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-�TERl­
GEWBA,j.,CONCI3PTS 

;t,991,e· to _'.eo,or,ion4()f:t _ht).S enooun:tered;·w.r1.ou$ ·problElI)lS ·-tru1.t requi�4 ·. 
. 

'
/

. 

. '' ,
. , . .. . : . . . . 

. 

. 

. 

. 
... 

;' . ': :eome: ��w deva�Q��nt� � ni.fi���i·oe.l. ,.Et�ti$,tioEr;( Mneng. th♦ae ;�. ·· 
•_ • I •• ' • . 

• 

' ; • 

•
· 

'
' 

. 
• • • ,. "

, • ; ' 
r 

-� • .
' • 

•. • 

::>,.dW�lomi;i�ntei a� f.&oa,e whloh �re- ��t> lec,ij�l.y',�i'�rped to as-.- ·· 
. ,_·.

. 
; 

. 

,• .
. 

' 

' '  

iden:�:tieat;�� PrQblt�nua � �eb� -�e.�u_r.e can be- ®ci� rstood by . con'(tt�_�t · . 
·_ · · :�� · th�: �!!\9 • ��i typ�_ or $.ta tist-i:cal pr�blem, -f�lµid i,n the · na.�i 

·• .. • ! . . . ' • . : .
. 

; . ot. the �tt��1I',Of -� sei: Of 'v.a.ri.�bl�s• 1n d�t�rmining· � ;H.�+� 'V'�--,iblEi's: ' . 
' . ", . 

. ·•-�t,fe�t of tempetf,.tµre., food� �ip •. , on •bi9log$0�1 ·grQi.vth, ®4 th_e/errect · 
. -

. 

. 
' 

. 

' · , 

. ·; p£ iatit-ude and 6;lti tude � . �infai.1 · �N3 -r�iiir em.mplE3a. ·· in. theQ"e: 
• •

• : • 
' 

• 
_

. • 
: 

• 
• 

I
� ::�

' :' • 
• • 

•
• ' 

• 
'

·. 
• 

• 
; 

-

,[. • .' � [ ' ' .' I. • ' -
' 

.. pt9bl� . �0In8:: a.tJe'iimptlont1 · rE:lgafdi�g: th(:) ��fed;t . c,f. thf:t- de_�rmlili,iig · 
•

'
' ' . .. · ·:.-

- v:iiH'.ableS; �n 8;, _atngl� de'pendE3n't; veil'.ia'b�e 1,s m,adij, t,.nd this E!,6$:urnption . 
· -'. '113 tes_ted by s:�ti�ftioal it>.ve�ti,gati��: - Th:e e.ssumpt$:on irivolv�d is a· 
_: _speolf-ioation'in th$ a� A� Fi�$� $e·na$; ·f.1J .. �scm$ po_stula.ti� 

.. ·� 
·, . . . 

, 'o'(lbdut _the' _form.of:· e. -iJ-ingle ptobabil�ty'<1i11tribution_wtth a rigi,d. 
.·
' 

·

. 

··
. . 

. . 

. 

. 
' . 

. 

.
· ' ' ' 

.
. 

1 



separ_ation Of determµibig. �r·oausal variable.a from the det�rmin�d or. 

depe�d�1:1t i18J!'�ble13�· · Ust1atly �rro;ra: •Qf �asu��nt ar$ ��s'Wlleq. 

nQgligible tn 1he .d�w�!ng variablee .• · 

; .. �· ' . 

; �rmer.. Th�z-e i!l;re 'usl.Uilly two Ol:" more prob�'bility dlst�ib'ution� ' 

. :/)\t,'nvolved; :t}ie Cillis� an4 d�p�IJdent v.�riabJes •Y not be $eparab1�.,, . ; •• • • 
.
... ,. . 

• 
_!, • ' 

<arid ·errors of ob�t;)rve.tio� �tfl 1ikely to qecur •111 all �riables�; ,.ffie·· . . . - . . . 

,\. difference.s �coount for :th� ne.e,d ot ·ll. �evelopment of nevt trta1l!�ti<:al 

.. :· . : method� =Ot'!tl M ;'tde�t�fiq��ion metlibds, 
.. , 

C6ns�ci�r frJr e�i.� the , i{ij�es� theofy .of �:ioymantj, . In · 

,: its, ai.mpiified t,onn it ¢an b� �itten 

t i=, .s 
l. # g(i) 
r •··� · li(¥). ·-· 

; lStiere .Y == in..com�J x = im'.es�nt; Q ·� 'Q®s_umpti�� S '� sav�&fl.�. 

1 ·�. rat� of eteresti and M : 'Cl.ue.ntlty of money,! N�e Qf t.h(ts� ·; 

·.··. ��il.abl�� can be ao<>urate,iy, Iri.eEisut�d and no �t\E) equation �an be oon� .• 
. . 1. . . 

·'
. . . 

. . . 

' ' 

.the abseµoe of mi e;iq,erilnE)nta� ot labe>�tory methcq.. ob�erved: data, m'llElt 

. ' come i'r<M!\ the. r�al worl<) ,vm�re �Y forces intert1.¢t., 

The atµdy of ths pric.€!,,,�d. <a_µantity of a• co:inmqdlty,. for. 

' ':e.mmple� ia not only th� 'E:ltu.dy, (?f. .. �e flUlotio.n of one Jn,.te� of t.he. 



!] 
ff 
i: 

ctb.$r ·but· :e.lao Qf.• th�· telfi"ti.9AP': b�twee�· th�. pr-t<,�a and qu�titf�s <>� 
:,. .this;· ooirnno�ty and .hQW thes$· are •·B/1.¢ulte:11e.ot1�lcy · Eµ'fe9:ted. l:'ly. .the ec�1otis· 

' .. ' 
. 

. 

. . ' 
. 

. ' ' 

_of th� .priQe..� Qf, Qth.�r -q�� ti�s-�. ·: 'lh�s I too; -SJ:l � mo�el ij�t up by 

'\
i >c .. ; Ol.J,ltk [11 l i)OliS'iimptiOll is r�gognie(Jd ·•a lle4,Jlg :related. to, �come 

· : ·:@d p�viotutuiopine (to· c_oilside.;r th� m,ost: imp,o�t �1u.e�¢�i-��, . 
. 

/ 

. 

. 

. 

.

.

. 

. -�:: 'interpret&<.\ by Mr, .. ,. C�rkh while impott� 6:te �- f:unotion �f, ixle�, 
:produef3l"S' go9d$ -��-- -•�- Nho-tion ()f �0(>,11'!-Et li\Il� ot ·. p�e,iQu� c1�1,;e;-._ 

. ' . . ' . 
,. , . 

> :'·:oorpora�ihg �e'ir-en; �riabl,q�q�titi,es -i.� Q<m$ttueted vmioh·,. pteerg.$ibiy. 
'\ .1 ' \ . 

. . - ' . 

. :·, .'wil]. e;q>i�in· {;he. majo� a.oti,vit.i$�' of' , .�� Q'. ·, s.�. '3llsizle,�� -�yc,l� •. ,/ ·. ·_ · 
.-,,.,. ,·:. The'$.8 ���io.ns•ina.y be, $et .up by us�g''eoono�c 's.cieao- and' 

r,:;:_··
;;_· · '• '· " ' .i. 

·,;:-_th�·ori�a�y apply$.hg p�inaiples· e>f econ<>mlc$· in comblne..tio11 .w,_t)i .. . . . .:-

. 

. . ;: .. )·-:· . . 

'.;. : ie�l tequite•nttl� bis ti. tµt!,Olls e.ff&�ting beha�or--,. an<i ,
. 
�ohlfologio�l. 

kli6wledg&. . But.· in .add! tion;,· e1«n1:?jn�d t�th ·th�oty we.· my ui:S.lito 
'I

· 
•.� ; . ' ,- · . .: : l , : •. , ;'. , 

, 

·; ,/sy�te�tidaiiy ooll,ec�d s�ttstic�l dijta' �- help oonett,'l,iot the:.: ' 

. 

,

. 

. 

,

-

, 

. 
. : , 

' .. equa�ions � 

·: ' , . · _;4'1\e�E) 13i,Jn.U�:taneQU!3: equti;t;!c>,ns, .ioore1y. :tr,�_llia,late, t.nto a,. ,D¥1tl'l�� 
, . ' ,. ; ' " . . . 

. 
' ,' .., . 

/:.: .lllatical: la,ngt$g$· th.$.. t�ot. ttw.t many 'thirigs ae:t _9ri e(lch ·other @.�- the 
·· 

.

. -· . ' . . 
. . . 

' . . . 

. //saitie in��11t of tiinar.�d- th�y ,describ� the �thor:i by Vlhioh, tb�y ' •· 
. . . . \ 

.··-

1'i1���t� -Alojlg, '\'ti� .the. �g �u1,mttti�s. Qf V'�dabl�$ �i¢h 

· · ocQut --� tho,· �q�tiQtls thet:e: e.�-- o�rtain· :P�t�-r�, or. CQn�te.nt . 

, ,J ·: quo.ntitles..-�o<>n�tant .tot .the �a.r.t�Qtilf,lr ·$y�tem. �d�.r 9on$id�rit.S.on. ' . ,· ' . . } . 

. 
' 

fhe so'lution .-of the.se ·si.mult®eoua e.quat$.Qnti ...... the :values tor the· · ·. 
. . . . . 

. 

" 

. 
.. . 

� . . 
. . . . 

. 

' . .. .. . 

. 

' 

. . . 
. 
. 

' 

' .va:r.bbles·Whieh will t:!,t the Satil.$ time satisfy all the oo��itio�a a� 

' ·• 



-�$�ts:d'. by th� '��ttoti�·�.,.'ta. ·•i,n. tertns . of{ ·t1t�·s:�• j,o?ls'.ta:ntei-.·. t,.isO \theil� 
· i. · oonI;1tants' tell us hov, the varia·bles ar& .. roia�d. iro' -�Eicm c>thei-.· ··. - · · . . . . -- � . . . , . . - . . . . - . . . 

��vix,ig. deo14eci ·. tQ-. �onsthlot' '� syt:item of. s.o� tr �qu&i;10n$- ·in: if '. 
-�ri�bl�a�. the VQ.lUeEJ' to -b� -�aed for the:·oonstants $1$ti' be ,de,tqtf' ' 

. -· ; . . - · . 

. �ed in -aoine way. Usually,_ data on po.at V'S.lue,a· ·of the \teri.ablef:i• 
· .. : '.·•,:.ar� co11�1I,,teti,, and. •. by ·some· method su:� as l$�$t s'quar$s,.. the �a:tu�a 
-:<: of ith'e: ���te.n� whi.o)'l are lji k$eping with th� pEuit• ·a.etioils· ot th� 

' · . ' . . : 

,,:J,iat1$b'!ciJl!J �re -fou;'.\d� . \l!l�$e_ Qonstant$. may -be.· adj.us�tl- to- �ke Ott�:· 
· /9r--e·xpooted N��� d�ve+�P�Dt!3:; · but �saenti�lly · they ate fo�� by; . 

· __ . uie· of ptist' val\'.lef.¥ ·of. the •e.ti�bles · ooncernecl·� 
;. -..i_l 

. . ' 
' 

. 
. '

. 

·
: 

. . 

. -�rte;bie'rf 'which. ·Ooour. in' th� 'system, of e'que.tions. ( $otnetilnt'f$ qaiied 
. .. . ,. . . 

. . . . . . ', '  

. ' 

: t>aqk' 't<:>· cl�rlt*:$.·-�th�--t.ht>�syst�m· v�abl$$' (t,01;1$µ.mption,. imp·ot-t�:� 
'! '; . . . , •

. .  . • . ,, . • . I 

·;'.·j•r�duQt:)t-�• :goo4'�, �ew oonotrtiitio�:.,- qh�nge··t;1 tnvt:>ntori�s; ·sa.1,�,r�:�®�\. · 

··gt�s:e :nfiti.<nW-l. ino•> tli-e .��swnption ia that it is, pos�ible 'to:,.slt,.,:. 
�8.: ·tru� ve4"'e.' for 1e:S.eh ot ��s�.( �d t,b.e:; ee.,Qfl ill: di't�otj,y/ mJ·�u.�blEh . 

'.:. :-' it, it$· it,( Fhe. ·e·�s� tnen ,the'. 0·1e:�s,1ca1: pt��e:dt#'e� · a11ott. ut;l to coliµ:. 
: ·etruot an dcono��trii f lllodel.� ,.noweir�r.- u thQ vQ:riable.� a� not.· 

·' 
. . . ' . '• ,.., . . . . •, . 

. '• ,il°ire:otiyiobs��abl�;,'lf 'w� Q�O�- m�aur'E{them dJre.o�ly t;Uld s.o,o,µrtitely. 
• 

'· • 1" • .,.. 

:��n f.f., whpl�. 'ti�ia.' ��- statisti,cl:il .,ii.ni'el'enee ··a.b�ut �$- 'Q1;n•i,bl0� whioh 
. . 

:; : are ·not' 'dire:otly· o'b
0

eerv�h;t;� ,·Ul·.':te_rl!lS: of o_ome vmloh, efre: opens up:�,' J;n . 
. ' . . . . . 

; . 
. 

: . -� fililetion- of·�- c�s�lf\tatr\� �ri�bl� Md .Qf· rfllltiom �rro:rs: qf I!'�au�e.;; 



f 
I 
I 
I 

,I . ,r 
ii 
11 

i� ,, 

1, ,, 
lj 
i1 
1l \ • 

,, 
!! 
ii 

. ' I  

. •ft,; ·_ . 

... - •-½ , . , ;  
'\. 

: ,  5 . 
' 

. 

·
' 

""•, . · . . · ,, 

';fhe . . •  PJ�.Ql>.lezn • ot .�ta_t1a.tioal, -.inf,l!)texi�� W,.,tb r�$P.�ot to.: �i '?Y�-��m : 

of: • �q��oIJ._�J :th&il•i Ja · .t,be : .etgdy. oft ��t". (JOI10;l,usi�n�t · (W.�re:n9e�t:) ,  can.· , 
., · . . " ' ,. . 

. 
' ' ·, , •' . ,. 

: ; b'.� . ¢1��� �b<>t\t; ·" th,e• . t�e::• �.observa��� v�t�a:b.l�s . (Uld .e.b9lJt the· . 

, i;:, ·;_ .�truc:ttur,ri; • r��atiollalli.t?s. or- �q�ti-Q?¢ iii ::th� syet�m-. . fro,n th$ . ¢l?r;:e.-v�d · . 
� '  :,-. . . . ' . . 

' 
. . ; . 

. . . . . 

\{< :,'�:l�es �. · lJ'.l :th¢ r�l!l$1�deif of th!$ ,phap�r..t aolll$;thintf of. th�- hiM�Qfy ·or 
. ' :, . .

.
- , . . . . ' . [' � . 

. 
,: . .• �- . . •·. : " ' . ·< �.is. pro�;e� ·-�� - the> ge#Et�� Une.s. o.t :p.rpgto�a .· t<n�f'.d::; �o.�utl.�!:l\t<t 

dat� w±-1.i OJ? giye� � ' ·. :in .tl'l,e {!)eqon� . Qh�p�r, tMf ' �i:tnpl.e ' t:'$greo;sio� '. •:-
. 
. - •. . · - . ·' , ' . 

. 
. -' - �'. S' -,., 

pro�iem ·of -two obset,ved vari�bles will be constderad : when .the . : ' , ' . . ' � . 
' 

. 

\',·
·
, :, ,  

'vft.J,ore' two::��ri�µl.e� · a� .  s�bj�q.t, to . cor¥6la�d '·<;li/'t<?l"S �. : �nd. ,vtiei;e; .J.\·· 
. ' 

'::, . ; 1lri��t-- ' r�gtes(ii!on, �s t�l' be:�en -nQ�o,,��r�bl.e· .• v�r.labless .  �n� · Q� . · : · 
, , ,  ' .

. 
· ," ·  ' . . ' . 

. . . .. ,, 

. .-, . \ ' . · �•itJ1;oty; , . 
' . . 

. ' 

t1gou [1 1 1 . · �� ·¥1-ong ,the t.i�t to d;i �Quss �. pfo��em f>f° ·i'; · :. :  

• identiflcti\tiOA• · . ::a�ry -Schuit.e (! 4J . oon$�det$d .. e¢teral �ip�ot$ 'Qf., 
• ' 

• • 
. • • • ,·

. ' ' ,· • • 
�- ' : 

• 
' 

. '• • • 
' 

' • 
i � ... ' . 

• 

• �-
. 

· J�o pro�lt>tn J.n hit de�l.t)(} ���ie.�- Qi'"'. ¢enian�_., . 'Bu1' .�, fottmil;�tioxi'.: of 

•. '·#t�, 'E).ro�l�m ffl\�\( �ot: tot:tli9�rig . unti_l .,r�.�ent �a�,�t ·In, th�:. P.��t . ' ,  

" _ ••: . :decad� , mlloh �;rJ ha.�: beeri- .:don� by �'f Mar�,clia� ('l J . . . • •  ��>Reiaf:Jf!' ,fie ] ';� 
' . , \ ' . . . ' 

. · _nutt4-¢:?. [5] '. J "' 'l\�-' B':8\\Pmatl8. [7 1 . ;, Ru'mh · l�J] f A. Wald r n] : , :_;: : : 
i c'[-'.";Ne�,:[IOJ ' . i  �·· �ott· .[, fJ . � : e.tnoi'l� oth�r:,l , ,�.C>, , th,at J >y_ 't:hiG \.ti�t( f 

, .  
· : . • • • 

• • 

• 

: ., ., •• • '
. 

• • 
< .  

• • 
-

; . :  ':� fe.ifly, .�y�t��.�J9-: f<>l1llillf:\tiot(t?f :th�, · iae�tifi6(\�10.2;1· ptobie:rn·; 'in . 

g$,nEi�l nae. i,e.�n &1:vet>. both ft� the·· pot.nt of view of:, .,th��t�Jl�l< : : - ·: 

; . en�:ty�Js �nd -e,ppiic-�tion to ec��o:aiic� . 4ho the. well known wor� .by 
' ' . . . 



. EN:srdh- [ 4 J :h�� dQ?ic). -mti�: .;n ·:th� :e��;\ati�.n.•· c#,', --��-- ·l:llO�e; g�n.�taj, . . 

. . i�a,.s �ti t�gt�_,s.otpn,. $lli9li15 -�-ro. 9r ,mt>re Vffel,r-.i�b4-9ft .  

jJ 
. . 

!i . · · 13ciror-� -' ·ptp�ee4utg, m.th. a. i'6tmul�tioi, of .Wha·t 1$ m��nt J�1.i>lt.t1ci · 

ii 
IJ 
ii ,, ,, 

, . :�c1,�tit�qatiop ptopiJplll": �-- � ll. _defi�e f3$i��U:" t�u,n� � •\f�• .w;l� .tib;ei'�¢f ... . · 

. 
• ' ' 

_
;�

: •' 
' 

'
• I, 

': ; ;� 

· (l'he: �t ¢:tl r�Ptee�n.�,, true Vl.\·ri'�b�$s '�io� w9, Wil.J :�ss�,: :t!>; ·. ·· . · 
. . . . 

. . . . 
. . . . . . 

. 
. . . . 

' 

. 

· : 'be, . no��?b$�.fcV�bl!3 ,, ti1�o�jy.,_: • �e u1 wi;il. tep��sent- �rr-i>ni; · <>i\��sute"" 
, - · · · , ;:· ·t, _ ·: . f 

" '"-;-.
. 
: 

t·:,. \typijs 91'' V.O..ti�1>1.es· ai$_ gi."Otipecl 1together �d. ref�rl'ed to ·e.,$ l;a.tenti; �- . 
. 

. 
. . . -

' ' 
. 

' ·
: 

. 

. 

' 
. 

' 
. 
� . 

. 
. 

v.�riab\�tl ts• tp�y : bo� hav$. tll�' . (i}i.a�¢ter of being noi;iol:le..e�blf,;;,_ . 

· · .  Ase¢eiated wttll. th,eeu¥ latent, - �rl:�bles, � ha.vQ. oei"ttliri otuii$r:v��i� '
.
: · · 

_ ;  
.

. _· . ' . · ·  . ·.: .
. · ' 

. , 1 . · ·
, , ' 

. . 
· . ._- . - . I ;  . . . 

· ·. . v�r,
4a�1e:s:j1, �Ptes�n:��;·by _ . �e: . . y�J.: , �elatiOllsbtpa �r . ,�qu�tion$.•

. 
�Jql:1 .. ' _ 

.

. - ; .. .  -
. 

... . 
' . 

. 

\ 

. 

� . 
. . 

. 

. ' 

. 

. 

. 
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.obsE3,rvabl� �art��i.e$ . we  pan ·apply �(r1J t.o. tli� .d�� •.. ' 
• 1 - . . .  , • - -

'
. · ·aistr;ibuttori :f'mi!itloll� · c,f?. the., in.tent v�ria,bl�is :viill c�ris_tl a Q$t · . 

. (i· ot different· •�;�ru�tµt��'·!· · ,;#i!J.f :·$et· t>r - �ttruotu.res may bf ·o.all.e<l •� •· 
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: ·., · · 

• .. 



!! 
!, 

-· , • · .
-

, 

8 

·_ pr�b�btlity dlstt'ibU'tiion of th.e l��nt: �arlablefj • .  Can the �rob�bil1ty 
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' ·�d'::p·ro'bf!J,.blii ty '-'atstributi:011�1) .:: • •  thEi'$.8- sti-ttctura1 p�i�rs 
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C • ' •  ' : •
, . 

• • • • • • 0 
\ • 

• 

::: • ·.r:d. stent .. ea,:tim/J,te --,�ijx:i the. tit are oorrela. t.eq . ·but .�hf) dQe.19 no.t gl v$ 
. ,, . ·, . . 

� . . . . . . . 
. . . . 

. 
. ' 
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We as� in tlµs oonoep:t or. regroedon 1h.nt .we have ·t.U'l exact 
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: ' . 

' 
:
� 

. 
. 

'

. 

. . ' � 
' . . . ' 

. . . '· th(:}- : ·tre�t{oti <:if ·:this oh�pter on· '"The Fund�tit».-1 I_deas.· iuld T$�:-,"·\aoth . 
.,,- • • • • 

' 
1· ' ' . : '  

· ·  the · ;ir; .a.rid .y. are: �ubjeot: to �:rrOr$ of! �b�ervation�, ·  eind -we 'aaswna 1that 
. 

. 

. - . ' . 

. 

. . . . . ,. :· · , 

thera . 1:$ �n , e,$ot · relfiltion�hip• be�eti _ th$ true ·w.1�e$ of x and the 

tru�- �valu�-� . <>f V• 

.• 



!I ,, 
-!! 
:I 

II ·
1
1 ,, 
'i 
1: 
1
1 I, 
,I 

: •. 

®APTER !i .,, ·. · , ·  

LINEAR i<EoREss:toli1. w:rm NORMAL · �ERRORS11 · '. • : -
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· Suppos�· .w� he.�� ·t,; stNcture $ invol,'O'ing .a . reg�asion be�$n· � . . . 
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l •�n<i �u2•- as v.re�l a�. · t.lie ,oovari�llQe 0� µi and· Ug a_re' �nop�9i{:ied� 

$Up}?O,�&t in �ddi ti.<>Ji,f-, t,h�t li' :,tllld : � a, .4i"El �d:e�enq.e�t -Of' _ �l \ , 
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· .. _, of·. u1 �d u� io. no�l.. 111'¢:w to oonw�ete tlle · fit�otu� we mus� e.�.$�­
a].so �- �stiib�ti91;1 ·to·r >(1 �d . [a (or for· o/_it �1n:ce '(i i.s ill e�ct 
l.'��ear telationa�P, .w$:th. · '71 tmd kn_�ng the distribu:tion of 71 . we  fl'lso· 

.,_av� the di�tdbuti:on of ·r �)r .  : ·  
• •  J • '  

11 

,-f/ , 
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•1 
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. '.l!he :i.d�ttri�t$on , Qt o1-- @d I _depe�4Sf -til . . tliis• Pf.l.�i�_ulili\: ,  :: :, " : 
! . �·. ' 

a.,:)��l:� ·on ·  the di&_ttibut.�on, o
f · -t1� Vie Will Qons�cle�_ 1n _-th$.$ o�pte�; · · : . ·_:\-

: ; : :· th;s�{ '-two _ ;o$�ib11iti�:.s ;  -. - (�} - �e . ¢as� - in whioh :t,h�.- diEJ�buti� of - --. . / • 

.• _ ,::-:?( t iiil � :no�). �d : (".) · -fh�. •�-�f): -� wnich, .tha di�t#butl�n - of 11, is, · 
. . . : � · ' . . . . . 

• ' · . :, 1 _  

· ,. : Thepr� . I ;  . . :u\ µi th$ �--e�ct:u�e . . s ,  im.� di.e"f?ributi6%l of · "71 ·i_s ·normal- _ · 

":, i
th�n : thet� .e.te . . maw· �lue$' . ot ·(J --�ihJqH . Will give th�: '.s�- ·

. io�� . . . -> _ 
· :: . _ .Pt:?habili� di�:t�ib�tion �£\11 ._a#d: �fur �-f�� .•: f 1$ �ot - ide��i�tabie� 

' t 
'

. ' ·
.

-- · • • , , :  · ' ' 

; Tll�ptem Iit' '· x·tf ,in �� $t·tll��U$1;1 s � . . th� . distribution. of 71 1 i.e. n.ot . 
, . . \ � . . . •. . . . 

. ;,: · · n��l. :tl1�� - the:11•$ 1$ --�- .tmi,q:1,l� -vfJ.l\ie c,f f for $.ny prQ'b�bili:tY -

·::.· :_; d�i)ributi;<>� ot 11 �nd Yal th��it f -�--- 'ident:itt_e.�le . 

:\� '( ··: 
-.
. . · 

. rroo!! or:- 'fheorent I ,  . - ·  " '" - . · , ' 
.· 

, 
· . .  : . � :- . ) 

. 
, . .  · . tribute.d , �en :s:inee · 

Y -- -- 1 - · .l 1 
. ... . 1 2  .... �- ... 

. . : ' 

-� -
. .  •,• . 

. · _, th� joi�� :�rob.t\biliity di$tZ"ib�ti6n ot: y1 and Ya · P(yi;Y�) · is . also 
' . 

' 

· n��l_�: a�d· it 1q c<>mplet�ly.; ch�raQterized· by . the t'ollovtUig :C1ve ·· .. ' -. ... ' �  .· 

, •. -p�r.�wrs , -� E'{y.� ) �- ' E(y�).,
. 

:):(��}�· - �(Yg) �d dov-(l�iMQ9 . of�--Yl;��'. , , , ,  
. • .t. . .' -

, , , •I 

-. ,  •
. ' 

• • : ' 

. 
• • • ' f" . • • • 

, · · . ( �ovari�l'.le9 !_f · nYi e@ be in<l� oaiied: by /' ":"�:M v yg,:•_ )· Th�_ se 
1 '  ' . .  ' ' ' ' ' . .. ' ' '  ' • ' 

' 

. 
,· ' ' ' :. . ' 

. p�rt\metetfl .!:}.:� e�:res$:1.ble· 'in: .ter!ll.S of the ' par�teru o.f th$ · -. . : . ·- . . . . . 
'. 

. '�· : ' ., 
die�rilfl)ti()J;l� of u1 ,��d �2 �4 t�� a�: follo�-

' , 
· ,, . 



1' 
·I 
'1 
I! 
JI ,I 
i!' 
:i 
ii ii 

--�··
t . . 

m<Y1> · =· '. ·Ecr1.>> 

- -- -- - - -- - - - ----- - ---·- ·
- ··� ·- . . - _,. . . .. .. � - -�- -•�-•- �-----, . .._ .... 

. E(y2) ; °' + 't3<t:( f 1} .· 

u- ?( Yl ) ;: <r2( u1 � . l1') . :: 

��<re) ,: �(� + 12> . ; 
o-2(u1) . ..,. 

o-?(�) + · 

a?(ug
) ;+ 

+ cc,v 7{ l r 2 

o--�( .f 1',> 
o-2< 1?) (3 2 o2( 7 1> 

CC1fl '( l( o( :+ � ">/ l)  
-+-. . Ji o--2( '11_ . ·)· .. • , r • t l �, 

. S�ppo!J�:,we : cll9gee � !�.u� .r�,r- .' (? .�· , . It .dan ·\Io ���n: .tht,\� .  

. - -�.�se. ·eq��·ion� · �an ·atill _·b�· · ,.�a���fied by �;:appropr�at�'>· o�o�.oe .. -�f 

.·· E(,r:1h. �-- ·J(u1h c,2(: � i.h: a2<ua} �� �6v ,uiu?,; , . Almo,st a:riy . ; 
.: • ' '. • , 

• • 
• • , • r J ' ; \� • 

I 

< < . values may b-e: . oho sen for th��e ·. si,x · para�tG.rs· 13,ubjeo:t o�ly to . the, 
I •� •.' • 

: · . ra.strlot:ion that 
' . . . . ' . 

C · . •  D: ; . 
Ju1 1 o9,t {l)i�) .  

cov (.ujA2) ·
. 
· .  �(:u'�) : : · 

· · .. •�re D b��- �o.: b.e po
.
s!:ti�t> •. · . (s�\ilri�iH . _ �eq�:1.ity tor Uit�graia•.� } -'· . . . . - ' . , . . · . . ' . . . ., "'. ' ·. ·, . /->� .  ·' .. , ' · : ; . . . . ·. !,, · . ' 

. 
• J / 

' 
•

• 

' ;.
' - · · - . !•··. , 

: ·. · ;Pro6f )>� .��i-e.jti, :ll;-: �is . $a :.�� ��Se ·.wn�re : ith�:. �()��t · prob��i,lity. 

: :  . . ' di Eitti,bi.ition c>t Yi, .�cl .y2 iQ il�t . .  J10.r:ma1 • .  

LE,t. <j> Yl,Ye (ti,�2) be .th� charac-t;eristie func.tion of Pb1,Y2) : 

. \ 

"·\; 



!! 

l Ii I ' 
,i 
!1 

!I 
'I 
Ii 
:j I
I 11 
'I 
I• ll 
Ii " ,. 

!i 
ii r " 
!I 11 
:1 

Ii 

:1 
!I 

'I 

:1 
'I 
ii 
·I ii 
ii 

i 1 ;  
•I 

--
··= 

j. r. eY1it1: -+ Y2it2 P(·y :tr )d�r dy . ·  Yl' Y2 · . · 1.,2 . .,1 · a 

t[ a{u1 • l1ht1 + <�2 • . f 2)it2J 

' . 

:: . E(eu1:i.t1 + ugit2) �El(o. 11it1 +· t �tt·2) . 

\ ei�ee u:t.,ttg are, indep�»d�nt of · 11� 1�• · 
faking . the 19g. of the, .ehataoteristie t'untttion we have · 

. 

: . ' 

· 1�g 4> Y1 ;Y2(t1•t�) :, log[E(eu1iti + u2�t2
)] + 

. 
lqg[E(e 7l1it1 + J{ 2�t�)7. 

Hqwever u1 and ua are nonna.lly difltribtlted�· so log [ E(eu1i ti + t12it2..LJ 

. will b� •d� up of t�rms of ·s�oo�d 4egree or le�a. But the d,istri­

bution of YJ IU'ld 1
2. 

i� not normal.··, and so log (j> y1
.y2Ct1:;:t2) i� ·_.El 

polynomial e>i' degree highet than two. We •Y �ite 

'Aleo,._ · 

1,, • • 

log[E(o 1 �a.t1 + f 2$.ta)j � log[E(e '1f1it1 + c( it2. ·� . _
f.11t2)] 

:: log e c1..1t2 • E[ ei �l( tl • f.1 t2)] 

; o1.. it2 + tPg E [e1 o/i (tl +- _f t2) J 

T}).'7) $aoond ' tal_'lll.· on thf;' tight hand side is a ,funotton of 

(t1 .. ',ot2) s  "li ;.� riot norm.ally , distributedl theref.'o�e this term is 



'I 
!1 ' 

Ii I 

·,t 
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. )':, : 

. 

. 

. 

15 

: also ti poiynomie.l of ,4egree greate� than twot and \ile can write . 

•· . t 2 ..L b·t • . .._ · +:.f _..., dt + · +- _... &> �. a 1 · ,.... . 1 ua ,.,. 0 -:c::: .,.. . . . .  l . e � -r "' . 

• nt 2 + bt1. t� * o+� .1 -l-- dt.1 + e+,,,. + f "'° ·,. 1 . G ��. .,.i:;:, 

\ , . ' /  
. ' -

. 
, ,  

. : : 

I 

: '{ ;  .· me�e.r have t&tma· of degree high�� · tha�. two.� we can eqt1aite ooeffici(3n�� · -

. : , · . 'ot iierms; with like power of tl; '.and t2� 

· ... 

'/· . 

. - · , -

Qoneider the tw<> expteseione 

' r' s lr$tl t2 
t;l ,S t 

___ x_n_· _t_·• .... :
j
_t_f_t ... 2 .......... j ........ . 

' j l (n•j ) i 

lf these �re tvm ·�rti'oular terms of like degr�.e , th.en we can 

j = r 

il 'l" j : $ •• 



,r 
ji ., 
ii 
II 
1
1 

'I 

., 

11 
I 

ii 
Ii 
II 

!I 
I' 
11 

ii 
1, 

:j I, 
II 

'I I, 
1! ,, 

' 
! 
i, 
ii 
iJ ,, ,, 
,1 

!I 

"" ·S . 
E.� • K$-r r 4!, : · . . ·

. 

tr tlde te t�e tot nu ·" jl1'ld e,. it tmto�· � ttu� alt;,o ·rot 
f" + l. and e • 1 ., 

1'11.1ra1, we M"� (,\ tini-aue V$l� - to·, f ,  lt 1ij ld��ttabla. 

16 

. lf we ass• 0 in a pattlculat (}8.Se_. -that a atr11otuai-e sue,� ae 

"t'ho one above exists. ,ve cn.n attenrpt to estimate �-- by taking· o.· 

· - sample from the population of obser,ro;ble veriablee y1 and y
2 

and then 

calcul�te sample V$lues for Kre and tr+l oe•l• Tile ratio · 

Kre /-Jfr-l,,e•l 0tvoa us an eo�ble.t.e of � • 1.'his estiinata f3 at io 

a. con�iatant e&tl.mato of . p i that ia0 aa tho eample size n ➔ a, 

➔ 1., e.na this may be ehovin ae follows• 

ca.wl'l Um n .., m Pr \ I Kro • X,-8 \ � (:- �-) . l.  That 

1a. there e�ista an N such that for any given .f and � 

Pr f I Kre • J< rs -- / L f � ) l • J 

Lim . n � co :: i"r t \ lt,-t,1,s•l • % rt-s,s•l \ � E ) ) 1 - f" 

Thorafore 0 

' - : 
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_. . . , ,-: 
. E t... J Kra � Xr$ J < :  � 

/; . ; .>f <- I jrr+l �s•l .,. � rf-1 ,s..;l J < � 

·t•,'-

. 

' ': -� . ' 

. 

:.:. 
· .

. 

' . 

.
. , 

.:. ;�_ ·._)�:.\.:/ ,,,,, . - .. �,, 

· - •  

l - ;( rs j 
• }t r-tl ;s•l · 

X - • 
• · . _

.
rs . .  

� r+l,s•l 

'" ;(,+1,s�i X ra ,. .:t'r.X
,.1,s•l • Y'r•l,s•l-Zra 

/ Krtl,�•iA J"+l��•l 

(�r+l ,.s• (Kre • Xrs>  - • · - · rs (!tr+'l,s�l • -A. r+-1,s.-tl _ · · 
. 
· r��tl i ��l � r+, 1 ;8•i 

IX .. 1 ,0-1 /I �I· I A ••./ / e{ . · 
7 . 0 

· \ Kr-tl,:a•l �- r+l�·s-1 j 

, , 

Jn identifying f vra make u$.e of thQee OWllUl.�s With �U:E;> . 

, , ' diffetQ:ttt £'ram zero. , !n , faot ohiy 'in• the ' ease where they a.r·e not ��rQ - , 
... . 

·i", r:• ·· : . : ' , . . - ·
. 

i�· · � identitie.b1e,- 'fh�refot!',, � ... .... 1 -_ �- 1 mu · not be iE>ro in th� : - · 
� r ,�• . , 

· . ·1ineat ?l◊p .. nc,tfuai $se • Gild B;
r
t-l..- 'a�l . 

. 
0011· be made dit!'ere:t,t1{ t:rem 

,··_, �er�: Witlf a la..tge Sainpl�j
. 

heno� the d�noininatQ� t(.�l ,.,; -- -1· ?( - . 
. , , , , . &• T j Q- •. ' i-+l ;,  e.;;,];: 

ut.11 . b¢ . dif.f�'r$nt -fi!pj;n ra�r<;>�, 

,- , 
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�TER III 

'.!!Iii: RECTANGULARi NORMA.I, CASE 

�- thi,s 6hap�r we �11 work s�vEira>e qoi!'lPu�tione.l problems, 

speoifyin� a particular i:itru¢tu.re � to tllust'"'tE! the general eX!I.ZfiI)le , 

.· · Case It.. ti.bout whi® we ptov:�d (). th.eorem in th(t pret,ed:uig_ o�aptet-. 

Al:isume s to be known to l>�- :tne following ( usin& the. srune 

. notation af3 in @�pter II )a• 

( 1) �i 
.. 
'!" 

( 2) Y1 
... ... 

ti !;a
. 

10 ... 2 1� 
'11 + u . l 

J2 + ua 

· (Here . al.. ;:; J.O, � : 2. ) 

(3) DiEitri'bution of 3/ 2 Ui reote.ngula:r. with 

P \" 1{.E d 1�).:� t a' ?(z. . 

and \Vi.th � range for this dlstribution ot 

... e. < 7 (2 '-.; .  � 
(4) · · Jo�nt : dl1,:1tribution c,f ut' e.nd - '¼2  1� normal with 

cr(u1 ) ; l 

cr (Ug} :: l 

,oov(u1u2) 

'1'1, 

= 

.. , ' 

18 
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I! 
Ii 
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Ii 
,1 ii 
'l 
!I " 
:j :, 
11 

, I It 
·ii 
.!i 
!i 
,! 
!I 

ii ,, ,, 
'i 
ii 
ii . !i 
:1 ,, 
i J 
:1 
ii 
11 .I 
li 1! If 
ti 
11 

!I Ii I. 
I 

!I ,, 
ii ii 
•ll 

I! 
·I 
11 

,i 
ii 

' 
:l 
ii ,, "I 
.li 
ll 

,fi 

,19 

' ' .  
·

•":� . 
l • 

la �a . .  � �amplt8 0,f. �n fQildom ta.1µ�:;; e�� tot u1 . and r.ot· u2�:> . To . 

. :.:�b'fu.� te� ·tMdQm �i-µe�· . .  of· '?/ f;WQ'. �:�1 u_�e (:l.·. tiibi� of . nmd°-m 
· numh1etft ·_ (21,r, J :!•·

· : .- · tn tb.i�· t�ibie'.; �t:\ �µmb�;s �ge� from ·r.:�rq. to:' • 999 : 
! . • 

. • 
1

-

• , • ,• I • 

. ' .  -::. : :
. ·

. :  .. :.,. ! 

:cP< :$6 :.'W'e: ��if ·tr�nsf ¢tm �eh •,*:f . th� · t�m n�bet".$ wl'l.:1:Q.h. w� select ·)hn . · 
• ' , • · • '. ,., ••

. 
· 

.
. 

' . • , • .

. 

' .

, 

,. , . 1 · :-
' . • , · , · " 1 .:_ ,· • 

• '. -· ':_ <>; 
1, • 

· .'. : ailoh . a ·maxni�r: �s·- ,nli g!,r�i 11.$ me� :taro antL�$gE? 6t, .... 2 to: 1a t,�r-

oorrest• ,··.·; · 

<?}:·r · . . .  •. 1 

:;1,?{(ponaing · Ji}"'nd ·l�t· , - ·: ' ·  · 
.

.

. ,, '. ,. ! ,  . -· .. > -�: ·, i_� : . . 

:. . .  

'}} - . il;�b:L� . ,: .••. ��n · Ra:nqpm V�,1;®� .. F'ot .1( 1 �nd 7( � 
(>: Y.����fDr�wm ·from. •:R:tJ�_{- Tabl . .}[ a ' 11  1< 7[ 1:,�f �P + 2 1(:g), ' 

, , ' ·  .• ):48 '  . .. _ _ '"�536 
�.588 ·· ·· .. .,536 
t.93:'

i 

•1 · ·006' 
. - .-•.'!J7 

. . t.(:,04 ' t:.DL -� 
. �344 . · 

' !i'i!  .• �1., , 
.

·, . .. �.�.,., 

To , obtain ten �n<lo�; �umberj;r f'9r :.u1 . e.nd ua we . .  eeleet ��n pa,.tf� ' . r.-
. " · ,  . 

·of valu�1t frc»n \i ·�li�� '<,,_f no�l t�do111 numbe�e [2 1 ,[1 1 � - ln th� .· ­
·table used, , however �· : :thG correlation be:tween· the. two v�ues in <3�oh r 

· .,- • •·· .. "'::' , · , t•.·- :· - , , · .· .. - ., · . · 

· , · ;  
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pa$r· ::hr tero ..  Our population _ of uiuz �peoif'ied by s has {' = •½. 
We muijt ti-all$to.nn tb.e-se ton pairs Qf val\l.e$ .in :sut,h a · way Els to 

make f = ½ tuld keep u.i'11· ) : <T(u2) t. l,t;• 

TQ. ·o.tl'�.ln the· dee1ted result$ we will pr6cead as to1l�s : · 
:-. . Let v1(t : l i • �- •10·) and .w1 (i. ; 1 • • �10) be th� Pi:l-i" ot values d:re.wri 

front th� n�ri;oal :i'ito:id·om trumber. table . 

Let tii @d ·U:! be a· linear oombµmtic,n ot V end., w. 

\. .•. _. ) , " . 

. �li =; A1 Vi + A2Yi5. 

. � :: Bl.Vi ·-t,, B:/1i 

and impose �e- oo�diti_ons 

( l )  �U):) �- At + Ai �- l 

(�) 

(�) 

2 ·  
, .o- ,(�) 

_ _  Su�tititute �ues freim (l) ·• ( 2) �o (;) : 

F '>• · . ' ,  · . Vl -� A' ,/1� Bf + A2,B� - �  ½ .  -
. ' . . 

,,• . ,
. 

L. 
4 · · : .  -: 

t.t we . ���ot � v�1u:e of ;A� · e,.nd_ c,f . B2.....,af;).y, A2 ;; 4 an�. 

. �2 • Oa th�n Al ,· -0 t 4Jid Bi �- · l.� 

th$$ i� on� S$t of V£i;lt1el3 ,  t.o� A1 ,: A?, B1� B� whi,c:h will " . 

' af;\ti.$fy �e condition that f= t l!ln<i 0--(µ1 ) :: o--(�) #i 1 •. . · Oifr- two · 
·. · ttiimsfor'lld,bJ equati<>�s� theXto "4il- be 

· .:.....-�-.-...,,�- · ·--



ii 
1 • 
. :1 

11 
· 11 

, 11 ·, I 
' ii 

·1 

'! 

1 •

.
; 

' ) .  

;-
.
•, , 

: , . , ·' 

\ • . 

. 11)$ ·#;' 'V[· ,, 

, ·· ·. ·  , :�i- :;, · i V1: · · .►, 

V 

. \ 

· · ·:If· .· .. •.·· · ·' ·  . . ·· · • . ·. · w 
.::, . 

. 
..' 

. . · -

-

,

-

.. ::. · ·::---,. •�.;..,-"' 

. . . ' . . . . . . ·.· . . f .  . . . . .  
l!e.vtng ten ¢ vaiue s t'or � ir . 7{ a•·, u1;,, � we. · � ¢�loula. ¥ t�n . . . 

. ·. 
, . .  :i. ;  : 

. ; Vc�l'1eS . fot:: lf:.,n� f9�; Y2·:f�t/1ei�s . tjle . ·���a�;�OJl@ . •  ' .  ·�·, ·. ·.��. ·, 
, ..

. 

, , 
'
• 

ri \:.i;; ·· 11 1  +-,· .�. · 
• ,ij.

. Yg .. "!'- � 2  +· Ug'!:.-

. Th� �loo$ 6b�i11�d : a� . r�Q.o�e� in Tab);� 3 .• ��!L�;· , . · . .  , , . i 1: ; · .,, , • . . . . • . . , 

N�xt.; we will want � :\,omp�te �t)ml, tt.�f�¥.��:' :� �� ' tt> ob�in •a.ii . 
. �stfuate- ot , (J {the :tru" :·v,lu{ot whlch 1;· 2r t·:rOill Y1 �d- y�,. ·tfh� . . 

· . ,  · . conetanti krij an\i '�i •. :a" ... 1 · lri �w.au;e.n:ee· of . the· ' to�nt �istdbutt6n· 
. .. . ·

. 
. ,· 

. �£_ #1.�-�a ��4 �t ts p6e;s.iol�: t() ��te�e �ese -�l�t�- in t��- of 

. mo�nts; :(Ujcl · .. thkl .d'):ti�ition ' of; formulas- t:elatlllg tb� o�ul�nts . ot (¾: 
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(J) u�B.n,g.-··%31 � �2 t - .. �. . ·# 4�f6��, 
. Ct:) .·:�sin�: k22: · :a,n�; k1l . . ·t • p • 1# . . 1.200 · 

·;_ 
I •

• •  

>,tm.e�e . �b,e ,. CU!llUla;nta . ar.e of' �he pop':11atio�. 'Of Y1Y2•,· Oi.we wae � �.amp�$-; . 

- '. : d� : o4zt, iar: · · :_, · • 
· N$�,; . .le·t" :ua dtjri,v..Er the joint. pr9ba..bilit� di$tr4but$<;>ri .pf 

. . . . . . . 
. : tw2 cmd th��; �it� its eh�otQr.'iettC · �cti◊n.� , an4 · ��� the log ¢f 

.
· 

. . . , ,  • . . ' · • 1
· . 

.. /�.�$.fi�tio l'ul:t.etiOli Q.£ the · pt"<>b�biii:ty ;d:tetributi<m -o.£ Y:j;Ya•: . we cwi. · • 

:>ai#��lY � ,ob��in tne: tr.u,e: �l�rf ·ot' th� c.y,mµlant1:1 - ,llhi�h iden.t.ify. �. : 
' ; . . ' 

. 
\ ; . ·.. . . . . . . : � . ' ' . . . ' 

. : .' :  ,· · . .  VHi �1t f!:'lefill ti;l�t- in otW ,_speQi�l �$E§�:J>{ r,2) -v�a .a rec�; . 
, ;':t,�gµl� :disttlbut:i9n s\16}1 the.t P. � 1'/i. �--· d. ? 2, . ;, lJf� .a,uci that 
. . . . . . . ' 4 ' ' , . 

�( u1 µ�) . •¢ 

., �(178):(� - �  �111·2 + ��-
t 0 . f, , , · · · .. . . . · . .  , . . . . . ' 

?�f,:7s) i ; . , : ·  t . _ - ,  

Th$ · o/ 1 at'e indep.ei-!d:�t of the uil· end u�1� . so we ,may writ� 
i 

P( ;,1,,;z, o/ al . . � ¼ : ?it(>. r!) . ½. e� 2 (:;;el ( ,;_ 2 .. ul Uz 1, "'22>. 

N¢� we trl.i1 mak�: tµ� t:r��f'onnc.tlon to Y:i,Y2 $!»'¢9t, µsing our: •  · 

$tr�otuta1 · t�le.tl9n���a'.t . 

, . ; , ,, .. . 
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. ._ .. ) ' 
-
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The qumu1ants o£ Otµ" joint probability di f!tribuiion of Y1Ya are
.r 

-by· definition; thij oQ!3ttiQ1<:ints ot th� expaneion� mu:ltiplied by tbe· · ,  

"
. 

' ·· appropriate . taotorlals ; ' • EJ � )  Krs is the OOE3·f.f'icjient of' the tf��: tenf . 
m'l11 tipiied by rls i •· 

To find the V'$lue of p. in our strueture we n$ed a pair of · 

: _ · o�:aiitti lr+l . s•l �ild R."! .
8 

•: S'iuppo�e vre.· .• �el.C;)ct r c: 3 ,. · st!i l.;• thE3Jl_ . . YJ&-. . .  : . . . �, 
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. rtnding tho e�,rosslona for tht) cumultutts for the generalized oaae 

in which �e probability dist�ibution · of fe i� rectt\ngular and in 
. Vihich th$. errors of mea'sut.ement - ·are nonnall.y dt�tributed with 

- -
. , .. 

·
' ' ; . ·.· 

.· S,· '.:• E(ul ) :; E(ue) ci 0� but wi.ttl er (u1) ·and cr (ug) as well as ' th<a c,orr�-

· . . 

• • 
,• I 

lation \insp()oified. '!'he sttu(}t'ure to· be ooneide�d• the_n,. is . 
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-�:ap.g�· of t,he_ . di�t�l�ution is from- '!'IA to A. Agaj�1 as i,h the prE:1eedi.ng 
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