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Traditional methods of teaching mathematics have been aimed at one type
of learner, the non-visual thinker. Because not everybody learns in this way, the
old teaching method creates a problem for a good portion of students.
Visualization in mathematics is a relatively new method of teaching mathematics
which incorporates visual techniques into the classroom. This thesis investigates
the visualization technique through articles, interviews and observations at
schools that emphasize visualization in their mathematics classrooms. It is
observed that students taught using the new method are generally more
enthusiastic about mathematics and are better able to retain information than

students taught in the traditional manner.
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INTRODUCTION

This thesis is a study of a method of teaching mathematics which uses the
students' ability to visualize and to learn in ways other than symbolically. In
order to meet the increasing need for other methods to teach students
mathematics, visualization is a rapidly growing alternative to mainstream
teaching methods.

The following chapter is a review of some the research done on this topic.
The third chapter is an analysis of the "Math in the Mind's Eye" program in
Portland, Oregon which provides teaching materials for visualization in the
teaching of mathematics. And in the sixth chapter I use what I have learned
about visualization to show how a small section of linear algebra could be taught
visually. This last section is of the most interest because it shows that topics that
are normally presented analytically can be presented visually.

The section of linear algebra I attempt to visualize is on matrices and
properties of rotations and reflections. The fourth chapter is an analytical
presentation of that same information, given much in the way the material is
presented in a college level linear algebra course. And the fifth chapter is a
historical look at the originator of the theory of matrices. Arthur Cayley first
erote about matrices in 1858, and was the first to do so.

These two chapters are important to this thesis for several reasons. The
analytical presentation of linear algebra is important because it allows the reader
to be able to compare how different the two methods of presentation are, but
also that they reach the same goals. It is an example of how many analytical
mathematical studies have their roots in geometric proofs. I studied the history

of matrices, even though it is unusual to do so, in order to discover how the



originators of this theory visualized the topic, if at all. Any indication of how
Cayley visualized this topic would be usefull to my study on how to present this
material visually.

The main goal of this paper is to present an alternate method of teaching
mathematics, and to show that visualization is beneficial to all students and not
restricted to the lower grades of K-12, because even highly analytical topics can

be visualized.



VISUALIZATION

People learn in many different ways. Some prefer to listen to
information, others need to write the information down and formulate it in their
own words, while others still need visual pictures and the opportunity to work
with their hands. Most people learn best with a combination of these learning
methods and others. People who learn through reading and writing are thought
to be more analytical and theoretical and those people who need pictures and the
hands on experience are more visual and tactile. Mathematics is usually taught
in an extremely analytical manner. For analytical learners, mathematics
presented in a symbolic method is an acceptable way to learn. But for the visual
person, the non-analytical learner, this method is unacceptable. Symbolic
representation of mathematics does not provide enough visual information to a
visual learner, hence there is little to which the student can relate. These visual
learners need to "experience” what they are studying. The typical mathematics
teacher needs to be able to teach to both types of learners in order to meet the
needs of a greater range of students, and using the visualization technique might
just be the way to do this. By integrating visualization into a mathematical
lesson both analytical and visual peoples' needs can be satisfied.

Visualization is the act of creating a picture in your mind. If you are
speaking about a dog you might have a picture of a dog in your mind. Instead of
just thinking the word "dog" you are actually seeing one. Psychologists noticed
their subjects were using this technique in memory exercises where the subject
was required to remember a list of paired words. The subjects would visualize
the two objects in conjunction with each other, and when the cue word was given
the subject would recall the picture and then report the desired word. These

people were using their visualization skills to improve their memory. For my



purpose, visualization will also include actions that require drawing, cutting out
pictures and looking at figures. It would be impossible to complete this study if
only internal, or spatial visualization was included because spatial visualization is
the act of creating a picture in the mind. I want to include drawing, cutting out
pictures, etc. because the idea of visualization is for the student to become more
involved with what they are studying instead of being a passive observer. The
visualization technique allows the student to be more physically involved in their
work which in turn gives them a greater understanding of the material. It is
hoped that by using this technique, students will become more active and begin
to understand mathematics on a regular basis, because they were given the
chance to experience the mathematics. The more they are able to understand,
the more excited they will be about what they are studying. And there is nothing
more beneficial to the learning process than an enthusiastic student.

Visual thinking is a phenomenon that is integrated into all human
activities [16, 8]. For example, people visualize where they left their car in a
parking lot, plot out a route of travel before leaving for a destination, day dream
and so on. Hence, visualization is a skill that we are born with and it does not
have to be taught. The ability might have to be cultivated to be used effectively
in the mathematics classroom, but educators certainly do not have to start at
ground zero. Because visualization is a tool most people use on a daily basis, it
seems reasonable that educators would try to use this skill to their advantage.
According to Robert H. McKim in his book Experiences in Visual Thinking,
people visualize in three ways. First they see, second they imagine, like a
dream, and third they draw. McKim explains that the best type of visual thinker
is one that can integrate all three types of visual imagery[16, 8]. Educators need
to integrate these elements into their lessons, including also manipulation of

materials such as blocks and paper shapes. By integrating these elements, the



teacher will be taking advantage of an ability that we all have, therefore creating
another realm in which the student can study the material.

Integrating visualization into the classroom is no easy task. It requires the
instructor to be very creative, and students must be willing to work hard and try
new ideas. Converting an analytical study of numbers into visual and tactile
resources is very difficult. But by putting effort into this teaching method the
results can be very positive. The technique allows students who are visual
learners to grasp onto something that they can understand. For the analytical
thinker the added information given through the visualization exercises may not
be necessary for their comprehension, but it will certainly not hurt them. As
long as the option is there for the students who need the visual information, the
purpose has been served. "Visual illustrations can furnish insights into number
relationships that are often not obtained by algebraic proofs."[3, 268] The idea
of visual illustrations is very important in terms of allowing students to explore
mathematics. They can discover things on their own instead of learning
everything from the teacher. For students who have always felt frustrated in
mathematics, the visualization technique may be a way to unlock the door. As
McKim says,"Visual thinking complements abstract-language thinking by its
power to concretize"[16, 26]. In other words, by using visualization we can turn
abstract languages, such as the language of mathematical symbols, into concrete
ideas that can be internalized.

I will now present an example of how this method can be used. The
example comes from materials obtained from the Portland project, "Math in the
Minds' Eye". This particular lesson is used to teach how to add and subtract
negative numbers to fourth graders. The visual tools used are small paper
squares that are colored red on one side and black on the other. First a small

handful, 5-10, of the squares are thrown down somewhere that everybody can



see. The students are taught that every pair (one red and one black) can be taken
away; whatever is left is called the "yield". So typical answers are 3 red or 2
black. The students are then allowed time to work with this on their own or in
groups. Next, a negative or positive value is assigned to each color, so black
might be positive and hence red is negative. The same activity as before is
preformed but now when there are three black squares showing after all of the
matched pairs have been removed, the outcome is named +3, and if three reds
are showing then the outcome would be called -3. In this way the statement 5-
2=3 can be visually explained with five black squares and two red squares.
Once the two pairs are taken away, the three black squares left over would yield
the desired result. Such a method can be expanded to explain why subtracting
negative numbers is the same as adding and also how to multiply and divide
positive and negative numbers. The example would be very beneficial to
students who have a hard time grasping what function negative numbers have
and how to deal with them. For the student who does not have difficulty
understanding negative numbers, the activity is just fun and interesting. While
this activity might not have been necessary for the student who understood
negative numbers already, it can still be beneficial for such a student because it
puts a level of fun into mathematics and it gives the student one more item to
base their knowledge on. In other words, it "reaffirms their knowledge".
Earlier I referred to McKim's idea that visualization consists of seeing,
imagining and drawing. I would now like to explain a little about how this
affects the mathematics classroom. A teacher using the visualization technique
uses many pictures and graphical representations, and has the students draw and
cut out figures. Students are encouraged to become involved in their work so
that they can "own" it. By "owning" the information, I mean that the student

has a firm grasp on the concept and is usually able to explain the concept to



someone else. For deep comprehension of mathematics it is very important that
students have a firm understanding of what is happening and its relation to
matters other than numbers on a page. If teachers are able to create links
between numbers on a page and real life situations, students are going to have a
better understanding of what is happening on the page. "Teachers should strive
to create learning environments which facilitate the development and
reinforcement of such links" [9, 27]. Clements poses we do this by giving the
students' the freedom to be creative in their study, and not to censor them if they
don't do what the teacher wants them to do. He explains that there is too much
passive listening in the classroom and it is too restrictive for students to learn in
such a way, but visualization allows the students to be creative and to not be
censored. McKim confirms this idea by saying "What we need is to be educated
in how not to interfere with the inherent capacity of the human mind to
think"[16,28]. The visualization method is designed to not censor the students
ability to explore and to try things on their own, therefore it does not interfere
with the students capacity to think on their own.

Another aspect of visualization is spatial visualization. As Michael
Battista claims in his study, the ability to mentally visualize a figure can
determine how accurate a picture the student will draw. Battista demonstrated
that students who had better spatial ability were more successful in geometry
then those who had trouble with spatial visualization. In the study the subjects
were given a test over four areas, spatial visualization, logical reasoning,
knowledge of geometry, and geometric problem solving/strategies. They were
assessed on the following areas: "spatial visualization, logical reasoning,
geometry achievement, geometric problem solving, use of drawing strategy, use
of visualization without drawing, use of a non-spatial strategy, correct drawing

made, and discrepancy between a student's spatial score and logical reasoning



score"[1, 49]. Those with a higher spatial ability were able to create more
accurate pictures and therefore their answers were more accurate. He explains
that the non-spatial thinkers were probably trying to take an analytical approach
to the problems, which was why they were running into problems[1, 56]. In his
study he shows that the split between spatial and non-spatial thinkers is usually
along male/ female lines, but as McKim asserts, almost everybody can learn to
visualize. McKim states that it takes a lot of work to develop visualization skills
if you are not used to it but it is an ability we all possess[16, 29]. In a research
survey done by Eisenberg and Dreyfus, it was found that there was a bias against
visual thinking in gifted math classrooms. But,"On the other hand, this
reluctance to visualize may well be a result of the way mathematics is presented
and communicated by most teachers and research mathematicians"[10, 2].

In the studies done over the last 20 years, many have examined
differences between males and females in terms of their spatial abilities. In the
study by Battista, it was hypothesized that there are two modes of thought, one
verbal/logical and the other visual/pictorial. These two modes of thought cause
"mathematical casts of mind", which can determine mathematical ability. What
he found was that males were superior in spatial tasks while females were better
in verbal tasks. This, he claimed, was because male's modes of thought tended
to be more specialized while female's modes of thought were more balanced
between the two types. This led him to conclude that high spatial performance is
dependent on specialization. That is why, he believed, males tended to preform
better in geometry classes than females. "Spatial visualization and logical
reasoning were important factors in geometry achievement and geometric
problems solving for both males and females"[1, 56]. While this may be true,
he did not examine how instructional differences can have a large effect. A

study done by Ben-Chaim, Lappan and Houary came to interesting conclusions



about educational practices. Again, as in the previous study, they were assessing
differences between males and females in terms of their spatial abilities. But in
this study, the subjects were first taught using the spatial visualization methods.
"The most important result of this investigation was that after the instruction
intervention, middle school students, regardless of sex, gained significantly from
the training program in spatial visualization tasks"[2, 66]. I think that this is the
most important thing that can be found from one of these studies. No matter
what the individual differences might be, everybody can benefit from the new
teaching practices.

What I have shown in this chapter is that visualization techniques offer an
alternative to the standard teaching methods and has the capability to be
beneficial to most students. By integrating programs such as "Math in the
Mind's Eye" into a mathematics curriculum, fewer students will be falling

through the cracks of the system.
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MATH IN THE MIND'S EYE

"I don't think there are any non-visual people...everybody dreams.
Dreaming is really a form of visual thinking." says Eugene Maier, one of the
originators of the "Math in the Mind's Eye" program. To learn more about the
"Math in the Mind's Eye", I went to Portland, Oregon, to interview Eugene
Maier about the program. A transcript of that interview is supplied in Appendix
A. I also had the opportunity to observe three classes at Portsmouth Middle
School in Portland and two classes at Roosevelt Middle School in Eugene, all of
which use the "Math in the Mind's Eye" program. "Math in the Mind's Eye" is
a program from the Math Learning Center in Portland, having offices in the
Curriculum and Development department of Portland State University. Their
main goal is stated clearly in their catalog;

"Math in the Mind's Eye teaching materials are designed to

draw upon the student's capacity for visual thinking.

Through the use of manipulatives, models, sketches, and

diagrams, students develop an understanding of

mathematical concepts and processes, and create meaningful

mental images that help them retain and recall this
information.”

The program started in 1982 with a group of mathematicians feeling
frustrated with the current mainstream style of teaching mathematics which
devalued imagery, and "knowing that it's almost totally absent from school after
the first or second grade"[15]. The first developers were Maier, Ted Nelson
and Don Rassmussen. Originally they set out to bring teachers' attention to the
topic by some inservice presentations. The intent was to encourage teachers to
incorporate visual thinking into the classroom and to suggest ways to go about

doing that. But the teachers wanted more. Because the teachers had not had any
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experience in visual imagery, they needed more materials. Therefore, the
developers began to produce materials to keep up with the demand. The project
has grown and now it is supported by the sale of materials and by revenue from
workshops.

The group secured a grant from the National Science Foundation in 1984,
and still gets some funding from NSF. Originally the grant was given jointly to
the Math Learning center and to PSU, but the Math Learning Center is now its
own non-profit corporation. The two agencies still work together; the Math
Learning Center does the publishing of the materials and organizes the
workshops and the educators who attend the workshops are able to receive credit
from PSU. Maier explained that any profit made from the workshops or the sale
of their materials is put back into the program to fund further research. When
the grant runs out in the next couple of years they believe they will be able to
fully fund themselves from profits gained from materials and workshops.

The workshops are a chance for the teachers to learn about the program.
There are generally three workshops, "Math in the Mind's Eye" Workshops 1
and IT and Implementing "Math in the Mind's Eye". These workshops are held
all over the United States all year round. Maier estimates there will be 71
workshops this summer. The workshops provide about 30 hours of contact with
the program; in the first two workshops the teachers are taken through the
material much as they would teach it to their students. The implementation
workshop deals with how to structure the class and how to evaluate the students.
Maier explained that a workshop on evaluation is needed "because what happens
with teachers is that in addition to a different mind set about mathematics...the
way they assess students changes. The single answer test and computation and
single manipulation doesn't test what you have been doing"[15]. In a discussion

with Heather Nelson, a math instructor at Portsmouth Middle School, where all
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The unity matrix can be represented by 1 and it has the same properties as the
real number 1 does: another matrix multiplied by the unity matrix results in the
original matrix.

Cayley next explores addition of matrices and the properties of addition
for matrices. To add matrices, terms in like entry placements are added

together. This is represented in this manner:
a b c X vy z a+x b+y ct+z
al bl Cl + xl Yl zl - al+xl b'+Y' cl+z'
a'l bll cll x" Yl! z'l a"+xll bl‘+y" c"+z“

I will quickly list the properties of addition for matrices. A matrix will not be
changed in any way if added or subtracted together with the zero matrix. If
L=M, where L and M are both matrices, then it follows that L-M =0.
Similarly, if L=-M, then L+M=0. In this last case the matrices are opposite of
each other. Commutativity and associativity hold for addition of matrices. In
other words, when L,M, and N are matrices then L+M=M+L and
L+M)+N=L+M+N)=L+M+N.

The rule for multiplying a matrix by a single quantity is defined by:

a b ¢ ma mb mC
mja' b' c']={ma' mb' mc'
a" b" c" ma" mb" mc"

This operation satisfies the commutativity and the distributive law, hence

mL=Lm and m (L+M)=m L+m M. We notice that :

-(¢9)-Gi8)

Because the unity matrix can be written as 1, we can rewrite the previous

cow
o-O
-oo
co#
oB O
B oo

statement as:



m 0 O
m={0m2OoO
0OO0m

This "is said to be the single quantity m considered as involving the matrix
unity” [8, 478].

Next, Cayley looks at multiplication of matrices, which is a difficult
operation to explain, but unfortunately Cayley gives no motivation to why
multiplication is done in such a way. LetL= ( a b) and M= ( p q)

cd r s

then LM is defined by LM = ( a b)( P q)

cd/\r s
_ (ap+br ag+bs

cp+dr cqg+ds
This operation is rarely motivated, and it is generally given as a rule to be
memorized. A few properties follow: as stated before, a matrix multiplied by
the zero matrix results in the zero matrix and a matrix multiplied by the unity

matrix is the original matrix. Example:
a b\f1 0)_fa(1)+b(0) a(0)+b(1l))_/a b
(c d)(O 1)-<c(1)+d(0) c(0)+d(1))—<c d)

One interesting fact about multiplication of matrices is that the operation
is associative, but it is not commutative. The following is an illustration of the

non-commutative law.
1 2\[5 2)_[s5+2 2+6 7 8
3 4/\1 3/ 115+4 6+12 19 18
5 2\{1 2)_[5+6 10+8)_/[11 18
1 3/\3 4/)7{1+9 2+12)7 \10 14

. . . . P .
Cayley next considers powers of matrices. If L is a matrix then L is a

power of that matrix. And given that p and q are positive integers then (as

29



30

with powers of real numbers) If B=1""%, Notice that I° =1 so I{ I°=I". This
leads directly to a discussion of inverses of matrices because if p =1 and q =-1
or vis versa then L L=I' L=L =1. We call L_ the inverse of L. This is what

would have to be true in order that ( 5 g) be an inverse of ( a g) .
C
a by\/fpgl_/10
(c d)(r s)"(; 1)
and ({p q\fa b\_ 1 O
r sfied/f 01

This leads to a discussion of inverses and determinants. It is interesting to
note that determinants had been known in relation to linear algebra for at least
100 years before the invention of matrices. In the 2x2 case of matrices, the
determinate for the matrix A= ( 2 g) is defined by det(A)=ad-bc.

The determinate is used to find if the inverse of a 2x2 matrix exists or
not. If det(A)=ad-bc=0 then the inverse of A does not exist. To prove this we
must look at how to find the inverse of a 2x2 matrix in the general case. If

A= (2 2) and B= (5 g) , and B is the inverse of A, we see from

above that AB=1=BA. So
ab tq)_fap+br aqgqtbs)_{1 O
c df{r “|cp+tdr cq+ds/ \0 1

We can equate the entries to get

ap+br =1 aq+bs =0

cp+dr =0 cq+ds = 1.
We want to get p, q, T, and s in terms of a, b, ¢, and d. By solving this system
of equations we get that p=d/(ad-bc), q=-b/(ad-bc), r=-c/(ad-bc) and

s=a/(ad-bc). Now, if we remember that det(A)=ad-bc we can see that:
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M= (3 9)

Now we can substitute these values into our equation for the determinant to get:
a*+bc  b(a+d) b 10
- a
P(M)—(c(a+d) d* +bc '(a+d)(c d) * (ad’bc)(o 1>

=(a1+bc b(a+d))_ fa*+ad b(a+d) ad-cb 0
c(a+d) d*+bc c(a+d) ada+da*/ * 0 ad-cb

_ [ (a® +bc)-(a* +ad)+(ab-cb) b(a+d)-b(a+d)+0
c(a+d)-c(a+d)+0 (a*+bc)-(ad+d*)+(ad-cb)

-(83)

Hence, we can conclude that if P(m)= det (a(—:m db )
-m

then P(M)=0.

Here Cayley explains that he has verified this theorem for a 3x3 matrix
"but I have not thought it necessary to undertake the labour of a formal proof of
the theorem in the general case of a matrix of any degree"[8, 483]. You can see
this process becomes laborious very quickly as the expanded determinant for a
3x3 matrix is as follows:

M* -(a+e+i)M1 + (ei+ia+ae-fh-cg-bd)M-(aei +bfg +cdh-afth-bdi-ceg) =0.

This theorem is known now as the "Cayley-Hamilton Theorem". AsI
said before, what he gives in his memoir is a demonstration that the theorem
works for the two dimensional case, but he has not proved the theorem in the
general case.

While Cayley does go on to discuss other elements of matrices, such as
square roots of matrices, it is beyond the range of this paper. A reader notices

when reading Cayley is that his ideas are not cut and dry and he is
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VISUAL LINEAR ALGEBRA

After reading our earlier treatment of linear algebra, one can see how
extremely algebraic the material is. It is my assertion that it does not have to be
that way. When this material is presented to a class, it is usually only presented
in the general case and the instructor assumes that the student can transfer that
into a specific case on their own if needed. I believe the starting point should be
the specific case, with generalizations to follow later. Also, it is important to
look at non-trivial cases. Many times if only a trivial or simple case of a
problem is presented, many of the steps are glossed over because they are easy,
while these steps are not so easy in a non-trivial case. I believe it is important to
look at the difficult parts with the students instead of assuming they will be able
to figure them out on their own. It is dangerous to assume what a student might
or might not know.

You will notice that I will use very little of the technical language used in
the previous chapter. Many times the meaning of a theorem gets lost in the
language. The technical language can be found in the books and studied there
but should not be the emphasis in the classroom.

My approach to visualizing the short section of linear algebra I presented
is to look at specific cases and allow the student the time to play around with the
equations before presenting the theory. Once the students are familiar with how
the equations act and what they can do, a foundation is present on which the
theory can be built. I can imagine that if the students were allowed to work with
the material first with a little direction provided by the teacher, they could create
some of the theory on their own, without it being hand fed to them by the

teacher.
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The goal of this section is to present the relationship between reflections
and rotations in two dimensions using matrix theory. It is hoped the theory will
develop as a consequence of the specific cases and not the other way around. I
feel that the three dimensional case has a lot of potential fof being presented
visually and that it deserves investigation, but that is beyond the scope of this
paper.

The students need to have certain tools to work with. The most important
tools are graph paper, colored pens and pencils. Linear algebra in two
dimensions is about shapes and lines within the coordinate plane, and therefore
the work should be done on the coordinate plane. Using colored pens and
pencils allows the figure to be drawn clearly. By giving certain elements
specific colors, the student can personalize their work so that it makes sense to
them. Students should be allowed to work this out on their own, but a few
suggestions would be to have all the original vectors or shapes be of one color,
and their images be of another color. Another possibility is to color each
separate vector and it's image in the same way, but with different colors for
other vectors and their images. Another valuable tool is to create what I call a
Vector Board. This is a piece of cardboard with graph paper attached to it.
There is a hole punched through the paper and cardboard at the origin. Some
form of string is threaded through the hole to represent vectors. Embroidery
thread or curling ribbon are possibilities. It is preferable that the string be of at
least two colors, for the reason described above. There should be several
strands of each color, and all of them should be tied together at one end, to
allow you to thread through only the strands needed. The hole should be big
enough to allow this, unless a needle is handy to thread the string through the

hole. Also needed are pins or tape to hold the string down onto the paper.
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Using the Vector Board will give the students the opportunity to physically move
vectors around and to get a real feel for what a vector is.

For these exercises I will be working in two dimensions only. By using
the Vector Board, one can easily show that the plane is a vector space and the
Vector Board is a physical representation of the vector space. A vector is
represented by threading in one piece of string and placing the tip at some point,
say (3,4); the string is the vector that corresponds to the point (3,4). It is very
important at this stage to make sure that there is no confusion about vector
spaces and vectors. If the student does not understand what a vector is then
there is no way the theory is going to make sense. Therefore, students should be
allowed the time to draw vectors or work with the Vector Board to become
comfortable with the concept of a vector, even though it might seem trivial.

The next step is to talk about reflections. A reflection is done by drawing
a line from the given point, say X, to the line of reflection, 2 , at a 90 degree
angle and then continuing on through by an equal length to the reflection point
Y. In other words, line £ is the perpendicular bisector of XY.

X
L >4
L

The exercise is to reflect points and vectors over the x-axis, and to try to find the

A

Figure 7

coordinate relationship between the point and its image. The students should

find that the x coordinate stays the same and the sign of the y coordinate is

reversed, or X=X, , and y=-Yo .
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Next, the students are to do the same exercise with the y-axis. They should find

that x=-X,, and y=y, .
~J
43— L . (4,3)

Figure 9

Now what happens it you were to reflect over the 45 degree angle line that goes
through the origin? Because this exercise is not as trivial as the previous ones it
is important that the students draw and estimate carefully. First they should
consider points along the x or y-axis such as (1,0), (5,0) or (0,3) and then try
arbitrary points, such as (6,3). What happens to points such as (1,1) and (3,3)?
The students should be able to find the relationship between the points and their
images, that being x=y,, and y=xo. N @ 9

i ’(513)
 A\us®

? X

Figure 10
And finally, consider the case of reflecting over the 22.5 degree line. This is
getting more difficult because the answer now depends on both x and y. The
best way to find the coordinate relationship is to consider what happens with the

vectors (1,0) and (0,1).
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Figure 11
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The following figure is a graph of (1,0) and (0,1) and their images under this

transformation. AY

Figure 13












APPENDIX A

Interview: Eugene Maier, April 15, 1992

Jennifer Beggs: How did this project get started and when?

Eugene Maier: Well, I don't know. I'll have to think back. Sometime around
'82 or '83. I think the actual funding from the National Science Foundation
probably came sometime in 1984-85. I just recently gave a talk down in Eugene
and I was curious about when they first used the title "Math in the Mind's Eye"
and I discovered it was twelve years ago. Twelve years ago this fall actually.
And the project finally came about, well it has a number of origins. Some is
from reading people like Arnheim and McKim. The book by Robert Somners,
The Mind's Eye, I was just browsing in a book store and I picked this book up
because it looked curious, then I noticed it had a chapter in it called "The New
Math". And one of the points he was making was that the reason the New Math
was so unsuccessful in most settings, was that it devalued imagery. And there
wasn't any imagery, it was all simple. I also have an interest in visual thinking
because I am interested in dreams. Done a fair amount of things that involve
dreams. Things of that nature. So I also have that kind of background.
Another part of this comes from working with teachers of Native Americans and
that was back in the early 80's. And when you got other parties involved, you
go to teachers of Native Americans and say "What kind of things do you think
would be useful to your students in the classrooms?" and we had a project we
were bringing to them at a Northwest Math conference. They'd go to sessions
and look at things. Part of the things that were always picked out were highly
sensory, highly visual. My sense is that Native Americans are probably highly
visual people. As little as I know about that it seems to be that way. So from
that and my own interest in visual thinking and dreams and things of that nature
and having read things like... I don't know how I got into it, visual thinking,
experiences in visual thinking. I first started doing a lot of reading back in the
70's about split brain things and people like, what's his name? Bob Samples
and Betty Edwards and Drawing from the Right Side of the Brain, things of that
nature. Putting it together with the visual thinking and that having read things
like Hadamard book, which is an old book The Psychology of Invention in the
Mathematical Field. It, gee whiz, the Dover reprint, when was this done. The
Dover reprint was 1954, the book itself is copy written in 1945, so it has been
around for a long time. In that book he basically concludes, what he was trying
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to do was to determine how mathematicians thought. He sent a bunch of
questionnaires out to a body of mathematicians. And he decided after reading
their responses that most mathematicians were highly visual. And the most
famous response comes from Einstein, and his reply is accredited in its entirety
in the index and it said something about word and symbols are not really a part
of his thought processes, and he'd do the math later. So the roles of those kind
of things and my own experience is in mathematics where way back , probably
two or three life times ago, I did do some mathematics. I knew that the stuff I
did, well some of it was called geometry of numbers. The work that I
contributed to those papers was all done off of sketches and diagrams and I know
that's how I thought about this stuff and if you look at the papers you see that it
is all algebraic symbols. It's my own inclination to think in highly visual terms
and then also knowing that a lot of mathematicians did. And also when I was
going to school, in the 50's and before, it was denigrated. The idea that
diagrams and sketches could mislead you and lead you astray. I finally figured
out that I could lead somebody astray with some kind of a logical argument just
as easily as with a diagram or something. So I decided that one of the things
that could happen instead of saying, well because you made a mistake, not to
devalue that imagery and more intuitive part of things but to try to nurture and to
inform you so you don't make any mistakes anymore, just like when you make a
mistake in logic. People don't tell you to quit using this logical argument but
they try to inform you or bring to the surface what errors you were making. So
there is that aspect. Also the way that it is one of those things that
mathematicians did but didn't talk about in a sense and I've told a story a couple
of times. Did you hear my talk in Eugene?

J.B.: Ididn't. Unfortunately I saw it after the fact but it was right in the middle
of one of my finals. I wish I had.

E.M.: There was a story about a professor, who was here in Portland at a
school and I remember one of the students telling me one time he was trying to
prove this theorem in an analysis class and he got stuck and so he goes off to the
side of the board and draws this diagram. And then . what he does is the
interesting part. He draws a diagram and then he goes back, erases it, goes back
and finishes his theorem. And then he says to the class, "That's my cheat
sheet.” Which is kind of an interesting way to refer to that. He was carrying all
this information in the diagram. What he was doing was reconstructing the
proof from a symbolic proof onto the diagram instead. It always struck me that
it would be more important to say to the students, it would be more useful to say
that's my thinking pad and here's how I'm carrying that information into the
problem like that. And then knowing what we call visual thinking, now we call
visual thinking sort of how McKim uses the words. Also knowing that's almost
totally absent from school after the first or second grade. So we thought, well, it
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would be interesting to try to do some things around visual thinking in the
schools programs. So that's how it started and NSF had some money available
in their theory development. It could have started, I suppose, in a number of
different ways. Since the money was primary available for middle schools, so
we said we will do it there. So that is where we started.

J.B.: Who originally funded the group?

E.M.:The Math in the Mind's Eye project was funded by the National Science
Foundation. Still gets some funding from the National Science Foundation.
J.B.: Now is it self supportive at all, by sale of the materials?

E.M. Yeah, to large extent. Our grant is running out but...Well the project is a
project of Portland State University and the Math Learning Center. Now the
Math Learning Center is a separate corporation and it's a private corporation.
It's at not for profit, tax exempt. When I left the University of Oregon, what
had happened was someone else had formed the organization. I did not think at
that time, I did not expect to be here at Portland State University. I just moved
to Portland because that's where the population was in Oregon, and we were
planning on working with teachers. And, so then over the years, the Math
Learning Center developed this relationship with the university. I'm actually an
employee of the Math Learning Center and not the university. I am retired out
of the university system. So the grant was jointly to the Math Learning Center
and to Portland State University. And the Math Learning Center publishes the
materials and organizes the workshops. The workshops give credit through the
University and it has become fairly popular so we do make some money. Idon't
know if we make that much off the Mind's Eye, or the long haul of the materials
of the Math Learning Center. So we earn some money off of that and we plough
that money back into it. So we are matching the NSF money or maybe more. I
think this summer we've got 71 workshops going on around in different places.
J.B.: The workshops are for the teachers, right?

E.M.: Right.

J.B.: So the project itself doesn't actually hold classes for students, its for
training of the teachers.

E.M.: Yeah, the materials go along with it. At first we weren't going to
develop materials as much as we did. Basically what we thought we would do
was conduct some inservice courses, and other things that brought teachers
attention to that this is a mode of thinking that has some value in mathematics,
and it would be nice to incorporate it into the schools, and here are a few ideas
for doing that. Most teachers had not had any experience in that, so they were
wanting examples. And so we started putting out these units and from that came
the course guides. Now it's heavily into materials.
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is a science professor and the other one's a medical researcher up on the hill.
But his daughter in the 8th grade did that..[same as accounting son]. So we did
a lot of that kind of thing. Ask people what images they carry in their head of
3x4. And they say 3x4 and we try to point out to them what that might look
like. The image of it.

J.B.: You said that Portsmouth uses this progam. Is it throughout the whole
school or just the math department?

E.M.: The whole math department.

J.B.: Are there any other schools in the area, or could you estimate how many
programs use this.

E.M. No, not really. I think teachers use it to varying degrees. I think we've
probably sold six to eight thousand copies of the Math in the Mind's Eye
materials. All you need is one set if you are a teacher.

J.B.: Do you find that it is hard for people, for older students to suddenly to
start learning in this way? I have found that some people think it would be
difficult to suddenly change the way you were thinking about something.

E.M.: It's hardest for people who have...It's harder for secondary math
teachers than for elementary math teachers. The people who have studied more
mathematics, perhaps. In terms of teachers. Well, all of the people we work
with are adults and don't find it...For most people it works out. Every now and
then we find a person it doesn't work for. But by and large they seem to pick it
up. Then also, here at Portland State you use a lot of those kinds of methods in
the math teacher's course. There is a whole program for middle school teachers
here. Seems to be fine. I did an experimental course with some upper division
first year graduate students doing some number theoretic topics. It was a little
hard for some folks because they're used to doing the symbol manipulation kind
of thing and looking at things algebraically and some people struggled with it.
J.B.: In several of the studies that I read they talked about that in geometry
classes... because I thought that real visual people were having problems in their
math classes and these studies were saying in geometry classes it was the visual
people who were doing better than the non-visual people. And it took me a
while to think about that to kind of rationalize it to myself.

E.M.: I suppose it kind of depends on the kind of geometry course. Ifitis a
geometry course that is kind of informal, and doing a lot of diagram type things.
I don't think there are any non-visual people.

J.B..: You don't think there are any?

E.M.: No, everybody dreams. Dreaming is really a form of visual thinking.
You are taking and expressing feelings and that sort of things. There is meaning
there.

J.B..: I talk a little bit about that in my thesis, that everybody is born with the
ability to visualize.







































TITTTTET IR RIOrM inesua e






RITh

=t v-’_

h







































