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DISSERTATION ABSTRACT

Samantha Nicole Platt

Doctor of Philosophy in Mathematics

Title: Visual Aspects of Gaussian Periods and Analogues

In this dissertation, we study Gaussian periods and their analogues from a

visual perspective. Building on the work of Duke, Garcia, Hyde, Lutz, and oth-

ers [BBF+14, BBGG+13, DGL15, GHL15], we introduce a more dynamical study

of Gaussian periods, and we prove an explicit bound on the value of Gaussian peri-

ods using this framework. Additionally, we generalize the construction of Gaussian

periods using the perspective of supercharacter theory. Using this new construc-

tion, we prove a result which greatly generalizes the main theorem of [DGL15]. We

also initiate the visual study of Gaussian periods from the perspective of number

theory and class field theory, and we define a generalized construction of Gaussian

periods using this perspective. We discuss this class field theory analogue in depth

when the base field is quadratic imaginary.

The work presented here includes and expands upon a paper by this author

[Pla24], which is set to appear in the International Journal of Number Theory.
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CHAPTER 1

INTRODUCTION

The goal of this dissertation is to build on the work of Duke, Garcia, Hyde,

Lutz, and many others in the study of visual aspects of Gaussian periods. In par-

ticular, we explore new visual properties of Gaussian periods, while also motivating

and initiating the exploration of certain analogous constructions.

The work presented in this dissertation includes and expands upon [Pla24],

which is set to appear in the International Journal of Number Theory.

1.1 Historical Motivation

Gaussian periods are certain exponential sums which are important in vari-

ous areas of mathematics, especially number theory. Gauss originally used them

when studying ruler and compass constructions and quadratic reciprocity, and they

have since been used by other well-known mathematicians. For example, Kummer

studied them while proving part of Fermat’s Last Theorem and while investigat-

ing cyclotomic fields more generally. More recently, Lenstra and Pomerance used

Gaussian periods to better optimize the AKS primality test (the first deterministic,

polynomial-time primality test). Gaussian periods also have connections to Gauss

sums, which show up in the functional equations of Dirichlet L-functions, among

other places. For these reasons and more, Gaussian periods have been used and

studied in a variety of ways throughout the years.

However, Gaussian periods were not studied visually until only very recently,

where the increased computational capabilities of modern computers have made

this possible. By plotting Gaussian periods in the complex plane, one immediately

notices the many striking visual patterns which emerge.
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These patterns were first discovered about a decade ago by Bob Lutz, who at

the time was an undergraduate at Pomona College. Lutz had decided to experi-

ment by creating these Gaussian period plots, and his experimentation and discov-

eries led to many interesting results and several papers with collaborators.

In addition to Bob Lutz, the visual study of Gaussian periods started mainly

with works from Brumbaugh et al., Duke, Garcia, and Hyde [BBF+14, BBGG+13,

DGL15,GHL15]. Their results constitute the bulk of what motivated this project,

and we use a few key theorems of theirs as base points for exploration.

1.2 Structure of This Dissertation

We start in Section 1.3 by formally defining Gaussian periods and Gaussian

period plots, and we use examples to showcase many of their interesting patterns.

In Section 1.4, we spend some time going over some key motivational theorems

from [DGL15] and providing context. We then spend the rest of this chapter ex-

plaining the two main frameworks through which we can view Gaussian periods:

the framework of character theory in Section 1.5 and the framework of class field

theory in Section 1.6.

However, before discussing the character theory and class field theory ana-

logues of Gaussian periods, we focus in Chapter 2 on studying certain aspects of

Gaussian periods themselves. In particular, in Section 2.1 we study the Laurent

polynomials gd which show up in Theorem 1.2, and we discuss how Gaussian peri-

ods can be viewed as traces of special unitary matrices. Additionally, we introduce

a more dynamic perspective with which to study Gaussian periods in Section 2.2.

We use these two perspectives to prove Proposition 2.2, which describes and ex-

plains certain dynamic behaviors of Gaussian period plots.
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In Chapter 3, we explore Gaussian periods using the framework of character

theory. Generally speaking, the authors mentioned above studied Gaussian period

plots through the framework of supercharacter theory—a generalization of charac-

ter theory which can be more conducive to computations. In Section 3.1, we dis-

cuss how Gaussian periods can be generalized using supercharacter theory, and in

Definition 3.3, we explicitly define one such generalization. Using this generaliza-

tion, we prove Theorem 3.4 in Section 3.2, which substantially extends a theorem

of Duke, Garcia, and Lutz [DGL15, Theorem 6.3]. Additionally, in Section 3.3, we

show that Theorem 3.4 cannot be generalized further without adding assumptions.

We end Chapter 3 with Section 3.4, where we discuss various computational strate-

gies that are useful when studying the objects described in this dissertation.

Although the existing literature has focused on Gaussian period plots through

a supercharacter theory perspective, we can also view plots of Gaussian periods

through the lens of number theory and class field theory. In particular, the well-

known result of Kronecker and Weber states that every finite abelian extension of

the rational numbers is contained in some cyclotomic field. Given that Gaussian

periods are sums of roots of unity, one might then wonder how Gaussian periods

could be generalized to other base fields, what sorts of behaviors these generaliza-

tions exhibit, and what sort of insight this study could provide.

We discuss these questions and more in Chapter 4. In particular, in Definition

4.22 of Section 4.3, we explicitly define a generalization of Gaussian periods using

the class field theory of quadratic imaginary base fields. We provide the necessary

background for this definition in Section 4.1, and in Section 4.2, we prove Proposi-

tion 4.20, which explicitly computes the Galois group that is needed for Definition

4.22. Once this generalization has been defined, we explore the patterns of the re-

sulting plots in Section 4.4. In Section 4.5, however, we discuss the many compu-
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tational and mathematical barriers that exist in trying to study these plots with

mathematical rigor.

Finally, it is our hope that an interested reader will be inspired to investigate

and experiment with these constructions on their own, and to this end we have pro-

vided a GitHub link to our code in Appendix 4.5.

Summary of Main Results

For convenience, we provide the following list of the main results and contribu-

tions presented in this dissertation.

1. Proposition 2.2 gives an explicit bound on the values of ηn,ω(k) when in the

setting of Theorem 1.2.

2. Definition 3.3 defines a generalization of Gaussian periods using supercharac-

ter theory.

3. Theorem 3.4 greatly generalizes the result of Theorem 1.2 using the super-

character theory construction of Definition 3.3.

4. Proposition 4.20 computes the Galois group of ray class fields over Hilbert

class fields when the base field is quadratic imaginary.

5. Definition 4.22 defines a generalization of Gaussian periods using the class

field theory of quadratic imaginary fields, while Definition 4.24 defines this

generalization for any base field.

1.3 Definitions

We begin by clarifying the definition of Gaussian periods which we will be us-

ing. Throughout this document, we define e(x) := e2πix.
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Definition 1.1. Let n be an integer, and let ω be an integer coprime to n. We

can identify ω as a representative of an equivalence class in (Z/nZ)×, and we use a

common abuse of terminology to say that ω is an element of (Z/nZ)×. Let d be the

multiplicative order of ω mod n; that is, d is the smallest positive integer such that

ωd ≡ 1 mod n. For an integer k (using notation similar to [EG20]), we define the

following map:

ηn,ω : Z/nZ → C, ηn,ω(k) :=
d−1∑
j=0

e

(
ωjk

n

)
.

We call ηn,ω(k) a Gaussian period of modulus n and generator ω (note that we do

not require k to be relatively prime to n in our definition). Additionally, we call

img(ηn,ω) the Gaussian period plot of modulus n and generator ω. We use Gaussian

period and Gaussian period plot when n and ω are clear from context.

In Figure 1.1, we provide examples of Gaussian period plots for various choices

of n and ω.

To clarify what’s happening in this images, each dot represents the value of a

single Gaussian period in the complex plane. In other words, each dot is the com-

plex number corresponding to ηn,ω(k) for some k ∈ Z/nZ.

Additionally, we’ve colored the dots according to a “color modulus” c. The

color modulus is a chosen integer less than n (usually one that divides n), and two

Gaussian periods ηn,ω(k) and ηn,ω(k
′) are given the same color when k ≡ k′ mod c.

We won’t focus too much on the color scheme here; as far as this document is con-

cerned, the main benefit is that the colors help to differentiate patterns in the Gaus-

sian period plots. For more information on the coloring scheme, we refer the reader

to [EG20] and [GHL15, §3].
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(a) n = 255255, ω = 254,
c = 11

(b) n = 82677, ω = 8147,
c = 21

(c) n = 70091, ω = 21792,
c = 7

(d) n = 455175, ω = 107218,
c = 9

(e) n = 478125, ω = 3124,
c = 9

(f) n = 52059, ω = 766,
c = 3

(g) n = 328549, ω = 9247,
c = 127

(h) n = 91205, ω = 1322,
c = 37

(i) n = 62160, ω = 319,
c = 3

Figure 1.1. Examples of Gaussian period plots for various choices of n and ω
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1.4 Motivational Results

Already in just the examples provided in Figure 1.1, one can see the variety of

patterns that are present in Gaussian period plots. It is now that one might wonder

if these patterns might be described or explained mathematically, as they obviously

seem to have some sort of structure and symmetry. While there are some cases in

which such a description is still unknown, there are many in which we do indeed

have an explanation. In this section, we offer a few of these explanations in order

to get a flavor of what has been proven thus far as well as to motivate our explo-

rations going forward.

The first of these is a theorem of Duke, Garcia, and Lutz from [DGL15]. This

theorem has been a major source of inspiration during this research project, and

we spend a large part of the next two chapters exploring and expanding on cer-

tain aspects of this result. Because of this, we will often refer to this theorem as

the “DGL Theorem” from here on.

Theorem 1.2 (Theorem 6.3 of [DGL15]). Let n = pa, where p is an odd prime.

Choose ω ∈ (Z/paZ)× so that its multiplicative order d divides p − 1. Let Φd(x)

denote the d-th cyclotomic polynomial, and let T denote the complex unit circle.

Then the Gaussian period plot img(ηn,ω) is contained in the image of the Laurent

polynomial function gd : Tφ(d) → C defined by

gd(z1, z2, . . . , zφ(d)) =
d−1∑
j=0

φ(d)−1∏
m=0

z
cmj

m+1,

where the constants cmj are defined by the following relations:

xj ≡
φ(d)−1∑
m=0

cmjx
m mod Φd(x).

18



Moreover, for a fixed d, as pa tends to infinity (where the prime p ≡ 1 mod d, the

power a, and the choice of ω are allowed to vary), every nonempty open disc con-

tained in img(gd) eventually contains points in img(ηn,ω). In other words, img(gd) is

“filled out” by Gaussian periods as n goes to infinity.

We provide examples of Theorem 1.2 in Figure 1.2.

The Laurent polynomials gd showing up in the DGL Theorem are interesting

objects of study in their own right. They depend only on the integer d, and they

are defined via some polynomial modular arithmetic using the cyclotomic polyno-

mials Φd. Given the variety of well-known properties about cyclotomic polynomials,

it might not be surprising to learn that gd has some interesting properties as well.

In Section 2.1, we spend some time studying these Laurent polynomials, and we use

some of their properties to prove some results about Gaussian period plots. Addi-

tionally, in Table 2.1, we provide examples of gd for small d.

For now, it is of particular interest to note that in the case where d is itself

also a prime, the image of gd is a d-sided hypocycloid. A hypocycloid is a shape cut

out in the plane by taking two circles, fixing a point on the smaller circle, and then

tracing that fixed point as the smaller circle rolls along the inside of the larger one.

Examples of these shapes can be found in images (a) through (d) of Figure 1.2.

Finally, we note that the DGL Theorem has been reinterpreted by Untrau and

Kowalski in [Unt24, KU23] as a statement about the distribution of points in the

complex plane under the pushforward measure of the Haar measure on Tφ(d) via

the map gd. Untrau and Kowalski then use this reinterpretation as a starting point

from which they generalize to other situations. While this perspective is not the fo-

cus of this dissertation, the relationship to the distribution of points in the complex

plane will show up again in Remarks 3.10 and 3.12 relating to Theorem 3.4.
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(a) n = 312, ω = 521,
d = 3

(b) n = 313, ω = 23503,
d = 3

(c) n = 135, ω = 220860,
d = 3

(d) n = 712, ω = 2752,
d = 5

(e) n = 413, ω = 46244,
d = 5

(f) n = 414, ω = 629614,
d = 5

(g) n = 293, ω = 22517,
d = 14

(h) n = 315, ω = 17404906,
d = 15

(i) n = 435, ω = 67107967,
d = 21

Figure 1.2. Examples of Duke–Garcia–Lutz Theorem for various values of d
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While the DGL Theorem provides inspiration and several avenues of explo-

ration, there is one other previous result that we will highlight here. We’ve chosen

this one because it offers some insight into other sorts of structures that are con-

tained in Gaussian period plots.

Before stating this result, however, we need a quick definition.

Definition 1.3. The Gaussian period plot img(ηn,ω) is said to have m-fold dihedral

symmetry if it is invariant under the natural action of the dihedral group of order

2m. In other words, img(ηn,ω) has m-fold dihedral symmetry if it is invariant under

complex conjugation and rotation by 2π/m about the origin.

Proposition 1.4 (Prop. 3.1 of [DGL15]). Let n, ω, and d be as in Definition 1.1.

Let m = gcd(ω − 1, n). Then the Gaussian period plot img(ηn,ω) has m-fold dihedral

symmetry.

We provide examples of this m-fold dihedral symmetry in Figure 1.3.

(a) n = 29070, ω = 1189,
d = 6, m = 18

(b) n = 91205, ω = 39626,
d = 4, m = 5

(c) n = 255255, ω = 254,
d = 12, m = 11

Figure 1.3. Examples of Gaussian period plots with m-fold dihedral symmetry
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1.5 Character Theory

Now that we have an idea of some of the properties of Gaussian period plots,

we return to discussing the two main frameworks through which we can view Gaus-

sian periods. These two frameworks will form the basis of our discussions in Chap-

ters 3 and 4, and we will use these two perspectives to generalize the construction

of Gaussian periods to other situations.

The first of these frameworks is character theory, which—as mentioned at the

beginning of the chapter—is the framework through which a majority of the pre-

viously mentioned authors have studied Gaussian period plots. In particular, they

used a generalization of character theory known as supercharacter theory.

Supercharacter theory was first described axiomatically for finite groups by

Diaconis and Isaacs in 2008 [DI08], building on the work of André in his study of

the representation theory of unipotent matrix groups [And01, And95]. More re-

cently in 2021, André and Lochon have extended this definition to countable dis-

crete groups [AL21].

As mentioned in [GHL15, §3], supercharacter theory has been used in the study

of a variety of objects, including the Hopf algebra of symmetric functions of non-

commuting variables [AAB+12], random walks on upper triangular matrices [ACDS04],

combinatorial properties of Schur rings [DT09,Thi10,TV09], and Ramanujan sums

[FGK14].

Since we will be concerned primarily with finite groups, we use the definition

of Diaconis and Isaacs.

Definition 1.5. Let G be a finite group with identity 1, let K be a partition of G,

and let X be a partition of the set of irreducible characters of G. Then (X ,K) is a

supercharacter theory for G if the following hold:
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� {1} ∈ K

� |X | = |K|

� For each X ∈ X , the function σX =
∑

χ∈X χ(1)χ is constant on each K ∈ K.

The elements K ∈ K are called superclasses, and the functions σX are called super-

characters.

Using the above definition, let G = Z/nZ. For every x ∈ G, there exists an

irreducible character χx such that

χx : G→ C, χx(y) = e
(xy
n

)
.

In fact, the characters χx describe all of the irreducible characters of G. For the

cyclic subgroup ⟨ω⟩ ⊆ (Z/nZ)×, let K be the partition of G corresponding to the

orbits of the action a · x = ax for a ∈ ⟨ω⟩. Additionally, let X be the partition

of the irreducible characters of G corresponding to the action a · χx = χa−1x. One

can then check that X and K are compatible as in the definition given above (in

fact, in Proposition 3.1, we will prove that a more general construction satisfies this

definition). Thus (X ,K) defines a supercharacter theory on Z/nZ, and the super-

character σ⟨ω⟩ corresponding to the orbit of 1 ∈ G is precisely the map ηn,ω from

Definition 1.1.

With this perspective in mind, the DGL Theorem, for example, gives a ge-

ometric description of the values which show up in a “supercharacter table” for

(X ,K) when n = pa is the power of an odd prime and ω has order d | (p − 1).

Additionally, Proposition 1.4 describes certain symmetries in a supercharacter ta-

ble.

To end this section, we include a brief remark on the choice of subgroup ⟨ω⟩.
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Remark 1.6. It should be noted that the above construction of the partitions X

and K work for any subgroup Γ ⊆ (Z/nZ)× and not just the cyclic subgroups that

we chose. As long as one is careful in defining the Γ-action on G and its charac-

ters, the induced partitions will always give a supercharacter theory. This is a re-

sult from [BBF+14, §1], which we record later as Proposition 3.1. For our purposes,

however, we mainly restrict ourselves to the case in which Γ is cyclic, though we

do believe it is worth exploring supercharacter theories induced by non-cyclic sub-

groups of (Z/nZ)×.

1.6 Class Field Theory

The second framework through which to view Gaussian periods is class field

theory. Before discussing this framework, we include a short remark on the limita-

tions of our treatment of this subject.

Remark 1.7. We note that we will not be describing general class field theory in

great detail, as we will be providing only a general overview for motivation. Be-

cause of this, it isn’t expected that the reader know these details in order to un-

derstand any results; however, some discussions (the proof for Proposition 4.20 in

particular) may be difficult to follow without much background. For further reading

about class field theory, we recommend [Chi09,CS08,Cox13].

Now, given a base field K, the main goal of class field theory is to describe all

finite abelian extensions of K (i.e. extensions L/K such that Gal(L/K) is a finite

abelian group), and it aims to do so using the local properties of K (i.e. the set

of primes or “places” of K). In most cases, class field theory allows us to compute

the Galois groups of these field extensions fairly easily. However, explicitly finding

the fields corresponding to such Galois groups is often a much harder task. In fact,
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this is the subject of Hilbert’s 12th problem, which is concerned with determining

which algebraic numbers must be adjoined to K in order to generate its abelian

extensions.

The answer to Hilbert’s 12th problem is known in very few cases. The first

of these is the one in which K = Q. In this case, the Kronecker-Weber Theorem

states that every finite abelian extension of Q is contained in some finite cyclo-

tomic extension of Q. That is, the abelian extensions of Q are generated by roots

of unity.

Another case in which the answer is known (and which is a source of explo-

ration in Chapter 4) is the case in which K is a quadratic imaginary field—i.e.

K =
√
−D for some positive squarefree integer D. In this case, the well-known

theory of complex multiplication gives us our answer: all finite abelian extensions

of K are generated by adjoining certain values of the modular j-function along with

coordinates of torsion points of elliptic curves with complex multiplication by OK .

A more in-depth description and explanation of this is provided in Section 4.1.

The last major case in which Hilbert’s 12th problem has been answered is the

case in which K is a totally real field—i.e. in which the image of every embedding

σ : K ↪→ C is contained in the real numbers. In this case, abelian extensions

of K are generated by adjoining certain square roots of elements of K along with

Brumer-Stark units, which are elements constructed using p-adic integration. This

result was proven by Dasgupta and Kakde only very recently in [DK23]. While we

won’t be using their result in this dissertation, it is still worth mentioning.

With these examples in mind, we offer the following definitions from class field

theory.

Definition 1.8. Let K be a number field, and let OK be its ring of integers. Given
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an ideal m ⊆ OK called the modulus, we obtain a ray class group of modulus m,

which we denote by ClK(m). For each ray class group of modulus m, there exists a

ray class field of modulus m, denoted by K[m], whose Galois group Gal(K[m]/K) is

isomorphic to ClK(m) and whose set of ramified primes are only those which divide

m. In the special case where m = (1), we call K[1] the Hilbert class field, whose

Galois group Gal(K[1]/K) is isomorphic to the ideal class group ClK(1) of K.

In addition to the above definitions, we make two important notes about ray

class groups and ray class fields. First, if n is an ideal dividing m, then ClK(n) ⊆

ClK(m) and K[n] ⊆ K[m]. One important implication of this is that the Hilbert

class field is an intermediate field extension for every modulus m; that is, K ⊆

K[1] ⊆ K[m] for every m.

Additionally, we note that there is an alternate description of ray class fields.

Rather than viewing them through the correspondence provided above, one can

instead define ray class fields of modulus m to be the maximal abelian extension of

K which is ramified only at the primes dividing m, assuming a certain boundedness

condition related to m. These two characterizations turn out to be equivalent, and

we will be using them interchangeably in our discussion.

We summarize the above definitions and comments in the following diagram of

field extensions and Galois groups.

K

K[1]

K[m]

ClK(m)

ClK(1)

Gal(K[m]/K[1])

Example 1.9. In the case where K = Q, the ring of integers is Z. The ideal
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class group of Q is trivial, so the Hilbert class field is Q itself. Also, given an ideal

(m) ⊆ Z, the ray class group of modulus m is isomorphic to (Z/mZ)×, and the cor-

responding ray class field is Q(µm), where µm ⊆ C× denotes the subgroup of m-th

roots of unity.

Returning to the discussion of Gaussian periods, note that e
(
k
n

)
is an n-th

root of unity for every integer k. Thus every summand in ηn,ω(k) sits inside the n-

th cyclotomic field Q[n] = Q(µn). Since ω is assumed to be an element of (Z/nZ)× ∼=

Gal(Q[n]/Q), the Gaussian periods of modulus n and generator ω are sums over

the Galois action of the cyclic subgroup ⟨ω⟩ ⊆ (Z/nZ)×. In particular, this implies

that ηn,ω(k) is an element of Q[n]⟨ω⟩, the subfield of Q[n] fixed by the action of ⟨ω⟩.

In fact, Gaussian periods are not only contained in subfields of ray class fields,

but they are generators of those subfields. These subfields are important objects of

study in number theory, as they are abelian extensions of Q ramified only at the

primes dividing the modulus of the ray class field; they just aren’t the maximal

such extension.

With this perspective in mind, we see that the DGL Theorem shows how these

generators are distributed in C, as well as a description of their asymptotic behav-

ior. Additionally, Propositions 1.4 further describe the distribution of these points.

We have now seen the definition of Gaussian periods and Gaussian period

plots, some key results pertaining to them, and two main frameworks through which

to understand them. Before discussing generalizations of Gaussian periods in Chap-

ters 3 and 4, we discuss a new way to study Gaussian periods and we prove further

properties of Gaussian period plots and some objects related to them.
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CHAPTER 2

DYNAMIC PROPERTIES OF GAUSSIAN PERIODS

The work presented in this chapter includes and expands upon [Pla24, §3],

which is set to appear in the International Journal of Number Theory.

In this chapter, we explore various aspects of the DGL Theorem. In particular,

we start with a more in-depth discussion of the Laurent polynomials gd, and then

we introduce a new, dynamic perspective on Gaussian periods, culminating in an

explicit boundedness result in Proposition 2.2.

We recommend that the reader review the DGL Theorem from Chapter 1, as

we will be referring to it throughout this chapter.

2.1 The Laurent Polynomials gd

We start by looking at the Laurent polynomials gd in more detail. Given a

positive integer d, recall that we have the following definition:

gd : Tφ(d) → C, gd(z1, z2, . . . , zφ(d)) =
d−1∑
j=0

φ(d)−1∏
m=0

z
cmj

m+1,

where the constants cmj are defined by the relations

xj ≡
φ(d)−1∑
m=0

cmjx
m mod Φd(x),

where Φd(x) is the d-th cyclotomic polynomial. As we will see in the proof of The-

orem 3.4, this definition of gd arises naturally when studying Gaussian periods, and

in fact, we discuss a natural generalized construction of similar Laurent polynomi-

als in Section 3.3.

It turns out that the image of gd is sometimes more or sometimes less interest-

ing for various values of d. For example, if d is even, then img(gd) is totally real.
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This makes sense if we realize what this means in the context of the DGL Theorem.

Since n = pa is a power of an odd prime, then note that (Z/paZ)× is a cyclic group.

If d is divisible by 2, then ⟨ω⟩ must contain −1, which is the only element of order

2. If ⟨ω⟩ contains −1, then we must have that ηn,ω(k) = ηn,ω(k) for all k, which

implies that img(ηn,ω) is entirely real.

However, note that if d is a prime, then φ(d) = d−1 and Φd(x) = xd−1+xd−2+

· · ·+ 1. Thus we have the following:

xj ≡


xj mod Φd(x) 0 ≤ j < d− 1,

(−xd−2 − · · · − x− 1) mod Φd(x) j = d− 1.

Thus when d is prime, we get

gd(z1, . . . , zd−1) = z1 + · · ·+ zd−1 +
1

z1 · · · zd−1

.

Since each zi is on the unit circle, it is easy to check that the boundary of img(gd)

is cut out by the image of the diagonal z1 = z2 = · · · = zd−1. If we write zi = eiθ for

some θ ∈ [0, 2π), then we see that the boundary of img(gd) is given by

(d− 1)eiθ + e−i(d−1)θ.

The image cut out by this function as θ varies across [0, 2π) is precisely a d-sided

hypocycloid, as we see in Figure 1.2.

Additionally, if d = qb is a power of an odd prime, then Garcia, Hyde, and

Lutz proved the following result.

Proposition 2.1 (Corollary 1 of [GHL15]). If d = qb is a power of an odd prime,

then the image of gqb is the Minkowski sum

qb−1∑
j=1

Hq,
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where Hq is the filled-out q-sided hypocycloid and the Minkowski sum of two nonempty

sets S, T ⊆ C is defined to be

S + T := {s+ t ∈ C : s ∈ S, t ∈ T}.

In other words, when d = qb is a power of an odd prime, the image of gd is

simply sums of copies of img(gq).

The most interesting case—and the one that remains unexplained—is the one

in which d is a product of distinct odd primes. One can see examples of this when

d = 15 in Figure 1.2h and when d = 21 in Figure 1.2i. This author, among several

others, has been unable to correctly identify the shapes which arise in these situ-

ations, and thus there has yet to be an analogous explanation of the geometry of

img(gd).

Now, it may be of interest to the reader to explicitly generate examples of gd

for themselves. To this end, we included a link in Appendix 4.5 to the code we used

for this project. In the SageMath files, one will find the function DGLLaurentPoly(d),

which will automatically generate the formula for gd given a positive integer d. The

function LatexDGLLaurentPoly(d) computes the same polynomial, but writes it

into LaTeX-friendly code.

We end this section with Table 2.1, which contains a handful of Laurent poly-

nomials gd when d is small and non-prime. The entries in this table were generated

using the code mentioned above.

2.2 Animations of Gaussian Periods

Using our knowledge of the polynomials gd(z1, . . . , zφ(d)), we now explore some

observations made by the Duke, Hyde, and Lutz in sections 5 and 6 of [GHL15].
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g4(z1, z2) = z1 + z2 +
1

z1
+

1

z2

g6(z1, z2) = z1 + z2 +
1

z1
+

1

z2
+
z1
z2

+
z2
z1

g8(z1, z2, z3, z4) = z1 + z2 + z3 + z4 +
1

z1
+

1

z2
+

1

z3
+

1

z4

g9(z1, . . . , z6) = z1 + z2 + z3 + z4 + z5 + z6 +
1

z1z4
+

1

z2z5
+

1

z3z6

g10(z1, z2, z3, z4) = z1 + z2 + z3 + z4 +
z1z3
z2z4

+
z2z4
z1z3

+
1

z1
+

1

z2
+

1

z3
+

1

z4

g12(z1, . . . , z4) = z1 + z2 + z3 + z4 +
z1
z3

+
z3
z1

+
z2
z4

+
z4
z2

+
1

z1
+

1

z2
+

1

z3
+

1

z4

g14(z1, . . . , z6) = z1 + z2 + z3 + z4 + z5 + z6 +
z1z3z5
z2z4z6

+
z2z4z6
z1z3z5

+
1

z1
+

1

z2
+

1

z3
+

1

z4
+

1

z5
+

1

z6
g15(z1, . . . , z8) = z1 + z2 + z3 + z4 + z5 + z6 + z7 + z8

+
z1z4z7
z3z5z8

+
z2z5z8
z1z4z6

+
z1z6
z2z5z8

+
z3z8
z1z4z7

+
1

z1z6
+

1

z2z7
+

1

z3z8
g21(z1, . . . , z12) = z1 + z2 + z3 + z4 + z5 + z6 + z7 + z8 + z9 + z10 + z11 + z12

+
z1z4z8z11
z3z6z9z12

+
z2z5z9z12
z1z4z7z10

+
z1z4z7z10
z2z5z6z9z12

+
z3z6z9z12
z1z4z7z8z11

+
1

z1z8
+

1

z2z9
+

1

z3z10
+

1

z4z11
+

1

z5z12

Table 2.1. Examples of Laurent polynomials gd from the DGL Theorem

In particular, they make an observation about elements in the image of gd

when d is prime. We discussed above that

gd(z1, . . . , zd−1) = z1 + · · ·+ zd−1 +
1

z1 · · · zd−1

in this case. Now, because each zi is an element of T (i.e. a complex number on the

unit circle), we can view the sum on the right-hand side as being the trace of some

d × d special unitary matrix. This is because of the following properties of special
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unitary matrices.

Let SU(d) be the group of d × d special unitary matrices. For U ∈ SU(d), let

{λ1, . . . , λd} be the set of eigenvalues for U . Because U is unitary (i.e. UU∗ = I,

where U∗ is the conjugate transpose of U), the eigenvalues λi are all on the unit

circle. Additionally, because det(U) = 1, then we have the restriction that

λd =
1∏d−1
i=1 λi

.

Since the trace of a matrix is the sum of its eigenvalues, then we see that the trace

of U ∈ SU(d) is of the form given by elements in the image of gd.

We now reinterpret the statement of the DGL Theorem using this perspec-

tive. Let n and ω of order d be chosen with the properties as stated in the theorem.

Then the theorem states that ηn,ω(k) ∈ img(gd) for every k ∈ Z/nZ, and thus there

exists some special unitary matrix Un,ω,k ∈ SU(d) such that ηn,ω(k) = Tr(Un,ω,k).

Additionally, the “filling out” statement from the DGL Theorem implies that for

any U ∈ SU(d), there exists some n, some ω of order d, and some k ∈ Z/nZ such

that ηn,ω(k) is arbitrarily close to Tr(U).

There is, in fact, a little more to this story. In writing the code needed for

plotting Gaussian periods, it seems that everyone (including this author) decided

simply to plot img(ηn,ω) all at once. That is, given an n and ω, most algorithms

that were written would compute all of the Gaussian periods, plot them all at once,

and then return the resulting image. However, if we instead plot Gaussian peri-

ods in batches, we can create an “animation” of Gaussian periods which is able to

reveal more about the underlying mathematics. In the following paragraph, we dis-

cuss how these animations are created.

Assume we have a modulus n and element ω ∈ (Z/nZ)× of order d. We then

choose a constant C that is small relative to n (the author recommends C ≈
√
n,
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though sometimes the behavior is more clear with smaller or larger C). Each ad-

ditional frame of the animation will hold approximately C new Gaussian periods,

resulting in ⌈n/C⌉ total frames. That is, the f -th frame will be the plotted image

of ηn,ω(k) for all 0 ≤ k < fC. When we string these frames together, we get an

animation showing the behavior of Gaussian periods as they fill out the Gaussian

period plot img(ηn,ω).

The idea of creating these animations came from a happy coding mishap by

Benjamin Young, in which he accidentally plotted ηn,ω(k) for only small values of k.

In doing so, he discovered some unnoticed and unexplained structures of img(ηn,ω),

and this discovery eventually led this author to the following proposition.

Proposition 2.2 (Proposition 8 of [Pla24]). Let n = pa be a power of a prime, let

d be a prime dividing p− 1, and let ω ∈ (Z/nZ)× be an element of order d. Let k ∈

Z/nZ. Then the value of the k-th Gaussian period of modulus n and generator ω is

contained in a (d − 1)-sided hypocycloid centered at e
(
k
n

)
and rotated by a factor of

e
(

−k
(d−1)n

)
. That is,

ηn,ω(k) ∈
{
e

(
k

n

)
+ h · e

(
−k

(d− 1)n

)
: h ∈ Hd−1

}
,

where Hd−1 represents the filled-in (d−1)-sided hypocycloid centered at the origin in

the complex plane.

To explain this proposition in a different way, note that the assumptions on n,

d, and ω imply that ηn,ω(k) is contained in a d-sided hypocycloid. This proposition

then says that the value of ηn,ω(k) is contained within a (d − 1)-sided hypocycloid

which has been translated and rotated by a certain amount. Specifically, the (d−1)-

sided hypocycloid has been translated and rotated in such a way that, as k goes
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from 0 to n − 1, it ends up rolling smoothly counterclockwise along the interior of

the d-sided hypocycloid.

For example, if d = 3, then a 2-sided hypocyloid (i.e. a straight line) rolls

along the inside of a 3-sided hypocycloid. When d = 5, a 4-sided hypocycloid rolls

along the inside of a 5-sided hypocycloid. This behavior becomes quite clear in the

animations of Gaussian periods mentioned above, and we include some still frames

of these animations in Figure 2.1.

(a) Up to ⌊
√
n⌋ (b) Up to 30⌊

√
n⌋ (c) Up to 70⌊

√
n⌋ (d) Up to 110⌊

√
n⌋

(e) Up to 160⌊
√
n⌋ (f) Up to 210⌊

√
n⌋ (g) Up to 260⌊

√
n⌋

Figure 2.1. A 4-sided hypocycloid rolling along the inside of a 5-sided hypocycloid
when n = 115 and ω = 37107

We now prove Proposition 2.2, and we do so by returning to our discussion of

viewing elements of img(gd) as traces of special unitary matrices.

Proof. We begin by defining the following general homomorphism, which will aid us
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in the proof itself:

ψm : U(1)× SU(m− 1) ↪→ SU(m), (eiθ, U) 7→ diag(ei(m−1)θ, e−iθU),

where diag(ei(m−1)θ, e−iθU) represents the block-diagonal matrix with the 1×1 block

ei(m−1)θ and the (m−1)×(m−1) block e−iθU . Composing this homomorphism with

the trace map, we see that

Tr(ψm(e
iθ, U)) = ei(m−1)θ + e−iθTr(U).

Since U ∈ SU(m − 1), then Tr(U) is contained in the (m − 1)-sided hypocy-

cloid (as discussed at the beginning of this section). Additionally, note that as θ

goes from 0 to 2π, the term ei(m−1)θ moves counterclockwise on the unit circle and

the multiplicative factor e−iθ causes Tr(U) to rotate clockwise. Thus, if we allow

U ∈ SU(m− 1) to vary and we have θ increase from 0 to 2π, the result is a filled-in

(m − 1)-sided hypocycloid rolling counterclockwise along the interior of an m-sided

hypocycloid.

The relationship between this homomorphism and the statement of the propo-

sition is simple enough to see. For a given prime power n, a prime d, an ω ∈ (Z/nZ)×

of order d, and k ∈ (Z/nZ), recall the definition of a Gaussian period:

ηn,ω(k) = e
2πik
n + e

2πiωk
n + · · ·+ e

2πiωd−1k
n .

If we let θ = 2πk
(d−1)n

, then we have the following:

ηn,ω(k) = ei(d−1)θ + e−iθ
(
eiθ((d−1)ω+1) + · · ·+ eiθ((d−1)ωd−1+1)

)
.

We will verify below that
d−1∏
j=1

eiθ((d−1)ωj+1) = 1,
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but for now we assume this equality is true. This then shows that

{
eiθ((d−1)ω+1), . . . , eiθ((d−1)ωd−1+1)

}
are the eigenvalues of some matrix U ′

n,ω,k ∈ SU(d− 1). Thus

ηn,ω(k) = ei(d−1)θ + e−iθTr(U ′
n,ω,k),

which shows that

ηn,ω(k) = Tr(ψd(e
iθ, U ′

n,ω,k)).

That is, we have shown that ηn,ω(k) is the trace of some matrix in img(ψd). Since

Tr(U) ∈ Hd−1 for any U ∈ SU(d− 1), then we have that

ηn,ω(k) = e

(
k

n

)
+ h · e

(
−k

(d− 1)n

)
for some h ∈ Hd−1 as desired. Additionally, note that θ = 2πik

(d−1)n
increases as k in-

creases, which explains the smooth rolling behavior of the (d− 1)-sided hypocycloid

along the inner boundary of the d-sided hypocycloid.

We now return to showing that

d−1∏
j=1

eiθ((d−1)ωj+1) = 1.

First, note that

d−1∏
j=1

eiθ((d−1)ωj+1) = exp

(
iθ

d−1∑
j=1

((d− 1)ωj + 1)

)
.

Expanding the sum, we get the following:

d−1∑
j=1

((d− 1)ωj + 1) = (d− 1)(ω + ω2 + · · ·+ ωd−1) + (d− 1)

= (d− 1)(1 + ω + ω2 + · · ·+ ωd−1).
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Note that the factor of (d − 1) cancels the (d − 1) in the denominator of θ. Also,

since ω ∈ (Z/nZ)× has order d, then ω satisfies the equation Φd(ω) ≡ 0 mod n,

where Φd is the d-th cyclotomic polynomial (for more explanation, see Remark 3.5).

Since d is prime, then this implies that

Φd(ω) = 1 + ω + · · ·+ ωd−1 ≡ 0 mod n.

Since n is the only term in the denominator of θ after canceling the (d−1), then we

have that
d−1∏
j=1

eiθ((d−1)ωj+1) = e2πim

for some integer m. Thus
d−1∏
j=1

eiθ((d−1)ωj+1) = 1,

which concludes our proof.

One might now wonder what occurs in the case where d is not itself prime.

Unfortunately, the geometrical shapes that one gets are much harder to describe

succinctly, though the general behavior of “a smaller shape rolling counterclockwise

along the boundary” seems to hold based on experimentation. But again, describ-

ing the “smaller shape” remains as elusive as describing the overall shape of the

Gaussian period plots in these cases.

Regardless, note that the behavior described in Proposition 2.2 is explained

in the proof using the homomorphisms ψd. In the following remark, we discuss the

most basic version of a similar homomorphism for any d.

Remark 2.3. For any positive integer d, we have the Laurent polynomial

gd(z1, z2, . . . , zφ(d)) =
d−1∑
j=0

φ(d)−1∏
m=0

z
cmj

m+1,
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where the constants cmj are defined by the following relations:

xj ≡
φ(d)−1∑
m=0

cmjx
m mod Φd(x).

Define Zj to be the j-th term in the sum of gd. That is, for 0 ≤ j ≤ d− 1, we define

Zj :=

φ(d)−1∏
m=0

z
cmj

m+1.

Thus we have gd(z1, . . . , zφ(d)) =
∑d−1

j=1 Zj. Note that we have the following:

d−1∏
j=1

Zj = 1.

This is because taking the product of all Zj corresponds to computing the sum

1 + x+ x2 + · · ·+ xd−1,

which is equivalent to 0 modulo Φd(x) because Φd(x) | xd−1
x−1

= 1 + x + · · · + xd−1.

Thus the set {Z0, . . . , Zd−1} can be viewed as the eigenvalues of some special uni-

tary matrix U ∈ SU(d).

Now, note that U(1) = T (the complex unit circle). Then, at the very least, we

can define the following embeddings for any d:

ξd : U(1)
φ(d) ↪→ SU(d), (z1, . . . , zφ(d)) 7→ diag(Z0, . . . , Zd−1),

where diag(Z0, . . . , Zd−1) is simply the matrix with the Zj’s in the diagonal entries

and 0 everywhere else. Similar to the proof of the proposition, we again have that

any element in img(gd) can be realized as the trace of some matrix in img(ξd).

However, these embeddings don’t provide us with any information we didn’t

already have. Thus we would like to extend these embeddings in some way that

would prove helpful in describing the behavior of Gaussian periods and the anima-

tions of Gaussian periods. It is only because we can easily describe the case when d
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is prime that we are able to get the useful homomorphisms ψd : U(1)×SU(d−1) ↪→

SU(d) in the proof of the proposition. As of the time of writing, this is still an area

of active exploration.

Finally, we end this chapter by providing some still frames of Gaussian periods

animations for situations outside of those described in Proposition 2.2. In Figure

2.2, we provide still frames for the case when d = 15 in the DGL Theorem, and in

Figure 2.3, we provide still frames for a situation completely unrelated to the DGL

Theorem.

(a) Up to 20⌊ 4
√
n⌋ (b) Up to 150⌊ 4

√
n⌋ (c) Up to 500⌊ 4

√
n⌋ (d) Up to 2000⌊ 4

√
n⌋

Figure 2.2. Still frames of Gaussian period animations for g15 when n = 315 and
ω = 17404906

(a) Up to 10⌊
√
n⌋ (b) Up to 20⌊

√
n⌋ (c) Up to 50⌊

√
n⌋ (d) Up to 100⌊

√
n⌋

Figure 2.3. Still frames of Gaussian period animations for a shape not related to
the DGL Theorem when n = 91205 and ω = 1322
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CHAPTER 3

CHARACTER THEORY PERSPECTIVE

The work presented in this chapter includes and expands upon [Pla24, §3, 5],

which is set to appear in the International Journal of Number Theory.

In this chapter, we explore Gaussian periods from the supercharacter theory

perspective.

In particular, we start in Section 3.1 by defining a natural generalization of

Gaussian periods, and we provide a proof to show that this natural generalization

fits the definition of a supercharacter theory.

From there, the main goal of the rest of the chapter is to state, prove, and dis-

cuss Theorem 3.4, which is a broad generalization of the DGL Theorem using this

newly defined supercharacter theory. The majority of Section 3.2 is dedicated to

stating and proving this theorem, while Section 3.3 provides a discussion on the

ways in which Theorem 3.4 cannot be generalized even further.

3.1 Analogue Using Supercharacter Theory

We now return to viewing Gaussian periods as values of a supercharacter the-

ory. For the definition of a supercharacter theory, we refer the reader to Definition

1.5 in Section 1.5.

Recall that the supercharacter theory used in Gaussian periods is constructed

using a cyclic subgroup ⟨ω⟩ ⊆ (Z/nZ)×, where the supercharacters and superclasses

are defined using a compatible action of ⟨ω⟩ on the group Z/nZ and its group of

characters. We can generalize this setting in the following way.

Let G = (Z/nZ)m. The irreducible characters of G are simply products of

irreducible characters on Z/nZ. That is, given x = (x1, . . . , xm) ∈ G, we obtain an
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irreducible character χx ∈ Ĝ (the group of irreducible characters) such that for all

y = (y1, . . . , ym) ∈ G, we have the following:

χx(y) = χx1(y1) · χx2(y2) · · ·χxm(ym) = e

(
x1y1 + · · ·+ xmym

n

)
.

The analogy of (Z/nZ)× in this setting is the set of automorphisms Aut(G), which

is isomorphic to GLm(Z/nZ). Thus, we can choose a matrix A ∈ GLm(Z/nZ) of

order d, and take the cyclic subgroup Γ := ⟨A⟩. We then define the (right) action of

Γ on G to be

γ · x = γTx,

where γ ∈ Γ, γT is the transpose of the matrix γ, and x ∈ G (viewed as a column

vector). Let K be the partition of G corresponding to the orbits of this action. We

also define the (right) action of Γ on Ĝ to be

γ · χx = χγ−1x

for χx ∈ Ĝ. Let X be the partition of Ĝ corresponding to the orbits of this action.

Then (X ,K) defines a supercharacter theory on (Z/nZ)m.

This follows from a more general statement by Brumbaugh et al. at the begin-

ning of Section 2 in [BBF+14]. While the authors of that paper did not state their

result as a proposition, we do so here for the sake of clarity.

Proposition 3.1 (From Section 2 of [BBF+14]). Let G = (Z/nZ)m, and let Ĝ be

its group of characters. Let Γ be a subgroup of GLm(Z/nZ), and let K and X be

the partitions defined in the preceding paragraphs for G and Ĝ, respectively. Then

(X ,K) is a supercharacter theory on G.

Remark 3.2. In the paper of Brumbaugh et al., they require that Γ be a symmetric

subgroup—i.e. that ΓT = Γ. However, we note that this assumption is not used
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until after the supercharacter theory axioms were proved, so it is not necessary for

the statement of the proposition.

We also note that the group action defined in [BBF+14] differs slightly from

the one we defined above. This slight difference does not alter the details of the

proof. However, for the sake of clarity, we provide a proof of the proposition for the

case when Γ = ⟨A⟩ and the action is defined as discussed above.

Proof. To check that (X ,K) is a supercharacter theory on (Z/nZ)m, we first note

that that {0} ∈ K by definition of our Γ-action on G.

To see that |X | = |K|, note that the orbits defining these partitions are simply

cosets of Γ−1 and ΓT , respectively. The cosets of both of these subgroups are in

bijection with cosets of Γ, so the number of partitions in each set is the same.

We then need to show that for X ∈ X , the supercharacter function

σX =
∑
χ∈X

χ(0)χ

is constant on every K ∈ K. First, note that an element X ∈ X is the Γ-orbit of

some character χx ∈ Ĝ. Thus X = {χx, χA−1x, . . . , χA−(d−1)x}. Now let K ∈ K, and

note that if k, k′ ∈ K, then there exists an exponent j ∈ {0, 1, . . . , d− 1} such that

k = (AT )jk′. We then have the following:

σX(k) = χx(k) + χA−1x(k) + · · ·+ χA−(d−1)x(k)

= e

(
x · k
n

)
+ e

(
(A−1x) · k

n

)
+ · · ·+ e

(
(A−(d−1)x) · k

n

)
.

Let i ∈ {0, 1, . . . , d − 1}, and note that by the properties of the dot product, we

have that

(Aix) · k′ = (Aix) · ((AT )jk) = (Aix) · ((Aj)Tk) = (AjAix) · k.

42



(We note that it is this interaction with the dot product that caused us to define

the action of Γ on G using the transpose.) We then have the following:

σX(k
′) = e

(
x · k′

n

)
+ e

(
(A−1x) · k′

n

)
+ · · ·+ e

(
(A−(d−1)x) · k′

n

)
= e

(
(Ajx) · k

n

)
+ e

(
(Aj−1x) · k

n

)
+ · · ·+ e

(
(Aj−(d−1)x) · k

n

)
= e

(
x · k
n

)
+ e

(
(A−1x) · k

n

)
+ · · ·+ e

(
(A−(d−1)x) · k

n

)
,

where the final equality comes from reordering the summands and by using the fact

that A has order d. Note that the sum in the final line is σX(k), which shows that

σX(k) = σX(k
′). Since k,k′ ∈ K were arbitrary, then σX is constant on K as

desired.

Thus (X ,K) defines a supercharacter theory on (Z/nZ)m.

Now, each irreducible character on G is given by a choice of vector x ∈ (Z/nZ)m.

In the case m = 1 (i.e. the case of Gaussian periods), we’ve seen that the matrix A

is simply scalar multiplication. In order to get the vectors x used for the irreducible

characters χx, we used the set of vectors given by the orbit ⟨A⟩ · 1, where 1 is the

identity element in (Z/nZ)× = GL1(Z/nZ).

As noted in Proposition 2.2 of [DGL15], if we choose any nonzero r ∈ Z/nZ

and instead use the orbit ⟨A⟩ · r to obtain our characters, then the corresponding

plot of supercharacter values can be embedded within the plot corresponding to

r = 1. In other words, the case when using r = 1 for the characters is the most

general case possible, which then justifies our use of the orbit ⟨A⟩ · 1.

Analogously for the m > 1 case, the vectors used for the irreducible characters

will be the set of vectors given by the orbit ⟨A⟩ · 1, where 1 = (1, 1, . . . , 1)T ∈

(Z/nZ)m is viewed as a column vector.
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Finally, we are able to define the following generalization of Gaussian periods

using the perspective of supercharacter theory.

Definition 3.3. For x ∈ (Z/nZ)m, we define the following cyclic supercharacter:

θn,m,A : (Z/nZ)m → C, θn,m,A(x) :=
d−1∑
j=0

e

(
Aj • x
n

)
,

where Aj • x represents (Aj1) · x; that is, the dot product between Aj1 and x. We

call img(θn,m,A) the cyclic supercharacter plot for n, m, and A.

We provide examples of cyclic supercharacter plots in Figure 3.1.

It should be noted that we do not use any standardized coloring scheme for

cyclic supercharacter plots. Recall from the end of Section 1.3 that the coloring

scheme for Gaussian periods was determined by choosing a color modulus c. Two

Gaussian periods ηn,ω(k) and ηn,ω(k
′) were then colored the same if k ≡ k′ mod c.

This sort of coloring scheme doesn’t naturally extend to more general cyclic super-

character plots in a useful way. Because of this, when generating these cyclic super-

character plots, we simply let Python apply its automatic coloring to the points (it

cycles through a list of colors).

3.2 Generalization of Duke–Garcia–Lutz Theorem

Now that we have generalized the definition of Gaussian periods to cyclic su-

percharacters on (Z/nZ)m, our goal is to prove the following generalization of the

DGL Theorem.

Theorem 3.4 (Theorem 13 of [Pla24]). Let n ∈ Z≥2 and m ∈ Z≥1. Suppose d |

(#GLm(Z/nZ)), and let Φd be the d-th cyclotomic polynomial. Choose a matrix

A ∈ GLm(Z/nZ) such that the order of A is d and Φd(A) = 0 in Matm(Z/nZ). Let
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(a) n = 715, d = 4,
A = ( 0 2

61 121 )
(b) n = 1155, d = 8,
A = ( 310 229

458 295 )

(c) n = 273, d = 3,

A =
(

51 224 140
168 268 14
203 203 170

)

(d) n = 3003, d = 12,
A = ( 106 780

1911 340 )
(e) n = 3003, d = 15,
A = ( 841 351

1911 646 )

(f) n = 293, d = 4,

A =
(

128 7 12
242 78 261
64 33 223

)

Figure 3.1. Examples of cyclic supercharacter plots for various n, m, and A.

θn,m,A : (Z/nZ)m → C be the cyclic supercharacter corresponding to n, m, and A.

Then img(θn,m,A) is contained in the image of the Laurent polynomial gd : Tφ(d) →

C defined by the following:

gd(z1, z2, . . . , zφ(d)) =
d−1∑
k=0

φ(d)−1∏
j=0

z
cjk
j+1,

where the cjk are given by the relations

xk ≡
φ(d)−1∑
j=0

cjkx
j mod Φd(x).
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Additionally, for a fixed d, and as n tends to infinity—assuming there exists a ma-

trix A ∈ GLm(Z/nZ) such that Φd(A) = 0 mod n—every nonempty open disk in

img(gd) eventually contains points in img(θn,m,A). In other words, the image of gd is

“filled out” by cyclic supercharacter plots as the modulus grows without bound.

Before we begin the proof of Theorem 3.4, we make some necessary detours.

First, some remarks about the statement of this theorem, starting with a discussion

of the areas in which this generalizes the DGL Theorem.

Remark 3.5. There are two directions in which this theorem generalizes the original

DGL Theorem. First, it concerns the group (Z/nZ)m for any m ≥ 1, rather than

just the case m = 1. Second, it allows for composite moduli n, with the restriction

that there is some matrix A ∈ GLm(Z/nZ) which both has order d and satisfies

Φd(A) = 0 mod n. To see why this new condition on n truly is a generalization,

recall that the DGL Theorem assumes the modulus is pe for some power of an odd

prime p. The group being studied is Z/peZ, and the group of automorphisms is

GL1(Z/peZ) ∼= (Z/peZ)×.

Since (Z/peZ)× is cyclic when p is odd, then if d | #(Z/peZ)×, there is always an

element ω ∈ (Z/peZ)× of order d (in general, note that there is not always a matrix

A ∈ GLm(Z/nZ) of order d whenever d | #GLm(Z/nZ)). Additionally, in the case

where m = 1, the order d divides p−1 if and only if Φd(ω) = 0 mod pe. That is, if ω

has order d | (p− 1), then it automatically satisfies the equation Φd(ω) = 0 mod pe.

However, when m > 1 or n is not a power of an odd prime, this condition is not

automatically satisfied when A ∈ GLm(Z/nZ) has order d. With this in mind, The-

orem 3.4 generalizes the DGL Theorem using matrices which satisfy Φd rather than

simply using matrices which have order d (without necessarily satisfying Φd).
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Remark 3.6. Note that Remark 3.5 hints at the possibility of another generalization

of the DGL Theorem. The fact that A ∈ GLm(Z/nZ) has order d implies that the

minimal polynomial of A must divide xd − 1. When we additionally assume that

m = 1 and n is a power of an odd prime, then the minimal polynomial is always

Φd(x). However, this is not guaranteed when m > 1 or when n isn’t a power of an

odd prime, so one might then wonder if anything can be said about the behavior

of θn,m,A when Φd(A) ̸= 0 mod n. It turns out that while we can still describe the

general shape of img(θn,m,A), we are no longer guaranteed the asymptotic filling out

behavior. We discuss this issue in more detail in Section 3.3.

An astute reader might have the following question after reading Theorem 3.4:

How do we know that there are infinitely many n such that GLm(Z/nZ) contains

a matrix A of order d such that Φd(A) = 0 mod n? This is a natural question, as

the statement on the asymptotic behavior of θn,m,A doesn’t make sense without the

existence of such n. In the following remark, we provide a simple construction that

shows there are infinitely many n with the stated properties.

Remark 3.7. Let m and d be given. Since there are infinitely many primes congru-

ent to 1 mod d, then we can choose an infinite sequence of odd primes p1 < p2 <

p3 < . . . such that pi = 1 mod d for every i. For each i, choose ωi ∈ (Z/piZ)× such

that the order of ωi is d; such an ωi exists because (Z/piZ)× is cyclic of order pi−1,

which is divisible by d. We can then choose the matrix Ai ∈ GLm(Z/piZ) to be the

matrix diag(ωi, ωi, . . . , ωi). That is, Ai comes from the diagonal embedding

((Z/piZ)×)m ↪→ GLm(Z/piZ), α 7→ diag(α, α, . . . , α).

Since Φd(ωi) = 0 mod pi for every i (as mentioned in Remark 3.5), then Φd(Ai) =

0 mod pi for every i.
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There are, of course, more interesting examples of moduli n and matrices A

such that Φd(A) = 0 mod n. The example above is used simply to show the exis-

tence of infinitely many n with the desired properties.

We now work toward the proof of Theorem 3.4, which has two main parts.

First, we must show that img(θn,m,A) is contained in img(gd), which will come di-

rectly from the fact that Φd(A) = 0 mod n. And second, we must show that the

img(gd) is filled out asymptotically as described. In order to describe the asymp-

totic behavior of these cyclic supercharacters, we need the following concepts about

equidistribution. We note that these concepts are those used by Katz in [Kat12],

though we borrow the notational conventions used by Kowalski in [Kow13].

Definition 3.8. Let Y a nonempty finite set. Let s be a positive integer, and sup-

pose we have a map

Λ : Y → [0, 1)s, y 7→ Λ(y) := (Λ1(y1),Λ2(y2), . . . ,Λs(ys)).

The discrepancy of (Y,Λ) is defined to be

sup
B

∣∣∣∣#{y ∈ Y : Λ(y) ∈ B}
#Y

− vol(B)

∣∣∣∣,
where the supremum is taken over all boxes B = [a1, b1)× · · · × [as, bs) ⊆ [0, 1)s and

vol(B) denotes the volume of B. We say that a sequence (Yt,Λt)
∞
t=1 of nonempty

finite sets Yt and maps Λt : Yt → [0, 1)s is uniformly distributed mod 1 if the dis-

crepancy of Λt goes to zero as t→ ∞.

Remark 3.9. We should note here that this definition differs from the definition

given in [DGL15,GHL15] (and several other places in the literature). In particular,

the discrepancy in those papers is defined using the proportion

#(Λ(Y ) ∩B)

#Λ(Y )
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rather than the proportion

#{y ∈ Y : Λ(y) ∈ B}
#Y

.

That is, they determine the proportion of distinct elements of the image which are

in B. The correct definition of discrepancy, however, is interested in the number of

indices y whose image is in B. These two definitions are not equivalent, as Λ is not

necessarily injective.1

Remark 3.10. If (Yt,Λt)
∞
t=1 is a sequence which is uniformly distributed mod 1, then

it is an easy consequence that Λt(Yt) become dense in [0, 1)s. In fact, it implies

the stronger statement that Λt(Yt) becomes equidistributed in [0, 1)s—i.e. that its

points become “evenly spaced.” While we care primarily about the density result

for the purposes of proving Theorem 3.4, the result on equidistribution is interest-

ing in its own right, and we discuss this briefly in Remark 3.12 after the proof.

We now offer Weyl’s criterion (stated as Lemma 1 in [GHL15]) for determining

if a sequence is uniformly distributed mod 1. This will be a critical lemma in our

proof of Theorem 3.4.

Lemma 3.11 (Weyl’s Criterion). A sequence (Yt,Λt)
∞
t=1 of nonempty finite sets Yt

and maps Λt : Yt → [0, 1)s is uniformly distributed mod 1 if and only if for every

nonzero v ∈ Zs, we have

lim
t→∞

1

#Yt

∑
y∈Yt

e(Λt(y) · v) = 0,

where Λt(y) · v denotes the usual dot product.

We are now ready to prove Theorem 3.4.

1This error in definition was pointed out by an anonymous referee for a paper
that this author submitted on these topics. The author would like to thank the
referee for this correction.
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Proof. First, we show that img(θn,m,A) ⊆ img(gd). Let n, d, and A have the prop-

erties as stated in the theorem. Since we assume that Φd(A) = 0 mod n, then for

k ∈ {0, 1, . . . , d− 1}, we obtain the relations

Ak ≡
φ(d)−1∑
j=0

cjkA
j mod n,

where the cjk are the constants mentioned in the statement of the theorem. Then

for any x ∈ (Z/nZ)m, we now have the following:

θn,m,A(x) =
d−1∑
k=0

e

(
Ak • x
n

)
=

d−1∑
k=0

e

(∑φ(d)−1
j=0 cjkA

j • x
n

)
=

d−1∑
k=0

φ(d)−1∏
j=0

e

(
Aj • x
n

)cjk
.

Since e

(
Aj • x
n

)
is contained in T for all j, then the fact that img(θn,m,A) ⊆ img(gd)

follows from the definition of gd.

We now need to show that img(θn,m,A) fills out img(gd) as n → ∞. To do this,

we need to prove that the roots of unity showing up in the supercharacter sums get

asymptotically close to any element (z1, . . . , zφ(d)) in the domain of gd. We show

this by proving that the exponents of those roots of unity are uniformly distributed

mod 1, which we do by using Weyl’s criterion.

We start by indexing our sets Yn and maps Λn in the following way. Let N ⊆

N be the set of all positive integers n such that GLm(Z/nZ) contains a matrix A of

order d such that Φd(A) = 0 mod n. Create a sequence (ni)
∞
i=1 using the elements

of N , indexed so that n1 < n2 < n3 < · · · . Additionally, let Ai denote our choice

of matrix of order d modulo ni. We let Yni
:= (Z/niZ)m. Then we define the maps

Λni
: Yni

→ [0, 1)φ(d) by the following:

Λni
(y) =

(
(A0

i • y) mod ni
ni

,
(A1

i • y) mod ni
ni

, . . . ,
(A

φ(d)−1
i • y) mod ni

ni

)
.

Our goal, then, is to show that (Yni
,Λni

)∞i=1 is uniformly distributed mod 1.

Thus, using Lemma 3.11, we need to show that for any nonzero vector v ∈ Zφ(d),
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the following is true:

lim
i→∞

1

#Yni

∑
y∈Yni

e(Λni
(y) · v) = 0.

Note that #Yni
= nmi for every i, so we need to show that

lim
i→∞

1

nmi

∑
y∈Yni

e(Λni
(y) · v) = 0.

To this end, first let us consider the vectors Aji1 more closely. For

j ∈ {0, 1, . . . , φ(d)− 1},

we write Aji =: (ajbc,i)1≤b,c≤m. Then we have the following:

Aji1 = Aji ·
(
1 1 · · · 1

)T
=

(∑m
c=1 a

j
1c,i

∑m
c=1 a

j
2c,i · · ·

∑m
c=1 a

j
mc,i

)T
.

Let us write Aji1 = (wj1,i, w
j
2,i, . . . , w

j
m,i)

T . That is, the vector component wjk,i is the

sum of the elements in the k-th row of the matrix Aji . To simplify notation, we set

wj
i := Aji1 = (wj1,i, w

j
2,i, . . . , w

j
m,i)

T .

Returning to the computation at hand, let v = (v0, . . . , vφ(d)−1) be any nonzero

vector in Zφ(d). Then we have the following:

∑
y∈Yni

e(Λni
(y) · v) =

∑
x∈(Z/niZ)m

e

φ(d)−1∑
j=0

wj
i · x · vj
ni


=

ni−1∑
x1,...,xm=0

e

φ(d)−1∑
j=0

(wj1,ix1 + wj2,ix2 + · · ·+ wjm,ixm)vj

ni


=

ni−1∑
x1=0

e

φ(d)−1∑
j=0

wj1,ix1vj

ni

 · · ·

 ni−1∑
xm=0

e

φ(d)−1∑
j=0

wjm,ixmvj

ni

 .
For ℓ ∈ {1, . . . ,m}, we define αℓ,i :=

∑φ(d)−1
j=0 wjℓ,i · vj. Then we have the following:

∑
y∈Yni

e(Λni
(y) · v) =

ni−1∑
x1=0

e

φ(d)−1∑
j=0

wj1,ix1vj

ni

 · · ·

 ni−1∑
xm=0

e

φ(d)−1∑
j=0

wjm,ixmvj

ni


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=

[
ni−1∑
x1=0

e

(
α1,ix1
ni

)]
· · ·

[
ni−1∑
xm=0

e

(
αm,ixm
ni

)]

=


nmi if ni | αℓ,i for all ℓ ∈ {1, 2, . . . ,m},

0 otherwise.

The final equality comes from the orthogonality of additive characters on Z/nZ.

That is,

n−1∑
x=0

e
(αx
n

)
=


n if n | α,

0 otherwise.

From here, we will show that there are at most finitely many i such that ni

divides αℓ,i for all ℓ ∈ {1, 2, . . . ,m}. First, define a polynomial

fv(x) = v0 + v1x+ · · ·+ vφ(d)−1x
φ(d)−1 ∈ Z[x].

Using the definition of αℓ,i, it is a simple calculation to check that the following

equality holds:

fv(Ai)

(
1 1 · · · 1

)T
=

(
α1,i α2,i · · · αm,i

)T
.

Consider now the cyclotomic polynomial Φd(x), which is irreducible over Q of

degree φ(d). Since fv(x) has degree φ(d) − 1, then gcd(fv(x),Φd(x)) = 1 in Q[x].

Thus there exist polynomials P (x), Q(x) ∈ Q[x] such that

P (x)fv(x) +Q(x)Φd(x) = 1.

By clearing out denominators, we then obtain polynomials R(x), S(x) ∈ Z[x] such

that

R(x)fv(x) + S(x)Φd(x) = t

for some fixed nonzero integer t.
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Note that the above equality depends only on the choice of d and the vector

v ∈ Zφ(d), which we fixed at the beginning of the proof. In particular, the equality

does not depend on the choices of ni nor Ai. Thus for any of our chosen Ai, we find

that

R(Ai)fv(Ai) + S(Ai)Φd(Ai) = t · Im,

where Im is the m×m identity matrix. Since Φd(Ai) = 0 mod ni, we then find that

R(Ai)fv(Ai) ≡ t · Im mod ni.

After multiplying both sides of this congruence by the matrix

(
1 1 · · · 1

)T
, we

get the following result:

R(Ai)fv(Ai)

(
1 · · · 1

)T
≡
(
t · · · t

)T
mod ni.

Now, R(Ai) is an m×m matrix, so write R(Ai) = (ρbc,i)1≤b,c≤m. Using the fact

that

fv(Ai)

(
1 1 · · · 1

)T
=

(
α1,i α2,i · · · αm,i

)T
,

we can rewrite R(Ai)fv(Ai)

(
1 · · · 1

)T
as the following:


ρ11,i · · · ρ1m,i
...

. . .
...

ρm1,i · · · ρmm,i


(
α1,i · · · αm,i

)T
=

(
m∑
ℓ=1

ρ1ℓ,iαℓ,i

m∑
ℓ=1

ρ2ℓ,iαℓ,i · · ·
m∑
ℓ=1

ρmℓ,iαℓ,i

)T

.

Putting this all together, we end up with the following equivalence relation:(
m∑
ℓ=1

ρ1ℓ,iαℓ,i

m∑
ℓ=1

ρ2ℓ,iαℓ,i · · ·
m∑
ℓ=1

ρmℓ,iαℓ,i

)T

≡
(
t · · · t

)T
mod ni.

If we now assume that ni divides αℓ,i for every ℓ, then

m∑
ℓ=1

ρbℓ,iαℓ,i
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is divisible by ni for every b ∈ {1, . . . ,m}. Since

m∑
ℓ=1

ρbℓ,iαℓ,i ≡ t mod ni

by the equivalence relation above, then ni must also divide t. However, as stated

previously, t is a nonzero integer which is fixed for all choices of ni and Ai. Since

there are at most finitely many i such that ni divides t, then there can be at most

finitely many i such that ni divides αℓ,i for all ℓ.

We can then choose N to be the largest integer such that nN divides αℓ,N for

all ℓ, letting N = 0 if there is no such integer. Then for every i > N , the previous

paragraph implies that ∑
y∈Yni

e(Λni
(y) · v) = 0.

Hence, we have shown that

lim
i→∞

1

#Yni

∑
y∈Yni

e(Λni
(y) · v) = 0.

Thus the sequence (Yni
,Λni

)∞i=1 is uniformly distributed mod 1 by Weyl’s criterion,

finishing our proof of Theorem 3.4.

Remark 3.12. As mentioned in Remark 3.10, we showed not only that Λni
(Yni

) be-

comes dense in [0, 1)φ(d), but that it becomes equidistributed as well. More pre-

cisely, Theorem 3.4 shows that the sequence (Yni
, θni,m,Ai

)∞i=1 becomes equidistributed

in img(gd) with respect to the pushforward measure (gd)∗λ of the Haar measure λ

on Tφ(d). These concepts and more are explored in much more depth in the afore-

mentioned papers by Untrau and Kowalski–Untrau [Unt24,KU23].

To conclude this section, we include some examples of the phenomenon de-

scribed in Theorem 3.4 in Figure 3.2.
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(a) n = 7 · 13 · 19, d = 3,
A = 2629

(b) n = 7213219, d = 3,
A = 21823

(c) n = 7213219 · 31, d = 3,
A = 109827

(d) n = 11 · 19, d = 5,
A = ( 0 1

94 166 )
(e) n = 11 · 29, d = 5,
A = ( 0 1

173 266 )
(f) n = 11229, d = 5,
A = ( 0 3508

1 2383 )

(g) n = 2 · 43, d = 7,

A =
(

0 0 1
1 0 19
0 1 18

) (h) n = 31 ·612181, d = 15,

A = 49676

(i) n = 83, d = 15,

A =

(
0 0 0 82
1 0 0 52
0 1 0 2
0 0 1 32

)

Figure 3.2. Examples of Theorem 3.4
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3.3 Barriers to Further Generalized Results

We now return to our discussion in Remark 3.6. Let n, m, and d be chosen

as in Theorem 3.4. Let A ∈ GLm(Z/nZ) have order d, but this time assume that

Φd(A) ̸= 0 mod n. In this section, we discuss the implications of these assumptions,

and we show by counterexample that (an appropriate generalization of) Theorem

3.4 does not hold.

First, note that Ad − I = 0 mod n since A has order d in GLm(Z/nZ). Also,

recall that xd − 1 ∈ Z[x] decomposes as

xd − 1 =
∏
k|d

Φk(x).

Thus the divisors of xd − 1 are of the form Φk1Φk2 · · ·Φkℓ for ki dividing d. Let R ⊆

Z[x] be the set of polynomials f(x) dividing xd − 1 such that f(A) = 0 mod n. At

the very least, we know that xd − 1 ∈ R, though it may not be the polynomial in R

with the smallest degree.

Let µ(x) ∈ R be the monic polynomial with minimal degree among the polyno-

mials in R. If µ(x) is irreducible over Z, then µ = Φd (since A has order d). How-

ever, since we are exploring the case where Φd(A) ̸= 0 mod n, then we assume that

µ is reducible over Z.

It turns out that Theorem 3.4 does not generalize to situations where µ is re-

ducible. At least, the asymptotic filling out behavior no longer holds—however, we

can still describe the general shape of the supercharacter values. For example, given

µ(x) | (xd − 1), we can define an analogous Laurent polynomial gµ : Tdeg(µ) → C

given by the following:

gµ(z1, . . . , zdeg(µ)) =
d−1∑
k=0

deg(µ)−1∏
j=0

z
bjk
j+1,
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where the bjk are given by the relations

xk ≡
deg(µ)−1∑
j=0

bjkx
j mod µ(x).

Then, using the same reasoning as in the proof of Theorem 3.4, we see that

img(θn,m,A) ⊆ img(gµ).

However, it is no longer necessarily true that img(gµ) is filled out as n → ∞. In

fact, we provide a counterexample to this in the following paragraphs.

Recall that Weyl’s criterion gives an equivalent condition for img(gµ) to be

filled out asymptotically. This criterion says that img(gµ) is filled out asymptoti-

cally if for any nonzero v ∈ Zdeg(µ), we have

lim
i→∞

1

#Yni

∑
y∈Yni

e(Λni
(y) · v) = 0,

where the Yni
and Λni

are defined analogously to the proof of Theorem 3.4. Addi-

tionally, we showed in our proof that Weyl’s criterion holds in the setting of Theo-

rem 3.4 if and only if fv(Ai)1 = 0 mod ni for at most finitely many i. Thus find-

ing a counterexample is equivalent to finding ni, m, d, and Ai such that for some

nonzero v ∈ Zdeg(µ), we have fv(Ai)1 = 0 mod ni for infinitely many i.

To this end, consider the case where µ(x) = Φ3(x)Φ5(x); where m = 6 and

d = 15; where ni are the integers greater than 6 which are not divisible by 2, 3, or

5; and where Ai is fixed for all i to be the companion matrix to Φ3Φ5. Since m = 6

and ni ≥ 7, then it is guaranteed that 15 | (#GLm(Z/niZ)); to see this, consult

the first bullet point in Section 3.4 and note that 3 | (p2 − 1) and 5 | (p4 − 1) for

all primes p ≥ 7. Additionally, if A ∈ GL6(Z) is the companion matrix to Φ3Φ5,

then A has order 15 (by properties of cyclotomic polynomials and companion ma-

trices). One can then verify computationally that for all k ∈ {0, 1, . . . , 14}, the
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matrices Ak have integer entries in the set {0,±1,±2,±3,±4}. Thus, as long as ni

is not divisible by 2, 3, or 5, the matrix A has order 15 in the group GL6(Z/niZ).

In particular, this means that no smaller power of A reduces to the identity modulo

ni.

We then choose the vector v = (1, 1, 1, 1, 1, 0) ∈ Zdeg(µ) so that

fv(x) = 1 + x+ x2 + x3 + x4 = Φ5(x).

One can compute directly that

fv(A)1 =

(
0 0 0 0 0 0

)T
,

where the multiplication is happening over Z. Since fv(A)1 = 0 over Z, then

fv(A)1 = 0 mod ni for all ni. Thus img(gµ) does not get filled out asymptotically.

Thus, without any added assumptions, Theorem 3.4 seems to be the most gen-

eral version possible of the original DGL Theorem.

3.4 Computational Strategies and Heuristics

We end this chapter by discussing some of the computational strategies and

heuristics that are useful for anyone interested in experimenting with Gaussian pe-

riods and cyclic supercharacters.

First, from a computational perspective, time complexity is the main con-

straint that restricts which examples can be generated. An astute reader might

have already noticed that our choices for moduli in our examples are often fairly

small, especially outside of a few examples of Gaussian period plots where some

moduli were seven or eight digits long. This is, of course, almost entirely due to the

quickly increasing number of computations needed as the modulus grows larger.

For example, generating cyclic supercharacter plots for G = (Z/nZ)m is dominated
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by the nm computations of the supercharacter values. Even for modest choices of n

and even if m = 2, the amount of time needed to generate these plots can get out

of hand quite quickly.

Because of this, we are often quite limited in the choices of modulus with which

we are allowed to experiment. Thus, it is often good practice to construct n oneself

by choosing the primes in its factorization. This allows one to guarantee the exis-

tence of elements in the automorphism group which have the desired properties.

In particular, one property that one might wish to control is an element’s mul-

tiplicative order, which—as we have seen—is often the most important attribute

when studying Gaussian periods and their analogues. Thus, in order to facilitate

the work of an interested reader, we offer a few basic observations that might be

useful if one hasn’t worked much with these groups before.

� All the automorphism groups arising in the study of Gaussian periods and

the cyclic supercharacters described in Chapters 2 and 3 are isomorphic to

GLm(Z/nZ) for some n ≥ 2 and m ≥ 1. If n = pe11 · · · peℓℓ is the factoriza-

tion into prime powers, then one can use the Chinese Remainder Theorem to

decompose this group as

GLm(Z/nZ) ∼= GLm(Z/pe11 Z)× · · · ×GLm(Z/peℓℓ Z).

Additionally, if pe is some prime power, then we have that

#GLm(Z/peZ) = p(e−1)m2

(pm − 1)(pm − p) · · · (pm − pm−1).

Thus if d is the order of some element A ∈ GLm(Z/nZ), then d must divide

ℓ∏
i=1

p
(ei−1)m2

i (pmi − 1) · · · (pmi − pm−1
i ).
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� Finding an element A ∈ GLm(Z/nZ) such that Φd(A) = 0 mod n is often

laborious, and we haven’t found a method much better than simply having

Sage do the following:

(i) Take a matrix A ∈ Matm(Z/nZ).

(ii) Verify that det(A) is relatively prime to n. If not, go back to (i).

(iii) Compute the multiplicative order of A mod n.

(iv) If the order from (iii) is not d, go back to (i).

(v) If the order from (iii) is d, compute Φd(A) mod n. If this is 0 ∈ Matm(Z/nZ),

then return A. Otherwise, go back to (i).

However, we have noticed that such an element seems to exist in GLm(Z/peZ)

only when d divides #GLm(Z/pZ). Thus, such an element should exist in

GLm(Z/nZ) only when d | (#GLm(Z/pZ)) for every p | n. The converse is

not necessarily true, since (for example) one can verify computationally that

there is no A ∈ GL2(Z/25Z) which satisfies Φ5.

� Otherwise, when trying to find an element A ∈ GLm(Z/nZ) of order d that

doesn’t need to satisfy Φd, we often found it to be faster simply to find the

order of some random matrix B (say the order is c), and if d divides c, then

we set A = Bc/d.

� When trying to find elements A ∈ GLm(Z/peZ) of order pa (that don’t need

to satisfy Φpa), one can verify (using the Binomial Theorem) that if B ∈

Matm(Z/paZ) and the matrix A = I + pe−aB is invertible, then A will have

order dividing pa. When m = 1, we can be more explicit: an element ω ∈

(Z/peZ)× has order pa if and only if ω = 1 + pe−aβ for some β ∈ (Z/paZ)×.
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CHAPTER 4

CLASS FIELD THEORY PERSPECTIVE

The work presented in this chapter includes and expands upon [Pla24, §4],

which is set to appear in the International Journal of Number Theory.

We now step away from supercharacter theory and return to Gaussian periods,

this time viewing them from the perspective of class field theory. As a reminder,

we stated in Section 1.6 that the ray class field for Q of modulus (n) ⊆ Z is the

cyclotomic field Q(µn), where µn ⊆ C× is the subset of n-th roots of unity. The

ray class group of modulus (n) is isomorphic to (Z/nZ)×, and from ω ∈ (Z/nZ)×

we get a cyclic subgroup ⟨ω⟩ ⊆ (Z/nZ)×. From this perspective, Gaussian periods

correspond to elements that generate the subfield Q(µn)
⟨ω⟩ ⊆ Q(µn) fixed by the

action of this subgroup.

Now, this is the whole story for the rational field Q, but we would like to gen-

eralize this to other base fields. Ostensibly, this story is simple enough to recreate.

Take a number field K, an ideal m ⊆ OK , its ray class field K[m] of modulus m,

and its ray class group ClK(m). Choose an element ω ∈ ClK(m), and sum over the

Galois action of ⟨ω⟩ to obtain generators of the subfield K[m]⟨ω⟩. However, in order

to recreate this story explicitly, one needs to have explicit elements of the ray class

field K[m]. As stated in Section 1.6, this is a problem to which we have very few

answers.

As of the writing of this dissertation, there are two main classes of fields other

than Q for which we have explicit descriptions of their ray class fields. The first is

quadratic imaginary fields (fields of the form Q(
√
−D) for positive square-free D),

where the theory of complex multiplication provides an answer. The second is the

much more recent case of totally real fields, in which Dasgupta and Kakde showed
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in [DK23] that the ray class fields can be generated using Brumer-Stark units and

square roots of certain elements of of the base field.

For the rest of this chapter, we will explore the case of quadratic imaginary

fields, starting with an overview of elliptic curves and the theory of complex mul-

tiplication. For further reading on elliptic curves and complex multiplication, we

recommend [Sil86] and [Sil94, Chapter II].

4.1 Elliptic Curves and Complex Multiplication

Our goal in this section is to describe the construction of ray class fields of

quadratic imaginary fields, along with some useful related theorems. We start with

some basic definitions.

Definition 4.1. An elliptic curve over C is the set of solutions (x, y) ∈ C2 to the

following equation:

y2 = x3 + Ax+B,

where A,B ∈ C. An elliptic curve E over C has a natural group structure, where

the identity element is the point at infinity [0, 1, 0] (when viewing E as a subset of

projective space P2).

From now on, our elliptic curves will only be over C, so we will often drop this

qualifier.

Definition 4.2. Let E be an elliptic curve. An endomorphism of E is a group ho-

momorphism ϕ : E → E. The set End(E) of endomorphisms of E form a ring

under pointwise addition and function composition.
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Proposition 4.3 (Proposition III.4.2 in [Sil86]). For any elliptic curve E and any

m ∈ Z, there exists a multiplication-by-m endomorphism [m] : E → E. Thus

Z ⊆ End(E) for all E.

In most cases, these multiplication-by-m maps describe all of End(E). How-

ever, the situations where Z ̸= End(E) (that is, when End(E) is strictly larger than

Z) will be of particular interest to us. Before getting there, however, we need a cou-

ple of definitions.

Definition 4.4. Let V be a vector space of dimension n over R, and let e1, . . . , er

be linearly independent vectors over R. Then a lattice is a subgroup

Λ = Ze1 + · · ·+ Zer.

In the case when r = n, we call Λ a full lattice.

Proposition 4.5. Every full lattice Λ ⊆ C can be written as Λ = Z + Zτ for some

τ in the complex upper half-plane

H = {z ∈ C : Im(z) > 0}.

Definition 4.6. Let R be a ring. An order O is a subring of R such that the fol-

lowing hold:

� O is a finite-dimensional algebra over Q

� R is spanned by O over Q

� O is a Z-lattice in R.

We are now ready to discuss the case when End(E) ̸= Z.
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Definition 4.7. Let E be an elliptic curve. Then E is said to have complex multi-

plication (shortened to CM) if End(E) is isomorphic to a quadratic imaginary order

O. That is, End(E) is an order in some quadratic imaginary field K over Q. If O is

contained in the quadratic imaginary field K, then we say that E has CM by K.

Elliptic curves with CM have many special properties. For our purposes, how-

ever, we focus only on the relationship between CM and abelian extensions of quadratic

imaginary fields.

Proposition 4.8 (Proposition II.1.2 in [Sil94]). Let K be a quadratic imaginary

field. Let E(K) denote the set of elliptic curves with CM by K, up to isomorphism.

Then E(K) is finite, and there exists a bijection between E(K) and the ideal class

group ClK(1).

Recall that the Hilbert class field K[1] has degree [K[1] : K] = #ClK(1) over

K. We will be using the fact that there is a bijection between ClK(1) and E(K)

to obtain generators of the Hilbert class field, but before we can do that, we must

first describe a different characterization of elliptic curves over C, which requires

the following definition.

Definition 4.9. Two full lattices Λ1 and Λ2 in C are called homothetic if there

exists α ∈ C× such that Λ1 = αΛ2.

Using this definition, we can now characterize elliptic curves using lattices.

Theorem 4.10 (Uniformization Theorem). Let E be an elliptic curve over C.

Then there exists a Z-lattice Λ ⊆ C, unique up to homothety, such that E is iso-

morphic to C/Λ via the complex analytic isomorphism

ϕ : C/Λ → E, ϕ(z) = (℘(z; Λ), ℘′(z; Λ)),
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where ℘ is the Weierstrass ℘-function defined to be the following:

℘(z; Λ) =
1

z2
+

∑
λ∈Λ\{0}

(
1

(z − λ)2
− 1

λ2

)
.

The Weierstrass ℘-function will be important to us later for computational

purposes, but for now we focus on the fact that choosing an elliptic curve (up to

isomorphism) is equivalent to choosing a lattice Λ ⊆ C (up to homothety). With

this fact, we are now ready to describe how to obtain the generators of the Hilbert

class fields of quadratic imaginary fields.

Theorem 4.11 (Theorems II.4.1 and II.4.3 in [Sil94]). Let K be a quadratic imagi-

nary field. Let E1, . . . , Eℓ be representatives of all the isomorphism classes of ellip-

tic curves with CM by K. Let Λ1, . . . , Λℓ be the lattices in C such that Ei ∼= C/Λi,

and write Λi = Z + Zτi, where τi is in the upper half-plane. There exists a weight 0

modular function j such that the Hilbert class field K[1] is achieved by adjoining the

values j(τ1), . . . , j(τℓ). In fact, the j(τi) are all algebraic conjugates, so

K[1] = K(j(τi))

for any choice of i ∈ {1, . . . , ℓ}.

To clarify the sort of object that the function j is, we provide the following

definition.

Definition 4.12. Let Γ = SL2(Z) and let H be the complex upper half-plane. For

any γ = ( a bc d ) ∈ Γ and z ∈ H, there exists a natural action

γ · z = az + b

cz + d
.

For an integer k, we say that a function f : H → C is a modular function of weight

k if the following conditions hold:
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� f is a meromorphic function

� For all γ ∈ Γ, we have f(γ · z) = (cz + d)kf(z)

� f(z) is bounded as Im(z) → ∞.

Since the function j is a modular function of weight 0, then j(γ · τ) = j(τ) for

all γ ∈ Γ and τ ∈ H.

Remark 4.13. It is common to abuse notation for the function j by allowing elliptic

curves as inputs rather than elements of the upper half-plane. That is, if E is an el-

liptic curve which is isomorphic to C/Λ for some lattice Λ ⊆ C, then we understand

j(E) to mean j(τ), where Λ = Z + Zτ with τ in the upper half-plane. In this way,

we can write the result of the theorem above as saying that K[1] = K(j(E)), where

E is any elliptic curve with CM by K.

Recall that the Hilbert class field K[1] is the maximal abelian extension of K

which is unramified at every prime of K. The above theorem allows us to construct

explicitly the Hilbert class fields of quadratic imaginary fields; however, to con-

struct abelian extensions where ramification at certain primes is allowed, we require

the following definitions.

Definition 4.14. Let E be an elliptic curve with CM by a quadratic imaginary

field K. Let m ⊆ OK be an ideal. We define the m-torsion subgroup of E to be

E[m] = {t ∈ E : [α] · t = 0 for every α ∈ m},

where 0 represents the identity element of E, and [α] · t represents the normalized

action of α on t as an element of End(E) (as mentioned in [Sil94, Prop II.1.1]).

Remark 4.15. Note that in the special case that m = (m) for m ∈ Z, then

E[m] ∼= Z/mZ× Z/mZ
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due to the fact that E ∼= C/Λ.

Definition 4.16. Let E be an elliptic curve with CM by a quadratic imaginary

field K. Suppose E is defined by the equation y2 = x3 + Ax + B. Then a We-

ber function is a finite map h : E → E/Aut(E). For our purposes, we follow the

convention of [Sil94, II.5.5.1] and use the following Weber function:

h(x, y) =


x AB ̸= 0,

x2 B = 0,

x3 A = 0.

Remark 4.17. The two special cases of A = 0 and B = 0 correspond to the cases

where E has CM by Q(
√
−3) and Q(

√
−1), respectively. These are the only quadratic

imaginary fields which contain roots of unity other than −1 and 1 (i.e. where Aut(E)

is strictly larger than {±1}), and it is for this reason that their Weber functions are

different. In most cases, however, note that the Weber function is simply projection

to the x-coordinate.

We now use all of this to construct the ray class fields of quadratic imaginary

fields.

Theorem 4.18 (Theorem II.5.6 of [Sil94]). Let K be a quadratic imaginary field

with ring of integers OK, let m ⊆ OK be an ideal, let E be an elliptic curve with

CM by K, and let h : E → E/Aut(E) be a Weber function. Then the field

K(j(E), h(E[m]))

is the ray class field of K of modulus m.

Remark 4.19. The result of the above theorem can be stated in the following way.

Start with a quadratic imaginary field K, a modulus m ⊆ OK , and an elliptic curve
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E with CM by K. In order to obtain the ray class field K[m], one must first adjoin

j(E) to K, followed by adjoining the x-coordinates of the m-torsion points of E (or

the squares of x-coordinates for K = Q(
√
−1), the cubes for K = Q(

√
−3)). Thus

the roots of unity for Q are analogous to certain j-values and certain coordinates of

elliptic curve torsion points for a quadratic imaginary field K.

To continue the last point of Remark 4.19, we note that the roots of unity are

quite simple to describe geometrically, as they are simply points lying on the unit

circle in C. However, the j-values and m-torsion points of elliptic curves are more

complicated to describe geometrically.

In fact, to the author’s knowledge, it seems that there hasn’t been much study

of elliptic curve torsion points from a graphical perspective. One reason for this

might be that elliptic curves inherently live in a four-dimensional R-vector space,

which are notoriously difficult to represent graphically (to say the least). However,

our study will focus almost exclusively on the x-coordinates (which live in C), so

we thought it might be of interest to generate images of the x- and y-coordinates of

elliptic curve torsion points in the complex plane.

To this end, we offer examples of these images in Figure 4.1 and Figure 4.2.

The images in Figure 4.1 have no special properties other than their coloring, which

is simply the coloring that Python automatically applies to scatter plots (it cycles

through a list of colors). The images in Figure 4.2 take inspiration from [HST22],

in which we size the torsion points inversely based on their additive order in the

torsion group; that is, the smaller the order of the torsion point, the larger the dot.

We discuss our computational methods for these images and others (including how

we chose the elliptic curves with CM) after the proof of Proposition 4.20 in the

next section.
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(a) x-coordinates,
K = Q(

√
−1)

(b) x-coordinates,
K = Q(

√
−3)

(c) x-coordinates,
K = Q(

√
−43)

(d) x-coordinates,
K = Q(

√
−7)

(e) x-coordinates,
K = Q(

√
−5)

(f) x-coordinates,
K = Q(

√
−101)

(g) y-coordinates,
K = Q(

√
−1)

(h) y-coordinates,
K = Q(

√
−3)

(i) y-coordinates,
K = Q(

√
−43)

Figure 4.1. Coordinates of 400-torsion points of elliptic curves E ∼= C/OK
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(a) K = Q(
√
−1) (b) K = Q(

√
−3) (c) K = Q(

√
−43)

(d) K = Q(
√
−7) (e) K = Q(

√
−5) (f) K = Q(

√
−101)

Figure 4.2. x-coordinates of 400-torsion points of elliptic curves E ∼= C/OK , where
dots are sized inversely according to their order in E[m]

4.2 The Galois Group and Its Action

We are now able to explicitly compute the generators of the ray class fields of

modulus m for quadratic imaginary fields K. Our goal now is to compute the ray

class group of modulus m for the quadratic imaginary field K and to describe its

Galois action on the ray class field.

In actuality, however, we won’t be computing the full ray class group ClK(m).

Recall that the ideal class group ClK(1) is contained in ClK(m) for any modulus

m. Thus, in order to compute the full ray class group of modulus m, we also need
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to compute the ideal class group for any quadratic imaginary field K. This part of

the computation can be rather complex, and its difficulty depends on the base field.

That is, computing the full group ClK(m) ∼= Gal(K[m]/K) can be quite difficult.

However, the field extension K[1] ⊆ K[m] is much more predictable, and com-

puting the subgroup Gal(K[m]/K[1]) proves to be more straightforward using class

field theory. This extension also contains a lot of the number theoretic information

that we’re interested in anyway; for example, the analogous extension Q ⊆ Q(µn)

famously holds a plethora of important number theoretic information.

Thus, for our purposes, we will restrict ourselves to studying the extension

K[1] ⊆ K[m] and its Galois group Gal(K[m]/K[1]). The following proposition de-

scribes the structure of this group.

Proposition 4.20 (Proposition 33 of [Pla24]). Let K = Q(
√
−D) be a quadratic

imaginary field and m ⊆ OK an ideal. Let K[m] be the ray class field for K of

modulus m, and let K[1] be its Hilbert class field. Let ρ be a primitive third root of

unity. Then the field extension K[1] ⊆ K[m] has Galois group

Gal(K[m]/K[1]) ∼= (OK/mOK)
×
⧸O×

K
,

where O×
K is the cyclic multiplicative group {±1,±i} when D = 1, {±1,±ρ,±ρ̄}

when D = 3, and {±1} otherwise.

We note that while the result of this proposition seems to be known by those

who use class field theory regularly, it is only scarcely mentioned explicitly in the

literature. Because of this, we have decided to include a proof. This proof requires

some knowledge of certain class field theoretic objects and ideas (the idèles and

the Artin map for example). However, it’s not required to know the details of this

proof to understand the rest of this chapter, so we leave the choice to the reader on

how to proceed.
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Proof. Let A×
K be the group of idèles. Given a modulus m, define the open normal

subgroup

Um := C× ·
∏

v<∞,v∤m

O×
K,v ·

∏
v<∞,v|m

(1 + pordv(m)
v OK,v),

where OK,v is the completion of OK with respect to the place v and where pv is the

prime ideal corresponding to the place v. Then using class field theory, we know

that Gal(K[m]/K) ∼= A×
K⧸UmK

×. Similarly, we know that Gal(K[1]/K) ∼= A×
K⧸U1K

×.

By Galois theory, the group Gal(K[m]/K[1]) is a subgroup of Gal(K[m]/K),

and we have the isomorphism

Gal(K[1]/K) ∼= Gal(K[m]/K)⧸Gal(K[m]/K[1]).

This isomorphism is induced by the surjective homomorphism

φ : Gal(K[m]/K) ↠ Gal(K[1]/K), σ 7→ σ|K[1],

whose kernel is isomorphic to Gal(K[m]/K[1]).

This homomorphism can be described idèlically in the following way:

ψ : A
×
K⧸UmK

× → A×
K⧸U1K

×, (av)v + UmK
× 7→ (av)v + U1K

×.

Note that Um ⊆ U1, so this map is surjective. The elements of ker(ψ) are cosets of

UmK
× which are contained in U1K

×, and so ker(ψ) ∼= U1K
×
⧸UmK

×. Additionally,

the isomorphisms A
×
K⧸UmK

× ∼= Gal(K[m]/K) and A×
K⧸U1K

× ∼= Gal(K[1]/K) are

given by the Artin map. By a slight abuse of notation, we denote both Artin maps

by ϕ. Then we have the following diagram:

A×
K⧸UmK

× A×
K⧸U1K

×

Gal(K[m]/K) Gal(K[1]/K)

ψ

ϕ ϕ

φ
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Note that the elements of ϕ
(
U1K

×
⧸UmK

×
)
are precisely the elements of Gal(K[m]/K)

which act nontrivially on K[m], but trivially on K[1]. In other words, we have that

ϕ
(
U1K

×
⧸UmK

×
)
= ker(φ).

This shows that the diagram above is commutative, which induces the following

isomorphism:

Gal(K[m]/K[1]) ∼= U1K
×
⧸UmK

×,

where this uses the fact that ker(φ) ∼= Gal(K[m]/K[1]).

In the interest of computing the group U1K
×
⧸UmK

× explicitly, we let G = U1

and H = UmK
×. Then U1K

×
⧸UmK

× = GH⧸H, and by the second isomorphism

theorem we have that

GH⧸H ∼= G⧸(G ∩H).

Note that G ∩ H = U1 ∩ (UmK
×). An element of UmK

× is of the form (avα)v for

(av)v ∈ Um and α ∈ K×. If this element is also in U1 = C× ·
∏

v<∞ O×
K,v, then α

must be in O×
K,v for every finite place v. This happens if and only if ordv(α) = 0 for

every finite place v, so α must be an element of O×
K . Then, since Um ⊆ U1, we have

that U1 ∩ (UmK
×) = UmO×

K . Thus we have the following:

U1K
×
⧸UmK

× ∼= U1⧸(U1 ∩ (UmK
×)) =

U1⧸UmO×
K
.

Using the definitions of U1 and Um, the quotient U1⧸UmO×
K

reduces to the fol-

lowing:

U1
/
UmO×

K

∼=
∏

v<∞,v|m

O×
K,v
/ ∏
v<∞,v|m

(1 + pordv(m)
v OK,v)O×

K
.

By the Chinese Remainder Theorem, we need only compute O×
K,v⧸

(1 + p
ordv(m)
v OK,v)

for each place v | m.
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For a fixed place v and a fixed k ∈ N, we construct a map

f : O×
K,v →

(
OK,v⧸pkvOK,v

)×
sending a unit u 7→ u mod pkv . This is a homomorphism, and we claim it is surjec-

tive. To see this, let u ∈
(
OK,v⧸pkvOK,v

)×
. Then we have

u = a0 + a1π + · · ·+ ak−1π
k−1,

where π is a uniformizer of pv, ai ∈ OK,v⧸pvOK,v
for all i, and a0 ̸= 0 (a0 cannot be

0 because u is a unit). Then, since a0 ̸= 0, there exists an element ũ ∈ O×
K,v such

that ũ = a0 + a1π + · · · + ak−1π
k−1 + · · · . Thus for any u ∈

(
OK,v⧸pkvOK,v

)×
, there

exists ũ ∈ O×
K,v such that f(ũ) = u.

Now, note that the kernel of f is any element u ∈ O×
K,v such that u ≡ 1 mod pkv .

That is, the element u ∈ ker(f) if and only if u ∈ (1+pkvOK,v). Thus the surjectivity

of f induces the following isomorphism:

O×
K,v⧸(1 + pkvOK,v)

∼=
(
OK,v⧸pkvOK,v

)×
.

By a well-known fact about completions, we also have that

(
OK,v⧸pkvOK,v

)× ∼=
(
OK⧸pkvOK

)×
.

Thus we have the following:

U1
/
UmO×

K

∼=
∏

v<∞,v|m

O×
K,v
/ ∏
v<∞,v|m

(1 + pordv(m)
v OK,v)O×

K

∼= (OK/mOK)
×/

O×
K
,

where the last equality comes from reversing the direction of the Chinese Remain-

der Theorem.
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Now that we know the structure of Gal(K[m]/K[1]), we need to determine its

action on K[m]. Since K[m] = K(j(E), h(E[m])) and K[1] = K(j(E)), then the

action of Gal(K[m]/K[1]) on K[m] permutes only the elliptic curve torsion points

and leaves the j-values fixed. In other words, we want to determine the action of

(OK/mOK)
× /O×

K on the set h(E[m]).

We first need an elliptic curve with CM by K. Recall that choosing an elliptic

curve is equivalent to choosing a lattice in C by the Uniformization Theorem, so

the simplest way to choose an elliptic curve with CM by K is to choose the lattice

Λ = OK . This lattice will automatically be closed under multiplication by elements

of OK , so C/OK will have CM by K.

For our purposes, however, we need to be more explicit. For K = Q(
√
−D), we

use the lattice Λ := Z+Zα, where α ∈ OK is chosen in the fundamental domain for

SL2(Z) to be the following:

α =


√
−D D ≡ 1, 2 mod 4,

−1+
√
−D

2
D ≡ 3 mod 4.

Note that in the second case, we could have equivalently chosen α = 1+
√
−D

2
. We

chose this definition so that α is a third root of unity in the case D = 3.

Thus we now have an elliptic curve E ∼= C/Λ which has CM by K. Note that

a point (x, y) on our elliptic curve can be found via the Uniformization Theorem

by taking a complex number z ∈ C/Λ and using the Weierstrass ℘-function to get

x = ℘(z; Λ) and y = ℘′(z; Λ). Because of this, we will use C/Λ for the majority of

our calculations, as computations are much simpler in this setting when compared

to viewing E as a subset of P2, even though the latter viewpoint is the one needed

in the end.

Additionally, we will restrict our attention to the case in which m = (m) is
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an ideal generated by an integer. The analogy of Gaussian periods we define in the

next section allows for any integral ideal m, but for the time being, it is more intu-

itive and insightful to discuss only the m = (m) case.

To determine the m-torsion points of E, we must find the complex numbers z

such that mz ∈ Λ. If we restrict z to the fundamental parallelogram, then an m-

torsion point z must be of the form z = 1
m
(a + bα), where a, b ∈ {0, 1, . . . ,m − 1}.

This gives all m2 of the m-torsion points, matching the statement of Remark 4.15.

We now define the Galois action. Let β ∈ (OK/mOK)
×/O×

K , so we can write

β = c + dα for c, d ∈ Z/mZ. Let ρ ∈ h(E[m]); that is, ρ is an element of K[m] but

not K[1]. Since ρ is a power of the x-coordinate of an m-torsion point of E, then

there exist a, b ∈ Z/mZ and a power e ∈ {1, 2, 3} (depending on the base field) such

that z = 1
m
(a+ bα) and ρ = ℘(z; Λ)e. The Galois action of β on ρ is given by

β · ρ = ℘(βz; Λ)e,

where βz is the standard multiplication of complex numbers.

Remark 4.21. For computational purposes, it is best if we view z and β as matrices

in Mat2(Z/mZ), where we represent α with the companion matrix of its minimal

polynomial. More explicitly, we use the matrix

Cα =



1 0

0 −D

 D ≡ 1, 2 mod 4,

1 −D+1
2

0 −1

 D ≡ 3 mod 4.

to represent α. Then we can view OK/mOK as a subring embedded into Mat2(Z/mZ)

via the map sending α 7→ Cα and 1 7→ I. Thus an element γ ∈ OK/mOK is given
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by γ = aI + bCα for some a, b ∈ Z/mZ. Additionally, the matrix γ is an element of

(OK/mOK)
× if det(γ) is relatively prime to m.

4.3 Analogue Using Class Field Theory

In this section, we explicitly describe the analogue of Gaussian periods for

quadratic imaginary fields, and we provide some examples of these analogues. We

start with the definition.

Definition 4.22. Let K be a quadratic imaginary field, and choose α ∈ K so that

OK = Z[α] as described in the previous section. Let Λ = Z + Zα and let E be the

elliptic curve isomorphic to C/Λ. Choose A ∈ (OK/mOK)
× /O×

K , and let d denote

the multiplicative order of A. Let z ∈ OK/mOK , represented as an element of C/Λ,

and let ℘(z) := ℘(z; Λ) be the Weierstrass ℘-function. Then we define the following

map:

ηK,m,A : OK/mOK → C, ηK,m,A(z) =
d−1∑
j=0

℘(Ajz).

We call ηK,m,A(z) a ray class field period (RCFP) for K of modulus m and genera-

tor A. Additionally, we call img(ηK,m,A) the ray class field period plot (RCFP plot)

for K of modulus m and generator A.

Remark 4.23. In the above definition, one can choose A ∈ (OK/mOK)
×/O×

K by

first choosing an element B ∈ (OK/mOK)
× and computing the cyclic subgroup

⟨B⟩. If ⟨B⟩ ∩ O×
K is not the trivial group, then one can choose A by taking B to an

appropriate power. This sort of idea and others are discussed in Section 3.4.

Now, this definition of an ray class field period is specific to the context of

quadratic imaginary fields. For any other base field K, we can still define an anal-

ogous definition; the issue is that we are unable to actually compute RCFPs for
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base fields which don’t have an answer to Hilbert’s 12th problem. However, given

a number field K that does have an answer to Hilbert’s 12th problem, we have the

following definition.

Definition 4.24. Let K be a number field, and let m ⊆ OK be a modulus. Choose

A ∈ Gal(K[m]/K[1]), and let d denote the order of A in this group. For every B ∈

OK/mOK , let xB denote the corresponding algebraic number in K[m] over K[1].

Then we define the following map:

ηK,m,A : OK/mOK → C, ηK,m,A(B) =
d−1∑
j=0

Aj · xB,

where Aj · xB represents the Galois action of Aj on xB. We call ηK,m,A(B) an RCFP

for K of modulus m and generator A. Additionally, we call img(ηK,m,A) the RCFP

plot for K of modulus m and generator A.

We now return to the case where K is a quadratic imaginary field. In Figure

4.3, we provide some examples of RCFP plots for various choices of fields K =

Q(
√
−D), ideals m = (m), and elements A. Note that in these examples, we use

fields with class number 1 to avoid entirely any nontrivial Hilbert class field and

ideal class group.

It should be noted that the scales for the real and imaginary axes vary in these

images. The reason for doing this is because the values of ℘ vary largely for differ-

ent choices of K, m, and z. In particular, as the norm of the modulus m increases,

the values of the RCFPs get further from the origin (the points “go off to infin-

ity”). This problem did not exist in the Gaussian period setting since all roots of

unity lie on the unit circle, and so they were bounded in size. Because of this issue,

we would like to rescale the RCFPs in some “nice” way so that the RCFP plots are

contained within some bounded region.
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(a) D = 1, m = 1155,
A = 631, d = 5

(b) D = 3, m = 1265,
A = 759 + 254α, d = 3

(c) D = 7, m = 1265,
A = 1 + 253α, d = 3

(d) D = 19, m = 1155,
A = 1079 + 1078α, d = 4

(e) D = 67, m = 1099,
A = 713 + 1085α, d = 4

(f) D = 163, m = 1273,
A = 135 + 1206α, d = 5

Figure 4.3. RCFP plots for the element A and modulus (m), where K = Q(
√
−D)

One natural idea is to map RCFPs to the unit disc so that the images are all

uniform in size, and the “nice” property of our mapping is for it to be conformal.

Unfortunately, there are no conformal mappings from C to the unit disc, so we de-

cided to make do with a rescaling of points that was less nice. We note that we

lack knowledge in this area, however, so there could very well be a rescaling map

that handles this issue better than the one we describe below.

79



If w ∈ img(ηK,m,A), we rescale using the map

w 7→ w

|w|+ 4
√
|Nm(m)|

,

where Nm is the norm map from K to Q. In the case where m = (m), this map re-

duces to w 7→ w

|w|+
√
m
. Additionally, we note that the choice of using the 4th

root was an ad hoc choice that seemed to generate images whose patterns were

the easiest to see (at least for the cases where D ̸= 1, 3), since the points were

close enough together to see patterns while also not being so close that everything

blurred together. We provide some examples of RCFP plots using this rescaling in

Figure 4.4.

4.4 Observations

There are many observations that can be made about these RCFP plots, though

these patterns seem difficult to explain for reasons that will be discussed in the

next section.

We begin by exploring what happens in the analogous situation to the DGL

Theorem and its generalization, Theorem 3.4. We choose a quadratic imaginary

field K = Q(
√
−D) and a modulus m = pe, where p is a rational prime and e is

some power. We choose an element A of the Galois group such that the multiplica-

tive order d of A mod pe divides #(OK/pOK), where p ⊆ OK is the prime lying

over p. That is, the order d divides the size of the residue field of p, so d | (p2 − 1)

when p is inert or d | (p− 1) when p is split or ramified.

We then want to determine the behavior of these RCFP plots as d is fixed, but

the size of m increases. We provide examples of this situation in Figure 4.5. Note

that for these examples, we use the field K = Q(
√
−7) and we fix the order of A to

be 3.
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(a) D = 1, m = 1155,
A = 631, d = 5

(b) D = 3, m = 1265,
A = 759 + 254α, d = 3

(c) D = 7, m = 1265,
A = 1 + 253α, d = 3

(d) D = 19, m = 1155,
A = 1079 + 1078α, d = 4

(e) D = 67, m = 1099,
A = 713 + 1085α, d = 4

(f) D = 163, m = 1273,
A = 135 + 1206α, d = 5

Figure 4.4. RCFP plots which have been rescaled to the unit disc, using the ele-
ment A and the modulus (m), where K = Q(

√
−D)

Note that there appear to be certain areas where points seem to accumulate

more densely, and this pattern seems to be more pronounced in the case when p

is inert (Figure 4.5a) or split (Figure 4.5b) compared to the ramified case (Figure

4.5c). Additionally, these accumulation areas appear to show up at regular inter-

vals, though the number of such areas doesn’t seem to have any obvious correlation

to the primes in the modulus. This last point provides evidence for the provability

of some analogue of the DGL Theorem. That is, it would be expected that the ac-
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(a) m = 54, A = 211 + 423α (b) m = 919, A = 52 (c) m = 74, A = 1353

Figure 4.5. RCFP plots for D = 7, modulus (m), and A of order d = 3

cumulation points are unrelated to the modulus in this case (recall that the most

important property in the DGL Theorem was the order of ω modulo n, not the

modulus itself).

For the next situation, we again choose a modulus m = pe, but instead of

choosing A such that d doesn’t divide p, we choose A so that d = pb for some b < e.

Note that in the Gaussian period setting, this situation leads to a Gaussian period

plot that is a circle of radius pb, along with a point at the origin. The situation for

RCFP plots is a bit more interesting. We provide examples of this in Figure 4.6,

where we again use the field K = Q(
√
−7). Also, note that we used the map men-

tioned at the end of Section 4.3, since the patterns become more visible under this

rescaling.

The images in this situation are rather striking, as they tend to have easily

identifiable lines. In fact, similar to the images in Figure 4.5, there again seem to

be areas where points seem to accumulate more densely; however, in this situation,

these accumulation areas often have much more obvious spiral-like patterns appear-

ing. We’ve taken to calling these areas “galaxies.”
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(a) m = 54, A = 126 + 125α (b) m = 36, A = 1 + 343α

(c) m = 113, A = 1 + 121α (d) m = 74, A = 1 + 343α

Figure 4.6. RCFP plots for D = 7, modulus (m) for m = pa, and A of order d = p

Another observation to make is that—unlike the analogous situation of the

DGL Theorem in Figure 4.5—there does seem to be a correlation between the num-

ber of these galaxies and the primes in the modulus. For example, one notes that

when m = 54 in Figure 4.6a, one can make out five red, green, and purple galax-

ies close to the origin, as well as five primarily blue galaxies which are further out.

This pattern seems to continue further away from the origin, though it’s difficult
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to make out the finer details. Figure 4.6b provides another example of this phe-

nomenon when m = 36, where there are three primarily blue, red, and green galax-

ies close to the origin.

Another notable feature here is that if A and B are two elements of the Galois

group with the same multiplicative order pb, then their respective RCFP plots are

not necessarily the same. This is different than the Gaussian periods case, where

we have an identical Gaussian period plot for any ω ∈ (Z/peZ)× is pb. This is be-

cause (Z/peZ)× is cyclic, while (OK/p
eOK)

× is not cyclic when p splits or when

e > 1. In fact, we have the following isomorphism of abelian groups:

(OK/p
eOK)

× ∼=


F×
p2 × (Z/pe−1Z× Z/pe−1Z) p is inert,

(Z/peZ)× × (Z/peZ)× p splits,

F×
p × (Z/peZ× Z/pe−1Z) p is ramified.

In Figure 4.7, we provide examples of three distinct RCFP plots, even though

the field K = Q(
√
−7), the modulus m = 54, and the order d = 5 are fixed in all

three cases.

(a) m = 54, A = 376 + 250α (b) m = 54, A = 1 + 125α (c) m = 54, A = 501 + 250α

Figure 4.7. RCFP plots for D = 7, modulus (m) for m = 54, and A of order d = 5

84



Note in particular that the differences between these plots are more substan-

tial than a simple change of coloring. For example, note the behavior of the points

along the positive real axis. In Figure 4.7a, the string of points stays entirely on

the real axis, while in Figures 4.7b and 4.7c, the string of points veers off toward

either the upper or lower half-plane respectively.

4.5 Obstacles

Thus far, we have yet to prove any properties of RCFP plots in the same rig-

orous mathematical way that we used with Gaussian periods. The reason for this

is due almost entirely to the complexity of the Galois action on ray class fields of

quadratic imaginary fields, whereas the Galois action on cyclotomic fields is much

simpler. This section is dedicated to explaining this difference in complexity.

For the cyclotomic case, the action of the Galois group can be described con-

cretely as a function on roots of unity. In particular, choose ω ∈ (Z/nZ)×, and

consider its corresponding element σω ∈ Gal(Q(ζn)/Q). The action of σω on Q(ζn)

can be described as a function on roots of unity that maps ζan 7→ ζωan . This func-

tion is easily described, and studying this map amounts to studying the arithmetic

dynamics of the function fω(x) = xω, which is a simple enough task.

However, for the quadratic imaginary case, choose an element

A ∈ (OK/mOK)
×/

O×
K

and consider its corresponding element σA ∈ Gal(K[m]/K[1]). Assume for this dis-

cussion that K is not Q(i) or Q(ζ3), and let x be the x-coordinate of an m-torsion

point of an elliptic curve with CM by K. Then x = ℘(zx;OK) for some zx ∈ C/OK ,

where ℘ is the Weierstrass ℘-function. In Section 4.2, we described the action of A
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on x to be

A · x = ℘(Azx;OK),

where the multiplication Azx occurs in C/OK . The question then arises whether

or not we can describe this action in a “nice” way—i.e. where the arithmetic dy-

namics can be studied in a way similar to the Gaussian period case. Unfortunately,

this appears to be much more complicated in the RCFP case, perhaps even pro-

hibitively so.

Before looking at the RCFP case, we first introduce a relevant definition, propo-

sition, and theorem.

Definition 4.25 (In VI.2 of [Sil86]). An elliptic function (relative to a lattice Λ) is

a meromorphic function f(z) on C such that

f(z + λ) = f(z)

for all z ∈ C and all λ ∈ Λ.

Proposition 4.26 (Theorem VI.3.1c of [Sil86]). The Weierstrass ℘-function ℘(z; Λ)

is an even elliptic function relative to Λ.

Theorem 4.27 (Theorem VI.3.2 of [Sil86]). Every even elliptic function relative to

Λ is a rational function in ℘(z; Λ).

Now, for A ∈ (OK/mOK)
× /O×

K , we define the function fA : h(E) → h(E) so

that fA describes the Galois action of A. In particular, the function fA comes from

the following composition of maps:

h(E) h(E)

C/OK C/OK

fA

x 7→zx

z 7→Az

z 7→℘(z;OK)
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Thus fA(x) = A·x. In the next paragraph, we show that the composition of the sec-

ond and third maps above (which sends z 7→ ℘(Az;OK)) is an even elliptic function

relative to OK . By a slight abuse of terminology, we will then extend these prop-

erties to say that fA is an even elliptic function. The reason for adding the map

x 7→ zx is to allow us to compose fA with itself, which will be necessary to discuss

RCFPs.

Now, first note that z 7→ ℘(Az;OK) is an even function, which comes directly

from the fact that ℘ is an even function. Additionally, if λ ∈ OK , then Aλ ∈ OK

(because λ ∈ OK and A ∈ (OK/mOK)
×/O×

K). Thus we have the following:

℘(A(z + λ);OK) = ℘(Az + Aλ;OK) = ℘(Az;OK),

where the second equality comes from the fact that Aλ ∈ OK and that ℘(z;OK)

is elliptic relative to OK . Thus the map z 7→ ℘(Az;OK) is also an elliptic func-

tion relative to OK , and so fA is an even elliptic function relative to OK (using the

abuse of terminology mentioned above). Thus by Theorem 4.27, the function fA(x)

is actually rational in x := ℘(zx;OK).

Now, recall that RCFPs are defined as

ηK,m,A : OK/mOK → C, ηK,m,A(zx) =
r−1∑
j=0

℘(Ajzx;OK),

and note that

℘(Ajzx;OK) = (fA ◦ · · · ◦ fA︸ ︷︷ ︸
j times

)(x).

Let us write f
(j)
A (x) to represent this j-fold self-composition. Then we can rewrite

RCFPs in the following way:

ηK,m,A : h(E[m]) → C, ηK,m,A(x) =
r−1∑
j=0

f
(j)
A (x).
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Thus the study of RCFP plots is the study of the arithmetic dynamics of the ratio-

nal functions fA.

Now, studying the arithmetic dynamics of fA requires computing fA(x) explic-

itly as a rational function. If A is an integer, then fA(x) can be built from the stan-

dard division polynomials for the elliptic curve isomorphic to C/OK (i.e. polynomi-

als whose roots are the A-torsion points). These are defined recursively and depend

on the choice of base field, but they are relatively well-known (see [Sil86, Exercise

III.3.7]). For general A ∈ (OK/mOK)
×, however, computing fA becomes more dif-

ficult, since this requires computing the generalized division polynomials, which are

much more complex.

That being said, algorithms do exist for computing these polynomials. To the

author’s knowledge, Satoh in 2004 in [Sat04] was the first to describe such an algo-

rithm, followed by an optimization of Küçüksakallı in 2015 in [K1̈5].

Regardless, these division polynomials remain difficult to describe without sim-

ply computing them explicitly. Additionally, even if one computes the generalized

division polynomial ψA for some A ∈ (OK/mOK)
×, the complexity of ψA grows

with |Nm(A)|. In particular, both the degree and the number of nonzero terms of

ψA increase with the size of A. Studying the arithmetic dynamics of polynomials

becomes increasingly difficult as the number of nonzero terms increases, and since

fA is a actually a rational function depending on ψA, then studying the arithmetic

dynamics of fA becomes even more difficult.

However, we believe that studying RCFPs to be worthwhile mathematically,

and we hope that this discussion might spark some interest in studying the rational

functions fA more explicitly.
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APPENDIX

CODE

Most of the code used to generate these images was written in Python, though

Sage was also used for convenience reasons to generate the animations (explained

in Section 2.2) and the Laurent polynomials gd (explained in Theorem 1.2 and Sec-

tion 2.1). Many algorithmic aspects of computing elliptic curve torsion points were

based on the algorithms in [CS08, Coh93], and these are often cited in the com-

ments of the code itself. Readers may access our code at the following GitHub link:

https://github.com/SamanthaPlatt/GaussianPeriodsandAnaloguesCode
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