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DISSERTATION ABSTRACT

Chandan Tankala
Doctor of Philosophy in Mathematics

Title: Mean Field Langevin Dynamics, Mean Field Neural Networks, and Mean Field Ising
Models

We study novel theoretical and algorithmic frameworks for sampling from
complex probability distributions. We present three interconnected contributions that
advance our understanding of Markov chain mixing, mean field optimization, and neural
network training.

First, we introduce a virtual particle stochastic approximation algorithm for
mean field Langevin dynamics. The key innovation is a two-particle system: real
particles that form the output and virtual particles used for unbiased gradient estimation.
This design achieves quadratic computational savings compared to standard particle
methods while avoiding the technical machinery of propagation of chaos. We prove
exponential convergence under standard regularity conditions and demonstrate the
method’s effectiveness on pairwise interaction energies common in physics and machine
learning.

Second, we extend our framework to mean field neural networks, providing
a computationally efficient algorithm for entropy-regularized training of two-layer
networks. By leveraging the favorable geometry of proximal Gibbs distributions, we
establish quantitative convergence guarantees without requiring the uniform-in-dimension
bounds typical in prior work. This bridges the gap between mean field theory and

practical neural network optimization.



Third, we analyze the mean-field tensor Ising model, which generalizes the
classical Ising model to capture higher-order interactions beyond pairwise dependencies.
Using discrete Ricci curvature theory — a departure from traditional coupling-based
methods — we establish the first polynomial mixing time bounds for a Markov chain
based on locally balanced proposals. Our approach reveals how geometric tools from
optimal transport can provide new insights into sampling from high-dimensional spin
systems.

This dissertation includes previously published co-authored material.
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CHAPTER I
INTRODUCTION

Chapters [lI] and [llI} are based on published and co-authored material with Dr.
Dheeraj M. Nagaraj, Google DeepMind and Dr. Anant Raj, Indian Institute of Science.
Chapter [[V]is based on work which has not been published, for which I was advised by
Dr. Krishnakumar Balasubramanian at University of California, Davis and Dr. Quan Zhou
at Texas A&M University, College Station.

This dissertation studies sampling from discrete and continuous mean-field
probability distributions, with applications to neural networks. For discrete distributions,
we analyze the mixing time of Markov chains, while for continuous distributions
we establish convergence rates for space and time discretized Langevin dynamics.

Each chapter is self-contained with its own motivation, literature review, and notation.
A unifying theme throughout is the application of functional inequalities to obtain
quantitative convergence bounds for sampling algorithms.

1.1 Mean field Langevin dynamics

Mean field Langevin dynamics arise naturally when optimizing functionals over
probability distributions, with applications spanning machine learning and Bayesian
inference. This chapter develops a novel computational approach for sampling from
the stationary distribution of such dynamics, avoiding traditional propagation of chaos
arguments.

We consider functionals of the form £ : P»(R?) — R defined on the space of

probability measures with finite second moments:

2

g
E(u) = Flp) + 5 H(n),
where F is an energy functional, #(u) = [ pu(x)log p(x)dz is the negative entropy, and

o > 0 controls regularization strength. The stationary measure 7 satisfies the fixed-point
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equation

2 0F
o2 ou

o) e (-5,

where % denotes the first variation.
The key innovation is our virtual particle stochastic approximation algorithm

(Algorithm[I]), defined in Chapter [T, which maintains two types of particles:

— Real particles { X ,8') 1, that form the output

— Virtual particles {Yk(j )}jT:k used for gradient estimation

The algorithm uses an unbiased estimator G (z,Y, &) of the Wasserstein gradient
VwF(z, it), achieving computational complexity O(nT + T?) compared to O(n?T)
for standard particle methods.

First, we analyze a modified functional £. For a functional F (possibly different

from F) with the same minimizer 7, we define

2 2

E() i= F(w) + S H() = Flm) = STH(m).

Let Rt be the sigma algebra generated by YO(O), Yl(l), ceey YT(T) . Let pup|Rr_1 be the law
of X;l) conditional on Ry _;. This is a random probability measure measurable with

respect to Rr—_;. The main convergence result is:

— Theorem [I] (Chapter [[I): Under appropriate assumptions, Algorithm [I| produces n

i.i.d. samples from pr|Ry_; satisfying

o nCsT _ 2
BIE(ur(Ry)] < e Eug) + € | 20 4 220 IV
Cg CS Cg

where (% is the Polyak-Lojasiewicz constant and 71, 72, 73 depend on problem

parameters.

For the important case of pairwise interaction energy

£ = [Viduta) + 5 [ [ Wie = pdute)dut) + 50,
12



we establish explicit convergence rates under smoothness and log-Sobolev inequality
assumptions in Theorem [2]of Chapter[[Il The analysis employs a novel descent lemma
decomposing the error into discretization, stochastic, and linearization components,
providing a systematic framework for analyzing stochastic approximations of Wasserstein
gradient flows.
1.2 Mean field neural networks

Mean field analysis provides a powerful framework for understanding
optimization dynamics in wide neural networks. This chapter extends the virtual particle
methodology developed in the mean field Langevin dynamics chapter to the specific
setting of two-layer neural networks, establishing convergence guarantees for entropy-
regularized empirical risk minimization.

We consider a two-layer mean field neural network f(u;z) = [ h(x, z)du(x) with
activation function h : R? x R¥ — R and parameter distribution 1 € Py ,.(R?). Given

empirical data (z;, w;)™,, we minimize the regularized square loss functional:

m

) = 3 ([ ot —w) +5 [ hettane) + G,

i=1
where A > 0 controls weight regularization and ¢ > 0 controls entropic regularization.

The Wasserstein gradient of this functional takes the explicit form

m

Vi (eis) = 23 ([ Wendntv) — ) Va0 + 3z

=1
and the unique minimizer 7 satisfies the fixed-point equation

() exp(—%é}"(a:, m)).

We employ the stochastic gradient estimator

~

G(z,Y,I) = —(h(z,Y) —w;)V,h(z1, ) — Az,

where [ is sampled uniformly from [m]. Let R be the sigma algebra generated by

YO v o viD 1, I and pp| Ry the law of X\ conditional on Ry_.
13



The main result establishes the following rate of convergence of the functional £ in

expectation along a discrete trajectory of random probability measures ji|Rp_1.

— Theorem 3| (Chapter [I[II): Under appropriate assumptions, Algorithm 1] (defined in
Chapter [[T) achieves

T7102

ElE€(ur|Rr-1)] = E(m) < e 51 (E(uo) — E(m)) + O + /1),

where o is the regularization parameter of the entropy functional, > 0 is the
learning rate, Cyg; is the logarithmic-Sobolev inequality (LSI) constant of the
probability measure 7 described above, and where the O(-) term depends on

problem parameters.

This provides the first particle-efficient algorithm for mean field neural networks
with quantitative convergence guarantees. The analysis leverages the general framework
from mean field Langevin dynamics chapter while carefully verifying the required
assumptions for the neural network setting, demonstrating that the proximal Gibbs
distribution’s favorable geometric properties.

1.3 Mean field Ising model

The mean-field tensor Ising model represents a natural generalization of the
classical Ising model, designed to capture higher-order interactions beyond pairwise
dependencies. This chapter investigates the mixing properties of Markov chains for
sampling from this model using tools from discrete Ricci curvature theory.

We consider the mean-field p-tensor Ising model on the discrete space X =

{—1,+41}", defined by the probability distribution

1 s
= —H
7Tﬂ7p<5(3) QnZn(ﬁ,p) eXp (np_l (l’)) )
where p > 2 is the tensor order, 5 > 0 is the inverse temperature parameter, and the

Hamiltonian H(z) = >>,; -, i, - ¥;, captures all p-way interactions.
14



The main contribution of this chapter is the analysis of a continuous-time Markov
chain ()5 based on the square-root locally balanced proposal of Zanellal (2020), defined
by

Gy o — ylla =2

™ ,p(x)
Qs(z,y) = ’ (1.1)
0 otherwise

Our proof approach employs the entropic Ricci curvature framework of Erbar and Maas
(2012).

The central results are:

— Theorem 6] (Chapter [IV): For any fixed p > 2, if exp(28(p + 1))48p(p — 1) < 1,

the Markov chain ), defined in (I.1)), has Ricci curvature bounded below by

(tn=2r =),

RIc(, Qs may) 2 2(1-exp(20(p 4 1)4p(p- 1) exp (30
— Theorem 7| (Chapter [IV): For any fixed p > 2, if exp(28(p + 1))48p(p — 1) < 1,
then the mixing time, defined in Chapter [V} of the continuous time Markov chain

(s, defined in (1.1), satisfies the following upper bound:

exp(0p) o <2exp(ﬁp)n>
(1 —exp@Bp+20)48pp— 1) °\ Ve /)

The proof leverages |[Erbar, Henderson, Menz, and Tetali (2017) perturbative

tmix S
€ <5

criterion for positive Ricci curvature requiring careful combinatorial analysis. This
functional inequality approach provides polynomial mixing time bounds in the high-
temperature regime, offering a new perspective on sampling from tensor-valued spin
systems.

The next chapter develops the theory of optimal transport and functional
inequalities to obtain quantitative bounds for an algorithm to sample from a continuous

probability distribution.

15



CHAPTER 1I
MEAN FIELD LANGEVIN DYNAMICS

This work is from [Tankala, Nagaraj, and Raj| (2025), which has been accepted for
publication at the Conference on Learning Theory (COLT), 2025. The conference has
not published a camera-ready version of the paper yet. This topic and the main algorithm
were suggested to me by Dr. Dheeraj M. Nagaraj, who, along with Dr. Anant Raj, advised
me on which books and papers to read for optimal transport, and either directed my
proofs or checked them. I was the main contributor to all the theorems, proving them, and
writing the paper. Dr. Dheeraj M. Nagaraj and Dr. Anant Raj also contributed to writing
the introduction section of the paper.

The structure of this chapter is the following.

1. The first section provides an overview of gradient flows in the space of probability

measures and a literature review of mean field Langevin dynamics.

2. The second section presents previous work in sampling from mean field Langevin

dynamics and the associated challenges.
3. The third section contains notation which will be used for this chapter.

4. The fourth section introduces our algorithm to sample from the stationary

distribution of mean field Langevin dynamics.
5. The fifth section proves the rate of convergence of our algorithm.

2.1 Introduction
There is a strong connection between sampling and optimization problems
because the problem of sampling can be cast an optimization problem in the space of

probability distributions. Toward that end, optimizing a functional £ : P,(R¢) — R over

16



the space of all probability distributions over R? with finite second moments (P,(IR%))
has gained immense interest in the recent years with applications in machine learning and
Bayesian inference. One of the commonly used functionals is the Kullback-Leibler (KL)
divergence to the target distribution as described in Durmus, Majewski, and Miasojedow
(2019); |Vempala and Wibisono|(2019). Variational inference extends this notion of
optimization to constrained optimization over the space of distributions to fit the given
data as shown in Lambert, Chewi1, Bach, Bonnabel, and Rigollet| (2022); [Yan, Wang, and
Rigollet| (2024); |Yao and Yang (2022).

Given an energy functional F : P,(R?) — R, and regularization strength o > 0,

we consider functionals of the form & : Py(RY) — R defined as:

2

o
E(p) = F(u) + 5 Hin), 2.1
where H (1) is the negative entropy defined as follows:

J () log p(x)de if p < Leb and dp(x) = p(x)dz
H(p) =

oo otherwise .
A common approach to optimization over Py(R?) is gradient flow with respect to the
Wasserstein metric. Given a functional £ : Py(RY) — R, the Wasserstein gradient flow

i € P2(R?) is the solution to the differential equation

%Mt = —Vwé (),
where V& () is the Wasserstein gradient of the functional £ at probability measure /.
The well-known Langevin dynamics was shown to be the gradient flow of the
Kullback-Leibler (KL) divergence to the target distribution in the seminal work of Jordan.
Kinderlehrer, and Otto (1998)). This framework can be extended to a broader class of

functionals, including interaction energy and entropy as demonstrated in Ambrosio, Gigli/

and Savaré|(2008)); McCann| (1997)).

17



We consider functionals F () of the form such that V,F depends on ji. The
Wasserstein gradient flow of the functional in (2.1)) corresponds to the McKean-Vlasov

SDE

dXt = —VW.F(Xt,Mt> + O'dBt, (22)

where ji; = Law(X}), (B;)s>0 is the standard Brownian motion on R, if the above SDE
converges. By Ren and Wang (202 1))[ Theorem 2.3], the McKean-Vlasov SDE converges
to a unique stationary measure 7, in 2-Wasserstein and relative entropy distances between

1 and 7, if the following conditions hold:

— Continuity: Vy,F(z, i) is continuous in (x, 1)

Lipschitz condition: There exists a constant & > 0 such that
(VwF(y,v) = VwF(z,p),z —y) < K[|z —y|* + Wa(u, v)?]

Growth condition:

IVWF(0, 1) <c (1 + \// \x|2d,u> for some constant ¢ > 0

For some constants Ky > K; > 0:

(VwF(y,v) — VwF (2, p), x — y) < KiWa(p,v)? — Ko|z — y|?

Hess,[VwF(u)(z)] > K1;, K € R,
where Hess, is the Hessian with respect to the variable .

If the McKean-Vlasov has a unique stationary measure 7, then it is given by the
solution to the fixed point equation:

r(x) o exp <—%5f(7r)(m)> ,
18



where 0.F is the first-variation of the functional F. Note that m does not admit a closed
form solution.
2.2 Challenges and our approach

While Langevin dynamics can be implemented algorithmically through time
discretization of It6 stochastic differential equations, for the McKean-Vlasov type
SDEs where the drift function depends on the distribution of the variable, an algorithmic
implementation is not that straightforward because this distribution is not known.

The popular computational approximation in this context is the particle
approximation where n instances (or particles) of the SDE are implemented
computationally, with the distribution of the variables in the McKean-Vlasov SDE, as
described by the equation (2.2)), replaced by their empirical distribution. Theoretically,

one way to show that this approximation optimizes the objective functional is to show that

1. the particle approximation converges rapidly to its nd dimensional stationary

distribution and

2. a sample from the n particle stationary distribution gives a representative sample
from the stationary distribution of mean field Langevin dynamics. The latter

problem is referred to as propagation of chaos.

The propagation of chaos problem for McKean-Vlasov SDEs was originally
studied by Sznitman| (1991), which established convergence rates in the Wasserstein
metric via coupling arguments. These bounds were first made uniform in time by Malrieu
(2001} 2003) in the quadratic Wasserstein and relative entropy metrics. For the functional
defined in equation (2.1))), these works obtain a bound on the error of order O(k/n) in
the squared quadratic Wasserstein distance and assume strong convexity for the external

potential V' and convexity for the interaction potential 1. A uniform in time propagation

19



of chaos was recently shown by Chen, Ren, and Wang| (2022)) by assuming convexity of
the mean-field functional, as opposed to imposing convexity conditions on the interaction
potential. The error in the squared quadratic Wasserstein error bound was improved

to O((k/n)?) in|Lacker and Le Flem| (2023) by assuming a uniform-in-n log-Sobolev
inequality for the stationary distribution of the n-particle system and using the so-called
recursive BBGKY proof technique. Kook, Zhang, Chewi1, Erdogdu, and L1 (2024) build
on this proof technique and also obtain an error bound of order O((k/n)?) in the squared
quadratic Wasserstein distance and KL-divergence under a slightly different assumption
on a ratio involving log-Sobolev inequality, smoothness and diffusion constants, which
is referred to as the “weak interaction” condition. Recently, Bou-Rabee and Schuh
(2023)) presented a non-linear Hamiltonian Monte Carlo algorithm and prove its rate

of convergence in L'-Wasserstein distance, without using the propagation of chaos
arguments.

To show the convergence of n particle approximation, prior works such as Chen
et al.| (2022)); |Chew1, Nitanda, and Zhang (2024); Wang (2024) consider the finite-particle
stationary distribution and establish Logarithmic Sobolev inequalities (LSI) for the
nd dimensional system with a constant independent of n. This can be used establish
computational complexity of standard sampling algorithms such as Langevin Monte
Carlo (LMC), Underdamped Langevin Monte Carlo (ULMC), and Metropolis Adjusted
Langevin Algorithm (MALA). However, this can be technically involved and obtaining
guarantees for the LSI constant Cy sy, for the n-particle stationary distribution can be
very hard and C| g ,, could be much worse than the LSI constant C' s for the mean field
stationary distribution 7. For instance, in Wang| (2024)[Theorem 1], C\s,, = O(dCE’S|)
(along with additional assumptions), and in (Chewi et al|(2024)[Theorem 2], Cs;,, =

O(e?), while in|Chewi et al.| (2024)[Equation 2.2], C\s; does not depend on d.

20



In our work, we use a particle approximation but not a propagation of chaos
argument which makes our contribution novel. In Tankala et al. (2025), we consider a
stochastic approximation of the mean field Langevin dynamics in (2.2)), which can be
implemented exactly, using an unbiased estimator for the Wasserstein gradient. The
virtual particle stochastic approximation method, first proposed by Das and Nagarayj
(2023)) for Stein Variational Gradient Descent (SVGD), is the theoretical foundation of
our analysis. Our approach, however, presents novel analytical challenges.

The main proof technique in this chapter is the usage of a functional inequality
called the Log-Sobolev Inequality. Extending the virtual particle stochastic approximation
framework presented in this work from Log-Sobolev Inequality (LSI) to Poincaré
inequality presents fundamental theoretical challenges that would require substantial
modifications to the analysis. With Poincaré inequality, the weaker concentration
properties would necessitate stronger moment assumptions on the stochastic gradient
estimator G (x,Y, &) (defined in the Algorithm subsection), potentially requiring bounds
on E[||G(z,Y,€)||>*?] for some § > 0. For the pairwise interaction energy example,
relaxing to Poincaré would invalidate the weak interaction condition (Assumption [6)),
while for mean field neural networks in Chapter [Tl the proximal Gibbs distribution
analysis fundamentally requires the exponential concentration provided by LSI.

2.3 Notation
First, we introduce some notation. For any measure p over R? and functions

f,g:RY— R4 Let

)1y = [ P, 9(@) . Bloi 1= [ plao)]lf @

if f, g are square integrable with respect to p. For a vector field f : R? — RY, its

d of

divergence is given by V - f = " | - and for a function f : R — R, the Laplacian

is definedas Af = S0 2L Let Py(RY), P 2c(R?) denote the space of probability

i=1 8:(:12 :
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measures on R¢ with finite second moment, and those that are absolutely continuous
with respect to the Lebesgue measure. For 1 € Py(R?), we let Var(u) denote the trace
of its covariance. The Wasserstein distance W (u, /) between two probability measures

, v € Po(R?) is defined as:

W2(u,v) = inf /ﬁ IX — Y|Py, y),
YET (1,v) JRA xR

where I'(j, v) is the set of all joint distributions over R% x R? such that the marginal distribution
of X is ;1 and of Y is v. The Fisher Divergence of a probability measure y € Po(RY) with respect
tov € Po(R?) is defined as: FD(p||v) = [pa p(x HV]og H dz. The first variation of a
functional F at 1 € Po(RY) is denoted by 8, F (1) (z) or just §F (z, u), where z € R%, and is
defined as the quantity which satisfies the equality:

dF(u+e(p — p))
de

= [aFwE e - m.

If the probability measures p, v € PQ(Rd) have densities p, g respectively, then the
total-variation distance between them is defined as: || — v|jtv := 3 [5. [p(z) — q(2)|dz.
2.4 Algorithm

As noted in the second section, the drift in being dependent on j; makes it
hard to approximate the dynamics algorithmically. Therefore, generally the following
particle approximation is used. Let Xél), X (n) 11 Lo, [ be the empirical distribution
of (X ,gi)),-e[n]. Let 7 be the timestep size and (Z ,(;)) ki N (0,I). This interacting particle

based approximation is then given by:

X;Ell X VW FXY, )+ ozl vien], (2.3)

(4)

where the position of each particle X, |,

for i € [n], at time k + 1 depends on all the particles via
the empirical distribution /iy, of the n particles.
In our algorithm we introduce a tractable particle based approximation of Vyy F (-, k),

called the virtual particle stochastic approximation, a generalization of VP-SVGD originally

introduced in|Das and Nagaraj| (2023). In particular, we introduce two types of particles called real

22



and virtual. The virtual particles are used to approximate the gradient but are not part of the final
output of the algorithm. We denote X ,gi), Yk(i) to be the real and virtual particles respectively at
time k.

Next, we propose an unbiased estimator G RY x R x R™ — RYof VwF,ie.,if
Y, € ~ X v, then E[G(z,Y, €)] = Vi F(x, p) for every z € R%, ;i € Py(RY), and where v is a

fixed, known distribution.

Formally, our algorithm is defined as follows.

Algorithm 1: Virtual particle stochastic approximation

1 Input: Time steps 7', number of samples n, timestep size 1. Initial Distribution g,

distribution v, estimator G

[

Output: X:(Fl), . ,X:(Fn)

n iid.
XV x My Oy T

3

4 &, ey

5 k<0

6 while £ < T do

7 fori=1,..,ndo

s X9 = x4 9axV v, 6) +oymz? 20 N0, 1)
9 end

10 forj=k+1,.. 7T, do

1 YD =y e v ) + o W R N (0,1)
12 end
13 end

At timestep k£ + 1, the virtual particle Yk(k) is used to estimate i, for all the real particles
X ,Ei), and the remaining virtual particles Yk(j ) are discarded. Let ‘R be the sigma algebra of

Y()(O)v"')Y]fk)ag(]v"'vé-k'
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Our Algorithmproduces n i.i.d. samples from pp|Rp_1, which is shown to converge
to 7 in Theorem The computational complexity is O(nT + T2), as opposed to the O(n?T)
complexity incurred in the straight forward particle approximation (2.3). Our computational
complexity follows from the fact that we use n real particles at each time step for 7" steps and
at most 7' virtual particles at each time step for 7" steps. The computational complexity of
the particle approximation in follows from the fact every particle depends on all of the n
particles at each time step for 1" steps.

In algorithm we call the diagonal trajectory Yk(k) for 0 < k < T as the “witness path”.
Notice that given a witness path, we can obtain a sample from pp|Rp—_1 in T steps, without fixing
n beforehand. Therefore, storing the witness path yields an approximate sampling algorithm from
the global minimum 7 of £ if the McKean-Vlasov SDE in converges to .

2.4.1 Applications. For a concrete example of application of Algorithm I} we
consider a specific form for the functional £ defined in (??) and call it the pairwise interaction
energy case.

Let V,W : R® — R and uw e Pg,ac(]Rd). Recall that V' is commonly referred to as the
external potential and W the interaction potential. Let W be even (i.e, W (z) = W (—=z)). The

functional £ in this case is defined as:

/v e //Wa:— (@) duly) + TH (). 2.4)

Here the Wasserstein gradient flow gives the following McKean-Vlasov dynamics

where 1; = Law(X;) and * stands for convolution. From Ambrosio and Savaré

(2007)[Proposition 4.13], for the potential energy functional V(i) = [V (x

the Wasserstein gradient is given by Vi,V (1) = VV. Next, from Ambrosio and Savaré

(2007)[Theorem 4.19], for the interaction energy functional # (u) := 3 f f W(x —

y)u(dx)p(dy), the Wasserstein gradient is given by Vi # (1) = (VW) x pif

(VW) % p € L*(p; R?). Finally, from Ambrosio and Savaré|(2007)[Theorem 4.16],
24



for the entropy functional H(u) = [ log pudpu, the Wasserstein gradient is given by
VwH(p) = Vlog pif Viog p € L*(p; R?). Thus,

YWE() = VV + (VW) % p+ %5V log ju. 2.5)

The unique minimizer of the functional £ defined in (2.4)) satisfies a fixed point equation

and is given in |Kook et al.| (2024)[Equation 1.1] as:
7(x) ox exp (—%V(a:) — U%W *7(z)) . (2.6)

2.5 Convergence analysis

In this section, we first establish a general convergence theory for Algorithm[I] We begin
with a key descent lemma (Lemma [10) that bounds the evolution of the energy functional by
decomposing the error into discretization, stochastic, and linearization terms. Using this, we prove
our main result (Theorem I)) showing that Algorithm|[I]| produces i.i.d. samples converging to the
minimizer of the energy functional, with rates independent of the number of particles n. We then
demonstrate how this framework applies to the pairwise interaction energy case. Indeed, we verify
the assumptions of Theorem [I]and establish explicit convergence rates for the pairwise interaction
energy case while avoiding the need for separate propagation of chaos bounds.

2.5.1 General convergence:. For some functional F : Po(R?) — R, let 7 be the
unique minimizer of the functional F + %27-[ Define £(p) := F(u) + %Q’H(,u) — F(m) — %2 (m)
(not necessarily £). The functional & is introduced, rather than simply analyzing & since £ can
have better contraction properties. This is indeed the case with pairwise interaction energy where
the KL functional to the minimizer 7 has a contraction whenever 7 satisfies an LSI.

We consider Algorithm with G such that whenever (Y,€) ~ u x v, we have:
E[G(z,Y,€)] = —VwF(x,p) forevery z € RY 1 € Py(RY). We do not assume F # F,
which is important for the case of the interaction energy. We track the evolution of EE (| Ry_1)
along the discrete time trajectory p|Rx—1 via continuous interpolations. We then specialize to the
case of pairwise interaction energy (Equation (2.4)) allowing us to obtain convergence bounds of

Algorithm [T] for this specific case.
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To simplify notation, consider X, Y i.i.d from a distribution pg € Pz,ac(Rd) and £ ~ v
independent of X, Y. For t € [0, n], we consider the random variable X; := Xy + tu(Xy,Y, &) +
0By, where u : R4 x R? x R™ — Réisa velocity field and By is the standard R Brownian
motion independent of everything else. Assume that Ey ¢[u(x,Y, )] = —VyF(x, po) for
every z € R? and that u(x, Y, €) has a finite second moment when = ~ p;(|Y, £) almost surely
Y, € Let pi(|Y,€) := Law(Xy|Y, ). Here pg, Xy, Y, £ corresponds to g |R—1, X,gl),Yk(k), &k
respectively. The velocity field u(z, Y, £) corresponds to G(z, Y, £). We use the notation u and G
interchangeably. Under this correspondence, it is clear that X, |Y, £ has the same distribution as
tk+1|Ry. Following the proof of (Vempala & Wibisono, 2019, Lemma 3), we conclude that p,
satisfies the Fokker-Planck equation:

IO 9, (ol OB, Y. )IX: = 2. V,8]) + 5 Apu(alY.6)
= =V (pe(2|Y, ui(2, Y, €)) 2.7)
where
o2
ve(z,Y, ) := Elu(Xo, Y, &)|X; = z,Y, €] — 7v1ogpt(as\y, §),VzeR4te0,n]. (2.8)
Taking V& (z, pe(|Y,€)) = VwF(z, pi(|Y,€)) + %QV log pt(z|Y, €), the following

lemma describes the evolution of the functional £ along the trajectory p;(|y, €).

Lemma 1. pg x v almost surely (y, £), suppose that the energy functional & (p;(|y, €)) satisfies:

VwE( pe(ly. €)) € LA (pu(ly, €)); dg(ptcgy,g)) = (Ve pe1y:6)): 0 0:9) 1y )
Then,
d€(p(1Y,€))

o = [ dpn(alY. )V e, eV, )P + DEL(E) + DE(r) + SEH) + LE(D),

2.9

where the discretization, stochastic, and linearlization errors are defined as
1. DEl(t) = <VWS(7 pt(’Y7 5))7 E[U(X07 Y, £)|Xt =Y, {] - u('a Y, £)>L2(pt(|Y,§))

2. DEQ(t) = <ng(',Pt(’Y,f)),VWJT(HPt(‘Y; f)) - VW"T(HPO»LQ(MGY@))
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3. SE(t) :== <VWg('7pt(|Y7 £)),u(-,Y, &) + VW}—(‘,PO»LQ(M(.W@)
4. LE(t) = <ng(7pt(’Y7€>)7vWﬁ(7pt(‘Y7£)) - va('apt(‘Y7£)>L2(pt(|y’§))

Remark 1. Here, DE;(t), DEa(t), SE(t), LE(t) are all functions of (Y, ). The discretization error
DE, arises since X is used instead of Xy in u(Xo,Y, &) and DEy arises since —Elu(x,Y,§)] =
VwF(x, po) # VwF(x, pe(|Y,E)). SE is the stochastic error, since we are using an estimator
u(-, Y, &) of VWF (-, po). LE is the linearization error since we consider the evolution of € where
as the gradient descent is for €& # E. This is important for linearizing the non-linear Fokker-

Planck equation, in the case of pairwise interaction energy.

The next lemma bounds each of the error terms defined in the previous lemma in

expectation.

Lemma 2. In the setting OfLemma let T be the unique global minimizer of . Let (Y*, &) ~
7 X v. Define (0*)? 1= EypVar(u(z,Y*,€)), (Gr)? = Epr|| VWF (z,7)||? and J; =

VE[VWE(Xy, pi(|Y, €)1

1. Suppose the function x — u(x,y, &) and y — u(x,y, ) are Ly-Lipschitz. Then,

E[DE;(t)] < Ly J; - \/2t2 (2L2W3(po, ) + (0%)% + (G1)?) + o2td.. (2.10)

2. Suppose |V wF(z, 1) — VwF(x,v)|| < LeWa(u, v) Then,

E[DEx()] < LrJs /262 (2L3W3(po. m) + (0%)? + (Gx)?) + 02t @.11)

3. Assume that v — u(z,y,£), y — u(z,y,&) and v — VywF(z, 1) are continuously
differentiable and L., Lipschitz. Define ©(z,y,§) = u(x,y,&) + VwF(x, po).
Assume ||V wF(z1, 1) — VwF (22, V)| < Lal|xy — 22| + LEWa(p, v)

E[SE(t)] < 0v/2tLudy/Eqwp, Var(u(z, Y, £)]

+2\/E[W§(pt,pt<-!Y,£)>] [(Lﬁ‘FL]-‘)\/EH@(XtaYaf)HQ +LMEHVWf(Xt,pt)H2
(2.12)
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4. Suppose |V wF(z, 1) — VwF(z, )| < LiWs(x, ). Then,

ELE(t)] < LiJ; - \/E [W3(m, pi(IY.€))] 2.13)

Proof. First, we bound Ey ¢ [DE; (¢)]. Moving the expectation out of the inner product, applying
Cauchy-Schwarz inequality, using the assumption that the function (x,y) — u(x,y,§) is Ly,-

Lipschitz, and the fact that X; = Xy + tu(Xo, Y, ) + 0By, we get:
Ey¢[DE1(t)] = E(VWE(Xy, pe(|Y,€)), u(Xo, Y, &) — u(Xe, Y, €))
< E [[IVwE(Xe, pe(IY, ) - u(Xo, Y, €) — u(Xe, Y, 6]
< LuE [[Vwe(Xe, o[V ) - [1X2 = Xo ]

= L E [|VWE(Xs, pe(1Y, )|l - [[tu(Xo, Y, €) + 0 By|]

< Luy/EIVwE X, (Y. )P VEu(Xo,Y,€) + o Bi P

= Lu\/EIVWE(Xs, pi(1Y. ) >/ CEu(Xo, Y, O)[? + o%td . (2.14)
Next, we bound E|lu(Xo, Y, &)||%. Let (X*,Y*) ~ 7 x 7 be optimally coupled to
(X0,Y) ~ po X po in the 2-Wasserstein distance and independent of . Thus, by the triangle
inequality, the inequality (a + b)? < 2a? + 2b%, by L,-Lipschitz continuity of (z,y) — u(x,y, ),
and the fact that W3 (u x p, v x v) < 2W32(u, v), for any probability measures s, v/, we have:
Ellu(Xo, Y, &)* < 2E[u(Xo, Y,) — u(X*, Y, )| + 2E[[u(X", Y, &)
< 2LE[|Xo — X[ + [[Y = Y|?] + 2Eu(X*, Y™, )|
= 2Ly W3 (po X po, ™ x m) + 2E[u(X*, Y™, €)|?
< AL2W3(po, ) + 2E[lu(X*, Y*,€)|?. (2.15)
Next, using E[u(z,Y™*,§)] = —VwF(x, ), for every x, we obtain:
Elu(X*, Y, )| = Ellu(X", Y*, &) + VWwF(X*,m)[* + E[ Vi F(X*, )|

= (6%)2 + (Gx)?. (2.16)
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Now by using the bounds (2.15) and (2.16)) in (2.14) proves (2.10).

Next, we bound Ey ¢[DEx(t)]. Using the assumption ||V F (z, ) — Vi F(z,v)| <

LrWs(u, v), applying the Cauchy-Schwarz inequality and Jensen’s inequality, we get:

Ey¢[DEy(t)] < LrE [Wa(pi(-|Y,€), po) IV WE (X, pe (Y, €))]l]

< Lr\JEW3(ou(1Y.9), p0)] - EIVWE (Koo oIV, O) 2. 2.17)

Next, we bound E[W32(p;(-|Y, €), po)]. Since X¢|Y, & ~ pi(-|Y;€), Xo ~ poand X; = Xo +
tu(Xo, Y, &) + o By. Therefore, by the definition of the Wasserstein distance, we have:
EW3 (pe(-1Y,€), po)] < E[E[| X: — Xol*[Y, €]]
= E|tu(Xo,Y,€) + 0By’
= 1’E(x,v.6)mpoxpos[4(X, Y, E)||* + o*td
<ALIW3 (po, ) + 262((07)? + (Gr)?) + 0°td,  (2.18)
where the last inequality follows from (2.15)) and (2.16). By plugging the bound in (2.18)) into
2.17) proves (2.T1).
Next, we bound Ey ¢ [SE(¢)]. Define O(z,y, &) := u(z,y,§) + VwF(z, po). Note that
since E[u(z,Y, )] = —VwF(x, ), for every x, we have:
=V Elu(z,Y,&) + VwF(x,po)] =0. (2.19)
Here, we have exchanged the integral and derivative using the dominated convergence theorem

along with Lipchitz continuity of u, VyyF. Using V& (z, p(|y, €)) = VwF (z, pe(|y, €)) +
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%QV log pi(z]y, &) and integrating by parts, we get:

Ey¢[SE(t)] = E(VwWF(-, p:(]Y,€)),0(- Y, §)>L2(pt(\Y,§))
2
+ UQE/Pt(wIY,é)Wx log pi(2]Y, ), O(x,Y,§))dx

=E(VwFCaY.),00.Y.0) 1, v
2
+ (;E/<vxpt($|ya§)> O(z,y,&))dz, (since V log p; = %)

=E <VW~/%(" Pt(|Y, f))7 6('? Y, §)>L2(pt(\Y,§))

2
- %E / (Vs - O(2,Y,6))py(2]Y, €)dz, (integration by parts).  (2.20)
Now we bound the term E [(V, - ©(z,Y, ) pi(x|Y, &)dx. From @2:19) it follows that

E [ (V. 00, Y. (el iz =B [(V, - 0. Y, 0)(pu(alY,) ~ pr(a))da
Since the functions * — u(z,y,§) and v — VyyF(z, ) are continuously differentiable and
L,,-Lipschitz continuous, ©(z, y, £) is 2L, -Lipschitz continuous and continuously differentiable.
Thus |V, - O(z,y, €)| < 2dL,, uniformly. By noting 5 [ |p¢(z|y, ) — p¢(2)|dz is the total-variation
distance between p(+|y, &) and p¢, and applying Pinsker’s inequality, we get:
\E/(V - 0(2,Y,6))(pr(2]Y, ) — pi(z))dz| < E/ V- O(z, Y, &) - [pe(2]Y,€) — pe(z)|dx

< 4dL,E[TV(py, pi(]Y,€))]

< 4dLuIE\/; KL(pe(- | Y,€) || pr)

= VBAL,E/KL(pi(- | Y,€) || pr) - (2.21)

Since p; = E[p(- | Y, &)], we consider Y, ¢’ to be an i.i.d copy of (Y, §) respectively and to be
independent of Xg. Since the KL divergence functional is convex jointly in its arguments, we

have:

KL(pe(- | Y, €) [l pt) = KL(pe(- | Y. ) [ E[pe(- | Y7, £)])

<E [KL(p:(- | Y, ) || pe(- | Y, €)Y, €] (2.22)

30



Further conditioning on X and taking an expectation yields p;(:|Y, &) = E[p:(:| X0, Y, &)|Y, &].
Another application of the joint convexity of the KL divergence functional in the above inequality
gives

E [KL(pe(-[Y, ) || pe(-[Y", €)Y, €] < E [KL(pe(- | Xo, Y. 6) [ pe(- | Xo, Y, €)Y €] . (2.23)
Since X; = Xo + tu(Xo,Y, &) + 0By, we have pi(+[Xo, Y, &) = N (1, 0%tI), pe(-| Xo, Y, €') =
N (uz,0%tI), where j11 == Xo + tu(Xo,Y,€), u2 := Xo + tu(Xo, Y’ €. Using the formula for

KL-divergence between multivariate normal distributions in|Duchi| (2007) yields:

2
M1 — 2
KL(pi(- | Xo,Y,6) || pe(- | Xo,Y",€)) = ’zat”

t
= 5gallulXo, Y2 ) — w(Xo, Y, &)|?. (2.24)

From the bounds in (2.22)), (2.23)), (2.24), and by applying Jensen’s inequality to the outer

expectation, we obtain

€]

E/KL(pi( |Y§>Hpt><E\/ LE[lu(Xo, Y, €) — u(Xo, Y, )|

< U\/QEHU(XO, Y, &) —u(Xo, Y, &)

Vit
< 7\/EWO Var(u(z, Y, €))]. (2.25)
Then by plugging the bound in ( into , we get:

e /(vx~@<x,y,§>><pt<x|y,s>m( N \ < VO g

opo[Var(u(z, Y, )], (2.26)
Next, we bound the first term in (2.20). First, note that from (2.19)), we have:

E / (VW (e, p1) . O, Y, €))py(x)dz = 0.
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Using this fact, we obtain:

E(VwF (Xt pi(1Y, ), O(Xe, Y, 6)) Lo (pe(1vic)

= E(VWF (X, pe([Y,€)), O(X6, Y, 6)) Lo (pr(v0) —E/Wwﬁ(%/?t)v O(z,Y,8))pr(x)dx
—E (VW F e m(1¥:€), (. Y, O)pu(alY, €)ds

— E/(wa(ac,pt), O(z,Y, &) pr(x)dx .

Foragiven Y, &, let Z; ~ pi(-|Y,€) and Zy ~ p; be optimally coupled in the 2-Wasserstein

distance. By the Cauchy-Schwarz inequality we conclude that almost surely Y/ ¢:

Eorope (vie) (VYWF (2, pi ([, €)) 5 ©(2,Y,8)) — Epmp (VWF (2, p1) , O(2,Y,8))

= E(VWF(Z1, pt(-[y,€)) , ©(Z1,Y,€)) —E(VWF(Z2,pt) , ©(Z2,Y,€))

= E(VWF(Z1,pe(-[Y.€)) = VWF(Z2, p1) , ©(Z1,Y,€))

+ E(VWF(Za, pt) , O(Z1,y,€) — ©(Z2,y,€))

< E[|VWF(Z1, pe(-Y.€)) = VWF(Za, pr) | - [|[0(Z1. Y. €)|

+E[[VwF(Za, o) - |0(21,Y,€) — ©(2s, Y, €. 2.27)
Next, note that by the definition of O(x, y, £), the assumption that (z,y) — u(z,y,§) and x —
V. F(z, 1) are L,-Lipschitz, and the assumption ||VyyF (z, 1) — VwF(y, V)| < Lallz — y|| +

L#Ws(u,v), we obtain:

HQ(Xth) - @(X27}/7£)H < 2Lu”X1 - X2|| )

[VwWF (X1, pe (Y, €)) = VwF (Xo, po)|| < Lal| X1 — Xol| + LeWa(p, pi(-Y,€)) -

Using the above bounds in (2.27), applying the Cauchy-Schwarz inequality, and the Jensen’s

inequality yields the following almost surely Y, &:

ExNPt(-\Y,£)<vWﬁ(x7pt(|Y7 5))’ 6(567}/7 €)> - Ewwpt <Vw./f(l‘,pt), @(x7K£)>

< V2(La + LWt oo (1Y, ) Eampuve) |0, Y, )|

2L et eV, )\ B [T F (2, )|

32



Hence, by taking expectation with respect to Y, € and another application of the Cauchy-Schwarz
inequality, we obtain:
E<va(Xta pt(’Y7 f)) ) G(Xta Y, §)>L2(pt(\Y,§))

< 2\/E[W22(Pt7/?t("yaf))] [(Lu +Lﬁ)\/EH9(Xt,Y,§)H2 +Lu\/]EHVWﬁ(XtaPt)H2 .

(2.28)
Finally, by multiplying the bound in (Z.26) by 02 /2, adding the resultant to (2.28)), and using

(2.20) we prove (2.12).
Finally, we bound E, ¢[LE(¢)]. By applying the Cauchy-Schwartz inequality twice and the
assumption ||V F(z, 1) — VwF (z, )| < LiWa(w, 1), we have almost surely Y, &:
LE(t) = Epmpy(fvie) (VWE (@, pt(IY,€)), VWF (2, pt(|Y,€)) = VW F (2, pe(|Y5 €))
< Epp(vie) IIVWE @, pe (1Y, )| - IVWF (, pe(|Y,€)) — VwF (x, pe(|Y, )]
< LIy, yie) Ve, pe (1Y ONIVWE (2, pe(|Y, )]

< Ly W3, oY, ) B [ TWE 2 pe([Y, )2 (229)

Next, by taking an expectation with respect to (Y, £) ~ pp x v and applying the Jensen’s inequality,

we obtain (2.13). O

Next, we make a few assumptions that aid in the proof of the descent lemma (Lemma [10)).
Assumption concerns the regularity of the functional £ and its stochastic gradients, whereas
Assumption gives growth conditions and functional inequalities &. Assumption@]bounds the
fluctuations of the stochastic gradient. As we show in the specific example of pairwise interacting
system, these are implied by standard assumptions in the literature, and allow us to establish
state-of-the-art convergence bounds.

2.5.2 Assumptions.
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Assumption 1 (Lipschitz continuity). For some Ly, Ly, Lz, Ly > 0, the function x — u(z,y, &)

and y — u(x,y, &) are Ly-Lipschitz. For every x,y € R?, p, v € Po(RY):
(1) [VwF(z, 1) = VwF(y,v)|| < LeWa(p,v) + Lallz -y
(@) [VwF(z, 1) = VwF(z,v)|| < LEWa(p,v) + Lullz — y||

(ii1) [VwF (2, 1) = VwF (@, p)|| < LiWa(r, p)

Assumption 2. For some Cg, Cysj, Ck1, > 0, the functional & satisfies the:
(i) [[Vwé(x, ,LL)|]2L2(M) > Ce€(p) forall p € Pyac(RY)  (Polyak-Lojasiewicz inequality)
C
(i) KL(pl|l7) < %SIFD([L |7) forall i € Paac(RY) (Log-Sobolev inequality)

(i17) KL(p||7) < Cxr€(p) forall i € Poac(R) (KL-Growth)

Assumption 3. IfY,£ ~ pg x v, then from some CV3" OV > 0, and for all z € RY:

Ellu(z, Y, €) + Vi F(a; po)|2 < CV"Var(pg) + Y.

Before presenting the descent lemma, we introduce some technical lemmas that pertain
to topics including coupling arguments, bounds on variance of certain random variables, and
functional inequalities.

2.5.3 Technical lemmas. Recall that the random variable X, is defined as X; :=
Xo + tu(Xy,Y, &) + 0B;, where u : R x R? x R™ — R is the velocity field. Also, note that
pt = Law(Xy) and p(|Y, ) = Law(X,]Y,&). Let Var(u) denote the trace of the covariance
matrix of the probability measure 1 € Po(R%) and Var(u(z, Y, €)) the variance of the velocity
field u with respect to the random variables Y, &, for every fixed z € R?. Next, W, (s, v) denotes
the p-Wasserstein distance between the probability measures y1, v € Po(R?) and Vyy F the
Wasserstein gradient of the functional F. Recall that, for a functional F, we define (1) :=
F(u) + %Q’H(p) — F(m) — %27-[(%), where 7 is the minimizer of the functional F + %Q’H

The functional € need not be the same as the functional £. Let Cg, CLsi, CkL be the constants

corresponding to (Polyak-Lojasiewicz inequality), (Log-Sobolev inequality]), (KL-Growth)) in
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Assumption [8] respectively and Ly, L 7 the constants defined in Assumption[7] Furthermore, || - ||
denotes the L? norm of a function.

The following lemma bounds the expected Wasserstein distance between py, p¢(|Y, £).

Lemma 3. 1.

EW3 (o1, pr([Y,€)) < 2°Ep Var(u(z, ¥, 6))

EW3 (po, pie(Y,€)) < o?td + t*E|lu(Xo, Y, )|

Proof. Notice that p;(-) = Ep.(-|Y, €). Since Wasserstein distance is convex in each of its co-

ordinates and & — 22 is increasing and convex over RT, we have:

EW3 (p1, pr([Y, ) <EW3 (pe(|Y",€), p([Y,€))
where (Y, ¢’) is an independent copy of (Y, £). We now couple p,(|Y”,¢’) and p.(|Y, ) for a
given Y £ as follows:
X! = Xo+tu(Xo, Y, &)+ 0Br: Xy = Xo+tu(Xo,Y, ) + 0B;.
Therefore,
EW; (pes (Y, €)) < R [[u(X0, Y, €) = (X0, YV, ) * = 2°EanpVar(u(z,Y,€))  (2.30)

Finally, we couple pg and p;(|Y, &) by Xo ~ po and X; = X + tu(Xo, Y, &) + o B;. This implies,

EWQZ(p()aptﬂY?g)) < O—Qtd—l_tQEHU(X(beg)HZ O

Lemma 4 (Vempala and Wibisono| (2019)[Lemma 11). ] Let v be a probability measure over R4

—F(x)

with density v(z) x e where F' is L-smooth. Then,

Eiw ||[VE(2)|* < dL
Lemma 5 (Otto-Villani Theorem Otto and Villani| (2000)). Let 7 satisfy LSI with constant C\g,.
Then T satisfies Talangrand’s inequality T, for any p € [1,2], i.e., for all ju € Pa qc(R?):

Wg(u, 7T) S 20|_5| KL(,M, 7[‘) .
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Lemma 6. For any ju, ™ € Po(R%), we have:

Var(u) < 2W3(p, ) + 2Var(r) .

2. Suppose Assumption[/|holds. Let X ~ pand X* ~ . Then:
E|VWF(X, w)|* < 3(L5 + LE)W; (s, m) + 3BV F(X*, 7).
Proof. Let X, X’ be i.i.d from u. Let Y, Y’ be i.i.d. from 7 such that Y, X are optimally coupled
and Y, X’ are optimally coupled. Now consider:
Var(p) = %EHX Y 4Y Y 4+Y X

<E|IX -Y+Y' - X'|?+E||Yy —Y’|?

=E|X - Y + Y’ — X'||> + 2Var(n)

= 2E|X — Y|? = 2|[EX — EY||? + 2Var(n)

< 2W5 (n, ) + 2Var(m),

where in the penultimate step we have used the fact that X — Y, X’ — Y are i.i.d. Next, let X* ~ 7

be optimally coupled to X ~ u. By Assumption [7|and triangle inequality, we have:
IVWF X, wll = [IVWF(X, 1) = VwF (X", ) + Vi F (X", )|
< LpWa(p, m) + LallX — X*|| + | VwF (X, 7).
By squaring, applying (a + b + ¢)? < 3(a® 4 b + ¢?), and taking expectation proves the second
statement of this lemma. O
Lemma 7. V (u, po) := Egnp, [Var(u(z,Y,£))]. Under Assumptions|8|and[9) we have:

V(u, po) < CVCLsiCkrE(po) + CV* Var(r) 4+ CY2r (2.31)
Var(pg) < CusiCkiLE(po) + Var(m). (2.32)

Proof. By Assumption [0 we have:
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V (u, po) < CV*'Var(pg) + G/
< VW2 (po, ) 4+ CV'Var () 4+ CYor (By Lemma [6))
< VA CLsi KL(po||7) + CV¥ Var() 4+ CY" (By Lemma[5))
< OV OL51Ck1LE (po) + CV'Var () 4 CYor (By Assumption B-(KL-Growth))

Applying a similar reasoning to the bounds in Lemma@ we conclude the bound on Var(pg) O

Lemma 8. Consider a probability measure @ over R?, with density 7(x) o< exp(—F (z)), which

satisfies the LSI with constant Cs). Then, Var(mw) < dCg.

Proof. By Bakry, Gentil, and Ledoux]| (2013a)[Definition 4.2.1], the probability measure 7

satisfies the Poincaré inequality with constant Cp; > 0 if
Varz(f) < CoiE[|IV£I],

forall f : RY — R such that f is continuously differentiable and V f is square integrable

with respectto 7, . Forany i € {1,2,...,d} andz = (1, 22,...,2q), let f(z) = x;. Then

|V £(2)|| = 1, for all z € R%. Thus, by Poincaré inequality, Var,(f(X)) = Var(X;) < Cp. Now,
Var(m) = Zf-l:l Var(X;) < dCp). Finally, since 7 satisfying the LSI implies that it also satisfies

the Poincaré inequality with the same constant C| s;, we conclude that Var(7) < dC\g;. L]

Lemma 9. Consider a probability measure 7 over R® with density m(x) o exp(—F (z)) satisfies
the Logarithmic Sobolev Inequality with constant C\s). Assume that F' is L-smooth (i.e, VF is

L-Lipschitz) and V F is square integrable with respect to 7. Then,

1

Cis1 > —.
Lsi = 7

Proof. Let z, € R?be the mean of 7 (a fixed vector). Without loss of generality, we assume

7(x) = e~F(®)_ This requires adding a constant to F(x) in the original definition, which does not
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change V F'. Using integration by parts, we have:

d= /<£L’ — 25, VF(z))e @ dz

< /Var(m)/E|[VF|? (Cauchy-Schwarz Inequality)
< +/dCigVdL (Lemma [§]and Lemma [
The claim follows from the above equation. 0

With the assumptions and technical lemmas in place, we are now in a position to discuss
the descent lemma.

2.5.4 Descent lemma.

Lemma 10 (Descent lemma). Suppose that Assumptions[7} [8|and [9 are satisfied.
(0%)? i= EgnrVar(u(z, Y*,€)), (Gr)? = Egur | VW F (2, ) |1?,

(Gmod)? = Egrr [V F (z, m)|1?.

Assume that the following inequalities are satisfied for some small enough cq > 0:

1. Cg > 8L120KLC|_5|

2. p<comin | £+, A= Ce 1 /_Ce Ce
: 0 Ly’ Cg’ ClsiCkrL2(La+Lz)’ Lu(La+Lz) \V CisiCk’ CVarCk,Crsi(La+L )

Then, for some universal constant C > 0:

Ca

& _nve 5 3
EE(py) < e” 5 E&(po) +C [73773 +72772+’y1772} ,

L3 G2 4CV CisiCkL
Cg ’

LuGrmod/CVoVar () + CY + (Ly + La + Lz)(CV*"Var(r) + CYar) + CHLCTCaCian g

Cg

where v3 = (Ly + L%)((0%)* + (G)?) +

o = (L2 + L%)o%d +

Y1 := 0dLy/CVaVar(rr) + CYer .

Before delving into the proof of Lemma[I0] we note the following bound on the stochastic

error E[SE(¢)] using Lemma 2] and the previously stated assumptions.

Lemma 11 (Stochastic error bound). Define V (u, po) := Eynp, [Var(u(z, Y, §))] and G2,.4 =

mod

Exsmr | VWF(X*, 70)||% Let Assumptions@ and@]hold. Assume Lt < 1. Then, for arbitrary

8 > 0, we have:
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E[SE(t)] £ (0LudV% + tLyGimoa)y/ (CVVar(m) + CYar) + H(Ly + Lp) (CV*Var(m) + €)Y

n (0 Lydv/t 4+ tLyGmod)2CV C e CkL
B

+tL2(Ly + Lz)CLsiCkLEE (pi(|Y;€)) -

+ (tCV*"(Lg + L£)CiLsiCkL + B)E(po)

Proof. We define the following to reflect the result of Lemma 2}

@([E, y7§) = U(.’B, yag) + VWF(:E’ PO)

Ty = 2/EDVE (pr, pr (Y. €)) [(Lu + LRVE[O(X Y, 6 + Luy/E[wF(Xe, o)

Ts = 0V/2t Lydy [ Eqrpy Var(u(z, Y, €)].

From Lemma[2] we have E[SE(t)] < T4 + T5. We now bound each term of T(¢). By Lemma 3| we

have:

VEWE (o1, pu (Y. €)) < V22V o). 233

For the second term, given Y, &, let Z1 ~ p(-|Y, &) and Zy ~ p; be optimally coupled in

the 2-Wasserstein distance. By Assumption[7} we obtain:
< 2Ly 21 = Zofl + ||©(22, Y, 6|

Next, by squaring, applying the inequality (a + b)? < 2a? + 2b2, taking expectation, applying

Lemma 3] we get almost surely Y, &:

E[||©(Z1,Y,&)|]*|Y, €] < 8L2WE(po, pi (|, €)) + 2E[||©(Zs, Y, ) |[P[Y, €] .
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Applying Lemma Lemmaand Assumption@ after noting that X;|Y, & 4z 1 we obtain:
E|[©(X;, Y, &)|* < 16L22V (u, po) + 2E[E[||©(Z2, Y, €)||*|Y, €]
< 16L2t2V (u, po) + 2CV" Var(pg) + 20V ( By Assumption[J)
< OV CL51CkLE (po) + CVaVar () + CYer . (2.34)

Here we have used the assumption that L,,f < 1. The last step above follows by an application of

Lemma([7} Now, additionally consider Assumptions[8|and 0] We apply Lemmal[] to conclude:
_ 2 — 2
Eamp ||[VWE (2, p0)||” < 3(L% + LE)W3(pt, ) + 3Bamr || VW F (2, )|
— 2
< 3(L% + LY)EW; (1(Y. €), 7) + 3Ewr| [ VW F (z, 7).

The last step follows from the usual convexity of W3. By applying the Talagrand’s T-inequality

implied by Lemma[5]and Assumption 8} (Cog-Sobolev inequality) along with Assumption [}

(KL-Growth)), we get:

Eomp |V F (2, p0)||? S (L% + L2)CisiCkiLEE (0(|Y, €)) + Epmon [ VW F (2, 1) || (2.35)

Let C(po) := /CVoCLsiCk1L.E (po) + CVVar(mr) + CY2". We now use equations (2.35), (2.34)
and (2:33), along with Lemma 7] to bound V' (u, po) and hence E[SE(t)] as:

E[SE(t)] S (0LudVt + tLuGmod)C(po) + t(La + L5)¢*(po)

+tLu(La + L7)C(p0)y/ Cusi Gk EE (pi(1Y. €))

Applying AM-GM inequality on t L, (Lgz + L £)¢(po)/CiLsiICKLEE (p:(]Y, €)), we conclude:
E[SE()] < (0 LydVt + tLyGmod)C(p0) + t(La + L£)(CV* Var(r) + CY2")
+tL%(Ly + L) CisiCkiEE (pi(|Y, €)) + tCV* (L + L) CusiCkr€ (po) -

Now, using the fact that \/z +y < \/z + ,/y for every z,y > 0 on ({(po), we conclude:

(0LudVE + tLuGrmoa)C(p0) < (0 LudVE + 1Ly Gmoa)/ (CVo'Var(r) + CYer)

+ (0 LydV't + tLquod)\/CvarCLSICKLg(PO) .
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Plugging this into the bound for ESE(¢) above and applying the AM-GM inequality on

(0Lydv/t + tLyGmod) v/ CVarCrsiCxLE (po ), we conclude the result. O

Proof of Lemma(I0] Lett € [0,7]. First, we consider the error terms DE;, DEy, SE, LE in (2.9)

and obtain:
%g(pt(’\Y,f)) = —/dxpt(x!Ké)Hng(w, pe(-1Y,€))[1? + DEi(t) + DEo(t) + SE(t) + LE(¢)

- / dapi(2] Y, ) VwE (@, pi (1Y, )] + res(t) (2.36)

where res(t) := DE;(t) + DEa(t) + SE(t) + LE(t) — 1 [ pi(z|Y, &) |[VWE (, pe(-|Y, €))]| 2.
We begin by bounding the linearization error LE(¢) using the assumptions stated in this lemma.

From (2.29), the observation that 7 satisfies Talagrand’s T>-inequality by Lemma 5} Assumption

, and the inequality ab < % + % forall a,b € R, we get:

LE(t) < Liv/2C1s1v/KL(m, pe(-]Y, f))\/Ept(-\Y,g)HVWg(% pe(-1Y5 €)1
Liv/2CkeCusi € (o 1Y, )y B [ Twe . ol Y,6))]

1 _
+ 1 [ ol IV, (1. P

< 2L7Ck1,CLsi€ (pe (Y, €))

< 2LPOxLCLsi€ (pe(]Y,€)) + 1/pt($!K EIIVWE (., pe(-|Y, €))|Pdz.

4

By plugging the above inequality into (2.36) and applying Assumption 8} (Polyak-Eojasiewicz inequality)

with p = py (-, §), we get:

GEGUY.0) < =5 [ depalY.OIVwE o Y. )P + 2L2CuaCusiE(pr(1Y. ) + resi (0

< —%E(pt(ﬂ’, §)) + 2L CkLCLsiE (pe (-], €)) + resy(t)

< —C'E(pe(]Y,€)) + resi(t), (2.37)
where
resi () = DEx (1) + DEs(1)+SE(1)~ | / palY. [ VwE(e oo (1Y, ) P, O = F 2L CraCrs.
From Equation we get:

d

%5(%( Y,€)) < —C'E(pu(-Y,€)) + SE(t) + resa(t), (2.38)
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where

resa(t) i= DEA(t) + DEx(t) — | [ mi(alY.©)[VwE(a (11, .

The next step is to bound E[SE(t)]. To simplify notation, we define:

ASE(t, B) := (o0 Lydvt + tLquod)\/ (CVarVar(m) 4+ OVar) + t(Lg + Lz)(CV¥" Var(r) + CY")

n (0Lydv/t + tLyGmod)?CV CLeiCkL
B

ASE(t) = tLi(Lﬁ + L]t—)CL5|CKL .

+ (tCV*"(Ly + L#)CLsiCkL + B)E(po)

By Lemma I 1] we conclude that for arbitrary 5 > 0, we have:
E[SE(t)] < AT"(t, ) + AFF(OEE (pi(]Y.€)) (2.39)

Using this notation in Equation (2.38)), we obtain:

%E(PtHYa £)) < (=C'+ A3F))E(pi (Y, €)) + SE(t) — AZE()E(pi (Y, €)) + resa(t)

< —C"(ME(pe(|Y,€)) + SE(t) — ASEME(pe (1Y, €)) +resa(t),  (2.40)

where C” (1) := % —2L2Ck1,CLsi — ASE(n). Note that by our assumptions on 7 and the parameter

L; in the statement of this lemma, for a small enough ¢y, we must have c” (n) > %.

Next, by multiplying both sides of (2.40) by el Mt we get:

d 7" _ " _
e D E 1) < e " [SE®) — ASEDE( (1Y, €) + resa(t)]
Thus, by integrating on both sides and taking expectation (along with Fubini’s theorem), we

obtain:
_ 7 _ 7 n _ "
B, (1¥.€)) < e () +e O [T [SE(D) — AFEOE((1Y.0)) + resa(t)] e

(2.41)

To simplify notation in the subsequent steps of the proof, we define:

Ty(t) := /EIIVWE(Xe, pe (Y, )2

A(t) = Luy/262 (2L3W3(po. m) + (0%)? + (Gr)?) + 02td

B(t) := L;\/2t2 (2L2W3(po, ) + (0%)2 + (Gx)?) + o%td.
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Next, by using the inequality ab < % + 2b? for all a, b € R, the bounds for DE; (¢) + DEx(t) using

Lemma 2] we get:

" n n
e=C" / E [resy(t)] € Mt — ¢=C" (i / " ! [EIDE, (1) + DEs(1)] — YET ()?] dt
0 0

=" (m / [l |:ET1 )(A®t) + B(t)) — %ETl(t)Q dt
0

n
S [T C R (AR + B(1)?)dt
0

<2 /0 ! [EA(t)* + EB(t)?] dt . (2.42)
Next, we bound [/ [A(t)* + B(t)?] dt. To further simplify notation, we define:
Ty =2 (2L2W3 (po, 1) + (0*)? + (Gx)?) , T5 == o°d.
Therefore, integration yields:
e=C" /0 " E [resy(t)] € it < 2 /0 A2 + B)?] dt
<212+ L%) /On(th2 + Tyt)dt
= 215+ L) (5 + )

< (L + LF) [0° [LyWi (po, m) + (07)? + (Gx)?] + o] .

Now, we apply Assumptions [§}(KL-Growth) and Assumption [8}(Cog-Sobolev inequality) along

with Lemma to upper bound W3 (pg, ) in the equation above to conclude:

n 7 _
eC (mm / E[resy(t)] €€ Mtdt < (L2 + L%) [1° [L2CLsiCki€(po) + (07)% + (Gr)?] + o2dn?] .
0

(2.43)
Now we consider:
" n "
oo [7 e O BISE(E) — A (1Y)l
0
" n "
<e © (n)n/ @ Mt ASE(4 B)dt (From Equation (2.39))
0

<A (. B),
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where we recall

ASE(1, B) = (0 Lud/ij + NLuGrmoa)\/ (CVoVarm + CYor) + (L + L) (C¥*Varm + V™)

N (0 Lud\/1 + NLyGmod)?*CV* CrsiCk1,

3 + (nCV*"(Lg 4 Lz)CrsiCxkr, + B)E(po) -

(2.44)
First, note that since forevery x > 0, wehavel —x < e * <1 —x + % and as demonstrated
above C”(n) > %. With 8 = ¢C§ for some small enough constant cq and letting 7 small enough

as noted in the statement of this lemma, we conclude:

nCg

e=C (L2 4+ L3P L2CLeiCx, + (1*CV* (Lg + Lz)CisiCkr, +1B) < e s

We now plug (2.43) and (2.44) along with the above bound into (2.41) to conclude:

_ nCe¢ _
EE(py(-|Y,€)) < e™ 8 E(po) + Cyan® + Cran? + Cin? .

Using the recursion established in Lemma [I0]allows us to prove our main result.

2.5.5 Main theorem.

Theorem 1. Consider Algorithm Let 7 be the unique minimizer of €. Suppose
Assumptions|[7} [8 [9 hold with G = u. With 1, 72,73 as defined in Lemmal[l0} the following
holds:

i.id.

1. Conditioned on Rr_1, X;l),...,X%n) ~ ur|Ry—1.

2. EE(urlRr—1) S e & E(uo) + C | WL + B2 + 1501 ).
We now turn to the pairwise interaction energy example discussed in the previous section.
2.5.6 Applications. Let V,W : R? — Rand j1 € Paac(R?). Let W be even (ie,
W(x) = W(—x)). Recall that the definition of the functional F, its Wasserstein gradient, and
its unique minimizer are in (2.4), (2.5), respectively. We call f : R% — R to be L-smooth if
IV f(2) = VW) < Lllz -yl for every z,y € R™.

Assumption 4 (Smoothness). V is Ly smooth and W is Ly, smooth.
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Assumption 5 (LSI). 7 satisfies LSI with constant Cyg), i.e., for all {1 € P 4c (R9):

KL (|| 7) < “SFD (| 7).

The assumption Ly, < is called “ weak interaction” in|Kook et al.|(2024)). Our

0.2
V24C\ s

assumption below is less restrictive in terms of multiplicative constants.
. . 2
Assumption 6 (Weak Interaction). Ly < ﬁw.

We define the velocity field G(z,y) == —VV (z) = VW (z —y),V 2 € R% and & (1) =
"72 KL(ul||7) (which corresponds to picking F(p) = [V (x)du(z) + [ W(z — y)dr(y)du(z)),
where T is the minimizer of Equation (2.4). The following Lemma establishes the general

Assumptions required for Theorem[l|using the Assumptions[d and

Lemma 12. Under AssumptionsHd|and[3] the general Assumption[/|is satisfied with L,, = Ly =

Ly + Lw, Ly = Lw, Lz = 0and L; = Ly. The Assumption[§|is satisfied with Cs; = Cls),
Clsi a2:

Ce = 2> and Cx1, = 5. The Assumptionlélis satisfied with CV3" = 2L12/V and CY?" = 0.

Proof. Note that @ satisfies the Lipschitz continuity property of Assumption|7|with L,, = Ly + Ly

because for every x1, z2,y1,Yy2 € R4:

|G(z1,91) — G2, y2)|| < Lv||lz1 — za|| + Lw (|Jz1 — 22| + [ly1 — v2])) -

Next, the functional F satisfies the Lipschitz continuity property of Assumption|/} with L,, =

Ly + Lw and L = Ly, because, if Z; ~ pand Zs ~ v are optimally coupled in the 1-
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Wasserstein distance, then by definition of VyyF in 2.5), for every z,y € R% and y, v € Pa(R?):

9w F (@, 1) — T F (g, )
<I9V@) = V@) + ] [ VW - 2uldz) - [Vl - 2lda)]

< Lvllz -yl

[ VW= 2utde) [ VW= 2ude) + [ YWl - D)~ [ TW(y - 2waz)]
= (L + L)l =l + By s [VW y — Z2) — VW (y — Z)|

— (Ly + L)z — yll + L Wi (1, )

< (Lv + Lw)llz — yl| + LwWa(u,v).

Similarly, we consider V\yF (z, ) = VV (z) + VW s7(x) and conclude Ly = Ly + Ly, Lz = 0

and L; = Lyy. Clearly, Assumption [8}(Cog-Sobolev inequality) is satisfied with constant C{ g

since it is the same as Assumption Notice that £(p) := "—22 KL(u||7), and that Vyy KL(u||7) =

FD(u||m), we conclude that Assumptionimplies Assumption (]Polyak—LOJ asiewicz inequality))
with C¢g = C?TQSI The choice of £ also implies Assumption with Ckr, = %

Now consider Assumption[9] Note that by Jensen’s inequality:

By g2, V) + T F (@3 )| = By [ TW (& = ¥) = VW 5 po(2)]
<Byp [ IVW (= Y) = VW(z = 2)pn(d2)
= LivE(y, 2)mpoxpolY = Z|
= 2L%,Var(po) -

Hence, Assumpti0n|§|is satisfied with CVa" = 2L%, and CcYer = 0. Ul

The following theorem instantiates Theorem|[l|to the pairwise interaction energy case.

Theorem 2. Consider the Pairwise Interaction Energy in Equation 2.4) under Assumptions [ ]

and @ There exist universal constants co, C > 0 such that Algorithm with G as above with

i [ Cusi ot : .
1 < comin ( o O Ly ¥ Tw )P satisfies:
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To?n

3/2 1/2
E [KL(,UT|RT—1H7T)] < e(*m) KL(#OHW) + C\/ﬁd (CLSI) O'(LV + LW)

4

(2.45)

+ Cn(Lv + Lw)QdQCLg .

Proof. Using the notation in Theorem we conclude that F(z, ) = F(z, ) for every z € R?
and hence G = Gmod. Since ™ exp(—%ﬁr’”)) and Vi F(z,m) = Vi 0F(x,m), we
apply Lemmato conclude that (G)? := Epur||[VWF(z,m)||? < w. Applying
Lemma(8] we conclude Var(m) < Clgid. Using Assumption [9) instantiated to our case, we
conclude (0*)? < QL%VCLSM. Under the assumption on 7, all the requisite assumptions for

Theorem (1| are satisfied (after simplifying with the fact that C\ g, > ) from Lemma EI)

0.2
2(Lv+LW
Thus, we note that 71, y2, 3 in Theorem[I| can be instantiated as

3
M S 0d2\/Cisibw (Ly + Lw); 72 S (Lv + Lw)?0°d*; 43 S (Ly + L) do”.

Here, we have Assumption @ that Lyy < ﬁ; to simplify the expressions. Invoking

Theorem using the fact that n(Ly + Ly ) < co by assumption in the statement of this theorem,

0.2
and C\ g > v ETw) from Lemma@ we conclude the result.

The following remark states the number of timesteps T needed for KL(up|Rp—1) to

converge in expectation.

Remark 2. Givene/3 € (0,KL(pol||w) A 1), as per Theorem[2} we can achieve

E [KL(pr[Rr-1) — KL(m)] < € by picking:

1 n= 8062'Lzsj| log <3KL(50||7F)>

62 0'26 €

C2.,d3(Ly+Lw)? C%,d*(Ly+Lw)? C2(Ly+Lw)3
2. szax< bs1d° (Ly+ W)’ Ced?(Lv+ W)7 i Z;‘ w) )]O§<M)

The next chapter builds on the theory developed in this chapter to the problem of sampling

from the mean-field neural network.
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CHAPTER 1II
MEAN FIELD NEURAL NETWORKS

This work is from [Tankala et al.|(2025)), which has been accepted for publication at the
Conference on Learning Theory (COLT), 2025. The conference has not published a camera-ready
version of the paper yet. This topic and the main algorithm were suggested to me by Dr. Dheeraj
M. Nagaraj, who, along with Dr. Anant Raj, advised me on which books and papers to read for
optimal transport, and either directed my proofs or checked them. I was the main contributor to all
the theorems, proving them, and writing the paper. Dr. Dheeraj M. Nagaraj and Dr. Anant Raj also
contributed to writing the introduction section of the paper.

Our results obtained on this topic can be seen as an extension of results obtained in Mean
field Langevin dynamics chapter. However, we present this as a separate chapter because of its
significant interest in the statistics and machine learning community. In terms of notation, we use
the same notation as that of the Mean field Langevin dynamics chapter for consistency.

The structure of this chapter is the following.

1. The first section provides a literature review of this topic.

2. The second section re-introduces notation from the mean field Langevin dynamics chapter.

This is done for self-containment.

3. The third section presents the mean field neural network model we study.

4. The fourth section proves the rate of convergence of our algorithm.

3.1 Introduction

Mean-field analysis of neural networks emerged as a theoretical framework for
understanding the optimization dynamics of wide neural networks. Early foundational work
by [Chizat and Bach|(2018)); Mei, Montanari, and Nguyen| (2018)); Nitanda and Suzuki| (2017)
established that gradient flow on infinite width two-layer neural networks converges to the global

minimum under appropriate conditions, demonstrating that we can successfully study neural

48



networks in the infinite-dimensional space of parameter distributions by exploiting convexity. The
connection with the mean-field Langevin dynamics arises with the addition of Gaussian noise

to the gradient, corresponding to the entropy-regularized term in the objective function. |Chizat
(2022); Nitanda, Wu, and Suzuki| (2022)) were among the first to establish exponential convergence
rates under certain log-Sobolev inequalities, which are verifiable in regularized risk minimization
problems using two-layer neural networks. Subsequently, Suzuki, Nitanda, and Wu|(2023));
Suzuki, Wu, and Nitanda| (2024) study uniform in time propagation of chaos result in the context
of mean-field neural networks where the main ingredient is the proximal Gibbs distribution, which
also satisfies a log-Sobolev inequality for convex losses with smooth and bounded activation

functions.

3.2 Notation

For any measure p over R? and functions f, g : R — R%. Let

) i = / pdx)(f(z), g(x)) , L3(p; f)? = / plda)|[ ()2,

if f, g are square integrable with respect to p. For a vector field f : R? — RY, its divergence
isgivenby V - f = Z?Zl 37{1-’ and for a function f : R — R, the Laplacian is defined as
Af = Zgzl %. Let Po(RY), P o (R?) denote the space of probability measures on R? with
finite second moment, and those that are absolutely continuous with respect to the Lebesgue

measure. For 1 € Py(R?), we let Var(u) denote the trace of its covariance. The Wasserstein

distance W5 (1, /) between two probability measures p, v € Po(R?) is defined as:

W)= nt [ X VP,
Y€l (1,v) JRA xR

where I'(1, v) is the set of all joint distributions over R? x R? such that the marginal distribution

of X is s and of Y is v. The Fisher Divergence of a probability measure ;i € Po(R?) with respect

tov € Pao(R?)is defined as: FD(u||v) := [pa pu(z)||V log ’;Eg HQd:z:. The first variation of a

functional F at 1 € Pa(R?) is denoted by 6, F (11)(z) or just §F (z, ), where x € R%, and is
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defined as the quantity which satisfies the equality:

dF(u+e(pW — p))
de

= [aF e - m.

If the probability measures p, v € P, (Rd) have densities p, q respectively, then the
total-variation distance between them is defined as: || — v|jtv := 3 [o. [p(z) — ¢(2)|d.
3.3 Model description

Let i1 € Py ac(R?). Consider the activation function h(x, z) : R x RF — R of a

neural network. We consider the two layer mean-field neural network to be

f152) = [ o )dno).
Given data (Z, W) ~ P, where P is some probability distribution, then we consider the

square loss functional:

En) = Bz (£ 2) = WP+ 5 [alPdu(o) + T G
From [Nitanda et al. (2022))[Section 2.3], the first variation of the functional £ defined
above is:
38 o) = By 200 2) = Whte 2)] + §lal?] + 5 (ogs-+ ).
and since V& = V&, we have:
VwE() = 2Bz [(f(1; Z) = W)Vah(w, Z)] + Aa] + G Viog . (3.2)

The unique minimizer of the functional £ defined in (3.1)) is given in|Nitanda et al.

(2022)[Equation 15] as the solution of the fixed point equation:
7(x) o exp (— 2 Z0F (z,m)) . (3.3)

In (3.1)), we assume P to be empirical distribution of m data samples

(z1,w1), ..., (2m, w,). Then, the functional in (3.1 simplifies to:

m

F = -3 ([ 1w dante) ) > [lelPnte (3.4)

i=1
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The Wasserstein gradient of this functional follows from (3.2)) to be:

m

Vi) = 2 3 ([ B nduty) - ws) Vahln,) + 30, 65)

i=1
The unique minimizer of the functional £ satisfies the equation (3.3). We set £(u) = E(u) — E().

We consider the proximal Gibbs distribution corresponding to x4, which is given by:

W) (3.6)

mu(x) o< exp (— 2
where 0.F is the first-variation of the functional F. We let v = Unif([m]).

Next, we again propose an unbiased estimator G : R x R? x R™ — RY of YV F defined
in 3.9), i.e.,if Y, & ~ p x v, then E[G(w, Y, €)] = VwF(z, u) for every z € RY, 11 € Po(R?), and
where v is a fixed, known distribution.

We denote the random variable £, used in the definition of the Wasserstein gradient

estimator G, by I and choose G to be:
Gz,y,1) == —(h(zi,y) — wi)Veh(zi,2) — A, ¥V 2,y € RY i € [m].

3.4 Main results

First, we make some assumptions that relate to continuity and boundedness properties
of the activation function & of the neural network, and a functional inequality for the proximal
Gibbs distribution defined in and the probability measure 7 defined in (3.3)). The first
three assumptions are from the mean field Langevin dynamics chapter and added here for self-
containment.

3.4.1 Assumptions. We use u and G interchangeably. So G(z,,¢) =

u(zx,y,§). Following the idea in the mean field Langevin dynamics chapter, for some functional
F : Py(RY) — R, let 7 be the unique minimizer of the functional F + ‘7—22?-[ Define

2

E(n) := Fp) + G H(p) — F(r) — G H(m).
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Assumption 7 (Lipschitz continuity). For some Ly, Ly, Lz, Ly > 0, the function x — u(z,y, &)

and y — u(x,y, &) are Ly-Lipschitz. For every x,y € R?, p, v € Po(RY):
(@) IVwF(z, 1) = VWF @, v)ll < LpWa(p,v) + Lallz - y||
(i) [VwF(z, p) = VwF(z,v)[| < LeWa(p, v) + Lullz — y||
(ii1) [VwF (2, 1) = VwF (@, p)|| < LiWa(r, p)

Assumption 8. For some Cg, Cisi, Ck1, > 0, the functional & satisfies the:

(i) [[Vwé(x, ”)”%Q(u) > Ce€(p) forall i € Pyac(RY)  (Polyak-Lojasiewicz inequality)

(1) KL(pl||m) < %FD(M |7) forall p € Paac(R) (Log-Sobolev inequality)
(i17) KL(p||7) < Cxr€(p) forall i € Poac(RY) (KL-Growth)

Assumption 9. IfY, £ ~ pg x v, then from some CV?" OV > 0, and for all x € RY:

Ellu(z,Y,€) + VwF (a3 po)||* < CV*'Var(po) + C)" .

Assumption 10 (Boundedness). For every x, z € R%:

[z, )l < B; |zl < B; w| < R [[Vah(z,2)|| < Ml|z]].-
Assumption 11 (Lipschitz continuity). The function x — Vh(z, z) is L||z||-Lipschitz.

Excluding special cases, the boundedness assumption on h, V h and Lipschitz
assumption on V;h are necessary to satisfy the general assumptions in prior works Nitanda

(2024); [Wang| (2024) for the square loss. For instance, we refer to (Nitanda, [2024, Assumption 1).

Assumption 12 (LSI). For any q € P2(R%), the proximal Gibbs distribution mq satisfies the LSI

with constant Cs|. 7 also satisfies LSI with the same constant.

3.4.2 Technical lemmas. The following lemma proves that Assumptions
and [12f stated above are satisfied with the stated constants in the statement of the lemma. The fact
that these assumptions are satisfied lets us use the theory developed in the mean field Langevin

dynamics chapter.
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Lemma 13. Under Assumptions[I0 [[1|and[I2] the general Assumption[/|is satisfied with L,, =
Ly =(B+R)LR+ X+ M?R? Ly = Ly = M?R?, and L, = 0. The general Assumption [8]is
satisfied with Cis) = Cys), Cg = & and Cxr, = 2. The Assumption @ is satisfied with CV?" = 0

and CY*" = 4M?R?*(B + R)>

Proof. Note that u = G satisfies the Lipschitz continuity property of z — u(z,y,§) and y —
u(z,y, €) in Assumption[7|with L, = (B + R)(LR + N) + X\ + M?R? because for every
T1,To € R<:
u(zr,y, 1) — u@e, y, i)l < (h(2i,Y) = wi)[[Vah(zi, 21) = Vah(zi, 22) || + Allz1 — 22|
< (h(zi,y) — wi) (Ll zil) 21 — w2 + A2y — 22|
< ((B+R)LR+ \) ||z — x2||,
where the last two inequalities follow from Assumptions[[0Jand[T1] Similarly considering

|lu(z,y1,7) — u(x,y2,)||, we conclude the result. Similarly, we can take Lz = M?2R? because, for

every 2,y € R? and p, v € Py (RY):
||Vw7:( 1) — VwF(z,v)||

< Bz, w)dp(w) _/h(zi,w)du(v)> Vxh(zi,l‘)] H

1 m
EEZ v Zlv ”MHZZHWKM )
< M*R>Ws(p,v).

Next, since the proximal Gibbs measure satisfies the LSI by Assumption |12, the LSI
condition in Assumption [§]is satisfied with C| 5y = Cs). By (Nitanda et al.l 2022, Proposition

1), we conclude that Cky, = % Again, by (Nitanda et al., 2022| Proposition 1), we have:
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Vwé(z, 1) = ”—;Vx log(242).) Therefore, have:

()
4
= o
19w wlPdu(z) = % DG )

0.4

> KL(p||7,) (By Assumption [I2))
2Cs
2
> Cj‘—é(ﬂ) . (By (Nitanda et al, 2022, Proposition 1))
LsI

Therefore, we conclude that Assumption [8}(Polyak-Eojasiewicz inequality) holds with

Cs = gTZI LetY,I ~ po x v and let Y’, I’ be an independent copy of Y, I. By Assumptions
we have ||u(x,y,7) + ViwF(x, po)|| < 2(B + R)M R almost surely. Thus, the mean-field neural

network case satisfies Assumption@with CVer = 0 and CY?" = 4(B + R)2M*R2. O

We now apply the above lemma to prove the rate of convergence of Algorithm I|described
in the mean field Langevin dynamics chapter for the mean field neural networks problem.

3.4.3 Main results.

Theorem 3. Consider the case of the Mean Field Neural Network with square loss in Equation (3.1))

under Assumptions and We consider Algorithm|l|with G as defined above and 1 <

co min (CLS' o )for some cy > 0 small enough and L, = (B + R)LR + \ + M?R?. Then

52 v 2 13
o Ci L3

for some universal constant C > 0:

EE(ur|Rr-1) — E(m)

_ Tn(72

< e s (E(po) — E(m)) + CC%S' [n(6®L2d + L,M*R*(B + R)*) + \/ijodL,MR(B + R)] .
g

The following remark states the number of timesteps 7" needed for £(ur|R7r—1) to

converge to £() in expectation.

Remark 3. Given /3 € (0,&(uo) — E(r)), as per Theorem[3| we can achieve EE (ir|Rp—1) —

E(m) < € by picking

1. n= SUCQ'LISJ log <3(5(#0)E—5(7T))>

C3,d’L2 M2 R?(B+R)? CZ, (02L2d+L,M?R?*(B+R)?) L3C} 3(E(po)—E(m
2.T2 max( B e 7 u06L5|> log< ( (Mo)E ( )))

54



Proof of Theorem[3] Under the parameter correspondence established in Lemma (13} with our
choice of 1, we conclude that the conditions for Theorem [1|are satisfied (once considered with the
fact that Cj g > % from LemmaEI). Since 7 o exp(—%) and Vi F(z,7) = V 0F (z, ),
we apply Lemma@to conclude that (G)? = G2 4 = Epor [V F(z,m)[|? < dﬁ%. Using
Assumption @instantiated to our case, we conclude (0*)? < 4M?R?*(B + R).

Instantiating the quantities 71, 72 and ~3 found in Theorem|[I]to the case of mean field

neural networks, we have:
1 S 0dLyMR(B+R), vo < 02L2d+ L ,M*R*(B+ R)?, 3 < 02 L3d+ L2M*R?*(B+ R)?.

We then apply Theorem |1{and simplify using the fact that nL,, < c¢g, and C\ gy > % from

Lemmal[9]to conclude the result.

The next chapter is not directly related to Chapters[[l]and [[TI, but it shares the idea of
using optimal transport theory and functional inequalities to prove the rate of convergence of a

stochastic process on a discrete state space.
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CHAPTER 1V
MEAN-FIELD ISING MODEL

The topic of working on applying informed proposals for the tensor Ising model was
suggested to me by Dr. Krishnakumar Balasubramanian, who, along with Dr. Quan Zhou,
advised me on using functional inequalities as a proof technique. I was the primary contributor
in identifying the papers related to Ricci curvature of Markov chains, understanding the proof
technique, and writing all the lemmas and theorems.

The work presented in this chapter is part of a paper on a broader topic, which I hope to
finish in 2025.

The structure of this chapter is the following:

1. The first section provides an introduction to the mean-field Tensor Ising model and

discusses prior work on analyzing Markov chains used for sampling from this distribution.
2. The second section defines a notion of Ricci curvature for Markov chains.

3. The third section reviews literature where this curvature notion has been applied to prove

convergence rates and establish functional inequalities.

4. The fourth section introduces our studied chain for sampling from the Tensor Ising model
and proves its mixing time bound at sufficiently high temperature using Ricci curvature

defined in the second section.

4.1 Definition of the model
Consider a discrete space X = {—1,+1}". We define the mean-field p-tensor Ising
model, similar to Samanta, Mukherjee, and Zhang| (2024)[Equation 1.2] with zero external

magnetic field, as a probability distribution on X’

1 p
g p(x) i= m exp (np_lH(a:)> , 4.1)
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where x € {—1,+1}",p € N,p > 2,3 > 0is the inverse temperature parameter, 7, is a

normalization constant, and the Hamiltonian H is defined as

H(x) := Z Tiy Tiy . T, -

1<i1 g, ip<n

Note that in the above Hamiltonian we allow the indices {1, iz, ..., 7, } to have repetitions.
This probability distribution is also commonly referred to as the Curie-Weiss Ising model in
the literature.

Tensor Ising models represent a natural generalization of the classical 2-spin Ising
model, designed to capture higher-order dependencies in complex relational data. This model has
found applications in several domains in computational statistics. The most prominent statistical
application is in social network analysis, particularly for modeling peer group effects in logistic
regression frameworks |Daskalakis, Dikkala, and Panageas| (2020). In this context, Daskalakis et
al.|(2020) model binary outcomes on a network as a higher-order spin glass, where the behavior of
an individual depends on a linear function of their own vector of covariates and some polynomial
function of the behavior of others, capturing peer-group effects. This addresses the fundamental
limitation that pairwise interactions are seldom observed in the real world and the decision of
an individual is affected not just by pairwise communications, but by interactions with larger
community tuples.

We introduce some notation in this paragraph. Consider a spin configuration z € X =
{—1,+1}" Let z(v) € {—1,+1} denote the spin at index v of , and let ||x —y|| be the ¢! distance
between x,y € X. A classical way of simulating from the probability distribution in (.1) is a
Markov chain called Glauber dynamics or Gibbs sampler. The Glauber dynamics is defined as
follows in|Levin and Peres| (2017)[Section 3.3.2] for a general discrete probability distribution.
When this definition is applied to the probability distribution in (4.1]), the Glauber dynamics moves
from state x € X as follows. Choose an index v uniformly at random from [n] = {1,2,...,n}.
A new spin value at v is chosen according to probability measure 7, conditioned on the set of

spin configurations y € X that are equal to x at all indices other than v. Therefore, the probability
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transition matrix Pg of Glauber dynamics on X’ is:

1 78,p(Y) if ||£C .
= . yll <2
Polay) =4 " O 4.2)

0 otherwise .

The mixing time of Glauber dynamics for the probability distribution in (4.1)) with p = 2
has been studied in|Levin, Luczak, and Peres| (2010). In|Samanta et al.| (2024), the mixing time
behavior of Glauber dynamics for a probability distribution which generalizes the probability
distribution in (4.1)) and where p > 3 is studied. This probability measure is defined in|Samanta et

al.|(2024)[Equation 1.2] as:

T hp(T) = W(;M exp{n(Bz? + hz)}, 4.3)

where z € {—1,+1}", 2 = L 3" | 2; is the mean magnetization, 3 € (0, c0) is again the inverse
temperature parameter, . € R is the external magnetic field, and Z is again the normalization
constant.

The essence of the main theorem in Samanta et al.|(2024)) is the identification of three
disjoint regions in the parameter space (3, h) € (0,00) x R, which correspond to different mixing

times of Glauber dynamics. These regions are defined based on the behavior of the function
Hgapp(x) = BaP + ha — I(x),
where I(z) = 1 [(1 + x)log(1 + z) + (1 — 2) log(1 — 2)]. The regions are:

-2

1. R, (p-locally regular points) where Hg p, ,, has a unique local maximizer m* € (—1,1) with

Hp p, ,(my) < 0 and no other stationary points
2. Cp (p-locally critical points) where Hg j, , has more than one local maximizer

3. Sp (p-special points) where Hpg j, , has a unique local maximizer m, € (—1,1) with

H j, (i) = 0

Finally, the main theorem in Samanta et al.|(2024) is the following where it is proven that the

Glauber dynamics has different mixing times in the regions defined above.
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Theorem 4 (Samanta et al.| (2024)[Theorem 1). For everye € (0,1/2),p > 3, and (8,h) €

(0,00) x R:
1. If (B, h) € Ry, then tyix(e) = O(N log N)
2. If (B, h) € Cp, then tuix(€) > exp(Q(N))
3. If (B, 1) €S, then tyix(e) = O(N3/2)

Since our result is about the mixing time of a Markov chain for the mean-field Tensor
Ising model at high temperature, we focus on the proof technique employed in Theorem [ for the

same temperature regime, i.e., when (5, h) € R,.

Proof sketch. The idea of the proof can be split into three parts. The first part analyzes the drift of
a sufficient statistic. Let X; = (X},..., X}*) € {—1,1}" denote the spin configuration at time ¢

of the Glauber dynamics for the mean-field Tensor Ising model. Define the mean magnetization
=X, =n"" ZXZ
i=1

It is shown that the Glauber dynamics exhibits the following drift in[Samanta et al.|(2024)[Lemma

3.1]:
Elcii1 —ci | e = =n"1(\(e) —¢),

where \(c) = tanh(pBcP~! + h). Let ¢* be a fixed point of the function \. Building on the above
drift analysis, it is then shown in|Samanta et al. (2024)[Lemma 3.3] that starting from a mean
magnetization cg which is between ¢* and the fixed point of A nearest to c*, referred to as the

burn-in analysis, establishes that for any € > 0, there exist constants k, k£’ > 0 such that,
ek Vi
P ﬂ {¢"—e<e<c+el | >1—e VD,
t=kn

This shows that the mean magnetization enters an e-neighborhood of ¢* within O(n) steps and
remains there for exponentially long time with high probability.
The next step of the proof is about a path coupling argument. To analyze the mixing time,

Samanta et al. (2024) construct a coupling of two copies (X, Y;) of the Glauber dynamics with
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possibly different initial configurations Xg = x and Yy = y. At each time step, both chains use:
(i) the same uniformly random vertex I € [n] := {1,...,n}, and (ii) the same uniform random

variable U1 € [0, 1]. The spin updates at time ¢ + 1 are given by

1if Uy < f(Xy) 1if Uy < f(V)
XL, = Vi, =
t+1 s Lt41

—1 otherwise —1 otherwise

where
f(t) :== (14 tanh(pBtP~1 + 1))/2,

and by keeping all the other coordinates of X1, Y11 unchanged from X4, Y;. This coupling
ensures that when X; = Y}, the chains update identically, and more generally, the probability of
disagreement on the updated spin equals | f(X;) — f(Y7)].

The next step of the proof is a result showing contraction of Hamming distance under
the aforementioned coupling of Markov chains. Let p(X;,Y;) = Y. 1{X} # Y} denote the
Hamming distance between configurations. It is then proven inSamanta et al.| (2024)[Lemma 3.4]
that under certain conditions for every possible pair (z,y) € {—1,+1}" the coupling (X, Y?)

satisfies

Elp(X,, )] < p(a, y) exp(—td/n),

where § > 0. If p(z,y) = n, then by Samanta et al. (2024)[Lemma 3.4], E[p(X;, Y;)] < ne=*/",
Finally, to reduce the expected Hamming distance below ¢, we require t = (n/J) log(n/e) =
O(nlogn) steps. Combined with the O(n) burn-in time in the first step of the proof sketch, this

establishes the total mixing time tmix(€) = O(n logn) for the high-temperature regime. O

Note that at a high level, the above proof is based on probabilistic coupling and drift
analysis based arguments. For the Markov chain we study, the proof technique is completely

different and is based on a functional inequality.

60



4.2 Entropic Ricci curvature of Markov chains
Let X be afinite setand @ : X x X — R, be a continuous-time Markov chain with

generator L that acts on functions ¢ : X — R as:

=D Q. yk(y) — (). (4.4)
yeX
We assume @ is irreducible, i.e. for all (x,y) € X, there exist points (1 = x,z2,...,T, = ¥)
such that Q(z;, x;41) > 0fori € {1,2,...,n—1}. This condition implies that there exists a unique

probability measure 7 on X that is stationary under the continuous time Markov chain ). We also

assume that @) is reversible with respect to 7, i.e. ) satisfies the detailed balance condition:

Q(x,y)m(z) = Qy, v)7(y) Y,y € X. (4.5)

Let P(X) :={p: X = R4 : > p(x)r(x) = 1} denote the space of probability densities
with respect to m and P, (X') be the space of strictly positive probability densities with respect to 7.

Define 6 to be the logarithmic mean as:

1
0(s,t) ::/ st %o (4.6)
0

Next, we define a metric YW on P(X) introduced in [Erbar et al. (2017)[Equation 2.2]:

W(po, p1)? i= inf / > (@) = e(w) PO(pr (), pe (1)) Q, y)w(x)dt o, (47

z,yeX

where the infimum is over curves p : [0,1] — P(X) and 1 : [0, 1] — R¥ satisfying the continuity

equation as described in [Erbar et al.[|(2017)[Equation 2.2]:

() + 3 (ily) — ¢e(2)0(pi(2), i (1) QM y) =0 Y € X,
ver (4.8)

p(0) = po, p(1) = p1.

This Wasserstein metric was originally introduced by Maas| (2011)) for a discrete time Markov
chain, as opposed to the continuous time Markov chain () used in the above definition. More
specifically, in Maas|(2011)), the definition of the Wasserstein metric is the same as (4.7) except

that @ is replaced by K.
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It is proven in Maas| (201 1)[Theorem 3.29] that the space (P.(X'), ) is a Riemannian
manifold. Let D;p denote the tangent vector field along a smooth curve p : (0,00) — P, (&X). For
a smooth functional ¢ : P, (X) — R, let grad (p) denote its gradient at p. The gradient flow of

the functional ¢ is the equation defined as:

Dyp := —grad ¢(py) 4.9)

Next, we define the relative entropy functional as

H(p) =Y m(w)p(x)log p(x). (4.10)

reX
The idea behind defining the metric VV in a way described in (4.7) in the work of |[Maas| (2011) is

that the discrete heat equation 9;p = Lp is the gradient flow of the relative entropy functional, i.e.:
Dip = —grad H(p) , 4.11)

which is proven in Maas| (2011)[Theorem 1.2].

It has also been proven in Erbar and Maas|(2012) that every pair pg, p1 € P(X) of
densities can be joined by a constant speed VW-geodesic (ps),c(o,1] Where a constant speed V-
geodesic means W (ps, pr) = |s — t|W(po, p1) for all s,¢ € [0, 1].

Having defined the geometry of the spaces P(X), P«(X'), we now state the notion of
Ricci curvature originally defined in Maas|(2011)) and used in [Erbar and Maas| (2012), |[Erbar et al.

(2017).

Definition 1 (Erbar et al. (2017) Definition 2.1). The Markov triple (X, Q, ) has Ricci curvature
bounded from below by k. € R, denoted Ric(X,Q,m) > &, if for any constant speed geodesic

{pt}eejoa) in (P(X), W):

K
— =t

H(pr) < (1= t)H(po) + tH(p1) = 5t(1 =)W (po, p1)* (4.12)

An equivalent characterization of the above notion of Ricci curvature is given through
a Bochner-type inequality which was originally introduced in|Maas| (2011) and used in |Erbar
and Maas|(2012), Erbar et al. (2017). We now introduce some definitions from [Erbar et al.

(2017)[Section 2.2] to aid defining the Bochner-type inequality. For ¢ : X — R, define the
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discrete gradient Vi : X x X — Rby Vi (x,y) = ¥(y) — ¢(x). Let 61, 03 be the derivatives of
0, as defined in (4.6)), with respect to the first and second variables respectively. Define the inner

product between gradients Vi), V¢ as:

(V0. V6) = 5 3 Ve y)Volw,)f(p(@), s im(e) . @413)

z,yeX

and the Hessian of the functional H as:

Hess H(p)IVol = 3 {30l Vot ) = 0ola). o) Vle ) VL0t )] Qo).
T,yeX
4.14)

where

Ly(z,y) == 010(p(x), p(y)) Lp(x) + 020(p(x), p(y)) Lp(y) -

Now define A(p, 1) := [|[V¢||2 and B(p,¢) := HessH(p)[V¢]. Then the equivalent

characterization of Ricci curvature is given by:

Definition 2 (Erbar et al.|(2017)[Proposition 2.2). Ric(X,Q,w) > k if and only if for every

p € Pu(X) and every b € RY, the inequality B(p,v) > xA(p,)) holds.

4.3 Perturbative criterion for positive Ricci curvature

The main proof technique to obtain Ricci curvature bounds for the Markov chain we study
is [Erbar et al.| (2017)[Theorem 3.9]. In this section, we describe how this theorem is related to the
Bochner-type inequality described in the previous section and provide a sketch of its proof. The
proof of [Erbar et al.|(2017)[Theorem 3.9] draws inspiration from Holley-Stroock perturbation
condition.

First, we introduce some definitions. Let () be a finite irreducible reversible continuous-
time Markov chain on X’ with a unique stationary distribution 7. A mapping representation in

Erbar et al.[(2017)[Definition 3.1] is a pair (G, ¢) where:
1. G is a set of bijective maps § : X — X,

2. ¢: X x G — Ry are jump rates,
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such that:

1. The generator L of the continuous time Markov chain () can be written as

Lip(x) = Vspp(w)e(x,8), where Viph(z) := ¢(5z) — ¢() . (4.15)

0eG

2. Forevery § € G, there exists a unique 1 € G such that 6~ !(6(z)) = « for all z with

c(x,6) > 0.
Note that ¢(x, §) = Q(z, dx), so the detailed balance condition in {.5]) becomes
c(x,0)m(z) = ¢(6x, 6 Hm(dz). (4.16)

We assume the mapping representation is commutative: d o = no d forall d,n € G.
Next, we state the main theorem that we use to obtain Ricci curvature bounds in the next

section.

Theorem 5 (Erbar et al.|(2017) Theorem 3.9). Assume 0 to be the logarithmic mean, i.e.
1
0(s,t) = / s o
0
Define the following quantities:
a(w,8,m) = c(x, d)e(z, M (x) @17)
@ (,6,n) == min{q(z, 6, n), q¢(6x,6 7", n),q(nz, 6,07 "), q(6nz, 67", n~ 1)}, (4.18)
ford,m € Gwithn # 6,6 L. If

(q - Q*)((va 5_17 77)

‘= i N — > 4.1
A Jnin c(x,0) — 1sz5-1¢(dx,0) Z (@, 0)m (@) >0, (4.19)
c(z,0)>0 nnF6,6 1

then Ric(X,Q,m) > 2\.

In the above theorem, the quantity (¢ — ¢.)(z,0,m) = q(x,d,n) — q«(x, J, ) measures
the deviation from homogeneity of the transition rates. When ¢(dx,n) = c(x,n) for all z,d,n
(homogeneous case), we have ¢ = g, hence (¢ — g«) = 0.

Next, we provide an explanation about the connection between this theorem and the

discrete Bochner’s inequality defined in the previous section. In particular, we show in the
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following sketch of the proof of Theorem that the discrete Bochner’s inequality B(p, ¢) >

2M\A(p, 1) is established by controlling the deviation from the homogeneous case.

Proof sketch. The proof decomposes B(p, 1) into diagonal and off-diagonal contributions:

B(p,w) =Y B(x,6,6)q(x,6,6)+ > B(x,6,m)q(x,8,n). (4.20)
z,0 z,07#n

Using the Bochner-Bakry-Emery method Erbar et al.[(2017)[Proposition 3.4] and careful

estimates |[Erbar et al.|(2017)[Lemmas 3.6, 3.7], the proof shows:
1. The diagonal terms satisty > _, s B(x,d,0)c(z, 0)m(z) > 2A(p, ¥).
2. The off-diagonal terms can be controlled when (¢ — ¢.) is small.

Specifically, the proof establishes:

(q — Q*)(5x> 5_17 77)
c(z,0)m(x)

4.21)

B(p,vy) > ZB(QE,(S, d)c(x,d)m(x) Ila’:llgl c(z,0) = Lsz5-1¢(0x,0) — Z
z,0 c(m,é’)>0 n#6,0~1

Since the minimum in the above expression equals A by (4.19) and the diagonal sum is at
least 2.A(p, 1) by [Erbar et al.| (2017)[Lemma 3.6], we obtain B(p, 1) > 2AA(p, ).

O]

Finally, we explain the connection between the above proof sketch and the Holley-Stroock
perturbation condition. For the purpose of explanation, assume X = {—1,+1}" is a spin system.
Loosely speaking, the Holley-Stroock perturbation argument starts with a product probability
measure on X and introduces interactions between spins such that the probability measure on
X is not a product measure anymore. If the interactions are sufficiently weak, then functional
inequalities like the logarithmic Sobolev inequality still hold. More concretely, note the Holley-

Stroock perturbation result for the logarithmic-Sobolev inequality (LSI):

Proposition 1 (Bakry, Gentil, and Ledoux| (2013b)[Proposition 5.1.6). [: Let i be a probability

measure that satisfies LSI with constant C(fsr Let v be a probability measure with density e* with
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respect to |, then v also satisfies LSI with constant
Cls) = eosc(k)cl& )
where osc(k) = sup k — inf k.

Note that the condition A > 0 in (4.19) ensures that the deviation from homogeneity,
measured by (¢ — ¢.), is not too large relative to the transition rates ¢(z, d). When this
holds, positive Ricci curvature and hence the discrete Bochner’s inequality holds despite the
inhomogeneity of the rates. This transforms the abstract Bochner’s characterization of Ricci
curvature into a concrete, verifiable condition on the Markov chain’s transition rates.
4.4 Main results

Zanellal (2020) introduced a framework for designing Metropolis-Hastings proposals that
incorporate information about the target distribution to propose local moves that have a higher
target probability measure. In particular, a locally balanced function g is defined as a function that
satisfies the property g(t) = tg(1/t) in Zanella (2020). Next, consider a consider an irreducible
continuous-time Markov chain () on the state space X = {—1, +1}", with stationary distribution

7, and defined as:

g(m(y)/m(x)) if [z — y[| =2
Qr,y) =

0 otherwise .

We consider the case where g(t) = +/t. Note that this choice of g satisfies the locally
balanced property. We denote the corresponding continuous-time Markov chain by ()¢ to identify
@ with the square-root locally balanced function, and choose the target distribution of Qg to be
7g,p as defined in (@.I). Our main results are Theorem 6| where we obtain a bound on the Ricci
curvature of the Markov chain Qg and Corollary ?? where we prove the mixing time of QJ5. We
begin by stating a few lemmas which obtain bounds on certain counting objects and aid in proving

Theorem [6l

Lemma 14. Let n, p be positive integers withn > 4,p > 2, andp < n. Fixi,j € {1,2,...,n}

where i # j. Let S(n,p,1i, j) denote the number of sequences (i1, 12, . .. ,ip), where each i}, €
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{1,2,...,n} and both the indices i, j appear an odd number of times in (i1, 12, ..., ip). Then

nf”+(n—4)p—2(n—2)p.

g Lo
(n7 p? 7’7 j) 4
Additionally,

S(n,p,ij) < plp—1)n~2.
Proof. We provide a probabilistic argument. We choose a sequence (i1, i2, . . . , i) uniformly
at random from all n? possible sequences. For each sequence (i1, %2, ..., ip), let the random

variables X;, X; denote the number of occurrences of indices ¢, j in that sequence. Note that
1{X;is odd and X is odd} = i (14 (1) — (=) — (-1)Y] .
By taking expectation above, we obtain:
P(X;is odd and X is odd) = i [1+E(-1)%% —E(-1)% —E(-1)%] .

Next, we compute E[(—1)%X]. For each position in the sequence, the probability that it
contains index ¢ is 1/n. Let Y, be the indicator function for position & containing index i. So

X, = Zgzl Y}.. Since Y}, are independent random variables,

E[(-1)%] = ﬁE[(—UYk] - ot (222)

n n n
By symmetry E[(—1)%/] = (=2)”. Now we compute E[(—1)%i*%/]. Let Zj, be the indicator
function for position k£ containing index j. For each position k, Y; 4+ Z;, can be one or zero. So

n—2 2 n—4
(-1 - = .
n n n

E[(-1)Y* 2] = 1. P(YVi 4+ Zp, = 0) + (1) - P(Ya+ Zp = 1) =1-

Therefore, E[(—1)%it%i] = (2=4)". This yields

np—l—(n—4)p—2(n—2)p’

S(n,p,i,j) = nPP(X;is odd and X is odd) = 1

Next, we prove an upper bound for S(n, p, i, j). Define f(z) := xP, where z € R, and

g(t) == fla+t) + fla—t) = 2f(a).
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By Taylor’s expansion of g(t) around 0 along with Lagrange’s remainder, we have that for all

h > 0:
2

o(h) = 9(0) + o O)h + 4" (r),

for some 7 € (0, h). Note that by definition, g(0) = ¢’(0) = 0. Thus

fflat+7)+ fa—7)
5 :

g(h) = h*

Since f” is continuous for p > 2 by definition of f, by the intermediate value theorem there exists

¢ € (a — h,a + h) such that:
g(h) = h?f"(€).

By plugging a = n — 2 and h = 2 into the above expression and using the definition of f, we

obtain:

P+ (n—4)P — 2(n — 2)P = dp(p — 1)& 2,
for some & € (n — 4, n). Finally, this means

n? 4 (n— 4) = 2(n — 2)7 < dp(p — 1)n?~2,

which finishes the proof of this lemma.

O]

Lemma 15. Let n, p be positive integers withn > 2,p > 2, andp < n. Fixi,j € {1,2,...,n}

where i # j. Let S’(n,p, 1, j) denote the number of sequences (i1, 12, . .., ip), such that i €
{i1,42,...,ip} and j ¢ {i1,i2,...,14,} and index i appears an odd number of times. Then
§'(n.pyid) = 5 (= 1P = (n = 3)7]
Additionally,
S'(n,p,i,7) < pln—1)P~1.
Proof. We again provide a probabilistic argument. We again choose a sequence (i1, i2, . . . , ip)
uniformly at random from all n” possible sequences. For each sequence (i1, 42, ..., 1), let the

random variables X;, X; denote the number of occurrences of indices 4, j in that sequence.. We
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find the probability P(X; mod 2 = 1, X; = 0) and then use S’(n, p,?,j) = n’P(X; mod 2 =
1, X; = 0) to prove this lemma. Note that

1—(=1)%

H{X;mod2=1} = 5

Next, by taking expectation, we get:

P(X; mod 2 =1, X; = 0) = E[1{X; mod 2 = 1}1{X; = 0}]

- 1_(2_1)&1{)(]' — 0}
_ % [P(X; = 0) — E[(—1)X1{X; = 0}]] .

Note that P(X; = 0) = ("%)p To find the above second term, define Y}, to be the indicator for

position k containing index 4. Then:

1 n—2>p (=3

Bl(-1)% | X; = 0] = [ BI(-1)" | X; = 0] = (<1> o
k=1

This means E[(—1)%11{X; = 0}] = E[(-1)% | X; = 0O|P(X; = 0) = (n_f)p. By substituting

n

the above, we obtain:

P(Ximod2 =1, X; = 0) = = [(n—1)" = (n—3)"],

which proves the expression for S’(n, p, i, j). Using the Taylor’s expansion of (n — 3)P around

n — 1, we get:

(=2
J!

plp—1)...(p—j+1)(n—1)P7,

(=3P =((n-1) -2 =3
j=0

and thus

(0= 1) = (n=3)7) =pln— P~ —p(p— Dn =12+ ...

DN | =

which is an alternating series and the magnitudes of successive terms decrease. Therefore,

[(n = 1P = (n=3)"] < p(n—1)P~",

N |

which finishes the proof of this lemma. O

Lemma 16. Let n,p be positive integers withn > 4,p > 2, andp < n. Fixi,j € {1,2,...,n}

where i # j. Let S(n,p,1, j) denote the number of sequences (i1, 12, . . . , i), where each
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ir € {1,2,...,n}, suchthati € (i1,1i2,...,1p) appears an even number of times and

J € (i1,12,...,1p) appears an odd number of times. Then
P (n — 4P
R
4
Additionally,

S"(n,p,i,j) < pnP7t.

Proof. We again use a probabilistic approach. We choose a sequence (i1, iz, . . . , i) uniformly
at random from all n? possible sequences. For each sequence (i1, %2, ..., ip), let the random
variables X;, X; denote the number of occurrences of indices ¢, j in that sequence. We find the
probability P(X; mod 2 = 0, X; mod 2 = 1) anduse S”(n,p,i,j) = nPP(X; mod 2 =

0, X; mod 2 = 1) to prove this lemma. Note that

[+ (=1 = (1) — (1Y

=

1{X;mod2=0, X;mod2=1} =
Taking expectation, we obtain:
1
P(X;mod2=0, X;mod2=1) = 1 [1+E[(-1)%] = E[(—1)™%] — E[(-1)X*+X5]] .

Again, by defining Y}, Z;, to be the indicators for position k containing index i, j respectively, we

get:

B{(-1)*] = [ El-1)%) - ((—1) L4 1)p - (”‘ 2)” .

n n

By symmetry, E[(—1)%/] = (2)". Next, similar to Lemma

Bl-1¥5) = (21)

n

Substituting these expectations, we obtain:

n? — (n—4)?

P(X;mod2=0, X;mod2=1)= pm
n

)

nP—(n—4)P
4

and thus S (n,p,i,j) = . Finally, by the mean-value theorem, we get the upper bound

on S//(n7p>i7j)' O
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Theorem 6. Consider the following continuous time Markov chain whose stationary distribution

is the mean-field Tensor Ising model defined in (4.1)):

VRS e =yl =2,

Qs(w, y) -
= 0 otherwise .
Assume
26(n — 1)1 26p(p —1
es(B):=(n—1)exp <2ﬂp + (p—2> <exp (p(p)> - 1)
" " (4.22)

<1.

Then the Ricci curvature of this Markov chain is bounded from below by:
: g
Ric(X,Qgs,mg,p) > 2(1 — e5(5)) exp <W ((n—2)? —nP)) . (4.23)

Proof. First, we define a mapping representation (G, c). Let G = {6; : i = 1,2,...,n}, where
8 : X — X is the map that flips the i*"-coordinate. Note that if we flip the spin at a coordinate
twice we get the original spin, so d; L= §; and 0;0; = 0,0;. Next, we define the transition rate ¢

as:

—oxp (s () ~ (2))
— exp <2£1AiH(a:)> , (4.24)

where A;H (x) := H(d;z) — H(x) is the difference in Hamiltonian when flipping spin 7. Note that

NH(z)=—z; Y (1—(—1)#{’“6“1’”’"-”}: ik:i}) I = -

1<iqig...ip<n 3t
iE{il,iQ,...,’ip}

The next steps of the proof are designed to utilize Erbar et al.| (2017)[Theorem 3.9]. First, we

define the probability flow:

q(x,04,05) = c(x,6;)c(x,6;)map()
B

— exp (an—l (H(6;z) + H(ajx))> . (4.25)
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Next, we define the term ¢, (x, d;, §;) as the minimum of four related ¢ terms, similar to [Erbar et al.

(2017)[Equation 3.16]:

Q*(:Ba di, 5]) ‘= min {Q(xv dis 5])7 Q(CSZ.T, 61‘_17 53)7 Q((ijv di, 6]‘_1)7 Q((Sz(ijv (51'_1a 5]_1)} : (4.26)
One way of interpreting the above four related ¢ terms is that these correspond to the four corners

of a “square” of states formed by applying the maps J; and d; (and their inverses) to x:

1. State x (original state)

\9)

. State 0;x (after flipping the spin in the i-th coordinate)

W

. State ¢z (after flipping the spin in the j-th coordinate)

N

. State 6;0;x (after flipping the spins in the both the i-th and the j-th coordinate)

At each corner, we consider the probability flow of transitions along the two edges that
lead to the opposite corner. Taking the minimum of these four terms identifies the “bottleneck™ in
traversing this square of states, which constrains how easily the system can move between these
configurations.

Next, we do the following.

1. Compute the quantity:

. (¢ — ¢.)(6ix, 6, ", 6;)
A= 0;) — 1s5 ,s-1¢(0;x,05) — :
xex,aielglg(x,ai»o [C(JJ, ) 8;i#6; 1e(6;x, 6;) 5].7&%:5.‘1 ez, 51-)7r@,p($)
. (¢ — ¢:)(0iw, 67, 5;)
_ 5) 11— i , 427
TEX, Eierrcl¥l,r<l:(x,6i)>0 clw, %) Z q(zx, d;,0;) *-27)

;70

where the last step follows from the fact that §; = §; ' for all i and c(z, &;)?75,,(z) =

Q(xaé’ia(si)‘

2. Prove that A > 0 so that|Erbar et al.|(2017)[ Assumption 3.17] is satisfied and the statement

of this theorem follows [Erbar et al.|(2017)[Theorem 3.9].
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The critical step is estimating the term (g — g.)(8;z,8; *, d;). Toward this end, we obtain an
upper bound on ¢(d;x, ;, §;) and a lower bound on ¢, (d;x, d;, §;). To simplify notation in the next

steps, we define:
R; = #{k‘ S {il,ig,...,ip} s :’i}.
By definition of H (x) in @I}, we get the following for ¢ # j:

H(z) = Z Xiy Tig « - - Ty, + Z ()™ H Lip, + Z (xj)Rj H Lim

1<iq,ig,..,ip<n 1<iq,ig,..,ip<n m:im £ 1<iq,ig,..,ip<n m: im#J
11582500 ip i, $€4{i1 139, rip} 1<m<p JE€{i1,ig,ip} 1<m<p
jé{i17i27---7ip} i%{i17i27"'7ip}
R; R;
+ > @) @) ] =i
1<iq,i9,..,ip<n m: im#L,J
1,5€{i1,i2,eip} 1<m<p
_ R; R;
H((SlIE) = E Tiy Tig - - - Tiy + E (—CEZ) v | | T, + E (l‘j) 7 I | Ti,,
1<y ,ig,..,ip<n 1<iq,i9,..,ip<n m: im #1 1<i1,i9,..,ip<n m: im#J
11,8250 ipFi,J i€{iq,ig,.vip} 1<m<p GE€{i1ig,mmip} 1<m<p
JE{i1i2,5ip} i¢{i1,02,.ip}
§ NEBi (. B | | .
+ (_xz) ’L('r]) ’ 'I:ZWL .
1<iy,ig,..., ip<n m: im#L,J
i,j€{i1si2,ip} 1smzp
(4.28)
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By using the above two equations in (4.25]), we obtain:

q(z,0;,6;) = exp

exp

exp

exp

2p
W Z L1 Ly« - fip X

1<y ,ig,...,ip<n
117127"'71/1?#17]

o X ()™ @)™) T e | 6

1<iy,ig,..,ip<n m: im #£i
i€{iq,ig, ip} 1<m<p
]¢{117127---71p}

275—1 > (@) [ i | x

1<i1,i9,..,ip<n m: im#AJ
j€{it,in,..ip} 1<m<p

1€{11,52,...,ip }

S S (e e + @R a)®) [T

2np—1

1<iq,ig,...,ip<n m: im#t,J
1,5 €{41,52,0ip } 1<m<p

(4.29)

Also note that for all y € {x, 0;z, 6, 0;0;x }:

q(y,6;,0;) = exp

exp

exp

exp

26 3
2np71 Lj Ly - - ﬂ?ip X

1<iq ig, . ip<n
11 »127~~~7ZP7£ZJ

p . _
opp—1 Z ((=ya) ™ + (y)™) H T, | X
1<iq ig,e o ip<n m: im i
i€{iq,ig,ip} 1<m<p
J¢{it,i2,.0p}

an—l Z ((_yj)Rj + (yj)Rj) H Ti,, | X
1<iq ig,.mip<n s i

j€{i1 ig, vip} 1<m<p

i%{ilﬂér"vi}?}

B . . _ _
o 2 () + )" ™) T w
1<iy,ig,..,ip<n m: im #L,J

i.j€{i1 i2,mmmip} 1<m<p
(4.30)
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To simplify notation in the next steps, we introduce some new notation to separate cases when
R;, R; are odd and even. When R;, R; are even, the above second and third in (4.30) simplify to

the following. Define

EY = exp % Z H Ti,, ,Eé 1= exp nﬁl Z H Ti,,

1<id1,i9,...,ip<n m: im#i 1<i41,i9,...,ip<n m: im#J
i€{i] ig,...rip} 1SMSP J€{i1,ig,emipy LSMSP
J¢{i1,ig,.sip} ig{i1,ig,...,ip}

R; mod 2=0 R; mod 2=0

(4.31)
Similarly, note that when R;, ; are odd, the second and third terms in (4.30) simplify to
exp(0) = 1. For the fourth term in (4.30), note that when R; is even and R; is odd or vice-versa,

then it simplifies to exp(0) = 1. For the case where both R;, R; are even or odd, we define

EEij 1= exp nf*l Z H Ly,

1<y i, ip<n M im #£i,j
1,j€{i1,i9,..,ip } 1§m§p
R; mod 2, Rj mod 2=0

4.32)
Ooij ._ —B . )
P) =exp | —5 > wiy) [ =in
1<iy,ig,..., ip<n m: im#i,J
4, €{i1,i95 ip} 1<m<p
R; mod 2, R; mod 2=1
We also denote the first term in (4.30)) as:
p
Ti := exp 1 Z TjyTig - - T,y
1<i1,ig,...,ip<n
7;17i27"'7ip7é7;7j
With this notation, ¢(y, §;, ;) in (4.30) can be rewritten as:
a(y.0i,0;) = TIBSESEE] 00} (y). (433)
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5o g (6@)) . We introduce more notation for
n

Next, we analyze the term ¢(x, d;,0;) = exp (

further simplification.

: 3 P ~ 3 P
To = exp gy Z H Zi,, | » 13 =exp o) Z H Zi | s

1<iq,ig,...,ip<n m=1 1<iq,ig,..,ip<n m=1
i€{i1,ig,...,ip} j€{i1,ig,..yip}
J¢{i1,i2,..vip} i¢{i1,ig,....ip}
R; mod 2=1 R; mod 2=1

Ty=exp | 2 3 T o | 7= e _nﬁl Z 1 =

np
1<iy,ig,...,ip<n m: im#1 1<y ,i9,..., ip<n m: im#J
1,5 €01 5095 -vip } 1<m<p 4, €E{i1 095 -ip} 1<m<p
R; mod 2=0, R; mod 2=1 R; mod 2=1, R; mod 2=0
4.34)
From the expression for H(d;z) in {#.29), by splitting the terms in H (d;z) over the cases where
R;, R; are even or odd and by using the notation in (4.31)), @#.32), (.34), we obtain:
q(x, 52', (51) = TlEETQEg)TgEEiJ(OOZJ(ézx))_ljlj—Z . (4-35)

Next, we find an upper bound for (¢ — ¢.)(d;x, é;,6;) and a lower bound on ¢(z, é;, 6;) so that

we get an upper bound on %, which in turn can be plugged into (4.27). By observing

that the terms 77, E;, E:J,;, EEflj do not depend on y, using the definition of OOflj (y) and the

expression in (4.33), we get:

o 283
J 19
(4= ¢)6,6:,6;) < TESEJEE | exp | =5 > -1
1<iq,i9,...,ip<n
i,5€{i1,i0,..,ip}
R; mod 2, Rj mod 2=1

< TlEgEgEEij <exp Qﬂp(?p;—l) — 1> exp <_ﬁp(};—1)> , (4.36)

where the last inequality follows from Lemma[T4] From (.35)), (¢.36), we obtain:

(q - Q*)(dﬂy i, 5j) < TQT3T4T4 exp Zﬁp(p - 1) 1
Q(wv 51751) n
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where the first inequality follows from applying Lemmato the factor (OOff (6;z))"tin
q(zx, d;, 6;), and the second inequality follows from applying Lemmato T, T3 and Lemma

to Ty, Ti. By plugging the above bound into (4.27), we get

e [1 0 e (2 2= (g (22250) )]

(n)p—1 n
where ¢, = ming ; ¢(x, 0;).
Finally, we find the minimum transition rate c,. This corresponds to the transition rate
obtained by flipping one spin in all positive ones or all negative ones spin configuration. Let
zt = (+1,+1,...,+1)and z; = (+1,+1,...,—1,...,+1) where only the i-th spin is —1.

Since H(z") = nP and by the Binomial theorem:

R I e S () [ O e LRI

1<i1 ig,.oyip<n k=0
from (4.24)), we obtain:
Cx = €Xp L((71—2)1”—71’)) (4.37)
: 2np—1 ' ’
By (@.22)), we have that A\ > 0. This means [Erbar et al.| (2017)[Equation 3.17] in[Erbar et al.
(2017)[Theorem 3.9] is satisfied. This fact along with the value of ¢, shown above finishes the
proof of this theorem by applying Erbar et al.| (2017)[Theorem 3.9].
O

We introduce some definitions related to mixing before obtaining a bound on the mixing
time of the continuous time Markov chain (Qg. First, consistent with [Erbar and Maas| (2012]) and

Erbar et al.|(2017), define the set of probability densities on X = {—1, +1}™:

PX)={p: X >Ry : > m(x)p(x) =1}, (4.38)

TeEX

Next, we define the total-variation distance between probability densities pg, p1 € P(X), also

consistent with [Erbar and Maas| (2012)) and [Erbar et al. (2017):

drv(po, p1) =Y m(@)|po(x) — pi(z)|. (4.39)

zekX

77



Then, we define the mixing time as:

tmix(e) =inf 3t >0 ; drv(Pipo,1) <ep .
(€) ln{ ) Tv(Pipo, 1) 6}

We also introduce notation for Ricci curvature consistent with [Erbar et al.| (2017):
KR = RiC(X, Qs, 7Tﬁ7p) .

Theorem 7. For any fixed integer p > 2, assume the inverse temperature parameter 3 > 0 of the

mean-field Tensor Ising model defined in (4.1)) is such that:

exp(2B(p+1))48p(p — 1) < 1.

Then the mixing time of the continuous time Markov chain Qs defined in Theorem [|is given by

exp(Bp) o (2exp(ﬂp)n>
(1 —exp(2Bp+28)4Bp(p— 1)) o\ v2= )

Proof. Let P, = €5 be the continuous time Markov semigroup associated with the continuous

tmix(5> < B

time Markov chain )g. First, the total-variation distance can be bounded by WV distance using

Erbar and Maas| (2012)[Proposition 2.12] as:
drv(Pipo, 1) < V2W(Pipo, 1) , (4.40)

where py € P(X) is the initial probability density of the Markov chain Q5. Next, since the Ricci
curvature « of the Markov chain (g is positive as shown in Theorem 6] we obtain from [Erbar and

Maas| (2012)[Proposition 4.7] an exponential contraction in } distance defined in (4.7):
W(Pipo, 1) < e " W(po, 1), (4.41)

where k > 0 is the Ricci curvature. From (4.40) and (4.41)), the mixing time of () g can be

bounded by

tmix(€) < %log ( (4.42)

%)
V2e)
where D = max, cp(x) W(po, 1). Next, we find an upper bound on 1/ using the bound on # in

Theorem@ Since e — 1 < 2z for 0 < x < 1, we have that for n > 28p(p — 1):

exp (251’(1’—1)> A1) (4.43)

n n
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Also, foralln > p > 2:
pn— 1P~
(n)p=t

By plugging (4.43)) and (4.44)) into , we get the upper bound:

cs() = (n—Dexp (wp # 20 (e (22220 1)
< exp(28p + 28)46p(p — 1)nT_1 :

By the assumption exp(28p + 23)48p(p — 1) < 1 in the statement of this corollary, we infer from

exp <25P + ) < exp(26p +25). (4.44)

(4.45)

the above bound that eg(8) < 1. Also, by the mean-value theorem, we have:
exp b ((n—=2)P —nP) ) > exp(—pp) . (4.46)
2np=1

By plugging (.43), {#.46) into (#.23)), we obtain:

k> 2(1—es(B)) > 2(1 — exp(20p + 28)4Pp(p — 1)) exp(—Pp) , (4.47)

and by plugging the above bound into (@.42)), we get:

exp(Sp) < D )
tmix(€) < log . (4.48)
)= 20— exp@Bp + 28480 1) F\ Ve
Next, we find an upper bound on D = max, cp(x) W(po, 1) using Erbar and Maas

(2012)[Lemma 2.3]. By [Erbar and Maas|(2012)[Lemma 2.3], we have that for any py € P(X):

v
W(p07 1) S ;WQ,g(pO) 1) )

where the constant v > 0 is a constant, ¢, = ming; c(z,d;), and W 4 is the 2-Wasserstein
distance with respect to the graph distance, as defined in [Erbar and Maas| (2012)[Equation 2.11].
Note that from [Erbar and Maas| (2012)[Lemma 2.13], the constant v satisfies v < 2 if 6 is the
logarithmic mean. Indeed, in Theorem[5] we assumed 6 to be the logarithmic mean. Additionally,

using the value of ¢, obtained in and its bound obtained in (4.46)), yields

W(po,1) < 2exp(Bp)Wa4(po,1). (4.49)

By definition, Qg(z,y) > Oifandonly if ||z — y||n = 2, i.e. x,y differ in exactly one spin.

Therefore, the graph distance induced by Qg is the Hamming distance.
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Next, by the convexity of the function p — W3 4(p, 1) and since po = >y po(7)1,, we

obtain:

W22,g(100> W2 g (Z pO ]-:137 1)

reX

<Y po(z)m(z)Ws, <771(;)’ 1>

reX

= po(@)m(@) D dg(e,y)’(y), (4.50)

TEX yeXx
where (4.50) follows from the definition of the distance W5 4 in [Erbar and Maas| (2012)[Equation

2.11] and where d,, is the Hamming distance between x,y € X'. Since dy(x,y) < n, we get

W3s(po.1) < D ol =n’. (4.51)
zeX
By plugging (4.5T)) into (4.49), we obtain:
W(po,1) < 2exp(Bp)n

and therefore, D = max, cpx) W(po, 1) < 2exp(Bp)n. Finally, by plugging this bound on D
into (4.48)), we get:

7fmlx( )

exp(fp) log (2 exp(ﬁp)n)
~ 2(1 —exp(28p +28)46p(p — 1)) V2e '

This finishes the proof of this theorem. O
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