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Abstract

The resilience of a network is the expected number of pairs of nodes that can communicate.
Computing the resilience of a network has been shown to be a #P-complete problem for planar
networks and to take O(n?) time for n-node partial 2-tree networks. We present an O(n) time
algorithm to compute the resilience of partial 2-tree networks on n-nodes, and, for a fixed k,
an O(n?) algorithm to compute the resilience of n-node partial k-tree networks given with an
embedding in a k-tree.

1 Introduction

Computer communication networks perform communication tasks in an environment in which
several kinds of failures may occur. Failures may arise at the software level (e.g. a routing
algorithm that does not detect an operational path, although one exists) and at the topological
level (e.g. natural catastrophes and component wear out). We use probabilistic graphs to model
networks in which only failures due to random component wear out may occur. A probabilistic
graph is a graph G = (V, E) such that each edge has an associated probability of operation. The
probability of operation of an edge e in E is a fixed precision real number p, such that 0 < p, < 1.
Edges are in either operational (up) or failed (down) state and their failures are statistically
independent. A network is a probabilistic graph in which nodes represent communication sites
and edges represent bidirectional communication lines.

Given a communication task, the reliability of a network has typicallv been defined as the
probability that the network can perform such a task. For example, if the communication task
is a broadcast, the reliability of the network may be defined as the probability that the network
contains a spanning tree. If the communication task consists of sending information between two
specified sites, the reliability of the network may be defined as the probability that the network
contains a path between the two corresponding nodes. In the former example the reliability
measure is called the all-terminal reliability, in the latter the measure is called the two-terminal
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reliability. These two measures, as well as others similarly defined (e.g. k-terminal reliability),
have been the subject of extensive research (see [6] for an excellent survey).

Most of the traditional reliability problems have turned out to be intractable. For instance,
computing the all-terminal reliability of a network is a #P-complete problem [16]. On the other
hand, computing the two-terminal reliability of a network is a #P-complete problem even when
the network is planar, acyclic, with bounded degree nodes, and with all edges failing with the same
probability [15]. Whether the all-terminal reliability problem on planar graphs is #P-complete
or not is an open problem [6].

The resilience of a network is an alternative measure of the reliability of the network. In some
applications, the concern is not the probability that some collection of nodes remain connected
but that the expected number of pairs of nodes that can exchange information be “high.” The
resilience of a network is the expected number of pairs of nodes that can communicate [7]. Com-
puting the resilience of a network is a #P-complete problem, even when the network is planar
[7].

The apparent intractability of the reliability problems has lead to the development of efficient
approximation algorithms and of exact algorithms for restricted classes of graphs (see [6] for a
comprehensive discussion). The class of partial k-trees has become the subject of a large body of
research for two main reasons. First, the class of partial k-trees contains several important classes
of graphs (e.g. series-parallel graphs and chordal graphs with bounded clique size, [5]). Secondly,
some important NP-complete graph problems have polynomial time solutions when restricted to
the class of partial k-trees [13]. For example, Arnborg and Proskurowski [3] prove that, for a fixed
k, the all-terminal and two-terminal reliability of partial k-tree networks with fail-safe nodes can
be computed in linear time (given a suitable embedding of the partial k-tree in a k-tree) . On
the other hand, Colbourn [7] proves that the resilience of a partial 2-tree network with fail-safe
nodes is computable in quadratic time.

This report is organized as follows. In section 2 we present some basic terminology. In section 3
we introduce the reduction paradigm defined in [3], and use it to develop an O(n?) time algorithm
to compute the resilience of partial k-tree networks (given a fixed k and an embedding in a k-tree).
Finally, in section 4 we present a linear time algorithm to compute the resilience of partial 2-trees.

2 Terminology

Except for a few explicitly defined concepts, we use the basic graph theoretic terminology in [12].
Throughout this paper we assume that all graphs are probabilistic. Let G = (V, E) be a graph.
A clique of G is a (not necessarily maximal) complete subgraph of G. A k-clique is a clique that
has exactly k nodes. A graph H = (Vy, Ey) is a partial graph of G, denoted H C G, if H is a
spanning subgraph of G. The operational subgraph of G is the partial graph of G whose edges
are the operational edges in G. We use Pg[H] to denote the probability that the operational
subgraph of G is H. Clearly

PolHl= ] pex JI (1-p)
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We extend the definition of Pg to the domain of sets of partial graphs of G in the natural
way. Let S be a set of partial graphs of G. Pg[S] denotes the probability that the operational
edges of G induce a graph in S. Therefore Pg[S] = 3 yes Po[H].

Let H = (Vyg,Epn) be a subgraph of G and u, v be two nodes in V. We say that u is
connected to v via H (denoted u L v) iff there is a path, consisting of zero or more edges from
FEp, that connects u to v. When H = G we prefer the notation u ~ v over u L v . We define
sets of partial graphs of H by stating connectivity conditions for nodes of H. For example, if
u, v are two distinguished nodes of H, u &y denotes the set of partial graphs of H such that u
is connected to v via H. So, Pg[u ~ v] is the probability that « and v can communicate (i.e.,
the 2-terminal reliability of G). A connectivity condition over a network G = (V, E) is a boolean
expression with terms of the form u d v, where H is any subgraph of G, and u, v are nodes of
G. Let CC be a connectivity condition over G. It is easy to prove that if all connections (~) in
CC are of the form &%, for a fixed H = (Vi, Eg), then Pg[CC] = Py[CC]. In such a case, edges
in E\ Ey are called irrelevant.

The set of all connected components of a graph G = (V, E) define a partition = of V such
that each block in 7 contains the nodes of one connected component of G. We further extend the
function Pg so that Pg[r] denotes the probability that the connected components of G correspond
to .

The resilience Res(G) of a network G' = (V, E) is the expected number of (unordered) pairs
of nodes of G' that can communicate. Pairs of the form {u,u} are not counted. The resilience
problem consists of computing the resilience of a network. We can formulate Res(G) as

Res(G) = Z Pg[H] X Pairs(H)
HCG

where Pairs(H) is the number of pairs {u,v} of nodes in V such that u X vand u % 0
For any node z in V, let E*(G) be the expected number of nodes y in G (including ) such
that y ~ 2. Then

E*(G) = Z Pg[H] x E Connected(H,z,y)
HCG yeV

where

1 ifzX
Connected(H,z,y) = el
0 otherwise

Simple algebraic manipulation gives

E*(G) = ) Pglz~y]
yevV



So we can express Res(G) in terms of E*(G) as follows

Res(G) = Y PglH]x Pairs(H)
HCG
= E Pg[H] x % Z ZConnected(Il,x,y)
HCG z€V yev
y#z
s E Z Z Pg[H] X Connected(H,z,y)
2 7eV vev HCG
y#z
1
= s8.2 Polz~il
z€V yev
y#z
Therefore
1
= - E*(G)-1 |
Res(G) = 3 3 (F%(G)-1) ()

zeV

Colbourn [7] uses equation 1 to define an O(n?) time algorithm to compute the resilience of a
partial 2-tree network. The key of the solution in [7] is a linear time algorithm to compute E¥(G).
The algorithms presented in the remainder of this paper also use equation 1 as the starting point
to compute the resilience of a network.

3 Resilience of Partial k-trees
Let k be a fixed positive integer. A graph is a k-tree iff it satisfies either of the following conditions:
(i) It is the complete graph on k nodes, Kj;

(ii) It has a node v of degree k with completely connected neighbors, and the graph obtained
by removing v and its incident edges is a k-tree.

The recursive definition above was first given by Beineke and Pippert [4] as a generalization
of the recursive definition of trees (1-trees). Since then, a large body of research has been devoted
to the study the class of k-trees and other related classes of graphs (e.g., chordal graphs [11], and
partial k-trees [3]). A graph is a partial k-tree if it is a partial graph of a k-tree. We refer the
reader to [1, 2] for overviews of properties of partial k-trees and to [5, 13] for surveys of classes of
graphs related to the class of partial k-trees.

The reduction paradigm

Arnborg and Proskurowski [3] have defined an algorithm design methodology, a reduction paradigm,
for partial k-trees that leads to the development of efficient algorithms for a variety of NP-complete
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problems restricted to partial k-trees. The reduction paradigm assumes that k& is a fixed positive
integer, and that the input partial k-tree is given with a suitable embedding in a k-tree. For
the sake of simplicity we will discuss this reduction paradigm assuming that the input graph is a
k-tree rather than a partial k-tree given with an embedding in a k-tree.

The reduction paradigm in [3] uses a dynamic programming approach to compute the solution
to a problem X on a (partial) k-tree. First, we associate a state with each k-clique in the
graph. The state of each k-clique contains some local information that will be combined with the
information in other states to solve problem X. Once each k-clique has been assigned an initial
state, we proceed to eliminate n — k nodes of G in some convenient order vy,...,v,—k. Each
time we eliminate one node v we destroy a number of k-cliques whose states contain valuable
information. So, before destroying those k-cliques we combine their states and save the result as
the state of a specific k-clique that is not destroyed by the removal of v. When the n — k£ nodes
have been removed from G we are left with a root R of G. The root R is a k-clique whose state
contains enough information to solve problem X on G. We need some notation to formalize these
ideas. :

A perfect.elimination ordering (peo) of a graph G is an enumeration vy, ..., v, of the nodes of
G such that for each 7 (i = 1,...,n), the higher numbered neighbors of v; form a clique. Clearly,
we can always find a peo for a k-tree. Furthermore, we can guarantee that for any peo of a k-tree
the higher numbered neighbors of each of the first n — k nodes induce a k-clique. A node whose
neighborhood induces a k-clique is called a k-leaf.

Algorithm 1 presents the reduction paradigm in detail. Let us suppose that we want to solve
problem X on a k-tree G. The first step of the algorithm, the initialization step, finds the first
n — k nodes of a peo and initializes the state of each k-clique in the graph G. The initial state of
each k-clique K is computed by a function e(XL’). Each reduction step removes one of the n — k
nodes in the queue PEO. Upon removal of a node v, the algorithm performs two sub-steps. First
it “combines” the states of k+1 k-cliques. We use f to denote the function that computes such
a combination of states. The result of applying f to the states of the k k-cliques that will be
destroyed and to the state of the neighborhood of v is called the “state” of K*(v)!. The second
sub-step combines the effect of the edges that connect v to its neighborhood (X' (v)) and the state
of K*(v). Algorithm 1 represents this second combination of information as the computation of
g(state(K*(v)),S(v)). The termination step extracts the solution to problem X from the state
of the root R and the effect of the edges in R.

The state information in each k-clique describes solutions to a problem (usually a generaliza-
tion of the original problem) restricted to the subgraph induced by the nodes in the k-clique and
by those removed nodes that the k-clique separates from from all non-removed nodes excluding
all edges between nodes in the k-clique. The specification of an algorithm that uses the reduction
paradigm described above consists of five main parts. First we define the information that is
maintained in the state of each k-clique. Then we specify how to compute e, f, g, and A in

1The “state” of Kt (v) is ephemeral; we compute it once and immediately use it to update the state of K (v).
Once the state of K(v) has been updated, we destroy K*(v) by removing the node v. So, state(K*(v)) is simply
an intermediate value that we calculate to update the state of K (v). We believe that the metaphor of having a
state for Kt (v) is useful in understanding and analyzing the functions f and g for specific problems that use this
reduction paradigm.



Algorithm 1.
Algorithm 1

Reduction Paradigm
Input: G = (V, E), a k-tree (for a fized k).
1. Initialization step.
PEO — empty queue.
Do n — k times:
Let v be a k-leaf of G — PEO.
Let K(v) be the (k-clique) neighborhood of v in G — PEO.
Let K*(v) be the (k+1)-clique induced by V(K (v)) U {v}.
For all nodes u in V(K (v)) do:
Let K¥(v) be the k-clique induced by V(K*(v))\ {u}.
state(K*(v)) — e(K*(v))
Append v to PEO.
state(R) — e(R).
2. Reduction steps.
For each node v in PEQO, in order, do:
state(K*(v)) — f( {state(K*)|u € V(K*(v))}).
Let S(v) be the star graph induced by the edges {v,u}, Vu € V(K (v)).
state( K (v)) « g(state(K*(v)),S(v)).
Remove v from G.
3. Termination step.
Solution — h(state(R), edges in R).

We need to formalize some concepts before presenting our reduction algorithm to compute
the resilience of partial k-tree networks. If K is a k-clique, v ¢ V(K) is a descendant of K in a
peo iff each higher numbered neighbor of v is either a node in V(K') or a descendant of K. The
connected components of the subgraph induced by all descendants of K are branches on K.

Suppose that we have a peo defining a reduction process. We associate two subgraphs, B(K)
and B'(K), with each k-clique K. These two subgraphs change as we execute the reduction
process. We use B(K') to denote the removed branches on I, i.e., the subgraph induced by the
nodes in the branches on K that have been (completely) removed. B’(K’) denotes the subgraph
induced by the nodes in V(K U B(K)) without the edges between nodes in V(K). We call B'(K)
the shell of K. The state of a k-clique K describes solutions to problems restricted to the shell
B'(K). The following set of equations describes how B(K ) and B’(K) change during the execution
of Algorithm 1. Notice that these equations also define B(K*(v)) and B'(K*(v)).



Dynamic definition of B(K) and B'(I) (annotations on Algorithm 1)

1. Initialization step.
B(K(v)) = (0,0)
BI(E (v)) = (V(K(v)),0)
2. Reduction steps.
Let K = K(v), K+ = K*(v), K* = K%(v), and S = S(v).
B(k+)= |J B(K").
ueV(K+)
B(kty= |J) B(K™).
ueV(K+)
B(K) = subgraph induced by V(B(K*)) U {v}.
B'(K)= B'(K*)US.
3. Termination step.
B(R)=G-R
B'(R) = G without the edges in R

Figure 3.1(a) depicts a 3-tree in which z, y, and 2 are the nodes of a 3-clique I{. After the
removal of vy, v2, and v3 , the removed branches B(XK) is the shadowed subgraph in Figure 3.1(b)
and the shell B’(K) is the graph in Figure 3.1(c).

4 z 4
Va i Va G
v, 1
X y X X y
i "3
(@) (b) ©

Fig. 3.1 (a) A 3-tree (b) B(K) after three reductions (c¢) B'(K’) after three reductions.

Algorithm for the resilience problem on partial k-trees

We solve the resilience problem on partial k-trees in two steps. First we find an embedding of the
n-node partial k-tree in a k-tree. Then we reduce the input graph to a root n times. Algorithm
2 describes the general structure of our solution.

Step 1 of Algorithm 2 can be performed using the algorithm given in [1] and assigning prob-
ability 0 to the added edges. Step 3 is justified in section 2. We therefore focus our attention on

the body of the loop.



Given a k-tree G and a node z in V, we want to reduce G to R, a k-clique that contains z.
As a result of the reduction process, we want to be able to compute E¥(G) from the state of R.
The first goal is easy to meet because all k-trees have either zero or more than one k-leaves. So
we can always remove a k-leaf different from z. To achieve the second goal we need to define
the information that will be maintained in each k-clique, and the functions e, f, g, and h (cf,,
Algorithm 1).

Algorithm 2

Resilience of Partial k-trees (for a fized k)

Input: G’ = (V, E’), a partial k-tree.

1. Find an embedding of G' in a k-tree G = (V, E).

2. For each node z in V do {Compute E*(G)}
Initialize the state of each k-clique of G.
Reduce G to R, a k-clique that contains z.
Compute E*(G) from the state of R.

3. Res(G) = 33 .ev(E®(G) - 1).

Some notation is in order. Let W be a subset of nodes of G. The projection of the connected
components of G onto W (Proj(G,W)) is the partition of W defined by intersecting each con-
nected component of G with W. Let us now consider H = (Vy, Ef), a graph such that Vi C V.
We use II(H) to denote the set of all partitions of V. For each partition 7 in II(H), PG(G,H, )
denotes the set of partial graphs G’ of G such that Proj(G’,Vy) = . It is easy to verify that the
set of partial graphs of G can be partitioned into equivalence classes, each of which corresponds
to PG(G, H, ), for some partition 7 in II(H ). Figure 3.2 illustrates the partition of the set of
partial graphs of a 2-tree into two equivalence classes.

The idea of partitioning the set of partial graphs of a graph with respect to a fixed set of nodes
is crucial in our algorithm to compute Res(G). Consider K, a k-clique of a partially reduced k-tree
G. Let my,...,m, be an enumeration of all the partitions in II( &) 2. We can partition the set of par-
tial graphs of the shell B’(K) into g equivalence classes: PG(B'(K), K,ny),..., PG(B'(K),K,=,).
The state of the k-clique K contains the following statistical information about each equivalence
class of partial graphs of the shell B'(K):

{s(n,K),E(r,K,C) | 7 is a partition in II(K) and C € 7}

where s(7, K') denotes the probability that 7 is the projection onto K of the connected components
of a partial graph of B/(K). So

s(m, K) = 5 Ppi(x)[H] (2)
H € PG(B'(K),K.r)

2Notice that, for a fixed value of k, ¢ is constant (although exponential in k).



On the other hand, we define E(w, K,C) as

E(r,K,C) = > Pgix)[H] x BN(H,C) (3)
H € PG(B'(K),K,r)

where BN(H,C) is the number of branch nodes (nodes in B(K)) connected to C via H, i.e.,
BN(H,C)=|{y € B(K) | y X 2 for some z € C}|. It is easy to verify that if the probability
s(r,K) # 0, then E(r,K,C)/s(w,K) is a conditional expected value, namely, the expected
number of nodes in B(I() that are connected to C, via H, given that 7 is the projection onto K
of the connected components of a partial graph H of B’(K).

Equations 2 and 3 also define the ephemeral state of the (k+1)-clique K *(v) in Algorithm 1.
The next four lemmata define the initialization, reduction, and termination steps of a quadratic

time algorithm for the resilience problem.

H
a
b
(a)
Partition 7 Graphs in PG(G,H,r)
{ {ab} ) 1-I~1-2- >
({a} (}} | 2o 2= =
(b)

Fig. 3.2 (a) A 2-tree G. (b) Equivalence classes induced by partitions in II(H).

Lemma 3.1 (initialization)Let G be a k-tree, K a k-cligue of G, T a partition of K, and C a
block of w. Then

1 if © consists of singletons only
0 otherwise

(i) s(r,K) = {

(ii) E(r,K,C) =0
Proof: Immediate from the definition of s(x,K) and E(r, K,C) E

Let us now consider the reduction step. Let G be a (partially reduced) k-tree, and v be a k-leaf
of G with neighborhood K(v). In the following we use K to denote K (v), K+t to denote K *(v),
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and K* to denote K*(v). Let the nodes of K* be uy,...,ur4;. The reduction step consists of
two parts. First we compute the state of Kt by combining the states of K, for all u in V(K™).
Then we update the state of K by considering the state of K+ and the effect of the edges that
connect v to K.

We will introduce some additional notation. Let 7 be a partition. Following (3], we use 7/u
to denote the partition obtained by removing u from its block in 7 and then removing the block
if it became empty. Moreover, for partitions 7; and 7 let their join (7; V m3) be the partition
obtained by replacing pairs of intersecting blocks by their union until a partition of the union
remains (e.g., {{a,b},{c},{d}} v {{a,d}, {b,c}} = {{a,b,¢,d,}}).

Let 7 be a partition of the nodes in K+. We want to consider all possible ways of obtaining
7%t as the join of my,,... s Tuiyq> Where m,, is a partition of the nodes in K (1 <i<k+1). To
that effect, we define the set 7'(r+, K1) as follows:

k+1
Pt B sllxasc aman )1 Yi= 1, Pl s, € (K yand \/ Ty, = 71}

i=1
The following observation is useful in proving lemma 3.2.

Observation 3.1

(1) For each partition #* in II(K*+) we can establish a one-to-one correspondence between partial
graphs in PG(B'(K*),K*,7%) and some (k + 1)-tuples (Hy,...,Hyy1) of graphs such that
H; is a partial graph of the shell of K™, 1 < i < k+ 1. Formally, there is a bijection ¢ from
PG(B'(K*),K*,n%) to
U PEEDILES ), K" %y, ) % o X PGIBTE ) O x, )
(7uy ""”r“k+l)

in T(n+,K+)

such that §(H) = (H,...,Hry1) iff UMIH; = H.

(ii) Given m finite sets Xi,...,Xm and m real functions fi,..., fm with domain X;,...,Xn
respectively,
m m
13 fizy= . 33 $1%de)
i=1z€X; (%1,002m) =1

in X1X..XXm

Lemma 3.2 Let G be a (partially reduced) k-tree network. Let v be the nezt k-leaf of G to
be deleted according to some peo. Let K be the neighborhood of v, and K+ be the (k+1)-clique
induced by V(K) U {v}. Let =+ be a partition in II(K*), and C be a block in +. Then

k+1
(Z) 8(7|'+, I(+) = Z Hs(ﬂ'u." I(ui)
(1\’“1 ..... ’r"k+l) =1
in T(rt,K+)
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k+1k+1

() Bt KHC)= L 3 [stru K*) x T E(r, K%,D)

e T S L e
Proof:
(i) Using the definition of s(7%, K*) (equation 2) and observation 3.1 (i) we get
s(xt,K*)= Y . Pgixc+)[H1 U ... U Hyyq]

(7uy e Mg 4y ) ; (Hy, -y Hgy1)
n T(7r+,K+) mn Alx...xAkH

where X; = PG(B'(K"), K% ,my;), 1 < j< k+1.
Notice that the graphs Hy, ..., Hj4, are edge-disjoint. Besides, edge failures are statistically
independent and irrelevant edges can be ignored. So,

k+1

s(zt, K%)= Z Z H Ppgi(gcuiy[Hi]

(muy ""'”"k+l) (Hyi Hiyq) =1
in T(r+,K+) 1 X1X..XXk41

The result follows by observation 3.1 (ii).

(ii) Analogously, we can use the definition of E(x*, K+, C) (equation 3), observation 3.1 (i),
the statistical independence of edge failures, and ignore irrelevant edges to obtain

k+1
EBn XK . 0)= Y. x I1 Perxcws)[Hj] x BN(Hy U ... U Hiyq,C)

C(Tug e ”"k-}-l) (Hy,onHggq) =1
in T(rt,K+) in X1 X XXkqq

But

k+1
BN(HyU...UH41,C)=)_ > BN(H;,D)
t=1 DCC
D€1r,'
So, simple algebraic manipulation and observation 3.1 (ii) give the desired result. |

We now show how to update the state of ' when v is removed. Let S be the star graph
induced by the the k edges that link v to K. Let II’(S) denote the set of partitions of nodes in
S that have only singletons except for possibly the set containing node v. The set II’(S) models
the set of operational subgraphs of S. Edges of S that are operational may cause two or more
connected components of the operational subgraph of B’(K’) to become connected. We update
the state of A" by considering the join of pairs of partitions (7, 72) such that 7y is a partition in
II(K*) and 7, is a partition in II'(S). Let = be a partition of the nodes in K and

PP(7,K) = {(m1,72) | m1 € (K™*), 72 € II'(S), and (71 V m2)fv = 7}
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The following observation is useful in proving Lemma 3.3.

Observation 3.2 For each partition 7 in II(K) we can establish a one-to-one correspondence
between the partial graphs in PG(B'(K),K,n) 2 and pairs (Hy,H3) of graphs such that Hy is a
partial graph of the shell B'(K*), H, is a partial graph of S, and H = H, U H,. Formally, there
is a bijection 1 such that

¥:PG(B(K),K,x)— |J PG(B'(K*),K*,m)x PG(S,S,ms)

(my,m2)
in PP(xK)

and d)(H) = (Hl,flz) iff H =i WHa."
Lemma 3.3 Let G be a (partially reduced) k-tree. Let v be the next k-leaf of G to be deleted

according to some peo. Let K be the neighborhood of v, ® be a partition in II(K), and C be a
block in w. Then

(i) s(x,K) = b s(my1, Kt) x Pg[m,)]
(m1,m2)EPP(7,K)

(ii) E(r,K,C) = Z Pg[ma] % ( Z E(m,K*,D) + r(m,K%))
(m1,m2)€EPP(7,K) Dem
D\{v}cC

s(my, Kt) if there is a block D € my such that

where r(my, K*) = D\{v} CC and ve D

0 otherwise

Proof: The proof follows from the definitions of s(w, K), E(x, K,C), the statistical independence
of edge failures, and Observation 3.2. We present the proof of (i) only.

(i) By equation 2
8(7!',]&") = Z PBI(K)[II]
PG’(BJ’!(I'{"),K,W)
and by observation 3.2
(x. K= Y -3 > Pgyxy[Hy U H)
(my,m3) in Hjy in Hp in
PP(r,K) PG(B'(K+),K+m) PG(S,5m2)
But PB'(K)[HI U Hz] = PB’(K+)[H1] X Ps[Hg] So
sEKy= > (3 Pepgw(la) ) x €, ). Pslifa])

(my,m2) in Hj in Hj in
PP(r,K) PG(B'(K+),K+,m) PG(S,5,72)

%At this point, B’(K) denotes the shell of K after node v has been removed, i.e., it includes v. K+ and B'(Kt)
were computed before v was removed.
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We can use lemmata 3.1, 3.2, and 3.3 to reduce any k-tree G to a k-clique R that contains a
specific node z. At this point, we want to compute E*(G). Notice however that the state of R
contains information about the shell B’(R), i.e., we have not considered the effect of the edges
between nodes in R. Therefore, before computing E*(G), we extend the statistics about B’(R)
to statistics about G. Let 7 be a partition in II(R), define

E'(r,R,z) = > Pg[H]x N(H,z)
HEPG(G,R,r)
where N(H,z) is the number of nodes y in G (including z) that are connected to z via H. We
can then state the following lemma.

Lemma 3.4 (termination) Let G be a k-tree and R be a root of G obtained by using the reduction
paradigm and lemmata 3.1-3.3 to G. Then

(i) For ech node z in V(R)
' E*(G)= ) E'(r,R,z)
m€ll(R)

(ii) For each partition 7 in II(R) and each node z in V(R)
E’(ﬂ',R,III) T Z PR[”?] X (S(WI’R) X ICI s Z E(ﬂ-laRvD))

(m1,m2) Dem
7y ,mp EN(R) DCC
mVme=mnm

where C is the block of ™ that contains z.

Proof:

(i) Recall that we can partition the set of partial graphs of G into equivalence classes each of
which is characterized by a partition of the nodes in V(R). So,

E*(G) = z Pg[H] x E Connected(H,z,y) (by def.)
HCG y€EG
= Z Z Pg[H] x Z Connected(H,z,y)
=€l(R) H € PG(G,R,x) y€G
= 3 EnRke)
xin II(R)

(ii) It suffices to use the definition of E’(7, R,z) and to observe that there is a one-to-one
correspondence between partial graphs in PG(G, R, ) and pairs of partial graphs in

U i) PG(B’(R),R,Trl) X PG(R,R, ;)
w1, €N(R)

mVreo=m

13



Therefore, lemmata 3.1-3.4 and the reduction paradigm give us the following theorem.

Theorem 3.1 Let k be a positive integer number, G = (V, E) be a k-tree on n nodes, and z be a
node in V. The ezpected number of nodes that can communicate with  can be computed in O(n)
time.

Proof: Correctness follows from lemmata 3.1-3.4. Timing can be verified as follows. Consider
Algorithm 3. Algorithm 3 is an implementation of Algorithm 1 that makes explicit the amount of
computation involved in the reduction paradigm. By lemmata 3.1-3.4 we know that the functions
e, f, g, and h can be computed in constant time. Let us consider the initialization step. The
amount of time spent in this step is proportional to the amount of time spent traversing adjacency
lists. It is easy to prove that a k-tree has exactly k X (k —1)/2+ (n — k) X k edges. In addition,
the adjacency list of each node is traversed only two times. So, the initialization step takes O(n)
time. Clearly the synthesis step takes linear time, and the termination step takes constant time. W

Algorithm 3

Reduction Paradigm (detailed description)
Input: G = (V,E), a k-tree (for a fized k).
1. Initialization.
PEO «— empty list.
For allv inV do:
Traverse Adjacency_List(v) to determine degree(v).
If degree(v) = k then push v onto stack L.
Do n — k times:
v «— Pop(L).
Traverse Adjacency-List(v) to find K (v), the neighborhood of v in G.
K*(v) « (k+1)-clique induced by V(K (v)) U {v}.
S(v) « star graph induced by the edges {v,u}, Yu € V(LK (v)).
For all nodes u in K(v) do:
K*¥(v) « k-clique induced by V(K*(v))\{u}.
state(I(*(v)) « initial information.
degree(u) — degree(u) — 1.
If degree(u) = k then push u onto L.
Append v to PEO.
degree(v) « 0.
state(R) — e(R).
2. Synthesis.
For each v in PEO do:
state(K*(v)) « f({state(K")|u € K*(v)}).
state( K (v)) — g(state(K+(v)),S(v)).

14



3. Termination.
Solution «— h(state(R), edges in R).

We can combine equation 1 in section 2 and theorem 3.1 to obtain the following corollary.

Corollary 3.1 Given a fized k, the resilience of a k-tree network G on n nodes can be computed
in O(n?) time.

Algorithm 2 describes how to compute the resilience of a partial k-tree G’. Arnborg, Corneil
and Proskurowski [1] give an O(n¥*2) time algorithm to find an embedding of a partial k-tree in
a k-tree, for a fixed k. Therefore, we can compute Res(G’) in O(n*+?) time. However, for k < 3
the embedding of a partial k-tree in a k-tree can be found in O(n) time ( [18], [14]). We can
therefore state the following corollary of theorem 3.1

Corollary 3.2 Let k be a fized positive integer. The resilience of a partial k-tree on n nodes
can be computed in O(n*+?) time. If the input includes an embedding in a k-tree, or k < 3, the

resilience of the partial k-tree can be computed in O(n?) time.

4 Resilience of partial 2-trees

A graph is a partial 2-tree iff it is a series-parallel graph [18]. Series-parallel graphs have been the
object of extensive research since they were first defined by Duffin [8, 10, 9]. A graph is series-
parallel iff it can be transformed into a forrest via a sequence of series and parallel reductions. A
series reduction replaces a node v of degree two and its incident edges with and edge that links the
two neighbors of v. A parallel reduction replaces all edges between two nodes with a single edge.
Series-parallel graphs also correspond to the class of graphs that have no subgraph homeomorphic
to the complete graph on four nodes K4[18]. The class of 2-tree graphs is the class of minimum
IFI graphs (minimum isolated failure immune graphs [10]).

The algorithm presented in this section differs from the one described in section 3 in the
following aspects. First of all, we use a slight modification of the reduction paradigm that simplifies
some intermediate computations. The modification consists of redefining the shell (B’( K)) of each
2-clique K so that B’(K’) includes the edge that connects the two nodes in K. This is the same
approach used in [col87]. The crucial difference between this algorithm and the one presented in
section 3 is that the state of each 2-clique (edge) contains some additional information. Thanks
to this extra information, we need to perform only one reduction on the input graph; thus, the
resulting algorithm runs in O(n) time. We also introduce some new notation to facilitate the
understanding of the rather long expressions involved in the reduction steps.

Terminology

Let G = (V,E) be a 2-tree and e = {z,y} be and edge (2-clique) of G. Suppose we are applying
a reduction process on GG. The shell of e is the subgraph induced by the nodes z, y, and by those
removed nodes that the 2-clique e separates from all non-removed nodes. Initially the shell of e
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is e itself. When a node z with neighborhood {z,y} is removed (see Figure 4.1) we update the
shell of e to L U RU M, where

L = shell of {x,z} prior to the removal of node z.
R = shell of {y,z} prior to the removal of node z.
M = shell of {x,y} prior to the removal of node z.

Fig. 4.1 Removing node z.

We need a few more definitions before presenting the statistics that define the state of an edge.
Let e = {z,y} be and edge of G, and H be the shell of e. Moreover, let ui,...,u; and vy,..., v, be
two lists, not both empty, of nodes in H *. We use Eyi-3t (H) to denote the expected number of

H H
nodes ¢ in H such that ¢ 2 Wi i e AT & u;, and t % vl,...,t o v,. Simple algebraic manipulation
gives
Ef-um(H) = Y Pult~upAc At~ uAlgog A At o vy
teH

Also, let S¥1- (H) be the expected number of ordered pairs (s,t) of nodes in H such that

V1. ¥Um

H H
H H H
Sl s~ U,..., 8~ Uy, and L o4 vl,...,t % v,. Thus

it U W I i € 8
sEH
= Y Y Ph[s~iAt~u A At~ w At or AL AL vy
s€H teH

= H
Finally, let S(H) be the expected number of ordered pairs (s,?) of nodes in H such that s # t,
but s 2z and t & y Thus,

NE) = X o Bale £t Ao~ e Atg]

seH teH

“Unless ambiguity arises, we use v € H to denote that node v is an element of V (H).
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Algorithm for the resilience problem on partial 2-trees

Let {z,y} be an edge of G and H be the shell of edge {z,y}. The following statistics define the
state of edge {z,y}:

1. Pglz ~ y], the probability that node z is connected to node y via H.
H
2. E7(H), the expected number of nodes ¢ in H such that Kz but ¢ *y.

H
3. E¥(H), the expected number of nodes ¢ in I such that ¢ K y but t # z.

4. E*Y(H), the expected number of nodes ¢ in H such that ¢ Bzandt® y.
H
5. Sy(H), the expected number of pairs (s,t) of nodes in H such that s At butt * .

H
6. Sy(H), the expected number of pairs (s,?) of nodes in H such that s At but t *y.

7. S*(H), the expected number of pairs (s,t) of nodes in I such that s Htandt ¥ 2.

8. SY(H), the expected number of pairs (s,1) of nodes in H such that s Hiandt Y.

H
9. Szy(H), the expected number of pairs (s,) of nodes in H such that s 2 ¢ but ¢ * z and
H
tAy.
= ’ : 8 H H
10. Sy, the expected number of pairs (s,t) of nodes in H such that s ¢ ¢t but s ~ z and ¢ ~ y.

It is easy to verify that the first four items above correspond to the statistics maintained in
each k-clique by the algorithm in section 3. The following observation guarantees that the values

E*(H) (the expected number of nodes ¢ in the graph H such that ¢ X z) and S;(H) (the expected

H
number of pairs (s,?) of nodes in H such that s 2 3k 2 z, and t # y) can be computed from the
state of e. We use Observation 4.1 in lemmata 4.2,4.3, and 4.4.

Observation 4.1

(i) E*(H) =Y Pglt~a]=Y Pylt~aA(t~bVtfb)]=E®H)+ EHH).
teH teH
(i) Vs € H ER*(H)+ E3(H)= Y Pult~aAt~sAtA b+ > Pylt~sAtdant b
teH teH
= E}(H).

(iii) Sg(H) = Sy(H) - Sa(H) (by (ii)).
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The next four lemmata define the initialization, reduction, and termination steps of the linear
time algorithm for the resilience problem.

Lemma 4.1 (initialization) Let H = e = {z,y} and p. be the probability that e is operational.
Then

1. Pylz ~ y] = pe.
2. Ej(H)=1- p..
3. E¥(H)=1 - pe.
ESV(H)="2% p..

S ol

Se(H) =1~ pe.
6. Sy(H)=1-p..
755 (H)=3X8+1.
8 SY(H)=3xp.+1.
9. Say(H) = 0.

10. Sy =1 - p..

Proof: Just use the definition of each statistics. For example,
B =Y B =y "B Pals~tateyl=3xp+1, E
s€{z,y} s€{z,y} te{z,y}

The reduction step involves the analysis of multiple cases. In the discussion that follows let us
consider the scenario depicted in Figure 4.1. Let B = L U M with identified nodes z and y, and
C = BUM with identified nodes z and y. For the sake of simplicity we first show how to compute
the statistics about B (lemma 4.2). Finally, we show how to combine the current information in
the state of {z,y} (statistics about M) with the statistics about B to get the updated state of
{z,y} (lemma 4.3). This is the same approach used in [7] to solve the resilience problem in O(n?)
time on partial 2-tree networks.

Lemma 4.2 Let G be a (partially reduced) 2-tree. Let z be a 2-leaf of G with neighbors = and y.
Let L and R be the shell of {z,z}, and {y, 2}, respectively. Let B = L U R, with identified nodes

z and y. Then
19 PB[:I: ~ y] = Prle e z] X PR[Z ~ 9]

2. Ej(B) = EZ(L)+E*(L)x Prlz # y]+ Ej(R) X Pz ~ 2] = Pr[z ~ z] X Prlz # y]
3. EYB) = EZi(L)x PRly~ z]+ EY(R)+ E¥*(R) x Pr[z # a] — Prlz ~ y] X Pz ¢ z]
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4 E®¥(B) = E*(L)X Pr[z~y]+ E¥*(R) x PL[z ~ 2] — PL[z ~ 2] X Pp[z ~ ]
5. Sz(B) = Su(L)+2x EZ(L)x E*(R)+ S:(R)+ S*(R) x Pr[z # z]-

2 x (EZ(L) + E*(R) x Pr[z # 2]) + Pr[z # 2]
6. Sy(B) = Sy(R)+2x EZ(R)x E*(L)+ S:(L)+ S*(L) x Pr[z # y]-

2 x (E*(L) x Pplz # y] + E5(R)) + Prlz # y]
7. §*(B) = S%(L)+2x E*(R)x E**(L)+ S*(R) x Pz ~ z]-
2 x (E**(L) + E*(R) X Pp[z ~ z]) + Pr[z ~ z]
SY(R)+ 2 x E*(L) x E¥*(R) + S*(L) x Pr[z ~ y]-
2 x (E¥*(R) + E*(L) X Prlz ~ y]) + Pr[z ~ 9]
9. Sgy(B) = Sz(L)+ SZ(L) X Prlz # y]+ 2 X EZ(L) X EJ(R) + Sy.(R)+

S3(R) x Pulz # 2] - 2 x (EX(L) X Palz # y] + E(R) x Pylz # al)+

PL[z # z] X Prlz # y]

10. Sg = Sp X Prlz~y]+ E*(L) x E¥(R)+ E*(L) x E¥*(R) 4+ Sg X Pz ~ z]—
(BY(R) x Pr[z ~ z]+ EZ(L) X Pr[z ~ y]))

8. SY(B)

Proof:

1. We know that node z is an z-y separator in B; besides, edge failures are statistically inde-
pendent and irrelevant edges may be ignored. Thus

Pglz~y] = Pplz~zAz~y]
Pglz ~ z] x Pg[z ~ y]
— PL[:II ~ z] X PR[Z ~ y]

2. We prove 2, 3, and 4 using the same method. Notice first that we can enumerate the set
V(B) (without repetitions) by enumerating the sets V/(L), V(R), and then eliminating the
repeated elements (node z). So

EX(B) = Y Pglt~aAtgdy

teB
= Y Pplt~azAtfdyl+) Pplt~azAtdyl-Pelz~zAzidy]
teL tER

Let us call the first, second, and third terms in the expression above T, Tr, and 1Y) respec-
tively. We prove the result by first expressing 77, Tr, and T7;) in terms of statistics for L
and R, and then, adding up the results. The following identities follow from the observation
that L and R are edge-disjoint, failures are statistically independent, and iriclevant edges
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can be ignored.

Trav= ZPB[t~$At76y]
teL

= S (PLlt~zAtof 2]+ Pt ~a At~ 2] X Prlz # )
teLl
= EZ(L)+ E®*(L) x Prlz # y]

Tr = ) Pplt~aAtsy)
teR

= Y Pyl ~z] X Prlz~tAt 4 y]
tER
= PL[(E ~ 2] X E;(R)
T{z} = PL[Z ~ -'l?] X PR[Z 76 y]

. This case is symmetric to the previous one, here we obtain

T1. Tr T2y

EYB) = Y Pglt~yAtda]+) Pplt~yAtsda]l-Pplz~ynzoa)
teL teR

where
Tr = EZ(L)x Pgrly~ 2]
Tr = EYR)+ EY*(R) x Pz # z]

T{z} = PR[z ~ y] X PL[Z 7(' :E]

. In this case
EFB) = Z[t~x/\t~y]=TL+TR—T{Z}
teB

where

q= ZPB[trvz/\tNy]
teL
- ZPB[ti’ax/\t!\?z/\zﬁy]
teL
= ZPL[tfvath]xPR[zrvy]
teL
= E*(L) x Pg[z ~ y]
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ir = ZPB[thAtfvy]
teR
= ZPB[th/\Z"{JJm/\t'I\%y]
teR
== ZPR[th/\tNy]XPL[ZN:I:]
teER
= EY*(R)x Pglz ~ z]

Ty = Pp[z ~ 2] X Prlz ~ 3]

5. To prove 5-10 we observe that we can sum over all pairs of nodes in V(B) x V(B) by
summing over all pairs in V(L) x V(L), V(L) x V(R), V(R)x V(L), and V(R) X V(R), and
then subtracting the repeated elements (notice that (z,2) occurs four times). It is easy to
verify that the repeated pairs are precisely the elements in {2z} x V(B) U V(B) x {z}. So
we can write -

-Si(B) =T + Tor+ The + TRR — (Tie)r + Tieyr + Tiiz) + Thiz)) + Tiz)z)

where T7; denotes Z E Pg[s ~t At o z], for any I, J subgraphs or sets of nodes of B.

sel teJ
Exhaustive case analysis and simple algebraic manipulation gives

Tirs = ZZPL[SNt/\i'f‘.’L‘]
seLteL
= S::(L)

TLr B ZZPL[S7L1:AS~Z]XPR[1~Z]
seLteER

= ZPL[.s?C:c/\vaz]sz(R)
seL
= EZ;(L)x E*(R)

= TgpL

Trr = ZZPB[S'Vt/\t'f/x]

seERtER

= ZZPB[s~t/\t762]+ZZPB[3~t/\t~z]xPL[z76x]

s€ERtER seRtER
= S,(R)+ S*(R) x Pz # 1]

L
Ty = 3. PelzXtAtda]
teL
= E;(I)

= TLz)
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L
T{z}R = ZPB[Zﬁt/\z%‘z‘]
t€R
= E*(R) x Pr[z ¢ z]
= Tg{z)
Ty = Prlz o 2]

6. This is clearly a case symmetric to 5.

7. We know that S¥(B) = Z Z Pg[s ~t At~ z]. So, breaking down the sum as in 5, and

i j s€eBteB
doing an exhaustive analysis of cases, we get

Faprri= ZZPL[SNt/\tN:L‘]

seLteLl
= S%(I)

iy = ZEPR[th]xPL[zN.s/\vaz]
seLteR
= FE*(R)x E**(L)

= TgrL

Php = ZZPB[SNt/\thz]

sERtER

= > > Prls~tAs~2]x Pz~ 2]

sERtER
= S*(R)x Prliz~ 2]

T{z}L = ZPL[ZNt/\tNx]
tel

= Ty

Tiyr = E Pg[z Binzzsn z]
teR

= S Pplt~z]x Pllz ~ 1]
teER
= E*(R)x Pif[z ~ 2]

= Tpyzy

Ty = Pslz~z]
= Prlg~z]
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8. This case is symmetric to 7.

9. Proceeding in the same fashion as in 5 we obtain
Tor = Sz2(L)+ Sz(L) X PRz # y]
Trr = EZ(L) X E;(R)

Trr = Sy(R)+ S;(R) X Pp[z o 7]

L R
Ty = EPB[xf;ét/\tféz/\z%y]
teL

= EX(L)x Plz# 4]

R L
T{z}R = ZPB[yr;GtAtﬁz/\zf;éx]
teER
= Ej(R)x Prlz # 2]

Tiyzy = Polz # 2] x Prlz # 9]

10. We know that
Sp = ZZP3[374t/\s~z/\t~y]

seB teB

So by exhaustive case analysis we obtain

S = Tir+Tir+0+Trr — (T + To(z) + TR + TRzy) + Tiaz)

where

L R
Tig = ZZPB[xgtA\s?ét/\sl?z/\z?C
seL tel

= Sy xPplz~ ]

R L
Ton: w= ZZ(PB[z!\“asAz?ét/\tﬁy]+PB[xks/\s%z/\zﬁtAtﬁy])
seLteR
= E(L)x EY(R) + E3(L) x E¥*(R)

R
Trn = ZZPB[ert/\zEt/\zyés/\sﬁy]
sERtER

= §R XPL[:I: ~z]
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Ty = 0

L B R
Ti3r = ZPB[vaz/\t?Cz/\trvy]
teER
= Prlz ~ z] x E¥(R)

Tpizy = 0

T a5 Pals L R

L{z} = ZL Bls~zAstzAz~Y]
s€

= B (L)% Pglx ~iz]
Tiyey = 0B

Lemma 4.2 guarantees that the statistics for B can be computed from the information in the
states of {z,z} and {z,y}. We now turn our attention to the computation of the statistics for
E=MU B

Lemma 4.3 Let G be a (partially) reduced 2-tree. Let z be a 2-leaf of G with neighbors z and
y. Let L, R, and M be the shells of {z,z}, {y,z}, and {z,y}, respectively. Let B = L U R, with
identified nodes z and y, and C = M U B, with identified nodes ¢ and y. Then

1. Polz~y] = Pum[z~y]+ Pulz # y] X Pplz ~y]
2. EJ(C) = Ej(M)x Pplz+#y]+ Ej(B) x Pulz # y] - Pclz # y]
3. EY(C) = EYM)Xx Pglz+#y]+ EY(B) x Pulz # y] — Pelz # y]
4. E®(C) = E™(M)+ Ej(M)x Pglz ~ y]+ EY(M) x Pglz ~ y] + E*¥(B)+
E3(B) x Pylz ~ y] + EY(B) x Pylz ~ y] — 2 x Pelz ~ y]
52(C) = Szy(M)+ SYM) x Pz # y] + Szy(B) + SY(B) x Pmlz # y]+
2 x (EZ(M) x EY(B) — EY(C)) — Fc[z # y]
6. S5y(C) = Szy(M)+ Sj(M) x Pplz # y] + Szy(B) + S5 (B) x Pulz # yl+
2 x (Ey(M) x Ej(B) - Ej(C)) - Polz # ]
7. S%(C) = S*(M)+ SYM)x Pgly ~ 2]+ Sy x Pg[z ~ y] + ST(B)+
S¥(B) x Pmly ~ 2]+ Sp x Pu[z ~ y]+
2 x (E(M) x E*(B) + E*¥(M) x EY(B) + E®¥(B) x E¥(B))—
2 x (E*(C) + E®¥(C)) — 3 x Pglz ~ y] + 1

(&1
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8. SY(C) = SY(M)+ S(M)x Pglz ~y]+ Su x Pglz ~ y] + S¥(B)+
S5(B) X Pulz ~ y] + Sp X Pylz ~ y]+
2x (E¥Y(M) x E¥(B)+ E*¥(M) x E;(B) + E*¥(B) x Ej(B))-
2 x (E¥(C)+ E*¥(C)) -3 x Po[z ~ y] + 1
9. Sz4(C) = Say(M)+ Szy(B)
10. Sc = Sm X Pglz # yl+5p x Pulz # y)+ Ej(M) x EY(B) + Ej(B)EY(M)-

(EX(C) + EZ(C)) - Polz # 4]
Proof: We follow the approach used in the proof of lemma 4.2. To prove 1, observe that M and
B are edge-disjoint, failures are statistically independent, and irrelevant edges can be ignored.
The proofs of 2, 3, and 4 exploit the fact that Vo = V(M) ® V(B) U {z,2}° to break down sums
over nodes in C into sums over V(M) and V(B). Similarly, using the same notation as in the

proof of lemma 4.2, it is easy to verify that
Tcc = Tmm+Tus+ Tem +TBB — (Tioyym + TizgyB + Trizy} + TB{z4}) + Tiz )z}

So we can prove 5-10 using the identity above and doing an exhaustive analysis of cases. |

The following lemma defines how to compute Res(G) from the one-edge graph obtained after
applying lemmata 4.1-4.3 to G.

Lemma 4.4(termination) Let G = (V,E) be a 2-tree on n nodes, and H a one-edge 2-tree
obtained by applying the reduction paradigm and lemmata 4.1-4.3 to G. Let = be a node in H.
Then 4

Res(G) = 3 % (5%(G) + Sz(G) - n)

Proof:

Res(G) = =x Y (EYG)-1) (by equation 1 in section 2)

teG

X (E(E”(G) + EL(G))— n) (by Observation 4.1(i))
teG

= 5K (S*(G)+ Sz(G) — n) (by definition) W

The reduction paradigm together with lemmata 4.1-4.4 imply the following theorem.

= N= N =

Theorem 4.1 The resilience Res(G) of a partial 2-tree network on n nodes can be computed in
O(n) time.

Proof: Correctness follows from lemmata 4.1-4.4. The running time is linear because we can
find an embedding of a partial 2-tree in a 2-tree in linear time [18] and because we can reduce the

°@ denotes the disjoint set union operation
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embedding 2-tree in linear time using Algorithm 3 and lemmata 4.1-4.4. (see proof of theorem
3.1) 7

5 Conclusions

We presented an O(n?) time algorithm for a general class of networks, namely the class of partial
k-tree networks (given a fixed k and an embedding of the input network in a k-tree network). We
also presented a linear time algorithm for partial 2-tree networks. Although we conjecture that
the resilience problem may be solvable in linear time for k-trees (or partial k-trees given with an
embedding in a k-tree), we do not think that our linear time algorithm for partial 2-tree networks
can be easily generalized to deal with k-tree networks. The extensive analysis of cases, even for
k = 3, suggests that a different approach would be more productive. We believe that further
analysis of the O(n?) time algorithm for k-tree networks would be a more fruitful line of attack.

This research was limited to networks with fail-safe nodes. In a forth comming technical
report we consider the resilience problem on partial 2-tree and k-tree networks with edge and node
failures. Preliminary results indicate that only minor modifications to the algorithms presented
here are needed to cope with the presence of node failures.
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