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We investigate the problem of optimal control of mixed-state quantum systems using
a quantum statistical mechanics model and a Liouville space formulation of Hamiltonian
and dissipative dynamics. The problem of optimal control is formulated as a problem of
maximization of the ensemble average of an observable of the system, subject to certain
constraints.

In chapter two, we address the question of kinematical constraints on the evolution of
the system and derive bounds on the expectation value of arbitrary observables for mixed-
state quantum systems. The issue of dynamical realizability of the kinematical bounds
is discussed and results on controllability of quantum systems are summarized in chapter
three. In chapter four, we present an efficient, rapidly convergent feedback algorithm for
constructing optimal controls numerically and prove its convergence properties.

Finally, we apply our results on kinematical bounds and controllability, as well as
the algorithm presented in chapter four, to several optimal control problems, including
maximization of the vibrational energy of a molecular bond, maximization of the top-level
population for a three-level system with and without dissipation, and maximization of the

energy for systems consisting of non-interacting subsystems, and discuss the results.
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CHAPTER |
INTRODUCTION

1.1  Motivation and Outline

Recent advances in laser technology have opened up new possibilities for laser control of
quantum phenomena [1], such as control of molecular quantum states, chemical reaction
dynamics or quantum computers to mention only a few, and if the history of macro-scale
engineering is any indication, then achieving control of micro-scale systems and quantum
phenomena will lead to substantial technological breakthroughs and new applications,
many of which we cannot even conceive today.

The limited success of initially advocated control schemes based largely on physical
intuition in both theory and experiment [1, 2, 3, 4, 5, 6], has prompted researchers in
recent years to systematically study these systems using control theory. In line with this
work, we investigate in this dissertation the problem of optimal control of quantum systems
using control theory, quantum statistical mechanics and Liouville space theory.

In chapter one, we describe the quantum statistical mechanics model, the Liouville
space formulation of dissipative dynamics, and formulate the problem of optimal con-
trol for mixed-state quantum systems. The mixed-state quantum system formulation,
while slightly more complicated than the pure-state formulation, allows us to consider
applications that require controlling systems initially in thermal equilibrium, or dissipative
systems, which can not be treated using pure-state dynamics.

The problem of optimal control is usually formulated as a problem of maximization (or
minimization) of the expectation value of an observable of the system, subject to certain
constraints. Since the actual value of the desired maximum may not be known, it is
important to at least have bounds on the expectation value of observables. This problem

is addressed in chapter two, where we focus on finding bounds on the expectation value



of observables that are independent of the specifics of the control problem, arising purely
from kinematical constraints.

The question of whether the kinematical bounds derived can be dynamically realized
by controlling the system leads to an investigation of the problem of dynamical reachability
of target states and in particular of controllability of quantum systems in chapter three.

Once controllability, or at least the dynamical realizability of the aim of control, is
established, the main problem that needs to be solved, is the construction of an optimal
control that steers the system from its initial state to a target state, for which the aim of
control is achieved. In chapter four, we therefore present an efficient, rapidly convergent
feedback algorithm for finding optimal controls and prove its convergence properties.

In chapter five, we apply our results on kinematical bounds and controllability, as well
as the algorithm presented in chapter four, to several optimal control problems, including
maximization of the vibrational energy of a molecular bond, maximization of the top-level
population for a three-level system with and without dissipation, and maximization of the

energy for systems consisting of non-interacting subsystems, and discuss the results.

1.2  Quantum Statistical Mechanics Model

Our model is a mixed-state quantum system. A mixed state, not to be confused with a
superposition state, is an ensemble of independent (pure) quantum states |¥,(t)) together
with a discrete probability distribution that assigns each of these pure states a certain

probability w,, so that
0<w, <1 Vn, Y um =1 (I.1)



A mixed state can always be represented by a density operator p(t) on the Hilbert space
of pure states H [7]

p(t) = 3wl ¥n(t))(¥a(t)], (L.2)

where |¥,,(t)) are orthonormal states in H and |¥,(¢))(¥,(t)| is the projector onto the
subspace spanned by |¥,(t)). We shall always assume that the set {|¥,(t)) : n =
1,2,---} forms an orthonormal basis of . If the set of independent pure states |¥,(%))
with non-zero probability w, is not a complete set then we simply extend it by adding
independent quantum states with zero probability.

The pure states |¥,,(t)) satisfy the Schrodinger equation
o & A
z"ﬁ'aﬁth’rt(t)) = H|¥,(t)), (1.3)

where H is the total Hamiltonian of the system. We define the time-evolution operator

or propagator U(t,ty) by requiring that for any arbitrary element |¥,,(t)) in H,
@ (2)) = U2, t0) | ¥n(to))- (1.4)
Substituting equation (1.4) into the Schrodinger equation (1.3) leads to

ih%{?(t,tg) = HU(t, ), (L5)

i.e., the propagator satisfies the Schrodinger equation as well. Since the Hamiltonian H
is Hermitian, it immediately follows that the propagator is a unitary operator.

Taking the adjoint of both sides of equation (1.4) leads to
(Ta(t)] = (Ta(to)[U (2, t0)", (L6)
where U(t, to)! denotes the adjoint of U(t,to). Thus, given a mixed initial state

po = oa(t{)) = anlq’n(tﬂn(an(tﬂ)l! (17)



the time-evolved state p(t) is given by

pt) = EwnI\I’n(tD(‘I'n(t)I
= an t, t0)|Un(t0)) (¥ (t0)|U (2, to)!

o TS [zwnw ()0 10| O 10

Differentiating this identity with respect to time leads to
3 (t) ey Ul(t, to) | poU(t, to)t + U, t0)p —a-f}(tt)f (L9)
6tp_6‘t 0)| PoULL, Lo ;oPoat,o- .

Inserting equation (1.5) and its adjoint

_m%r}(t, to)t = U(¢,t0)t H' (1.10)

into the previous equation, multiplying both sides by ik and noting that H = HT, we

obtain

ih%ﬁ(t) = U 10D (¢, to)t — U(t, to) ol (2, to) H

= Hpt) - pO)H = [B, p()]

Thus, in a non-dissipative quantum system, a mixed state represented by p(t) satisfies

the dynamical law
2 p(t) = (A, ), (L11)
called the quantum Liouville or Liouville-von Neumann equation.

Observables are represented by Hermitian operators A on H. Their expectation value

or ensemble average is defined by
(A(t)) =T (Ap(1)) (L12)

where Tr () denotes the trace.



I.3  Liouville Space Formulation and Dissipative Dynamics

The set of bounded linear operators A on H forms itself Hilbert space, in the literature
often called Liouville space. We assign to each operator A on H a Liouville ket |A))
denoting its representation in Liouville space. Given a matrix representation of A with
respect to a basis {|n),n = 1,2,---, } for H, we obtain the corresponding Liouville space
representation with respect to the associated Liouville basis by rearranging the matrix
elements into a column vector. The dual of |A)) is the Liouville bra ((A|, whose matrix

representation is a row vector. The inner product in this Liouville space is defined by
((A|B)) = Tx (A'B), (1.13)

where A! denotes the Hermitian conjugate of A. It is easy to verify that if [4)) =

(Ay,---,An2)T and |B)) = (By,- - -, By2)T, where T denotes the transpose, then

B,
((A|B)) = (Ar,- -+, An2)" - : ) (I.14)
By
where a* denotes the complex conjugate of a.
Let |p(t))) be the Liouville space representation of the density operator j(t) for a
given mixed-state quantum system. If the system is Hamiltonian then equation (1.11)

implies that |p(t))) satisfies the quantum Liouville equation
.
th=:1p()) = LIp(t))) (L.15)

with some initial condition |p(Z9))) = |po)), where L is the Liouville operator defined by

the dual correspondence
Llp®))) ¢ [H, 5(2))- (L.16)

Equation (1.16) determines the matrix elements of £. With respect to the standard



Liouville space basis |mn)) related to the Hilbert space basis [n) by the bijective corre-

spondence |mn)) ¢ |m)(n|, we have

Litmn = ((GEIC|mn))
= Tr (|k) GI[H, Im)(n]])
= 3G | YGLHm)(n | d) = (| k)G | m)(nlHle)

= (| HIm)8n — (n|H|k)djm

= Hjmékn == H}:néjm (117)
We observe that H},, = H,; and thus the (super-) operator L is Hermitian:
;k,mn = H;mékn ~ Hknéjm =4 Cmn,jk- (118)

The Liouville space formulation is especially useful since it can easily be adapted to
dissipative quantum systems by adding a non-Hermitian dissipation operator I' to the

Liouville operator £ so that the equation of motion becomes
o .
iho:|p(1))) = [£ — ihT]|p(t)))- (L19)

For instance, to account for dephasing between the kth and fth level, we must modify
the equation of motion for the matrix element pr, by adding a term ih~y{,pre, where g, is

the dephasing rate between the kth and the fth level, to the equation of motion for p:
. a =] - o d
ih=pxe(t) = ([H, A)re — hyiepre (1.20)

If population transfers occur, we have to modify the equation of motion for the diagonal

elements of the density matrix as well:

0 o
ih—pk(t) = ([H, Dk — iR D YmkPrk +iR Y. YemPmm (1.21)
ot M mEk
population population
loss through gain through
transitions transitions

k—=m m—k



In order for equations (1.20) and (1.21) to be equivalent to (1.19), the non-vanishing matrix

elements of I must be

Crere =% k#¢
Fkk,mm = =¥km k # m (1.22)
Crkpe = Zm;&k Tmk

Thus, in the dissipative case, the total Liouville operator is

Ly = L — ihT, (1.23)
Notice that it is not Hermitian (unless I' = —I'f)

Ll = L +inrt. (1.24)

In this setting, the expectation value of an observable of the system, represented by

the Hermitian operator A on the Hilbert space 7, is determined by Liouville inner product

(A(t)) = ((Alp(2))), (1.25)

where ((A| is the dual of the Liouville ket associated with A.

.4 The Optimal Control Problem

If the system is subject to external control then the Hamiltonian of the system depends

on one or more control functions

) = (L), f22),-- -, Fu(2))- (1.26)

We shall assume that the number M of external controls is finite and that the system
is control-linear, i.e., that the total Hamiltonian of the system can be decomposed as

follows:

M
H=Hy+ Y fult)Hn. (1.27)

m=1



In this case, the corresponding Liouville operator also decomposes:
M
L=Lo* Y fm{t)lm: (1.28)
m=1

The restrictions imposed on the controls depend on the particular system studied. How-
ever, a reasonable minimum requirement for the control functions f,,(t) is that they
should be bounded, measurable, real-valued functions defined on a time-interval [to, t5]
that depends on the application.

The goal of optimal control is the maximization (or minimization) of the expectation
value of a given observable, e.g., the population of a particular energy level or subspace of
quantum states, the energy of a molecular bond, etc., at some target time ¢ = ¢z subject
to certain constraints. To make this statement mathematically rigorous, we define a

functional (similar to the functionals used in [8, 9, 10])

W(f_: Pus Av) = Wl (Pv) i W2(f: pmAu) =g W3(f-): (129)

whose value at a certain target time ¢ we would like to maximize. Our functional consists
of three parts. W; is the expectation value of A, which we wish to maximize at the target
time tp,

Wi(po) = (A(tr)) = ({(Alpu(tr))); (1.30)

W, and W3 are constraint functionals, which we define as follows:

WalF, o A) = [ (ALOIF + £l £ 010D at (131)
M F
Wi = 3 22 [0 at (1.32)

W, ensures that the quantum Liouville equation is satisfied. W3 constrains the fluence,
i.e., the total energy of the pulse. p,(t) and A,(t) are variational trial functions that must

satisfy the boundary conditions

po(to) = p(to) = po, Au(tr) = A. (I.33)



The solution of this control problem requires finding an admissible control F(t) such
that W and thus (A(t)) will attain its global maximum at time ¢ = tz. Several interesting
questions arise. What is the global maximum? Is it dynamically attainable, i.e., is there
a control that steers the system to a state where the global maximum is assumed? If
there is such a control, how can we find it, at least numerically? These questions shall be
addressed in the following chapters.

We would like to point out that in absence of dissipation, i.e., for I' = 0, our variational
functional (1.29) is the mixed-state equivalent of the variational functional used by many
other authors [11, 12, 13, 14, 15] for pure-state quantum systems:

tr e M\ e
W = (Wt (t)) ~2Re [ Cullg+ R Ollou@) di= 5 52 [ '72(0) de.
(1.34)

To see this, set p,(t) = |1, (t)){¥y(t)| where |p,(t)) is a normalized wave-function
representing a pure state of the system. We can find a time-dependent complete or-
thonormal set {|¥,(2)) : n = 1,2,...} such that |, (t)) = |1,(t)) for all t. Hence we

have

Wi = Tr(Ap(tr)
= T (Wnlte) | Au(tr) Yo (tr))(bultr) | n(tr))

n

= 3 (%u(tr) | ¥n(tr)) Wntr)lAu(tr) [tu(tr))

n

= (%(W)MI%("'F))
Furthermore, setting |x,(t)) = A,(t)|%,(t)) and 8, = £, we obtain
(Au()|pn(®))) = Tr (Au(t)3u0 (1))
= > (@)1 A1) @elvs(£))) (W0 (t) | ¥n())

¥ Z(dﬁt(ﬂ |Av (t)ld)u (t»(at (1!)1: (t) |) W’n (t»
== <wv(t)|fiv(t)atl1pu(t)) +* Z(af (%(t)|)|¢n(t))(%(f)mu(t)[%(t»



= (Wu(8)|Au(8)Belbu () + (Bu(abn (1)) A () (1))
= (u(t)|Au(8)Belu () + (o (D) Au (D10 (1)))"
= 2Re(%y ()| A (1)0l (1))

= 2Re(xo(t) | B¢ (1))

as well as

(AORLE Do) = + T (A1), 20))
- %; 1A (OB (F,)leu) Whu(t) | ¥a(0)
5 S OOl W (S, D14 (0)
= @A le0)
~ 5 SOOI, O (0) W D14 Ol (0)
= (GORATDleu®) = @@ FH (1) xe(®)
= (e@IFASD10u®) + (e OILH (T )leu))"
= 2Re(x ()| FH (1)l (1)).

Hence, if p,(t) = |1u(2)) {1y (?)] then

W= [ U010+ EL(T0lpu(0)) dt = 2Re [ Deu 00+ £ Dlen(0) .

10
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CHAPTER Il
BOUNDS ON OPTIMIZATION OF OBSERVABLES

1.1 Kinematical Attainability of Target States

Consider a mixed-state quantum system whose dynamical evolution is determined by the
quantum Liouville equation (1.11). Equation (1.8) implies that a mixed initial state A(to)

can only evolve into target states p(tp) related to the initial state p(to) by
p(tr) = Ultr, to)p(to) U’ (tr, to), (IL1)

where U (t, o) is the propagator of the system as defined by equation (1.4).

If the system is Hamiltonian, i.e., non-dissipative, then the propagator satisfies the
Schrodinger equation (1.5). Hence, for any Hamiltonian system, the propagator must be
unitary, no matter what the concrete dynamical law is, and no matter what control we
choose. Therefore, only target states j(tr) that are related to j(to) by (I1.1) for some

unitary operator U(tp, to) can possibly be reached. This motivates the following:

DEFINITION 11.1 : Given any Hamiltonian quantum system, a target state p(tr)
is kinematically attainable from a given initial state p(t) only if there exists a unitary

transformation U(tp, ) such that equation (11.1) is satisfied.

112 Kinematical Bounds on the Expectation Values of Observables

The kinematical restriction on the reachable target states for Hamiltonian quantum sys-
tems discussed in the previous section has important implications for the expectation

values (ensemble averages) of observables [16].



12

THEOREM I11.1 : Let H be a fixed N-dimensional subspace of the Hilbert space
of pure quantum states of the system and let A be a Hermitian operator on H with

eigenvalue decomposition

A= iaif(ai), (11.2)

where I (a;) is the projector onto the eigenspace E(a;). Let A; be the eigenvalues a;,

counted with multiplicity, and ordered

ALZ X Z o2 AN (I1.3)
If the initial state is
N
po = p(to) = D_ waln)(nl, (IL.4)
n=1
where {|n) :n=1,...,N} is a basis for H, and the initial weights w, are ordered
W 2wy 2 2Wp 2020, (IL5)

then the expectation value of A is bounded by

N N
Z AN-nt1Wn < Tr (Aﬁ(t)) < Z AnWh. (IL.6)
n=1

n=1

Furthermore, (A(tr)) assumes its upper bound if

' ?pazl( |¥r(n,)(tr)) = E(ay), me=1, .0 (IL.7)
7=1,...,d(n
and (A(tr)) assumes its lower bound if
span |V, j)(tr)) = E(aN-n+1), =1, ....m, (IL.8)

J=1,--d(n)
where d(n) = dim E(a,) and r(n,j) =d(1) +---+d(n—1) +j.
This theorem is an extension of our previous work [17], which enables one to determine
kinematical bounds for arbitrary Hermitian operators, i.e., real observables, provided that

the space of pure states, of which any ensemble may be comprised, is restricted to a
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finite dimensional subspace of the possibly infinite-dimensional true state space. This
assumption is necessary for computations and in many cases good approximations can be
made by choosing finite dimensional subspaces carefully.

EXAMPLE 1.1 : Consider a N-level Morse or harmonic oscillator model for a diatomic
molecule with energy levels

E1<E2<"'<EN. (119)

Notice that the energy levels are ordered in an increasing sequence, i.e., we have A; =

En_iy1. If the system is initially in thermal equilibrium, i.e., in particular
wy > we > ... > Wy, (I1.10)

then the kinematical bounds on the expectation value of the (vibrational) energy of the

bond are

N
Z B, < (Ho(t)) < ZWN—n+1E (IL11)

n=1
The kinematical bounds also restrict the population of any k-dimensional subspace PcH:

wy + w1+ ... FWUNf41 S (Jf)k> <wy+we+...+ wg. (11.12)

In particular, this shows that the population of any one-dimensional subspace of the system
can never exceed w, or drop below wy. Hence, if the system is initially in a mixed-state

then it can never reach a pure state (without dissipation).

11.3 Proof of Kinematical Bounds Theorem

LEMMA 11.1 (Necessary Condition for Extrema): /f the map U Tx (/—i@’ Ut ) has an
extremum at the identity 1 € U(N) then A and ¥ commute.

PROOF : In order for Tr (ﬁU;’gff’f) to be maximal when U = 1 we must have

4 Tr (xzi(;’('r)jf@”('r))

dr =g

7=0
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for an arbitrary path U(7) in U(N) with U(0) = 1. Since the trace operator is a linear,

this is equivalent to
Tr (AD"(0)xU1(0) + AU(0)X[T']'(0)) = 0.

Observing that U(0) = 1, and setting %{:’(T)h:g = U'(0) = B, we have thus

Tr (ABx + AxB') = 0. (11.13)

If B is the derivative of a path U(7) in U(N) at 7 = 0 then it is skew-Hermitian,
and conversely, every skew-Hermitian operator B is the derivative of some path U(7) in
U(N) at 7 = 0, since the Lie-algebra of U(INV) consists of all skew-Hermitian matrices
u(N). Therefore condition (11.13) must hold for any skew-Hermitian operator B. Using

Bt = —B, we can rewrite (11.13) as
Tr (%4 - A%)B) =

We will show that this condition implies M = [, A] = 0. Note that M is skew-Hermitian
since % and A are Hermitian.

Choosing B = (bk) with

i fork=s,l=3s
bre =
0 otherwise

leads to
N
Tr (MB) = Y myiby; = iMys = 0.
Fk=1
This holds for s = 1,..., N. Hence, all the diagonal elements of M must vanish.
If

I fock=sd=r
bee=4 =1 fork=r,d=3s

0 otherwise



then
Tr (MB’) = kaﬂ mygb; = myy — My,
= mys +m}, = 2Re(m,,) =0,
If
t fok=s,l=r
bee=4q i fork=rl=s
0 otherwise
then
Tr (MB) = Y1 Mikbej = i(mry + myr)
= i(m,s —m},) = —2Im(m,,) = 0.
Since this holds for 7,s = 1,..., N, all off-diagonal elements of M must be zero. Hence

M vanishes identically and A and X commute. O
Since A is a Hermitian operator on a finite-dimensional Hilbert space H, there exists

a unique eigenvalue decomposition
- m -~
A= Z a‘-I(ai), (1114)
=1

where I(a;) denotes the projector onto the eigenspace E(a;). Moreover, all the eigenvalues
a; are real.

LEMMA 11.2 (Kinematical Bounds): Let A be a Hermitian operator on H with eigen-
value decomposition (11.14) and let Ay > Xy > --- > Ay be the eigenvalues a;, counted

with multiplicity and ordered in a decreasing sequence. Then we have
N ) N
> Anv-krwe < Tr (Ap(t)) < 3 Mwy. (11.15)
k=1 k=1

PROOF : By the previous theorem a necessary condition for (A(t)) to have an
extremum at time ¢ is that A and ¥ = j(tr) commute. But if they commute then they

can be simultaneously diagonalized. Hence

N
Tr (Ap(t F)) = ; AW k),
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where o is a permutation of {1,2,---, N}. It is now obvious that

N X N
> An-kprwe < Tr (Aﬁ(tp)) <Y Awg.

k=1 k=1

1.4  Improved Bounds for ‘Decoupled Systems’

The kinematical bounds derived in the previous sections are universal, i.e., they apply to
any Hamiltonian quantum system, independent of the Hamiltonian H and especially of
the control f It is therefore not surprising that these bounds on the expectation value
of observables can be improved for certain systems. In particular, we shall now consider
systems comprised of non-interacting subsystems, which we shall refer to as ‘decoupled
systems’.

Again we shall restrict ourselves to control-linear, Hamiltonian quantum systems. In

addition, we shall assume that there is only one control, i.e.,
H(f(t) = Ho+ f(t)V, (IL.16)

where Hy is the internal Hamiltonian of the unperturbed system and V defines the in-
teraction with the control field f(t). By our definition, the system is decoupled if there

exists a basis B for the Hilbert space # such that Hy is diagonal and

o g Vil o
V=VieV,= — . (11.17)
0|V

Let #; and H; be orthogonal subspaces of H such that H = H; @ H» and each V; maps
H; to itself,
H=Hi1®H;, Vi:Hi—=H; i=1.2 (11.18)
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It immediately follows that H(f(t)) is block-diagonal,
n H |0
H(f(t) = H® Hy = - (I1.19)
0 | H,
and maps H; to itself for i = 1,2. Thus, the two subspaces H; and H; do not interact.
Let B; be the restriction of the basis B to the subspace H; and P; be the projector onto
the subspace ;. Let N; denote the dimension of ;.

Given an observable A on 7, we define the restricted observables 121,- = P;ﬁ for

i = 1,2. Note that A; is a Hermitian operator on the subspace H;, i.e.,
A;=PBAP,:H, > H; i=1,2 (11.20)
Let A)) denote the eigenvalues of A;, counted with multiplicity and ordered
A0 >0 >zl (11.21)

If pi(to) is the density operator for subsystem i, whose matrix representation with

respect to the basis B; is given by

pi(te) = diag(w, ..., w§) (11.22)
with wgi} > wg) e 2R wf{)l we can apply theorem 1 to obtain bounds for the
expectation value of A;:

Y wf o < (Ai0) < X wdAD. (I1.23)
n=1 n=1

Notice that the total probability for each subspace is less or equal to one, and that

the sum of the subspace probabilities must equal one, i.e.,

N
n=) wP<1l, ptpm=1 (I1.24)

n=1

If the probability for subspace i is one, then the initial ensemble is restricted to this
subspace and since the subspaces do not interact, the ensemble will remain in this subspace

forever, i.e., p; = 1 for all times. In this case, (A(t)) = (A:(1)).
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If both subspaces are initially occupied, i.e., both p; and ps are non-zero, then the

density operator for the entire space H is the direct sum of the subspace density operators

p1(to) and pa(to), i-e.,

’ . y | (k)| O
p(to) = pi(to) ® pa(to) = (I1.25)
0 | pa(to)
Since H maps each subspace to itself, we can conclude
5y 0
58) = () © ) = | 21 (I.26)
0 |p2(t)
for t > ty and thus
(A@) = Tr(Ap())
()0
* A2 0 ﬁg(t)
i Tr( A1 (2) : * )
* Azp2(t)
= Tr (Adip(®) +Tr (Aaa(t)) (I1.28)

Since p;(t) and A; (i = 1,2) are operators on H;, we can apply (11.23). Thus we have

THEOREM 11.2 : Consider a decoupled quantum system as defined above. If py is
given by (11.25), then the expectation value of an observable A is bounded by

< (1) : (2) i - S

Y wAR i+ S wPAR) i S AR) £ Y wPAD + Y w@@,  (11.29)

n=1 n=1 n=1 n=1
where )\E} are the eigenvalues of the subspace observable fii, counted with multiplicity
and ordered in a decreasing sequence. Furthermore, the upper bound is attained att = tp
ifforallk =1,---,m,

span_ [B4) 1 (tr)) = E(a’), (IL.30)
j:l,.,.,d{k}
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where d(k) = dim E(a{") and r(k, ) = d(1)+ - --+d(k—1)+j, and for £ = 1,---,m,

span W0 (tr) = B(af?) (11.31)

J=1,
where d(¢) = dim E(aﬂz)) and r(¢,j7) = d(1) +---+d(€ — 1) + j. Similarly, the lower

bound is realized if for all k = 1,---,m,

“span W0 (tr)) = E(a§)_i41), (IL32)
J=l!"'ld(k)

where d(k) = dim E(ail)) andr(k,j)=d(1)+---+d(k—1)+j,andfor{ =1,---,m,

span 1% (tr)) = E(a$)_s41), (IL.33)

j=1,ed

where d(£f) = dim E(a?) and r(£,j) = d(1) +--- +d(£ — 1) + j.
EXAMPLE 1.2 : Consider a three level quantum system with energy levels E; <
E, < Ej3 and corresponding eigenmodes |n) of the Hamiltonian Hy forn = 1,---,3.

Suppose we start with an initial mixed state

po = X;lwnln)(ﬂl

with wy, > we > ws, and the only possible transitions when the system is driven are

between level one and three, i.e., the interaction operator V has the form
V = [1)(3] + 3)(1].

With respect to the basis B = {|1),|3),|2)}, the matrix representations of the operators

above are
E, 0 0 010 w; 0 O
B=|0o B o], V=|100], &Aw=|0 w 0
0 0 E; 000 0 0 w

It is now quite obvious that the orthogonal subspaces ", and H spanned by {|1),|3)}

and {|2)}, respectively, are invariant under H = Hy + f(1)V.
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Thus, if our observable is A = Hy then the induced restricted observables are

(B o e
Al s 3 A2 = (E2)
0 E3

with respect to our chosen base. Clearly, A, is an observable on H, with
w1 By + w3 B3 < (Ay(t)) < wyE3 + wsEy.
A, is an observable on H, with
wa By < (Ag(t)) < waEs.
Hence, according to theorem 2, we have
w1 By +w3Es + weFy < (zi(t)) < w1 F3 + w3 By + wa Es.

Concretely, if we choose, e.g., E,, = n forn = 1,2,3 and w; = 0.5, wy = 0.3 and
wz = 0.2 then

1.7 < (Ho(t)) < 2.3,
where 1.7 is the global minimum and 2.3 is the global maximum value of the energy for

this system.
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CHAPTER 11l
CONTROLLABILITY OF QUANTUM SYSTEMS

1.1 Dynamical Realizability of Kinematical Bounds

The kinematical bounds derived in the previous chapter provide bounds on the expectation
value of observables for Hamiltonian quantum systems. A priori knowledge of such bounds
is very useful when one tries to control the system such as to maximize the expectation
value of an observable. This is especially true if numerical methods are employed to
determine an optimal control since most numerical algorithms (e.g., [18, 11]) are based on
differential equations that are necessary but not sufficient conditions for a global maximum.
Independent knowledge of the global maximum thus enables one to decide if a numerically
obtained ‘optimal’ control is actually optimal in the sense of steering the system to the
global maximum.

However, there is a problem. While the kinematical bounds cannot be violated dynam-
ically, the question arises whether these kinematical bounds can always be ‘dynamically
realized’. To formulate the question precisely, let us define this expression as follows.

DEFINITION II1.1 : A kinematical bound for an observable is dynamically realizable
if there exists an admissible control-trajectory pair that steers the system from the initial
state p({y) to a final state p(tr), for which the expectation value of the target observable
assumes its kinematical maximum or minimum.

For a Hamiltonian quantum system, equation (1.8) implies that the only admissible

trajectories are

ﬁ(t) —~ Q(tvtﬂ)ﬁOg(LtO)T! (HII)

where fy is the initial state of the system and U(t, o) is the propagator (1.4) satisfying
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the dynamical law
0 ~ -~ M ~ |~
ihé-gU(t,to)= Ho+ Y fu(t)Hn| U, to). (I11.2)
m=1

The set of admissible controls depends on the constraints of the system considered. How-
ever, in general we can assume that an admissible control should be at least a bounded
measurable function.

Equation (l11.2) shows that the problem amounts to deciding whether every unitary
operator ﬂ'(tp,to) can be dynamically generated. Since U(N) is a group, it suffices
to verify that every unitary operator is accessible from the identity. This motivates the

following

DEFINITION 111.2 Controllability: A (Hamiltonian) quantum system is (completely)
controllable if every unitary operator in U(NN) is accessible from the identity operator I
via a path that satisfies the dynamical law (I11.2).

If the system is (completely) controllable then every kinematically attainable target
state can be reached dynamically from a given initial state. In this case, it is obvious that
the kinematical bounds are always dynamically realizable, i.e., the kinematical upper and
lower bounds correspond to the global maximum and minimum of (/i(tp)) respectively,

which can be attained if the system is driven with an optimal control fq(t).

I11.2  Algebraic Condition for Controllability

Consider a Hamiltonian quantum system (l11.2) defined on the N-dimensional Hilbert

space # and G be the unitary group U(N) and L(G) be the Lie algebra u(N).

THEOREM I11.1 : A necessary and sufficient condition for the system to be completely
controllable is that the Lie sub-algebra Ly of L(G) generated by Hy,- - -, Hy has (real)
dimension N2, or equivalently, that the ideal £y of L(G) generated by H,,---, Hy has

real) dimension N? — 1.
(real)
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This result was first formulated and proved for pure-state quantum systems in [19, 20].
The proof uses the results by Jurdjevic and Sussmann on controllability of systems on Lie
groups [21]:

THEOREM II1.2 : Let Xy, -+, X be right-invariant vector fields on a Lie group G

and u,,(t) be bounded measurable control functions. Suppose
dz
d—t(t) Xo(z(t) Z: U (8) X (2(2)) (IIL.3)

for z(t) € G. Let Ly be the sub-algebra of the Lie algebra L(G) generated by the vector
fields { Xy, -+, Xnm} and denote the corresponding connected Lie subgroup by So. If Sp
is compact then there exists a time T' so that the set of states accessible from the identity
1€ Sy, in time T, is all of S.

PROOF (Theorem 1): Setting z(t) = U(t,to) and
Xon((t)) = —% B,.0(t,t), m=0,---,M, (I11.4)

equation (I11.2) becomes

L = Xofalt) + Z fn®) (@), (IIL5)

which defines a control system on the Lie group U(N) of the type studied by Jurdjevic
and Sussmann. Note that the Lie algebra L, generated by Koo, Xy is the same as
the Lie algebra generated by Hy, - - -, Hys.

U(N) is a connected, compact Lie group. Therefore, the Lie subgroup So associated
with the Lie algebra Ly generated by I:I.;},- .+, Hyy is also compact. Hence, it follows from
theorem 2 that every state in S is accessible from 1 for sufficiently large ¢r. All that
remains to be shown is that Sy = U(N).

Since the Lie algebra L(U(N)) consists of all skew-Hermitian matrices u(N), its real

dimension is

2 (Nf n) +N=N({N-1)+N = N?, (I11.6)

n=1
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because there are N(NN — 1)/2 off-diagonal elements, which can be arbitrary complex
numbers, and N diagonal elements, which must be imaginary.

Since L is a sub-algebra of the Lie algebra u(N), its (real) dimension must be
less or equal to N2, and dim Ly = N? implies that Ly = u(n), and consequently that
So = U(N). Therefore,

dimg Ly = N? (I11.7)

is a sufficient condition for controllability. It is also necessary since if dim Ly < dim u(N)
then Sp # U(N). O
Theorem 1 provides an algebraic condition for controllability of a quantum system

that can easily be implemented on a computer and verified numerically.

I11.3  Controllability Calculations

Throughout this section, we shall consider the following N-level systems:

H = Hy+ fil)Vi + fo(t)Vs, (111.8)
H = H+ fQ)V, (I1L.9)
H = H+V+fO)W, (111.10)
H = Hy+Vi+ f@t)Vs, (I11.11)
H = Hy+ f(t)V, (111.12)

where the internal Hamiltonian shall be
y N
Hy =Y Ep|n)(n|, (I11.13)
n=1

and the transition dipole operator shall be of the form

V= Z_;l dn(|n)(n + 1| + |n + 1)(n|). (I11.14)

n=1
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If N is even we define in addition

< N/j2-1 N-1
Vi = Z dp(In){n+ 1| + [n+ 1){n]) + Z dp(In)(n+ 1| + |n + 1)(n]),
n=1 n=N/2+1
(I11.15)
Vo = dnjpa(IN/2)(N/2+ 1|+ |N/2 + 1)(N/2)). (I11.16)
The energy eigenvalues E,, of the system are either the Morse oscillator values
EM =two(n~1)[1-3(n—1%)B], (111.17)
or the harmonic oscillator values
Ef =hwy(n—1), (I11.18)
or simply equally spaced
ES =n. (I11.19)
The transition probabilities are either the Morse / harmonic oscillator values
d¥=ym, n=1,...,N-1, (I11.20)
or all equal
&, =1, n=1,...,N-1, (I11.21)
or almost all equal
d=1, a=1,,..,N-2 dy_1=2. (I11.22)

First, we computed the dimension of the Lie algebra of model system (111.9) for
various different choices of E, and d, for N ranging from two to eight. The results of
these computations, shown in table 1, suggest that the dimension is N? in most cases
except when the energy levels are equally spaced and all the transition probabilities are

equal. In this rather unphysical special case, the dimension drops for N > 2. Notice,



26

however, that it appears to be sufficient to change only one of the transition probabilities
to recover controllability. For N = 4, the decrease of the dimension from 16 (for E, = n
and dy =dy = 1, d3 = 2) to 11 (for E,, = n and d; = d; = d3 = 1) can be explained by

comparing the Lie algebras. In both cases, the Lie algebra is generated by

A=H, B=V,
C = [A, B],
D =[C, B],
E=[D,B]), F=[D,C),
G=|E,B), H=|[EC), I=|[E,D), J=|[FC], K=|[FD]), L=|[FE]

M=[G,B], N=[G,C), O=[G,D], P=[H,D),
(IT1.23)

however, for d; = d, = 1 and d; = 2, these generators are linearly independent while for

dy=dy=ds =1
I=2F, K=-2E, L=J-G, O=-2H, P=—6F+2N, (IIL24)

i.e., we have five linear dependencies, which explains the drop in the dimension from 16
to 11.

Our second aim was to compare the controllability of the different model systems.
(111.9) is the basic Morse oscillator / harmonic oscillator model, in which all the transitions
are equally affected by the control field f(¢). (111.8) is a modification of this system, in
which some of the transitions are assumed to be controlled by a field f,(t), while others
are controlled by another independent field f»(t). In models (111.10) and (111.11) we go one
step further and assume that only some of the transitions can be directly influenced by
the control field f(t), while other transitions are not immediately affected by any control
field. The main difference between (111.10) and (I11.11) is that in (I11.10) all but one of
the transitions are directly affected by the control field, while in (111.11) the situation is

exactly reversed. Finally, in (111.12) we consider a decoupled system consisting of two
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TABLE 1: Dimensions of the Lie algebras for model system (111.9) for various N

g=1Np 1 ="p'ya="9 SRR F|3
[="p'gd="q il B 8 0 < 3 I >
[="'yd="4 == | R a8

1="p 'yl ="4 S1R|18|2|3
uM="pgg ="g S 8R|8|2|3
uph=Yp‘ gy =Yg CIR|IB|I2|3
uph="pl g =g SR8

i) o I~ o0

4

N
N
N
N
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TABLE 2: Dimensions of the Lie algebras for various model systems for N = 4

"3 o | S

+ | %

ead + |+ |

el o P P

+ |+ | +| +]| +

& |4 |4 | 4T | o

11 T T O
N=4 o | o | dm | dg | o
Ey=EM d,=yn 16 |16 |16 |16 | 7
B EM dy=1 16 |16 | 16 |16 | 7
E, =Bl d,=yn 16 |16 | 16 |16 | 7
E.=Ef.d.=h 16 |16 | 16 | 16 | 7
B.=E8 d; =1 11 |11 |11 |11 4
By=El d;=1 11 |11 | 11|11 ]| 4
E.=EFdi=1dy,=2]16]16 |16 16| 7

similar, non-interacting subsystems.

When examining tables 2—4, showing the dimension of the Lie algebra for the various
models and choices of the parameters E,, and d,, discussed above, the first striking ob-
servation is that for fixed choice of the parameters E, and d,,, the dimension of the Lie
algebra appears to be the same for all the model systems except the last one. In particular,
we note that the dimension is almost always N2, even if only some transitions are directly
influenced by a control field, provided that the system does not decouple into completely
non-interacting subsystems. The only noticeable exception occurs again for the special
case of equally spaced energy levels and equal transition probabilities. However, even in
this case, the dimension of the Lie algebra, although less than N2, appears to be same

for systems (111.9) —(111.11).



TABLE 3: Dimensions of the Lie algebras for various model systems for N = 6

S & | e

+ |
&l G ol e
el EE g
4 ]l b+ +
1 O T
N=6 T Il IS ISl R
E,=EM d,= /i 36 | 36 | 36 | 36 | 17
= EM.d, =1 36 | 36 | 36 | 36 | 17
E,=El.d,=+n 36 | 36 | 36 | 36 | 17
E,=EE.d,=+/n 36 |36 |36 | 36 | 17
Ey=F2 d.=1 o2 122 | 82:} 2214
E.=Ef d =1 2| W22} 4
B,=Eld,=1duw.i=2]36|36{36|36|12
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TABLE 4: Dimensions of the Lie algebras for various model systems for N = 8

=
= e
F il e
ol + | |
ol ol G PR
+ |+ +| +] +
AN e g
N=28 a | o | 4z | o e
By =B d.=n 64 | 64 | 64 | 64 | 31
Es=P¥ ds=1 64 | 64 | 64 | 64 | 31
E,=FE2 d.=+/n 64 | 64 | 64 | 64 | 31
By =F2 d,=\/n 64 | 64 | 64 | 64 | 31
By=FE¥.d, =1 97 |ar (37 | 8Tl
BE,=EBS d, = a7 |ar|srjsr|n
E,=EE d,=1,dy.,=2| 64 | 64 | 64|64 | 26

30
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Examining the dimensions of the Lie algebra for the decoupled system for N = 4,
N = 6 and N = 8, furthermore suggests that the dimension is N?/2 — 1 except when the
energy levels are equally spaced and all the transition probabilities are equal. This is con-
sistent with our expectations since the system considered consists of two non-interacting
subsystems. Hence, the dimension of the ideal ¢, generated by the two subsystems should
be the sum of the dimensions of the ideals generated by each of the subsystems. If both
subsystems have dimension N/2 and are controllable, it thus follows that the dimension
of the ideal £, of the total system is 2[(N/2)? — 1] = N?/2 — 2. Hence the dimension of
the Lie algebra generated by Hy and V; should be N2/2 — 1.
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CHAPTER IV
CONSTRUCTING OPTIMAL CONTROLS

IV.1 Euler-Lagrange Equations

Once controllability and kinematical bounds are established, the main question is how
the external control should be chosen to manipulate the dynamics of the system in the
way desired. We shall assume that the goal of optimization is maximization of a target

functional W (f, p,, A,) (see Eq. 1.29) at a certain target time t.

THEOREM IV.1 : A necessary condition for the target functional W ( fq, Pu, Ay) to
have a maximum is that the variation of W under independent variations of A,, p, and

fm is zero. This leads to the Euler-Lagrange equations

Mnfnlt) = —i((AuOemlra®)) (v.1)
mmwm=[a+zaw%—mhwm (1v.2)
DA (E)) = [z:o + f} fm(t)£m+z'hl‘*] 14,(5))), (IV.3)

where 8, = 2., with mixed boundary conditions

o(t))) = lpo)),  |Au(tr))) = |A)). (IV.4)

PROOF : Considering the definitions of W, Wy, W, and W3 [see equations (1.29)-

(1.32)] it is immediately obvious that $3- = §%2 and that %ﬁ_’f = W Toads i5
[0+ i Lot F,1)] Ipo(2))) = 0. (IV.5)

Recalling the definition of L, [see equation (1.23)], this establishes equation (IV.2).
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In order to compute % W e first re-write W» using integration by parts and the fact

that the Liouville inner product satisfies the identity ((A4|B)) = ((B|A4))*:

W= [ UADI00-+ §LuF, Dlou(e)) dt
= (AR ~ [ OADIA@) de+ [ (ALl o O) d
= (Al ~ [ Up@0AN) dt+ [ (oI LanlF DN IO e
= ((Alpu(er))) ~ (Al = [ oul0)100+ 3kl DIALO))"

The first term in this expression for W, cancels out W;. Hence, W becomes

M ¢
W = (Au(e)loo)) + [ (oulo)loc+3 anc(f,t)IAu(t)))*dHX_:l% [ e @v.6)

Thus, §¥ = 0 leads to

[0+ L1 (£, )] 14u(8))) = O, (IV.7)

which establishes equation (IV.3).

Finally, inserting the definition of Ly, i.e.,

M
LilFit) = Lo+ Y Fm()Lm — AT (IV.8)

m=1

into equation (1.31), we obtain

tp . i M
Wa= [ (A0 + £Lo+ Tl + 7 3 Sm@O(ABILnlou()) di - (IV-9)

Thus,

T = Al ) (1v.10)
Together with

% i %Vf 2 %"fm(t), (IV.11)
$~ = 0 leads to

Amfm(t) £ _i(<‘4v(t)lf'm|pu(t))> (IVIQ)
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for m = 1,---, M, which establishes equation (IV.1). O

IV.2 Entangled Feedback Algorithm

Several optimization techniques including the conjugate gradient method [22, 23], the
Krotov method [24] and non-linear eigensystem methods [25, 10] have been developed
to solve the problem of finding an optimal control using the Euler-Lagrange equations.
However, the realizability and efficiency of these methods leave much to be desired.

Major progress was made when Zhu and Rabitz presented an efficient, rapidly mono-
tonically convergent entangled feedback method for quantum optimal control of the ex-
pectation value of a positive definite operator in [11]. This algorithm has since been
generalized to mixed-state quantum systems [18] and dissipative quantum systems [26].
In the following we shall present a further generalization of this algorithm for mixed-state
quantum systems subject to dissipation and multiple independent controls.

The core of the entangled feedback algorithm are the two coupled differential equa-

tions

ihdlp, (1)) = [ﬁo-2"“A"“)'fm""p"“)”cm—mr] b)) (IV.13)

m=1

inaA,(0) = [co— f:"“A"“”‘:m'””(“”cm+mrf] 4,(6)) (IV.14)

m=1 )\m

with mixed boundary conditions

pu(t0))) = lpo}),  |Au(tF))) = |A)), (IV.15)

which are derived from the Euler-Lagrange equations by substituting

fnl) = =3 (AOILnlpa®),

i.e., equation (IV.1) into equations (IV.2) and (IV.3).
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As with any iterative method, the entangled feedback algorithm described here re-
quires an independently derived initial control f_m}(t) to start the iteration. In many cases,
however, it appears to be sufficient to choose random noise or set the initial control to

zero. Once the initial control is chosen, we determine an initial [p{”)(t))) by solving

IO =1 2o+ 3 19 @Ln — 00| 1AOO) (V10
m=1

with initial condition |p{)(5))) = |p0)). Then we define

FER(E) = 3= (AP Ol R O) (Iv.17)
LR = Lo 4 Z f aligads o (IV.18)

for n > 1, and iteratively solve the differential equations

ha AP (1)) = [V +4hTt] |4 (1)) (1V.19)
iha|pP @) = [£™ —nl] oM (1)) (IV.20)

with the boundary conditions

|AM () = 14)), 165 (t0))) = lo))- (Iv.21)

Notice the importance of the order in which the equations are solved. In each iteration step
we first solve the differential equation for |A,(¢))) using the solution for |p,(t))) derived

in the previous step. Then we use this information to solve the differential equation for

o (1)))-

IV.3  Convergence Behaviour of the Control Algorithm

We shall show that in absence of dissipation the algorithm always converges quadratically
and monotonically. If dissipation is present, additional assumptions are necessary for

convergence:
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1. u/-ig"‘)(i)“2 and i,ﬁéj"}(t)ﬂ2 must be uniformly bounded for all n and ¢y <t < tp, and
2. the propagator U(t,t;) must be invertable for o <t < tp.

If the latter condition fails then the Euler-Lagrange equations (IV.1-1V.3) with two-point
boundary conditions (IV.4) can not be solved since equation (IV.3) must be integrated
backwards in time to find |A,(t))). If the propagator is invertible but either ﬂAg") (t)ﬂ2 or
ﬂpg"}(t) “2 is not uniformly bounded for all n and ¢y < t < tp, then the algorithm is still
useful but we can not guarantee quadradic and monotonic convergence.

In the first part of the proof, we establish that
M )‘m tp
SWm+HLm) — pynt) _ ) = $° = / (V@) + [P ()2 dt. (IV.22)
m=1 to

This result is true for both Hamiltonian and dissipative systems, provided that the prop-
agator U(t, tg) is invertible for tg < t < tp.

The second part will be show that W) is a uniformly bounded sequence, which will
depend on the requirement that EAL") (t)ﬂ and Hp&“) (t)" be uniformly bounded for all n
and ty < t < tp. This condition is always satisfied for Hamiltonian systems, i.e., when

I" = 0, since in this case the time evolution operator um (t,to) is unitary, i.e.,

[AP O = (AP OIAD©)) = (AU (tr, DU (1, tr) A)) = (Al4)) = |AL3,

(IV.23)
[P @] = (@162 @) = (potd™ (te, DU (¢, tr)oo)) = ((poloo)) = lool -
(IV.24)

In general, I‘,c-,(,")(it)ﬂ2 < |pol, for all n and ty < t < tr even in the dissipative case, i.e.,
uniform boundedness of N E,“}(t)ﬂ is usually satisfied. The norm of A{™(t), however, tends

Ag“)(t)L > |Al, for t < tp.

to increase as we integrate A(™(t) backwards in time, i.e., |

Hence, it is not obvious that iAg"‘}(t)“2 will be uniformly bounded in the dissipative case.
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To establish (IV.22), we observe that the objective functional after the nth iteration
step is
(m) _ o~ Am [t
W =W W = (AN - Y S8 [Tevera (V2s)
m=1 to
since W = Wy(f1m9, p™ A™) = 0 according to equations (1.31) and (IV.20). Fur-

thermore, we use the following lemmas.

LEMMA IV.1 : IfU(t, to) satisfies ihOU(t, to) = Liolh(t, o) then

Ip(O)) = ~ (e t0) [UNE to)l(E))) d (1V.26)

is a solution of ih8,|p(t))) = Liat|p(t))) + |0 (t))) (provided that U(t, to) is invertible for
tr<t< tp).

PROOF : Differentiating |p(t))) using

o [ Uttt ) df = (1, t0) ()

leads to

olot) = [-5Luddltsto)] [ UTE o)l (E) = U WU )l (O)
= —§Lulo(t)) - ile(t)

O
LEMMA V.2 : |65 (1)) = [p5HD(8))) — |o§™ (2))) is formally given by
_%u(““’l)(t,to) /U("+l (', to) lmil Ll (£ 4 5fitm M) (X)) dt'.
(IV.27)
where
U (¢ 1) = exp, [ ] LD () dr] : (IV.28)

PROOF :

oA (O = [ o — im0+ > 0O A0 (V29)

m=1
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leads to

ihdopM (1)) = [Lo— mr] |Jp(“})

Lo [£O @) 0(0))) — FEHO )]0 (1)) -
(IV.30)

Inserting
(IV.31)

TRy~ el iy
= (f0) 4 sfintlm) 4 5rn)y () 4§ Py — £0)| pln)yy
= (BF5 + 81D o) + (S50 + 615 + 6180)\5p))

= (BF5) + 81 ) + (£ + 51 6p7))

= ST oMYy 4 § £ )| plr DY) o plntlm) 5y (IV.32)

and collecting like terms, equation (IV.30) becomes
M
)+ 3 Lal(BFS0pPHD + 515 1))

hd|6pM (1)) = L V16pM (2)) G
m=1
(IV.33)

According to the previous lemma, the formal solution of this differential equation is (IV.27)

)
To complete part 1 of the proof, we need to simplify the expression

22 [T or - 17eop ai

SWOHLR) — e+ _ ) — (0 416 (2)))
(IV.34)

i.e., in particular we need to re-write the first term

(AR e = ~5 [ 1A e, o)1 1, 1)
i 6f(n+1) n+1) & 6f(n.+l n)p{nj)(t)))

tr M
= —; ./:o(<A'En+l)(t)| Z £m|(5f£:+l)p£n+l} +5f{,,+ln}p(n))( )

=2 % [

m=1

AT ()L (2))) dt
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+ (B e) (AT O 1) d

e / 6f(n+1}( )f{n+l 0}( ) N 6f[ﬂ+l n) (t)f(n+1 1)(t) dt
1

m=

- / [f(n+1 ,0) t)]2 L f,(,:1+1'1)(t)f,(,,:‘+1'0}(t)
D@ — 8O0 fEHD() dt. (IV.35)

Substituting equation (1V.35) into (IV.34) yields
6w(n+l,n) o f: i\_"ﬂ [tff(nﬂm(t)]z _ 2f(n+l’l}(t)f("+1’0)(t) ¥4 [f("+1‘1}(t)]2
m=1 2ﬁ' to A o =

HEGHD@P - 25O @) + VP dt
= 3 G [lsewr e, (IV.36)

which completes part 1 of the proof.

LEMMA IV.3 :

Alm) (t)|2 and !pﬁ,“} (t)H2 are uniformly bounded then W™ is uni-
formly bounded.

PROOF : Applying Cauchy-Schwarz’s inequality

[(Al®ONE < 4B [oP 0] < 148,

fn®F = |- (AP O 0
< ol e ol,
< 5 Pl 12l [P0l
< 5|40l 12 (1v.37)
where |-| is the usual operator norm. Thus,
W] < (W) + Wi < AL, + Z | O, - 121 (IV.38)

for all n, and since | ﬁ and Hp(")(t H2 are uniformly bounded by assumption, the

claim follows. O
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To complete the proof of the convergence theorem, notice that equation (1V.36)

implies that the total variation from n = 0 to ng is

np—1
swre0) — e _ WO = Z SW(ntin)
n=0
ngp—1 M A
= Z Z o (n+1)(t)]2+[5f("+1 n)(t)]z dt (IV.SQ)
n=0 m=1

Since W™ is uniformly bounded, W®r) — W is also uniformly bounded for all np and

thus the sequence {§W(™#0) : np € Ny} is uniformly bounded.
t
[T6seOF + B @F de > 0 (IV.40)
to

for any n implies furthermore that W% is an increasing sequence. Hence,

lim 6W(nF0 exists and is finite and
np—+oo

lim 32 [ OF + B OOPd =0, m=L M. (V4D

n—co 2h

IV.4 Numerical Implementation

The differential equations arising from this feedback algorithm must be solved numerically.
While there are many methods of integrating differential equations numerically, we employ
a symmetric split operator method [27, 11]. The main advantage of this method is that
it preserves the norm of the operators if the system is Hamiltonian.

We divide the time interval [to, ] in subintervals [t;,¢;41] of a fixed length At =
tjt1 — t; with tp = t;. On each subinterval [t;,1;41] we approximate f(™*)(t) by the

constant f(™*)(7;) where

75 =t + At)2 = tj — Atf2. (Iv.42)
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With this approximation the propagator can be written as

. M
UPR)(t541,8;) = exp l—iét (130 + Y foM N ) om — ‘iﬁr)] : (IV.43)

h m=1
Unfortunately, this expression is numerically very inefficient since it would require evalua-

tion of a matrix exponential for each time 7;. However, we can use
e—ia{A+B] s, e—i[a{?)Ae—iaBe—i(a/mA 4 0(03) (IV.44)

to obtain an approximation to (IV.43) that is accurate up to terms of order At?. Setting

uD = exp (—%P) (IV45)
1 At
Uy = exp (‘5'2"50) (IV.46)
At
UMM () = exp (—%E"fr(r:"k)(’fj)ﬁl) (IV.47)

and applying this formula repeatedly leads to

UR tj10,t5) = UpUold{™ (U™ (75) - Ui (75)

Uy (13) - U™ (U™ (o (IV48)

Notice that if there is more than one control, the choice of the order of the terms in
(IV.48) is not fixed but rather depends on the order of the controls. This problem could
be corrected by averaging over all the possible permutations of the order of the controls
but in practice this appears to be too computationally expensive.

(IV.48) is numerically favourable since the matrix exponentials Uy and Up need to be

computed only once and U, and b{(""‘}('r-) can be efficiently computed using
U = Z |a)) exp (~—a) ((al (IV.49)

) = 3 b (B ) (VS

where |a)) and |b,,)) are the eigenkets of Ly and L,,, respectively; a and b, are the

corresponding (real) eigenvalues. (IV.50) reduces the evaluation of U{"*)(7;) essentially
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to computing a few complex exponentials in each step and summing up the terms. Note

that the eigenvalue decomposition of L,, has to be computed only once.

In order to compute f,,(7;), we note that

It £ AD) = fuld) + Atﬂ’;—p + O(|At]?)

and hence we have the first order approximation

A
f50r) = f,E?’”’(t.-,-)+5;%<<A5“)(tj)llﬁo,t:m]pi“}(tj)))
) = S0~ o

m

(A (5)1[Lo, L]l (27)))-

(IV.51)

(IV.52)

(IV.53)
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CHAPTER V
ILLUSTRATIVE COMPUTATIONS

V.1 Energy maximization for a four-level Morse oscillator model of a diatomic molecule

We first consider a four-level system (Morse oscillator model for a diatomic molecule)

with internal Hamiltonian

= 4
Hy = Y E,ln)(n| (V.1)
n=1
[ 0.494762 0 0 5
. 0 145286 0 0
0 0 236906 0
0 0 0 324336 |

and interaction Hamiltonian

Hy = f(t) ) du(In)}{n+ 1]+ |n+ 1)(n]) (V.2)

n=1
0 1.0 0 0

_ B, S 6 A
= f(¥) )
0 141491 06 173908

| 0 0 1.73205 0

where f(t) is the external control field, which is to be determined. We neglect dissipation,

i.e., I' = 0. We verified that this system is completely controllable.

The target observable is the energy of the system,
A = H,. (V.3)

and the aim is to maximize the expectation value of A at the target time ¢tz = 200 fs,
starting at £, = 0, subject to the constraints that the evolution of the system satisfy the

quantum Liouville equation and that the pulse fluence be as small as possible.
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We consider two initial states of the system. In the first case, which we shall refer to

as the pure-state case, the system is initially in the ground state, i.e.,

po = [ (V4)
1000

. [0000
0000
0000

and the kinematical bounds for the expectation value of the observable according to

theorem |1.1 are

0.494762 < (A(t)) < 3.24336. (V.5)

These bounds are dynamically attainable since the system is completely controllable.

Therefore, the relative yield is

yield = :
3.24336

In the second case, which we shall refer to as the mixed-state case, the system is

initially in thermal equilibrium, i.e.,

4
po = Y waln)(n| (V.7)
n=1
: wy; 0 0 O /
0 0 w3 0
| 0 0 0 Wy i
with weights
wp = Cex (— Ex ) (V.8)
i N B .

This is a Boltzmann distribution with k7" = E,; — E; and normalization constant

O = (e—EllkT e BfkT | o~ Ba/RT (e_"““*”‘r‘")_l (V.9)
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Concretely, w; = 0.3850, wy, = 0.2758, w3 = 0.1976 and wy = 0.1416 and the kine-
matical bounds for the expectation value of the observable according to theorem 1.1

are

1.518570 < (A(t)) < 2.259226. (V.10)

Again these bounds are dynamically attainable. Hence, the relative yield is

(A(tr))
2.259226 A

yield =

We performed various control computations for both the mixed-state and the pure-
state case. The results of some of these computations are presented in figures 2-11. The
first graph in the top left corner of each figure represents the final optimal pulse, i.e., the
output of the algorithm, after the number of iterations specified. Its Fourier components
are shown in the adjoining graph (top right). The evolution of the energy level populations
(middle left) and the ensemble average of the target observable (middle right) that result
from driving the system with this control field, are displayed below. Notice the inversion
of the energy level populations in all the mixed-state computations, which is predicted
by theorem 1, and the almost monotonic increase of the expectation value of the target
observable. The bottom left graph depicts the relative yield as a function of the number
of iterations. The input field is plotted in the last graph (bottom right).

In all these figures, the striking dissimilarity of the initial field (bottom right) and the
final optimal pulse (top left) is immediately obvious. A glance at the yield plotted as a
function of the number of iterations also demonstrates the rapid, quadratic convergence
of the algorithm. The yield usually increases tremendously during the first iteration step
and then quickly approaches a limiting value close to one. The rapid convergence of
the algorithm is even more impressive when one watches the actual transformation of
the input field into the optimal control as the algorithm progresses. Several movies
showing the transformation of the input field into the final optimal pulse, as well as

the corresponding transformation of the evolution of the energy level populations and
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the ensemble average of the target observable, are available online (in mpeg format) at
http://hopf .uoregon.edu/~schirmer/Research/Research.html

In order to determine the dependence of the outcome of a numerical optimization
computation on the input field f(°, we carried out computations for various input fields
while keeping the parameters A\ and J fixed. We observed that the final optimal control
field obtained, changes with the magnitude of the input field, i.e., if(”)I, but does not
appear to be affected noticeably by small perturbations in the input field. Specifically, we
tested the program using ‘random noise’ as input. In general, we noticed no significant
differences in the final pulse shape when performing computations with different random
initial functions as long as If(o)! remained essentially the same. Changing the norm of the
initial field, however, can affect the result of the computation, as a comparison of figures 2
and 3 shows. The only difference between these computations is that in one case the norm
of the initial field is about five times larger than in the other. The resulting final pulse
shapes are quite dissimilar, yet, the final yield does not change significantly (94.97% vs
96.39%), which also demonstrates the non-uniqueness of solutions to the optimal control
problem.

The choice of the number of subintervals J in the numerical implementation of the
algorithm is another important issue since the value of J determines the time-resolution
of the field and restricts the Fourier components of the pulse. Increasing the value of
J improves the time resolution of the pulse and tends to increase the yield. However,
choosing a larger J also increases the computational burden considerably, while the yield
improvement may be rather small, as a comparison of figures 7 and 8 shows. Doubling
the value of J improves the yield only marginally from 97.82% for J = 400 to 98.21% for
J = 800 after 20 iterations.

We also performed computations for different values of the control parameter A and

fixed values of J and the initial field f(©). Figure 1 shows the dependence of the yield
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FIGURE 1: Final yield as a function of A
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for a mixed-state computation after (at most) 20 iterations as a function of A. The
computations were carried out for J = 400 and random noise of magnitude 0.05 (arb.
units) as input field. There appears to be a maximum of ca. 97.82% for A = 3. When A
is too small, the magnitude of the control field, which is proportional to i according to
equation (IV.1), becomes too large and the pulse too short, which negatively affects the
yield. When ) is too large, the control field does not appear to be strong enough to drive
the system, which also seems to lead to a decrease of the final yield.

Moreover, when the magnitude of the field becomes too large, the approximations
made to solve the Euler-Lagrange equations numerically break down, resulting in poor
performance of the program. An example of such behaviour is shown in figure 5. Notice
that the yield increases significantly in the first step and then drops again, which causes the
program to terminate immediately. In some cases, it is still possible to obtain convergence
by increasing the parameter J, however, in general it appears to be better to adjust the

control parameter A.
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FIGURE 2: Energy maximization for a four-level Morse oscillator initially in the ground
state with control parameters J = 400, A =4
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FIGURE 3: Energy maximization for a four-level Morse oscillator initially in the ground

state with control parameters J = 400, A =4
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FIGURE 4: Energy maximization for a four-level Morse oscillator initially in the ground

state with control parameters J = 400, A = 2
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FIGURE 5: Energy maximization for a four-level Morse oscillator initially in the ground
state with control parameters J = 400, A =1
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FIGURE 6: Energy maximization for a four-level Morse oscillator initially in the ground

state with control parameters J =400, A =8
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FIGURE 7: Energy maximization for a four-level Morse oscillator initially in thermal equi-
librium with control parameters J = 800, A = 4

After 20 iterations Fourier components of control function 1
0.06 . 0.02 - .
0.04} a0
_— Hl:
£ o
5 002 il
E -0.01 -
- o 200 400 600 800
2 x10~° n
&£ 5
£ 002}
é 0 L r‘
=
o
-0.041 S}
~-0.06 v ' =10 1 h *
0 50 100 150 200 0 200 400 600 800
Time (fs) n
After 20 iterations After 20 iterations (yield=98.21 percent)
0.4 - . . 23 k4 T L
—— Population 1
0ast —— Population 2 ,-’: 22
: —— Population 3 | /
-~ Population 4 z 21
0.3} € — energy
2 k . 2} —— kin. upper bound 2.26
o ﬁ — kin. lower bound 1.52
=
-] 0.25 32 1
[=]
o § g
0.2
0.15}
0.1 . & 15 3 % '
] 50 100 150 200 0 50 100 150 200
Time (fs) Time (fs)

Yield

0.75

Initial Control Field 1 (arb. units)

0 5 10 15 20
Number of iterations




54

FIGURE 8: Energy maximization for a four-level Morse oscillator initially in thermal equi-
librium with control parameters J = 400, A = 4
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FIGURE 9: Energy maximization for a four-level Morse oscillator initially in thermal equi-
librium with control parameters J = 400, A = 2
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FIGURE 10: Energy maximization for a four-level Morse oscillator initially in thermal
equilibrium with control parameters J = 400, A =1
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FIGURE 11: Energy maximization for a four-level Morse oscillator initially in thermal
equilibrium with control parameters J = 400, A =8
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V.2  Energy maximization for ‘decoupled’ Systems

Consider a system whose internal Hamiltonian is given by (V.1). Let the observable be
the energy of the system (V.3) and assume the system is initially in thermal equilibrium

(V.7). We shall study two cases of interactions.

Case A:
” 3
Hy = f(t)Y dn(In){n+1]|+|n+1)(n|) (V.12)
=l
[ 818" © -]
1.0 0 0 0
= f(t)
0 0 0 1.73205
| 0 0 1.73205 0 |
Case B:
Hy = f(t) (J1)(4] + [4)(1] + [2)(3] + [3)(2]) (V.13)
0001
i 89710
= 10 0100/
1 0 00

where f(t) is the external control field, which is to be determined. Both of these systems
are only partially controllable, as can easily be verified.

In case A, the expectation value of the observable is bounded by
1.5186 < (A(t)) < 1.6722. (V.14)

according to theorem 11.2. These bounds are dynamically attainable since each of the

subsystems is completely controllable. Hence the relative yield is
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In case B, the expectation value of the observable is bounded by
1.518570 < (A(t)) < 2.259226, (V.16)

according to theorem 11.2. Notice that these bounds are exactly the same as the kinemat-
ical bounds for the Morse oscillator model. Although the whole system is not completely
controllable, the bounds are also dynamically realizable since both subsystems are con-

trollable. Hence, the relative yield is

yield = %;—)2)—6 (V.17)

Figure 12 shows the result of a control computation for case A with J = 400 and
A = 4. Figure 13 shows the result of a control computation for case B with J = 400
and A = 4. In both cases, the final yield is close to 100% although the system is not
completely controllable. Furthermore, observe the simultaneous inversion of populations
one/two and three/four in figure 12, as well as the simultaneous inversion of populations

one/four and two/three in figure 13, exactly as predicted by theorem 2.
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FIGURE 12: Energy maximization for a decoupled four-level system (Case A) initially in
thermal equilibrium with control parameters J = 400, A =4
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FIGURE 13: Energy maximization for a decoupled four-level system (case B) initially in
thermal equilibrium with control parameters J = 400, A =4
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V.3 Maximization of the top level population for a three-level system

We consider a three-level system initially in state

1 00
po=1){1l=[0 0 0 (V.18)
0 00
with internal Hamiltonian
X 3
o = Y Ealn)(n] (V.19)
n=1
05 0 0
= 0 15 0
0 0 24
and interaction Hamiltonian
>
Hy = f(t) ) da(ln){n+1]+ |n+1)(n|) (V.20)
n=1
s S
= f@®l10 1},
o TR0 W 0

where f(t) is the external control field, which is to be determined. The observable is the

population of level three,

A= 3)(3| = (V.21)

o o O
o QD
-0 O

which is to be maximized at tp = 400 fs.
We performed computations with and without dissipation. In the dissipative case the

dephasing operator is
0 0.01 0.01
¥=10 0 o001 (V.22)
AN 0
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and the population relaxation operator is

0 0.005 0
=10 0 0.005 |- (V.23)
0 0 0

The dissipative terms give rise to the Liouville space dissipation operator

(000 0O —00050 0 0 0 |
000 0 0 0 0 0 0
000 O 0o 0 0 0 0
00000 O 0 0 O 0
'=({o000 0 0005 0 0 O —0.005 (V.24)
000 0 0o 0 0 0 0
000 0 0 0 001 0 0
000 O 0 0 0 001 O
(000 © 0 0 0 0 0005 |

Figures 14, 15, 16 and 17 show the results of computations performed for the non-
dissipative case with J = 400, A € {4,8,10,12} and a sinusoidal initial field. For
comparison, 19 and 20 show the results of computations for the same case with J = 400
and A € {4,8} but random noise as initial field. We also performed computations with
J = 4000 and X = 30, presented in figures 18.

Finally, figures 21 and 22 show the results of computations for the dissipative case
with J = 800 and )\ = 10. Figure 23 shows the results for J = 4000 and A = 30. The
final yield for these three computations varies considerably. Since the kinematical bounds
are generally not dynamically realizable for dissipative systems, this is to be expected.
Dynamically-realizable bounds on the expectation value of the observable for dissipative

systems would be desirable.
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FIGURE 14: Maximization of the top-level population for a three-level system initially in
the ground state with control parameters J = 400, A =4
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FIGURE 15: Maximization of the top-level population for a three-level system initially in
the ground state with control parameters J = 400, A = 8
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FIGURE 16: Maximization of the top-level population for a three-level system initially in
the ground state with control parameters J = 400, A = 10
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FIGURE 17: Maximization of the top-level population for a three-level system initially in
the ground state with control parameters J = 400, A = 12
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FIGURE 18: Maximization of the top-level population for a three-level system initially in
the ground state with control parameters J = 4000, A = 30
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FIGURE 19: Maximization of the top-level population for a three-level system initially in
the ground state with control parameters J = 400, A =4
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FIGURE 20: Maximization of the top-level population for a three-level system initially in
the ground state with control parameters J = 400, A = 8
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FIGURE 21: Maximization of the top-level population for a dissipative three-level system
initially in the ground state with control parameters J = 800, A = 10
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FIGURE 22: Maximization of the top-level population for a dissipative three-level system
initially in the ground state with control parameters J = 800, A = 10
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FIGURE 23: Maximization of the top-level population for a dissipative three-level system
initially in the ground state with control parameters J = 4000, A = 30
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CHAPTER VI

CONCLUSION
In this dissertation we have addressed many issues pertinent to the theory of control of
quantum processes. Yet, there are many open questions that remain to be investigated.

We used the kinematical constraints on the dynamical evolution of Hamiltonian sys-
tems to derive universal bounds on the expectation value of observables for non-dissipative
quantum systems and showed that these bounds are dynamically realizable if the system
is completely controllable. However, very little is known about dynamically attainable
bounds on the expectation value of observables for dissipative systems, or even for Hamil-
tonian systems that fail to be completely controllable. Answering these questions requires
understanding of the structure of the Lie algebra and the accessible sets, as well as how
dissipation affects the dynamics of the system studied.

Another relevant issue is the mathematical structure of the controls. We simply
assumed that the controls are bounded measurable functions. However, this is only a
bare-minimum requirement. In general, there will be physical or experimental constraints
on the control that not only restrict the norm of the control but also the pulse shape
and the frequency components. Our limited numerical experiments suggest that small
perturbations of the control function usually do not lead to drastic changes in the evolution
of the system or the expectation value of the observable at the target time. However, the
sensitivity of the yield to modifications of the control function is an important practical
issue that warrants further study.

Related to this problem, is the question of how restrictions on the structure of controls
affect the controllability of the system, or the time required to achieve the aim of control,
or perhaps, to which extent the aim of control can be achieved in a given, fixed amount
of time.

Last but not least, all our computations and studies are based on simple models
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of actual physical systems of interest. The very uncertainty about the applicability and
accuracy of these models presents a formidable challenge. The solution to problems like
this lies most likely in the development of learning algorithms that do not require precise
knowledge about the model system. Significant work has been done in this area (e.g., [28]
and references therein) but many questions remain. Ultimately, perhaps, a combination
of learning algorithms, control theory and experimental feedback might provide us with

the feedback required to improve our models of the systems we wish to control.
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APPENDIX A
INTERACTIVE QUANTUM CONTROL MATLAB MAIN PROGRAM

function IQC;
% ICT -- an interactive quantum control program -- determines kinematical bounds
% on the observable, checks controllability and computes optimal controls.

Init;
% IQC main menu
while 1,
s=menu(’’ ,MITEM);
switch s,
case 1, % InputSystemData;
[sysName,H,M,rho0,A,obs,t0,tF,gd,g,KB1,KB2] =InputSystemData(H,M,rho0,A, ...
obs,t0,tF,gd,g,KB1,KB2) ;
case 2, % LoadSystemData;
[sysName,H,M,rho0,A,0bs,t0,tF,gd,g,KB1,KB2, f0] =LoadSystemData (H,M,rho0, . ..
A,obs,t0,tF,gd,g,KB1,KB2) ;
case 3, % DisplaySystemData;
if isempty(H{1}) | isempty(A),
msgbox(’Insufficient input -- load or enter system data first?’);
else
DisplaySystemData(sysName,H,M,rho0,A,obs,t0,tF,gd,g,KB1,KB2,rn, ...
controllable);

end;
case 4, Y Modify control parameters
[1ambda,J,fO,delta,Nmax,debug]=Hodifthr1Param(lambda,J,fO,delta,Nmax,debug);
case 5, % Determine kinematical bounds

if “isempty(A) | “isempty(rho0),
if “isempty(KB1) | ~isempty(KB2),
buttonName=questdlg(’Bounds already defined. Do you really want to .
proceed and overwrite the existing bounds?’,’’,
’Yes’,’No’,’No?);
switch buttonName,
case ’Yes’, Y Determine kinematical bounds
(KB1,KB2]=KinBounds (A,rho0,length(H{1}));
case ’No’,
msgbox (’Bounds not overwritten’);

end;
else
[KB1,KB2]=KinBounds(A,rho0,length(H{1}));
end;
else
msgbox (’Insufficient input -- load or enter system data first’);
end;

case 6, % Check controllability
if isempty(H{1}),
msgbox(’Insufficient input -- load or enter system data first’);
else
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M=length(H)-1;
N=length(H{1});
[rn,W]=dimLie(H,M,N);
controllable=(rn==N*N) ;

end;

case 7, % Optimal control, etc.

M=length(H)-1;

N=length(H{1});

figYield=5;

figFourier=6;

if isempty(£0) | (length(£0) =2%J+1),
fO0=(rand(M,2*J+1)-0.5)*0.1

end;
if isempty(A)|isempty(rho0)|isempty(H{1}) |isempty (H{2}) |isempty(lambda)
msgbox (’Insufficient input -- load or enter system data and control ...
parameters first’);
else

% If Liouville operator not yet defined, compute it now.
if “(exist(’L?,’var?)),
L=cell(1,M+1);
for m=1:M+1,
L{m}=1liouv(H{m}) ;
end;
end;
if isempty(KB2),
[XB1,KB2]=KinBounds(A,rho0,length(H{1}));
end;
% convert A matrix to Liouville vector if necessary
A=reshape(A,N*N,1);
% convert rho0 matrix to Liouville vector if necessary
rho0O=reshape (rho0,N*N,1);
% Numerically construct control and determine the populations and
% evolution of the observable
if “isempty(gd),
Gamma=dissipation(g,gd,N);
[f,yield,Mf,Mp,Mo]=ZRcontrolD(f0,rho0,A,obs,L,Gamma,lambda,KB1,KB2,. ..
t0,tF,J,delta,Nmax,debug,P0S,PAPERPOS) ;
else
[f,yield,Mf,Mp,Mo]=ZRcontrol (£f0,rho0,A,obs,L,lambda,KB1,KB2,t0,tF, ...
J,delta,Nmax,debug,P0S,PAPERPOS) ;

end;
yieldplot(yield,figYield,sprintf(’}s, lambda=/i’,sysName,lambda),P0S,...
PAPERPOS) ;
[a,b,ft]=fouriercomp(f,figFourier,P0S,PAPERPOS) ;
end;
case 8,

M=length(H)-1;

N=length(H{1});

if isempty(£0) | (length(f£0) "=2%J+1),
f0=(rand(M,2+%J+1)-0.5)*0.1

end;



if isempty(A) |isempty(rho0) |isempty(H{1}) | isempty(H{2}) |isempty(lambda)
msgbox (’Insufficient input -- load or enter system data and control ...
parameters first’);
else
if “(exist(’L’,’var’)),
% If Liouville operator not yet defined, compute it now.
L=cell(1,M+1);
for m=1:M+1,
L{m}=1liouv(H{m});
end;
end;
if isempty(KB2),
[KB1,KB2]=KinBounds (A,rho0,length(H{1}));
end;
% convert A matrix to Liouville vector if necessary
A=reshape(A,NxN,1);
rhoO=reshape (rho0,N*N,1);
% convert rhoQ matrix to Liouville vector if necessary
if “isempty(gd),
Gamma=dissipation(g,gd,N);
else
Gamma=zeros (size(L{1}));
end;
LambdaRange (£0,rho0,A,obs,L,Gamma, lambda,KB1,KB2,t0,tF,J,delta,Nmax) ;
end;
case 9, PlayMovie;
case 10, VisualLambdaRange(POS,PAPERPOS);
case 11, % save data, movies and figures
if exist(’f’,’var’)==0 | isempty(H{1}) | isempty(lambda)
msgbox(’no data to save’);
else ¥, check controllability, compute kinematical bounds if necessary
% and save data
if isempty(controllable),
[rn,W]l=dimLie(H,M,N);
controllable=(rn==N*N);
end;
if isempty(KB2) | isempty(KB1),
[KB1,KB2]=KinBounds (A,rho0,length(H{1}));

end;
SaveData(J,lambda,f0,KB1,KB2,controllable,rn,f,yield,ft,a,b,Mf,Mp,Mo,P0S);
end;
case 12,
sprintf (’Please type return <ENTER> to return to the menu’)
keyboard
case 13,
clear; % clear all workspace variables
Init; % re-initialize workspace

close(’all’); % close all figure windows
case 14, break;
end;
end;
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APPENDIX B
MATLAB SUBROUTINE TO DETERMINE KINEMATICAL BOUNDS

function [KB1,KB2]=KinBounds(A,rhoO,N);
% function [KB1,KB2]=KinBounds(A,rhoO,N)

% INPUT:

% A: matrix representation of observable

% rho0: matrix representation of initial density matrix
% N: dim. of Hilbert space of pure states

%

% OUTPUT:

% KB1, KB2: kinematical upper and lower bounds

%

ea=sort (eig(reshape(A,N,N)));
er=sort(eig(reshape(rho0,N,N)));
KBl=ea’*er(N:-1:1);

KB2=ea’*er;
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APPENDIX C
MATLAB SUBROUTINE TO DETERMINE CONTROLLABILITY

function [rn,historyW]l=dimLie(H,M,N);

% function [rn,historyWl=dimLie(H,M,N);

% INPUT:

% H={H_O,H_1,...H_M} cell array of Hamiltonians
% M: number of control fields

% N: dim. of Hilbert space of pure states

% OUTPUT:
% rn: dim. of the Lie algebra
% historyW: cell array of matrices W{n}

w=[1;
ro=0;
for m=1:M+1,
W=[W reshape(H{m},N*N,1)];
end;
W=orth(W) ;
ran=rank (W) ;
n=1;
while (rn-ro)~=0,
for 1=1:rn, Y note l=ro+l:rn does not seem to work with orth(W)
hi=reshape(W(:,1),N,N);
for j=1:1-1,
h2=reshape(W(:,j) ,N,N);
h3=h2%h1-h1%h2;
W=[W h3(1:N*N)’];
end
end
W=orth(W) ;
historyW{n}=W;
ro=rn;
ro=rank (W) ;
n=n+1;
end;
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APPENDIX D
MATLAB SUBROUTINE TO FIND OPTIMAL CONTROL

function [f,yield,Mf,Mp,Mo]l=ZRcontrolD(f0,rho0,A,obs,L,Gamma,lambda,KB1,KB2,...

%
%
%
%
%
%
A
%
3
%
%
%
%
%
%
%
%
%
A
%
%
%
%
%
%
A
%
%
%

t0,tF,J,delta,Nmax,debug,POS,PAPERPOS, VISUAL) ;

The function [f,yield,Mf,Mp,Mo,P0S]=ZRcontrolD(f0,rho0,A,L,Gamma,lambda,. ..
KB1,KB2,t0,tF,J,delta,Nmax,debug) ;
uses the generalized Zhu-Rabitz algorithm to compute an optimal control.

INPUT:
f0: Initial guess for the control field;
(2J+1)-vector with f0(j)=£f_0(t0+dt*(j-1)/2).
rho0: Liouville vector representing initial state; NL-column vector
A: Liouville vector representing target state; NL-column vector
Lz M+1 cell array of Liouville (super)operators (i.e., NLxNL matrices)
Gamma: dissipation Liouville operator
lambda:Parameter (see variational functional)

KB1:  kinematical lower bound for expectation value of observable
KB2: kinematical upper bound for expectation value of observable
t0,tF: Initial and final time

Iz Number of subintervals; determines time-step dt=(tF-t0)/J

delta: convergence criterion

Nmax: maximum number of iterations;

debug is a boolean variable; set to 1 for debug mode

POS: cell array specifying the figure window positions and sizes.
PAPERPOS: cell array specifying the figure paper positions and sizes.
VISUAL: O (no graphics) or 1 (graphics), default 1

OUTPUT

£ (2J+1)-vector representing the optimal control;
f(m,j)=f_m(tO+dt*(j-1)/2)

yield: relative yield at the target time

Mf,Mp,Mo are movies recording the control process

if “exist(’VISUAL’,’var’),

VISUAL=1; % make visual output default
end;
NL=length(rhoO) ; % dimension of Liouville space
I=[1:NL]; % index range
dt=(tF-t0)/J; % time step

rhov=zeros(NL,J+1); % The jth column of rhov contains rhov(t_0+(j-1)dt)
Av=zeros(NL,J+1); % The jth column of Av  contains rhov(t_0+(j-1)dt)

M=length(L)-1; % Number of control fields

f=zeros(M,2xJ+1); Y The desired control; f(m,j)= f_m(t0+(j-1)dt)
V=cell(1,M+1);

E=cell(1,M+1);

e=cell(1,M+1);
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LOm=cell (1,M+1);
for m=1:M+1,
[(V{m},E{m}]=eig(L{m});
% The columns of V{m} are the normalized eigenvectors of L{m}
e{m}=diag(E{m});
% e{m} is a column vector containing the corresponding eigenvalues
end;
UO=prop(NL,V{1},e{1},1,dt/2);
=expm(-Gamma*dt/2) ;
UD2=expm(Gamma’*dt/2) ;
for m=1:M;
LOm{m}=L{1}*L{m+1}-L{m+1}*L{1}; % LOm{m}=LO*Lm-Lm*LO
end;

stop=0;
0old=0;
fold=£0;
n=0; % Oth iteration
rhov(:,1)=rho0;
0(1) =A’*rho0;
£ =f0;
for j=1:J,
U=eye(NL) ;

for m=M:-1:1,
Um=prop(NL,V{m+1},e{m+1}/2,f (m,2%j) ,dt) ;
U=Um*U*Um;
end;
rhov(:, j+1) =UD*UO*U*UO*UD*rhov(:,j);
0(j+1) =A’*rhov(:,j+1);
end;
yield=0(J+1)/KB2;

t1 =[t0:dt:tF];
dt2=dt/2;

t2 =[t0:dt2:tF];
N =sqrt(NL);
%keyboard

if VISUAL,

[Mf,Mp,Mo]=visualizeim(N,t2,f,f0,t1,rhov,Av,0,KB1,KB2,0bs,Nmax,debug, ...
POS,PAPERPOS) ;

end;
while stop==0, %nth iteration
n=n+1;
Av(:,J+1)=A; % step 1: compute Av™{(n)}
for j=J:-1:1,
U=eye(NL) ;

for m=M:-1:1,
fi=(-i/lambda(m))*(Av(:,j+1)?)*L{m+1}*rhov(:,j+1);
fi=fi-dt/(2*lambda(m))*(Av(:,j+1)’)*LOm{m}*rhov(:,j+1);
Um=prop(NL,V{m+1},e{m+1}/2,real(fi),dt);
U=(Um’) *U*(Um’) ;



end;
Av(:,j)=UD2% (U0’ )*U* (U0’ ) *UD2*Av (:,j+1);
end;
rhov(:,1)=rho0; % step 2: compute new rhov~{(n)}
0(1)=A’*rho0;
for j=1:J,
U=eye(NL) ;
for m=M:-1:1,
f(m,2%j-1)=(-i/lambda(m) ) *(Av(:,j) ?)*L{m+1}*rhov(:,j);
f(m,2%j) =f(m,2*j-1)+dt/(2*lambda(m))*(Av(:,j)’)*LOm{m}*rhov(:,j);
Unm=prop(NL,V{m+1},e{m+1}/2,real (f (m,2%j)) ,dt);
U=Um*U*Um;
end;
rhov(:, j+1)=UD*U0*U*U0*UD*rhov(:,j);
0(j+1)=A’*rhov(:,j+1);
end;
for m=1:M,
f(m,2%J+1)=-i*(Av(:,J+1) ?)*L{m+1}*rhov(:,J+1) /lambda(m) ;
end;
stop=+(n>=Nmax)+(0(J+1)-0old<delta);
% stop if n>=Nmax or 0(J+1)-0old<delta
if (0(J+1)-001d)<0,
f=fold;
end;
if VISUAL,
[Mf ,Mp,Mo]=visualizem(N,t2,f,t1,rhov,Av,0,KB1,KB2,0bs,Mf,Mp,Mo,n,debug) ;
end;
yield=[yield, 0(J+1)/KB2];
0old=0(J+1);
fold=f;
%keyboard
end;

function [Mf,Mp,Mol=visualizeim(N,t1,f,f0,t2,rhov,Av,0,KB1,KB2,0bs,Nmax,...
debug,P0S,PAPERPOS) ;

%[Mf ,Mp,Mo]l=visualizeim(N,t1,f,f0,t2,rhov,Av,0,KB1,KB2, obs,Nmax,debug, ...

POS,PAPERPOS) ;

J=length(t2)-1;

TITLE=sprintf (’After %i iterations’,0);

PLEGEND=cell(1,N);

OLEGEND=cell(1,3);

OLEGEND{1}=sprintf(’%s’,obs);

OLEGEND{2}=sprintf(’kin. upper bound %5.2f’,KB2);

OLEGEND{3}=sprintf(’kin. lower bound ¥5.2f’,KB1);

%old fixed figure position
%P0S{1}=[320 950 350 250];
%P0S{2}=[670 950 350 250];
%P0S{3}=[1020 950 350 250];
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%P0S{4}=[670 190 700 350];

for index=1:N,
PLEGEND{index}=sprintf (’Population %i’,index);
end;
Hi=figure(1);
set(H1, ’Position’ ,P0S{1});
set(H1, ’PaperPosition’ ,PAPERP0OS{1});
set (H1,’Name’,’Fig. 1: Control Field(s)’);
Mf=moviein(Nmax+1);
M, dummy] =size(f) ;
for m=1:M,
subplot(M,1,m);
plot(tl,real(f(m,:)));
YLABEL=sprintf (’Control Field %i (arb. units)?’,m);
xlabel(’Time (fs)’);
ylabel (YLABEL) ;
title(TITLE);
end;
Mf(:,1)=getframe(H1);
H2=figure(2);
set (H2, ’Position’ ,P0S{2});
set (H2, ’PaperPosition’ ,PAPERPOS{1});
set(H2, ’Name’,’Fig. 2: Evolution of the Populations?’);
Mp=moviein(Nmax+1) ;
plot(t2,real(rhov([1:N+1:N*N],:)));
title(TITLE);
xlabel (’Time (fs)?’);
ylabel(’Populations’);
legend (PLEGEND,0) ;
Mp(:,1)=getframe(H2);
H3=figure(3);
set (H3, ’Position’ ,P0S{3});
set (H3, ’PaperPosition’ ,PAPERPOS{1});
set(H3, ’Name’,’Fig. 3: Evolution of the Observable’);
Mo=moviein(Nmax+1) ;
plot(t2,real(0),t2,KB2*ones(size(t2)),t2,KBl*ones(size(t2)));
xlabel(°Time (fs)’);
ylabel(’Observable (arb. units)’);
title(TITLE);
legend (OLEGEND,0) ;
Mo(:,1)=getframe(H3);
if debug==1,
H4=figure(4);
set (H4,’Position’ ,P0S{4});
set(H4, ’PaperPosition’ ,PAPERP0S{4});
set (H4, ’Name’,’ Fig. 4: Other information *Y;
end;
if “isempty(£0),
H7=figure(7);
set (H7, ’Position’ ,P0S{7});
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set (H7, ’PaperPosition’ ,PAPERP0OS{7});

set(H7,’Name’,’Fig. 7: Initial Field £.0%);

for m=1:M,
subplot(M,1,m);
plot(tl,real(£0(m,:)));
YLABEL=sprintf (’Initial Control Field %i (arb. units)’,m);
xlabel (’Time (£s)’);
ylabel (YLABEL);

end;

end;

function [Mf,Mp,Mol=visualizem(N,t1,f,t2,rhov,Av,0,KB1,KB2,0bs,Mf,Mp,Mo,n,debug);

% function visualizem(N,t1,f,t2,rhov,Av,0,KB1,KB2,0bs,Mf,Mp,Mo,n,debug);

%

J=length(t2)-1;

TITLE=sprintf (’After %i iterations’,n);

PLEGEND=cell(1,N);

for index=1:N,

PLEGEND{index}=sprintf (’Population %i’,index);

end;

OLEGEND=cell(1,3);

OLEGEND{1}=sprintf(’%s’,obs);

OLEGEND{2}=sprintf(’kin. upper bound %5.2f’,KB2);

OLEGEND{3}=sprintf(’kin. lower bound %5.2f’,KB1);

Hi=figure(1);

[(M,dummy]=size(f);
for m=1:M,
subplot(M,1,m);
plot(tl,real(f(m,:)));
YLABEL=sprintf (’Control field %i (arb. units)’,m);
title(TITLE);
xlabel(’Time (fs)?);
ylabel (YLABEL) ;
end;
Mf (:,n+1)=getframe(H1);

H2=figure(2);
plot(t2,real (rhov([1:N+1:N*N],:)));
title(TITLE);
xlabel(’Time (£s)’);
ylabel(’Populations’);
legend (PLEGEND,0) ;

Mp(:,n+1)=getframe(H2);

H3=figure(3);
plot(t2,real(0),t2,KB2*ones(size(t2)),t2,KBl*ones(size(t2)));
TITLEB=sprintf(’After %i iterations (yield=%4.2f percent)’,n,100%0(J+1)/KB2);
title(TITLEB);
xlabel(’Time (fs)’);
ylabel(’Observable (arb. units)’);
legend (OLEGEND,0) ;



Mo(:,n+1)=getframe(H3);
if debug==1,
figure(4);
subplot(2,2,1), plot(t2,sum(conj(rhov).*rhov));
xlabel (’Time (fs)’);
ylabel (’Norm of rhov’);
title(TITLE);
subplot(2,2,2), plot(t2,sum(conj(Av).*Av));
xlabel(’Time (fs)’);
ylabel(’Norm of Av’);
title(TITLE);
subplot(2,2,3), plot(t2,sum(conj(Av).*rhov));
xlabel(’Time (fs)’);
ylabel (’ Av¥rhov’);
title(TITLE);
subplot(2,2,4), plot(tl,imag(f));
xlabel(’Time (£fs)’);
ylabel(’Control Field, imag. part (arb. units)’);
title(TITLE);
end;
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APPENDIX E
AUXILLARY SUBROUTINES

H=cell(1);
rhoO=[];
obs=[1;
A=[];
to=[]1;
tF=[1;
gd=[1;
g=[1;
Gamma=[] ;
KB1=[];
KB2=[1;
rn=[];
controllable=[];
N=[];
M=[];
lambda=[];
J=[1;
£0=[1;
delta=1e-8;
Nmax=20;
debug=0;

FONTSIZE=8;

%new screen-size dependend figure positions
screen=get (0, ’ScreenSize’) ;
w=screen(3);

h=screen(4);

% virtual screen / hell settings
P0S{1}=[0.180%w 0.72%h 0.22*w 0.22xh];
P0S{2}=[0.405%w 0.72%h 0.22*w 0.22xh];
P0S{3}=[0.630*w 0.72%h 0.22*w 0.22%h];
P0S{4}=[0.405%w 0.109*%h 0.44*w 0.27*h];
P0S{5}=[0.180*w 0.436%h 0.22%w 0.22%h];
P0S{6}=[0.405%w 0.436*h 0.44%w 0.22%h];
P0S{7}=[0.180%w 0.159*h 0.22*w 0.22%h];
% no virtual screen / cone settings
%P0S{1}=[0.090*w 0.67*h 0.25%w 0.28%h];

%P0S{2}=[0.345%w 0.67*h 0.25%w 0.28%h];
%P0S{3}=[0.600%w 0.67*h 0.25*w 0.28%h];
%P0S{5}=[0.090*w 0.35%h 0.25%w 0.28%h];
%P0S{6}=[0.345*w 0.35%h 0.50*w 0.28%h];
%P0S{7}=[0.090*w 0.05%h 0.25*w 0.28%h];
%P0S{4}=[0.345%w 0.05%h 0.50%w 0.28%h];

%
% paper positions
PAPERPOS{1}=[2 4 4.6666 3.3333];
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PAPERP0S{2}=[2 4 4.6666 3.3333];

PAPERPOS{3}=[2 4 4.6666 3.3333];

PAPERPOS{4}=[2 4 7 6.5];

PAPERPOS{5}=[2 4 4.6666 3.3333];

PAPERP0S{6}=[2 4 4.6666 3.3333];

PAPERPOS{7}=[2 4 4.6666 3.3333];

MITEM{1}=’Enter or modify control system data’;

MITEM{2}=’Load control system data from disk’;

MITEM{3}=’Display control system data’;

MITEM{4}=’Modify control parameters’;

MITEM{5}=’Determine kinematical bounds’;

MITEM{6}=’Check controllability’;

MITEM{7}=’Find optimal control, populations and evolution of the observable’;
MITEM{8}=’Compute optimal control and yield for a range of lambda-values’;
MITEM{9}=’Select a movie to play’;

MITEM{10}=’Visualize optimal control vs. lambda’;

MITEM{11}=’Save data and print figures to disk’;

MITEM{12}=’Command window’;

MITEM{13}=’Clean up workspace (i.e., clear variables and close figures)’;
MITEM{14}=’Quit this program’;

function [sysName,H,M,rho0,A,obs,t0,tF,gd,g,KB1,KB2]=InputSystemData(H,M,...
rho0,A,obs,t0,tF,gd,g,KB1,KB2) ;
promptA{1}=’System name (please no spaces or special characters):’
promptA{2}=’Number of independent control fields:’;
answerA=inputdlg(promptA)
if isempty(answerA),
return;
end;
sysName=answerA{1};
M=str2num(answerA{2});

TITLE=sprintf (’System %s’,sysName) ;
if ~“isempty(H{1}),
prompt{1}=sprintf(’Internal Hamiltonian %s’,mat2str(H{1}));
for m=1:length(H)-1,
prompt{m+1}=sprintf(’ Interaction Hamiltonian %i: %s’,m,mat2str(H{m+1}));
end;
for m=length(H):M,
prompt{m+1}=sprintf(’Interaction Hamiltonian for field %i’,m);
end;
else
prompt{1}=sprintf(’Internal Hamiltonian’);
for m=1:M,
prompt{m+1}=sprintf (’Interaction Hamiltonian for field %i’,m);
end;
end;
if “isempty(rho0),
prompt{M+2}=sprintf(’Density matrix for initial state rho_0=Y%s’,mat2str(rho0));
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else
prompt{M+2}=’Density matrix for initial state rho_0:’;
end;
if “isempty(obs),
prompt{M+3}=sprintf(’Observable (name as you wish it to appear on plots, ...
etc.): %s’,obs);
else
prompt{M+3}=’0Observable (name as you wish it to appear on plots, etc.):’;
end;
if “isempty(A),
prompt{M+4}=sprintf (’Matrix representation of observable %s:’,mat2str(A));
else
prompt{M+4}=’Matrix representation of observable:’;
end;
if ~“isempty(t0),
prompt{M+5}=sprintf(’Initial time t_0=%i:’,t0);
else
prompt{M+5}=’Initial time t_0:’;
end;
if “isempty(tF),
prompt{M+6}=sprintf(’Final time t_F=}i:’,tF);
else
prompt{M+6}=’Final time tF’;
end;
if “isempty(gd),
prompt{M+7}=sprintf (’Dephasing operator: gd=Ys\n ...
Leave blank if no dephasing’,mat2str(gd));
else
prompt{M+7}=sprintf (’Dephasing operator: undefined\n .
Leave blank if no dephasing’);
end;
if ~“isempty(g),
prompt{M+8}=sprintf (’Population relaxation operator: g=)s\n ..
Leave blank if no population relaxation’,mat2str(g));
else
prompt{M+8}=sprintf (’Population relaxation operator: undefined\n ...
Leave blank if no population relaxation’);
end;
if ~“isempty(KB1),
prompt{M+9}=sprintf (’Lower bound for observable: %f’,KB1);
else
prompt{M+9}=sprintf (’Lower bound for observable (optional): undefined’);
end;
if “isempty(KB2)
prompt{M+10}=sprintf (’Upper bound for observable: %f’,KB2);
else
prompt{M+10}=sprintf (’Upper bound for observable (optional): undefined’);
end
answer=inputdlg(prompt,TITLE)

if isempty(answer) % return to menu



disp(’answer is empty’);
return;
end;

if isempty(H{1}) ! “isempty(str2num(answer{1})),
H{1}=str2num(answer{1});

end;

while isempty(H{1}),
res=inputdlg(’Please enter valid Hamiltonian H_0’);
H{1}=str2num(res{1});

end;

N=length(H{1});

for m=1:M,
if isempty(H{m+1}) ! “isempty(str2num(answer{m+1})),
H{m+1}=str2num(answer{m+1});
end;
while isempty(H{m+1}),
res=inputdlg(sprintf (’Please enter valid Hamiltonian H_%i’,m));
H{m+1}=str2num(res{i});
end;
end;

if isempty(rhoO) | ~isempty(str2num(answer{M+2})),
rhoO=str2num(answer{M+2}) ;
end;
while isempty(rho0),
res=inputdlg(’Please enter valid initial density matrix’);
rhoO=str2num(res{1});
end;

if isempty(obs) | ~isempty(answer{M+3}),
obs=answer{M+3};
end;

if isempty(A) | ~isempty(str2num(answer{M+4})),
A=str2num(answer{M+4});
end;
while isempty(A),
res=inputdlg(’Please enter valid observable matrix’);
A=str2num(res{1});
end;

if isempty(t0) | “isempty(str2num(answer{M+5})),
tO=str2num(answer{M+5}) ;

end;

while isempty(t0),
res=inputdlg(’Please enter valid initial time’);
t0=str2num(res{1i});

end;
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if isempty(tF) | “isempty(str2num(answer{M+6})),
tF=str2num(answer{M+6}) ;

end;

while isempty(tF),
res=inputdlg(’Please enter valid target time’);
tF=str2num(res{1});

end;

save(sysName,’H’, ’rho0’,’0obs’,’A’,’t0’,’tF’);

%0Optional arguments:

if “isempty(answer{M+7}),
gd=str2num(answer{M+7}) ;
while isempty(gd)
res=inputdlg(’Please enter valid dephasing matrix!’);
gd=str2num(res{1});
end;
save(sysName,’gd’,’-APPEND’) ;
elseif exist(’gd’,’var’),
save(sysName, ’gd’,’-APPEND’) ;
end;

if “isempty(answer{M+8}),
g=str2num(answer{M+8});
vhile isempty(g)
res=inputdlg(’Please enter valid population relaxation matrix!’);
g=str2num(res{1});
end;
save(sysName,’g’,’-APPEND’) ;
elseif exist(’g’,’var’),
save(sysName, ’g’,’-APPEND’) ;
end;

if ~isempty(answer{M+9}),
KB1=str2num(answer{M+9}) ;
while isempty(KB1)
res=inputdlg(’Please enter valid lower bound!’);
KB1=str2num(res{1});
end;
save(sysName, ’KB1’,’-APPEND’) ;
elseif exist(’KB1’,’var’),
save(sysName, ’KB1’,’-APPEND’) ;
end;

if “isempty(answer{M+10}),
KB2=str2num(answer{M+10}) ;
while isempty(KB2)
res=inputdlg(’Please enter valid upper bound!’);
KB2=str2num(res{1});
end;
save(sysName, ’KB2’,?-APPEND’) ;
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elseif exist(’KB2’,’var’),
save(sysName, ’KB2’,’-APPEND’) ;
end;

function [sysName,H,M,rho0,A,obs,t0,tF,gd,g,KB1,KB2,f0]=LoadSystemData(H,M,. ..
\rho0,A,obs,t0,tF,gd,g,KB1,KB2) ;
[datafile,pathname]=uigetfile(’*.mat’);
if (datafile™=0),
load(sprintf (’Y%s¥%s)s’,pathname,filesep,datafile));
sysName=datafile(1:findstr(’.mat’,datafile)-1);
M=length(H)-1;
end;

function DisplaySystemData(sysName,H,M,rho0,A,obs,t0,tF,gd,g,KB1,KB2,rn,...
controllable) ;
TITLE=sprintf (’System %s’,sysName) ;
prompt{1i}=sprintf (’Internal Hamiltonian %s’,mat2str(H{1}));
for m=1:M,
prompt{m+1}=sprintf(’Interaction Hamiltonian %i: %s’,m,mat2str (H{m+1}));
end;
prompt{M+2}=sprintf (’Density matrix for initial state rho_0=is’,mat2str(rho0));
prompt{M+3}=sprintf (’Observable A=Ys (Ys)’,mat2str(A),obs);
prompt{M+4}=sprintf (’Initial time t_0=%i’,t0);
prompt{M+5}=sprintf(’Final time t_F=Ji’,tF);
if exist(’gd’,’var’),
prompt{M+6}=sprintf (’Dephasing operator: gd=Ys’,mat2str(gd));
else
prompt{M+6}=sprintf (’Dephasing operator: undefined’);
end;
if exist(’g’,’var’),
prompt{M+7}=sprintf(’Population relaxation operator: g=Y%s’,mat2str(g));
else
prompt{M+7}=sprintf(’Population relaxation operator: undefined’);
end;
if exist(’KB1’,’var’),
prompt{M+8}=sprintf (’Lower bound for observable: %f’,KB1);
else
prompt{M+8}=sprintf (’Lower bound for observable: undefined’);
end;
if exist(’KB2’,’var’)
prompt{M+9}=sprintf (’Upper bound for observable: %f’,KB2);
else
prompt{M+9}=sprintf (’Upper bound for observable: undefined’);
end
if “isempty(controllable),
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if controllable==0,
prompt{M+10}=sprintf (’not controllable (dim. of Lie alg.=%i)’,rn);
else
prompt{M+10}=sprintf (’controllable’);
end;
end;
msgbox (prompt) ;

function [lambda,J,f0,delta,Nmax,debugl=ModifyCtrlParam(lambda,J,f0,delta,...
Nmax,debug) ;
if “isempty(J),
prompt{1}=sprintf(’Time grid constant J=Ji’,J);
else
prompt{1}=sprintf(’Time grid constant J=’);
end;
if “isempty(lambda),
prompt{2}=sprintf (’Control parameter lambda=%i’,lambda);
else
prompt{2}=sprintf(’Control parameter lambda=’);
end;
%if ~“isempty(f0),
% prompt{3}=sprintf (’Initial control (2J+1 samples) f_0=)s’,mat2str(£0));
%else
prompt{3}=sprintf(’Initial control £_0’);
%end;
prompt{4}=sprintf (’delta=Yf’,delta);
prompt{5}=sprintf (’Maximum number of iterations N_max=/i’,Nmax);
prompt{6}=sprintf (’compute norm of rhov, Av, etc., (Yes=1,No=0) [%il’,debug);
answer=inputdlg(prompt) ;

if isempty(J) | ~isempty(str2num(answer{1})),
J=str2num(answer{1}) ;

end;

while isempty(J),
res=inputdlg(’Please enter valid J’);
J=str2num(res{1});

end;

if isempty(lambda) | ~isempty(str2num(answer{2})),
lambda=str2num(answer{2}) ;

end; ¢

while isempty(lambda),
res=inputdlg(’Please enter valid lambda’);
lambda=str2num(res{1});

end;

if “isempty(str2num(answer{3})),
if length(str2num(answer{3})) "=2%J+1,
msgbox(’invalid fO -- ignored’);



else
fO=str2num(answer{3});
end;
end;

if ~“isempty(str2num(answer{4})),
delta=str2num(answer{4});
end;

if “isempty(str2num(answer{5})),
Nmax=str2num(answer{5});
end;

if isequal(str2num(answer{6}),1),
debug=1;
end;

function L=liouv(H);
[r,c]l=size(H);
if (r==c) & (H==H’),
N=r;
=zeros (N*N,N*N) ;
for j=1:N,
for k=1:N,
for m=1:N,
for n=1:N,
r=(j-1)*N+k;
s=(m-1) *N+n;
L(r,s)=H(j,m)*(k==n)-conj (H(k,n))*(j==m);
end;
end;
end;
end;
else
sprintf(’Invalid Hamiltonian’)
end;

function G=dissipation(gamma,gammad,N);
G=zeros(N"2);
for 1=1:N,
for k=1:N,
if (k~=1),
G (k+(1-1)*N,k+(1-1) *N) =gammad (k,1) ;
else
for m=1:N,

G(k+(k-1)*N,m+(m-1) *N)=G (k+(k~1) *N,m+ (m—-1) *N) -~gamma (k ,m) ;
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G(k+(k-1)*N,k+(k-1) *N) =G (k+(k-1) *N, k+(k-1) *N) +gamma (m, k) ;
end;
end;
end;
end;

function yieldplot(yield,figNo,TITLE,POS,PAPERPOS) ;
figure(figlo);
set(figNo,’Position’ ,POS{figNo});
set (figNo, ’PaperPosition’ ,PAPERPOS{figNo});
set (figNo,’Name’ ,sprintf (*Fig. %i: %s’,figNo,TITLE));
n=length(yield);
if n<26,
plot([0:n-1],real(yield),’-bo’);
else
plot([0:n-1] ,real(yield),’-b.’);
end;
xlabel (’Number of iterations’);
ylabel(’Yield’);

function [a,b,ft]=fouriercomp(f,figNo,P0S,PAPERPOS) ;
figure(figho);
[M,N]=size(£); % N=2J+1;
P0OS{6} (4)=P0S{6} (4) *M;
PAPERPOS{6} (4) =PAPERP0S{6} (4) *M;
set(figNo,’Position’,P0S{6});
set (figNo, ’PaperPosition’,PAPERPOS{6}) ;
set (figNo, ’Name’,sprintf (’Fig. %i: Fourier components’,figNo));
I=[2:floor(N/2)+1];
for m=1:M,
ft(m,:)=fft(real(f(m,:)));
a(m,:)=[ft(m,1)/N, 2*real(ft(m,I))/N];
b(m, :)=-2*imag (£t (m,I))/N;
subplot (2*M,1,2*m-1);
plot([0:floor(N/2)],a);
set(gca, ’FontSize’,8);
xlabel(’n’,’FontSize’,8);
ylabel(’a_n’,’FontSize’,8);
TITLE=sprintf (’Fourier components of control function %i’,m)
title(TITLE, ’FontSize’,8);
subplot (2*M,1,2%m) ;
plot([1:floor(N/2)],b);
set(gca, ’FontSize’,8) ;
xlabel(’n’,’FontSize’,8);
ylabel(’b_n’,’FontSize’,8);
end
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function PlayMovie;
[moviefile,pathname]=uigetfile(’*.mat’)
if moviefile==0,
return;
elseif “exist(sprintf(’%s/%s’,pathname,moviefile),’file’),
return;
end;
load(sprintf(’%s/%s’,pathname,moviefile),’M£f’,’Mp’,’Mo’,’P0S’);
if “exist(’P0S’,’var’),
screen=get (0, ’ScreenSize’);
w=screen(3);
h=screen(4);
POS{1}=[0.180*w 0.72*%h 0.22*w 0.22%h];
P0S{2}=[0.405%w 0.72%h 0.22%w 0.22xh];
P0S{3}=[0.630%w 0.72%h 0.22%w 0.22%h];
end;
ans=inputdlg({’How many frames per second? (Default=1)’,...
’How often? (Default=1)’});
if isempty(ans),
return;
else
if isempty(str2num(ans{i})),
fps=1;
else
fps=str2num(ans{1});
end;
if isempty(str2num(ans{2})),
repeat=1;
else
repeat=str2num(ans{2});
end;
end;
Hi=figure(1),clf;
set (H1,’Position’,P0S{1});
movie (H1,Mf,repeat,fps,[0 0 0 0]);
[FIELD,FMAP]=frame2im(Mf (1ength (Mf)));
axes(’Position’,[0 0 1 1]), image(FIELD), colormap(FMAP), axis off;
H2=figure(2),clf;
set(H2,’Position’ ,P0S{2});
movie(H2,Mp,repeat,fps,[0 0 0 0]1);
[POP,PMAP]=frame2im(Mp(length(Mp)));
axes(’Position’,[0 0 1 1]), image(POP), colormap(PMAP), axis off;
H3=figure(3),clf;
set (H3, ’Position’ ,P0S{3});
movie(H3,Mo,repeat,fps,[0 0 0 0]);
[0BS,0MAP]=frame2im(Mo(length(Mo)));
axes(’Position’,[0 0 1 1]), image(OBS), colormap(OMAP), axis off;

function [f,yield]=LambdaRange(f0,rho0,A,obs,L,Gamma,lambda,KB1,KB2,t0,tF,J,...
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delta,Nmax);

ans=inputdlg(’Enter lambda values:’);
if isempty(ans),
return;
elseif isempty(str2num(ans{1})),
sprintf(’Invalid lambda’);
return;
else
lambda=str2num(ans{1});
end;
[fname,fpathl=uiputfile(’*.mat’);
for n=1:length(lambda),
1=lambda(:,n);
[f{n},yield{n}]=ZRcontrol (£f0,rho0,A,obs,L,1,KB1,KB2,t0,tF,J,delta,Nmax, ...
0,0,0,0);
end;
t=[t0: (tF-t0)/(2%J) : tF];
save(sprintf (’%s/%s’,fpath,fname),’t’,’f’, ’yield’,’lambda’);

function VisualLambdaRange (POS,PAPERPOS) ;
[fname,fpath]=uigetfile(’*.mat’);
load(sprintf (’%s/%s’,fpath,fname),’t’,’f?, ’yield’, ’lambda’);
Hi=figure(1);
set(H1,’Position’ ,P0S{1});
set (H1, ’PaperPosition’,PAPERPOS{1});
H5=figure(5);
set(H5, 'Position’,P0S{5});
set (H5, ’PaperPosition’ ,PAPERPOS{5}) ;
y=0;
figure(1);
for n=1:length(lambda),
plot(t,f{n}),
xlabel(’Time (fs)?),
ylabel (sprintf(’Field after %i iterations (arb. units)’,length(yield{n})-1)),
title(sprintf (’lambda=%f’,lambda(n))),
waitforbuttonpress,
y=[y real(yield{n}(length(yield{n})))];
end;
figure(5);
plot(lambda,y);
xlabel(’lambda’);
ylabel(’Yield’);
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