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Dissertation Abstract
Jesse Hall

Doctor of Philosophy in Physics

Title: From Pollen Grains to Peptides: Coarse-Graining and the Brownian
Motion of Molecules

The thermally driven fluctuations in shape and orientation of molecules in solvent
are of immense interest in biology, chemistry, and medical applications. Studying such
complex systems, often involving hundreds of thousands of atoms, pushes the boundaries
of computational science. Coarse-graining is a theoretical approach that attempts to
reduce the complexity of these systems so that they can be studied more intuitively and
simulated faster, ideally without sacrificing statistical accuracy.

Highly accurate and rigorous coarse-graining techniques exist for low-dimensional sys-
tems of restricted symmetry, such as the free diffusion of a pollen grain on the surface of
water or the bound diffusion of an internal reaction coordinate of a molecule, but high-
dimensional site-specific models with mixed bound and unbound structure typically rely
on more heuristic approaches.

Here we present new rigorous techniques that allow for the parametrization of highly
versatile site-specific coarse-grained models of diffusing molecules, showing how the fric-
tion coefficients and potential of mean force can be constructed in a manner consistent
with both the internal fluctuations in the molecule’s shape and its overall translation and
rotation.

This dissertation includes previous published co-authored material.
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1 - INTRODUCTION

I. BROWNIAN MOTION

In 1827, the British botanist Robert Brown conducted a series of observations of pollen

grains immersed in water under a one-lens microscope. He became interested in the behavior

of the much smaller ejecta particles that came out of the pollen grains themselves when they

burst. These were comprised of starch and lipid organelles whose function was not known

at the time. He observed that these particles underwent ceaseless random motion in the

water. He had no explanation for this motion, and suggested that the particles may be the

fundamental constituents of organic matter [1].

Brown later abandoned this hypothesis upon further experimentation, as he found that

any matter, organic or inorganic, when reduced to a fine enough powder, moved in much

the same manner upon the surface of water. Other microscopists before and after also saw

such motion of many kinds of fine matter, but it was Brown’s investigations that became

the most well-known. Brown was, in the end, unable to account for the motion that came

to be named after him.

It would be Albert Einstein, as part of his thesis work published in 1905 [2], who would

develop a convincing quantitative model of the motion and its mechanism. At this point the

molecular theory of matter was well-known and supported by various lines of evidence, but

was still not universally accepted.

Using hydrodynamic and statistical mechanical arguments, Einstein derived a simple

relationship between the diffusion coefficient of a particle buffeted by the thermal fluctuations

of a solvent and the solvent’s viscosity. Today this relationship is known as the Einstein

relation:

D =
kBT

ζ
. (1)

where D is the diffusion constant, ζ the friction coefficient of the brownian particle in its

solvent, kB is the Boltzmann constant, and T the temperature.

This equation accurately modeled the evolution of the mean-squared displacement, with

notable experimental confirmation by Jean Baptiste Perrin.

Paul Langevin developed a dynamical description of Brownian motion using a stochastic

differential equation [3]

m ˙⃗v = −ζv⃗ + f⃗R(t), (2)

where v⃗ is the velocity of the particle and f⃗R(t) is a random force with zero mean and a
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second moment given by

⟨fR
α (t)f

R
β (t

′)⟩ = 2kBTζδαβδ(t− t′). (3)

With these developments and many more beyond the scope of this brief introduction, the

theory of the Brownian motion of particles was rapidly assembled in the early 20th century.

We note that these two equations together could be employed for a rudimentary coarse-

graining procedure. If a particle’s mass is known, the friction coefficient could be discerned

by observing its diffusive statistics on the water’s surface, and this parameter then used in

the dynamical Langevin equation to model its motion without explicitly modeling the water.

We now turn to the later development, in the 1960s, of a more sophisticated formalism

that connected these equations in a much more general manner to the foundations of classical

mechanical theory.

II. THE PROJECTION OPERATOR FORMALISM

A rigorous formalism exists for the project of coarse-graining. Beginning from a many-

body Hamiltonian, a smaller set of coarse-grained variables can be defined and the complete

equations of motion projected onto these variables. This procedure was developed in the

1960s and is known as the Mori-Zwanzig projection operator formalism after Hajime Mori

and Robert Zwanzig [4, 5]. The formalism provides rigorous theoretical justification for the

use of Langevin equations, as the result of the procedure generically yields a friction-like

term proportional to the velocity of the CG coordinates and a noise-like term that depends

only on the initial conditions of the system and whose statistics are consistent with the

Fluctuation-Dissipation Theorem.

The friction term is in general more complex than the heuristic formulas discussed in the

previous section, but it does reduce to them in broad and well-defined regimes.

There exist several choices of projection method which yield different partitions of the

coarse-grained forces into a conservative part, a dissipative part, and a ”noise” that originates

from the initial conditions of the complete system [6]. All of these projections are in principle

exact, but given that the noise must be approximated as a random variable, it is desirable for

it to have certain properties that not all projections yield. For example, the Mori projection

operator always yields a harmonic conservative force, and any effects due to nonlinearity in

the system are buried within the noise term. This is often highly undesirable, as it provides

no obvious way to parametrize the complex structure of the nonlinearity within the noise.

In contrast, the Zwanzig projection operator allows for nonlinear conservative CG forces

that correspond precisely to the potential of mean force. Since diffusing molecule maintain

reasonably well-defined structure around a moving center of mass, their complete motion
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cannot be adequately described by a harmonic potential. As such, it is the Zwanzig operator

that we will employ throughout this dissertation.

We will briefly review the principal results of the theory here, largely following the deriva-

tion in [7].

Given a Hamiltonian H(z⃗) over a fine-grained phase space z⃗, there is an associated Liou-

ville operator L such that, for any function A⃗(z⃗(t)),

dA⃗

dt
= LA⃗(z⃗(t)) (4)

If A⃗ is taken to be a collection of one or more coarse-grained variables of interest (such as a

reaction coordinate), then the goal of projection operator formalism is to define a projection

operator Pα⃗ onto a specific CG state α⃗ and its orthogonal operator Qα⃗ = 1− Pα⃗ such that

the right-hand side may be partitioned into projected and orthogonal dynamical forces.

The Zwanzig projection operator mentioned earlier is defined as:

PαF (z⃗) :=
1

Ω(α⃗)

∫
dz⃗ F (z⃗)ρeq(z⃗)δ(A⃗(z⃗)− α⃗) (5)

where

Ω(α⃗) :=

∫
dz⃗ ρeq(z⃗)δ(A⃗(z⃗)− α⃗). (6)

and ρeq(z⃗) is the equilibrium phase-space probability distribution.

Making use of the evolution operator etL and inserting the identity Pα⃗ + Qα⃗ = 1 into

Eq. (4) to split the liouville operators, the exact equation of motion can be reorganized into

terms that depend on projected or orthogonal coordinates respectively:

˙⃗α =Pα⃗Lα⃗ + T

∫ t

0

ds Γ( ⃗α(t− s), s)
∂S

∂α⃗
(α⃗(t− s)) + kBT

∫ t

0

ds ∇⃗α⃗ · ΓT (α⃗(t− s), s) + ⃗̃R(z⃗, t).

(7)

where we have defined the following quantities:

⃗̃R(z⃗, t) := etQα⃗LQα⃗LA⃗,

Γ(α⃗, t) :=
1

kBT
Pα⃗

(
⃗̃R(·, t) ⃗̃R(·, 0)T

)

S(α⃗) := kB lnΩ(α⃗)

(8)

The dot-arguments in the definition of Γ indicate fine-grained dependence that is projected

out and hence does not propagate to Γ, which is a function only of the coarse-grained state

and time.
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The quantity S is an entropy arising from the numerous fine-grained states consistent

with any given coarse-grained state. The quantity Γ is known as the memory function or

kernel, and it will be seen in a moment to be intimately related to drag forces.

This is an abstract equation of motion for any unspecified set of CG variables. In this

work our variables of interest will be the center-of-mass positions and momenta of distinct

clusters of atoms, such that α⃗ = (r⃗, p⃗). Upon making this choice, Eq. (7) can be simplified

to:

˙⃗r = M−1p⃗

˙⃗p = −∂V (r⃗)

∂r⃗
−
∫ t

0

dτ Γ(r⃗(τ), p⃗(τ), t− τ)v⃗(τ)

+ kBT

∫ t

0

dτ∇⃗p⃗ · ΓT (r⃗(τ), p⃗(τ), t− τ) + ⃗̃R(z⃗, t)

(9)

In Eq. (10) only the last term on the right retains any explicit dependence on the fine-

grained phase space rather than the coarse-grained one. Crucially, since it is Qα⃗−projected,

this term has no correlation with any of the CG variables under averaging conditioned on a

given state. Given this property, and the fact that it’s second moment is often known via

the memory function as above, it is often modeled as a random variable f⃗R(t), turning Eq.

(10) into a Generalized Langevin equation. These random “noise” forces are generally taken

to be Gaussian-distributed, motivated by the central limit theorem and the fact that they

are the sum of a great many interactions between the CG coordinates and the large ”bath”

of orthogonal coordinates.

˙⃗r = M−1p⃗

˙⃗p = −∂V (r⃗)

∂r⃗
−
∫ t

0

dτ Γ(r⃗(τ), p⃗(τ), t− τ)v⃗(τ)

+ kBT

∫ t

0

dτ∇⃗p⃗ · ΓT (r⃗(τ), p⃗(τ), t− τ) + f⃗R(t)

(10)

In these coordinates the role of the memory function becomes more clear. The second term

on the right-hand side of Eq. (10) accumulates contributions proportional to and opposite

the velocity (when Γ is positive) over the history of the trajectory, with the proportionality

dependent on the time-lag and the state of the cluster at that time. This history-dependent

scheme is more complicated than the more heuristic Stokes’ drag described in the previous

section, but ultimately still recognizable as a dissipative friction term.

The parametrization of state-dependent memory kernels is an active problem, and the

current common practice is to omit the state-dependence and proceed with the state-

independent GLE:
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˙⃗r = M−1p⃗

˙⃗p = −∂V (r⃗)

∂r⃗
−

∫ t

0

dτ Γ(t− τ)v⃗(τ) + f⃗R(t)
(11)

It is this state-independent GLE that we will treat as the underlying dynamics of our

coarse-grained variables in this dissertation. From here another approximation may be made:

if the memory kernel decays in an integrable manner, then there exists always a timescale

TM beyond which Γ(t) can be approximately treated as proportional to a Dirac delta, such

that

Γ(t) = 2ζδ(t). (12)

In this case, Eq. (11) simplifies to

˙⃗r = M−1p⃗

˙⃗p = −∂V (r⃗)

∂r⃗
− ζv⃗(t) + f⃗R(t)

(13)

Thus an object obeying Eq. (11) will, when resolved only on timescales larger than TM ,

appear to evolve according to Eq. (13). The latter equation, no longer history-dependent, is

known as a Markovian Langevin Equation, while Eq. (11) is fundamentally Nonmarkovian

in character. In light of this TM is referred to as the Markov timescale of the system. We

see from Eq. (13) that the Stokes’ drag is recovered from the exact projection operator

formalism in the case that the memory function is not state-dependent, over timescales long

enough that the memory cannot be resolved.

If the mean force term in Eq. (13) is omitted, we have a description of a free particle

diffusing in the solvent, recalling the case of Robert Brown’s pollen particles. Approximating

even further by integrating out the effects of inertia over timescales larger than the ballistic

motion yields an “overdamped” equation of motion

ζ ˙⃗r = f⃗R(t) (14)

that generates the idealized Brownian motion of the stochastic systems literature.

The goal of our work is to develop methods to accurately parametrized Eq. (13) for many-

bead models of molecules in solution. The development of these methods must occasionally

acknowledge less approximate forms of the dynamics to maintain physical consistency. In

these cases we will treat Eq. (11) as the “true” equation of motion governing the observed

clusters, neglecting the possibility of state-dependence. Including time- and state-dependent

memory is a goal of our future work, but we will see that new techniques needed to be
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developed even in the Markovian case to handle the full complexity of translating, rotating,

and fluctuating molecules in solution.

III. PARAMETRIZATION OF THE GENERALIZED LANGEVIN EQUATION

While the projection operator formalism for coarse-graining was developed decades ago,

the difficulty of accurately parameterizing GLEs for a given system remains with us today.

For the study of biological molecules, the desire is to project out the detailed motion of most

atoms in the solvent and indeed the molecule itself, replacing the intensive MD simulation

with a Langevin equation for some reaction coordinate of interest. While the form of the

resulting dynamical equation is known from the formalism as described in the previous

section, direct calculation of the parameters from their definitions is highly intractable. In

particular, the memory kernel is defined in terms of the orthogonal dynamics evolved by

etQ̂α⃗L, which are not even obtainable from simulated trajectories. In order to parametrize

the GLE, then, additional relations between these quantities and observable statistics must

be sought.

Much recent work has focused on using short MD simulations to gather statistics from

the fine-grained system, which are then used to parametrize a CG Langevin equation [8–11].

While this does not circumvent the need for fine-grained simulations, it does complement

them with an analytical model from which further insight can be gained using the same

data. Additionally, enhanced sampling methods for recovering physical quantities from MD

simulations are an area of great activity, so there remains the possibility that unenhanced

fine-grained simulations could be bypassed entirely in the construction of a CG model by

this approach.

Langevin equations with and without memory have been successfully paramatrized from

simulations for the case of a tagged particle diffusion in solvent, using the Einstein relation

or related Volterra equations (this procedure is described in detail in Chapter 1). This case

is essentially a microscopic version of the pollen grain problem. Recent approaches have

had success in accurately modeling single internal reaction coordinates in this way as well,

developing accurate Langevin equations with and without memory, and even including some

state-dependence of the memory function [8, 9].

However, studying a single reaction coordinate has disadvantages. While sophisticated

techniques have been developed to identify good reaction coordinates, there is no guarantee

that a given phenomenon of interest can be well described by a single coordinate. States

may be connected by multiple reaction pathways. Couplings between specific coordinates

may be of explicit interest, such as rotational-vibrational coupling during binding events.

Additionally, any coordinates projected out of the GLE must nonetheless contribute to the
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memory function, so low-dimensional models will generally have longer memory than high-

dimensional models unless a fortuitious separation of timescales occurs.

In our work we have found that many of the methods employed to parametrize Langevin

equations for single reaction coordinates do not scale well when applied to higher dimensional

CG models. Indeed, some of these methods break down entirely once the translational and

rotational freedom of the entire molecule are included explicitly in the CG model.

In this thesis, we have developed parametrization methods that accomplish several goals

at once. First, they explicitly anticipate the translational and rotational symmetry of freely

diffusing molecules, allowing these degrees of freedom to be incorporated into the resulting

CG models. Second, by avoiding explicit construction of histograms, these methods scale

much more effectively to the parametrization of high-dimensional coarse-grained models.

This allows a single CG model to be constructed for, say, every atom in a small peptide,

or every amino acid in a protein, rather than a single carefully chosen reaction coordinate,

provided adequately sampled statistics are available.

Obtaining representative sampling from MD simulations is itself a considerable challenge

and an area of active research, which lies outside the scope of this thesis. Our focus is on

expanding the scope of what is possible with coarse-grained Langevin equations given that

proper sampling is obtained. The many-bead models we describe here allow for considerable

exploratory work to be done after the coarse-graining stage, or to study phenomenon which

are not described well by a single coordinate, such as those involving multiple pathways.

In particular, they preserve the translational and rotational symmetry of the molecule, per-

mitting study of the interaction of global diffusion and conformational fluctuations. Such

coupling may be of interest during binding events in particular.

The paper presented in Chapter 2 details a method for reconstructing Markovian friction

coefficients consistent with an underlying memory function. The method involves a General-

ized Einstein Relation (GER) that allows for the use of a broader class of correlation functions

than previous methods. This allows some freedom in the choice of which lagged correlations

will be used in the friction calculation. Such expressions for the friction generically express

the memory function or friction coefficient matrix as a ratio of correlation matrices. This

extra freedom turns out to be crucial in the case of diffusing molecules with internal degrees

of freedom, as we show that the eigenvalue structure of previous expressions [10, 12] leads

to numerically unstable ratios in the long time limit. In this paper, we demonstrate how the

more general expression can be exploited to eliminate this source of instability and generate

stable plateau values for the Markov friction. These friction coefficients are consistent with

both the internal and global diffusion of the molecule.

In chapter 3, we turn to the construction of the mean force term in the GLE. Again

novel difficulties arise in the case of systems undergoing free rotational diffusion. In this
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paper we show that the free energy landscape over a molecule’s internal shape coordinates

is distorted by a shape-dependent rotational entropy. This distortion is a consequence of

coupling between global rotation and internal shape coordinates (rovibrational coupling [13])

due to fictitious forces in the body-fixed frame. In order to construct a CG model with an

accurate rotationally symmetric potential from these probability distributions, this entropic

contribution must be removed to isolate the effects of the potential of mean force. We

derive a formula for the shape-dependence of this entropy, and demonstrate how the CG

force field can be corrected for it. Additionally, we show that this correction may be crucial

for the subsequent calculation of friction coefficients using this force field, as the errors in

lagged force correlations can propagate to significant errors at long time scales even when

the instantaneous correction is small.

Together these two methods allow for the complete recovery of the Markovian regime of

molecular systems obeying an exactly state-independent GLE, provided appropriate sam-

pling can be obtained. Even in toy models, this is a novel capability that previous methods

were unable to provide.

In chapter 4 we turn to a test of these methods on an MD simulation of a real molecule,

alanine dipeptide, in explicit solvent. We show that in order to construct a many-bead model

with explicit diffusion, the rotational entropy correction to the modeled force is critical, as the

resulting friction coefficients return negative eigenvalues if the correction is not performed.

Using the methods of chapters 2 and 3 in tandem, however, yields a CG model of alanine

dipeptide whose position-position correlations show very good qualitative agreement with the

MD simulation, capturing complex features over many cross-correlations. There is significant

room for quantitative improvement, however, even at long time scales where the system

should be Markovian, and we believe the remaining error has two likely causes. First,

alanine dipeptide was chosen because it is a well-studied model system [8, 14, 15], but it has

a significant energy barrier to a rare state, and our input MD simulations were unbiased.

Enhanced sampling methods lay outside the scope of this work, but incorporating them into

these new coarse-graining protocols is a priority of future work. Second, this coarse-graining

approach still does not account for state-dependence, which is the only major feature of the

full Zwanzig GLE that it does not account for in the Markovian regime. Recovering the full

state- and time-dependence of the memory kernel is also a goal of future work.

[1] P. Pearle, B. Collett, K. Bart, D. Bilderback, D. Newman, and S. Samuels, American Journal

of Physics 78.12, 1278 (2010).

[2] A. Einstein, Ann. Phys. 19.4, 371 (1905).

16



[3] P. Langevin, CR Acad. Sci. Paris 146, 530 (1908).

[4] H. Mori, Prog. Theor. Phys., Japan 33, 423 (1965).

[5] R. Zwanzig, (Oxford : New York : Oxford University Press, 2001).
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2 - THE GENERALIZED EINSTEIN RELATION

The following is reproduced from Generalized Einstein Relation for Markovian Friction

Coefficients from Molecular Trajectories, published in volume 134 of Physical Review Letters

on April 7, 2025, and authored by J.M. Hall and M.G. Guenza.

Coarse-grained (CG) dynamical models of complex systems aim to explicitly describe a

reduced set of quantities of interest while only implicitly modeling the remaining degrees

of freedom. For example, a protein in solution may be described by the centers-of-mass of

the constituent amino acid monomers, and its dynamics described by a Langevin equation,

where the solvent and atomistic degrees of freedom are modeled as friction and noise. Such

CG models have the potential to provide analytical insight into the mechanisms behind

biological function of macromolecules on targeted length scales [1–4] as well as to increase

computationally accessible timescales by projecting out high-frequency modes.

The Mori-Zwanzig projection operator method can be used to rigorously derive a Gener-

alized Langevin Equation (GLE) for the time evolution of the CG variables consistent with

an underlying atomistic Hamiltonian [5, 6]. Recent years have seen a growing interest in

developing GLEs as a practical tool due to the modern accessibility of long trajectories via

atomistic Molecular Dynamics (MD) simulations and new methods of parameterizing the

equations of motion using statistical correlations from these trajectories [7–9].

Despite these advances and the growing interest in designing fast CG computational

methods to simulate complex systems across multiple scales, parametrizing the GLE with

high accuracy remains an ongoing challenge. A key task in designing a highly accurate

GLE is the calculation of the friction coefficients entering the CG model [10–13]. In this

manuscript, we present a solution for the friction coefficients in the Markovian regime by

proposing an extended Einstein relation consistent with an underlying memory function.

We evaluate the quality of our approach on a simple three-bead model, and compare the

accuracy of the recovered friction with that of a conventional method involving the numerical

inversion of a Volterra integral equation.

We adopt this simplified model with a known analytical, multidimensional free energy

landscape, because the accuracy of the friction coefficient depends in our model on the

accuracy of the conservative forces. Extensive literature on deriving diffusion coefficients

(friction) from simulation trajectories [14] or experimental data [15–19] of more complex

systems, such as protein folding, commonly identifies a single or a pair of reaction (collec-

tive) coordinates [20–22]. Rare events are typically analyzed along these coordinates using
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enhanced sampling of the free energy landscape [23]. Testing our method on such complex

systems would introduce uncertainties on the intramolecular forces, which would cloud the

quality of our results [21, 22, 24]. Therefore, we rely on a simple three-bead model with

known interactions. This model has a multidimensional free energy landscape, both bound

and unbound coordinates, providing a simplified representation of the complexity inherent

to the dynamics of a coarse-grained macromolecule.

The proposed model for calculating self and cross friction coefficients provides a significant

advantage over traditional methods by allowing flexibility in the selection of vectors entering

the Generalized Einstein Relation. This adaptability enables one to resolve instabilities in

the friction coefficients by selecting appropriate coordinates.

In the Zwanzig-projected equation there are two functions that must be parameterized.

One is the potential of mean force U , which can be obtained from equilibrium statistics. The

other is the memory function Γ, which in general is a function of time and the CG positions

and momenta [25]. In this work we take the common approximation that this kernel is

state-independent, leaving only the time-dependent memory.

If the CG coordinates are taken to be the center-of-mass positions of n distinct clusters

of atoms, then the state-independent form of the Zwanzig GLE for cluster i is given by

˙⃗ri(t) =
1

mi

p⃗i(t)

˙⃗pi(t) =−∂U(r⃗(t))

∂r⃗i
−
∑

j

∫ t

0

dτ Γij(t− τ)v⃗j(τ) + f⃗R
i (t),

(1)

where r⃗i is the position of the i-th center of mass, p⃗i and v⃗i are the corresponding mo-

mentum and velocity, and f⃗R is a set of gaussian-distributed random forces whose statistics

are related to Γ by the second fluctuation-dissipation theorem [26],

⟨fR
iα(t)f

R
jβ(t

′)⟩ = kBTΓij(t− t′)δαβ, (2)

where T is the temperature and kB is the Boltzmann constant. The Greek indices indi-

cate Cartesian components and the Kronecker delta reflects our assumption of an isotropic

environment.

When the memory function is integrable, as is typical, this time-dependent kernel can be

replaced by a constant friction coefficient to model kinetics over sufficiently long timescales,

where the behavior is Markovian. This Markovian regime is of particular interest for its

mathematical simplicity compared to the full GLE when accurate dynamics over the short-
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est timescales are not crucial. This is often the case in the study of diffusive motion in

macromolecules, where relaxation of the solvent and other local degrees of freedom can

occur much faster than conformational changes of functional interest.

In the Markovian limit, the running integral G(t) of the memory function should converge

to a stable plateau yielding the friction coefficients

ζ = lim
t→∞

G(t) = lim
t→∞

∫ t

0

dτ Γ(τ). (3)

The stability and accuracy of this plateau at long lag times is then crucial to developing

Markovian CG models from trajectory data. This is especially so in the case of multidi-

mensional models that possess a rich mode structure over a wide hierarchy of timescales.

Correlations in the fastest coordinates may completely decay while others are still in a non-

Markovian regime, and such coordinates may be coupled via off-diagonal friction through

mechanisms such as hydrodynamic interactions. Such cases require an approach that is

numerically reliable at long timescales despite the exponential decay of the input time cor-

relation functions (TCFs).

One popular method to directly extract the memory kernel from MD trajectories involves

the inversion of a Volterra integral equation of the first kind [11, 14]. The friction coefficients

can then be obtained from the total integral of this memory function. We now show that

this method can lead to instability in the friction coefficients and propose a new method

that yields a far more accurate and stable plateau at long timescales.

By taking the dot product of the force equation in (1) with the initial velocity v⃗k(0) and

then taking the mean, one obtains for a multi-particle model in an isotropic solvent [7]

MĊvv(t) = −CvU ′
(t)−

∫ t

0

dt Γ(t− τ)Cvv(τ), (4)

where

Cxy
ij (t) := ⟨x⃗i(0) · y⃗j(t)⟩ (5)

is the time-lagged correlation function between x⃗i and y⃗i, and M is the diagonal matrix of

cluster masses. As a projected CG coordinate, v⃗k is uncorrelated with the random noise f⃗R
i

for all time lags (Appendix A). Integrating Eq. (4) over time yields

MCvv(t)−MCvv(0) = FvU ′
(t)−

∫ t

0

dτ G(t− τ)Cvv(τ), (6)

where FvU ′
(t) is defined as

FvU ′
(t) = −

∫ t

0

dτ CvU ′
(τ) (7)
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and G(t) is the integral of the memory function, Eq.(3).

Conventionally, the integral in Eq. (6) is discretized in order to solve for G(t). The trape-

zoid rule can be used for this discretization, but leads to spurious high-frequency oscillations

in the solution which must be filtered out [27]. We use, instead, the left-handed rectangle

rule, which after some rearranging transforms Eq. (6) into

G(t) =
1

∆τ

[
FvU ′

(t) +MCvv(0)−MCvv(t)
]
Cvv−1

(0)

+
N−1∑

i=1

G(t− i∆τ)Cvv(i∆τ)Cvv−1

(0) (8)

where N = t/∆τ . Once the correlation functions on the right-hand side are measured,

Eq. (8) can be solved iteratively for G(t) starting from G(0) = 0.

Variations of this procedure have been used frequently in the literature to calculate G(t)

for many single-dimensional CG models of molecular systems, and occasionally for multi-

dimensional models. If a Markovian description is desired, then the limit of G(t) as t → ∞
furnishes the Markovian friction coefficients. If a non-Markovian description is necessary,

then G(t) can be differentiated to obtain the memory function, Γ(t).

Unfortunately, since TCFs typically decay exponentially and are calculated from finite

MD simulations, a low ratio of signal to noise becomes inevitable at long lag times, leading

to poor stability of the long-time plateau in the integral. This limits the applicability of the

Volterra inversion method to calculating Markovian friction coefficients.

To illustrate the memory extraction problem and the limitations of the procedure de-

scribed by Eq. (8), we simulate Eq. (1) for a toy molecule. The molecule is formed by three

CG sites, interacting with a known internal potential and memory function. The accuracy

of the procedure is tested by attempting to recover the known friction coefficients via the

integral of the memory function.

The internal potential of the trimer is given by

U(l1, l2, θ) =
k1
2
(l1 − l10)

2 +
k2
2
(l2 − l20)

2 +
kθ
2
(θ − θ0)

2 (9)

where l1, l2 are the bond lengths along the three-bead chain and θ is the angle between them,

and (l10 , l20 , θ0) is the minimum-energy configuration, which we set equal to (1, 1, π
2
). The

spring constants are set to (k1, k2, kθ) = (14, 20, 7).

The memory function of the trimer is taken to be

Γij(t) = 10e−10t/ζij (10)
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and the Markovian friction coefficients are

ζ =



10 0 10

0 10 0

10 0 20


 (11)

indicating a single off-diagonal interaction between the ends of the trimer. The beads in the

trimer are assigned masses m = (30, 40, 30).

The time-correlated noise is generated according to Eq. (2) using the method detailed

in [28]. As the sum of many interactions, the noise is taken to be gaussian-distributed,

motivated by the Central Limit Theorem. Equation (1) is then simulated using the Euler

method with time step ∆t = 0.01 for a total time of Tsim = 104.

In Fig. 2.1, we compare the results of extracting the memory function from the resulting

trajectory using equation (8) with the true integral of the known Γ, Eq. 10. While the

Volterra inversion method matches G(t) well for short times, it begins to drift at timescales

comparable to the Markov timescale we are interested in, and the error becomes progressively

worse at longer timescales. Without a stable plateau, there is no unambiguous result for the

friction coefficients.

To address these shortcomings of the Volterra inversion method, we propose an alternative

approach that circumvents the direct calculation of Γ(t) while reliably yielding the plateau

value.
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FIG. 2.1. The diagonal (dashed) and off-diagonal (dot-dashed) components of the calculated GC(t)

as obtained via the Volterra inversion method compared to the exact solution G(t) obtained from

Eq. 10 (solid).
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First we rewrite Eq. (6) as

MCvv(t)−MCvv(0) = FvU ′
(t)−

∫ t

0

dt′
∫ t′

0

dτ Γ(t′ − τ)Cvv(τ). (12)

We then define

Dvv(t) :=

∫ t

0

dτ Cvv(τ) , (13)

and multiply both sides of equation (12) by Dvv−1
to get

ζv(t) =
[
MCvv(0)−MCvv(t) + FvU ′

(t)
]
Dvv−1

(t) (14)

where we have defined

ζv(t) :=

[∫ t

0

dt′
∫ t′

0

dτ Γ(t′ − τ)Cvv(τ)

]
Dvv−1

(t) . (15)

The subscript v recalls the initial value we multiplied across Eq. (1). Since the inner τ

integral is a convolution between Γ and Cvv, in the limit t → ∞ the double integral separates

into two factors

ζv(∞) =

[∫ ∞

0

dt Γ(t)

∫ ∞

0

dt Cvv(t)

]
Dvv−1

(∞) (16)

which by the definitions of G and D simplifies to

ζv(∞) = G(∞) . (17)

We have in ζv(t) a quantity distinct from the integral of the memory function that nonethe-

less has the same limit at long times. Using Eq. (14) the Markovian friction coefficients

can be calculated directly from observed TCFs without solving an integral equation while

maintaining consistency with the underlying memory function. To identify the Markovian

timescale TM , we calculate ζv(t) for multiple values of t in order to monitor convergence.

In the long time limit, one can understand Eq. (14) as a generalized Einstein relation. If

we consider the case of a single molecular center-of-mass diffusing freely such that U ′(r⃗) = 0,

we have

ζv(∞) =
mCvv(0)

Dvv(∞)
(18)

given that FvU ′
(t) = 0 for all t, and Cvv(t) → 0 as t → ∞. By the equipartition theorem,

one has mCvv(0) = 3kBT . The usual diffusion coefficient D is identified via Dvv(∞) = 3D,

yielding the Einstein relation
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ζv(∞) =
kBT

D
. (19)

The proposed formalism, illustrated in Eq. (14), is a convenient method to calculate the

friction coefficients in systems described entirely by unbound coordinates, such as the center-

of-mass diffusion of a free molecule. When attempting to model the internal dynamics of a

molecule, however, a further obstacle arises that requires some generalization of the approach.

For a single bound coordinate, such as an internal coordinate of a coarse-grained macro-

molecule, the mean-squared displacement saturates to a finite value over time instead of

growing linearly. In this case, the diffusion coefficient limt→∞Dvv(t) = 0. When modeling n

atom clusters to describe an entire molecule, only the eigenvalue associated with translation

of the entire CG molecule has a finite limit, while the remaining n− 1 eigenvalues go to zero

at long times.

The numerator of ζv(t) goes to a finite value at large t (see Appendix A), and ζv(∞)

diverges. The divergence of the Markovian limit in the case of bound coordinates was

noted and resolved in Ref. [29] for a different approach to the memory function using a

hierarchy of approximations. Here we implement a solution inspired by that approach that

also simultaneously handles the unbound translational mode.

The formalism we derived in Eq. (14), can be easily generalized to solve this issue. While

we initially chose to take the dot product of Eq. (1) with v⃗k(0), we now generalize this

approach by taking the dot product with an arbitrary vector-valued function of the initial

CG phase space variables g⃗k(r⃗(0), p⃗(0)). To the extent that the state-independent GLE is

valid, this vector g⃗k remains orthogonal to the noise since all CG variables are Zwanzig-

projected coordinates (see Appendix A). The resulting generalized integral equation is:

MĊgv(t) = −CgU ′
(t)−

∫ t

0

dτ Γ(t− τ)Cgv(τ). (20)

Integrating in the same manner as before,

ζg(t) =
[
MCgv(0)−MCgv(t) + FgU ′

(t)
]
Dgv−1

(t), (21)

yields a generalized friction coefficient

ζg(t) :=

[∫ t

0

dt′
∫ t′

0

dτ Γ(t′ − τ)Cgv(τ)

]
Dgv−1

(t). (22)

We note that

ζg(∞) = G(∞) = ζ (23)

for all choices of g⃗. In the long time limit, Eq. (21) then provides an even more generalized
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form of the Einstein relation, connecting the friction coefficient with ratios of a broader class

of correlations resulting from different choices of g⃗.

We are now free to search for any set of vectors g⃗k(r⃗, p⃗) such that Dgv retains a full set of

finite eigenvalues in the limit T → ∞. For the case where all positions are bound, [29] were

able to obtain a stable Markov limit using correlations equivalent to setting g⃗k = r⃗k here.

Inspired by their work we adopt

g⃗0 :=



r⃗′C/τ0

V⃗


 (24)

where V⃗ is the center-of-mass velocity and r⃗′C/τ0 is the vector of CG position coordinates

relative to the center-of-mass, normalized by the unit of time, τ0. Here, the x, y, z coordinates

of the Nth CG site are removed, such that r⃗′C = (xC
1 , y

C
1 , z

C
1 , ..., x

C
n−1, y

C
n−1, z

C
n−1). The

motivation is to associate the bound modes of rotational and internal vibration with the

bound position coordinates, r⃗C , relative to the center-of-mass position, where one set of

coordinates has been removed to maintain the correct vector’s size. However, it is essential

to include the unbound translational mode of the center of mass. If we simply set g⃗ = r⃗C ,

the bound position coordinates exclude the translational degrees of freedom, leading to an

unwanted zero eigenvalue of Dgv(t).

Finally, we observe that while Dgv(t) has finite eigenvalues as t → ∞ for g⃗ = g⃗0, its

derivative Cgv(t) now has zero eigenvalues at t = 0, as dictated by the equipartition theorem.

Given that the first derivative of the numerator in equation (21) is finite, L’Hôpital’s rule

indicates that the limit as t → 0 becomes infinite (see Appendix A). By adopting g⃗ = g⃗0 we

effectively exchanged the long-time instability for a short-time one. Although this does not

strictly pose a problem for the calculation of the Markovian friction, it would be preferable

to achieve stability at both limits. This issue can be easily resolved through an additional

adjustment of our g⃗-vector,

g⃗ :=



r⃗′C/τ0 − v⃗′L

V⃗


 (25)

where v⃗′L are the lab frame velocities where one set of velocity coordinates is removed.

Since Cvv(0) possesses a full set of finite eigenvalues due to the equipartition theorem, this

stabilizes the t → 0 limit (see Appendix A). Hence, Eq. (25) will be our choice for g⃗ from

this point on.

We now calculate ζg(t) via Eqs. (21, 25) using the same trajectory of the trimer as

before. In principle the Markovian friction can be obtained by calculating ζg(t) at a single
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time t > TM . In practice, however, TM is generally unknown. In this case ζg(t) can be

calculated at multiple sparse values of t and monitored for convergence. In Fig. 2.2 we plot

ζg(t) at full resolution to facilitate comparison with G(t).

The results demonstrate a clearly identifiable and stable plateau that agrees well with the

long-time limit of the exact G(t).

We have presented an Einstein relation generalized to systems of interacting particles,

where the friction coefficients are consistent with the total integral of an underlying memory

function. Due to the nature of the Einstein relation as a ratio, it is possible to further

generalize to a broader class of correlations than the usual velocity-velocity correlations

corresponding to the diffusion coefficient, and all of these ratios yield the same friction

coefficients. The generality of this formalism allows us the freedom of selecting appropriate

coordinates to resolve instabilities in the memory integral.

This relation could serve as a powerful tool for constructing Markovian CG models. Not

only does it yield accurate friction coefficients without explicit calculation of the memory

function, but its flexibility allows it to be tailored to the coordinate structure of the system at

hand in order to achieve robust numerical stability. The example we have provided demon-

strates how site-specific friction coefficients simultaneously consistent with bound internal

dynamics and unbound global diffusion in a free molecule can be obtained.
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FIG. 2.2. The diagonal (dashed) and off-diagonal (dot-dashed) components of ζg(T ) compared with

the exact components of G(T ) (solid).
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BRIDGE

In the preceding paper, the Markov friction coefficients were calculated from an observed

molecular trajectory using lagged time correlations. One of the correlations required is that

of the mean force against coarse-grained phase space variables. The friction coefficients,

then, cannot be calculated in this way until the mean force has itself been parametrized

accurately.

In the preceding paper the toy model obeyed a given Generalized Langevin Equation

exactly, and hence the true forces from the original simulation could be used to isolate the

problem of modeling the friction. In a real system, however, the mean force is a result of the

projection, and must be modeled.

There is a rich literature on extracting the mean force and the potential of mean force

from observed equilibrium distributions in a wide variety of systems. However in our work we

found that the traditional inversion of the Boltzmann factor yield poor results. In this case

the chief obstacle was, yet again, the rotational symmetry inherent to a diffusing molecule.

Inversion of the Boltzmann factor yields a free energy that is not identical to the potential of

mean force itself if there is any shape-dependent entropy present. The entropy corresponding

to rotational degrees of freedom is in fact shape-dependent, and so a correction is needed to

isolate the potential of mean force and hence obtain an accurate force field.

In the following paper we derive such a correction, and we demonstrate that applying

it significantly improves the accuracy of the modeled force, and that the correction can be

cruical for the recovery of correct friction coefficients by the method of the preceding paper.
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3 - ROTATIONAL ENTROPY

The following is reproduced from a manuscript currently under review for publication,

authored by J.M. Hall and M.G. Guenza.

Coarse-grained (CG) models of solvated molecules often rely on the potential of mean force

(PMF) to capture the equilibrium conformational distributions. When the gradient of the

PMF is used, it also defines the corresponding force field governing the system’s dynamics.

The PMF is often obtained via the Boltzmann factor from the distribution of molecular

configurations observed in computer simulations [1, 2]. While progress has been made on

techniques for optimizing the potential for use in Langevin Equations to simulate reaction

coordinates, for example through machine learning, much of this work has been focused

on low-dimensional models of purely internal degrees of freedom describing the shape of

the molecule. Such models do not include the translational and rotational diffusion of the

molecule or any possible rovibrational coupling [3–7]. In many biological applications, such

as protein–ligand binding, the timescales of slow conformational fluctuations and overall

orientational dynamics can be comparable, making it desirable to explicitly model all relevant

degrees of freedom for a comprehensive understanding of the process. In this work, we present

a formalism to calculate an accurate lab-frame force field with the appropriate rot+trans

symmetries by modifying the PMF obtained via inversion of the Boltzmann factor from the

distribution of the shape coordinates.

A coarse-grained model of a molecule composed of N point particles has 3N total de-

grees of freedom, r⃗. However, because the potential energy surface is invariant under global

translations and rotations, it depends only on a reduced set of 3N − 6 internal shape coordi-

nates, q⃗. These coordinates can be defined by removing the effect of translation and rotation

through appropriate frame constraints [8]. Despite this reduction, the six global degrees of

freedom remain implicitly present in the coarse-grained space and can couple to the internal

dynamics, introducing a residual rotational entropy in the free energy landscape over q⃗. This

entropy contribution is not associated with the internal potential V (q⃗). Therefore, to ob-

tain a force field corresponding solely to V (q⃗) by inverting the Boltzmann distribution, the

shape-dependent rotational entropy must be properly accounted for and removed to isolate

the contribution of the potential energy surface.

If we were interested only in a body-fixed coarse-grained description, for example, of a

single internal reaction coordinate, then the translational and rotational degrees of freedom

would be eliminated through the projection procedure itself, with their influence absorbed
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into the memory kernel and noise. It is our decision to keep these symmetries explicit in our

CG model that forces us to grapple with their effects on the free energy landscape. This

choice, while more complex, enables us to capture global diffusion and its coupling to internal

dynamics, providing a foundation for coarse-grained models of processes such as molecular

binding.

I. BODY-FIXED COORDINATES

A freely diffusing molecule may be modeled as N point particles, which can represent

atoms or the centers of coarse-grained clusters, for a total of 3N spatial coordinates.

The general Hamiltonian for the N particles in Cartesian coordinates is given by

H =
1

2
p⃗M−1p⃗T + V (r⃗). (1)

Here M is a mass matrix consisting of a 3 × 3 diagonal block miI3 for each parti-

cle i. The vector p⃗ consists of the xyz-momenta of each of the N particles such that

p⃗ = (p1x, p1y, p1z, ..., pNx, pNy, pNz), and likewise r⃗ represents the lab-frame positions. The

potential energy V (r⃗) will have translational and rotational symmetry and so can be com-

pletely described by a reduced set of 3N − 6 shape coordinates.

As in [8], the six global coordinates corresponding to the overall translation and rotation

can be defined via constraint equations on the 3N configuration coordinates. The choice of

constraints defines the body-fixed frame and fixes the overall position R⃗ and Euler angles Θ⃗

given a configuration r⃗. An example set of constraints are the Eckart conditions [9], which

are linear equations and identify R⃗ with the center-of-mass of the N particles while defining

the Θ⃗ such that rotational-vibrational coupling in vacuum is minimized near a reference

configuration. Once the constraints have been chosen, a reduced set of 3N−6 internal shape

coordinates q⃗ may also be chosen to complete the body-fixed description. Again following

the approach in [8], the Hamiltonian may be recast, for any choice of constraints, in canonical

body-fixed coordinates as

H =
1

2
P⃗M−1P⃗ T +

1

2
p⃗S−1p⃗T +

1

2
J⃗ I∗

−1J⃗ T + V (q⃗). (2)

The first term is the kinetic energy associated with the center-of-mass, where P⃗ is the

total momentum of the molecule and M the total mass. The second term is the kinetic

energy associated with the vibrational motion of the shape coordinates q⃗, which we have the

freedom to choose, and S is a mass-weighted metric defined as
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Sij :=
∑

k,α

mk
∂rkα
∂qi

∂rkα
∂qj

. (3)

(Throughout this manuscript, Greek indices denote Cartesian components.) The third

term represents the kinetic energy associated with a generalized angular momentum J⃗ ,

corresponding to the total angular momentum less the contribution from vibrations in the

body-fixed frame, where

J⃗ : = I∗ω⃗ , (4)

and

I∗ := I − CS−1CT (5)

with

Cαi :=
∑

k

mk(r⃗k ×
∂r⃗k
∂qi

)α. (6)

The generalized angular momentum may also be expressed entirely in canonical coordi-

nates via

J⃗ = B(Θ⃗)p⃗Θ − CS−1p⃗, (7)

where p⃗ and p⃗Θ are the canonical momenta associated with q⃗ and Θ⃗ respectively, and

B(Θ⃗) :=



sin(χ) −csc(θ)cos(χ) cot(θ)cos(χ)

cos(χ) csc(θ)sin(χ) −cot(θ)sin(χ)

0 0 1


 (8)

as in the treatment of rovibrational coupling in [10].

We are free to choose a set of internal coordinates to describe the shape of the molecule.

Certain coordinate systems will have inherent advantages and disadvantages. The Bond-

Angle-Torsion (BAT) coordinates are popular and have the advantage of being rotation-

invariant, and hence calculable in any frame[11–13]. They are fundamentally curvilinear

coordinates, however, and we will see that their state-dependent metric, via the S matrix

(3), introduces other difficulties. We will instead, in this work, accept the inconvenience of

frame-switching and work with a reduced set of rectilinear displacements from a body-fixed

reference structure (see Appendix B).

To obtain the distribution of internal displacements, the translational and rotational

motion of the molecule must be removed from the lab-frame trajectory. This procedure
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is inherently ambiguous, so appropriate frame constraints must be applied. To eliminate

translational motion, we fix the center of mass at the origin. To remove rotational motion,

we adopt the Eckart frame constraints. [9, 14]. This choice is again motivated by the desire

to maintain linearity in the constraint equations, which ensures a constant metric tensor.

In contrast, using the quadratic constraints of the principal axes frame would result in a

curvilinear metric for the internal coordinates.

II. ROTATIONAL ENTROPY CORRECTION TO THE FORCE FIELD IN A

COARSE-GRAINED REPRESENTATION

If the atomistic system is Boltzmann-distributed, then its probability distribution in

phase-space is

Patom(r⃗, p⃗)dr⃗ dp⃗ =
1

Z
e
−
(

1
2

∑
i

1
mi

p2i+V atom(r⃗)
)
/kBT

dr⃗ dp⃗ (9)

where r⃗, p⃗ are the lab-frame positions and momenta of the atoms. The Boltzmann distribu-

tion doesn’t strictly apply in the case of unbounded translational diffusion, but the simulated

system can be made normalizable by a finite box or periodic boundary conditions and the

influence of these constraints made sufficiently small as desired.

We will consider the case where the desired CG variables are the lab-frame centers-of-

mass r⃗L of designated clusters of atoms in the molecule, and their corresponding momenta

p⃗L. We note that the remaining degrees of freedom in each cluster can be represented by

the relative Jacobi coordinates r⃗J , p⃗J while preserving the decoupled quadratic form of the

kinetic energy. This allows us to trivially integrate out these degrees of freedom, together

with those of the solvent and other ignored atoms, yielding the distribution in the CG phase

space:

PL(r⃗L, p⃗L)dr⃗L dp⃗L =
1

Z
e
−
(

1
2

∑
n

1
mn

pL
2

n +V (r⃗L)
)
/kBT

dr⃗L dp⃗L , (10)

where

V (r⃗L) := −kBT ln

(∫
dr⃗orth e

−V atom(r⃗)/kBT

)
. (11)

Owing to translational and rotational invariance, the potential of mean force V for a freely

diffusing molecule depends only on the 3N − 6 shape coordinates q⃗, i.e., V = V (q⃗).

Our objective is to derive an expression for the observable probability distribution P(q⃗) in

terms of the potential of mean force V (q⃗) by integrating out the center-of-mass and rotational

(Euler) degrees of freedom from 31.

To this end, we begin by performing a canonical transformation from the lab-frame coor-

dinates to a body-fixed representation, following the approach derived in [8] and summarized
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in Section I.

(r⃗L, p⃗L) → (q⃗, p⃗, R⃗, P⃗ , Θ⃗, p⃗Θ) (12)

where q⃗, p⃗ are the internal shape coordinates and their conjugate momenta, R⃗, P⃗ are the

center-of-mass of the CG sites and its momentum, Θ⃗ = (θ, ϕ, χ) are the Euler angles, and

p⃗Θ = (pθ, pϕ, pχ) are the conjugate momenta to the Euler angles.

Since the transformation is canonical, Liouville’s theorem implies that the phase space

volume is preserved, and thus the probability distribution retains a simple volume element:

dr⃗L dp⃗L → dR⃗ dP⃗ dΘ⃗ dp⃗Θ dq⃗ dp⃗. (13)

Again following [8], the Hamiltonian is now expressed in the body-fixed coordinates by

Eq. (2).

The Hamiltonian’s independence from R⃗ implies a uniform distribution over center-of-

mass coordinates, which may thus be trivially integrated out. Moreover, the center-of-mass

momentum decouples from the remaining degrees of freedom and can likewise be integrated

out, yielding:

P0(Θ⃗, p⃗Θ, q⃗, p⃗) =
1

Z
e−

(
1
2
p⃗S−1p⃗T+ 1

2
J⃗ I∗

−1 J⃗ T+V (q⃗)
)
/kBT . (14)

A Gaussian integration over the internal shape momenta yields:

∫
dp⃗ e−

(
1
2
p⃗S−1p⃗T

)
/kBT = kBT

√
(2π)3N−6

√
(|S(q⃗)|) . (15)

After incorporating the constants into the normalization, the expression becomes:

P1(Θ⃗, p⃗Θ, q⃗) =
1

Z

√
|S(q⃗)|e−

(
1
2
J⃗ I∗

−1 J⃗ T+V (q⃗)
)
/kBT . (16)

Due to the simultaneous dependence of J⃗ (Θ⃗, p⃗Θ) on Θ⃗ and p⃗Θ, there is no simple way to

integrate out these coordinates. Instead, we perform a coordinate transformation from the

canonical momenta p⃗Θ to the angular velocity ω⃗. Rewriting the first term of the exponent

in terms of ω⃗ gives us

1

2
J⃗ I∗

−1J⃗ T =
1

2
ω⃗I∗ω⃗T .

(17)

Since the transformation is noncanonical, care must be taken with the volume element,

which transforms according to the determinant of the Jacobian as
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dp⃗Θ = |J |dω⃗ ,
(18)

where

J =
∂p⃗Θ
∂ω⃗

.
(19)

We find this derivative by inverting Eq. (7) to express p⃗Θ in terms of the remaining

coordinates and ω⃗:

p⃗Θ⃗ = B−1(Θ⃗)
(
I∗(q⃗)ω⃗ + C(q⃗)S−1(q⃗)p⃗

)
. (20)

It follows that

∂p⃗Θ
∂ω⃗

= B−1(Θ⃗)I∗(q⃗) , (21)

and the Jacobian determinant is

|J | =
∣∣∣∣
∂p⃗Θ
∂ω⃗

∣∣∣∣

=

∣∣∣∣B−1(Θ⃗)I∗(q⃗)

∣∣∣∣

=

∣∣∣∣B−1(Θ⃗)

∣∣∣∣
∣∣∣∣I∗(q⃗)

∣∣∣∣.

(22)

Upon evaluating the determinant of B−1(Θ⃗), we find

|J | = sin(θ)

∣∣∣∣I∗(q⃗)
∣∣∣∣. (23)

Thus, after the coordinate transformation, the probability distribution becomes

P(Θ⃗, ω⃗, q⃗) =
1

Z
sin(θ)|I∗(q⃗)|

√
|S(q⃗)| e−

(
1
2
ω⃗I∗ω⃗T+V (q⃗)

)
/kBT .

(24)

The dependence on ϕ and χ has dropped out, and the sin(θ) term integrates to a constant,

leaving

P(ω⃗, q⃗) =
1

Z
|I∗(q⃗)|

√
|S(q⃗)| e−

(
1
2
ω⃗I∗ω⃗T+V (q⃗)

)
/kBT .

(25)
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Finally, performing the Gaussian integral over ω⃗ yields the final expression for the prob-

ability distribution:

P(q⃗) =
1

Z

√
|I∗(q⃗)|

√
|S(q⃗)| e−V (q⃗)/kBT .

(26)

We find that the resulting distribution of shape coordinates, expressed via their potential

of mean force, deviates from what a naive application of the Boltzmann factor would predict.

The landscape is modified by the q⃗-dependence of both I∗ and S. Notably, this result holds

for arbitrary choices of shape coordinates and frame constraints.

The shape-dependence of S is merely a geometric artifact introduced by the use of curvi-

linear shape coordinates and/or nonlinear frame constraints. As discussed in Appendix B,

this dependence can be removed by an appropriate choice of coordinates and constraints. For

the remainder of this work, we assume such a choice has been made, rendering S a constant

that may be absorbed into the normalization.

By contrast, the shape-dependence of I∗ is an inherent consequence of the rotational

entropy associated with a given conformation and must be evaluated.

The connection to rotational entropy becomes more apparent upon rewriting the proba-

bility distribution as

P(q⃗) =
1

Z
e−

(
V (q⃗)−TSR(q⃗))

)
/kBT ,

(27)

where the rotational entropy SR associated with the coarse-grained shape q⃗ is defined by

SR(q⃗) := kB ln(A
√
|I∗(q⃗)|),

(28)

and

A :=
π1/2

σ

(
8π2ekBT

h2

)3/2

, (29)

is a normalization constant. The symmetry number σ accounts for the symmetry of the

reference conformation, taking values greater than one for molecules with rotational self-

symmetry, and unity otherwise [15].

For a rigid body, I∗ reduces to a constant matrix equal to the standard moment of inertia,

yielding the familiar rigid-body expression for the rotational entropy of the reference con-

formation q⃗ = 0.[15] For flexible molecules, the conformation-dependent moment of inertia

must be replaced by the generalized tensor of Eq.5. Accordingly, the potential of mean force
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FIG. 3.1: Histograms (transparent) of the shape coordinate distributions obtained from
simulations of the model trimer, overlaid with the corresponding marginal distributions
predicted by a 10-component Gaussian Mixture Model (GMM) fit (solid lines).

V (q⃗) relates to the probability distribution P(q⃗) as follows:

V (q⃗) = −kBT ln(P(q⃗)) + kBT ln(A
√
|I∗(q⃗)|).

(30)

The generalized force conjugate to the ith shape coordinate is therefore

−∂V (q⃗)

∂qi
= kBT

1

P(q⃗)

∂P(q⃗)

∂qi
− kBT

2

1∣∣I∗(q⃗)
∣∣
∂

∂qi

∣∣I∗(q⃗)
∣∣.

(31)

The first term is obtained from an analytical fit to the probability distribution, as de-

scribed below. During numerical calculation, it may be useful to replace the derivative of

the determinant in the second term with the derivative of a matrix using Jacobi’s formula:

−∂V (q⃗)

∂qi
= kBT

1

P(q⃗)

∂P(q⃗)

∂qi
− kBT

2
Tr

(
I∗

−1

(q⃗)
∂I∗(q⃗)

∂qi

)
.

(32)

III. PARAMETERIZATION OF THE FORCE FIELD FOR A MODEL TRIMER

Representative samples from the distribution P(q⃗) can be obtained from long, ergodic

simulations of a molecule, for example through Molecular Dynamics (MD) simulations of

a protein in solvent. To study the coarse-grained dynamics of that molecule, one needs to

define the CG sites by grouping together a number of atoms. Then, by integrating out the
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fast degrees of freedom using a projection operator expressed in the space of the coarse-

grained coordinates, one derives a Generalized Langevin Equation (GLE) that guides the

CG dynamics of the molecule. [16, 17]

Over sufficiently long time intervals, where the protein dynamics is uncorrelated with the

solvent dynamics, the GLE reduces to a Markovian Langevin equation in the position, r⃗i(t),

and velocity, v⃗i(t) = p⃗i(t)/mi, of each CG site, i. The resulting Langevin equation,

˙⃗ri(t) =
1

mi

p⃗i(t),

˙⃗pi(t) =−∂V (r⃗(t))

∂r⃗i
−

∑

j

ζij v⃗j(t) + f⃗R
i (t),

(33)

describes the time evolution of the CG variables in the field of the fast variables projected

out. The eliminated degrees of freedom affect the dynamics through the form of the effective

potential V (r⃗), the random forces f⃗R
i , and the friction coefficients ζij.

The friction coefficients are obtained from the time integral of the memory kernel. In

recent work, we demonstrated that these coefficients can be computed as a ratio of time

correlation functions, highlighting that an accurate representation of the friction requires

an equally accurate force-field parameterization [18]. Consequently, to rigorously evaluate

the accuracy and dynamical impact of the rotational entropy correction in coarse-grained

(CG) models, it is essential to employ a system where all quantities entering the Langevin

equation are known exactly.

As a test system, we consider a model trimer composed of three beads with masses m =

(3, 4, 3) and Markovian friction coefficients ζ = (10, 10, 20). All the simulation quantities are

in reduced units [19, 20]. The internal potential governing the trimer conformation is given

by

U(l1, l2, θ) =
k1
2
(l1 − l10)

2 +
k2
2
(l2 − l20)

2

+
kθ
2
[(θ − θ0)

2(θ − (π − θ0))
2 − b(θ − π

2
)2],

(34)

where l1, l2 are the bond lengths and θ is the angle between them. The trimer thus has

a double well in the bond angle symmetric around θ = π/2. The well locations are de-

fined by (l10 , l20 , θ0) = (1, 1, π/3). The other well parameters are chosen as (k1, k2, kθ, b) =

(40, 40, 28, 1.5).

The stochastic noise is modeled as Gaussian-distributed, consistent with the Central Limit

Theorem, which justifies this approximation in real systems where the random force arises

from the cumulative effect of numerous solvent collisions. The temperature is set to kBT = 5
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via by the second fluctuation-dissipation theorem [21]:

⟨fR
iα(t)f

R
jβ(t

′)⟩ = 2kBTζijδ(t− t′)δαβ. (35)

Using this model system, we investigate the influence and quantitative impact of the rota-

tional entropy correction on both the reconstruction of the full force field and the calculation

of friction coefficients. We simulate Equation (33) using the Euler-Maruyama method with

time step ∆t = 0.01 for a total time of Tsim = 104.

To calculate the force field, we need to transform the trajectory into body-centered dy-

namics. Thus, after simulating Eq. (33) in the laboratory frame, we derive the shape

coordinates in the corresponding Eckart frame. We construct a reference structure r⃗0 by

aligning the configuration of one of the wells, (l1 = 1, l2 = 1, θ = π/3), into a principal

axes frame. Using this reference, we then compute the time series of Eckart-frame Euler

angles from the laboratory-frame trajectory via the quaternion-based method described in

[22]. The shape coordinates q⃗ are defined as the first 3N − 6 elements of P (r⃗B − r⃗0), where

the r⃗B are the body-fixed positions of the beads and P is the permutation matrix

Pij =





δij, i ̸∈ (3N − 6, 3N − 5)

δi+1,j i = 3N − 6

δi−1,j i = 3N − 5

(36)

With this permutation matrix the last bead N is omitted from the shape coordinates

entirely, bead (N − 1) retains only an x-coordinate in the body-fixed frame, and bead (N −
2) retains its x- and y-coordinates. This staggered set of internal displacements prevents

degeneracies in the calculation of
(
dr⃗
dq⃗

)
. More details are reported in Appendix B.

In order to generate the force field described above, an analytical estimate of P(q⃗) must be

fit to the samples from the simulation. We model P(q⃗) from this data with a Gaussian Mix-

ture Model (GMM) fit using the Expectation-Maximization (EM) algorithm implemented in

the Python package Scikit-Learn [? ].

Figure 3.1 shows the observed histograms for the trimer’s three shape coordinates, overlaid

with the corresponding marginals of the GMM fit P(q⃗) constructed using 10 components.

The close agreement between the GMM and the empirical distributions for each coordinate

suggests that 10 Gaussians provide a reasonably accurate representation. This will be further

validated in IV through direct comparison of the resulting force field.
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FIG. 3.2: Representative segment of the x-component force time series acting on a single
bead of the trimer. The exact force from simulation (solid line) is compared with the
reconstructed force obtained from the gradient of the Gaussian Mixture Model (GMM) fit
(dashed line), shown both without (top panel) and with (bottom panel) the rotational
entropy correction.

IV. RESULTS

Given a fitted form of P(q⃗), obtained, for instance, using a Gaussian Mixture Model,

the gradient of the distribution can be evaluated and substituted into Eq. 32 to compute

a time series of generalized forces along the sampled shape trajectories. These generalized

forces are then mapped back to the full set of lab frame forces by applying the inverse

transformation procedure outlined in Appendix B.2. To isolate the effect of the rotational

entropy correction, we compare the force field calculated with and without the second term

in Eq. 32.

The top panel of Fig. 3.2 shows the time series of forces reconstructed from the GMM

fit, excluding the rotational entropy correction, plotted against the exact forces from the
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FIG. 3.3: The top panel displays the lagged position–force correlation function for each
bead of the model trimer, computed using the exact simulation forces (solid line), the
uncorrected gradient of the Gaussian Mixture Model (GMM) fit (dotted line), and the
corrected gradient incorporating the rotational entropy term as in Eq. 32 (dashed line).
The corresponding running integrals Fii(t/∆t) of these correlation functions are shown in
the bottom panel using the same line styles.

simulation over a representative segment of the trajectory. Although the overall trends are

qualitatively captured, significant discrepancies remain in the finer details of the force profile.

In the bottom panel of Fig. 3.2, we show the results of the full force reconstruction, now

including the rotational entropy correction. The agreement with the exact forces improves

markedly, capturing both the overall trends and finer features of the time series.

To evaluate the practical significance of the rotational entropy correction, we turn now

to calculate its influence on the reconstruction of time correlation functions (TCFs).

The first TCF we consider is the lagged position–force correlation, which directly con-

tributes to the calculation of the Markovian friction coefficients [18]. As such, the accuracy

of the reconstructed friction depends critically on the fidelity of the reconstructed force field.
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In Fig. 3.3, we compare observed position–force TCFs for the trimer with the corresponding

TCFs computed using the modeled force field, both with and without the rotational entropy

correction. Notably, accurate recovery of the TCF is achieved only when the rotational

correction is included.

The deviation observed at small t/∆t in Fig. 3.3 underscores the importance of accounting

for rotational distortion in the free energy landscape when aiming to accurately capture short-

time dynamical behavior. Notably, certain methods for parametrizing friction coefficients or

memory kernels in coarse-grained Langevin models rely on the time integral of this correlation

function as an input [18, 23]. In the bottom panel of Fig. 3 we see that the error in the

total integral of the position-force correlation incurred by ignoring the rotational correction

is considerable. As a result, inaccuracies at short times can propagate into the estimation

of parameters that govern long-time dynamics. These findings suggest that multiple aspects

of CG model construction, based on observed statistics, may be sensitive to the effects of

rotational entropy.

To further investigate this possibility, we compute the friction coefficients of the trimer

using the Generalized Einstein Relation described in Reference [18]. The calculation is

performed using three different force fields: the reference force field obtained directly from

the simulation trajectory, and two reconstructed force fields derived from the GMM fit to the

probability distribution—with and without the inclusion of the rotational entropy correction

(see Eq. 32).

As shown in Fig. 3.4, the force field reconstructed from the GMM with the rotational en-

tropy correction reproduces the true friction coefficients ζ = (10, 10, 20). Both exhibit rapid

convergence to well-defined plateaus at short times, consistent with the Markovian character

of the simulation. In contrast, the friction functions ζg(t) obtained from the uncorrected

GMM display a slower convergence to their asymptotic limits, indicating artificial memory

effects, and ultimately plateau at incorrect values.

V. DISCUSSION

Recovering the effective intramolecular force field from atomistic simulations is an essen-

tial step in modeling complex macromolecular systems by coarse-graining. In this article,

we show that correcting for rotational entropy is, in general, essential for accurately recov-

ering the underlying intramolecular force field from the distribution of internal coordinates

in molecules undergoing global translational and rotational diffusion. If left unaccounted

for, the rotational-vibrational coupling distorts the apparent free energy landscape (FEL),

leading to inaccuracies in the inferred potential of mean force (PMF) and the resulting force
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FIG. 3.4: Time-dependent diagonal friction coefficients ζg(t/∆t) computed using the
method of Ref. [18], based on the exact force field (solid line), the Gaussian Mixture Model
(GMM) fit with the rotational entropy correction (dashed line), and the uncorrected GMM
fit (dotted line).

field.

To address this, we derived an explicit correction to the free energy landscape that isolates

and removes the rotational entropy contribution, yielding a PMF consistent with the true

internal energetics of the molecule. This correction is expressed in terms of the generalized

moment of inertia tensor I∗(q⃗), which naturally encodes the dependence of rotational entropy

on molecular shape. The corrected PMF can then be used to reconstruct accurate forces

and friction coefficients within coarse-grained Langevin dynamics models.

Using a well-controlled toy model—a trimer with analytically specified potential energy,

mass, and friction parameters—we validated this approach by comparing the reconstructed

force fields and dynamical statistics to known quantities. We showed that inclusion of the

rotational entropy correction yields significant improvements in the recovery of the force time

series, time correlation functions, and friction coefficients. In contrast, neglecting the cor-

rection may lead to observable artifacts, such as spurious memory effects and mis-estimated

friction values, even in a simple Markovian setting.

These results underscore that the shape-dependence of rotational entropy is not a neg-

ligible artifact but a physically meaningful contribution that can influence both short- and

long-time dynamical observables.

By establishing a rigorous formalism and validating it on a tractable model, this work lays

the foundation for applying these corrections in more complex settings. In future work, we

aim to extend this framework to atomistic molecular dynamics simulations of biomolecules

in solution, where the potential of mean force is not known a priori. This will allow us to
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quantify the practical significance of rotational entropy effects in systems of biological and

chemical interest and to assess the conditions under which such corrections are necessary for

reliable CG modeling.

BRIDGE

The Mori-Zwanzig projection operator formalism indicates that, when the orthogonal

term is approximated as a gaussian noise, there are two functions that must be obtained

in order to fully paramaterize the Zwanzig Generalized Langevin Equation; the potential

of mean force, or the corresponding mean force field, which depends on the CG positions,

and the memory function, which depends on the CG positions, momenta, and time. In the

case of approximate state-independence and over Markovian timescales, the latter may be

replaced by a matrix of friction coefficients.

In Chapter 2 we described a method for obtaining these friction coefficients. Now we have

supplemented that with a method for obtaining an accurate mean force field in the case of

rotationally symmetric systems that are free to diffuse.

In the case of the friction coefficients we found that accurate retrieval required careful

consideration of the eigenvalue structure associated with the mix of bound and unbound

coordinates due to the translation symmetry.

In this chapter, we have found that the rotational symmetry of the molecule introduces

a shape-dependent entropy that must be corrected for. Additionally, we have found Gaus-

sian Mixture Models to be a useful and scalable tool for parametrizing multi-dimensional

landscapes without the explicit construction of histograms.

These tools together allow us to retrieve all of the input parameters of a toy model

molecule obeying an excact Markovian Langevin equation, a novel capability for a model

with these symmetries. The toy model was crucial in verifying the accuracy of each method,

as the parametrization of friction coefficients is entangled with that of the force field and

exact values were required as reference. We now turn to an application of these methods to

a real molecule.
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4 - MODELING THE MARKOVIAN DYNAMICS OF ALANINE DIPEPTIDE

The following is reproduced from an advanced draft of a manuscript for publication else-

where. The material is co-authored by Jesse Hall and Marina Guenza.

Coarse-grained models describe complex physical systems in terms of a small number

of coordinates, aiming to statistically reproduce the dynamics of these coordinates while

treating the remaining degrees of freedom only implicitly. For example, a protein in solvent

may be described by the motion of the alpha carbons in each amino acid, and the solvent

composed of water molecules modeled only implicitly by a drag force and a fluctuating noise,

as in a Langevin equation [1]. Such models generally have the advantages of analytical sim-

plicity and computational accessibility relative to their fine-grained counterparts. Achieving

their construction without a loss in accuracy is an area of ongoing research.

In particular, there has been much recent activity in the development of parametrization

methods for Markovian and Generalized Langevin Equations consistent with the unerlying

Mori-Zwanzig projection operator formalism. These models have the potential to be highly

accurate, and their formal rooting in statistical-mechanical theory allows for well-defined,

controlled approximations.

Most of these treatments have, however, focused on modeling a small number of reaction

coordinates in a molecule, often just one [2–6]. High-dimensional CG models may sometimes

be desirable. They allow for the study of a molecule’s rich mode structure, and permit the

study of complex multidimensional pathways without a priori knowledge of good reaction

coordinates to describe them. Additionally, high-dimensional models can incorporate the

translational and rotational symmetry of the molecule, allowing the study of interactions

between global and internal dynamics, which may be important in certain binding events.

In previous work we have demonstrated the ability to recover friction coefficients from

the observed trajectories of toy molecules obeying a Generalized Langevin Equation [7]. In

Chapter 3 we have seen how the mean force of a tou molecule may be recovered. Most of the

obstacles to be overcome in those works consisted of a careful treatment of the rotational

symmetry.

In this work we apply these methods for the first time to the trajectory of a real molecule,

alanine dipeptide, obtained from an unbiased Molecular Dynamics (MD) simulation with

explicit sovent. We construct a site-specific 10-bead model, with an internal 24-dimensional

energy landscape and a 10 × 10 matrix of Markovian friction coefficients. We demonstrate

the stability of the Markovian plateau obtained from the Generalized Einstein Relation
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as described in [7], and we demonstrate the necessity of the rotational entropy corrections

introduced in Chapter 3 of this thesis. Because no enhanced sampling is used, certain barriers

are not ideally sampled and there is much room for improvement in the model. Even so, we

find the qualitative agreement in the time correlation functions between the MD and CG

models remarkable.

Our main goal is to evaluate whether two previously published parametrization tech-

niques, one for the friction coefficients and one for the potential of mean force, constitute sig-

nificant improvement in the construction such a high-dimensional model for a real molecule.

We will examine the stability of the friction coefficients obtained via the generalized Einstein

relation with hybrid correlations published in [7], and we will compare the results of using a

pmf corrected for rotational entropy or left uncorrected.

I. MOLECULAR DYNAMICS SIMULATION

Alanine dipeptide in TIP3P water solvent [8] was simulated in GROMACS 2020.4 [9]

using the AMBER99SB-ILDN force field [10]. The ions Na+ and Cl− were added to achieve

a salt concentration of 0.1M. The peptide was relaxed in the presence of the solvent and ions

using a steepest-descent algorithm. Two 1ns equilibration runs were performed in the NVT

and NPT ensembles respectively at a timestep of 2fs. Both were performed at a temperature

of 298K and the latter at a pressure of 1atm, both using a Berendsen thermostat. For

each of ten replicas, 10ns of equilibration was performed and discarded using the velocity-

rescaling thermostat, again at 298K, with a timestep of 1fs. The final ten production runs

were 490ns each under the same conditions, for a total simulation time of 4.9µs. Hydrogen

bond lengths were constrained in all simulations. Simulations were performed on the Talapas

High-Performance Computing cluster at the University of Oregon.

II. DISTRIBUTION OF INTERNAL COORDINATES

Alanine dipeptide consists of 22 atoms, 12 of which are hydrogen atoms. In this treatment,

we will join every hydrogen atom to its heavy bonded partner to form a united atom, and

take the center-of-mass of the resulting cluster as a CG site. This results in a N = 10 bead

model of alanine dipeptide, with 30 degrees of freedom.

In order to retain translational and rotational symmetry, the potential of mean force for

an N -bead CG model must depend only on the 3N − 6 (in this case 24) internal degrees of

freedom of the system.

As discussed in Chapter 3, the internal shape coordinates and the body-fixed frame used

to calculate them may be chosen carefully to greatly simplify the expression for the effects
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of rotational entropy on their distribution. As such, we will use the same scheme for the

internal coordinates deployed in that work.

Let r⃗ be the lab-frame positions of the N beads. Then let r⃗B be the body-fixed positions

as defined by the Eckart frame with reference structure r⃗0. There is freedom in the choice of

r⃗0, but it will be convenient for it to be chosen such that the fluctuations in the displacements

from r⃗0 are zero-centered. We achieve this by choosing the initial conformation, reoriented

into a principal axes frame, as an arbitrary r⃗′0, then doing a trial removal of translation and

rotation from the entire trajectory r⃗(t). The calculation of the Eckart frame Euler angles

from r⃗(t) and r⃗′0 is performed using the quaternion algorithm in [11]. The resulting r⃗′B now

has a well-defined average conformation. Orienting this ⟨r⃗B′⟩ into a principal axes frame, we

choose this conformation as our reference structure r⃗0.

Once this r⃗0 has been constructed, it is used to perform the final translation and rotation

removal from r⃗(t). This results in a body-fixed trajectory r⃗B(t) such that the conformational

fluctuations are centered around r⃗0.

In this work, as in Chapter 3, we define the internal shape coordinates q⃗ to be the first

3N − 6 elemements of P (r⃗B − r⃗0) where P is the permutation matrix

Pij =





δij, i ̸∈ (3N − 6, 3N − 5)

δi+1,j i = 3N − 6

δi−1,j i = 3N − 5

(1)

With this permutation matrix the last bead N is omitted from the shape coordinates

entirely, bead (N − 1) retains only an x-coordinate in the body-fixed frame, and bead (N −
2) retains its x- and y-coordinates. This staggered set of internal displacements prevents

degeneracies in the calculation of the matrix
(
dr⃗
dq⃗

)
, which will be needed in the next section.

To construct the CG force, we will need to calculate the gradient of the probability

distribution P(q⃗) for any given q⃗. This requires an analytical fit to the observed P(q⃗).

Due to the high-dimensional nature of the distribution, any methods involving the explicit

construction of a histogram are impractical. We will instead, as in Chapter 3, attempt to

construct a Gaussian Mixture Model (GMM) for P(q⃗) directly from the trajectory data. We

use the Expectation-Maximization (EM) algorithm to construct an approximate Maximum

Likelihood Estimation for the parameters of the GMM modeling P(q⃗) as the sum of a given

number n of gaussians.

The number n of gaussians is a hyperparameter which must be chosen before the EM

algorithm is initiated, and so to choose a good value for n we must perform many fits with

different values of n and then check some other measure to discern the best fit. Simply

increasing n almost always improves the final value of the likelihood, even when overfit-
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FIG. 4.1: The equipartition scores S obtained from Gaussian Mixture Models of varying
component number n. A minimum score is achieved at n = 270.

ting is occurring. Instead the measure we choose is the error in satisfying the generalized

equipartition theorem

⟨qi
∂H
∂qj

⟩ = kBTδij (2)

over the original trajectory. Since the body-fixed coordinate system is obtained from the

lab frame coordinates via a canonical transformation, the above equation implies that

−kBT⟨qi
1

P(q⃗)

∂P(q⃗)

∂qj ⟩ = kBTδij (3)

which can be checked using the fit for P(q⃗).

We define a score S such that

S :=

∣∣∣∣− kBT⟨q⃗
1

P(q⃗)

∂P(q⃗)

∂q⃗

T⟩− kBT I
∣∣∣∣ (4)

where the vertical bars represent the Frobenius norm. A particular fit is considered good

when this score is small as calculated on the observed trajectory. We note that it is trivially

equal to zero if the samples are instead drawn from the GMM itself.

In Fig. 1 we plot the scores of a range of fits, with the number n of gaussian components

ranging from 10 to 5000. We find that the best score is achieved with a relatively small

number of gaussians, and the agreement with the equipartition theorem generally worsens

beyond n = 270, possibly due to overfitting. This strategy is highly heuristic, but we have

by experience found that minimizing this score leads to greatly improved friction coefficients

later in the coarse-graining process. Force fields with a high S score almost invariably yield
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FIG. 4.2: Histograms (transparent) of shape coordinates obtained from the MD simulation
of alanine dipeptide, overlaid with the corresponding marginal distributions predicted by a

270-component Gaussian Mixture Model (GMM) fit (solid lines).

friction matrices with unphysical negative eigenvalues. A more rigorous understanding of

how to select a particular GMM would be beneficial.

In Fig. 2 we plot histograms of select shape coordinates from the MD simulation, together

with the curves of marginal distributions calculated from the n = 270 GMM. The visual

agreement in regions of high probability is very good across all 24 internal coordinates. A few

hundred gaussians seem largely adequate to describe the basins of even a high-dimensional

molecular landscape.

III. THE POTENTIAL OF MEAN FORCE AND ROTATIONAL ENTROPY

Once a GMM for P(q⃗) has been selected as described in the previous section, the potential

of mean force must be isolated from distortions of the free energy landscape due to shape-
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dependent rotational entropy. As we demonstrated in Chapter 3, the potential of mean force

can be isolated by the formula

V (q⃗) = −kBT ln(P(q⃗)) + kBT ln(A
√
|I∗(q⃗)|).

(5)

where the generalized moment of inertia I∗ is defined as

I∗ := I − CS−1CT

(6)

with

Cαi :=
∑

k

mk(r⃗k ×
∂r⃗k
∂qi

)α. (7)

Sij :=
∑

k,α

mk
∂rkα
∂qi

∂rkα
∂qj

. (8)

and I the standard moment of inertia matrix. (Throughout this manuscript, Greek indices

will indicate Cartesian components.)

The force field corresponding to V (q⃗) is then obtained from P(q⃗) via

−∂V (q⃗)

∂qi
= kBT

1

P(q⃗)

∂P(q⃗)

∂qi
− kBT

2
Tr

(
I∗

−1

(q⃗)
∂I∗(q⃗)

∂qi

)
.

(9)

where Jacobi’s formula has been used for the derivative of the determinant. This formula

is valid for shape coordinates and frame constraints such that ∂r⃗
∂q⃗

is a constant. In Appendix

B we demonstrate that this holds true for the reduced displacements relative to an Eckart

frame reference structure that we have previously described.

From this formula a time series of generalized forces can be obtained from the observed

q⃗-trajectory. From these 3N − 6 generalized forces, the numerical procedure described in

Appendix B allows for the recovery of the full 3N lab-frame forces on each CG bead. This is

accomplished by enforcing conditions of zero net torque and net force on the intramolecular

forces consistent with the required translational and rotational symmetry of the potential.

The numerical procedure to accomplish this is detailed in Appendix B.
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IV. FRICTION COEFFICIENTS

In a many-bead CG model of a molecule, the site-specific friction coefficients are respon-

sible for the kinetics of both the internal shape changes and the overall translational and

rotational diffusion of the molecule. In previous work [7] we have shown how Markovian

frictions coefficients simultaneously consistent with all of these behaviors on long timescales

can be obtained in a manner consistent with an underlying memory function. This method

made use of a Generalized Einstein Relation (GER)

ζg(t) =
[
MCgv(0)−MCgv(t) + FgU ′

(t)
]
Dgv−1

(t), (10)

where

Cxy
ij (t) := ⟨x⃗i(0) · y⃗j(t)⟩ (11)

FvU ′
(t) = −

∫ t

0

dτ CvU ′
(τ) (12)

Dvv(t) :=

∫ t

0

dτ Cvv(τ) , (13)

In this relation, the long-time limit of ζg yields the Markovian friction coefficients for any

choice of g⃗

ζg(∞) = G(∞) = ζ (14)

but it was found that due to the simultaneous presence of bound internal coordinates and

unbound center-of-mass diffusion, the particular choice

g⃗ :=



r⃗
′
C − v⃗

′
L

V⃗


 (15)

yielded far better numerical stability than most choices due to the eigenvalue structure of

its correlations at short and long times. Here V⃗ is the center-of-mass velocity and r⃗
′
C is the

vector of CG position coordinates relative to the center-of-mass with the x, y, z coordinates

of the Nth CG site removed, such that r⃗
′
C = (xC

1 , y
C
1 , z

C
1 , ..., x

C
n−1, y

C
n−1, z

C
n−1), and similarly

for v⃗
′
L.

Due to the presence of F in the numerator, the mean force must be reconstructed before

the friction coefficients can be obtained, and the accuracy of the friction is critically depen-

dent on the accuracy of the modeled force. In Chapter 3, we found in a toy model that
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FIG. 4.3: The diagonal components of the friction obtained using the entropically
corrected (solid) and uncorrected (dashed) force fields.

the rotational entropy correction was required for reasonably accurate reconstruction of the

friction.

Once an estimated time series for the mean force F⃗ (q⃗(t)) = −∂V (q⃗(t))
∂q⃗

has been constructed,

the lagged time correlation CgU ′
(t) can be obtained.

In Fig. 4.3, we show the resulting ζg(t) using the entropy-corrected and uncorrected

force fields. We see that the approach does indeed yield stable plateau values in both cases.

However, as shown in Fig. 4.4, the uncorrected forces yield a Markov friction matrix with

negative eigenvalues. This is not usable in a CG model as the trajectory would accumulate

energy rather than dissipate it. Interestingly, it is the low-friction modes that are most

significantly perturbed by the rotational effects, while the greatest eigenvalues are largely

unaltered. The corrected force field, on the other hand, yields a positive definite friction

matrix. Additionally, the off-diagonal components of the friction matrix are far more sym-

metric when using the corrected forces. In Fig. 4.5 we can see that the corrected force field

yields a far more structured friction matrix.

These results are striking, and indicate significant effects from rotational-vibrational cou-

pling in real molecules. The correction itself is a very small fraction of the instantaneous

force, yet its effects alter the force TCF at long times and affect many eigenvalues of the

friction matrix significantly. Our previous work only demonstrated the necessity of this cor-

rection in the case of a particular toy model. Here we see that they remain crucial in the

case of a small peptide in explicit solvent.
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FIG. 4.4: The eigenvalues of the friction obtained using the entropically corrected (solid)
and uncorrected (dashed) force fields.

V. COARSE-GRAINED SIMULATION

With a force field and friction coefficients in hand, a Langevin equation for the 10-bead

model of alanine dipeptide can be constructed and simulated in the lab-frame.

The Markovian Langevin equation of the CG model is given by

˙⃗r(t) = M−1p⃗(t)

˙⃗p(t) = −∂V (q⃗(t))

∂r⃗
− ζp⃗(t) + fR(t)

(16)

The cross-bead correlations in the noise force are obtained from the second Fluctuation-

Dissipation Theorem via the matrix square-root of ζ such that

⟨fR
iα(t)f

R
jβ(t

′)⟩ = 2kBTζijδαβδ(t− t′). (17)

The masses of the beads are set equal to the total mass of their corresponding cluster of

atoms. The drag force at each time step is calculated using the full friction coefficient matrix

obtained from the GER.

The force field we obtained directly yields 3N−6 generalized forces in the body-fixed frame

as a function of q⃗. In order to propagate the simulation, then, the body-fixed q⃗-coordinates

must be calculated at each frame. Fromt these the generalized forces are calculated, and

then the method from Appendix B is used to expand them into a full set of 3N forces on the

beads in the body-fixed frame. Finally the rotation is undone to yield the lab-frame forces.

This frame-switching scheme slows down the simulation, and could be avoided if an

entropy-corrected force field were developed in terms of rotationally invariant coordinates
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FIG. 4.5: The friction matrices drawn from ζg0(t) at t =100ps using the entropically
uncorrected (top) and corrected (bottom) force fields.

such as the popular Bond-Angle-Torsion (BAT) coordinates. However, as described in Chap-

ter 3, such coordinates result in a complicated nonlinear metric which must be corrected for

in the force field, so there are trade-offs involved. In this work we accept the inefficiency of

frame-switching as the focus of our study is the accuracy of the coarse-graining procedure

itself.

The coarse-grained model was used to simulate 100 replicas of duration 50ns at a timestep

1fs. The first 1ns of each trajectory was discarded as equilibration, leaving a total production

simulation time of 4.9µs.
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VI. RESULTS

Lagged auto- and cross-correlations Cij(t) in the shape coordinates q⃗ were calculated for

both the MD and CG trajectories, such that

Cij(t) := ⟨qi(0)qj(t)⟩ (18)

The correlations were calculated for each replica and the results averaged over all the

replicas at each time lag. To account for the lack of convergence in finite simulations,

margins of error were calculated by obtaining the standard deviation across the replicas for

each set and then arriving at the expected standard deviation of the mean by the formula

σn = σ/
√
n. (19)

The error bars plotted in Fig. 4.6 represent two such standard deviations.

Some representative comparisons between the TCFs of the MD and CG simulations are

plotted in Fig. 4.6. The qualitative agreement is remarkable for auto- and cross-correlations

throughout the molecule, with pronounced transitions in decay rates occurring at the correct

time lags and correlation amplitudes. Some complex short-time features in the MD TCFs

are captured remarkably well by the CG model even when they occur on sub-Markovian

timescales. Additionally, many of the coordinates exhibit extremely good quantitative agree-

ment between the CG and MD correlation functions at all observed timescales.

The CG model, however, does not quantitatively reproduce the long-time decay rates of

some coordinates, with a tendency for the most correlated motions to decay too slowly in a

manner that does not fall within the apparent margin of error.

VII. DISCUSSION

Prior coarse-grained models of alanine dipeptide have modeled only a small number of

purely internal reaction coordinates [6]. Our approach is, to our knowledge, unique in its

ability to capture the dynamics many internal degrees of freedom along with global trans-

lational and rotational symmetry of the molecule in a manner explicitly consistent with an

underlying GLE. We have found that the qualitative agreement in the dynamics is excep-

tional, but that there is significant room for improvement in the quantitative accuracy of

the dynamics of certain highly correlated motions.

It is our belief that since the MD simulations used as inputs here were unbiased, a major

source of the discrepancy is likely due to a failure to obtain adequate sampling of the largest

free energy barrier in the system, which is known to be on the order of 10kBT for solvated
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FIG. 4.6: A selection of representative comparisons between q⃗-coordinate auto- and
cross-correlations in the MD (solid lines) and CG (dashed lines) models. The top panel
depicts the pairs (i, j) ∈ {(0, 0), (18, 18), (0, 3), (11, 12), (14, 23), (3, 14), (21, 21)} while the

bottom panel depicts the pairs
(i, j) ∈ {(15, 21), (14, 21), (2, 14), (3, 20), (1, 22), (0, 8), (2, 11)}

alanine dipeptide [12, 13]. While the frequently sampled basins of the free energy landscape

are well described by our Gaussian Mixture Model, relatively small errors on poorly sampled

saddle points can have large effects on transition timescales.

The incorporation of enhanced sampling methods into this recently developed coarse-

graining procedure lies beyond the scope of this manuscript. Here we have been primarily

concerned with the demonstration of two points; first, the stability of the Markovian plateau

obtained via the Generalized Einstein Relation in the case of a real molecule in explicit

solvent; and second, the necessity of rotational entropy corrections when developing force-

fields for CG models that include the free rotation of the molecule.

We find the results to be quite promising, and future work will be focused on incorporating

enhanced sampling techniques into this coarse-graining procedure to improve the quantitative

agreement in the dynamics. Most enhanced sampling techniques are designed with a small
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number of reaction coordinates in mind, and so may need adjustment for practical use in

high-dimensional coarse-graining.

This work represents an advancement in the capabilities of coarse-grained models that

could have applications in the study of multi-dimensional phenomena in diffusing molecules.

The demonstration of significant dynamical implications of rovibrational coupling in a small

peptide is also of interest, as previous studies have failed to identify rovibrational coupling

in proteins using equilibrium statistics [14]. These tools lay groundwork for further study of

such effects.
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5 - CONCLUSION

In Chapter 2, we described a generalization of the Einstein Relation to allow calculation

of Markovian friction coefficients using a broad class of observable lagged correlations. The

flexibility of this expression was exploited in order to develop a numerically stable expression

for the friction coefficients in the case of models with mixed symmetry, such as unbound

translational diffusion and bound rotational and vibrational diffusion.

In Chapter 3, we develop an expression for the distribution of shape coordinates in systems

with rotational symmetry. This expression allows the potential of mean force in such models

to be isolated from the effects of rotational entropy on the free energy landscape. Only

with the results of Chapters 2 and 3 together are we able to fully recreate a toy model with

translational and rotational freedom from its trajectory.

Finally, in Chapter 4, we demonstrated these techniques in a realistic system, solvated

alanine dipeptide. The resulting coarse-grained model demonstrated remarkable qualitative

agreement, and excellent quantitative agreement across many degrees of freedom. It was

also shown that incorporating the rotational entropy correction was vital to recovering a

usable many-bead model, as the friction coefficients yielded negative eigenvalues otherwise.

Residual error in the most highly correlated motions were likely due to inadequate sampling

over a high barrier in the syste.

These techniques are complete in the sense that they can accurately and completely

recover the parameters of a system that precisely obeys a state-independent GLE. This is

an achievement in that previous methods did not scale well to high-dimensional projected

spaces, and were inappropriate to systems with a mix of free and bound coordinates.

Such a foundation indicates several obvious routes for future work.

The Zwanzig-projected GLE used here should generally include state-dependence as well

as time dependence. These are currently the only major features of the complete formal

GLE that are missing from the models presented in this dissertation.

Additionally, while the procedures described here may be complete in the sense that they

accurately recover parameters from accurate statistics, they do not account for the difficulties

in obtaining accurate statistics from unbiased MD simulations in the first place. This is made

quite clear by the difficulty in modeling the high energy barrier in alanine dipeptide. In order

for these methods to become practical tools in biophysics, they must be able to incorporate

enhanced sampling methods. Most enhanced sampling methods are suitable primarily for

low-dimensional reaction coordinate spaces, and so further work may be required in order to

develop a protocol that incorporates enhanced sampling techniques into our coarse-graining

strategies.

Taken together, these methods comprise a marked advancement in the capabilities of
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coarse-grained models of diffusing molecules. Such models permit the investigation of phys-

ical phenomena for which analytically rigorous tools have not previously existed, such as

rovibrational coupling in such systems. We look forward to future applications of our work,

which has brought us to the cusp of understanding the complex fluctuations of diffusing

molecules a little better.
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APPENDIX A

SUPPLEMENTAL MATERIAL FOR GENERALIZED EINSTEIN RELATION

FOR MARKOVIAN FRICTION COEFFICIENTS FROM MOLECULAR

TRAJECTORIES

This Appendix consists of the Supplemental Material published with Generalized Einstein

Relation for Markovian Friction Coefficients from Molecular Trajectories in volume 134 of

Physical Review Letters on April 7, 2025, and authored by J.M. Hall and M.G. Guenza.

I. ORTHOGONALITY OF NOISE

The Generalized Langevin Equation (GLE) can be rigorously justified using the Mori-

Zwanzig projection operator formalism. Here we follow the treatment using the Zwanzig

operator [1, 2], which results in a GLE with nonlinear potential of mean force. Our aim is

to justify the orthogonality of the GLE noise to all vectors g⃗(r⃗, p⃗), where r⃗ and p⃗ are the

coarse-grained (CG) coordinates, in the state-independent approximation.

Given a many-body Hamiltonian H(z⃗), where z⃗ is the microscopic phase space, the

Zwanzig projection operator Pα⃗ is defined as the conditional average

Pα⃗F =
1

Ω(α⃗)

∫
dz⃗F (z⃗)ρeq(z⃗)δ(A⃗(z⃗)− α⃗) (1)

where ρeq(z⃗) is the equilibrium probability distribution of z⃗, A⃗(z⃗) are the collection of CG

variables (in our case r⃗(z⃗), p⃗(z⃗)), and Ω(α⃗) is the coarse-grained entropy:

Ω(α⃗) =

∫
dz⃗ρeq(z⃗)δ(A⃗(z⃗)− α⃗). (2)

The dirac delta makes the Zwanzig projection a conditional average over microscopic

configurations z⃗ consistent with the CG state A⃗(z⃗) = α⃗. Note that P 2
α⃗ = Pα⃗, as required of

a projection operator.

We note that in the case that F (z⃗) = G(A⃗(z⃗))H(z⃗), G(A(z⃗)) can come out of the integral

due to the dirac delta and we have

Pα⃗ G(A⃗(z⃗))H(z⃗)) = G(α⃗)Pα⃗(H(z⃗)). (3)
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The orthogonal projection operator is defined as

Qα⃗ := 1− Pα⃗. (4)

Upon alternating projections, we have

Pα⃗Qα⃗F (z⃗) = Pα⃗(1− Pα⃗)F (z⃗)

= Pα⃗F (z⃗)− P 2
α⃗F (z⃗)

= 0. (5)

Following Zwanzig, the noise term in the GLE is defined as

⃗̃
R(t, z⃗) := exp(t QA⃗(z⃗)L)QA⃗(z⃗)LA⃗(z⃗)

= QA⃗(z⃗)L exp(t QA⃗(z⃗)L)A⃗(z⃗) (6)

where L is the Liouville operator associated with H(z⃗). This noise depends explicitly on

the microscopic variables z⃗, but has statistics governed by the CG variables according to the

Second Fluctuation-Dissipation theorem and so is modeled as a random variable in the GLE.

In the case where the memory kernel is state-independent, this noise
⃗̃
R(t, z⃗) is equivalent to

f⃗R(t) in the main text.

Because the noise can be written with a Q-projection in front, its conditional average over

the CG variables is zero by Eq. 5.

PA⃗

⃗̃
R(t, z⃗) = 0, (7)

where we have dropped the explicit z⃗-dependence of A⃗ for clarity. Combining this result

with Eq. 3, we find that the noise is also orthogonal to any function of the CG variables in

the sense that

PA⃗

(
G(A⃗(z⃗))R̃j(t, z⃗)

)
= 0 (8)

for all G(A⃗(z⃗)) and all j.

In general the statistics of
⃗̃
R(t, z⃗) are state-dependent and so this result only holds for

conditional averages where the CG variables A⃗ are held constant. If the memory function

(and consequently the noise) happens to be state-independent, then Eqs. (7) and (8) hold

even over unconditional averages. So, to the extent that the state-independent GLE is valid,
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FIG. A1. The diagonal components of the calculated ζv(t) (solid) alongside the eigenvalues λi of

Dvv(t) (dashed).

we have

⟨G(A⃗(z⃗))fR
j (t)⟩ = 0, (9)

which justifies dropping the noise term in the integral equations of the main text when

multiplying the GLE by any vector of the form g⃗ = g⃗(r⃗, p⃗).

II. ALTERNATIVE SELECTIONS FOR THE G-VECTOR

In the main text it is claimed that ζv(t) diverges in the limit T → ∞ if g⃗ = v⃗ is used

in the generalized Einstein relation. Here we show how this is the case. Since the velocity

autocorrelations decay to zero as t → ∞, the numerator of ζv(∞) simplifies to

ζv(∞)Dvv(∞) = MCvv(0) + FvU ′
(∞). (10)

The diagonal of the first term is equal to twice the average kinetic energies of the particles.

From the definition of F(t), we also have

FvU ′
(∞) = −

∫ ∞

0

dτ CvU ′
(τ) = CrU ′

(0), (11)

for off-diagonal components as well as the diagonals, under the assumption that positions and

intramolecular forces are uncorrelated over arbitrarily long timescales. In the limit t → ∞,
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FIG. A2. The diagonal (dashed) and off-diagonal (dot-dashed) components of ζg0(t)

then, all eigenvalues of the numerator of ζv(t) are finite, while all eigenvalues of Dvv(t) as-

sociated with internal motion go to zero at large lag times, except for the one associated

with global translation. In addition, the velocity-velocity correlations oscillate when under-

damped modes are present, leading to instantaneous zero eigenvalues. The resulting ζv(t)

is plagued with artificial singularities, as seen in Fig. A1, and any estimate of the plateau

becomes wholly unreliable.

In contrast, the choice

g⃗0 :=



r⃗′C

V⃗


 (12)

stabilizes the plateau at large t. In practice this is a suitable choice of g⃗ for the recovery of

Markovian friction coefficients. However, this choice leads to the appearance of a singularity

in the t → 0 limit as discussed in the main text, and seen here in Fig. A2, which is nonetheless

undesirable.

[1] R. Zwanzig, (Oxford : New York : Oxford University Press, 2001).

[2] C. Hijón, P. Español, E. Vanden-Eijnden, and R. Delgado-Buscalioni, Faraday Discuss. 144,

301 (2010).
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APPENDIX B

SUPPLEMENTAL MATERIAL FOR COARSE-GRAINED FORCE FIELDS VIA

ROTATIONAL ENTROPY CORRECTIONS TO FREE ENERGY LANDSCAPES

OF DIFFUSING MOLECULES

This appendix consists of the Supplemental Material from the manuscript currently under

review for publication, authored by J.M. Hall and M.G. Guenza, which is the subject of

Chapter 3.

I. CALCULATION OF ∂r⃗
∂q⃗

The calculation of the matrix ∂r⃗
∂q⃗

is generally nontrivial, but a simple procedure exists in

the case of linear frame constraints and rectilinear internal coordinates q⃗. In this case the

matrix is constant and can be constructed directly from the constraint matrix through the

procedure outlined here.

For the class of body-fixed frames defined by linear equations of constraint, we define the

6× 3N constraint matrix E (suggesting an Eckart frame as a salient example) [1]:

E∆⃗r = 0 (1)

For example, the first three rows of Eq. 1 can be taken to be the equations setting the

center-of-mass to zero, and the last three rows may be the Eckart constraints.

When we go to the body-fixed frame, our internal coordinates are reduced by six. In order

to calculate ∂r⃗
∂q⃗
, we must know how these six variables are fixed by the remaining 3N − 6.

First, we use a permutation matrix P to rearrange the vector r⃗ such that the coordinates to

be removed are at the end:

EP

[
∆⃗rK

∆⃗rR

]
= 0 (2)

Where the r⃗K are all of the variables that will be kept free and the r⃗R are the constrained

variables to be removed in favor of the frame origin and Euler angles. We then partition the

matrix EP :
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[
(EP )K (EP )R

] [∆⃗rK

∆⃗rR

]
(3)

This partitioned form can be expanded:

(EP )K∆⃗rK + (EP )R∆⃗rR = 0 (4)

Now we rearrange and solve for ∆r⃗R in terms of ∆r⃗K .

∆⃗rR = −(EP )−1
R (EP )K∆⃗rK (5)

Now that we have equation 5, we can express all of our position coordinates in terms of

only the internal degrees of freedom that remain after our constraints are applied:

∆⃗r = P

[
∆⃗rK

∆⃗rR

]

= P

[
I3N−6

−(EP )−1
R (EP )K

]
∆⃗rK

(6)

If the q⃗ coordinates are linear in the body-fixed displacements from the reference structure,

then

q⃗ = Q∆r⃗K

=⇒ ∆r⃗K = Q−1q⃗
(7)

Plugging this into equation (137),

r⃗ − r⃗0 = P

[
I3N−6

−(EP )−1
R (EP )K

]
Q−1q⃗

=⇒
(
∂r⃗

∂q⃗

)T

= P

[
I3N−6

−(EP )−1
R (EP )K

]
Q−1

(8)

Where r⃗0 is the constant reference structure. The transpose is ultimately arbitrary and

simply due to the prior definition the indices of (∂r⃗
∂q⃗
). In all of our work, we have simply

chosen Q = I.

Here we see that in the case of linear frame constraints E and shape coordinates q⃗ linear

in the body-fixed displacements ∆r⃗k, the resulting (∂r⃗
∂q⃗
) (and hence S) is constant. This

special case will be used to simplify the force field derived in the next section.
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II. NUMERICAL CALCULATION OF LAB-FRAME FORCES

The force field equation defined in the Main text allows us to calculate the generalized

force field −∂V
∂q⃗

on the 3N − 6 shape coordinates. In order to simulate the complete motion

of the molecule with translational and rotational diffusion in the lab frame, however, we need

the 3N Cartesian forces −∂V
∂r⃗
.

We can relate the generalized shape forces to the complete set of forces via the chain rule,

∂V

∂q⃗
=

(
∂r⃗

∂q⃗

)
∂V

∂r⃗
(9)

but since
(
∂r⃗
∂q⃗

)
is a rectangular (3N−6)×(3N) matrix, this relationship cannot be inverted

to recover ∂V
∂r⃗
.

We can additionally require that the sum of the internal molecular forces cannot induce

a net force or a net torque by Newton’s Third Law. These constraints furnish the additional

six equations required to complete the inversion:

∑

i

F⃗i = 0

∑

i

r⃗i × F⃗i = 0.
(10)

Combining these constraints into a single matrix equation, we have




(
∂r⃗
∂q⃗

)

T

N (r⃗)




∂V

∂r⃗
=




∂V
∂q⃗

0

0




(11)

where

Tα,3i+γ := δαγ

Nα,3i+γ(r⃗) :=
∑

β

ϵαβγriβ.
(12)

Here ϵ is the Levi-Civita symbol. The block matrix on the left-hand side is now square
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and of full rank, and can be inverted to solve for ∂V
∂r⃗

given the generalized forces ∂V
∂q⃗
.

[1] C. Eckart, Phys. Rev. 47, 552 (1935).
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