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DISSERTATION ABSTRACT

Sangeet Paul
Doctor of Philosophy in Physics

Title: Probing Binary Black Hole Formation Channels with Gravitational Waves

This dissertation presents the work I've done with gravitational waves
using data from and as part of the LIGO-Virgo-KAGRA collaboration. The work
in this dissertation showcases different approaches to analyzing the data in the
third gravitational wave transient catalog. Since all of the detected signals in the
catalog are consistent with compact binary coalescences, most of them binary black
holes, it provides a great window to peek into the black hole demographics of the
universe. The parametric noise modeling algorithm was introduced to conduct
joint inference on signal parameters and noise parameters, enabling probes into
hidden correlations between signal and noise models. Several clustering algorithms
were developed to find patterns in gravitational-wave data which have significant
uncertainties, using which, a lot of the patterns found in other population analyses
were recovered and a few outliers were identified. The coagulation model for
hierarchical mergers was refined and constrained with the catalog, providing
evidence for the massive event GW190521 being a hierarchical merger very likely
produced in an active galactic nucleus disk. All the techniques established in this
dissertation will prove useful in analyzing the rapidly growing gravitational-wave
census, thereby improving our understanding of black holes as well as the universe
at large.

This dissertation includes previously unpublished co-authored material.
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CHAPTER I
THE STORY SO FAR

1.1 Introduction

In 1687, Isaac Newton published his law of universal gravitation, wherein
every mass in the universe has its own gravitational field, and masses feel a net
gravitational force due to the sum of all such fields in the universe. According to
his theory, when a mass changes position, the entire gravitational field throughout
the universe changes instantaneously, and the resultant gravitational forces are
instantly changed accordingly. In 1915, Albert Einstein published his general theory
of relativity, currently the most resilient description of gravity, wherein gravity is
the result of the curvature of space-time. It asserts that no information can travel
faster than the speed of light, including information on the positions of mass in
the universe, which is communicated through the gravitational field. General
relativity (GR) predicts that a change in gravitational field will travel through
the universe at the speed of light. It is exactly these changes in gravitational field
that are gravitational waves (GWs). They are created by moving masses just
like electromagnetic waves are created by moving charges. But because gravity is
the weakest of the four fundamental forces, even a strong gravitational wave will
produce displacements on the order of 107! meters, a 1000 times smaller than
the diameter of a proton. And these waves are produced by very massive systems
undergoing large accelerations, like two orbiting black holes (BHs) that are about
to merge into one. And since systems like these are rare, these sources will be light-
years away. Einstein himself thought these tiny “ripples on space-time” were too

small to detect, at least with the technology back then.
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In 1974, Russell Alan Hulse and Joseph Hooton Taylor Jr observed the
orbital decay of a binary pulsar which matched the decay predicted by GR as
energy is lost to gravitational radiation, providing the first indirect evidence for
the existence of gravitational waves (Hulse and Taylor| (1975])). But the first
direct observation of gravitational waves was made in 2015, when the two Laser
Interferometer Gravitational-wave Observatory (LIGO) detectors received a signal
generated by the merger of two black holes (The LIGO Scientific Collaboration and
The Virgo Collaboration| (2016)). Now, there’s an international detector network
consisting of LIGO-Hanford in Washington, LIGO-Livingston in Louisiana, Virgo
in Italy, KAGRA in Japan, and GEO600 in Germany, with LIGO-Aundha in India
set to join later this decade. The census of observed gravitational waves from the
“stellar graveyard” has grown to almost a 100 compact binary coalescences (CBCs)
(The LIGO Scientific Collaboration, The Virgo Collaboration, and The KAGRA
Collaboration| (2021a)); [The LIGO Scientific Collaboration et al. (2021b)), that
is, the merger of two compact objects such as black holes or neutron stars. In
addition to upgrades to currently existing detectors, more planned gravitational-
wave detectors are on their way, including larger interferometers on the ground
(Cosmic Explorer, Einstein Telescope) and in space (LISA), as well as four different
pulsar timing arrays.

Gravitational waves interact with matter by compressing objects in one
direction while stretching them in the perpendicular direction. Therefore, laser
interferometric gravitational-wave detectors are either L-shaped or triangular,
and detect gravitational waves by measuring the relative lengths of their “arms”.
Multiple interferometers are needed to confidently detect and locate the sources

of transient gravitational waves. Since gravitational waves have a finite speed,
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a detection delay between the detectors helps pinpoint the sky location of

the gravitational-wave source. Multiple detectors also help sort out candidate
gravitational-wave events caused by local sources by discarding candidate events
observed at one detector but not the others within the light travel time between
detectors.

The universe is soaked with gravitational waves, just as it is with
electromagnetic radiation of various frequencies, neutrinos, and cosmic rays. Hence,
the introduction of these new “messengers” of information has opened new windows
into the universe. And with the wealth of new information come a plethora of
fresh questions. The curiosities range from finding ways to improve the detectors
even further, to investigating every single gravitational-wave event, to looking for
patterns in the overall distribution of these events, to probing the cosmological
history of the universe.

The work I have compiled in this thesis is an attempt to grapple with
quite a few of these questions. In chapter II, we build a parametric model for
the noise in gravitational-wave detectors. Being able to estimate the noise from
only the data containing the gravitational-wave signal and being able to track
how the noise is changing with time will become especially important as we keep
detecting gravitational waves more frequently and for longer durations. Improving
our noise models would lead to better estimation of gravitational-wave parameters,
which brings us to the chapter III. While several techniques exist for analyzing
gravitational-wave merger events, we introduce clustering algorithms that can
look for patterns in the estimated parameters. This technique can deal with a
large number of gravitational-wave events very quickly, making it an important

exploratory tool for the future. All these efforts lead up to the question: why are
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the gravitational-wave event parameters distributed in this specific way? Trying to
answer that question itself opens up a whole menagerie of astrophysical questions.
The one we intend to tackle is “Where are these mergers happening?” While
various BBH formation scenarios have been proposed, we’re specifically interested
in hierarchical mergers in dynamical environments, such as globular clusters and
AGN disks.

The rest of this chapter is a brief review of general relativity, gravitational
waves, the basic physics of gravitational-wave detectors, and the observations that
the LIGO-Virgo-KAGRA collaboration has studied so far.

1.2 General relativity

In general relativity, the bending and curving of spacetime is governed by
the Einstein field equations. Deriving these and looking for their solutions should
lead us to a theoretical understanding of gravitational waves. The general direction
of the derivations has been guided by Tong (2025).

In classical dynamics, the Lagrangian L of a system specifies its dynamics.
We can assign a functional to particle paths x%(t) called the action S that is defined

as

Sl (1) = / St L2 (1), (1) (1.1)

t1

where the index ¢ represents one of the three spatial dimensions: z° € {x,vy, z}.
The principle of least action states that the true path taken by a particle is

an extremum of S. It is equivalent to the Euler-Lagrange equations, which can be

oL d (0L
Ox'  dt (aﬁgi) =0 (12

derived by setting 05 = 0
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The Lagrangian that describes motion in curved space is an extension of the kinetic

energy

L = Zgy(x)i's (1.3)

where the matrix g;; is called the metric which, by definition, satisfies "/ g;; = 0°,..

The Euler-Lagrange equations for this Lagrangian are computed to be

i 4 Thd? i = 0 (1.4)
where the coefficients
; L, (Og;  Ogw  Ogjk
i Lo - 1.5
ik = 99 (&ck + Ozd  Ox! (1.5)

are called the Christoffel symbols. These Euler-Lagrange equations are called the
geodesic equations and their solutions are called geodesics.
We can build a few important quantities that will aid us along the way of

our derivation. One of them is the Riemann curvature tensor,

o _ o o A 1o A 10
R, =007, =017, + 1,0, =T 7y (1.6)

which appears in the geodesic deviation equation
D2SH ox" Oz*
— =R, ———957 (1.7)
Dt? 7 OT OT

where S* is called the deviation vector that takes us from one geodesic to a nearby

geodesic with the same affine parameter 7. Note that we've moved from purely

spatial coordinates (Latin indices) to space-time coordinates (Greek indices): z* €

{t,z,y,z}. Thus, % = %—:VH is the covariant derivative. The equation tells us

that the relative acceleration of neighboring geodesics is controlled by the Riemann

tensor.
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Another important quantity is the Ricci curvature tensor which can be
constructed by contracting the Riemann tensor
R, =R, (1.8)
Going one step further, we can also create the Ricci scalar
R=g¢"R,, (1.9)
Now, the Riemann tensor obeys the Bianchi identity

v[/\Rap];u/ =0 (110)

where R, = ga,\RApW and the square brackets represent the anti-symmetrization

operator. This implies that for the Ricci tensor,
1
VIR, = §V,,R (1.11)
Now we are motivated to build the Einstein tensor
1
G =R, — §ng, (1.12)
so that the Bianchi identity would imply
VG, =0 (1.13)

This means that the Einstein tensor is covariantly constant.
We now introduce the simplest non-trivial action we can write for the

spacetime manifold, the Einstein-Hilbert action

S = /d4x\/—_gR (1.14)
The Euler-Lagrange equations arising from this are

Gy =0 (1.15)
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These are the Einstein field equations in the absence of any matter. The vacuum

Einstein equations are equivalent to saying that the metric is Ricci flat
R, =0 (1.16)
Analogous to the Lagrangian being defined as the kinetic energy minus the

potential energy, we introduce a constant, that we call the cosmological constant

A, into the action

_ 1 Zt
S= o /d o/ =g(R — 2A) (1.17)
- G;Lll = _Ag,uy (].].8)
- R,uu = Ag,uu (119)

Now we add an action for matter fields Sy, that is dependent on both the fields and

the metric.
1 4
S = e /d z/—g(R —2A) + Sy (1.20)
And we define the energy-momentum tensor to be
2
T, = 05 (1.21)

" B vV =3 5g/w

Varying the full action with respect to the metric gives the equations of motion
G+ Agy = 87GT,, (1.22)

These are the full Einstein equations, describing gravity coupled to matter.

The Einstein equations comprise ten, coupled partial differential equations.
The general solution is a formidable challenge, but a number of highly-symmetric
solutions are known.

When the metric is almost flat, assuming A = 0, the metric can be

expressed as small perturbations h,, < 1 on the Minkowski metric 7, =
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diag(—1,+1,41,+1), that is

G = My + Py (1.23)
We want to expand the Einstein equations to linear order in the small
perturbation case, so we can think of gravity as a symmetric “spin 27 field A,
propagating in flat Minkowski space 7),,, that exhibits a Lorentz invariance.
Proceeding with the construction of various curvature tensors from the
metric, while working in linear order in h, we eventually arrive at the Einstein
tensor
G = % (0°0,hy, + 070, by, — Ohyy — 0,0,h — (070 hype — OR)N) (1.24)
For this linearized Einstein tensor, the Bianchi identity for the full Einstein tensor
VHG ), = 0 reduces to
"G, =0 (1.25)
The Einstein equations now become a linear, but still complicated, set of second
order partial differential equations

070, by + 070, hyyy — Ohyy — 0,0y h — (0907 by — D) = 167GT,,  (1.26)

where the source T}, is assumed to be suitably small for consistency.
Linearized gravity has a nice gauge symmetry. So under an infinitesimal

change of coordinates
ot — ot — H(x) (1.27)

the change in the linearized metric can be viewed as a transformation of the

linearized field

Py = Iy + 0,6, + 0,E, (1.28)
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From comparison to the gauge transformation in electromagnetism, we can intuit

that the linearized Riemann tensor must be gauge invariant.

Continuing the similarity with electromagnetism, we can then impose a

gauge fixing condition in linearized gravity called the de Donder gauge
1
"hyy — z0,h =0
2
whose full non-linear version looks like g"I',, = 0.
The linear de Donder gauge simplifies the Einstein equations to
1
Uhy — §Dhn,w = —167GT,,
Defining
- 1
Py = hyw — Ehn,w
the Einstein equations reduce again to
Ohy = —167GT,,

1.3 Gravitational waves
Since gravitational waves propagate in vacuum, in the absence of any

sources. This means that we need to solve the linearized equation
Uhy =0
One solution is provided by the gravitational wave

B = Re(H,,e*"")

(1.29)

(1.30)

(1.31)

(1.32)

(1.33)

(1.34)

where H,, is a complex, symmetric polarization matrix and the wavevector k,, is a

real 4-vector. Usually when writing these solutions we are lazy and drop the Re on

the right-hand side, leaving it implicit that one takes the real part. This plane wave
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ansatz solves the linearized Einstein equation provided that the wavevector is null,
k, k" =0 (1.35)

which tells us that gravitational waves, like light waves, travel at the speed of light.
If we write the wavevector as k* = (w, k), with w the frequency, then this condition
becomes w = +k].

Because the wave equation is linear, we may superpose as many different
waves of the aforementioned form as we wish. In this way, we build up the most
general solution to the wave equation.

Naively, the polarization matrix H,, has 10 components. But we still have
to worry about gauge issues. Our ansatz satisfies the de Donder gauge condition

(9“1_1W = 0 only if
KH,, =0 (1.36)

which tells us that the polarization is transverse to the direction of propagation.
Furthermore, the choice of de Donder gauge does not exhaust our ability to make
gauge transformations. If we make a further gauge transformation h,, — h,, +

a,ugz/ + al/é;u then
By — hyw + 0,8, + 0,6, — 0°E (1.37)

This transformation leaves the solution in de Donder gauge 9*h,, = 0 provided

that
¢, =0 (1.38)
In particular, we can take

€ = Nt (1.39)
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which obeys ¢, = 0 because k,k” = 0. A gauge transformation of this type shifts

the polarization matrix to
H,, — H,, +i(k,\, + koA, — KA ) (1.40)

Polarization matrices that differ in this way describe the same gravitational wave.

We now choose the gauge transformation A\, in order to further set
Hp, =0and Hj =0 (1.41)

These conditions are known as transverse traceless gauge. Because H is traceless,
this choice of gauge has the advantage that h,, = BW.

At this stage we can do some counting. The polarization matrix H,, has 10
components. The de Donder condition gives 4 constraints, and there are 4 residual
gauge transformations. The upshot is that there are just 10 —4 — 4 = 2 independent
polarizations in H,,.

For example, the wavevector of a gravitational wave propagating in the z

direction would be
k' = (w,0,0,w) (1.42)

The constraints restrict the polarization matrix to be

00 0 0
0 H, Hy 0
H,, = L. (1.43)
0 He H, 0
00 0 0

where the elements H, and Hy can be complex, but only the real part constitutes

the metric. H, and H, are the two polarization states.

22



The relative physics of how gravitational waves affect neighboring objects

can be captured by the geodesic deviation equation

Dg* -
D2 = Wpnu'u’S (1.44)

where u* is the velocity 4-vector and S* is the displacement vector.
For a family of geodesics in a rest frame, u* = (1,0,0,0), a passing

gravitational wave will change it as
u* = (1,0,0,0) + O(h) (1.45)

Computing the deviation to leading order in the metric perturbation h, the

geodesic equation becomes
d*SH 5
W = RHO(]VS (146)

Plugging in the linearized Riemann tensor we had computed earlier,
?St 1d*h”,
a2 2 d?

¥ (1.47)

Notice that a gravitational wave propagating in the z direction affects neither S°
nor S3. Its only effect on the geodesics is in the (x,y)-plane, transverse to the
direction of propagation.

We can solve this equation in the z = 0 plane for the two polarizations. If

we set Hy, = 0, then the geodesic deviation equations become

25! 2 '
= —%H+e’“t51 (1.48)
252 2 '
= +%H+e“t52 (1.49)

which can be solved perturbatively in H, to get

St(t) = S1(0) (1 + %HJreM + ) (1.50)
S%(t) = S*(0) (1 - %mem + ) (1.51)
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Imagine a collection of particles arranged around a circle of radius R. Then at t =
0, the displacement vectors S, the distances from the origin in this case, will satisfy
S1(0)2+52(0)? = R?. The relative minus sign in the solutions tells us that when the
geodesics move outwards in the z direction, they move inwards in the y direction,
and vice versa. The overall picture, as shown in figure [1} is that the particles evolve
from a circle to an ellipse, then back to a circle, then to an ellipse orthogonal to

the previous one, then back to a circle, and so on. The movement traces out a soft
“plus” sign in the plane, hence the name “plus polarization”.

Similarly, setting H, = 0, the geodesic deviation equations become

d?s! w?
3 :—7er t52 (1.52)
d?s? w?r
3 =~ Hxe tg! (1.53)

which can again be solved perturbatively in Hy to get

St(t) = S*(0) + %SZ(O)HXeM + ... (1.54)
S2(t) = S2(0) + %S%O)erm b (1.55)

Notice that the displacements S*(¢) 4+ S?(¢) have the same functional form as the
plus polarization displacements, implying these are the same displacements rotated
by 45°. This time, the circle to ellipse evolution traces out a soft “cross” sign in the
plane, hence the name “cross polarization”.

We can take linear combinations of these polarization states to form circular
or elliptic polarizations.

The gravitational wave displacements being invariant under rotations by  is

reflected in the fact that the hypothetical graviton has spin 2.
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Figure 1. Gravitational wave polarizations.

(ST
3
|

1.4 Detectors

Ground-based gravitational wave detectors are essentially giant laser
interferometers based on the Michelson design (Aasi et al.| (2015])). Coherent light
is halved with a beam splitter, bounced back and forth along the two arms with
the mirrors at the two ends acting as the test masses. The light recombines at the
beam splitter and the resulting interference pattern is fed into a detector. A change
in this pattern translates to a difference in the arm lengths, which in the absence of
noise, would be the result of a passing gravitational wave.

A detector would be the most sensitive to a gravitational wave that
propagates perpendicular to the plane of the detector with a polarization
maximally aligned with the arms, as it would produce the largest difference in the
arm lengths. In this maximum sensitivity case, the difference in the arm lengths

would be

H
L’:L(1i7+):>—:— (1.56)
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For typical astrophysical sources, H, ~ 1072, For LIGO’s 4km long arms, we can
estimate 0L ~ 107'8 m, which is orders of magnitude smaller than the radius of a
proton.

A range of optical and mechanical technologies, such as Fabry-Perot
resonant cavities, power recycling, and frequency-dependent squeezing, are used
to improve LIGQO’s sensitivity to the level required to observe such tiny strains.
Figure [3] shows the sensitivity of LIGO, LISA and IPTA as a function of frequency,
along with characteristic ranges of strains from various astrophysical sources.

A simplified schematic summarizing the main steps in LIGO-Virgo-
KAGRA’s data processing is shown in figure @l Chapter II delves into the

parameter estimation process in detail, but we’ll briefly review it here.
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The timeseries data d observed by a gravitational-wave detector is its true
response to a signal h plus some true noise n. For a good model h of the signal, the

residual r should be consistent with the noise model.

d(t) =n(t) + h(t) =r(t) + h(t) (1.57)
This means that the likelihood that the data d contains a possible signal  is given
by the probability that r is a realization of the noise model, that is, the likelihood

function is essentially the noise model. So if the noise model is Gaussian, then the

likelihood can be written as

1 1
dh) = ——ex ——rC_lr) 1.58
plah) = s (5010 (15%)
where C is the noise correlation matrix, and
<I"C_1‘I'> = \/0 rIkC(_[llc)(Jm)erdf (159)

where Crp)(m) is the correlation between the detector I’s k-th data sample and the

detector J’s m-th data sample. If the noise between detectors is uncorrelated, then

Cakysm) = 015Chm, (1.60)
and
Niro
p(d/h) = ] p(ds[h) (1.61)
I

Now, for a single detector,

wle ) = [ rIC s (162
0

If the noise is stationary, then C will be diagonal in the Fourier domain

Crm = OkmS(fr) (1.63)

This S(fx) is the power spectral density (PSD). So, in the Fourier domain,

Ly [T 2 R
wle = | = (1.64)
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Since C is now a diagonal matrix,

det(C) = [ S(f) (1.65)

Putting it all together,

Ny Ny ¥
T.Tk
djh) = k2 1.
piamy =[] g < T i (1.66)
Ny
2 didy — 2d5hy, + By
_ _ 1.
1;[ TS, P { TS (1.67)
which makes the log likelihood
Ny Ny
2 o~ didy — 2dthy + hihy 2
1 h) = —— k k 2N Nylog [ — 1.
oup(ahy =73 A > toa(s) + Nylox () (165

Note that in the first term, the sum cannot be factorized into a numerator sum and
a denominator sum. Hence, it’s called the noise-weighted inner product, as opposed
to just an inner product with a factor. Since the signal model h is a deterministic

function of signal parameters 5h,

p@@0=/m&mmm%mh:M&M%» (1.69)

And the posterior distribution is

p(d|0,)7(61)
p(d)

The model evidence p(d) can be computed during the Bayesian inference

p(Onld) = (1.70)

process with techniques such as thermodynamic integration or stepping-stone
approximation.
1.5 Observations

The first direct observation of gravitational waves occurred on September
14, 2015 with the detection of the signal GW150914 (The LIGO Scientific
Collaboration and The Virgo Collaboration| (2016)) by LIGO (Aasi et al| (2015);

B. P. Abbott et al. (2016])). Since then, an intercontinental network comprising
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LIGO in the United States, Virgo in Italy (Acernese et al|(2014))), and KAGRA

in Japan (Akutsu et al.| (2021))) has been operating with steadily improving

sensitivities, leading to increasingly frequent gravitational-wave detections.

Collectively, these terrestrial detectors have detected over 300 gravitational-wave

signals to date (B. P. Abbott et al.| (2019); R. Abbott et al. (2021} 2024); The |

LIGO Scientific Collaboration et al.| (2021a))). Figure |5|illustrates the cumulative

number of gravitational-wave detections as a function of time. These detectors
operate in periods of coordinated observation called “observing runs”, which are
interspersed with phases of instrumental upgrades and commissioning. LIGO
and Virgo have completed three such runs, with the fourth “O4” observing run
currently in progress. All gravitational waves observed so far are believed to have
arisen from stellar-mass compact binary mergers: the relativistic, gravitational-
wave-driven collisions between stellar-mass black holes and/or neutron stars. These
gravitational-wave detections are periodically compiled and published by the LIGO-
Virgo-KAGRA collaboration as “gravitational-wave transient catalogs” (GWTCs).
Significant insights have been gained from the study of individual events,

especially those with either unusual features or exceptionally well-measured

properties. The very detection of GW150914 (The LIGO Scientific Collaboration |

and The Virgo Collaboration (2016])) and GW170817 (B. P. Abbott et al. (2017))

provided the first direct evidence for the existence of merging binary black holes

and binary neutron stars, respectively. Events like GW190521 (R. Abbott et al.|

(20204, [2020c)) ), a binary black hole with a primary component mass straddling

the “pair-instability mass gap” may imply black hole formation processes beyond

massive stellar evolution (S. Woosley| (2017)); |S. Woosley and Heger| (2021))).

Similarly, events like GW190814 (R. Abbott et al. (2020b)) and GW230529_-181500
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Figure 5. Cumulative number of gravitational-wave detections as a function of
time. Observing runs are marked by vertical bands. Confident detections are in
black, and candidate detections are in gray.
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(Abac et al.| (2024))) point to the existence of compact objects heavier than neutron
stars but lighter than any other confirmed black holes. Despite this, drawing robust
conclusions about the astrophysical population of merging compact binaries from
individual exceptional events remains challenging, due to a variety of factors such
as significant uncertainties on inferred parameters, and severe selection effects.
Consequently, our current understanding of compact binary demographics is largely
informed by statistical analyses of the overall observed population.

The multitude of analyses have taught us a lot about the astrophysical
binary black hole population. The details can be boiled down to a few confident

observations about binary black hole masses:

— The large majority of BBH mergers have primary masses in the 8 — 10 Mg

range.
— Above ~10 My, the BBH merger rate decreases rapidly with primary mass.

— There’s an approximately Gaussian excess of BBH mergers with primary

masses ~ 35 M.
— Black holes exist in the upper pair-instability mass gap.
— Binary black holes are preferentially symmetric in mass.
and about binary black hole spins:
— Most component black holes have small spins 0 < x < 0.4.

— Black hole spins are preferentially aligned with the orbital angular

momentum.

— Some BBHs exhibit significant spin-orbit misalignment.
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Also, it has been observed that binary black holes with more unequal masses
exhibit larger more positive effective spins.
1.6 Bayesian analysis

Almost all facets of gravitational-wave data analysis involve Bayesian
statistics, so we’ll briefly review it here.

Bayes’ theorem provides a mathematical framework for inverting conditional
probabilities, enabling the calculation of the probability of a cause given its
observed effect. The theorem states that the “posterior” probability p(H|E) of
a hypothesis H given some observed data F is equal to the “likelihood” p(F|H)
of observing the data given the hypothesis, multiplied by the “prior” probability
p(H) of the hypothesis without the observed data, divided by p(F), the total
probability of observing the data given all possible hypotheses, also called the

marginal likelihood or the model evidence.
p(E|H) - p(H)
p(E)

Bayesian inference is a statistical method that leverages the Bayes’ theorem to

p(H|E) = (L.71)

update prior probability distributions of model parameters with new observed
data to calculate their posterior probability distributions. Mathematically, the
posterior distribution of parameters 6 given data d and model hyperparameters

« 1s calculated as

[ p(d, a)p(6]a)dd

In practice, for almost all complex Bayesian models, the posterior distribution is

not obtained in a closed form distribution, but is instead computed in the form

of samples. Numerous sampling algorithms now exist for efficient computation of
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inferred posteriors, each using different techniques to optimize Bayesian inference
for different problems.
1.7 Chapter notes

Co-authorship of chapters II, ITI, and IV is as follows:

— Chapter II is part of a manuscript in preparation co-authored by me and Ben
Farr. I primarily developed the noise model, built the code extending the

BILBY software, ran the analyses, and designed the validation studies.

— Chapter III is part of a manuscript in preparation co-authored by me, Zoheyr
Doctor, and Ben Farr. Zoheyr Doctor had initiated this project with the
deterministic k-means and probabilistic agglomerative methods. I developed

the rest of the algorithms, modularized the code, and ran the analyses.

— Chapter IV is part of a manuscript in preparation co-authored by me,
Zoheyr Doctor, Ben Farr, and Daniel Wysocki. It’s based on the hierarchical
merger model initially developed by Zoheyr Doctor, Daniel Wysocki, Richard
O’Shaughnessy, Daniel E. Holz, and Ben Farr in Doctor et al.| (2020). I
primarily developed the astrophysically-motivated models, especially those for
globular clusters and AGN disks, as well as designed the population mixture
model inference technique. I also built the new population inference code

from scratch, and ran the analyses.

Note that we’ve used the words “cluster” and “hierarchical” with two
different meanings in two different contexts. In chapter I, a cluster is a grouping
of data points, and hierarchical is a type of clustering method. In chapter IV, a

cluster is a gravitationally-bound group of stars, and hierarchical is a hypothesized
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model of repeated mergers. Also, neither usages refer to a computer cluster or

Bayesian hierarchical modeling, both of which are important to my work in general.
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CHAPTER II
UNDERSTANDING NOISE

The work in this chapter is part of a manuscript in preparation co-authored
by me and Ben Farr. I primarily developed the noise model, built the code
extending the BILBY software, ran the analyses, and designed the validation studies.
2.1 Introduction

Gravitational-wave detectors are time-domain instruments, recording
gravitational-wave amplitude as a differential change in the lengths of each of
the interferometer arms. The primary output of these detectors is a single time-
stream of gravitational-wave “strain” - a one-dimensional real-valued time series.
But the sensitivity of gravitational-wave detectors is frequency dependent and so
is often measured as a power spectral density (PSD) over the range of interesting
gravitational-wave frequencies. The PSD describes how the power of the signal
or time series is distributed over frequency. It is often estimated using Welch’s
method, which computes the average of the modulus squared of the discrete Fourier
transform of windowed overlapping time segments.

If we are to properly utilize the detectors to understand the universe,
we have to keep them as noise-free as possible. But instrument noise dominates
gravitational-wave data. Even with advanced current-gen interferometers, we need
powerful analysis methods to squeeze out relevant information. All search pipelines
looking for evidence of various kinds of gravitational-wave sources essentially ask
the same question: “How statistically different is the detector output from our
model for the data?” Template-based analyses model the data as a combination
of noise and signals, and sometimes glitches. Thus, any errors in modeling the

noise will lead to errors in inferring the template waveform parameters. Hence,
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understanding the noise is just as crucial as understanding the template signals in
order to do accurate parameter estimation.

Noise in ground-based interferometers has 3 broadband components:
— seismic noise at low frequencies,
— thermal noise at mid frequencies, and
— quantum photon shot noise at high frequencies.

On top of this lie various high-power, narrow-band, spectral lines due to resonant
effects like the AC power supply, calibration lines, and vibrational modes of the
suspension system. The noise is assumed to be approximately Gaussian and
stationary for typical signal durations, allowing us to completely characterize it by
its PSD. But the noise is not stationary on longer time scales, thereby motivating
estimation of the noise from the on-source data itself. Both the issue and the
motivation grow larger with improving detector sensitivity, especially towards
lower frequencies, as the signals themselves remain “in band” for longer periods
of time. The ultimate goal is to have parametrized models for both the noise and
the gravitational-wave signal (or even a glitch) and infer them simultaneously. In a
sampling framework, that implies our gravitational-wave detection inferences can be
marginalized over all consistent PSDs, instead of assuming a fixed noise.
2.2 Noise model

Taking inspiration from the BAYESLINE (Littenberg and Cornish| (2015))
algorithm, part of the BAYESWAVE (Cornish and Littenberg| (2015))) pipeline used
for LIGO-Virgo-KAGRA analyses, we phenomenologically model the noise in the
PSD vs frequency parameter space. The broadband noise is modeled with a spline

and the spectral lines are modeled with Lorentzian functions. Thus, the noise PSD
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S, (f) is modeled as a sum of a cubic spline and a linear combination of several

Lorentzians:

Sn(f) = Ss(f) +5cf) (2.1)

2.2.1 Splines. A spline is a piecewise polynomial function that can
have a very simple local form, yet at the same time be globally flexible and smooth.
A cubic spline can be represented in various ways, each with its own advantages
and parameters (de Boor| (1978)). For example, the piece-wise polynomial in the
local power basis is parametrized by a set of Ng knots {f;, S;} in frequency-PSD

Space as

k
Ss(f) = Z cmi(f = fi)™ for f € [fi, fin] (2.2)
m=0
To compute these coefficients, we use functions from the Python sub-package
scipy.interpolate (Virtanen et al. (2020)).

The B-spline basis is parametrized by a set of knots f; and coefficients ¢; as

n—1
Ss(f) =D _ciBir(f) (23)
=0
where
Bio(f) =1if f; < f < fiy1 otherwise 0 (2.4)
and defined recursively as
' Il (S Jirern —f o
Buld) = g g B g o B ) (25)

After having experimented with these splines, we chose to go with the
Akima spline (Akima (1970))) for its smoothness and stability. It is parametrized

by a set of Ng knots { f;, S;} in frequency-PSD space as

Ss(f) =ai+bi(f — fi) +ai(f = f;)? +di(f — fi)° for f € [fi, fi] (2.6)
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where

Sit1— S
m; = ——— (2.7)
Jir1 — fi
o — M1 — my|my_y + [mi_1 — mi_amy (2.8)
M1 — ms| + [mi—1 — m_o|
3mi - 20'1' — 041
¢ = 2.11)
fiv1 — fi (
o; + 01 — 2m;
d; = (2.12)
(fiq1 = fi)?

As evident in figure [6, Akima splines are less prone to the “ripple effect” found in
other splines where a change in the PSD value of the spline at one frequency causes
ripples that leak into the PSD value at other neighboring frequencies, which causes
stability issues when sampling the spline’s knot locations. Some time after we made
the choice of Akima splines, the BAYESWAVE team shared with us that they had
independently decided to actively shift from using power-basis cubic splines to
using Akima splines for the same reasons.

2.2.2 Lorentzians. Lorentzians are used to fit the spectral lines
because a Lorentzian function is the characteristic PSD of a noise-driven damped
harmonic oscillator which is a good physical model for some of our noise sources
(Finn and Mukherjee| (2001)). As for sources that are not so well-modeled by a
Lorentzian, they’re still reasonably fit by such a simple function. The Lorentzian
line model can also be represented in various ways, such as in the location-

amplitude-scale basis
N

o a; Vi
Su(f) =) P e (2.13)

i
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or in the location-height-width basis
Np,

U0 =Y S (2.14)

We chose the location-quality-amplitude basis

%

2 I
SU) =2 g = oy

(2.15)

because it provides the most stability for sampling the parameters. To be more
precise, we sample in the location-log(quality)-log(amplitude) parameter space. The

effect of varying these parameters is shown in figure
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We can also multiply a window function to each Lorentzian to truncate its

tails. We can choose a simple frequency-scaled rectangular window

Lif [f = fil < fi/s
wi(f) = (2.16)

0 otherwise

where s is some scaling factor that we usually choose to be 50. Or we can choose a
smoother window that tapers the Lorentzian tails without creating a significant cliff

where the ends join the splines.

" Lif |[f = fil < fi/s
wi(f) = ,
exp <—f;—/f;/8> otherwise

While more physically motivated models are possible, such as a broadband

(2.17)

model parametrized by detector-related quantities, or coherent modeling
and regression for spectral lines from electric sources, we’ll only focus on our
phenomenological model which fits the data reasonably well.
2.3 Inference

As shown in chapter I, the likelihood for parameter estimation is constructed
by calculating the joint probability of the N complex Fourier coefficients of the
data being realized from the PSD, assuming the whitened data should be consistent

with a unit normal distribution.

Jmax 2 ) 2 Jmax
logp(ae) =~ > MIEZ2AD DRI Y g, ) 2as)

f:fmin f:fmin
where 6 is the set of model parameters, d(f) is the data in the frequency domain,

h(f) is the model signal in the frequency domain, S, (f) is the PSD, and T is the
reciprocal of the frequency resolution. The constant normalization term has been
dropped since we’re only concerned with the relative likelihoods of points in the

parameter space. Usual parameter estimation pipelines use only the first term since
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they infer signal parameters while fixing the PSD equal to an off-source estimate.
But our goal is to infer both signal and PSD parameters, so we’ll have to compute
the whole equation.

We extended the Bayesian inference library BILBY (Ashton et al.| (2019);
Ashton and Talbot| (2021); Romero-Shaw et al.| (2020))), to sample the 2Ng spline
parameters and the 3N, Lorentzian parameters, as well as the usual 15 BBH
parameters, simultaneously. BILBY allows for a variety of samplers, among which
we used the affine-invariant Markov chain Monte Carlo (MCMC) ensemble sampler
EMCEE (Foreman-Mackey, Hogg, Lang, and Goodman| (2013))), and the dynamic
nested sampler DYNESTY (Koposov et al.| (2024)); Speagle (2020))). The EMCEE
sampler was run on multiple parallel-tempered chains to deal with multimodality
and avoid getting stuck in local optima. Additionally, we built a custom proposal
selector that randomly jumps through a set of pseudo-Markovian proposals.

Most of these are Gibbs sampling steps to handle the enormous dimensionality

of the parameter space. Some of the proposals use previously calculated Fisher
information matrices to make smarter jumps in heavily correlated parameter spaces
such as spline knot locations.

The BBH parameters are initialized randomly as usual, but initializing
the PSD parameters requires more ingenuity. The frequency locations of spline
knots can be initialized either at uniformly separated frequencies, or based on
equal quantile spacing which ensures more knots at places where the PSD changes
rapidly. The PSD for a knot at a certain frequency is then set equal to the median
power in a broadband filter centered at that frequency. To initialize Lorentzians, we
scroll through the data with varying filters, putting in Lorentzians at frequencies

where we see an excess of power in a narrowband filter compared to the median
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power in a broadband filter centered at the same frequencies. Thus, the Lorentzian
parameters are initialized based on where and how much of a power excess there is,
as measured by its “prominence” crossing a threshold. Good initialization is crucial
since the dimensionality of the parameter space is often large and stays constant
while sampling. Well-informed priors and parallel tempering can be used to keep
MCMC walkers in the extremely narrow useful sliver of the parameter space and
improve time to convergence.
2.4 Application to GW150914

To test our algorithm, we ran both standard BILBY and our extended BILBY
on the first detected gravitational wave event GW150914. We chose to use data
from only one detector: LIGO-Hanford, to specifically explore scenarios where
only one detector is online and modeling the noise accurately becomes even more
important. A spectrogram of this data, is shown in figure [§} such spectrograms use
constant-Q transforms and are often used to visualize signal data. For the actual
likelihood calculation, we used 4 seconds of on-source data including the signal. For
initializing the PSD parameters, we used 128 seconds of off-source data just before
the signal, ending exactly where the on-source data begins. This is common to
both versions of BILBY; the difference is that standard BILBY uses the off-source
data to get a Welch estimate and uses it for all likelihood evaluations, whereas
our extended BILBY uses it to initialize the PSD spline and Lorentzian parameters
that will eventually be sampled. Figure [0 shows the initialization steps. At this
stage, we're less concerned about how accurate the parameter estimates are, and
more concerned with nudging the parameters into a good part of the very large-
dimensional parameter space to save the sampler some time that it might otherwise

waste on wandering the unreasonable parts.
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Figure 8. Spectrogram of LIGO-Hanford data including GW150914.

Both standard BILBY and our extended BILBY produce posteriors for the
BBH parameters. Additionally, our extended BILBY produces posteriors for the
PSD spline and Lorentzian parameters. Figure [10[ shows PSDs built from these
parameter posteriors. The PSD posteriors are in agreement with the PSD obtained
via Welch’s method on off-source data. The whitened frequency-domain strain data
are consistent with the unit normal distribution A(0,1). Most of the outliers come
from the edge frequencies and “forests” of spectral lines that are tougher to fit.

Figure [11| compares the BBH parameter posteriors produced by standard
BILBY and our extended BILBY. The extended code’s BBH posteriors are obtained
from marginalizing over the PSD posteriors. Most of the posterior distributions
are in agreement. The bimodality in the ¢;;, — 0 ;5 space is lost in the extended
version. Its cause can be traced to the correlation between ;5 and the PSD,
as can be seen in the correlation matrix in figure The matrix also shows the
expected heavy correlation between the chirp mass and the distance, and a light

correlation between the chirp mass and the PSD. Intuitively, a higher PSD in
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a certain frequency range can be explained by either a heavier merger, a closer
distance, or a louder noise. We can delve deeper with figure [13| that shows the
correlation of BBH parameters with PSDs at specific frequencies. The 6 ;y—PSD
correlation can be narrowed down to be occurring at around 55 Hz, so it’s probably
connected to the Lorentzian trying to fit the spectral line at 60 Hz due to power
lines.

The waveform posteriors for GW150914 using standard BILBY, shown in
figure [14] are not significantly different from those using our extended BILBY,
shown in figure The overall results should not be perceived as a preference
towards one version of the parameter estimation over another. Instead, the
conclusion is that the binary parameters’ posterior distributions can be dependent
on the noise model in unintuitive ways.

2.5 Discussion

In this work, we introduced an algorithm to conduct joint inference on CBC
parameters and PSD parameters. It enables us to probe for hidden correlations
between signal and noise models, that may otherwise be buried due to search
pipelines using fixed estimates for PSDs. This may prove to be a good sanity check
for cases where the noise is suspected to have muddied parameter estimation of
the merger signal, especially when only one detector is online for observation.

Its application to the event GW150914 showed minor differences in the posterior
distributions of the parameters that can be connected to differences in the
flexibility of noise models fitting the same data.

While CBC analyses use no a priori knowledge when fitting spectra, the
posterior estimates from our method can be used to construct informed priors for

future analyses. If the time series is long enough, we can even perform piece-wise
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estimation in time by linking the priors of neighboring time-chunks, and obtaining
a 2d PSD in time-frequency space.

The parameter estimation process discussed in this chapter, when done for
all confidently observed signals, provides us with a catalog of many events detected
through time. While this chapter focused on analyzing individual events, the next

will deal with looking for patterns in the collection of events as a whole.
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CHAPTER III
LOOKING FOR CLUSTERS

The work in this chapter is part of a manuscript in preparation co-authored
by me, Zoheyr Doctor, and Ben Farr. Zoheyr Doctor had initiated this project with
the deterministic k-means and probabilistic agglomerative methods. I developed the
rest of the algorithms, modularized the code, and ran the analyses.
3.1 Introduction

While parameter estimation informs us about the individual astrophysical
sources that produced the gravitational waves (GWs), we have to look at all
the gravitational-wave events together to dig into the overall rates of events and
populations of compact binary merger sources. Even though we have no way
of knowing for now how an individual binary was formed, we can still use the
distribution of the binary parameters of the entire catalog of events to understand
the statistical properties of various proposed formation channels, as we’ll see in
the next chapter. Although various sources of gravitational waves are possible,
compact binary coalescences (CBCs) are the only sources we've detected so far;
therefore we stick to analyzing only detected compact-object binary mergers in
various parameter spaces, specifically binary black hole (BBH) mergers. The
research community has come up with a few different approaches to analyze the
sample of detected events. One approach is to fit different rate-density models to
the data in order to characterize the underlying rate of BBH mergers as a function
of component masses and spins. Another approach is to use population synthesis
techniques to compare the measured BBH properties with the outputs of simulated

BBH populations under different astrophysical prescriptions.

o6



We present a third approach which is entirely empirical and does not
attempt to reproduce the underlying rate distributions of binary mergers. Rather
than asking about what astrophysical models fit the observed data, we instead ask
whether there are interesting features in the data that may warrant theoretical
explanation. In a field as observationally young as gravitational-wave astrophysics,
clustering algorithms are often useful in exploratory data analysis, and can go on to
motivate more mathematically involved models in statistical data analysis. These
clustering algorithms are essentially unsupervised machine learning algorithms that
perform pattern recognition by asking “Are some objects in a group more similar to
each other than to others outside the group?”

3.2 Algorithms

In traditional clustering algorithms, each object is a point in some parameter
space. However, in observational and computational science, an object is often
not a single point but a distribution of points, owing to uncertainties, errors, or
sampling methods. In such cases, the usual reaction is to convert the objects from
distributions to point estimates and then clustering them. This works as a great
approximation when the uncertainties are much smaller than the inter-cluster
distances. However, gravitational-wave data doesn’t have that leisure for now, and
resorting to such popular tactics may give us false confidence in the results of our
clustering analysis.

A better strategy is to build modified versions of these algorithms that take
into account the distribution of each object, and result in either a probabilistic
distribution of all possible clusterings, or a singular deterministic “expected”
clustering. While our code allows any traditional algorithm to be extended to

its probabilistic version, we’ve also constructed and explored the deterministic

57



versions of: k-means, z-means, agglomerative, and Bayesian hierarchical clustering
algorithms.

Probabilistic clustering is an iterative procedure, where at each step, a set
of points created by randomly choosing one sample from each event’s posterior
distribution undergoes a traditional clustering algorithm. The results are shown as
a symmetric “co-cluster” matrix where the ij-th element is the probability of the
i-th and the j-th events belonging to the same cluster. Now, we’ll describe the 4
deterministic clustering algorithms.

3.2.1 k-means. k-means clustering (Bishop (1995)); Duda and Hart
(1973))) aims to partition objects into k clusters such that each object belongs to
the cluster with the nearest cluster center, thereby minimizing the intra-cluster

variances. The objective is to minimize the function

JHx} {ni] = ernkH:ﬁn fix|[? (3.1)

k=1 n=1
where {Z,} are the N data vectors and {/i}} are the K cluster centers. r, is

1if Z, is in cluster k£ and 0 otherwise. The trick to deal with the parameter

uncertainties is that we instead minimize the e:cpected objective function

[H / 07 ,p(, ] ZZ% (3.2)

-3 / A () (T — i) (33)

k=1n

=30ttt ), (3.9

thereby minimizing the average 1ntra—cluster variances.
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Minimizing E[J] with respect to ji; by taking the derivative and setting it to

zero yields

N
1
[ :—E A2, (T T kT 3.5
Kk Ny nl/ T p(T) T (3.5)
N
1
S kT )3 3.6
%, 2 (), (36)

Hence, for our algorithm, a cluster center is not simply the mean of the points in
that cluster, but the mean of the means of the distributions in that cluster. In the
original point estimate case, N, would’ve been the number of data points assigned

to the k-th cluster. But here,

Ne=)_ / A rpep (T) (3.7)
where the integral is the probability that the n-th data point is associated with the
k-th cluster.

This minimization problem is computationally difficult (NP-hard), so we use
an efficient heuristic “expectation-maximization” algorithm that quickly converges
to a local optimum. The standard Lloyd—Forgy algorithm, first proposed by Stuart
Lloyd of Bell Labs in 1957, uses an iterative refinement technique that alternates

between two steps:
— Expectation: Calculate cluster centers for objects assigned to each cluster.
— Maximization: Assign each object to the cluster with the nearest center.

until the assignments no longer change, i.e., it has converged.

3.2.2 x-means. This concept is also packaged in xz-means clustering
(Pelleg and Moore| (2002)) which extends k-means to not require user input for
the number of clusters k. This is done through model selection involving metrics

related to the clustering, such as the Bayesian information criterion (BIC) (Kass
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and Wasserman| (1995))), also called the Schwarz information criterion. This

algorithm also alternates between two operations:
— Improve Parameters: Run k-means to convergence.

— Improve Structure: For each cluster, decide whether to split the center in two
via a model selection test based on local BIC improvement, essentially asking
“Is there evidence that the two children are modeling real structure here, or
would the original parent model the distribution equally well?” If there is a
split, run a local 2-means and replace the single old center with the two new

centers.

The loop runs until we hit a maximum allowed number of clusters k& > k..., and
then chooses the model with the best global BIC. The BIC deals with the trade-
off between a model’s goodness of fit and its simplicity, thus balancing between

overfitting and underfitting, and is defined as
BIC(M) = plogn — 2log L(D) (3.8)

where L(D) is the likelihood of the data D according to the model M and taken
at the maximum likelihood point, n is the number of data points in D, and p is a
penalty term for the number of free parameters in M.

To be more transparent, we can list all ks with their corresponding BICs.
A good estimate for the size parameter & for a cluster is the root-mean-square
distance of the cluster samples from the cluster centroid. While computing the
BIC for the probabilistic version of x-means is straightforward, computing the BIC
for the deterministic version is more involved and only an approximate version is

computationally feasible. In this case, the expected BIC is calculated to be
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where K is number of clusters, d is the number of dimensions, N is the total
number of objects, Nj, is the number of objects assigned to the k-th cluster, and
62 is the sum of the intra-cluster variances.

3.2.3 Bayesian GMM. A Gaussian mixture model (GMM) is a
probabilistic model that assumes all the data points are generated from a mixture

of a finite number of Gaussian distributions with unknown parameters.
K

p(0) = Z ZiN (fii, i) (3.10)

i=1
where the probability density function of the multivariate normal distribution
N(E,2) is
1L ((m_ A\Ty—1(7_ =
o exp(—s ((Z—p)' 22 —p)))
fx (%) = A o Gt ) (3.11)
(2m)* (2|

We can think of GMMs as generalizing k-means clustering to incorporate

information about the covariance structure of the data along with the centers of
the latent Gaussians.

Quite a few analyses of the GWTC-3 data have involved using GMMs,
sometimes without but usually mixed with other distributions like power laws.
These analyses use MCMC samplers to get posteriors for the parameters describing
the mixture, such as means pu;, covariances ¥;, and mixture weights z;. This is often
taken a step further along the Bayesian chain so that the means, covariances, and
mixture weights are themselves drawn from distributions whose parameters, called

hyperparameters, are the ones being sampled, as shown in the Bayesian graph in
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figure [16] In addition, the number of mixture components K is sampled from a
distribution too, often a Dirichlet distribution.

As we’re more interested in fast clustering algorithms instead of actual
sampling, we implement an expectation-maximization algorithm for fitting the
mixture model, just like we did for k-means. While this is more agnostic to cluster
size and structure compared to k-means, it still retains some of the issues, such as

singularities arising during covariance estimation for clusters with too few points,
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or requiring information theoretical criteria to decide on the optimal number of
components.

We extend the traditional expectation-maximization algorithm used
for GMMs to account for uncertainty so that we can probabilistically cluster
distributions instead of points. We first use k-means to choose the initial centers
us for the clusters. We can then estimate the initial covariances s from the data
assigned to the initial clusters. Then we set the initial prior probabilities s to be
the reciprocal of the number of clusters, implying that each cluster is equally likely

a priori. And then algorithm loops between two steps:

— Compute normalized mixture weights zs:

1
Zn g = Z—Mult(k:|9)/\/’($n|uk, o?) (3.12)

— Re-estimate prior probabilities #s, means us, and covariances Xs:

Hk l Zn WnZn,k

= 3.13
N Zn wn ( )

> WnZn kTn
—=n = - 3.14
= S (3.14)

Y o WnZn i
where Mult is the multinomial distribution, Z,, is the normalizer to ensure that
the zs sum to one, and ws are the relative weights of the events’ posterior samples
with respect to the entire catalog. The loop runs trying to maximize the likelihood
computed at each step until it hits some convergence criteria signifying we’ve
reached a local optimum.
We use the Bayesian information criterion again to efficiently select the

number of components.
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3.2.4 Agglomerative. Agglomerative clustering (Duda and Hart
(1973)) seeks to build a hierarchy of clusters by merging them in a “greedy”
manner. It decides which clusters to combine using a linkage criterion (D), which
determines the dissimilarity between clusters (C;) as a function of the pairwise

distances (d) between points (z;). Linkages include
- Single: D(Cl, C]) = minm- d(.’l?“ [L'j)
— Complete: D(C;, C;) = max; ; d(z;, ;)

— Average: D(C;,C;) = m Z” d(w, ;)

— Weighted: D(C; U C;,Cy) = D(C"’C’“);D(CJ”C’“)

— Centroid: D(C;,Cy) = d ((x:), (z;))

— Median: D(C;, C;) = <xi>;<’”j>

— Ward: D(C; U C;,Cy)? = GG pc, ¢)2 + % p(o;, ¢,)2 -
|C—75|D(CZ, Cj)2 where T = |CZ| + |C]| + |Ck|

We modified the distance functions to accept distributions instead of points as
input, to form an initial event-to-event distance matrix, which is then updated
iteratively. All the events start off as their own clusters. Then at each step, the
most similar pair of clusters are merged based on the linkage criterion, until all the
events are in one cluster, thus creating a dendrogram.

3.2.5 BHC. Bayesian hierarchical clustering (Heller and Ghahramani
(2005))) extends the agglomerative algorithm to use a probabilistic model-based
statistical hypothesis test to decide cluster mergers instead of a simple distance

metric. The result is a binary tree as before, but this tree is a Bayesian mixture
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model with each tree node being a mixture component. Each node also carries a
posterior probability r; which can be interpreted as the probability that all the
data under that k-th node belongs to the same cluster. Thus, we can prune the tree
and obtain the optimal clustering by chopping off the nodes where r, < 0.5. The
trick here is more mathematically intensive but the gist is to calculate “expected”
posterior probabilities, for lack of a better term.
3.3 Characteristics

3.3.1 Probabilistic vs Deterministic. Every clustering method can
be implemented in a probabilistic way or a deterministic way.

The probabilistic scheme involves several iterations of the clustering method.
In each iteration, a set of neyents sSamples is created by randomly choosing one
sample from each event and then the clustering method is applied to this set and
the resulting clustering is recorded. The result is a Neyents X Mevents Symmetric matrix
M with M;; representing the probability of the i-th and j-th events belonging to
the same cluster.

In the deterministic scheme, the clustering method is applied once to all
events, each event being treated as the collection of its posterior samples, resulting
in one clustering. This, of course, requires some mathematical extension to the
algorithm so that an event is represented as its entire set of posterior samples
instead of just one sample.

Note that one can obtain a probability matrix even with deterministic
methods by changing hyper-parameters, e.g., changing initial cluster centers in
k-means.

3.3.2 Parameters. The parameter spaces for the clustering

algorithms are formed with combinations of the 15 parameters estimated in
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analyses: 8 intrinsic parameters describing the 2 individual objects or the binary
as a whole, and 7 extrinsic parameters describing the configuration of the merger in
space-time relative to the observer. Two intrinsic parameters we've used extensively
are the source-frame chirp mass M and the effective inspiral spin y.g, which are
relatively well-measured because they appear explicitly in the CBC waveforms.

The chirp mass is defined in terms of the masses of the primary component
my and of the secondary component mo as

(m1m2)3/5

- (mq + my)/? (316)

The component masses are usually in the detector frame, so we shift them to the

source frame using the relation
msource(l + Z(dL)) = Mdet (317)

where we obtain the redshift z as a function of luminosity distance dj assuming
Planck 2015’s flat ACDM cosmology (Ade et al. (2016)).

The effective spin is defined as the mass-weighted sum of the component
spins Y1 and Y» projected onto the orbital angular momentum L of the system,

thus

(max1 + max2) - L

= 3.18
Aeft mi + Mo ( )

The individual dimensions may be functions of these parameters, for example, we
commonly use the log of the chirp mass log M as a dimension instead of just the
chirp mass.

3.3.3 Geometry. A Euclidean parameter space works for most
parameter combinations and is what most algorithms have been designed for.
3-spherical parameter spaces like RA-Dec—d}, can be converted to Euclidean

spaces with a change of variables, and then clustered. However, clustering in non-
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Euclidean geometries such as 2-spherical parameter spaces like RA-Dec require
modifications to the algorithms. For probabilistic schemes, a redefinition of the
geodesic distance function is sufficient. But deterministic schemes need more
involved mathematical extensions.

A subtle change for a 2-spherical space is using a von Mises-Fisher
distribution instead of a bivariate normal in calculations. The probability density

function of the von Mises-Fisher distribution on a 2-sphere is:

f(x;p, ) exp(rips - X) (3.19)

" Arsinhk
where ||x|| = ||p]| = 1 and k > 0. p and & are called the mean direction and the

concentration parameter, respectively. The maximum likelihood estimates for these

parameters are:

L (%)
= 3.20
="z (3.20)
L R(3— )
hi — == R —————- 21
coth & z R = & e (3.21)

where R = || (x;) ||.

3.3.4 Distance metric. For probabilistic methods, the sample-to-
sample distance metric is usually the Euclidean distance or the spherical distance,
both examples of geodesic distances. For deterministic methods, we have a few

different metrics to choose from. For sample-to-event distances, we have:

— Mean: D(xz;,C;) = ﬁ > d(xi, xj)

— Mahalanobis: D(x;,C;) = \/(91:Z — 1) TS (i — pay)

where 1 and S are the mean and covariance matrix of the cluster C'. For event-to-

event distances we have:

— Mean: D(Cz,oﬂ = m Zw‘ d(:)?i,l‘j)
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— Hellinger: D(C;, C;) f\/z \/pz \/pj(x))Q

— Bhattacharyya: D(C;,C;) = —In(>_, /pi(z)p;(x

3.3.5 Evaluation. FEvaluating a clustering result, i.e. judging the
“goodness” of a clustering, is as difficult as the clustering algorithm itself. Since
in our case the ground truth is not known, evaluations must be performed using
the model itself, thus suffering from the problem that they represent functions
that themselves can be seen as a clustering objective, thereby being biased towards
algorithms that use the same cluster model. Nevertheless, evaluations can help us
get a sense of how “clustery” the data is, especially for algorithms that require the
number of clusters as input. In such “internal” evaulations, a clustering is assigned
a score that rewards high intra-cluster similarity and low inter-cluster similarity:.
Such measures include the Davies-Bouldin index, the Dunn index, the Silhouette
coefficient, the Calinski-Harabasz index, and the Hopkins statistic. A bad score
may suggest that there are no clusters in the data to begin with, which we can
utilize as a proxy for uniformity. For example, since we expect gravitational-wave
sources to be uniformly distributed in sky location (at least for now), a k-means
clustering in RA-Dec space should have a bad evaluation.
3.4 Application to GWTC-3

3.4.1 Deterministic. The third gravitational wave transient
catalog (GWTC-3) contains almost a 100 compact binary coalescences, of
which 69 are BBH detections with a false alarm rate of less than one per year, a
reasonable confidence threshold. The results of running deterministic xz-means and
agglomerative clustering algorithms on these 69 BBH events are shown in figure (18|
We compare this to two chirp mass distributions from LIGO-Virgo-KAGRA

analyses (The LIGO Scientific Collaboration et al| (2021b))) shown in figure [L7]
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Figure 17. GWTC-3 chirp mass distributions from LIGO-Virgo-KAGRA
population analyses. Source: The LIGO Scientific Collaboration et al.| (2021b).

We recover the 3 clusters seen in both the inferred distribution using an adaptive

KDE (Menne, (2022); Sadiq, Dent, and Wysocki (2022); B. Wang and Wang (2007)))

and the predicted distribution using the flexible mixture model framework (FM)

(Tiwari (2021); Tiwari and Fairhurst| (2021))). Agglomerative clustering with Ward’s

minimum variance linkage criterion results in a clustering almost similar to that
from z-means.

3.4.2 Probabilistic. We have a variety of parameters to choose
from to build the parameter spaces we cluster in. We chose the combinations we
personally considered the most interesting, but also informed by what the work
done by the wider collaboration is the most invested in. The parameter spaces

we’ve presented here are:
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Figure 18. Results of deterministic z-means and agglomerative clustering
algorithms on GWTC-3 BBHs in chirp mass — effective spin space.
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— primary mass

— primary mass — mass ratio — effective spin

chirp mass — effective spin

mass ratio — effective spin — redshift
— RA — Dec
— RA — Dec — comoving distance

Visualizing deterministic clusterings is simply an extension of the standard
clustering visualization technique, that is, assigning each cluster a unique color and
coloring the clustered objects accordingly. Visualizing probabilistic clusterings,
however, proved very challenging. There is no single perfectly informative
visualization. Instead, we use different visualizations for the same clustering results
to understand their various aspects from different perspectives. The visualizations

we’ve shown here are:

— Co-cluster matrix: Each element p;; in the matrix is the probability of the

i-th and the j-th event belonging to the same cluster.
— Histogram of the number of events in each cluster over all clusterings.

— GMM Gaussians: Corner plot of 1d-marginalized and 2d-marginalized
Gaussians, only for GMMs. 1d-marginalizations show the distribution of
Gaussians associated with all clusters in all clusterings marginalized over all
but one dimension. 2d-marginalizations show the same marginalized over
all but two dimensions, but the individual Gaussians are plotted as ellipses

representing slices at constant o.

71



Convex hulls: Corner plot of convex hulls projected in all 2d subspaces.
The convex hull of a cluster is the smallest convex shape containing all the
points in that cluster. This shows the cluster shapes more accurately than the

Gaussian approximations, and can be used for non-GMM algorithms as well.

Centroids: Corner plot of 2d histograms of the cluster centroid locations.

Leave-one-out analysis: We leave out an event and run our clustering
algorithms on the rest of the events in the catalog. Then we measure how
much of an outlier the left-out event is compared to the models estimated
by the clusterings, by computing the likelihood distribution of the event
belonging to that clustering model. We also measure the change in the
Bayesian evidence brought about by adding that particular event to the

clustering.

The results of running probabilistic agglomerative clustering algorithms on

GWTC-3 BBHs in two different parameter spaces are shown in figure [19 The 3

clusters expected in chirp mass (M) — effective spin (x.g) space can be observed

here too. But no obvious clusters can be seen in right ascension (o) — declination

(0) space which is consistent with the expectation of uniformity in sky location.

The results of running Bayesian GMM on GWTC-3 BBHs are shown for

these parameter spaces:

primary mass (m;) in figure
primary mass (m;) — mass ratio (¢q) — effective spin (yeg) in figure
mass ratio (¢q) — effective spin (yeg) — redshift (z) in figure

RA — Dec — comoving distance in figure
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agglomerative : M — Yerr space agglomerative : o — 6 space

Figure 19. Results of agglomerative clustering algorithms on GWTC-3 BBHs in
two different parameter spaces: chirp mass — effective spin, and right ascension —
declination.
The leave-one-out analyses confirm that the massive GW190521 always stands out
in primary mass, regardless of the clustering, implying that it is most probably an
outlier to the rest of the catalog. GW190517_055101 stands out in ¢ — xest — 2,
probably due to its high effective spin of 0.49. Samples in the RA — Dec —
comoving distance space were first transformed to those in a Euclidean space
centered on the Earth, and then clustered. Some light clustering can be observed
in this space, but no event particularly stands out in the leave-one-out analysis.
This could be the result of there being no actual clusters except for the detectors’
antenna pattern in the sky, or statistical artifacts of having a low number of events.
3.5 Discussion

In this work, we introduced several clustering algorithms to find patterns in
data with significant uncertainty. We developed both deterministic methods that

produce single clustering results in line with more traditional clustering algorithms,
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Figure 20. Results of Bayesian GMM on GWTC-3 BBHs in primary mass.
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as well as probabilistic algorithms that produce a distribution of clustering results
to better reflect the uncertainty in the samples’ parameter estimation. Applying
this to gravitational-wave data from GWTC-3, we recovered a lot of the patterns
found in other population analyses. We also noted the outlier nature of a few
events like GW190521.

As the catalog of gravitational-wave events grows, and new detectors come
online, clustering techniques will prove useful as a first exploratory approach to
looking for patterns in the data. These algorithms can also aid in categorizing
posterior samples of population model parameters from various population
inference efforts, and thus point out important regions in the model space to direct
future work.

The patterns revealed by the clustering algorithms provide a good
springboard to dive into the gravitational-wave data with more sophisticated
statistical tools and find the origins of those patterns. While this chapter dealt
mainly with looking for clusters in the catalog with simple heuristic models, the
next will deal with inferring astrophysically relevant parameters with physically

motivated models of black hole formation channels.
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CHAPTER IV
HIERARCHICAL MERGERS
The work in this chapter is part of a manuscript in preparation co-
authored by me, Zoheyr Doctor, Ben Farr, and Daniel Wysocki. It’s based on the

hierarchical merger model initially developed by Zoheyr Doctor, Daniel Wysocki,

Richard O’Shaughnessy, Daniel E. Holz, and Ben Farr in Doctor et al.| (2020).

I primarily developed the astrophysically-motivated models, especially those for
globular clusters and AGN disks, as well as designed the population mixture model
inference technique. I also built the new population inference code from scratch,
and ran the analyses. Carl Rodriguez, Barry McKernan, and Saavik Ford shared
their deep insights into astrophysical environments.
4.1 Introduction

As the population of observed gravitational-wave events grows, questions
regarding where and how the merging compact binaries form become more
prominent, as does our ability to answer them. The proposed formation scenarios
can be broadly separated in two categories: isolated evolution in the galactic
field, and dynamical assembly in dense environments such as star clusters and

active galactic nucleus (AGN) disks. Isolated evolution (field) channels include

the common envelope channel (Paczynski (1976); Tutukov and Yungelson| (1993));

Van Den Heuvel| (1976)), the stable mass transfer channel (Neijssel et al.| (2019));

wvan den Heuvel, Portegies Zwart, and de Mink (2017))), and the chemically

homogeneous evolution channel (De Mink and Mandel| (2016); Mandel and De Mink|

(2016); Marchant, Langer, Podsiadlowski, Tauris, and Moriya/ (2016])). Dynamical

channels include black holes merging through strong gravitational encounters in

environments such as globular clusters (Rodriguez, Zevin, Pankow, Kalogera, and |

31 |




(2016))), nuclear star clusters (Antonini, Gieles, and Gualandris (2019)),

and AGN disks (Bartos, Kocsis, Haiman, and Marka| (2017)); McKernan, Ford, |

Kocsis, Lyra, and Winter| (2014)); [Stone, Metzger, and Haiman (2017))). More

esoteric formation channels like population III stars (Inayoshi, Hirai, Kinugawa, |

and Hotokezakal (2017)); Kinugawa, Inayoshi, Hotokezaka, Nakauchi, and Nakamura)

(2014); Madau and Rees| (2001)), primordial black holes (Clesse and Garcia-Bellido|

(2020); Sasaki, Suyama, Tanaka, and Yokoyama| (2018))), and Proca stars (Bustillo

et al. (2021); Sanchis-Gual et al.| (2022)) have also been proposed.

We understand that stellar-mass black holes are usually formed by the

gravitational collapse of stars undergoing supernova explosions. Models of the late-

stage evolution of massive stars (Barkat, Rakavy, and Sack| (1967)); [Bond, Arnett, |

and Carr| (1984); Fowler and Hoyle (1964)); Fraley (1968)); Rakavy and Shaviv]

(1967); S. Woosley| (2017); |S. E. Woosley, Heger, and Weaver| (2002)) predict that

contraction of the core leads to electron-positron pair production that reduces
internal pressure support, causing further contraction that powers explosive nuclear
burning and a rebounding shock. For helium-core masses ~ 32 — 64 M, multiple
pulsational episodes can eject sufficient material to reduce the mass below the
pair-instability regime, ending with a black hole remnant; the process leads to

a supernova impostor phenomenon called pulsational pair-instability supernova
(PPISN). A single pulse can entirely disrupt stars with larger helium cores, leaving
behind no remnant in a pair-instability supernova (PISN). At even larger helium-
core masses > 135 M, this is avoided as the high core temperature results in
photodisintegration that accelerates gravitational collapse to a massive black hole.
This leads to the robust prediction from single-star evolution of the existence of a

gap in the black hole mass distribution. Though this gap is broadly consistent with
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the range =~ 60 — 130 M, there are several theoretical uncertainties that affect both
the lower edge and total extent of the gap.

Now one can see why the detection of GW190521 (m; = 851 1Mg,

My = 66ﬂgM@, Myem = 1421“%21\/[@) opened a new Pandora’s box. Both the parent
black holes straddle the mass gap, putting their own stellar origin into question.
The PISN mass gap can be populated with some stellar and binary evolution
processes, such as weaker stellar winds or core dredge-up episodes that allow a
star to retain a hydrogen envelope, stellar mergers in dense clusters, multi-stellar
systems, or fast-orbiting stellar binaries with rapidly rotating metal-poor stars
that undergo chemically homogeneous evolution. But so far, the most popular
formation channel for black holes in the mass gap has been hierarchical mergers,
where one or both the parent black holes are themselves the result of previous
BBH mergers (Antonini, Romero-Shaw, and Callister| (2025)); (Gerosa and Fishbach
(2021)); |[Hussain, Isi, and Zimmerman| (2024); Kimball et al.| (2021)); |Li, Wang, Tang,
and Fan| (2024); [Mould, Gerosa, and Taylor| (2022); Pierra, Mastrogiovanni, and
Perries (2024)); [Y.-Z. Wang et al.| (2022)).

Early in the development of the hierarchical merger hypothesis, it was
believed that these mergers occur in several dynamical environments such as
globular clusters, AGN disks, nuclear star clusters, or in the early universe. But
the black hole remnants of binary mergers receive gravitational recoils with “kick”
velocities as high as 10> — 10* km/s. For these remnants to participate in further
mergers, the BBH mergers have to occur in environments with high escape speeds.
That cuts down the possible environments to very dense stellar clusters and AGN

disks. We note that high-mass stellar mergers in the aforementioned environments
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Figure 24. Framework of the coagulation hierarchical merger model.

can produce high-mass black holes with smaller recoils, and hence maybe a viable
alternate formation channel.

4.2 Coagulation model

The coagulation model, introduced in Doctor et al.| (2020]), imagines black

holes as sticky particles in a box undergoing collisions based on an effective cross
section, without worrying about the complex dynamics of the individual stellar
environments. The flexibility of this parameterized framework allows a wide range
of submodels and prescriptions. This allows the creation of models that are purely
phenomenological or based on astrophysical observations or simulations, which
can then be followed by performing Bayesian inference using gravitational-wave
observations.

In this framework, as shown in figure 24] an initial black hole population

is evolved with a Monte Carlo procedure that approximates a continuous-time

coagulation equation (Smoluchowski (1916))
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where the first two integrals together represent coagulation (2 compact objects
merging to form 1), r represents augmentation (new compact objects being
introduced to the environment), and d represents depletion (objects leaving the
environment never to merge again). The zs represent black hole parameters like
mass, spin and kick velocity. In the iterative procedure, we start with a natal
black hole population f(z,%) and at each step, merge a set fraction w of black
holes based on the coagulation coupling, compute the remnant parameters z,ep,
and determine whether they’ll be retained in the environment based on their kick
velocities. The merger fraction w, typically 5%, is a proxy for the merger timescale.

We use the coagulation process to only model mergers in dynamical
environments, such as globular clusters and AGN disks. To model field mergers,
we use the TRUNCATED mass model and a modified version of the DEFAULT
spin model described in [The LIGO Scientific Collaboration et al.| (2021b). In the
TRUNCATED mass model, the primary mass distribution follows a truncated power-
law

—a
my -, fOI' ™M min S my S Mmax

p(my) (4.2)
0, otherwise.

and the mass ratio follows a power-law truncated conditioned on the primary mass
q67 fOI‘ Mmin S ma S my

p(q) (4.3)
0, otherwise.
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In our modified DEFAULT spin model, the dimensionless spin magnitude for each

component black hole follows a Beta distribution

p(x12) = Beta(E[x], Var[x]) (4.4)

and the cosine of the tilt angle between the component spin and the binary’s
orbital angular momentum follows a truncated half Gaussian distribution in [—1, 1],
with a peak at 1 and width o

N(1,0¢), for —1<cosb5<1

p(cos By 3) o (4.5)
0, otherwise.

This reflects the assumption that the spins in field mergers are preferentially
aligned.

We model the two dynamical environments slightly differently: globular
clusters have extreme depletion due to their shallow gravitational potentials
allowing low escape velocities, whereas AGN disks have negligible depletion due
to the supermassive black holes’” deep gravitational potential wells. Black hole
spins in globular clusters are assumed to be isotropic, implying the tilt angles
are spherically uniformly distributed, and we assign random tilts to black holes
participating in any generation of hierarchical mergers. However, in AGN disks,
since black hole spins and orbits are preferentially aligned to the disk, BBH
component spins are also aligned to each other and the binary orbit. So we assign
natal tilts from a truncated half Gaussian distribution similar to field mergers, but
we keep track of and evolve the tilts as black holes progress through hierarchical
mergers.

The most general models we can build are mixture models of the individual

population models we discussed. In this work, we have focused on inferring the
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parameters describing these mixture models. The following descriptions are about
dynamical environmental models, unless explicitly stated otherwise.

4.2.1 Interaction. I in the coagulation equation denotes a volume-
and time-averaged interaction rate, which we assume only depends on the total

mass and the symmetric mass ratio 7, as such

Loy mg X (Mg + mg)“nb (4.6)
where
mi1me
= 4.7
77 (ml _I_ m2)2 ( )

ranges from 0 (perfectly asymmetric) to 0.25 (perfectly symmetric).

This single interaction term captures the average effect of diverse
interactions, such as effective cross-sectional areas, dynamical friction, and mass
segregation, the dependences of which have been swept under the exponents. Since
we're focusing on interaction environments such as globular clusters and AGN
disks where we can assume that the probability of interaction only depends on the
component masses, we assume that spins do not influence I' but do keep track of
spin magnitudes to compute merger and remnant properties.

We use analytical fits to numerical relativity simulations to calculate
remnant parameters, namely, mass and spin (Tichy and Marronetti (2008)), and
recoil velocity (Zlochower and Lousto| (2015])).

4.2.2 Depletion. We address two kinds of depletion: pre-merger and
post-merger. Due to dynamical interactions, the vast majority of BBHs in globular
clusters are expelled from their host globular clusters before they merge. Even
though these BBHs merge outside globular clusters in the field, we still consider

them globular cluster mergers because the stellar evolution pathways and dynamics
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that formed these BBHs originated inside globular clusters. Observationally, we
cannot locate where the BBHs merged; we can only infer where they were formed.

In our depletion model, we assume that a fraction f..; of BBHs formed in
globular clusters merge inside the globular clusters. 1 — f, BBHs are first expelled
from the globular cluster black hole population. For the remaining f,. BBHs, we
compute the remnant black hole parameters and decide whether to expel them
based on their kick velocities as well as the globular cluster escape velocities.

If there is no post-merger depletion, like in an AGN disk, all merger
remnants stay in the environment and may participate in further mergers. But
we can turn on depletion using a prescription for the distribution of globular
cluster escape velocities. Different star clusters would have different density profiles
resulting in different central escape velocities. Globular clusters are low-binding
energy environments that lead to high depletion. Shallower confining potentials are
better at suppressing hierarchical mergers. We generate cluster escape potentials
using the Plummer model (Plummer (1911)), assuming the black holes are located
at the centers of clusters.

In the Plummer model of globular clusters, the gravitational potential goes
as —\/% where M is the total mass of the globular cluster and a is the Plummer

radius, a scale parameter that sets the size of the globular cluster core. The 2D

projected half-mass radius R is exactly a in this model. Assuming black holes

GM
R

are merging only at the center of globular clusters, the potential is then —
In our model, any remnant black hole with kinetic potential greater than the
gravitational potential will escape the globular cluster, and will not otherwise, i.e.,

the probability of it escaping a particular globular cluster is a hard step function of
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the kick velocity.

1, GM) 5)

p(escape|vkiek, M, R) = © (§Ukick ~ R
Moving away from the simple globular cluster model used in [Doctor et al.
(2020), we used data from the FIRE-2 magnetohydrodynamics galaxy simulation
(Grudic¢ et al.| (2022); Rodriguez et al.| (2022))) to build an astrophysically motivated
distribution of cluster potentials. We assume that the globular cluster masses follow
a simple power law
M=, for 103M, < M < 10"M,

p(M) o (4.9)
0, otherwise.

and that the 2d projected half-mass radius R depends on the globular cluster mass

as

M p
= —_— 4.1
R=k (10%) (4.10)

with a scatter of ¢ dex independent of globular cluster mass. The best-fit model
from |Grudi¢ et al.| (2022)) gives a« = 2.5,p = 0.25,k = l.4dpc,0 = 0.5dex.
A distribution of globular cluster masses and radii for these values is shown in
figure [25]

Assuming the mergers are happening in random globular clusters, i.e.
there is no intrinsic correlation between merger parameters and globular cluster
parameters, the overall escape probability can be described as a function of kick

velocity and globular cluster distribution parameters.

p(escape|vgick, @, k, p,0) /deR p(escape|vyiek, M, R) p(M, R|a, k,p,o) (4.11)

1 1 1
=5 (5“}3@) Fy (5“}3@) + 5 (4.12)
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90



where

B B
Fi(¢) = % <10pr> Mla(b_ T s (4.13)
Fo() = F(; Ymax) — F(63 Urmin) (4.14)
0 — e (0N g (200/0) = B0”\ (N7 (n(®/9)
1= (75 o (M) (3 ()
1—a
B=7 — (4.16)
) = mszM o (4.17)

If we simply pair the sampled mergers with the sampled globular clusters,
the implication would be that merger rates are uniform across all globular clusters.
However, merger rates do depend on globular cluster parameters. Assuming the
number of mergers scales with the globular cluster mass as M® over a wide range
of globular cluster masses from 10*> — 108M, (Antonini and Gieles| (2020))), we
change @ — a — 1.6, making heavier globular clusters more likely to be drawn and
paired with a merger. In general, the power law index for globular cluster masses
ango,m and the merger-to-GC-mass dependence ag ) are degenerate and we can
only infer the combined parameter oo = aa v — R M-

4.2.3 Natal populations. We treat the initial distribution of
black hole parameters as a separable distribution of masses, dimensionless spin

magnitudes, and tilt angles (aka spin-orbit misalignments).

p(m, x) = p(m)p(x)p(cos b) (4.18)

where cos 6 is the cosine of the tilt angle between component spin and a binary’s
orbital angular momentum. The natal mass distribution of component masses can

be

91



— a simple power law
m -, for Mmin S m S Mmax

p(m) (4.19)
0, otherwise.

— a broken power law
m_OéIOW’ for Mmin S m S Mpreak
p(m) o< ¢ mign for mpreac < M < Momax (4.20)
0, otherwise.

— evolved from a stellar population following a simple power law.

A stellar initial mass function can be evolved using stellar evolution
prescriptions, such as the “rapid” model in [Fryer et al. (2012), introducing a new
variable, the stellar metallicity Zeta1. We follow Golomb, Isi, and Farr| (2024)
and transform an initial mass distribution through a probabilistic function to a
remnant mass distribution that automatically models the PISN mass gap as well as
a PPISN “bump”. A PPISN bump is the expected pile-up of black holes just below
the mass gap created from progenitor stars that had undergone pair instability
pulsations (Talbot and Thrane| (2018])). Some studies use the PPISN mass bump,
modeled as a Gaussian, to explain an overdensity in the BBHs” mass distribution
found in LIGO-Virgo-KAGRA analyses. The evolution model introduces three
new variables: the minimum mass for pulsations mppisy, the maximum black hole
mMass MBH max, ald the standard deviation of the uncertainty o. The effect of this
function for different choices of these parameters is shown in figure We use
Farmer, Renzo, De Mink, Marchant, and Justham (2019) and [Fryer, Olejak, and
Belczynski (2022) to inform the possible range of the PISN mass gap parameters,

that we bake into our priors.
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The natal spin magnitudes x follow a Beta distribution defined by its mean
E[x] and variance Var|x|, with fiducial values being B(E[x] = 0.047, Var[x| =
0.002). For BBHs in globular clusters, the natal spins are assumed to be isotropic,
hence the tilt angles follow a uniform distribution in [—1, 1].

4.2.4 Merger rates. A crucial implication of the finite set of black
hole samples being a proxy for the entire population is that the overall merger rate
is just a scaled value of those in our simulations. We infer the merger rate density
while working within the stipulation that it is constant in co-moving volume. The
BBH merger rate is expected to vary with redshift, and there’s evidence to that end
(Callister and Farr| (2024); |Edelman, Farr, and Doctor| (2023)); Fishbach, Holz, and
Farr| (2018); Payne and Thrane| (2023); |[Ray, Hernandez, Mohite, Creighton, and
Kapadia, (2023)), but we do not include that dependence in our models.

In a mixture model, there are as many channel-wise merger rates as
submodels in the mixture, with their sum being the overall merger rate > R, =
Riot-

4.3 Evolution

As expected and evident in figure time evolution of a natal population
without any depletion results in a secondary “island” of high mass, high spin
black holes. Hierarchical mergers produce strong evolution of black hole spins
due to remnants inheriting angular momentum from their parents and their orbit
(Fishbach, Holz, and Farr| (2017); Gerosa and Berti (2017)). The peak near x ~ 0.7
is characteristic of comparable-mass binaries. Evolving with a high total mass index
a and a high symmetric mass ratio index b results in multimodal mass distributions
characterized by steps at multiples of the primordial maximum mass, that smooth

out at high masses.
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We compare the BBH population characteristics of different formation
channels in figure 28 and figure [29| by plotting the same number of events for each
channel, leaving the channel-wise sub-populations unweighted by merger rates. The
three channels are observed to dominate different parts of the mass space, with field
mergers at lower masses, AGN disk mergers at higher masses, and globular cluster
mergers nestled between the two. AGN disk mergers also exhibit the characteristic
multimodality of hierarchical mergers. They're also extremely efficient at producing
high effective spin mergers, compared to the other two channels. The M — yg
correlation imprinted by hierarchical mergers is a signature that we’ll leverage to
constrain our parameters with the catalog. The kick velocities are mostly higher
than typical globular cluster escape velocities of ~2—200 km/s, but lower than
typical AGN disk escape velocities of ~103—10° km/s. This is in line with our
expectations of hierarchical mergers being much more abundant in AGN disks than
in globular clusters.

4.4 Inference

The code evaluates the inhomogeneous Poisson likelihood, that is the

likelihood of observing N events with observed data {d,} given population

parameters A

N
p({d,HA) o O TT [ p(d )2 ) (421)
n=1
where p(d,|)) is the likelihood of data d,, given binary parameters A (such

as {M,n, Xer }), P(A|A) is the probability of binary parameters given model

parameters A.
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Figure 28. Comparison of parameter distributions for different formation channels
with fiducial values.
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1(A,R) is the expected number of detections, also called the Poisson mean,

calculated as
WA R) = / V(A)p(AJA)dA
- / (VRp(AA)dA

S
where V is the sensitive volume, R is the overall merger rate, and {\;} are S draws

from the simulated population.

The eventwise detection likelihood integral is approximated as

/ Pl N)p(AA)AN = / P(da NYRP(AIA)IA

Szpd A = R (pl(da|\))

This casts the evaluated likelihood in the computable form

log p({d, }|A) = =R (V(\)), + NlogR+Zlog (dn| X)), (4.22)

We can build several models by choosing different priors for inferred parameters
or different prescriptions for constant parameters, with the parameters describing
the natal population (&, Mupin, Mmax, E[X], Var[x|, Zmetal), coagulation (a,b, T, w),
and depletion (s, firy, Oar, 0y ). We can also build population models that are

a mixture of our dynamical merger models and LIGO-Virgo-KAGRA'’s field
merger models. To compute the likelihood for such mixture models, we modify

our likelihood equation to

log p({d, }|\) = ZR +ZlogZR (dn| X)), (4.23)

This is equivalent to dravvlng the same number of events from the channel-wise

sub-populations and weighing their contribution to the likelihood by their relative
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merger rates, instead of drawing a different number of events from each sub-
population.

We can use the summation constraint ) |, R, = Ryo to reparametrize the set
of merger rates {R.} as a set of merger fractions along with the total merger rate
{{fe}, R} where f, = R./Riot. This allows us to use a single log uniform prior for
the overall merger rate and a Dirichlet prior for the merger fractions, which makes
sampling merger rates more efficient.

We also track the merger ancestries of black holes which helps us understand
the generational composition of observed mergers, so that we can eventually
calculate the probability of a particular BBH to have been the result of previous
mergers.

Doctor et al. (2020) had used the population inference code POPMODELS
(Wysocki, Lange, and O’Shaughnessy| (2019))), specifically a version extended
to model black hole coagulation, to compare their models to gravitational wave
observations from the first gravitational wave transient catalog (GWTC-1)

(B. P. Abbott et al.| (2019)). Although we had initially followed this with an
improved version of the same code to analyze the third gravitational wave transient
catalog (GWTC-3) (The LIGO Scientific Collaboration et al. (2021a)), we later
decided to build our own population inference software from scratch.

The new code is written in JAX (Bradbury et al.| (2018)) and utilizes GPU
acceleration and automatic differentiation to improve computing performance. This
gives us more than 100x speedups compared to POPMODELS. The code performs
Hamiltonian Monte Carlo (HMC) inference (Neal et al. (2011))), using the No U-
Turn Sampler (NUTS) (Hoffman, Gelman, et al.| (2014)) with adaptive path length

and mass matrix adaptation (Betancourt, (2017)).
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For the binary parameters A\, we choose the chirp mass M, the inverse
symmetric mass ratio 1/7, and the effective spin ., mainly because these
are very well-estimated parameters, and many formation channel signatures
tend to be imprinted in this space. The parameter estimation samples in these
dimensions, especially 7, are notoriously not Gaussians, whereas several sampling
techniques that we use work best when sample distributions can be approximated
as Gaussians. To resolve this, we enlist the help of normalizing flows. We use the
package FLOWJAX to train normalizing flows to convert Gaussians to parameter
event samples. During sampling, we then use the flows’ corresponding probability
density functions to compute the likelihood per event. This procedure prevents
a lot of the bias in posterior distributions that may otherwise appear due to bad
approximations.

Once we have the posterior distributions, we can compute the posterior

predictive distributions for the binary parameters as

pAHdD) = [ PN~ (p(IA)), (424)

For a mixture model, the overall posterior predictive distribution is a merger rate

weighted sum of the channel-wise posterior predictive distributions.

POHd}) = 32 2= - pel{da)) (4.25)
We can also compute the probability dlstr1but10n of an observed event being
produced by each of the formation channels as

p(d, € Channel.|{d,}) = /p(dn € Channel.|[A)p(Al{d,})dA

1 Npost

A d,, € Channel,|A;
N Z p( A)
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where
Re - [ pldn]A)p(Ae| A)dAc
3o Re - [ pldalAe)p(Ac|A)dA,
~ R <p<dn|/\c,i)>i
YERe - (pldnlAe);
4.5 Application to GWTC-3

p(d, € Channel.|A) =

We used our code to perform Bayesian population inference on all the
hierarchical merger models using the 69 confident BBH mergers in GWTC-3
(The LIGO Scientific Collaboration et al.| (2021b))). The posterior distribution
of the overall merger rate for the field+GC+AGN mixture model is shown in
figure 30} The inferred merger rates of R = 13.6273%" Gpc™® yr' and R =
11.11785% Gpe™ yr~! straddle the lower end of the LIGO-Virgo-KAGRA results
(17.9 — 44 Gpc™? yr~!) as reported in The LIGO Scientific Collaboration et al.
(2021D)).

Since the merger rate fractions of the formation channels are constrained
together within a Dirichlet distribution, it’s more logical to plot their posterior
distributions in a triangular histogram, as shown in figure [3I] We observe that field
mergers constitute most of the events, followed by globular cluster mergers with
most of the rest, and then AGN disk mergers with the rest.

We use triangular histograms again to show the probability of each event
being produced by each of the formation channels in figure [32l Most events are
categorized as field mergers, with some being split between field mergers and one
other channel. Of particular note is GW190521, shown individually in figure
which is very confidently categorized as an AGN disk merger. This is expected as,
in our models, AGN disks are the most likely source of hierarchical mergers that

can best explain GW190521’s large component masses.
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Figure 30. Black: Posterior distribution of the overall merger rate. Run on
hierarchical BBH field+GC+AGN mixture model on GWTC-3. Blue: Range of
LIGO-Virgo-KAGRA analyses’ results.
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Figure 31. Posterior distribution of overall formation channel probabilities. Run
on hierarchical BBH field+GC+AGN mixture model on GWTC-3. Brighter colors
represent greater probabilities.

104



GWTC-3 events' channel probabilities

Figure 32. Probability of each event being produced by each formation channel.
Run on hierarchical BBH field+GC+AGN mixture model on GWTC-3. Brighter
colors represent greater probabilities. For every triangle, the top, left and right
corners respresent field, GC, and AGN channels, respectively.
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Figure 33. Probability of GW190521 being produced by each formation channel.
Run on hierarchical BBH field+GC+AGN mixture model on GWTC-3. Brighter
colors represent greater probabilities.
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In figure [34] we compare posterior predictive distributions of several binary
parameters for each formation channel, as well as for the full mixture model. We
observe that field mergers dominate towards the lower masses, whereas AGN disk
mergers constitute almost the entirety of the heaviest mergers, especially over the
PISN mass gap. Dynamical channels seem more efficient at producing asymmetric
mergers than the field channel. The effective spin distribution for globular clusters
mergers is symmetric, as expected from an isotropic environment. While the
field channel is only slightly biased towards positive g, the AGN disk channel
is extremely biased towards positive xeg. The net result is the overall mixture
model being biased towards positive xeg as well. Thus, the AGN disk model is very
efficient at producing a subpopulation of high-mass high-spin mergers which is a
strong signature for hierarchical mergers.

We compare the posterior predictive distributions for first generation
mergers and higher generation mergers in figure [35| to explicitly showcase the effects
of hierarchical mergers more. Evidently, hierarchical mergers are able to populate
the PISN mass gap with heavy black holes. They're also efficient at producing high
effective inspiral spins, and low mass ratio mergers. Interestingly, this is in line
with the anti-correlation between mass ratios and effective spins observed in other
analyses (Adamcewicz, Lasky, and Thrane| (2023)); Callister, Haster, Ng, Vitale,
and Farr (2021)); McKernan et al.| (2022)). We can also calculate the probability of
each observed event being a hierarchical merger, as shown in figure [36f While most
events have very low probabilities, GW190521 stands out at 99.94%, reinforcing our

belief that it is very likely a hierarchical merger.
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4.6 Discussion

In this work, we refined the coagulation model for hierarchical mergers
introduced in Doctor et al.| (2020), and developed new software to perform faster
and more flexible population inference. Constraining our models on GWTC-3,
we find that field mergers constitute the majority of events, followed by globular
cluster mergers, and then AGN disk mergers. The AGN disk channel is the most
efficient at producing high-mass high-spin mergers due to its ability to retain
merger remnants that can go on to participate in hierarchical mergers. We observed
the tendency of hierarchical mergers to form a high-mass high-spin sub-population
of events that is also less preferentially symmetric than first-generation mergers.
While most events are consistent with first-generation field or globular cluster
mergers, we find that GW190521 is very likely a hierarchical merger from an AGN
disk.

We plan to incorporate further extensions like modeling hierarchical neutron
star mergers where the equation of state would have to be parametrized. A more
immediate improvement for the environment models we’re working on is addressing
their redshift dependence. As astrophysical models of dynamical environments
undergo improvement through various simulational and observational studies,
we’ll incorporate them in our models, and our inferences will be naturally evolving
with time. Thus, gravitational waves can walk step-in-step with other messengers,

refining each others’ models with ever increasing precision.
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CHAPTER V
LOOKING AHEAD

The fourth observing run (O4) is currently underway and has already
detected more candidate gravitational-wave events than the previous three runs
combined. Of particular note is GW231123 (The LIGO Scientific Collaboration, the
Virgo Collaboration, and the KAGRA Collaboration| (2025)), a loud binary black
hole merger with total mass in the range 190—265 M. The two component black
holes are estimated to have masses ~140 M, and ~100 M, and spins 0.9 and 0.8.
That makes it the most massive black hole merger confidently identified so far, and
an outlier to the third gravitational-wave transient catalog. While the final black
hole is an intermediate-mass black hole well above the PISN mass gap, the heavier
black hole straddles the upper boundary of the gap and the lighter lies well within
the gap. The massive and rapidly spinning components make it difficult to form in
isolated evolution scenarios, lending support to hierarchical origins. Staggeringly,
the two heaviest grandparents (the heavier parent of each parent) are themselves
probably in the mass gap.

The detection of GW231123 provides an abundance of use-cases for the work
in this dissertation. Some non-stationary noise was observed in the hours around
the signal, and there was a nearby glitch, both in LIGO-Hanford. While there’s
no evidence of any impact on the analyses, the disagreement within the different
waveform models calls for some attention to the PSD modeling and looking for
correlations with the inferred CBC posteriors, as explored in chapter II. The event
being an outlier poses interesting questions for the clustering algorithms in chapter
IIT and the hierarchical merger models in chapter IV, as well. While no confident

comment can be made without a thorough statistical analysis including all the
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gravitational-wave events observed in O4, one can imagine the event GW231123
driving the models in an interesting direction. It will likely lend even more credence
to the idea of hierarchical mergers in AGN disks producing massive rapidly
spinning black holes populating the PISN mass gap.

Modularity is a feature we have aspired to build into all the algorithms
mentioned in our work. Each of the codes can accept a wide variety of data as
input, making it easily usable in fields beyond gravitational-wave astronomy. The
parametric PSD estimation algorithm in chapter II can accept any time series and
generate a distribution of spectra, which is useful to analyze any data that contains
a combination of broadband and narrowband noise. The clustering algorithms
in chapter III can deal with any set of sample distributions, making them good
exploratory tools for any data where the intra-distribution spread is comparable to
the inter-distribution spread. The coagulation population inference algorithm in IV
can fit any new compact object formation channel with a parametrized model and
infer the model parameters as well as branching ratios in a mixture model. Thus
these tools we have developed can prove to be very strong and versatile hammers
even beyond the particular gravitational-wave-related nails we have focused on
here.

With sensitivity upgrades, the gravitational-wave census is growing faster
and richer every observing run. And with the advent of multi-messenger astronomy,
gravitational-wave science is poised to become an inseparable component of
astrophysics. Therefore it’s necessary to keep developing tools to understand not

only the gravitational-wave data we have but also the data we will have.
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