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DISSERTATION ABSTRACT
Gavin Armstrong
Doctor of Philosophy
Department of Mathematics
June 2018

Title: Unimodal Lévy Processes on Bounded Lipschitz Sets

We give asymptotics near the boundary for the distribution of the first exit
time of the isotropic a-stable Lévy process on bounded Lipschitz sets in R?. These
asymptotics bear some relation to the existence of limits in the Yaglom sense of
a-stable processes. Our approach relies on the uniform integrability of the ratio of
Green functions on bounded Lipschitz sets.

We use bounds for the heat remainder to give the first two terms in the
small time asymptotic expansion of the trace of the heat kernel of unimodal Lévy
processes satisfying some weak scaling conditions on bounded Lipschitz domains.

This dissertation includes previously unpublished co-authored material.
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CHAPTER I

INTRODUCTION

This dissertation explores two distinct properties of the heat kernel of
unimodal Lévy processes on bounded Lipschitz sets: the limiting boundary
behavior of the heat kernel for isotropic a-stable processes and the small time
asymptotic behavior of the trace of the heat kernel for unimodal Lévy processes.

The first of these properties was work co-authored with Prof. Krzysztof
Bogdan. We establish how the isotropic a-stable process, conditioned on its
survival, acts near the boundary of its domain. This is a generalization of the work
done by Bogdan et al. [19] for cones. Our proof relies on similar sharp estimates
of the heat kernel on Lipschitz sets and on a formula expressing the survival
probability in terms of a Green potential. A noteworthy difference in our approach
is that we use the a-harmonicity of the Martin kernel on bounded Lipschitz sets to
conclude the uniform integrability of the ratio of Green potentials, which in turn
helps us establish the existence of the necessary integrals.

These asymptotics give us some insight into the inherent behavior of the
Dirichlet heat kernel on the boundary. An additional implication of this result is
the existence of a “Yaglom limit”-like probability measure on our set [33]. That
is, the boundary behavior of the heat kernel gives us a measure which represents
the probability distribution of the (naturally) rescaled process conditioned on non-
extinction.

Such asymptotics are consistent with previous work, and can be regarded
as part of the culmination of the study of the Dirichlet fractional Laplacian. This

study started with boundary estimates and asymptotics of harmonic functions,
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these boundary estimates led to Green function estimates and asymptotics, which,
in turn, gave the Martin representation of harmonic functions, and finally sharp
estimates of the heat kernel.

The study of the Dirichlet fractional Laplacian in this way began with proofs
of the boundary Harnack principle for the fractional Laplacian by Bogdan [7]
and Song and Wu [52]. Sharp estimates for the Green function of the fractional
laplacian were given by Jakubowsi [34]. Boundary asymptotics of ratios of
harmonic functions were given by Bogdan et al. [18]. Sharp estimates of the
Dirichlet heat kernel are given in [15]. As is the case here, results in this area for
Lipschitz sets are often preceded and informed by the results for cones. Related
background is given by DeBlassie [29], Kulczycki [40], Burdzy and Kulezycki [25],
Méndez-Hernéandez [43], Bogdan and Jakubowski [17], Michalik [44], Kulczycki and
Siudeja [42], and Bogdan and Grzywny [12]. For smooth domains see Kulczycki
[41], Song and Chen [28], and Kim et al. [36, 39].

The second property discussed in this dissertation is the approximation of
the trace of the heat kernel for unimodal Lévy processes on bounded Lipschitz
domains. The trace of the heat kernel has been long studied in analysis and
probability. Given a type of stochastic process and a domain, can we estimate
or give asymptotics for the trace of that heat kernel? This is related to an older
question in analysis [35]: What is the relationship between the spectrum of the
Laplacian on a domain and the geometry of the domain? The latter question can,
in part, be approached through the theory of stochastic processes using the trace of
the heat kernel. Therefore a question about the relationship between the spectrum
of the fractional Laplacian and the geometry of D can become a question about the

relationship between the trace of the heat kernel and the geometry of D.



We give the first two terms in the small time asymptotic expansion of the
trace of the heat kernel of unimodal Lévy processes on bounded Lipschitz domains.
This approximation is a bound of the trace which is uniform in ¢ for small values
of t. The first component is given by the d-dimensional Lebesgue measure of the
domain and the second is given by the (d — 1)-dimensional Hausdorff measure of
the boundary of the domain. Our result fits perfectly with the existing collection of
estimates and asymptotics of traces.

The first term of our asymptotic expansion is near trivial to demonstrate.
The second term is obtained using properties of the Lipschitz boundary to separate
the boundary into good sets, of significant measure, and bad sets, of smaller
measure. On both sets we use recent estimates for the heat remainder from [21].
On the good set we show, through a series of applications of the triangle inequality,
that the heat remainder on our domain is comparable with the heat remainder
on the half-plane, and hence the second term of our asymptotic expansion is the
product of the Hausdorff measure of the boundary and a constant only depending
on the upper-half space of R

One of the first studies of traces in this way was a two-term estimate for
Brownian motion on R-smooth domains by van den Berg [54]. Asymptotics of the
Brownian motion case were given for C! domains by Brossard and Carmona [23]
and Lipschitz domains by Brown [24]. Estimates for isotropic a-stable processes on
R-smooth domains were given by Banuelos and Kulezycki [3], and asymptotics on
Lipschitz were given by Banuelos et al. [4]. Most recently two-term estimates for
unimodal Lévy processes on R-smooth domains were given by Bogdan and Siudeja

[21]. This leads exactly to our asymptotic expansion.



CHAPTER II

PRELIMINARIES

In this chapter we provide some necessary definitions, notations, and known

results from the theory of stochastic processes which will help us in later chapters.

2.1. Definitions

Let 0 < a < 2,2 < d, and R? be the real d-dimensional Euclidean space.
Unless stated otherwise, we will assume that all our random variables are R¢-
valued. We summarize the basics of stochastic and Lévy processes in this section,
for a more detailed discussion see [1, 47].

A stochastic process, X(w) = (X;(w)),cp, is a collection of random
variables defined on a common probability space, (€2, F,P), where Q is a sample
space, F is a o-algebra, P is a probability measure. The random variables, X;(w),
indexed by some set 7', all take values in the same mathematical space &, which
must be measurable with respect to some o-algebra, . Note: we will often
suppress the notation and write “X;(w)” as just “X,”.

We will be concerned with a specific type of stochastic process: processes
whose increments are independent and stationary, otherwise known as a Lévy
process. These processes can be viewed as the continuous-time analogue of

random walks.

Definition 2.1.1. A stochastic process X = (X;),5, is said to be a Lévy process

if it satisfies the following properties:

1. Xo =0, almost surely.



2. Independent increments: For any 0 < t; < ty < --- < t, < 00, the random

variables Xy, — Xy, Xoy — X4y, - .., X4, — Xy, _, are independent of each other.

3. Stationary increments: For any s < t, the distribution of X; — X, is equal to

the distribution of X;_s.

4. Continuity in probability: For any € > 0 and t > 0 it is true that

lIm P (| Xppp, — Xi| > €) = 0.
h—0

5. CADLAG: There exists Qg € F with P () = 1 such that for every w € Qq

Xi(w) is right-continuous in t > 0 and has left limits in t > 0.

The primary tool in studying the distributions of Lévy processes is the
characteristic function, or Fourier transform, of their distributions. Let Y be a
random variable defined on (Q, F,P) taking values in R? with probability law py-.

The characteristic function of Y, ¢y : R¢ — C, is defined by

oy (€) =E [ei@Y)} — / ei<5’y(w)>IP’(dw) :/ ei<5’y>py(dy), (2.1)
Q R?

for each ¢ € R%.

The “Independent increments” property of a Lévy processes, X = (X;),,
allows us to conclude that the random variables X, are infinitely divisible for each
t > 0. That is, for all n € N there exist a collection of independent and identically

distributed random variables, Yl(”’t), Y™ such that

distribution (X;) = distribution (Yl(n’t) +- 4 Yn("’t)> :



Because of this “infinite divisibility” property we can apply the Lévy-Khintchine

formula to Lévy processes.

Theorem 2.1.1 (Lévy-Khintchine). Given a Lévy process, X = (Xt),5, there
exists a vector b € R?, a positive definite symmetric d x d matriz A, and a Borel

measure v on R\{0} such that

. 1 i .
Ox,(§) = eap [t- {z<b, &) = 56 A9 + / (=1 =il )y o) u(dy)H ,
R
(2.2)
for each & € R? and t > 0, where B1(0) is the ball of radius 1 centered at the origin,

1 is the indicator function, and v satisfies [pa (|y|2 A1) v(dy) < oo.

The exponent in (2.2) is often called the characteristic exponent or Lévy
exponent of X, denoted 1(z). The matrix A is called the Gaussian covariance
matrix of X and v is called the Lévy measure of X.

We call a measure isotropic if it is absolutely continuous on R4\ {0} with
respect to Lebesgue measure and it is invariant under linear isometries of R%. We
call a measure unimodal if it is isotropic and its density function is radially non-
increasing. We say that a Lévy process is unimodal if all its density functions are
unimodal, see [11, 55]

We can simplify the characteristic exponent of unimodal Lévy processes to

b(E) = o? € + / (1 - cos(é, ) v(dy), (2.3)

Rd

where v(dy) = v(y)dy = v (Jy|) dy is a unimodal Lévy measure and o > 0.



For the remainder of this dissertation we assume that all our stochastic
processes are unimodal Lévy processes, and that all sets, measures, and functions
are Borel.

Let X = (X;),5¢ be a unimodal Lévy process. For x € R¢, we denote by P,
and [E, the probability and the expectation of a process starting from z. We will

denote by

pi(w,y) = pi(x —y) (2.4)

the transition density of X. That is, for A C R?, we have

P, (X; € A) = /Apt(x,y)dy.

Let D C R? be a nonempty open set, then the first exit time from D is
p=inf{t >0 : X; ¢ D}. (2.5)

Note that if D is bounded, then 7p < oo almost surely. The transition density of

the process killed upon exiting D (the heat kernel) is defined by

P, (X, € A, 7p >t) = / pf)(x,y)dy. (2.6)
A

The heat remainder of the process killed upon exiting D is defined by

TtD(.T, Y) =E, [pr—rp (Xrp,y) 5 70 <t] = / Di—p (XTD, y)d]P’m (2.7)

{7'D<t}

We can see that

pe(x,y) = pf (z,y) + 1 (2, ). (2.8)



Note that pP satisfies the Chapman-Kolmogorov identity:

/ P2 (@, Py, 2)dy = pPu(2),  s,t>0, 7,2 RY (2.9)

see [21, 9, 26]

Let n > 0. The truncated Green function of the set D is defined by

Gh(r,y) = /Onp?(:c,y)dt. (2.10)

We will use the term Green function and notation Gp(z,y) to refer to the case
when 7 = oco. We have Gp(x,x) = oo if € D and we set Gp(x,x) = 0 if z € D°.

For integrable or nonnegative functions f, we define the Green operator to be

(Gpf) (a) = / G, y)f(y)dy. (2.11)

D

It is well-known that Gp(x,y) > 0 on D. Also Gp(z,y) = Gp(y, z), for x,y € R?,
and Gp(z,y) = 0isx € D°ory € D°. We can define the truncated Poisson

kernel of the set D in a similar way:

Pl(x,y) = /DG%(x, 2)v(z —y)dz. (2.12)

The term Poisson kernel and notation Pp(x,y) will refer to the case n = oc.

We denote the semigroup on L?(D) of X killed upon exiting D by {PP},_ .

That is, for € D, t > 0 and f € L?(D) we define

(PPN @ =Elf(X) s >t = [ Ple)fdy. (213

D



The infinitesimal generator of the killed semigroup {PtD } is defined by

t>0
Lf= g%t—l (PPF—1). (2.14)

Given any unimodal Lévy process X the corresponding infinitesimal generator has

a unique representation as an integro-differential operator:

+0’Af + /Rd (f(:c +y) — f(z) - Zygj ﬂp(y)> v(dy),
= (2.15)

of
ox;

7

(Lf) (@) = 32t

where A = 2?21 8‘9—;12 is the standard Laplace operator.

An open set D C R? is called Lipschitz if we can find R > 0 and A > 0
such that for every @ € 9D there exists a Lipschitz function ¢g : R — R with
Lipschitz constant not greater than A and an orthonormal coordinate system C'Sg

such that if y = (y1,...,Ya—1,v4) in CSg coordinates, then

DQB(Q,R):{y : yd>¢Q(y17"'>yd*1>}mB(QvR)7

where B(Q,R) = {z € R? : |z — Q| < R}.
We recall the Ikeda-Watanabe formula from [21] for the joint distribution of

X

™D

and 7p. Forx € D, 0<t; <ty and A C (E)C we have

t2
P, [X,, €A t1 <7p <ty = / / pSD(x,y)ds/ v(y — z)dzdy. (2.16)
D Jt, A

See also [2, Lemma 1], [20], [27, Appendix A], [30, VIL.68], or [48, Theorem 2.4].
For the rest of this dissertation we assume that D is an open bounded

nonempty Lipschitz set.



2.2. Stable Processes

The isotropic a-stable process is a commonly studied unimodal Lévy process.

The process is determined by the jump measure with density function

2T ((d+a)/2), i
W) = ZaEr ey Y

y € R (2.17)

This process has characteristic function E,e&X—# = ¢~tlEl* ¢ ¢ R The
transition densities, p;(), are smooth real-valued functions on R? and satisfy the

Fourier transform:

/ pe(x)e O dy = 71" £ e RY (2.18)
R4

Further, the following scaling property is a consequence of (2.18):
pe(z) =tV (t7Vx),  z e R t>0. (2.19)

There exists a constant ¢ such that

t t
c! (t_d/a/\ |x|d+a> <p(x) <c <t_d/°‘/\ |$|d+a) ., xzeRY >0,

See [6, 13, 22] for the explicit constant. We write f &~ g when the functions f,g > 0
are comparable, i.e. their ratio is uniformly bounded between two constants on

the whole domain. Hence

pe(x) = t=Ye A reRY t>0. (2.20)

|I|d+o<’

Note that throughout this dissertation we use many different constants. The value

of these constants is not usually of importance and the same specific constant

10



[1%hi

is rarely required more than once. Hence the letters “c” or “C” are often used

generically to refer to a constant, but almost never refer to the same constant more

than once. We note that

0<p(z,y) =p’ (y.2) < pely — ).

Since D is Lipschitz, it satisfies the exterior cone condition. Therefore, by

Blumenthal’s 0-1 law: P, (7p = 0) = 0 if z € D¢, in particular pP(z,y) = 0 when x

or y are outside of D. We note that

P, (1p >t)=/p?(:v,y)dy~
D

Additionally, the following scaling property follows from (2.19)

pP(x,y) = t=Yopt P (17 Vg VoY) g € RY >0,

Combining (2.21) and (2.22) we get

P.(1p > 1) = / e P () dy
D

= / ploep (t~%,u) du
t=t/eD

- Pt—l/ax (Tt—l/aD > ].) .
We denote the killing intensity of X on D by

ko) = [ vz w)dy,

11

(2.21)

(2.22)

(2.23)

(2.24)



and the fractional Laplacian operator by

(A“/Qu) (z) = lim (u(x +y) —u(z)) v(y)dy, (2.25)

=0 Jrd\B(0,r)
where v is the jump-measure as defined in (2.17).
Definition 2.2.1. Let u > 0 be a Borel measurable function on RY.
— We say that u(z) is regular a-harmonic in an open set V. C RY, written

we A2, (V), if

u(z) =E, [u(X,,)] < oo, forallz e V.

— We say that u(z) is a=harmonic in V C R, written u € 5%(V), if for every

bounded B C V such that B C V we have

u(z) =E, [u(X:,)] < oo, for all x € B.

— We say that u(z) is singular a~-harmonic in V C RY, written u € F(V),

ifue V) and u(x) =0 for every x € V°.

Since 7 < 7y for B C V, it follows by the strong Markov property that
regular a-harmonic functions are also a-harmonic. For x € R?, the P,-distribution
of X, is called the a-harmonic measure, denoted by wy,. This measure is

concentrated on V¢ and for u € 72, (V) we have
ue) = [ uwildy), eV (2.26)

12



Given an a-harmonic measure on a Lipschitz set we can express it in terms
of its density function (the Poisson kernel) [7, Lemma 6]. That is, for every u €

H,2,(D) we have a representation

u(z) = /C Pp(z,y)u(y)dy, z € D. (2.27)

It can be shown that for each y € D, G(z,y) is a-harmonic in € D\{y} and
regular a-harmonic in D\ B(y, ), for every r > 0, see [8].
Fix an arbitrary reference point o € D. For Q € 0D and y € D we define the

Martin kernel on D by

ME (5,Q) = lim SPY.

: eD. 2.98
+—Q Gp(x, o) v ( )

In [8, Lemma 6] it is shown that the Martin kernel exists, the mapping (y, Q) —
M7 (y, Q) is continuous on D x 9D, and for every ) € 0D the function M7 (-, Q)

is singular a-harmonic in D.

2.3. Weak Scaling Conditions

Let us return to general unimodal Lévy process setting. We asserted in
equation (2.3) that unimodal Lévy processes are characterized by Lévy-Khintchine

(characteristic) exponents of the form

B(E) = % + / (1 - cos(€, 2)) v(da).

Rd

where v(dz) = v(z)dr = v(|z|)dz is a unimodal Lévy measure and ¢ > 0. Since

¥(€) is a radial function, we often let (1) = ¢(£) where ¢ € R and r = [£] > 0.

13



Consider the pure-jump Lévy process X = (X;),5, on R?. That is, let ¢ = 0.

This process is determined by the Lévy-Khintchine formula:
EeiéXe) = / ei<§’x>pt(da:) = e W), (2.29)
R4

Here p,(dx) is the distribution of X;. It turns out that p;(dx) is also unimodal,
therefore we can call the process X (isotropic) unimodal. We wish for p;(dx) to
have bounded and smooth density functions, p,(z) for ¢ > 0. This is a consequence

of the Hartman-Wintner condition, see [14, Lemma 1.1]:

lim (€)/In(¢) = oo. (2.30)

|§]—o0

The Hartman-Wintner condition itself will be a consequence of our assumption
that () satisfies some weak lower scaling condition, yet to be defined. We always
assume that the Lévy-Khintchine exponent, ¥ (&), is unbounded, that is, v (]Rd) =
oo. Clearly ¢(0) = 0 and ¥ (u) > 0 for u > 0.

Let X} be the first coordinate process of X;. We define the running
maximum of X; by

m; = sup X,. (2.31)

0<s<t
We then define the local time of m; — X} at 0, L°(t), to be the amount of time,

up to time ¢, that m; — X} spends at 0:

LO(t) = /Ot § (ms — X)) ds, (2.32)

where 0(+) is the Dirac delta function. Consider the right-continuous inverse of
LO(t): (L°) " (s). This is called the ascending ladder time process for X}

14



Composing X} with (Lo)f1 (s) gives us the ascending ladder-height process:

Hy = X019 = Maoyi(s) (2.33)

The accumulated potential of this ascending ladder-height process is

defined by

V(z) = E/OOO Lo (Hs) ds = /000 P(Hs < x)ds. (2.34)

This is a continuous and strictly increasing from [0, c0) onto [0, 00). In particular,

lim, o V(r) = 0o and V(z) is sub-additive:
Vie+y) <V(ix)+V(y), for all z,y € R. (2.35)
The relationship between V' (z) and () is given in [14, Lemma 1.2] by

Vi(r) ~

o) r > 0. (2.36)

For more details on the ascending ladder-height process and accumulated potential
see [11] and [49].

We are interested in the (relative) power-type behavior of ¥ (r) at infinity.
We say that 1(r) satisfies the weak lower scaling condition at infinity,

WLSC (a,0,C), if there are numbers a > 0, # > 0, and C € (0, 1] such that

P(Ar) > CA*%Y(r), (2.37)

for A > 1, 7 > 6. In general, we write v € WLSC («,0,C). Or, in short, we write

v € WLSC (a,0,C), v € WLSC (a,0), or v € WLSC (a) depending on how

15



specific we want to be. Further, we say that 1(r) satisfies the global weak lower
scaling condition at infinity (global W LSC) if v € WLSC(«,0). If 8 > 0, then we
can emphasize this by calling the scaling “local at infinity”.

We say that 1(r) satisfies the weak upper scaling condition at infinity,

WuUScC (a, 0, U), if there are numbers @ < 2, § > 0, and C € [1, 00) such that

() < CAP(r), (2.38)

for A > 1, r > 6. In general, we write v € WUSC (a, 0, U). Or, in short, we write
Y € WUSC (@,0,C), v € WUSC (@,0), or v € WUSC (@) depending on how
specific we want to be. Further, we say that ¢(r) satisfies the global weak upper
scaling condition at infinity (global WUSC) if v € WUSC(a,0). If § > 0, then we
can emphasize this by calling the scaling “local at infinity”.

As pointed out in [14, Remark 1.4], by inflating (or deflating) C and C we
can deflate (or inflate) § and @ so that § = § = 6 > 0 in both WLSC and WUSC.
These scalings are natural conditions on 1 (r) in the unimodal setting and there are
many examples of Lévy-Khintchine exponents which satisty W LSC or WUSC'. For

example, as is shown in [13], every unimodal Lévy process satisfies

¢ € WLSC (0,0,1/7%) nWUSC (2,0,7°).

Another example is ¥(§) = [¢|%, the Lévy-Khintchine exponent of the
isotropic a-stable Lévy process in R? with o € (0,2). This satisfies W LSC(c, 0, 1)
and WUSC(a,0,1). Alternatively, a non-stable example is ¥(§) = |£]|* + [£]*2,
for which we have ¢(§) € WLSC (a1,0,1) N WUSC (a,0,1), where 0 < a3 <
ay < 2. Finally, if ¢(r) is a-regular varying at infinity and 0 < « < 2, then

16



v € WLSC (o) N WUSC (@), for any 0 < a < a < @ < 2. See [13] for more details
on WLSC and WUSC.

By definition, if 1 € WLSC (a, ), then there exists some constant C' such

that
V(L
()\1r) SQ}\*Q/Z’
V(;)
for A > 1 and r > . That is,
V (es)
< Qe/? 2.39
Sl < e (239)

for 0 < e < 1and s < 1/0. Similarly, if v € WUSC (6, @) then there exists some

constant C' such that
V (s)

< O /? 2.4
Vi(es) — Ce™™, (2.40)

for0 <e<1ands<1/0.

Lemma 2.3.1 (Potter-like Bounds). If ¢ € WLSC(a,0) NWUSC(@,0), 0 < z <

1/0, and 0 < y < 1/6, then there exists some constant C' such that

ORION

(2.41)

(
Ve v dt=5st
V(y) \ V};(z)@) E % <1
(
Cte/?, ift=2<landy<1/0,
< 9
Ct*?, ift'=Y<landz<1/0
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Thus

We frequently refer to the inverse function of V(x) on [0, 00) in this

dissertation. To simplify notation, we choose to write
T(t) = V! <\/Z) . (2.42)

This is equivalent to V2 (T'(t)) = t. For example, T'(t) = t*/* for the isotropic a-
stable Lévy process. The scaling properties of T'(t) at zero reflect those of () at
infinity. See [21] for further discussion of T'(¢). A nice consequence of weak scaling
conditions is that they imply the Hartman-Wintner condition, mentioned above in
(2.30). That is, weak scaling conditions imply that the distribution, p,(dzx), of X;
has a bounded and smooth density function, p;(x) for ¢ > 0.

Throughout the rest of this dissertation we make the following assumptions:
— The Lévy measure v is unimodal and infinite on R? with d > 2.

— The Lévy-Khintchine exponent satisfies both weak upper and lower scaling

conditions

0+ € WLSC (a,0) NWUSC (&, 6), (2.43)

for some constants 0 < o <@ < 2 and 0 <6 <inf,ep (1/0p(2)).
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2.4. Trace Estimates

We define the trace of the heat kernel p”(x,y) by

Zp(t) = /Rd pP (v, )d. (2.44)

A classical question in analysis is: what is the relationship between the spectrum
of the Laplacian and the geometry of the domain on which it is defined? This
problem can be approached through the theory of stochastic processes using

the trace of the heat kernel. For example, consider the infinitesimal generator of
{PtD } >0 for the isotropic a-stable process. In this case, it can be shown that there
exists an orthonormal basis of eigenfunctions {;}:°, for L?*(D) and corresponding
eigenvalues {\;};=, of Lf satisfying 0 < Ay < Ay < A3 < -+, with \; — oo as

i — 00, see [31]. That is, {¢;, \;} satisfies

(PP;) (z) = e M), reD, t>0. (2.45)
Thus
pl(,y) = e Moi(x)ei(y). (2.46)
i=1
Hence
Zp(t) = Z e’\it/ 2 (x)dr = Z e Mt (2.47)
i=1 D i=1

Therefore a question about the relationship between the spectrum of the fractional
Laplacian and the geometry of D can become a question about the relationship

between the trace of the heat kernel and the geometry of D.
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CHAPTER III

BOUNDARY BEHAVIOR OF THE HEAT KERNEL OF ALPHA-STABLE
PROCESSES ON BOUNDED LIPSCHITZ SETS

3.1. Boundary Behavior of the Heat Kernel

In this chapter we establish the limiting boundary behavior of the heat
kernel for isotropic a-stable processes on bounded Lipschitz sets. This has some
relationship to Yaglom limits, which refer to the existence of a rescaling of a Lévy
process and a non-trivial probability measure such that the rescaling conditioned
on non-extinction converges in distribution towards the measure. This project is a
generalization of the work done by Bogdan et al. [19] for cones, and was completed
under the guidance of Prof. Krzysztof Bogdan at Wroctaw University of Science
and Technology.

We consider solely the isotropic a-stable processes in this chapter. Let X =

(Xt),50 be the isotropic a-stable Lévy process in R,

Theorem 3.1.1. Let D be an open bounded Lipschitz set in RY and let ) € OD.

The following limit exists

D
. x,
nt7Q(y> _ llm pt ( y)

— D t 1 D. 3.1
MOE, (pe1y TEP () elloo)x (3.1)

Furthermore it is finite, strictly positive, continuous on t and y, and for 1 <t < oo,

0<s<oo,y€D we have

me(y) ~ Py(mp>1), (3:2)

nrsoy) = | nuo(z)pl (2, y)dz. (3.3)



3.2. Asymptotics of Green Potentials

We wish to prove Theorem 3.1.1. To do this we first establish the asymptotics
of Green potentials at the boundary points. This extends what is already known

about the asymptotics of Green potentials for cones [19, Lemma 3.5]

Lemma 3.2.1 (Uniform Integrability of the Ratio of Green Functions).

Let f be a measurable function bounded on D and let QQ € 0D. We have

| Goa) W= |l ey WAy < e, x € D.

Proof of Lemma 3.2.1. Let 2,2, € D. We choose
p = (dist (z1,0D) Ndist (z2,0D) A |z1 — 23]) /3 (3.4)

so that B(z1,p), B(z2,p) C D and B(z1,p) N B(z9,p) = (. We know that
Gp(-,y) is regular a-harmonic on B(z1, p) and B(z2, p), see [41]. We also know that
M7 (-, Q) is regular a-harmonic on B(z1, p) and B(zs, p), see [8, Lemma 6]. Using
the definition of the Martin kernel (2.28) and the a-harmonicity of both the Martin

kernel and the Green function we get

. Gp(z,y) / |
lim ———w?%,  (d = Mp(y, Qg (d
/B(zi,p)c z—Q GD(I,xo) B(Zzup)( y) Blzi.p)° D (y ) B( “p)< y)
= Mp'(%,Q)

 Gplaz)

= lim ——%

+—Q Gp(z, o)
b Go(@ 95, ()

GD(:E7 y) wg—(%’p) (dy),

= lim
z—Q B(z;,p)° GD({L‘,JZ())
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for ¢ = 1,2. This tells us that, with respect to the a-harmonic measure on

B (z;, p), the above integral and limit are interchangeable. Vitali’s theorem [50,

Theorem 16.6] tells us that the collection of functions ( GG DD((;Bl%i)))> o is uniformly
’ r—

integrable on D with respect to wp(., p) + WB(2,p)-

The a-harmonic measures wy, , have explicit density functions, see e.g. [8].

ZisP

It can be shown that

Cd,a,21,22 Cd,a,21,22

> Cdq
(6% —_ d o — NoNARY M
(v -z ==l (ol +12D™ v

PB(zi,p) (Zi7 y) Z

fory € B(z;,p)¢ and i = 1,2. Thus [50, Theorem 16.8] tells us that we also have

the uniform integrability of (%) 0 on D with respect to Lebesgue measure.
’ r—
Therefore
. Gp(r,y) / . Gp(x,y)
1 —_— dy = [ lim ——= dy < o0,
Rl e xo)f(w y= | dm e xo)f(y) y < o0
for any bounded measurable f(y). O

3.3. Distributions and Green Potentials

We can also establish the following identity, expressing the distribution of the

first exit time in terms of a Green potential:

Lemma 3.3.1. For z € R?, we have

P, (tp > 1) = (GpPPkp) (2). (3.5)
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Proof of Lemma 3.53.1. Let x € D. Since our domain D is Lipschitz, it follows from
[53] that

Wt (0D) =P, (X,, € D) =0,

Thus

By the Ikeda-Watanabe formula:

]P)x(TD>1) = ]P)x TD>1 X,

D

://C/psxz v(z - w) dz dw ds
L ]

/ pt+1(x 2)v(z —w) dt dw dz
dJDeJo

:/Rd/DCO/ (2,9)pP(y, 2) dy v(z — w) dt dw d=
/

—eD, X,, € DY

) dt /]R (y,z)/cl/(z—w) dw dz dy
Py, 2)kp(z) dz dy

For x € D¢ we can see that 7p = 0 almost surely with respect to P,. Therefore the

identity (3.5) is established.

Next we show that the limit of the ratio of the distribution of the exit time

and the Green function exists near the boundary. We will denote this limit by C}
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and we will show that

Ci= [ [ M. @b . no()dzdy (36)
pJp
Combining the two lemmas above we obtain the following theorem:

Theorem 3.3.1. The constant 0 < Cy < oo exists, satisfies equation (3.6), and

lim ]P)x (TD > 1)

= (. 3.7
z—=Q GD(Qf,[Eo) ! ( )

Proof of Theorem 3.3.1. We first show that f(y) = (PPkp) (y) satisfies the
assumptions of Lemma 3.2.1, i.e. that f is bounded. Indeed, by [15, Theorem 1]

we have the following factorization
p{)(yWZ) ~ ]P)y(TD > 1) PZ(TD > 1) p1<y7 Z), Y,z € D. (38)

Thus,

(PPrp) (y) = /D PP(y,2) p(2) dz

~ Py(rp > 1) /DIP’Z(TD > 1) pi(y, 2) kp(z) dz. (3.9)

Since D is bounded, it follows from equation (2.20) that

my, z) =1, y,z € D. (3.10)
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Hence equation (3.9) becomes

(PlDK,D) (y) = Py(mp > 1)/DPZ(TD > 1)kp(z) dz. (3.11)

Using equation (3.5) we see that

/D Go(e.y) (Prrr) (y)dy = (GpPlrr) (x) = By (rp > 1) < 1,

for y € R%. By [56], Gp(x,y) is strictly positive for all z,y € D. Thus P| kr has
to be finite almost everywhere. Hence the integral in equation (3.11) must be finite.

Therefore

(PPkp) (y) = Py(rp > 1),

for y € D. In particular, (PlD/ﬁZF) (y) is bounded on D.

Finally, since (PlD Iir) (y) is bounded, we can apply Lemma 3.2.1:

. P.(mp>1) . (GpPPkp) (z)
lim ———~ = lim
z—Q GD(ZL',IO) z—Q GD(CC,:EO)
o 1 GD(xa y)
= lim

z—Q DGD(JI,ZL‘())
- /D ME (4.Q) (PPrp) () dy

(P1D/€D) (y) dy

3.4. Limiting Boundary Behavior

We are now in a position to prove Theorem 3.1.1.
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Proof of Theorem 3.1.1. Let us define

_ Jap? (@, y)dy

, eD, AcCRY 3.13
P,(rp>1) (3:13)

fz(A) :

First we note that the family {y, : = € D} is tight. Indeed, combining the

factorization of pP(z,y) in equations (3.8) and (3.10) we get

D

pl (J],y)
— 7 P 1 3.14
Pr(TD>1) y(TD> )7 ( )

for z,y € D. The density functions of these y,(A) are bounded by a single
integrable function and hence this collection of measures is tight.

Next we wish to prove that the measures u, converge weakly to a probability
measure fig on D as © — (). To this end, consider an arbitrary sequence {x,} such
that r, — Q. By tightness there exists a subsequence {z,, } such that ., = uq
for some probability measure pig, as k — o0o. We wish to show that this limit is
unique.

Let ¢ € C2(D) and ug = —A%2¢, where A%/? is the fractional Laplacian

operator defined in equation (2.25). For # € R?, we claim that
(PP6) (2) = (GoPPus) (@) (3.5)

To show this we first remark that the function u, is bounded and continuous and
that (Gpug) (x) = ¢(x), see [16, (19)] and [18, (11)]. By equation (2.20) it follows

that

U?mmwzéﬁ@wmwmma
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It now follows from [18, (74)] that
(GoP? ual) (2) = [ Golavn) (PP us) (o)

< c/ Gp(z,y)dy < oc. (3.16)
D

As a result of this, we can apply Fubini’s theorem:

@)@ = [ [ ] " PP (@, )PP (y, 2)uug ()t dzdy

_ /D /Ooopgl(x,z)%(z)dtdz
_ / /Oopgrl(z,m)u¢(z)dtdz
= /// Py (2, 9)p7 (4, ¥)ug(2)dtdzdy

= PDGDU¢) ( )
= (P9) (x).
This establishes equation (3 15).
Let us denote 1i,(¢) := [, #(y)p(dy). Using equation (3.15), Theorem 3.3.1,
and Lemma 3.2.1 we get
(PP9) (=)

li " = li

— lim (PlDGDud,) (x)
—Q P, (TD > ]_)

— lim (GDP1DU¢) (.1') GD<JJ,330)
z—=Q GD(.ZC,I'Q) ]P)x (TD > 1)

— & [ M30.Q) (PPuo) )y (3.17)

In particular pig(¢) = limgseo fis,, (¢) does not depend on the choice of

subsequence. Thus p, = pg as v — Q.
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For any ¢ > 1 we can consider ¢,(-) = p2,(-,y) € Co(R?). Using the

Chapman-Kolmogorov identity (2.9) we get

D
. Dy ((L’, y)
= 1 _—
mely) = lim 5 e =0

_ hrn po£1<z7y)plD(xa Z)dZ
z—=Q Pm (TD > 1)
_ oy (EOPEGY) ()
= lim
e=Q P, (tp >1)

= lmp, (1) -

By (3.17), the existence of n; o(y) for t > 1 now follows:

no(y) = o (P () -

The case t = 1 also follows from this, but instead of p” ,(x,y) we just need the
appropriate identity function on D.

Note that for every ¢ € Cy(R?) and every Q € 9D we have

ho() = lim Mgﬁy)dy = [ maWwotin

That is, ny o(y) is the density function of p with respect to the Lebesgue measure.
Also equation (3.2) follows from equation (3.14), and equation (3.3) follows from

the Chapman-Kolmogorov identity (2.9) and the Dominated Convergence Theorem:

n (y) = lim M Pz,9)dz = | nug(2)p?(z,y)dz (3.18)
t+s,Q\Y 20 b Px (TD N 1)ps Y b t,Q s Y . .
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Corollary 3.4.1. Let D be an open bounded Lipschitz set in R and let Q € OD.

The following limit exists

D

— D t 0 D. 3.19
B, pp “ED () e Do) (3.19)

Furthermore it is finite, strictly positive, and for 0 <t < oo, y € D we have
—d/a, D/t a
Proof. For t > 1, the existence of m/,(y) follows from Theorem 3.1.1:

D
D () — fim PLEY)
mt,Q(y> xl—{%) Px (TD > t)

D P 1
— lim 2 (:c,y) . lim x(TD> )

2=Q P, (1p > 1) 2-Q P, (1p > t)
nt,Q(?J)
D
z—oo | P, (TD > 1)
nt,Q(y)

= Tl (3.21)

Using equations (2.22) and (2.23) we get the following rescaling property of m/,(y)

for t > 0:
D
D o p(w,y)
—  ljm 2\ d)
mt,Q(y) xl—{l(l;) Px (TD > 1)
gy P (e )
T—=Q ]P)t—l/az (Tt—l/aD > 1)
= teml TR (V). (3.22)
O
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One interpretation of the implications of Theorem 3.1.1 is the following:

Corollary 3.4.2. Given a bounded Lipschitz set D, x € D, and 0 = ) € 0D
there ewists a probability measure pg concentrated on D such that for every Borel

set A C R?, ¥ ¥
lim P, ( /ta €A ‘ (TZ> C D) = pg(A). (3.23)
t—o00 t 0<s<t

This corollary tells us that, given its survival for a short period of time, the

rescaled process X;/t'/® has a limiting distribution independent of the starting

point z.

Proof of Corollary 3.4.2. Suppose that our boundary point, ), coincides with the
origin, that is ) = 0. We claim that the probability that the rescaled process
belongs to some Borel set A at a time ¢ > 0, given that the rescaled process hasn’t
escaped the domain D yet, can be expressed in terms of the measure fi,-1/a,(A),

irrespective of the starting point x of the process X. Indeed, for any Borel set

A C R? we have

X, X b (t”a €4 (f{(/s“)K L D)
P (— cA u cD =5
0<s<t

Jsaa 2P (2, y)dy
Jasap 2t P (2, y)dy
Jijant —d/apb (t_l/ax,t_l/o‘y) dy
Josap ¥ (t Vag, t=Vey) dy
[up? (7, y) dy
[pp? (tVew,y) dy
= y-1/ap(A).

11/ D(

Therefore, as t — oo, this probability approaches pio(A) = pg(A).
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CHAPTER IV

TRACE ASYMPTOTICS FOR UNIMODAL LEVY PROCESSESS ON
LIPSCHITZ DOMAINS

4.1. Trace Asymptotics

In this chapter we provide the first two terms in the small-time asymptotic
expansion of the trace of the heat kernel for unimodal Lévy processes on bounded
Lipschitz domains. Asymptotics in this form on Lipschitz domains have been
established for Brownian motion [24] and for isotropic a-stable processes [4]. The

following theorem is the next generalization in this sequence.

Theorem 4.1.1. Let D C R< be a bounded open Lipschitz domain. Given any
unimodal Lévy process satisfying weak scaling conditions and any € > 0, there exists

some tg > 0 such that for 0 <t <ty the trace of the heat kernel satisfies
1Z(t) — p(0)| D] + CaltyH (ID)] < ()T (1), (4.1)

where c¢(e) — 0 as € — 0, and

o)

Cia(t) :T(t)l—d/ vt (£ (2,0, .0, (4,0, .. 0)) dg. (4.2)

0

Here

H = {(ml,...,xd) eR?: xy >0}:Ri (4.3)

is the upper half-space of R, |D| is the d-dimensional Lebesgue measure of D, and

HI=L(OD) is the (d — 1)-dimensional Hausdorff measure of OD.
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4.2. Good Sets

In order to prove Theorem 4.1.1 we dissect the Lipschitz domain D in the
same way as [4] and [24]; we dissect it into good and bad sets. Let ,r > 0. We
say that G C 0D is (g,r)-good if, for each point ¢ € G, the unit inner-normal at
q, v(q), exists, and the boundary of D, near ¢, is contained in a cone orthogonal to

the inner-normal. That is,
B(g,r) N 0D C{z: |[(z —q)-v(g)| <elz—ql}.

Let ¢. € [0,7/2] denote the angle, measured from v(q), such that cos () = e.
We say that G C D is a good subset of D if each of its points is contained in the

inner-cone of some point in an (e, r)-good set of D:

G = JTv(g.2), (4.4)

qeG

where I',.(g, €) is an inner-cone whose axis contains v(q)
[ (q,¢) == {x (z—q)-v(q) > V1—¢e?|r— q|} N B(q,r). (4.5)

For z € R?, let us denote the distance between z and the boundary of D by
dp(z) := dist (x,0D). In [4, Lemma 2.7, Lemma 2.8] it is shown that the collection
of points close to the boundary and not contained in the good subset of D has

small measure:
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FIGURE 1 The ball on the boundary showing the inner-normal, the inner-cone and
the inner-angle.

Lemma 4.2.1. Let 0 < € < 1/4 and r > 0. There exists a measurable (¢,r)-good

set G C 0D and so(0D,G) such that for all s < sg

[{z € D:6p(z) <s}\G| < se(4+H(OD)). (4.6)

Notice that if we take x € G, then we can find ¢(z) € 0D such that = €

I',(¢(x),e). This allows us to define the inner and outer regions of B(q(z),r):

L(q(x)) = {y : (y—q(®)) vig(x)) >ely — q(x)[} N B(g(x),r),  (4.7)

Ur(g(z)) = {y : (y—q(@)) v(g(r)) < —ely —q(x)[} N B(g(x),r). (4.8)

Note that the following containment always holds

[:(q(x),e) C L (q(x)) € D < Uf(g(x))-

It is shown in [4] that for any x € G there exists a half-space H*(x) containing
x, separating the inner and outer regions, and such that the distance between x

and the boundary of D is equal to the distance between x and the boundary of the
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FIGURE 2 The cone corresponding to the point x, the inner and outer regions.

half-space:

v e H'(z), Or+(x) () = Op(2), L(q(x)) € H*(x) C Up(gq(z)). (4.9)

2 = OH"(2)
1 op(r) = 5/H*<m($)
\ :L‘ //

FIGURE 3 The half-space separating the inner and outer regions.

4.3. Establishing the Estimates
We are now in a position to prove Theorem 4.1.1.

Proof of Theorem 4.1.1. Recall that the transition densities of isotropic processes

killed upon exiting a domain D are given by the Hunt formula (2.8)

Pl (xy) =ply —x) — ] (z,y). (4.10)
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Restricting to x and integrating over D we get

—/DT’tD(ZE,$)d[E = /DptD(a:,x)daz—/Dpt(O)dx
— Zp(®) - p(O)D]. (411)

This gives us the first term in the asymptotic expansion of the heat kernel.
Now, in order to prove Theorem 4.1.1, it is sufficient to show that for an arbitrary

g > 0 there exists a ty > 0 such that for any 0 < t < ¢, we have

/ rP(z,x)dr — C’H(t)’}—[dl((‘?D)’ <c(e)T(t), (4.12)
D
where ¢(¢) — 0 as € — 0. In other words, we need to estimate

/D D (2, 7) da. (4.13)

Fix 0 < € < 1/4. Let G C 9D to be the (g,7)-good set as described above
in Lemma 4.2.1. Let G be the corresponding good subset of D. Divide D into the

following domains

D, = {x e D\G : ép(x) < s},
Dy, = {xeDnNgG : ip(z) <s},

D3 = {x€D : ép(x)> s},

We fix s so that it is smaller than the sy given in Lemma 4.2.1. For

sufficiently small ¢ we can let s = T'(t)/+/e.
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=Dy UD,
FIGURE 4 The partitioning of D.

The domain D;: The following estimate for 7”(x,y) comes from [21,

Lemma 2.4].

Lemma 4.3.1. Suppose v € WLSC(a,0) and T(t) < 1/6. Then

rP(zv,y) < C {T(t)d A (5dD(x)V§ o) } . (4.14)

We have assumed that the Lévy-Khintchine exponent satisfies some scaling
conditions, see equation (2.43). Thus v € WLSC (a,0) and so Lemma 4.3.1 implies

that if T'(t) < 1/6, then

/TtD(fL’»x)dﬂf < C/ T(t) dx
= CT(t)’|Dil. (4.15)

But, by Lemma 4.2.1, we know that the measure of the set of bad points near the

boundary is small. Hence if T'(¢) < 1/6, then

/ rP(x,x)dr < C(OD)esT(t)™% <|CVET ()7, (4.16)

where C' is a constant depending on d, o, and 0D.
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The domain Dj3: By assumption ¢ € WLSC(a, ) and so we can apply

Lemma 4.3.1 again: if T'(¢) < 1/6, then

/D 3 rf(z,x)de < CT(t)™° /D 3 {1 A gga) ‘YQ ((52((2))) } dz. (4.17)

Next, our Potter-like bound in Lemma 2.3.1 tells us that if 7'(¢t) < 1/6, then

[ e <oras [ fiaTO(TO IO,y

By definition, for any x € Dj we have dp(x) > s = T(t)/+/e. Or equivalently

1< 5TD((£) Ve. Hence

futias < onof (ool ()
o [{ () o)

R

F1AVE (5;(%)) o }d:v. (4.19)

We are now in a position to apply the following proposition from [4]:

Proposition 4.3.2. Let D C R? be a bounded Lipschitz domain. Suppose that
[ (0,00) = R is continuous and satisfies f(s) < c¢(1As7?), s > 0, for some

B > 1, and suppose that for any 0 < Ry < Ry < 0o, f(s) is Lipschitz on [Ry, Ry].

lim * i (5]3(”7)) dr = H*1(9D) /OOO £(s)ds. (4.20)

n—0tn n

Then
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Letting n = T(t) and f(s) = 1 A /es @2t and f(s) = 1 A y/es 4t
respectively, we can apply Proposition 4.3.2 to both of the integrals in (4.19). Thus

for small values of ¢t we get

/D rP(z,r)dr < C’—H;(;)(f_?) /000 {(1 A \/gr_d_gﬂ) + (1 A \/Er_d_aH) } dr.

Using substitution this becomes

/ re(z,x)do < O(aD)T@)l—d{gwé-n / (1 Ar=d-att) g
D3 0

+ew+1a1>/ (1A= dat) dr}
0

CT(t)lfd (€Q(d+;71) + 82(d+1671)> . (421)

IA

This covers the domains D; and Ds.
The domain D,: It remains to show that 7 (z, ) is comparable to 7" (z, x)
on Dy. Suppose x € Dy C G. Let g(z) be as above. Then z € I, (¢(x),¢). For

the purposes of brevity we will use the following notation Z := I,(¢(z)) and U° :=

Ur(q(x)).

/ g(z) " OH*(x) . q(z) " OH*(2)
/\r\ e \/\’4¥ /\"\ — —— \/\l\'
\\ /l aD \\ /I aD
\ Ii=1I(q@) / ‘\ CER
I (q(z),¢€)

FIGURE 5 Regions used to estimate the heat remainder on D.
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Notice that

H*(x)CuU® and ZCD.
Hence

*

rP(z,3) — v O(z,2)| < (@) — (2, 2). (4.22)

We can use the following proposition to estimate the heat remainder on the

above inner and outer regions:

Proposition 4.3.3. Let v(q) € R? be a unit vector. Assume that 0 < & < 1/4 and

r>0. If v € Taos(v(q),e) and s =T(t)//e <r/4, then

0 S T’%(%,SL’) _7{‘//{6(3:7:6) S

(e'72/2 4 £17072) v \fe T VX(T(t))
) ( 51 () V2 <5I<x>>> - (429)

We postpone the proof of this proposition until Section 4.4.

From equation (4.22) and Proposition 4.3.3 we get

/[>2 ri () =it (@, 2)  dw < /D () = (o)) do

Ce) T(t) VA(T(1))
/DQ (1 N S () V2 (62(a)

IN

) dz.(4.24)

Notice that since = € T'g5(v(q),€), 0D N B(q,r) C B(q,r)\Z, and ¢ < 1/4 we have

or(x) =[x —q|sin(2p. —m/2) = —|z — g| cos (2¢:)

= (122 |z —ql > (1 - 22 bpla) > gap(x). (4.95)
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Hence our bound for the difference between the heat remainders becomes

T’D r,T —’I"H* r,T X C(é‘) T(t)d_l VQ(T(t)) X
/1>2| ¢ (@, x) —r{"(z,2)|d ST(t)d/DQ <1A6%1($)V2(5D<x))>d . (4.26)

We can use our Potter-like bounds, (2.41), again: if 7'(¢) < 1/6, then

f s ettt = g [, {1 (s o)

[\
Sl Q
=l
&.v
S
—N—
—_
>
T~
(%Y
S |3
==
~__
Q
+
1

i (F0Y " N 1o

Letting n = T'(t), as above, we can apply Proposition 4.3.2. This says that for

sufficiently small ¢t we have

/1)2 |r?(£€,$) _rtH*<:c,x)|d$ < Tf};()i>17_[d—l (0D) /OOO { (1 /\r‘d_gﬂ)
+ (1 A T_d_a—H) }dr

(4.28)

C(e)T(t)' |

IN

Finally, it remains to show that

/D2 TtH*(w)@,x)dx — iET(da_?) /000 i ((q,0,...,0),(q,0,...,0)) dg| < c(e)T(t).

To do this we apply Proposition 4.3.2 to ng rf*(x) (z,z)dx. Note that, by

construction, the diagonal of the heat remainder of H* can be expressed in terms
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of the diagonal of the heat remainder of H:

ri D@ x) = 1T (O (@),0,.0,0) , (Onew)(2),0,...,0))  (4.29)
= /" ((6p(2),0,...,0), (0p(),0, ...,0)) (4.30)
= 1 ((6p(x),0,...,0), (6p(x),0,...,0)) (4.31)
= 1, (0p(2)). (4.32)

The heat remainder of H*(x) on Dy satisfies

/D2 ri O (g, ) de = /DrltHI (513(313))dat—/DlUD3 rit (0p(z)) dx (4.33)

and the argument we used in equations (4.16) and (4.21) can be applied to the heat

remainder of H on D; U Ds:
H 1-d
/ VE (5p(2)) da < c(e)T(#), (4.34)
D1UDs3

where c¢(¢) — 0, as € — 0.

The bound for the heat remainder in Lemma 4.3.1 tells us that

T(t) VXT(t)) ) . (4.35)

ri(6p(2)) < CT(t) ™ (m 2V o)

To which we can apply our Potter-like bounds from Lemma 2.3.1:

ot <3 () (@)} e
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We wish to show that ! (6p(z)) satisfies the assumptions of
Proposition 4.3.2. Hence we must show that 7} (¢, dp(x)) is Lipschitz. Firstly, the

following bound for the gradient of p;(z) is provided by [32]:

Lemma 4.3.4. Let v € WLSC(a,0). For T(t) < 1/6 we have

c . t
Vo (o) < s min {0 o (4.7

Next we show that the heat remained of D is a Lipschitz function in one of its

spacial components

Lemma 4.3.5. Let D C R be an open nonempty set. Fiz e > 0. For anyy € D

and w, z € D with dp(w) > €, dp(z) > ¢, there exists c(e,t) such that
rP(w,y) =17 (2,y)| < ele,t) |w— 2. (4.38)

Proof. The mean value theorem and Lemma 4.3.4 tells us that there exists some

0 <! <1 such that

pe(w) =pi(2)] < [Vapi(lw + (1 = Dw)| jw — 2|

c . y
< g O g o
c . ¢
< mmm {pt(o), (lw| A 2DV (Jw| A \z\)} lw — z|. (4.39)

Recall the definition of the heat remainder (2.7)

rf)(x, y) = E, (7D <t; Prrp (X — 7))
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This allows us to rewrite equation (4.39) as follows

‘rtD(w7y) - TtD(zvy)‘ < Ey [TD <t Pt—rp (XTD - ’LU) = DPt—rp (XTD - Z)]

jw =z .
< CEy |:7'D <t mmln pt_TD(O),
t—1Tp }:|
d
(|X7'D - w| A |X7'D - Zl) & <|XTD - w| A |X7'D - Z|)
w — 2|
<

CEy |j'D < t, m min {pt—TD (0),

t—TD }:|
(18p(w)| A 5p())* V2 (18p(w)] A lop(2)])

Hence our assumption that both dp(w) and dp(z) are larger than e implies

. B lw — 2]
ry\w, — T (% S ¢
et e S T A oIV (Bt A )
CEY | g LTTD
b " T(t—1p)
< et —

We can now show that 7! (6p(z)) is a Lipschitz function:

Lemma 4.3.6. Let D C RY be an open nonempty set. Fiz e > 0. For anyy € D

and w, z € D with dp(w) > €, dp(z) > ¢, there exists c(e,t) such that

rP (w,w) — 1P (2,2)| <cle,t) |w—z|. (4.41)
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Proof. Using Lemma 4.3.5 and the symmetry of the heat remainder, that is

rP(w,z) = rP(z,w), we get

|rtD(w,w) — r?(z,z)} < "r’f)(w,w) - rtD(z,w)‘ + !r?(w, z) — 'r’f)(z,z)‘ (4.42)

< ele,t) |Jw — z|. (4.43)

Lemma 4.3.6 tells us that rf (6p(z)) is a Lipschitz function, thus it satisfies
the assumptions of Proposition 4.3.2. Therefore we can apply Proposition 4.3.2 to

ri (6p(z)). For small ¢, we have

/ VB (5p(2)) dx — Ca(t)yH1(0D)| < [eT(8) 7] (4.44)

This completes the proof of Theorem 4.1.1.

4.4. Heat Remainders of the Inner and Outer Regions

All that remains is to prove Proposition 4.3.3.

Proof of Proposition 4.3.3. We wish to show that

0 S T’%(m,l’) _rf‘//{e(‘rvx) S (

glme/2 4 170/2) v \fe T VX(T(t))
() ( 51 () V2 <6z<x>>> - (445)

In order to establish this inequality we combine different aspects of similar proofs

given in Proposition 3.2 of [21] and Proposition 3.1 of [4].
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Firstly, by definition, we have

TtI(:E’x) _T?C(zax) = pi/{c($’x) _p;Z(:U?aj) (446)

= E* [z <t, X (1) eUNTL; P, (X (1), 2)] . (4.47)
The space-time Ikeda-Watanabe formula (2.16) then tells us that
- t c
ri(x, ) — ¥ (z,2) = // plI(:E,y)/ v(y — 2) %, (z, 2)dzdl dy. (4.48)
zJo U\

Without loss of generality we can assume that ¢ = 0 and v(0) = (1,0,...,0).

Let

I = {y : y-v(0)>elyl}, (4.49)
U = {y : y-v(0) <—¢lyl}, (4.50)
['0,e) = {y ; y-v(0)>\/1—52|y|}. (4.51)

['0,¢)

FIGURE 6 Interior and exterior regions of the domain.
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Notice that
UNT = B0,r)U (U°\1) and ZcCl.

By the construction of these domains we can see that equation (4.48) can be

broken up as follows

t
iz, x) = (z,2) < //plz(:r,y)/ v(y — 2) Pt (x, 2) dz=dl dy
7Jo (U\D)NB(0,r)

[ [t [ o, Y ey
— A(2) + B,(a). (4.52)

A¢(x) : Lemma 1.5 in [14] gives a bound for the heat kernel under certain

scaling conditions:

Lemma 4.4.1. Suppose v € WLSC(a,0) and T(t) < 1/0. Then there exists a

constant C' such that

pz—2)<C <T‘d(t) A ! ) . (4.53)

|z = 2|TV(|z — z)

Notice that if z € I'(0,¢) and z € U°\ I = {y : —¢ly| < y-v(0) < €ly|}, then

|x — z| > |z|sin (2% — g) = |z] (1 — 2cos? (p.)) = |z](1 — 2&°). (4.54)
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Thus Lemma 4.4.1 and the monotonicity of V(r) imply that

1 t
il — < C
ple=2) = O v =)
1 t
< ) 4.55
T (1 —2e)z)e V2 ((1 - 222)]x]) (459)
By assumption v € WUSC (@, ) and € < 1/4, hence
—d-a 1 t 1 t
p(z—2) < O(1—2¢ <C : (4.56
’f =2 Gpve ) < CRr v (aD )
We can now apply this bound directly to A;(z):
Afe) < // P y/ vy — 2) pes(, 2) dzdidy
(U\I)NB(0,r)
L /
< P (z,y v(y —z)dzdldy
\wld V2(|z]) : (UADNB(0.r)
" V2(1/6)
< v(y —z)dzdy
e LY R
C t / oV 1/9
= —2)dydz 4.57
e V20eD) Jiwmvaysion = dydz (5T
C t / 2(1/9)
= —_— P dz, 4.58
Rl VD) Joopson = ) (45%)

where in the last two equations we have used definitions of the truncated Green
function and the truncated Poisson kernel, (2.10) and (2.12) respectively. We can

then apply the bound for truncated Poisson kernels given in Lemma 2.9 of [21]:

o 0 Vi)
o) < TEvE) /(Uc\mB(o,r) P S
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Our Potter-like bounds in Lemma 2.3.1 tell us that

[ it oLy (s

(U\DNB(0,r) (U\D)NB(0,7)
/2 dz
S 61- (‘/'E) 5gc/2<z)’x . Z‘d
UADNBOr) ©
& dz
a/2
+5I (I) / 6&!2<Z>|x . Z|d'
UADNBOr)  *
In Lemma 3.2 of [4] it is shown that:
Lemma 4.4.2. For any e € (0,1/4), w € I'(0,¢), M € (0, 00] we have
1—a/2 d—a/2—~ _
d CE |w| forv>d—a/2,
& <! (4.60)

5 (2) |z —wlp ~

(U\I)NB(0,M) c et T 2MA2r for 0 <y < d — 2.

Notice that for z € (U°\I) N B(0,r) we must have d;c(z) = dzc(z). Thus for

v =d we get:
a/2 1—a/2 a/2 1—a@/2
/ 1 V(oz(x)) i < C 07 “(x)e n o7 (x)is
[z — 29V (ore(2)) |z[o/2 |[*/2
(U\DNB(O,r)
< 5%/2(x)51—g/2 5;/2@)51—&/2
B 07" («) 67" ()
< C{elelr ety (4.61)

This gives us one bound for A;(x):

1 VAIT@)

2 V2 () (4.62)

Ax) < |C (722 4170
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Let us now consider A;(z) from another perspective. We divide A;(x) into the

following subregions:

t/2
Ayz) = // sz(:v,y)/ vy — 2) P, (x, z) dzdl dy
TJ0 (UN\I)NB(0,r)
t
+// pf(:v,y)/ v(y — 2) %, (x, 2) dz dl dy
TJt/2 (U\DHNB0,r)N{|z—=z|<T}

t
+// pf(w,y)/ v(y — 2) 4, (x, 2) dz dl dy
TJt/2 (U\DHNB0,r)N{|z—=z|>T}

=I+1II+IIL (4.63)

Short jump time: I. For | € [0,%/2] we can use the bound for the heat

kernel given in equation (4.53) of Lemma 4.4.1:
P, 2) < e, 2) < CT(E— 1) (4.64)
The monotonicity of T'(¢t) then implies
Pz, 2) < CT (t/2) 7. (4.65)

The scaling of ¥(&) at infinity implies the scaling of T'(¢) at 0, as is shown in

Lemma 2.1 of [21]. Hence

P (x,2) < C (12 2T t) = oT () (4.66)
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Thus

t/2
I < C’T(t)_d// plz(x,y)/ v(y — z)dzdldy (4.67)
zJo (U\D)NB(0,7)

< T / PYO (5 ) ds (4.68)
(U\DNB(0,r)

It now follows from the calculations in (4.58), (4.59), (4.60), and (4.61) that

I < |C (224792 ()| (4.69)

Long exit time and short jumps: II. The following bound for the heat

kernel is given in Lemma 2.6 of [21]:

Lemma 4.4.3. There exists a constant ¢y such that if T(t) < 1/0V |z —y|, then

e <o My m 1) (e 01 (g A1)
(4.70)

Let S := (U\I) N B(0,r) N {|z — 2| < T}. Forl € [t/2,t) we can use the

bounds from Lemma 4.4.1 and Lemma 4.4.3 to get

t
m = / / V() / oy — 2P (e, 2) d=dldy
7 Jt)2

: V(5
= C///zT(t) V(T( / ‘y_z‘dvz Dpt 1(33 z)dzdldy
— (51(1/ e s .
= // VT | —z|dV2(|y—z\) /t/2pt_l( ,z)dldzdy
V(z(y)) 1 P
- // V(T()) | —z\dv2(\y_z‘)Guc( ,2)dydz. (4.71)
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It follows from bounds given in [14] and [21] that

aCn V(l2)V (0 (2))
. 1 Ly e v

By construction 6z(y), éz(2) < |y — z| and so

\x!) V()
s O™y //ry—zrdv TEE N

(4.72)

e 52/%( V (6 (2))

= or VTt) //|y—z|d+a/2v (02(2)) ]x—z|d dydz
VD) [ 077() V(oue(z

< CT@t)™ V) |x—z|d V(o202 / |y—z|d+a/2 dydz. (4.73)

We have seen in (4.54) that |z — 2| > (1 — 2¢?)|z|. Thus for these short jumps

we have (1 — 2¢?)|x| < T(t) and hence V (|z|) < cV(T(t)), for some constant c.

Therefore

§22(2) V (6ye(2)) 1
II < CT(t) @ z /
CTO™ | o =2 V(or() o Ty = 2rar Yo

s | — 2|4 V(dz(2)) — z|¢tes?

Changing to polar coordinates we get

I < CT(t)™ 92" (2) V(5(=) / L 1,
Sre(=

|x—z|dv<6z<z>> rita/?
_ o / 0772 V() 1
|z — zld V 51 (2)) 6272 (2)

B y V(0ye(2))
= CT(t) /s|1’— 2|V (67(2)) dz

o1

/2
(2,07(2)) |y

(4.74)

(4.75)



Lemma 4.4.4. For any e € (0,1/4), x € I'(0,¢), r € (0,00) we have

/ y Z/Q(Z) dz < ce' ™2, (4.76)
(U\I)NB(0,r) |1’ — 2| (2)

Proof. Let us use polar coordinates (p, @1, ..., ¢aq), with center ¢ = 0 and principal
axis v(0) = (1,0, ...,0). We prove this lemma for the case d > 3, the case with d = 2
is essentially the same but with different restrictions on the angle. As above, we let

@e € [0,7/2] be the angle such that cos (¢.) = €. Then

Uc\[ - {(p7 P15 ...,de_l) tp1 € (SOE’T( o 905)}’
0r(z) = psin(p1 —¢.),

due(z) = psin(p: +¢1),

for z € U\I.
Let Vi = (U\I) N B(0, |z|) and Vo = (U°\I) N B°(0, |z|) N B(0,). Recall,
(1 —2e?)|z|, (1 — 2¢%)|2| < | — z| and notice that for z € V; we have |z — z| < 2|z|,

thus |x — z| ~ |z| for z € V4. Similarly, if z € V5, then |z — z| ~ |z|. Thus

/ GCE), e /5;7,42<z> .
=) S TP )

_ /|x /W Pe a/2 sin 80 + <P1) pd—l Sind—Q (Sol)dgp dp
>~ 1
[ae]4 P2 sin®? (o1 — .)
/Iﬂﬁ il T—pe 1
< dp/ dpr
J2l? Jy e sin®? (o1 — 2

T—20pe 1
< C/ —dyp

0 9004/2
< celme?, (4.77)
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The last inequality in (4.77) follows from the fact that for € € (0,1/4) we have

sin(m — 2p.) ~ 2sin(w/2 — ¢.), so ™ — 2. < ce. On the remaining domain we have

/‘ 750 P / o (2)
Vo

v lz = 2167 (2)) [2196"%(2)
T—Pe a/2 d—2
S / / sin 90 + Qpl/) p sin (Spl)dgpldp
ol e prrel2sin®? (o1 — ;)
T—2p¢
-1
= /|m dp/ °‘/ 7
< 1 04/2
[l
It now follows from equation (4.75) and Lemma 4.4.4 that
II < |C(e"22 2 1)) (4.78)

Long exit time and large jumps: III. We now suppose that |z — z| > T.
Let @ := (UN\I)NB(0,r)N{|x—z| > T'}. Again using the bound from Lemma 4.4.3

we get

I < CL[/gp%(x’y>Ly(y_Z)T(t_l)_d—vv(g(tci)l;

)
T(t —D)WV(T(t—1))
X (1 A |z — 2|V2(|z — 2|)
V(0 (2) TOWVATW) N
V(T(t)) (1 A |z — 2| V2(|x — Z|)) dz. (4.79)

) dzdl dy

< T / PYAAO ()
Q
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We can use the Poisson kernel bound from Lemma 2.9 in [21]:

C [ b L Vi) (TR T)
I < / (1/\ )> dz

- T z(2)) [ — 2|7 V(T(t)) 7 — 2[4V2(|z — 2|
- / o — IQdVlf‘ (jv —2]) ‘1//((651/;(;))) dz
< CV(T(t)) /Q e 2|2dV(|:c — ‘;(gz;c((zz)); "

(T(t‘)/)ElTv(t();(t)) /Q E: —Viﬁux;((fsl>(z>) dz. (4.80)

Finally, applying Lemma 4.4.4 we get

I <|C (722 + 792 ()| (4.81)
Therefore
Ax) < |C (792 4172 <T(t)d/\ ﬁ%) : (4.82)

By (x): It remains to find a bound for

By(x) < / / Pz, 4) / o V= () iy, (4.83)

By assumption z € T'y5(v(q),€), s < /4, and z € B°(0,r). Thus |z — 2| >

r/2 > 2s. Combining this with the bound for the heat kernel in Lemma 4.4.1, we
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get:

p(z,2) < C (T(t —0)7A z _1 T V2(t’$__l z\)) (4.84)
< C <T(t —0)7%A S—ldéz_( l)> . (4.85)
Thus
Bi(z) < C (T(tl—l y Sld VV2 7; )// pi(z,y / o,r — 2)dzdldy
< ( (t—1)" d/\s_ld‘/v(%(;))]P>m(71<t,\XTI]>r)
1 V3(T(t))
< CE V) (4.86)
We can chose s = T'(t)/+/2 so that
Biz) < C(\/g)d VE(T(1) (4.87)

T(t)? 2 (@)

Since z € T'a5(v(g), &) this choice of s also tells us that |z| < 2s = 2T'(t)/+/c. Hence

o)’ 1 vXrr) (/) 1 VAT@®)
Bt(x)gcT(t)B \x|dfﬂvz<m> <C TP o177 V2 (Ja)) (4.88)

)

Letting = d and =1 in (4.88) gives us

B(@) C((ﬁ)dAﬁ 1 v2<T<t>>>

T T) ot V2 (|xl)

d T VA(T())
CVET(t) (1/\ o V2 () > (4.89)

IN
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Therefore, combining our bound for A;(x) in (4.82) and B,(z) in (4.89) we get

1) — Y (. C Jl-a/2 | 1-a)2 - T(t)=' V*(T(t))
) = ) < | {2 ) v V) (10 )

This completes the proof of Proposition 4.3.3.
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