only on the
first, second and third factor and so orn. This is a basic definition
to this method. You know that you cannot have more factors than you
have variables, so this assumption is perfectly logicale. Theoretically
your analysis and computations could extend until you have computed
loadings on as many factors as you have variables, but you likely
wouldn't want to do this.
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One of the byproducts of this grocess s the eigenvalue. Eigenvalﬁg
tell us the agmount of the total variance o3t 1s explained by s factor.
Becguse each variable in standarc score Iorm nas a variance of one,
the sum of the variances of all tne varisui=8 = N, i€ nuwser of variables,
Eigenvalues é;ﬁi'vary in size from zer: 1o N. I they are zero, then
the factor explains none of tne variance of tne total group. If %
an eigenvalue equals N, then it explains it ail. If an eigenvalue
of g ractor is less than one than it exr.ains iess than one variable
accounts for. The computer program will generally print out all
the eigenvalues for all the factors (ur %o the number of variables
involved). However, in the final calculations only those with eigen-
values greater tnan one are inciuded. You can also specify other
eigenvalues gas cutofi‘s% M{;‘e.ﬁ'ﬁ__, PO 0 L

The net result of all this is a series ol factors that best represent
the common nature of a group of variables. Note that as an estimate
of the communality a common practice is to use y¢ prediéting one
varigble from ail the others in a set. The princiafl factors method
gives réults that are similsr to the diazosnal method, but are more
exact and also generally involve less Iactors.

foth of these methods or calculation adequately retlect the number of
underlying factors. They msy however yield loaaings that do not give
the best tit of variables to these factcrs.
below (Figure 2-3) illustrates the same set oI variables that are
best represented by two =xx orthogonal Zactors, tut in part b
the factors sre rotated%‘ggé?sgg Irom tneir position in part a and
the fit of the factors to the variatles is much closer. This princigﬂkf

- ;
z * i

ror instance, the picture
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of mm¥x moving the factors so they better fit the data is called rotation.
While pigure 3@x3x 3-3 involved only twe factors, the same technique can
work in larger space (with more f actors.

There are two techniques of rotaticn. orthogonal rotation means
that the tactors are uncorreiatec with each other. 1In rotatin% the
factors asre kept perpendicular to each other, In oblique rotation
the factors may correlste. Note that rotation can yiela an infinity
of possible sclutions or fit to the data. 'The msin aim is to make
the dsta set more understandable. ‘'he communalities snd the number or
Yactors remain constant, it is the loacings or tit of the factors to
the variables that change.

Three orthogonal rotations sre possible with SPSS. 3k Quartimax
makes the complexity of a variable a minimum., With tnis type of rotation
the ractors are moved so that a variable loads on as few factors as possi-
ble. This kind of rotation would be used when you wanted simple

terpretgtions about egch variable. Varimax rotation simplifyies the
i% Srﬁ £ fg; &5cA FaceShs It makes the loadings on a given factor

3 glose to zero or one as possible. Tzis is best for easy interpretations

of each factor. Equimax is the third technique 3% and is essentially
a compromise between the other two.

Oblique rotations have a simiiar sim as the orthogonal rotations in
the sénse of making essier interpretations. However, they don't require
that the factors be uncorrelated. You can specity how correlated the
factors may be. This is somewhat more citficult to interpret than
the ggﬁziue rotations simply because you must also deal with relations
between the factors.

On the following pages the pages from the SPSS manual describing
the computer work are attachedpr %Eé;; ere two ways of entering data
for a factor anslysis, using the raw data anc using s correlation matrix.
Both procedures use the same procedure card. An example of this is
shown below. Kirst you must list the variaoles involved, then list the
type of factor snaiysis program you désire, and tneun a number of Zoptional
adaitions in case you want to alter the ciagonal elements in the matrix,

Specily the numper of factors to be extracted, minimize the eigenvalue,
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or specity the numoer of iterations. In all these cases there are
very Sensible default procedures used by the computer. The computer
will authomatically use a principal axes method of extracting the factors
that estimates the commonalities. This is the most accurate procedure
for using the principal axes method. The default rotation is i¥xx
varimagx., There are several statistics that can be used,
g%é%iraw data input you simply use the FACTOR card. With matrix

, you should use the following set of cards.
RUN NAME
FILE NAME
VARIABLE LIST use list of variables in the mstrix
INPUT MEDIUM CAML (if matrix is on cards)
N OF CASES use the number of cases (estimate if necessary)
FACTOR VARIABLES * +sse (as before)

OPITONS
STAT1STICS

READ MATRIX

enter matrix cards here

FINISH
/*

It you are going to type your own data for_the matrix input it must be

in the format of ¥ ¥ 10.7, that is withgﬂ correlations on 8 card snd

and seven values to the right or tne decimal point. The decimal point neea
nog be typed on t he caras.

¥rom the computer printout you will get intormation about the percentage

of total explained varisnce that is accounted for by esch factor. This

is given with the information about tne eigenvalues. The communalities
tell wha’bercentage of variance of each variable is held in common with

the other variables. The percentage of the total varignce that is explained
by the ractors may be computed by adding up the eigenvalues of tne

factors involved and diviaing by N. Interpreting what the factors mean

is the most involved anag trickiest task., Here you mgst 1ook at the nature
of the Loacings,/ooking at what variables are highiy loaded and in

what direction ang trying to figure out what kind or tneoretica. meaning
this can have. Consulting the results in the sxpressiveﬁﬁs Reevaluated

X article may help here. Note that for best results you shoula generally
interpret the rotated radfbr matrix.

92



Lo

Finally, yxax you may want to use factor scores, You remember from
the earlier uL1scu=a:zhat each variable can be represented as s function
of the factors. But, if the factors make some kind of theoreticsl
sense, you mgy want to do furtner asnalyses using the factors. You
can build factor scores, in other words construct new vériaples repre=
senting each factor as a fdztion ol the varisblggjg;kfﬁ;;;'€§:Sgﬂzﬁ o
ana¢ysesr In general

F,‘.-Qﬁg/.,‘ By, Cx P en. P Bg, Ty
Fl:Qi}. ) 9 @yl s +Q‘/’ZLZ/L—
-F—M- =&-‘M€f -"‘aﬂf'&-?z 7‘ - - % %anm’ t F

where g is the stanasrd scores of the variables,'

The machine can in {dgct output these r'sctors scores and can even
punch them onto cards or print them onto tape. ‘1hese factor scores
can then be used in further snalyses,
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XTY. iscriminant Analysis

Discriminant analysis is used to represent the
distinction between two or more groups as a linear function
of 1 or more intervally measured variables. It is used for
explanatory purposes, primarily in sociology and psychology,
and for prediction, primarily in areas such as business and
education. The groups under study may be seen as dependent
variables or independent variables, depending upon the
theoretical notion under investigation.

Suppose we were interested in the extent to which
sociceconomic variables could discriminate between people
who lived in the country or on farms at age 15 and those who
lived in or near large cities. 1In other words, we have a
nominally measured variable, place of residence at age 15,
with two attributes. Suppose also that we were interested
in how three intervally measured SES variables: education
(X1), occupational prestige (X;), and income (X3), were
related to place of residence. Using discriminant analysis
we can derive a function that best describes the difference
between these two groups on these three variables.

D=4d; 2x1 + dz Zx2 + d3 Zx3 (12-1)

where D represents the discriminating function, di (i=1,2,3)
represents the relative weight of each variable

in discriminating between the two groups, and 2Zyj are the
standardized scores (z=-scores) of each variable.

Note how the function resembles the standardized
multiple regression equation. 1In fact, in the two-group
case the results of a multiple regression are proportional
to the results of a discriminant analysis of the same data.
The values of dj may be compared to see which variables
contribute the most to the discrimination, just as one
compares the beta weights (the standardized regression
coefficients) in a multiple regression equation.
Essentially, higher discriminant scores mean that a variable
is a more effective predictor of the difference between two
groups.

Computer programs for discriminant analysis also
commonly provide unstandardized discriminant coefficients.
These are analogous to the unstandardized regression
coefficients and are used with the raw data rather than the
standardized scores.

One may use the discriminant function scores to predict
the group placement of each member of the sample. That is,
one can multiply the standard score of each member of the
sample on education, occupational prestige, and income by
the associated standardized discriminant coefficient, sum
these values, and obtain that case's predicted value on the
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discriminant function. Similarly, one could obtain a case's
predicted value on the discriminant function by multiplying
the unstandardized discriminant coefficients by the actual
values of a case on the three independent variables and
summing the results (plus a constant value analogous to the
intercept in regression). Note again how this procedure is
like what one would use in obtaining the predicted values
for a given case with a regression equation with either
standardized (betas) or unstandardized (b's) regression
coefficients. The difference is that instead of the
predicted values being a straight regression line or a plane
that best fits the pattern of relationship between two
intervally measured variables, the predicted values fall on
a line that best represents the difference between two
points in space (the two attributes of the nominally
measured variable). The average overall score on this
discriminant function is zero, and cases have discriminant
scores that are either positive or negative.

oy

| > Based on these scores on the discriminant function

cases can then be sorted into two groups: those with

. positive scores and those with negative scores. Those with

‘ positive scores would be predicted to belong to one group,

| those with negative scores would be predicted to belong to

! another group. One can then compare the actual group

. classification of each case with its predicted group

. classification. If the chosen variables do a good job of
discriminating between the groups, a large number of the

cases should be predicted to fall within their actual

groups. If the variables really aren't related to group

membership at all then the predicted membership should be

essentially unrelated to the actual membership. The

computer output reports the percentage of cases that have

been correctly classified. 50% would be expected to be

correctly classified by chance and so one would hope that a

considerably larger percentage would be correctly classified

by the function if one's theory were to receive support.

After computing the value for the discriminant function
for each case, one can compute the average value of these
discriminant function scores for all the members in each of
the two groups. These are referred to as the " group
centroids." By comparing the average discriminant score for
ach group on each function the relative placement of each
group can be compared. One can also see then how (or in
what direction) each of the predictor variables explains the
placement of cases on the discriminant function. A plot of
discriminant scores is often useful to examine, for this
gives the actual distribution of discriminant scores
calculated for each case.

Note that it is also possible to apply the discriminant
function to cases whose group membership is unknown. This
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may be done to help classify them or to predict their group
membership.

Suppose the following results had been obtained for a
standardized discriminant function differentiating those
from rural and urban origins.

LA et
D= 1.05 (education) + (=-.34) (income) 7 (-.(0)
centroids: rural origin: =-.34
urban origin: +.30
(f"j,{. TL‘J 3
I : |
-034 0 -30

To produce a discriminant score typical of people from rural
backgrounds (negative), one would have lower education and
lightly higher income ‘than other subjects. To produce a
score typical of those of urban origin (p051t1ve), one would
have higher education and lightly lower income. Note that
education contributes substantially more dlscrlmlnatory
influence than income. ;. . » 7,

gﬂr*’

Wilk's lambda is associated with each variable entered
into a discriminant function and with each discrimination
function that is computed. It is an inverse measure of how
well the variables discriminate. If variables discriminate
well, they will have a low lambda. Lambda is associated
with the chi-square sampling distribution and this is used
to test its significance.

There are apparently a number of ways to compute
lambda. The one that is most intuitively appealing is to
see lambda as unexplained variation/ total variation. That
is, lambda represents the proportion of variation that is
unexplained (the coefficient of alienation). With
discriminant analysis the term variation refers to the
variation or differences between the categories or groups
being studied. It is analogous to, but not identical to,
variation with intervally measured variables.

Canonical correlation is used when there are multiple
independent and multiple dependent variables. A canonical
correlation represents the association between these
independent and dependent variables. With discriminant
analysis a canonical correlation is associated with each
discriminant function. This correlation represents the
degree of association between variables in the function and
the groups being discriminated. The square of the
correlation may be seen as the proportlcn of variation in
these dependent variables that is explained by the
discriminating variables. (This is ana%ogous to R and R? in
multiple regression.) Note that 1 - R is approximately

éﬁbﬁzmgj'j‘ £ _E™
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equal to lambda. The chi-square associated with lambda then
also tests the significance of the canonical correlation.

Discriminant analysis can easily be extended to
differentiating between more than two groups. The
procedures and results described above also apply in this
case. The only difference is that the number of possible
discriminating functions increases. The number of possible
discriminating functions is always one less than the number
of groups. This stems from the simple geometric fact that
if one has two points (or group centroids) one represents
their difference with a line (a one-dimensional space). If
one has 3 points they can be represented by a plane (a 2-
dimensional space).
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_,.U” Muliivariate snalysis of Contingency Iables

2hroughoui this class and the previous class we have focussed on
parametric statistics. These are statistics that have an intervzlly measured
dependent variable. Yet, very often sociologists will have only nominally
measurel variables. #lthcugh it is possible te have nominally measured
W emes- within the general linear model, anything
beyond a dichotomy cannot be used as 2 derendent variable. In this section
we explore a technique that has become popular only rather recently (and was
in fact develo:ed only witivin the last 1C years or so) to analyze models
with more than two variables measured on a nominal scale. This technique
has been mainly developed by Leo Noodman of the University of Chicago and
has been generally called hierarchical models or the log linear technique,
(Note the term log linear -- that is a clue that in fact the form that
tnis technique takes doe%\ave sore MW the general linear nodel that
we have been studying.) Below I first briefly discuss the nature of

== 0

contingency tablesAwagy they have been analyzed previously, awrxbamionx
1 then discuss basic definitions and ways of seging contingency tables
ar. introduce the conce:st of cross-producte—ase ratios,and the ﬁag—g
logarithns in relation to these, Finally I show how these relate to

analyzing ccntingency tables and work through an examgle.

analysis of “ontingency Tables

Sociolegists havelongz used contingency tables -- both for analygic
purposes (witness the couion use of four-fold tables in theories) and in
researci. (Our analysis tecnnigues witn these tables have, however, been
relatively sim_.le. ~‘ercentages are often used, cai-sguare statistics can
be used to see if the @istribution af cases differs from what would be
exzected by chance, and various measures of association (e.g. lambda,

garma, tau) are used to descrise tae %gtu.r of the asscciation.

/) =
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with muitivariate questions the issue is more difficult. Lazarsfeld and

nis associates talkeqbf elaboration of tzoles -- trying tc specify

relations. 1In the same way we will use below he suggested shoring the

association between two v “zables witnin each category of a2 third (or
rulnnalions ffe Vi ¥

rmaybeca fourth). Lazarsfeld znd ais associates rarely used XEREXEN

tests of significance \‘or in sone cases even measures of association) but

oreferred percentage znalyses. Yames Davis in his work in the 1460's did

same of the most sophisticated worik building off of these technigues.

work

(See also Hyman's,and %osenberg's work)

In the 1960's Goodman and sruskal introduced their meaybres of asso-
ciation for contingency tables, the lambda, tau, and gamma that are now
widely used. They also introduced the multiple and partial rieasures of
association associated with these. The multiple measure &= is siroly
a measure with the dependent variable re:aain;ﬂ tae same and the categories
of the independent variables all combined. The partial mecsures are
usually weighted averages of tae measures within each category of the
centrol variable or combinations of catecories of the control variables.,
41l of these tepfniques had problems. They involved the often tedious
tési of szarching for associziions and itze zmarticl measures could not
De used if the patierns of association were different ifl the various categories

of tne cuntrol measure. alsc the “azarsfeld techiiques had no way of see*ng

il tohe results were due to chance )Qbuﬁﬁekv
. : ?
MM*(/MJWM&%MM/LH‘J{

;he new technigue oroposed by Ycodman that we discuss here is superior
to these in that it reguires the researcher to posit ahead of tire a model

r theory of what idnd of association s/ne thinks will be in the data.
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Essentially then the resezrcher uses tiis model as the expected frescuenciss,
the actual data as the observed frecuenci:s and consiructs a chi-square
statistic. ‘his chi-square statistic can then tell tke ressarchasr if the
differences between the obszrved Zrecusncies and expectad were _ue to chance.

in contrast to the traditional use of chi-square where the researcher usually

V’*ﬁLﬁ,JLLLMH(JG=¥K4 n

roped to reject the null hypothesis that the difference was zerofy in this i?rﬁ
. £l - 1 - ‘Ml
czse the researcher wants to fail to rsject the nuil hypothesis, because s

s/he hopes that the data actually £it the proposed nodel,

3asic “oncepts

lhe two articles assigned for this section are the simglest ones I

nave found that explain Goodman's model. Frobably as it is more widely
used other writings will become avaiplbe. Both of these articles list
the busic references in Goodman's own writing and the work of others. =
‘Ihose of you wno feel reiativel  confident with your mathematical back-
grounds may want to read tnese original works. 4avis' article, published
in Sociological *ethodology 1933-7L, deals only with the logic of hierarchical
models. +*eynolds! work also covers this anc discusses the nzture of
the log _inear model itself. ,he two articles are indeed corplementary
and do sucoort each other.

Ul - e ooens - - :

“AYne TITST basic concest used by‘goodman is odds ratio. This is simply
the ratio of the frecuencies for twe categories of some variable.
+% can be azplied to the rarginal frequencies, to the interior of one table
or for comparisons across several tebles. 1t can be used with dichotomies

or witn polytomies. Obviousl , if tihe twec categories af are of equal size

100



the odds retio will be xEmx equal t0 Cne. TS SO t—_ic
in table # -1 below, if we lock at the marginals, we see that the

odds ratio in variableﬁ is 1.00. Yhe odds ratio for variable E A

is L0:60 < .67. In each case the number of cases in one category

was divided by the number of cases in the other.
7'A-H|_ g - v

4
i Do
g //0/ "/Ojfc? - _‘@ ¢ L
Lo 3()/ 20 /5‘0
ﬁ £ e

Davis uses tne ter: conditionzl @dds ratio to refer to the odds ratioc for

wWo categories within one cateogry of another variable. For instance,

in table onelbove, we could have the following conditional odds ratios:

[Q@j/’%:&-]_— prdp= 33 @)/)4/&], s B
TR e M A

. - . 2 a - 3 : 2 "
lote that we cculd see a conditional &ids ratio for the categories of a

in eaci: categfry of 3 and for the tegories of 3 in each category of A,
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Jbviously, these conditional odds retzcs are not ecual, +hey are
less than one for categories of 3 when # is hi and categories of A
wnen B is high, and greater than one in the other categories. If

we just compare the
- s conditional odds ratios for B in categories of

A we have the ratio «33/ 2.0 = .167 Or, if we compare the
conditional odds ratios for & in categories of 3B we have .25/ 1.5 = .167.
In other words, these ratios show that there are diZferent
relations between the categories in B depending on whether one
is looking at the high or low category of 4 (and vice versa).
‘his comparison of the conditional odds ratiovs is called the reative
sdds ratio by Davis. It is also simply the cross=-product odds
ratio, the familiar ratio of the product of the diagonal elements
in a four-fold table. Below in Table L=2 the cross products
odds ratio equals adfbc. “or table one this equals (10)(20)/(L0)(30)=.167
the same value we obtained above. By various man%yblations of et
elements “Javis shows that the cross-products odds ratio and the
ratio ol tiae relative odds ratics are identiczl.
Just as with the other cdds ratios, the cross products odds
ratio eguals one when there is no asscciation, that is when
the values in the cells are rrozoriional to those in the marginals.
—Zhe value of the cross-srocducs cdds ratio remains the sane when
tae values in the cell are multiplied by a constant. I the
values in the cells are rearranged (compare table 3 to table one)
the cross-product ratioc becomes the xxidmmf inverse of the

early ratio. The values of the ratio may then vary from serc to infinity.
T(M‘_ q.l
o[ b STYP) rfWa‘i\L nalw = /bc'

[e[ 4] -
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V&th tables larger than the two-by two ones discussed here we can
still compute these various ratios, but msually do sc by comparing
each cell to one specific cell, often the one in the lower rigit
hand corner of the table,

4his is also the rrocuedure thet is used when a third variable
is added to the analysis. For instance, iz Table l; below we could
exanmine the various ratios of each cell value to the criterion cell

in the bottom right hand corner of the second table.

# A
gwd’(— : Y =
e, = b < . N
i e é L, I Q '_1/41. J/;} e % ‘}};"4
54 /’rmy&j")j’(.r')ﬁ
//”lp;f
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wogarighms =-- gecause the cross-peygduct ré?ios vary fram zero to
infinity, with a vaiue of one when there is equality or no associatioq,
The cross-product ratio wmen is not symetfric. Imxzmax “his reans
that if there were Imix two tables with the columns reversed \see table >
below) the cross product ratios would not be equidistant fiom one.
Instead, howsver, they are reciprocal values of each other (see note above

about changes in table one wiith cells moved, also).

Talotr &

Pl e qé
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It is handy to have a measure of association that is symmeBiric (for
instance a positive r nas then same interpretation as a negative r of the
sane rnagnitude xk except for the direction). 3ecause the cross-product
ratio is not symetric, we want to transiorm it to a quantity that is.

It turns out that toe naturzl logaritam of the cross-product ratio
is symediric around zero, varying from miums infigity to infinity.
The natural logarithm is the exponent xm winich e (2 number aproximately
equal to 2.718) must nave to equal the cross-product. “or instance,
if the =&ross-product ratio-equ}ﬁ% 1.0, the log ecuals zero. This is
because any number to the zerotn power is one. The graph below (Figure L-1l)
shows the relationship between x (the value of the cross-product ratio)
.. [ pn. i

P

and the iog of x. s : ~y
[1n) '45;2 Heowe - proet
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The properties of exponents (and thus logarithms) are also extremely
useful. These are theorems which can be proved (if you want to see the
proofs, any calculus text should include them), but I will just state them

80 ¢

here, both in tems of logarithms and in the exponent form. (IOU /(’_.,2')1, f 5)7 ;“L“j
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“iven these properties, we can transiorn the cross-product adds
ratios into their natural logarithms and they will bde symgdfric around
zero. (They will also make an additive function, 2 property wnich will
be extremely useful in interpretations as we see below.)

For tais transformation we mwroexx take the -

; i b - e i
log (@—‘{)/bc) - [0(-?(.‘._ r za‘«ﬂ fdra‘ \/j

from the table and the properties of logarithcems.
seynolds callgthis value, m&a’rqf the log odds. (Davis does not
discuss the 1oga.1:i.¢9ﬁns, but proceeds mm to simply discuss the logic of effects

and models.)

Effects and lModels -= In other units we have discussed various causal

models and used multiple regression and patn analysis to analyze these
medels. ith contingency tables we can also cropose various theoretical
models. These models are comprised of several effects, which are composed
in a nhierarchical manner from the simpledt to the most complex. In contrast
“o the regression analyses where the ceperdent variable ranges over a
wide range of values and we are interested in explaining this wariation,
in the log linear nodel xmrzneimimsencheshodior: our dependent variable may
be seen as xm a cell prooability, or tne probability that a given member
of the population falls into a given combination of the categorie;f:f each
of the variables involved. DUavis goes through the logic of this using
cross-product ratios; in the discussion below I willguse logarigmms

as seynolds does.
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The simplest model that is possible is one with no effects.
‘his simply m@ans that absolutely nothing is happening. In the
exaiple below we have three variables. (ne xaasuxExx (X) measures atiitudes

twozard hagying a woman be an elenentary principal. It has three categories

of strengly acprove (SA), approve (a), and disazprove (Di). Two other

veriables, region%}f residence (categories of metro (X), cities (C) and
rural (R) and education 1evel('§attained (hign meaning some college and above
(H) and 1o (less 't;:.::college) are hy-othesized as possible having some
influence. The hypothetical array of the data in table 6 below shows

now the data would be arranged if there were no effects.

7ad, £
f,
o PP R Tl S
Y: fa? ‘;.c’ o Py (’7 M C’ /e M-}
ol 7 L
X:mcém,ﬂ e T pres . P ¢ 0O
. T&ED (2 & 9O
)4 /’Z"D oz /&2 /D s
o Ve 172 &6 b
T R ’ s 30 [Ige
30

$2e2, 3D Jor 240

It is clear that all the categories have exactl, tne same number of cases
and that each of the rows has the same number of cases and each column XX

has the same number of cases, In other words, notaing seems to be happening.
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We could express this no effecismodel in symbols (folloring feymolds) as
Fijk —‘/—g’ = /00 (where i,j, and k represent the
categories in each of the three

variables} and F represents the
cell frequency)

or we could transform this to a natural logaritim

s :/L =)&~a(mv) =Y&/

In the no effects model every cell has the same frequency
or the same natural log.

Obviously the no effects model pxmixkXy may not be likely to occur
with this example (and probably not with any others). One, a=men effect
is a row effect (or single effect). In other words, as shown in Table % 7
below, Ermmchmumi XXX the cells in different rows are af different
sizes (have different frequencies). Therelia.re no column effects so that

ce

within each row all the columns have equal frequencies and the column

marginals are all equal.

Table 7
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fere symbolically and methemztically we can represent our model as

. N X
Fi sk = /L‘- /4-" where A<, differs for each
vaelue of i

* § I ¢
) ‘ . o gk
/a'/ # j /J B )

3 ithmic £ . s
and in logarithmic form /0_3 = e
- X de . ~Sin V. §)cED
Ligk = A1 g / EJ&_&@/
s 2 L] = 22243 , ' 5 (22
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J 5 /7’ 11’ I é‘? (;"/:_);.‘ o J.j 7!‘ “" s Lf/u?

4.7 S Loy =
_/Zl,’(‘!‘-"rﬁ/f ”‘é ‘z ) le- M - .
can continue this process by adding cclumn effects and mifmxt
single effects of the third variable. In Table 8 we show nycothetical
cell frequencies that could agpear if there were row effects, colwm efiects,
and effects of the third variable (which we can call the control variable

e
for lack of a betier term--may also call.the specifier variable),

Table 8
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Fd
we can express this moaeﬁl. ol f,i'ﬁg-;le aﬁ/ects in smnols as

L/ M ,_(’— 2_,‘/0//._3
Fik /‘/" /J /" /a',”f_r-/u;, /_t,’./_gvf /.2

/
’,J(é‘f:’ /L"Z— :( er-
4"-4‘- i
f" —(!ﬂf))( f)( /. 0)( ["’(‘-)'r'g V/LL = /00
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/W
Z")e can also transform this to logar:.thms so that ?/,*-f j‘i Y

doid pi t s A
i

: - .ﬂ.)
. r/& Cr.o)+ K (.CEL T,

14 ‘lac) + (200 B D b {8 S
Tl ~ L4 = 2.949 2
Lot e that this model has ccnsistent changes from one column to the
next, fron one row to the next, and fron one level of education to the
next. +*he magnitude of these chances are given by the size of the
Yt
above: Tais model is called a single effects model because of the
consistent changes.
it is also sald that tnis single effscts model doe#xot have any
interaction effects. That is, region does not seem tc be related to
attitudes, x® education does not seem to be related to attitudes, and

education is o piAR
ficmexex ax= not related to region. True erough, more people dis%pre&:e

than agxwex acprove; more psople asprove than strongly azprove. But this
patierns occurs in the sane magnitude in each different region and in

~

each level of education. Similariy, more people live in rural areas than
11
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in ecities an;ﬁore people live in cities taan in metro areas, oui again tihis
pattern appears consistently in all categories of attitudes and in each
education levels It can be said then that there is no in.eraction in
Table 8. Note how this pattern of consistent changes in the cropertions
of cell frequencies is similar to the case of no inveractions in analysis
of ¥xamimmex variance. Note also how the éxpressi on of the model in
logarithmic form reseibles the equations of effects used in the general
linear models This resemblance is why this model is called the log linear
modeles
How, of course it may occur that there really is some interaction
between peocle's educational level and their atiitudes and also their
region of residence and their attitude, as well as some relationship
between their educational level ard region of residence. In table 9
below we show & hypothetical exaniple of what could occur if there were
an X interac_tion (asscciation) between region and attitudes anc education

and attitudes, but no assceciation betireen education and regicn.

Talils ¥

N Sl =
f,fj = [(.1_.”7, 5_:( /ZO (4_)
/Za?cmL 7 < &
Vi e A gL
J&  wrv 74 L& JHe /7D o &5 247 <,
/4 4 /D o PR o 2060 iX=79) Ve Leop
O 3 i =1 ) Fad 5 o
; bl." - 1
=9/ = t s [2S 24— S 720
L g . : %
g U 2.5 r70 Lo b O nrd) e /27y ke
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— From Table 9 and the reconstructions of the tab.es in 10 it is clear that
\ rurdl people in eaci. level cf education are more likely to disaporove
> i (an interaction between miu att;it]:ide and z-egion, indezendent of education);
U’Q“@\ N that more highly educated -eople a;'e more li;-?:ely to a;picve in each
region (an interaction betiween eduéé.tion and attitude s independent of

region); but that there is no x=xmmxEt associztion between educaticn and

o 5

4 kit region (that is peczle in rural zreas are not more or less likely
AR
to be nighiy eiucated) in each category of attitude. ™

‘hese associations may be represented symbo_icaglly as before in

tie effect on frequencies and also by transforming these to logarithms.
; 4 ol b ok Y
S ., R : ; v AT
/ /O./z“,/J/w ./b"J ’/b—d/c
e e

Z(J‘k "/J— f‘/b“; "L/L“J)'/"’/L“f r/‘(/ */c'k

ST Y

Lote again the anazlogue ¢ the logartihmic form to the farin of the

],..l
]
(i
ct
e
m
m
H
i
o
@
B
-

general lincaz nocel. 4 may bte seen as re.resenti
= %

the size of the log of iie categcryhd®En there are no eifects. :Qs
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. /u- k single
£ - T % 3 ecantine nectivel: the affect f variabl
7 zj/LLJ, may each be seen as representing respectivel; the effects of variables
X (attitudes), ¥ (region), and 2 (education) &=xiit: on the marginal
categories. In other words taey tell howmuch each category miiR=wsxi

log of the
marginal differs from the expected category Irequency wWhen there are no

XY xZ
effects.s The two terms /L,_J-'r'-' /L‘~u< represent the special (interzction)

effect that influences each ccribination of the categories of X and ¥ and

X and Z. *he fact that each of these terms has the subscripts i, j, and/or
k indicates that for each cat.e_fgry and combination of categories a
different effect is cossible. This is different fram the general linear
model where these parameters would.have a constant effect uewswsr acposs
the nodel.

‘he model for table 7 assumed that there was nc interazction of 2 andy Y
independent of £ and also tha’ the patierns of interaction between X and ¥
neld in categoriss a‘z Z and the interzction of £ and 2 held in categeries
of I. 1iIn fact, Table 7 was ccnstructed sc that situation did occur.

It would be possible of course that ¥ amd Z cowld be asscciated, and thnat
in addition tc the effects given in Table 9 we would alsc need to add to
the miodel the interacticn of 1 and 2 independent of £. (fc-;r instance, rural
peocle could have less educaiion amd this result would occur in each

category of attitua'es.) The model Ior t:is situation could be written as

PR SR . 2 ;ky (.A‘.Z ’)’Z
Fo o fE P e s oy

4‘(0“’ )". )'-#m

2 XY K& V_E
ZL)’C :/A 7“/"-5 ?"/L‘—Jy T/L“k */"'L.'J' "/LL‘-’C */‘*]k
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Finally, it may be that attitudes are associailed with people's educztion,
but that thais varies in region (maybe with rural seople being even more
likely to disapprove when they ax=® have low educations than are urban
people with low edudations). Or maybe the association between region and
attitudes varies among categoriesaf education, being much sironger among
the laver educated group. ZThis would be termed a three-way interaction
and could be represented symbolgjcally as

Fye = poped o o i e

¢ Xxé P Ye /fl)‘c
¢l

SN /*c)'é

“he various parameters have the sane inuverpritation 2s before. The one

F 5 xy< = Lo A¥2

addition is the three way interaction termé/h-«c_)vh o= /L"cj"g « Ihese

represent the effect noted above that tne association betiuween any two

variables may d iffer depending on the category of the third varizble.
expected

iIn this model every gell frequency or its asscciated logarithm has a

unique combination of terms in the model equation. The model is then

called saturated. It is analZous to the complete equation with interaction

when multi-way analysis of variznce is pxx excressed in regression terms.
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Cnece you nave cdecided thecretically what idnd of eflects :iodel your
proolem should siow, you will want tc campare your actuzl daia with this
model that you nave nypotnesized. This is actuzll; cone in the usual
chi-square test of tne hypotnesis that the twec variatles in a contingency
tzble are independent. TFor instance, in Table 11 a hyzcthstical table

and
with the obszrved fre%uenciesA those expected by chance (when there is

no association) is shown. The frsguencies expected b, chance are

those thzt we would expect to find in themmaiRsmx model with single
variable effects. (Expected freque..cies with the no effects siodel would
incly tnat the marginals wers all egual too.} w
To get une chi-sguare sitatistic one uses tae formula, Z (_%_——‘é—-
x

This is actually a sauple value th:t can be compared to the sa.my;_nb dis-
tribution of czi-squcre thet would occur when the null hy ctaesis of

no associction (that thne model exisis) is true. Just as with F-distributiams
anctne cothers that we huve studied} /&é the chi-scusre statistic falls
into a zone of rejection we may cast doubt on this null hy:othesis.

Just as with the t and F distribution, there are a number of cni-sgusre
distributions, each one virying by degrees of freedom. For instance,

with table 11 there are < degrz=es of Ireedon, 4 chances to freely

cicose cell frequencies based on the size of the margiznls., --wmsSle

%‘“ « 4in generzl, the degress of freedom represents the nuiber of

unspecified narzmeters, tne number of free choices, zm the nurr.beyéf

rscuencics thal are notv specired by the nc.el.

i Th

ce_l

L

A
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in J.ao e 11 and Uie calculztlongol the chi-scuare siatistic shown
we have essentially posited tﬂc-u there 1s &rRs=maaiooroane: no association
or inveraction between the two varizbles. #lthough we do posit that there
are sirgle effects or that the marginals may difier and base our exvected
frequencies on this, we posit no interactions. <Lhe expected freguencies

for each cell
4 equal tne product of the two assccia ueqef-xarg:.nals divided by the grand

total of cases. The model imo_icitly posited in the usual chi-square test
/ ¥
is )'."‘)_ - /to/d-—:,_ ’_ Y
. f- y

b b »Qd,,u.%—v &4 “ il /0‘— /LL /"‘ -

“0 corpute the dii-square statistic xk we compare the expected cell freguencies
under thais model with tiose we actually have or obseyve iz tne data.

vwith foooeooede the data in table 11 we obteined a chi-square value of
413. Cyr:paring this to tae cii-square values inthe san:ling distribution
assuming the nu.li ayosothesis (that tiae model hclds) is true for L degrees
of freedom we found that these resulis would rarely occur by chance alone.
in cther words the model of only single varizble effects)éannot hold and

the nodel with interaction e;‘i’ectqé.s the one that must fit the data.

#ita two variables this isthe saturated model.
14 ZV
Xk ¥

//L’ /b(.,/ /L(_, ¢
X ¥ # e
re ,{,, F et g7 ot ¢
J v
*his kind of logic is the tpe used whenever one tests the various
wodels thet are posaible. OCbviously the two varizble case is & siri.le one
andd we can readiily sse tie nature «f the asscciaticn. "ith rore varisbles

the situation becories :core ¢.rnlex, both in ascsriaining the nature of

117

'z



the associaticn slmply by inspection and 2lso in estimeating the frequencies
i variocus

that woulc be expecied if theﬁx;odel#neld. .’ﬁxe resulis of testuing the
various rmodels will guid“the inspection of the data. Cetting the expecied
frequencies for each possible ncdel can be done ihrcugn verilous camsutation s
tnat can get tedious when done by hand. Dav-_;s describes one methed of
doing this by hand. Zou may also consult Ucodran s work. Ine easiest
way, however, is to use a comguter program. Lnese crograms ‘and the
hand rethods) essentially go tarough several iterations or tries at
getting expected cell freguencies that fit the model and sum tc the marginals
exsected oy the single effects model. =zach iteration aprroaches the
sum of the marginals more closely. Because the programs that dc the iter-
ations are becoming more and more available + wil}!xot describe how te
do the iteraticnse.

Cnce one has tze Ifreguencies expected fcr a data set when a given
redel holds, on e may campars these expected freguencies with those actually
observed. O(ne may then c.mpute the usuzl chi-square staticiic and con-
pare that value to the sampling distribution. If one is using log ratios
the chi-square statistic must be modified slightly to the likelihood
ratic chi-square. Some tecnniquesalso use a X statistic called the

information statistic (Xu and aullback). i'qll_l of these statisties have

|17

saicling distributions squal to or very simelar to tihe chi-square distribution.

“an ~xamle
“e can work through an example using actual survey data from a saiple

o

reside:‘.t‘?éf Uregon who were re.resentatively celected in January, 1377.
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zach of the rescondents was asxked how they would feel about a woman being
hired as an elementary school princiral in their local schools. +hey

could respond on a ten point scale ranging Ircom stringly disazprove to
strongly approve. 3Secause the respenses tendeqko be skewed toward tne
strongly aporove end of the scale the resconses were trichotomized‘izto
three categories: strongly acprove, approve, and disaporove. Because
the xmex residentsbf the state live in fairly distinct regions we also
noted the area of residence and Exxbiws ExxEkExICOcRrERx dividedtnese
into three categories: metropolitan Portlandarea; tne “illamette Valley
area; and the rural areas of the state including the Yoastal region,
“outhern Uregon) and Zastern Oregcn. <‘hese divisions were rade to separate
out tne metropolitan residents who gensrally have diiferent in:erests
andcomecerns than oti.er resi.ents; the “illamette Valley people who tend
to be rore liberal; and the rural residentfhho are generally seen &s more
consarvative. €Mauy, the measure of the rescondents' education was
used, divided ait the college/mnon-college level, with everyone with

scrie college education included in the first category. DSased on rrevious
studies of Eixx attitudestwoard women schcol adm nistrators we expected
that more conservative attitudes weuld be displayedin rural areas
and by those with less educatione

The progran CCNTAB was used to analyze the data. The cards used
to access the progran (they may not be avplicable after spring, 1978)

ard to define the runs wanted are shown belcwe

25
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Ih.e data for this problem are shown above. IThe first six cards on

the previous page are job conirol langauge cards.

‘he first is the faiilaar

job card. *he second accesses tae program from disc. The third and fourth

instiruet trze wrnputer to cuiput the results-on the srinter. *he fifth

jel carc tells t.e camzuter to o ahead. The remainin; cards instruct

the contab program as tc what !dnd of data is being used and what hy:otheses

to test. The factors equal 3 tells mm it that 3 variables are included.

The 7L terms give labels to these three variables.

ihe title ter. gives

a narie to the run. The list zaremeter asks for various kinds of output.

These are described in ..ore detail in the descriction cf the program

attached to these notes. after the list the first three numbers (3 2 3)
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tell toae cor.a::.uzer that the first variatle (attitudes) has three categoriss;
the second (education) has two cdtegories; and the third wvariable has
three categories. 4after this the data itself (earlier goiten by using
an SP3S crosstabs run) is given. The cell freguencies are typed in :ae
order of cell frequencies 111, 112, 113, 121, 122, 123, and so on with thne
{final digit varying most quickly and the first digit varying least gquiciily.
The final cards present the various hy.othese or niodels that are +o be
tested.

7:2:1e first terms state:.ent hypotiesizes that all the terus are
independent. 1n othsr words, it sugrests that only single effects an:

X > z

no interactions are present. Z‘,)'k £ /U- o Ak Pty "'/*k

the second term hypothesizes that there are second order interactions
but no third order interactions. It hyucthesizes interactions between
each pair of variables, but that these interactions are the same in

each category of the variable not included. in symbcls this may be seen as
L ¢ b X%
ik T VAL v, ¥ ﬁ ?
) ke /(4_ /L(. ¢ /LJ //- k /«. J /0. ca //./ L
The third term hypothesizes that there is only an interaction between
the first term and the third term and between the second term and the third
term, and that this interaction is the same in each category of the variable

2
£ z & v &
not included in the interaction. /. 7 Bane g~ *L e /%.;4 * /* "

The fourth term hypothesizes that education is associated with attisudes

this pattern
and that educa'blon is associated with (interacts with) region and Xkmrm 4
all
is similar in ¥®tk categories of the variable not included. in each term.

Ay

¥
N A
“inally, the fifth term is the xkx saturated model, hypothesizéng

all possible 1nteractn.ons both of the second and th:.rd degree} 2
L - g

kar,ur;/«c */L\ */ﬂ; “/ILL 4 */“/a . /(,L',_._.k
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In a surmary table the contab Trogra:. crints a swirery of the
results of testing each of these nodels against the actual data.

This irf ormation is sumnarized below.

' ! = IS5
(AT f:’:\\ /. Je a0 /& 2002/
{y"zf f/f,.:}{“‘/i - 4/,
5 & 027 | b, Yery
delekl g, (0. ¢0d ¢ o0./013
(¢YILY &) ‘/’ 2. 8¢ & O. 6po 2

fron this summary we can conclude that the model thet best fits the
data (aside fror the saturated model which we would like to avoid if
a sirpler one will suffice) is the second one x= aresented, that of
interaction effects of all variables on the seccnd order, but no third
order efiecis.
liow to analyze the specific nature of the effects of this model

we turn to tlie table of data and to the output given regarding thne
1est of this rodel. *his output is shown on the next several pages.
:he first part of tie outsut, labeled marginals essentially gives

he tables of freauencies in each cross-tabulation of variables shown.
Tou can compare these tables to Tzble 12 to see that they match.
rerceni.zes have been added to these tables. <+t is clear that lower
education is associated

with disacproving as is residence in rural

&% . .
areas. 150, there is a

tendency for rural residents &o have less

[2F

ot (s iy O

(,4.1_/,':4//
. ewhs el
V“ﬂhtfbd;up
s

’

»«/M

edqucaticn than metro residents and metrs residents tc nave less education

than willaiette valley residents. e knwo from the results £ testing

rodeis 3 and L that these resultis arleﬁll independent of each cther.



HYPOTHESIS

MARGINALS:

MARGINALS:

10
2 A
354

MARGINALS:

21.C000 S$-Y
106.0000 :7.

11.0GC0 5
36.0000 2.4

2
TATYELR ='BD., T e o eeln 7 y
b s g
"fa__)___ B e ~ . =
(72) o
14.0000 3.9 38.0000 7.3
9240000 I0F  122.0000 0,9
251.000C 72:3 ~ _309.6900 T
357 102 p7Y) -
ATTELM *= REGICN. e SIS i
- ARt D I 3
W Vel (7 ) rades () Ressd QZ)

20.0000 9.4
12.0062 39.4

- 173.0C0C78-£ 262 0000¢2Y
220 (0D 35'? /720

ED ® REGICA.

[Jn‘- Urﬂfﬁ ’;“'L"a

116.6000 s &

268 ;P2

J /l

1 b 103.0C00 ¥¢-§  168.0000 ¥3.2  ae.ocoec 943
2 L 117.00CCs83,2  221.,000C5¢.f 122.000C 57,7
>20 3re 268

RESIDUALS: ATTELM = ED = REGION. FIRST 1 LEVELS: 4
1 2 3
1 OBSERVEU 1 3000390 & ICTES0 7.000020
1 PREDICTEU 2 T ompes e 66906 5, 116024
1 RESIDUAL 3 '0 231145 -1.552946 1.823976
1 OUTL IER 4 0.015706 0.506466 G.582304

1 LOG PATIC o ORI - 1v G5 57 8 38 RO o %, 3 1 1531 1N, - . <. . 1 A
2 CBSERVED & 8.000000 17.20000C 13. 00000
2 | PREDICTIED 7 7.768652 18 407074 14.824302
2 RESTDUAL 3 D.231348  1.592926 ~1.824302
2 JUTLIER S C.307113 Celb62702 G.237453
3 L0G RATILO 15 2. 178610 ] BABSER st pEaR
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RESIUUALS: ATTELM = EC » REGION. FIRST 1 LEVELS: P
- : : i

1 OBSERVED 1 13.530800 49.C0CI0S B OICAT

1 PREVDICTED 2 164596924 45,3C9418 3G.092560

1 RESIDUAL 3 -3.596924 3.690582 ~u.( 92562

1 OUTLIER 4 0.858728 0.310617 -0.000212

1 LOG RATIO S eaasla309289 = 0,3645992 =R liog2Y

2 CBSERVED 6 23.000000  57.000000  42.000090

Z PREDICTED 7 19.423030 6C.69C552 41.907333

2 RESIDUAL 8 3.596970 -3.690552 0.092667

2 QUTLIER 9 0645215 0.246046 _ 0.000424

2 LOG RATIO 10 -1.213Q718 —0.C721719 —0.443048
RESIOUALS: ATTELM * ED * REGION. FIRST 1 LEVELST 3 - Sl

e 2 3

1 OBSERVED 1 87.000000 ~ 115.00000C 49.000000

1 PAREDICTED Z 3.171875 117.G57610 50.,731400

1 RESIDUAL 3 2,828125 -2.097¢1C -1.731400

1 QUTLIER 4 © L.193468  0.043287 0.063274

1 LCG RATIO - RO el 2=y 1o - N P T ol r R L D T

2 OBSERVED 6 86.000000 147.000000 67.000000

2 PREDICTED T 89.828308 144.902237 - 65.,268311

Z RESIDUAL 8 -3,8283(C8 2.097763 1.731689

2 CJUTLIER g v.185097 2.036675 04049364

2 LCG RATIO 1 S 023192392 UalS1352 _____=0400000]
NONZZRO EFFECTS: GENERAL MEAN = ~3.393629
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NCNZERC £=FFECTS:  ATTeLM,
,,,,,,,, W2 By e e R R e T i
1 BEFECT v 1 =L 30BT4T L 1EZ270 l.148477
1 STAN. DEv. 2 0.111822 GoC 75488 Ced007T1
1 3TANDARDIZE : QY. % 0 {55 3- B & TN, = .1 i MO & % 0 L
NCNZERQ EFFECTS: ED.
& e o AR 2
1 EFFECT i =0.236916 T 0.236916 z =
1 STAN. DEV. 2 0.061454 5.061454
1 STANDARDIZE RN IESSSEEG. . [y L  - Sa. b Y B
NONZERG EFFECTS: REGICN.
1 2 3
1 EFFECT 1 -C+325946 0373773 -0.047827
1 STAN. DEV. 2 L 20YB308 . OSNBEEET . B.u83943 . .=
1 STANDARDIZE . SRIE-... L. 3 & 5" . SRR % - 1 .. X ¢ - > SR - - b | -1 & |
NCNZERD EFFZCTS: ATTELM * ED. I
S VD VAP Sp—— 1 2—.—
1 SFFECT 1 253559 . . Q258553 A |
1. STAN: DEV. z 0.111822 0.111822
1 STANCARDIZE < SR 0 & 222671413
2 EFFECT 4 Bl 9TL  Segoduserl o a0
2 STAN. DEV. 5 0.075480 0.07548¢C
2 STANDARDIZE S 1.417200 =l.41720C
3 EFFECT 1 Caletd8L =~ ~'=0.1%6581 === . b
3 STAN. DEV. 8 3.066TT1 0.066771
3 STANDARDIZE S RS VR L SRS Y L
NCNZERD EFFECTS: ATTELM ®= REGICN.
_ = e e i g

1 2FFELT i =0L.065848 = UC.148889 7 TC.Z2le7lB T

L STAN. DEV. 2 G.173153 U.l48425 U.151694

L STANDARDIZE 3 =C.380219 =1.00299C ______1.415468
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NCNZERG

S

L
2 ZFFECT 4 -0.259012 Cel12566 0.145410
2 STAN. DEV. 5 Dell8764 2.097553 Q.102712
2 STANDARDIZE B i b MIUSBR i a L BRITS DIRE LS Ia
3 EFFECT 7 0.324861 C«035273 =54367134
3 STAN. DEVe. b5 0.102022 .0ET428 D.093263
3 STANDARDIZE 9 22134210 va2d45l _____=3.56l434%
EFFSCTS: ED * REGIING -
1 2 3
1 EFFECT i 0.051839 -0.016162 " =C.C35647
1 STAN. DEV. o JERe 0.095308 Q.280827 0.083923
1 STANCARDIZE 3 e 0.5483912 -2.200327 -0.424155
2 EFFECT 4 -C.051839 0.010192 0.G35047
2 STAN. DEV. 5  0.095308 _J.080827 Q.u83923
2 STANCARDIZE & -(.543912 200327 _D.424155¢F
INFORMATICN STATISTIC .. kJG0B116
PROBABILITY OF A GREATER VALUE 0.405GC98
LN(PEFERENCE/IN/NUMBER CF CELLSH) .385425
LN(REFERENCE=/(N/NUMBER OF CELLS)) _C.363240 .
SMCOTH 0.0000uC
1ERJ e J.,0000C1
SAMPLE SI1ZE 8§17.5000CC
MA XE RR IR 0.501030
OUTLIER B8CUND o T.06C0CE
EFFECTS - INTERACTION LEVEL PRINTED 2 }
MARGINALS
RESIDUALS
~ LEGREES OF FREEDOM %
FACTORS . S
NUMBER OF CELLS A
T o e e e—— - R
MARGINAL ZERO TOTALS v
_ TERMS Y
MS N B -
NUMBER UF JUTLIZEE ————— ——— B TR
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following the data for the two by wwo tabies tue data for each cell
inputted is given. This data is given for the asscciaiicrn bstween attizudes
and educaticn in eac: czteg ry of region. ‘he first set gives tae
resulis for the three levels of attitude and the twe categories of
eduvcation for ihe willanmeite veller region. The observed value is that
waich has been given as innut data. The zredicted value is the value
waich was sredicted to occur (estinmzted) if the nodel nynothesized were
tﬁ'e. Zhe residual term is the difference between the xmsizhrot observed
ad predicted value. “he outlier term is an indicator of how well the
cell fits tihe model. It is a function of the residuzal wvalue and the sa.ple
size. 4 small cutlier value indicates that the cell closely fits the model.
4 larger value indicates that it Moutlies™ the model more. *“he log ratio
is the logarithm (base e) of the ratio of the predicted value for that
cell to the predicted value for the rzference cell \the last cell in tae
tzble). These ratios will vary arcund zero amd will egual zerc when
the BEX -redicied cell values are ecual and there is no ei_ect.
~ach o these values is given for each cell.

'Yhe next section of iie .rintout tells sbout the effeclis in tae model
and can be used to re.roluce ihe niodel. XNECpEXECOEZR ‘hese ars civen
in logaritnm form and can be used to £ill in tne model ezuation

L y 2 xX¥ ya L4

Ly porpuit i o pul o p o e

‘he effect ter gives tne actual logarithm for each particular effsct.

*he stam.ard deviation is the standard deviation for this effect, which
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can be used in testing nysotnsse abecut effects or putiing confidence tands
arcund them \see ieynolds' discussion). <the term standardize reiers
%o the ratio ol the effect to the stendard deviation. ‘Tns.s Tow G an
be nelpful if interactions are important by ..el:ing you Iind where they

are, sased on the surriar of eflects we can provide tihe following peraeters

for the rmodel.
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*inally, the infornation tesiing the hy:cthesis is suriarized.

“ae information s tetiziic and the *‘“obc.lz..:'.ty ol being wrong in rsjectizg

the nxel being tasted is given. “he 4rc log refersnce numbers are

ios of the reference cell (last one in thex tzble) to first the average observed
cell count and second to Lhe average credicted cell counte. Zou ray
want to compare this to the various log ratios cbtained for each cell
earlier. “he smooth and zero values are those ycu can input tc modify
vour data if necessary. The outlier bound used was a default velue and
no cells exceeded this bound.

- In completing a substamtive internretaticn of the model one would
exa:ine the parameters for tiexm model in conffunction with the contingency
tebles and make interpretaticns. In this case the imzertant information

would be the inde.endent effects of both region and education on
attitudes and the ERfmmtx tendency for rurzl residents anc less well
educated residents to disaroprove (and the maintenance of this effect

despite tne tendency for rurel residents te have less xxx education).

19
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Sociology 413, Spring, 1988
The General Linear Model

Most of the statistical procedures you will use in your professional
life as a social scientist are based on the general linear model. All
of these involve the notion of explaining variation (or an analogue to
this) in a dependent variable(s) through its association with one or
more independent variables. The outline below is meant to be only a
sketch of the various techniques that may be used. It is not meant to
be exhaustive. Remember that each of these techniques incorporate
both inferential and descriptive statistics and that each is
appropriate only for c2-tain Kinds of variables and research
questions. The Key to success in using statistics is understanding
not just the mechanics of applying the techniques but in Knowing when
each type of statistics should or should not be used and in accurately
interpreting the result With the bask Knowledge of the general
linear model gained in this class you should be able to parsue

advanced course work or reading in these areas with relatively little
difficul ty.

1. Simple bivariate regression

g B Y:x

descriptive statistics: a = the y-intercept

b_—- the slope, predicting ¥ from x

r — the Pearson product moment correlation

r — the sguare of r (the proportion of
variation in Y that is explained by its
linear association with X)

Y = a v

inferential statistics: test of Ho: r,, = 0 (equivalent to test of

Hotrlh, =0 and Hp: b= 0D
confidence intervals can also be placed
both r (using the z transformation) and

b (using the standard error of b)
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2. Multiple regression

X e, b.X % b”hx&+ +t:=W\><.'.L
TS ﬁ‘u;xt 6‘&1_1,

descriptive statistics: a - the y-intercept

b - unstandardized regression coefficients
/5 - standardized regression coefficients
e & el e A

Ry, +~ multiple correlation coefficienta(the
proportion of variation in Y that is
explained by its linear association with
X) waw Xk )

partial correlation coefficients

part correlation coefficients

pn B
inferential statistics: test of H : R =0

test of Hyo : by, = 0 (equivalent to testing

(Hfn: fy, = 0) (can also test H,o: a = 0)
Confidence intervals can also be placed
around Rq,and around the y—-intercept and
each unstandardized regression coefficient
using the standard errors.)

"«

P

® wm W ﬁyi_x
v

3. Analysis of Variance
Tl e kg el W, Fopad ¥ DR

where the X, are dummy variables (or variations of
dummy variables which represent the categories in the

nominally measured variables and any possible interaction
terms)

descriptive statistics: R';= the proportion of variation in Y that
£an be explained by the categories of the nominally measured

variable(s>. It is equivalent to E “used in analyses of variance.

a and b : interpretation of these values
depends upon the way in which the dummy variables were coded, but in

general they can be used to describe differences in average values of
the dependent variable in each category of the independent variable

inferential statistics: test of H 5 : 4~ = /2 by e, A

(null hypothesis that the average [mean] of the dependent variable is
equal in each category of the independent variable) When more than
one independent variable is involved, a test would be conducted for
each independent variable and for each possible interaction term.
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4, Analysis of Covariance

Y= a + b >=I.l + b X3§ # z5u + B X k.
where some of the Xé'are dummy variables (or variations of
dummy variables which represent the categories in the
nominally measured variables), some of the X/ are
intervally measured variables, and the rest represent
interactions between these.

@
descriptive statistics: R ~ = the proportion of variation in Y that
can be explained by the categories of the nominally measured
variables, the intervally measured variables, and any interaction

be tween them.

a and b = jnterpretation of these values
depends upon the way in which the dummy variables were coded, but in
general they can be used to describe differences in average values of
the dependent variable in each category of the nominally measured
independent variat!zs and the relationship between the intervally
measured independent variable(s) and the dependent variable.

inferential statistics: test of Hp : M = ka = - - = fhi
(null hypothesis that the average [mean]
of the dependent variable is equal in each category of the nominally
measured independent variable once they are equal on the other
variables)
test of H » : Xy 7 D
{null hypothesis that the association
be tween the dependent variable and the intervally measured independent
variable equals zero, once they are equal on the other variables)
test of H »p : there is no interaction
(null hypothesis that the association
be tween the intervally measured independent variable and the
dependent variable is the same in each category of the nominally
measured independent variable)

S. A Test of Curvilinearity is used when you are concerned that the
association between a dependent variable and an intervally measured
variable may not be linear in nature. You may then convert the
intervally measured variable into dummy variables, conduct an analysis
of variance (as shown in 3 above), compute E* and compare this value
to the R “(or r* ) obtained in the simple regression which treated
the variable as intervally measured. You may test H, : ¥=-f*= ) [£*-r%
. If you reject the null hypothesis it is not appropriate to use the
simple linear model. However, you can examine the scatter diagram and
use various transformations of the dependent variable to try to
approximate the relationship as shown in the examples below.

il
A

;saféxu
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[Note: 1In techniques é-%9 described below nominally measured variables
may be used as intervally measured independent variables if converted
appropriately to dummy variables or some varient thereof. Dummy
variables (or their varients) should not be used as dependent
variables in these techniques.]

6. Multivariate Analysis of Variance should be used when you are
conducting several analyses of variance all with the same independent

variables, but different dependent variables, all of which are
measured with equivalent scales (e.g. examining the influence of
social class, race, and sex on achievement test scores in a variety of
subjects). The techniques of multivariate analysis of variance
(manova) control for the possibility that you will get significant
results from a series of hypothesis tests simply by chance. <(e.g. i¥f
you do 100 hypothesis tests just by chance you will get 5 results that
are significant at the .05 level). Canonical correlation provides
similar results when the independent variables are interval, rather
than nominal. SPSSx does canonical correlations as a sub-program
within manova.

7. Factor Analysis is used when you believe that there are certain
types of dimensions which underlie a set of intervally measured
variables all of which are measured on the same scale (e.g. a set of

variables which measure attitudes of subjects toward Communism). The

"factors®" are hypothetical variables which represent these\variables dev
and which may be represented as linear combinations of each of the
variables. A hypothetical "factor structure®” with three factors
"underlying®” 15 variables is shown below.

oo f Kok <o Bae oo e
F.i_- 'f'b/l: X, 7{’13- XJ-. "{"‘3 K’ s o B {A‘N- A
Féa@;%1“@LXzf{wX3f—ﬂ'*ﬁ%&rﬂr

The "factor loadings®" represent the association (actually a
correlation) between each variable and the hypothetical factors. Each
variable has associated with it a "communality,®” analagous to an /%,
which represents the proportion of variation which the variable holds
in common with the other variables in the factor analysis. Each
factor has an "eigenvalue” which is used to indicate the proportion of
the common variance which that factor can account for. Factor
analysis was traditionally used as an exploratory technique to
determine "underlying structures®” to sets of variables. In recent
vyears we have realized the problems of such atheoretical searching for
results and the use of confirmatory factor analysis has become more
popular. This may be done as part of the LISREL package of structural
equation models.
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8. Structural Equation Models incoporate elements of both path

analysis and factor analysis, allowing researchers to develop causal
models that use multiple measures of conceptsand feedback loops. The
term "two stage least squares" is also sometimes used to describe
parts of these techniques. The techniques continue to build on the
general linear model but incorporate both a "measurement model,"” using
aspects o7 factor analysis (specifically confirmatory factor analysis)
in describing how multiple measures contribute to a concept and a
“istructural model”that represents the associations between the actual
variables of interest. This type of analysis is preferable when you -
have panel data, multiple measures, and/or feedback loops.

. Discriminant Analrsis is used when you wish to use several
intervally measured variables to distinguish between cases in two or
more groups. The result is an equation of a "discriminant function”
as illustrated below.

TR LA 2 1T R 4

The equation represents a spatial dimension along which the cases are
clustered. If there are only two groups, one dimension represents the
differences among them; with three groups, two dimensions may be used;
in general, with K groups, up to k-1 dimensions may be used to
describe their differences. The dimensions are structured so that
they maximize the differences between the "centroids® of the groups
which are being distinguished. Each of the coefficients in the
discriminant function represents the contribution of a given variable
to the function and is analagous to a standardized regression
coefficient.

10. Cronbach’s alpha is a convenient statistic used to summarize the
association among variables which may be combined together into an
additive scale (e.g. a Likert scale). It is commonly used in
reliability programs to assess the reliability of a scale. It
essentially represents the degree of association among variables
combined together into an additive scale or the extent to which they
all appear to be measuring the same thing.

11. Log-linear analysis is a whole family of techniques which are
appropriate for multivariate analyses of nominally measured (or
ordinally measured) variables. They essentially look at the "odds®" of
a case falling into a certain category and then represent it as the
product of various other category memberships. As a very simple
example, and assuming there are no other variables involved, the odds
of a person in the U.S. being a democrat, rather than in another
party, might be 3/2. The odds of being a democrat are increased if
one is non-white, rather than in another racial—-ethnic group (say
2/1), and Catholic, rather than non-Catholic (3/2), but decreased if
one is high—income, rather than low-income (by say 1/2). Together,
however, one can combine the information on racesethnicity, religion,
and income to find the odds of being democrat.
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/2 = (2/1)(3/72)C1/2) = (&/74) = (3/2)

odds (dem) = (odds race)(odds Cath){(odds income)
Mathematically, this multiplicative function is difficult to deal
with, but one can simply take a logarithm of the function and turn it
into an additive function. (Logarithms are exponents and you may
remember that when we multiple exponents, we simply add them, as in

o2 10°) = 1p2t? = 0%

By taking the odds of the equation above we get a function similar to
that below

Ln (democrat) = a + b In (Race) + b In (Cath) + b 1n ¢lnc)

As you can see the resulting equation is in the standard format of the
linear model. There are standard errors associated with each of the
coefficients. Thus, with this technique, it is possible to examine,
with relatively succinct models, multivariate relationships among

qualitative variables using an interesting and useful variant of the
linear model.
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Sociology 413/513
Spring, 1992
Final Exam

Please answer each of the guestions below as thoroughly as
you can, but try to limit your answer to each question to
less than two typed pages. You may consult any of your
books or notes in developing your answers, but please work
independently of your classmates. Do not put your name on
the front of the paper. Instead, place your social security
number only on the front page. If you would like your grade
posted by social security number on my door at the end of
the term, please leave me a separate note telling me this.
If you want me to mail your exam to you, you may leave me a
stamped, self-addressed envelope or an envelope for campus
mail. All exams and the fifth assignment are due by noon on
Friday, June 12 in my mailbox in room 736 PLC.

1. Suppose a researcher had data from a random sample of
the residents of Eugene. She knew how many times the people
attended church in the previous month, their age (in years),
income (in dollars), and education (in years). She was
interested in how these latter three variables could help
predict variations in church attendance. What is (are) the
dependent variable(s) in this analysis and on what level is
it (they) measured? What is (are) the independent
variable(s), and on what level is (are) it (they) measured?
What type of analysis procedure(s) would you suggest that
this researcher use? Why? What descriptive statistic(s)
could she use, and what would they tell her? What
inferential tests could she use and what would they tell
her?

2. Suppose this researcher was interested in how both
gender and age affected church attendance and suspected that
the influence of age on church attendance might be different
for men and women. What would be the dependent variable(s)
in this analysis and on what level is (are) it (they)
measured? What is (are) the independent variable(s), and on
what level is (are) it (they) measured? What type of
analysis procedure(s) would you suggest that this researcher
use? Why? What descriptive statistic(s) could she use, and
what would they tell her? What inferential tests should she
use and what would they tell her?

3. Suppose another researcher had information from a random
sample of people in Lane County on their political
affiliation, specifically whether they were registered as
Democrats, Republicans, or Independents. (Those with other
affiliations were ignored.) He was interested in how
respondents' gender and race influenced their political
affiliation. What would be the dependent variable(s) in
this analysis and on what level is (are) it (they) measured?
What is (are) the independent variable(s), and on what level



is (are) it (they) measured? What type of analysis
procedure(s) would you suggest that this researcher use?
Why? What descriptive statistic(s) could he use, and what
would they tell him? What inferential tests should he use
and what would they tell him?

4. Suppose this researcher was also interested in how age
(measured in years), income (measured in dollars earned),
and education (measured in years of education attained)
could help predict respondents' political affiliations.
What type of analysis procedure(s) would you suggest that
this researcher use? Why? What descriptive statistic(s)
could he use, and what would they tell him? What
inferential tests should he use and what would they tell
him?



The General Linear Model
Addendum to Spring, 1988 Notes

12. Time series is a way to examine changes in variables
over time, especially when one has data over a long period,
often involving large groups and aggregated measures. In
these analyses time becomes an independent variable and we
can assess how variations in a dependent variable (Y) are a
function of time. Additional variables can be added as
predictors so that one can see how these indpendent
variables predict changes in Y, either as a constant
influence or as covarying with time. For instance, the
equation below would represent a situation where some
variable changes relatively constantly over time (b
indicates the rate of change) and has a relatively constant
influence of the variable Xj.

Y=a+b (Time) + b (X;)

13. Proportional hazard models are also used to analyze
changes over time. These techniques are also called
survivor functions, hazard models, and event history
analysis. Unlike most uses of time series, proportional
hazard models (or hazard models in general) are ways in
which we can predict the probability (or hazard) that
individuals will attain a certain condition or have a given
event happen to them, such as dying, having a disease,
terminating a job, dropping out of school, etc. Thus, the
dependent variable is dichotomous and is measured over a
large number of time periods. The analysis focuses on
predicting the probability that individuals will "survive,"
or not succumb to the condition. The predictive, or
independent variables include time as well as conditions
related to the individual and his or her environment. These
additional independent variables may be constant over time
(a proportional hazard model) or may vary over time.

14. Hierarchical linear models are recently developed
techniques that are extremely well suited to multi-level
data and analyses, as when a researcher has a dependent
variable measured on the individual level of analysis and
independent variables measured on both the individual level
of analysis and aggregated or grouped levels. If one were
to subject these data to a simple regression analysis, one
would have to assume that the influence of the individual
level independent variables was the same in all the groups
(e.g. individual ses influences students achievement in the
same way in schools with all levels of funding). A
hierarchical linear model, on the other hand, allows one to
observe whether or not the influence of individual ses
differs among different types of schools (which analysis of
covariance does - assuming that the school level funding is



only a nominally measured variable), but also allows one to
estimate how the grouped level variable of school funding
influences these different influences of the individual
variable. Thus, you essentially have regression egquations
within regression equations. You can see how the individual
level independent variables affect the dependent variable
and how the group level independent variables affect the way
in which the individual level variables affect the dependent
variable. These technigques, to date, are not included in
standard statistical packages such as SPSS.

15. Meta-analyses are a way of summarizing results from
other studies. They have become increasingly important as
we begin to build up results in fields and have been used a
great deal in recent years in psychology and related areas.
In these studies the results of a whole set of studies
become the dependent variable. The results of these earlier
studies are often summarized through descriptive statistics,
such as Cohen's d. Thus the sample would include all
studies of a certain phenomenon, such as gender differences
in mathematics achievement, and the dependent variable could
be the size of Cohen's d obtained in each of these studies.
Then characteristics of the studies, such as the nature of
the sample (e.g. the age of the subjects or the educational
level or the date the data were gathered), are used to help
explain variations in these descriptive statistics.

The Sage series of books which you were exposed to this term
has monographs on each of these techniques. Some, as you
know, are more technical than others, but the more technical
ones generally have references to more easily understood
materials. In addition, review journals and monographs,
such as the Annual Editions series and Sociology
Methodology, often have nice review articles of new
techniques.






