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We define and study a gluing procedure for Bridgeland stability conditions in the

situation where a triangulated category has a semiorthogonal decomposition. As one

application, we construct an open, contractible subset U in the stability manifold of the

derived category 'Dzz (X) of Z2-equivariant coherent sheaves on a smooth curve X,

associated with a degree 2 map X -+ Y, where Y is another curve. In the case where X

is an elliptic curve we construct an open, connected subset in the stability manifold

using exceptional collections containing the subset U. We also give a new proof of the
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CHAPTER I

INTRODUCTION

1.1 Background

Stability conditions on triangulated categories were introduced by Bridgeland in

[5] as a mathematical formalization of Douglas' work on II-stability of D-branes in [7,

8]. The definition of a stability condition on a triangulated category D can be thought

of as a generalization of the Mumford slope-stability for sheaves on complex projective

varieties, where the slope of an object is defined using a function Z : Ko(D) ----; ce. The

remarkable feature of Bridgeland's theory is that the set of (nice) stability conditions on

D has a structure of complex manifold. Hypothetically this manifold, called the stability

manifold, has some interesting geometric structures and in the case when D is the derived

category of coherent sheaves on a Calabi-Yau threefold this space should be relevant for

mirror symmetry considerations (see [4]). It also has actions by the autoequivalences of D

and the universal cover GL(2, JR) of the group GL+ (2, JR) of orientation-preserving linear

transformations of JR2.

At present, very little is known about stability manifolds in general. The stability

manifolds of smooth projective curves were determined in [5], [11], [15]. Some stability

conditions have been constructed on projective surfaces as well as a connected component

of the stability manifold for a noncompact K3 surface [2], [6]. Macri gives a method for

constructing stability conditions from Ext-exceptional collections in [11], and at the time

of writing this method is the only source we have for examples of stability conditions on

varieties of dimension greater than 2. It is important, then, that we come up with new
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techniques for constructing stability conditions.

1.2 Main Results

In this paper we give a method for constructing stability conditions on a trian

gulated category V, given a semiorthogonal decomposition V = (VI, V 2) and stability

conditions (fi on Vi. We say that the stability conditions constructed in this manner are

"glued" from the stability conditions on the Vi since the process is motivated from the

gluing of t-structures introduced in [3].

Theorem 1.2.1. Let (VI, V 2) be a semiorthogonal decomposition of a triangulated cat

egory V. Suppose ((f1, (f2) is a pair of reasonable stability conditions on VI and V2,

respectively) with the slicings Pi and central charges Zi (i = 1,2}) and let a be a real

number in (0, 1). Assume the following two conditions hold:

1. Hom~O(P1(0, I],P2(0, 1]) = 0;

2. Hom~o(P1(a, a + 1], P2(a, a + 1]) = 0)·

Then there exists a reasonable stability (f glued from (f1 and (f2. Furthermore)

P(O, a] = [PI (0, a], P2(0, a]]

P(a,l] = [PI (a, I],P2(a, 1]].

It should also be noted that this gluing construction is a generalization of the

method Macrl gave for Ext-exceptional collections. When restricted to a suitable open

subset of Stab(V1 ) x Stab(V2), gluing is continuous.

Theorem 1.2.2. Let U C Stab(V1) x Stab(V2) denote the set of pairs of reasonable

stabilities ((f1 = (Zl, PI) and (f2 = (Z2, P2)) such that for some t: > 0 one has
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Then U is open and the gluing map gl : U --t Stab(V) is continuous.

Let X be a smooth projective curve and denote by V Z2 (X) the derived category of

Z2-equivariant coherent sheaves on X. There is a stability condition on V Z2 (X) associated

to the Mumford stability for coherent sheaves which we call the standard stability. We

construct a contractible open subset of stability conditions on V Z2 (X) containing the

standard stability.

Theorem 1.2.3. Let U C StabN(Vz2(X)) denote the set of locally finite stability condi

tions (J = (Z, P) such that

1. Ow-ley) is stable of phase cPu for every y E Y \ R;

2. 0Pi' ((9 0Pi are semistable with the phases in (cPu - 1, cPu + 1) for all i = 1, ... , n.

Then every point in U is obtained from a stability glued along a semiorthogonal decompo

sition by the action of an element ofJR x Picz2(X), where JR acts on StabN(Vz2(X)) by

rotations (shifts of phases). The subset U is open in StabN(VZ2 (X)). Furthermore, U is

contractible.

In the case when X is an elliptic curve, V Z2 (X) contains full exceptional collections.

Denote by r c StabN(Dz2 (X)) the set of all stability conditions obtained from a stability

glued along an Ext-exceptional collection by the action of GL(2, JR). With U defined as

above, we prove

Theorem 1.2.4. The set r u U is connected.

As a byproduct of our methods we obtain some nice results on the structure of

stable bundles equipped with Z2-equivariant structure. It should also be noted that these

bundles are exceptional objects of the derived category of Z2-equivariant sheaves on X.

Theorem 1.2.5. Let V be a stable bundle on X equipped with a Z2-equivariant structure.

Let PI, P2, P3, P4 be the four points of order at most 2 in the group structure on X. Denote
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by (VlpJ+ the subspace of Vlpi with positive parity and set

Then

2. ifrkV is odd, Yi(V) = ±~,Vi,

3. if rk V is even, there exists j E {I, 2, 3, 4} such that Yi (V) = ±6ij, Vi.

In fact, there is a set of coordinates deg, rk, YI, Y2, Y3, Y4 on Ko(Vzz(X)) with which

we can give a new proof of the known result

Theorem 1.2.6. The action of the braid group B 6 by mutations is transitive upon the set

of full exceptional collections of sheaves in VZz (X), up to shifts.

Our method of proof has the advantage of giving insight into the structure of

exceptional collections on Vzz(X). In particular, we classify the orbits of the group of

autoequivalences upon the set of exceptional collections.

Theorem 1.2.7. Let A denote the subgroup of the symmetric group S3 by which the

stabilizer of PI in Aut(X) acts upon the set {P2,P3,P4}. There are I~I orbits in the action

of autoequivalences Aut(Vzz(X)) upon the set Coll(V) of full exceptional collections of

sheaves on VZz(X).

The results contained in chapters III and IV originally appeared in the co-authored

paper Gluing Stability Conditions as a preprint on the Mathematics ArXiv. The sections

reproduced here are those that existed in similar form in my research before the paper was

published. The final section of that paper has not been included as it contains substantial

contributions from the co-author, Alexander Polishchuk.
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CHAPTER II

BACKGROUND

Our purpose in this chapter is to introduce the reader to stability conditions and

the technical tools we shall need in later chapters. This introduction includes a basic

overview of derived categories, t-structures and exceptional collections as needed for the

definition of a stability condition and for use in later chapters. We will assume, however,

a basic knowledge of algebraic geometry and sheaf theory.

11.1 Derived Categories

A triangulated category D is an additive category equipped with an autoequivalence

[1] : D -----7 D, called a translation or shift functor, and collection of exact triangles

x L y !4 z ~ X[l]

satisfying four axioms. A full subcategory C c D is a triangulated subcategory if it is

closed under the operations of taking cones and the shift functor. The primary example

of a triangulated category is the derived category of an abelian category, which we define

below. We will need triangulated categories only in the context of certain subcategories

of a derived category, so we will not develop all of their properties here. In particular,

the reader who is interested in a less abstract context may substitute the term "derived

category" for "triangulated category" in the rest of this chapter. Those who are interested

in a fuller treatment of the subject triangulated categories can find it in [20].
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Definition II.l.l. A localization ofC with respect to 8 is a category 8-1C, together with

a functor F : C ---7 8-1C satisfying the properties

1. F(s) is an isomorphism in 8-1C for all s E 8.

2. Any functor G : C ---7 D such that G (s) is an isomorphism for all s E 8 factors

uniquely through F.

It follows that 8-1C exists, modulo set theoretic problems, and is uniquely defined up to

equivalence.

Definition ILl. 2. A morphism f : E ---7 F of (co) chain complexes of elements of an

abelian category A. is a quasi-isomorphism if the induced morphisms f : Hn(E) ---7 Hn(F)

are isomorphisms for all n. Let Q be the set of all quasi-isomorphisms in the cate-

gory Ch(A.) of chain complexes of objects of A.. The derived category D(A.) is then

the localization Q-1 Ch(A.) of the category of chain complexes in A. at the set of quasi

isomorphisms. That is, the objects ofD(A.) are the same as those of Ch(A.) and a morphism

f E HOmV(A) (E, F) is represented by an equivalence class of pairs of morphisms (J', s) of

chain complexes,

f' sE +- G ---7 F,

where s is a quasi-isomorphism. The bounded derived category Db(A.) is the full subcate

gory of D(A.) of objects E such that the complex of homology groups H*(E) is bounded.

Remark II.l.3. Let A. be an abelian category. If X L Y is a morphism of chain

complexes of objects of A., then the shift functor [1] on D(A.) acts as follows. X[l] is the

chain complex with Hi(X[l]) = Hi+l(X) and differentials 8~[1] = 871, and [1] acts upon

the morphism f by -1 so that the induced map on homology H-1(X[1]) ---7 H-1(Y[1])

is given by - f. The collection (X, Y, cone(J), f, g, 6) is called an exact triangle in D(A.),

where g : Y ---7 cone(J) and 6 : cone(J) ---7 X[l] are the induced morphisms. In particular,

given any short exact sequence
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of chain complexes, there is an exact triangle

xL y ~ Z !!... XlI]

in D(A), where h is induced from the ~orphismcone(J) ~ X[l] and the quasi-isomorphism

cone(J) -----; Z. With the above action of shift functor and these exact triangles, the axioms

for a triangulated category are satisfied for D(A).

Example 11.1.4. The objects of the derived category are the same as the objects for the

category of chain complexes, but the morphisms between objects are quite different. Here

are a few illustrative examples.

1. Let M be an module over a ring R and suppose there exists a projective resolution

M L p'. Then in D(mod-R), f is an isomorphism. Indeed, f is a quasi-isomorphism

in Ch(mod-R) with M viewed as a complex in degree O.

2. If two morphisms f, 9 E HOmCh(A) (X, Y) are homotopic, then f = gin D(A).

3. A morphism f : X -----; Y in Ch(A) becomes the zero morphism in D(A) if and only

if there is a quasi-isomorphism s : Y -----; Y ' such that sf is null homotopic. The

converse, however, is false.

Notation 11.1.5. Given a collection AI, A2," . ,An of full subcategories in a triangulated

category D, we denote by [AI, A2, ... ,An] (resp. (AI, A2, ... ,An)) the full subcategory

(resp. triangulated subcategory) generated by the collection. That is, the smallest full

subcategory (resp. triangulated subcategory) containing each Ai. As a consequence,

A = (AI, A2,'" ,An) is closed under extensions; if A, A' E A , then given any exact

triangle

A -----; A" -----; A' -----; A[l]

in D, A" is also an element of A.
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Definition 11.1.6. Let BcD be a triangulated subcategory of D. The right orthogonal

to B, denoted B.l, is the full subcategory consisting of all objects Y E D such that for every

X E B we have Homv(X, Y) = O. It is a triangulated subcategory. The left orthogonal is

defined by the analogous condition that Homv(Y, X) = 0 and is denoted .lB.

Definition 11.1.7. A full subcategory BcD of a triangulated category is right (left)

admissible if there exist right (left) adjoint functors to the inclusion B ~ D.

Definition 11.1.8. A semiorthogonal decomposition in D is given by a collection AI, A2 , ... ,An

of full triangulated subcategories satisfying the conditions

2. For every i < j, Homv(Aj , Ai) = o.

3. For every object XED, there exist a series of exact triangles

with Ai E Ai, X o = 0, and X n = X.

In the case n = 2, the subcategory A 2 = .1 Al is the left orthogonal of Al and Al is

left admissible. Conversely, given a left admissible triangulated subcategory B there is a

semiorthogonal decomposition (B, .lB).

Proposition 11.1.9. liD = (AI, A 2) is a semiorthogonal decomposition then both Al and

A2 are admissible. In particular) there are also semiorthogonal decompositions (At, AI)

and (A2 , .1 A 2) in D.

1I.2 T-Struetures

In this section we define t-structures on a triangulated category. The idea is

to consider nonobvious abelian categories sitting inside a triangulated category as the
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heart of a t-structure. We then define two operations for constructing new t-structures,

and hence abelian subcategories, from old ones. The first operation is that of tilting

at a torsion pair inside an abelian category and the second is the gluing of t-structures

along a semiorthogonal decomposition. The latter is a version of the topological gluing

construction found in [3]. Historically, the topological gluing was used in the theory of

perverse sheaves, where the gluing was related to a stratification of a topological space.

Throughout this section D will denote a triangulated category.

Definition 11.2.1. A t-structure on D is two full subcategories (D~O, D?'O), where we

write D~n := D~O[-n] and D?,n := D?,O[-n], with the properties

1. For each X E D~o and Y E D?,l, then Hom(X, Y) = O.

2. One has D~o C D9 and D?'o =:) D?,l.

3. For every ZED, there exists an exact triangle X -----t Z -----t Y -----t X[I] with X E D~o

and Y E D?,l.

The heart of a t-structure is the full category A = D~o n D?'o. It is known [3] that the

heart is an abelian category. A sequence 0 -----t X -----t Y -----t Z -----t 0 is exact in A if and only

if X -----t Y -----t Z -----t X[I] is an exact triangle in D. For each n E Z there exist truncation

functors T~n : D -----t D~n and T?,n : D -----t D?,n satisfying the property that for each nand

object 0 t= E E D there exist exact triangles

A t-structure (D~O,D?'O) is bounded if

Every bounded t-structure is determined by its heart, and in particular in this case D5,O
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is the union of all A[i] for i ~ O. A t-structure is nondegenerate if the intersections

n1)S:i and n1)?j

iEZ jEZ

both contain only the zero object. We sometimes write 1)[a,b] := 1)S:b n 1)2a.

Remark II.2.2. The motivation for this definition is the standard t-structure on the

bounded derived category 1)(A). It is obtained by taking 1)(A)S:o to consist of all objects

of 1)(A) whose cohomology objects Hi(X) E A are zero for all i > 0, and similarly taking

for 1)(A)20 the objects with Hi(X) = 0 for all i < O. Hence, in the standard t-structure

on 1)(A) the heart is A. The standard t-structure on the bounded derived category 1)b(A)

is bounded.

Definition II.2.3. Given triangulated categories C and 1) endowed with t-structures

(CS:0,C20) and (1)S:0,1)20), a functor F : C -> 1) is right (left) t-exact if F(CS:O) c 1)S:0

(resp. F(C20 ) C 1)2°). We say that F is t-exact if it is left and right t-exact.

Let X be a topological space with open subset U C X and complement F = X\U.

Denote by V a sheaf of rings on X and for any subset A C X let M(A) denote the abelian

category of V-modules on A. Denote by 1), 1)u and 1)F the derived categories of V-modules

on X, U and F, respectively. The following morphisms of sheaves induce functors with

the stated exactness properties with respect to the standard t-structures on each category:

inclusion from U, j! : 1)u -> 1) is t-exact; restriction to U, j* : 1) -> 1)u is t-exact; direct

image from U, j* : 1)u -> 1) is left t-exact; restriction to F, i* : 1) -> 1)F is t-exact; direct

image from F, i* : 1)F -> 1) is t-exact; sections with support in F, i! : 1) -> 1)F is left

t-exact.

Theorem II.2.4 (Topological Gluing). Given X, U, F as above, suppose that the following

conditions are satisfied:

1. i* has left and right adjoint functors, namely i* and i!.
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2. j* has left and right adjoint functors, namely j! and j*.

3. j*i* = O. This implies that for every A E VF and BE Vu,

5. i* and j! are fully faithful functors.

( <0 >0) «0 >0)Suppose as well that there are t-structures Vfj ,Vfj and VIi', VIi' on Vu and VF,

respectively. Then there is a t-structure on V defined by the properties

V~O = {E E V I j* E E D~o and i* E E V~o}

V20 = {E E V I j*E E Df/ and i!E E V~o}.

We say that this t-structure on V is obtained by gluing.

The topological gluing was first used in the construction of perverse sheaves, which

are the objects in the heart of the t-structure obtained by gluing the standard t-structure

on Vu to a shift of the standard t-structure on VF. Semiorthogonal decompositions

provide a natural framework for generalization of this result beyond the topological setting.

We present an abstract form of the topological gluing as well as two special cases below.

Let V be a triangulated category equipped with a semiorthogonal decomposition

V = (VI, V 21. For E E V there exist objects E 1 E VI and E2 E V 2 forming an exact

triangle E2 ----t E ----t E 1 ----t E 2[1] and these objects depend functorially on E. Namely,

E 2 = P2(E), where P2 is the right adjoint functor to the inclusion V 2 ----t V, and E 1 =

>"1 (E), where >"1 is the left adjoint functor to the inclusion VI ----t V. If VI is admissible,

denote by PI the right adjoint functor to the inclusion VI ----t V.

Proposition II.2.5 (Theorem 3.1.1 in [18]). Assume we have a semiorthogonal decompo-

sition V = (VI, V 21and t-structures (V[O, Vfo). Then there are t-structures (V?' Vr), (V~O, V~O)



12

on V for which

V~O = {E E V I AlE E vf:° and A2E E Via}

V~o = {E E V I PIE E V?-o and A2E E V~o}

V? = {E E VI AlE E vf'° and P2E E Via}

vr = {E E VI PIE E V?-o and P2E E V~o}

This lemma will be used in the proof of the corollary.

Lemma II.2.6. Let V be a triangulated category. Suppose H and H' are hearts of bounded

t-structures on V. If H S;;; H' J then H = H'.

Corollary 11.2.7. If the functor Pllv2 : V 2 ----7 VI is right t-exact with respect to the

t-structures on VI and V 2 then there is a t-structure on V for which

V[a,bj = {X E V: PI(X) E V~a,b], P2(X) E v~a,bj}.

Proof. We show that under the assumption PI!D2 : V 2 ----7 VI is right t-exact that the heart

Hp of the t-structure (V~O,Dr) is of the form

where Hi is the heart of the t-structure on Vi.

Suppose that E E Hp . To show that E E H we need only show PIE E via. Apply

PI to the exact triangle

<0 rv <0 <0and observe that PIP2E E VI and PIAIE = AlE E VI . Thus, PIE E VI and E E H.

Also, it is easy to check that H defines the heart of a bounded t-structure on V. Since

H p S;;; H, the corollary is a consequence of the lemma above. o
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Corollary 11.2.8. Suppose the hearts Hi of the t-structures (Vfo, V"f°) on Vi (where

i = 1,2) satisfy the condition Hom~o(Hl'H2 ) = O. Then there is a t-structure on V with

the heart

(ILl)

With respect to this t-structure on V the functors Al : V ---7 VI and P2 : V ---7 V 2 are

t-exact.

Note that in the situation of the above Corollary we have HI cHand H2 c H.

Furthermore, every object E E H fits into an exact sequence in H

where P2(E) E H2 and Al(E) E HI. Therefore, we also have

Definition 11.2.9. A torsion pair (see [9]) in an abelian category C is a pair of full

subcategories (7, F) in C such that Hom(T, F) = 0 for every T E 7, F E F and every

object a E C fits into a short exact sequence

o ---7 T ---7 a ---7 F ---7 O.

A torsion pair (7, F) in a triangulated category V defines a nondegenerate t

structure with heart

That is,

at = [F[l], TJ.
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The process of passing from C to Ct is called tilting, and we say that Ct is a tilt of C.

Remark II.2.10. The pair (H2' HI) from Corollary 11.2.8 is a torsion pair in H.

Remark II.2.11. Recall that a bounded t-structure on a triangulated category is deter-

mined by its heart, which is an abelian category. The tilting procedure is then seen as a

method for constructing new abelian categories inside a triangulated category. Moreover,

the tilted category determines a new bounded t-structure.

11.3 Exceptional Collections

Definition B.3.1. Let K be a field. A triangulated category D is K -linear if for every

pair of objects E, F the set Homv(E, F) has the structure of a vector space over K. D is of

finite type if in addition the graded vector space ffi iEZ Homv(E, F[i]) is finite-dimensional

for every pair E, F of objects.

Given D a K-linear triangulated category. We denote by

Home(E, F) = EBHom~(E, F)[-k]
kEZ

the graded complex of K-vector spaces with trivial differential. An object E of D is an

exceptional object if it satisfies the condition

Hom;(E,E) = K.

An ordered collection (EI , E 2 ,'" ,En) of exceptional objects of D is an exceptional col

lection if it satisfies the condition

A full exceptional collection is an exceptional collection for which D = (EI , E 2 , ... ,En).
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An exceptional collection is Ext-exceptional if it satisfies the condition

An exceptional collection consisting of two objects is called an exceptional pair.

Example 11.3.2. Exceptional collections on projective spaces. For any n ;:::: 1 and

integers k, ml,'" ,mn, the n-tuple (O(k)[ml], O(k + I)[m2]' ... , O(k + n)[mnD is a full

exceptional collection of sheaves on D(Coh(Jpm)). If in addition ml > m2 > ... > m n ,

then it is an Ext-exceptional collection.

Definition 11.3.3. Let (E, F) be an exceptional pair in D. We define objects LEF and

RpE by the exact triangles in D :

LEF --t Home(E, F) 0 E --t F --t LEF[I]

E --t Home(E, F)* 0 F --t RpE --t E[I]

where V[k] 0 E, with V a vector space, denotes the object that is dim V copies of E[k]

and dualizing Home(E, F)* changes the sign on the grading. We say that LEF is the

left mutation of F through E and that RpE is the right mutation of E through F. A

left mutation of the pair (E, F) is the pair (LEF, E) and a right mutation of that pair is

(F, RpE).

A (left or right) mutation of an exceptional collection (J = (EI , ... ,En) is defined

to be a mutation of an adjacent pair of objects in this collection:

(Ell" . ,Ei - l , Ei+l' REi+l E i , Ei+2, ... ,En)

(EI,' .. ,Ei- 2, LEiEi+I, Ei' Ei+2,' .. ,En)

If the action of this braid group upon the set of all full exceptional collections on D, up to

the action of shifting each exceptional object of a collection, has a single orbit then this
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set is said to be constructible. We also say in this case that V is constructible.

Remark II.3.4. It is known that the sets of full exceptional collections on V(Coh(JP I ))

and V( Coh(JP2)) are constructible, but for any n > 2 this is currently an open question.

Lemma II.3.5. A mutation of an exceptional collection cr is an exceptional collection. If

cr is full) then so is the mutated collection.

Proposition II.3.6. Let cr = (EI ,' .. ,En) be an exceptional collection.

2. the Ri (respectively Li) induce actions of the braid group En on n strings;

3. The actions of the groups Aut(V) and En on exceptional collections {EI,'" En}

commute.

If there exist full exceptional collections in a triangulated category V then we are

able to construct many interesting t-structures from these collections. In particular, there

is a specialization of Lemma 11.2.8 to the case of Ext-exceptional collections.

Proposition II.3.7. Suppose {EI ,'" ,En} is a full Ext-exceptional collection on V.

Then there exists a bounded t-structure on V with heart H = [EI ,'" ,En]' glued from

the t-structures on the categories (Ei) with hearts [Ei].

II.4 Stability Conditions

Definition II.4.1. A stability condition (Z, P) on a triangulated category V consists

of a group homomorphism Z : K(V) ---t C called the central charge and full additive

subcategories P (¢) c V for each ¢ E JR., satisfying the following axioms:

1. if E E P(¢) then Z(E) = m(E) exp(i7f¢) for some m(E) E JR.>o,
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2. for all ¢ E JR, P(¢ + 1) = P(¢) [1],

4. for each nonzero object E E V there is a finite sequence of real numbers ¢1 > ¢2 >

... > ¢n and for each 1 ::; i ::; n an exact triangle

with A j E P(¢j), Eo = a and En = E.

The data P := {P(¢), ¢ E JR} is called a slicing. Given an interval I c JR, we write

P I for the full extension-closed category generated by all P(¢) for ¢ E I. That is,

PI = [U¢EIP(¢)], If E E P(¢) then the number m(E) is called the mass of E.

Lemma II.4.2. Suppose (Z, P) is a stability condition on a triangulated category V. For

each ¢ E JR the pair of full subcategories (P(> ¢), P(::; ¢+ 1)) is a bounded nondegenerate

t-structure on V with heart P(¢, ¢ + 1].

Definition 11.4.3. Suppose that V is K-linear and of finite type. The Euler form, a

bilinear form on K(V), is then defined by the formula

X(E, F) = 2.)_l)i dimk Homv(E, F[i]) ,
i

and the free abelian group N(V) = K(V)jK(V)l.. is called the numerical Grothendieck

group of V. If this group has finite rank the category V is said to be numerically finite.

A stability condition a = (Z, P) is numerical if the central charge Z : K(V) ----T C factors

through the quotient group N(V).

Definition 11.4.4. A stability function on an abelian category A is a group homomor-

phism Z : K(A) ----T C such that for all a t- E E A the complex number Z(E) lies in the

strict upper halfplane H = {rexp(i7T"¢) : r > a and a < ¢ ::; I} c C. Given a stability
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function Z : K(A) -----+ C, the phase of an object 0 =I E E A is defined to be

1
¢(E) = - arg Z(E) E (0,1].

1r

The object E is said to be semistable (with respect to Z) if every subobject 0 =I AcE

satisfies ¢(A) S ¢(E). If strict inequality holds we say that E is stable (with respect to

Z). Equivalently, E is semistable if ¢(E) S ¢(B) for every nonzero quotient E -» B.

Remark 11.4.5. Given a stability condition (Z, P), Z is a stability function on P(O, 1].

In fact, Z is a stability function on P(2n, 2n + 1] for all n E Z.

Definition 11.4.6. Let Z be a stability function on A. A Harder-Narasimhan filtration

(HN-filtration) of an object 0 =I E E A is a finite chain of subobjects

o= Eo C E 1 C ... C En- 1 C En = E

whose factors Fj = Ej/Ej - 1 are semistable objects of A with respect to Z with phases

The stability function Z is said to have the Harder-Narasimhan property (HN-property)

if every nonzero object of A has a Harder-Narasimhan filtration.

Proposition 11.4.7. To give a stability condition on a triangulated category D is equiv

alent to giving a bounded t-structure on D and a stability junction on its heart with the

HN-property.

Definition 11.4.8. A slicing P of a triangulated category D is locally-finite if there exists

a real number 1/ > 0 such that for all t E IR the category P( (t - 1/, t + 1/)) C D is of finite

length. A stability condition (Z, P) is locally finite if the corresponding slicing P is. We

denote by Stab(D) the set of all locally-finite stability conditions on D, and by StabN(D)

the subset of Stab(D) consisting of numerical stability conditions.
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Local finiteness is a "niceness" condition imposed upon stability conditions in order

to obtain the main result of this section. For now, we note merely that local finiteness is a

kind of smoothness result in that it prevents "too much" of a category from being placed

into a small interval of phases in a slicing.

Theorem 11.4.9 (Theorem 1.2 of [5]). Let D be a triangulated category. For each con

nected component, L; C Stab(D) there is a linear subspace V(L;) c Hom;z(K(D), q with a

well-defined linear topology and a local homeomorphism L; ----+ V (L;) which maps a stability

condition (Z, P) to its central charge Z.

Corollary 11.4.10. lfD is numerically finite then StabN(D) is a finite-dimensional com

plex manifold.

As a consequence, we call Stab(D) the stability manifold of D. Given any a E

Stab(D), let us set

W u := {U E Hom(Ko(D) , q :1IUliu < oo}.

The linear subspaces W u c Hom(Ko(D), q do not change as a varies over a connected

component C of Stab(D). Furthermore, the natural projection C ----+ W u is the local

homeomorphism from the theorem above. The theorem on the structure of Stab(D)

implies that in a neighborhood of a E StabN(D) the space StabN(D) is modeled on

the linear space wf = W u n Hom(N(D), q. A numerical stability condition a is called

full if wf = Hom(N(D) , q (see [6]).

We turn next to describing the topology on Stab(D). The function

d(P, Q) = inf{E E ~~o : Q(¢) c P[¢ - E, ¢ + E] for all ¢ E~}

defines a generalized metric on the set of all slicings on D. That is, d(·,·) satisfies all

of the axioms for a metric except that it takes values in [0,00] := ~~o U {oo}. For each
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u = (Z, P) E Stab(V), define a function

II . 110- : Hom;z(K(V) ,C) --t [0,00]

by sending a linear map U : K(V) @ C --t C to

{
IU(E)I . .}IIUllo- = sup IZ(E)I: E semrstable III U .

This function has the properties of a norm on the complex vector space Hom;z(K(V), C)

except that it may not be finite. Let E E (0, ~). The topology on Stab(V) is the one

defined by the basis of sets of the form

B~(u) = {T = (W, Q) : IIW - Zllo- < sin(1rE) and d(P, Q) < E} C Stab(V).

The set B~ (u) contains all stability conditions which for all ¢ E JR and E E P(¢), the

phase of W(E) differs from ¢ by less than E, and moreover if E is not semistable in Q

then E E Q(¢ - E, ¢ + E). Thus, we have bounds on the phases of the semistable factors

of E in T. These generalized metrics on slicings and stability functions can be extended

to give a generalized metric on Stab(V) in a natural way.

The proof of the theorem is done by first showing local injectivity of the maps

L; --t V(L;). Given this, a local deformation result is then proved in order to construct

stabilities T = (W, Q) in a sufficiently small neighborhood of a fixed u = (Z, P) from their

central charge W. We include the statements of these two results for reference.

Lemma 11.4.11 (Lemma 6.4 of [5]). Suppose u = (Z, P) and T = (Z, Q) are stability

conditions on V with the same central charge Z. Suppose also that d(u, T) < 1. Then

u = T.

Theorem 11.4.12 (Theorem 7.1 of [5]). Let u = (Z, P) be a locally-finite stability condi-

tion on a triangulated category V. Then there is an EO > 0 such that if 0 < E < EO and
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W : K(V) ----> <C is a group homomorphism satisfying

IW(E) - Z(E)I < sin(1fE)IZ(E)1

for all E E V semistable in a, then there is a locally-finite stability condition T = (w, Q)

on V with d(P, Q) < E.

The stability manifold has both left and right group actions.

Lemma II.4.13. The generalized metric space Stab(V) carries a right action of the group

GL(2, JR.), the universal covering space of GL+(2, JR.), and a left action by isometries of the

group Aut(V) of exact autoequivalences of V. These two actions commute.

In particular, the actions are as follows. The group GL(2, JR.) can be thought of as

the set of pairs (A, 1) where f : JR. ----> JR. is an increasing map with f (¢ + 1) = f (¢) + 1, and

A: JR.2 ----> JR.2 is an orientation-preserving linear isomorphism, such that the induced maps

on SI = JR./2Z = JR.2/JR.>O are the same. Given a stability condition a = (Z, P) E Stab(V)

and a pair (A,1) E GL(2, JR.), define a new stability condition a' = (Z', P') by setting

Z' = A-I 0 Z and P'(¢) = P(J(¢)).

This action does not change the semistable objects, but their phases and masses are

changed.

For the action by autoequivalences, given W E Aut(V) observe that W induces an

automorphism'ljJ of K(V). Define <I>(a) to be the stability condition (Z 0 'ljJ-1, P') where

P'(¢) = <I>(P(¢)).

11.5 Examples of Stability Conditions

In this section we collect a few examples of stability conditions known from the

literature. If V(X) = V(Coh(X)) is the bounded derived category of coherent sheaves on

a variety X, we will often write Stab(X) for the stability manifold Stab(V(X)).
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Example 11.5.1 (Standard Stability). Let X be a smooth curve. The abelian category

Coh(X) of coherent sheaves on X is the heart of a bounded nondegenerate t-structure on

V(X). Consider the stability function

Zst(E) = - deg(E) + i rk(E).

We show that Zst has the Harder-Narasimhan property on Coh(X), thereby defining a

stability condition ast = (Zst, Pst) where Pst(O, 1] = Coh(X). We call ast the standard

stability.

Given a coherent sheaf E, there exists a short exact sequence

(II.2)

where T is torsion and B is a vector bundle. For any torsion sheaf T, Zst(T) lies on

the negative real ray so Zst(T) has phase 1. Furthermore, all nonzero subobjects of T

are torsion so in fact T is semistable. Moreover, all semistable vector bundles will have

phases in (0,1) so to give a Harder-Narasimhan filtration for E it suffices to construct a

Harder-Narasimhan filtration for B.

A maximal destabilizing quotient (with respect to a stability function Z) of an

object 0 i- E E A of an abelian category A is a nonzero quotient E -* F such that any

nonzero quotient E -* F ' satisfies ¢(F' ) ~ ¢(F), with equality only if E -* F ' factors

through E -* F. In [5], it is shown that maximal destabilizing quotients always exist for

a stability function if there exist no infinite sequences of destabilizing quotients.

This condition on Zst is easily checked to hold for vector bundles E. Indeed,

consider a maximal destabilizing quotient B -* Ao for the vector bundle B in 11.2. If

B1 = ker(B -* Ao) is semistable, then
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is a Harder-Narasimhan filtration for B. If not, let B l -+t Al be a maximal destabilizing

quotient for B l and repeat the above step. Since B has finite rank and rk(BI) < rk(B), this

procedure must terminate after finitely many steps, giving a Harder-Narasimhan filtration

for B.

The stability manifolds Stab(X), where X is a projective curve, are all known (see

[15], [11], [5]).

Theorem 11.5.2. Let X be a smooth projective curve.

1. If X = pi then Stab(X) 2:! ([:2.

2. If the genus of X is at least I) then Stab(X) 2:! GL(2, lR).

The genus g(X) 2: 1 case was done by showing that the GL(2, lR)-action was free

and that all stability conditions on X were contained in the GL(2, lR)-orbit of the stan

dard stability. The case of X = pi was more difficult, due to the presence of exceptional

objects, since it is possible to construct stability conditions from certain full exceptional

collections. Indeed, in [ll] Macrl gave a construction for stability conditions whose hearts

are generated by an Ext-exceptional collection. In particular, using a version of Corol

lary 11.2.8 generalized to semiorthogonal decompositions with n full subcategories we can

restate his result as follows.

Proposition 11.5.3. Let {E l , E2, ... ,En} be a full Ext-exceptional collection in a tri

angulated category V. For each j E {I"" ,n}} choose real numbers cPj E (0,1] and

mj E lR>o. Then there exists a stability condition (J = (Z, P) with heart [El ," . ,En] and

central charge

Furthermore} the objects Ej are stable in (J.

This proposition and the results on gluing of t-structures in [3] are the motivation

for the gluing of stability conditions given in the following chapter.
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CHAPTER III

GLUING STABILITY CONDITIONS

Reproduced with permission from J. Collins, A. Polishchuk, Gluing Stability Con

ditions, preprint on arXiv:0902.0323, 2009.

In this chapter we present our method for the gluing of stability conditions along

semiorthogonal decompositions. Under certain assumptions, the gluing is then shown to

be continuous. In section IILl we introduce the notion of a reasonable stability, which is

a strengthening of the locally finite condition imposed by Bridgeland in order to prove

that Stab(V) has a manifold structure [5]. This assumption is fairly modest, however, for

we show that it is satisfied by all stability conditions constructed in a variety of known

cases. In section III.2 we give the gluing construction itself and prove its basic properties.

This construction does not address the question of existence, so in section III.3 we give

conditions under which the glued stability function will satisfy the Harder-Narasimhan

property on the glued heart. Finally, in section IlIA we give conditions under which the

gluing map is continuous.

I1L1 Reasonable Stability Conditions

Throughout this section V denotes a triangulated category. We single out a par

ticular class of elements of GL(2, 1R) whose actions on stability conditions will be of use in

what follows. For a real number a let us denote by Ra : Stab(V) ---4 Stab(V) the operation

of shifting the phase by a. This is part of the GL(2, 1R)-action on Stab(V). More explicitly,

for 0" = (Z, P) one has RaO" = (r -71"a 0 Z, Pi), where Pl(t) = P(t + a), r-71"a is the rotation
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in ce = }R2 through the angle -1ra. We refer to the transformations Ra as rotations. For

a complex number ~, we denote by ~~ and 8'~, respectively, the real and imaginary parts

of ~.

Definition III.l.l. A stability condition (J = (Z, P) on V is called reasonable if

inf jZ(E) I > 0
E semistable,E,iO

where E runs over all nonzero (J-semistable objects.

Lemma III.l.2. Let (J = (Z, P) be a stability condition on V.

1. If (J is reasonable then for every 0 < 17 < lone has

inf IZ(E)I > 0;
tETR,EEP(t,t+7)) \ 0

2. (J is reasonable if and only if for every t and every 0 < 17 < 1 the point 0 is an

isolated point of Z(P(t, t + 17)),.

3. If (J is reasonable then every category P(t, t + 17) for 0 < 17 < 1 is of finite length,

hence, (J is locally finite;

4. If the image of Z in ce is discrete then (J is reasonable.

Proof. (1) Let

c = inf IZ(E)I > o.
E semistable,E,iO

Given an object E E JPl(t, t + 'r)) let Ei be the HN-factors of E. Then all numbers Z(Ei )

(and Z(E)) lie in the cone C(t, t+'r)) of complex numbers with phases between t and t+'r).

Let h: ce -t }R denote the scalar product with the unit vector of phase t + 'r)/2. Then we

have cos(7f'r)/2)lzl ::; h(z) ::; Izi for all z E C(t, t + 'r)). Hence,

IZ(E)I ~ h(Z(E)) = Lh(Z(Ei)) ~ cos(1r7]/2)c.
i
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(2) The "only if' part follows from (1). Conversely, assuming that 0 is an isolated point

of Z(P(0,3/4)) and of Z(P(1/2, 5/4)) we see that there is a universal lower bound for

IZ(E)j, where E is semistable of the phase in (0,1]. This implies that (J is reasonable.

(3) This is similar to Lemma 4.4 of [6]. The point is that if h : lC -----t R denotes the scalar

product with the unit vector of phase t + ry/2 then h(A) > c > 0 for a fixed constant c,

where A is a nonzero object of P(t, t + ry). Since h is an additive function with respect to

strict short exact sequences, the assertion follows.

(4) This is clear. D

Proposition 111.1.3. Let ~ be a connected component of Stab(V) containing some rea-

sonable stability condition. Then every (J E ~ is reasonable.

Proof. Let (J = (Z, P), (J' = (Z', P') be points of~. Assume first that (J' is reasonable,

and (J' E BE((J), where E< 1/4. Then for every (J-semistable object E of phase t we have

IZ'(E) - Z(E)I < sin(1TE)IZ(E)1 and E E P'(t - E, t + E). Hence, by Lemma III.1.2(1),

there exists a constant c > 0 independent of E such that IZ' (E) I > c. Therefore,

so (J is reasonable. This shows that the set of reasonable stabilities is closed. Conversely,

assume that (J is reasonable and (J' E BE((J), where E is sufficiently small. Given a (J'-

semistable object E of phase t we have E E P(t - E, t + E). Let (Ei ) be the HN-factors

of E with respect to (J. Then Ei E P(t - E, t + E) C P'(t - 2E, t + 2E). Let us denote by

h : lC -----t lR the scalar product with the unit vector of phase t. Then

IZ'(E)I = h(Z'(E)) = Lh(Z'(Ei )) ~ ~ L IZ'(Ei)1
i i

provided Eis small enough. But IZ'(Ei)1 > (l-sin(1TE))IZ(Ei)l, which is bounded below by

a positive constant depending only on E. Hence, (J' is reasonable, so the set of reasonable

stabilities is open. D
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Corollary 111.1.4. If ~ C Stab(V) is a connected component containing some stability

condition such that the corresponding central charge has discrete image, then every (J" E ~

is reasonable.

Remark 111.1.5. This corollary implies that all (locally finite) stability conditions con

structed in [2], [5], [6] and [11] are reasonable. It should also be noted that at the time of

writing, these papers together contain essentially all known examples of stability condi

tions. This gives some evidence for viewing our reasonable condition to be a natural one

to consider.

111.2 Gluing Construction

A stability condition is determined by a stability function on the heart of a bounded

t-structure. In this section we give a construction for gluing stability conditions satisfying

certain conditions. We start by recalling the gluing construction of Corollary II.2.8 from

the previous chapter.

Corollary 111.2.1. Assume we have a semiorthogonal decomposition V = (VI, V 2) and t

structures (V?, Vfo) with the hearts Hi on Vi (where i = 1,2), such that Hom~o(Hl'H 2) =

O. Then there is a t-structure on V with the heart

(IlL1)

With respect to this t-structure on V the functors Al : V ---+ VI and P2 : V ---+ V 2 are

t-exact. Furthermore, every object E E H fits into an exact sequence in H

(IIL2)

where P2(E) E H 2 and Al(E) E HI. Therefore, we also have

(IIL3)
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Assume now that the hearts HI and H 2 are equipped with stability functions

Zi : Ko(Hi ) -----t C Then the formula

(IlIA)

defines a stability function on the glued heart H.

Definition III.2.2. Suppose we have stability conditions (Jl = (Zl, PI) on VI and (J2 =

(Z2, P2) on '02, such that the corresponding hearts HI = P1 (0, 1] and H 2 = P2(0, 1] satisfy

Hom~o(Hl'H2) = 0. Then we say that a stability condition (J = (Z, P) on V is glued

from (Jl and (J2 if Z is given by (IlIA), and the heart H = P(O, 1] is given by (11.1) (or

equivalently, by (IlL3)).

Note that this glued stability condition is uniquely determined by (Jl and (J2. It

exists if and only if the Harder-Narasimhan property for the stability function Z on the

glued heart H is satisfied. Before addressing when this function Z has the HN-property,

we observe the following easy properties of glued stability conditions.

Proposition III.2.3. 1. A stability condition (J = (Z, P) on V is glued from (Jl

(Zl, PI) on VI and (J2 = (Z2, P2) on '02 if and only if Zi = ZIVi for i = 1,2,

Hom:S::O(H1 , H 2) = °and Hi C H for i = 1,2, where H = P(O, 1], Hi = Pi(O, 1].

2. Let (J be a stability condition on V with the central charge Z and the heart H. Assume

that H is glued from the hearts HI C VI and H 2 C '02, where Hom:S::O(H1 , H 2) = 0,

so that (11.1) holds. Then for i = 1,2 there exists a stability condition (Ji on Vi with

the heart Hi and the central charge Zi = ZIVi' so that (J is glued from (Jl and (J2.

3. If (J = (Z, P) is glued from (Jl = (Zl, PI) and (J2 = (Z2, P2) then for every c/J E JR

one has PI (c/J) C P(c/J) and P2(c/J) C P(c/J).

Proof. (1) Let us observe that for every E E V one has the equality [E] = [p2(E)] + [)'1 (E)]

in Ko(V), so the definition (IlIA) is equivalent to the condition ZIVi = Zi for i = 1,2. It
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remains to note also that the embeddings HI, H 2 C H imply that (HI, H 2 ) C H. Since

both are hearts of nondegenerate t-structures this is equivalent to the equality (III.3).

(2) The subcategory HI C H (resp., H 2 C H) is exactly the kernel of the exact functor

P2 : H ---.. H 2 (resp., Al : H ---.. HI)' It follows that these subcategories are closed under

passing to subobjects and quotient-objects in H. This easily implies that the Harder

Narasimhan property holds for ZIHi on Hi, i = 1,2, so we obtain the stability conditions

on VI and V2. The fact that (7 is glued from these stabilities follows from definition.

(3) It is enough to check this in the case when ¢ E (0,1]. Then this follows immediately

from the fact that HI and H 2 are stable under subobjects and quotient-objects in H. 0

In the case of semiorthogonal decompositions associated with a full Ext-exceptional

collection (El , ... , En) the above gluing procedure was considered by Macrl in [11]. Namely,

we can consider the semiorthogonal decomposition V = ((El ), ... , (En)), and equip (Ei )

with the t-structure for which E i belongs to the heart. Then our orthogonality condi

tion on the hearts reduces to the condition that the collection is Ext-exceptional, i.e.,

Hom::;O(Ei, E j ) = °for i < j, and the glued heart is H = [El ," . ,En]. We say that a sta

bility condition (7 = (Z, P) on V is glued from an Ext-exceptional collection (El ," . ,En)

if P(O, 1] = H.

111.3 Harder-Narasimhan Property and Gluing of Stability Conditions

In this section we show how to check the Harder-Narasimhan property for the

glued stability function under different sets of additional assumptions. First, we recall the

following basic criterion.

Proposition 111.3.1. ([5], Prop. 2.4) Suppose A is an abelian category with a stability

function Z : Ko(A) ---.. C satisfying the chain conditions

1. there are no infinite sequences of subobjects in A
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2. there are no infinite sequences of quotients in A

Then Z has the Harder-Narasimhan property on A.

The following Lemma is a more precise version of Proposition 5.0.1 of [1].

Lemma III.3.2. (a) Let Z be a stability function on an abelian category A. Assume that

o is an isolated point of'SZ(A) c Jlho, and that the category A o = {A E A I 'SZ(A) = O}

is Noetherian. Then Z satisfies the Harder-Narasimhan property on A if and only if A is

Noetherian.

(b) Let (J' = (Z, P) be a stability condition on V with Noetherian heart P(O, 1]. Assume

that 0 is an isolated point of 'SZ(P(O, 1)) c Jlho. Then the category P(O, 1) is of finite

length. Also, (J' is reasonable if and only if 0 is an isolated point of Z(P(l)) c JR<;o.

Proof. (a) Assume first that A is Noetherian. Then condition (2) of Proposition IlL3.1 is

automatic. To check condition (1) we observe that if E -> F is a destabilizing inclusion

in A then 'SZ(E) < 'SZ(F). Indeed, we have either 'SZ(FjE) > 0 or RZ(FjE) < O. But

in the latter case the phase of Z (E) would be smaller than that of Z (F). Thus, if we have

a chain

(IlL5)

of destabilizing inclusions in A then the sequence ('SZ(Ej )) is strictly decreasing. But

this implies that 'SZ(EjjEj+l) tends to 0 which is a contradiction. Conversely, assume

Z satisfies the Harder-Narasimhan property. To check that A is Noetherian we have to

check that every sequences of quotients in A

(IlL6)
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stabilizes. Note that in this situation the sequence (CSZ(Ei )) is decreasing, so it has to

stabilize. Without loss of generality we can assume that the sequence (CSZ( E i )) is constant.

Then the kernel K i of E 1 ~ Ei belongs to Ao. Since Z satisfies the Harder-Narasimhan

property, there exists a maximal subobject F c E 1 such that F E A o. Then the kernels

K i form an increasing chain of subobjects in F. Since Ao is Noetherian, this sequence

stabilizes, so the original sequence (Ei ) also stabilizes. It remains to check that in this

situation A>o is Artinian. But a sequence of inclusions (IlLS) with CSZ(Ej / Ej+l) > °is

impossible since CSZ(Ej / EHI) would tend to zero.

(b) To see that P(O, 1) is of finite length we observe that any increasing chain of admissible

inclusions in P(O, 1) stabilizes since A = P(O, 1] is Noetherian. Also, if we have a chain

(IlLS) of admissible proper inclusions in P(O,l) then the sequence CSZ(Ej) is strictly

decreasing, which is impossible. Under our assumptions IZ(E)I is bounded below by some

positive constant, where E runs through nonzero semistable objects in P(O, 1). Thus, 0"

is reasonable if and only if

inf IZ(E) I > 0.
EEP(I)\{O}

D

Proposition III.3.3. Let (VI, V 2) be a semiorthogonal decomposition of a triangulated

category V, and let 0"1 = (ZI, HI) and 0"2 = (Z2, H 2) be a pair of locally finite stability

conditions on VI and V 2, respectively. Assume that Hom~o(Hl'H2) = 0, and let H be

the heart in V glued from HI and H2. As before, consider the stability function Z =

ZIAl + Z2P2 on H. Assume in addition that one of the following two conditions hold:

(a) °is an isolated point of CSZi(Hi ) C llho for i = 1, 2j

(b) Hom~I(Hl' P2(0, 1)) = 0.

Then Z has the Harder-Narasimhan property on H. Furthermore, in case (a) the

category P(O, 1) for the glued stability condition 0" = (Z, P) is of finite length. In case (b)

the stability condition 0" is locally finite.

Proof. First, assume that (a) holds. Then it is easy to see that °is an isolated point of
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fSZ(H) C JR>o. Also, by Lemma III.3.2(a), both categories HI and H 2 are Noetherian

(the condition on Ao in this Lemma follows from the assumption that O"i'S are locally

finite). Using the exact functors )..1 : H ---t HI and P2 : H ---t H 2 we easily deduce that H

is Noetherian. Now the assertion follows by applying Lemma III.3.2(a) again.

(b) In this case for every t E (0,1] let us define the subcategory P(t) c H by

Note that each object of P(t) is an extension of an object in P2 (t) by an object in P1 (t).

It is enough for every E E H to construct the HN-filtration with respect to this slicing.

We start with the canonical extension

where E 2

sequences

)..1 (E) E HI. Consider also the canonical exact

with A E Pi(l) and Bi E Pi(O, 1) for i = 1,2. Since Ext 1(El' B2 ) = °by assumption, we

get a splitting E ---t B 2 which gives rise to an exact sequence

Let E(l) c E be the preimage of Al C El C B 2 EEl E 1 . Then E(l) is an extension of

Al by A 2 , so E(l) E P(l). Also, EjE(l) ~ B 1 EEl B 2 , so we get the required filtration

by using the HN-filtrations on B 1 and B2 . The obtained glued stability has the property

that )..1 (P(a, b)) C P1 (a, b) and P2(P(a, b)) C P2 (a, b). This easily implies that it is locally

finite. 0

Remark III.3.4. We do not know how to check local finiteness of the glued stability
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condition in Proposition III.3.3(a) without imposing additional assumptions.

If we work with reasonable stability conditions, we can prove the existence of the

glued stability conditions under a slightly stronger orthogonality assumption.

Theorem 111.3.5. Let (VI, V 2 ) be a semiorthogonal decomposition of a triangulated cat

egory V. Suppose (aI, a2) is a pair of reasonable stability conditions on VI and V 2,

respectively, with the slicings Pi and central charges Zi (i = 1,2), and let a be a real

number in (0, 1). Assume the following two conditions hold:

1. Hom~O(Pl(O, 1],P2 (0, 1]) = 0,-

2. Hom~o(Pl(a, a + 1], P2 (a, a + l]) = 0,-

Then there exists a reasonable stability a glued from al and a2. Furthermore,

P(O, a] = [PI (0, a], P2 (0, a]]

P(a,l] = [PI (a, 1],P2 (a, 1]].

Lemma 111.3.6. Let A be an abelian category equipped with a torsion pair (T, F). Sup

pose Z is a stability function on A such that for any nonzero T E T and F E F one has

1JZ(T) > 1JZ(F) (recall that 1Jz denotes the phase of z). Let ZIT and ZI.r be the stability

functions on the exact categories T and F induced by Z. Then every ZIT-semistable object

ofT (resp., ZI.r-semistable object of F) is Z-semistable as an object of A.

Proof. We consider only the case of a ZIT-semistable object T E T (the second case is

similar). Suppose T is not Z-semistable as an object of A. Then there exists a subobject

AcT such that 1JZ(A) > 1JZ(T). Consider the canonical exact sequence

°---t T(A) ---t A ---t F(A) ---t °
with T(A) E T, F(A) E :F. By the assumption either 1JZ(T(A)) > 1JZ(F(A)) or one

of the objects T(A), F(A) is zero. Note that T(A) f:. 0, since otherwise A would be
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an object of F, so the inequality ¢Z(A) > ¢Z(T) would be impossible. It follows that

¢Z(T(A)) 2: ¢Z(A) > ¢Z(T). Thus, we found a destabilizing subobject T(A) c T (the

quotient is automatically in T since T is always closed under quotients). 0

Proof of Theorem 111.3.5. Let H C D be the heart glued from Pl(O, 1] and P2 (0, 1] and

let (D~O, D?O) denote the corresponding i-structure. Using the second condition we can

construct a i-structure on D with the heart

One immediately checks that H C [Ha,Ha[-I]] and Ha C [H[I],H] = D[-l,O]. Now for

every E E H consider the canonical triangle

A -7 E -7 B -7 A[I]

with A E Ha and B E Ha[-I]. We claim that A and B belong to H. Indeed, we have

A E Ha C D~o. On the other hand, A is an extension of E by B[-l] E Ha [-2]' so

A E D?o. Hence, A E H. Similarly, B E Ha[-I] C D?o, and also B E D~o as an

extension of A[l] E H a [l] by E. Therefore, if we set

(IIl.7)

then (P(a, 1], P(O, a]) is a torsion pair in H. Next, let Z be the glued central charge given

by (IlIA). Note that both P(O, a] and P(a, 1] have the structure of an exact category (as

full subcategories of H), so we can define Z-semistable objects in P(O, a] and P(a, 1]. Fi

nally, we claim that every object of P(O, a] (resp., P(a, 1]) admits a HN-filtration. Indeed,

since 0"1 and 0"2 are reasonable, the categories PI (0, a] and P2(0, a] are of finite length (see

Lemma III.1.2(3)). Therefore, P(O, a] is also of finite length. Now the version of IlI.3.1 for
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exact categories implies the Harder-Narasimhan property for P(O, a]. The same argument

works also for P(a,l]. Applying Lemma III.3.6 to the torsion pair (P(a, 1], P(O, a]) in

P(O,l] we obtain HN-filtrations for every object in H. Thus, (Z, H) defines a stability

condition a on D. It follows from the definition of P(O, a] and P(a, 1] that 0 is an isolated

point of Z(P(O, a]) and of Z(P(a, 1]). This immediately implies that a is reasonable. 0

Remark III.3.7. It may not be easy in general to determine for a particular pair of

stabilities aI, a2 with Hom~o(PI(> 0), P2(5:. 1) = 0 whether there exists a E (0,1) such

that

However, in the following two cases this is automatic.

1. If there exists r/J > 0 such that P2(0, r/J] = {O} then any a E (0, r/J] works, since in this

case P2(5:. a + 1) = P2(5:. 1). For instance, this condition is satisfied when P2(0, 1] is of

finite length and has finite number of simple objects.

2. If there exists r/J < 1 such that PI(r/J, 1] = {O} then any a E (r/J,1] works, since in this

case PI (> -a) = P I (> 0). For example, this condition holds when PI(O, 1] is of finite

length with finite number of simple objects and PI (l) = {O}.

lIlA Continuity of Gluing

Let us recall the following basic result.

Lemma IIIA.I. (Lemma 6.4 of !5}) Suppose a = (Z, P) and 7 = (Z, Q) are stability

conditions on D with the same central charge Z. Suppose also that d(P, Q) < 1. Then

a =7.

We start with the observation that the condition d(P, Q) < 1 in the above Lemma

can be weakened and use this to give a nice criterion for determining when two stability

conditions are close (part (b) of the following Proposition).

Proposition IIIA.2. Let al = (Zl, PI) and a2 = (Z2, P2) be stability conditions on V.
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(aJ Assume that

Then 0"1 = 0"2.

(b) Assume that 0"1 is locally finite. There exists cO > 0 such that if for some 0 < c < cO

one has

1. IIZI - Z2110"1 < sin(-rrc) and

2. P2 (0,1] c P1 ( -1 + c, 2 - c],

Proof. (a) First, using properties of t-structures we can easily deduce that P2(0,1] c

PI (-1,2]. Now given E E PI (0,1], there is an exact triangle

F----;E----;G----;F[l]

with FE P2(1,2] and G E P2(-1,1]. Observe that FE P1(> 0) and G E Pl(~ 2).

Since F is an extension of E by G[-l], we derive that F E PI (0, 1]. But the intersection

PI (0,1] n P2(1, 2] is trivial (since ZI = Z2), so F = 0. This proves that E E P2( -1,1].

Next, consider an exact triangle

F ----; E ----; G ----; F[l]

with F E P2(0,1] and G E P2(-1,0]. Observe that F E P1(> -1) and G E Pl(~ 1].

Since G is an extension of F[:L] by E, we get G E P2(-1,O] nP1(O,1] = {O}. Therefore,

Pr(O, 1] c P2 (O, 1]. Since these are both hearts of bounded t-structures, they have to be

equal, so 0"1 = 0"2.
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(b) Let (J" = (Z2, P) be the unique stability in BE((J"d lifting the central charge Z2 -it

exists by our assumption that IIZ2 - ZIlla-I < sin(1fE) (using Theorem 7.1 of [5]). Then

By part (a), this implies that (J" = (J"2. o

Now we can show that the gluing construction of Theorem III.3.5 is continuous.

Theorem 111.4.3. Let (VI, V2) be a semiorthogonal decomposition in a triangulated cat

egory V. For a real number a E (0,1) let S(a) C Stab(VI ) x Stab(V2) denote the subset

of ((J"I, (J"2) such that (J"I and (J"2 are reasonable stability conditions satisfying

1. Hom~o(PI(O, 1],P2(0, 1]) = 0,

2. Hom~o(PI(a,a+ 1],P2(a,a+ 1]) = 0.

Let gl : S(a) ----7 Stab(V) be the map associating to ((J"I, (J"2) the corresponding glued stability

condition (J" on V (see Theorem III.3.5). Then the map gl is continuous on S(a).

Proof. Let (J"i = (Zi,Pi ), (J"~ = (Zf,Pf) be stabilities on Vi for i = 1,2, such that ((J"1,(J"2)

and ((J"i,(J"~) are points of S(a), and let us denote by (J" = (Z,P) and (J"' = (Z',P') the

corresponding glued stability conditions. Assume that (J"~ E B8((J"i) for i = 1,2. Then for

E:?: 0 we have

P(O,l] = [PI (0, 1],P2(0, 1]] c [P{(-E,l+E],P~(-E,l+E]]

c P'(-E,l + E].

Thus, we can deduce the required continuity from Proposition III.4.2(b), once we show

that liZ - Z'IIa- ::; sin(1fE) provided 0 is small enough. Let ¢ E (0,1] and E E P(¢). We

have to prove that

IZ(E) - Z'(E)I ::; IZ(E)I sin(1fE).
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Assume first that cjJ E (a, 1]. Let h : C -----t ffi. denote the scalar product with the unit vector

of phase at 1
. Then there exists a positive constant c (depending only on a) such that

h(z) :S Izi :S c· h(z),

for all nonzero complex numbers z with phase 0, where a :S 0 :S 1.

Let F1,'" ,Fn (resp., G1,'" ,Gm ) be the HN-factors of A1(E) (resp., P2(E)) with

respect to 0"1 (resp., 0"2)' Then we have

n m

< L IZ1(Fi ) - Z~(Fi)1 + L IZ2(Gj ) - Z~(Gj)1
i=l j=l

< sin(no) [t, IZ,(F,)I+~ IZ2(Gi )I] .

Recall that by (III.7), we have Al (E) E PI (a, 1] and P2 (E) E P2 (a, 1]. Hence, all the

numbers Zl(Fi ) and Z2(Gj) have phases between a and 1, so we derive

IZ(E) - Z'(E)I :S csin(1fo)[l:~=l h(Zl(Fi )) + l:j=l h(Z2(Gj ))]

= csin(1fo)h(Z(E)) :S csin(1fo)IZ(E)I·

So 0 must be chosen to satisfy the relation csin(1fo) < sin(m:). A similar argument covers

the case of objects F E P(O, a] and imposes a second condition that c'sin(1fo) < sin(1fE)

for some positive constant c', depending only on a. Given 0 satisfying both conditions, it

follows that

liZ - Z'llu :S sin(1fE).

D

The following Corollary describes an open subset of pairs of stabilities that can be

glued, obtained by imposing a stronger orthogonality assumption on (0"1,0"2),
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Corollary III.4.4. Let U c Stab(V1) x Stab(V2) denote the set of pairs of reasonable

stabilities (0"1 = (Zl, Pd and 0"2 = (Z2, P2)) such that for some E > 0 one has

Then U is open and the gluing map gl : U ----7 Stab(V) is continuous.

Proof. Note that our assumption on (0"1,0"2) is equivalent to

For each E > 0 let us denote by TE the set of pairs (0"1,0"2) satisfying this condition. Note

that U = uE>oTE. Now to check that U is open suppose we have (0"1,0"2) E Te Given a

pair (O"~ = (Z~,P{),O"i = (Z~,P~)), such that O"~ E B8(O"i) , for i = 1,2, where 0 < <5 < E,

we have P{(> -E + 6) c H(> -E) and P~« 1 + E- <5) c P1« 1 + E). Hence, (O"~,O"i)

belongs to TE-8. It remains to apply Theorem III.4.3. D

On the other hand, in the situation when VI is generated by an exceptional object,

we have the following result that will be used later.

Corollary III.4.5. Let (VI, V2) be a semiorthogonal decomposition in a triangulated

category V.

(i) Assume that VI is generated by an exceptional object E 1, and H 2 C V 2 is a heart

of some bounded t-structure on V2, such that Hom~-1(E1,H 2) = O. Let 52 C Stab(V2)

denote the set of reasonable stability conditions 0"2 = (Z, P) with P(O, 1] = H 2. On the

other hand, let R 1 C Stab(V1) denote the set of stability conditions such that the phase of

E1 is < O. Then there is continuous gluing map R1 x 52 ----7 Stab(V).

(ii) Similarly, assume that V 2 is generated by an exceptional object E 2, and HI C VI is

a heart of some bounded t-structure on V 2, such that Hom~-1(H1'E 2) = O. Let 51 C

Stab(Vd denote the set of reasonable stability conditions with the heart HI, and let R2 C
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Stab(V2 ) denote the set of stability conditions such that the phase of E 2 is > 1. Then

there is continuous gluing map 51 x R2 ---t Stab(V).

Proof We will only consider (i) since the proof of (ii) is analogous. Let R 1(E) C Stab(VI)

denote the set of stability conditions such that the phase of E 1 is < -E. It is enough to

check that for every E> °one has R1(E) x 52 C 5(1 - E), where 5(1 - E) C Stab(V1) x

Stab(V2 ) is the subset considered in Theorem III.4.3 for a = 1 - E. Note that P1(0, 1] =

(Edn]) , where n is determined by the condition that the phase of E 1 is in the interval

(-n,-n+ 1]. Hence, n ~ 1, so the condition Hom:S;O(P1(0,1],H2 ) = °is satisfied. Sim

ilarly, P1(-E, 1 - E] = (Edm]), where m ~ 1. Hence, Hom:S;O(P1( -E, 1 - E], P2(S 1)) = °
which implies the condition (2) of Theorem III.4.3 for a = 1 - E. D
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CHAPTER IV

STABILITIES ON CURVES WITH Z2-EQUIVARIANT STRUCTURE

Reproduced with permission from J. Collins, A. Polishchuk, Gluing Stability Con

ditions, preprint on arXiv:0902.0323, 2009.

IV.1 Semiorthogonal Decompositions Associated with Double Coverings

Let 1f : X -+ Y be a double covering of smooth projective varieties X and Y,

ramified along a smooth divisor R in Y. Then we have an action of Z2 on X such that

the nontrivial element acts by the corresponding involution T : X -+ X. Let us denote by

DZ2 (X) the corresponding bounded derived category of Z2-equivariant coherent sheaves

on X. We denote by ( the nontrivial character of Z2. Note that T-invariant stability

conditions on D(X) correspond to stability conditions on DZ2(X) that are invariant under

the autoequivalence F f---t (@ F (see [12] or [18]). Below we will show how to construct

stability conditions on DZ2(X) starting from a pair of stability conditions on D(Y) and

on D(R), satisfying certain assumptions.

Let us denote by i : R -+ X (resp., j : R -+ Y) the closed embedding of the

ramification divisor into X (resp., Y). For every sheaf F on R we equip i*F with the

trivial Z2-equivariant structure. This gives a functor i* ; D(R) -+ DZ2 (X). On the other

hand, for a coherent sheaf F on Y we have a natural Z2-equivariant structure on 1f*F, so

we obtain a functor 1f* : D(Y) -+ DZ2 (X).

Theorem IV.1.1. The functors i* : D(R) -+ Dz2(X) and 1f* : D(Y) -+ Dz2(X) are fully
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faithful. We have two canonical semiorthogonal decompositions of DZ2 (X):

Proof. The case where X and Yare curves was considered in Theorem 1.2 of [17], and

the proof in our case is very similar. The fact that 7f* is fully faithful follows immediately

from the equality (7f*0X )Z2 = Oy and the projection formula. Similarly, to prove that i*

is fully faithful it suffices to check (Li*i*F)Z2 = F. We have a canonical exact triangle

compatible with Z2-action, where N V = Ox( -R)IR is the conormal bundle. It remains

to observe that Z2 acts on N V by multiplication with -1.

Now let F E D(Y) and G E D(R) be some objects. Then we have

which gives one of the required orthogonality conditions. On the other hand, by Serre

duality, denoting d = dimX, we get

Note that Z2 acts nontrivially on i*wx '::::'. wy @ N V , so the above Hom-space vanishes.

Finally, we have to check that for every F E DZ2(X) such that Homz2 (i*D(R), F) =

oor Homz2(F, (@i*D(R)) = 0, lies in the essential image of 7f* : D(Y) -. DZ2 (X). Note

that by Serre duality, these two orthogonality conditions are equivalent. Assume that

Homz2 (F, ( @ i*D(R)) = O. Then Z2 acts trivially on i*F. Now the assertion follows from

the main theorem of [19]. 0

We can use the above Theorem as a setup for gluing stability conditions. The
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situation seems to be especially nice when either V(R) or V(Y) admits an exceptional

collection. The former possibility occurs when X and Yare curves and will be considered

below. The latter possibility happens if, say, Y is a projective space. In particular, we

derive the following result.

Proposition IV.1.2. Let 7r : X -+lP'n be a smooth double covering ramified along a smooth

hypersurface j : R '-7 lP'n. Assume we are given a reasonable stability (J"R = (zR, pR) on

V(R), an Ext-exceptional collection (Eo, . .. , En) on lP'n, and a set of vectors vo, . .. , Vn

in the upper half-plane such that j*E i E pR(> 1) for i = 0, ... , n. Then there exists a

reasonable stability (J" = (Z, P) on V Z2 (X) with

where Xo, . .. , Xn : Ko(lP'n) -+ Z are the coordinates dual to the basis ([EiD.

Proof. This stability is obtained by gluing with respect to the semiorthogonal decompo

sition

(IV.1)

It exists by Theorem III.3.5, where a < 1 should be taken bigger than all of the phases

of the vectors Vi (see Remark after Theorem III.3.5). To get the formula for the central

charge we note that for E E DZ2 (X) one has

o

For example, if X -+ lP'3 is a double covering ramified along a smooth surface
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S C J!D3 then we can consider stabilities on S constructed in [2]. Choosing an appropriate

Ext-exceptional collection on J!D3 and using the above result we get examples of stabilities

on Dz2 (X).

IV.2 Double Coverings of Curves

In section we will consider the case when X and Yare curves. In this case the

ramification divisor R consists of points PI, ,Pn, and the category D(R) is generated

by the orthogonal exceptional objects 0Pl' , 0pn' Recall that the category D(X) has a

standard stability condition CYst with Zst = - deg +i rk and Pst(O, 1] = Coh(X). There is

an induced stability condition on DZ2 (X) with the heart Cohz2 (X) that we still denote

by CYst (see [12]).

Lemma IV.2.1. Let E be an endosimple object of the category Dz2 (X) (i.e., Hom(E, E) =

k). Then for some n E Z the object E[n] is one of the following types:

1. a vector bundle;

2. the sheaf 07r-1(y) for y E Y;

3. the sheaf (Q9 02Pi for some i E {I, ... , n};

4. the sheaf 0Pi for some i;

5. the sheaf (Q9 0Pi for some i.

Proof. The category Cohz2 (X) has cohomological dimension 1, so every indecomposable

object in DZ2 (X) has only one nonzero cohomology. Thus, we can assume that E is a

Z2-equivariant coherent sheaf. Furthermore, since the torsion part of such a sheaf splits

as a direct summand, it is enough to consider the case when E is an indecomposable

torsion sheaf. Then the support of E is either 7r- I (y), where y E Y \ R, or {Pi} for some

i E {I, ... , n}. In the former case E c:::: 7r* E', where E' is an endosimple sheaf on Y

supported at y, so E' c:::: 0Y' In the latter case there exists m such that E c:::: Ompi or



45

E '::::: ( ® Ompi' It remains to observe that for m 2:: 3 the sheaf Ompi is not endosimple,

since we can construct its nonscalar endomorphism as the composition of natural maps

o

We are going to construct explicitly some stability conditions on VZ,2(X), For this

we will use a slight variation of the semiorthogonal decompositions considered in Theorem

IV.!.!. Namely, for every partition of {I, ... , n} into two disjoint subset I and J we have

(IV.2)

For a subset I C {I, ... , n} let us denote by V( I) C VZ,2 (X) the full triangulated

subcategory generated by 1r*V(Y) and 0Pi with i E I.

Lemma IV.2.2. For Ie {l, ... ,n} set Coh(I) := Cohz,2(X) nV(I). Then Coh(I) is

the heart of a t-structure on V(I). The natural exact functor Coh(I) ---+ Cohz,2(X) gives

an equivalence of Coh(I) with the full subcategory of Cohz,2 (X) consisting of all successive

extensions of sheaves in 1r* Coh(Y) and equivariant sheaves supported on {Pi liE I}. The

category Coh(I) is Noetherian.

Proof. Note that an object E E Vz2(X) belongs to V(I) if and only if Hom*(Opi,E) = a

for each i ¢ I. Since the category Cohz2(X) has cohomological dimension 1, we have

E '::::::. EBHiE[-i], where HiE E Cohz,2(X), Therefore, E E V(I) if and only if HiE E V(I)

for every i. This immediately implies that the standard t-structure restricts to at-structure

on V(I) with Coh(I) as the heart. We have an exact embedding Coh(I) ---+ Cohz,2(X),

so Coh(I) is Noetherian. Let F E Coh(I). Then the torsion part (resp., torsion-free

part) of F is also in Coh(I). Assume first that F is an indecomposable torsion sheaf with

the support at Pi for i ¢ I. Then the condition Hom*(Opil F) = a easily implies that

F'::::::. 02npi' On the other hand, if F is a vector bundle then we have Hom(F, (® OpJ = a
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for i ~ I, which implies that the fiber of:F at Pi has trivial Z2-action for i ~ I. Therefore,

making appropriate elementary transformations at Pi for i E I we can represent :F as an

extension of a sheaf supported at {Pi liE I} by the pull-back of a vector bundle from Y

(cf. proof of Theorem 1.8 of [17]). D

Given a partition of {I, ... ,n} into three disjoint subsets 10 ,1+ and 1- we obtain

from (IV.2) a semiorthogonal decomposition

(IV.3)

Proposition IV.2.3. Fix a partition {I, ... ,n} = 10 UI+ uI- and a collection of positive

integers (ni) for i ~ 10 .

(a) Let Z : N(Vz2 (X)) --> C be a homomorphism, such that

1. 'SZ(Ox) > OJ and Z(01r-1(y)) E lR<o for any point y E Y;

where fJ' C C denotes the union of the upper half-plane with lR<o. Then there e:z:ists a

reasonable stability condition a with the central charge Z and the heart

(IVA)

which is glued with respect to the semiorthogonal decomposition (IV.3). All the objects

01r-1(y) for y E Yare a-semistable (of phase 1). The objects 01r-1(y) for y E Y \ {Pi liE

1°}, as well as 0Pi for i E 1° U 1+ and ( 0 0Pi for i E 10 U 1-, are a-stable.

(b) Assume in addition that ni = 1 for all i ~ 10 . Then all the objects 0Pi and ( 0 0Pi

for i E {I, ... ,n} are a-stable.
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Proof. (a) Using the orthogonalities

for i E 1+, j E 1-, we get the glued heart H = H(I+,I-; n) given by (IVA). Note

that the restriction of Z to N(1r*D(Y)) is determined by Z(Ox) and by Z(Olr-l(y)) for

a point y E Y. Thus, ~Z(1r*F) = crk(F) for some positive constant c. Since Coh(I°)

is generated by extensions from 1r* Coh(Y) and 0Pi and ( 0 0Pi for i E 1°, we deduce

that Z is a stability function on H. It is also easy to see that 0 is an isolated point

of ~Z(H). Since H is glued from Noetherian hearts, it is also Noetherian, so Lemma

III.3.2(a) implies that the Harder-Narasimhan property is satisfied for Z. Thus, we have

a stability condition (j = (Z, P) with P(O, 1] = H. By Proposition III.2.3(2), it is glued

from the induced stability on D(I°) and the exceptional objects ( 0 OpJni]' i E 1- and

0Pi [-ni], i E 1+. The fact that (j is reasonable follows from Lemma III.3.2(b). Note

that P(l) C H consists of successive extensions of sheaves of the form On-ley), Y E Y,

and of 0Pi and (0 0Pi for i E 1°. The simple objects in P(l) are the sheaves On-ley),

y E Y \ {Pi liE 1°}, and 0Pi and (0 0Pi for i E 1°, so all these objects are (j-stable. On

the other hand, Proposition III.2.3(iii) implies that the above exceptional objects in the

heart corresponding to i E 1+ U 1-, are (j-stable.

(b) Let us denote

From the definition of H one can easily deduce that for every object C E H one has

The last condition easily implies that Hom(C+, HOC) = Hom(HOC, C-) = O.
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Now let us fix i E 1+ and consider the object E = ( 0 0Pi' Note that ( 0 0Pi

belongs to H, as an extension of 02Pi by OpJ-1]. Suppose we have a short exact sequence

in H with nonzero A and B. Since H 2A = H-2B = 0, we derive that HIB = H-IA = 0

and there is an exact sequence

(IV.5)

in Cohz2 (X). Note that since E is a simple object of Cohz2 (X) we have one of the following

two cases: (i) HOB --> HI A is an isomorphism; (ii) H-I B --> HO A is an isomorphism.

In the first case we obtain that HOB E C+ which implies that HOB = O. Hence, in this

case B E C-[1], so Hom(E, B) = 0 which is a contradiction. Now let us consider case (ii).

We have HOA E C-, hence HOA = O. It follows that A = H IA[-l], and B = HOB is an

extension of HI A by E. Since Hom(HI A, B) = 0, this extension cannot split on any direct

summands of HI A, which implies that A:::::: 0Pi [-1] and B :::::: 02Pi' Since Z(OpJ-l]) has

smaller phase then Z(E), this shows that (0 0Pi is stable. Similarly one proves that all

the objects 0Pi for i E 1- are stable. 0

In the case when all ni's are equal to 1, we denote the heart H(I+, 1-, n) considered

in the above Proposition simply by H(I+, 1-).

We have the following partial characterization of stability conditions constructed

above.

Lemma IV.2.4. Let CT = (Z, P) be a stability condition such that 01r-1(y) E P(l) for all

y E Y\ R.

(a) Assume that 02Pi E P(l) for all i, and for every i one of the following three conditions

holds:

1. both 0Pi and ( 0 0Pi are CT-semistable of phase 1,.
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2. 0Pi is O"-semistable of phase> 1;

3. (0 0Pi is O"-semistable of phase :S O.

Assume in addition that for every line bundle L on Y one has 1f*L E P(O,l]. Then

0" coincides with one of the stability conditions constructed in Proposition fV.2.3. The

latter condition is uniquely determined by Z and by the phases of 0Pi and ( 0 0Pi for

iE{l, ... ,n}.

(b) Now assume that 0" is locally finite, and for all i E {1, ... ,n} one has 0Pi E P[1,2)

and (0 0Pi E P(O, 1]. Assume in addition that either all objects On-ley) for y E Y \ Rare

stable, or S'Z(V) > °for every Zz-equivariant vector bundle V. Then 0" coincides with

one of stability conditions constructed in Proposition fV.2.3 with f- = 0,

and all ni 's equal to 1.

Proof. (a) Let fO, f+ and f- be the subsets of i such that conditions (1), (2) and (3) hold,

respectively. Note that since we have nonzero maps 0Pi -----t ( 0 OpJ1]' the conditions (2)

and (3) (and therefore, the subsets fO, f+ and f-) are mutually disjoint. For each i E f+

(resp., i E f-) there is a unique ni > 0 such that ¢(OpJ - ni E (0,1] (resp., ¢(Op,) + ni E

(0,1]). Then Z satisfies the conditions of Proposition IV.2.3, so it remains to check that

H = H(f+, f-; n) C P(O, 1]. Note that by definition, we have On-ley) E P(O,l] for all

y E Y; 0Pi' (00pi E P(l) for i E fO; OpJ-ni] E P(O, 1] for i E f+ and (00p;[ni] E P(O, 1]

for i E f-. It remains to show that 1f*V E P(O,:I.] for every vector bundle V on Y. But

such a vector bundle can be presented as an extension of line bundles, so this follows from

our assumption.

(b) It is enough the check that P(O,l] c H = H(I+, 0) (where fO is the complement

to f+). First, we observe that in this case all equivariant vector bundles are in H, as

extensions of direct sums of sheaves of the form (0 0Pi by a sheaf in 1f* Coh(Y). Let E
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be a O"-stable object in P(O, 1). Note that E is endosimple. Let us consider possibilities

for E listed in Lemma IV.2.1. Since Z(On-l(y)) = Z(( ® 02PJ E JR<o and E E P(O,l),

we obtain that for some mE Z, E[m] is either a vector bundle, or isomorphic to OpJ-1]'

or to ( ® 0Pi' In the last two cases our assumptions on 0" imply that m = 0, so E E H.

If E[m] is a vector bundle then using the condition E E P(O, 1) we get

(IV.6)

This implies that m = 0, so E E H. Next, let E be a O"-stable object in P(l). We can

assume that E is not isomorphic to On-ley) for y E Y \ R since these objects are in H.

Assume that E[m] is a vector bundle. Note that this case cannot occur if 8'Z(V) > °for

all equivariant vector bundles, so we can assume that the objects On-ley) for y E Y\R are

stable. Then the vanishing (IV.6) still holds, so we deduce again that m = 0. The case

when E[m] is either 0Pil or (® 0Pi (where i E 1°) is also clear. Note that for i E 1° we

have 0Pi' (® 0Pi E P(l). Hence, for such i the objects 02Pi and (® 02Pi are not O"-stable.

Now assume that E[m] ':::::' 02Pi' where i E 1+. Since 02Pi E P(0,2) as an extension of

0Pi by (® 0Pi' this implies that m = 0, so E E H. Finally, we observe that for i E 1+

the object ( ® 02Pi is not semistable since it is an extension of ( ® 0Pi by 0Pi' where

D

Note that the classes [Ox], [On-leY)], and [Op;] , i E {I, ... , n}, form a basis in

N(Dz2 (X)). Thus, we can define a norm on the vector space Hom(N(Dz2(X)),q by

setting

IIZII = max(IZ(Ox)l,maxIZ(E)I),
E

where E runs over all endosimple torsion sheaves in Cohz2 (X) (see Lemma IV.2.1). It is

also convenient to set for Z E Hom(N(Dz2 (X)),q
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Let us define an open subset U C Hom(N(VZ2 (X)), q as the set of central charges Z

satisfying the following assumptions:

1. for every Z2-equivariant line bundle L on X one has det(Z(L), vz) > 0;

2. for every i = 1, ... ,n one has Z(OpJ t}.lRso ·Vz, Z(( Q9 OpJ t}. JRso ' VZo

Note that in the first condition it is enough to consider representatives in the cosets

for the subgroup 7f* Pic(Y) c Picz2 (X), so there is only finite number of inequalities

to check (hence, U is open). Also, this condition implies that det(Z(V), vz) > 0 for

every equivariant vector bundle Von X, since they can be obtained from line bundles by

successive extensions.

Lemma IV.2.5. 1. Let Z: N(VZ2 (X)) ----t <C be a homomorphism such that r:sZ(Ox) >

0, Z(01r-1(y)) E lR<o, and for every i = 1, o' 0' n one has Z(OpJ i= 0 and r:sZ(OpJ :'S

O. Then there exists a constant r > 0 such that for every Z' E Hom(N(VZ2 (X)), q

and every endosimple object E E VZ 2 (X) one has

Iz' (E) I :'S r . II Z'II . IZ(E) I·

2. The above conclusion also holds for Z E U.

Proof. (1) Our conditions on Z imply that Z(E) i= 0 for every endosimple torsion Z2-

equivariant coherent sheaf E. Therefore, we can set

where E runs over all endosimple torsion sheaves. If E is such a sheaf then IZ' (E) I :'S II Z'II,
so the required inequality holds for E provided r 2: rIo Now assume that E is a Z2-

equivariant vector bundle on X 0 Then there exists an exact sequence of the form
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where 0 :s; mi :s; rk(E). Then

IZ'(E)I:S; IZ'(1f*E') I+nrk(E) ·IIZ'II·

Note that

[1f* E'] = rk(E) [Ox] + deg(E') [Orr-1(y)]

in N(Dz2 (X)). Thus, we obtain

IZ'(E)I:S; IIZ'II· [(n + 1) rk(E) + deg(E')].

On the other hand, from the above exact sequence we get

2sZ(E) = 2sZ(1f*E') + L mi' 2sZ(( ® OpJ.
i

Since 2sZ(( ® OpJ 2': 0 and 2sZ(1f*E') = 2sZ(Ox) . rk(E), we deduce that

rk(E) < IZ(E)I .
- 2sZ(Ox)

Also, from (IV.7) we get

(IV.7)

(IV.8)

Ideg(E')Z(Orr-1(y)) I :s; IZ(1f*E')1 +rk(E)IZ(Ox)l:s; IZ(E)I + (n+ l)rk(E) ·IIZII·

Using our estimate for rk(E) we get that

Therefore, from (IV.8) we obtain

IZ' (E) I :s; r211 Z'II . IZ (E) I,
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where

It remains to set r = max(rl, r2)'

(2) The subset U C Hom(N(Dz2 (X)),q is stable under composition with rotations of

ce and with automorphisms of N(Dz2 (X)) given by tensoring with an equivariant line

bundle L. Also, the norms II . II and Z' f----t liZ' 0 (0L) lion the finite-dimensional vector

space Hom(N(DZ2 (X)), q are equivalent, while composing with a rotation of ce does not

change the norms. Therefore, we can modify Z using these operations before checking the

required inequalities. Rotating Z we can assume that Vz E lEt<o. Next, let I C {I, ... , n}

be the set of i such that ~Z(OpJ > O. Taking L = o ('L.iEI Pi) we will have

Therefore composing Z with tensoring by L we get the situation considered in (1). D

Recall that for every point (]" E StabN(D) a neighborhood of (]" in StabN(D) is

homeomorphic to a neighborhood of the corresponding central charge in the linear sub

space w;;V c Hom(N(D), q. When w;;V = Hom(N(D), q, we say that the corresponding

stability condition (]" is full. The above Lemma implies that every stability condition with

the central charge in the set U is full.

Theorem IV.2.6. Let U C StabN(Dz2 (X)) denote the set of locally finite stability con

ditions (]" = (Z, P) such that

1. 07r-1(y) is stable of phase cPa for every y E Y \ R;

2. Op", ( 0 0Pi are semistable with the phases in (cPa - 1, cPa + 1) for all i = 1, ... , n.

Then every point in U is obtained from one of the stability conditions described in Propo-

sition IV.2.3 with 1- = 0 and all ni = 1 by the action of an element of lEt x Picz2(X),
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where IR acts on StabN(Dz2 (X)) by rotations (shifts of phases). The subset U is open in

StabN(Dz2 (X)). The natural map U -----; U is a universal covering of U, and U = U/Z,

where 1 E Z acts on the stability space by shifting phases by 2. Furthermore, U is con-

tractible.

Proof. Step 1. If a = (Z, P) E U then a is obtained from one of the stability conditions

described in Proposition IV.2.3 with 1- = 0 and all ni = 1 by the action of an element

of IR x PicZ2 (X). Indeed, by rotating a we can assume that ¢a = 1. Now using tensoring

with an appropriate equivariant line bundle we can assume that CSZ(OpJ ::; 0 for all i. It

remains to apply Lemma IV.2.4(b).

Note that this step implies that for a = (Z, P) E U one has Z E U.

Step 2. Let U' be the preimage of U in StabN(Dz2(X)). Then the projection U' -----; U is a

covering map. This is checked exactly as in Proposition 8.3 of [6] using Lemma IV.2.5(b).

Step 3. U is open in StabN(DZ2 (X)). Let aD = (Zo, Po) E U. We have to prove that any

stability a = (Z, P), sufficiently close to aD, is still in U. Using rotations it is enough to

consider the case when Z(07r-1(y)) E lR<o. By Step 1 we can assume that aD is a stability

arising in Proposition IV.2.3 with 1- = 0 and all ni's equal to 1. For a Z2-equivariant line

bundle L and a stability condition a' = (Z', P') we denote by a' 0L the stability condition

with central charge E 1---+ Z'(E 0 L- 1) and the heart P'(O, 1] 0 L. It is enough to check

that a = a' 0 L, where a' is one of the stability conditions from Proposition IV.2.3 (with

1- = 0 and ni = 1). Let us set L = Ox (LiEI(+) Pi), where I(+) = {i I CSZ(OpJ > O}. We

claim that the central charge Z'(E) := Z(E 0 L) satisfies the assumptions of Proposition

IV.2.3 with 1+ = {i I CSZ(OpJ f. O}, 1- = 0 and all ni = 1. Indeed, first, note that

Z'(07r-1(y)) = Z(07r-1(y)) E lR<o, and Z'(Ox) = Z(L) is in the upper-half plane, provided

a is close enough to aD. Next, using the fact that

i~I(+),

i E 1(+)
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one checks the remaining assumptions. Therefore, by Proposition IV.2.3, there exists a

stability condition a l with the central charge ZI and the heart H(I+,0). Now we claim

that a = a l ® L. Since the corresponding central charges are the same, by Proposition

III.4.2(a), it remains to check that H(I+, 0) ® L C P( -1,2]. It is easy to see that

H(I+,0) ® L = [Ox (2:iEI(+) Pi) ® 7f* Coh(Y),

[(®Opi Ii rf- I(+)],[Opi Ii rf- 1(-)],

[( ® OpJ-1] liE 1(+)], [OpJ-fll i E 1(-)]],

where 1(-) = {i I 8'Z(OpJ < O}. Hence,

(IV.9)

Furthermore, we have 0Pi E Po[1,2) and ( ® 0Pi E Po(O,l]. Hence, we have To C

Po(-1 + E, 2 - E) for some E> 0 depending only on ao. Thus, for d(P, Po) < Ewe obtain

H(I+,0) ®L C Po(-l + E,2 - E) C P(-1,2]

as required.

Step 4. U is closed in UI. More precisely, we claim that U coincides with the set of a E UI

such that 0n-1(y) is semistable of phase ¢(J for every y E Y\R, and for every i E {1, ... ,n}

the objects 0Pi and (® 0Pi are semistable with the phases in [¢(J - 1, ¢(J + :I.]. (recall that

the set of stability conditions such that a given object E is semistable is closed). Indeed,

given such a = (Z, P), by rotating it and using tensoring with an equivariant line bundle

we can assume that ¢(J = 1, and 8'Z(OpJ :S 0 for all i. Note that the condition Z E U

implies that the phase of 0Pi (resp., (® OpJ is in [1,2) (resp., in (0,1]) for every i, and

8'Z(V) > 0 for every Z2-equivariant vector bundle V. Hence, by Lemma IV.2.4(b), a is

obtained by the construction of Proposition IV.2.3, which implies that 0n-1(y) is stable

for every y E Y \ R. It remains to note that for a E UI the phases of Z(OpJ and of
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Z (( ® OpJ never equal cPa ± 1.

Combining Steps 2, 3 and 4 we obtain that U ---t U is a covering map.

Step 5. Assume 0"1,0"2 E U have the same central charge Z. Then 0"2 is obtained from

0"1 by a shift of phase in 2Z. Indeed, applying such a shift we can assume that cPal = cPa2'

Furthermore, applying a rotation and tensoring with a line bundle, we reduce to the

situation cPal = 1 and 8'Z(OpJ ~ 0 for all i. By Lemma IV.2.4(b), in this case the hearts

of 0"1 and 0"2 are the same.

Step 6. It remains to show that U is contractible. We have a free action of IR on U by

the shift of phase, so it is enough to consider the section of this action consisting of 0" E U

with cPa = 1. In other words, we have to consider the subset of U consisting of Z with

Vz = Z(01f-1(y)) E IR<o. A homomorphism Z in this subset is determined by the following

contractible data:

1. Vz E IR<o;

2. for every i E {I, ... , n}, Z(OpJ E C \ (IR~o U (vz + R:s;o));

3. Z(Ox) in some half-plane of the form 8'z > c.

D
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CHAPTER V

CONSTRUCTIBILITY OF EXCEPTIONAL COLLECTIONS ON 'Dz2 (X)

This chapter is primarily devoted to a new proof of the constructibility of the

bounded derived category 'Dz2 (X) of Z2-equivariant coherent sheaves on an elliptic curve

X. The proof given has the advantages of using little powerful machinery, and its method

of proof allows us insight into the orbits of the action of Aut('Dz2(X)) upon the set

Coll('Dz2 (X)) of full exceptional collections of sheaves on 'DZ2 (X). In the first section

we define a set of coordinates upon K O('Dz2 (X)) that will be essential to the proof of

constructibility. The second section is devoted to the proof itself, and in the final section we

classify the orbits of the action by autoequivalences. Throughout this chapter 'D = 'DZ2 (X)

denotes the bounded derived category of Z2-equivariant coherent sheaves on an elliptic

curve X over a field K. 'D is a K -linear category of finite type. The points PI ,P2, P3, P4 E X

are exactly the points of order 2 under the group action on X, with PI the identity. Given

a line bundle L, denote by AL the autoequivalence of tensoring with L. Denote by X

the dual curve to X. It is well known that an elliptic curve is isomorphic to its dual. In

particular, the map P f--7 O(PI - p) gives an isomorphism. The Fourier-Mukai Transform

F associated to this isomorphism is a functor (see [14])

where PI : X X X ---7 X and P2 : X X X ---7 X are the projections and P is a certain line

bundle.

It will be necessary to understand the structure of Aut('D) for the proof of con-
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structibility of V in the second section. Denote by Picz2 (X) the group of all line bundles

on X endowed with Z2-equivariant structure. Let Pico(X) be the subgroup of Picz2 (X)

consisting of line bundles of degree O. Consider the group Aut(X) of Z2-equivariant au

tomorphisms of X as a subgroup of Aut(V) of V by extending each 9 E Aut(X) in the

natural way. The Fourier-Mukai Transform F defined above and AO(Pl) generate a sub

group of Aut(V) isomorphic to a central extension of SL(2, Z) by Z [16]. In particular,

this extension is isomorphic to B 3 , the braid group on 3 strands [10]. The shift functor

[1] is an element of this subgroup, for we have (FAO(pll)3 = [1].

Theorem V.D.7 (Thm. 5.1, 6.3 of [10]). There is a short exact sequence

1 -r Pico(X) )<I Aut(X) -r Aut(V) -r B3 -r 1.

V.I An Useful Basis for Ko(V)

For E E V and i = 1,2,3,4 define functions Yi(E) := X(E,OpJ - ~rkE. Recall

that for coherent sheaves E, F on X, X(E, F) = dimK Homv(E, F) - dimK Extb(E, F).

Proposition V.1.!. The junctions rk, deg, Yi E HOffiK(Ko(V) , K), fori = 1,2,3,4 define

a system oj coordinates on Ko(V) ® Q with the property that

1 4
X(E, F) = "2 (rk E deg F - deg E rk F) + :L Yi(E)Yi(F).

i=l

(V.l)

Proof. It suffices to show that for some basis (Ell E 2 ,' .. , E6 ) of Ko(V) ® K, the vec

tors (rk Ei, deg Ei,Yl (Ei), ... ,Y4(Ei )) are linearly independent and satisfy the equation

V.l. First, we compute these vectors for the basis (Ox, Ox(I), 0Pl' 0P2' 0pa' 0p4)' Since
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2 + Yj(Ox) = 1,

1
-2 + Yj(Ox) = 0,

1
2 + Yj(Ox(l)) = 1,
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degOx(l) = 2 and

1 1
Yi(OX) = X(Ox, OpJ - 2 = 2' i = 1,2,3,4

1 1
Yi(Ox(l)) = X(Ox(1), OpJ - 2 =.2' i = 1,2,3,4

it is easy to see that the vectors are linearly independent. The Euler form X(E, F) is zero

on all pairs in the exceptional collection except for the following:

x(Ox,OpJ = 1, i = 1,2,3,4

x(Ox(1),OpJ = 1, i = 1,2,3,4

X(Ox,Ox(l)) = 2.

Computing, we check that the desired values are given:

1 4
2(rkOxdegOpj -degOxrkOPj) + LYi(OX)Yi(Opj) =

i=l

1 4

2(rkOpj degOx - degOpj rkOx ) + LYi(Opj)Yi(OX) =
i=l

1 4
2(rk Ox(l) deg 0Pj - deg Ox(l) rk 0Pj) + LYi(Ox(l) )Yi(0Pj) =

i=l

1 4 1
2(rkOpj degOx(1) - degOpj rkOx (1)) + LYi(OPj)Yi(Ox(l)) = -2 + Yj(Ox(l)) = 0,

i=l

1 441
2(rk Ox deg Ox(l) - degOx rkOx(l)) + LYi(OX )Yi(Ox(l)) = 1 + L '4 = 2,

i=l i=l

1 4 4 1
2(rkOx (1) degOx - degOx(l) rkOx) + LYi(Ox(l))Yi(Ox) = -1 + L '4 = 0.

i=l i=l

This completes the proof. D
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coordinate vector of E with respect to this basis.

Remark V.1.2. Every exceptional object E E D satisfies the relations

1 .
Yi(E) = 2" rkE mod Z, V~

4

2::= Yi(E)2 = 1,
i=l

4

2::= Yi (E) = deg E mod 2Z.
i=l

(V.2)

Indeed, these are the immediate consequences of xC,,) taking values in Z and applying V.1

to the pairs X(E, OpJ, X(E, E) and X(Ox, E), respectively. Note also that the equation

2:;=1 Yi(E)2 = 1 bounds IYi(E)I:S; 1 for i = 1,2,3,4.

Theorem V.1.3. Let V be an exceptional bundle on X equipped with a Z2-equivariant

structure. Denote by (VlpJ+ the subspace of Vip; with positive parity. Then

2. if rk V is odd, Yi(V) = ±~, Vi,

3. if rk V is even, there exists j E {I, 2, 3, 4} such that Yi(V) = ±<5ij , Vi.

Proof. Apply V.2 to the equality X(V, OpJ = dim(VlpJ+. o

Lemma V.1.4. Let E be an exceptional Z2-equivariant sheaf. Consider E as an object of

the category D(X) of coherent sheaves on X by means of the forgetful functor DZ2 (X) ----7

D(X). Then E is an endosimple object of D(X).

Proof. Recall that if wx is the canonical sheaf on X, then as K -vector spaces

By assumption, HomVZ2(X)(E, E) = K and by Serre Duality
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o

Theorem V.l.5 (see [16], Cor. 14.8). The degree and rank of an endosimple bundle on

D(X) are relatively prime.

Proposition V.l.6. The actions of the Fourier-Mukai Transform F and AO(Pi) are tran

sitive upon the degree and rank of exceptional objects.

Proof. F acts on the rank and degree of a sheaf E by

rk F(E) = deg E

deg F(E) = - rkE

(see [16]). It follows that F[l] and AO(Pi) act upon (degE,rkE), respectively, by the

matrices (-.91 6) and (6 i), with their standard action on 71}. These matrices generate the

group SL(2, Z), which acts transitively upon the subset of Z2 of pairs of relatively prime

integers. Since the degree and rank of an exceptional object of DZ2 (X) are relatively

prime, this completes the proof.

Lemma V.l. 7. Aut(D) acts transitively upon the set of exceptional objects of D.

o

Proof. The actions of the Fourier-Mukai Transform F and AO(Pi) are transitive upon the

rank and degree of exceptional objects so it suffices to construct autoequivalences acting

transitively upon exceptional objects of rank O. Furthermore, all exceptional objects of D

are shifts of exceptional sheaves so it suffices to prove that the action of autoequivalences

on exceptional torsion sheaves is transitive.

Direct computation shows that 0Pi and (Opi are exceptional objects. We prove

that all exceptional torsion sheaves are of this form. Exceptional objects are endosimple,

so by Lemma IV.2.1 it suffices to show that 02Pi and (02Pi are not exceptional for any i.

In fact, we need only consider 02Pi as the character ( acts by an involution on the set of



62

exceptional objects. From the short exact exact sequence

Thus 02Pi is not exceptional. Observe that this shows there are exactly 8 exceptional

sheaves of rank 0 and degree 1 - the sheaves 0Pi and COPi for i = 1,2,3,4.

It remains to construct an autoequivalence sending 0Pi to 0Pj for each 1 ::;; i I- j ::;;

4. Acting by the Fourier-Mukai transform, F(OpJ is a line bundle of degree O. Tensor with

the dual of this line bundle and denote by ipi(E) = AF(oPi)-l 0 F. Then the composition

ipjl 0 ipi is the desired autoequivalence mapping 0Pi to 0Pj' D

Corollary V.l.B. For each pair of relatively prime integers r, d with r ::::: OJ there exist

exactly 8 exceptional 7l2-equivariant sheaves of rank r and degree d.

Proof. In the proof of Lemma V.1.7 this was shown for r = 0 and d = 1. Since every ex

ceptional 7l2-equivariant bundle E has relatively prime rank and degree, apply transitivity

of Aut(V) on the set of exceptional objects to complete the proof. D

Corollary V.l.9. An exceptional 7l2-equivariant sheaf E is uniquely determined by the

Proof. It suffices to prove this for E torsion. Using V.2, if E has support at Pi then

There are eight possible vectors ~(E) and each of them corresponds to a distinct excep-

tional torsion sheaf. D
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V.2 Proof of Constructibility

This section is devoted to a new proof of the constructibility of V = VZ2 (X), for

X an elliptic curve (see [13] for an earlier original proof). For convenience, in this section

we denote by H the line bundle Ox(I).

Theorem V.2.1 ([10]). The action of the braid group B 6 is transitive upon the set of full

exceptional collections of sheaves in V, up to shifts.

This theorem was first proved using tilting sheaves to construct an equivalence of

categories between V and a certain derived category of a quiver algebra. Our proof will

be built up from a series of lemmas that use the basis for Ko(V) defined in the previous

section to impose strong conditions on the objects of exceptional collections on V.

Lemma V.2.2. If a full exceptional collection of sheaves is of the form {El, ... ,Es, OpJ

then one of the following holds:

1. For each i, rk E i is either 0 or 1.

2. For each i, rkEi is either 1 or 2 and there exists an unique j such that rkEj = 2.

Proof From the orthogonality relations on the collection and V.l,

Recalling that IYl(Ei)1 ::; 1, we have that rkEi is either 0,1 or 2. For each object Ei with

rkEi = 2 for some i, by V.1.3 we have Yl(Ei ) = 1 and Yk(Ei ) = 0 for k = 2,3,4.

Suppose E i , Ej are two bundles of rank 2 in the collection, and without loss of

generality assume i < j. Then
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On the other hand,

4 4

deg Ei == LYk(Ei) == LYk(Ej) mod 2Z.
k=l k=l

This is a contradiction, so there is at most one bundle of rank 2 in the collection.

Suppose instead that rk E j = 0 and rk E i = 2. The vanishing of at least one of

X(Ei,Ej) or X(Ej,Ei ) imposes the condition that YI(Ej) = ±degEj = ±1. In particular,

E j has support at PI and so must be (Opl since 0Pl is already in the exceptional collection.

The groups Ext I (Opll (Opl) and Extl((Opll 0pl) are both nonzero, however, so it is not

possible for both sheaves to be elements of the same exceptional collection. Therefore, the

rank of E j cannot be O. D

Lemma V.2.3. For each pair E, F of exceptional objects of V there exists at most one

integer k such that

Hom~(E,F) # O.

Proof. Applying an autoequivalence, we may assume that F ~ 0Pl' The statement of

the Lemma is invariant under action by shifts, so without loss of generality E is a sheaf.

Hence E is either torsion or a vector bundle. If torsion, the Lemma is obvious. If E is a

bundle then for k # 0,1, Homv(E, 0pl) = O. The Lemma is now a consequence of Serre

Duality:

D

Note that if E, F are exceptional sheaves then X(E, F) > 0 if and only ifHome(E, F) =

Hom(E, F) and X(E, F) < 0 if and only if Home(E, F) = Ext1(E, F)[-l].

Lemma V.2.4. Let {EI ,'" ,Es, 0pl} be as in the previous lemma. If rkEz = 2 for

some I, then there exists a sequence of mutations of the collection such that the mutated

collection consists only of line bundles and torsion sheaves.
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Proof. Without loss of generality deg E z = 1. Indeed, tensor the collection with a suitable

line bundle L such that 0Pl ® L ~ 0Pl and d(Ez ® L) = 1. Using V.l, the orthogonality

relations on the exceptional collection impose the conditions

i < l

j > l

1 :S k i= l :S 5.

Taken together, deg Ei = 0 for i < land deg Ej = 1 for j > l. If l i= 5, X(Ez, EZ+1) =

~(2 - 1) + ~ = 1 so by Lemma V.2.3 Homv(Ez, Ez+d = K. Hence there is an exact

sequence

where rkREI+IEz = 1. If l = 5, X(E4,Es) = 1 then, as above, there is an exact sequence

with rk LE4 Es = 1. In either case, there exists a mutation of the collection in which there

are no sheaves of rank greater than 1. o

Notation V.2.5. Let E = {El,'" ,En} be an exceptional collection with n objects.

Given an element b E B n of the braid group on n strands, we denote by b· E the mutation

of E obtained from acting by b. Given an autoequivalence 9 E Aut(V), we set 9 . E =

Lemma V.2.6. Let 5 denote the standard collection {Ox, H, 0Pl' 0P2' 0P3' 0p4}' For

every autoequivalence 9 E Aut(V) on 5 there is a corresponding braid group element

bg E B 6 such that

g·5 = bg ' 5,

up to the action of the shift functor.
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Proof. We prove the lemma by showing that it is satisfied for a set of generators of the

finitely presented group Aut(D). Recall that Aut(D) is generated by the action of the

Fourier-Mukai Transform, tensoring with O(Pl), the shift functor, Aut(X) and Pico(X).

It is easy to check that the functors AO(Pi) each act on the exceptional collection S by a

series of mutations. These functors generate PicZ2 (X), of which Pico(X) is a subgroup. If

Aut(X) is nontrivial, it acts by permutations of the torsion sheaves while fixing Ox and

H. These actions are clearly represented by braid group actions. Finally, we show that

the Fourier-Mukai Transform F acts on S by mutations.

where V is a bundle of rank 2 fitting into the exact sequence 0 -> H( -P2 - P3 - P4) ->

V -> Ox -> O. Apply the mutations

R H (-pa-P4)Rox V = 0P2

LO
P2

H( -P2 - P4) = O(p4)

LO
P2

H( -P2 - P3) = O(p3)'

The resulting collection is {(Opl' Ox, H( -P3-P4), O(P4), O(P3), 0p2}' After the additional

mutations

ROX(Opl = O(pI)

RO (P4)H( -P3 - P4) = 0pa

LOpa O(P3) = H,

the collection has the form {Ox, O(Pl), O(p4) , H, Opal 0p2}' This is easily seen to be in

the B6-orbit of S. D

Lemma V.2.7. Every full exceptional collection on D of the form {Ell'" ,Es , OpJ is
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in the orbit of the standard collection S under the braid group action by mutations.

Proof. By Lemma V.2.4, may assume that the collection consists of line bundles L i and

torsion sheaves Tj . Mutate the line bundles left past the torsion sheaves so that the

collection has the form

C = {La, L1,'" ,Ln , T1,'" ,Tm }.

Acting by the autoequivalence AL-l, so that La = Ox. If we can show that the resulting
o

collection AL-l'C is in the orbit of the standard collection S under the action of mutations,
o

then as the actions by autoequivalences and mutations commute, Lemma V.2.6 implies

that C is in the orbit of S as well. Thus, we may assume La = Ox.

The orthogonality relations, X(T, Ox) = 0, hold for every torsion sheaf T in the

collection. Thus, each of the torsion sheaves is of the form 0Pj for some j. If for some

j, OPj is in the collection, then X(OPj' Li) = 0. This implies that Yj(Li) = ~ for each

i = 1" .. ,n. In particular, this holds for j = 1. The orthogonality relations

imply that deg Li is either -1,0,1, or 2. Moreover, deg L i = 2 exactly when ydLi) = ~, Vk

and deg Li = -1 exactly when Yk = -~ for k = 2,3,4. In the former case Li = H, and in

the latter Li = H( -P2 - P3 - P4).

We shall prove that there exists a series of mutations by which the number of line

bundles in the collection is reduced to two. For this, observe first that if deg Li = deg Lj-1

for i < j, then

This holds exactly when there exists an unique integer k such that Yk(Li ) -I Yk(L j ), in

which case Li is uniquely determined as the line bundle Li = Lj @ O( -Pk). Then, the

right mutation RLj (L i ) = 0Pk is torsion. Likewise, if any L j is of degree 1 then by the

same argument RLj (Ox) is torsion. Mutating all of the line bundles left past this torsion
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sheaf and tensoring the resulting collection with £""1 1
, we obtain a new collection of the

form

in which the number of line bundles is reduced by one. We may therefore assume that no

line bundle in the collection is of degree 1.

Given a line bundle L i of degree 2 recall that this implies L i = H. In this case, mu-

tate the other bundles right past H so that the collection has the form {Ox, H, E 1, E2 , E3, 0pl}'

Since the triangulated category generated by Ox and His 1f*D(p1), the left orthogonal is

Therefore the sheaves E 1 , E2 , E3 are all torsion.

It remains to consider the case where deg L i E {-I, O}, Vi. If no bundle has

degree -1, the relations

have at most three solutions, H2,3 = H( -P2 - P3), H2,4 = H( -P2 - P4), and H3,4 =

H(-P3 - P4), and therefore the collection has at least two torsion sheaves. Without loss

of generality 0P2 is also in the collection. But then for j = 3,4,

contradicting the assumption that the collection has the form {Ox, L1,'" ,Ln - 1,T1,'" ,Tm }.

A similar computation shows that x(0P3' H 3,i) = -1 for i = 2,4. Thus, no exceptional

collection can have only line bundles of degree 0 and torsion sheaves.

Recall that the line bundle of degree -1 in the collection was necessarily L .-
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H( -P2 - P3 - P4), and recall from the proof of Lemma V.2.6 that mutating L past Ox

produces a bundle V ofrank 2, up to shifts. Hence Lemma V.2.2 implies that this collection

has exactly one torsion sheaf, 0Pl' Other than Ox and L, the only other line bundles

that can exist in this collection are the Hi,j. Consequently, the collection has the form

{Ox, L, H2,3, H2,4, H3,4, 0pl}' up to a permutation of the orthogonal bundles Hi,j, and

each of the right mutations RHi,jL = 0Pk is torsion.

This proves that we may reduce the number of line bundles down to 2 through a

series of mutations. Mutating, if necessary, so the line bundles are listed first and as Ox

is a member of the collection, the four torsion sheaves are exactly the 0Pi' i = 1,2,3,4. If

the second line bundle is L, then

implies that L = H. Hence this collection is the standard collection S, completing the

proof. o

Lemma V.2.8. Given any full exceptional collection E = {El , E2,'" ,E6 }, and autoe

quivalence g E V, there exists a braid group element bg E B6 such that

g. E = bg ' E.

Proof. Choose any h E Aut(V) such that h(E6 ) = 0Pl' There exists abE B 6 such that

h· E = b· S by Lemma V.2.7. Recall that the actions by mutations and autoequivalences

on exceptional collections commute, so

E = h- l
. (b· S) = b· (h- l

. S) = bbh-l . S.
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Given any 9 E Aut(V), there exists a bg E B 6 such that 9 . S = bg . S. by V.2.6. Thus,

9 . E = 9 . (bbh-l . S) = bbh-l . (g . S)

= bbh-l . (bg . S)

= bbh-lbg . ((bh_l)-lb- l . E)

o

Theorem V.2.9. The action of the braid group B 6 is transitive upon the set of full

exceptional collections of sheaves in V, up to shifts.

Proof. Given a full exceptional collection E = {EI , E2 ,'" , E6 }, apply an autoequivalence

9 with the property that g(E6 ) = 0Pl' By Lemma V.2.8 there exists a braid group element

bg with the property that g·E = bg ·E. By Lemma V.2.7 there exists a braid group element

b such that b· (bg . E) = S, the standard exceptional collection, up to shifts. 0

V.3 Orbits of Exceptional Collections Under Aut(V)

In this section we determine representatives for each orbit of the action of Aut(V)

on the set of all full exceptional collections of sheaves on V and count the number of orbits.

This result will be used in the following chapter in constructing glued stability conditions

on Stab(V).

Theorem V.3.1. Let A denote the subgroup of the symmetric group S3 by which the

stabilizer of PI in Aut(X) acts upon the set {P2,P3,P4}. There are I~I orbits in the action

of Aut(V) upon the set ColI(V) of full exceptional collections of sheaves on V.

Proof. We begin by recalling the short exact sequence V.D.7

1 ---. Pico(X) ><J Aut(X) ---. Aut(V) ---. B 3 ---. 1.

Since the degree and rank of an exceptional object are relatively prime, it follows that the
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induced action of B 3 is transitive upon the set of all pairs of integers (rkE,degE) for E

exceptional. Given a full exceptional collection E = {EI , E 2 ,'" , E 6 } on TJ, acting by a

suitable element of Aut(TJ) we may assume that E6 = 0Pl' By Lemma V.2.2, the rank of

each Ei is then either 0,1 or 2. There are at most 4 torsion sheaves in the collection and

some Ei has rank 2 exactly when there are also four line bundles, so there exist at least

two line bundles in the collection. Tensoring the collection with a suitable line bundle, we

may assume that the first line bundle in the collection is Ox. Since the only elements of

the B3 subgroup that act trivially on degree and rank are the shifts [n] for n even, the

only autoequivalences that fix both Ox and 0Pl are elements of Aut(X).

The action of Aut(X) on exceptional collections is by permutations on the set of

2-torsion points {PI,P2,P3,P4}. Furthermore, assuming 0Pl is fixed by the action we need

only consider the stabilizer subgroup of PI in Aut(X). Let A denote the subgroup of the

symmetric group 83 by which the stabilizer of PI in Aut(X) acts upon the set {P2,P3,pd.

In particular, if X has an action by A then A ~ Z2 and if X has an action by R

then A ~ Z3. Otherwise, A is trivial.

The actions of mutations and autoequivalences on exceptional collections com

mute, so there is an induced action of mutations on the equivalence classes of exceptional

collections up to autoequivalence. We make use of this induced action in order to simplify

the classification of orbits, which is further broken down into cases based on the number

of torsion sheaves in the collection and presence, if any, of bundles of rank greater than 1.

Lemma V.2.2 on the structure of exceptional collections of the form {EI ,··· ,E5 , 0pl} is

useful for restricting the number of cases we have to consider in the classification. Finally,

we observe a few conditions imposed by V.l. Suppose Ei = Ox, Ej is torsion with support
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at {Pa} and that E k is any line bundle. Then,

E j S:! 0pa' j > i,

1
Ya(Ek ) ="2' j < i or k < j,

1
Ya(Ek ) = -"2' i < j < k.

Note also that Ox(l) S:! Ox (2Pi) for each i = 1,2,3,4.

(V.3)

Case 1: Four torsion sheaves. There are two line bundles, Ox and L. Mutating

each to the left and tensoring with a suitable line bundle, the collection has the form

From V.3, Yi(L) = ~ for i = 1,2,3,4. Since X(L, Ox) = 0, from V.1 we get that degL = 2.

Hence L S:! Ox (1), and the collection is the standard collection. All other exceptional

collections in this case are obtained by mutations of the line bundles past the torsion

sheaves. There are 10 ways to place the two line bundles between the torsion sheaves so

that Ox appears before Land 0Pl is the last object in the collection. Up to reordering

the torsion sheaves, there are I~I orbits in this case.

Case 2: Three torsion sheaves. There are three line bundles, Ox, L1 , L2. We

assume that the torsion sheaves have support at Pl,P2,P3, and mutate the line bundles

left past the torsion sheaves as in the previous case so that that collection has the form

This implies by V.1 that the Li satisfy the relation
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SO Li ~ Ox(l) if Y4(Li ) = ~ and Li ~ OX(P4) if Y4(Li) = -~. Since Hom(Ox(p4) , Ox(I)) =

K we must have L1 = Ox (P4) , L2 = Ox(I). All other exceptional collections in this case

are obtained from {Ox, OX(P4), Ox(I), 0P2' 0P3' 0pl} by mutations and permutations of

P2, P3, P4· There are 10 ways to place three line bundles between the torsion sheaves so

that 0Pl is the last object, and so up to permuting the points P2,P3, P4, there are Worbits

in this case.

Case 3: Two torsion sheaves. There are four line bundles, Ox, L1, L2, L3. Suppose

the torsion sheaves have support at PI and P2. Observe that if i < j and there are no

torsion sheaves between Li and Lj , then deg Li :s; deg Lj . Indeed,

1 4
0= X(Lj,Li) = "2(deg Li - degLj ) + LYk(Li)Yk(Lj )

k=l

line bundles left past the torsion sheaves as in the previous cases so that the collection

has the form

For each i, Yl (Li ) = Y2(Li ) = ~ so it suffices to determine the possible values of Y3(Li ), Y4(Li )

for each i. Let Ai C {3,4} be the subset for which Ya(Li ) = -~ for each a E Ai.

Then Li ~ Ox(I)(-l:aEAPa), and Ai C Aj if and only if Hom(Li,Lj) = O. Also,

Ext1(Ox(I), Ox(I)(-P3 - P4) = K. Thus, we have that up to reordering the orthogonal

line bundles Ox (P3) and OX(P4), there are two possibilities:

{Ox, Ox(I)(-P3 - P4), Ox (P3), OX(P4), 0P2' OpJ

{Ox, OX(P3), OX(P4), Ox(I), 0P2' OpJ.

In each of these two, there are five possible positions for the 0P2 to be mutated to, and

therefore 1% orbits in this case after we consider permutations of the three points. We

include here the eight other exceptional collections in this case obtained by mutations
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from either of the two collections listed above as these will make it easier to check the

argument in the next case.

{(Op2' Ox, OX(P3), OX(P4), Ox(l), 0pl}

{(Op2' Ox, Ox(l)( -P3 - P4), OX(P3), Ox(l), 0pl}

{OX, 0P2' Ox(l)(-P2 - P3), Ox(l)( -P2 - P4), OX(P2), OpJ

{Ox, 0P2' Ox(l)( -P2 - P3 - P4), Ox(l)( -P2 - P3), OX(P2), OpJ

{Ox, Ox(l)(-P3 - P4), 0P2' Ox(l)( -P2 - P3), OX(P2), OpJ

{Ox, OX(P3), 0P2' Ox(1)(-P2 - P4), OX(P2), OpJ

{Ox, Ox(1)(-P3 - P4), Ox (P3), 0P2' OX(P2), 0pl}

{Ox, OX(P3), Ox (P4) , 0P2' OX(P2), OpJ

Case 4: One torsion sheaf and no bundle of rank 2. There are five line bundles,

OX, Ll' L2, L3, L4. We claim that all possible exceptional collections in this form can be

obtained from an exceptional collection with four line bundles by mutating a torsion sheaf

either left or right past a line bundle. Indeed, in Lemma V.2.7 we proved that if there are

more than two bundles in the collection then there exists a sequence of mutations reducing

the number of bundles by one.

Consider each of the possible exceptional collections obtained from the 10 ex

ceptional collections listed in Case 3 by mutating the torsion sheaf (Op2 or 0P2 left or

right past a line bundle. Up to permuting the points P2,P3,P4, the resulting exceptional

collections are exactly

{Ox, OX(P2), OX(P3), OX(P4), Ox(l), 0pl}

{Ox, OX(P2), Ox(l)( -P3 - P4), OX(P3), Ox(l), OpJ

{Ox, Ox(l)( -P2 - P3), OX(P3), Ox(l)( -P2 - P4), OX(P2), OpJ

{Ox, Ox(l)( -P2 - P3 - P4), Ox(l)( -P3 - P4), Ox(l)( -P2 - P3), OX(P2), OpJ

{Ox, Ox(l)( -P3 - P4), Ox(l)( -P2 - P3), OX(P3), Ox (P2) , 0pl}

{Ox, Ox(l)( -P3 - P4), OX(P3), OX(P2), Ox(l), OpJ

Thus, there are I~I orbits in this case.
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Case 5: One torsion sheaf and one bundle V of rank 2. There are four line bundles,

Ox, L1 , L2, L3. Suppose that the bundle V of rank 2 is the first object in the exceptional

collection. Since rk V = 2 and 0Pl is in the collection, by V.1.3 Yi(V) = 6li. Then, from

V.l and X(Ox, V) = X(Li,Ox) = 0, we have degV = -1 and degLi = O,i = 1,2,3.

There are only four line bundles of degree 0 with YI(L) = ~, and all four are orthogonal.

Thus, if V is the first object then the exceptional collection is

By Lemma V.2.2 we know that the mutation of a line bundle past V is still a line

bundle. Also, if V is not the first object in the exceptional collection then, from V.l we

get deg V = 1. Since Y1 (V) = 1 by Proposition V.1.3, V is uniquely determined as an

exceptional object by the condition of whether Ox appears to the left or to the right of V

in the collection. Moreover, if L i is to the left of V in the collection then deg L i = 0 and

if L i is to the right of V in the collection then deg L i = 1. Thus, the other possibilities

are quickly determined:

{Ox, V, OX(P2), OX(P3), OX(P4), OpJ

{Ox, Ox(1)(-P2 - P3), V, OX(P2), OX(p3), OpJ

{Ox, Ox(l)( -P2 - P3), Ox(l)( -P2 - P4), V, Ox (P4) , 0pl}

{Ox, Ox(l)(-P2 - P3), Ox(l)(-P2 - P4), Ox(l)( -P2 - P4), V, OpJ

In all, there are Pn orbits in this case and the proof of the theorem is complete. 0
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CHAPTER VI

ANALYSIS OF Stab(Dz2 (X))

This chapter is primarily an analysis of the stability manifold of D = DZ2 (X)

for X an elliptic curve, although some of our results have natural extensions to the case

of hyperelliptic curves. It is crucial in what follows that these curves possess a natural

morphism X ---> !pI because D(!PI ) is the only derived category of a smooth curve that

is generated by a full exceptional collection. Building off the results of the previous two

chapters, we shall construct a large open and connected set of stability conditions in

Stab(D) that contains all stability conditions on D glued from exceptional collections as

well as the GL(2, JR)-orbit of the standard stability. In Chapter IV we considered a degree

2 morphism of curves X ---> Y in order to construct stability conditions on the category

DZ2 (X). If we suppose that the base is Y = !pI then we can extend our results.

Proposition VI.O.2. Let X be a smooth curve with a degree 2 morphism X ---> pl.

Let PI, P2, "', Pn be the ramification points of the morphism. Consider a stability

CY = (Z, P) E U C StabN(Dz2 (X)), where U is as in Theorem 1V.2.6. Assume that for

every i = 1, ... , n the vectors Z(OpJ and Z(02PJ are linearly independent over JR. Then

some rotation of CY is glued from an exceptional collection.

Proof. By Theorem IV.2.6, it is enough to check the same statement for a stability CY

arising from the construction of Proposition IV.2.6 with 1+ = {1, ... , n}, 1- = 1° = 0

and ni = 1. We claim that in this situation for any sufficiently small a > 0 the rotated

stability RaCY = (Za, Pa) is glued from an exceptional collection. Indeed, if a is small

enough then we still have CSZa(OpJ < 0 for all i = 1, ... , n. There is a unique NEZ
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such that c.sZa (1r*O(N)) < 0 and c.sZa (1r*O(N + 1)) > O. Consider the following full

Ext-exceptional collection on 1J712 (X):

(VI. 1)

There exists a glued stability condition with the heart generated by this exceptional col

lection and with the central charge Za. To see that Raa coincides with this stability

condition, by Proposition III.4.2(a), it is enough to check that all the objects of our ex

ceptional collection lie in Pa ( -1,2] = P(-1 - a,2 - a]. Recall that

Thus, all the objects of the collection (VI.1), except for 1r*O(N) [1], lie in P(O, 1] C P(-l

a,2 - a]. Note that by our assumptions, the phases of OpJ-1] are in (0,1). Also, it is

easy to see that 1r*O(m) E P(O, 1) for every m E Z. The exact sequence

in P(O, 1] shows that rPmax(1r*O(m - 1)) :S rPmax(1r*O(m)).

Now let us consider the exact sequence

o ----t F ----t 1r*O(N) ----t G ----t 0

in P(O, 1], where F is the maximal a-destabilizing subobject in 1r*O(N). The correspond

ing long exact cohomology sequence in Coh712 (X) takes form

so either HOF = 0 or HOF is a line bundle. In the former case we have F = HI F [-1] E

[OpJ-1] I i = 1, ... ,n]. In the latter case we have HOF c::: 1r*O(m)( - ~jEJ Pj) for some
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m E Z and J c {I, ... ,n}. Hence, in the derived category HOp can be viewed as an

extension of 1T*O(m) by EBjEJOpj[-l]. Therefore, the phase of P is bounded above by

the maximum of the phases of Z(Opi [-1]), i = 1, ... ,n and of Z(1T*O(m)). Note that we

have a nonzero map from 1T*O(m)(- L:r=12Pi) c::::: 1T*O(m - n) to 1T*O(N), so m ::::; N + n.

By making a small enough we can assume that N ::::; 0, so in this case we deduce that

1T*O(N) E P(O, ¢), where ¢ < 1 is the maximum of the phases of Z(OpJ-1]), i = 1, ... , n

and of Z(1T*O(n)). If in addition a < 1 - ¢ then we get 1T*O(N)[l] E P(1,2 - a] C

P(-1 - a, 2 - a] as required. o

Since the subset U of Theorem IV.2.6 contains the standard stability, note that

this implies that all stabilities in the orbit of the standard stability condition are limit

points of stabilities glued from exceptional collections, up to the action of GL(2, JR).

For the rest of this chapter we assume that X is an elliptic curve, V denotes the

bounded derived category of Z2-equivariant coherent sheaves on X, and PI,P2,P3,P4 are

the four ramification points of the morphism X ----; pl.

Notation VI.O.3. Let E = {EI , E 2 ,'" , E 6 } be an exceptional collection of sheaves in

V. Define r£ to be the subset of StabN(V) consisting of all stability conditions a for

which there exist g E GL(2, JR) and integers nl, n2," . , n6 such that a· g is glued from the

r= U r£.
£EColl(V)

Lemma VI.O.4. For any exceptional collection of sheaves E, let r~ be the GL(2, JR)-orbit

of the subset of all a = (Z, P) E r£ glued along any Ext-exceptional collection of the form

satisfying the condition that ¢(Edni]) E (0,1), for each i. Then r~ = r£.
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Proof. Fix (J = (Z, P) E rE and let ¢ = mini(¢(Eilni]))' Since P(O, 1] is generated by

the exceptional collection, it follows that P(O, ¢) = {O}. The central charge of the rotated

stability Rf(J sends each of the exceptional objects Ei[ni] into the strict upper halfplane.
2

Hence (J E rE. o

Lemma VI.O.5. For any exceptional collection of sheaves E, rE is open and connected.

Proof. This is proved in [11] as Lemma 3.19. o

When E and :F are exceptional collections related by a mutation we can construct

a sequence of stability conditions in r,F approaching rE.

Lemma VI.O.6. Suppose E = {EI , E 2,', E 6} is a full exceptional collection of sheaves.

Fix i, and set :F = LiE, a left mutation of E at the ith position. There exist integers

nl,' .. ,n6, ml,'" ,m6 depending only on E and:F such that for any E > °there exist

stability conditions (JE and (J,F with hearts

HE := (Ednl], E 2[n2],'" ,E6[n6])

H,F := (Fdml], Fdm 2],' .. ,F6[m6])

Proof. Fix E > °and denote by L the object LEiEi+I. Choose integers nj for j

1, 2, ... ,6 satisfying

nj»nj+l, j<iandi<j,

ni+l = { °
-1

The collection {Ednl], E 2[n2],'" ,E6[n6]} is clearly Ext-exceptional. We claim that there
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exist integers ml, ... , m6 such that the collection

is Ext-exceptional and the containment relations

HF C [HE U HEll]] HE C [HF U HF [-l]]

are satisfied.

If X(Ei , EHd = 0, then L ~ E H d-l] and the collection

is Ext-exceptional. Moreover, HF = HE since Fj ~ Ej for j i- i, i + 1.

If X(Ei , EH1 ) > 0, there is an exact triangle

This implies that Hom~o(L[l],Ei ) = 0, so the collection

is Ext-exceptional. Recalling that HE and HF are generated from the respective ex

ceptional collections, it is an easy consequence of the exact triangle above that HF C

[HE U HEll]] and HE C [HF U HF[-l]].

If X(Ei , EH1 ) < 0, there is an exact triangle
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This implies that Homvl(L, Ei ) ~ Homv(Ei , Ei) f a, and so the collection

is Ext-exceptional. From the exact triangle we again get that the containment relation

HF C [HE U HE[l]] and HE C [Hp U Hp[-l]] is satisfied.

Define stability functions Ze;, ZF,1i for 0 < 0 :::; -l on the hearts He; and HF by

Zc;(Ej[nj]) = ZF,Ii(Fj[nj]) = -1 + H, j < i - 1 or i + 1 < j

Ze;(Edni]) = exp(1TH(l - 0))

ZF,Ii(Fi+dni]) = -1,

Zc;(Ei+I) = -2,

ZF,Ii(L) = (2 ± 1) exp(1THo)

where the sign in ZF,Ii(L) is chosen to be positive if Homv(Ei , Ei+I) = 0 and negative

if Homv(Ei , Ei+l) f a. With these choices, the two stability functions agree at Fj , j f

i, i + 1, have the same mass at L = Fdmi] and Fi+dmi+1] = Edni], but differ at these

both by an angle of phase o. Since the hearts He; and HF are both of finite length, Ze; and

ZF,1i have the HN-property on the respective hearts and there exist locally finite stability

conditions ae; = (Ze;, Pe;) and aF,1i = (ZF,Ii, PF,Ii). By construction, PF,Ii(a, 1] c Pda, 1]

and pc;(a, 1] c PF,Ii(a, 1 + 0]. If Ei and Ei+1 are orthogonal, that is if

then it is easy to see that we may redefine Ze; so that Ze; = ZF,1i and the result follows

trivially. We assume in what follows that the pair (Ei, Ei+I) is not orthogonal.

Let A-I = (EI,'" ,Ei-l), Ai,i+1 = (Ei' Ei+l) , and A6 = (Ei+2 ,··· ,E6)' Since

Ai,i+1 = (Fi ,Fi+l) , both ae; and aF,1i are obtained by gluing along the semiorthogonal



82

decomposition

Denote by (}£,i and (}F,o,i, respectively, the restrictions of these stabilities to Ai,i+l' The

category Ai,i+l is naturally equivalent to the bounded derived category D(IP'I) of coherent

sheaves on IP'I by an autoequivalence sending E i ---> Ojp'l and Ei+1 [ni+l] ---> Ojp'l (1) [-1]. Un

der this autoequivalence, Filni] is sent to Ojp'l (-1) [1] since LOll'l (Ojp'l (1) [-1]) ~ Ojp'l (-1) [1].

The naturally induced stability conditions on D(IP'I), which we also denote by (}£,i and

(}F,o,i satisfy:

¢aE,J0jp'l(l)) < ¢aE,J0jp'l) < ¢aE,i(Ojp'l(l)) + 1,

¢aF,O,i (Ojp'l) < ¢aF,O,i (Ojp'l (-1)) < ¢aF,O,i (Ojp'l) + 1.

By Proposition 4.4 of [11], for each n E N, Ojp'l(n) is semistable in (}£,i and (}F,o,i' Noting

that the central charges of these two stabilities differ by a rotation through an angle of

phase 6, it follows that

where, we recall, Ro denotes the element of GL(2, JR) that acts by rotations through an

angle of phase 6. This implies that d((}£,i, (}F,o,i) = 6.

Finally by continuity of gluing, for any E > 0 there exists a 6 > 0 such that

D

Proposition VI.O.7. f is open and connected.

Proof. It is an immediate consequence of Lemma VLO.5 that f is open. In the Lemma

above we constructed for a fixed () E f £ and each n E N a stability condition (}n E f F

such that d((), (}n) < k. Since f£ is open, for some n, (}n E f£ n f F . This proves that f
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D

Theorem VI.O.8. Let U C StabN(Dz2 (X)) be the subset defined in Theorem IV.2.6.

The set r u U is open and connected.

Proof. Both rand U are open and connected and by Proposition VLO.2, r n U is

nonempty. Moreover, r n U is dense in U since for any E > 0 and (J" E U there exists a

(J"' Ern U satisfying the assumptions of Proposition VLO.2 with d((J", (J"') < E. Therefore

r n U is connected, hence r u U is also connected. It is clear that the union is open. D
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