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'CHAPTER I. -
CENERAL CONCEPTS

, ,merp.cmoﬁcn

The' applioation of stati.stieal teohniquee and mathematical

4

'k,;tools to aconcmics has enoountered various problems theﬁ required ';i

e ecme new devalopments 1n mathematieal aﬁat‘istioa. Among thése g B

| 4212;3?:'f'deve1opmenta are those whioh are Somewhet leoeely reterred to as
1dentification probleme. Their nature can be understood by contrast
with t.he more ueual type of stat&etical problem i‘ound in the natural
IA",":’soianoes. A typical problem of f.ha phy-eical world utilizea a theor_v
jof tho. effect of a sot: of variablas in detemining a singlo Variablea o
the effeet of prossure: o,nd temperatuxve on- the volume of a gasi: me
j’;‘;;feffeot of 'eemperature, food,. ete., on biologioal grm'rth, and ﬂxe efrect
;of latitude and altitude on rainfall are i‘amiliar examples. In thsse |

W ’roblems some assmnptions regarding the! effeot of Bie detemi.nins

vars.ables on a sing;le dependant variable 18 made. and this aseumption
;13 tested by statistical investigation. The asstmption involved 48 &

;::,},specification 1:1 %o R. A. Fishey senae f—"J “4goms. postulation

',‘._.v,}:«'(mt&,the ,f-or.p.,o\i’ a ‘aingle probgbﬂ;ty;diat,r&bution:ﬁith 8 rigi,d

a1 <428y P e T 12 TN 7 P W G o b TS 8 SR o



' "sepéziétion' of aetemfihing' 6:‘~causa‘i variebles from the detémined or
. ‘depe‘ndén*z variables. 'YJ.énaflly errors of’ meaéummént are agsumed
: »negligible in the determining variables. -

Eoonomie thoories. usually cannot be épeoified in such a

91‘. There are usually WO 02' mo!-‘e probabiiity di‘stl‘ibutionsii

- ~'-._.-and_ ‘errors of obse’rv.atﬂ.on az_'e nkely to oecur in all 'var:ie.bles@.:..:-l'he*

'éiffferie'nce‘-é 'é‘ccotiizt for the noed of a deVelépmvent of new statistical |

‘,f;methods imom 68 ‘tdentification methoda.

Consider for example the Keynesian theory oi‘ employment.
iits simplified farm 1t ean be written |

S

s ing)
(1) ‘ ,‘ R L
4 swen o o

4;‘;.

13

"T'"?'.:f‘vitﬁéré Y= income, I L imestment, 0 f—’ consumption, s savinga,

" = rate of interest; and M £ quant&ty of money. Ncme of thaae ‘

:_'f variables can bé acourately m.easured and no ono equation cen be con-

a:ldered aloneu The five ‘equatioﬁév ‘m’uét be gtudded tOgether e‘i‘noe’ :Lni-

i .the absence of an experimental or: la’boratory method obgerved ' data must

_?;L::, feome from the real world vhere many i‘orces interact,

| The study of the price and quantity of a. commodity. for

’ :'ffaxample, is not only the study of‘ Ahe: function of one in. ‘berms of ‘the"

nvolved, the eausal and dependent variablea may not be eeparable, -
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T
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. other but also of the relations bemen the. prices emd quantitiee os’
ﬁhia oomodity and how these are; simulmnacuely affeoted by the actiona- ,
-: oi‘ the prioes of other oommodities. : Thu's, too; in & model gét up by

' .. Olark [1] 4 consumption 13 raoognized as being related to income oy

andprevioua -i.noome :( Lo conaider the. most- impértant inflnenc'es -»aaﬂ
finterpreted by Mre. Glark), while 1mports are a function of: ineome,
producers goods are a funotion oi‘ ineome ang of: previous dumble

guods, etc.. u:atil & compléte system of seven l:lnear equationa in-
corporating se\'ren variablququantities 45 oonétrueted whioh, preeumably, -
will explem fho major ao’civiﬁies of the. U. S bueinese oyele. |

Y

' ﬂ!hese equations may be, set up by using economic meas and

theories-‘-by applying prinoiplea of economies 1n cOmbination with,_d

legal requirements, institutions ai‘f’ecting ‘nehavior. and technolcgical

Imowledge. But, in addition, combined w‘lﬁx theory wo may u’bnize

;.-gyste-mamany oollected statip-tiqg; dat_&.‘ft;‘o, help eonstruct the: f B
i _V':fequations. S ' : ~ o
- ege. Binmltaneous equationa merely tranalate mto a mathe~

matical language the. fact: that many thinge act on aach oﬂ:er at the

ame Anstant of time,- and. they desoribe the method by whioh ﬁxey
1nteraot. Alpng‘mth .the. vaing quantitios or va'ri_a’b‘le.e, which ,:

jpcour in the e:qﬁetioﬁ& 'Wé?ﬁ- a!'e ' 0§3?'¢aing-baraftnotersu or -constant . -

f‘ gngqtmes.«.-goongm@sér the particular féys,tém ~undo# ,consadéfationa

The solution of the:s-e"xsinmlt&!?é“)“??6@“*9“**“ valuos for the

o ﬁﬁi’iﬁ\bles ‘which will at the seme. timo satisfy all the oonditions as
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o sﬁated by the equations-~1s in ‘terms ot thege oonstants. ﬂiSb*thééé_"f

oonstante tell us how the variables ake ! ralatad to eaoh oﬁher¢ S

Having deoidea 0 eonstrﬂct a system of somo " zxequations 1n n

5“ivariablea. the values to- be used for: ﬁhe oonstants must be - deter* o

§3~mined~in~seme'way. Usnally, -data on past values of the variablee

-.:offthe‘qopatantavwhioh~are in kﬁepinngith'the past~aetions'of-1mg

?*f%hiiébiés“ﬁfé‘féﬁna. These constants may be—adjusted 6 tako oare

of expected future devalopmenta, but eSsentially they are found by

'? use of past valuea of tha variables ooncerned. RPN *V -

The whole plan of procaduro disoussed above assumes that the

variablea ‘which. ooour in the syetem of aquations (sometimes called

fi gross national inoama) ﬁhe aasumption is that it 4s possible to get

the tiue’ value for’ each of theae. and that each 18 directly measurable. B

f'flflthis 15 the case then the’ olassical procedures ‘all6w. us to con=

%ruct an’ eeonomatric-models< However;-if the variablea~are not

' airectly observable, if wo oannat meﬁsure them directly and accurately,

then a whole field of atatistical infetence about ﬁhe variables which
are nob direotly obaervable in- terms of goms which are’ opens up. In

th&s situation, eaeh of the unabservable variahlea may be . expreased aa ;'

R funetion of an ebeerVable variable and . of random errors of moaaura-

g ’n:sn‘t;\- ‘




;5’3":~atruotural relationshibs oF. equatioﬁs in the system from the ebaex‘ved

vhich is. dlgtributed re;:b&ngﬂarlyw R ‘. e

P

i e problen of atatistionl iuference with respect to'.éteyéwm‘

oi‘ equationa, then, i.s the atudy of what- eenclueiona (inferenoee) can

be. drawm ebout the tiruo:. anobservable variables and ebout the

ﬂxis prohlem e;ad ‘the general 1ines. 6f progreea toward: seluﬁien o

‘ S 3 date will be given. In the" eeoond chap'ber. the . simple regression

problem of two obeerved vartablos will ba conaidered when.the .. - ";;f, S

T dia'hrihutiona are nopinl 1n charaoter. ..In thd third chopter the

;regression preblem in one non-noml ee,ae mn be. studied»—the 0ase

wb.ex'e two variablea are. su‘bjee‘b %0, correlated errors, and where a

‘inear rogressien exists between nenobser'mble variables, one - of

gagou [“1 Wng among. the first to diacuss & problem offl

identiﬁiaaticn.' Henry ‘Bchulte [l 4] eonsidered seveml aspeets of

f‘”:’the problem in his detailed atudiee of dema.nd. Bub 8, foz-muletion °f

{;he problem was, not forthooming. nntil recent yoarsy. In the paet

5"}';:‘decade ek work hesg been’ done by Ji Marschak [‘i] 4 04 Bam-?l [N3 ]

Buredp [$] 08 agupmans (1] 4 Roggn. [13), 2o mla [1]

,?.j;J.‘ Neymn [/OJ & Be Scott [:5_7 2 among others, 80 .that by thie ts.me

a fairly syetemetic fornmlation oi‘ the identifioation problem in
general haa been given bo’bh from the point of view oi‘ mathema‘bical

analysis and applicatien to econemics. “Also thé well imown wox}l{:-:.by ,

_alues. In the remainder of this chapter. eomming of. the hiatory or ‘L




"'Fﬁ-‘i:s‘féh- [4] ' hag dove. much dn the axaminatxon of: the MOFS g,eneralx_ ‘

1deas of rograssion. among two or nore variables,

_Before’ preceeding with a fomlation of. what is meant by "the

identiﬁcation ‘problom™ we wild: defina several. tems. e will ooneﬂ.der,_‘ -

oertain vari.ables

1?1: Vga Y39

Tha 7& will representv trus variablea whs.oh e will assume to

K

be non-ohservable Y diréotly. - The uj wild represent errors of measure-v‘ :

.1%ypés of varisbles are grouped togother and referred to as latent:

variables a3 they both héve the. chaiaétér of being nonobgervables, .

. ~m$nt or. orrori of obgervation of dlaturbanoeds, "Bams..timas th,eag:- Wo :

Associated with these le.tant variabies we have dertain obaembl T

variables K8 represented by the yi. Relationahips or. equa'bions v#hioh‘ Y

cozmect ﬂxe obseryadle variables with the: nonobaarvable varia’ole@ : :

and the errora of cbsem'cion are called struotuml re;ationshipe.

ang ¥ 2 ’]a"“irr--.- T I

Along with thege:. stmotural relationshipa between: the ob- -

‘ 'sewablé«:;eénd - fhe- xzqgobjse‘xtah{}g variedbles we Tust assume, (rgpegiiw;); P

- partieular probability distribution funstions. of. the nomobservable:

Typioa.l oRAmpleE. of sugh. st;ruc«uuml relationships aro Ty 8 '. d 0-( @7] 2  .‘




fj vartables and of the: errors’ of obdervatlon; that 48, we have: de‘iity
ﬁmedona P{ul) Aand- P(‘qi) ozf 8 P(ui,’[i) & These distribut.ions
togaﬁhor with funeﬁional relations of the variables form a structure.

' Since

robabili*y distribution for the obseﬁablo mriables Jﬂ_, P(yi).

;.Hence P(y‘L) 13 uniquely determined by the structure, S:lnca y,_ arex
obsewable variables we- can apply P(yi) 6. the data. |
e Bifferent atruotural telatﬂ.onshipa and different probability

’ distributlon i'unot;ions ot‘ the 1atem; variables will compriee a aet
of' different atmctures. lAny set of 8truotures ERY be called a

_,' model. Acvcordin& o Koopmans and Reiersa, to Specify a model 15 to

fde oribe o7 define & 8ot of a’cruetures wm ch oontaina the particular

'f"-i".struature which generates the distributian of tho' obsérved variablae. B

i . R

" hny two or.more gtructures vfhieh generate the eame disbribution: of

{_'Jt-,qb,semﬂ«vm‘i-iable'aa’re gadd _tq._be- .undtstinguishablei of of¢ u_ivale‘nt»a "

" Spesificsticn.in the Re A Fishor. dense Ls the cimpler conoept of’
. detormining or. ddoiding #pnn.§he mathémaﬁicalgfbrm*ofrthe distriv:
Lyufidn-~. of. tho hypothotical p-opﬁlétion from which & sample is-t6- be ; -
3?frégataea,59 drawn, It 1s. the choosing 2 singléimathémétiéal~£6ﬁb;‘
to .reprégent. the distribution. of & population,. rather than ohoosing a
"‘.'-'Qil"f’.set of forms; one of. which represents the population.

:me basie problsm of 5.dentification is whefhher the probability

|

:‘%-f_,dlstributien of. tho ¥y (o‘bserved Valueﬂ) dstarmines wniguly the




,‘.probabllity distribution of 'che latent variables.- Can the probability

: Th:ls will depend on the model and also. :usually, ozx the given struc- :

;_ But, if' this 1e so, then we say that the model 1dentifiae the

but it s’cill my be poasible to uniquely detemine ‘some of its

ohamoteristiesg Aa atmotural pammeter ia some quantity whioh 3 e‘ |

1nherent :ln the partioular struoture. a quantity which has one value

s’; .

in other words tbese are the eonstants 1n the relating equation

'a.n‘d probabi).i.ty ﬂiatribuﬁims). 'i'hese stmotural parameﬁers

§ parameter 1n a stmoture if that para:mater has t:he same va.lue in all

equi‘Va],en‘b '."'ruotux'es 1n the model. , I£ all the parametere oi‘ a

_tructure ars identifzabf

providad that the stmcture has been defined exoept for the values

‘:'"i?"of‘ the paxameters)'.fa* | S

An example given by Koopmans and Reiersﬁ [4] [ 12] 3 tha proot‘

B 'followsa shcem that under aeme ohanges in the oonditions of the

-strueture a oarameter becomes identifiable.‘ Onoe al parameter has

been identif&ad we can dev:lae some atatlstic whioh maJ bar used te

i:-:?',_eetimate tha parameter, then make some obaervationa ‘and from ‘chis

'Tf"f‘f;_‘?:sample compnte the velue of' the ate.tistie; that 10 ge‘b the estimated Do

]:diatr:tmtion of the 5’1 e generated hy only one. stmoture an the. inode17

"‘a”particular stmoture and diff‘erent values fer other stmotu es‘ ' i

characterize the etmcture. We aay that & model 1dentifies & ‘1:{

then the stmcture 1tsel£‘ 19 1dentiﬁable

gof whieh and examples of’ mﬁxioh are givan in t:ne di,scussion wh:.ch; 4




9

velue é'i*F the paremoter; We rfréve; done this for two simple ezamples: .
hs ye'c there ‘are faw establiehed msthods of - estimat:lng

"etruotuml paramtere. Wald [16} has given Some reaults and confis

.i'if}v-;,"sistent estima.te vmen the “i are correlated but she does not give

Y y measuremant oi' ﬁze pmeiaion of her estimate.‘ Both of these

L ;oasve‘s aasmme the atruotural relationships are of‘ & particular 11near' |
: ypg. ‘I‘he problem of ﬁnding sampling di stributions of estimates in

amrly genaral caaea is 1argely unsolved.

lélés&i;@l Ragr_e.éai'on AnaleéiAS

It mig;ht ’oe uell %o contrast the above eom:epte with the
[-ff,’-’j"‘lassical regreasion problem. In the usual regreseion analyaia we .
- 'think of having oertain values or obsemtﬁ.ons for ona variable,

"i;':.,;say "1 R TS xa, LRI ¢ s %q . and for any one’ oi’ theae xi wo then want to

‘find - oorrespanding value oi‘ a.nother variable quantity, aay Yi-» -Due
to inaccuracies of measnrements, however, we canno‘c obtain the true ‘
}t’;,;value of‘ V. In me.n‘y measurements of a ¥ e wmzld obtain a variety
"f'f:'}"of' walies £or yys ‘I'hus W would get 8 acatﬁer ot’ observed yl's arouna

: the tme value of yi, eorresponding to a given 3:‘1'

-"'ff,".as yl and an error of observation uu ; in ot&zer words

| Y1 = . 35f : "Eﬁ }":-"':T-.‘ ;

'dencé intemls for parafnetera in oertain speeial caaea where the “14. o

;,re uncorrelated.: Soott has gﬂ.ven a technique for obtaiuing " oon- ; 

The true y5 is mde up af -an . observed ‘part mieh we can m‘ite U
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We ‘asgumg. in this ‘eonoept oi‘ regreaaion that we have an emot, .

3ﬁ?nﬁasuremant of the zi'az that 19, the value that we obserVe for an xj. AR

Vfia the true value.. chever, it is more realistio to think af haring

ffian error of meaeuremsnt in the xi's also. This ﬂa the assumption

%i«made On each of tha variablea which wo oonaider in our . study of the s

G?Fproblem of identifieation‘; Thus the true. xi 13 mnde up of an

éffobserved part. call iz *i’ and an error of obsarvation “210 or

ﬁf;Inrﬁhe classical regrassion ﬁheory the variance of “21' then. 13 z°”°’u;,7*

In the usual analysis thare 1s assumnd to he an oxact

7relationahip betw@en the % end the trua value of y, the true value of ‘

:lxgiven x, and the x is measured exaotly. In the doneept desoribed 1n
; :the seetien of thie ohapter on- “The Fundamental Ideas and Terms." Both'g :
-;1the X and Y are subjeot to errors of- observation, and WY assumarthat |
”1,there is en. exaot relationship between the true values of x and the -

" true values of ys




vy

- AssumeE(“l)z o e.nd E(ug) O; ‘c.hat is, ¥ the expooted value or

3 mean of uj .erdd of uy 18 zeron _ijhe_ vv,a-lxlzes of the standard "ﬁematiéna’

- LINEAR z@cmassxom WITH nom-- wms" ey

Suppose wo have a structure 8 involving 8 regression beman o

the unobserva’oie variables 7[1 and 72. -that 19

7(1 2 p7(2.-.' ,(.@ are constants,,

: emd the observed varﬂ.ablea n and ya contain -errors uy and: gy o

Specifically, take.

ey 7( n 1 N
BRI R - S

o rul and Gps. as»-:erex?l: ag ‘the covariance of wj and up ere uﬁspéciﬁi-'éa's :

Suppose, 4n. addition. that 7(1 tmd 72 are mdependent of ‘11

and ug and that th% distribut&on of uy and uy and thet the distribution

:of Uy end up i normals - New to ‘complete the atmoture wo must -assume
aleo & distribution for 7y énd 72 (er for 71+ since 72 18 in exact

linear relationship wﬁth ‘71 ang - knowing 'bhe distribution of 71 WS sﬂso’

 have the distribution of 7( Q).

1

-




2,

Tha identification of: o and ,A depends, in thia particuler

: example ‘on the distribution of 71. We will oons&der dn thzs ohapter. :
i ‘these two possibilitiee: (a) the. case in ems.oh the distribution of

'71 is normal and (b) the caSe in whﬁ.ch the d:lstribution of 71 13

: inot normal. .

'Theorem I._ If. in tha stmcture S, the distrzbution of 71 i., nomal

?:i ,‘-_then there are many Values of‘ ﬂ whmh wlll g;ive the Same jomb

~j.‘.:,_probab;11ty distrlbution of y1 and ygg ﬁ..e., (3 is fiot. 1dent1fiable.' ‘

oo

e Theore}n II: If. 1n the stmntufa Sy the distribution of 7{1 is not

,.jno mlvthen there 13 8 unique value of /ﬂ for .any probabili’cy

jr:;-vdisﬁx-ibuticn of y1 and 3"23 thua, (3 15 identiflablm

. Proof oi‘ Theorem 1= | Ii‘ 7(1 em& 72, 1 and u2 are normally dis.-

'. trxouted, ﬂxen since
'.-5'2'5'”"""(.2*“2 S . o
: the joint probability distribution of 3'1 and VB P(vyi,-ye) 8. also S

| '_normal, and i’t ig °°m91°'°°13f chamcterized by the follow&ng five »' o

E(m)a B(yg): og(yl). ag(YQ) and covariance oi‘ ylye.

. ,':.‘f-.(covariance of nyg can vo indncated by /0 rm, fya.) These

s

parameters are expreasible fm terms of the parametera t.he

distributions of u1 ‘end ug and 71, a8 follovss |




m{(m)* 2.5 71>
Blyg) 5 A+ (33(’(1) R .
TRy = oBwmy + q1) ¢ oPlwm) v ATy
)+ g+ g0 s o v A
| : : & 0'(02) + @2‘72'(711
Lcev (yyye) = cov-ujup + cov 7(172
= covupup + cov Ty(et + p77y)

oovu1u2 ':+ - pcrz(?(l) .

Suppose m ehoose any value i‘or p It: oan be seen that

'A“;ftheae equatiena éan atin be satisfied by an: appropriate ohoice of
- B( 7(1)o °L. a'(\u)a 02( 1). 62(“2) and ooV U Almost; any
;".f'_.;ivalues may dé chosen for these six parameters subjeot OnIy to the

;' ;‘ _z:a.strictiox; that

0%11) :: oov (ulue)
cov (ulug) az(ug)

L ,_i‘éét""’bf‘ ‘Theorem. ‘Ifl;" This. 13 the case where the joint probability

;:.,,:;._:di.tstribution of. yl and.yo 15 not normal.

whe—re—a has. t:o be posﬂ.tive. (Sohwnrtz’ 1nequa11ty for mtegrals )

Lot @mya (t;.tg) be the charaeter:lstie function of P(yl.ya)y |




it A1°{ .

1
@ s E(e¥V1itl + y2itp »
Y]. Ya(tl’te) - BeEA3 e =

ity + yoit ‘
y{ 5{2 y1ity + yaitp P(Vlya)dyldya

PO I (u1 + 71)11:1 * (ug + 72)11;2J
s E[euliﬁ ¢ ’#'ai‘t;a o 7;11#1; + 7(211‘:2]
= E(e“li'ﬂl + “2“2).3(9 ’(11t1 + 721t2)

Since "1“2 are 1ndependent oi‘ 7(1, 72,

Taking the log ei’ the characteriatie func,tion we have

log[E(e 1“’1 * 7(‘21%2)7

However u1 and ug dre nomaliy dmtributed, 80 log [ E(eulitl + uzita)]
o will be made up of . terms of seeond degree or leea. But ‘ahe distri-
B ‘-bution of yy and ya 19 not nomal, and so log @ yys ya(tl,tg) is a.

s “polynomial 6f degree higher than. two. We may write

e 2T
105@;,1,372(1:1,1;2) S r;rat B

log[E(e ity + 1t2+ ",5_7 1t2) ]
iégze‘a altp B ed ’(1(41;1 + pta)J
L1ty + log B[o* 7ilty * ?"2)]

' ‘rhe seoond torm on the right hand side is a funotion of

A

) lo'g;[ﬂi( 3 1134 ;+ 7?“2 )]

i

| ("1 + p@g)!‘ 721 48 not normally distributed, therero;»e this term is




15'

. "als6 & polynomial of degres groater tian two, and wo cen Write |

log[E(s T11% * T2it2)) - Lty * 7 '59(‘#1.:;@?’)-

Hence

™M
q,\/l .
'N
b J
@
[1 3
(2
&
N
1]

atd + b6y + otS waty botg s £

5 Eat* ot

# ol its * _
2 ni

at;? +bt1t2*ct2 +dt; +et2+£"

1

R R = n; J; (_qz;j” :

" gineo only the left hand meuber and the ‘Iaét— torm of the right hand
f,’member have terms of dejres higher than two, wo can equate ooeffioients%_._; :
‘of terms with 1ike power of tl and t2. |

Conaider the two expressions _

kel 6 Fi 4379
rt sl . , i j! (n-j)!

1f these are two ‘parti’cula_ﬁ terms of like degree, then wo .can -
E identify tho subsoripts 3
et 4 = ¢

n’j - 8 .




o -then have

If thde 30 true for a1l ¥ and o, it mant 5 trusa also for
r+lond s« | S
Bezieg |

Bpatpasd % Bpes &0

or

Epg -3 f;l ?‘Ll s @ ,

thusy wo hove o unique valus. for IA It gg, &aeﬂﬁii‘-&ibie“.

_If wo asaums, i.n a particular caae. £that . a struoture euch as

L tho ono adove oxists, wo con att;empt to ostimate B by taking a

o semple from tho population of observable variables y; end Vg and then

-caloulate sample valies. for Kpg and Kﬁl,e*l‘ The ratio~ '

- Bpg //;ﬁr-l,e-l givos us an eotimate of (B . This estimate SPRT

| a oconsistont estimate of . Ig 3 that 45, as the sample oize n —> (.-}

pr |l Bs~ 6l <4 > 1 and thio zay be shown as £61lows?
Given Lim mo e Pr{ | By =K |oefd . 2. ae

EETR there oxiote en W ouch that for ény given € end J

Pr ?lxra—/ﬂ‘( ",CC‘ > 1 -4
 Mp nd e Pr g\xﬁlos-l-ﬁ(ﬂaoe.llzeg >1-4

‘l’horef'ore 0o




| R A el AL s s oA o o e T S e

e
oy

€< ‘ Kra-‘z/rs’

‘_"::" - G & ’ Kr¢1 501 X rfl.S“l] < €

Gonsider

Ers -%rs

Erel,s-1 X r-rl,a-l .

. Brtlie91 /? r-rl.a-l ‘ ’
e \Em : ?“‘iis‘l E'K.rﬁlrs-iIXra .2/1'3 r+1,s~1 + /?’rﬂ,s-l,/?ra /

Krﬂ,s-lj/r*l,s-l

{?rﬂ,s-ﬂ(l‘pg - rs)l = J/?rs l l (Kﬂ-l,s-l:mz r*l,j;l)/
g o ‘Krfl,s-l Z/rﬂ.s-l/ | :
|7< il lz. el

>0
‘Kr-fl,s-l X rﬂ.s-l' T

. Manii‘ying g we make uge of thoao oumulants mth value -

d ffet'ent from zero. fa fact only in the ease where they are B°f‘ 29"’“'-‘

e ’p identi ﬁabxe. Therafore; X will not be gzero m the

T 1,& wl ‘
' an be made aifferent f.’rem

x

;- 'linear non—ncml oase, e.nd qu.l, 8“1

" gero with o large sample; henoo tho denom.nator K

rel, 851 7 Vral, s-1

431 b6 different from geros
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' CHAPTER III

THE RECTANGULAR, NORMAL CASE

In this chapter wo will imk soveral computational problems,

"specifying a par’cioular strueture, to 1llustrate the general example, - -

'Case I1, about which we proved a theorem in the preceding chepter.

Asmme 8 to be known %o be ﬁxe following (ueing the same

"-’7‘_. notation ag in Chapter II)*

1) 7, % weey,  (Eere 4=l0, fr2.)

1%

Thtw
T2® 72t h
(3) : Diat;;'ibuti-én of ?/2 iiS'feotdnigular; with
P g?{,é d7(2§= ":%_' d’(z.[
and w&th é;_‘rangé for ﬁiis‘éiatrib'utionof
' -2 < 72 < 2 '

- (L) Jo!.nt distributﬂ.ou of uy and “2 i6 normal with

C"(vul) 1
Ccovlug)  F @ Olw)Tlu) = 3 '
| 311,-,:3? o "
18




A 9?@:;.:??90@5" write : | o
P(u19}12> H -

Suppose s nowy, that we. taha a 6ample of tén random values of

: 7 2 and 8’ sample of ten random values each i‘or “1 and for \12
‘ ebtain ten ra.ndom values of 772 wo! will ugo- & table of random
numbers [23, [8]; ‘In thia table the mxmbers range from gero. 0. 999

‘we mst transfox‘m each- of the tem numbera whioh we aeleot ﬂ:n

y : - such a manner ae will give'usg rnean zaro and range of -2 to -2 for

b e ] 1'33‘5
g RS R 026., Ct s 1 =1a896 T
| S T ‘:851:.:‘ Lew
| 31*9 e "601*

' table used. however. the correlation between the two valuea in eaeh

L <

L of va.lues i‘rom s table of. normal randem nunbers [2 ] [5' . m the

Sy

'l! LI 'ro obtain ten randcm hunbers for vy and u2 we. Beleotfﬁénﬁpaﬂ;xj'_giﬁ. e




f‘-ﬁair- 1 goros Ou population of ujuy speoii-‘?ied by 8 has (3 3.
We must transfom these ton pairs oi‘ values 1n suoh a my as to

maka g* = 3 and lkoep. (7‘(\11) % G"(ua) 1,’

I
£

To obtain the desired results we will proceed as fouowea :

: '.Let Vi(ﬂ. 1-"’10) and #y (i 1"‘10) be the pairs of values dra.wn,
t’rom tho normal random zmmber table,

" Let "“1 and f;g bé‘ & linear combination of V and W

L |

LI A
e B BTy YR

and impose the, conditions |

@ oy = af eaf e

2 a2

PR v""ﬁai
Subatﬂ.tute values from (1) - (2) into (3)

1/”’1~Ag 1—82 + A2323 -

Aa +Ba "Aaﬂa , % |

1f wo select a velue of A2 and of BQ-say, AE - V-ﬁ- and
Bg”@,ﬁaenAlﬂ'}andBl=1. |
| This 16 one. set of values for Ay, Age Byy Bp which vrlll

aatiafy the oonditicn that pE 2 and (T(ug) 0‘(\12) 21, Onr two

tranafox‘ming equattons, then, will bo




‘me ton Values obtained for ul and “2 are given 1n Table 2

bélcw. o

‘Table 2¢

Ten Peirs of Normal Randon Numbors .

| ; "hr,é.:;"‘t -. 3 i

-793.
“‘0770 ‘

| Eavzlng ten {6 values for 71, 7(2, ul, “2 we oan calculaba ten_‘

Next, wo will want to compute gome z:x.,i

e

g ";alues for yl and gor y& y:;lusing the relations
s 7/1 * “1
The values obtas.ned are reoorded in Table 5, bel‘mv

sl ana krs %o obtain an

\AH.‘:.‘,..estimate ot’ ﬁ (the tme value oi‘ ‘which 18 2) £rom yl and ya. The -

_,of yl.ya and it i.s possible to expresa these ommxlants in terms of’

momenta ‘ana- the derivation oi‘ formulas relating the oumulants of a.




B el
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-k
Wy
b

B
Cohi
5
"t}

JTowawewEweel o T vl

70525 | 5




Eygaiﬁﬂ-«ﬂ@ﬁ T | : mm & m&m

: z;yt & 1,1003807 by s ligon
) 35’2 o 3%&18,%& msﬁ LR ™ )
| Byy e deBS0G0E |ty 16,890,882

j&?z 3145359
’% @ 89#28
fy' e staacy

By ¢ Bedfe ‘
s aﬁm ‘
fna gﬁoa‘i‘?

Bryyg w 108628 EYE R
g B 26,080
B gy s 188008
Bygn s,070:079 | % . B
%?5 : 45@,% | - %a B By

= %fm w aﬁbét&a%a the ﬁ%ﬂw mmag fow
g kg—g o a‘.‘s*ma
gy wem.%
: Kﬁl 8 aﬁ‘-‘;‘r&}?‘
‘entlimmbo ef P w 4_ 202,
QMX{W Wﬂﬁé Qg %@%m - j a0 |
g e e BN Mgy e e LAT gy o =LA
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- Thorefors; tho other osbimtes of p are:
(1) using 1:31 and kzz, 5B ® 84683,

(3) “emg ’;‘{:{’-’3 ‘m‘i k% ; ;éi.

;;g,xgﬁaé@,f

o The parameter ;3 is unique y detenﬂmed Yy the two cimulanﬁs

wbere tha cmnulan:bs are of thé population of Vlyz' Curs was @’ ,g,;ampl_e

Naxt, let us derive the aoin‘b probability distribution of

ng and then m-s.te 1ts chmcteristic function, and talce the log of

the characteristio f‘tmetion. If v.re then mwd the log of the chm‘

acteristio ﬁmction of the" m'obability distr:.buﬁion of ylyz, we can

We mll rece.ll that in our sPeoial caev; Y P( 7 2 was a rec.

tangular dmtr:.buticn such tha.t P 517 e d 72 ...0/7 angd thet

S S 'm o = upug )
SR TR F

. The' 7/ i are independent of the up_ t»md ‘125.: 80 Wo.nay m'ite o

o . N ’"(1*7(“1 &, n1ﬂz * t‘22')
P(!"f;t..@%:as?*z) N -‘I 2“( 75) é °

Wex-b wo will make the transfomation to ylyz 8pace,. using Our»lif, .

| struetural relationsbipa N

I




“é“
U5t
\

sien of thatmnsfomation a8,

1o o 1 i

a7 cteristic function ;ﬂy Vs (trbg) fff itlyl * itayal’(ylyzygdyldyzdys

\,2 00 00

) = 755'%’ é/ 7 2 dy & a, e"‘*’lyl * itzya o

yl - 10 - 272)




- 27
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" ﬂylye(tyta) = hfffr‘ fd

=2 o

iy

| ‘34}1?( ’75/2) s ’%(zl . 11;1/:73)2d8

w7528

itlﬁa

'ﬂ)
l

.0 -

. "J“‘“/"’»* w? f o = 1t/ = 165)°

e’%(t)/Q ' ¢ t2)2

i Therefore,




oy R LT Y T Ty g ST N o L LI e ey T e bk Tem s W AT s St d e vt
care O P T P S R ] »

" )
1t1(1o ¥2 2) ¢ 1'02 "
[ Sle® &1 1

-2

.75/2 tl %(tl/a + ta)
: ‘ g

& Aexp {mitl .75/2 "1 é(tl/e +t) } fe‘g"tl* “2)7 2 ;17(

k-3 ﬁexpSlOita ;75/2 11 é(tl/e -wa)'

- exp[lcitl - o75/2 fq - ﬁt&/a * tp_)aj
h(axtl * wa) «

Oty = .751: 2-Bun/2t t 2f
exp@ « ; 1/ %( 1/ 2) f s ot 2ty + 80
2(2311-1:2) S " "2

Having found. ﬁyly (tlgta), the next etep is to £ind N

108 ¢yl,y2(tl,t2) and then to expand thi 8 1ast in & power aeriees

¢in 2(2e1+t )S
lgi 9(2‘!314-1;2%.




8z - x3

1] 51. .

« sin o % ‘%’%{ _“3%_5__ !'. ‘

91!12:! 7* hxa mx’* L ,;

: _‘ vfaioh may be rewritten a8’

In other mrds, t:he right hand expraasinn ia of tha form ‘
‘.‘jlog (O e v), | |

* Por x we will now substitute the veluo (26) + t,), and ebtein

— D et g e O S A g A




sin 2(2t1 + tg)g b(?ﬁl + ta) h - i .
oga Mol
-lz‘(lw + L;tlt “ tg)
e “E%.(J.Gthf 32tl ¥ 2ht232+ Btltg . tg) -0 sy

 Heeo, o ml writs

: Log ’41{1?2(?“1‘*2) s 1011-,1 " ‘75 f t;‘ba - g

é*

and finally. 0olleot1ng tems,v
.A 1*98 gyiya;(‘“v‘f‘a? loae, < -541 - -5-*:&2 %x

. -}:%-Bazfte %;t%ée -)%tl‘z ”I{E'*E

The cumulants of our jolnt probability digtribution of y,y, aves

by d’efinitibna tha og}gg‘fioients of the ke‘xpa’n,sionbi multiplied by ﬂl@“
.;<,‘tapp',,.°pﬂate_fad'ﬁdrial»s‘; 1s045 Koo 8 the ‘ooefficient of the tlfzg tex'm
" mmdtiplied by sisls | |

. To i’ihd the valué of P in our structure we need a pair of -

2N ommlante Kr#l g=] and Er s' S’mppose we seleot re 3y 8% 1, then m

?mn use the reiation
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’Extension to ‘General Réét_é.ﬁguihréﬂorﬂni_, Case

In this section n?'e--a'r’e'goiﬁg to carry out the proocsdure of
-.finding the expréssions for ‘the ctmmlants for the generalized caso N

'1n which the probability distributxon of 7 is reotangular and in A.

:vzhich the errors of measurement are normally diatributed with
' il'fE(ul) s E(“a) ® 0; but with d‘(ul) and o (up) as well as the oorre- o

- f._:‘jle‘t“n “DSPeoified. ‘Ehe stmoture to be considered; then. is .
' 711 b -4_'; °'7é.. .
T ey
: :.’7-2._'* Y

2«(1 - 2‘)éf"(w )v(ue)

xk' :

]

range of the. distribution is i‘rom “h to A. Again ‘ag in the preeed:lng

section we want to £ind the probability distribution of yl and ya, then "




© _thereforey

‘;ite eharaoterietic funcﬁon and final ly tha logarithm o£‘ the

) c.haraoteristio f'tmction. ,

2 P“lgg







.‘vg(t:.te) 8/ W Jd72 [dzl /dze by
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\ ........é,;r.. £d712 [mdzl [dzﬁ 6Xp [&tl( (J“ﬂz2

‘};f".:i“bu"o72'+1t(o—z 72}.‘3@[
B ~($1/1-:-P-§ 4 922)

g + b .. 0?2 # ita(o“ . ,_? 2)1

‘%ze b 1’%10\1612 +

'ézl + ity3 i 1 -pen e
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L fa b - alayy e v 1ty
. el dga.e.,, L2 A RCI S

- =ty a30 *1;20‘2)2

| w0 L e
. i "v N ~ ‘ ) v ij‘,:j; e 2 DR
il [ BB e s iy
/ Yoo .
Sy e by

i S ity 4 itje 7 4 itdy,
| j a7 1t T2 e
L ‘ 2 : I C

e‘btuleatxo’ze* WMeay, 2l
i (1097 + 15 5, ‘ :
AR - o

o
H

-
N

bty A(itge v Gtp) | ca(itjo 4t)
RIS A2 - SN I

i Thevefors,




'-¢(t1t2) a, @

¢(t1152) ';"3'9 ‘ "

EB

-gtfrfu- ¢ ’%“10\1( * ,“a“—a)a + toyy

IIA( 1‘2;10 t ite)

A( 11:10 + itg)

A(iotl + i’ba) |

 dbut

eA(;itio ¥ u:g) A(itxe + 11;2)
A(i.o‘bl + “2) |

& 2 sin(atyo 4 Atp)
“B%j0 YAty

i8-8

068 & =1 oin 65

ein Qu:lo + At
- Atlc - A‘ﬁe '

g,)

“é(

© og Playty) = by = By ey (.

%120“12 a . (’2) . ¥

sin’ Atyo & AtgA‘

log
'I’Ele -y Ata 5
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S

- 92,) - %(t;“’zf *Atar‘é)?

" lztﬁta)?l

Howr wo must:ﬁnd-:thé;.expa_naion for o

ST, 2sine ).
S BT 8

S o == T
RS TN P Tt A i peincivaieg’ e = e




~,

fo fina log | #18 A(etl %)

Log (1+¢) can vo expandeds

|
co
; uh - v & e, N

+ eyt # Atk

v e "
e ” - et 77t SERR——
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o ‘g * hahc 'tl\‘;a 1- 6ahc tlta d-

u’

therefure.

. "103 sin (Aati 4 Atg) ; |

’ f‘f’aanoe wo obtai’n

(510 + T %+ 1oey - i;‘

o log ff(tlta) e a2 g

h 222 gL ..
: t ‘b & Wl

. Hore, a8 4n tho particular e
- only to mltiply sach cosffioiént to got the cumlast of tho
. 'distiibution of yy and Yer

|




,
e

Lo

Henos the "“q\imuie;nta for this distribution ares

N

10 ) , 01 -

i
-
" »

=
\

- thé paramoters to the cijmulante that
’ e |
A e
ko= O (1 =4)

&

e

= thean

ke = 007 4

essentially thieo oquations in four

Il

'+°‘.Lf"+ ;‘A‘"’f o

unknowns oince from the cwmlants of

order highoer than two wo obtain & unique value ‘ffo‘,r‘o.»” -Therofore; wo

cannot identify the whole strusture

or oven any of the paramoters othor

than band 6. But if we know any other fact about the various correlation -
coefficients or if wo lmew A, we could identify the whole structure.




Ve Nty

AN EXAMPLE USI'N"Q‘

In any appncation of t.he

sootions to she real world wa wmzld

then gather data for the obsemble‘

follows we wiu apaoﬂ.ﬁr the same ty
in Chapter II (Theoz'em II)g ' that

:’7;#‘ . “ *

and the probability distribdution of

s LTI

The p‘mb’ability -d’i“stﬂbutison of v
The problem v:hiah wo will

b7

AGTUAL DATA

theory disouased in the previouaz
have to spao&i’y a struoture and

vatiables. In the prodblen which
pe of atrue.tnre that wo digoussed

CH

)

md u, 18 assnme d xi'o‘mnih

‘the folleving pagges

)
i

8]
|

.a suto !'95 tions.

'ae‘.ee in per' k}ita:'ﬂ.ncome nooded

rations caleulaﬁioas are given in

» Also,

.study 19 t.h 'relatioship betwoen
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L

Singe oL = ko = oo = 1.255.'15'1:7; our estirmted yo-
Jaticnship betmen 7, and 7, 16 | -

7/ = 9255’2317 + 1437.900 72_

Or if wo wanted ﬂw the mlatianshap for 7. givan 7,7, theequaticn

7, = <208 00228 Y, &
if wo mm to use tho glassical mgmasien procedure, hich
- is toassuma that in finding tho regression ofAyé‘" myy -the"r:mmq
monts for b2 are. trne values i‘@r por capita iaoome, m mmld obtain
- the following mhtimshipz T ‘ ‘

J2 = 6016377 - H 400915@1;

aAnd eSmilarly the Iaa{greﬁéiﬁo:i fo‘f;jyl

B

5587865

onyg 1is

+ 25726".8&2 ° -
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APPEN

DIX

. Cunmlants -of a Distribution Expressed in Terms

 of Uomenta

 To deérive the expressions !
", 4n terms of he soments sbout zere
" the charasteristio funotion for am

. momontss

Cdog e ® dogf1 v [ulmgy ¢

/
I

U flsgte) = 1+ dlmygty ¢ noyt)

about Zero

or ‘the curmlents of & distribution.
of tint distribution w fi¥st write
4 gii<9£t§.—butlon in terms of its |

45, 2.2 . 2.
* Siimioty + 2mytytp + mmtg) MR

mgytp) srimotl ¢ Bytyty ¢ N

AT

Poyte) <t C

l:.\s_._.. oo -,.—r..-i e

o R
v F Amety am) e
| Then we osn write:

L5

H

> 2 Y U
Joty * apytyty ¥ m5eS) < ¢ ¢ ¢

LY

-’ - .




ue -

log .('1 + v) = -f-‘(ﬂmlotl + mo1t2) :E—(meotl + 20381t + mogte)
a 2 3

maeta + 5me1txte,f 3myptite + moztz)

5
é‘*

A!v ¢« ¥ - J . |

-¢ 3 [ 42 (m10t1 * m 1!:2)
3 ,
"f(meo“'f * a"u"’ﬂa * moata )(mletl + molta)

2
- T(msobl * hahtlta + 3m12t1t2 ¥ %3*2)(!“10% + mmta)

4 (meotla ¢ anu*’;itéf’f "’021”2")2 ke ] ’

43 [ 13 (moty * vorte)”
* %"ymlotfl,* %1-%2)2 (%‘bf ." 311’111‘-11:2 * m02t22 )

ab.i_‘ih}‘

\o—%{f‘: (moty lt“‘<:).1"°2)u . u o 1

~ €




U7
Lol (Bevw) = [ mlotl - immta * -gmaoh 1 mntlta —2—%2t2 _
* .6-3130%1 -+ %'m‘..ltltZ ¢ ,j.'...mlatltg + E.moatg _

%’}% 3"“51"1’;2 %;-‘ﬂzaﬁata %’*mmstlte * o5l

~E |t [E“m*‘l + 218 ml meitlta ¢ %0y ef
' l
%omeetf -5 mlomntxaba + 43 mlomﬂztltz

+ iimzo“o:ltla“z b aa5m11m01t1t§ * 13%1’”02*’3

) Qm;etl % ﬁ. mlemgltlta LY mmmlet’l*‘a Ly _‘ .;lBtlté

." %—%1‘#13qt131’2- 4 h%lmeltlztz *4 “’mmzle“h.’ia5 -—-%1‘“03‘53

% 7;-1320*1 & i%wl1t1%* 'gﬂao‘oatlataa
| ‘ 1“mfxtft§ ;"fi!"mxi?oztl“gﬂ * 71""’0‘—’*27
N %[sgot; ~ 52 nfeporefy ¢ s1%monofyed e 4 mmté .
.' *%1%1%’“20%{** _:51“(“‘10“‘011“20 " mnmao)t?“'e N
S %%meotwa&m“fta ¥ agimie momogmen 02

s dbegmgatde | o ]

A 1"%!!0&1‘3{124 & e W

- é[i%{‘bt{‘ +h1bmlgmmt;t2 + éi mmmmtft R Lli mlom()ltltg




V* (%moe éz-mm )ta * (ég-mao '2'“10‘“20 t %—mlo)*u

$L(v?;3

| 13mlom11 ?—meo!%:{ + i3m1omoz)t12t2
- . (—1—41112 ‘é‘mlo“oa - 13m11m01 ' 13mwm01)t1t§ e
. ) o+ (%mo; %_m‘nm@a . %_nm)té
R . (éE“hO 10&130 %'Tngo 10“’20 i—m )tl S
S . (‘é*‘nz»l zl—‘*nlomel -g‘“olmBo é"’eo‘m + 1%10%1*“20
”’ % *l‘mnmw" 1"“17'0%1%{%2 o |

. (};‘1’22 ?mlomla -5-%1”’21 E'“’?C’moa " '5"”01% |

- & 2-‘- mnmiomol - ’%ﬁn ¥ .é.é mfcmoz ‘“&4’“*10%1)
(‘6""15 zmmmoss ?“mmm ’s“”n“’oa ' "‘“’01’“11

+ :1"‘m11 . il’mwmgl)tl"g
o~ w4+ - il

The eoerficienta multiplied by the appropriate ractorials are h

: g;tho oumnlants of the distribution 1n terms of the momenta about zera.

.  Hencee
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muo hmm‘%o

: mlo -
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™o ..

mm‘“or:'“ |
moz

3‘“10‘“20 b a“m f
- anm‘“n Ti2o01 * 2’“10’“01

mm‘“ca 2"‘11‘“01 “ a“m“’m

mae 2"‘10“’12 a“oz“’m maomoa

&nmmm

a“1:. * 2‘“1&“02

moh bmmmos 3moa £ lﬁn%moe &n'o‘x

3‘“20 + 12 m?omao - ‘m%‘o ,
= mam - 5“10‘“21 moa.mao 5maemn » émlommmeo + émnmfo &n?omm

a“oﬁ“ao" Smyamy Py o
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