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We explore the reconstruction of B-state vibrational wave packets in 1, from
simulated two-color nonlinear wave packet interferometry data. As a simplification of
earlier proposals, we make use of different vibrational energy ranges in the B-state—
rather than different electronic potential surfaces—for the short-pulse preparation and
propagation of both target and reference wave packets. Numerical results from noisy
interferograms indicate that experimental reconstruction should be possible with high
fidelity (>0.99).

Time-resolved coherent nonlinear optical experiments on small molecules in low-
temperature host crystals are exposing valuable information on quantum mechanical

dynamics in condensed media. We make use of generic features of these systems to



\%
frame two simple, comprehensive theories that will enable the efficient calculation of
their ultrafast spectroscopic signals and support their interpretation in terms of the
underlying chemical dynamics. Both treatments rely on the identification of normal
coordinates to unambiguously partition the well-structured guest-host complex into a
system and a bath and expand the overall wave function as a sum of product states
between fully anharmonic vibrational basis states for the system and approximate
Gaussian wave packets for the bath degrees of freedom. The theories exploit the fact that
ultrafast experiments typically drive large-amplitude motion in a few intramolecular
degrees of freedom of higher frequency than the crystal phonons, while these
intramolecular vibrations indirectly induce smaller-amplitude—but still perhaps
coherent—motion among the lattice modes. The equations of motion for the time-
dependent parameters of the bath wave packets are fairly compact in a fixed vibrational
basis/Gaussian bath (FVB/GB) approach. An alternative adiabatic vibrational
basis/Gaussian bath (AVB/GB) treatment leads to more complicated equations of motion
involving adiabatic and nonadiabatic vector potentials.

Numerical tests of the FVB/GB are presented. We consider two bilinearly
coupled harmonic oscillators with varying coupling strengths and initial conditions and
show that the mixed quantum/semiclassical theory compares favorably with the exact
results. Linear absorption spectra and wave-packet interferometry signals calculated
using the theory are presented.

This dissertation includes previously published coauthored material.
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CHAPTER 1

INTRODUCTION

A  Overview

Quantum mechanics has been an effective tool for interpreting and predicting
the outcomes of experiments aimed at studying matter on the microscopic level, and
has ultimately led to a more thorough understanding of the natural world. There
have been many technological advances that have enabled the probing of atomic
and molecular dynamics with ever greater precision and accuracy, most notably the
ability to use coherent laser light to manipulate the spatio-temporal evolution of
electrons and nuclei on chemically relevant scales. The concurrent development of
ever faster CPU’s has allowed advances in theoretical and computational descrip-
tions of quantum dynamical processes to proceed to the point of intermittently
surpassing experimental capabilities. The interplay between experimental and the-
oretical investigation is of the utmost importance; one cannot thrive without the
other.

Of particular interest to the work presented herein is the elucidation and
description of nuclear dynamics. Sequences of pulsed laser light can be used to
transfer amplitude between molecular electronic states, creating linear superposi-
tions of stationary vibrational eigenstates, or vibrational wave packets.! The wave

packets then evolve according to the relevant nuclear Hamiltonian and their dynam-



ics can be analyzed using a plethora of techniques. With knowledge of the pulse
profiles and subsequent wave packet evolution, one can potentially guide or control
nuclear motion with limitations set only by available technology and Heisenberg’s
uncertainty principle.

An important quantum mechanical phenomenon with interesting consequences
is the interference of wave functions. The wave functions describing a molecular sys-
tem can interfere constructively or destructively depending on the relative phases
of the constituent basis functions. This purcly quantum mechanical effect can be
exploited to gain information on a molecule spectroscopically using the technique of
wave-packet interferometrv (WPI). A WPI experiment entails creating and manip-
ulating electronic, vibrational. and rotational coherences using two (linear WPI) or
more (nonlinear or nl-WPI) laser pulses. The pulses imprint their phase onto the
wave functions which can then interfere with each other to enhance or deplete the
population of relevant guantum states.

The first lincar WPI experiments involved a phase-locked optical pulse pair
impinging on a sample of gaseous Iy, creating a superposition of wave packets on
the B state.>3 The signal, found by measuring the time- and frequency-integrated
fluorescence, is the portion of the B state population that is linear in each of the
electric fields of the pulses. The signal can then be used to completely resolve the
overlap of the two one-pulse wave packets.

Linear WPI has been used on a variety of other molecular systems. We
point out a few representative examples here. Ohmori et al. were able to prepare
arbitrary population distributions in a HgAr van der Waals complex using a pair
of time-delayed UV pulses.* The ability to create such superpositions is important
for coherently controlling the outcome of chemical reactions using lasers. Fushitani

et al. used WPI on Cly, embedded in cryogenic Ar to control chromophore-bhath



coupling.® By varving the inter-pulse delay and relative phase between the pulses
they were able to selectively create wave packets consisting of excited Cly without
directly exciting the Ar host.

Nonlinear WPI, first developed conceptually by Humble and Cina,® uses two
pairs of phase locked optical pulses to create wave packets that can evolve on vari-
ous electronic states. One particularly important application of nl-WPI is molecu-
lar state reconstruction.” wherein a target wave packet that is to be determined is
launched on an excited electronic surface via one of the pulses in the {four-pulse se-
quence. The other three pulses are used to create a reference state that subsequently
interferes with the one-pulse wave packet. The signal in a nl-WPI experiment is the
portion of the population of the excited electronic state measured by time- and
frequency-integrated fluorescence that is quadrilinear in the electric fields of the
excitation pulses and bears a particular phase signature. A collection of reference
states and signal values (one of each for a particular set of inter-pulse delays) can be
used to determine the target state. We test a new scheme for molecular state recon-
struction using nl-WPI wherein the target and reference packets evolve only on the
X and B states of Iy, as opposed to previous descriptions that involved preparation
and evolution of the target wave packet on a third, high-lying electronic surface.

In addition to studying vibrational wave packet dynamics for isolated molecules,
it is possible, and in some instances quite necessary. to have a wave packet descrip-
tion of the environmental degrees of freedom with which the molecule of interest
exchanges information. Matrix isolation spectroscopy, first introduced to study free
radicals® and largely developed by Pimentel in the 1950’s, can probe the dynam-
ics of a chromophore embedded in a cryogenic, chemically-inert host and. with the
help of a cogent and comprehensive theory, can be used to extract detailed infor-

mation about the chromophore-bath interactions. Direct laser excitation of the



chromophore can give rise to coherent vibrational motion in the bath, necessitat-
ing that a meaningful theoretical treatment have a wave-packet description of the
bath. leading to the requirement that approximate methods, with amplitude-level
information, be formulated to treat the many-body syvstem-bath dynamics.

The environmental degrees of freedom, although chemically inert, can di-
rectly influence the dynamics and chemical identity of embedded molecules. The
cis-trans isomerization of nitrous acid (HONO) in cryogenic Kr was first observed
experimentally by Pimentel.” but to date has not been observed in the gas phase.
Recent theoretical efforts by Hamm et al. indicate that the host Kr matrix alters
the energy levels of the HONO molecule in such a way as to enable tunneling of
the proton.!® Another example of bath-mediated dynamics is the class of proposed
experiments entitled “intermolecular communication.”!! Rohrdanz and Cina formu-
lated a method to interrogate the communication between an atom and a molecule
on a one-dimensional chain with Ar atoms separating the two, using time-resolved
coherent anti-Stokes Raman scattering. The bath directly relays information that
has been encoded into the ‘transmitter’ from a laser pulse, to the molecular ‘receiver’
through a coherent lattice phonon. It is essential to have a theory of coherent bath
motion in such situations.

There have been miany experimental investigations of cryogenically isolated
dihalogens.'?'* They couple the simplicity and well-known characteristics of homonu-
clear diatomic halogens with the richiness of information to be had from quantum
many-body interactions. There are still fundamental issues in need of theoretical
exposition that, upon successful interpretation, can lead to a deeper understanding
of the quantum mechanical nature of matter. Entanglement, collisional coherence
transfer, vibrational and electronic decoherence, vibrational energy relaxation and

transfer are all phenomena that can be meaningfully addressed both theoretically



and experimentally within the framework of matrix isolation.

The work presented in this dissertation is meant to illustrate the richness of
information that can he obtained from, and wide applicability of, quantum dynami-
cal descriptions of nuclear wave packet dynamics and the need for close collaboration

between experimentalists and theoreticians.

B Outline

The main scientific findings in this dissertation are presented in three chap-
ters. Chapter II investigates a new scheme for molecular state reconstruction via
nl-WPI that uses the X and B states of I, and will be submitted for publication
as a coauthored paper in an altered form. Coauthors will include Kenji Ohmori,
Heide Ibrahim, Travis Humble, and Jeffrey Cina. Chapter IT is expository in nature
and lays the theoretical foundation for the fixed vibrational basis/Gaussian bath
(FVB/GB) and adiabatic vibrational basis/Gaussian bath (AVB/GB) theories for
treating the dynamics of small molecules embedded in cryogenic media, and has
been published as a coauthored paper with Jeffrey Cina in J. Chem. Phys. 127,
114502 (2007). The FVB/GB theory is tested numerically in Chapter IV, and will
be submitted for publication in an altered form. Coauthors include Xiaolu Cheng
and Jeffrey Cina. There arc four appendices. Appendix A presents nl-WPI sig-
nals as well as target and reconstructed wave functions for various delays between
the third and fourth pulses of the four-pulse sequence. Appendix B contains the
equations of motion for the bath wave packet parameters evolving according to the
FVB/GB theory, while the equations of motion under the AVB/GB are in Appendix
C. Computational details, including computer code used to carry out a representa-

tive FVB/GB calculation, are included in Appendix D.
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CHAPTER 11

MOLECULAR STATE RECONSTRUCTION VIA NONLINEAR
WAVE-PACKET INTERFEROMETRY

Dr. Kenji Ohmori and Dr. Heide Ibrahim initially raised the possibility of per-
forming molecular state reconstructions using nonlinear wave-packet interferometry
involving only two electronics states. I implemented this scheme numerically, with
help from Dr. Jeff Cina, using Dr. Travis Humble’s original nonlinear wave-packet

interferometry /state reconstruction code as a template.

A Introduction

We explore the reconstruction of B-state vibrational wave packets in I, from
simulated two-color nonlinear wave packet interferometry data. As a simplification
of earlier proposals, we make use of different vibrational energy ranges in the B-
state—rather than different electronic potential surfaces—for the short-pulse prepa-
ration and propagation of both target and reference wave packets. Numerical results
from noisy interferograms indicate that experimental reconstruction should be pos-
sible with high fidelity (>0.99).

Time-resolved coherent multidimensional electronic spectroscopy can reveal
amplitude-level molecular information on chemically relevant time scales. In par-

ticular, wave packet interferometry (WPI) has been used by several groups to char-



acterize atomic and molecular systems. Recent theoretical studies have shown that
linear’* and nonlinear WPI® (nl-WPI) data provides sufficient information to allow
the robust reconstruction of time-dependent target wave packets launched by one
pulse in the WPI sequence, in the latter case despite imperfect knowledge of the
underlying electronic potential surface. The most detailed study to date demon-
strated the reconstruction of rovibrational states of the lithium dimer using two
phase-locked pulse pairs that access different electronic states. This chapter ex-
plores a simplification of this process by considering the possibility of determining
a target wave packet not on a third, potentially poorly characterized, electronic
surface, but in the upper region of the same surface used to generate the family of
reference wave packets. Specifically, we investigate the systematic reconstruction of
time-dependent nuclear wave functions in high-lying regions of the B SH(LT state of Iy
using reference wave packets that have evolved in lower-lying regions of the B state
as well as the X 12; state. These states have been studied extensively and are well

characterized.%”

B Nonlinear Wave-Packet Interferometry

In a nl-WPI experiment there are two pairs of optical phase-controlled ul-
trashort pulses, here a red pair (pulses 1 and 2) and a blue pair (pulses 3 and 4).
The time delays between the first and second pulses, t5;, and between the second
and third pulses, t33, are varied for a given fixed delay between the third and fourth
pulses, t43 (see inset of Figure 2.1). The signal is the portion of the population
of the excited electronic state measured by time- and frequency-integrated fluores-
cence that is quadrilinear in the electric fields of the excitation pulses and bears a

particular phase signature. Here, specifically, wave-packet reconstruction is based



on the contribution to the excited state population proportional to the overlap,
((421) 5 | (3) ) = (ref|tar), of a wave packet that has been acted on by the third
pulse (the target) with ones that have been acted on by the first, second, and fourth
pulses (the reference). In this scheme the first pulse-pair acts on an initial state,
creating a vibrationally excited wave paéket in the ground electronic state. The
third pulse interacts with the initial state and creates the target state proportional
to [(3)g) on the upper part of the B potential. Finally, the fourth pulse interacts
with the evolving wave packet bilinear in F; and Fs, creating a reference packet
proportional to |(421)3). The nl-WPI signal, (ref|tar), from a collection of refer-
ence packets—one for each pair of (fo1, t32)—can be used to reconstruct the target
state.

We use the RKR potential parameters of LeRoy® (X state) and Barrow and
Yee” (B state), which are plotted along with the pulse sequence in Figure 2.1. As
a first approximation we treat the dipole moment as a u(r) = constant for all
internuclear separations. The laser electric fields were written as

E;(t) = A(t —t;)cos®,(t —t;)

20 2 20
_ Ae—(t—tj) /205 COS[Qj . (t - tj) + q)j}

for 5 = 1 — 4; all pulses have the same amplitude, A, and temporal envelope,
exp|—(t — t;)2/20,%), where f; is the arrival time of the j pulse, and o; is the
pulse duration. We set o; = 20 fs (47.1 fs FWHM amplitude, 33.3 fs FWHM
intensity) for all of the pulses. The carrier angular frequency for the first two
pulses is taken to be resonant with the |X)|v = 0) — |B)|v = 20) transition,

Q= Qy = 2mc- (17921cm ™) (558 nm), while the carrier angular frequency for the

second pair is resonant with the |X)|v = 0) — |B)|v = 40) transition, 3 = ; =
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Figure 2.1: The X and B potentials of Iy are plotted as functions of internuclear
separation with the electronic energy removed. The pulse sequence (inset) for a nl-WPI
experiment involves two phase-locked pulse pairs. The first pair is resonant with the
v =0) to |¢/ = 20) transition. with relative phase ¢. and is used to create a vibrationally
excited wave packet on the X potential surface. while the second pair is resonant with the
| =0) to [/ = 40) trausition. with rclative phase ¢’. The first pulse of the second pulse
pair geuerates the target wave packet from the vibrational ground state. The second pulse
of the the second pulse pair geuerates the reference wave packet from the wmoving X-state
packet prepared by the first pulse-pair. The time delays 27 and t32 are variably delaved
for a fixed 143.

27 (19493cm™") (513 nm). The absolute phases ®; are unknown. but the relative
phases &5 — @y and &, — Oy are under experimental control. Phase locking the first
pulse pair dictates the optical phase shift ¢ = &y — $; — wyty; be held constant as
tyy is scanned. Likewise phase locking the second pulse pair specifies a phase shift
¢ =Py — Oy — wi'tyy. Here the lock frequency for the first (second) pulse-paiv, wy,
(wp'). is the carvier frequency of both pulses in that pair.

The one- and three-pulse wave packets whose overlap for a given set of inter-

pulse delays constitutes the calculated signal are

(3)3) 6—71’1,31,13]3381\’ 0X>~, (2‘2)
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and

|(421) ) = PPXetHixtaz pXB o=itiptas pBX gillxtar g ), (2.3)

respectively. Here P;)‘B is a reduced pulse propagator® for the 7% pulse transferring
amplitude from the electronic state 3 to state a, and |0x) is the ground vibrational
state of the X electronic state. The target states are related to the one-pulse packets
by a phase factor, |(3)5) = e )+%i'tas tqp) . The reference states are similarly
ref).

In both cases the phase factor is introduced to eliminate dependence on the uncon-

related to the three-pulse packets, |(421)p) = ¢ids(wr)Fiwrtas pe ) = eipaler’)

trolled absolute phases of the pulses. Here ¢;(w) — wt; is the spectral phase of the
Fourier component of the j** pulse at frequency w. Note that [tar) and |ref) are

defined such that ¢ and ¢’ are equal to zero.

C Molecular State Reconstruction

For the reconstruction process we write the signal, z = ((421)5((3)5) as a

vector of length M, with elements z,, and each m = (¢, t3,) corresponding to a

different combination of delays. Working in the vibrational eigenbasis of the ground

electronic state* we can write z,, = Y (ref|v){(v|tar). Reconstruction consists of
v

solving the equation

z = Rt, (2.4)

where the M by N reference matrix has elements R, = (ref|v) and the N-
dimensional target state vector has elements t, = (v|tar). A pseudoinverse of the
reference matrix, R7' can be found via singular value decomposition and back sub-

stitution,® which involves factoring the reference matrix as R = UWVT, where V is

*The vibrational energy eigenbasis proved to more computationally efficient in the present
calculations than the discrete position basis used in a previous Reference 5.
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a unitary N by N matrix, U is an M by N row-unitary matrix, and W is a diagonal
matrix with real positive singular values along its diagonal. We set a tolerance T,
such that the modified inverse of W has elements

v LWy it Wi/ Wiax > T
O (2.5)

0 otherwise

where W, is the largest singular value. We can then write R}l = VW, U to

find an approximate solution to Eqn. (2.4) given by r = R,;lz =~ t . The fidelity,

f= ||':H':|| , which lies between 0 and 1, assesses the accuracy of the reconstruction.

In an effort to more realistically mimic experimental conditions, we add noise
to the signal before performing the reconstruction. We add to each point in the
interferogram a value of noise, z, that is randomly chosen from the distribution
p(x) = e~ /27° where ¢ is 5% of the maximum of the absolute value of the complex
signal.

In a recent probe-detected wave-packet interferometry study, Katsuki ef
al. were able to visualize interference fringes of I, wave packets in samples pre-
pared in a molecular jet.® The rotational temperature of the sample was ~15 K. At
that temperature the rotational period is tens of ps, two orders of magnitude longer
than the vibrational period in the ground state, and much longer than the maximum
inter-pulse delay used in the calculations being presented here. We therefore neglect
rotational dynamics in the exploratory calculations reported here.

For an initial state we use the ground vibrational state of the X electronic
state, |Ox), ignoring any population in higher levels due to thermal excitation. Both

ty; and t3o are varied from 0 to 1500 fs in increments of 10 fs, and we consider two

target propagation times at present, {43 = 15 fs and 60 fs. The real and imaginary
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parts of the resulting two-dimensional interferogram for ¢,; = 15 fs are shown in

Figure 2.2, The periodicity in signal intensity with t97 is related to the vibrational
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Figure 2.2: Real (upper panel) and imaginary {lower panel) compounents of the noise-
pper | ginary
free interferograin from vibrating. nonrotating Iy plotted as a function of interpulse delays
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period of the B state around v = 20 (75 ~ 190 fs). while a less visually apparent
periodicity along the ty, axis is due to vibrational motion in the X state (7y = 254
fs).

The amplitudes and phases of the target and reconstrncted states are plotted

i Figure 2.4. The fidelity of reconstruction from the noisy signal is f = 0.99313
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Figure 2.3: The phase (right hand scale) and amplitude (left hand scale) of the target
(blue lines) and reconstructed (red lines) states for 143 = 15 fs. Reconstruction is performed
with a fidelity f = 0.993433 using an optimnal tolerance 0.03767.

(compared to unit fidelity from a noiscless signal). After 15 fs, the target wave packet

has gained momentum and begun to move away [rom the Franck-Condon region cen-

tered at 2.666 A. The success of the reconstruction. despite minor disagreements in

the amplitudes at relativelv siall (<2.6 A) and large (>3 A) internuclear separa-

tions. is due in large part to the accurate reproduction of the phase. especially in
=4

regions where there is conusiderable amplitude. As pointed out in reference 5. dis-

crepancies in the amplitude alone of the reconstructed wave packet affect the fidelity
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only at second order. The reconstructed local phase is

Orec(r) = tan_l(Q/"vl*/ec(r)/@’/);ec(r))? (2.6)

where Yyec(r) = .., + @, (r) and O,..(r) is bounded by £7. We shift 6,..(r) by
integer multiples of 27 so that —7 < 6,¢c(r) — Giarges(r) < 7 without altering the
reconstructed wave function or the fidelity.

Writing (1) = [4(r)|e?"), we note that h98/dr ~ p(r) can be identified
as an approximate local momentum. In the range 2.5-2.7 A the phase profile is
nearly flat, indicating that the trailing edge of the target wave packet has yet to
gain significant momentum. Portions of the wave packet at the leading edge, with
separations greater than 2.7 A, however, have begun to acquire momentum in the
direction of increasing internuclear separation, as seen by the positive slope in the
phase function.

A complication presents itself when using inter-pulse delays shorter than
the pulse duration. Pulse propagators were used in calculating the effect of the
laser pulses on each wave packet. A pulse propagator reduces the cffect of a finite
duration pulse on a state vector to the action of a single matrix-vector multiplication.
In determining the nuclear matrix elements of the various pulse propagators, one
time-evolves the relevant state ket on the originating potential surface for the full
duration of the pulse and subsequently back-propagates the resulting wave packet
on the final surface until the arrival time of that pulse. The unpropagated wave
packet produced by the instantaneous action of a pulse propagator serves only as an
initial condition that will yield the correct wave packet once it is propagated under
the appropriate bare nuclear Hamiltonian for a time longer than the pulse duration.

The target state that is reconstructed in Figure 2.3, for instance, has evolved on
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the npper portion of the B state for approximately half of the pulse dwration. so
that it may not necessarily reflect the target state that would be produced under
experimental conditions.

Ag the target state is allowed to evolve for longer times in the B state it
loses some of its amplitude fringes and takes the more Gaussian-like shape seen in

Figwre 2.4, The recoustruction in this case (tyz = 60 fs) is more accurate. with
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Figure 2.4: The phase (right hand scale) and amplitude (left haud scale) of the target
(blue lines) and reconstructed (red lines) states for tyy = 60 fs. Reconstrnction is performed
with a fidelity f = 0.997217 using an optimal tolerance 0.00957.

f=0.997217. than with #,3 = 15 fs. The small gain in fidelity may be attributable
to the more complicated formn of the amplitude accompanving a shorter #3.

The signal for 43 = 60 fs (sce Appendix A) has smaller amplitude than that
calculated for f,3 = 15 fs. As the target wave packet moves out of the Franck-
Condon region it enters a part of the potential that is less accessible to the reference

states. due to the spectral selectivity of the pulses involved in creating |ref). Shorter
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pulses could afford the bandwidth necessary to maintain a large signal amplitude,
but would interfere with the spectral separation between the red and blue pulse
pairs that enables isolation of signal contributions proportional to ((421)g|(3)5).
Noise-free signals and plots of reconstructed and target states for t43 = 0, 30, 45.
60, 75, 650, and 715 fs are presented in Appendix A.

There are two contributions to the signal from a nl-WPI experiment that have
the phase signature we seek, ((421)g|(3)5) and ((431)5[(2)5). The contribution of
the latter to the signals presented in this chapter and on possible experimentally
collected signals can be ignored. Given the pulse carrier frequencies previously
mentioned, the transfer of amplitude from the low-lying region of the B state to
the X state by the third pulse will be possible only for #3;’s that are near integer
multiples of the B state period. Furthermore the transfer will be highly inefficient
due to the small amplitude of |205) in the region of internuclear distance where
Ve(r)—Vx(r) =~ hfls. The fluorescence could also be filtered to collect only photons
with energy sufficiently less than E = Vg(ry,) — Vx(rh,), where r/ is the outer
turning point of the |ng) state, so that (r|(2)g) is negligible in the emission-window
region. In situations where the excited potential surface is dissociative, one could
use time-of-flight mass spectroscopy to determine the relative contribution of the
two overlaps with the relevant phase signature.!”

An interesting issue for further investigation will be the robustness of molecu-
lar state reconstruction with partial neglect of information concerning the high-lying
portion of the B-state, which contributes to the target, but not reference, wave-
packet propagation. Such an investigation would be analogous to earlier studies
of two-color, three-state nl-WPI which found that one can make even fairly crude
approximations to the form of the final-state potential in calculating the reference

wave packets and still successfully reconstruct a target wave packet. Using a linear
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approximation to the difference potential, for instance, Humble and Cina were able
to perform reconstructions of Li dimers with fidelity f = 0.9907.

In conclusion, we have demonstrated the possibility of reconstructing vibra-
tional wave packets on I, from collections of wave packets evolving on the X and
B states. This differs from previously formulated schemes for state reconstruction
via nl-WPI in that we use only two electronic states. This simplification entails
preparing reference states that have evolved on the lower portion of the B state, as
well as the X state, to reconstruct a target state that is prepared on and allowed
to evolve on the upper portion of the B state. Reconstructions from a noisy sim-
ulated signal were performed with high fidelity (>99%) and prove to be promising
experimentally.

In addition to reconstructing molecular states using collections of vibrational
wave packets in isolated molecules, we are also interested in the wave packet dynam-
ics of interacting molecules in the condensed phase. Isolated gas phase molecules
evolve with minimal intermolecular interactions. In the condensed phase, however,
these interactions play a significant and inextricable role in the dynamics of directly
probed chromophores. An ideal family of molecular systems whose vibrational and
electronic degrees of freedom can be studied using wave packet techniques are small
molecules embedded in cryogenic matrices. The chromophore and host dynamics
are intimately connected, and an accurate description of not only the chromophore,
but the host as well, is needed to simulate and interpret coherent spectroscopic

experiments on these systems.
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CHAPTER III

THEORETICAL FOUNDATIONS OF THE FIXED AND ADIABATIC
VIBRATIONAL BASIS/GAUSSIAN BATH TREATMENTS

Reproduced with permission from Chapman, C. T.; Cina, J. A. J. Chem.

Phys. 21, 46215, Copyright 2007, American Institute of Physics.

A Introduction

Ultrafast coherent spectroscopic experiments performed in conjunction with
matrix isolation of a small-molecule chromophore reveal fundamental information
about many-body molecular interactions of a quantum mechanical nature. Photo-
induced molecular electronic excitations,’»? vibrations,® ? or chemical reactions'®!!
interact dissipatively with the surrounding medium. Entanglement may ensue be-
tween the chromophore and medium degrees of freedom, leading to both decoherence
and energy loss by the “system.” During the dynamics leading to equilibration, an
initially pure electronic or nuclear reduced density matrix may become mixed in
character. In the structured environment of a low temperature crystal, it is not

uncommon for coherence transfer to occur between system and bath so that coher-

ent molecular motion in the system leads to the onset of coherent motion in the

“bath."12 14
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The use of cryogenic noble-gas host matrices affords an opportunity to per-
form experiments on many-body systems in well-characterized nearly pure states,
and has several generic features that can be exploited in constructing a new theo-
retical framework. A well-defined initial structure obviates the need for averaging
over different equilibrium geometries and, at cryogenic temperatures, the entire
guest-host complex can often be assumed to reside in its overall ground state prior
to short-pulse laser excitation, with the neglect of any population in higher-lying
states due to the low but nonzero temperature. The experimentally probed chro-
mophore motion is oftentimes somewhat removed from the density of states of the
lattice phonons—hbeing significantly higher in frequency than the Debye frequency
of the host crystal—and weakly coupled to them. Moreover, the ultrashort pulses of
laser excitation and probing are usually chosen to be electronically or vibrationally
resonant with transitions of the guest molecule. Its internal degrees of freedom
are thus externally driven to large-amplitude coherent motion. Non-resonantly cou-
pled modes of the surrounding medium become excited only indirectly through the
transfer of energy, and possibly coherence, from the directly excited intramolecular
degrees of freedom.

Here we put forward a theoretical approach that takes advantage of these
factors. It will enable the systematic simulation of ultrafast coherent spectroscopic
signals from small molecules embedded in solid matrices. We make a system-bath de-
composition of the full nuclear Hamiltonian, with the system comprising the directly
excited chromophore modes while the remaining degrees of freedom are relegated to
the bath. The system’s eigenstates—which are to be calculated numerically—serve
as an anharmonic vibrational basis in which to express the composite state ket, and
the bath wave packets act as time-dependent expansion coefficients.

There is some freedom in defining the vibrational basis. and we present two
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options. The first uses the vibrational basis obtained when the bath is held fixed in
its equilibrium (i.e. minimum-potential-energy) configuration. The fixed vibrational
basis (FVB) is therefore independent of the time-varying coordinates of the bath.
The second uses an adiabatic vibrational basis (AVB), which is parametrized by the
bath coordinate variables. In both cases, the small-amplitude motion of the bath
is treated semiclassically, with a differently propagating multidimensional Gaussian
wave packet accompanying each vibrational level. Following Heller's general pre-
scription for semiclassical dynamics under locally quadratic approximations (LQA)
to the relevant Hamiltonians,'® equations of motion for the parameters specifying
the bath wave packets are derived for both vibrational bases.

The semiclassical approaches developed in this paper represent alternative
generalizations to an earlier treatment that applied the LQA to all modes of a cryo-
genic complex by treating the time-dependent nuclear wave functions in various elec-
tronic states as multidimensional Gaussian wave packets describing all solute and
solvent nuclear degrees of freedom.!® Using that “universal” semiclassical method,
Rohrdanz demonstrated the basic principle of intermolecular communication by lat-
tice phonons. She observed abrupt changes in the calculated time-resolved coherent
anti-Stokes Raman scattering (tr-CARS) signal from an I, molecule isolated in a one-
dimensional Ar crystal arising from the arrival of a coherent lattice wave launched
by the short-pulse electronic excitation and dynamical solvation of a Ca atom sev-
eral lattice sites away. Those calculations'® can also be regarded as providing a
practical initial demonstration of the more advanced methods outlined here. As
we shall explain, the new theories, while sharing many desirable features with the
universal semiclassical approximation, are designed to overcome certain limitations

of the earlier theory for treating large amplitude intramolecular vibrational motion.

In the next section, we outline the theoretical framework for the two new
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approaches and derive the corresponding parameter equations of motion. In the final
section, we make some comparisons between the FVB-Gaussian bath (FVB/GB) and
AVB-Gaussian bath (AVB/GB) theories, and spell out their relationship to other
semiclassical and system-bath approaches. We briefly describe their application to
the calculation of nonlinear optical signals from chromophores embedded in low-
temperature crystals in conjunction with a pulse-propagator-based treatment of the
short-pulse interactions. Appendix B contains the parameter equations of motion for
the FVB/GB theory and Appendix C contains the parameter equations of motion

for the AVB/GB theory.

B Theory

B.1  System-Bath Decomposition

The nuclear Hamiltonian for a many-body molecular system with amplitude

in a single electronic state* is

1
HzipT-jW~p+V(r) (3.1)

where p = column (p;, ... py) is the momentum vector, with

p; = column (Piy, Piy: Piz); Miajs = %1-_;(513-(5&5; m; is the mass of the i** nucleus;
V (r) is the potential; and r = column (ry, ... ry) is the position vector, with r; =
column (x;, y;, ;).

We shall reexpress the full nuclear Hamiltonian in terms of normal coordi-

nates to provide a systematic basis for our subsequent system-bath decomposition,

*Although we consider explicitly the dynamics in only one electronic state, it is to be understood
that the same type of treatment could be applied in several electronic levels simultaneously. Thus
the theory is directly applicable to coherent electronic spectroscopy signals, such as time-resolved
coherent anti-Stokes Raman scattering (tr-CARS) and wave-packet interferometry (WPI),
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recapitulating the standard steps in such a transformation'” in order to be precise
about our definitions and notation. We transform preliminarily to mass-weighted
Cartesian momenta, I = D-p, and coordinates, R = D”l-(r - r(o)); where D = VM
and r(® is a minimum-energy configuration (perhaps determined in practice from a
classical molecular dynamics simulation'®). Tn terms of the mass-weighted coordi-

nates and momenta, the nuclear Hamiltonian takes the form

1
HZEHT-H+K/(D~R+r(°)). (3.2)
For the purpose of identifving normal coordinates, we temporarily expand the po-
tential through second order as V = V(r®) + 1R" . (VRxV{V) - R and diagonalize

the force-constant matrix

(VaVEV)Y - A=A\ (3.3)

The columns of the orthogonal transformation matrix A are the eigenvectors of
the force constant matrix; the corresponding eigenvalues are arranged in order of
decreasing size along the diagonal of .

The normal coordinates and momenta for our system are theref3-ore given
by € = AT . R and # = AT - II, respectively. In terms of these operators, the full

nuclear Hamiltonian can be expressed as
1.,
H:iﬂj-TquV(D-A-qur(o)). (3.4)

Although the potential energy is written as a function of the normal coordinates, it
should be emphasized that all intra- and intermode anharmonicities have thus far
been retained; a quadratic approximation to the potential is not heing made.

In the application of our framework to small-molecule dynamics within matri-
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ces, it is useful to mimic a macroscopic host crystal by applying “periodic boundary
conditions” to a sample cell small enough to be computationally tractable. This is
accomplished by requiring that V(r) be periodic in the length L of the sample cube
(which contains one solute chromophore and tens or hundreds of solvent atoms).
The cell length must be at least twice the range of intermolecular forces to prevent
an atom from interacting with either itself or more than one copy of another atom.!

Under periodic boundary conditions, there is no potential energy change
associated with overall spatial translation of the sample, but overall rigid rotation
is hindered. We therefore assume that only the last three elements of the diagonal
matrix A —the eigenvalues associated with center-of-mass translation—are strictly
vanishing. The Hamiltonian can be separated into center-of-mass kinetic energy and
internal components, H = £nl.;,-mep+h, where men = column(mgy_a, an_1, Tan ),
and the internal Hamiltonian & is independent of {3y = column(ésn—2. Esn—1, E3n)-

In order to simplify the description, we specialize to the case of a diatomic so-
lute whose single high-frequency internal vibration is to be driven to large-amplitude.
The highest-frequency normal coordinate & should have the largest component of
intramolecular solute vibration, so we decompose the internal Hamiltonian into sys-

tem (vibrational) and bath (phonon) components plus interactions:

h=hs(g)+h (Q) +ulg Q). (3.5)

't would be readily possible to include explicit multi-body forces within our
framework, but we specialize to pair-wise additive atom-atom potentials V(r) =
ZDJ. v;;(ri —r;) for the sake of simplicity. Periodicity is enforced by taking wvi;(r; — r;) =
> fij(xi = x; +1L,y; —yj + mL,z; — z; + nL) for the pair potentials, where f;; can be nonzero

Imn
only when all its arguments have magnitude smaller than L/2; the coordinate values range contin-

uously from minus infinity to plus infinity (which will be a useful feature for our wave-packet-based
theory) but only the single term in the sum over [, m, and n with | = —nearest integer[(x; —x;)/L],
and analogously for m: and n, can possibly be nonzero.
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The system Hamiltonian is

P
hs = ) +us (q) , (3.6)
the bath Hamiltonian is
1
hy = §PT P+ (Q), (3.7)
and u (g, Q) describes the system-bath interaction. In these operators, ¢ = &,
p = m, @ = column(&s, ... &ny-3), and P = column(my, ... w3y_3). The sys-

tem and bath potentials are u, (q) = V (D - A - column(g, 0, ... 0) + r'?) and u, (Q)
=V (DA - column(0,Q,0,0,0) + r¥) —V (r@), respectively; we have defined the

latter so that u, (0) = 0. The system-bath interaction is thus defined by

u(g.Q)=V (D - A - column(g, @, 0,0,0) + r(o)) —us (q) —uy (Q) (3.8)

The system dynamics is to be rigorously calculated, while the bath can be
treated by a number of methods to varying degrees of approximation. In general,
the action of the bath is twofold: to dissipate vibrational excitation from the system
through the transfer of vibrational quanta, and to dephase the system vibration by
modulating its energy level spacings. To quantify the action of these two processes,
a reduced description of the vibrational state would suffice. For application to
time-resolved Raman and other coherent optical spectroscopieswhose signals involve
the overlap between nuclear states of both the system and the bath accompanying
different electronic states of the resonantly excited chromophorewe also need at least
an approximate amplitude-level description of the quantum mechanical state of the
bath degrees of freedom.

Although we are currently specializing to the case of a single-mode-system,

our general approach could be applied straightforwardly to a several-mode system.
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In particular, if the system vibration induces large amplitude motion in any bath
mode, the system can be expanded to include that coordinate so that weak coupling
to the remaining bath modes still applies. Our system-bath separation based on
normal coordinates has a beneficial feature relative to a heuristic identification of
intramolecular and solvent degrees of freedom. Model calculations within Redfield
and other relaxation theories often assume bilinear coupling between system and
bath coordinates.'®'® In our approach on the other hand, all second-order terms in
the potential energy are squares of single-mode system or bath position operators;
the lowest-order contributions to the system-bath interaction potential are third
order, and comprise terms proportional to ¢?Q;, ¢Q?, and ¢Q;Q;. Postponing the
onset of system-bath interaction to higher order in this way should extend the range

of applicability of any theory based on weak system-bath coupling.

B.2  Fized Vibrational Basis/Gaussian Bath Approach (FVB/GB)
a Fized Vibrational Basis States

We shall consider two different approaches to calculating the dynamics un-
der the Hamiltonian . The first of these makes use of the fixed vibrational basis
accompanying a ref3-crence configuration of the bath, say Q = 0. We write the

time-dependent nuclear ket as a sum of tensor products states,

WD) =D ) [ (1), (3.9)

where |v) are the fixed vibrational basis states obeying h |v) = £, |v), and the ex-
pansion coeflicients, |1,y = (v | ¥), are pure bath kets. Weak system-bath coupling
along with the small-amplitude nature of the bath vibrations make the fixed vibra-

tional basis expansion a natural form for |4 (t)). It is to be expected that the bath
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kets |¢,(t)) will not differ very greatly from each other or from the ground state of
hy in any single bath-mode component.}
Temporal evolution of the overall nuclear ket is governed by the time-dependent

Schrdinger equation

77% | (1)) = h | (1)) . (3.10)

(i = 1 hereafter). It can be seen from Eqn. (3.9) that all of |[¢/(f))’s time dependence
is carried by the bath kets. Using Equs. (3.5) and (3.9), and projecting onto state

|v). yields the equation of motion for the bath wave packet,

0, , ,
i [Wo(®)) = (80 + ho + ) [ (1)) + > w0 (t)) (3.11)
T “
Dy
where 1, = (v|u(¢, Q)|7). The transfer of amplitude between bath kets accom-
panyving different vibrational states is governed by the coupling operator, u(q, Q)
and the corresponding changes in population are responsible for vibrational energy

relaxation. Dephasing of the system vibration occurs as a result of loss of overlap

between the bath kets accompanying different vibrational states.

b Gaussian Bath Wave Packets Accompanying Fized Vibrational States

The displacements of the lattice atoms in the vicinity of the guest molecule,
indirectly induced by the latter’s external vibrational excitation, may in some in-
stances be fairly large. But their displacements should be describable as superpo-
sitions of small-amplitude displacements in many low-frequency spatially extended

modes. Thus we may assume that the amplitude of motion in all the bath modes

*Some inner products (v, | 15), with v # U, may nonetheless approach zero due to the cumula-
tive effect of small losses of overlap in many bath modes, as is necessary to account for vibrational
decoherence.



29

will be fairly small.

We do not wish to restrict our treatment to a strictly harmonic description
of the bath, however. Among other limitations, such an approximation would pre-
vent the bath degrees of freedom from interacting with each other, except indirectly
through the system. A locally quadratic treatment goes further, by allowing third
and higher-order coupling terms among bath modes and between the system and the
bath. We theref3-ore adopt a locally quadratic approximation (LQA) to the bath po-
tential, approximating u, (@) + u(g, Q)) as a locally second order function of ) based
on its slopes and curvatures at the spatial center eq : 3.12Q, = (3, (1)| Q |, (1)) of

the Gaussian wave packet

<Q ‘ vl/ (IL)> = €xXp Z(Q - QV)T C Gy, (Q - Qu) + ZPI/T ! (Q - Ql/) + Z.A/V:| ' (3]2)

The time dependence of the wave packet (3.12) resides in the parameters:
a, = a, + ia,, a complex-symmetric matrix whose elements determine the spatial
widths of the packet; the position expectation value @,; the momentum vector
P, = {1y (t)] P |t (1)); and the complex scalar ~, = ~, + i7". whose real part
specifies the phase of the packet and whose imaginary part relates to its norm

In order to find the equations of motion for the parameters of the bath wave
packets under the LQA.'® Eqn. (3.11) is written in the position representation with
the ansatz (3.12) for (@ | ¥, (1)); the operators on the RHS are expanded through
second order in the elements of () — @,), and the time derivative on the LHS
is evaluated with the help of the chain rule. Coupled equations of motion for the
parameters are then obtained by equating the coefficients of like powers of (@ — Q)
on both sides of the equation. The summand in (3.11) involves vibrational matrix

elements of the system-bath interaction operating on the 7** bath wave packet. In
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the 7 # v terms responsible for vibrational relaxation, we write (@ | v5) as (Q | ¥,)
times a ¢ -dependent “correction factor,”
(@Q | ws) = eT¥g(Q; v, 7) (Q | w) (3.13)

with

f (U7 D) = (QI/ - QP)T T O (QV - Ql_/) + (QV - QP)T ’ })T % W (314)

and

g Qi ?)=1+i(Q- Q)" 205 (Qy — Qp) + B = B+ (Q - Q)"
Nicry — iay—(1/2)(2a5 - (Qu — Q5) + By — B)(2(Qy — Qp)F

ap+ PL - PO - (Q-0Q,). (3.15)

The function g (Q:v.7) is written as a second-order polynomial in (Q — Q,) as
an algebraic convenience in isolating equal-order terms and canceling the common
factors (@ | ¥,). But the quantitative validity of the approximation (3.15) rests on
the assumptioncentral to our LQA treatment of the baththat the various (Q | )
are similar enough and the vibrational transition rates low enough that each retains
a Gaussian form. The equations of motion for the bath parameters a,. P,, @), and

v, can now be found and are stated in their entirety in Appendix B.
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B.3  Adiabatic Vibrational Basis/Gaussian Bath Approach (AVB/GB)
a Adiabatic Vibrational Basis States

The system-bath decomposition and FVB/GB approximation described above
do not automatically take advantage of the high-frequency nature of the system vi-
bration. We set the stage for an alternative treatment that makes full use of this
time-scale difference by reexpressing the overall nuclear state in terms of an adia-
batic vibrational basis. The adiabatic basis states are eigenkets of the vibrational

Hamiltonian

hyis (Q) = he +up (Q) + u(g. Q) (3.16)

parametrized by the bath-coordinate operator and obeying

hoiv (@) [V (Q)) = €, (Q) [v (Q)) (3.17)

with v = 0,1,2,.... When the bath kinetic energy operator is reintroduced, the
eigenvalues in Eqn. (3.17) will play the role of potential energy surfaces on which
the bath degrees of freedom evolve, and between which vibrationally nonadiabatic
transitions may occur. These bath potential surfaces are analogous to the adia-
batic potential energy surfaces on which the nuclei evolve in the usual electronic
Born-Oppenheimer approximation.?®?! We emphasize, however, that we will avoid
making an adiabatic approximation per se. Nomadiabatic effects are included in
the system dynamics and will be needed to account for vibrational relaxation and
dephasing processes.

The advantage of adopting an adiabatic vibrational basis description of the
system states derives from the time-scale separation that is assumed to exist be-

tween the laser-driven vibrational system and the indirectly excited bath, the weak-
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coupling nature of their interaction, and the small-amplitude range of bath motion.
Even though the time-scale difference between system and bath mav be insufficient
to justify an adiabatic approximation, these features should all tend to decrease the
number of adiabatic vibrational basis states required and slow the rate of nonadia-
batic transitions between them.

Implementation of the adiabatic-vibrational-basis treatment for a small molecule
solute in a crystalline host cannot proceed directly, however, as would an analo-
gous electronically-adiabatic-basis description of the dynamics of a small, isolated
molecule with a handful of nuclear coordinates. For it would be entirely impracti-
cable to specify the vibrational eigenkets and eigenenergies for a dense array of )
values. The dimension of this space is 3N — 4, with N on the order of hundreds; the
number of points required, say ~ 103V =%, would lead to computationally prohibitive
basis-set storage requirements.

The vibrational kets and energies could instead be sought as functions of a
much smaller list of collective bath coordinates as follows. By grouping the system-

bath coupling by powers of the vibrational coordinate

kn)ax

u(g, Q)= 4o (Q) (3.18)

one could specify the force on the svstem with k., collective bath parameters gy. It
would be necessary only to specify |v (uy; 01, ... o,..)) and &, (uy; 01, ... 0., ) for
an array of perhaps ~ 10%mes+1 points in a much lower-dimensional parameter space.
But even if the expansion (3.18) is truncated at low order in the system coordinate,
the number of parameter sets required could easily run into the thousands. Although
this number may not be strictly prohibitive, storing multiple vibrational states and

energies for such an array of points could nevertheless place rather strong demands
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on computer memory.

As an alternative to cataloging the adiabatic vibrational basis states and
energies for parameter values Q@ = (Q1. ... Qan_4) or (up; 01, ... 0, ) distributed
on a discrete array, we can instead obtain them as explicit functions of either set
of parameters, which can be evaluated as needed during a calculation rather than
stored. We can accomplish such a description with the help of time-independent

perturbation theory.?! Let

heiy (Q) = W (Q) + 0u (q. Q) (3.19)

with
O (Q) = hy + 1, (Q +Z| (v u(a. Q) lv) (v (3.20)

and
§u(q,Q) = u(q,Q) - ZI (v|ulq, Q) ) (vl (3.21)

The ref3-erence states |v) = |v (Q = 0)) obey hmb (@) |v) = e (Q) |v), with

£9Q) =, + u(Q) + (v]u(g, Q) |v), (3.22)

where ¢, = =, (Q = 0).} Using Eqn. (3.18), the perturbation operator (3.21) be-

comes

kl’ﬂ ax

bu(q. Q) = Z<q - Ll |) 0 (Q) (3.23)

§The reference states of the adiabatic vibrational basis trcatment are identical to the fixed
vibrational basis states introduced previously. In some instances it may be sufficient to make use
of a smaller number of the former than of the latter in carrying out the two different approaches.
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which has vanishing diagonal matrix elements
Oy = (V| dulr) =0 (3.24)

and off-diagonal matrix elements given as functions of ¢ by
k"n)ax
s (Q) = (Pl 5ulv) = 3 (7] ¢ [v) ok (Q). (3.25)

k=1

Making use of standard expressions from stationary-state perturbation theory,?! we

obtain the adiabatic potential energy of the bath

Q)= (@ + (@ +eP @+ - (3.26)

o

with ) (Q) given by Eqn. (3.22), e (@) =0 from Eqn. (3.24), and
2

(@)

R (3.27)

Py (e57(Q) — ¢

We define a unitary operator relating the adiabatic states to the ref3-erence
states,

Q) =UQ)v). (3.28)

U(Q) can be approximated with a perturbation series
U(Q) = U(Q) + U@ + UPQ) + - (3.29)

where

U9Q) =1 (3.30)
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U@ =-3>"|n) G 6“”’;@ (v] (3.31)

busn(@0un (Q)
v ‘ £°><ce>>§,,<é< ) — (¢ >><‘

1 ldu,;,,(Q)IQ
— V) (v] = 5. (3.32)
2 ; (@) - Q)

The practical virtue of the expansions (3.26) and (3.29)—carried to unspecified
orders to be determined by the sample-specific coupling strengths and relative fre-
quencies of the bath modes and the system vibrationis that they provide adiabatic
vibrational energies and eigenstates as explicit functions of the bath coordinates.
The adiabatic vibrational states (3.28) are defined within an arbitrary phase
function of @. The transformation U(Q) is consequently defined within a Q-dependent
phase-factor matrix that is diagonal in the basis {|v)}. In our perturbative ex-
pressions (3.30) through (3.32), those phase functions were chosen so that all the
(v v(Q)) are real and consequently (v|U™(Q)|v) = (v| [U(")(Q)}T |v). This con-
dition on the unitary operator (3.29) will determine the gauge of an induced vector

potential appearing in the Schrédinger equation for the bath dynamics (see Equs.

(3.34) and (3.35) below).?? 24
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b Time Evolution in the Adiabatic Vibrational Basis Treatment

The composite nuclear ket describing the evolving state of the coupled system

and bath is written as U(Q) times a sum of system-bath tensor product states
w(0) = YO [1@)) len(0) = U@ Y 1) ) (3.39)

where [2s) = W(Q)¢) = (| UN(Q) [¢) is the bath wave packet accompanying the
v adiabatic vibrational state. We use a circumflex to emphasize the bath-position-
operator-dependence of the unitary transformation. Substituting i = (1/2) PT -
P + hyin(Q) (see Eqns. (3.5) and (3.16)) and Eqn. (3.33) into the time-dependent
Schrédinger equation, using Eqn. (3.17), and projecting onto state [v(Q)), yields

the equation of motion for the bath wave packet

e ()= 3w B(ﬁ +AQ) - (P+A@) +e,,<6>} P 1s (1) . (3:34)

v

The vector potential in Eqn. (3.34) is given by

A(Q) = —iU Q) VU (Q) (3.35)

and arises as a result of the commutation relation PU = UP —¢VU. The gradient
in Eqn. (3.35) is taken with respect to bath coordinate variables, and the bath mo-
mentum operator in the position representation is (Q| P |¢,) = =iV (Q | ). Our
choice of phase function in the perturbative expansion (3.29) for U (Q) specifies the
gauge of the vector potential (3.35). Note that in Eqn. (3.33), the time dependence
of |4 (t)) is once again carried by the bath packets alone, as it was in the fixed

vibrational basis approach.
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¢ Gaussian Bath Wave Packets for the Adiabatic Vibrational States

We adopt a Gaussian ansatz for the bath wave packets (Q |, (t)) and proceed
as in Section B.2 of this chapter to find the equations of motion for the wave-
packet parameters. The vibrational eigenenergies are 1Iow functions of the bath
coordinates; locally quadratic expansions for these bath potential functions will be
obtained in practice from perturbative expressions like Eqn. (3.26). Bath wave
packets accompanying different adiabatic vibrational states are coupled through
the nonadiabatic portion of the vector potential, rather than through the potential
energy operator.

To see how to handle the vector-potential-containing terms in the Gaussian
wave-packet theory. we can imagine writing the unitary transformation (3.28) as
U(Q) = (@ where F is a Hermitian operator in the vibrational Hilbert space
parametrized by the bath coordinates. In keeping with the Gaussian form of the
bath wave packets, we would expand F (Q)) quadratically. This observation indicates
that a consistent treatment should adopt a locally linear approximation to the vector

potential,

AQ =ZAQ)+(Q-Q) - VAQ,). (3.36)

Using Eqns. (3.26). (3.34), and (3.36), it becomes a straightforwardbut somewhat
involvedexercise to derive equations of motion for the AVB/GB parameters. The

resulting expressions are presented in Appendix C.9

YSee Appendix C for the equations of motion governing the time evolution of Gaussian wave
packet parameters expanded in an adiabatic vibrational basis.
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C Discussion

C.1 Relationship to Other Work

We have formulated two different semiclassical descriptions of the dynamics of
matrix-isolated small molecules undergoing large amplitude, high frequency motion.
Both theories partition the nuclear Hamiltonian in a given electronic state into
svstem, bath, and interaction terms in order to define a vibrational basis in which
to expand the state ket; both arrive at equations of motion for the parameters of
bath wave packets that are constrained to take the form of Gaussians. The two
treatments differ in their adoption of a fixed vibrational basis (FVB/GB theory) or
an adiabatic vibrational basis (AVB/GB).

The FVB/GB theory is analogous in structure to applications of Heller’s orig-
inal LQA to the short-time dynamics of GGaussian nuclear wave packets in various
fixed electronic states (i.e., electronic basis states assumed independent of nuclear
coordinates).?> ? In our theory, the bath-coordinate-independent vibrational states
play a role analogous to the electronic basis states in Heller’'s theory, and the bath
coordinates play the role assumed by all of the nuclear coordinates in those prob-
lems. In many applications of the LQA to chemical dynamics, continuous-wave
laser fields drive transitions between different electronic states. In the applica-
tions of interest for the present theory, vibrationally off-diagonal elements of the
system-bath interaction join pulsed laser fields in effecting the transfer of amplitude
between different vibrational (or electronic) states. With its incorporation of ex-
plicitly bath-coordinate-dependent adiabatic vibrational basis states, our AVB/GB
theory is analogous to an earlier generalization of Heller’s theory to incorporate
adiabatic electronic states that are parameterized by nuclear coordinates.?

The vibrational-basis theories spelled out in this chapter should help over-
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come a significant limitation of the LQA in application to the spectroscopy and
dynamics of small molecules in cryogenic matrices. In a recent study of intermolec-
ular communication between atomic and molecular chromophores embedded in a
rare-gas host crystal. Rohrdanz'® demonstrated that tr-CARS can be a sensitive
probe of signals transmitted by coherent phonons over nanometer distance scales.
Those calculations applied the LQA universally, to all lattice and intramolecular
modes of the system. In part because of the LQA’s tendency to disobey energy
conservation over many periods of large-amplitude motion in the anharmonic po-
tential well of the iodine molecule used as the “receiver” in that study, fairly strict
limits has to be placed on some of the pulse durations and inter-pulse delays. In
addition, the universal LQA did not conserve energy for times long enough to inves-
tigate intermolecular communication over longer distances or the temporal decay of
the tr-CARS signal due to vibrational dephasing. Replacing the LQA by a numeri-
cally calculated vibrational basis for the large-amplitude anharmonic modes should
greatly extend the range of systems and timescales that can be quantitatively sim-
ulated.

The calculations of ref3-. 16 demonstrate the basic applicability of Gaussian-
wave-packet-based semiclassical theory to the calculation of time-resolved nonlinear
optical signals from matrix-isolated molecules undergoing coherent internal vibra-
tion. Since that paper applied the LQA to all modes, it represents the limit of the
present theories in which the “system” is zero-dimensional and all nuclear degrees
of freedom are treated the same way that the present theories treat just the bath.
The new approaches will have to pay the modest price of roughly (NgysNpaen)? scal-
ing, where N, is the size of the basis set for the vibrational subsystem (N, =
1 in the old theory) and Nyqy, is the number of bath degrees of freedom. This is

the approximate scaling required for computational propagation of the equations of
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motion in both the FVB/GB and AVB/GB theories to obtain the time-dependent
parameters of the bath wave packets. Rohrdanz’s work!® nonetheless provides an
extensive illustration of the basic method, including the description of E-field in-
teractions with pulse propagators and the calculation of spectroscopic observables
from nuclear wave-packet overlaps.

The ultimate practical limitations of the FVB/GB and AVB/GB in terms
of system size, strength of system-environment coupling, maximum pulse durations,
and length of run consistent with energy conservation, will of course be system-
specific and are more difficult to estimate than the approximate overall scaling.
Based on our experience with the universal semiclassical theory,'% is our expectation
that these new theories may provide reliable results for the dynamics of appropriate
systems comprising tens or hundreds of atoms over timescales on the order of tens
of picoseconds.

The assumed small-amplitude motion of the lattice coordinates constituting
the bath in both FVB/GB and AVB/GB theories justifies their treatment of the bath
wave function accompanving each vibrational state as a single multi-dimensional
Gaussian wave packet. Swarms of Gaussian wave packets have been used previously
to describe the nuclear degrees of freedom in molecules undergoing electronically
nonadiabatic processes.?® In those applications, the dynamics in different electronic
states is not typically assumed to be small in amplitude or roughly similar to each
other. Nor is the net nuclear wave function accompanying a given electronic state
generally assumed to be approximately Gaussian.

Since their inception three decades ago as computational and interpretive
tools for molecular spectroscopy. Gaussian wave-packet methods®® have been exten-
sively generalized and tested.®! 3! These methods have found applications in many

areas of spectroscopy and dynamics and, in a temperature-propagation formula-
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tion,*>3% have also been of use in calculations of statistical properties. In the latter
context, thermal Gaussians can serve as a more efficient, approximate alternative
to rigorous but costly path-integral Monte Carlo techniques. In a second stage of
development of the theories outlined here, we intend to make use of some tech-
niques that were adopted in the statistical applications. In particular, Frantsuzov
and Mandelshtam® demonstrated the use of variationally derived thermal Gaussian
propagation, which is known to be more stable than propagation by the LQA.3!
The enabling element in their approach is the representation of intermolecular po-
tentials as sums of Gaussians or polynomials. so that the integrals involving these
potentials that appear in the Bloch equation (imaginary-time equation of motion)
can be calculated analytically, rather than numerically. Combined with our strategy
of treating high-frequency intramolecular (and, possibly, local) modes in a fixed or
adiabatic vibrational basis, application of Frantsuzov and 1\/’Ia11(.1élshtam’s approach
should help expand the range of allowable pulse durations, the length of stable
propagation, and the allowable amplitude of lattice motion.

The use of a vibrational basis approach to describe many-body condensed
phase dynamics has a significant advantage over reduced dynamical treatments®”
such as Redfield theory as it is usually applied to condensed-phase dynamics,!*3® in
that it can readily be used in the numerical simulation of coherent optical spectro-
scopic signals involving electronic as well as nuclear coherences. The calculation of
such signals requires the evaluation of wave packets simultaneously evolving in mul-
tiple electronic states, while in a reduced dynamical description it is not immediately
obvious how to take long-lived electronic coherences into account.

Our new treatment can be compared with an interesting theory recently
put forward by Martens and co-workers.*® Aimed primarily at the dephasing of

small-molecule vibrations in molecular crystals (rather than longer-time relaxation
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146,41y " that work

processes including energy dissipation and wave-packet revivals
adopted a vibrationally adiabatic approzimation (the nonadiabatic processes respon-
sible for vibrational relaxation were omitted), incorporated system-bath coupling by
low-order perturbation theory, and relied on a classical approximation to the bath
dynamics. Within its scope. the theory behaved reasonably well, providing dephas-
ing times for specific vibrational coherences of I in Ar in rough agreement with the
experimental values.

Other theories to which our approach can meaningfully be compared include

43,44

generalized master-equation treatments.’? quantized Hamilton dynamics, and a

5 or any of

variety of procedures based on forward-backward semiclassical dynamics?
the various quantum corrections to the relevant classical correlation functions.*® Be-
cause our theory targets spectroscopic signals governed by small-molecule dynamics
in molecular crystals, it may have some advantages that do not apply to admittedly
more general semiclassical theories aimed at calculating nonlinear optical response
functions, in their entirety, for chromophores in liquid environments. Principal
among these is the assumption that the initial state of our system has a well-defined
structure describable by a localized multi-dimensional wave function or density ma-

47 Monte Carlo sampling of starting phase-space trajectory points, which for

trix.
a liquid sample may account for multiple initial structures, is not required. This
sampling step multiplies the computational cost of popular computational schemes
for liquid-phase optical response functions based on the Herman-Kluk propagator,
which in any case adopt dynamical approximations based on high (liquid-like) tem-
perature. 830

Both of our vibrational-basis/Gaussian bath theories offer rare opportunities

to monitor the quantum mechanical dynamics of a certain class of macroscopic

systems prepared in pure, monequilibrium states. If the system vibration and its
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surroundings are driven from their collective ground state by a short optical pulse
that is resonant with the small-molecule vibration, the overall state remains pure
(i.e. described by a single state-ket) and certainly does not correspond initially to the
system mode in canonical equilibrium with its low- (but now nonzero-) temperature
surroundings. The theories outlined here afford the means to track the ensuing
dynamics of system and bath with a well-defined—albeit approximate—prescription
for the time-development of the overall state-ket of system and hath.

In this connection, it is worth making ref3-erence to some interesting recent
work on quantum mechanical entanglement and the foundations of statistical me-
chanics.?'%? Popescu, Short, and Winter considered the reduced density operator of
a small (sub-) system in contact with a larger environment when the “universe” (sys-
tem plus environment) is in a pure state that is chosen at random within some overall
constraints. They quantified the proximity between the actual reduced systein state
(defined by tracing the pure-state universe density operator over the environmen-
tal degrees of freedom) and the system density operator corresponding to canonical
equilibrium (obtained by tracing over the environment the density operator of the
universe having equal a priori population of all states within the constraint space).
Their remarkable finding is that for almost any randomly chosen pure state of the
universe, the instantaneous reduced system density operator is very nearly indistin-
guishable from that corresponding to canonical equilibrium. The results of Popescu
and co-workers®!52 thus obviate the need for the conventional assumption of equal
a priori probabilities of “universe” states within a constraint space (of energy or
some other quantities) as a foundational concept for statistical mechanics; virtually
the same instantaneous subsystem distribution is obtained from almost any ran-
domly chosen pure state of the universe (provided the subsystem constitutes a small

enough piece of the universe).
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Stated another way. the work of Popescu, Short, and Winter shows that pure
states of the suitably constrained system-plus-environment in which the system is
not in equilibrium with its surroundings are very much fewer in number than pure
states in which it is in equilibrium. It must be assumed by extension that these
unusual states typically make their way to and spend most of their subsequent
evolution in states for which the subsystem is “in equilibrium.” Although it will be
of great interest to study this “pure-state equilibration; process in simplified model
systems, it should also be worthwhile to view the approach to equilibrium in this
way using actual molecular many-body systems. The fact that small molecules in
low-temperature matrices can externally be driven from their ground states into a
wide variety of disequilibrium pure states suggests these systems as ideal candidates

for the experimental study of pure-state equilibration.

C.2  Signals and Observables

Aside from the simulation of time-resolved nonlinear optical signals for molec-
ular many-hody systems under our vibrational basis/Gaussian bath theories, the
time evolution of some other physical observables for the sample, which can be com-
pactly expressed in terms of bath-packet parameters, can also be monitored. Here
we give a few examples of quantities that can reveal key features to the many-body
nuclear dynamics, without regard for specific experimental strategies for measuring
these “observables.” We will return in future work to the explicit numerical com-
putation of tr-CARS, pump-probe, and other nonlinear optical signals from small
molecules in cryogenic matrices.

The time evolution of the average value of the vibrational energy (h) tracks

the dissipation of vibrational energy into bath potential and kinetic energy, and
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system-bath interaction. This quantity is readily calculable in the FVB/GB theory

and takes the form

(he) = (0 (1) hs [ (1)) = vu/dQIQIWI- (3.37)

Eqn.(3.37) can be evaluated straightforwardly from the Gaussian probability den-
sities |(Q | w,)| = exp {—27;' Q- Q)" 20" (Q - Q,,)}. Under the AVB/GB
theory, we would consider instead the time evolution of the average adiabatic vi-
brational energy <hm-b(Q)>, which tracks the dissipation of vibrational energy along

with bath potential energy into bath kinetic energy. This quantity is given by

(@) = @l @l 1) = 3 [aQ@ 1 vaFer(@. (339

By expanding ¢, (Q) of Eqn. (3.26) in powers of @, the adiabatic vibrational en-
ergy can be evaluated in terms of the various moments of the probability densities
Q1 )l

The expectation value of the system coordinate is sensitive to vibrational
dephasing, which can occur even in the absence of vibrational energy loss. It is

given in the fixed vibrational basis by

- Yo Qi 1@ @ vv) (3.39)

The required matrix elements of g between vibrational eigenstates are to be calcu-

lated numerically, and the wave-packet overlap integrals can be evaluated according
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u/dQ<wﬂﬂ\CD<QIU>6»—-vﬁiff?xp{%BT-A”~B—+C},

(3.40)
where
A =i} —ia, (3.41)
B=i(2a; Qs — 20, -Q,— P+ P,) (3.42)
C=i(~Qp 0y Qo+ Q-0 Q+P Q=P Q—7+7).  (343)
The same quantity expressed using an adiabatic vibrational basis is
@)=Y [ 4201 Q @1t
< S (PUNQ) 17) 455 (7 U(Q) Iv) (3.44)

With the matrix elements of U and U" written as power series expansions in (), the

calculation reduces to the evaluation of various parameter derivatives of a closed-

form Gaussian integral according to

o~ m|, . _ 2 " | oA _ i " —QT‘A-Q-’,-QT-B-}-C
<Y/17’Q |‘f/l/> - (88) <7‘9V | YV> - (aB> /dQe

0 m 3IN—4 1
(&) el aed)

In the application of the FVB/GB or AVB/GB theories to pump-probe, tr-

(3.45)
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CARS, or wave-packet interferometry signals, the continuous changes in the bath-
wave-packet parameters described by the parameter equations of motion will have
to be augmented by abrupt changes in those parameters due to the action of in-
dividual finite-duration lager pulses. These parameter changes will be accounted

53

with pulse propagators. Analytical expressions derived within the semiclassi-

16:54 will be applied to components of the pulse

cal Franck-Condon approximation,
propagators acting on the low-frequency bath, whereas low-dimensional numerical
expressions (obtained through split-operator calculations) will be obtained for the
higher-frequency intramolecular vibrations. This approach will enable the accurate

description of shaped or transform-limited pulses with realistic durations on the

order of tens or hundreds of femtoseconds.
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CHAPTER 1V

NUMERICAL TESTS OF THE FIXED VIBRATIONAL
BASIS/GAUSSIAN BATH TREATMENT

Xiaolu Cheng brought the assymetric nature of the originally published equa-
tions of motion for the real and imaginary parts of a, to light, and helped in elu-
cidating the non-Gaussian nature of bath wave packets accompanying high-lying

vibrational levels. Dr. Jeff Cina aided in every step.

A Introduction

The behavior of small molecules in solid crystals, including electronic’? and

9 10,11

vibrational dynamics,® ¥ as well as chemical reactions is affected in a funda-
mental way by interactions with the environment and can be studied using myriad
time-resolved optical experiments.’?!? Accurate and efficient simulations of the re-
sultant spectroscopic signals are needed to aid in their interpretation and to expose
the nature of the underlying many-body quantum mechanics. Due to the exponen-
tial scaling with svstem size of computational effort required for such simulations, it
is not feasible to perform exact calculations of the dynamics of tens or hundreds of

atoms. However, there are several key features of systems involving chromophores

embedded in cryogenic noble-gas hosts that can be exploited to develop a computa-
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tionally efficient, yet comprehensive approach to treating their dynamics. Ultrafast
experiments often drive a few high-frequency intramolecular degrees of freedom to
large-amplitude motion. The host lattice phonons can be disturbed from their equi-
librium configuration through coupling to either or both the nuclear or electronic
degrees of freedom of the directly-excited chromophore. The excitation of the chro-
mophore motion of interest has been seen to induce coherent motion in the host.
This necessitates an approximate theoretical treatment of the many-body dynamics
that can retain the quantum nature of both the chromophore and the host.

To this end we have developed a theory that treats the system exactly quan-
tum mechanically while the bath is treated semi-classically as a collection of multi-
dimensional Gaussian wave packets. This theory will enable us to simulate ultrafast
coherent spectroscopic signals from small molecules embedded in solid matrices.

This chapter includes several parts: the first section provides a short review
of the theory; in the second section, we point out a few clarifications of the theory: in
the third section, we implement the theory numerically on a simple test case of cou-
pled harmonic oscillators; in the fourth section, we calculate linear wave-packet in-
terferometry signals from several test cases using the fixed vibration basis/Gaussian

bath (FVB/GB) approach.

B Outline of FVB/GB

A comprehensive exposition of the FVB/GB theory has been given in the
previous chapter, but we shall summarize several of the key elements here. To
elucidate the treatment of small molecule dynamics via FVB/GB, we consider a
pair of coupled oscillators whose dynamics is governed by a well-defined vibrational

Hamiltonian. In the types of systems we will be treating with FVB/GB there is a
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significant time-scale separation between the characteristic frequencies of the oscil-
lators. Of particular interest are dihalogen vibrations in cryogenic rare-gas matrices,
molecular iodine embedded in Ar, for instance. The vibrational frequency of gas-
phase I, which is slightly blue-shifted from: the cryogenically isolated molecule, is
~ 215 em~! and the Debye frequency of solid Ar is 64 cm ™!, making this system a
suitable candidate for treatment using FVB/GB.

We proceed by identifying the mass-weighted normal coordinates and mo-
menta of the sample. We designate the mode with the largest component of the
intermolecular motion of interest (as well as the highest frequency) as the “sys-
tem” with coordinate ¢ and momentum p, while the other modes will constitute the
“bath” with a collective multidimensional coordinate ) and momentum P.

We consider a test case in which the bath is composed of a single low-
frequency oscillator. A high-frequency oscillator will comprise the system and will
represent a generalized chromophore motion of interest, such as those probed by
ultrafast coherent spectroscopies. In the general case of a large multi-dimensional
solid-phase bath whose frequency distribution forms a near-continuum. with an up-
per limit given by the Debye frequency of the lattice, the bath modes contribute to
decoherence of the chromophore vibration by modulating its energy level spacings,
thereby disrupting the delicate phase relations between the wave packet’s constituent
vibrational levels, and also induce vibrational relaxation in the chromophore by the
absorption and dissipation of vibrational quanta.'® While appeal to decoherence and
relaxation rates is not appropriate in our two-dimensional model, we can nonetheless
examine the svstem dynamics under the influence of the bath and vice versa.

Expressing the full nuclear Hamiltonian for a given electonic state, h, in

terms of the system and bath coordinates and momenta we have
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h:

+—+V(3.Q). (4.1)

ﬁz P2
2 2

We decompose the potential energy term into system and bath portions,
us(g¢) and ub(Q), respectively, and the interaction potential u(g, Q), and write the

Hamiltonian (4.1) as a sum:

h = he (4,9) + hy (Q 13) .y (q Q) . (4.2)

Since the partitioning of the system and bath is based on the normal modes of the
sample, the bilinear coupling terms vanish by definition, leaving the lowest-order
contribution to u at third order (i.e. consisting of terms proportional to QZQ and
(]QQ). In the calculations presented below, however, we will nevertheless adopt a
bilinear form for the coupling (u x ¢@) in order to frame a simple, exactly soluble
model problem on which to test the FVB/GB theory.

Our treatnent begins by finding the vibrational cigenstates at a fixed refer-
ence configuration of the bath, sav ) = 0. An arbitrary time-dependent nuclear ket

of the sample can then be written as a sum of tensor product states,

W@y =) ) [ T@®) =) W) . (4.3)

where the |v) are fixed vibrational states obeying hg |v) = ¢, |v), and the |v,) =
(v | U are time-dependent bath wave packets accompanying each system vibrational
eigenstate. The time-evolution of the total wave function (4.3) is governed by the
time-dependent Schrodinger equation,

0

i W (1)) = RIY (1)) (4.4)



54

(h = 1 throughout). Using Eqns. (4.2) and (4.3), and projecting onto state |v), we

get the exact equation of motion for the bath wave packet,

2% [v, (1)) = (g0 + by + w) [0, (1)) + Z Ui [0y (1)) (4.5)
AU
where 1,5 = w,0(Q) = (V| u(g§, Q) |7).

The molecular systems studied in the experiments we will be simulating con-
sist of low-temperature solids containing isolated chromophores that are externally
driven to large-amplitude motion within an extended bath. The bath itself may be
disturbed from its equilibrium configuration either through Franck-Condon active
bath modes or through nuclear coupling to the system. While some of the bath
nuclei may undergo large-amplitude displacements, the motion of any single atom
does not greatly contribute to the overall displacement of any single bath mode.
Given this fact, along with the absence of thermal population at low temperatures,
it is appropriate to assume that the bath wave packet never varies greatly from its
ground-state wave function. We therefore make a Gaussian ansatz for the form of

the distinct bath wave packets accompanying each vibrational level:
(Q | ¥,) = exp [7(@ — Q)" (Q=Q)+iPT(Q-Q,) + 7'7,,} . (4.6)

The explicit time-dependence is carried by the v-indexed quantities, all of which are
scalars in the present case of a one-dimensional bath. The momentum expectation
value is given by P, = (y,|P|t,)/ (1, |i,) while the wave packet’s spatial center is
Q, = <'U9,,|@|U),,) /(¥ |1,). The imaginary part of the complex scalar o, = o/, + i,
indicates the bath wave packet’s spatial width, while its real part is related to the

position-momentum correlation. The imaginary part of ~, is related to the popu-
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lation of the v* vibrational level, (1, |v,) = e *\/m/a’, and its real part gives
the phase of the wave function. In the case of a multidimensional bath. o, would
become a matrix quantity and P, and @, would become vectors while ~, would
remain a scalar. In order for the wave packets to retain their Gaussian form while
propagating in an arbitrary potential that may contain anharmonicities, as will be
considered in future studies, we would enforce a locally quadratic approximation to
the Hamiltonian'* wherein the bath-coordinate-dependent quantities are expanded
through second order in @ — @,. To obtain equations of motion for the bath wave
packet parameters accompanying the v** vibrational level we must express the sum-
mand in Eqn. (4.5) in terms of [, (t)). rather than|wy(¢)), which can be done by
writing
(@] ¥s)

(Qlus(Q) |p) = UJ/D(Q)W Q) . (4.7)

In order to remain consistent with the locally quadratic approximation, and as an

(Qlvw)
Q)

algebraic convenience, it is necessary to expand the quantity u,;(Q) through
second order in Q — Q,. This approximation is justified insofar as we anticipate the
bath wave packets accompanying different vibrational levels will not differ greatly
from one another, so that the ratio (Q|vs)/(Q|v,) does not differ greatly a constant
value.

Our approach grants us access to information that is not available when us-
ing a reduced density matrix treatment of a coupled system and bath. In particular
we are able to ascertain detailed information about states of the bath that are as-
sociated with different system vibrational levels, such as ), and P,, among others.
The reduced density matrix of the system, ps = Tryo, is found by taking the trace

over the bath degrees of freedom of the full density matrix, o = |¥)(¥|. Likewise

the reduced density matrix of the bath, p, can be found by tracing over the sys-



o6

tem degrees of freedom. Expectation values of a general bath observable, O, can
then be found using (0,) = Tr(p,Oy). In this formalism we can find system and
bath quantities such as (§). and (Q), but there is no system- or bath-only operator
whose expectation value yields @, = (¥|(|v)(v|Q)|¥), or any other v-indexed bath

quantity, thus making such information inaccessible in the reduced density matrix

approach.

B.1  Accuracy and Precision Considerations

Successful integration of the bath wave packet parameters requires a suffi-
ciently accurate numerical integration routine. We applied several techniques and
found a 4%* order Runge-Kutta method with a fixed time step to be sufficient for our
purposes. Although other methods including using a variable time step were com-
putationally less expensive, they led to accumulation of numerical error in advance
of a breakdown of the FVB/GB. Additional computational details can be found in

Appendix D.

B.2  Comparison of Exact Parameter Fvaluation with FVB/GB

A Gaussian wave packet propagating in a quadratic potential will remain
Gaussian, and the semi-classical equations of motion derived by Heller'* become
exact. The accuracy of the propagation relies on the validity of the LQA which
is compromised with the onset of potential anharmonicity and can become inexact
rapidly when considering vibrations of diatomic molecules such as I5. As such we
seek to compare our results with numerically exact solutions to the time-dependent
wave packet parameters calculated via a method that could, in principle, include

anharmonicities without resorting to approximations such as the locally quadratic
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approximation. While our test case consists of a composite system whose dynam-
ics can be exactly described using Gaussian wave packets evolving in a quadratic
potential, we seek a comparison with a more general approach. In carrying out
this comparison we construct and diagonalize the matrix representation of the 2-D

Hamiltonian:
At A 1 AT ~ 1 AT ~ ! ~
h=w(dla+ )+ (ATA+ 2]+ +a.)(AT+A) (4.8)

where a and A are the creation and annihilation operators corresponding to a Hamil-
tonian with no displacements in the system or bath equilibrium positions and non-

zero system-bath coupling. The matrix elements of (4.8) are

hm?'nﬁ - 61/,17071,7_ [(V + % + (’ﬂ + %)]

) (4.9)
"‘J [ 12 (61/.17—1-1 V U+ 1 + 61/,17—1\/;) + \/;ﬁ (6“:»7,‘4_1\/7_1 + 1 + 6-71“77_1\/5)] .

In truncating the basis of h we consider only combinations of system and bath states
that fall below an upper limit on the vibrational energy in the composite system-
plus-bath. The eigenvectors of h are sums of tensor products of system and bath

states
hiky =cxlk) =D W) i) (4.10)

where ¢t} = (v (n | k). Our initial wave function (4.26) can be written in terms of

the eigenvectors of h:

I\I/(t = O)> = ZC,,C,(/}B)*

vk

k) (4.11)
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and the wave function (4.11) can be readily propagated given the exact eigen-energies

of each state |k),

W) =D e oy k) (4.12)

vk

To compare the dynamics simulated via FVB/GB treatment with the numerically
exact results we need expressions for the FVB/GB wave-packet parameters in terms
of exactly calculable observables. The average values of the position and momentum

for the various bath wave packets can be written:
<L/I/|QA|UJI/> = Qu{¥]v)) (4.13)

(| Pl = Po(wnlwn) (4.14)

The quantities (), and P, along with the vibrational populations are found using
FVB/GB while the matrix elements of bath operators can be obtained from the
numerically exact calculation. The parameter a/, can be related to the RMS width

of the " bath packet:

WA 20 i 1O2 |
AQ:]:W”“Q Q.) |zf/u>:,¢m_@z<w> )

(Vo) (Y |1/),/>

The second moment of the bath coordinate is

<'¢'1/|Q2|wl/> _ ( 1 +Qu2> 7 (416)

(i [t,) 4al!

whence we see that;

-1

1wl (<wu|@|wu>)2 | (417

1
vy (i |h,) (U |9h,)



The imaginary part of v, can be found through its relation to the population of the

v vibrational state:

o m
(P, |hy) = exp [—2+]] 5o (4.18)
The real part of alpha can be found by considering the quantity:
(w, (QP + PQ) i)
= 2 -2P0, . (4.19)

(W |thy) &y,

B.3 Are the Bath Wave Packets Strictly Gaussian?

By expanding the composite state ket in the system vibrational basis and
assuming a Gaussian form for the accompanying bath wave packets we place a phys-
ically unjustified restriction on the wave function in the name of functional utility
in the hopes that any inaccuracies will be small compared to the wide applicability
of the theory. We approximate the superposition of bath states accompanying any
given vibrational state as having a Gaussian spatial probability distribution. It can
be shown that the bath wave packet accompanying the v = 0 vibrational level is
indeed Gaussian for coupled harmonic oscillators, while those accompanying higher
levels are products polynomials in ¢ and a Gaussian wave packet.

A composite system-bath Gaussian wave packet can be written:

(Q|V) = eXp[—leQ ~ g + €3gQ + cag + 5 Q + cg) (4.20)

where ¢; is a time-dependent parameter and is determined by the system and bath
frequencies and displacements. This wave function can be expanded in a vibrational

basis according to Eqn. (4.3). The vibrational basis states in this case are harmonic
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oscillator eigenfunctions,

3

2]/1/!77'1/2

(alv) = eI, (Bg) (4.21)

where 3 = \/w, and H,(x) is the v Hermite polynomial. The bath wave packets

can be written:

o

Q) = / dg(vlg) (a)(QIY)

—2C
o

x / dqH,(3q) explc1Q® + c2q® + c3q@ + caq + ¢sQ +cg] . (4.22)

—0C

Using Eqns. (4.21) and (4.22), the bath wave packet accompanying the | = 0) state

18

oG
(Qvn) x e~ 1@ Hes Qo /dqe—F2(72+czan
-G
x 16‘01Q2+65Q+CG6(03Q+C4)2/402 (4‘23)
Co

whose form is Guassian. For the bath packet accompanying |v = 1) , though, we

have

oo
(Q|U’1> ox 6—01Q2+05Q+CG / dg qe—czq2+03QQ

e

x e—ClQ2+C5Q+Cee(C3Q+C4)2/4C2 (CgQ + 04) . (424)

which is no longer Gaussian. Continuing the analysis, one finds that the hath wave

packets accompanying higher lying vibrational levels consist of Gaussians multiplied
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by consecutively higher-order polynomials in Q.

The degree to which the rigorous bath wave packets deviate from a Gaussian
form depends on the preparation of the initial state [¥). In the types of experiments
we are interested in simulating the composite state, prior to excitation by short
laser pulses, is a product of the ground vibrational states. FExcitation by pulses
whose duration is much shorter than any relevant vibrational time scale renders the

resultant state nearly Gaussian and consequently accurately modeled by FVB/GB.

C Bilinearly Coupled Harmonic Oscillators

C.1 Test System

To test the efficacy of the FVB/GB treatment of vibrational dynamics on a
system amenable to exact treatment, we consider two bilinearly coupled harmonic
oscillators between which bilinear coupling remains, i.e. a normal coordinate anal-
vsis is not carried out. In future applications we shall retain all anharmonicities,
as well as eliminate bilinear couplings by carrying out a normal mode analysis on a
multidimensional composite system-plus-bath. In a realistic molecular sample the
system and bath, both of which may contain multiple modes, are coupled through
indeterminant order. making an exact calculation of the dynamics unfeasible. By
considering a case whose dynamics is tractable we are able to effectively gauge the
accuracy of our equations of motion which will serve as a basis for confidence in ap-
plying the FVB/GB treatment to samples whose rigorous dynamics are intractable.
These test calculations will also provide a sense of what will be required computa-

tionally to treat larger multi-dimensional molecular systems.
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Our test Hamiltonian is:

42 PE 02
W ) Y4

2 P
h= % n (Q@-Q)+J(g—q)(Q-Q.) , (4.25)

with equilibrium positions of the system, ¢., and the bath, Q.. We set w = 1,
2 = 1/2, and will consider two different coupling strengths, J = 0.001 and J = 0.05.
We take our initial wave function to be a product of the system- and bath-only
ground states, displaced along the system coordinate by an amount equivalent to

the width of the packet in the system coordinate:

[T(t=0)) =D@)|v=0)|n=0=> c|)n=0) . (4.26)
v

where hy, [n) = ¢, |n), and D(J) = e~ This displacement increases amplitude in
bath wave packets accompanying higher lying system vibrational levels and can alter
their phases by a factor of 7, depending on the sign of §, while leaving their widths,
spatial centers, and momenta identical to those of |1)). The system-bath coupling
is then turned on and the displaced wave function (4.26) is allowed to evolve in this
modified potential.

The changes in population induced by displacement along the system coordi-
nate occurs much in the same way as an electronic transition induced by a laser pulse
whose duration is short enough to obey the Franck-Condon approximation induces
changes in population of the relevant electronic states without altering the shape
of the nuclear probability density distribution. In the situation being considered
the analogous nuclear potential accompanying the ground electronic state would be
that of an uncoupled system and bath with the ground state |v = 0)|n = 0), and

potential minimum set to (¢g. = 0, Q. = 0). The nuclear potential in the excited
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electronic state would have a non-zero coupling along with a negative displacement
of the system’s equilibrium position. After a vertical electronic excitation of the
ground state wave function to the excited electronic state it is allowed to propagate

under the excited state nuclear Hamiltonian.

P W ) o2,
he ==+ —(q — q. — 4 — J(g—q.)Q . 4.27
=Gt 5 5@ I -e)w (4.27)
with g. = —1. The propagated time-dependent wave function is expanded in the

basis of the ground electronic state vibrational levels, [¥) = > |v)|v¥,), where

3

hy vy =€, |v).

D Observables and Parameters

D.1  Weak Coupling

To quantify the comparison between FVB/GB propagation and the exact
results we consider the time dependent wave packet parameters and several observ-
ables. First we consider the weak-coupling case with J = 0.001. A plot of the spatial
centers of several wave packets is shown in Figure 4.1.

We find that the FVB/GB treatment reproduces the exact results quantita-
tively, in this case, and does so for many system vibrational periods. The FVB/GB
and numerically exact results for parameters in the weak coupling case are overlain
in the plots giving the appearance of a single trace. The periodicity exhibited arises
from the natural high- and low-frequencies of the composite system, i.e. the fre-
quencies of the coupled two-oscillator composite system whose normal modes have
frequencies w and 2, respectively. The momentum of each wave packet exhibits

similar features and is shown in Figure 4.2.
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Figure 4.1: A plot of the spatial centers of the bath wave packets accompanving the
2

v = 0 (top). v

(center).

and v

(bottoin) vibrational levels versus time (in

units of the high-frequency normal coordinate’s vibrational period. 75 calculated using

the FVB/GDB approach and numericallv exact iethods in the weak coupling case. Initial
conditions are presented in Section D1

The width parameters for the same vibrational levels are plotted in Figure

4.3. We sec significant deviations in the width of each packet that exhibits an

mverse relationship with the population of the vibrational level with which the

packet is associated.

These variations suggest that it would be inappropriate to

make any finther asstunptions concerning their evolution bevoud a locally quachatic

approximation, such as is done when employing frozen, or fixed-width

, Gaussians.

The populations of several vibrational levels are shown iy Figure 4.1.

Noticeable fluctuations in the population are seen as it is transfared between

acdjacent vibrational levels v and 7 = v £ 1 While the total population is not con-

served as described in Section D.5 it fluctuates ouly slightly about its initial value

of (V|¥) =
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Figure 4.2: A plot of the momentum expectation values of the hath wave packets
accompanving the v = 0 (top) v = 2 (conter). and v = 4 (bottomn) vibrational levels
calculated using the FVB/GB approach and nunerically exact methods.
D.2  Moderate Coupling

When the coupling constant is increased to J = 0.05 and the svstem is oth-
erwise prepared iu the same manuer as the weak-coupling case the FVB/GDB can
be seen to break down after several intrainolecular vibrations. Figure 1.5 shows the
spatial centers of the v = 0,2, 1 bath packets. The FVB/GB paramcter propaga-
tion starts to show significant deviations from the exactly calculated values after
approximately 7o = 20 for v = 2,1. while remaining stable for v = 0. The break-
down occurs at slightly shorter times for the higher-lving v = 4 packet than it does
for the v = 2 packet. The same trend is exhibited for the momenta (Figure 4.6).
width parameters (Figwre 4.7). and populations (Figure 1.8). While no plots are
shown for neither aj, nor 4. they exhibit the same trends as the other parameters

in both the weak- and moderate-coupling cases.
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Figure 4.4: Populations of the vibrational levels v = 0 (top). v = 2 (cenuter). and v = 4
{bottom). calculated using the FVB/GDB approach and numerically exact methods.
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Figure 4.5: A plot of the spatial centers of the bath wave packets accompany the v =
(top). v = 2 (center). and v = 4 (bottom) vibrational levels calculated using the FVB/GB
approach and numerically exact methods.
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Figure 4.6: A plot of the momentum expectation values of the bath wave packets
accompany the v = 0 (top). v = 2 (center). and v = 4 (bottow) vibrational levels
calculated using the FVB/GB approach and nuniericallv exact methods.
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Figure 4.7: A plot of the width parameter ) of the bath wave packets accompauy the
v =0 (top). ¥ = 2 (center). and v = 4 (bottom) vibrational levels calculated using the
FVB/GB approach and munerically exact methods.
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D.8  Fidelity

A mecasure of the accuracy of the FVB/GB propagation can be found in the

fidelity, defined as
W, |w,)]
\/<U~)u |7/~)1/> <’(/),, |1[7,/>

Jv = (1.28)

where

¥,) is the bath wave packet whose paramcters have been caleulated exactly.

The fidelity can take values from 0 to 1, plots of which are shown in Figure 4.9

for the weak coupling case and Figwe 4.10 for the strong coupling case. As
1 T T T !
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Figure 4.9: A plot of the fidelity of the v = 0 (top). v = 2 (center). and v = 4 (bottom)
vibrational levels caleulated using the FVB/GB approach and numerically exact methods.

Figure 4.9 illustrates the FVB/GB reproduces the exact bath wave packet nearly
quantitatively, the fidelity taking values as small as f, < 2 x 107 “for v = 0.
increasing to f, < 8 x 107° for v = 1 . and incrcasing further as the vibrational

quantum number approaches the edge of the truncated basis. As shown in Figure
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Figure 4.10: A plot of the fidelity of the v = 0 (top). v = 2 (center). and v = 4 (bottom)
vibrational levels calculated using the FVB/GB approach and numerically exact methods.
1.10 it is imediately evident that the accuracy of the FVIB/GB is compromised by
stronger system-hath coupling. Ininereasiug the coupling by 1.5 orders of mmagnitude

the fidelity drops to f, < 0.98 for v = 0 . and f, < 0.8 for v = 1.

D.J  Numerical vs. Theoretical Breakdoun

As mentioned above Figures 1.5 — 4.8 illustrate a departwre of the FVB/GB
propagation from the exact results at approximately 20 svstem vibrational periods
for some of the bath packets i the moderate-coupliug case. To determine whether
this disagrecment is munerical in nature or if it arises as a result of the approximate
nature of our theory we investigated the necessary computational effort required to
achieve munerical convergence. Using several propagation methods we found that

even after the FVB/GB results were converged disagreement with the exact results
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still manifested themselves, setting an upper limit on the amount of time during
which meaningful results can be derived from our theory. Nevertheless the stability
of FVB/GB propagation should not pose a significant problem in the simulation
of ultrafast spectroscopic signals whose decay time is determined by short-lived
electronic coherences such as pump-probe and WPI. These electronic coherences
are especially sensitive to the environment in the condensed phase and last for only
hundreds of femtoseconds. long enough for a molecule such as I; in Ar to undergo
a few intramolecular vibrations. Our ability to investigate processes that occur on
time scales that are long relative to nuclear motion, such as vibrational dephasing
and vibrational relaxation, may be hindered by this upper limit. The vibrational
coherence of I, (X-state) in Kr, as measured by time-resolved coherent Anti-Stokes
Raman scattering spectroscopy, can last for as long as 110 ps during which time the

iodine molecule undergoes hundreds of intramolecular vibrations.

D.5 Population Nonconservation

The time derivative of total population is
d ; Wl
See) =3 (Gl ) + (wldn)). (4.29)
The evolution of the bath wave packets is governed by Eqn. (4.5), whence we see

% (1) — i S el ) — (0w [0} (430)

v by

The system-bath interaction potential u(g, Q) is Hermitian, so the time derivative
of Eqn. (4.30) is identically zero. The exact temporal evolution of the bath wave

packets preserves the squared norm, however, in the FVB/GB treatment, norm
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preservation becomes approximate. To see this, let
rup = 2Im (¢ | uyp |05) . (4.31)

The time derivative of total population is

o= S vy = Y e =Y bl (43)

v Dty 1787

where Z' denotes a sum over pairs of vibrational levels for v < . r,; is an-
tisymmetric, which guarantees the conservation of the total population. In the
FVB/GB theory, the antisymmetry of 7., is compromised because 7., and 5,
are subject to slightly different approximations. As a result, (r,; + r5,) need not
vanish exactly, and the norm conservation becomes approximate. This occurs be-

cause, as mentioned previously, in calculating r,, = 2Im (¥, | 1,5(Q) |¥5), we write

(Q|uwp(Q) |15) = 1,5(Q) Eglfui (@ | ¥,,) and expand u,,,;(Q)% about @, through

second order in @ — @), so that (@ | v,) will retain its Gaussian form. On the other

hand, 75, = 2Im (V5| up, (@) |¢y) is evaluated by expanding uz,(Q)) Eg::;”i about )y,
through second order in () — (5. This treatment makes r,; # —7z,, and therefore
total population is not exactly conserved in such calculations. Nonetheless, this ap-
proximation is acceptable to some extent. When @, and J; are widely separated,
(Q ] ¥,) and (Q | w5) are spatially non-overlapping. In this limit,r,; = 0, so that
the rate of transfer of population between states v and ¥ is negligible, and these
transitions do nothing to undermine norm conservation . When @), = ()5, the ap-

proximations made in expanding 7,; and r3, very much the same. In this case, 1.,

becomes more nearly antisymmetric and population is approximately conserved.



74

D.6  Symmetry of a,

In the case being considered the one dimensional bath lends itself to a com-
plex scalar a, = o/, +ial. The real part describes the correlation between position
and momentum while the imaginary part determines the spatial width of the packet.
Its time evolution is governed by coupled equations given in Appendix B. For a mul-
tidimensional bath a, is a matrix and the time derivative of neither o/, nor o/, as
previously published,!® are symmetric, and therefore the symmetry of a, itself will
be undermined during spatio-temporal evolution. While performing numerical tests
using a multi-dimensional bath, the non-symmetry of o/, and a] caused the determi-
nants of these matrices to approach zero, making the computation of their inverses
difficult. To avoid unnecessary numerical difficulty, o/, and o/ were adjusted to be
symmetric, and are presented in Appendix B. In generalizing from a one-dimensional

bath to one containing many bath modes, parameter equations of motion of the form

Q%6 = Q%0 (4.33)

are changed to

Q"6 Q=Q"-3-Q (4.34)

where o can be the scalar (one-dimensional bath, Eqn. (4.33)) or matrix (multi-
dimensional bath, Eqn. (4.33)) representation of either ¢/, or o/, and 7 is a real
scalar in Eqn. (4.33) and a real matrix in Eqn. (4.34). According to Eqn. (4.33)
& = 3, but the same is not true for Eqn. (4.34). In the latter case we symmetrize

the time-derivative of a by setting & = (3 + 3%). Note that this correction does

1
2

not change the value of any calculated observables. In Eqn. (4.34) & and [ have the
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same diagonal elements,

1 :
By = 5Bis + 8 5y); (4.35)

and they have different off-diagonal clements, but the sunis of transposed elements

are the same.

1 1
Bk + Brj = i(ﬁjk +87) + 5(/ k57 1) (4.36)

No single off-diagonal clement has any phvsical implication. but the diagonal el-
ements and the sums of matched off-diagonal elements do have genuine physical
significance. Recall our Gaussian ansatz, Eqn. (4.6), the quadratic part of which

can be written

exp [i(Q = Q)" au - (Q- Q)] =

o { ST@ - Q) () +i 3@ = Q) (@) + ()] - (@ = Q)

! l<m

(4.37)

The symmetrization of ¢, does not alter the diagonal elements or sums of transposed
off-diagonal elements from the non-symmetrized expressions, thus the bath wave

packets retain their form.

E Wave Packet Interferometry using FVB/GB

E.1  Linear Wave Packet Interferometry Signal

To illustrate how the FVB/GB can be used to simulate ultrafast spectroscopic
signals we consider linear wave packet interferometry (WPI). Linear WPI involves
a pair of laser pulses impinging on a molecular system, each of which transfers

population to an excited electronic state. The resultant calculated signal from a
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linear WPI experiment is proportional to this population that is linear in each of

the fields,
S(t) = ((2)el(L)e) (4.38)

where |(j).) is the wave packet created on the excited electronic state by the ;%

pulse. The first pulse creates a wave packet on the excited electronic surface with the
phase imprint of the pulse. During the variable interpulse delay to; = t,—t; the wave
packet evolves according to the excited state Hamiltonian. At ¢y the second pulse
arrives and creates another wave packet on the excited surface that can interfere
with the first. If the inter-pulse delay is such that the first wave packet has returned
to the point at which it was launched at the time the second pulse arrives, the
interference can, depending on the relative phase between the two pulses, ¢, be
constructive (¢ = 0) or destructive (¢ = 7). The signal (4.38) goes through maxima
when the interference is fully constructive, leading to an enhancement of the excited
state population. and minima when the interference is destructive.

We can calculate a signal by taking the product of the linear absorption
spectrum with the double pulse spectrum. The intensity of the linear absorption

spectrum arising from a system residing in a state |e)|N') can be written:

I(w) =) lieg(MIN)P6(w — wizy) (4.39)

M

where wyzy = (B — En)/h, teg = (€|12]g) is the dipole operator element connecting

M) is a

the ground and excited electronic state in the dipole approximation, and
vibrational eigenstate of the excited electronic state. It is also possible to express
the absorption spectrum in terms of an inverse Fourier transform of the overlap

of an initial wave function with one that is propagating under the excited state
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Hamiltonian h,:1®
9 o
1) =2 [ @ @l o)) (140

which can be written as a sum of integrals over negative and positive time. In the
integral ranging from —oc to 0 we make the variable change dt’ = —dt, and exchange
the limits of integration leading to an expression for the real-valued absorption

spectrum:

) = 2Rel [ dt (p(0) e et fu o). (1.41)

This approach is more readily suited for calculating the absorption spectrum of
large, multidimensional systems where explicit determination of the eigenstates and
corresponding energies is an unfeasible task, as is the case with the types of svstems
we will be considering in the near future. The time-dependent wave packets in
Equ. (4.40) can be propagated using any number of methods, including FVB/GB,
and the integral (4.41) can be calculated, allowing for a simulation of the WPI signal

as a function of the interpulse delay and relative phase, ¢,
S(At, 0) = ... (4.42)

Below we consider several excited state Hamiltonians and present their absorption

spectra and the resulting WPI signals.

E.2 Case A

The first case we consider entails a displacement of the equilibrium position

of the system, ¢., in the excited state while the equilibrium configuration of the bath
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and the coupling are both set to 0 in the ground and excited state. The relevant
Hamiltonians are

¢ 0
hy ==+ —¢+ =+ —=—Q (4.43)

and

TR L0 (4.44)

with g, set such that it coincides with the classical inner turning point of the v = 1
vibrational state. We set w = 1 and = 1/3. A positive value of ¢, introduces
a non-zero initial value of +/,. Contour plots of the potentials are shown in Figure
4.11. The resulting absorption spectrum calculated using Eqns. {4.39) and (4.40)

are plotted in Figure 4.12. The frequency resolution of the FVB/GB spectrum

Q* (Q)‘I/Z

Figure 4.11: Case A: Contours of the nuclear potentials accompanying the ground
and excited electronic states of two uncoupled harmonic oscillators. The ground state
equilibrium configuration is centered at (0,0) while that of the excited state is at (v/3,0)

is limited by the amount of time that the bath wave packets can be propagated
while still remaining realistic. at least for the vibrational levels with significant pop-
ulation, whose relative contribution to (W(0)|W(t)) is greater than those with very

little population. For the case of no system-bath coupling the FVB/GB becomes
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Figure 4.12: The lincar absorption spectrum of two uncoupled harmonic oscillators.
correspouding to case A presented in the text. Ouly the systewn is Franck-Condon active.
leading to the cveuly spaced lines with separation of hr. The absorption maxima is
centered around the v =0 to v/ = | transition.

exact and thus remains theoreticallyv stable. enabling an accurate calculation of the
linear absorption spectrum. Only svstem transitions are involved in the peaks in
Figure 4.12 since no bath motion is induced by the svstem vibration in the ex-
cited electronic state. and hence the bath contribution to the overlap (U(0)[¥(¢)) in
Eqn. (1.40) remains constant. The FVI3/GB accwrately predicts the overall shape

of the spectrun as well as the peak spacing. A maximum occwrs at 2ny = 1 arising

from the |v = 0)|n = 0) — | = 1)|n = 0) trausition, consistent with the chosen
alue of g.. The small width in the FVB/GI peaks arises from artificiallv setting the
upper limit of integration in (4.41) to a finite value. When there is no system-bath
coupling in the excited electronic state the propagation becomes munerically exact
and remains munerically stable for many hundreds of vibrational periods. resulting
in minimal peak widths, For subsequent cases with nonzero coupling the FVB/GB
breaks down theoretically. which requires the introduction of a phenomenological
exponential decav of (W(0)[W¥(¢)) such that this overlap goes to zero before insta-

bility sets in. This decay miniics electronic dephasing and ensures the absorption




80

spectra are caleulated using only numnericallv and theovetically meaningful results.
in these cases the peak widths are slightly more exagerated.
The linear WPI signal is plotted in Figure 4.13 as a function of interpulse

delay and relative phase. For this and subsequent cases preseuted below. all pulses

2n

3n/2

Relative phase / radians
=

/2

0 1 2 3 4 5
Time delay / 14

Figure 4.13: The linear WPT signal for two uncoupled harmonic oscillators with fre-
(quencies w = 1, and 0 = 1/3. plotted as a function of the interpulse delay (units of svstem
vibrational period. ) and rclative phase.

have Gaussian tewporal envelopes with durations o = 0.27,. where 74 is the period
of the tncoupled system vibration. and the carvier frequencies arve resonant with the

lv=0)n=0) — | =1)

n = () transition. The interpulse delay is varied from 0
to 675. while the relative phase is varied from 0 to 27, Maxima in the signal can be
seen for delav and phase combinations that lead to maximal overlap of the fringe
pattern in the pulse intensity profile and the absorption spectra.

At 37¢ the svstenn wave packet and all of the hath wave packets accompanving

various vibrational levels have retuwrned to the point in phase space at which thev
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were placed by the action of the first pulse. When the second pulse acts on the wave-
packets with a relative phase ¢ = 0. they interfere constructively. As the phase is
varied for this pulse delay we see complete destructive interference at @ = 7, where
the phase imprint from the first pulse is completely out of phase with that from the

second pulse.

8 Case B

The second case involves a identical values of g, and . as in the previous
case, only now we set the system-bath coupling constant to J = 0.05. The ground
state Hamiltonian is the same as Eqn. (4.43) but the excited state Hamiltonian
takes the same form as Eqn. (4.27). The potentials are similar to those used in
Section C.1, but differ in the sign and magnitude of ¢, and 2. Figure 4.14 shows

isoenergy contours of the potentials. The nonzero coupling in the excited electronic

Q@

Figure 4.14: Case B: Contours of the nuclear potentials accompanying the ground and
excited electronic states of two bilinearly coupled (J = 0.05) harmonic oscillators, The
ground state equilibrium configuration is centered at (0.0) while that of the excited state

is at (v/3,0).

state causes the bath to become Franck-Condon active, giving rise to peaks in the

absorption spectrum that involve concerted absorption by both the system and bath.
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Figure 4.15: The lincar absorption spectrum of two coupled harmonic oscillators. cor-
responding to case I3 presented in the text. The svstemn coordinate is displaced relative to
the ground electronic state equilibrium configuration. The bath is undisplaced. Both the
svstem and bath are Franck-Condon due to nonzero coupling. The absorption maxima is
00) to [10) transition.
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Figure 4.16: Tle linear WPI signal for two bilinearly coupled (J=0.05) harmonic
oscillators with frequencies w = 1, and © = 1/3, plotted as a function of the niterpulse
delay (units of systein vibrational period. 75) and relative phase.
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For example we should expect to see a peak corresponding to the |g)|v = 0)|n =
0) — le)|lv = 1)|n = 1) transition. Figure 4.15 shows the absorption spectrum
calculated using both Eqns. (4.39) and (4.40). In both cases peaks that involve
system and bath absorption are present. The linear WPI signal for this case is
plotted in Figure 4.16 . The spectrum shares similarities with the spectrum of case

A; the introduction of coupling does little to change the spectra.

E.j Case C

The third case to consider involves the same hy as in cases A and B, but now
both the system and bath equilibrium positions are displaced in h.. The system
potential in the excited electronic state is translated relative to the ground state
potential by an amount 8¢ = /3 so that the minima of the excited state potential
is at the outer turning point of the |¢g)|v = 1) level. The bath is also displaced by
6Q) = v/3 which corresponds to the outer turning point of the |g)|n = 0) level. The
system and bath are uncoupled in case C in both the ground and excited electronic
states. The potentials involved are shown in Figure 4.17. The displacement in the
bath equilibrium position in the excited state leads to a significant increase in the
intensity of the bath absorption peaks, as seen in Figure 4.18. The calculated linear
WPI signal is shown in Figure 4.19. While the periodicity of general intensity fringes
is the same as in Figure 4.13 and Figure 4.16, much of the contrast in intensitv has
been decreased relative to cases A and B. The presence of strong bath absorption
peaks excludes the possibility of completely destructive interference for many of the

delay and phase combinations that led to the minima in cases A and B.
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Figure 4.17: Case (% Contours of the nuclear potentials accompanying the ground
and oxcited electronic states of two uncoupled harmonic oscillators. The ground state
equilibrivun configuration is centered at (0,0) while that of the excited state is at (\/5 \/§)
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Figure 4.18: The luear absorption spectrum of two uncoupled harmonic oscillators.
corresponding to case ' presented in the text. Both the svstem and bath coordinates are
displaced relative to their gronnd electronic state equilibrium configurations.
E.5 Case D

[u addition to displacements in the svstem and bath potential in the excited
state relative to the ground state. case D involves an excited state bilinear coupling

J = 0.05. The displaccments ave. as in case C. dg = V3 and 0Q = /3. The system

and bath remain uncoupled in the ground state. The relevant potentials are shown
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Figure 4.19: The lincar WPI signal for two uncoupled harmonic oscillators with fre-
quencies w = 1, and Q = 1/3. plotted as a function of the interpulse delay (units of svstem
vibrational period. 74) and relative phase. Both the systeimn and bath coordinates are dis-
placed relative to their ground electronic state cquilibrium configurations, in accord with
the paramcters for case ¢ presented in the text.

i Figure 1.20.  The absorption spectium shown in Figwre 1.21 is similar to that
of case C but differs in the relative intensities of the peaks. This difference is due
to the nonzero coupling in the excited state which has the effect of increasing or
decreasing Franck-Condon factors. Figure 4.22 shows the calculated WTT signal for
case D. As in Figure 1.19 contrast in the intensity is decreased relative to cases A

and B for reasons stated in Seetion E.A.

E.G Comparison of Cases A & B and C & D
The effect of coupling on the absorption spectra of two otherwise similar
molecular svstems can be addressed analytically in the case of coupled harmonic

oscillators. The excited state Hamiltonians for cases A and B differ onlv in that
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Figure 4.20: Case D: Coutowrs of the nuclear potentials accompanving the ground
and excited clectronic states of two bilincarly coupled (J=0.05) harmonic oscillators. The
ground state equilibrivn configuration is centered at (0.0) while that of the excited state

Is at (\/5\/3)
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Figure 4.21: The linear absorption spectrum of two coupled harmonic oscillators.
corresponding to case I presceuted in the text. Both the system and bath coordinates
are displaced relative to their ground electronic state equilibrium configurations. and are
Franck-Condon active with contributions from the nonzero coupling and displaccinents.

J = 0 in casc A. while J = 0.05 in case B. the same is true for cases ' and D.

The excited state potential displacements in the svstenm and bath are equivalent

in each set of cases. The difference in peak intensities for a given transition in

the presence and absence of coupling is related to the difference in Franck-Condon
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Figure 4.22: The linear WTT signal for two coupled (J=0.05) harmouic oscillators with
frequencies w = 1, and = 1/3, plotted as a function of the interpulse delay (units of
svsten vibrational period. 74) and relative phase. Both the system and bath coordinates
are displaced relative to their ground electronic state equilibrium configurations, in accord
with the parameters for case D presented in the text.

__ __ Ay | A AN = g _
factors. |(00|77) 4| = [(00|77) g|. wheve b |pR) , = (s 4 ) |) , for case A with
corresponding expressions for the other cases. and [00) is the ground vibrational
state of Ay in Eqn. (4.43). The cigenstates of the excited Hamiltonians ave related

to those of the ground state thirough combinations of squeezing. (). 8). rotation.

R(8). and displacement operators. Dy(6) and D,(4).

a(n.0) = exp [(Lcos?d + “sin’6) (alal — aa) + (Lsin®f + Lcos?d) (ATAT — AA)

+ (1 = 1pp) cos Osin 0 K\/% + \/%_> (alAT - a/l) + <\/g - \/g> (aTA - a/l'i')H

(1.15)
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R(0) = exp [g { ( % - \/9 (aT AT — ad) + (\/g - \/9 (aAT —atA) H

(4.46)
D, (8) = exp [—ipd] (4.47)
Dy(8) = exp[—i P4, (4.48)

where 7); is the squeezing parameter for the system (j=1) or bath (j=2), 6 is the
angle of relative rotation between the principle axes in the uncoupled and coupled
scenarios, a (A) and a' (A') are the annihilation and creation operators for the
uncoupled eigenstates of the system (bath) Hamiltonian. The parameters n; and ¢
are determined by the coupling constant J. Both & and R operate on the system
and the bath, while D, (D,) acts only on the system (bath). The eigenstates of the

various coupled Hamiltonians can be written:

(4.49)

The omitted arguments for the operators are the same for all cases in which they
appear.

Figure 4.23 and Figure 4.24 plot the exact absorption spectra of cases A vs.
B and C vs. D, respectively. The change in intensity for a given transition can
be calculated using

A% — 1(00[pN),|? - |(00

N, (4.50)
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Figure 4.23: A comparison of the exactly nunerically calculated absorption spectra for
cases A and B.
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Figure 4.24: A comparison of the exactly nunerically calculated absorption spectra for
cases C and D.

For AAB and ACD we have

ALy = 1001 D5 [N — ({0016 RD|vN) |

vV
— —|(00l6 RD,|vN)|?, (4.51)
ACY = 001D, Dy|wNY P = [{00]6 RD, Dy N)|%. (4.52)

To find how the intensity of a given peak will change with the introduction
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of coupling becomes a task of calculating numerical values for the matrix elements

featured in the above equations.

F Discussion

In cases B, C, and D above the Franck-Condon active bath gives rise to ‘side
bands’ accompanying each absorption peak corresponding to a system transition.
In the case of a one-dimensional bath considered here the bands’ are composed of
single peaks with considerable spacing between them, but in the case of a multi-
dimensional bath the bands are composed of many infinitesimally closely spaced lines
whose distribution is governed by the density of states. The ability to selectively
excite the system or the bath using interferometry has been of recent experimental
interest.!” Using the interference fringes of a double pulse pair Schwenter and co-
workers were able to electronically excite molecular bromine embedded in cryogenic
Kr while minimizing bath absorption, measured by probing the fluorescence from a
high-lying electronic level that is populated using a third laser pulse.

In other recent spectroscopic experiments whose signal relies on coherence
between electronic states of a dihalogen in a cryogenic matrix evidence of coherent
bath motion appears after electronic decoherence reduces the contribution to the
signal from the chromophore vibration. Persistent low-frequency oscillations of the
signal can be found in pump-probe spectra of a variety of dihalogen:rare gas motifs
that last for tens of ps, long after electronic decoherence (tens of fs) has set in.
These oscillations have been attributed to a local zone-boundary phonon (ZBP)
whose mechanism of excitation still remains ambiguous with two probable origins:
1) Nuclear-nuclear coupling of the system and bath, and 2) electron-phonon coupling

as embodied in the displacive excitation of coherent phonons (DECP). The relative
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contribution of each scheme can be investigated using FVB/GB by altering potential
parameters in the ground and excited states of model systems that closely mimic
real molecules. A first step in this direction is taken when considering cases B-D in
the previous section.

Even though the bath is not displaced in the excited state in case B an elec-
tronic excitation of the ground state wave function leads to small-amplitude bath
motion through coupling to the system'’s nuclear coordinate. This type of system
is analogous to one that would give rise to ZBP through nuclear coupling without
appealing to the mechanism embodied in DECP. In case C the appearance of bath
peaks in the absorption spectrum, shown in Figure 4.18, are due solely to the dis-
placement in the bath mode in the excited state relative to the ground state. Since
the system and bath are uncoupled in both electronic states an excitation of the
ground state wave function leads to harmonic motion in both the system and the
bath about their respective excited equilibrium positions. The analogous situation
for a diatomic molecule embedded in a low-temperature matrix would be one in
which motion in the bath can be wholly attributed to DECP since spatio-temporal
evolution of the system after the excitation process does not affect that of the bath.
Upon excitation a force is exerted on both the system and bath nuclear coordinates,
but their subsequent trajectories do not alter the others. Collision-induced coher-
ence transfer can be ruled out as a source of coherent bath motion in this case. Case
D involves both nuclear-nuclear coupling and electron-phonon coupling as sources of
bath motion. Using a multidimensional bath one could perform FVB/GB calcula-
tions on cases analogous to B, C, and D while manipulating coupling strengths and
displacements and monitor the bath dynamics for ZBP to determine the relative

contributions of the two previously mentioned excitation mechanisms.
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G Conclusions

Numerical implementations of the FVB/GB theory, presented in the previous
chapter, show agreeable results when compared with numerically exact calculations.
We successfully applied the theory to a pair of bilinearly coupled harmonic oscillators
with varving coupling strengths, bath frequencies, and initial conditions. In the weak
coupling case (J = 0.001) the theory agrees quantitatively with the exact results for
hundreds of system vibrational periods. When the coupling strength is increased (J
= 0.05) the theory breaks down after approximately 20 system vibrational periods,
which should be long enough to simulate any ultrafast spectroscopic experiment
whose signal relies on the existence of electronic coherence.

The linear absorption spectra for several system-bath configurations were
calculated using wave packet that had been propagated using the FVB/GB theory.
Peak placements and amplitudes were reproduced with very good agreement to the
exactly calculated spectra. In a recapitulation of the absorption spectra, linear WPI
signals were calculated using a pair of variably time-delayed pulses while also varying
their relative phase, showing the theory’s ability to produce results which may aid
in the elucidation of phenomena encoded in experimental signals.

Future applications of the theory will entail using realistic molecular poten-
tials, and a multidimensional bath to investigate vibrational and electronic deco-
herence in dihalogen:rare gas systems. With the inclusion of many bath modes a
physical explanation for the launching of ZBP can be rigorously and systematically

formulated, and should serve as a focal point for future experimental investigations.
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APPENDIX A

NONLINEAR WAVE PACKET INTERFEROMETRY SIGNALS AND
RECONSTRUCTED WAVE PACKETS FOR VARIOUS t,3's

Noise-free signals and plots of target and rcconstructed states for 55 = 0. 30. 15,

G0. 75. 650. and 715 fs are presented helow.
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Figure A.1: Real (npper pancl) and imaginary (lower pancl) compouncuts of the noise-
free interferogram from vibrating. nonrotating Is plotted as a function of interpulse delays

tor and tso for a fixed £;3 = 0 fs. The positive (red lines) and negative (blue lines) are
separated by 1/25”7 of the maxinnun absolute value of the signal.
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Figure A.2: The phase (right hand scale) and amplitnde (lelt hand scale) ol the target

{blne Tmes) aud reconstructed (red lines) states lor Ly

with a fidelity / = 0996942 using an optimal tolerance 0.03787.
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Figure A.3: Real (upper panel) and imaginary (lower panel) components ol the noise-
free mterlerogram rom vibrating, nowrotating Ly plotted as a function ol interpalse delavs
tog and £y for a fixed 143 = 30 [s. The positive (red liues) aud negative (blue lines) are

separated by 17257 of the maxinnn absolute valie of the signal.
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Figure A.4: The phase (vight hand scale) and amplitude (left hand scale) ol the targel
(blue lines) and reconstructed (red lines) states for Ly = 30 [s. Recoustruction is performed

with a fidelity [ = 0989948 using an optimal (olerance 0.01691.
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separated by 1725 of the maxinuun absolute value of the signal. The signal scale is 1/4
ol that shown [or /44 < 60 [s.
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Figure A.11: Real (upper panel) and nnaginary (lower pancl) componeuts ol the noise-
[ree interlerogram from vibrating. nonrolating I, plotted as a [unction of interpalse delayvs
Loy and lyo for a fixed 113 = 650 [, The positive (red lines) and negative {blue lines) arve
separated by 1/257 of the maximmm absolute value of the signal. The signal scale is 1/4
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Figure A.13: Real (npper panel) and imaginary (fower panel) compouents of the noise-
bree iuterferogram from vibrating, nonrotating le plotted as o Iunction of interpulse delays
Lo amd Lo Tor a fixed {45 = 715 fs. The positive (rved lines) and negative (bhae Hoes) are
separated by 1/23'/’ ol the maximumm absolute value of the signal. The signal scale is 1/4
ol that shown for 143 < 6O [s.
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APPENDIX B

EQUATIONS OF MOTION FOR BATH WAVE-PACKET
PARAMETERS IN A FIXED VIBRATIONAL BASIS

Here we give the equations of motion for the parameters determining the bath
wave packets of Eqn. (3.12) in the FVB/GB theory, obtained by the procedure
outlined in Ch. IIT Sec. B.2.h. We identify the real and imaginary parts of the
complex parameters with single and double primes, respectively. All coordinate

derivatives, as well as the quantities wuy, ., and u,;, are to be evaluated at @),.

1 s " i "
g, = —2—P,,1 P,—e, —wy —uy, —Tr{al} + Z e ") Leos (v, D) [~uys
vAY

" 1 .
+ 'U'VD(QV - QD)J ’ (1';7 : (QL[)_l B+ 5“”’7(])17 - P,,)j ' (a”)_l 'Pv}

v

1 _ .- .
+ sin fl(y‘r ]7) |:§(VJ (u‘l/ﬁ) : (a;’)—l . Pl/ - ul/D(QV - 6217)1 ' all7l : (Q',I,I>Al PV]}

W= Tri{a) = e upsin /(1. 7) (B.2)
vty

. ]_ ", 5
Qv = Pt 2ol 3 e cos £(v,9)[ (205 (@ = Q) + Py = Puss
IZ3%

+sin f' (1. 7) Vs — 2wy - (@ — Qp)]} (B.3)
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Funslal — ) = Sus(2al - (@ — Qo)+ Po = PYAQu = Qo) -+ P
— P 2ol (G~ QoD Qo) -0 = (V) Q= Q) -

— - (@ = Qo) P ) (5.6
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APPENDIX C

EQUATIONS OF MOTION FOR BATH WAVE-PACKET
PARAMETERS IN AN ADIBATIC VIBRATIONAL BASIS

Here we give the equations of motion for the parameters determining the

bath wave packets, whose form is forced to remain Gaussian according to which

(@ wn() =exp [HQ = Q)" -y - (@ = Q) +iP] - (Q — Q) + m] SN(eAY
In the adiabatic vibrational basis the time-dependent Schrodinger equation govern-
ing the time-evolution of the bath wave packets is

i) = X 01 [5(P+ @) (P4 4@) + (@] ) o). (C2

v
The procedure for deriving individual parameter equations of motion is outlined in
Ch. IIT Sec. B.3.c. The real and imaginary parts of complex quantities are denoted
using single and double primes, respectively. All derivatives are taken with respect
to the bath coordinates and are to be evaluated, along with the quantities ¢, and

Aw?; at Qu-



o ]. 17 =
=gl D= s Trlay] - 53 e O cos v VT A + 24

92V v
12
T T T
(205 (Qu — Qp) + o) — 445" - 0= Q)+ (A e = A
1
Asp )}+ ol 7! Ze‘f W2 cos (v, 7){2a, - Ally 4+ 2002 - AL,
v

+205 - (Qy = Qo)(P) - Alp) = 205 (Qu — Qp)(P) - AYp) + (Pr — Py)
x (P AL,) =40} (Qu — Qo)((Qv — Q)" - o} - Aly) — 40 - (Qu — Qo) ((Qu
= Qp) ol AL+ Al (Qu - Qo) ((Qu — Qi)' ) - Ay) — 40t (Q
—Qn)((Qu— Qo) -aj - ALy) + 2(Pr — P)((Qy — Qo))" -0 - Ay) = 2(Py
~P)(Qy — Q) -af - AYy) + 2V AL, - af - (Qu — Qi) + VA, - (205 - (Qy
~ Qo)+ Po) +ap - (Qu — Qo) (VT - AL) + o - (Qu — Qo) (VT - ALp)
= POV ALY 3 Y200 (@ - Qo)A An) - 208 (@
~ Qo) (A" - Ags) 4 200 (Qu - Q)AL - Agy) — 205+ (Qu — Qo) (AL
As)+ (Pr = P)(AL" - As/) — (Pr = P)(AL" - Ags”) + (VAL - Agy”
(VALY - Ay’ + (VART) - A’ + (VALT) - As”)}
+3 Z”) sin f/( ) (V" Ay + 4% (Q - Qo) + 240"
(205 - (Qu = Qo) + Pp) + Z (A - Az + AL A} g T

e W sin £, p) {20l - ALy — 20l - Ally — 200 - (Qu — Qo) (P - Alp)

=205, - (Qu = Qu)(P) - AVp) — (P — PP - Aly) + 4ay - (Qu — Qp)

x ((Qu = Qp)" a5 - AYp) —dag - (Qy - Qp)((Qy = Q)" - 0 ALp)

— 4oy (Qu = Qu)(Qv = Qo) - af - Alp) — 4o - (Qu = Q) (Qu — Qp)T - )
ALy = 2Py = P)((Qy = Q)" - ap - Alp) = 2(Pr — PB)((Qu — Q5)T - af - ALy)

+ §<VA’W) (205 (Qu = Qp) + Po) = 2(VAY;) - ap - (Qu = Q) + a5+ (Qy
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1
5(1’:7 - D)V AL

+3 Z Qv — Qo) (AL - Az") — 208 (Qu — Qo)(AL;T - Asy') — 20,

- Q )(v A;/l/) - II/I : (QV - (2 )(v AZI/)

(Qu — Qo)(AL" - Ass") — 20 - (Qu — Qo) (AL - Agy') — (Pr — P) (AL
Agr') - (Pp - Pz/)(AL;T CAz") + (VA,I,;T) - Ags’ - (VAIVIET) Ags" + (VA%DT)

: AW (VA;/IIII ) A,,,=,”)} (C'?’)

3 =Trlay) = > e 7" lcos (v, u){f—v’f A 42407 ol (Q - Qo)

v

. 1
AL (205 (Qu = Q)+ Po) 5 (AL - A"+ AL As))

v

1
+sinf'(u,,7){—v1 Al Al (24, - (Qu — Qp) + D) — 241, - al)

Qv Qo)+ 5 S0 (ALT Az — AL - An)) (C.4)

17

: 1 .
Q, =D, + 5(0*,@)‘1 : Z "D [cos f(v. D) {20 - AL, + 207 - AL,

+205 - (Qu = Qo) (B - ALp) — 205 - (Qu — Q3)(P7 - ALp) + (Fy — Py)

x (P} AlLp) — 4ol (Qu = Qo) (Qu — Qp)" - afy - AYp) — 40l - (Qu — Qo) ((Qy
~Qp)" - al - ALy) +dap - (Qu — Qo) (R — Qp) - af - ALy) — dap - (Q,

- Qo)(Qu = Qo) - af - Alp) +2(Py = P)(Qu — Q)T - af - ALp) — 2Py

~ P)(Qu = Qo) - af - Alp) + 2V AL, - af - (Qu — Qp) + VAL - (205 - (Q

= Qo)+ Py) 4l (Qu = Qo) (VT AL) 4+ af - (Qu - Qp)(VT - Aly)
+%(PD—R/)(VT'A'JD)+%Z:(*2O"D"(Q ~ Qu)(AL" - Az~ 208 (Qu

—Qu)(A%T - Aps') 1 205 - (Qu — Qi) (AL - Aps') — 20 - (@ — Qa)(A%"
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")+ (P = DAL A5y = (Po = P(AL - Aps”) + (VAL ) - Ags”
(VAL ) Ags' + (VAL - A’ + (VART) - A”))

+sin f/(n.0){20], - A — 203 - ALy — 205 - (Qu — Q) (B - ALg)

=205 (Qu — Qo) (PY - Allp) — (Py — B)(PT - Al + 40 - (Qu — Qv)

x (Qv— Q)" -af - AY) — 0] - (Qy — Q) ((Qy — Qp)" - aly - 4),)

—dag - (Qy — Qo) ((Qu = Qp)T - af - ALy) —daj - (Qy — Qu)((Qw — Qp)T - af)
A =20 = P)((Qu~ Qi)' o - AL) = 2(Pr = P)((Qy — Qp)" -l - ALy)
b 3(VAL) (205 (@~ Qo) + Pr) — 2V AL) o (@ - Qo) 0 (@
QT AL = ol (@ = Q)Y AL+ (P - PV AL)

P30l Q- QoL As) - 202 (@ - Qo)A As) - 201,

' (Qu - QD)(ALET ’ AEDH) - 20;7 ’ (Qu - QD)(A;/IEJ ' Aﬁﬁl) - (PD - PL/)(AlljﬁT
Ass') = (Po = B(AL" - Ap") + (VAT) - Ag' — (VALY - Ag” + (VA

A’ = (VAL - A (C.5)

Py= =V, =S e cos (v, )20 - Ay — 2005 - Al — 202 (Qu — Q)
1%

(P ALp) 205 (Qu = Qo) (P - Alp) = (Py = P)(P] - AYp) + 4aj - (Q,
= Qo)((Qu = Qp)7 - ag - ALp) = dag - (Qn — Qo)((Qu — Qo) - g - Alp)
—4aj - (Qv = Qu)(Qy — Qu)" - ap - ALp) — dal - (Qu = Qo)((Qu — Q5) - aj,
CAU) = 2(Br = B)((Qu = Qo) - al- Ap) = 2(Pr — P)((Qv — Qp)T - ap
CAL) + (VAL - (205 - (Qu — Qo) + Py) — 2(VAY) -ap - (Qu — Qp) + o
Qv = Qo) ALg) ol (Q = Qo) (VT - Alp) 4 3 (Py - BV AL)

1 T -
52200 Q= Qo)A As") - 208 (Qu — Qo)A - An) - 20

v
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(Qu — Qo)A Ass") — 20h - (Qu ~ Qo)A Asy!) — (Pr = PY(AYT - 45,)

— (P = P)(ALs" - Ass") + (VALT) Az’ — (VALY - Ag + (VAR ) - Ay

vD

vy

= (VAR ) Aol D cos (1. 7) {20 Al + 20
v

Ay 205 (Qu = Qo) (Py - Ayp) = 207 - (Qu — Qo) (Py - AJy) + (By — P)
x (PF-ALp) =40 (Qu = Qo) ((Qv — Q)T - afy - Aly) — 40} - (Qy — Q)
x ((Qu = Qp)" -0l - Ap) + 40} - (Qu — Qo) (Qu — Qp) - af - Apy) — 4o,
Qv = Qo)(Qu = Qo) - af - AL+ 2(Ps = P)((Qu — Qo))" - af - ALy) — 2(Pp
— P)(Qu — Q)" - ap- Ap) + 2V AL - af - (Q, — Qp) + VA, - (205 - (Q
— Qo) + Po) + ol (Qu — Qo) (VT - AL) + 07 (Qu — Qo) (VT - ALp)

;7

1 _ T " 1 _o . N AN o
+ 5 (P = P)(VT - A% + 53 (=207 (Qu = Qu)(Ay" - An”) — 207+ (Qu

<

r T n T

— Qu)(A%" - Asy)y 4 20% - (Qu — Qo) (AL - Ass') — 208 - (Qu — Qo) (A

CAs") 4 (Po = P)(Alp" - Asi) = (P = B)(ALT - Ass”) + (VAL ) - Ag”

vo vo

(VALY Apy + (VAL - A’ + (VAL - A+ e P sin (1. )

x {207, - Ay + 207 - Ay + 205 (Qu ~ Qp) (B - Ayy) — 205 - (Qy — Qp)

X (P} - Alp) + (Pp = P)(P] - Al,) — 4ol - (Qy — Q) ((Qv — Q)T - oy - AL)
— 4% (Qy = Qo) (Qv — Qs)" -af - Aly) + 40l - (Q — Qp)(Qu — Q)"

cal - ALp) —dap - (@ — Qu)((Qw — Qo) -af - AYS) +2(Ps = P)((Qu ~ @Qp)'

Lol A;/E) - 2(F - B)((Qv — QD)T : O'g : AZD) + QVALD ’ C"g (Qy — Q)
+ VAZE ) (20’;7 ) (Qu - QD) + PD) + 0’17 (Qy — QD)(VT : AZ;?)

bl Q= Qo)VT AL b S (Br - PV AL+ 237 (~20% (@,

v

As) = 205 - (Qu — Qu)(AL5T - As") + (Pr — P)(AL;T - Asi) — (P — P)

(AL A"y + (VALY - Apy + (VALY Ay + (VALY - A’ + (V45T

v
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— le;/ . (Jrllﬁl - A,,,iﬂ)}
2 e ") sin £ (v, p){20 - ALy — 2008 Al — 20 (Qu — Q)

< (P Aly) = 205 - (Qu — Qu)(P] - AYy) — (Pr = P)(P] - Ay) + 4o - (Q,
~Qo)((Qv — Qp)" - ap - AY5) — dag - (Qu — Qo)((Qy — Qp)" -} Ayy)
—dap - (Qr — Qo) ((Qu — @) - af - Alp) — 4o - (Q — Qp)((Qy — @) - a})

C Ay = 2Pp = B)((Qu = Qp)" - af - AYp) = 2(Pr — P)((Qu - Qp)T - af
AL+ 1<VAL, ) (205 - (Qu = Qo) + B) = 2VAL) ol (Qr — Qo) + )
(@~ Qo)VT - Aly) - (Qu— Q)T AL+ (s~ PV ALp)

1 T
5 (205 (Qu = Qo) (Al Agp") — 207+ (@~ Qo)( AL - Ass') — 20,

v

(Qy — Qu)(AL;" - Agy") — 20, - (Qu — Qu)(A"T - Agy') — (Pr — P)(AL"

1242

Aps') = (P = B)(ALs" - An”) + (VA") - Ag! — (VAL") - Ap” + (VAR )

127

i — (VALY A5") (C.6)

1 1 "y
Q;/ = __2_va51/ _ 2()3;/ . Cl';, + 205// . Q’;// — 5 Z e 1" (vP) [COS f/(u7 D){(VT A:” )

x (af — ay) = (V- Al (af — a))) — 2(VT - AL (af - (Qu — Q)
X (Qv = Q)" - ap) + 2(VT - AYp)(ef - (Qy — @))(Qu — Qp)T - af)
=2V AL (czu—cn))((cz,,—czp)“a:é)—2(V”'-A’W><a’;-(czy
~ Q)@ — Q)T - ap) - ( T APy~ P) (P = )T~ (VT - AL)
x (af - (Qu = Qo)) (Pr — P)' = (V- Al5)(af - (Qn — Qo)) (P — B)"
— (VT AL)(Ps = P)((Qw — Qo) - af) = (V7 - AL)(Pr = P)((Qu — Qp)"
cah) = 241" - By)(af — al)) = 2(A7," - Po)(a}, — o)) - 44" - B)(a),

(Qu = Q)@ — Qo) - ah) + 44" - Po)(al - (Qu - @o))(Qv — Q) - af)



n T

+4AL Do) el (Qu — QoD ((Qu — Qp)T - )+ 4(AL" - Po)(al - (Qu

— Qo)(Qv — Qo)" - al) = (AL, - Po)(Ps = PPy — )T —2(4L,7 - Po)(Ps
= P)((Qu = Q)" o)+ 2A%," - B)(Pr = PY((Qu — Qo)" - o)) — 2(AL,"
Po)(ah - (Qu = Qo)) (Py ~ P)" +2(47,7 - Po)(af - (Qu — Qo))(Py = P)"
—4(AL," ol (Qu = Qo))(ah — o)) +4(ALT - al - (Qu — Qp))(af — af)

~ 44" 0l (Qu = Qo))(al — al) = 4(AL," -l (Qu — Qp))af ~ a})

"

—8(AL" - al - (Qu — Qo)) (0 (Qy ~ Qo) (@ — Qo) - ) + 8(AL; - o
Qv — Qo))(ah - (Qy — Q) (Qw — Q)T - al) +8(AL" - (Qu — Qn))(alh
(Qu = Q)((Qv = Qo) - ) +8(ALT - (Qu = Qp)) (e - (Qy — Qo)) ((Qy
— Q)" o)+ 8(AL" ol (Qu— Q) (0 (Qu - Q) ((Qu ~ Q) - af)
+8(ALT Al (Qu - Q) (ah - (Qu — Qo)) (Qr — Qo) - al) 4+ 8(ALT - o,
Qv ~ Qo)) (Qu — Qo)) ((Qu — Q5)T - o) — 8(AL" - ol (Qu — Qu)) (0
Qv = Q))((Qu = Qo) - o))~ 204" -0 (Qu = Qo)) (Py = P)(Py — )T
+2(A%" ol (Qu = Qo) (P~ P)(Pr— P = 4(AL" - ol (Qu — Qo))
Qv = Qu))(Po ~ P)T 1 4(AL," - (Qy — Qu))(af - (Qu — Q) (Ps — )T
4 4L al Q- Qu)lal - (Qu—~ Qo)) (P — P+ 4(AL" - al- (Qu

— Q)0 (Qu = Qo))(Pr — P)T = 4(AL," 6l (Qy = Qo)) (Pr = P)((Qu

— Qo) ap) H AL Al (Qr - QDT = P((Qu - Q9)" )

+4(ALT ol (Qu = Q) (Pr — P)((Qu — Q)T - alh) + 4(A%T - alh (Q,

—Qp))(Pr — P)((Qu = Q)" - a}) = 8(af - AL,)((Qu ~ Q)" - ap) + 8(a
CAL)((Qu ~ Qo) - af) = 8(ah - A )(Qw — Qi) - af) — 8(ag - AL)((Q
—Qp)" - ap) — Aol - A (Pr = B)T —4(af) - ALp)(Pr — Py)" 4 A(VA) - of
—4VAY) o ~ 4(VAL - P)((Q — Q) - af) = 4(VAY; - Br)(Qu - Q)
)

A

' 0';7) - Q(VAII/ID o) (P — PV)T - 8(VAII/ID : a{; (Qy — Qp))((Qy — QD)T e
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+8(VAL, o (Qu - Qa))((Qu — Q)" -af) = 8(VA; - ah - (Qu— Qo)((Qu
— Q)" a}) = 8(VAL, - af  (Qu— @o))((Qu — Qp)T - a}) — 4VAL, o} - (Q,
— Q) (P — P —A(VA, ol - (Qu — Q) (Ps — P!

ZA"T ") 0f — o) = (40" Az)(af — ay) — (4L, - Ag')(af — a})

122

~ (A5 Ag)ah = ) = 2(A)5" - As ) o) - (Qu — Qo) (Qw = Qo) - )

+ 2047 Az )0 (Qu = QeD((Qu — Q)T - ) + 2A%7 - Ass') (o) - (Qu — Qp)
< ((Qu = Qo) o) +2(A%5" - Ap") (o} (Qu - Qe))(Qy — Qp)" o) + 245"
Az )@l (Qu = Qu)(Qw = Qo) - al) + 2(AL5" - Ass”) (o - (Qu = Q) ((Qn

— Qo) all) + 2(AL" - A )y (Qu = Qo)) ((Qu — Qo) - all) — 2(AL" - A5

x (0l (Qu — Q)@ ~ Qo) o) = 5L Age!)(Py P)(Ps ~ P)T
4 A" As) (o = PPy = P = (A" - Agy/) ety (Qu = Qe))(Py ~ P

+ (AL Ass") (- (Qu = Qo)) (Po = P)T + (A" - Ass) (ol - (Qu — Qo)) (Py

— P+ (AL AN el (Qu — Qo)) (Pr — BT = (A" A ) (Py ~ P)((Qu

— Q)7 ab) = (AT As") (P PY(Qv — Qo) ol + (Al - Ag)(Py — Py)

X (Qu — Qo) a) + (A" As")(Py = P)((Qu ~ Qo) - 0f) = 2(VALT - Ag)

X (Qu— Qo) ah) +2AVAL" - A5 )(Qu — Q) - af) — 2V AL - A5)(Q,

~ Qo)) ~ 2VALT Az )(Qu - Qn)T - 0f) ~ 2AVALT - A(Qr - Q)T - ah)
+2(VAL" - A(Q = Qo) af) = 20945, - A )(Qu — Qo) o) - 2V AR
A Q= Q)" o) — (VAT A" )Py — BT = (VAL - As')(Py — P)"

— (VAL AP~ BT — (VAL A (Fr — BT+ VAL YAy — VAL
YAz} = sin f (i D){(VT - Alp) (ol — al) + (VT Alp)(a} - o)

=2V A (ah - (Qv — Qo)) ((Qu — Q)" - a) = 2(VT - ATp) (el - (Qu — Qp))

X (Qv = Qo) - ap) + 2(VT - ALp) (o - (Qu — @) ((Q — @p)T - af)
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-2V ALk Q- QoD@ ~ Qo) a4 GV APy PPy P

+ (VT Alp)(ah - (Qu = Qu))(Pr = P)T = (V7 - AL (o) - (Qu — Qo)) (Ps — P)T
(VAL (P~ P((Qu = Qp)" - a) — (V- A7)(Ps = P)((Qu = @Qp)" - af)
+2(4,7 - Po)(af, ~ al) = 2(AL" - Po)(al — al) — 4(AL"  Po)(al - (Qu — Qe))((Qw
— Q)" al) — AALT Pyl (Qu - Qo)) (Qv — Q5)T - af) — (AL Pr)(al,
H(Qy = Q)(Qy — Q)" - al) + 4(AL" - Po)af - (Qu — Qo) (Qv — Qi) - )
— (A" Po)(Py = P)(Py = P)" = 2(AL" - Bo)(Py = P)((Qu = Qp)" - o)
= 2A%," - Po) (P — P(Qy — Q)" - af) — 20457 - Po)(al, (Qu = Q) (Pr = P)T
=247 Po)(a - (Qu = Qo)) (Pr — P)T = 4(AL,T - oy (Qu — Qo)) (aly — o)
—4(A7" 0l (Qy = Qo)) (ah — )+ 4(AL" ol (Qu = Qp))(ah — ap) — (AL,
caf - (Qu = Qo))(af ~ al)) — 8(AL," - ol - (Q — Qp))a - (Qu =~ Qo))(Qy — Qr)”
cal) + 8(AL," - al - (Q = Qu))(alh - (Qu — Qo) ((Qu — Qo) - olp) +8(AL," <o
Qv = Qo)) () (Qu = Qo)) ((Qu — Qo) o) +8(ALT - alh - (Qu = Qu))(h - (Qu
~ Qo)(Qu = Qp)" - o) = 8(AL 0 (Qu = Qu))(0f - (Qy = Qo))((Qy — Q)T+ )
—8(AL, T o (Qu — Qp)) (A (Qu — Qo)) (Qu — Qs)T - al) — 8(ALT - al - (Qy
— Q)b (Qu— Qo)) (Qu — Q)" - ah) + 8(AL" - ol - (Qu — Qo)) (Qu = Q5))
X (Qu— Qo) - o) — 2(AL;T - all (Qu = Qi))(Py — P) (P — P)T —2(AL,T - o
Qv = Qo)) (Do = PP = P = 44" ol (Qu = Qa))(al - (Qu — Qo))
= P)T =44, ol (Qu - Qo))(ah - (Qu - Qu))(Py ~ BT = 4(Al" - al - (Q,
— Qo))+ (Qu = Qo)) (Pr = Po)" + (AL o) - (Q — Qu))al - (Qu = Q0))(Py
= P =44, o (Qu = Qo) (P — P((Qu — Qo) af) — 4(AL,T - all - (Q
— Qo))(Pr = P)((Qy = Q)" - af) — (AL," - ady - (Qu ~ Q0))(Pr = P)(Qw — Q5)"
cap) +4(AL" ol (Qu~ Qo) (P~ P)((Qu ~ Qo) - ) - 8(af - AL,)((Qu
~ Qo) - af) — 8lay - AL)((Qy — Q) - ap) + 8(ah - A)(Qu — Qp)' - aj)
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— 8(af - Al ((Qy — Qo) - o)) + 4(afy - AL)(Dp — D) = 4ol - ALY (D - D)

+4AVAL; -0l +4VAL o + 4VAL - P)((Qu — Q) - o) — 4(VAL, - Pr)((Qu
— Qo) al) + 2(VAL, - Po)(Py = P)T 4+ 8(VA,, - o - (Qu — Qo) ((Qy — Qp)”
) 017) - S(VA;/D : all_f : (QV - QD))((QV - Qﬁ) . I_I) - S(V 451/ : '1/ : (QV - QD))((QV

- Qﬂ)rj ’ ag) - 8(VAZ17 ’ (l’g : (QV - (‘217))((621/ - I/) ) + 4(VA;/V ’ (Ql/

= Q) (P = P)T — 4(VA, -l - (Q — Qo) (Ps - P2) Z (A" A (o)

aly — (AL Asy") (ol — oty — (A% Az ) (ol — af) — (AT - Ayl

—al) = 24l Ag)(ah - (Qu = Qo)) ((Qu — Q)T - o) +2(ALs" - Ags”) (ol (Qu
~ Q) (@ — Qo) o)+ 2(A%" - Az )+ (Qu — Qo)) (@ — Q5)" - af)
+2(AL" - Aol (Qu = Q))((Qu — Qo)+ ) = 2(AL5" - Az ) (el (Qu — Qu))
X ((Qu = Q)" ah) = 204157 - Ag") (o) - (Qw = Qo)) ((Qy = Qp)" - o) = 2(AL5"
Az )ah - (Qu = Qo) (Qu = Qo) ah) +2(A%" - As") (] - (Qu — Qo)) ((Qu
Qo) a) — ST A"V (P — PPy — P = (AL A/ )(Po — (P
=P~ (AL A ) (Qu = Qo)) (Py — P)T — (AL - As") (ol (Qu — Q)
x (P = BT — (AL Ags) (o - (Qu — Q) (Pr — )+ (Al App") (ol - (Qu
~Qo))(Pr — P)" — (A5 A5 ) (P = P)((Qu ~ Q)T - alf) = (A" Ags)(Py
~ P)(Qu— Qo) ab) — (Al As")(Pr = P)((Qy — Q)T - o) + (AT - 45,")
X (Py = P)((Qu— Qo) o) + 20V AL Az )(Qu - Q)T - ah) — 2V AL - Az")
X ((Qu— Q)" al) = 2V AL A5 )(Qw — Qo) - al)) = 2VAL" - 45")(Q
— Qo)) + 29 A5 AN (Qu — Q)" af) - 2(V AR A" ((Qu - Qp)”
caf) = 2VALT - A (Qu = Q)T o) = 2V ALT - AN (Qu — Q)T o)

+ (VA" A ) (P = P)T = (VAL A" )(Ds = D) + (VAL - AN (P — P)T

(VAL A (P - YT+ VAT VA + VAL VA (C.7)
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=20l ol 2ol ol 5 3T leos VT At o)
+ (V! Alp)(ap —al) =2V A () - (Qu — @0))((Qw ~ Q5)" - ap)
2T ALl (@ = Q)@ — Qo) - )+ 2V ALyt (@ Q)

x ((Qu = Q)" - af) = 20V AL )l - (Qu — Qo)) ((Qu — Q)" - al)

14

50T AL (s = BBy~ P + (V7 Alp) 0l (@ = Qo)) (o — BT

(VAL  (Qu— Qo) (P = P+ (VT AL — P)(Qu — Qs)"
cah) = (VT AL)(P = P)((Qu = Q)T o) +2(AL,T - Po)(al — o)) — 247,
Po)(o — o) — 4L P (el (Qu — Qo) ((Qu — Qo) - ) — 4(AL," - Pr)
x (o] (Qu = Qe)((Qu = Q2) - ap) = 4(AL" - Po)(ah - (Qu = Qo))(Q — Qr)"
o)+ 4(AL" - Po)(al - (Qu — Qo)) (R — Q)' - al) — (AL Py)(Py — By)

142

x (P = BT =2(40," Po) (P = P)((Qu — Qo) - af) = 24,7 - P)(Pr = Py)

x (Qv — Q)T - al) — 2(ALT - By)(ah - (Qu — Qo)) (P — P)T

~2(AL," - Po)(alh - (Qu — Qo)) (Pr — P)T —4(AL" ol - (Qu — Qp))(als — alt)

— (ALl (Qu— Qo))(ah — o) + 4(ALT - ah  (Qu - Qu))(a) —al) — 4(ALT
Ll (Qy — Qo))(af —al) = 8(AL," -l (Qu — Qo)) - (Qu - Q) ((Qu — Qa)T

. ()'/,;I) + 8(14:/’77’ . Q{g . (Qu — Qp))(af;' . (QV _ QD))((QV _ QD)T . af—j) n S(AZDT Lol
(Qu = Qu))(ay - (Qu = Q) (@ — Q5)T - ap) + 8(A;/I:7T cay - (Qu = Qp)) (g - (Qu
- Qe)((Qu — Qo) a7) — 841" - - (Qu = Qo)) - (Qu ~ Qo)((Qy — Q0)" - ap)

U

—8(ALT -l (Qu — Qo)) (Qu — Qe))(Qw — Qo)T - o) — B(ALT ol - (Qu

= Qo))+ (Qu = @)(Qy — Q)" - ap) +8(AL," - af - (Qu — Qo)) (0} - (Qu — Q)

n T ’
A Sap

x (Qv — Qo) - o) — 2(AL" -0 (Qu — Qo)) (Pr — PPy — P)T — 2(A”,



(Qu — Qu))(Pr — PP — D) — a(AL," oy - (Qu ~ Qo)) (e (Qu — Qo)) (Iy

P)T 44" ol (Qu — Qo)) (o (Qu — @) (Pr — P)T — (AL ol (@,
Qo) (Qu = Qu) (P — P+ 4(AL" ol (Qu = Qo) (0 - (Qu — Qo))( Py
P — a(Al," ol (Qu — Q) (P — P)(Qv — Q)T - alh) = 4(AL" - alh - (@,
Qo)(Py = PY((Qv = Qp)" - ) = (A" - aly - (Qu = Qo)) (P = P)(Qu = Qp)"

ap) +4(A%" - af - (Qu = Q))(Py — PH(Qy — Qp)T - al) — 8(af - Ap)((Q

Qo) - af) = 8(ay - AV (Qw — Q)" - af) +8(ag - A1) (@ — Q) - a})

—8(al, - AP Q) — Q)T - all) + d(al - ALY (Py — P)T —d(a - AL )P, — P)T

+AVAL - +4VAY - af +A(VAL - Fr)(Qy = Q)" - ap) = 4(VA; - B)((Qu

Qo) - al) +2VA,  Pp)(Pr — P) +8(VAL,  af - (Qu— Q) (Qy — Qp)"

cap) — 8(VAL - af - (Qy = Qo)) ((Qu — Qp) - af) — 8(VAY, - a5+ (Qu — Qo)) (@

— Q)T al) = 8(VAL - ol - (Qy = Qo)) (Qy — Q)T - al) + AV A, - - (Q
— Q) (P — P)T — 4(VAL - ol (Qu — Q) (Pr — B! +Z (AT sy (e,
al) — (A" Ass") ol — o) — (Al - Aps') (ol — all) — (AL - Azs") (o)

vv

a}) = 2047 - As)ah - (@ — Q)@ — Qo) - af) + 2(A5" - Ass”) (Al - (Qu

— Q))(Qv = Qo) - af) + 20457 - A5 ) (ol - (Qu = Q))((Qw — Qp) - af)
+2(AL" - An) (ol (Qu = Qo)) (Qu — Q) - al) = 2(ALs"T - Azs) (o] - (Q - Q7))
X (Qu = Qo)™ af) = 245" - Ags”) (o (Qu = Qo)) ((Qu — Qo) - ) — 2(AL;"
Az ) (Qu = Qo) (Qu = Qo) - o)+ 2(A%" - Ag) (o - (Qv — Qo))((Qy

T ] a1 ,
Qo) o)~ 5 (AL A (P — BBy = BT S(ALT - A ) (P — PPy

vy

= P)T = (A" An) - (Qu = Q) (P — P)T = (A7 Az (o - (Qu = Qp)

X (Py = P = (A7 A ) (ol - (Qu — Qo)) (P — P + (AL - Ass") (o - (Q,

— Qo)) (P = P)" = (A" Any!)(Po = P)((Qu — Qo) - alp) — (A" - A5s") (P
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= P)((Qu — Qo) o) — (A" - Ags )Py — P)((Qu — Q5)" - o) + (A" - Agp)

X (Pr = P)((Qu = Q)" o) + 2V A" - A )(Qy - Qo) - a) = 2(V AL - A"
X (Qu = Q)" al) = 2V AL Az )(Qu - Qo) - ) = 2V AL - As")(Q,

— Qo) o)+ 2AVALT A5 ((Qw — Q)T ah) — 2945 AT ((Qy - Q)T
caf) = AVAL A (Q - Q) - ap) = 2VAL - AG(Qy - Q0 - ap)

+ (VAL AV (P — P)T = (VAL - 455" )(Po — B)T + (VAL - A\ (P — B)T

(VAL AP - Y+ VAT VAR + VAT VAL

+sin (1 (VT Al (el — al) = (V7 Al) o) — al)) = 2(V7T - ALy

x (af - (Qu — Q)(Qu - Q)" - ap) + 2V - AD ) (af - (Qu — Qo) ((Qw — Q)
cafl) — 2V ALl (Qu —~ Qo)) (@ — @5)T - al) — 2AVT - AL (al - (Qu
- Q(Qu = Q)" ) = 5(V" - ALp)(Pr = B)(Fs = P)T = (V7 - A1)

x (o - (Qv = Qo)) (Pr = B)T = (VT - Alp)(ah - (@ — Qu))(Pr = P)T

~ (VT APy~ PQy — Qo) - o)) — (VT AL = Y@y — Qn)T
cah) = 2(AL," - P)al - o) — 2(AL" - Po)(a — o) = 4(AL," - Po)(al,
(Qu = Q)(Qu = Qn)T - a}) + 44T - Po)(al - (Qu — Qo)) ((Qv — Qn)" - af)
+ (AL P (e (Qu = Qo)) (Qw — Qo) o)+ 4AL" Do) (ol (Qu

~ Q) ((Qu ~ Qo) - o) ~ (AL Po)(Po = PP — )T = 2(4L" - Po)(Ps
~ PY(Qu — Qo) )+ 240" Do) Py — P((Qy — Q)" o) — 24"
Po)(a - (Qu — Qo)) (Pr — P)T +2(A0," - Po)(al) - (Qu — Q)P — P)T

— (ALl (Qy — Qo)) ah, — al) +A(ALT - (Qy - Q) (el — af)

— 44" - ah - (Qu = Qo)) (ol — o)) = 4(AL," - ol - (Qv — Qo — o))
~8(AL" - al - (Qu — Qo)) (0l (Qu — Qo)) (Qu — Q5)T - af) + 8(AL;" - al
Qv — Q) af - (Qy = Qe)(Qw — Q)T - ah) + 8(AL" - af - (Q — Qn)) (o}

(Qu — Q((Qu — Q)T - a) +8(ALT - al - (Qu — Q)0 (Qu — Qo)) ((Qy
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— Qo) al) + 84" ol (Qu - Qo)) (el (Qu — Qo)) ((Qu — Q5)" - )

+8(ALT - all - (Qu — Qo)) (e - (Q — Qo)((Qy — Q5)T - alh) +8(AL" -

Qv — Qo)A (Qu = Q((Qu ~ Q) - ) — 8(AL" - alh - (Qu — Qu))

Q= Q))(Qu — Qo) - ) — 2(AL" - ah - (Qu — Qu)(Ps - B)(Py = P)”
+ 20477 ol (Qu = Qo)) (Pr = P)(Pr = P) = 4(A," - ol (Qu — Q))af

Q= Qo)) (Pr = P)T +4(AL," - ol (Qu - Qo)) (Q — Qo))(Py— P)T

+4(ALT ol (Qu — Q)0 (Qu — Qo)) (Po — P)! + 4(ALT - (Q,

— Q)0 (Qu = Qo)) (Pr = )T = 4(AL," -0l - (Qu = Qo)) (Pr = P)(Qy

~ Qo) ah) + (AL - af - (Qu— Qe D(Pr = P((Q — Qo) a)

+4(Al - ap - (Qu = Qe)(Pr — B)((Qy = Qo) - ) +4(AL," - af - (Qu

= Qu)(Py = P)(Qu = Qp)" - af) = 8(ag - AL,)((Q = Q5)" - a) + 8(a

CAL(Qu = Q)T al) = 8o - AL )((Qy — Q)T - al) = 8o - AL (Qu

— Q)" - af) = Aal - AP — BT —4(al - AL (P — BT +4(VAL) - of
—4(VAL) - af —4(VAL - P)((Qr — Qo) - af) — 4(VAY, - Bo)((Qu — Qp)'
cal) = 2VAL - By)(Py = B)T = 8(VAY, - ap - (Qy — Qo)) ((Qr — @p)T - af)
+8(VAY, - af - (Qy — Qo)) ((Qu = Q) - af) = 8(V A, - af - (Qu — Qo)) ((Qu

~ Q)" af) = 8(VAL, - ap - (Qu — Qr))(Qy — Qp)T - af) —4(VA, - af - (Q,

— Qo))(Py = D))" —A(VAL, o) (Qy — Q)P — P)T

22%f~— (ol — all) — (Al Azs)(al, — al) — (AL" - Ags')(al — all)

(AT A~ ) = 2(AL5T - Ass) (0 - (Qu = Qo)) ((Qu — Qp)T - ah)

+ 20457 A0 (Qu — Qo)(Qu — Q0T - o) + 204 - Az )(al - (Qu — @)
X (Qu = Q)" 0p) + 247" Az ag - (Qu — QeD(Qs — Qo) - ap) + 24"
Asg )@ (Qu = Qo))((Qv = Qo) - af) +2(A5" - Agp") (0 - (Qy — Q) (Qu

— Q)" )+ 20407 Ap)(a] - (Qu = Qo)((Qu — Q) - o)) — 20477 - A"
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& (Qu— QoN(Qy — Qo) - all) — (A,',,/ A WPy — PPy — P)T

A

%(A” T s (P = PPy = P!~ (L7 sl (Qu = Qoo = P

(AL Ap) (e (Qu -~ Qo)) (P = P+ (AL Ags) (0l (Qu — Qo)) D
= BT+ (AT Age")ah - (Qu = Qo)) (Pr — P)T = (A7 Ags)(Py — P)((Qu
— Q)" al) — (A" A ) (Ps — Po)(Qu — Qo) o) + (Al Ap!)(Pr = 1)
X (Qu = Q)T a) + (A" - Asp")(Pr = P)(Qv - Qn)T - ah) = 2(V AL - Agy')
X ((Qu = Q)" - al) + 2V AL A" (Qr — Qo)) = 2(V AL Ag)(Q,
— Q)" o)~ 2VALT As)(Qu - Qo) ah) — 2V AL A (Qr - Qp)T
cal) 1 2AVALT - A" )(Qs - Qp)' - al) - 2V A5 AN ((Qu — Qp)" - af)

= 2AVAL A (Qu - Q) o) = (VAL - A5 )Py~ PYT — (VAL - Ag))
x (Py— P) = (VAL - As")(Py — BT — (VAL A5 (P — BT + VAL

YAz — VA" VA" (C.8)

142
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APPENDIX D

COMPUTATIONAL CONSIDERATIONS IN THE FVB/GB

The numerical integration of the equations of motion for bath wave-packets
under a FVB/GB treatment proved to be sensitive to the method of integration
and precision of parameters. A fourth-order Runge-Kutta scheme was found to
be sufficient for successful integration. The propagation of bath wave packets ac-
companying vibrational levels with very little population necessitates the use of a
software package that allows for multiple-precision floating-point computation. The
Gnu Multiple Precision package (GMP, ver. 4.3.2) was used in conjunction with the
MPFR library (ver. 2.4.2) to provide 96 significant digits (384 bits) along with the
corresponding arithmetic operations.

Below is a representative program, written in c++, used to propagate one-
dimensional bath wave packets under the FVB/GB theory with conditions consistent

with case D, presented in Ch. IV Sec. E.



File: "main.cc”

//Main fvb/gb program

#include "fvb.h"

int main(int argc, char *argv[])

{

COUt << M akokokok otk sk ok dokokokok ok ok k ' <<endl ;
cout<<":: hello tiiiii"<<endl;

COUt << koo dkokk ok ok ok kR ok kR k' < <endl ;

switch (arge) {

case 1: {

cout<<"#xkxdkxkk* No input parameters. Using defaults.

fvb(};
break;
}

case 8: {

Hkokk koK kK kY <<endl;

cout<<Mxkkskkxkk* Parameters provided from file: "<<"’"<<argv[2]<<"’, "<«

"iccargy [3]<<", Y "<<argv[4]<<", '<<argv[B]<<", V<<argv[6]<<", ’"<<argv[7]<<endl;

fvb(argv);

break;

}

default: {

cout<<" Usage: fvb.exe'"<<endl;

cout<<" fvb.exe -wfile ’parameter_file’'"<<endl;
}

}

}

File: "fvb.cc”

//fvb program

#include "fvb.h"

//default program
void fvb()
{

cout.precision(16);
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/

3

C

C.

C

/

3

Skl KRk ok K Rk Kk ek ok ok
* Declare constants

*/

vbConstants c;
.set_basis_size(11);
set_xmin(-30.);
.set_xmax(30.);
.set_npoints(2000.);

.set_dx();

Kok o ok sk oo o o ok o o sk ok o o o o ok o ok e
* Declare potential

* parameters

* this is for the excited state.

* In this case there is only propagation

* on the excited state so we only need

* one potential defined

* Note the initial displacements are negative.
* this is because the internuclear distance

* in the excited electronic state is greater
* than in the ground state

*/

vbPotentials fp;

fp.set_sys_freq(1);

fp.set_bath_freq(0.333333333333*fp.omega_sys_);

fp.set_coupling(0.05);

£
/
£
£
£
£

p.set_sys_eq(~-sqrt(3));
/fp.set_ve_qe_(0.5);

p.set_bath_Qe(-sqrt(3)); //set bath displacement

p-hermites_s = new doublelc.npoints() * c.nbasis];

p.wfpolys_s = new doublelc.npoints() * c.nbasis];

p.ground_wf = new doublel[c.npoints()];

fp.gamma = new doublel[c.nbasis];

/

kR Rk KRR o KKKk sk ok ok o sk
* Qet position rep wf’s

* of system

121
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*/
fp.pos_rep_sys(c);
fp.pos_rep_sys_g(c);

fp.calculate_overlap(c);

/e sk ek ok s sk sk F Rk o ok ok sk 3 R R R KR KR K ok
* Declare bath wave packets

* each accompanying a system

* vibrational level

x/

fvbWavePacket *gwp = new fvbWavePacket[c.nbasis];

/e ke kR ok ok ok sk F Rk s KR R R R R KoK oK K
* Create some operators

* creation, annhilation,

* position, momentum, etc...

*/

fvbOperators *operators = new fvbOperators[1i];

operators[0] .setops(c,fp);

/AR koK ok ok ok ok ok Kok ok oK o o o Kok sk sk ok o ok sk ok ok ok o ok ok
* Initialize wave packet parameters

*/

for (int i=0; i<c.nbasis; i++) {
gwplil.Initialize(i,operators,fp.qe_.get_d(),fp);
}

/KRR oK o ok o ook sk o K KK K K K
* Set up time variables

*/

fvbTimeParameters ft;
ft.tdt_.set_prec(precision);

ft.tmn_.set_prec(precision);

ft.tmx_.set_prec(precision);

ft.tnstep_.set_prec(precision);



ft.set_tmin(0);
ft.set_tmax (200 (2+«M_PI));
//ft.set_tsteps(100);
//ft.set_dt O
ft.tdt_ = "1.e-5";
ft.set_dt(ft.tdt_.get_d();

ft.set_tsteps();

/s ok ok ok sk ok ok sk ok ok ko sk ok ok ok ok sk ok ok sk ok ok Kok ok ok
* How often to write data when

* using quality controlled

* runge-kutta and gmp

*/

ft.every_dt_.set_prec(precision);
mpfr_class dummy("O",precision);
dummy = "0.1";

//dummy *= (2%M_PI);

ft.every_dt_ = dummy;

/3K kR Rk ok ok ok K K ok K R R Kk K K K Rk ok koK

* Declare Propagator object

*/

fvbPropagate prop;

//~ //set initial population

//" propl0].totnorm = 0.;

//” for (int i=0; i<c.nbasis; i++)
/77 {

//~ gwplil.calculate_norm(i);

//~ propl0].totnorm += gwpl[il .norm;
/77 }

//~ propl[0].initnorm = prop[0].totnorm;
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/] ok ok sk o Kk ok ok ok sk ok ok sk sk sk ok ok sk ok
* Propagate wave packets from
* tmin to tmax, writing at dt

*/

prop.forward(gwp,c,ft,fp);
};

83k ok ek ke o ok ok ok ok ok ok o ko ok ok ok o e ook ok k8 o s ko Kok R ook ok o ok ke ok ok ok
*
* Using input from Gui

*/

void fvb(char *optsl[])
{

cout.precision(20);

//constants

fvbConstants c;

//set up time grid

fvbTimeParameters t;

//get stuff from gui

get_input(opts, ¢, t);

//bath wave packets

fvbWavePacket *gwp = new fvbWavePacket[c.nbasis];

//some operators (raising, lowering, etc...)
fvbOperators operators;

// operators.setops(c,fp);

//sets appropriate time variables
//t.dt (t.tdt/*((2#M_PI)/c.omega_sys)*/);

//t.dt_set_steps();

//initialize wave packet parameters

// for (int i=0; i<c.nbasis; i++)
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/A

// gwplil.Initialize(i,operators,c.disp,c);
//}

//exit(1);

//propagate wave packets

// fvbPropagate prop(c);

//set initial population

/* prop.totnorm = 0.;

% for (int i=0; i<c.nbasis; i++)
*

* gupl[i].calculate_norm(i);

* prop.totnorm += gup[i] .norm;

* }

* prop.initnorm = prop.totnorm;

*/

//propagation routine
// prop.forward(gwp,c,t);
}

void get_input(char *opts[], fvbConstants &c, fvbTimeParameters &t)
{

[k ok ook o ok o ok ok ok o ok o sk ok ok K o o K ok o K

* Gets Parameters Set by

* The UI and sets the

* Appropriate Variables

*/
ifstream insyspot, inbathpot, ingeneral, intime, inwp, incoupling;

insyspot .open(opts[2]);
inbathpot . open(opts[3]);
ingeneral.open(opts[4]);
intime.open(opts[5]);
inwp.open(opts[6]);

incoupling.open(opts[7]);

if (insyspot.fail() || inbathpot.fail() || ingeneral.fail()
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Il intime.fail() || inwp.fail() || incoupling.fail() ) {
cout<<"invalid filename"<<endl;
exit(1);

Y

char systype[100], bathtype[50],coupling[50];

int freq;
insyspot>>systype;
char h[] = "Harmonic";

char bl[] = "Bilinear";

COUTLLCM akkskokokkkkkkkkokkokkrokkxk" <<gndl;
cout<<"sys pot: "<<systype;

/33 ok ek ke e Kk o Ok ke

* System

*/

if (!strcmp(systype,h)) {

insyspot>>c.omega_sys;

c.omega_syS_ = C.omega_sys;
cout<<" w/ freq = "<<c.omega_sys<<" "<<c.omega_sys_<<endl;
+

/%% ks ok ok koK KK K K Kok o kK K

* Bath

*/

COUT <L kskokkokkok dokok ok koo kKR kR kokk ok ' <<end] ;
inbathpot>>bathtype;

cout<<"bath pot: "<<bathtype;

if (tstremp(bathtype,h)) {

inbathpot>>c.omega_bath;

c.omega_bath_ = c.omega_bath;

cout<<" w/ freq = "<<c.omega_bath<<" "<<c.omega_bath_<<endl;

Y

/%K ko ok ok kok ok okoko ko
* Coupling
*/

COUt <L okskkokok ok ook okokokkokok kR Rk kdokkokok ' <<endl ;
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incoupling>>coupling;

cout<<"coupling : "<<coupling;

if ( !strcmp(coupling,bl) ) {

char hold[10];

incoupling>>hold;

c.coupling_ = hold;

c.coupling = c.coupling_.get_d();

//c.coupling_ = c.coupling;

cout<<" w/ J= "<<c.coupling<<" "<<c.coupling_<<endl;

¥

/o ok Kok ok o ok ok ok ok ok ok ok

* General Parameters

*/

cout << kokkakokkkkokkok Kok Aok okkokokok ok ok ok ' <<end] ;
ingeneral>>c.sysmodes>>c.nbath>>c.nbasis>>c.disp>>c.bath_disp;

c.disp_ = c.disp;

cout<<"bath dim = "<<c.nbath<<endl;
cout<<"sys basis = "<<c.nbasis<<endl;
cout<<"sys displacement = "<<c.disp<<endl;

COUt << ok kokokok ok Rk ok ok ok koo kokakok ok kR k ok U <<end]

£ kR K Kok Kok Kok Kok ok ok ok ok ok ok

* Time Parameters

*/

/* t.tdt_.set_prec(precision);
t.tmn_.set_prec(precision);
t.tmx_.set_prec(precision);

t.tnstep_.set_prec(precision);

double tstep;

cout << kokokokakok ok ok ok kR ok ok kR Rk R kk ' <<endl ;

char tmin[16], tmax[16], tsteps_nf[16], tnstep_n[16];
intime>>tmin>>tmax>>tsteps_n>>tnstep_n;
//intime>>t.tmn>>t . tmx>>tstep>>t.tnstep;

t.tdt_ = tsteps_n;

t.tmn_ = tmin;

t.tmx_ = tmax;
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t.tnstep_ = tnstep_n;

double test = t.tdt_.get_d();

t.dt(test);
t.tmn = t.ton_.get_d(Q);

t.tmx = t.tmx_.get_d(Q);

cout<<"start time = "<<t.tmn<<endl;

cout<<"finish time = "<<t.tmx<<" sys vibrational periods'<<endl;
cout<<"step size = "<<t.tdt<<" x sys vib period"<<" "<<t.tdt_<<endl;
cout<<"# of steps = "<<t.tnstep<<endl;

*/

/33K 3K o K KK KoK oK K K oK oK K oK ok K K
* close files

*/

insyspot.close(); inbathpot.close(); ingeneral.close(); incoupling.close(); intime.close();

inwp.close();

//exit(1);

¥

int func(double t, const double y[], double f[], void *params) {
gslholder *gslh = (gslholder x) params;

//for (int i=0; i < gslh->cs.nbasis; i++) {

gslh->dvs[0] .get_derivs(gslh->cs,y,f);

//}

return GSL_SUCCESS;

int jac (double t, const double y[], double *dfdy,

double dfdt[], void *params)

return GSL_SUCCESS;



File: "{vb.hv"

#ifndef _

#idefine _

//include
#include
#include
#include
#include
#include
#include
using nam
#include
#include
#include
#include
#include
#include

#include

//definit

typedef complex<double> dcomp;

#define Kronecker(a,b) ((a==b ? 1 :

//precisi

static const unsigned long precision

#define M

#define M

//#define
//#define
//#define
//#define
#define G

//#define

//classes

FVB_H

FVB_H

s
<iostream>

<fstream>

<cstdlib>

<math.h>

<string>

<climits>

espace std;
<cblas.h>

<complex>
<gsl/gsl_errno.h>
<gsl/gsl_odeiv.h>
<gsl/gsl_sf_gamma,h>
<gmp.h>

<gmpfrxx.h>

ions

on (in bits) for GMP

AXSTP 10000000

AX(a,b) ((a<b ? (a)

RK45

RKCONST

GMP

DOUBLEFINITE
MPRK4

RX4QC
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#include "fvbConstants.h"
#include "fvbPotentials.h"
#include "fvbOperators.h"
#include "fvbWavePackets.h"
#include "fvbTimeParameters.h"

#include "fvbDerivatives.h”

class gslholder

{

public:

int level;
fvbWavePacket *wps;
fvbDerivatives *dvs;
fvbConstants cs;

double *all_params, *all_params_ij;

gslholder ) {};
~gslholder (){};
};

#include "fvbPropagate.h"

//function prototypes

void get_input (char *opts[], fvbConstants &c, fvbTimeParameters &t);

void fvb();
void fvb(char *optsll);

int func(double t, const double y[], double f[], void *params);
int jac (double t, const double y[], double *dfdy,

double dfdtl], void *params);

#endif

File: "fvbConstants.hi”

sk sk ko ok ok ok ok sk ok ok o ok oo ok ok ok ok ok sk ok sk ok sk ok ook sk ok ko sk ok sk ok ok sk ok kol ok k ok ok sk ok sk ok s ok sk ok ok ok sk ok ok ok ok ok ok ko ok

* fvbConstants.h

*

* Wed Dec 3 12:32:59 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu
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ko o o o oK oK oK 3K 3K oK ok 3k 3o ok o R R R o R K KKK K K oK Ko oK o o K K KoK oK oK 3K ok o o o o o ok ok kK Kok ok ok Sk o o ok kK ok ok ok ok ok ok ok ok /

//#include "fvb.h"

class fvbConstants

{

public:

//static const unsigned long precision = 128;

int sysmodes;

int nbasis;//= 11; //how many system levels to populate initially
int nbath;

double omega_sys;// =1;//6.283185307179586; //system frequency
mpfr_class omega_sys_;

double omega_bath; //bath frequency set in initializer
mpfr_class omega_bath_;

double coupling; //bilinear coupling constant

mpfr_class coupling_;

double disp; //displace system coord by this much

mpfr_class disp_;

double bath_disp; //does nothing for now

mpfr_class gmpbath_disp;

double x_max, x_min,d_x;

int n_points;

void set_sys_freq(mpfr_class x) {omega_sys_ = x;};
void set_bath_freq(mpfr_class x) {omega_bath_ = x;};
void set_coupling(mpfr_class x) {coupling_ = x;};
void set_basis_size(int x) {nbasis = x;};

void set_xmax(double x) {x_max = x;};

void set_xmin(double x) {x_min = x;};

void set_npoints(int x) {n_points = x;};

void set_dx() {d_x = (x_max - xz_min)/n_points;};

double xmax() {return x_max;};
double xmin() {return x_min;};
int npoints{() {return n_points;};

double dx() {return d_x;};

fvbConstants();

~fvbConstants () {};
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File: "fvbConstants.cc”

/o ks ok sk ok ok sk ok ks sk ok ko ko ki ok ok sk sk ko sk ko kb ko koo ko ko sk sk ok R Kok Rk ok

* fvbConstants.cc

*

* Wed Jan 14 11:08:13 2009

* Copyright 2009 Craig Chapman

* cchapma2@uoregon.edu

ko ko ok ook ok ook kR kKR ok sk ko sk ik ook kR ook sk ok sk ok sk ik ook ok sk ok kR ok ok

#include "fvb.h"

fvbConstants: :fvbConstants()

{
omega_sys_.set_prec(precision);
coupling_.set_prec(precision);
disp_.set_prec(precision);
omega_bath_.set_prec(precision);

s
File: " fvbDerivatives.hi”

3R K K K KK oK KK K KR KR SRR ok Ko SR o SR o sk o sk ok ok ok ok ok ok ok oK ok ok oK sk sk oK sk KoK ok Kok sk K KoK ok K o K KoK KoK ko

* fvbDerivatives.h

*

* Wed Dec 3 12:28:40 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu

ok ok oK o KoK oK oK oK oK K SR K K K K K K KK oK ok KR SR o S o sk ok ok ok K o sk oK KK sk K ok ok oK oK SR KK oK ok koK KKK oK K oK oK KK Rk ok ok

//#include "fvb.h"

class fvbDerivatives

{

double usb, divusb, divdivusb, ub, divub, divdivub;
mpfr_class usb_, divusb_., divdivusb_., ub_, divub_, divdivub_;
double fim, fre;

npfr_class fim_, fre_;

double sumgre, sumgim, sumP, sumQ, sumaim, sumare;
mpfr_class sumgre_, sumgim_, sumP_, sum@_, sumaim_, sumare_;

double gnnb;
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mpfr_class gnnb_;

double holder, holderi;
mpfr_class holder_, holderi_;
mpfr_class half_;

mpfr_class exp_fim_;

mpfr_class damp_;

public:
//Functions are overloaded for GSL ODE propagation and GMP usage
//Re($)
double freal(int one, int two, fvbWavePacket *guwp);
void freal(mpfr_class *gmpfre, int one, int two, fvbWavePacket *gup);
double freal(int one, int two, const double y[1);
void freal(mpfr_class *gmpfre, int one, int two, const double y[1);
//Im ()
double fimaginary(int one, int two, fvbWavePacket *gwp);
void fimaginary(mpfr_class *fim_, int one, int two, fvbWavePacket *guwp);
double fimaginary(int one, int two, const double y[1);
void fimaginary(mpfr_class fim_, int one, int two, const double y[]);
//sets linear time derivatives -~ used for finite difference
void get_derivs(int level, fvbWavePacket *guwp, fvbConstants c);
void get_derivs_gmp(int level, fvbWavePacket *gwp, fvbConstants c,fvbPotentials);
//sets linear time derivatives - used for gsl routines
void get_derivs(fvbConstants c, const double y[], double £[]);
//sets ubath, divubath, divdivubath
void ubath(int one, fvbWavePacket *gwp, fvbConstants c¢);
void ubath_gmp (mpfr_class *ub_, mpfr_class *divub_, mpfr_class *divdivub_,
int one, fvbWavePacket *gwp, fvbPotentials c¢);
void ubath(int one, fvbConstants c, const double y[]);
//sets uint, divuint, divdivuint
void uint(int omne, int two, fvbWavePacket *gwp, fvbConstants c¢);
void uint_gmp(mpfr_class *usb_, mpfr_class *divusb_,
mpfr_class *divdivusb_, int one, int two, fvbWavePacket *gup,
fvbConstants ¢, fvbPotentials fp);

void uint(int one, int two, fvbConstants c, const double y[]);

fvbOperators *deriv_ops;



fvbDerivatives();
“fvbDerivatives() {};

};

File: "{vbDerivatives.cc”

ok ok ok ok K ok oK oK ok 3K 3 oK 3 oK 3K 3 oK 3 3 ok oK K ok o ok o o o o ok ok o ok 3k 3 o ok 3 3K ok oK 3 oK 3 3 ok 36 3 3K 3 oK 3 oK K K oK ok ok ok ok o oK ok o ok

* fvbDerivatives.cc

*

* Thu Oct 2 18:29:34 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu

ko o 3 K K 3 o o o o e 3 3 K 3 3 o KoK oK 36 K 3 o oK oK o K 3K o S 3 3 K o o ok K 3 3 K 3 3 o ok 3K 3 R o o o o o sk ok ko ok o ok ok ok ok ok /

#include "fvb.h"

fvbDerivatives::fvbDerivatives()
{

sumgim_.set_prec(precision);
sumgre_.set_prec(precision);
sumQ_.set_prec(precision);
sumP_.set_prec(precision);
sumare_.set_prec(precision);
sumaim_.set_prec(precision);
fim_.set_prec(precision);
fre_.set_prec(precision);
usb_.set_prec(precision);
divusb_.set_prec(precision);
divdivusb_.set_prec(precision);
ub_.set_prec(precision);
divub_.set_prec(precision);
divdivub_.set_prec(precision);
holder_.set_prec(precision);
holderl_.set_prec(precision);
half_.set_prec(precision);
exp_fim_.set_prec(precision);
damp_.set_prec(precision);

}

void fvbDerivatives::get_derivs(int nu, fvbWavePacket *gwp, fvbConstants c)
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sumgre = 0.;

sumQ = 0.

jul
g
"o
[}
(=]

sumare = 0.;

sumaim = 0.;

for (int nubar = 0; nubar < c¢.nbasis; nubar ++)

if (nubar != nu)

{

uint (nu,nubar, gwp,c); //sets usb, divusb, divdivusb
qnnb = gwp[nul.Q - gwplnubarl.qQ;

fre = freal (nu,nubar, gwp);

fim = fimaginary(nu,nubar, gwp);

/i ek K ok e sk sk ke k ok s ok s sk ok ke e s sk sk ke s ook KoK KK

* Real gamma

ook oK ok ke skokoK s kol oK R K OR KR KK KK KK K K ok /

sumgre += exp(-fim) * (cos(freal(nu,nubar, gwp))*(-usb +( usb * gqnnb * guwp[nubar].are *
+ 0.5 x usbx (gwplnubar].P - gwplnu]l .P)) * (1./gwplnul.aim) * gwplnul.P)
+sin(freal (nu,nubar, gwp)) * ((0.5 * divusb - usb * gnnb * guplnubar].aim)

* (1./gwplnul.aim) * gwplnul .P));

/A oK ok o ok ok oK oK K K oK K o oK 3 oK K K oK X KoK KK K oK o o oK

* Imaginary gamma

ook ok o ok oK kK ook 3 oK oK oK o o 3 o ok 3 ok oK o ok 3k K ok K ok ok ok K/

sumgim += exp(-fim) * sin(fre) * usb;

// cout<<exp (~fim)<<" "<<sin(fre)<<" "<<usb<<endl;

/**********************************
* P

ok R K oK KK R ok K K o oK K o ok oK ok K oK koK 3k kK K ok ok ok /

sumP += exp (-fim) * ( cos(fre) * (divusb + usb *(-2.xgwp[nubar].aim * gnnb)
- (gwp[nul .are/gwplnul] .aim) *(2. * guplnubar].are * gqnnb + gwplnubar].P - gwplnu] .P)

* usb) - sin(fre) * (usb * (2. * gwpl[nubar].are * qunb + gwp[nubar].P - gwplnul.P)
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+ (guwplnul .are/gwpinul .aim) * (divusb - usb * (2. * guplnubar].aim * gnnb))));

5 ko oo o o o ok sk o o KKK o ok oK K oK o ok oK o ok ok K oK

*

ko ok o koK K B oK o oK kK S o K K o o o K oK o o o K oK ok ok o K /

sumQ += exp(-fim) * ( cos(fre) * (( 2. * gwp[nubar].are * gnnb + gwp[nubar].P
- gwp[nul.P) * usb)

+ sin(fre) * (divusb + usb * (-2. * gwp[nubar].aim * gnnb)));

/5K ook oK ok o o o ok KoK ok o o o o o ok o K o sk oo o ok o Ko
* Real alpha

ke o o o o ok o ok ok k3 o o o K o ok o ok 3k ke o sk ok ok ke o ok ok ok ke ok /

holder = (0.5 * divdivusb + divusb * (-2. * gwp[nubar].aim * gnnb)
+ usb * (-2. * (gwp[nubar].are * gwp[nubar].are - gwp[nubar].aim * gwp[nubar].aim) * gnnb * gnnb
-gwp[nubar] .aim + gwplnul.aim - 2. * gwplnubar].are * gnnb * (gwplnubar].P - guwp[nul.P)

-0.5 * ( gwp[nubar].P - gwpl[nul .P)*( gwplnubar].P - gwplnul.P)));

holderi = (divusb #* (2. * gwp[nubar].are * gnnb + gwp[nubar].P - gwplnul.P) + usb
* (-2, * (gwp[nubar].are * gwp[nubar].aim + gwplnubar].are * gwp[nubar].aim) * qnnb * gnnb

+ gwplnubar] .are - gwplnul.are - 2. * gwplnubar].aim * gnnb * (gwplnubar]l.P - gwplnul .P)));

sumare += exp(-fim) * ( cos(fre) * holder

-~ sin(fre) * holderi);

4k ok oK o K o ok o o ok Ko ok o sk o o ok o o K
* Imaginary alpha

K o o 3 o ok o o ok ok ok ok Kok S KK o o o o ok ok ok o ok K Kok ok o o /

sumaim += exp(-fim) #* (cos(fre) * holderi + sin(fre) * holder);
}; //done with off diagonal parts

//cout<<sumP<<endl;
//set other quantities
uint(nu,nu, gwp,c); //sets uint(nu,nu),

ubath(nu, gwp,c); //sets ub, divub, divdivub

gwplnul .dgre = 0.5 * gup[nul .P # gwp[nul .P - deriv_ops[0].sysevals[nul - usb - guplnul.aim
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- ub + sumgre;

gwplnu] .dgim = gwplnu] .are - sumgim;

gwplnul .dQ = gwplnul .P + (0.5 / guplnu].aim) * sumQ;

gwplnul .dP = -divusb - divub - sumP;

gwplnu) .dare = -0.5 * (divdivub + divdivusb) - 2. * guplnu) .are * guplnul.are + 2. *gwp[nu].aim
*gup[nu] .aim - sumare;

gwplnul .daim = -4. * guplnu) .are * guwplnul.aim - sumaim;

//cout<<gwp[nu] .dP<<endl;
}

void fvbDerivatives::get_derivs_gmp(int nu, fvbWavePacket *guwp, fvbConstants c,
fvbPotentials fp)

{

sumgim_ = "0";

sumgre_ = "0";

sumQ_ = "0";

sumP_ = "0";

sumare_ = "0";

sumaim_ = "0";

half_ = "0.5";

ub_ = "0";

divub_ = "0";

divdivub_ = "0";

damp_ = "O";

//cout<<sumP_<<" ";

for (int nubar = 0; nubar < c.nbasis; nubar ++)

if (nubar != nu)
if (Kronecker (nu,nubar+1) != 0 || Kronecker(nu,nubar-1)!= 0)
{

//cout<<nubar<<" "<<nubar+1<<" "<<nubar-1<<endl;

uint_gmp(&usb_, &divusb_, &divdivusb_,nu,nubar, gwp,c,fp); //sets usb_, divusb_, divdivusb_
gnnb_ = gwplnul .gmp_Q - gwplnubar].gmp_Q;

freal(&fre_, nu, nubar, gwp);

fimaginary(&fim_,nu,nubar, gwp);

exp_fim_ = exp(-fim_);

//cout<<gnnb_<<" "<<fre_<<" "<<fim_<<" "<<usb_<<" "<<divusb_<<" "<<divdivusb_<<endl;
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//exit(1);

]k ok ok ook ok oK 3K ok oK ok o o K KKK oK oK K oK ok oK o o 3K 3K 3K K oK 3K K

* Real gamma

**********************************/

sumgre_ += exp_fim_ * (cos(fre_)*(-usb_ +( usb_ * gnnb_ * gwpl[nubar].gmp_are
+ half_ * usb_* (gwplnubar].gmp P - gwpl[nu).gmp_P)) * (gwplnul.gmp_P/gwp[nu].gmp_aim))
+sin(fre_) * ((half_ * divusb_ - usb_ * qnnb_ * gup[nubar].gmp_aim)

* (gwp[nul .gmp_P/gup[nul.gmp_aim) ));

/**********************************

* Imaginary gamma

**********************************/

sumgim_ += exp_fim_ * sin(fre_) * usb_;

// cout<<exp (-fim)<<" "<<sin(fre)<<" "<<usb<<endl;

/**********************************
* P

**********************************/

sumP_ += exp_fim_ * ( cos(fre_) * (divusb_ + usb_ *(-2.*guwp[nubar].gmp_aim * gnnb_)
- (gwplnul .gmp_are/gwp[nul .gmp_aim) *(2 * gwp[nubar].gmp_are * qonnb_ + gup[nubar].gmp_P - gwplnul] .gmp_P)
* usb_) - sin(fre_) * (usb_ * (2 * gwp[nubar].gmp_are * gqnnb_ + gwplnubar].gmp_P - gwp[nul.gmp_P)

+ (gwplnul .gmp_are/gup [nul .gmp_aim) * (divusb_ - usb_ * (2 * guplnubar].gmp_aim * qnnb_))));

/K33 ok o sk skok ok sk ok ok ok sk o o ok sk o o ok ok ok sk o ok sk 3k ok oK o o ok
* Q

ok oK oK o ook oK o K sk ok o ok K ok 3 ok 3K o o o ok ok 3K ok o ok K oK ok ok o ok /

sumQ_ += exp_fim_ * ( cos(fre_) * (( 2 * gwp[nubar].gmp_are * gqnnb_ + gwp[nubar].gmp_P
- gwplnul .gmp_P) * usb_)

+ sin(fre_) * (divusb_ + usb_ * (-2 * gwplnubar].gmp_aim * gnnb_)));

//cout<<sum@_<<" "<<fim_<<" "<<fre_<<endl;

/**********************************

* Real alpha
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ek sk K ok kK s Kok sk ok ok koK ok 3 KK ok 3Ok Kk ok koK /

holder_ = (half_ * divdivusb_ + divusb_ * (-2 * gwp[nubar].gmp_aim * qnnb_)

+ usb_ * (-2 * (gwp[nubar].gmp_are * guplnubar].gmp_are - gwplnubar].gmp_aim * gwp[nubar].gmp_aim)

* qnnb_ * qnnb_-gwp[nubarl .gmp_aim + gup[nul.gmp_aim - 2 * gwplnubar].gmp_are * gnnb_ * (gwp[nubar]
.gmp_P - gup[nul.gmp_P)-half_ * ( gwp[nubar].gmp_P - gwplnul.gmp_P)*( gup[nubar].gmp_P

- guplnul .gmp_P)));

holderi_ = (divusb_ * (2 * guwp[nubar].gmp_are * qnnb_ + guwplnubar].gmp_P - gwpl[nul.gmp_P) + usb_
* (-4 * (guplnubar].gmp_are * gup[nubar].gmp_aim) * gqnnb_ * gnnb_

+ gupl[nubar] .gmp_are - gwplnul .gmp_are - 2 * gup[nubar] .gmp_aim * qnnb_ * (gwplnubar].gmp_P

- guplnul .gmp_P)));

sumare_ += exp_fim_ * ( cos(fre_) * holder_

- sin(fre_) * holderi.);

[/ kK d Kok ok ok KKK KK K R K
* Imaginary alpha

ks 3K K o ok K o ok ok 3k 3K ok 30K 3k Sk KK 3K ok 3ok ok ko /-

sumaim_ += exp_fim_ * (cos(fre_) * holderi_ + sin(fre_) * holder_);

}; //done with off diagonal parts

//set other quantities
//uint(nu,nu, guwp,c); //sets uint(nu,nu), ... NB : uint = 0 for bilinear coupling

ubath_gmp(&ub_, &divub_, &divdivub_,nu, gup,fp); //sets ub, divub, divdivub

gwplnul .dgre_ = half_ * gup[nul.gmp_P * gup[nul.gmp_P - deriv_ops[0].sysevals_[nu]l - gwplnul.gmp_aim
- ub_ + sumgre_;

gwplnul .dgim_ = gwp[nul .gmp_are - sumgim_;

gwplnul .dQ_ = gwp[nul.gmp_P + half_ * (sumQ. / gwpl[nul.gmp_aim);

gupl[nu] .dP_ =- divub_ - sumP_;
gwplnul .dare_ = -half_ * (divdivub_ ) - 2 * guplnul .gmp_are * guwp[nul.gmp_are + 2 *gup[nul .gmp_aim
*gwp[nul .gmp_aim - sumare_;

gwplnul .daim_ = -4 * gwplnul.gmp_are * guplnul.gmp_aim - sumaim_;

};
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void fvbDerivatives::get_derivs(fvbConstants c, const double y[],double £[1)
{

for (int nu=0; nu<c.nbasis; nu++) {

sumgim = O.;

sumgre = 0.;

sum = 0.;

sumP = 0.;

sumare = 0.;

sumaim = 0.;

double gn = y[2+nu*6];
double pn = y[3+nu*6];
double aren = y[4+nux6];

double aimn = y[5+nux*6];

for (int nubar = 0; nubar < c.nbasis; nubar ++)

if (nubar != nu)
{
if (Kronecker(nu,nubar+1) != 0 || Kronecker(nu,nubar-1) != 0) {

double gnn = y[2+nubar*6];
double pnn = y[3+nubar*6];
double arenn = y[4+nubarx*6];

double aimnn = y[5+nubar*6];

uint (nu,nubar,c,y); //sets usb, divusb, divdivusb

gnnb = gn-gnn;

fre = freal(nu,nubar, y);

fim = fimaginary(nu,nubar, y);

ks ok ok ok ok ok ok sk sk ok ok ok ok ko ok ok kK o o kK o o o K K K 3K oK
* Real gamma

ok ok ok ok ok o ok ook o ok ok ok sk ok o ok o o ok ok ok ok ke ok o ok ok kok /

sumgre += exp(-fim) * (cos(fre)*(-usb +( usb * gnnb * arenn *
+ 0.5 * usbx (pnn - pn)) * (1./aimn) * pn)
+sin(fre) * ((0.5 * divusb - usb * gnnb * aimnn)

* (1./aimn) * pn));
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KAk ok ok ok ok oo ok o ok ok ke ook ok ok R oK ok oK ok
* Imaginary gamma

ok ok ok ok oK 3 K 3 oK oK KoK K K K K ke o sk sk ok ke ke ok s o koK

sumgim += exp(~-fim) * sin(fre) * usb;

ook oK ok ok K oK o o KK 3K K K KK oK oK K oK ok oK o o K K
* P

**********************************/

sumP += exp (-fim) * ( cos(fre) * (divusb + usb *(-2.*aimn * qnnb)
- (aren/aimn) *(2. * arenn * gnnb + pnn - pn)
* usb) - sin(fre) * (usb * (2. * arenn * qumb + pnn - pn)

+ (aren/aimn) * (divusb - usb * (2. * aimnn * gnnb))));

/e s ok kK K KoK oK oK o o o o o o o o o o o o K ok koK o oK oK oK K
* Q

s ok o o o oK K ok o oK oK o o oK o o o o o o o o o ke ok ok KoK oK oK oK ok K /

sumQ += exp(-fim) * ( cos(fre) * (( 2. * arenn * gnnb + pnn
- pn) * usb)

+ sin(fre) * (divusb + usb * (-2. * aimnn * gnnb)));

/23K ok sk K K ok ke s ke sk ek sk ok e ook ok K o oK oK K K K o K

* Real alpha

ke ok oK sk ok ok kK o o ok KK K K K K K oK K K K R K K o ke ok o/

holder = (0.5 * divdivusb + divusb * (-2. * aimnn * gnnb)
+ usb * (-2 * (arenn*arenn - aimnn*aimnn) * gnnb * gqnnb
-aimnn + aimn - 2 * arenn * gnnb * (pnn - pn)

-0.5 * ( pnn - pn)*( pnn - pn)));

holder1l = (divusb * (2 * arenn * gnnb + pnn - pn) + usb
* (-2 * (arenn*aimnn + arenn*aimnn) * gnnb * gnnb

+ arenn - aren - 2 * aimnn * gqonb * (pnn - pn)));

sumare += exp(-fim) * ( cos(fre) * holder

- sin(fre) * holderl);
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/e sk ook ook ok ke e e sk ok ke ok ok e o e o s sk ek ok ek e e s ok ok ok o
* Imaginary alpha

ke ok ok ak kel soke e ke ke ke ke ke ek ok ok ok ok K ok ok ok ok ook K ok ok ok ok /

sumaim += exp(-fim) #* (cos(fre) * holderl + sin(fre) #* holder);
¥

else

continue;

}; //done with off diagonal parts

//cout<<sumP<<endl;

//set other quantities
uint(nu,nu,c,y); //sets uint(nu,nu),

ubath(nu,c,y); //sets ub, divub, divdivub

//gre
£[0+nu*6] = 0.5 * pn * pn - deriv_ops[0].sysevals[nu] /#- usb*/ - aimn
- ub + sumgre;
//gim

fl1+nu*6] = aren - sumgim;

//Q
f[2+nu*6] = pn + (1 /(2 * aimn)) * sumQ;
//P
£[3+nu*6] = /*-divusb*/ - divub - sumP;
//are
f[4+nu*6] = -0.5 * (divdivub /#+ divdivusb*/) - 2. * aren * aren + 2. *aimn

*aimn - sumare;
//aim

f[6+npu*6] = -4. * aren * aimn - sumaim;

}//end nu

¥;

//real part of f

double fvbDerivatives::freal(int one, int two, fvbWavePacket *gwp)

{

return (guwplonel.Q - gwpltwol.Q)*(gwplonel.Q - gwpltwol.Q)*gup[two] .are

+ (guplonel.Q - gup{twol.Q) * gwpltwo].P
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+ gwpltwo] .gre - gwplone].gre;
}

void fvbDerivatives::freal(mpfr_class *fre_, int one, int two, fvbWavePacket *gwp)

{

*xfre_ = (gwplone] .gmp_Q - gwpl[twol.gmp_Q)*(gwplone] .gmp_Q - gwpltwo].gmp_Q)*gwp[two].gmp_are
+ (gwplonel .gmp_Q - gwpltwol.gmp_Q) * gwpltwol.gmp_P

+ gwpltwo] .gmp_gre - gwplone] .gmp_gre;

}

double fvbDerivatives::freal(int one, int two, const double yl[])

{

return pow((y[2+onex6] - y[2+twox6]),2) /** (y[2+onex6] - y[2+twox6])*/xy[4+two*6]
+ (y[2+one*8] - y[2+two*6]) * y[3+twox6]

+ y[0+twox6] - y[O+onex6];

}

void fvbDerivatives::freal(mpfr_class *gmpfre, int one, int two, const double y[])

{

xgmpfre = pow((y[2+onex6] - y[2+two*6]),2) /** (y[2+one*6] -~ y[2+twox6])*/*y[4+twox6]
+ (y[2+onex6] - y[2+two*6]) * y[3+twox6]

+ y[0+two*8] - y[O+onex6];

}

double fvbDerivatives::fimaginary(int one, int two, fvbWavePacket *gwp)

{

return (gwplonel.Q - gwpltwo]l.Q)* (gwplonel.Q - gwpltwol.Q)*gwpltwol.aim
+ gwpltwol.gim - gwplonel.gim;

¥

void fvbDerivatives::fimaginary(mpfr_class *fim_, int one, int two, fvbWavePacket *gwp)

{

*fim_ = (gwplonel.gmp_0 - gwpltwo].gmp_Q)* (gwplonel.gmp_Q - gwpltwol.gmp_Q)*gwpltwo]l.gmp_aim
+ gup[two] .gmp_gim - gwplonel .gmp_gim;

¥

double fvbDerivatives::fimaginary(int ome, int two, const double y[])

{

return pow((y[2+one*6] - y[2+twox6]),2) /** (y[2+onex6] - y[2+twoxB])*/*y[65+twox6]
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+ y[1+twox6] - y[i+onex6];
}

void fvbDerivatives::ubath(int one, fvbWavePacket *gwp, fvbConstants c)
{

ub = 0.5 * c.omega_bath * c.omega_bath * gwplonel.Q * gwplonel.Q;
divub = c.omega_bath * c.omega_bath * gwplone].Q;

divdivub = c.omega_bath * c.omega_bath;

ub_ = 0.5 * c.omega_bath_ * c.omega_bath_ * guplonel.gmp_Q * gwplonel .gmp_Q;

divub_ = c.omega_bath_ * c.omega_bath_ * gwplonel.gmp_Q;

divdivub_ = c.omega_bath_ * c.omega_bath_;

3

void fvbDerivatives::ubath_gmp(mpfr_class *ub_, mpfr_class #*divub_, mpfr_class *divdivub_,
int one, fvbWavePacket *gwp, fvbPotentials c)

{

*ub_ = 0.5 * c.omega_bath_ * c.omega_bath_ * gwplonel.gmp_Q * gwplonel.gmp_Q;
*divub_ = c.omega_bath_ * c.omega_bath_ * gwp[one].gmp_Q;
*divdivub_ = c.omega_bath_ * c.omega_bath_;

}s

void fvbDerivatives::ubath(int one, fvbConstants ¢, const double y[])
{

ub = 0.5 * c.omega_bath * c.omega_bath * y[2+one*6];

divub = c.omega_bath * c.omega_bath * y[2+onex6];

divdivub = c.omega_bath * c.omega_bath;

};

void fvbDerivatives::uint(int one, int two, fvbWavePacket *gwp, fvbConstants c¢)
{

if (Kronecker(one, two+i)!= 0 [} Kronecker(one, two-1)!= 0) {

usb = c.coupling * gwplonel.Q * deriv_ops[0].qlone + two * c.nbasis];

divusb = c¢.coupling * deriv_ops[0].qlone + two * c.nbasis];

divdivusb = 0.;

damp_ = cos((M_PI/2)*(one-6)/(c.nbasis—6));



145

usb_ =damp_* c.coupling * gwplonel.gmp_Q * deriv_ops[0].q_[lone + two * c.nbasis];
divusb_ = damp_*c.coupling * deriv_ops[0].q_[one + two * c.nbasis];

divdivusb_ = 0.;

}

else {

usb = 0.

divusb = 0.;

divdivusb = 0.;

qu_ = nQ" ;
divusb_ = "0";
divdivusb_ = "0";
}

+

void fvbDerivatives::uint_gmp(mpfr_class *usb_, mpfr_class *divusb_,

mpfr_class *divdivusb_, int one, int two, fvbWavePacket *gwp, fvbConstants c,
fvbPotentials fp)

{

if (Kronecker(one, twot+1)!= 0 || Kronecker(one, two-1)!= 0) {

/* if (one >= 3) {

damp_ = cos{((M_PI/2)*(one-3)/((c.nbasis-1)-3));

*usb_ = damp_xfp.coupling_ * gwplonel.gmp_Q * deriv_ops[0].q_[one + two * c.nbasis];
*divusb_ = damp_*fp.coupling_ * deriv_ops[0].q_[one + two * c.nbasis];
*divdivusb_ = "0";

} else {*/

*usb_ = fp.coupling_ * gwplonel.gmp_Q * deriv_ops[0].q_[one + two * c.nbasis];
*divusb_ = fp.coupling_ * deriv_ops[0].q_[one + two * c.nbasis];

*divdivusb_ = "0";

/7Y

}

else {

*usb_ = "0";

*divusb_ = "0";

*divdivusb_ = "0";

}

I

void fvbDerivatives::uint(int one, int two, fvbConstants ¢, const double y[])
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{

if (Kronecker(one, two+1)!= 0 || Kronecker(one, two-1)!= 0) {
usb = c.coupling * y[2+one*6] * deriv_ops[0].qlone + two * c.nbasis];
divusb = c.coupling * deriv_ops(0].qlone + two * c.nbasisl;
divdivusb = 0.;

} else {

usb = 0.;

divusb = 0.

divdivusb = 0.;

}

i

File: "fvbOperators.h”

e e sk sk sk sk ke oo sk ke ke oo o ks ok ok e ok e o e 3k ok o sk ke 3 ook ok e o sk sk ke o ke e sk ke ke ok e ook sk K ke ook sk e sk ok sk o o o ok ke

* fvbOperators.h

*

* Wed Dec 3 12:25:28 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu
****************************************************************************/

//#include "fvb.h"

class fvbOperators

{

public:

//system momentum
double *p,*p2,*p3,*pd,*pb,*p6,*p7,*p8,*p9,*pl0,*pll,*pl2,*qt, *qt2;
double *q;

mpfr_class *q_;
//ladder operators
double *at,*a;
mpfr_class *at_, *a_;
//displacement operator
double *disp_operator;
//system eigenvalues
double *sysevals;

mpfr_class *sysevals_;

//multiply two square double precision arrays of size m



/

/returns a pointer to new double array

double *multmm(double *one,double *two,int m);

/

/same but for matrix*vector

double *multmv(double *one,double *two,int m);

d

i

ho

t
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v

£

} N
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v
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a
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ouble factorial(int number) {double temp;
f (number <= 1)

eturn 1.;

emp = number * factorial (number - 1);

eturn temp;}
oid setops(fvbConstants, fvbPotentials);

vbOperators();

fvbOperators() {};

File: "fvbOperators.cc”

sk oo ook s o sk o sk ook ook ok ok ook o ko b ook o sk sk ok sk ok skl sk sk o sk o e ko ke ko ok ok ook sk o sk ko o oK Ko Kok ok ok ok ok
* fvbOperators.cc
*

* Thu Oct 2 17:28:45 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu

sk sk ook of sk ok ok ook ok o skok ok ok o sk ok o sk ok o ok o sk ok sk sk sk ok ok sk ok sk o sk ok o stk ok o sk o sk ok o sk ook o o sk ok ok o sk ook o o sk ok sk kb o/

include "fvb.h"

vbOperators: : fvbOperators()

oid fvbOperators::setops(fvbConstants c,fvbPotentials fp)

= new double[c.nbasis*c.nbasis];

t = new double[c.nbasis*c.nbasis];

= new mpfr_class[c.nbasis*c.nbasis];

t_ = new mpfr_class[c.nbasis*c.nbasis];

147
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sysevals = new double[c.nbasis];

sysevals_ = new mpfr_class[c.nbasis];
disp_operator = new double[c.nbasisxc.nbasis];
p = new double[c.nbasis*c.nbasis];

q = new double[c.nbasisxc.nbasis];

q_ = new mpfr_class[c.nbasis*c.nbasis];

cout.precision(32);

//sets precision of gmp stuff

for (int i=0; i<c.nbasis*c.nbasis; i++)
{

a_[i] .set_prec(precision);
at_[i].set_prec(precision);

q_[i] .set_prec(precision);

}

for (int i=0; i<c.nbasis; i++)
for (int j=0; j<c.nbasis; j++){
double row = 1.x*i;

double col = 1.%j;

char rowl_[10];

char coll_[10];
sprintf(rowl_,"#4i",i);

sprintf(coll_,"%i",j);
mpfr_class row_ (rowl_,precision);

mpfr_class col_ (coll_,precision);

//raising and lowering operators
ali+j*c.nbasis] = sqrt(col) * Kronecker(row, col-1);

at[i+j*c.nbasis] = sqrt(row) * Kronecker(row, col+l);

a_[i+j*c.nbasis] = sqrt(col_) * Kronecker(row,col-1);

at_[i+j*c.nbasis] = sqrt(row_) * Kronecker(row,col+l);

// system and bath position operators
pli+j*c.nbasis] = sqrt(fp.omega_bath_.get_d()/2) * (at[i+j*c.nbasis] - ali+j*c.nbasis]);

qli+j*c.nbasis] = (at[i+j*c.nbasis] + a[i+j*c.nbasis]) * (1/sqrt(fp.omega_sys_.get_d()*2));
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q_[i+j*c.nbasis] = (at_[i+j*c.nbasis] + a_[i+j*c.nbasis]) * (1/sqrt(2xfp.omega_sys_));

¥

p2 = multmm(p,p,c.nbasis);

p3 = multmm(p2,p,c.nbasis);

p4 = multmm(p3,p,c.nbasis);

p5 = multmm(p4,p,c.nbasis);

p6 = multmm(p5,p,c.nbasis);

p7 = multmm(p6,p,c.nbasis);

p8 = multmm(p7,p,c.nbasis);

p9 = multmm(p8,p,c.nbasis);

p10= multmm(p9,p,c.nbasis);

pll = multmm(pl0,p,c.nbasis); .

pl2 = multmm(pll,p,c.nbasis);

3k sk ok ok ok ok ok s ok o ok ok o ok ok Sk ok ok ok ok ok ok Kok o ok ok ok ok

* Create Displacement operator

*/

for (int i=0; i<c.nbasis; i++) {

for (int j=0; j<c.nbasis; j++) {

disp_operator[i+j*c.nbasis] = pl[i+j*c.nbasis] * fp.ve_qe_.get_d()

;/% + p2[i+j*c.nbasis] * (1./gsl_sf_fact(2)) * pow(fp.ve_qe_.get_d(),2)
+ p3[i+j*c.nbasis] * (1./gsl_sf_fact(3)) * pow(fp.ve_ge_.get_d(},3)

+ p4[i+j*c.nbasis] * (1./gsl_sf_fact(4)) * pow(fp.ve_qe_.get_d(),4)

+ p5[i+j*c.nbasis] * (1./gsl_sf_fact(5)) * pow(fp.ve_qe_.get_d(),5)
;/%+ p6li+j*c.nbasis] * (1./gsl_sf_fact(6)) * pow(fp.ve_ge_.get_d(),6)
+ p7li+j*c.nbasis] * (1./gsl_sf_fact(7)) * pow(fp.ve_qe_.get_d(),7)

+ p8[i+j*c.nbasis] * (1./gsl_sf_fact(8)) * pow(fp.ve_qge_.get_d(),8)

+

p9li+j*c.nbasis] * (1./gsl_sf_fact(9)) * pow(fp.ve_qge_..get_d(),9)

+

plO[i+j*c.nbasis] * (1./gsl_sf_fact(10)) * pow(fp.ve_ge_.get_d(),10)

+ plifi+j*c.nbasis] * (1./gsl_sf_fact(11)) * pow(fp.ve_ge_.get_d(),11)

+

pl2[i+j*c.nbasis] * (1./gsl_sf_fact(12)) * pow(fp.ve_qge_.get_d(),12);
*/

¥

disp_operator [i+i*c.nbasis] += 1,;

¥

qt = new doublelc.nbasis*c.nbasis];//multmm(q,disp_operator,c.nbasis);



qt2=new doublelc.nbasis*c.nbasis];

cblas_dgemm(CblasColMajor,CblasNoTrans,CblasNoTrans,
c.nbasis,c.nbasis,c.nbasis,1.0,q,

c.nbasis,disp_operator,c.nbasis,0,qt,c.nbasis);

cblas_dgemm(CblasColMajor,CblasNoTrans,CblasNoTrans,
c.nbasis,c.nbasis,c.nbasis,1.0,disp_operator,

c.nbasis,qt,c.nbasis,0,qt2,c.nbasis);

//qt2 = multmm(disp_operator,qt,c.nbasis);

for (int i=0; i<c.nbasis; i++) {

for (int j=0; j<c.nbasis; j++) {

//cout<<i<<™ "<<j<<” "<<q[i+j*c.nbasis]<<" "<<disp_operator[i+j*c.nbasis]<<endl;
}

}

//exit(0);

//system eigenvalues

for (int i=0; i<c.nbasis; i++) {

sysevals[i] = fp.omega_sys_.get_d() * (i + 0.5);

sysevals_[i] = fp.omega_sys_ * (i + 0.5);

¥

¥;

double *fvbOperators::multmm(double *one,double *two,int m)

{

double *res = new double[m*m];

cblas_dgemm(CblasColMajor,CblasNoTrans,CblasNoTrans,

m,m,m,1.0,o0ne,

m,two,m,0,res,m);

return res;

s

double *fvbOperators::multmv(double *one,double *two,int m)
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{

double #*res = new double[m];

//~ cblas_dgemv(CblasColMajor,CblasNoTrans,

//" m, m, 1, one, m, two, 1, O, res, 1);

//~ //return result
return res;

};
File: "{vbPolentials.ht’

/s ke ok ok ko ok kR o ok ko ko ks ok ks o ko o R sk s ok ke ks ks ks oo ok sk ok ok ok ok ok sk ok
* fvbPotentials.h

*

* Wed Dec 3 12:32:59 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu

ke sk ke o ok ok ok ok o ook R O OF ok o sk ok o 8 o o 6 ok o3k ok ok ko ok ook R Ok ok sk o ok ok o sk ok ok ok ok kR K R B R s ke sk ok e sk ok ke ok ok ok ok ok ok ok ok /

class fvbPotentials
{
public:

mpfr_class omega_sys_,omega_bath_,coupling_,qe_,Qe_,ve_qge_;

double * hermites_s;
double * wipolys_s;
double * ground_wf;

double * gamma;

void set_sys_freq(mpfr_class x) {omega_sys_ = x;};
void set_bath_freq(mpfr_class x) {omega_bath_ = x;};
void set_coupling(mpfr_class x) {coupling_ = x;};
void set_bath_Qe();

void set_bath_Qe(mpfr_class x) {Qe. = x;};

void set_sys_eq(mpfr_class x) {qe. = x;};

void set_ve_qe_(mpfr_class x) {ve_qe_ = x;};

void pos_rep_sys(fvbConstants);

double hermite_s(int n, int pos, double x, fvbConstants);



double hermite(int n, int pos, double x);
double hermite(int n, double pos);
void pos_rep_sys_g(fvbConstants c);

void calculate_overlap(fvbConstants);

fvbPotentials();
“fvbPotentials() {};
};

File: "{vbPotentials.cc”

P e L e T

* fvbPotentials.cc

*

* Wed Jan 14 11:08:13 2009

* Copyright 2009 Craig Chapman

* cchapma2@uoregon.edu

K R KoK K oK R KR oK Ko K K S o SR R o o oK R o o S koK R sk ok o s o ko sk R sk ok sk ok sk ok K ok K ok sk ok sk ok ok /

#include "fvb.h"

fvbPotentials::fvbPotentials()

{

ve_ge_.set_prec(precision);
qe_.set_prec(precision);
Qe_.set_prec(precision);
omega_sys_.set_prec(precision) ;
coupling_.set_prec(precision);
omega_bath_.set_prec(precision);

};

void fvbPotentials::set_bath_Qe()
{
}

void fvbPotentials::pos_rep_sys(fvbConstants c)

{
double beta=sqrt(omega_sys_.get_d());

double coeff=sqrt(beta/sqrt(M_PI));

//Initialize first two basis functions

1

9]

2
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for (int n=0;n<2;n++) {
double hold=n;

double coeff2=1./(sqrt(pow(2,hold)*gsl_sf_fact(n)));

for (int point=0;point<c.npoints();point++) {

hermites_s[point + n*c.npoints()]=hermite(n, betax(c.xmin()+point*c.dx()));

wfpolys_s[point + nxc.npoints()]=coeff*coeff2¥exp(-0.5*(pow((c.xmin()+point*c.dx())*beta,2)))
*hermites_s[point + (c.npoints()#*n)];

}

}

//Now the rest

for (int n=2;n<c.nbasis;n++) {

int which = 0;
double hold=n;

double coeff2=1./(sqrt(pow(2,hold)*gsl_sf_fact(n)));

for (int point=0;point<c.npoints();point++) {

hermites_s[point + n*c.npoints()]=hermite_s(n,point,beta*(c.xmin()+point*c.dx()),c);
wipolys_s[point + n*c.npoints()]=coeff*coeff2*exp(-0.5*(pow((c.xmin()+point*c.dx())*beta,2)))
*hermites_s[point + n*c.npoints()];

}

}

}

void fvbPotentials::pos_rep_sys_g(fvbConstants ¢)
{
double beta=sqrt(omega_sys_.get_d());

double coeff=sqrt(beta/sqrt(M_PI));

//Initialize first basis functions
double hold=0;

double coeff2=1./(sqrt(pow(2,hold)*gsl_sf_fact(0)));

for (int point=0;point<c.npoints();point++) {
hermites_s[point] =hermite(0, beta*((c.xmin() - ge_.get_d())+point*c.dx()));
ground_wf [point]=coeff*coeff2%exp(~0.5%(pow(((c.xmin() - qe_.get_d()) +point*c.dx())*beta,2)))

*hermites_s [point];
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ofstream oscfunc;
oscfunc.open("posrep_s", ios::out);
//for (int nf=0;nf<c.nbasis;nf++)
for (int point=0;point<c.npoints();point++)

oscfunc<<(c.xmin()+point*c.dx())<<" "<<ground_wf [point]<<" "<<wfpolys_s[point+c.npoints()]<<endl;
oscfunc.close();
// exit(0);

¥

double fvbPotentials::hermite(int n, double pos)

{

if (n==0) {
Teturn 1.;
¥

else if (n==1) {

return 2.*pos;

}

else {

double number;//=2.*pos*hermite(n-1,pos)-2.*(n-1)*hermite(n-2,pos);
return number;

}

}

double fvbPotentials::hermite(int n, int pos, double x)

{

double number;//=2.*x*hermites[pos] [n-1]1-2.*(n-1)*hermites[pos] [n-2];
return number;

}

double fvbPotentials::hermite_s(int n, int pos, double x, fvbConstants c)
{

double number=2.x*x*hermites_s[pos + (n-1)*c.npoints()]-2.*(n~1)*hermites_s[pos + (n-2) * c.npoints(}];
//if (n==2)

// cout<<number<<endl;

return number;

¥

void fvbPotentials::calculate_overlap(fvbConstants c)

{



for (int i=0; i<c.npoints(); i++)

for (int j=0; j<c.nbasis; j++) {
wifpolys_s[i+j*c.npoints()] *= c.dx();
//holder [i+j*npoints]=wipolys_s[il [j];
}

cblas_dgemv (CblasColMajor,CblasTrans
,c.npoints(),c.nbasis,1,wfpolys_s

,c.npoints(),ground_wf,1,0,gamma,1);

// exit(0);
+

File: "fvbPropagate.h”

/3 koo sk ok ok o sk ko o K sk Rk ok ok ok ok oo ok ks ok o ok ok ok sk ok sk R ok ok ok ok ok ok ok ko ok sk ok ok ok ok
* fvbPropagate.h

*

* Wed Dec 3 12:44:26 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu

sk ks o ks ok o o o o ko o o o o o ok o ok ok o o ok ok ok o ok s ok sk ok ks ok ok sk o o Kok o ok ok sk sk o ks sk o sk ok ok R ok ok o /
//#include "fvb.h"

class fvbPropagate
{
fvbDerivatives *derivs;

double factor;

public:
//for calculating overlaps

dcomp A, B, C, exp_arg, exp_pre, overlap;

void forward(fvbWavePacket *gwp,fvbConstants &c, fvbTimeParameters t, fvbPotentials);
void renormalize(fvbWavePacket *gwp, fvbConstants ¢);

dcomp calculate_overlap(int one, int two, fvbWavePacket *gwp);

dcomp calculate_overlap_init(int one, int two, fvbWavePacket *gwp);

void check_purity(fvbWavePacket *gwp, fvbConstants c);

Jt

ot
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double totnorm;
double initnorm;
double purity;

double *all_params;

void set_allparams(gslholder gsl, fvbWavePacket *gwp, fvbConstants c);
void update_array(gslholder gslstuff, fvbWavePacket *gwp, fvbConstants c);
void revert(gslholder gslstuff, fvbConstants c);
void rk4_step(fvbDerivatives *derivs,fvbWavePacket * gwp,
fvbWavePacket *gwp_t, fvbConstants &c,
mpfr_class time_step, mpfr_class dydx[],
mpfr_class dyt[], mpfr_class dym[], mpfr_class yi],
fybPotentials) ;
void odeint (mpfr_class y[], fvbDerivatives *derivs, fvbWavePacket *gwp,
fvbWavePacket *gwp_t, fvbConstants &c, mpfr_class *timeh_, mpfr_class t2,
mpfr_class hl_, mpfr_class dydx[], mpfr_class dyt[],

mpfr_class dym[],fvbPotentials fp);

void rkqc(fvbDerivatives *derivs,fvbWavePacket * gwp,
fvbWavePacket *gwp_t, fvbConstants &c, mpfr_class *time_step,
mpfr_class dydx[], mpfr_class dyt[], mpfr_class dym[],
mpfr_class y[], mpfr_class *x, mpfr_class yscal[],
mpfr_class *hnext, fvbPotentials);

double q(fvbWavePacket *, fvbConstants, doublex,fvbPotentials);

dcomp qt(fvbWavePacket *, fvbConstants);

fvbPropagate () {};
~fvbPropagate() {};
};

File: "fvbPropagate.cc”

/5o oK o oo o o K R o o oK K ok o K o o K R s K ks o KK o o o s sk o K ko o ok K o o K o K KoK KK K ok KK KK sk ok

* fvbPropagate.cc

*

* Thu Oct 2 18:07:04 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu

o o o o 3K oo o K o K o R o SR R SR R S R sk ok KR SR R s o s ok R sk o K o ko R sk o K o R o ok R Sk oK sk K K K oK oK K o K o K K sk ok sk ok /

#include "fvb.h"
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void fvbPropagate::forward(fvbWavePacket *gwp, fvbConstants &c,

fvbTimeParameters t, fvbPotentials fp)

ofstream grefile, gimfile, Qfile, Pfile, arefile, aimfile, normfile,
purityfile,q0file,qtfile;

grefile.open("gre",fstream::ate);
gimfile.open("gim",fstream::ate); gimfile.precision(16);
Qfile.open("Q", fstream::ate); Qfile.precision(16);
Pfile.open("P", fstream::ate);

arefile.open("are",fstream::ate);
aimfile.open("aim",fstream::ate); aimfile.precision(16);
normfile.open("norm",fstream::ate); normfile.precision(16);
purityfile.open("purity",fstream::ate); purityfile.precision(16);
q0file.open(”q0"); qO0file.precision(16};

qtfile.open("qt"); qtfile.precision(16);

double time = t.tmin();
double timeh;

double h = le-4;

double hmin = le-8;
double timem;

double timestop = 400000;

3K oo ok o ok o ok sk o ok ok ook ook o ok o sk o sk o o ok o o ok o K o K o ok o ko Kk sk ok ok o ok s o o K oK K oK K K oK oK oo o oK K oK o K K o o K kK
ok R o oK koK oK o R SR K oo o K o oo o ok K sk o o KR oK Kok o ok ook R sk ok Sk ok R oK R o o o o oo o o sk sk ok sk K sk sk sk ok ok o K ok ok
* Runge Kutta Techniques, non-GMP, uses gsl

*/

#ifdef RK45
kR A Ko o ook ok kR o
* propagation routine */
const gsl_odeiv_step_type * T = gsl_odeiv_step_rkf45;
gsl_odeiv_step *stepper = gsl_odeiv_step_alloc(T,6*c.nbasis);
[ FR kAo Ko oo oo o kK ok ok ook
* error limits */
gsl_odeiv_control *controller =gsl_odeiv_control_standard_new (le-25,1.e-12,.0,1);

/Koo sk ok KoK K K



* evolver */

gsl_odeiv_evolve *evolver = gsl_odeiv_evolve_alloc(6*c.nbasis);

/3o K s ok ok R KKK R K SR Ko KK KoK oK KK o o K
* Object that calculates all

* of the time derivatives.

* In the case of RK45, all of the
* WP parameters are in a single

* array of size 6*nbasis

*/

derivs = new fvbDerivatives[1];
for (int i=0; i<i; i++) {
derivs[i].deriv_ops = new fvbOperators[i];
derivs[i] .deriv_ops[0].setops(c,fp);
}
#else
[ A A KA KKK KK KK KKK oK KK
* In the case of no RK45 each
* basis state gets its own
* derivative object

*/

derivs = new fvbDerivatives[c.nbasis];

for (int i=0; i<c.nbasis; i++) {
derivs([i].deriv_ops = new fvbOperators(1];
derivs[i].deriv_ops{0] .setops(c,fp);

}

#endif

#ifdef RK45

gslholder gslstuff;

gslstuff.wps gvwp;
gslstuff.dvs = derivs;
gslstuff.cs = c;

[ A Sk o o AR AR RO
* this holds all of the

* current wp parameters

*/
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gslstuff.all_params = new double[6*c.nbasis];

/3 sk ook sk ok sk ok sk ok sk ok sk ok sk ok sk o sk ok sk o ok

* This holds the initial

* wp parameters

*/

gslstuff.all_params_i = new double[6%c.nbasis];
set_allparams(gslstuff,gslstuff.ups,c);

gsl_odeiv_system syst = {func, jac, 6*c.nbasis, &gslstuff};

#endif

#ifdef RKCONST
double y_err[6%c.nbasis];

double dydt_in[6%c.mbasis], dydt_out[6%c.nbasis];

//GSL_ODEIV_FN_EVAL(&syst, time, gslstuff.all_params, dydt_in);

int marker=0;

vhile (time < timestop) {
timeh = time / (2*M_PI);
if (((marker % 10000) == 0) || marker == 0) {
grefile<<timeh<<" ";
gimfile<<timeh<<" *;
Qfile<<timeh<<" ";
Pfile<<timeh<<" ";
arefile<<timeh<<" ";
aimfile<<timeh<<" ";
normfile<<timeh<<" ";
purityfile<<timeh<<" ";

q0file<<gwp[0].Q<<endl;

//write out wp parameters at current time
for (int i=0; i<c.nbasis; i++)

{

grefile<<gwplil .gre<<" ";

gimfile<<gwplil .gim<<" ";
Qfile<<gwp[i].Q<<" "3

Pfile<<gwpl[i] .P<<" ";

arefile<<gwp[il.are<<™ ¥;

aimfile<<gwplil.aim<<" "}
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totnorm = 0.

for (int i=0; i<c.nbasis; i++)

{

//calculate populations and total norm
gwplil.calculate_norm(i);

totnorm += gwpl[il.norm;

//write ith norm
normfile<<gwp[i] .norm<<" *;

}

//Calculate trace_sys {rho~2}

check_purity(gwp,c);

//write purity to file

purityfile<<purity;

//start new line in files
grefile<<endl; gimfile<<endl; Q(file<<endl; Pfile<<endl; arefile<<endl; aimfile<<endl;

purityfile<<endl;

//write total norm to end of line in normfile
normfile<<totnorm<<endl;

¥

int status = gsl_odeiv_step_apply (stepper,time,h,gslstuff.all_params,y_err,
dydt_in, dydt_out, &syst);

update_array(gslstuff,gup,c);

if (status != GSL_SUCCESS)

break;
for (int i=0; i<c.nbasis*6; i++) {
dydt_in[i] = dydt_out[il;

¥

time += h;
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marker ++;

cout<<time<<endl;
}
exit(1);

#endif

#ifdef RK45

for (int i= 1; i<timestop; i++) {

double ti = 1 * .1;

timeh = time / (2%M_PI);

grefile<<timeh<<" ";
gimfile<<timeh<<" ";
Qfile<<timeh<<" ";
Pfile<<timeh<<" ";
arefile<<timeh<<" ";
aimfile<<timeh<<" ";
normfile<<timeh<<" ";
purityfile<<timeh<<" ";

q0file<<gwp[0] .Q<<endl;

//write out wp parameters at current time
for (int i=0; i<c.nbasis; i++)

{

grefile<<gwp[i].gre<<" ";

gimfile<<gwplil.gim<<" ";
Qfile<<gwp[il.Q<<" ";

Pfile<<gwp[i].P<<" ";

arefile<<gwplil].are<<" ";

aimfile<<gwp[il].aim<<" ";

}

totnorm = 0. ;
for (int i=0; i<c.nbasis; i++)
{

//calculate populations and total norm



gwplil .calculate_norm(i);

totnorm += gwplil.norm;

//write ith norm
normfile<<gwp[i] .norm<<"

¥

n.
3

//Calculate trace_sys {rho~2}

check_purity(gwp,c);

//write purity to file

purityfile<<purity;

//start new line in files

grefile<<endl; gimfile<<endl; Qfile<<endl; Pfile<<endl; arefile<<endl; aimfile<<endl;

purityfile<<endl;

//vwrite total norm to end of line in normfile

normfile<<totnorm<<endl;

//end writing arrays

wvhile (time < ti) {

int status = gsl_odeiv_evolve_apply

(evolver, controller, stepper, &syst, &time, ti,

&h, gslstuff.all_params);

update_array(gslstuff,gwp,c);
cout<<time/ (2*M_PI)<<" "<<h<<endl;

¥

}
exit(1);

#endif

K o o ook ko sk ook o o ok o o o ok o R K R KK oK K K o KK K R KKK S oK K o S o KK R K R K R KKK K R KK K R KKK K Ko KK

KoK ok ko ok ok ok ok o ok kK ok ok ok ok ks koK ok ok k ok ok ok sk ok K K ok ok kK K o Kk K ok ok ok ok K ok Kok ok ok ok K ko ok K kK ok k&

* Finite Difference
*/

/2 ek sk ks kK 3 oK oK K K K K o s s K 3K K o o o ok K o ok ok ok o ok K Kk ok ok
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koo oo o ko o s o o o o oK oK K o o oK o oKk o K o o o o K oK o KK oK Kk Kok K ok K
* Non -~ gmp first
*/

#ifdef DOUBLEFINITE

//main time loop

for (int total_step = 0; total_step < lel2; total_step ++)
{

timeh = t.min() + (£.dt() * total_step)/(2%M_PI);

double inttime;

if ((total_step % 10000) == )
{

cout<<timeh<<endl;

grefile<<timeh<<" ";
gimfile<<timeh<<" ";
Qfile<<timeh<<" ";
Pfile<<timeh<<" ";
arefile<<timeh<<" ";
aimfile<<timeh<<" ";
normfile<<timeh<<" ";
purityfile<<timeh<<" ";

q0file<<gwp[0].Q<<endl;

//write out wp parameters at current time
for (int i=0; i<c.nbasis; i++)

{

grefile<<gwplil.gre<<" ";
gimfile<<gwpl[il.gim<<" ";
Qfile<<gwp[i].Q<<" ",

Pfile<<gwpl[i] .P<<" *;

arefile<<gwpl[i].are<<” ";

aimfile<<gwp[i].aim<<" ";

}

totnorm = O.;

for (int i=0; i<c.nbasis; i++)



{
//calculate populations and total norm
guwpli] .calculate_norm(i);

totnorm += gupli] .norm;
//write ith norm
normfile<<gwpli].norm<<" *;

}

//Calculate trace_sys {rho~2}

check_purity(gwp,c);

//write purity to file

purityfile<<purity;

//start new line in files

grefile<<endl; gimfile<<endl; Q(file<<endl; Pfile<<endl; arefile<<endl; aimfile<<endl;

purityfile<<endl;

//write total norm to end of line in normfile

normfile<<totnorm<<endl;

} //end writing arrays

//get derivatives
for (int i=0; i<c.nbasis; i++)

derivs([i] .get_derivs(i,gwp,c,derivs[0].deriv_ops(0].q);

//step forward one time step of length dt
for (int i=0; i<c.nbasis; i++)

{

gwp[i] .gre += t.dt() * gwp[il.dgre;
gwp[il.gim += t.dt () * gwp[il.dgim;
gwplil.Q += t.dt() * gwpli].dQ;

gwp[i) .P += t.dt() * gwpl[i].dP;

gwplil .are += t.dt() * gwpl[il].dare;
gwplil.aim += t.dt() * gwpl[i].daim;

¥
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//renormalize wave packets
totnorm = 0, ;

for (int i=0; i<c.nbasis; i++)
{

gwplil.calculate_norm(i);
totnorm += gwplil.norm;

¥

//renormalize(gup);

}// end total time

//close files

165

arefile.close(); aimfile.close(); grefile.close(); gimfile.close(); Qfile.close(); Pfile.close();

purityfile.close();
exit(0);

#endif

] ok ok o ok ok ok koK 3 ok kK oK 3K K K 3K 3K o o 3K 3K 3K ok ok ok 3 ok K K oK o K KK K K KK oK K 3K oK 3K o K 3K o o KoK o K
2k 2k ok ok ke ok ok ok ok ok 3 ke ok ok ok Ak ok ok ok ok ak ok ke ok ok k K ok ok ok ok ke K ok Kk ok ok ak 2k ok ok ak ok ok ak ok k ok ok ok dk ok k ok sk
* Now for GMP

*/

#ifdef GMP

mpir_class timeh_;

//main time loop

for (int total_step = 0; total_step < lel2; total_step ++)
{

timeh_ = t.min() + (t.dt() * total_step)/(2*M_PI);

double inttime;

//cout<<timeh_<<" "<<gwp[0].gmp_Q<<endl;

if ((total_step % 100) == )
{
cout<<"time = "<<timeh_<<endl;

grefile<<timeh_<<" ";

gimfile<<timeh_<<" ";



Qfile<<timeh_<<" ";
Pfile<<timeh_<<" ";
arefile<<timeh_<<" ";
aimfile<<timeh_<<" ";
normfile<<timeh_<<" "
purityfile<<timeh_<<" ";

//q0file<<gwpl[0] .gmp_Q<<endl;

//write out wp parameters at current time
for (int i=0; i<c.nbasis; i++)

{

grefile<<gwpl[i] .gmp_gre<<" ";

gimfile<<gwp[i].gmp_gim<<" ";
Qfile<<gwpl[il.gmp_Q<<" *;

Pfile<<gwpl[il .gmp_P<<" ";

arefile<<gwp[il.gmp_are<<" ";

aimfile<<gwp[i] .gmp_aim<<" *;

i

totnorm = 0.

/* for (int i=0; i<c.nbasis; i++)

{

//calculate populations and total norm
gwpli].calculate_norm(i);

totnorm += gwp[i].norm;
//write ith norm
normfile<<gwp[i] .norm<<" *;

T ox/

//Calculate trace_sys {rho"2}

// check_purity(gwp,c);

//vwrite purity to file

purityfile<<purity;

//start new line in files

grefile<<endl; gimfile<<endl; Qfile<<endl; Pfile<<endl; arefile<<endl; aimfile<<endl;

purityfile<<endl;
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//write total norm to end of line in normfile

normfile<<totnorm<<endl;

} //end writing arrays

//get derivatives
for (int i=0; i<c.nbasis; i++)

derivs[i].get_derivs_gmp(i,gwp,c);

//step forward one time step of length dt
for (int i=0; i<c.nbasis; i++)

{

gwplil .gmp_gre += t.tdt_ * gwpli].dgre_;
gwplil.gmp_gim += t.tdt_ * gwpl[il.dgim_;
guplil.gmp_Q += t.tdt_ * gwplil.dQ_;
gwplil .gmp_P += t.tdt_ * gwp[i].dP_;
gwplil .gmp_are += t.tdt_ * gwpli].dare_;
gwplil.gmp_aim += t.tdt_ * gwplil.daim_;
}

//renormalize wave packets
totnorm = 0.;

for (int i=0; i<c.nbasis; i++)
{

gwpl[i].calculate_norm(i);
totnorm += gwplil .norm;

¥

//renormalize(gup);

}// end total time

//close files
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arefile.close(); aimfile.close(); grefile.close(); gimfile.close(); Qfile.close(); Pfile.close();

purityfile.close();
exit (0);

#endif
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* Runge Kutta for GMP
* Fixed or adaptive step size chosen by defining
* RK4QC (adaptive) or not (fixed) in fvb.h, both have
* GMPRK4 defined
ko ok ok ook ok o ok ok ok sk ok ok o ok ook ok ok ok ok sk ok sk ok ks s RO Ko o ok ko sk ok o ok ok sk o sk K R KK K

ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok 3k ok ok ok ok ok ok ok ok ok ok ok oK ok ok ok ko ok ok o ok ak ok ok ok ok ok ok ok ok ok 3k ok ok ok K ok ok ok ok ok ok ok ok ok ok ok ok ok ok k

*/

#ifdef GMPRK4

cout<<"Using rk4 with gmp precision of "<<precision<<" bits"<<endl;
mpfr_class timeh_("Q", precision);

mpfr_class htry("0.0001", precision);

//bath wave packets

fvbWavePacket *gwp_t = new fvbWavePacket[c.nbasis];

mpfr_class dydx[6%c.nbasis];

mpfr_class dyt[6xc.nbasis];

mpfr_class dym[6*c.nbasis];

mpfr_class y[6*c.nbasis];

for (int i=0; i<6*c.nbasis; i++){
dydx[i] .set_prec(precision);
dyt[i].set_prec(precision);
dym[i].set_prec(precision);

y[i] .set_prec(precision);

for (int i=0; i<c.nbasis; i++) {

ylo+i*6] = gup[i].gmp_gre ;

y[1+i*6] = gwpl[il.gmp_gim ;

yl[2+i*6] = gwplil.gmp_Q ;

y[3+i%6] = gwpl[i] .gmp_P ;
y[4+i*6] = guplil.gmp_are ;
y[5+i*6] = gupl[i].gmp_aim ;
}

//main time loop
int total_step = 0;

//for (int total_step = 0; total_step < lel2; total_step ++)
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while (timeh_ <= t.tmax())

{

#ifndef RK4QC

timeh_ = t.tmin() + (t.tdt_ * total_step)/(2*M_PI);

double inttime;

if ((total_step % 10000) == )
{
#endif

cout<<"time is "<<timeh_/(2%M_PI) <<endl;

grefile<<timeh_/(2*M_PI)<<" ";

gimfile<<timeh_/(2*xM_PI)<<" ";
Qfile<<timeh_/ (2*M_PI)<<" *;

Pfile<<timeh_/ (2*xM_PI)<<" ";

arefile<<timeh_/(2*M_PI)<<" ";

aimfile<<timeh_/(2#M_PI)<<" *;
normfile<<timeh_/(2*M_PI)<<" ";
purityfile<<timeh_/(2*M_PI)<<" ";
qO0file<<timeh_/(2¥M_PI)<<" ";

qtfile<<timeh_/(2#M_PI)<<" ";

//write out wp parameters at current time
for (int i=0; i<c.nbasis; i++)

{

grefile<<gwp[i].gmp_gre<<" ";

gimfile<<gwp[il.gmp_gim<<" ";
Qfile<<gwplil .gmp_Q<<" "5

Pfile<<gwplil.gmp_P<<" *;

arefile<<gwplil.gmp_are<<" ";

aimfile<<gwp[i].gmp_aim<<" ";

}

mpfr_class totnorm_("O", precision);

for (int i=0; i<c.nbasis; i++)



{
//calculate populations and total norm
gwplil.calculate_norm_gmp(i);

totnorm_ += gwplil .norm_;

//urite ith norm

normfile<<gwp[il .norm_<<" ";

}

//set double wp params to the gmp values

for (int i=0; i<c.nbasis; i++) {
gwplil.gmp_to_double();

}

//calculate average value of system coordinate
//and write it to a file

double qavg = q(gwp,c,derivs[0].deriv_ops[0].q,fp);
qO0file<<qavg;

dcomp qta = gt(gwp,c);

//fourier_trans(qta);

qtfile<<real(qta)<<" “"<<imag(qta);

//Calculate trace_sys {rho~2}

// check_purity(gwp,c);

//urite purity to file

purityfile<<purity;

//start new line in files

grefile<<endl; gimfile<<endl; Qfile<<endl; Pfile<<endl; arefile<<endl; aimfile<<endl;

purityfile<<endl;qO0file<<endl;qtfile<<endl;

//urite total norm to end of line in normfile
normfile<<totnorm_<<endl;
#ifndef RK4QC

} //end writing arrays
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#endif
#ifndef RK4QC
//Take one step of size t.tdt_
rk4_step(derivs, gwp, gwp_t, c, t.tdt_, dydx, dyt, dym, y,.fp);
telse
mpfr_class dt(t.every_dt_);
mpfr_class t2 ( timeh_ + t.every_dt._, precision);
odeint(y, derivs, gwp, gwp_t, ¢, &timeh_, t2, htry, dydx, dyt, dym,fp);
#endif
total_step ++;

}// end total time

//close files
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arefile.close(); aimfile.close(); grefile.close(); gimfile.clese(); Qfile.close(); Pfile.close(});

purityfile.close(};
exit(0);

#endif

};

void fvbPropagate::odeint(mpfr_class ystart[], fvbDerivatives *derivs, fvbWavePacket *gwp,

fvbWavePacket *gwp_t, fvbConstants &c, mpfr_class *timeh_, mpfr_class t2,
mpir_class hl_, mpfr_class dydx[],
mpfr_class dyt[], mpfr_class dym[],fvbPotentials fp)
{
mpfr_class x(*timeh_);
mpfr_class y[6xc.nbasisl, yscall[6*c.nbasis];
mpfr_class tiny(1e-30, precision);
mpfr_class hnext("0", precision);

mpfr_class hmin("1e-100", precision);

for (int i=0; i<6*c.nbasis; i++) {
y[i].set_prec(precision);
yscal[il.set_prec(precision);

y[il = ystart[il;

}

/o s e sk ok ok oo i o i ok ok oK ok ok ok ok ok o ok ok K HOR o o K K K o o ok oK

* Step forward until a predefined max



* number of steps (per dt event)

* is reached

*/

for (int nstp = 1; nstp <= MAXSTP; nstp++) {

/e b e ek ke e e sk ok fek ke e o sk ke ok

* get initial derivs

*/

for (int i=0; i<c.nbasis; i++)

derivs[i].get_derivs_gmp(i,gwp,c,fp);

for (int i=0;
dydx [0+i*6] =
dydx[1+i*6] =
dydx[2+i*6] =
dydx[3+i*6] =
dydx[4+i%6] =
dydx [6+i*6] =
}

for (int i=0;

i<c.nbasis; i++) {

gwpli] .dgre_;
gwp[i] .dgim_;
gwp[il .dQ_;
gwpl[i] .dP_;
gwpl[i] .dare_;

gwplil .daim_;

i<6*c.nbasis;

i++)

yscall[il = abs(y[il) + abs(dydx[il * h1_) + tiny;

if ((x+h1_-t2)*(x+hl_-*timeh_) > 0) {

hi_ = t2 - x;

}

rkqc(derivs, gwp, gwp_t, ¢, &hl_, dydx, dyt, dym, ¥y,

&x, yscal, &hnext,fp);

if ((x-t2)*(t2-*timeh_ ) >= 0) {

*timeh. = x;

return;

if (abs(hnext)<hmin) {

cout<<"h < hmin in fvbPropagate

:rodeint () "<<endl;

cout<<"h = "<<hnext<<", hmin = "<<hmin<<endl;

exit(1);

hl_ = hnext;

~
{

2



}
cout<<"too many steps in fvbPropagate::odeint()"<<endl;

exit(1);

}
void fvbPropagate::rkqc(fvbDerivatives *derivs,fvbWavePacket * gup,
fvbWavePacket *gwp_t, fvbConstants &c,
mpfr_class *time_step, mpfr_class dydx[],
mpfr_class dyt[], mpfr_class dyml[], mpfr_class yl],
mpfr_class *x, mpfr_class yscal[], mpfr_class *hnext,
fvbPotentials fp)
{
mpfr_class safety(0.75, precision);
mpfr_class pshrink(-.25, precision);
mpfr_class pgrow(-.2, precision);
mpfr_class errcon(6e-8, precision);
mpfr_class eps("1le-20", precision);
mpfr_class xsav(*x);
mpfr_class ysave[6%c.nbasis];
mpfr_class ytemp[6*c.nbasis];
mpfr_class hh(xtime_step/2, precision);

mpfr_class errmax("0", precision);

for (int i=0; i<6*c.nbasis; i++) {
ysave[i] .set_prec(precision);

ytemp[i].set_prec(precision);

for (int i=0; i<c.nbasis; i++) {
ysave [0+i*6] = gwpli].gmp_gre ;
ysave[1+i*6] = gwpli].gmp_gim ;
ysave[2+i*6] = gwp[i].gmp_Q ;
ysave[3+i*6] = gwpl[i].gmp_P ;
ysave[4+ix6] = gwplil.gmp_are ;

ysave[5+i*6] = gwplil.gmp_aim ;

ytemp[0+ix6] = gwpl[i].gmp_gre ;
ytemp[1+i*6] = gwpl[i].gmp_gim ;

ytemp[2+1%6] = gupl[i].gmp_Q ;
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ytemp [3+i*6]

gwplil.gmp P ;

ytemp [4+i*6] = gwp[il .gmp_are ;

ytemp(6+i*6] = gwp[il.gmp_ainm ;

Y

for(;;) {

hh = *time_step/2;

for (int i=0; i<c.nbasis; i++) {

ytemp[0+i*x6] =

ysave[0+i%6] ;

ytemp [1+i*6] = ysave[0+i*6] ;

ytemp [2+i%6]

ysave [0+ix6] ;

ytemp[3+i*6] = ysave[0+i*6] ;

I

ytemp[4+1%6] = ysave[0+ix6] ;

ytemp [6+i*6] = ysave[0+i*6] ;

y[0+i*6] =
y[1+i*6] =
y[2+i*8] =

y[3+i%6] =

y[4+ix6] =

y[5+ix6] =

gwplil .gmp_
gwpli).gmp_
gwpli).gup_
gwpli].gmp_
gwplil .gmp_

gwplil.gmp_

ysave[0+i*B] ;
ysave[0+ix6] ;
ysave[0+ix6] ;
ysave[0+i*6] ;
ysave [0+i*6] ;

ysave [0+i*6] ;

gre = ysave[0+1ix6];
gim = ysave[1+i%6];
Q = ysave[2+ix*6];
P = ysave[3+i*6];
are = ysave[4+ix6];

aim = ysave[5+i*6];

/333K oK oK K KK AR KK oK o o K K K KKK K K K

* take a half step

* using the array ’

*/

rk4_step(derivs, gwp, gwp_t, ¢, hh, dydx, dyt, dym, ytemp,fp);

//get derivs

ytenp’

for (int i=0; i<c.nbasis; i++)

derivs{i] .get_derivs_gmp(i,gwp,c,fp);

/3K KKK KK 3 o o KoK o oK KKK K K K

* take a half step
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* using the array ’ytemp’

*/

rk4_step(derivs, gwp, gwp_t, ¢, hh, dydx, dyt, dym, ytemp,fp);
//step time variable and check if step is too small

*X = Xsav + *time_step;

if ( *x == xsav) {

cout<<"stepsize too small in fvbPropagate::rkqc()"<<endl;

cout<<x*time_step<<" was the time step"<<endl;
exit (1);

}

//revert gwp to pre-half-step values
for (int i=0; i<c.nbasis; i++) {
gwplil.gmp_gre = ysave[0+i*6];
gwplil .gmp_gim = ysave[1+i*6];
gwplil .gmp_Q = ysave[2+i*6];
gwplil .gmp_P = ysave[3+ix6];
gwplil .gmp_are = ysave[4+i*6];
gwplil .gmp_aim = ysave[5+i*6];
}

//get derivs
for (int i=0; i<c.nbasis; i++)
derivs[i].get_derivs_gmp(i,gwp,c,fp);
[ FF AR AR KR R KK K ok
* take a whole step
* using the array ’y’

*/

rk4_step(derivs, gwp, gwp_t, ¢, *time_step, dydx, dyt, dym, y,fp);
//evaluate error
errmax = "0";
for (int i=0; i<6*c.nbasis; i++) {
ytemp[il = y[i] - ytemplil;

errmax = MAX(errmax, abs(ytemplil/yscallil));

errmax /= eps;
if (errmax > 1) {

*time_step = safety * *time_step * (pow(errmax, pshrink));



continue;
} else {
// hdid = time_step;
if (errmax > errcon) {
*hnext = safety * *time_step * (pow(errmax, pgrow));
} else {

*hnext = 1.5 * *time_step;

break;

break;

for (int i=0; i<é*c.pbasis; i++)
y[i] += ytemp[i] * (1/15);

}

void fvbPropagate::rk4_step(fvbDerivatives *derivs,fvbWavePacket * gup,
fvbWavePacket *gwp_t, fvbConstants &c,
mpfr_class time_step, mpfr_class dydx[],
mpfr_class dyt[], mpfr_class dym[], mpfr_class yIJ,
fvbPotentials fp)

{

#ifndef RK4QC

//Get derivatives for first step

for (int i=0; i<c.nbasis; i++)

derivs[i].get_derivs_gmp(i,gwp,c,fp);

for (int i=0; i<c.nbasis; i++) {
dydx [0+ix6] = guwpli] .dgre_;
dydx[1+ix6] = gwplil .dgim_;

dydx [2+i*6] = gwp[il.dQ_;
dydx[3+ix6] = gwpl[il.dP_;
dydx[4+i*6] = gwplil.dare_;

dydx [6+i*6] = gwpli] .daim_;

}

#endif

for (int i=0; i<c.nbasis; i++) {
gwp_t[il.gmp_are = gupl[il.gmp_are + guwp[il.dare_ * (time_step / 2);

gwp_t[i].gmp_aim = gwp[i].gmp_aim + guwp[i]l.daim_ *( time_step / 2);



gwp_t[il.gup_Q = gwplil.gmp_Q + gwplil.dQ_ * (time_step / 2);
gwp_t[il.gmp_P = gup[il.gmp_P + gwp[il.dP_ *( time_step / 2);
gwp_t[i] .gmp_gre = gwplil.gmp_gre + gwplil.dgre_ * (time_step / 2);
gwp_t[i] .gmp_gim = gwplil.gmp_gim + gwpl[il.dgim_ * (time_step / 2);
}

// for (int i=0; i<c.nbasis; i++) {

// cout<<time_step<<" "<<gup_t[i].gmp_aim<<" "<<gwp_t[il.gmp_Q<<" "<<gwp_t[i].gmp_P<<endl;
//}

// exit(1);

//Get derivatives for second step
for (int i=0; i<c.nbasis; i++)

derivs[i].get_derivs_gmp(i,gwp_t,c,fp);

for (int i=0; i<c.nbasis; i++) {

dyt [0 + i*6] = gwp_t[il.dgre_;

dyt[1+i*6] = gwp_t[i].dgim_;

dyt [2+i*6] = gup_t[il.dQ_;

dyt[3+i*6] = gwp_t[i].dP_;

dyt[4+i*6] = gwp_t[i].dare_;
dyt[6+i*6] = gup_t[il.daim_;
}

for (int i=0; i<c.nbasis; i++) {

gwp_tlil.gmp_gre = guwplil .gmp_gre + dyt[0+i*6] * time_step / 2;
gwp_t[i] .gmp_gim = gwp[i].gmp_gim + dyt[1+i*6] * time_step / 2;
gwp_t[il.gmp_Q = gwpl[il.gmp_Q + dyt[2+i*6] * time_step / 2;
gwp_t[i].gmp_P = gwpl[i].gmp_P + dyt[3+i*6] * time_step / 2;
gwp_t[i] .gmp_are = gwpli).gmp_are + dyt[4+i*6] * time_step / 2;
gwp_tli).gmp_aim = gwplil.gmp_aim + dyt[5+i*6] * time_step / 2;
}

//Get derivatives for third step
for (int i=0; i<c.nbasis; i++)

derivs[i].get_derivs_gmp(i,gwp_t,c,fp);



for (int i=0; i<c.nbasis; i++) {

dym[0 + i#6] = gwp_tl[i].dgre_;

dym[1+i*6] = gwp_
dym[2+i*6] = gwp_
dym[3+i*6] = gwp_
dym[4+i*6] = gwp_
dym[5+i*6] = gwp_
}

t[i] .dgim_;
t[1].4Q_;
t[il.dP_;
t[i] .dare_;

t[i].daim_;

for (int i=0; i<c.nbasis; i++) {

gwp_t[i] .gmp_gre
gwp_t[il.gmp_gim
gwp_t[il.gmp_Q =
gwp_t[il.gmp_P =
gwp_t[il.gmp_are

gwp_t[il .gmp_aim

= gwpli].gmp_gre + dym[0+i*6] * time_step;
= gwplil .gmp_gim + dym[1+i%6] * time_step;
gwplil .gmp_Q + dym[2+i*6] * time_step;
gwplil .gmp_P + dym[3+i*6] * time_step;
= gwpli] .gmp_are + dym[4+i%6] * time_step;

= gwpl[i] .gmp_aim + dym[5+i*6] * time_step;

dym[0+i*6] += dyt[0 +i%6];

dym[1+i*6] += dyt[1 +i*6];

dym[2+i*6] += dyt[2 +i%6];

dym[3+i*6] += dyt[3 +i%6];

dym[4+i*6] += dyt[4 +i*6];

dym[5+i*8] += dyt[5 +i*6];

}

//Fourth step

for (int i=0; i<c.nbasis; i++)

derivs[il.get

derivs_gmp(i,gwp_t,c,fp);

for (int i=0; i<c.nbasis; i++) {

dyt [0 + ix6] = gwp_t[i].dgre_;

dyt [1+i*6] = gwp_
dyt [2+1*6] = gwp_
dyt [3+i*6] = gwp_
dyt[4+i*6] = gwp_

dyt [6+1*6] = gwp_

}

t[i].dgim_;
t[i].4Q_;
t[i].dP_;
t[i].dare_;

t[i] .daim_;

for (int i=0; i<c.nbasis; i++) {
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gwplil.gmp_gre += (2xdym[0+i*6] + dyt[0+i*6] + dydx[0+i*6])* (time_step/6);
gwpl[il .gmp_gim += (2*xdym[1+i*6] + dyt[1+i*6] + dydx[1+i*6])* (time_step/6);
gwplil.gmp_Q += (2*dym[2+i%6] + dyt[2+ix6] + dydx[2+i*6])* (time_step/6);
gwp[il.gmp_P += (2*dym[3+i*6] + dyt[3+i*6] + dydx[3+i*6])* (time_step/6);
gwplil .gmp_are += (2xdym[4+i*6] + dyt[4+i*6] + dydx[4+i*6])* (time_step/6);

gwpli] .gmp_aim += (2*dym[5+i*6] + dyt[5+i*6] + dydx[5+i*6])* (time_step/6);

y[0+i*6] = gwp[il.gmp_gre ;

yl1+i*6] = guplil .gmp_gim ;

y[2+i*6] = gwplil.gmp_Q ;

y[3+i*6] = gwplil.gmp_P ;
y[4+i*6] = gwplil.gmp_are ;
y[5+i*6] = gwplil.gmp_aim ;
}

for (int i=0; i<c.nbasis; i++) {
y[0+i*6] = gup[i] .gmp_gre ;

y[1+i*6] = gup[i].gmp_gim ;

y[2+i*6] = gup(i].gmp_Q ;

y[3+ix6] = gwpl[i].gmp_P ;
y[4+ix6] = gwpli] .gmp_are ;
y[6+i*6] = guplil .gmp_aim ;
}

}

void fvbPropagate::renormalize(fvbWavePacket *gwp, fvbConstants c)
{

factor = 0.5%(log(totnorm)-log(initnorm));

for (int i=0; i<c.mbasis; i++)
gwplil.gim += factor;

};

dcomp fvbPropagate::calculate_overlap(int one, int two, fvbWavePacket *guwp)

{
//Calculate A, B, and C in expression 40-43 in JCP

A = dcomp(guplone] .aim + gupl[two].aim, gwplone].are - gupltwo].are);
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B = dcomp(2.*gwp[one] .aim*gwplonel .Q + 2.*gwp[twol.aim*gupl[twol.Q,
2. *guplone] .are*gup[onel .Q - 2.*gwp[two] .arexgup[two]l.Q ~ gwplone].P

+ gupltwol .P);

C = dcomp(-gwp [one] .aim*gwp [one] .Q*gwp[onel .Q - gwpl[twol.aimxgup [twol .Qxgwp[two] .Q
-gwplonel .gim - gwp[two]l.gim,

~gwplone] . arexgup [one] .Q*gwp [one] .Q

+ gupltwol .arexgup[two]l .Q*gwpltwo]l .Q + gwplonel .Q*gwp[one] .P

- gupltwol.Qxgwp[two]l .P -gwplonel .gre + guwpltwol.gre);

//exponential argument and prefactor
exp_arg = 0.25xA*B*B + C;

exp_pre = sqrt(M_PI/A);

//cout<<one<<" "<<two<d<" "<CAKK" "<<BLLK" M"<<C<<" M<<exp_arg<<endl;

return exp(real(exp_arg)) * dcomp(cos(imag(exp_arg))*real(exp_pre) - sin(imag(exp_arg))
* imag(exp_pre), cos(imag(exp_arg))* imag(exp_pre) + sin(imag(exp_arg))*real(exp_pre));

};

dcomp fvbPropagate::calculate_overlap_init(int one, int two, fvbWavePacket *gwp)

{

//Calculate A, B, and C in expression 40-43 in JCP

A = dcomp(gwplone] .aimi + gwpltwo].aim, gwplonel.arei - gupltwo].are);

o=}
n

dcomp(2. *guwplone] .aimi*gwplone] .Qi + 2.*gwpl[two].aimxgup[two].qQ,
2.*guplone] .arei*gwplonel .Qi - 2.*gwp[twol.arexgwp[twol.Q - gwplonel .Pi

+ gup[two]l .P);

C = dcomp(~gwplone] .aimi*gup [one] .Qi*gwp[onel .Qi - gup[two].aim*gwp[twol.Q*gup[two].Q
—gwp[onel .gimi - gwp[twol .gim,

-gwp [one] .arei*gwp[onel] .Qi*gwp[one] .Qi

+ gupltuo]l .arexgup{twol .Q*gwpltwo] .Q + gwplonel .Qixguplone] .Pi

- gwpltwol .Qxgup[two] .P -gwplonel .grei + gupltwol.gre);

//exponential argument and prefactor
exp_arg = 0.25%A*B*B + C;

exp_pre = sqrt(M_PI/A);
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//cout<<one<<" "<<two<<" "KCALKK" "B "<LC<<" "<<exp_arg<<endl;

return exp(real (exp_arg)) * dcomp(cos(imag(exp_arg))*real (exp_pre) - sin(imag(exp_arg))
* imag(exp_pre), cos(imag(exp_arg))* imag(exp_pre) + sin(imag(exp_arg))*real(exp_pre));

};

void fvbPropagate::check_purity(fvbWavePacket *gwp, fvbConstants c¢)
{

purity = 0.;

//Loop over pairs of vibrational states

for (int i=0; i<c.nbasis; i++)

for (int j=0; j<c.nbasis; j++)

{

overlap = calculate_overlap(i,j,gwp);

purity += real(overlap*conj(overlap));

// cout<<i<<" "<<j<<" "<<overlap<<" "<<real(overlap*conj(overlap))<<endl;
}

// exit(1);

};

void fvbPropagate::set_allparams(gslholder gslstuff, fvbWavePacket *gwp, fvbConstants c)
{

for (int i=0; i<c.nbasis; i++) {

gslstuff.all_params[0+i*6] = gwp[i].gre;

gslstuff.all_params[1+i*6] = gwplil.gim;

gslstuff.all_params[2+i*6] = gup[il.Q;

gslstuff.all_params[3+i*6] = guwp[i].P;

gslstuff.all_params[4+i*6] = guplil.are;

gslstuff.all_params[5+i*6] = guplil.aim;

gslstuff.all_params_i[0+i*6] = guplil.gre;
gslstuff.all_params_i[1+i*6] = gwpl[i].gim;
gslstuff.all_params_i[2+i*6] = gwp[il.Q;
gslstuff.all_params_i[3+i*6] = gwpl[i].P;
gslstuff.all params_i[4+i*6] = gupl[il.are;
gslstuff.all params_i[5+i*6] = gwpl[il.aim;
}

}
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void fvbPropagate::update_array(gslholder gslstuff, fvbWavePacket *gwp, fvbConstants c)
{

for (int i=0; i<c.nbasis; i++) {

gvplil .gre = gslstuff.all_params[0+i*6];
gwplil.gim = gslstuff.all_params[1+i*6];
gwplil.Q = gslstuff.all_params[2+i*6];
guplil .P = gslstuff.all_params[3+i*6];
gwpli] .are = gslstuff.all _params[4+i*6];
gup[il.aim = gslstuff.all params[5+i*6];
}

gslstuff.wps = gwp;

}

void fvbPropagate::revert(gslholder gslstuff, fvbConstants c¢)
{

for (imt i=0; i<c.nbasis; i++) {

gslstuff.all_params[0+i*6] = gslstuff.all_params_i[0+i*6];
gslstuff.all_params[1+i*6] = gslstuff.all_params_i[1+i*6];
gslstuff.all_params[2+i*6] = gslstuff.all_params_i[2+i*6];
gslstuff.all_params[3+i*6] = gslstuff.all_params_i[3+i*6];
gslstuff.all_params[4+i*6] = gslstuff.all_params_i[4+ix6];
gslstuff.all_params[5+i*6] = gslstuff.all_params_i[6+i*6] ;
}

}

double fvbPropagate::q(fvbWavePacket *gwp, fvbConstants c, double *q, fvbPotentials fp)
{

double sum = 0.;

for (int i=0; i<c.nbasis-1; i++) {
for (int j=i+l; j<c.nbasis; j++) {
sum += q[i+j*c.nbasis] * 2 * real(calculate_overlap(i,j,gwp));

}

sum += gwplil.get_norm() * q[i+i*c.nbasis];

return sum;

}
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dcomp fvbPropagate::qt(fvbWavePacket *gwp, fvbConstants c)
{

dcomp sum = dcomp(0.,0.);

for (int i=0; i<c.nbasis; i++) {
sum += calculate_overlap_init(i,i,gwp)/*/gwplil.get_norm()*/;

}

return sum;

}
File: "fvbTimeParameters.h”

/5K oo ook ok ook o ok ook o o ok o o s o ok o ko o ok Kk sk o sk o Kk ok sk o sk o s ke sk sk o ok Sk ok sk o ok SOk K o K o oK

* fvbTimeParameters.h

*

* Wed Dec 3 12:27:28 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu

e o 3 o ok o o o oo e o ok ok o ok ok e ek ok ok 3 ok ok Sk o 3 ok o ok Ko kK Rk Kk o o sk ki s sk R ke o sk Rk e ok o ke o ok ko kK ek ok

//#include "fvb.h"

class fvbTimeParameters

{

public:

double tmn, tmx, tdt;
mpfr_class tmn_, tmx_, tdt_, every_dt_;
double tnstep;

mpfr_class tnstep_;

public:

//get/set min or max values
double tmin();

void set_tmin(double x);
double tmax();

void set_tmax(double x);

//get/set time step
//dt_set_steps sets number of steps
//according to min, max, and dt

double dt();



void set_dt(double x);

void set_dt();

/
/
/

/get/set number of steps
/dt_set_steps sets dt

/according to min, max, and tsteps

double tsteps();

void tsteps(double x);

void set_tsteps();

f

}.

/

#

b
{

d
{
T

}

v

{

vbTimeParameters() ;

fvbTimeParameters() {};

File: "fvbTineParameters.cc”

3K 3k 3 3 ok ok 3 ok ok sk ok i ok o ok oK ok 3k gk ok ok ok gk ok ok ok ok 3k ok 3 ok 3 oK K o 3k ok o K ok ok ok koK ok ok o ok ok ok ok o 3k ok ok ok ok ok ok ok K ok K ok Kok ok ok ok

* fvbTimeParameters.cc

*
* Thu Oct 2 18:03:44 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu

KRR K o K K K K KK ok K ok K SRR Sk ok o ook ook o sk ook o KK Kok ok Sk sk sk Rk ok ok s Kk R KK KKk ko ok ok ok /)

include "fvb.h"

vbTimeParameters: :fvbTimeParameters()

ouble fvbTimeParameters::tmin()

eturn tmn;

oid fvbTimeParameters::set_tmin(double x)

tmn = x;
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double fvbTimeParameters::tmax()

{
return tmx;

}

void fvbTimeParameters
{

tmx = x;

::1set_tmax(double x)

double fvbTimeParameters::dt()

{
return tdt;

}

void fvbTimeParameters
{

tdt = x;

//set an integer number of steps, closest to

::set_dt (double x)

//the full range without going over

void fvbTimeParameters

{

i :set_tsteps()

tnstep = floor((tmx—tmn)/tdt);

};

//set nsteps w/o dt

double fvbTimeParameters::tsteps()

{
return tnstep;

}

void fvbTimeParameters
{

tnstep = Xx;

::tsteps(double x)
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//sets dt according to tmax,min, and number
// of desired steps

void fvbTimeParameters::set_dt()

{

tdt = (tmx-tmn)/tnstep;

};

File: "fvbWavePackets.h”

Kk ok ok ko o ks s o ok sk sk o o ok ks e kst ok sk sk o ok ko ok ok sk sk ok ok ok ok ok ok kK ok K koK ok Kok ok ok ko ok ok o ok ok e e ke o o ko

* fvbWavePackets.h

*

* Wed Dec 3 12:26:50 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu

R R KK AR K K K K R o R o K o K K KK Ko o o o o o ok o K ok ok K oK oK ok ok o o o ok K K ok oK oK oK oK o o o o o oK oK oK oK o R R o ek ok ko

//#include "fvb.h"

class fvbWavePacket

{

public:

//wp parameters

double gim, gre,are,aim,P,Q, *all_params;

mpfr_class gmp_gim, gmp_gre, gmp_are, gmp_aim,
mpfr_class *y;

double gimi,grei,arei,aimi,Qi,Pi;

//param derivs
double dgim, dgre, dare, daim, dP, dQ;
mpfr_class dgim_, dgre_,
//other wp stuff
double norm;

mpfr_class norm_;

void calculate_norm{int level);

void calculate_norm_gmp(int level);

//initial conditions

gmp_P, gmp_Q,

dare_, daim_, dP_, dQ_;

*all_params_gmp;

void Initialize(int level, fvbOperators * , double dis, fvbPotentials);



//convert gmp to double for calculating populations, etc...

void gmp_to_double();

double get_norm();

fvbWavePacket () ;
“fvbWavePacket () {};
};

File: "{vbWavePackets.cc”

/33K ko ok ok ok s ke ok ok o3k 3K ok ok ok kK Kok ok ok ok 3k koK ok ko 3k ok o sk sk sk sk ok sk sk ok ok K ok Kk ok o sk sk o o o o sk ok e ok sk ko o o ok 3k ok

* fvb.cc

*

* Thu Oct 2 17:15:44 2008

* Copyright 2008 Craig Chapman

* cchapma2@uoregon.edu

sk s koo ok ke ok ok o sk o ook ok ok b ok ok o ok ok o ok ke s o s o k3 ok ok sk sk oF sk ok o sk ok s o ok sk ok o ok ok ok ok e s sk ok o sk sk ok sk ok F sk ok ok ok ok /

#include "fvb.h"

fvbWavePacket: : fvbWavePacket ()
{
dgim_.set_prec(precision);
dgre_.set_prec(precision);
dQ_.set_prec(precision);
dP_.set_prec(precision);
dare_.set_prec(precision);
daim_.set_prec(precision);
norm_.set_prec(precision);

¥

void fvbWavePacket::Initialize(int level, fvbOperators ops[], double dis, fvbPotentials c)

{

aim = c.omega_bath_.get_d(}*0.5;

are 0.;

//gim = -0.26*log(c.omega_bath_/M_PI) +0.5%log(gsl_sf_fact(level))

// - level¥log(sqrt(c.omega_sys_/2.)*c.qe_)

// + (c.omega_sys_/4)*c.qe_*c.qge_;

gre = 0.
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/*

*set precision of wp parameters (gmp)

*/

gop_gim.set_prec(precision);

gmp_gre
gmp_Q.s
gmp_P.s

gmp_are

gmp_aim.

gmp_Q =

gmp_P =

gmp_are

if (c.g

gmp_gre

else

gmp_gre

gmp_aim

gmp_gim

.set_prec(precision};
et_prec(precision);
et_prec(precision);
.set_prec(precision);

set_prec(precision);

c.Qe_;

U,

= ugn,

amma {levell > 0)

= non;

M_PI;

= c.omega_bath_/2;

= -0.25*1log(c.omega_bath_/M_PI)

/*+0.5%1log(gsl_sf_fact(level))

- levelxlog(sqrt(c.omega_sys_/2)*c.qe_) */

~log(ab
3//+ (e

Qi=gmp_
Pi = gm

arei =

gimi =

grei =

//cout<

}s;

s(c.gamma[levell))

.omega_sys_/4)*c.qe_*c.qe_;

Q.get_dQ;
p_P.get_d();
gmp_are.get_d();
gmp_aim.get_d();
gnp_gim.get_d();

gmp._gre.get_d();

<level<<" "<<gmp_gim<<endl;
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void fvbWavePacket::calculate_norm(int level)
{

norm = sqrt(M_PI/(2*aim)) * exp (-2. * gim);
};

void fvbWavePacket::calculate_norm_gmp(int level)
{

norm_ = sqrt(M_PI/(2*gmp_aim)) * exp (-2 * gmp_gim);

double fvbWavePacket::get_norm()

{

return sqrt(M_PI/(2*aim)) * exp (-2. * gim);
}

void fvbWavePacket::gmp_to_double()
{

gre = gmp_gre.get_d();

gim = gmp_gim.get_d();

Q = gnp_Q.get_d0;

P = gmp_P.get_d(Q);

are = gmp_are.get_d();

aim = gmp_aim.get_d();
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