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DISSERTATION ABSTRACT
Elijah Bodish
Doctor of Philosophy
Department of Mathematics
June 2022

Title: Diagrammatic Representation Theory of the Rank Two Symplectic Group

We study the diagrammatic representation theory of the group Sp, and the
quantum group U,(sp,), expanding on the previous results of Kuperberg about
type By = (5 webs. In particular, we construct a basis for an integral form of
Kuperberg’s web category. Using this basis we prove that the Karoubi envelope of
the Cy web category is equivalent to the category of tilting modules Tilt(U,(sp,)).
We also use the basis to give recursive formulas for the idempotent projecting
to a top summand in a tensor product of fundamental representations. Finally,
using our result about the equivalence between Kuperberg’s web category and
Tilt(U,(sp,)), we prove that when [3] = 0 or [4] = 0, the semisimple quotient of
U,(spy) is equivalent to Rep(O(2)).

This dissertation contains previously published material.
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CHAPTER I

INTRODUCTION

This chapter contains previously published material. The material in Section
1.1. appeared in [11]. The material in Section 1.2. appeared in [12]. Also, Section

1.4. contains material from [11, 12].

1.1. Diagrammatics for Tilting Modules

Let g be a complex semisimple Lie algebra and let Rep(g) denote the
category of finite dimensional modules for g. By Weyl’s theorem on complete
reducibility Rep(g) is a semisimple category, so as an abelian category Rep(g) is
determined by the number of its simple objects. Since isomorphism classes of finite
dimensional irreducible g-modules are in bijection with the countably infinite set of
dominant integral weights X,, Rep(g) = Rep(g’) as abelian categories, for any two
semisimple Lie algebras.

A Lie algebra acts on the tensor product of two representations, so Rep(g)
is a monoidal category. Viewing Rep(g) as a monoidal semisimple category, we
capture much more information about g (the amount of information can be made
precise through Tannaka—Krein duality). One then may ask for a presentation by
generators and relations of the monoidal category (Rep(g),®). A modern point of
view on this problem is to find a combinatorial replacement for Rep(g) and then
use planar diagrammatics to describe the combinatorial replacement by generators
and relations.

By combinatorial replacement, we mean a full subcategory of Rep(g)

monoidally generated by finitely many objects, such that all objects in Rep(g)

1



are direct sums of summands of objects in the subcategory. We will focus on
the combinatorial replacement Fund(g), which is the full subcategory of Rep(g)
monoidally generated by the irreducible modules V() of highest weight w for all
fundamental weights . Note that Fund(g) is not an additive category.

We use the terminology g-webs to refer to a diagrammatic category equivalent
to Fund(g). The history of g-webs begins with the Temperley—Lieb algebra
[40, 48] for sly and Kuperberg’s “rank two spiders” [31] for sl3, sp, = sos5, and
g2. D. Kim gave a conjectural presentation for sly-webs [29], and then Morrison
gave a conjectural description of sl,-webs [36]. Proving that the diagrammatic
category was equivalent to Fund(sl,) proved difficult, but was eventually carried
out by Cautis, Kamnitzer, and Morrison using skew Howe duality [16]. Recently a
conjectural description of sps-webs has appeared in a preprint by Rose and Tatham
[39].

The Lie algebras g for which there are g-web categories which are known to

be equivalent to Fund(g) are

g € {5[n7g[n75p4 = 505792}‘

Each of these g-web categories has a ¢-deformed integral form, which we denote by
Dy, over Z[q,q '] (or some localization). On the representation theory side we have
Lusztig’s divided powers form of the quantum group, denoted UqZ(g). This algebra
has modules VZ(w), which are lattices inside V(w), for each fundamental weight.
One should keep in mind that these lattices may not be irreducible after scalar
extension to a field. The full subcategory monoidally generated by the modules

VZ(w) will be denoted Fund(UqZ(g)).



Let k be a field and let ¢ € k*. We can specialize the integral versions of
both the diagrammatic category and the combinatorial replacement category to k.
It is natural to ask if these two categories are equivalent [5, 5A.4]. Taking all sums
of summands of objects in Fund(k ® UZ(g)), one obtains the category of tilting
modules Tilt(k ® UZ(g)). So a positive answer to this question means we have
found generators and relations for the monoidal category of tilting modules.

For g = gl,, an answer to this question appears in a paper of Elias [7]. Using
ideas from Libedinsky’s work [34] on constructing bases for maps between Soergel
bimodules, Elias constructs a set of diagrams, denoted ILIL and referred to as double
ladders, in the Z[g, ¢~ ']-linear category Dy . There are two main arguments in [7].
First, a diagrammatic argument shows that LI spans the category over Z[q, ¢~ '].
Second, Elias describes a functor I' : Dy — Fund(U[(gl,,)) and proves that T'(LL)
is linearly independent. After observing that the ranks of homomorphism spaces in
Fund(k ® UZ(gl,)) are equal to #LL [19], it follows that the diagrams k ® LL are
a basis for k ® Dy and the functor k ® I' is an equivalence.

The category we focus on in is the sp, web category, which we denote by Dy, .

vt —v"
We recall the definition here using the convention that [n], := ———— and [n] :=
v—v

[n], € Z[qil]‘

Definition 1.1..1. The category Dy, is the strict pivotal Z[g, ¢~*,[2]~!]-linear

category generated by two self dual objects, with morphisms generated by

(1.1..1)
/\

subject to the following relations.



__ld[2]
O = 3 (1.1..2)

= (1.1..3)

N4 /
_ L + - (1.1..7)
/\ N\

We will refer to these relations as the circle relations, the monogon, bigon,
and trigon relation, and the H = I relation.

Kuperberg proved [31] there is a monoidal equivalence k ® Dy, — Fund(k ®
U,(spy)), when k = C(¢) and when k = C and ¢ = 1. Our goal is to prove this
equivalence with as few restrictions on k and ¢ as possible.

The arguments in Chapter II are completely indebted to Elias’s approach, and
the basis we construct for Kuperberg’s D,,, webs is the analogue of Elias’s light
ladder basis for sl,,-webs in [7]. However, our arguments take less effort, since we
can use Kuperberg’s result [31] that non-elliptic webs span D,,, over Z[g, ¢ '], and
are a basis for D,,, over C, when ¢ = 1. Most of our work is to carefully construct
an explicit functor = : D, — UZ(sp,) — mod.

The following theorem is our first main result in Chapter II.
4



Theorem 1.1..2. Ifk is a field and ¢ € k* is such that ¢ + g1 # 0, then the
functor

E:k® Dy, — Fund(k @ UZ(sp,)).

18 a monotidal equivalence, and therefore induces a monoidal equivalence between the

Karoubi envelope of k @ Dy, and the category Tilt(k ® U(IZ(sp4)).

Remark 1.1..3. The reader who is already well acquainted with [31] may wonder
why we are talking about type Cs and sp,, instead of type By and so5. This
certainly makes no difference classically, since sp,(C) = s05(C). For the purposes
of this paper there is no difference over other fields either. Under our hypothesis
that ¢ + ¢7' # 0 (note that this includes the possibility that ¢ = 1 and k is
not characteristic two), there is an isomorphism k ® UZ(sp,) = k ® UZ(s05), as
well as an equivalence between k ® Dy, and the base change from Z[g, ¢~'] to k of
Kuperberg’s B; spider category.

We chose (5 over B, hoping it would prevent confusion, since the defining

relations in Dy, are slightly different than the relations in Kuperberg’s B, spider.

The following result is a consequence of Theorem (1.1..2), and is new even if

k=Cand g =1 orif k = C(q).

Theorem 1.1..4. Let k be a field and let ¢ € k* so that ¢ + ¢! # 0. The double
ladder diagrams defined in Section 2.6. form a basis for the morphism spaces in

k®D5p4.

Remark 1.1..5. As we have already mentioned, Kuperberg’s By web category is
spanned by the same non-elliptic diagrams over Z|[q, ¢~']. The work of Sikora-

Westbury [43] proves that these diagrams are linearly independent whenever



q + ¢t # 0. Although their techniques are quite different than ours and certainly
are worth studying, their result is a consequence of ours.

Suppose that one could show that either double ladder diagrams span or are
linearly independent. Since the number of double ladders is equal to the number of
non-elliptic webs, the result from [43] would imply that the double ladder diagrams
are a basis.

However, it is not possible to obtain Theorem (1.1..2) with just their
result. Even though their paper and some basic representation theory imply the
dimensions of homomorphism spaces in k ® Dy, and Fund(k ® UZ(sp,)) are
equal, it is not enough to deduce that k ® = is an equivalence. The difficulty is
best illustrated via analogy: the lattice Z becomes a one-dimensional vector space
after base change to any field, but the map Z I 7 is not an isomorphism after
tensoring with a field of characteristic two. We really need to know that the map
k ® = is an isomorphism and to do this we must explicitly construct and analyze

the functor =.

1.2. Triple Clasp Formulas

Let g be a semisimple Lie algebra. Fix a dominant integral weight \. We
can uniquely write \ = )" _ A w, where the w are fundamental weights. The
irreducible representation with highest weight A, denoted V()\), occurs with

multiplicity one as a direct summand in the tensor product

QR V(=)= (1.2.1)



and all other irreducible summands are isomorphic to V(u), with 4 < A in
the dominance order. Moreover, the isomorphism class of the tensor product is
unaffected by the order of the tensor factors in Equation (1.2..1). For any sequence

of fundamental weights: w;,, @i,, ..., w;,, we refer to

as the top summand.

We will use Kuperberg’s type By = (5 webs to give a recursive description
of the idempotent projecting to the top summand in an arbitrary tensor product of
fundamental representations of sp,. Our formulas are the sp, analogue of Elias’s
conjectural recursive formulas describing the idempotent projecting to the top
summand for s, [7].

Given a tensor product of fundamental representations so that V' (cw)
occurs a times and V' (ws) occurs b times, we will write V' (a,b) to denote the top
summand. In [30], Kim gives formulas for the sp, clasps projecting to V'(a,0) and
V(0,b). The main result of Chapter III is a recursive triple clasp formula for the

idempotent projecting to V'(a,b).



Theorem 1.2..1. Let an oval with (a,b) label denote the idempotent with image
V(a,b), then

<a+1,b:)

R(a,b),(—1,1)

|
§
JUL

(1.2..3)

1

K(a,b),(1,-1) K(a,b),(—1,0)

|
—_



and

)

(i - C

K(a,b),(0,0) K(a,b),(2,-1)

K(a,b),(0,—1)

I

—_
I

—_

where
[a + 1]
K(a,b),(—l,l) - - [a]
~la+2b+3][2b + 2]
e 0D T T b 1 22
§ ~ [2a+2b+4)a+2b+3][a +1]
(@O (210 00 120 + 2][a + 26 + 2][d]
and
) __[a+1][2a+2b+4]
(@b (=21 = T T ][2a + 2b + 2]
la + 2][a + 2b + 4]
K(a,b),(0,0) =

2][a][a + 2b + 2]

L

S
\/
|
=
8
=
= _
e
=

e\ e re

(1.2.4)

(1.2.5)

(1.2..6)

(1.2.7)

(1.2.8)

(1.2..9)



20 + 2]
R(ab),(2,-1) = — 20] (1.2..10)

[2a + 2b + 4][a + 2b + 3][2b + 2]
[2a + 2b + 2][a + 2b + 1][20]

I{(a’b)v(ovfl) = (1211)

Using the double ladder basis for homomorphism spaces in Dy, [11], and the
ideas from Elias’s work on clasps for type A webs [7], we can argue that such a
recursive formula exists without knowing the x’s explicitly. The recursive nature
of the clasp formula implies recursive relations among the x’s. Our theorem then
follows from showing that these relations force the k’s to be the values specified in

Theorem (1.2..1).

1.3. Semisimplification of the Category of Tilting Modules

Suppose that k = C and ¢ = e"™/* for some integer ¢ > 4. There is a well
known construction of a C-linear fusion category as the quotient of Tilt(U}(sp,))
by the ideal of negligible morphisms [1]. One may ask for a generators and relations
presentation of these quotient categories. Since we have a presentation of the
category of tilting modules, it remains to find relations which generate the ideal
of negligible morphisms, denoted N. In general the ideal of negligible morphisms
is not the monoidal ideal generated by the identity morphisms of all negligible
objects. However, the hypothesis ¢ > 4 guarantees that the non-negligible tilting
modules are such that dim Hom(7*()\),T%(u)) = 6. It follows that the quotient
by the ideal generated by the negligible objects is a semisimple category. Since the
ideal of negligible morphisms is the only monoidal ideal with semisimple quotient,
the ideal of negligible morphisms coincides with the monoidal ideal generated by

the negligible objects.

10



There is a p shifted and ¢ dilated affine Weyl group action on the weight
lattice X. Extending this action to R ® X allows us to partition the dominant
weights by their relationship to alcoves in R ® X. The weights in the interior of
the lowest alcove in the cone —p + R>( - X are exactly the highest weights of the
indecomposable non-negligible tilting modules. In particular, the indecomposable
tilting modules with highest weight on the upper closure of the lowest alcove is
negligible. Furthermore, each indecomposable negligible tilting module is a direct
summand of a tensor product of some tilting module and an indecomposable tilting
module with highest weight on the upper closure of the lowest alcove. Thus, the
indecomposable negligible tilting modules are contained in the monoidal ideal
generated by the indecomposable tilting modules on the upper closure of the lowest
alcove.

The tilting modules on the upper closure of the lowest alcove are
T Qk,T—k , for k=0,...,0—-3 (1.3..1)
when /£ is odd, and
2

—4 —4
T (k:gT—k:) forkzo,...,£— (1.3..2)

when £ is even. Let I denote the monoidal ideal in D;‘M generated by the A clasps
for all A on the upper closure of the lowest alcove. We may conclude that there is a

monoidal functor

Dy, — Tilt(Uy (spy)) /N, (1.3..3)

11



with kernel C. Furthermore, the induced functor
Kar (D}, /K) — Tilt(Uy(spy)) /N (1.3..4)

is an equivalence.

Example 1.3..1. Let g = sp,. In the following diagrams the dots represent the
dominant integral weights and the gray line represents the upper wall in the closure
of the fundamental Weyl alcove. The bold dots then are the dominant integral
weights A so that the indecomposable tilting module of highest weight A is non-zero

in the negligible quotient.

If £ = 5, then the ideal of negligible morphisms is generated by idzx(g 1
and idrk(90). The quotient category is equivalent to Rep(Z/2), where the sign
representation corresponds to T%(1,0).

If £ = 6, then the ideal of negligible morphisms is generated by idyx( gy and

id7x(,1y- Thus, the quotient category is equivalent to Vecc.

Example 1.3..2. It is a pleasant exercise to use the diagrammatic category T L

to show that if £ = 8, the negligible quotient of Tilt(U;‘(sp4)) is equivalent to

12



Tilt(C(e"™/*) ® UZ(sly)) /N. Note that if ¢ = "™/, then

_ [6][2]4 = —[2)2. (1.3..5)

The case when the size of the negligible quotient is controlled by the weights
in the fundamental Weyl alcove is particularly well studied since it is related to the
construction of modular tensor categories [42]. However, the negligible quotient of
tilting modules makes sense for all £. The case of the reductive algebraic group
GL, in characteristic p is completely understood [14]. It also seems likely that
similar techniques could handle the case of the quantum group for gl,, for all ¢.
However, it seems that very little is known for general g when ¢ is small. We will
focus on sp,,,, for which the cases of interest are when ¢’ < 2n.

The main result in Chapter IV is the following.

Theorem 1.3..3. The semisimplification of the category of tilting modules for

(quantum) sp, is equivalent to Rep(O(2)) when q = (2.2 and when ¢ = Co.(241)-

The proof of this theorem uses Kuperberg’s Cy webs [31], Deligne’s category
Rep(O(T)) [17], and our results connecting Cy webs with tilting modules for

quantum sp, [11].

Remark 1.3..4. Theorem (1.3..3) implies that when n = 2, the bold dots are exactly

corresponding to the indecomposable tilting modules which do not have dimension

13



Zero.

_p -
We recall the notion of a principal graph of a self dual object V in a
semisimple rigid tensor category C. For simplicity we assume that all irreducible
objects in C appear as a summand of some tensor power of V. The principal graph
of V, denoted I'y is the graph with vertices the isomorphism classes of irreducibles
appearing in some tensor power of V', and the number of edges between [S;] and
[S] is equal to the multiplicity of Sy in S} ® V', which by the self-duality of V' is a
symmetric relation.
Let G, := C* x Z/2, where the Z/2 action on C* is x + x~'. Also, let
H :=C*, and V := Ind$*(C). Victor Ostrik made two observations about the bold
dots in the diagrams above (personal communication, December 2019). This first
is that the bold dots appear in the same configuration as the principal graph I'y,
making it appear that principal graph Fm is the same as I'y,. The second is that
the alcoves in this picture are the alcoves in the two highest antispherical Kazhdan-
Lusztig cells. The lowest of these two cells is the unique reduced expression cell.
Moreover, under Lusztig’s bijection between antispherical cells and nilpotent
orbits [35, Theorem 4.8] the nilpotent orbit corresponding to the unique reduced
expression cell has centralizer with maximal reductive part isomorphic to C* x Z/2.
These two pieces of evidence led to the conjecture that the negligible quotient of

the category of tilting modules is equivalent to Rep(G,).

14



Note that O(2) = G,'. The McKay subgroup of SU(2) of type D, is the
unique subgroup (up to conjugacy) in SU(2) with principal graph of the restriction
of the natural module for SU(2) given by the D,, Coxeter graph. The D, McKay
group is a non-split extension of C* with Z/2 quotient and is not isomorphic to the
group O(2). However, O(2) is isomorphic to the image of D, in the (non-faithful)

representation S%(C?).

Remark 1.3..5. We claim that a correct generalization of Ostrik’s conjecture for all

n is the following.

Congecture 1.3..6. The semisimplification of the category of tilting modules for

(quantum) sp,, is equivalent to Rep(O(2)) when q = (2.9, and when q¢ = Co.(ny1)-

In order to study these semisimple quotient categories for small roots of
unity it will be useful to be able to understand the category of tilting modules
via generators and relations. The category of tilting modules is generated as a
monoidal category by the fundamental Weyl modules as long as ¢ is not too small.
Unfortunately the literature is not clear for exactly which ¢ this is the case, but
for the analogous case of reductive algebraic groups in characteristic p the answer
is given in [27]. Note that for type C,, they observe that the fundamental Weyl
modules are tilting modules whenever p > n. Thus, we expect that for sp,, the
most accessible cases which are still interesting are when n + 1 < ¢/ < 2n.

The natural generalization of our proof of Theorem (1.3..3) to a proof
of Conjecture (1.3..6) would replace Cy webs with the following diagrammatic

category.

'We expect that the reductive part of the centralizer of the subregular nilpotent orbit is
isomorphic to O(2), but cannot prove this.

15



Definition 1.3..7. [9, Definition 1.1] Let Web(sp,,,) be the C(g)-linear pivotal
category defined by the following presentation. The objects are generated
monoidally by self-dual objects {1,...,n}. In addition to the cap/cup unit/counit

morphisms implicit in the pivotal structure, the morphisms are generated by

k+1 k+1
A , )\ (1.3..6)
1 k k1

for k€ {1,...,n — 1}. One then takes the quotient by the tensor ideal generated by

the following (local) relations:

O - _—[”}[[ziﬂ 2 (1.3..72)

Q ~0, (1.3..7b)

1¢k—1 — []{;} , (137C)
gL "

1

N N\,
>_< X [n— k+1 N el (1.3.7e)

k

The category Kar Web(sp,,,) is known to be equivalent to the category
of finite dimensional type 1 representations of U,(sp,,) [9, Theorem 1.4]. It is

conjectured that when £ > n, the category Kar C ®,_.ix/c Web(sp,,) is equivalent

16



to the category of tilting modules for C ®,_in/e Ul (8p,) [9, Remark 3.8]. We give
sketches of arguments below that will prove Conjecture (1.3..6) once the conjectural

relationship between Web(sp,,,) and tilting modules is established.

1.4. Potential Applications

Remark 1.4..1. If we take k to be an algebraically closed field of characteristic p
and let ¢ = 1, then Tilt(k®UqZ(5p4)) is equivalent to the category of tilting modules
for the reductive algebraic group Sp,(k) [26, H.6]. Very little is known about tilting
modules for reductive groups in characteristic p > 0, and our results apply in this

setting as well for all p > 2.

Remark 1.4..2. If ¢+ ¢! = 0, then the fundamental representation k ® VZ(w,) is
not tilting. So if one is interested in tilting objects the category Fund(g) is not the
correct category to study. Also, the category Dy, is not defined when ¢ + ¢~' = 0,
because some relations have coefficients with ¢ + ¢~! in the denominator. One could
clear denominators in the relations and obtain a category which is defined when

1

q+ q = 0. However, we do not know what this diagrammatic category would

describe.

Let k = C and let ¢ = ™%, Soergel conjectured [45] and then proved [46] a
formula for the character of a tilting module for k ® UZ(g) when ¢ > h, where h is
the Coxeter number of g.

In Section 2.24..4, we will prove that the category Dy, is a strictly object
adapted cellular category [21]. Thus, the discussion in [22, 11.5] allows one to adapt
the algorithm in [32] from the context of Soergel bimodules to sp,-webs. Using this
algorithm, which we outline in Section 2.25., one can compute tilting characters for

the quantum group at a root of unity as long as ¢ > 3 (the ¢ = 2 case is ruled out
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by the assumption in our theorem that ¢ + ¢=! # 0). The Coxeter number of sp,
is h = 4. This means that when ¢ = 3, Soergel’s conjecture for tilting characters
does not apply but the diagrammatic category k @ Dy, does still describe tilting
modules.

There may be a conjecture for the characters of tilting modules of quantum
groups that includes ¢ < h, along the lines of [8, Section 8.1] and [44, Theorem 1.6].
Ideally, the conjecture would relate tilting characters for the quantum group at a
root of unity to singular, antispherical Kazhdan-Lusztig polynomials. One could use
sp, webs to check such a conjecture for small weights.

With applications to modular representation theory in mind, there has been
some work on writing the idempotents projecting to all indecomposable tilting
modules in terms of the double ladder basis for SLy(F,) [15] [50]. Such idempotents
have been referred to as p-Jones-Wenzl projectors. Since nobody knows the
characters of tilting modules for rank two groups in positive characteristic, this
question is not appropriate in our setting. However, the tilting characters are
known for the quantum group at a root of unity [46, Section 8]. A key first step
in determining the formulas for the p-Jones-Wenzl projectors is to argue that if the
characteristic p tilting module is simple, then the characteristic zero clasp can be
reduced modulo a maximal ideal to obtain the projector in characteristic p. We are
careful to point out how this works for the case of D, in Section 3.5..9, but do not
explore the topic further in this dissertation.

It remains an open problem to adapt the arguments in [7] to prove that
double ladder diagrams span D, without using Kuperberg’s results about
non-elliptic webs. The first steps in this adaptation would be to rewrite every

composition of elementary light ladder diagrams of the form L, o (id®L,) as a
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linear combination of double ladder diagrams. This is an easy exercise which may
convince the reader that such an adaptation is possible. The second step is to prove
that any diagram of the form (id®L, ® id) o N o (id®D(L,) ® id), where N is an
arbitrary neutral diagram, is a linear combination of double ladder diagrams. The
case when N is the identity is another easy exercise, and considering the case of
arbitrary N may help convince the reader that writing a complete adaptation of [7]
would be non-trivial.

It is work in progress of Victor Ostrik and Noah Snyder to find the precise
relationship between Kuperberg’s Gy webs and tilting modules.

Work in progress of Ben Elias and Geordie Williamson uses D, to extend
the quantum algebraic Satake equivalence [20] to type By/Cs. As a consequence
our results may have implications in geometric representation theory.

Lastly, we mention that in joint work with Haihan Wu, we solved the problem

of finding triple clasp formulas for g, [13].
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CHAPTER II

DIAGRAMMATICS FOR TILTING MODULES

This chapter contains previously published material. The material in this

chapter originally appeared in [11].

2.1. Outline

Section 2: We discuss how to decompose tensor products of representations
for sp,. Then use the plethysm patterns to describe an algorithm for light ladder
diagrams. Finally we define the double ladder diagrams. Section 3: We define an
evaluation functor from the diagrammatic category to the representation theoretic
category. After reviewing some of the theory of tilting modules for quantum
groups/reductive algebraic groups, we interpret the image of the evaluation functor
as an integral form of the category of tilting modules. Then we argue that the
main theorem follows from linear independence of the image of the double ladder
diagrams. Section 4: We argue that the double ladder diagrams are linearly
independent. Then we deduce that D:l:xs4 is an object adapted cellular category, and

describe an algorithm to compute tilting characters.

2.2. (3-Webs

We use the convention that the quantum integers in Z[q, ¢~'] are defined as

_ qn _qfn

, forneZ. (2.2..1)
q—qt

[n],

Let A =Z[q,q7", [2],'], the ring Z[q, ¢~'] localized at [2],.
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Definition 2.2..1. Let D be the A-linear monoidal category defined by generators
and relations. The generating objects are 1 and 2, the generating morphisms are

the following diagrams.

/\ \/ / ™\ (2.2.2)

The relations are the following local relations on diagrams.

&ﬂ A W 02

- - (2.2..5)

Remark 2.2..2. Our convention is that diagrams are read as morphisms from the
bottom boundary to the top boundary. Composition of morphisms is vertical
stacking. The monoidal structure on objects is concatenation of words and

the monoidal unit is the empty word. The monoidal product on morphisms is
horizontal concatenation of diagrams, and the identity morphism of the empty word

is the empty diagram.

Notation 2.2..3. The defining relations in D imply the following equalities of

morphisms in Homp (12, 1).
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_ _ (2.2..6)

We will denote any one of these morphisms by the following trivalent vertex

diagram in Homp(12,1).

(2.2.7)

There are similar equalities for every possible vertical and horizontal

reflection, and we will write the corresponding trivalent morphisms as follows.

(2.2..8)

Thanks to this notation, we may now view morphisms in D as A-linear

combinations of isotopy classes of trivalent graphs.

Example 2.2..4. The identity morphism of 1211 and a morphism from 12111 to

1122 are drawn as follows.

(2.2..9)

N

Definition 2.2..5. The A-linear monoidal category Dy, is the quotient of D by

the following local relations.

O =— [6][§][2]q (2.2..10)



- {6]&5“ (2.2.11)

O _ 0 (2.2..12)

O =-, (2.2..13)

QQ =0 (2.2..14)

1 \/ 1
+ —

— (2.2..15)
2, 2,
/" \\ N\

Notation 2.2..6. When k is an A-algebra, we can base change the category Dy,

to k, denoted k ® D,,,. The category k ® Ds,, has the same objects as D,,, and we
apply k ® 4 (—) to homomorphism spaces. We may also write D;‘M =k ® Dy, for

short.

Remark 2.2..7. The coeflicients in the circle relations are written as fractions but

are actually elements of A, as can be observed in the following quantum number

calculations.
1, = e ) o ot BB _ 00 01
7, — 51, + [3], = [S]q[2+]q[2]q _ [10]¢ + (8], Eg]ﬁ];]; [4lq+2)g _ gzgz (2.2.17)

Remark 2.2..8. The category Ds,, is almost the B, spider category in [31]. But

we replaced ¢ with ¢* and rescaled the trivalent vertex by [2], Y2 The trivalent
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vertex in D,,, may seem less natural since the relations now require us to insist
2], is invertible, but when we connect the diagrammatic category to representation

theory the rescaled trivalent vertex in Dy, will be more natural.

2.3. Decomposing Tensor Products in Rep(sp,(C))

We now recall some basic facts about sp,(C) and its representation theory.
Some of this is worked out in detail in [24, Lecture 16]. Then we will record some
formulas describing the decomposition of certain tensor products in Rep(sp,).

Let X = Ze; @ Zey be the weight lattice for sp,(C). The weights w; = €; and
wy = €1 + €9 are called the fundamental weights, and X = Zs>ow; @ Z>¢w, is the
set of dominant weights.

Let Fund(sp,(C)) be the full monoidal subcategory of Rep(sp,(C)) generated

by V(w) and V(ws). The decomposition
V(w) @ V(wy) = V(2w) @ V(we) @ V(0). (2.3..1)

implies there is a one-dimensional space of maps between V(w;) ® V(w;) and

V(w2). We will later prove that there is a choice for this map so that sending

the trivalent vertex to the chosen map gives a well-defined monoidal functor from

C ® Dy, to Fund(sp,(C)). We will then show that this functor is full and faithful.
For now we will take the equivalence on faith, and use it to guide our

intuition for constructing a basis for Hom spaces in Ds,,. Let A and p be dominant

integral weights. There is a direct sum decomposition

V)@ V(p) = &y V(A +v), (2.3..2)

vEX (A p)Cwt(V (1))
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where wt(V (1)) is the multiset of weights in V' (u) and X (\, p) is a submultiset.
Our goal is to determine the set X (A, u).

To simplify notation, we may write V' (a,b) in place of V(aw; + bws). The
following formulas are easy to work out using classical theory. For example, one can

use [38, 2.16].

¢

V(1,0),ifa=b=0
Vie+ 1,00 V(a—1,1)®V(a—1,0),ifa>1,0=0
Vie,0) @ V(1L,0) = vV (1,b) & V(1,b—1),ifa=0,b>1

Vie+1,0)eV(e—-1,b+1)@V(a—-1,0)®V(a+1,0—-1),

ifa>1,b>1

\

(2.3..3a)

4

V(0,1),ifa=b=0
VO0,b+1)@V(2,b—1)@V(0,b—1),ifa=0b>1

V(1,1) @ V(1,0),ifa=1,b=0

Ve, 0)aV(O0, ) =q v b+ D) aV(L,b)aVE,b—1)aV(l,b—1), fa=1b>1
Via,1)®V(a,0) & V(a—2,1), ifa>2,b=0

V(ig,b+1)dV(e+2,b—-1)dV(a,b—1)® V(a,b)®V(a—2,b+1),

ifa>2b>1
(2.3..3b)

Notation 2.3..1. We will write V(1) = V(w;) = V(1,0) and V(2) = V(wg) =

V(0,1) as well as wt 1 = oy and wt 2 = ws. Also, for a sequence w = (wy, ..., w,),

25



w; € {1,2} we will write V(w) = V(w;) ® ... ®@ V(w,), wtw = wtw; + wtwy +

coWtwy, and wey, = (wy, wy, ..., W),
Definition 2.3..2. Let w = (wy,...,w,) with w; € {1,2}. A sequence (1, ..., )
where u; € wt(V (w;)) is a dominant weight subsequence of w if:

1. py is dominant;

2. V(uy + ... 4 pi—1 + pi) is a summand of V(g + ... + pi—1) @ V(wy).

We write E(w) for the set of all dominant weight subsequences of w and

E(w,\) == {(p1, ..., ptn) € E(w) : g1+ ...+ pn = A} (2.3..4)

for all A € X,.

Lemma 2.3..3. Let w = (wy,...,wy,), w; € {1,2}, then
Vw = @ Vit + ) (2.3..5)

Moreover, if we denote the multiplicity of V(\) as a summand of V(w) by [V (w) :
V(A)], then
[V(w) : VIN)] = #E(w, \). (2.3..6)

Proof. If we begin with V() = C and tensor with V' (wy), there is only one
irreducible summand. This summand corresponds to the dominant weight in

wt V' (wy), which we record as p;1. Then we tensor V(w;) by V(wsy) and note that
V(wy) ® V(wq) contains V() ® V(we) as a summand. Choose a summand of
V(1) ® V(wg). The chosen summand is isomorphic to V(u; + u2) for some weight

ta € wt 'V (wsy), and we record this choice of summand by the weight ps € wt V (ws).
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Next, we tensor V(w;1) ® V(ws) by V(ws), observe that V(w;) @ V(ws) @ V(w3)
contains a summand isomorphic to V' (uy + p2) ® V(ws), and choose a summand

of this summand. The chosen summand is isomorphic to V(u; + po + p3) and we
record the choice by the weight u3 € wt V(ws). Iterating this procedure, we end
up with a sequence of weights (u1, ..., p,), which is a dominant weight subsequence
of w, and a summand in V(w) isomorphic to V(uy + ... + p,). Furthermore, all

summands of V' (w) can be realized uniquely as the end result of the process we just

described. [

Lemma 2.3..4. Let u = (uy,...,u,) be a sequence with u; € {1,2}, then

dim Homay, o) (V(w), VW) = S [V(w): VOV : V). (23.7)
reX4
Proof. Thanks to Lemma (2.3..3), this is consequence of Schur’s lemma. ]

2.4. Motivating the Light Ladder Algorithm

We outline a well-known construction of a basis of homomorphism spaces in
the category Fund(sp,(C)).

Suppose that (g1,...,pun) € E(w,\). Fori = 1,...,m there is a projection
u;) is the

...........

projection Py, )t Viw) @ ... @ V(wi—1) — V(1 + ... + p—1) postcomposed
with the projection p,, : V(1 + ...+ pic1) @ V(w;) — V( + ... + ).

Let (v4,...,v,) € E(v,\). Now, for ¢ = 1,...,n there are inclusion maps

the inclusion we get a map [ o P, . :V(w) — V(u), factoring through

V(A).
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Since [V(A) : V(w)] = E(w, A) and [V/(A) : V(u)] = E(u, A), the maps

U {I(I/l ..... Vn)o (41, Mm)} (241)

(;le ~~~~~ um)eE(ﬂv)\)
(V1yeesvn ) EE(u,\)

form a basis in Homg,, (o) (V (w), V (w)).

The maps P, ,....4,) are built inductively out of the p,,’s in a way that is

analogous to how we will define light ladder diagrams in terms of elementary light
ladder diagrams. The inclusion map I®t#2) : V()\) — V(u) is analogous to
what we will call upside down light ladder diagrams. We will define double ladder
diagrams as the composition of a light ladder diagram and an upside down light

ladder diagram, in analogy with the I o P’s. Then our work will be to argue that

double ladder diagrams are a basis.

Remark 2.4..1. The projection and inclusion maps we discuss here are not the
image of the light ladder diagrams under a functor D,,, — Fund(sp,(C)). There
are at least two reasons for this. The first being that the object V(A) is not in the
category Fund(sp,(C)), so we have to construct light ladder maps not from V' (w)
to V(\), but from V(w) to V(z) where wtz = \.

The second reason is that we want to construct a basis for the diagrammatic
category which descends to a basis in Fund for fields other than C. Over other
fields the representation theory is no longer semisimple so V' (A) may not be a
summand of V' (w). There will still be the same number of maps from V' (w) to a

suitable variant of V(\) but they may not be inclusions and projections.

2.5. Light Ladder Algorithm

Now we define some morphisms in the diagrammatic category.
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Definition 2.5..1. An elementary light ladder diagram is one of the following
diagrams in D,,,. We will say that L, is the elementary light ladder diagram of

weight .

L0 =M\ L(Ll)zk L(Ll):/\ Lo = (2.5..1)

L,—1) = L2y :O L) = ) L,y =|—, L,y =

(2.5..2)
Remark 2.5.2. If L, : ux — w, for * € {1,2}, then p € wt V(%) and wt w = wt u+p.

Definition 2.5..3. A neutral diagram is any diagram which is the horizontal
and/or vertical composition of identity maps and the following basic neutral

diagrams.

N/ = N} = (2.5..3)

Example 2.5..4. A neutral diagram from 112221 to 221211.

(2.5..4)

Definition 2.5..5. Fix an object w = (w1, ..., wy,) in Dy, a dominant weight
subsequence i = ({1, ..., /tn) € E(w), and an object v = (v1,...vy) in Dy, such

that wtv = g + ... 4+ p,. We will describe an algorithm, which we will refer to
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as the light ladder algorithm, to construct a diagram in D,,, with source w and
target v. This diagram will be denoted LLQ% 7 and we will call it a light ladder
diagram.

We define the diagrams inductively, starting by defining LL%(@) to be the

empty diagram. Suppose we have constructed LL,

Wy 15(B15ensbn—1)” where Wt(@) =

1+ ...+ pp_1. Then we define

LLY — NZo (id®L,,) o (N @id) o (LLE ) ® idwn> (2.5..5)

wgnfp(ﬂl ----- n—

where N is a neutral diagram with appropriate source (subscript) and target

(superscript).

Example 2.5..6. A schematic for the inductive definition of a light ladder diagram

|<

/ e, \

? (2.5..6)
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To further aid the readers understanding of the light ladder construction we

give an example and some clarifying comments.

Example 2.5..7. A light ladder diagram LL},, ((0,1),(1,-1),(0,1),(=1,0),(2,—1))

1=

/1]

(2.5..7)

7K

Our convention of rectangles and trapezoids is to indicate whether a diagram is a
neutral diagram or a diagram of the form id ® elementary light ladder diagram. We

omitted the first and third steps corresponding to u = (0, 1).

The elementary light ladder diagrams have fixed source and target. As a
result one can construct LL: , and then see that V'(,) is a summand
Egn—lv(ulv”vun—l)

of V(1 + ...+ pin—1) ® V(w,). The reader may wonder if there really is an object y

in Dy, such that yw, is the source of id ®L,,, .

Example 2.5..8. An example of what can go wrong without neutral diagrams.

(2.5..8)
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Basic neutral diagrams encode isomorphisms 12 — 21 and 21 — 12, while

arbitrary neutral diagrams encode isomorphisms w — w'.

Remark 2.5..9. The reason we use basic neutral diagrams instead of the braiding is
the latter is a non-trivial linear combination of diagrams in Dy, , while the former is

a single diagram in Djy, .

Lemma 2.5..10. Given two sequences w and w' such that wtw = wtw', there is a

neutral diagram connecting w to w'.

Proof. Suppose that wtw = aw; + bwy = wtw'. Connect both w and w’ via
colored neutral diagrams to the standard sequence 1%* ® 2% and then compose
the neutral diagram from w to the standard sequence with the vertical flip of the

neutral diagram from the standard diagram to w’. O

The following lemma uses this observation to fix the problem, in the light

ladder algorithm, of elementary diagrams having fixed source and target.

Lemma 2.5..11. Let (p1,...,p,) € E(w) (in particular, V(pu,) is a summand of

V(pr+ ...+ pin—1) @V (wy) ). Suppose we have constructed LLqi There

Wy 15(H1 50 ofin—1) "

is an object y in Dsp, and a neutral map N%Sn such that y @ wy, is the source of

—1

id®L,,.

Proof. We will argue this for the elementary diagram L, 1), so p, = (1,—1) and
w, = 1. The arguments for the rest of the cases follow the same pattern. From
the tensor product decomposition formulas (2.3..3) we see that V' (1, —1) being a
summand of V' (puy + ...+ p,_1) implies that, if gy + ... + p,_1 = aw; + bwy, then
b > 1. Thus, in the sequence u = (uy,...,uy) there is some k such that u; =

By Lemma (2.5..10) there is a neutral diagram from the sequence u to a sequence
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which ends in 2. The target of this neutral diagram will be an object y such that

y ® 1 is the source of id®@Lq —1). O

Example 2.5..12. Using a neutral map to fix the problem.

||
[ \

Comparing the tensor product decompositions in (2.3..3) with the elementary

(2.5..9)

light ladder diagrams it is apparent that dominant weight subsequences always
produce a light ladder diagram. However, neutral diagrams from one word to
another are not unique. The choice of neutral diagram could result in several

different light ladder diagrams for a given dominant weight subsequence.

Remark 2.5..13. For any w and u such that wt w = wt u, there is a distinguished
choice of neutral diagram corresponding to the minimal coset representative in the
symmetric group realizing the shuffle from one sequence to the other. However, we
do not require that we choose particular elements as our neutral diagrams in the

light ladder algorithm.

2.6. Double Ladders

We define a contravariant endofunctor D on the category Ds,, by requiring
that ID fixes objects and turns diagrams upside down. Note that D? = idp,, , so D
is a duality (i.e. a contravariant functor Dy,, — D, , which is an equivalence and

squares to id) on the category.
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Definition 2.6..1. Let LLi 2 be a light ladder diagram. The associated upside

down light ladder diagram is defined to be
]D)(LL@#I). (2.6..1)
Example 2.6..2. An upside down light ladder diagram

D<LL%111 1,((1,0),(1,0),(72,1),(1,0),(2,71),(71,1)))'

(2.6..2)

[

For each dominant weight A fix a word z, in the alphabet {1,2}
corresponding to a sequence of fundamental weights which sum to A. For all words
w and for each dominant weight subsequence ji € FE(w, \), we choose one light
ladder diagram from w to z,. If w = z, and each p; is dominant, then we choose
the identity diagram. From now on we denote this chosen light ladder diagram by

Lw,ﬁ .

Remark 2.6..3. The choice of LL, 5 = idg, when the A; are all dominant is not
essential for our arguments, but does ensure our construction is aligned with other
conventions. For example this is required in the definition of an object adapted

cellular category in [21].

Definition 2.6..4. If w and u are fixed words in {1,2} and X is a dominant weight,

then for i € E(w,\) and ¥ € E(u,\) we obtain a double ladder diagram
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(associated to our choices of x,’s and our choices of light ladder diagrams)
IL,]L@’”/I =I(LL,y) o LLy . (2.6..3)

Remark 2.6..5. One reason for fixing an z, for all A is so the composition on the

right hand side of (2.6..3) is well defined.

Example 2.6..6. A schematic for a double ladder diagram:

= (2.6..4)

g g
T

Remark 2.6..7. Note that light ladder diagrams ending in x, are double ladder

diagrams, where the upside-down light ladder happens to be the identity diagram.

Definition 2.6..8. We define the set of all double ladder diagrams from w to u
factoring through A (associated to our choice of z,’s and light ladder diagrams) to
be

LL4(\) = {LLL" : ji€ E(w,)\), ¥ € E(u,\)}, (2.6.5)

and define the set of all double ladder diagrams from w to u (associated to our

choice of z,’s and light ladder diagrams) to be

LLy = | J LLY(N) (2.6..6)

reXy

Remark 2.6..9. Anytime we write LLﬁ”ﬁ or LI, we have already fixed choices of

z,’s and choices of light ladder diagrams. The notation does not account for these
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choices, but we will not be comparing double ladders for different choices so the

notation should not lead to confusion.

2.7. Relating Non-Elliptic Webs to Double Ladders

Our next goal is to define an evaluation functor from Dy, to the category
Fund(sp,), and then to prove that the functor is an equivalence. That the functor
is an equivalence will follow from showing that double ladder diagrams span the
category Ds,,, and map to a set of linearly independent morphisms in Fund(sp,).
This approach is modeled on the work on type A webs in [7], where most of the
work goes into showing that double ladder diagrams span the diagrammatic
category. Checking linear independence is comparatively easy once you know the
functor explicitly. But for D;,,, the extra work to show double ladders span can be
circumvented by bootstrapping known results about By webs which we recall below.

Kuperberg’s paper [31, pp. 14-15] introduces a tetravalent vertex in the By
web category which can be used to remove all internal double edges. Let B be the
set of By diagrams with no internal double edges and with no faces having one,
two, or three adjacent edges. These diagrams are called non-elliptic in [31]. There
are local relations in the By category (now including the tetravalent vertex) which
can be used to reduce triangular faces, bigons, monogons, and circles to sums of
diagrams with fewer crossings (i.e. B is the set of irreducible webs with respect to
the relations). It follows that the set B spans the Bs category over Z[q, ¢ !]. Let
B,, be the set of diagrams in B with w on the boundary. One of the main results of
[31] is that

#B,, = dim V (w)*+(©). (2.7..1)
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Notation 2.7..1. If we work in the A-linear category D;,,, there is an analogous

90 degree rotation invariant morphism, which we will call the tetravalent vertex, in

—/
NEDC D -

There is an augmented graphical calculus in which the generating diagrams

Endpw (11) .

are the cups, caps, and trivalent vertices in the definition of D,,, along with the
tetravalent vertex (2.7..2). For the remainder of this section when we say a diagram

in D,,, we mean a diagram in the augmented graphical calculus.

Since [2], is invertible in our ground ring, we can use this tetravalent vertex
to remove all internal green labelled edges in any diagram in Ds,,. The tetravalent

vertex satisfies the following relations in D,
f 2 [6]4

== (2.7..3)
3lq

zg =—[2], U (2.7..4)

4,
— _p, _ (2.7.5)
2l A~

)E< — X + \/jK + /\\K + (2], X‘ (2.7..6)
AR -

é 7 (2.7..8)
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Remark 2.7..2. Due to the identity [2n|,/[n], = [n + 1], — [n — 1],, the coefficients in

these relations all lie in the ring Z[q, ¢7'].

Definition 2.7..3. A closed component of a diagram in D,,, is a connected
component of the diagram which does not touch the boundary. A circle

component in a diagram in Dy, is a closed component which contains no vertices.

Definition 2.7..4. A face of a diagram in Dy, is a simply connected component

of the complement of the diagram, which does not touch the boundary.

Definition 2.7..5. A non-elliptic diagram in D, is a diagram such that all
faces have more than three sides (i.e a diagram with no triangular faces, bigons,

monogons, or circles).

Definition 2.7..6. An internal 2 edge of a diagram in D,,, is a 2 edge in the

diagram which does not connect to the boundary.

Example 2.7..7. An example of a non-elliptic web with internal 2 edges

in D,p,. This diagram is a light ladder for the dominant weight sequence

((17 O)’ (_L 1)a (17 0))
LI (2.7..9)
N

Example 2.7..8. An example of an elliptic web with internal 2 edges in D,y,,. The

only face is the interior of the 2 circle.

L0 (2.7.10)
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Example 2.7..9. An example of a non-elliptic web with no internal 2 edges in

D,,,. There is only one face and it has five sides.

/A (2.7..11)

Definition 2.7..10. The set D is the collection of all non-elliptic diagrams
in Dy, with no internal 2 edges, and the set Dy, is the set of diagrams in D N

Homp,, (w,u).

Lemma 2.7..11. Let D be a diagram in Ds,, with no internal 2 edges. Then D is

in the span of D.

Proof. Given a diagram X with no internal 2 edges, write | X|, to denote the total
number of 3-valent and 4-valent vertices in X, and write | X|. to denote the total
number of circle components.

We leave it as an exercise to classify the possible faces with less than four
sides in a diagram with no internal 2 edges, verifying the following claims. Any
face with one edge will be one of the left hand side of Equation (2.2..10), (2.2..12),
or (2.7..3). Any face with two edges will be one of the left hand side of Equation
(2.2..13), (2.7..4), or (2.7..5). Any face with three edges will be one of the left hand
side of Equation (2.2..14), (2.7..6), (2.7..7), or (2.7..8). Note that applying these
relations to a diagram with no internal 2 edges will result in a linear combination of
diagrams with no internal 2 edges.

Given two diagrams X and Y with no internal 2 edges, we write X — Y
if there is a face with less than or equal to three sides in X, and applying one of
the above relations to remove the face from X results in a linear combination of

diagrams, one of which is Y. Observe that if X — Y, then |X|, > |Y|,, with
39



equality if and only if we removed a circle using Equation (2.2..10), but in that case
[ X]e > Y.

Let S(k,m) be the statement: “If A is a diagram in D,,, with no internal
edges, at most k vertices, and at most m circle components, then A is in the span
of D.”

We claim that S(k, m) implies S(k, m+1). To see this, assume S(k,m) is true
and let A be a diagram with |A|, < k and |A|. < m + 1. If |A|. < m + 1, then we
are done. Suppose |A|. = m + 1. Our assumptions imply that there is at least one
circle, denoted O, in A. Let S be the subdiagram of A which is contained in the
region bounded by O. Note that |S|, < |A|, < k and |5]. < |A]. = m + 1. Since we
assumed S(k,m) is true, it follows that S is in the span of D. Also, S is contained
in the region bounded by O so S has empty boundary. Since the only diagram in
D with empty boundary is the empty diagram, it follows that S is equal to a scalar
multiple of the empty diagram. Thus, A is a scalar multiple of a diagram B, such
that B is the same outside of O, but now has O bounding a face. We can apply
Equation (2.2..10) to remove O from B and obtain a diagram C' such that B is a
scalar multiple of C. Thus, A is a scalar multiple of C, and |C|, = |B|, < |A], = k
and |C|. = |B|. — 1 < |A|. — 1 = m. By our inductive hypothesis, C' is in the span
of D, and therefore A is in the span of D.

We claim that S(k, m) for all m implies S(k + 1,0). Assume that S(k,m) is
true for all m, and let A be a diagram with no internal 2 edges, such that |A|, =
k+1and |A|. = 0. If A all of A’s faces have more than three sides (this includes
the case of A having no faces), then A € D and we are done. Suppose that A has
a face with less than or equal to three sides. Since |A|. = 0, it must be possible

to remove this face using one of the relations discussed in the first paragraph other
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than Equation (2.2..10) i.e. “circle removal”. Therefore, A is a linear combination
of diagrams: A = Y &;B;, for some scalars ;. For each B;, since A — B;, and
since we did not use Equation (2.2..10), we have |B;|, < |A|, = k + 1 (although
it is possible that |B;|. > 0). Since we assume S(k, m) for all m, each B; may be
expressed as a linear combination of diagrams in D. Thus, A is in the span of D.
To see that S(0,0) is true, observe that a diagram with no vertices or
circles must necessarily have no faces (in fact this is just the empty diagram). By
induction it follows that S(k,m) is true for all m and k. Thus, we may conclude

that D can be expressed as a linear combination of diagrams in D. O]
Lemma 2.7..12. The set D spans Dy, over A.

Proof. Let D be an arbitrary diagram in D,,,. We will argue that D is a linear
combination of non-elliptic webs with no internal 2 edges. If a 2 edge does not
connect to a trivalent vertex, then you can use the bigon relation to introduce one.
Thus, every 2 edge either connects to the boundary of D, or connects two trivalent
vertices. Using the tetravalent vertex to remove all pairs of trivalent vertices, we
can rewrite D as a linear combination of diagrams with no internal 2 edges. Thus,
we may assume that D is a diagram with no internal 2 edges, and the claim follows

from Lemma (2.7..11). O

Remark 2.7..13. In order to introduce a trivalent vertex, we used the bigon relation

backwards, which required [2];' € A.

Lemma 2.7..14. Let k be a field and let ¢ € kK* be such that ¢+ q * # 0. Then

dim Homygp,,, (w, v) < dim Homgy, ) (V (w), V (u)). (2.7..12)
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Proof. There is an obvious bijection between the set B and the set D. The result

then follows from Equation (2.7..1). O

Remark 2.7..15. We sketch a more direct argument to deduce the inequality
(2.7..12). The dimension of the sp,(C) invariants in V(1)®?" is known to be equal
to the number of matchings of 2n points on the boundary of a disc such that

there is no 6-point star in the matching [47][31, 8.4]. One can argue that the local
condition of being non-elliptic implies the global condition of having no six point
star. Then, noting that non-elliptic diagrams have a unique representative up

to isotopy (there are no potential Reidemeister moves), it follows that there is a
bijection between non-elliptic diagrams and matchings without a 6-point star. This
proves that the inequality (2.7..12) holds when w = 19 and u = 1%° for some
a,b € Z>p. Since 2 is a direct summand of 11 it follows that (2.7..12) holds for any

words w and w in the alphabet {1,2}.

We have defined a set LIL;; of double ladders in Ds,,. It follows from the

construction of LIy and (2.3..7) that

HLLY = > #E(w, N#E(u, \) = dim Homgy, o) (V(w), V(w).  (2.7..13)
AEX 4

We want to show linear independence of the set of double ladders, or equivalently
that the inequality of dimensions in (2.7..12) is in fact an equality, for a general
choice of base ring k. To this end we will define an evaluation functor from the
diagrammatic category D;{m to the representation theoretic category Fund(k ®

U f(sp 1)), and interpret the image of the evaluation functor in terms of tilting
modules. If we can show that the image of the double ladder diagrams under the

evaluation functor is a linearly independent set, then the double ladder diagrams
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must be linearly independent in D, (a dependence relation in Dy,, would map to
a dependence relation). This implies that the inequality in (2.7..12) is an equality,

and it follows that the evaluation functor maps bases to bases, so is fully faithful.

Remark 2.7..16. Since D spans D;‘M and is in a non-canonical bijection with the set
of double ladder diagrams (for fixed choices of z, and fixed choices of light ladders),
linear independence of the double ladder diagrams over k implies that both sets are
bases.

Note that double ladders have many internal 2 label edges while the diagrams
in D will have none. On the other hand, sometimes the double ladder diagrams
will be non-elliptic webs with no internal 2 edges. A good exercise for the reader is
to rewrite the diagram in Example (2.7..9) as a double ladder diagram. A hint is
that a double ladder diagram in Homp,, ( ®5 () will just be a light ladder diagram

LL)s ,.

2.8. Defining the Evaluation Functor on Objects

We are now going to be more precise about what category of representations
associated to sp, we are considering. The discussion below is well-known, but we
reproduce it here to help the reader follow certain calculations which come later.

Our main reference for quantum groups is Jantzen’s book [25]. Recall that
sp,(C) gives rise to a root system ® and a Weyl group W. We choose simple roots
A = {as = € — €9,4 = 2¢9}. There is a unique W invariant symmetric form (—, —)
on the root lattice Z® such that the short roots pair with themselves to be 2. This
is the form (€;,€;) = §;;, restricted to the root lattice. For a € ® we define the

coroot o = 2a/(«, @), in particular o) = a; and o = /2 and the Cartan matrix
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al(as) af(ay) 2 =2

a)f (o) o) (ay) -1 2

Define the algebra U, (sp,) as the Q(g) algebra given by generators

F, F, K K E, E,

and relations
- K,K'=1=KK\, K,K;' =1=K, 'K, K,K, = KK,
- K\E, = *E,K,, K,F, = ¢ ?E,K,
- K,E, = ¢ *E K, K,Es = ¢*E, K,
— K,F, = ¢ *F,K,,K,F, = ¢*°F,K,
- K.F = ¢EK,, K F, = ¢ ?F K,

- Eth = FsEta ESE = EES

K, — K;!

_EtE:EEt‘i‘ﬁ
q- —q

g1

R o o

q—qt

4
- F?E, — %EtEsEt + E,E2 =0
q

— E3E, — [3],E?E,F, + [3],E;E,E? — E,E}

_ ¢ —q"

q—q-1 and [n],! = [n]y[n — 1], ... [2][1],.

Our convention is [n], :
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Recall that A = Z[g,¢7",[2];']. Let U (sp,) be the unital A-subalgebra of

U,(sp,) spanned by KF' K;*', and the divided powers

po _ B8 g B e - B e L
’ [n]g!" (]!’ ' [n]g2!” ' [n]g2!

for all n € Zxy. So U;'(sp,) is Lusztig’s divided powers quantum group [3].

Let VA(w;) denote the free A module with basis

V(1,0)5 V(-1,1), U(1,-1) V(-1,0),

and action of U;‘(sp4) given by:

Es=1 Ey=1 Es=1

V(=1,0)¢——V(1,~1) &——V(~1,1) ——V(1,0)-
Fs=1 Fy=1 Fs=1

Also, let VA(w;) denote the free A module with basis

V(0,1), V(2,-1), V(0,0), V(=2,1), Y(0,-1);

and action of U;‘(sm) given by:

Ey=1 Es=1 Es=[2]q Ei=1
V(0,-1)< U(-2,1)%
Ft=1 Fs =

q

The elements K, act on the basis vectors by

Ko vip =qvey and K -ve = ¢7vay).
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o V(0,0) +—"V(2-1)<—(0,1)
] Fs=1 Fy=1

(2.8..1)

(2.8..2)

(2.8..3)

(2.8..4)

(2.8..5)



Our convention is that whenever we do not indicate the action of E, or F,

they act by zero. The action of higher divided powers on these modules can be

extrapolated from the given data. For example, FS(Q)U(Q,_” = V(—2,1)-

Remark 2.8..1. Why are we using A instead of Z[q, ¢~']? When [2], = 0, the Weyl

module k ® V*4(zs) is not irreducible and the correct choice of combinatorial

category seems to be the Z[q'/2, ¢~/?]-linear monoidal category generated by V,

and A2(V,). The module A%(V;) has the Z[¢'/?, ¢~1/%]-basis

V(0,1), V(2,—-1)5 Xo, Yo, V(-2,1)5 V(0,~1),

and action of U;“(sm) given by:

By=1 Es Ey=1

Es 1=
N oy oy N
V(0,~1) ——V(—2,1)«— X0 D YOTU(Q,—l) ——Y0.1):
s t=

Fi=1 Fs

where

Es-Yy = qfl/QU(z—l) Es - Xo = q1/2U(2,—1)
Es-vian =q"Xo+q Yy
Fs-Yy= q_1/2v(—2,1) Fy-Xo= ql/QU(—m)

Fs-vo-1) = q"*Xo + ¢?Y;.

(2.8..6)

(2.8..7)

(2.8..8)

The module VA () can be defined over Z[q'/?, ¢~'/?]. There is a map from

VA(wy) into A%(V,), such that vy — ¢"/2Xo + ¢~1/?Y;. Moreover, the cokernel of

this inclusion map will be isomorphic to the trivial module. Thus, A%(V,) is filtered

by Weyl modules, and the filtration splits when [2], # 0. If [2], = 0, then A%*(V) is
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indecomposable with socle and head isomorphic to the trivial module, and middle

subquotient isomorphic to the irreducible module of highest weight ws.
The algebra U,(sp,) is a Hopf algebra with structure maps (A, S, €) defined on
generators by

—A(E,)=E, 01+ K,QFE,,A(F,)=F, K,;' +1® F,,A(K,) = K, ® K,

— S(Ea) = —K;'Ea, S(F,) = ~FaKa, S(K,) = K

o

Furthermore, the algebra U;!(sp,) is a sub-Hopf-algebra of U,(sp,) [3]. Therefore,
U, {;4(5]3 4) will act on the tensor product of representations through the coproduct A.

Using the antipode S, we can define an action of U;*(sp,) on

VA(wy)* = Homy (VA(w1), A) (2.8..9)
by
o Bs=l, o By=1 . Bs=1,
4 V0,01 V(—1,1)— ~ 9V(1,-1)—Y(-1,0) (2.8..10)
Fe=1 Fp=1 Fe=1
and on
VA(ws)* = Homy (VA (w,), A) (2.8..11)
by
6, * Bi=t 4, x ———}Es:l 2 * —>Es:[2]q 2, % —>Et:1 *
¢ (o, 1y — — V(a1 ——0 [2lgV(00) —" — T Vo1V (28.12)
Fy=1 Fs = [2]q Fs=1 Fy=1
Comparing (2.8..2) and (2.8..10) we see there is an isomorphism of Uz(sp,)
modules

©1: VAwy) = VA(wy)* (2.8..13)
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such that basis elements in (2.8..2) are sent to the basis elements in (2.8..10). By

comparing (2.8..4) and (2.8..12) we similarly obtain an isomorphism
P2 VA(w2) = VA(w,)* (2.8..14)

sending basis elements in (2.8..4) to the basis elements in (2.8..12).

In Section 2.11. we will define a monoidal functor from Dy, to U, f(5p4)—mod.
The functor will send 1 to V4(;) and 2 to V4(w;). The dual modules V4(w;)*
and VA(w,)* will not be in the image of the functor Z. However, the maps ¢; and
o are fixed isomorphisms of these dual modules with modules which are in the

image of the functor.

2.9. Caps and Cups

Lemma 2.9..1. IfV is any finite rank A lattice with basis e;, define maps:
A5V @ Homyu(V, A) S A (2.9..1)

A Homa(V, A @V S A (2.9..2)

where u(1) =Y e, @ef, u'(1) =Y ef ®e;, c(v® f) = f(v), and I (f @ v) = f(v).
Then

(idy @) o (u @ idy) = idy = (c®idy) o (idy ®u) (2.9..3)

and

(ldv* ®C) ] (u/ ® idv*) = ldv* = (C, ® idv*) (@) (idv* ®U> (294)
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Proof. We will show that
(ldv ®C/) e} (u X ldv) e ldv

the arguments to establish the other three equalities in (2.9..3) and (2.9..4) are
similar.

Let v € V. Since e; is a basis for V' we can write v = >_ v;e; for some v; € A.

Thus,

(idy ®c) o (u @ idy ) (v) = (idy ®c’)(z e Rel Qu) = Zei el (v) = ZW%‘ = .

[]

Lemma 2.9..2. Fiz an isomorphism ¢ : V — V* and write cap = ¢’ o (¢ ®id) and

cup = (id®yp ') ou. Then
(idy ®@eap) o (cup ®idy) = idy = (cap @ idy ) o (idy @cup). (2.9..5)

Proof. Using ¢ o ! = id = ¢~ 0 ¢, (2.9..5) follows easily from (2.9..3) and
(2.9..4). O

The A-linear maps

cup,:=(id ®80;1)0ui\ cap;:=c,o(p;®id)
%

A VA(w:) @ VA(w;) A, fori=1,2, (2.9.6)

are actually maps of U (;4 (sp,) modules, where A is the trivial module. The functor
= will send the cups and caps from the diagrammatic category to the maps cup,

and cap,;.
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The module V() has basis
{va0), v-11) = Fovaey, va,-1) = FiFsva0), V1,0 = FsF Fova ) (2.9..7)
and the module V4(z;) has basis

{U(o,l)yv(z,q) = FtU(o,l)W(o,o) = FsFtU(O,l)an(fQ,l) = ng)FtU(0,1)>U(0,71) = Fth(Q)Ft'U(O,l)}'
(2.9..8)

With respect to these bases, we can write cup, : A — VA(w;) @ VA(w;) as
1= —¢ 00,0 ®V(1,0+4 V1)@V, -1 =4 v, @V(11) V(10 @Va0), (2.9.9)
and cup, : A — VA(wy) @ VA(wmy) as

-2
_ _ q _
1—ygq 6@(071)®v(0,_1)—q 41}(27_1)®U(_271)+WU(0,0)®U(0,0)_q 21}(_2,1)®U(2,—1)+v(07—1)®v(0,1).
q

(2.9..10)
To record the maps cap; in our basis we use the matrices
U(-100 Ya,-1) Y(-11) Y0
V(=1,0) 0 0 0 —q*
cap,(v; ®v;) = va-n| 0 0 ¢ 0 (2.9..11)
V(-1,1) 0 —q 0 0
V(1,0) 1 0 0 0
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and

U(07_1) U(_Qvl) /U(O,O) U(27_1) U(O,l)

von [ 0 0 0 0 g
V(—2,1) 0 0 0 —q* 0
cap,(v; ®v;) = Y00 | 0 0 2, 0 0 (2.9..12)
ven | 0 = 0 0 0
V(0,1) 1 0 0 0 0

Example 2.9..3. We give two calculations to clarify how we arrived at these

formulas:

cap; (v(0,0) ® v(0,0) = ¢ 0 (v2 @ id)(v(0,0) ® v(0,0)) = h(¢* 12V (0.0) @ vi0.0)) = ¢*[2]q

and

cup; (1) = (id®@p;") o uy (1)
= v(—1,0) ® @1 (V] _1,0)) + v1,-1) @ 01 (V1 _1y)
+ v ® 91 (v 11y) + o0 ® 91 (va0)

= —q_4U(1,0) @ V(-1,0) + q_3v(,171) @ va,-1) — q_1U(1,71) @ V(=1,1) T V(-1,0) & V(1,0)-

The maps cup; and cap; in Uz'(sp,) — mod are going to correspond to the

colored cap and cup maps in Dgp,. In which case, the equation (2.9..5) corresponds
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to the isotopy relations.

- — (2.9..13)

= — (2.9..14)

2.10. Trivalent Vertices

Consider the module VA (1) ®VA(wy). We observe that the vector ¢~ 'v ) ®
V(0,1) — V(0,1) ® V(1,0) is annihilated by E; and E;. The action of K scales this vector

by 1 and the action of K, scales the vector by ¢%. There is an A-linear map

i:VA(wy) = VAw) @ VA(w)
V,1) F 4 U0 ® V(-1,1) — V(-1,1) ® V(1,0)
Via,-1) = 400 ® Va,—1) — V(1,—1) ® V(10)
V(0,0) F* q_lv(m) @ v(-1,0) + q_QU(_u) @ v(1,-1) (2.10..1)
—U(1,-1) @ V(-1,1) — qflv(_m) @ V(1,0
V(—a1) @ U11) ® V(—1,0) — V(~1,0) @ V(~1,1)

V(o,~1) q_lv(l,fl) @ V(~1,0) — V(~1,0) ® V(1,-1)-

Using the explicit description of V4(wy) in (2.8..4), one checks that i is a map
of UsA(sp,)-modules by computing the action of the generators of U, (;4(5]34) on
the vectors appearing on the right hand side of (2.10..1). The morphism i will

correspond to the following diagram.

N 2102
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One can also check the equality of the following two elements of

Homy (e, (VA(w1) @ VA(@1), VA(w)):

(id®cap;) o (id®id ® cap; ®id) o (i[d®i®id ®id) o (cup, ®id®id) (2.10..3)
and

(cap; ®id) o (id® cap; ®id®id) o ([d®id ®i®id) o (id®id ® cup,). (2.10..4)

Then we will unambiguously denote both maps by p. In the graphical calculus this

corresponds to the following.

= /\ — (2.10..5)

(2.10..3) P (2.10..4)

The equality of (2.10..3) and (2.10..4) follows from verifying that both maps act on

a basis as follows.

p: VA(w) @ VAw) = VA(w,). (2.10..6)
v(1,0) @ v(1,0) — 0 V(-1,1) @ V(1,0) — qV(0,1)
V(1,0 ® V(=1,1) = —V(0,1) V(-1,1) @ V(—1,1) = 0
-1
V(1,00 @ V(1,-1) > —V(2,-1) U(-1,1) @ V(,-1) — WU(&O)
q
V(1,00 ® U(-1,0) [;—]Umm V(~1,1) @ V(~1,0) = —U(-2,1)
q
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q
V(1,-1) ® V(,0) = qU(2,-1) V(-1,0) ® V(1,0) WU(O,O)
q

2

q
V(1,-1) @ V(-1,1) WU(O,O) V(=1,0) @ V(-1,1) > qU(-2,1)
q
V(1,—1) ® U(1,—1) — 0 V(1,00 ® V(1,-1) F* qV(0,~1)
V(1,-1) ® V(1,00 = —V(0,—1) V(~1,0) ® V(—1,0) — 0

Remark 2.10..1. We sketch a method to compute (2.10..3) evaluated on v(_1,1) ®
v(1,—1), the other calculations follow the same pattern. The cap,’s in the definition
of (2.10..3) are only non-zero on basis vectors of the form v, ® v_,. Also, in the
formula for i (2.10..1) the only basis vector with a tensor of the form v(_11) ® v,-1)

is v(o,0). Therefore, (2.10..3) acts as

V(—1,1) ® V(1,—1) — (id® cap,) o (id ®id ® cap,; ®id)o

-2
q .
(—U(o,O) ® i(v,0) ® V-1, ® U(L—l))
2],
—2

_ q
=q 2 cap; (v(1,—1) ® v(~1,1)) cap; (v(-1,1) ® U(1,71))WU(0,0) (2.10..7)
q

q
=q 2(]3(_Q)WU(O,O)
q
-1
= ——1(0,0)-
2], @

2.11. The Definition of the Evaluation Functor

Theorem 2.11..1. There is a monoidal functor

E: Dy, — U;‘(sp4) — mod.
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defined on objects by defining 2(1) = VA(w,) and 2(2) = VA(wy) and then

extending monoidally. The functor = is defined on morphisms by first defining

—p  (2.11.1)

/'\ — cap, — cap, /\
U — cup, — cup, \/ =1 (2.11..2)

and then extending A-linearly so that horizontal concatenation of diagrams
corresponds to tensor product of morphisms in U;‘(sp4) — mod and vertical

composition of diagrams corresponds to composition of morphisms in U;‘(ﬁm)—mod.

Example 2.11..2. We illustrate how = is defined on objects and on morphisms:

2(122) = VA122) = VA(my) @ VA(w1) @ VA(w) (2.11..3)

X S . \_/ | .
@ + /\—@ —~ Hmid@id—iop—i—@cuplocapl.
(2.11..4)

2.12. Checking Relations

Since Dy, is defined by generators and relations, in order to verify the

theorem we must check that the diagrammatic relations hold in U, (;4(5]34) — mod.

Proof of Theorem 2.11..1. The isotopy relations follow from (2.9..5) and the

equality of (2.10..3) and (2.10..4).



To verify the relation

O _ _[6laf2)y (2.12..1)

it suffices to show that

cap, ocup, (1) = — [6]q[2]q‘ (2.12..2)

Using (2.9..9) and (2.9..11) we find

cap, o cup, (1) = —q~* 14+¢7 (=q) =g~ -g*+1-(—¢") = — (5, — [1},) . (2.12.3)

The desired equality (2.12..2) comes from the quantum number calculation in
(2.2..16).

One can similarly argue that the relation

is satisfied. Use (2.9..10) and (2.9..12) to compute
capyocup;(1) =g+ g2 114 @+ = [Ty~ [l +Bly  (212.5)

then use (2.2..17) to deduce

cap,ocup,(1) = [ : (2.12..6)

To check the monogon relation

O _ 0 (2.12..7)
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and the bigon relation

O = —[2], (2.12..8)

we need to show cap; oi = 0 and poi = —[2],id respectively. Since the module

VA(w,) is generated by the highest weight vector v(o,1) it suffices to show that

cap; 0i(v(,1)) = 0 and poi(v1)) = —[2]qv,1)- The calculations go as follows:
. (2.10..1) B
cap;oi(vo1)) =  cap(q 1@(170) ® v(—1,1) — V(=1,1) ® V(1,0))
(2.12..9)
2.9.9
B2,
and
. (2.10.1) , _
po 1<U(071)) = p(q 1U(l,O) @ V(-1,1) — V(-1,1) @ U(LO))
2.10..6
. —q ') + qU,) (2.12..10)
= _[2}qv(0,1)-

Verifying the trigon relation

QQ =0 (2.12..11)

is left as an exercise (Hint: apply (p® p) o (id ® cup; ®id) o i to the vector v(o 1)
and use (2.10..1) and (2.9..9) and (2.10..6)).

Now we endeavor to check the H = [ relation.

. \_/
- (2.12..12)

2]
N\

1
_m +

<



Precomposing with id ® cup, is an A-linear map
HOIHU(;A(ﬁp4)(VA(YD1)®2, VA(w1)®2) — HOIHU&A(@‘!)(VA(wl), VA(W1)®3), (21213)

while postcomposing with id ® id ® cap, is an A-linear map in the other direction.
From (2.9..5) it follows that the two maps are mutually inverse isomorphisms of

A-modules, so we can instead check the following relation.

PN
2], — (2], = — (2.12..14)

From the discussion in Remark (2.2..3) it follows that we need to show
2],(id®1) o (id®p) o (cup; ®id) — [2],(i®id)(p®id) o ((d®@cup;)  (2.12..15)

is equal to

id ® cup; — cup, ®id . (2.12..16)

Since V4(w1) is generated by the vector v g) it suffices to check that (2.12..15)
and (2.12..16) send v(1 ) to the same vector in VA(wy) ® VA(w1) @ VA(wy).

From (2.9..9), (2.10..6), and (2.10..1) it follows that

2l,(id®@1i) o (id®p) o (cup, ®id)(v(,0) — [2],(i®id)(p ®id) o (id @ cup, )(v(1,0))
(2.12..17)
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is equal to

—q*v,0®i(ve0) + ¢ 2[2011) @ i(ve-1) — [2lqva,-1) @ i(ve)

+ q_g[Q]q i(v(0,1)) ® v(1,-1) — q_l[Q]q i(v(2,-1)) @ v—1,1) + ¢i(v(0,0)) ® v(1,0)

(2.12..18)
Using (2.9..9), we also find that
id ® cup, (v(1,0)) — cup, ®id(va ) (2.12..19)
is equal to
01,0 ® (—¢ v ® v(-1,0 + ¢ V(11 @ va,—1y—
¢ 'v(,-1) ® V(11 F V(-10) @ V(10) 2.12.20)
- (q_4v(1,0) & V(1,00 — q_3v(,171) ® v(1,-1)
+ ¢ -1y @ v—1,1) — V—1,0) @ V(1,0)) @ V(1,0)
Using (2.10..1) to show that (2.12..18) = (2.12..20) is left as an exercise. O

2.13. Background on Tilting Modules

Let k be a field and let ¢ € k* be such that ¢ + ¢~* # 0. We will write
Ux(sp,) = k@ U'(sp,), and U¥(sp,) — mod for the category of finite dimensional
U, ;‘ (sp,) modules which are direct sums of their weight spaces and such that K,
acts on the p weight space as ¢,

Everything we say in this section is well-known to experts, but the results
are essential for our arguments so we include some discussion for completeness.

Two excellent references are Jantzen’s book [26] (only the second edition contains
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the appendix on representations of quantum groups and the appendix on tilting
modules) and the eprint [4]. To deal with specializations when ¢ is an even root of
unity we will also need some results from [41] and [28].

For each A € X there is a dual Weyl module of highest weight A\, denoted
VX(N), which is defined as an induced module [26, H.11]. The dual Weyl modules
are a direct sum of their weight spaces and therefore have formal characters. Recall
that we wrote V() for the irreducible module sp,(C) module of highest weight A.
We will write [V(X)] for the formal character of V' (A) in Z[X], the group algebra
of the weight lattice. It is known that a g-analogue of Kempf’s vanishing holds for
any k [41]. This implies that dual Weyl modules have formal character [V (\)] [3,
Theorem 5.12].

The dual Weyl module always has a unique simple submodule with highest
weight \. We will denote this module by L¥()\). The module L¥()\) should not be
thought of as a base change of V(A). In fact quite often the two modules will have
distinct formal characters.

Since U, ;‘ (sp,) is a Hopf-algebra, it acts on the dual vector space of any finite
dimensional representation. Then we define the Weyl module of highest weight A
by VE(A) = VX(—woA)* [26, H.15]. The dual Weyl module V*()) has the same
formal character as V¥()), i.e. [V(\)], and V¥()) has a unique simple quotient

isomorphic to L¥(\).

Remark 2.13..1. In type Cs the longest element wy acts on the weight lattice as —1.
Therefore VE(X) = VX()\)*.

Definition 2.13..2. A tilting module is a module which has a (finite) filtration

by Weyl modules, and a (finite) filtration by dual Weyl modules. The category of
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tilting modules, denoted Tilt(U}(sp,)), is the full subcategory of Uf(sp,) — mod

where the objects are tilting modules.

Proposition 2.13..3. The tensor product of two Weyl modules

VEOL) @ VE())

has a filtration by Weyl modules.

Proof. That this holds over k follows from [28] where the result is shown to hold

integrally using the theory of crystal bases. [
Corollary 2.13..4. The tensor product of two tilting modules is a tilting module.

Proof. Since (—)* is exact, it follows from Proposition (2.13..3) that the tensor

product of dual Weyl modules

VEOD)® @ VE(A)*

has a filtration by dual Weyl modules. Thus the tensor product of two tilting
modules will have a Weyl filtration and a dual Weyl filtration and is therefore a

tilting module. O]

Proposition 2.13..5. Let \,u € X,. Then dimy Ext"(V¥()), V¥(1)) = 8005, for

allt>0.

Proof. A standard argument [4, Proof of Claim 3.1] shows that the vanishing of

higher extension groups follows from Kempf’s vanishing [41]. O

Proposition 2.13..6. The category Tilt(Uf(sp,)) is closed under direct sums,

direct summands, and tensor products. The isomorphism classes of indecomposable
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objects in the category are in bijection with X . We will write T*()\) for the

indecomposable tilting module corresponding to the dominant integral weight A. The

module T*(X\) is characterized as the unique indecomposable tilting module with a

one dimensional A highest weight space.
Proof. [26, E.3-E.6].

Lemma 2.13..7. Weyl modules or dual Weyl modules give a basis for the

Grothendieck group of the category U;‘(5p4) — mod.

Proof. Both V¥(\) and V¥()\) have the same formal character: [V ()\)]. In

particular V¥()\) and V¥()\) both have one dimensional A weight spaces.

For a tilting module T, we will write (7" : V¥(\)) to denote the filtration
multiplicity. Formal character considerations also imply that (7' : VX(X)) = (T :
VE(N)*) [26, E.10].

Lemma 2.13..8. The following are equivalent.
1. The Weyl module V¥(X) is simple.
2. VE(N) =2 VE())
3. The Weyl module V¥(X) is a tilting module.

Proof. 1t is not hard to see (1) implies (2) implies (3) [26, E.1]. That (3) implies
(2) follows from Lemma (2.13..7), along with the equality of formal characters

[VE(N)] = [VE(N)]. To see that (2) implies (1), observe that the composition

LX) — VRO 5 VE) — LR
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is non-zero on the \ weight space. So the composition is a non-zero endomorphism

of a simple module and therefore is an isomorphism. Thus, LX()) is a direct

~Y

summand of VX()). Since V¥(\) has a simple socle, we may conclude that V¥(\)

LE(N). O

Lemma 2.13..9. 1. If X has a filtration by Weyl modules, then for all A € X,

dimHomy gy, (X, VE(X)) = (X : VE(V)).

2. If Y has a filtration by dual Weyl modules, then for all A € X
dimHomp ) (VE(X),Y) = (Y : VE(N)).

Proof. Both claims follow from Proposition (2.13..5) and a long exact sequence

argument. 0

Proposition 2.13..10. If T and T' are tilting modules, then

dim Homyu(ep, (T, 1) = Y (T : V)T : VE(N)). (2.13..1)

AeX

Proof. Since T has both Weyl and dual Weyl filtrations, this follows from 2.13..9
and the fact that (T" : VX(\)) = (T : VE(N)). O

2.14. The Image of the Evaluation Functor and Tilting Modules

We continue with our assumption that k is a field and ¢ € k* such that

¢+q ' #0.
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Definition 2.14..1. The category Fund (U} (sp,)) is the full subcategory of

Rep(Uf(sp,)) with objects
VEw) = V¥w,) @ VE(wy) ® ... @ VE(w,),

where w = wyws ... w, and w; € {1,2}.

After changing coefficients to k, the functor from Theorem (2.11..1) becomes
k®Z: Dy, — Fund(US(sp,)) (2.14..1)

We will abuse notation and write = for k ® =.
Lemma 2.14..2. The modules V¥(w) are tilting modules.

Proof. From the description of the integral forms of the modules in (2.8..2) and
(2.8..4), it is easy to see that V¥(cm;) and V¥(wwy) are irreducible with highest
weight @ and ws. They also have the same formal character as [V ()] and

[V (c99)] respectively. So (2.13..8) implies that V¥(w) is a tensor product of tilting

modules and therefore is a tilting module. O]

Remark 2.14..3. If ¢ + ¢~ = 0, then the Weyl module V¥(z) is still simple and
therefore tilting but the Weyl module V¥(zy) is not. In particular, V¥(c,) has two

Jordan—Holder factors, a simple socle isomorphic to LX(0) and the simple quotient

Lk(TDQ).

Lemma 2.14..4. For all w and u

dimy HomU;((sm(Vk(w), VE(u)) = dime Homg,, ) (V (w), V (u)). (2.14..2)
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Proof. Suppose that

Viw) =@V, (2.14..3)

A

so we have an equality of formal characters [V (w)] = " my[V()\)]. Since [VE(w)] =
[V(w)] and [V¥(N\)] = [V(N)] it follows that (VX(w) : VX()\)) = my. The claim then
follows from Proposition (2.13..10) and (2.3..7) O

Theorem 2.14..5. The functor
E: D, — Fund(Uy(sp,)).

1s a monotdal equivalence.

Proof. The functor = is monoidal and essentially surjective, so it suffices to prove =
is full and faithful.

Let w and u be objects in Dyy,,. In the next section we will prove that E(]Lﬂ_i)
is a linearly independent set of homomorphisms in Fund (U} (sp,)).

Since
#ILILy, = dime Homgy, (o) (V (w), V(w)) = dimy Hompsgp,) (V(w), V¥(w)), (2.14.4)

the linear independence of Z(LLIL ) implies that = maps LI, to a basis in
Fund(U}(sp,)). These observations imply that LIL% is a linearly independent
set of homomorphisms in D;‘M. From the inequality in Lemma (2.7..14) we
deduce that LLILE is a basis. So = maps a basis to a basis and Homp,, (w, ) 5

HomUé((sm)(Vk(w), VE(u)) is an isomorphism. O

Corollary 2.14..6. The functor = induces a monoidal equivalence between the

Karoubi envelope of Dflfpél and the category Tilt(U;‘(sp4)).
65



Proof. Tensor products and direct summands of tilting modules are tilting modules.
Therefore, Lemma (2.14..2) implies that every direct summand of V¥(w) is a tilting
module.

Let A\ € X,, 50 A\ = aw; + bws for a,b € Zsg. The module VK(1%¢ g 2©b)
has a one dimensional A highest weight space and all other non-zero weight spaces
in X, are less than A. From (2.13..6) we deduce that V¥(19¢ @ 2%%) must contain
T%()) as a direct summand. Therefore every indecomposable tilting module is a

direct summand of some V*(w). O

2.15. Outline of Proof that Double Ladders are Linearly Independent

In this section we will finish the proof of Theorem (2.14..5) by arguing that
the set Z(LLLy,) is linearly independent for all words w and w.

The idea of the proof is best illustrated as follows. Suppose we just wanted to
prove that the image of light ladder diagrams from w to () are linearly independent.
Recall that E(w,0) is the set of dominant weight subsequences I = (11, ft2, - - -, fin),
such that >~ u; = 0. Assume that for each dominant weight subsequence in
E(w,0), we have fixed a choice of light ladder LL; and a vector v; € V¥(w). Since
f € E(w,0) is such that > p; = 0, the light ladder L; will map under = to a

homomorphism V¥(w) — V¥(()) = k. If the following matrix of elements in k

(E(LLg) (Uﬁ))ﬁjeE(MQ) (2.15..1)

is upper triangular with invertible elements on the diagonal, then a non-trivial
linear dependence among the maps =(LL;) will give rise to a non-zero vector in

the kernel of the matrix (2.15..1).
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In the following subsections we will fix a choice of vectors associated to
dominant weight subsequences. Then, since we want to argue double ladder
diagrams are linearly independent, we must consider the image of the dominant
weight subsequence vectors under both light ladders and upside down light ladders.
The inductive construction of light ladders allows us to reduce these calculations to
elementary light ladders, neutral ladders, and upside down elementary light ladders.
In the end we still deduce linear independence of double ladder diagrams from an

upper triangularity argument.

2.16. Subsequence Basis

Recall that the modules V¥(1) (2.9..7) and V¥(2) (2.9..8) both have a fixed

basis of weight vectors v, for v € wt V¥(1) Uwt VE(2).

Definition 2.16..1. Fix w = (wy,...,w,), a word in the alphabet {1,2}, and let
S(w) == {(v1,...vm) : v € wtVEw;)}. (2.16..1)
We set

Vit 1= Vipy @ Vyyy @ ... @ Uy, (2.16..2)

where v; = v(1,0) and v, = v(o,1). Also, for any sequence of weights 7/ = (v, ..., ) €
S(w), we define

Vi =0y @ ...QU,, € VE(w). (2.16..3)

The subsequence basis of V¥(w) is the set

{vs : 7€ S(w)}. (2.16..4)
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Lemma 2.16..2. The subsequence basis of V¥(w) is a basis of V¥(w).
Proof. This is clear. O

Definition 2.16..3. Let y € X,. The y weight space of V¥(w), denoted

VE(w)[x], is the k-span of the subsequence basis vectors vy such that > v; = y.

Note that E(w) C S(w). In particular, for each ¥ € FE(w) we get a
subsequence basis vector v,, 7. In the special case that the dominant weight
subsequence is such that v; = wtw; for all ¢, then v, 7 = v, 4. Also, there is a

partition of the set of dominant weight subsequences of w:

Ew)= | E@w ), (2.16..5)

reX4
where 7 € E(w) is in E(w, ) whenever > v; = X or equivalently v, € V¥(w)[)].

Definition 2.16..4. Recall that our choice of simple roots was A = {a;, a;}. There
is a partial order on the set of weights defined by p < vifv —pu € Zso - A. If we

restrict this partial order to the set wt VA(1) Uwt VA(2), the resulting order is:
(=1,0) < (1,—1) < (=1,1) < (1,0) (2.16..6)

(0,-1) < (-2,1) < (0,0) < (2,—1) < (0,1). (2.16..7)

The lexicographic order gives a total order on the set S(w). We will transport

this total order to give a total order on the subsequence basis.

Example 2.16..5. In the image of E(2121,(2,0)) — V¥(2121)[(2,0)] we have,

v((ovl)7(170)7(2771)7(7170)) > U((Ovl)7(170)7(0771)7(170)) > U((Ovl)v(lvfl)v(ovo)7(1v0))'
68



Lemma 2.16..6. If wtw # x, then V¥(w)[x] = 0.

Proof. If 7 € S(w) is such that v; € wt V¥(w;), then > v; < wtw. The subsequence

basis spans V¥(w), so whenever V¥(w)[x] # 0, we must have y < wtw. ]

2.17. The Evaluation Functor and Elementary Diagrams

Notation 2.17..1. In the remainder of the section, we will use the same notation
for diagrammatic morphisms and their image under the functor =. But instead of
saying diagram we will say map, for example the image of a light ladder diagram
under = will be referred to as a light ladder map.

To further simplify some of the statements below, our convention is that w

and u are words in the alphabet {1,2} and & represents an invertible element of k.

Recall that for each weight ;1 € wt V¥(1) U wt V¥(2) there is an elementary
light ladder diagram. The images of the elementary light ladder diagrams under the

evaluation functor are the following elementary light ladder maps:

Loy =id : VE(1) — V¥(1)
Ly =p: VE(1L) = VE(2)
La-1y = (id®cap;) o (i®id) : V¥(21) — V¥(1)
L(_10) =cap; : V¥(11) » k
Loy =id : VE(2) — V¥(2)
Lo 1) = (id®cap, ®id) o (i®1) : V¥(22) — V¥(11)
Loy = (cap; ®id) o (id®1) : V¥(12) — V*(1)
L(_21) = po(id®@cap; ®id) o (id®id ®1) : VE(112) — V¥(2)
L1y = cap, : V¥(22) = k.
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There are two simple neutral diagrams, and their images under the evaluation

functor are the simple neutral maps:

N/t = (p®id)o (id®i) : VE(12) — VE(21)

N} = (idep)o (i®id) : V¥(21) — VE(12).

Lemma 2.17..2. If f : V¥(w) — V¥(u) is a morphism which is in the image of

the functor Z, then f: V¥w)[x] — V¥(u)[x], for all x € X.

Proof. 1t is well known that every U, ;‘ (sp,) module homomorphism between finite
dimensional modules will preserve weight spaces. But we could also deduce this

from observing that the maps id, i, and the cap and cup maps all preserve weight
spaces and that any map in the image of = is a linear combination of vertical and

horizontal compositions of these basic maps. O

Recall that to construct light ladder diagrams and double ladder diagrams we
need to fix a word z, in 1 and 2 for all A € X, and we need to make choices of
neutral diagrams in the algorithmic construction. We now fix an z, for all A € X

and fix a light ladder diagram LL., (u,,. u.,) for all w and all (p1, ..., ptm) € E(w).

,,,,,

This allows us to construct double ladder diagrams. The double ladder maps are

the image of these double ladder diagrams under the evaluation functor.

Remark 2.17..3. The form of the arguments below do not depend on our choice of

light ladder maps.

2.18. Pairing Vectors and Neutral Maps

Lemma 2.18..1. If N : V¥(w) — V¥(u) is a neutral map, then N(vy, ) =& v, ..

Furthermore, if (yy, ..., 1,) is a sequence of weights such that p; € wt V¥(w;),
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and N (Vw (u,,...un)) has a non-zero coefficient for vy 4 after being written in the

subsequence basis, then vy, (u,,....un) = Vw,+-

Proof. Neutral maps are vertical and horizontal compositions of identity maps,
and the basic neutral maps N{! and N{!. The lemma will follow from verifying its
validity for the two basic neutral maps.

The following maps factor through V¥(1):

[11 = D(L(l,fl)) o L(O,O) and [ll = D<L(O,O)) o L(L*l)' (2181)

Since VX(1) contains no vectors of weight @ + s, it follows that

[11(1}(1’0) X U(O,l)) =0 and [ll (U(O,l) X U(I,O)) =0. (2182)

It is easy to use the diagrammatic relations to compute that the maps

bl =qNy +q ' (2.18..3)

and

b =q "N+ ql; (2.18..4)

are mutual inverses.

Both b;! and b}; are isomorphisms so they restrict to isomorphisms of weight
spaces. Since the w@; + wy weight spaces of V¥(12) and V¥(21) are one dimensional,
it follows that N;! sends the vector V(1,00 ® V(o,1) to a non-zero scalar multiple of
V(0,1 ® v,y and NiJ sends vg1) ® v(1,0) to a non-zero multiple of vy 0y ® V(o 1).-

Furthermore, the only subsequence basis vector which N;! sends to a non-zero
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multiple of v(y,1) ® v(1,0) 1S V(1,00 ® v(0,1), and the only subsequence basis vector

which NJ{ sends to a non-zero multiple of v(1,0) ® v(o,1) IS v(0,1) ® v(1,0). O

2.19. Pairing Vectors and Light Ladders

Lemma 2.19..1. Let x € {1,2} and p € wt V¥(x). Then the map id®L, : V¥(w) ®

VE(x) — V¥(u), is such that for all v € wt(V¥(x)),

0 ifv >
id®L, (vt @vy) = (2.19..1)

£ Uyt ifv=p.

Proof. It suffices to check the claim for L, and not all id ®L,,. The claim is obvious
for L1 9y and Lg,1). For the rest of the cases, the claim follows from the calculation
in Section 2.22.. Note that in the L, step of the calculation, the first non-zero entry

is v, = & Uy 4. O

Let @ = (f1,...,pn) € E(w, ). The light ladder map LL, z : V¥(w) —

Vk(z,) restricts to a map

LLy g VEw) [N — VE(z))[\- (2.19..2)
Moreover, V¥(z,)[A] = k - v, ;. There is also a totally ordered set of linearly
independent vectors in V¥(w)[A], namely v, 5 for all 7 = (vy,...,v,) € E(w, \).
Proposition 2.19..2.
0 fv>pQ
LLwﬁ(UM g) = (2193)



Proof. By the inductive definition of the light ladder map LL,, ; and of the vector

Uy 7, this proposition follows from repeated use of Lemmas (2.19..1) and (3.4..6).

2.20. Pairing Vectors and Upside Down Light Ladders

In the results of the previous subsection we found the lexicographic order
on sequences of weights was adapted to light ladders. There is another order on

weights which is convenient for upside down light ladders.

Definition 2.20..1. Fix w and let i = (u1,...,p4n) and v = (v4,...,14) be
sequences of weights such that u;,v; € wt Vk(wi). Define a total order <P on weight
sequences by setting 7 <P 7 if (v,,...,v1) < (fn, ..., 1) in the lexicographic order.

We may also transport this order to give a total order on the subsequence basis.

Lemma 2.20..2. Let x+ € {1,2} and p € wtV¥(x). Then the map id @D(L,) :

VE(w) = V¥(uw) ® V¥(x) is such that

id@D(L,) (V1) =& - Vyr @ v, + Z U7 ®U,  cr €Kk, (2.20..1)

where v,z ® v, 15 a subsequence basis vector, v, > v, and Vyz < Uy 4.

Proof. 1t suffices to check the claim for D(L,) and not all id ®D(L,,). The claim is
obvious for D(L y) and D(L(1)). The rest of the cases follow from the calculation
in Section 2.23.. Note that the first line in the D(L,) calculation is v, 4 +— & vy 4 ®

vy, while the remaining terms are of the form v, » ® v, where v > pu. O
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Let i = (g1, ..., 1n) € E(w, ). The associated upside down light ladder map

D(LLy ) : VE(z,) — V¥(w) restricts to a map
D(LLug) - V¥ — VE@) ) (220.2)
Proposition 2.20..3.
D(LLy i) (Vay ) =& v+ > - tuz  czEK, (2.20..3)

where vy z < vy 7.

Proof. By the inductive definition of the light ladder map LL, ;... 4,), this

proposition follows from repeated use of Lemmas (2.20..2) and (3.4..6). O

2.21. Proof of Linear Independence

Theorem 2.21..1. The set

LLy = | J LL%(N) (2.21..1)

AEX,

is a linearly independent subset of Hompx )(Vk(w), VE(u)).

5Py

Proof. Let
Y ALl =0, ek (2.21..2)
A IEE(w,\)
vEE(u,\)

be a non-trivial linear relation. There is at least one Ay € X, with Aocg # 0 such
that if )‘c’;» # 0 then A » Ao. Lemma (2.16..6) implies that for all A # Ay with

’\cg # 0, VE(z,\)[Mo] = 0. If vy € VE(w)[Ao], then since light ladder maps preserve
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the weight of a vector (2.17..2)
=33 A LLE" (vg) = > ek - LILE" (vo). (2.21..3)
AU 8%

Note that for /i € E(w, \o), vz € V¥(w)[Ao].
Let 1o be the largest ji, in the lexicographic order, such that ’\OCZ # 0. Taking

Vo = Uy 10 (2.21..3) results in

(Vi) = Z 20¢Z  D(LLy7) © LLy i(Vuy)- (2.21..4)

=

_ Ao U . u,
0= YocZ.LLY
A7

Proposition (2.19..2) implies

o—ZAO ¢ - D(LLy) 0 LLy g (Ve ZAOC € D(LLys)(ve, ). (2:21..5)

Let 14 be the smallest 77, in the <P order, such that ’\Oc . # 0. Proposition

(2.20..3) implies

0= )\Ci%g D(L Ly ) (Vzy +) + Z )\OCZ*Of D(LLy5)(ve, +)
<P (2.21..6)

= ’\OCZ% € - Uy + “higher terms”,

where “higher terms” is a linear combination of subsequence basis vectors all of
which are greater than v, in the <P order. Since the subsequence basis vectors

are linearly independent, we must have *° CZ%S = 0, which is a contradiction. O]
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2.22. Elementary Light Ladder Calculations

Li—1,1)(va,0 @ (—)) :

L(lv_l)(v(ovl) ® (_)) :

L2,-1)(v0,1) ® (—)) :

L-10)(v1,0 @ (—)) :

Y(o,1)

/U(27—1)

Y(0,0)

/U(_2’1)

/U(val)

U(1,0)

,U(flvl)

U(lv_l)

U(_LO)

Y(1,0)

U(_lvl)

/U(L*l)

\ ,U(flvo)

— 0

= U0 © V(1,0)
— U(1,0) @ V(—1,1) + ¢ V(1,1) ® U)
= U(-1,1) ® V(-1

= —v(1,0) @ V(=1,0) T+ V(=1,1) & V1,-1),
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Y(1,0)

— 0
— —V(0,1)
— —U(2,-1)

= —=—7(0,0),
2], Y

— —V(1,0)

= _U(7171)7

— 0

V(=1,1) — 0
V(1,-1) — 0

\U(—I,O) — 1,

1)

(2.22..1)

(2.22..2)

(2.22..3)

(2.22..4)



V(0,1) — 0
V(2,—1) — 0
L(O,O) (U(LO) ® <_)) : 'U(070) —> _qilv(l’o)

Li—21)(v(1,0) ® v(1,0) @ (—)) :

Lo,-1)(v0,1) @ (—)) :

U(_271) = _/U(_lvl)

Vo,-1) 7> —V(,-1),

V(0,1) — 0
V(2,-1) 0
V(0,0) — 0

U(-2,1) = Y(0,1)

V,-1) 7 U@2,-1);

V(0,1) — 0
V(2,-1) 0
U(O,O) — 0

V(=2,1) — 0

\U(O,—l) — 1.

(2.22..5)

(2.22..6)

(2.22..7)

2.23. Upside Down Elementary Light Ladder Calculations

D(L1,1y) : vo,1) — q_1U(1,0)®U(71,1)

—U(-1,1)®V(1,0)

7

(2.23..1)



D(L(1,—1)) 1 U(1,0) —61737)(0,1)®U(1,—1)
+q e, _1)®V(_1,1) (2.23..2)

q
_WU(O,O)(@U(LO)
q

D(L(—1,0)) : 1= —q~ 01,0 ®0(-1,0)

+q73U(—1,1)®U(1,—1)

(2.23..3)

—q v, R0

FV(-1,0090(1,0),

D(L,-1)) : V(1,0 ® V(1,0) = —q 0(0.1)@V(2,-1)
(2.23..4)
+U(2,-1)®V(0,1)
D(L,0)) : va0) + 9] (1,0)QV(0,0)
q

@ty (2.23..5)

—U(1,-1)@V(0,1)
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D(L(—2,1)) : v0,1) = =4 0(1,0) © V(1,0)OV(—2,1)

and

-2 -3

q q
757 0(1,0) © V(-1,1)@V(0,0) T 57 V(~1,1) & V(1,00 @ V(0,0)
2], 2],

—q72U(—1,1) @ V(—1,1)®V(2, 1)

—Q_lv(l,o) @ V(—1,00V(0,1) + V(-1,1) @ V(1,—1) ® V(0,1)

D(L(Q,_l)) 1= q_60(071)®v(07_1)
—(1747)(2,—1)@@(_2,1)

q—2
1757 (0,009(0,0)

2l

—quv(—2,1)®’0(2,—1)

+0(0,-1)®V(0,1)-

2.24. Object Adapted Cellular Category Structure

(2.23..6)

(2.23..7)

We refer to [21, Definition 2.4] for the definition of a strictly object adapted

cellular category or SOACC.

Let k be a field and let ¢ € k* such that ¢ + ¢~ # 0. In this section we will

show that D;(m is an SOACC. It follows that the endomorphism algebras in D;(m

are cellular algebras. Since we proved that Dy, is equivalent to Fund(Uy(sp,)), the

result about cellular algebras also follows from [5] and the result about D;‘M being

an SOACC follows from [2, Proposition 2.4]. For more discussion about the relation

between our work and [5] we recommend [7, p. 6] (but replace sl, webs with Dy, ).
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For each A € X, choose an object z, in D;‘M such that wt z, = A. The set
A = {z,}rex, is in bijection with X, and we define a partial order on A by setting
z), <z, whenever A < pie. p— A€ Z>oPy.

For any object w in D;‘M and for all fi € F(w, \) we fix a light ladder diagram
LL; == LLyy € Hompécp4 (w,z,) and an upside down light ladder diagram
D(LL;) :=D(LL, ) € Homp (z,w).

If x, = xyxo... 2, where x; € {1,2}, then the set E(x,,\) contains a single
element, X = (wtay, wtzy...wtaz,). Recall that in our definition of double ladder
diagrams we choose LL; = id,, = D(LLy).

For i € E(w, \) and v € E(u, \) we set

LLj; :=D(LLy) o LL; € Hompx (w,u). (2.24..1)

It follows from our main theorem that {ILL/)-},ﬁ} rex, forms a basis for

Hompy (w, ).

Remark 2.24..1. In the definition of an SOACC, one fixes the data of two sets,
E(w,\) and M (w, \), which are in a fixed bijection. We are choosing to ignore the

set M (w, \).

Definition 2.24..2. Fix A € X . Let (D;J4)<,\ be the k-linear subcategory whose

morphisms are spanned by LIL% ; with x < A.

Lemma 2.24..3. Let f € Hompx (w,u) and let i € E(u,\). Then

LLgof= Y x-LL; modulo (D} )y, (2.24..2)

veE(w,\)

where % represents an element of k.
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Proof. Writing LLz o f in the double ladder basis, we find that

LLgof= ) =-LLX.
XEX+
veE(w,x)
?EE(QA:X)

> xLLy.  modulo (D )<y (2.24..3)

REE(w,\)
TeE(zy,\)

Z - LL;  modulo (Dé‘p4)<)\
vEE(w,\)
The second equality follows from the observation that if y € X, and E(z,,x) # 0,
then x < A. The third equality follows from recalling that E(z,,\) = {\} and

LL; = id,, . O

Corollary 2.24..4. The category D;‘M with fized choices of xy and light ladder
diagrams is an SOACC.

2.25. Tilting Character Algorithm

We will describe a way to compute the filtration multiplicities (T%(\), V(1))
for all A\, p € X, using the light ladder diagrams in D;‘m. The ideas in this
section are standard, and we follow [22, 32]. The reader may also wish to consult
[5, Appendix 4B] and compare our discussion with the theory of cell modules for

cellular algebras.

Lemma 2.25..1. The indecomposable tilting module T*(\) has a local
endomorphism ring, and if J is the Jacobson radical of the ring EndUg(SM)(Tk(/\)),
then

Endys e, (T<(N)/J = k- id, (2.25..1)
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where ¢ + J = c,id +J > c,id.

Proof. Restriction to T®(X\)[)] is a k-linear ring homomorphism
Endys(ep,) (T5(V)) = Endi(T*(V)[A]) = k - id. (2.25..2)

Since id acts on the A weight space as multiplication by 1, this ring homomorphism
is surjective. Also, T®()) is indecomposable so its endomorphism ring is local, and

therefore the kernel of the ring homomorphism in (2.25..2) is J. O

Lemma 2.25..2. Let w be an object in D;‘M such that wtw = X. Then

V¥(w) = T*(\) @ @ T (u)™=» (2.25..3)

p<A

and 1y, 5 the rank of the pairing

g Homue g,y (VE(w), (1)) x Homyg g,y (T*(1), V¥(w)) =k - id

(f,g) = cpog - id.

Proof. The claim about the decomposition of V¥(w) follows from character
considerations. The second claim about computing multiplicities using the rank

of the composition pairing is standard [22, Lemma 11.65]. [
Remark 2.25..3. The pairing Ky wt, Will always have rank 1.

Lemma 2.25..4. The light ladder diagrams {LLy}scpw, form a basis for

Hompy (w,z,)/(Dy, )<
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and the upside down light ladder diagrams {D(LLy)}scpw, form a basis for
HongM (iw w)/(D§‘p4)<u-
For all pairs X,V € E(w, u) there is a scalar c;’% € k such that

LLyoD(LLy) = cZidy +(DX, )<y,

5Py

which s computed as the coefficient of the identity in the double ladder basis. The

rank of the matrix (c;’%)%,ge E(w,y) 18 equal to the rank of the pairing Ky,

Proof. Since D;‘M is an object adapted cellular category, this follows from the

discussion in [22, Appendix 11.5]. ]

Proposition 2.25..5. The character of the indecomposable tilting module with

highest weight A € X, s

[T = VEOO] + D) #E @y ) VE()] = D rkac(ef) g, [T(0)]. (2:25..4)

H<A P

Proof. Since (V¥(z,) : V¥(n)) = #E(zy, 1), the claim follows from Lemma (2.25..2)

and Lemma (2.25..4). O

Remark 2.25..6. Since the sums on the right hand side of (2.25..4) are indexed over
i < A, and the partially ordered set (X, <) has the descending chain condition,

one can determine [T%(\)] by computing #E(z,,v) and rz v forall 0 <v <y <A

Remark 2.25..7. Calculations of tilting module characters can be made completely
within the diagrammatic category D;{M The quantity #FE(zx,, i) is equal to the

number of light ladder diagrams from z, to z,,, and r,, , is equal to the rank of the

83



matrix (c;’%)%ge E(w,u)- Moreover, these matrices can be computed in Dy, If M C A
is a maximal ideal and k = A/M, then the rank of the mod M reduction of the

matrix (¢%)gsepw,p is equal to (V¥(w) : T*(X)).

84



CHAPTER III

TRIPLE CLASP FORMULAS

This chapter contains previously published material. The material in this

chapter originally appeared in [12].

3.1. Outline

Elias’s formulas in type A and our formulas in type B, were inspired by
Wenzl’s recursive formula for sl,. The sly case so well illustrates the arguments
used to derive our main Theorem (1.2..1) that we recall Wenzl’s recursion below.
Section 2: We recall some facts about the double ladders basis for sp, webs and
deduce the triple clasp formula. Section 3: The recursive formulas for the local
intersection forms are stated, and then derived via diagrammatic calculations. We
prove the main theorem by showing the conjectured formulas satisfy the recursion.
Lastly, we explain how to generalize Elias’s clasp conjecture and show that our

main theorem verifies this conjecture in type Cs.

3.2. Wenzl’s Triple Clasp Formula for A; Webs

Let C? be the two dimensional defining representation of sly(C). The tensor
powers (C2)®4 carry an action of sl,(C) and the module S¢(C?) is an irreducible
quotient of (C?)®?. The finite dimensional irreducible representations of sl, are in
bijection with Zs¢ via d — S4(C?) and the composition factors of the kernel of the
map (C?)®? —s S4(C?) are all of the form S*(C?) for k < d.

Let Rep(sl2(C)) denote the abelian monoidal category of finite dimensional
representations of sly(C). Since Rep(sly(C)) is semisimple and has simple
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objects in bijection with the nonnegative integers, it is equivalent to &z, Vec,
and is therefore uninteresting as an abelian category. However, a semisimple
monoidal category contains much more information than just the number of simple
objects. For example, by the general theory of Tannakian reconstruction [18] one
can recover the group SLy(C) as the automorphisms of the monoidal functor
Fund(sly(C)) — Vecc.

Define Fund(sl>(C)) to be the full monoidal subcategory of Rep(sly(C)) with
objects arbitrary tensor products of C2. Since each irreducible finite dimensional
representation of sly(C) is a direct summand of a tensor power of the defining

representation, there is an equivalence of monoidal categories:

Kar(Fund(s(C))) 2 Rep(sl(C)).!

Threfore, the study of Rep(sly(C)) as a monoidal category is reduced to the study
of idempotents in Fund(sly(C)).

Let TL be the strict, pivotal, and C-linear category generated by one
self dual object of dimension —2. It is well known that 7L is equivalent to the
monoidal category Fund(sly(C)) [40, 48]. Thus, we are led to consider the problem
of using the category TL to describe the idempotent in End, c)((C?)®%) which
projects to S¢(C?). Wenzl found a recursive description of these idempotents [51].

Using the usual graphical calculus for 7L and using a d labelled oval to represent

IThe Karoubi envelope of a category C, denoted Kar(C) is the category with objects pairs:
(X,e), where X is an object in C and e € End¢(X) is an idempotent. The morphisms
(X,e) — (Y, f) in Kar(C) are all morphisms of the form f o p o e, where p : X — Y inC.
When C is a monoidal category, Kar(C) is also naturally a monoidal category. Moreover, if A is a
semisimple monoidal category, C C A is a full monoidal subcategory, and every irreducible object
in A is a direct summand of an object in C, then there is a monoidal equivalence Kar(C) — A.
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the idempotent with image S?(C?), the Wenzl recursion becomes the following.

| | d
i) = p| Tt

(3.2..1)

One way to think about Wenzl’s recursion, which we learned from [7], is to

first note that by Schur’s lemma there is some k45 € C such that the following

equality holds.

m =hre C d—1

Since

Sd((c2> ® C2 ~ Sd+l(C2) D Sd—l((CQ)7

(3.2..2)

we also observe that there is a relation in Endg,c))(C?) of the following form.

Cd D = Cd+1) +5y'

Where m;l is the coefficient needed to make the quasi-idempotent
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into an idempotent. Using the d — d — 1 version of the relation in Equation (3.2..3)
to rewrite the middle clasp labelled d on the left hand side of Equation (3.2..2), we

find the following.

<=,
@O R < ET> (3.2.4)
<=,

D -

M\

\/

Using the relations in 7 L, along with the fact that post-composing the ovals
with any cap map results in zero, we can simplify the right hand side of Equation
(3.2..4) and find kg = —2 — 1/k4_;. From the initial condition xy* = 0, it is easy to

verify that k; = —(d + 1) /d.

Notation 3.2..1. The terminology of clasp was introduced in [31] to refer to
idempotents projecting to the top summand expressed in terms of the graphical
calculus. Following [7], we will refer to a recursive formula for clasps, in which
the terms on the right hand side of the recursion are three clasps linked together
by diagrammatic morphisms, as a triple clasp formula. We will refer to the

diagrammatic morphisms in the clasp formula as elementary light ladder diagrams.

Remark 3.2..2. Equation (3.2..1) is still true without the middle clasp labelled

d — 1. However, the middle clasp in the triple clasp keeps track of which summand
the morphism is factoring through and therefore has representation theoretic
meaning. Moreover, in higher rank examples, like the one considered in this
chapter, removing the middle clasp will not result in a valid identity. One would
have to also change the coefficients and we do not expect these new coefficients to

be as nice as those occurring in the triple clasp formula.
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Remark 3.2..3. The category Rep(sly(C)) has a C(g)-linear analogue, the
category of finite dimensional type 1 representations of U,(sly(C)). We denote this
category by Rep(U,(sl3(C))). Inside this category is the full monoidal subcategory
generated by the ¢ analogue of C?, which we call Fund(U,(sl2(C))). Finally, there
is also a ¢ analogue of 7L, denoted T L, which is the strict pivotal C(g)-linear
category generated by a self dual object of dimension —¢ — ¢~ !. Again, we have
TL, = Fund(U,(sl2(C))) and as long as ¢ is not a root of unity we also have
Kar(Fund(U,(sl5(C)))) = Rep(U,(sl2(C))).

3.3. Recollection of Double Ladder Basis

In Section 2.5. and 2.6. we defined elementary light ladders, neutral ladders,
light ladders, upside down light ladders, and double ladders. Let us recall the
important aspects of these constructions below.

Start by associating an elementary light ladder diagram in Ds,, to each weight
in a fundamental representation: y — L,. For a dominant weight subsequence
[ € E(w), there are light ladder diagrams LL,, ;. The elementary light ladder
diagrams for p; are the building blocks of the light ladder diagram LL,, ;, but in
order to make light ladder diagrams out of elementary light ladders we also require
neutral diagrams which are used to shuffle words in 1 and 2. The ability to freely
choose neutral diagrams means that for a given dominant weight subsequence there
may be many choices of light ladder diagrams.

There is a duality D on the diagrammatic category, which takes a diagram
and flips it upside down. We define upside down light ladders as the image, under

D, of usual light ladders.
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When defining the double ladder basis, we first fix, for each dominant weight
A, a choice of object zy € Dy, satisfying wt(xz,) = A. Then for each object w and
each i € E(w) we fix a choice of light ladder LLj; such that if wt i = A, then
the target of the diagram is z,. Moreover, for each A there is a unique i € E(x,)
such that wt i = A and we insist the chosen light ladder is the identity. The double
ladder basis ILL is then constructed by composing all light ladders with all upside
down light ladders.

We refer to the image of these various diagrams under = as maps, e.g. =
applied to a neutral ladder is a neutral map.

Suppose we have fixed a choice of x, for all A € X, and then fixed a choice of
light ladders for all w and ji € E(w). We write LLL to denote the associated double
ladder basis, LI, to denote LI N Homyp,, (w,z), and LI (A) for the collection of
double ladders of the form D(LL, ) o LL,, z, where v/ € E(z,\) and i € E(w, \).
Thus,

LLZ = | LLE(N). (3.3..1)

)\EX+
Note that the middle of a diagram in LIL§ ()) is the identity of . We say that

such diagrams factor through .

Definition 3.3..1. Fix A € X, . Let (Dfm)@\ be the k-linear subcategory whose
morphisms are spanned by all double ladders in L7 () for all u and v and all x <
A

Lemma 3.3..2. Fiz A\ € X,. The subcategory (Dfp4)<,\ s an ideal, i.e. if D €

(Dé{p4)<)\, then go Do f € (DX )y for all f,g.

5Py
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Proof. See [21, Lemma 2.8]. Note that D induces a bijection on homomorphisms
spaces in Dy, and preserves the basis LIL. Thus, the claim follows from Lemma

(2.24..3). 0

3.4. Downward Diagrams and Neutral Coefficients

Definition 3.4..1. Let D € Homgp (w, z) be an arbitrary diagram. Suppose
that there is a horizontal cross section of D which intersects D in the word y. If
wty < wtw, then we say D is a downward diagram. Suppose that there is a
horizontal cross section of D which intersects D in the word y. If wty < wtz, then

we say D is an upward diagram.

Example 3.4..2. Any elementary light ladder L,, for v ¢ {w;, ws}, is a downward

diagram. Any light ladder LL,, ; is a downward diagram, unless p; = wtw; for all 1.

Remark 3.4..3. The duality D induces a bijection between upward diagrams and

downward diagrams.
Lemma 3.4..4. If D € Hompy (w, z) is a downward diagram then D € (D;(,g4)<w@-

Proof. Suppose that D is a downward diagram, in particular there is some y with
wty < wtw such that D = Ao B for A € Hongp4 (y,z) and B € Hongm (w,y).
If we write A in terms of the double ladder basis, then it is easy to see that A is a
linear combination of diagrams in (D;4)<Wtw. Then from Lemma (3.3..2) it follows

that D € (D) <wiw- O
Lemma 3.4..5. Any downward map from w to x will send v, 4 to zero.

Proof. Since homomorphisms of U;‘(sp4) modules preserve weight spaces, this

follows from the observation that if wty < wtw, then V*(y)[wt w] = 0. O
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Lemma 3.4..6. If N : V¥(w) — V¥(u) is a neutral map, then N(vy 1) = vy 4.
Furthermore, if vy ; is a subsequence basis element, and N(vy, ;) has a non-zero

coefficient for v, 1 after being written in the subsequence basis, then vy = Uy +-

Proof. Since V¥(w)[wtw] = k - v, 4, the second claim follows from the fact that
maps of U;‘(sp4) modules preserve weight spaces. Neutral maps are compositions
and tensor products of identity maps, N{}, and N}/. So to to verify the first claim
we just need to check that Ni!(vioy) = vo1 4 and N} (vs14) = vio . From the

calculations in Sections 2.22. and 2.23., we find

Nll(’Ul ’+) = L(—l,l) X id(l)17+ X ]D(L(_Ll))(v 7_|_)) = Vo1,+ (341)

and
Nll (U 17+) =id ®L(,1’1) (D(L(,Ll))(?} 7+) & 'U1,+) = V12,4 (342)
[

Remark 3.4..7. We rescaled the generating trivalent vertex in the By spider from

1
Ve

generator. One reason our choice may be preferable to the original, is that using

[31]. Explicitly our trivalent vertex is equal to times Kuperberg’s trivalent

Kuperberg’s trivalent vertex the neutral maps have £ = [2] instead of £ = 1.

Let A € X and let w and z be such that wt(w) = A = wt(z). Then LILZ (\)
contains a single diagram. Denote this diagram by 7. After applying =, it follows
from Lemma (3.4..6) that I} sends vy, 1 t0 vg 4.

Suppose we made another choice of 2/, for each dominant weight A
(along with choices of all the necessary neutral maps) and then constructed a

double ladder basis ILL.". Again, there is a unique double ladder diagram I’f €
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Homyp_, (w,z) which maps v, + to v, 4. Since LL' is a basis, we can express IZ as a
spy \—7 = w,+ z,+ ? w

linear combination of diagrams in LI’
IE=c- LE+ (DX )wtw- (3.4..3)

Looking at how both sides of (3.4..3) act on v, + we deduce that ¢ = 1.

Definition 3.4..8. Let f € Hompe (w, ). We define the neutral coefficient of f to

be the coefficient of I when f is expressed in the basis LL.

Lemma 3.4..9. If wtw = wtz, then the neutral coefficient of f € HomD;a (w, x) is
c if and only if f(vy+) =cC- Vg 1.

Proof. Follows from Lemma (3.4..5) and Lemma (3.4..6). O

Remark 3.4..10. The discussion given above ensures that the neutral coefficient is

independent of any choices that are made in the light ladder algorithm.

3.5. Definition and Basic Properties of Clasps
Our exposition is based on [7] and [22, Chapter 11].

Definition 3.5..1. We say that a morphism in Hompgp (w,x) is a clasp, if it is
killed by postcomposition with any downward diagram and has neutral coefficient

1. If wt(w) = A = wt(z), then we may call such a map a A-clasp.

Lemma 3.5..2. Let C' € Hong, (w, x) have neutral coefficient equal to 1. Then

the following are equivalent:

1. C is a clasp,

2. C 1s killed by postcomposition with any diagram in (D;{;a4)<wtw:
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3. C' s killed by postcomposition with any diagram of the form (id®L, ®id) o N
where N is a neutral diagram and L, is an elementary light ladder diagram

for pp & {1, w2}

Proof. Since a diagram in (D, )<wiw is a linear combination of downward
diagrams, (1) implies (2). The diagram (id ®L, ® id) o N in (3) is a downward
diagram, thanks to the assumption on p, so (1) implies (3). From Lemma (3.4..4)
we deduce that (2) implies (1).

By the definition of double ladders as the composition of light ladders and
upside down light ladders, and since light ladders are in particular double ladders
where the upside down double ladder is the identity, we see that C' is killed by
postcomposition with (D?p4)<wtw if and only if C is killed by postcomposition with

any light ladder of the form LL,, ; where wt ji < wtw. Then from the inductive

definition of light ladders, we see (3) implies (2). O

Proposition 3.5..3. If a clasp exists then it is unique, and it is also characterized
as the map with neutral coefficient 1 which is killed by precomposition with any

upward diagram. The composition of a clasp with a neutral ladder is a clasp (so if
any A-clasp exists, then all A-clasps exist), the composition of two clasps is a clasp,

and clasps are preserved by D.

Proof. We leave it as an exercise to adapt the proof in [7, Proposition 3.2] to our

setting. O

Graphically we will depict A-clasps as ovals labelled by A with source w and

target . In writing we will denote it by C).
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|8

= C X ) (3.5..1)

w
Proposition (3.5..3) says that the composition of a clasp with a neutral ladder

is a clasp, we will refer to this as neutral absorption, depicted diagrammatically as

follows.

|8
|8

) = C X ) (3852

w w

We also observe that Proposition (3.5..3) says the composition of two
clasps is a clasp, which is what we will call clasp absorption. This is expressed

diagrammatically as follows.

I8

) = C x ) (3.5..3)

IS
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Finally, note that postcomposing a clasp with a non-identity elementary light
ladder results in zero. We will refer to this phenomenon as clasp orthogonality, and

it can be expressed diagrammatically as follows.

Z

C » ) =0 (3.5..4)

w
Remark 3.5..4. The X clasps give a compatible system of idempotents [7, Definition
3.3], and therefore represent an object in the Karoubi envelope of D;M. This object

is a common summand of the objects w such that wt(w) = A.

Notation 3.5..5. Given an idempotent e € Endygp,,, (w) we get an object (w, e) in
Kar(Dg, ). The object in the Karoubi envelope which corresponds to (w, Cy) will be

denoted by A, for all w such that wtw = A.

Recall that in the Karoubi envelope we have

Homygyu(o (1, €), (2, f)) = f Homyp,, (1, 2)e. (3.5..5)
Corollary 3.5..6. Suppose the A and x clasps both exist. Then Hom o, pic (A5 x)
1s spanned by the identity if A = x and is zero otherwise.

Proof. Compare with [7, Corollary 3.6]. Let D € ]LIL%;. From clasp orthogonality it
follows that Cy o D o Cy = 0 unless D = If;‘ If A # x, then every diagram in ]L}Lif

is strictly lower, so Homy,,px (A, X) = 0. Thanks to neutral absorption (3.5..2) we

96



have C, o I;* o Cy = C, oid oCy. Then from clasp absorption (3.5..3) it follows that

CX:CXOidOC)\IC)\. ]

Lemma 3.5..7. The \ clasp exists in Dfm if and only if VX(\) is a direct
summand of V¥(z,). Moreover, when the X clasp exists we have Cy = Z *(ey)

where ey is the endomorphism of V¥(x,) projecting to V¥()).

Proof. Suppose that the A clasp does exist. Consider the idempotent e\ €
End(V¥(x,)) which is the image under = of the A clasp in Endp (x,). The map
ex projects to a direct summand of V¥(z,), and by Corollary (3.5..6) the summand
has endomorphism ring k - id. Since V¥(z,)[A] = k - v,, 4 and the lambda
clasp preserves the A weight vector v,, |, the object im(ey) has a one dimensional
lambda weight space. An object with a one-dimensional A weight space and a
local endomorphism ring must be the indecomposable tilting module of highest
weight . Since the endomorphism ring of a tilting module is k - id if and only if
the indecomposable tilting module is an irreducible Weyl module, it follows that
im(ey) = VE(N).

Suppose VX()) is a summand of V¥(z,), so there is an idempotent e, €
EndUé‘(sm)(Vk(g)\)) which projects to V¥(\). Since V¥()\)[A] is one dimensional,
it follows that im(ex)[A] = V¥(z,)[A] = k- vy, , . Restricting ey to the A weight
space induces an isomorphism. Hence, e(vg, +) = &vs, 4 for some & € k*. Since
ey is idempotent, £ = 1, so ey has neutral coefficient one. By Lemma (3.4..5),
postcomposing e, with a downward map induces a map V¥(A\) — V¥(y) which

has V¥(A\)[)] in its kernel, and therefore is zero. We conclude that e, is a clasp. [

Remark 3.5..8. Since the finite dimensional representations of sp,(C) are completely
reducible, it follows that when k = C and ¢ = 1, A clasps exist for all A € X . If K

is any field and ¢ € K is transcendental, then A clasps exist over K for all A € X.
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Remark 3.5..9. We argue that if V¥()\) is a direct summand of V¥(z,), i.e. the A
clasp exists over k, then the characteristic zero clasp can be used to compute the k
clasp.

Let A = Zlq,q ", [2];']. When we say “all fields” we mean all pairs k and
q € k such that ¢ + ¢~ # 0. Any quotient of A by a maximal ideal will give such a
pair.

From [31] we know that the set D of non-elliptic webs spans D, over A, and
we know from Theorem (2.14..5) that LL is linearly independent over all fields k.
It follows that the coefficients of a linear dependence among double ladders over A
must all be contained in every maximal ideal of A. But the Jacobson radical of A
is zero. So LL is linearly independent over A. Furthermore, from Theorem (2.14..5)
it follows that the sets D and LLIL both give bases of D}fm for all fields k.

Fix objects w,u € D,p,. Consider the matrix which expresses a double ladder

in terms of the spanning set D

Ay ALLE — ABy, = Homp,, (w,u). (3.5..6)

This matrix is an isomorphism over k, for all fields k, so the determinant is not
contained in any maximal ideal in A. Thus, det A} is a unit in A, and A} is
invertible over A. Hence, LIL spans D, over A.

Let O be a complete discrete valuation ring, which is an A algebra, and such
that O/m = k. Assume that the field K = Frac(O) is characteristic zero and ¢ € K
is transcendental. Suppose that V¥()\) is a summand of V¥(z,), i.e. there is a clasp
ek € Endygp,,, (z)). The endomorphism € is an idempotent so it can be lifted to

ef € Endogp,,, (). Since LL is a basis of Dy, over A, it follows that LL is a
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basis of the category O ® Dy, . Therefore,
e = 2id +(0 @ Dqp, ) <.

Since ef specializes to X, which in turn sends Vg, 4+ 1O Vg, 4, there is some m € m
such that z = 1 — m. Also, € is an idempotent and (O ® Dy, )<x is an ideal in

O ® Dy, 50
2id+(0 ®@ Dy, )<r = (zid +(0O ® DE,M)Q)2 = 2°id +(O @ Dy, ) <

Comparing neutral coefficients, we find = 2. It follows that 1 —m = (1 — m)? =
1 — 2m + m?, which implies m? = m. Since m € m, we may conclude that m = 0.
From the fact that ILL is a basis over O it follows that the homomorphism

spaces in O ® Dy, are free and finitely generated O-modules. Thus, the O module
el Homogp,,, (2,)€s (3.5..7)

is a finitely generated projective O module. Since O is local, one can use
Nakayama’s lemma to show that projective and finitely generated implies free of

finite rank. A consequence is the equality
ko e Endogp,, (z,)ef = dimy X Endyep,,, (z,)eX. (3.5..8)

We know eX Endwgp,,, (2))ek = k-€X, so we may deduce that e Homogp,,, (2,)eS =
O - €.
On the other hand, we know there is a characteristic zero clasp, e €

Endiep,,, (2,). Using that e has neutral coefficient one and is orthogonal
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to all downward diagrams, we may conclude that e{eXef = eff soek €

ef Endgenp,, (z))ef = Kef. By comparing neutral coefficients we see that
K _ 0

6}\ — 6)\ .

Over K the X clasp exists for all A\ € X, so to compute eX we are free to use
the recursion from our main theorem to expand this clasp in terms of the basis LLL.
The argument we just sketched implies that the coefficients, of the double ladders,
in the expanded clasp actually lie in O. So we can reduce eX modulo a maximal

ideal to obtain eﬂf.

3.6. Intersection Forms and Triple Clasp Formulas

Let a € {1,2}. If k = C and ¢ = 1, we know that Z(A ® a) = V() ® V(w,)

decomposes as described Equation (2.3..3).

Definition 3.6..1. Let a € {1,2} and let A\ € X . Define the set S, , to be the
collection of weights 1 € wt V' (a) such that V(A + p) is a direct summand of V(\) ®

V(a). Since each weight in wt V' (a) is multiplicity one,

VI eV(e)= @ VIA+nu). (3.6..1)
MGSA,a
Lemma 3.6..2. VX(\) ® V¥(a) has a filtration by the Weyl modules V(X + p) for

2 S S)\,a-

Proof. The tensor product of Weyl filtered modules has a Weyl module filtration.
Since V¥(x) has the same character as V (), the filtration multiplicities are
determined by the character of the Weyl filtered module. Therefore, the claim

follows from Equation (3.6..1). O
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Definition 3.6..3. Let 1 € S),. Suppose the A and A + p clasps exist over k.

There is an elementary light ladder L, which induces a map
Crypo (id®L,) o (Cr®id,) : A®a — A+ p.

We denote this map by E) ,, and depict it diagrammatically by

By = AL (3:6.9)
C >

Proposition 3.6..4. Suppose the \ clasp exists and that the A + u clasp exists.

a

Then {E\,} is a basis for Hom g, pic A@a,\+ p).

Proof. Since double ladders are a basis, it follows that after postcomposing with
C+, and precomposing with C\ ® id, the double ladders LLiiZ“ will span
Homy,,p (A®a,p).

Let D € ]L]Liii{“. By the definition of double ladders, there are dominant
weight sequences ¥ € E(x,,,) and X = (X1,...Xn) € E(z,a) such that D =
D(LLg,, ,7) © LLg,ax- Due to clasp orthogonality (3.5..4), Cxyp0 Do (Cr®id,) =0

unless v € E(xy,,, A+p) and (x1,... Xn-1) € E(zy,\). Using the neutral absorption

property of clasps (3.5..2), we now see that
By, = Cypy o L3 o (Cy @ id,).

Therefore, E, ;, spans Homg,,pic (A®a, A+ p).
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The X + pu clasp exists, so V(X + u) is an irreducible Weyl module, and
therefore VX(\ + ) =2 V¥(X + pu)*. Since VE(X + p) occurs exactly once in the Weyl

filtration of V¥()\) ® V¥(a), it follows from Lemma (2.13..9) that
dim Homy,pi (A®a,\+ p) =dim HomU};(%)(Vk()\) @ VE(a), VXA 4+ p)*) = 1.

Thus E) , spans a one dimensional vector space and therefore is a basis. O

Definition 3.6..5. The map K, := E,, o DE, , is an endomorphism of A + p,
and this endomorphism space is spanned by the identity map. We define the local

intersection form ky, to be the neutral coefficient of E , o DE, ,.

C M+p D (3.6..3)

Lemma 3.6..6. Suppose that both the \ clasp and the A\ + p clasp exist. If the
local intersection form Ky, is nonzero, then —DE, , o Ey , is an idempotent in
Ii)\#

End o, (i (A ® a) which projects to VE(X + p). If the local intersection form is

zero, then V¥(\ + ) is not a summand of VX(\) ® V¥(a).

1
Proof. If k), # 0, then —1DFE) , o F , is a non-zero idempotent factoring through
oW
V(X + p). Since the X + p clasp exists, the module V¥(\ + p) is irreducible. Thus,

the idempotent has image isomorphic to V¥(\ + p).
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Since E) , is a basis for Hompy (A ® a, A + p) it follows that D(E) ,) is a
basis for Homp (A + 1, A ®a). If ky, = 0, then every pair of projection V¥(\) ®
VE(a) — VXX + p) and inclusion VE(X + ) — VE(A) @ V¥(a) compose to be
0 € EndUéc(sp4)(Vk()\ + ). Thus, V(X + 1) is not a direct summand of V¥(\) ®
Vk(a). O

Remark 3.6..7. By working modulo the ideals (ng4)< A instead of with clasps, one
can show that the indecomposable tilting module T*(\ + ) is a direct summand of

VE(N) ® V¥(a) if and only if x, , # 0.

Proposition 3.6..8. Suppose that the X clasp exists. Also assume the A + u clasps
exist and the Ky, are invertible in k, for all p € Sy, —{w.}. Then the A\+w, clasp
exists and

Crpm, = Ca®idy — Y K3} DEy, 0 By, (3.6..4)
where the sum is over all p € Sy, — {wa}-

Proof. Lemma (3.6..6) implies that V¥(A+p) is a direct summand of V¥(\)®V¥*(a)

for all p € Syo — {wa}. So

VKO e VEa) =X P V¥ +w), (3.6..5)

Nes)\,a_{wll}

where X is a direct summand with highest weight A 4+ w,. Direct summands of
Weyl filtered modules have a Weyl filtration, so X is filtered by Weyl modules.
Comparing characters of both sides of (3.6..5) implies that X = V¥(\ + @,). The

decomposition in (3.6..5) gives rise to the following equality in the endomorphism
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algebra of V¥(\) @ V¥(a):

idyioy ®idyia) = Y e (3.6..6)
HESxa
where ey, is the projection to the summand isomorphic to V¥(XA + p). The module
VE()) is a direct summand of V¥(z,), the image of Cy, so V¥(\) ® V¥(a) is a direct
summand of V¥(z,a), the image of Cy ® id,. Precomposing and postcomposing
Equation (3.6..6) with C\ ® id, yields the desired equality from Equation (3.6..4), in

the endomorphism algebra of V¥(z,a). O

3.7. Deriving the Recursive Formula for Clasp Coefficients

We will compute recursive formulas for the local intersection forms ky , using

the graphical calculus for Dy, .

Notation 3.7..1. To simplify notation, we will write (a, b) for aw; + bwy. We will
also leave off labels of clasps when the highest weight is understood. Furthermore,
we will often leave off extra strands below (above) clasps which are on the bottom
(top) of the diagram, as well as strands to the left of a diagram which has a clasp
at the top or bottom. This is justified because all clasps with the same highest
weight are transformed to one another by applying neutral diagrams on the top and
bottom (in other contexts this could be nontrivial to verify, but it is easy to see
that any two words in 1 and 2 of the same weight differ by a neutral diagram). We
also freely use clasp absorption (3.5..3) to simplify formulas. For example (3.6..3)

becomes

104



K= C P = D (3.7..1)

and

(3.7..2)

becomes the following.

(3.7.3)

OQOiQi

We define £y, = 1forall A € X, and a € {1,2}. Whenever u ¢ Sqp),w:
we set I{(_alb) i equal to zero. This results in the following initial conditions for our
recursion:

H(_c:b),(l,—l) =0 when 0=0, (3.7..4)

1 _1
Rab),(=1,00 = Flap),(-1,1) = 0 when a=0, (3.7..5)
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—1
Flap) 00 =0  when —a=0, (3.7..6)
Kapy -2y =0 when a=0orl, (3.7.7)

and

—1 —1
B (ap),0,-1) = Bap),2,-1) = 0 when b =0. (3.7..8)

Proposition 3.7..2. The k), s satisfy the following relations.

Kab),(1,0) = 1 (3.7..9)
Kab),0,) = 1 (3.7..10)
1
Rab)(-11) = —[2] = P (3.7..11)
[4] 1
a - = "% - 3.7..12
Mb)@y 2] K(ap-1),2,-1) ( )
K(a,b),(0,0) = Bl Sesvmen ! (3.7..13)
o [2] 5(711_17(,),(_171) R(a—1,b),(1,-1)
5] K(a+2,6-2),(=1,1) 1
R(a,b),(1,-1) = 157 — : — — 3.7..14
(a,b),(1,-1) [ ] Kap1)(21) [2]2ﬁ(a,b—1),(0,0) ( )
K(ab)(-21) = @m —1)(-10) — (—[2] = ! fa—1h)(-1D

R P Ka=2.0),(-1,1) " K(a—1),(~1,0) 6715

— K/(a‘_27b+1)’(070) o

“%a—z,b),(—l,l)"f(afl,b%(fl,l)
wapry = —d L Feabmon | Seb LD (37 )
o [3] H(G‘*lvb)’(flzo) 'Li(aflyb):(*l,l) K’(afl,b),(l,fl)

K (a,b),(0,-1) = [6] [5] B 1 _ K(a42,b—2),(—2,1) _ K(a,b—1),(0,0) _ K(a=2,b),(2,—1)

a,0),(0, [3][2] K(a,b—1),(0,-1) K(a,b—1),(2,—1) K(a,b—1),(0,0) K(ab—1),(~2,1)
(3.7..17)
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Proof. We will use the established properties of clasps to derive the recursion

relations. Recall that sy, is the coefficient of the neutral map in K ,.

A+
Ly
K/\,,u = A
D(Ly)
A+
Using the equation
A=(V\—w)Rw — Z H;m,,DE,\—w,V o E\ o

vewt V(w)—{w}

(3.7..18)

(3.7..19)

to rewrite the X clasp, and then using clasp absorption (3.5..3), we can rewrite K,

as the following.

K/\»ll = q—__z> - Z K’;iw,zx

vewt V(w)—{w}

A+

A+

(3.7..20)

Having established the general pattern one follows to derive these recursive

formulas, we proceed to apply it for each Kqp) -
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To compute K(qp),(-1,1), We resolve the (a,b) clasp in K p) (—1,1) as in (3.7..20).

Since strictly lower diagrams are orthogonal to clasps (3.5..4), we find
=0 (3.7..21)

and

— 0. (3.7..22)

>

So after expanding the (a,b) clasp in K, (—1,1) the only v € wt V(1) which
contributes to the sum in (3.7..20) is (=1, 1). This means we can rewrite K(qp) (—1,1)

as follows.

> >
Cé) _ Q e D (3.7..23)
> >

Using neutral ladder absorption (3.5..2) and clasp absorption (3.5..3), we deduce

-1
Kab),(-1,1) = —[2] — Ra—1,p),(~1,1)"
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We proceed similarly with the remaining K ,. It is useful to note that from

the H = I relation (1.1..7) we have the following ”clasped” relation.

l | :é ‘ ‘ (3.7..24)

Similarly, using the H = I relation (1.1..7), orthogonality to clasps (3.5..4),

and neutral map absorption (3.5..2) we can also deduce the following.

For K(qp),(2,—1), we begin by observing that by clasp orthogonality (3.5..4)

— 0, (3.7..26)

and by (3.7..24) and clasp orthogonality (3.5..4),

= 0. (3.7..27)

109



Using these observations and (3.7..25), K(q4),(2,—1) can be resolved as follows.

S N

T T

-1

Then we apply the H = I relation (1.1..7) to find

?
|

j

2]

<

= Klap-1),2,-1) (3.7..28)

( (3.7..29)

Here the vanishing of the third term is due to clasp orthogonality (3.5..4). If we

apply the H = I relation (1.1..7) again, then by the monogon relation (1.1..4) and

clasp orthogonality (3.5..4) we can rewrite the right hand side as follows.

)
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(3.7..30)




Finally, using the bigon relation and the clasped H = [ relation (1.1..7) we can

rewrite (3.7..30) as

times the clasp, and then conclude that

I

K(ap),(2,-1) = _ﬂ ~ Rlap-1),(2,-1)

To compute K(q),0,0) Wwe will expand the middle clasp in Kq),(0,0)-

>

Kap),00) = <:§

>

Since

we can rewrite K, ), 0,0) as follows.

111

>
< (a 1,0),(~1,1) © - "i(_alfl,b),(l,fl
>

(3.7..31)

(3.7..32)

(3.7..33)

(3.7..34)

(3.7..35)



Observing that the second term in (3.7..35) is K(q—2p+1),(2,-1), and then using

neutral map absorption (3.5..2) and clasp absorption (3.5..3) for the third term

in (3.7..35), we deduce that

I

K(a,b),0,0) = E ~ Rla—1,b),(~1,1)F(a=2,b+1),(2,-1) —

To compute K(qp),(1,—1) We expand the middle clasp in Kqp) 1,-1)-

>

=)

>

—1
Fa—1b),(1,-1)"

(3.7..36)

(3.7..37)

We begin by using the H = [ relation (1.1..7) and clasp orthogonality (3.5..4),

followed by neutral absorption (3.5..2), to calculate the following.
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(3.7..38)

(3.7..39)



and the H = I relation followed by clasp orthogonality (3.5..4) implies that

‘ | | = 0. (3.7..40)

Therefore, we can rewrite K(q)1,—1) as follows.

s s 1
Rlab-1),(2,-1) F(ab-1),0,0) [2]2

(3.7..41)
Identifying the second term in (3.7..41) as K(q425-2),(-1,1), we deduce that
] _ 1
H(a’b)v(lvfl) = m - H(ailbfl)’(zfl)K/(a+2,b*2),(71,1) - W’L{’(a,bfl),(o,o)' (3742)

Remark 3.7..3. Note that at this point we could start solving these recursive
relations, as the local intersection forms for the weights (—1,1) and (2, —1) are
linked only to themselves in their recursion relation. While the local intersection
forms for the weights (0,0) and (1, —1) have recursions which link them to
themselves, each other, and the local intersection forms for the weights (—1,1) and

2, -1).
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Continuing with our derivation of recursive relations for local intersection

forms, we expand the middle clasp in

>
Kap),(-1.0) = <:é> (3.7..43)
>

and apply clasp absorption (3.5..3) to deduce the following.

Kap),(-1,0) = OO R a1 b).(-11) ©

>
Fla-1.),(1,-1) <:E:| Kla-1),(~1,0 ©
>

(3.7..44)

By identifying the second and third terms on the right hand side of (3.7..44) as

Ka—2p11),(1,—1) and K, p—1),—1,1) respectively, we find

O [6]12] K21 K(ab-1),(-1,1) 1
K(a,b),(—l,O)—_ [3] - - -

(3.7..45)

R(a—1,b),(=1,1) K(a—1,b),(1,-1) K(a—1,b),(~1,0)

114



Remark 3.7..4. Again, we could stop here and solve the recursive relations since the
local intersection form for the weight (—1,0) involves the weights (—1,0) and the
weights we have computed recursions for previously.

The antidominant weight in V' (cs) is (0, —1). A calculation similar to the

derivation of the recursion for x(4p) 1,0y results in

. ~[6][5] Ka—2,0),2—1)  F(ap—1),0,0)  F(at+2,6—2),(—2,1) 1

ab),(0,—1) = - — — - - .

(@0),0=1) = T31[9] Klap—1),(=21)  K(ab-1),000)  Flap—1),(2,—1) K (a,b—1),(0,—1)
(3.7..46)

The last local intersection form to resolve is K(q3),(—2,1). Recall that
k®Z: DY, — Fund(US(sp,)) (3.7..47)

is an equivalence. Also, we know that if a Weyl module k@ V¥*()) is simple, then we
can compute the dimension of homomorphism spaces involving that Weyl module

in characteristic zero. Thus, from Equation (2.3..3) we see that

dim Homygp,, ((@ —2,b+1),(a,b—1)®2) =

dim Homgy, oy (V(a — 2,0+ 1),V (a,b - 1) ® V(w,)) = 0,
and it follows that

— 0. (3.7..48)

O
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When we expand the (a,b) clasp in K(qp), 2,1y, one of the terms has (3.7..48)

as a sub-diagram and therefore is zero, so we get the following three terms.

The first term in (3.7..49) simplifies to

)
%H(al,b),(l,l)- (3.7..50)

We need to resolve the second and third terms on the right hand side of

(3.7..49). Both terms contain the following sub-diagram.

(3.7..51)

I

Expanding the (a — 1,b) clasp and using clasp orthogonality (3.5..4) and neutral

absorption (3.5..2), we can rewrite (3.7..51) as follows.

@y .

(a 2,b),(—1,1)
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Then, from the relation (3.7..52), we have

= U — Rarap).(-11) (3.7..53)
> >
d
any ]
>

_l{(_alf2,b)»(*l,1) (3.7..54)

Applying these local relations to the second and third term on the right hand side
of (3.7..49), and simplifying diagrams using the defining relations of Dj,,, we obtain

the next two equations.

> >
<)
_ ({2] n ,1(;1_2@’(_1’1)) C:é) (3.7..55)
<)
> >
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> C?

=3
- = Koty ) (3.7..56)
— —

Note that the diagram on the right hand side of (3.7..55) is Ka—1p),(-1,1)-
Moreover, after applying neutral absorption (3.5..2) the diagram on the right hand
side of (3.7..56) is K(q—2,+1),0,0)- Therefore, we can use (3.7..50), (3.7..55), and

(3.7..56) to rewrite (3.7..49), then deduce that

[5] S K (a—1,b),(~1,1)
Fap)(-21) = TorRla-10)(-10) — (Z[2] = Koy ) ——— ——
2] K(a—1,b),(—1,0) (3.7.57)
_ K(a—2,b+1),(0,0) o
Ky 9p).(—1.1)R(a—15),(~1,1)
0

3.8. Solving the Recursion

Proposition 3.8..1. The recursive relations in Proposition (3.7..2) together with
the initial conditions in Equations (3.7..4), (3.7..5), (3.7..6), (3.7..7), and (3.7..8)

are uniquely solved by

Ka,b),(1,0) = 1 (3.8..1)
Kab),(0,1) = 1 (3.8..2)
Kab)(-1,1) = — [a[z] ! (3.8..3)
Kab),(2,-1) = — [2?2; &) (3.8..4)
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la + 2][a + 2b+ 4]

K(a,b),(0,0) = Dalle+26+2 (3.8..5)
K(ab),(1,-1) = [Q[Zib;gi]g%; 2]- (3.8..6)
o = BB o
b (10 =~ [2?22 ibzzf [203[: ib;gi];;] ! (38.8)
) (01) = [2a 4 2b + 4][a + 20 + 3][2b + 2] (3.8.9)

[2a 4 2b + 2][a + 2b + 1][20]

Proof. There is a recursive relation for each non-dominant weight in a fundamental
representation. We say that the right hand side of a relation involves the weight p
if k-, appears in the right hand side of the recursion.

That relation (3.7..11) (with the specified initial conditions) is solved by

(3.8..3) is easily seen to be equivalent to showing that
—la+1] = —[2][a] + [a — 1]. (3.8..10)

This is a well known identity for quantum numbers, but we will describe a different
way to derive (3.8..10). First, we multiply equation (3.8..10) by (¢ — ¢~!), resulting

n

_ (qa+1 o q*(aJrl)) — _(q + qil) (qa — qfa) —+ (q(ail) — q(i(ail)) . (3811)

Second, we temporarily replace ¢* with the variable A, so (3.8..11) becomes the

following.

Ag—A'q ' =—(g+ ¢ HA-A)+ (At — A7) (3.8..12)
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Equation (3.8..12) is easily seen to be true in Z[A*!, ¢*!], then specializing A to
q* we find that (3.8..11) holds as well. To see that relation (3.7..12) is solved by

(3.8..3) is similar, and we leave it as an exercise.

By using
K(ab),(-1,1) = — la [:] 1 and  K(ap),2-1) = — [2?2—2] 2], (3.8..13)
we can simplify (3.7..13) and (3.7..14) as follows.
R(ah),(00) = % L [;] . EZ 1 ;? — Ky ) (3.8..14)
5 _[b-2favd 1 (3.8..15)

B0 =10 T TR at2 | 2P eb-100

Then by induction our claim that (3.7..13) is solved by (3.8..5) and (3.7..14) is

solved by (3.8..6) follows from verifying the following two equalities.

la+2]la+2b+4] [5] [a—1][2b+4]  [a+2b+ 1][20] (3.8
2][alla +2b+2]  [2] [a][2b + 2] la + 2b + 2][2b + 2] o
[a + 20+ 3][2b + 2] _ (5] la+3]20-2] 1  [2][a]]a+ 20] (38.

[a + 2b + 2][20] 2] [a + 2][2b] 2] [a + 2][a + 2b + 2]

We focus on the quantum number calculation needed to verify the first of

16)

17)

these two equalities. After clearing denominators the desired equality (3.8..16) will

follow from the following identity.

[a + 2][2b + 2][a + 2b + 4] = [5][a][2b + 2][a + 2b + 2]
— [2][a — 1][2b + 4][a + 2b + 2] — [2][a][2b][a + 2b + 1].

(3.8..
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Multiplying through by (¢ — ¢~ !)? and replacing ¢* with A and ¢® with B, we find
the desired quantum number identity is a consequence of the following identity in

Z[Ail, Bil, qil]‘

(A — A7 'q ) (B*¢® — B¢ *)(AB*" = A7'B%¢"") =
"+ P+1+¢°+q ) A-AYB¢ — B¢ *)(AB*¢ — A™'B*¢?)
—(g+q ")(Ag ' — A 'q)(B*¢* — B¢ ") (AB*¢* — A7'B?¢?)
—(g+q¢ " )A—-A)B*~B?)(AB*q— A"'B%¢")

(3.8..19)

We leave the details of checking (3.8..19) by hand as an exercise for the reader.
Then replacing A with ¢ and B with ¢° we may deduce the equality (3.8..18).

The calculations needed to verify (3.8..17) are omitted, as are the rest of the
details of the quantum number calculations. We simply outline the remainder of
the proof below.

Once the first four relations are solved, we can simplify the fifth relation so
the simplified recursion only involves the weight (—1,0). By using induction we
reduce proving the recursion relation (3.7..15) is solved by (3.8..7) to a quantum
number calculation. The sixth recursion relation only involves the previous five
weights, so we can use these solutions to simplify the right hand side of (3.7..16).
A quantum number calculation will verify that the right hand side is in fact equal
to (3.8..8). After using the first six solutions to simplify the last recursion, (3.7..17)
only involves the weight (0, —1) and so can be solved by induction and a quantum

number calculation. O
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Remark 3.8..2. The point of writing (3.8..10) in the form (3.8..12) and (3.8..16) in
the form (3.8..19) is that it makes it possible (and in fact easy) to have a computer

verify the desired quantum number identities [10].

3.9. Relation to Elias’s Clasp Conjecture

In the following, we will reinterpret Elias’s type A clasp conjecture [7] in
type Cy. We then discuss how we expect Elias’s conjecture generalizes to a type
independent statement.

Recall that the Weyl group for the C5 root system, which we denote simply

by W, acts on the weight lattice X by

s(wy) = —w1 +we and  s(ws) = ws (3.9..1)

while

t(wl) = W1 and t(WQ) = 2@1 — W»o. (392)

For a weight ;1, we will denote by d,, the minimal length element in W which

when takes p to a dominant weight. Thus,

do, =1=dg, (3.9..3)

and

Aoyt = Sy 2y —my =ty Ay —my = S, d 90, 400y = 15,d_p, = Sts,and d_,, = tst.

(3.9..4)
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We then define the set ®, = {a € ¢, | d,(a) € P_}. Thus,

D iw, = {5} (3.9..5)
Do)y = {0t} (3.9..6)
D)y, = {u, () } (3.9..7)
D oy = {s, s(a)} (3.9..8)
O ={as, s(ay), st(as)} (3.9..9)
O, ={ay, t(as), ts(ay)} (3.9..10)
Let (—, —) be the standard inner product on X so the ¢; are an orthonormal

basis. Recall that oY = 2a/(«,a), and that p is the sum of the fundamental
weights. We define ¢, = ¢ when « is a short root and ¢, = ¢*> when « is a long

root.

Corollary 3.9..1. In type Cs, if u is an (extremal) weight in a fundamental

representation and A € X, then

(e, A+ p)]q
Kay = £ S (3.9..11)
Tl VS o v
2n/, :
Proof. Using the formula [[2?] = [n],2 it is an easy exercise to use (3.8..1) and our
description of ®, to check the corollary. O]

It is natural to expect Elias’s clasp conjecture to generalize as follows. Let
® be an irreducible root system with associated simple Lie algebra g. Let (—, —)

be the W invariant bilinear form on ® so that («a,a) = 2 for all short roots a €
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®. Fix a fundamental weight w and a weight 1 € wt V(w) which is in the Weyl
group orbit of w. Let d, be the minimal length element in the Weyl group such

that d, (1) = w. Set

D4 (1) = {a | dy(a) € _}.

Conjecture 3.9..2. There is an elementary light ladder map L,,, which is a

%
morphism of U,(g) modules, and for each dominant weight A a map E) , (which
may be zero) which is a composition of the clasps Cy and Cyy,, with L, as in

FEquation (3.6..2). Moreover, there is a duality D on Fund(g) which, interpreted

in the graphical calculus, is flipping a diagram upside down. Finally, we expect that

(@, A+ p)lg

Ch, 3.9..12
A+ p+ g ( )

EA:H OD(E/\,IL) = H [(

a€dy (1)
where g, = ¢(»/2,

We can already conjecture the general form of one of the recursive relations
satisfied by the local intersection forms. The local intersection form calculations
in type Cy show that every weight in V' (w) appears in this recursion for the local

intersection form of k) _. In arbitrary type, —w € wt V(—wy(w)) = V(w)*.

Conjecture 3.9..3. There is an elementary light ladder map
L_,:V(w)®V(—wy(w)) — C(q).

Moreover, if

E)\,fw ° ]D)(E/\,fw) = R)—w * C)\a
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then
e = dim, V() — Y omhr (3.9..13)

Rx—
pewt V(w) A=@op

One might hope to prove Conjecture (3.9..2) by finding a combinatorial
description of the recursive formulas themselves, then proving these recursions are

both given by calculations with webs and solved uniquely by Equation (3.9..12).

Remark 3.9..4. The conjecture in type A only deals with ky, when p is in the Weyl
group orbit of a dominant fundamental weight. In type C5, we cannot currently
explain the local intersection form for the weight (0,0) in a way that suggests any
generalization. However, we do expect there is a general formula which, for any
simple Lie algebra g and any fundamental weight @, computes x , for all 1 €

wt V (w) in terms of the root system ®.
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CHAPTER IV

SEMISIMPLIFICATION OF TILTING MODULE CATEGORY

4.1. Outline

We give details about semisimplifying diagrammatic categories. Then we
recall Deligne’s diagrammatic description of Rep(O(n)) and the classification of
braidings on Rep(O(2)). We then also recall Kuperberg’s type Cy webs and state
precisely the relationship with tilting modules. We show that when ¢ has order 4
there is a full and essentially surjective functor from Rep(O(2)) to the category
of tilting modules for U, qZ (spy), and we show that when ¢* has order 3 there is
a full and essentially surjective functor from the category of tilting modules to
Rep(O(2)). We then deduce the desired equivalences. Lastly, we generalize these
arguments to the case of sp,,,, modulo the conjectural relationship between C), webs

and tilting modules.

4.2. Diagrammatics for Spherical Categories

Notation 4.2..1. Let k be a field. We write k((O | M | R)) to denote the k-linear
monoidal category generated by objects O, morphisms M, modulo the relations R.
We always will assume that this category is spherical. In particular, the

category is rigid so there is an involution on the set of generating objects O,
denoted o +— 0* and extended to tensor products such that o; ® 0y — 0] ® 05.
Rigidity also implies that there is an involution on the set M such that if m €

Hom(A, B), then m* € Hom(B*, A*). Moreover, for all o € O, there are morphisms
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in M:

cap:o® 0" = k,cap” : 0* ® 0 — k,
cup? :k = o®o0*, and cup? : k = 0" ®o

which satisfy the following relations.

(cap? @ id,) o (id ®cup?) = id, = (id, ®cap®) o (cup” ® id,)

(id, ®capy) o (cupy @ id,) = id, = (cap} ® id,) o (id, ®cupy,)

These cup and cap maps also give rise to traces on the category:

Tr" : Hom(B, A) x Hom(A, B) — End(k)  (f,g) + cap’y o (f o g ® ids+) o cupy,
(4.2..1)
for 7 € {L, R}. The assumption that our category is spherical implies that these
two traces agree and therefore we are justified in simply writing Tr. We will also
omit from our notation the superscript L or R on the cup and cap maps when
computing this trace.
In this paper, all generators and relations monoidal categories will be

described using planar diagrams. In this language, the cup and cap maps will be

drawn as cups and caps, and the relations above are the “zig-zag” relations.

— - (4.2..2)

= = (4.2..3)
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One can think of Tr in the diagrammatic notation as follows.

Tr(f,g)= |fog (4.2.4)

If End(k) = k- idy, then we define the dimension of an object X to be Tr(idx) € k.

Definition 4.2..2. A category C is Karoubian if for all objects X and for all
idempotent endomorphisms e € End¢(X), there is an object Y € C and projection
and inclusion morphisms 7 : X — Y and ¢ : ¥ — X such that 7 o+ = idy and

LOTT = €.

Definition 4.2..3. Let C be a category. We define the Karoubi envelope of C,
denoted Kar C as the category with objects: pairs (X, e) where X is an object in

C and e € End¢(X) is an idempotent, and morphisms:

Homgarc) (X, €), (Y, f)) = f o Home(X,Y) ce.

In the case that C is additive, k-linear, and monoidal then Kar(C) is as well, with
tensor product of objects defined as (X,e) ® (Y, f) := (X ®Y,e® f).
The Karoubi envelope is a Karoubian category. Moreover, every functor from

C to a Karoubian category factors through Kar(C).

4.3. Ideal of Negligible Morphisms in Spherical Categories

We recall some well known-results which appear in [14], [17], [6], and [23].

Let k be an algebraically closed field.

Definition 4.3..1. Let C be an k-linear, spherical tensor category, with Ende (k) =

k - idy. The negligible ideal in C is the subcategory N (C) C C with objects the same
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as C and morphisms

Homyse) (X, Y) = {f € Home(X,Y) | Tr(fog) =0forall g:V — X}

Lemma 4.3..2. [6, Theorem 2.9] The subcategory N (C) forms a monoidal ideal in

C.

Notation 4.3..3. Since N(C) is a monoidal ideal, it follows that C := C/N(C) is a
monoidal category and 7 : C — C is a monoidal functor.

The objects in C are the same as the objects in C, but we will denote them
by @ when considered as objects in C. We also write f for the image in C of a

morphism f € C.

Definition 4.3..4. A category is Krull-Schmidt if every object in the category
decomposes into a finite direct sum of indecomposable objects, and every

indecomposable object has a local endomorphism ring.

Lemma 4.3..5. A k-linear Karoubian category with finite dimensional

homomorphism spaces is Krull-Schmidt.
Proof. See [22, 11.4.2]. O

Definition 4.3..6. A category C is semisimple if it is abelian and every object is

isomorphic to a finite direct sum of simple objects.

Lemma 4.3..7. [14, Lemma 2.4] Let C be an k-linear, Karoubian, spherical tensor
category, with finite dimensional homomorphism spaces, and such that Ende (k) =
k -idx. Assume that every nilpotent endomorphism in C has trace zero.

Let X be an indecomposable object in C.
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1. If dim X # 0, then the negligible endomorphisms of X coincide with the

Jacbobson radical of Ende(X).
2. If dim X = 0, then all endomorphisms of X are negligible.

3. If Y is an indecomposable object in C and 'Y s not isomorphic to X, then all

homomorphisms from X toY are negligible.
Proof. See [14], proof of Lemma 2.4. O

Lemma 4.3..8. [14, Theorem 2.5] Let C be a k-linear, Karoubian, spherical tensor
category, with finite dimensional homomorphism spaces, and such that Ende (k) =

k - idy.
1. If every nilpotent endomorphism in C has trace zero, then C is semisimple.

2. The irreducible objects in C are the (image under mc of ) indecomposable

objects in C of non-zero dimension.

3. Two irreducible objects in C are isomorphic if and only if the corresponding

indecomposable objects of non-zero dimension are isomorphic.

Proof. See [14], proof of Theorem 2.5. O

Lemma 4.3..9. [17, Section 6] Let C be a k-linear, spherical tensor category.
If C is semisimple, has a simple unit object, and the endomorphism rings of all
simple objects are spanned over k by the identity, then C has no nonzero negligible

morphisms.

Proof. We give a proof sketch based on the discussion in [17] Proposition 5.7 and
Section 6.
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Let f: X — Y be negligible. Since C is semisimple, we can fix decompositions
X =2 @X, and Y = @Y where each X; and Y; are simple, and thus can view f as
@©fi;  ®X; — @Y]. For each X; = Y fix an isomorphism ¢} : Y; — X;. Note
that if no X; is isomorphic to Y;, then f = 0. Write g(ij) : Y — Y f7—> X; — X.
Then since f is negligible 0 = Tr(f o g(ij)) = Tr(fij o g(ij)) = ¢;; dim(X;) for
some nonzero scalar ¢;; € k. Thus, to show that f = 0 it suffices to show that the
dimensions of simple objects in C are nonzero.

Let S be a simple object in C, we will show that dim S # 0. Since C is rigid it
follows that dim Home(k, S ® S*) = 1. Since C is semisimple and k is simple, this
implies that k is a direct summand of S ® S*. Then Equation (4.2..2), along with
S # 0 implies that the coevaluation map, cupg, must be a nonzero element of, and
hence a basis for, Home(k, S ® S*). Similarly, the evaluation map, capg, is a basis
for Home (S ® S*, k). Thus, if 0 = dim S = T'r(idg) = capg o cupg, then k cannot be

a summand of S ® S*. O

Remark 4.3..10. Since we assume that k is algebraically closed throughout, it will
always be the case that endomorphisms of simple objects in semisimple categories

are spanned over k by the identity.

4.4. Semisimplification of Diagrammatic Spherical Categories

Definition 4.4..1. The k-linear category k((O |M |R)) is semisimplifiable if the
space of endomorphisms of the empty word (the monoidal unit in the category)
is spanned, over k, by the empty diagram, all homomorphism spaces are finite

dimensional, and the trace of any nilpotent endomorphism is zero.

Lemma 4.4..2. Let C = Kark((O | M | R)) and let (" = Kark((O' | M’ | R')).

Suppose that there are objects F'(o) € C', for all o € O, and morphisms F(m) € C’,
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for allm € M, such that modulo the ideal N'(C') the morphisms F(m) satisfy all
the relations in R. Then there is a monoidal functor F : C — C', extending the

mapping F'.

Proof. The fact that there is a monoidal functor F : C — C’ such that o + 6 and
m — m follows from a generators and relations check using our hypotheses, along

with the universal property of Kar. O]

Lemma 4.4..3. Let C = Kark{(O | M | R)) and let C' = Kark{(O' | M' | R')).
Assume that k({0 | M | R)) and k({(O" | M" | R')) are semisimplifiable (4.4..1).
Let F: C — C' be a monoidal functor. If F is full, then ker F = N'(C).

Proof. We will first establish that ker ¥ C N(C). Let f : X — Y € ker(F) and let
g :Y — X. Since F is monoidal, F' sends the unit object to the unit object, A* to

F(A)*, and cap, to capp(s). Since F is k-linear we have

F(C : idkc) =cC- idkc, .

Thus,

Tr(fog)- idy,, = F(Tr(fog)-idg.)
= F(capy o (f o g ®idy~) o cupy)
= capr(y) © (F'(f) o F(9) ® idp(y)) o cappy,

=0,
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where the last equality follows from knowing F(f) = 0. We assumed that C’ is
semisimple, so in particular is nonzero. It follows that we can deduce that Tr(f o
g) = 0. Hence, f € N(C).

It remains to show that N(C) C ker F. Suppose that f : X — Yisa
negligible morphism in C. If we can show that F(f) € N(C’), then since C’ is
semisimple it follows from Lemma (4.3..9) that F'(f) = 0.

To see that F'(f) is negligible, let g : F(Y) — F(X). Since F' is full, there is

g Y — X such that F(¢') = ¢g. This allows us to compute

Tr(F(f)og)-idk, =Tr(F(f)o F(g)) - id,
= capp(yy © (F(f) o F'(9) ® idp(y)) o cuppy,)

= F(capy o (f o g ® idy+) o cupy )

= F(Tr(fog))

= F(0)

= O’
where the second to last equality is a consequence of f being negligible. O]
Proposition 4.4..4. LetC = Kark({(O | M | R)) and letC" =

Kark{((O' | M" | R")). Assume that k({(O | M | R)) and k({(O" | M" | R')) are
semisimplifiable (4.4..1).
If there is a full and essentially surjective monoidal functor F : C — C', then

there is a monoidal equivalence F : C — C' such that F ome = F.

Proof. Since F is full, Lemma (4.4..3) implies that ker F' = A/(C). Thus, there is an
induced functor F : C — C’ such that F o e = F. Since F is essentially surjective,

so is I, and therefore F is a monoidal equivalence. O
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Lemma 4.4..5. Let C and A be additive, rigid, monoidal categories with End(1) =
k -id. Suppose that A is an abelian category and that the monoidal product is exact.
If there is an additive, monoidal functor F' : C — A, then the trace of a nilpotent

endomorphism in C is zero.

Proof. Let n € Ende(X) be such that n® = 0, for some k¥ > 0. Thus, F(n) €
End4(F (X)) also satisfies F(n)* = F(n*) = F(0) = 0. Since A is abelian, it follows

from [17, Lemma 3.5, Corollary 3.6] that Tr(F'(n)) = 0. Thus,

Tr(n) - id, = Tr(n) - idpue)
= Tr(n) - F(idi.)
= F(Tr(n) - idy,)
= F(cap o (n ® idy) o cup)
= F(cap) o (F(n) ® idp(z)) © F(cup)
= Tr(F(n)) - idi,,

=0,

so Tr(n) = 0. O

4.5. Deligne’s Description of Rep(O(t)).

Definition 4.5..1. [17, Definition 9.2]
Let R be the C(T')-linear monoidal category with generating object ® and the

following generating morphisms.

>< / N\ (4.5..1)
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The relations are the following local relations on diagrams.

>0 (4.5.2)

>

_ _ (4.5..3)
SZ = M\ (4.5..4)
]§< _ >§[ (45.5)
;é _ ‘ (45.6)
Q -7 (4.5..7)

Definition 4.5..2. Define Rep(O(T")) to be the Karoubi envelope of the category

R. If t € C, then we also define

Rep(O(t)) := Kar(C ®7—; R).

Let V be an n dimensional vector space equipped with a non-degenerate
symmetric bilinear form B. If e; and f; are dual bases for V' with respect to B,

then element A =) e; ® f; € V ® V is independent of choice of basis.

Proposition 4.5..3. [17, Theorem 9.6/ The assignment e — V along with

>< = (VW wR ) (4.5..8)

135



) 1A (4.5..9)
/\ — (v ®w — Bv,w)) (4.5..10)

defines a full functor from Rep(O(n)) to Rep(O(V, B)). Moreover, the kernel of

this functor is the ideal of negligible morphisms in Rep(O(n)).

Remark 4.5..4. The category R does not actually appear in [17]. Instead, Deligne
worked with a category with objects {0, 1,2,...} and morphism spaces having a

basis of Brauer diagrams. Then [33, Theorem 2.6] showed that Deligne’s category
of Brauer diagrams [33, Definition 2.3|, denoted B(T") by Lehrer and Zhang in loc.

cit., is equivalent to the generators and relations category R.

Lemma 4.5..5. Letn € Zso. The category Rep(O(n)) = KarC @7, R is

semisimplifiable, see Definition (4.4..1).

Proof. That the endomorphisms of the unit are spanned by the empty diagram and
all homomorphism spaces are finite dimensional is an immediate consequence of the
homomorphism spaces in Rep(O(n)) having a basis of Brauer diagrams (4.5..4).

By considering the composition of monoidal functors

Rep(O(n)) — Rep(O(n)) — C — mod,

one can apply Lemma (4.4..5) and deduce that a nilpotent endomorphism in

Rep(O(n)) must have trace zero. O

4.6. Braidings on Rep(0O(2))

We want to determine all braidings on Rep(O(2)). This has already been

accomplished in [49], but we repeat the calculations here for completeness.
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In this section, for ease of notation, we write the following.

- ‘ ‘X;: >< Q- x (46.1)

Let 5(_,(—) be a potential braiding on Rep(O(T')). Since {1, X, Q} is a basis

of Endg (e ® e), it follows that there are scalars a,b, ¢ € C such that
Beo =al +bX + Q). (4.6..2)
The heragon equation implies that
Boeze = (Poe @ide) 0 (ide ®faa).

Also,

Bo,k = ldo = /Bk,o'

Therefore, naturality of § implies

(4.6..3)

e

which in turn implies that

[ — (4.6..4)
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In other words, using cups and caps to rotate 3 we obtain 37!. Expanding 3 in

Equation (4.6..4) we find that

(b* + ac)I + (ab + be) X + (a® + ab + tac + be + ¢*)Q = 1, (4.6..5)

so in particular, b(a 4+ ¢) = 0. Thus, we have the following:

If a +c=0, then b* = a®> + 1, and a*(2 — t) = 0, (4.6..6)

and

Ifb=0,c=a'#0,and t = —(a® +a ?). (4.6..7)

Since (3, . is a linear combination of 7, X, and () we can deduce that /3

satisfies the braid relation if and only if

(4.6..8)

for 7 € {I,X,Q}. The case of ? = [ is trivial, and the case of ? = @ follows from
Equation (4.6..3). A calculation shows that for the case of 7 = X to hold one must

have

PXRT+acQ @ +ac(X@No(IRQ)+A (XN o(I®Q)o(Q®I)

_ (4.6..9)

PI@X +acl @Q+ac(QRNo(IX)+A(I®Q)o(Q®I)o(I® X).
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Remark 4.6..1. Since partition diagrams form a basis for homomorphisms spaces
in Rep(O(T)), this calculation shows that a braidings on Rep(O(T")) would have

a = ¢ =0, and therefore by Equation (4.6..6) b = £1.

In order to see which /3 give rise to a braiding on Rep(O(2)) we need to

specialize T to 2 and consider the image of § under a functor Rep(O(2)) —

Rep(0(2)).
Let V' = Ce; @ Cey and let B(—, —) be the symmetric bilinear form on V

determined by

B(ey,e1) = 0= Bles,es) and Bley,es) =1 = B(ea, e1). (4.6..10)

By Proposition (4.5..3), there is a monoidal functor

Fp : Rep(O(2)) — Rep(O(V, B)). (4.6..11)

Subtracting the right hand side from the left hand side in Equation (4.6..9),

applying Fg, then writing the matrix with respect to the basis

{e1®@e1®e,e1Re Rer e @ea@ey,ea @ ey @ ey,

61®62®€2,62®61®€2,62®€2®61,62®€2®62}
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results in

0 0 0 0 0 0 0 9
0 a*-c E-ad? 0 0 0 0 0
0 —(a+c)? 0 a* — 2 0 0 0 0
0 0 (a+c)* & —a? 0 0 0 0
0 0 0 0 A —a® (a+c)? 0 0
0 0 0 0 a® — c? 0 —(a+c)? 0
0 0 0 0 0 A—a> - 0
0 0 0 0 0 0 0 0
This matrix is identically zero if and only if ¢ = —a.

Proposition 4.6..2. There is a bijection between the set C x (£1) and braidings on
Rep(0(2))

(a,€) — “f

such that

“Boe=0al +eva®+1X — aQ.

Proof. The preceding calculations show that the morphisms 8,4 = al + bX + c@Q
(interpreted as O(2) equivariant endomorphisms of V' ® V') satisfy the braid relation
and naturality if and only if ¢ = —a and b = £1.

The Karoubi envelope of a braided category is braided. Since Rep(O(2)) is
equivalent to the Karoubi envelope of the full monoidal subcategory generated by
V, it suffices to describe a braiding on this subcategory. Define ““B,2i 4or to be
the morphism corresponding the the positive braid lift of the minimal length coset
representative for the double coset S;x Sy -wg-S; X Sk, where wy € S, is the longest
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word, and to each crossing we assign ““f, .. We leave it to the reader to verify that

this determines a braiding on the monoidal subcategory generated by V. O]

Remark 4.6..3. For a more detailed discussion about this instance of a braiding on

a subcategory inducing a braiding on the Karoubi envelope see [49, Section 4].

4.7. Webs and Tilting Modules

Notation 4.7..1. We write [n],, the quantum integer n, to denote the element

-9 " in the ring Z[q, ¢ ']

q9—q

Let k be a field and let ¢ € k. Then we can specialize a quantum integer [n],

E+et

Let A =Z[q,q7",[2];']. If kis a field and £ € k is such that £ + &1 # 0, then

to the element [n]e =

we can specialize the quantum numbers % € A to k in exactly the same way.
When the context makes it clear we will drop the subscript of ¢ or £ and just

write [n].

Example 4.7..2. For the present purposes we are most interested in when k =

C(Cap), where (o, = €™, for some n € Zso. In this case we have

[k]Qn = [TL - k]Czn

for all k € Z.
By combining the usual tricks for working with quantum numbers, like the
identity [2][n] = [n + 1] + [n — 1], with the identity [k] = [n — k] we can explicitly

determine [k] € C((s.,,). To illustrate this, consider the case of C((s.4). Since

[1] =[4—1] = [3] and [2]* = [3] + [1].

141



we deduce that

[2]> = 2.
Since we chose (y.4 = €™/, we know that [2] > 0, hence [2] = v/2.

Notation 4.7..3. Let (,, = ™", If n > 3, then we can consider C((,) ®4 D,y,, and
write

Tn := Kar(C(¢n) ®4 Dap,)
We recall the main result of Chapter II.

Theorem 4.7..4. There is an equivalence of monoidal categories
T — Tilt(C(Ga) @ Uy (sha))

such that 1 — V(wy), 2 — V(ws), and the trivalent vertex maps to a specified

intertwiner in Equation (2.10..1).

Lemma 4.7..5. The category T, is semisimplifiable (4.4..1).

Proof. The category T, is equivalent to the category of tilting modules for

C(¢) ®a U, (;4(5134). This is an additive and monoidal subcategory of the category

of finite dimensional representations of C(¢,,) ®.4 Uz'(sp,), and it follows that
Tilt(C(C,) ®.4 U;(sp,)) has finite dimensional homomorphisms, the endomorphisms
of the monoidal unit are all scalar multiples of the identity, and that nilpotent

endomorphisms have trace zero. O

Remark 4.7..6. [31] The category Dy, is braided monoidal with

N —/

Bi1=gq + + (4.7..1)
/\ VR
2
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and the equivalence in Theorem (4.7..4) is braided monoidal with /;; mapping to

the usual quantum group braiding. For more details see [9, Porism 5.4].

4.8. Outline of Proof of Main Theorem

We will define a full and essentially surjective monoidal functor
Rep(O(2)) — Ta4. Then, we argue that the kernel of this functor is the ideal

of negligible morphisms in Rep(O(2)). Thus we have monoidal equivalences

Rep(0(2)) «— Rep(0(2)) — Toy — Tilt(C(Co4) @ U (shy)).

From this, we may deduce the desired equivalence between Rep(O(2)) and the
negligible quotient of tilting modules. Finally, we compute that the usual braiding
on Tilt(C((2.4) ® U;t(sp,))/N corresponds to an unusual braiding on Rep(O(2)).
Next, we argue that there is a full, essentially surjective, monoidal functor
T2 — Rep(O(2)). We then show that the kernel of this functor is the ideal of

negligible morphisms, and deduce monoidal equivalences

Rep(0(2)) <— Rep(0(2)) +— Tz2.3 — Tilt(C(Ca5) @ Uzt (sp,))-

Again, we observe that the braiding on the quantum group category does not

correspond to the usual symmetric braiding on Rep(O(2)).

4.9. A Functor Rep(O(2)) — Tz4

We first derive a relation which holds in E, but does not hold in 7.4
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Lemma 4.9..1. The following relation holds in Tz.4.

‘ = —[2] ) (4.9..1)

Proof. 1If X is indecomposable and dim X = 0, then Lemma (4.3..7) implies that

idy € N. Moreover, the results of Chapter II imply that
I = ‘ and F = ) (4.9..2)

5
is a basis for End¢e, ,)ep,,,4(1 ® 2). Note that E? = ul. Since [5]/[2] # 0 when

2]

q = (2.4, there is an idempotent projecting to V (wy + w»):
2
TV (o 4ws) = 1 — uE (4.9..3)

Moreover, the trace of this idempotent is

which is 0 when ¢ = (4. It follows that, Ty (w,+w,) is in M. The relation in the

statement of the lemma then follows from observing that [5] = —1 if ¢ = (2.4. O

Notation 4.9..2. We will write a dotted crossing to represent the following linear

combination in Endp,, (1 ® 1).

X =] +n Z (19.4)
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Lemma 4.9..3. The assignment e — 1 and

>< — >< (4.9..5)
< - U (4.9..6)
~ -\ (4.9..7)

extends to a monoidal functor
F :Rep(O(2)) — Tau.

Proof. We need to verify that the relations for Rep(O(2)) are satisfied by the cups,
caps, and the morphism (4.9..4) in 754. Note that [2] = /2 and —[6][2]/[3] = 2
in C(C2.4). By only using the relations for Dy, it is easy to verify the relations for
C ®r—2 R in Equations (4.5..2), (4.5..3), (4.5..4), (4.5..6), and (4.5..7).

It remains to verify the braid relation in Equation (4.5..5). Using Equation

(1.1..7) we deduce the following.

|:: = | +12] |: (4.9..8)

If we use Equation (4.9..4) to expand the dotted crossings in the following diagrams

N
_ (4.9..9)

)
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and then use (4.9..8) to simplify, we obtain

N "% % "
‘ +[2] ( — ‘ _[2] ) Lemma:(4.9._1) 0.
/\ /N A ey

(4.9..10)
The braid relation in Equation (4.5..5) is an immediate consequence of the
expression in (4.9..9) being zero.

Therefore, there is a monoidal functor
C®7r—2 R — Tau.
Since the target category is Karoubian, this functor extends to a monoidal functor
F:Kar(C®r—sR) — Tau

with the desired action on generating objects and morphisms. O]
Lemma 4.9..4. The functor F is full and essentially surjective.

Proof. Let (1)g denote the full monoidal subcategory of Dy, with objects tensor
products of 1. Since 2 is a direct summand of 1 ® 1 and the objects in D,,, are
tensor products of 1 and 2, it follows that the functor (1) — 7., induces a
monoidal equivalence Kar(1)g — Ta..

The functor F has image in Kar(1)g, so it suffices to show that F' is full. To
this end, we consider an arbitrary morphism in (1)g. This is a linear combination
of diagrams with no 2’s on the boundary. We also know from [31] that we can

assume that there are no closed subdiagrams. Thus, any occurrence of 2 in a given
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diagram must locally be of the form

A4
N\

(4.9..11)

Then by repeatedly applying Equation (4.9..4) we can write any morphism as a

linear combination of diagrams which are in the image of F'. [

Theorem 4.9..5. There is a monoidal equivalence of categories

F :Rep(O(2)) — Tz4

Proof. This follows from Lemma (4.7..5), Lemma (4.5..5), and Proposition (4.4..4).

]

Corollary 4.9..6. Under the equivalence in Theorem (4.9..5) the braiding on Ta.4
induces the braiding <3 on Rep(O(2)) from Proposition (4.6..2), for a = v/i/\/2

and e = 1.

Proof. First, use Equation (4.9..2) to write 3 in terms of the image under F' of
the generators of Rep(O(2)). Then, note that (3, = Vi and (o + Gt = V2 to see

a=i/V2. O

4.10. A Functor 753 — Rep(O(2))

Let V. = Ce; @ Cey, let B be the symmetric bilinear form in Equation
(4.6..10), and let Fz be the full and essentially surjective functor Kar C @ p—o R —

Rep(O(V, B)) in Equation (4.6..11). Note that the group O(V, B) is generated by
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the matrices

s = and 1, := , xzeC. (4.10..1)

This makes it apparent that the module V' ® V' decomposes into a direct sum of

three irreducible O(V, B) modules
\% (059 V= C{61 0% €1, €9 X 62} D C{@l Xey—er® 61} D C{61 XRey+ea® 61}. (4102)
Lemma 4.10..1. The endomorphism

+ >< — x ) (4.10..3)

maps under Fg, see Equation (4.6..11), to the idempotent endomorphism which,

under the decomposition in Equation (4.10..2) projects to C{e; ® e1,e3 ® ea}.

Proof. The image of (4.10..3) under Fj acts as

1
€1®€1'_>§(€1®61+€1®€1+0>:el®61

1
61®62>—)§<€1®€2+62®61_<61®62+62®61)):0

1
62®€1'—>§(€2®€1+€1®€2_(€1®€2+62®€1)):0

1
€2®€2'—>§(€2®€2+€2®€2+0)=€2®62.

Notation 4.10..2. In this section we will continue to use the notation I, X, and

@ from Equation (4.6..1) to denote the three basis elements in End(e ® o). We will
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also write the idempotent in Lemma (4.10..1) as

E:%U+X—@.

Lemma 4.10..3. The assignment s — (e,id), t — (e @ o F), and

A = AV =L

VN N YA AN (4.10..5)
— & > @ (4.10..6)

determines a monoidal functor
G : T2.3 — Rep(0O(2)). (4.10..7)

Proof. This is a another generators and relations check. Note that if ¢ = (5.5, then
2] = 1 and —[6][2]/[3] = 2 = [6][5]/[3][2]- It is immediate from the definition of £
that all relations hold, except the relation in Equation (1.1..6).

The relation in Equation (1.1..6) is not satisfied in Rep(O(2)), but does

hold in the negligible quotient. The simplest way to verify the relation in the
negligible quotient is to use Lemma (4.10..1) to check that applying the functor

Fp : Rep(O(2)) — Rep(O(V, B)) to the diagram

v 10,8
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results in a linear map which sends each basis vector in C{e; ® e1,ea® €2} CV RV

to 0. O
Lemma 4.10..4. The functor G is full and essentially surjective.

Proof. Since 1 — e, (& is essentially surjective. The identity maps of the objects
¢®™ the idempotent E, and the cup and cap maps are in the image of G. Since
X can be expressed in terms of I = idege, £ and @, it follows that the symmetric

crossing is also in the image of G. Thus, G is full. ]

Theorem 4.10..5. There is a monoidal equivalence

G : T3 — Rep(0(2)).

Proof. This follows from Lemma (4.5..5), Lemma (4.7..5), and Proposition (4.4..4).

O

Corollary 4.10..6. Under the equivalence in Theorem , the braiding on Tz

1
induces the braiding <3 on Rep(O(2)) from Proposition (4.6..2) for a = (3.3 — 5
and € = —1.
Proof. We leave this as an exercise to the reader. O]

4.11. Sketch of Proof of Conjecture (1.3..6)

Notation 4.11..1. Let n € Zsy. Write A := Z[q, ¢, [2]74, [3]7Y, ..., [n]7Y]. Let

Web* (sp,,,) be the obvious A form of Web(sp,, ). Let U (spy,) be Lusztig’s
divided powers quantum group, viewed as an A algebra. Fix ¢ > n. Write

Ti(spy,) := Kar (C ®,_2ri/c Web™(spy,,)).

150



Conjecture 4.11..2. /9, Remark 3.8] There is a monoidal equivalence Ty(8py,) —

Tilt(C Qge2mi/t U(;“(spgn)).
We will assume this conjecture is true for the rest of this section.

Proof Sketch of Conjecture (1.3..6). Suppose that ¢ = (s.9,. Since 2n > n,
the fundamental Weyl modules for sp,,, are tilting modules. Moreover, using [9,

Proposition 2.2] we find that
dim, V(@) = 2,dim, V(ws) = 1, and dim, V(@) =0 for k = 3,4,...n.

Therefore, the only diagrams in C ®,_ix/2n Web(sp,, ) which survive in the
negligible quotient are those with labels 1 and 2. Using that webs with label 3
are zero, one can argue similarly to the proof of Lemma (4.9..1) that the following

relation holds in the negligible quotient.

2
! 2 i X (4.11..1)

1 2

Note that [n+ 1] =[2n— (n+1)] = [n— 1], s0 [2][n] = [n+ 1] + [n — 1] = 2[n + 1].
Minor variations of the arguments given in the proofs of Lemma (4.9..3) and

Lemma (4.9..4) for sp, will then show that the assignment

2
>< - ‘ ‘ o X (4.11..2)

determines a full and essentially surjective monoidal functor Rep(O(2)) —

T2.20(8ps,). The desired result then follows from Proposition (4.4..4).
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Let ¢ = (o.(ng1). Since n + 1 > n, the fundamental Weyl modules for
C

g=zetag(nin Ug A(sp,,) are tilting modules and from [9, Proposition 2.2] we also find

that

dim, V(wy) =2for k=1,2,...n
We will define idempotents Ej, € Endm(o@“) for all n > 2. Set

1

Elzzid,Ez::E:§(I+X—Q),
and for k > 3
CE, > = (-] -

Recall, from Equation (4.6..11), the monoidal functor Fz from Rep(O(2))
to Rep(O(V)), and from Equation (4.10..1), the group O(V') is generated by
elements s and t,, for all z € C. Note that the O(V) module V®* has a submodule

C{ef*, e5*} and

s(ef®) = e5", s(e3”) = e to(ef") = a’el, and to(e5"*) = a7 e,

Since all the other basis elements in V®* are acted on by t, as 2% for i < k, we
see that the submodule C{e{*, e5*} has multiplicity one in V®*. Thus, there is a
unique endomorphism of V®* which projects to this isotypic component and is the
identity on . One can check that the image of Ej under Fp corresponds to this

idempotent.
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It is easy to see that Ey o (Fx_1 ® id,) = Fj. Using that F(E})) is projection
to C{ef*, €5}, and that Fp : Rep(O(2)) — Rep(O(V)) is an equivalence, we can
also deduce that Ej, o (ide ®E},_1) = E}.

Let A\, € C be such that A2 = [k] in/ms1) for k = 1,2,..., n. We claim that

there is a functor
C ®yeein/ntn) Web™(spy,) — Rep(O(2))

such that &k +— (e®F E}),

k+1
»\ — A Ep1 0 (ide ®Fy) : @ @ (%%, Ey) — (%F! Ey ),
1 k

and
k+1

»\ — /\kEk—H O (Ek ® ld.) . (O®k, Ek) ® o —> (.®k+1, Ek+1)-
k1

If there is such a functor, it is clearly full and essentially surjective, so we
are reduced to a generators and relations check. The most interesting relation is

Relation (1.3..7e).

Note that since ¢"*! = —1 we have

n—Fkl=[k+1],[n—k+1] = [k],and [n] = 1.
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Let k > 3. The left hand side of Relation (1.3..7¢) maps to

o @D &) = e
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The right hand side of Relation (1.3..7¢) maps to

1 1 1 1
C B2 D
CE D CE D n—k+ C D CE D
k k
1 1
Lk
] D CED
k k
which after simplifying the coefficients becomes
1 1 1 1
/NN
P> B C > CE D
k k
1 1
N [k +1]
7 & CED
k k

155



Thus, the result will follow if we can show that

When k& > 2 this is a consequence of the fact that C{e*, e5*} ® C{e*, e5*} does

not have any basis vectors such that ¢, acts by 22, so

Homo (C{61 a62k} ®C{61 » €9 k} C{6?2a622}) =0.
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