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We study the graded representation theory of the Iwahori-Hecke algebra, denoted by Hy,
of the symmetric group over a field of characteristic zero at a root of unity. More specifically, we
use graded Specht modules to calculate the graded decomposition numbers for H,. The algorithm
arrived at is the Lascoux-Leclerc-Thibon algorithm in disguise. Thus we interpret the algorithm
in terms of graded representation theory.

We then use the algorithm to compute several examples and to obtain a closed form for the
graded decomposition numbers in the case of two-column partitions. In this case, we also precisely
describe the ‘reduction modulo p’ process, which relates the graded irreducible representations of
Hy over C at a pt-root of unity to those of the group algebra of the symmetric group over a field

of characteristic p.
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CHAPTER 1

INTRODUCTION

The symmetric group ¥4 is a classical object that has been very well studied over the
years. It is deeply connected to group theory in general since every finite group can be embedded
into a sufficiently large symmetric group. It also plays a fundamental role in combinatorics and
in Lie theory. One way to study symmetric groups is by exploring how they interact with vector
spaces; that is, to study their representation theory. Much of the foundation in the representation
theory of symmetric groups was laid down by Frobenius at the end of the nineteenth century. Since
his time, work has been done by countless mathematicians in an effort to fully understand this
basic and classical group.

The main goal in representation theory is to understand the irreducible modules. In more
modern language, the goal is to find bases for the Grothendieck groups of the categories of finite
dimensional representations and finitely generated projective modules respectively. Much work
has been done toward this end in describing both the irreducible representations of ¥, as well as
the indecomposable projective ¥;-modules. In fact, over fields of characteristic zero, both of these
sets of modules are well-known and well-understood.

However, over fields of positive characteristic, the representation theory of ¥, still contains
many open questions. For example, there are no explicit bases for the irreducible representations
as vector spaces. In fact, the dimensions of the irreducible representations are not even known.
In trying to approach this problem of modular representation theory using induction, Kleshchev
studied the restrictions of irreducible modules from %, to £4_1. His work in [K1]-[K6], resulted in
the discovery of Kleshchev’s modular branching rules.

These branching rules only provide partial information about the dimensions of irreducible
representations. However, Lascoux, Leclerc, and Thibon [LLT] were inspired by the subtle

combinatorics involved to discover deep connections between the representation theory of ¥, and



representations of quantum Kac-Moody algebras. They showed that the modular branching rules
correspond to the crystal graph - in the sense of Kashiwara - of the basic module of a certain Kac-
Moody algebra g. This observation provided the framework for many of the exciting developments
currently appearing in the representation theory of 4.

Other tools which are quite useful in the study of symmetric groups are the correspond-
ing Iwahori-Hecke algebras. The Iwahori-Hecke algebra, Hy = Hy(F,&), of L4 over a field F
with parameter £ € [F* is actually a generalization of the group algebra of the symmetric group.
Furthermore, since the work of Dipper and James [DJ] it has been known that the representation
theory of ¥4 over a field of characteristic p > 0 is closely related to the representation theory

th_root of unity. Thus, one may study the

of Hy over C when the parameter £ is a primitive p
representation theory of Hy in general and gain information about the modular representation
theory of B4 by specializing to F = C and ¢ = e2™V/?,

The connection between the representation theory of Hy(C, e*™/?) and the representation
theory of >y in characteristic p can be made precise using a ‘reduction modulo p’ procedure.
In Section VII.4, we give an example of this procedure in the case of two-column partitions.
Unfortunately, reductions modulo p of irreducible modules over the Hecke algebra are not always
irreducible, however, James’ Conjecture [J4] predicts that they are in the James region. If the
reduction modulo p of an irreducible Hg-module is not irreducible, it can still be thought of as
a ‘good approximation’ of the corresponding irreducible module over the group algebra of the
symmetric group FX4. It turns out that the work done by Lascoux, Leclere, and Thibon in [LLT]
leads to a good understanding of the irreducible modules over Hy(C, e?"¥/?) at least in terms of
their characters.

More precisely, Lascoux, Leclerc, and Thibon conjectured an explicit connection between
the canonical bases of modules over affine Kac-Moody algebras g, in the sense of Lusztig [Lus]
and Kashiwara [Kasl] - [Kas4], and projective indecomposable modules over the Iwahori-Hecke
algebras Hy(C, e2™*/P). Lascoux, Leclerc, and Thibon also conjectured an explicit combinatorial
algorithm for computing the decomposition numbers for Hy. The decomposition numbers are the
multiplicities of the irreducible Hy-modules in the corresponding Specht modules.

One can readily show that knowing the decomposition numbers is sufficient for computing
the dimensions and even characters of the irreducible Hz-modules since the characters of Specht

modules are explicitly known. The Lascoux-Leclerc-Thibon algorithm yields certain Laurent



polynomials with non-negative coefficients that, when evaluated at ¢ = 1, conjecturally compute
the decomposition numbers.

Using the powerful geometric results of Kazhdan-Lusztig [KL] and Ginzburg [CG, Chapter
8], Ariki [A] later proved the conjecture of Lascoux, Leclerc, and Thibon, thereby providing a way
to compute the decomposition numbers for complex Iwahori-Hecke algebras at roots of unity.
Following in Ariki’s footsteps, Varagnolo and Vasserot [VV] later proved a similar theorem for
Schur algebras.

One nice way to connect the Iwahori-Hecke algebras to Lie theory is through the idea
of categorification in the sense of I. Frenkel. Let Ag be the fundamental dominant weight of the
Kac-Moody algebra g referenced above. It turns out that the finite dimensional modules over
H, for all d > 0 categorify the irreducible highest weight module V/(Ag) over g. Notice that the
categorification by Ariki and Grojnowski only categorifies V(Ag) as a g-module, rather than as a
module over the quantized enveloping algebra U,(g).

The fact that the canonical bases appeared when evaluated at ¢ = 1 implies that U,(g)
should play a relevant role however. Thus, the picture appears incomplete unless one categorifies a
g-analog of V(Ap). A standard way to approach this problem is to find a grading on the Iwahori-
Hecke algebras and to study graded representation theory, where the action of the parameter ¢ on
the Grothendieck group corresponds to a ‘grading shift.’

The existence of important, but well-hidden, gradings on the Iwahori-Hecke algebra and
the group algebras of the symmetric groups was predicted by Rouquier [R1] and Turner [T]. More
recently, Brundan and Kleshchev [BK2| were able to construct such gradings by constructing
an explicit isomorphism between Hecke algebras and certain quiver Hecke algebras (or Khovanov-
Lauda-Rouquier algebras) which were defined independently by Khovanov-Lauda [KhL, KhL2] and
Rouquier [R2]. The quiver Hecke algebras are naturally Z-graded. Thus, using the isomorphism,
Brundan and Kleshchev obtained an explicit grading on the Twahori-Hecke algebra.

In [BKW], Brundan, Kleshchev, and Wang then grade the Specht modules, which allows
them to define the graded decomposition numbers for Hy. In [BK1, BK3], Brundan and Kleshchev
prove a graded analogue of Ariki’s theorem. More specifically, they prove that the graded
decomposition numbers are precisely the Laurent polynomials appearing in the conjecture of

Lascoux, Leclerc, and Thibon.



The grading also provides new information about Hj-modules, which is collected into a
graded character of a module. The graded characters of Specht modules are computed explicitly
in [BKW]. As in the ungraded setting, knowledge of the graded characters of Specht modules
combined with knowledge of the graded decomposition numbers is equivalent to knowing the
graded characters of the irreducible Hz-modules.

The goal of this paper is to understand the graded characters of the irreducible Hg-
modules. In particular, the graded characters of the irreducible Hy(C,e*™/?)-modules also give
partial information about the corresponding graded characters of the irreducible FY;-modules
when charF = p. Thus, in view of the previous discussion, the aim of the paper is to compute the
graded decomposition numbers for Hy. In fact, the main result here is a combinatorial algorithm
for computing the graded decomposition numbers.

Towards this goal, the paper is organized as follows: In Chapter II, we define the Iwahori-
Hecke algebra as well as all of our basic objects which we will use throughout. We also give a
homogeneous presentation for the Iwahori-Hecke algebra H; and describe an important Z-grading
on it. Then, in Chapter III we setup all of the combinatorics which we will need to describe the
representation theory of Hy and our algorithm. Specifically, we define partitions, Young diagrams,
tableaux, moves, and ladders and describe some nice combinatorics associated to each of them.

In Chapter IV, we give a general explanation of how studying graded representation theory
can yield additional insight into the usual representation theory. We then describe what is well-
known about the representation theory (both graded and ungraded) of Hg. We finish this chapter
by defining graded characters and graded decomposition numbers and setting up our main problem.

In Chapter V we define the ladder weight 5 (for any e-restricted partition ) which plays a
central role in our algorithm. We also prove several nice results about j)‘ and describe an explicit
multiplicity for j)‘ in the irreducible Hjz-module corresponding to A. Then, in Chapter VI we
describe the algorithm which computes the graded decomposition numbers of Hy over any field of
characteristic zero.

In Chapter VII, we use the algorithm to compute a closed form for the graded
decomposition numbers in the case of two-column partitions. In this special case, we are also
able to completely describe the splitting of irreducible Hg-modules when making the ‘reduction

modulo p’ to the symmetric group algebra in characteristic p.



Despite taking a completely different approach, using the graded representation theory of
Hy, the algorithm described in Chapter V is equivalent to the one suggested in [LLT], although this
equivalence is not immediately obvious. In Chapter VIII, we briefly describe the LLT algorithm and
explain the equivalence of the two algorithms. Note that our approach gives a new interpretation
of some of the formal objects and coefficients appearing in the LLT algorithm.

The paper concludes with the computation of several examples using our algorithm in
Chapter IX. We carefully describe how to compute a complete set of graded decomposition numbers
for Hy and also how to compute a particular desired graded decomposition number from scratch.
In the final section we also provide several matrices of graded decomposition numbers in the cases

when e = 2,3, or 4.



CHAPTER 1I

PRELIMINARIES

In this chapter, we set up some basic notation which will appear throughout and also
describe our primary object of study - the Iwahori-Hecke algebra, Hy. In Section I1.1 we define the
quantum characteristic and the bar-involution on the space of Laurent polynomials Z[q, ¢~ '], while
also introducing notation for the quantum integers. Then, in Section II.2 we give the standard
definition of the Iwahori-Hecke algebra by generators and relations. We also describe the Gelfand-
Zeitlin subalgebra and explain how it can be thought of as a ‘Cartan subalgebra’ for Hy.

In Section I1.3, we describe a different set of generators for H, which are homogeneous with
respect to a Z-grading. This Z-grading is non-obvious from the perspective of the standard set of
generators and relations. In fact, this new set of generators along with the relations and compatible
grading described in Section 1.4, was derived from an isomorphism between H,; and various quiver
Hecke algebras (or Khovanov-Lauda-Rouquier algebras) which was recently discovered by Brundan,

Kleshchev, and Wang [BKW].

II.1  Basic Objects

Let F be an algebraically closed field and £ € F*. The quantum characteristic is the
smallest positive integer, e, such that 1 4- & - £2 4 ... + £°7! = 0, where we set e := 0 if no such

integer exists. Set I := Z/eZ. For any i € I we have a well-defined element

L fe=1
v(i) = poe
& ifE#£T,



of F. Throughout the paper, ¢ is an indeterminate and we define the bar-involution on Zlq,q™!]

by m = p(g™ ") for all p(q) € Z[q,q~"']. We then refer to a Laurent polynomial p(q) € Z[q,q™}]

as bar-invariant if p(q) = p(q¢). We also denote quantum integers and quantum factorials by

n

" —q 4

[nlg == ———— and [n]g = [n]g[n — g~ [,
q—4q

I1.2 The Symmetric Group and the Iwahori-Hecke Algebra

Let >4 denote the symmetric group on d letters and denote the simple transpositions by
Sy = (r,r+1) (1 <r<d).

Then F>; denotes the group algebra of X, over the ground field F. Recall that [FYX,; can be

generated as an algebra by these simple transpositions sy,..., 841, subject only to the relations

s2=1 (1<r<d),

SpSr418r = Sp418rSr41 (]- <r< d— 1);
S8t =88y (L <rt<d,|r—1t]>1).

The Twahori-Hecke algebra of ¥4 with parameter £, is the F-algebra Hy = Hy(F,£) with

generators 11,75, ..., Ty_1 and relations
TP=(E DT +¢é  (1<r<d),

LTl = Lo I T (1 <r<d- 1)7
T Ty =TT, (1<rs<d, |r—s >1).

We will typically use the shorter notation Hy rather than Hy(F, ), with the understanding that
the field F and the parameter £ are fixed. Only when F and £ are not clear from context, or there

is more than one pair (IF, £) to consider will we specify the field and parameter explicitly.



Observe that in the case when € = 1, we may identify Hy with the group algebra FX; by
identifying s, and 7, for 1 < r < d. In this way we may think of H, as a generalization of F3
and may consider the generators 77,...,74—1 as the ‘simple transpositions’ for H;. Observe that
in the symmetric group case when £ = 1, the quantum characteristic is just the characteristic of
the field, i.e. ¢ = charT.

The Jueys-Murphy elements of Hy are:

Lry+2nr+--+r—-1r) ife=1
L, = (1 <r<d).

gl_rTr,1 TN Ty - Ty if ¢ 7& 1

Tt is well-known and easy to check that the Jucys-Murphy elements commute, see e.g. [Ju, M].
The Gelfand-Zeitlin subalgebra is the commutative subalgebra (L4, ..., L4) C Hy generated by the
Jucys-Murphy elements. Okounkov and Vershik [OV] suggested studying the representation theory
of Hy by exploiting the Gelfand-Zetlin subalgebra as an analog of a ‘Cartan subalgebra’ for a Lie
algebra. More precisely, they suggested studying the corresponding ‘generalized weight spaces’ of
Hg-modules. The following Lemma describes the ‘weights’ of the Gelfand-Zeitlin subalgebra on

any finite dimensional H4-module.

Lemma II.2.1. [G, Lemma 4.7|,|[K7, Lemma 7.1.2] Let V be a finite dimensional Hg-module.

Then all of the eigenvalues of Ly,...,Lg on'V are of the form v(i) forie I.

Given i = (i1, ...,iq) € I? and a finite dimensional Hy-module V, we define the i-weight

space of V to be:
Vi={veV | (L —vii)Yv=0for N> 0andr=1,...,d}.

Then, by Lemma I1.2.1 we have the weight space decomposition

V=

1eld



I1.3 Homogenous Generators

Using the weight space decomposition of the left regular Hg-module, one gets a system of

orthogonal idempotents

{e(d) |i eI

in Hy, almost all of which are zero, such that }, ;4 e(i) = 1, and
eV =V, (el

for any finite dimensional Hy-module V, cf. [BK2].

We can now define a family of nilpotent elements y1,...yq € Hy via:

Do (1LY (i) FEFL
yy = < Y (1<r<d).
DLy — i) ed) if €= 1.
i€rd
In [BK2|, Brundan and Kleshchev define explicit power series Pr(2), Qr(2) € F[yr, yr41]]
such that Q.(¢) has non-zero constant term. Since each y, is nilpotent in Hy, the power series
Pr(%) and Q,(4) can be interpreted as elements in Hy, with Q,(Z) being invertible. We refer the

reader to [BK2, Section 3.3, 4.3] for precise definitions of these power series. Now set:

Pri= > (T + Pr(i))Qn(8)7e(i)  (1<r<d).

eI

The main result of [BK2] asserts that H, is generated by the elements

{e(@) |ie I} U {yi,.. va b U, a1}

and describes a set of defining relations as well.
This homogenous presentation yields a non-obvious Z-grading on Hy which allows one to
gain new insight by studying graded representation theory. To describe the grading explicitly, it

is convenient to introduce the notation of quivers.
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Let T" be the quiver with vertex set I and a directed edge from i to j whenever j =i -+ 1.
So T" is the quiver of type Ay, when e = 0 or of type Aél_)l when e > 0, with a specific orientation,

see Figure 1:

Aso = -2 10— 1-—2—...
/O\
0
AV . o= N (T)“'i 4 1
2 «— 1 A /
3 — 2 3.9

Figure 1: The quivers Ay and Agljl for e = 2,3,4, and 5.

The corresponding Cartan matriz, denoted (a; ;)i jer is defined by

2 if1 =174,

0 ifitg,
ai,j = (111)

~1 ifi—jori«j,

2 ifis g

Here the symbols i — j and j «+ ¢ are both interpreted to mean that j =7+1 # ¢ — 1. The symbol

1% j means that j =1+ 1 =14 — 1, and the symbol i#j means that j # ¢ or 1 + 1.

II.4 Homogenous Presentation

We now have the notation necessary to state the main result of [BK2].

Theorem II.4.1. The algebra H, is generated by the elements

{e(d) | € IYU{yr, ..., ya} U {1, ... a1}

subject only to the following relations for 1,5 € I¢ and all admissible r, s:
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&;

Yy, Ce(d) = 0;
e(d)e(F) = bize(d); Dierae(i) =1
yre(d) = e(i)yr; Yre(t) = e(sri)iy;
Yrls = YsYr;
Yrys = YsPr ifs#rr+1
Yrhs = PsPr if Ir—s| > 1;
Yryrire(i) = (e 1 )etd) o =i,
Yrre(i) if ir # ri1;
drribreld) — (ryr + 1)e(i) if iy = irga,
Pryre(i) if b F g
0 if by = try1,
e(z) if i £ i,
dre(t) =4 (yrr1 — yr)e(d) if iy = Gy,
(Yr — Yrt1)e(?) if iy drga,
Yre1 = yr)(yr —yrr)e(d)  if ip Py
(Yr1¥rri1 + 1e(2) if Ty = 1y = lpga,
(re1¥r¥ri1 — De(d) if irpo =iy irg1,
Uriprrare(d) = § (r19rdrin — 2y
+Yr + Yraz)e(t) if tri2 =i 2 dpy,
Yrr19rPry1e(d) otherwise.

Note that these relations depend only on e rather than on the specific parameter £ chosen.
Recall that if £ = 1 and charF = p > 0, then ¢ = p. Observe that e = p again in the case
when ¢ = e?™/? and F = C. Hence Hy(C,e?/?) and Hy(F,1) = F54 have the same quantum
characteristic, which implies that they satisfy the same relations (over different fields). This is
suggestive of the fact that we can define a ‘reduction modulo p’ procedure to pass from graded

representations of Hy(C, g2t/ P} over C, to those of FX4 over a field of characteristic p.
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As alluded to earlier, this presentation is particularly useful because it is obviously homo-

geneous with respect to the following grading:

Corollary 11.4.2. There is a unique Z-grading on Hy such that

degle(d)) =0,  deg(yr) =2,  deg(thre(d)) = —ay, i,

for all admissible v and i.
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CHAPTER III

COMBINATORICS

In this chapter we review several combinatorial notions which will become useful in what
follows. In Section I11.1 we discuss the basics of partitions, including the dominance order ‘<1’ and
the definition of an e-restricted partition. We also describe their associated Young diagrams, and
the notion of addable and removable nodes. Then, in Section II1.2, we describe residue diagrams
and introduce the notion of the ‘moves’ for a partition.

Section II1.3 reviews James’ notion of ladders [J2] and introduces notation for keeping
track of how the ladders interact with the Young diagram of a given partition A. Finally, in
Section I11.4 we recall the set of (standard) A-tableaux for a partition A. We also define, for each

standard A-tableau T, an associated residue sequence 3 and the degree of T, denoted deg(T).

IT1.1 Partitions and Young Diagrams

A partition is a non-increasing sequence of non-negative integers A = (Ay > Ay > .. ). We
set A := Ay + Az + ... and refer to |A| as the size of A. If |A| = d, then X is said to be a partition
of d and we denote the set of all partitions of d by P4. Given a partition A = (A1, Ag,...) € Py,

we define the transpose partition AT = (AT, A}, ...) € Py by setting AT = max{r | A, > i}.
Example ITL.1.1. Let A = (4,3,1,1,1) € Pyg. Then the transpose of X is AT = (5,2,2,1). <

Let A = (A1, Ag,...) € Py. We define the function ox(\) = Zle A;. Given p € Py, we
say p dominates A, and we write u > A, if o(p) > or(A) for all £ > 1. This defines a partial
order on P4 which we refer to as the dominance order following James [J1]. The partition X is
called e-restricted if Ay — Apj1p < eforall r =1,2,.... We then let RPy C P4 be the subset of all

e-restricted partitions of d.
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Example I11.1.2. Consider the case when d = 4 and e = 2. Then the dominance order actually

forms a total order on P4. The sets Py and RP,4, written in dominance order, are as follows:
Pye={(4)>(3,1)>(2,2) > (2,1,1) > (1,1,1,1)} and RP4 = {(2,1,1) > (1,1,1,1)}.

Note that, it is common practice to use exponents to express repeated parts of a partition and

write (22) instead of (2,2) and (1%) instead of (1,1,1,1) for the sake of brevity. <&

Given a partition A € Py, the Young diagram of A is the set
{{a,0) €Zso X Zo | 1 <D< AL}

The elements of this set are called the nodes of A\. More generally, a node is any element of the
set Zwo X Z~g. Given nodes A = (a1,a2) and B = (b1, bs) we say A is above (resp. below) B if
a; < by (resp. a; > by).

We usually identify a partition A with its Young diagram as they are easier to visualize.
One can then reinterpret the dominance order and the function oy, using Young diagrams. Observe
that o (1) counts the number of nodes in rows 1 through & of . Thus, the condition o (i) > ok ()
for all k£ (or > A) can be interpreted as being able to move nodes of i from earlier rows ‘down’
to later rows and arrive at the shape of \. We can also more easily visualize the transpose of a

partition \. The transpose AT is exactly the partition which has the rows of A as its columns.

Example ITI.1.3. Consider the partitions p = (3,22) and A = (3,2,12?). Following English
conventions, we draw nodes in the 4" quadrant so that the node {a,b) has its bottom right corner

at the point (—a,b) in the zy-plane. Then, p, A, and A have the Young diagrams in Figure 1:

Figure 1: Young diagrams. Left: u = (3,22). Center: A = (3,2,1%). Right: AT = (4,2,1)

Observe that we can move the node (3,2) down in u to position (4,1) to obtain the partition A

(see Figure 2). Hence p > A. <&
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Figure 2: The graphical interpretation of moving the node (3,2) down to (4,1).

Let A € Py. Anode A € X is called removable (for A) if A\ {A} has the shape of a partition.
A node B¢\ is called addable (for \) if AU {B} has the shape of a partition. Observe that any
given row of a partition A can have at most one addable node and one removable node {although
it might not have either). In view of this observation, we may define the bottom removable node
of A to be the unique removable node which is below all other removable nodes.

Given any set of removable nodes A = {41, Ag,..., A} for A, we denote the partition
obtained by removing these nodes from A by Aa = A\ {41,...,A,,}. Similarly, for any set of
addable nodes B = {By, Ba,...,Bp} for A, we denote the partition obtained by adding these
nodes to A by AP := AU {B,...,B,}.

Example I11.1.4. Again consider the partition u = (3,22). Figure 3 contains the Young diagram

for A with two sets of nodes labeled.

Figure 3: The Young diagram for (3,2?) with sets of nodes labeled by A and B.

The set A = {(1,3),(3,2)} is exactly all of the removable nodes of j, thus the node (3,2) is the
bottom removable node of A. Similarly, the set B = {(1,4),(2,3),(4,1)} is the set of all addable

nodes for y. From these sets we create pa = (22,1) and p® = (4,3,2, 1), see Figure 4. &

|

|

Figure 4: Young diagrams. Left: pa = (22,1). Right: uB = (4,3,2,1).
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111.2 Moves

Given the node A = (a, b), the (e-)}residue of A is defined to be res A :=b—a (mod ¢) € I.
We then define the residue diagram of a partition A to be the Young diagram for A\ where each
node is labeled by its residue. For 7 € I, a node A is called an i-node if res A = 4. For A\, p € Py,
we say that A and u have the same content, and we write A ~ u, if and only if for each 7 € I the

number of i-nodes in A is equal to that in u.

Example I11.2.1. Figure 5 gives the residue diagram for the partition A = (4,3,2,1) in the case
when the quantum characteristic is e = 3.

o[1]2]0

210

112

Figure 5: Residue diagram for A = (4,3,2,1) with e = 3.

A’s content is written (4, 3, 3) meaning there are 4 zeros, 3 ones, and 3 twos. A quick calculation

shows that the set of all partitions with content (4, 3,3) is

{(10), (8,2),(7,3),(7,2,1), (7, 1%), (6,2, 12), (52), (5, 22.1), (5,2, 1%), (4%2,1%), (4, 32%),
(4,3,2,1),(4,3,1%),(4,2%),(4,2,1%), (4,1°),(3%,1), (3,2, 1), (2%), (2%,1%), (22, 15), 110)} <

Given pu € Py, we call A € Py a move for pif A< and A ~ p. Informally, A is a move for
u if we can move nodes down in p to get A while maintaining the residue content. We denote the
set of moves for p by M{(u). Put M{(p, \) == {v € M(p)|A € M(v)} for the set of nodes ‘between’
i and A. Note that if A is not a move of p then M (g, \) is empty.

The standard dominance order on Py gives a partial order on M (i), so it makes sense to
refer to minimal non-trivial moves for u. A non-trivial move A for p is a minimal move if and only
if M(u, A) = {p, A}. Note that it is possible for 4 to have more than one minimal non-trivial move.

For A € M(u), we define the distance between A and p to be

W, A) =Y oxls) = aw(N).

E>1

Since A < p, we know that ox(A) < gp(p) for all k > 1. So I(u, A) > 0, with equality if and only if

A = . Observe also that if v € M(p, M), then I{g, v) < {{n, A) with equality if and only if v = A
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Example IIL.2.2. Consider the case when d = 5 and e = 2, with the partitions p = (3,2)
and A = (2%,1). Then M(u) = {(3,2), (3,1%),(2%,1), (1%}, M, A) = {(3,2),(3,1%),(2% 1)} and
W A)=(B3-2)+(B—-4)+(5-5)=2. %

I11.3 Ladders

Following [J2], for m € Zwq we define the m*® ladder L., as the set of nodes of the
form (1 + k,m — k(e — 1)) for all non-negative integers k with k& < ;7. Informally, the ladders
are straight lines with slope ﬁ Note that our ladders are transposed to those of James, since
we are using the newer Dipper-James-Mathas [DJM] notation for Specht modules. Observe that
res(l1+km—kle—1)=m—kle—-1)]—[1+k]l=m—1—-ek=m—1 (mod e), regardless of
k. Thus, all of the nodes in the ladder L,, have the same residue, m — 1 (mod e), which we refer
to as the residue of the ladder, and denote res L,,. For a partition A and a positive integer m, we
keep track of the number of nodes in A which lie on L,, by setting r,,(A) := |A N L,,|. We then
denote by t, the maximal index such that 7, (A\) # 0, and refer to the ladders Ly, Lo, ..., L;, as

the ladders of A (some of them could have trivial intersection with A).

Example IIL3.1. Let A = (4,3,1,1) and e = 3. The ladders that intersect A non-trivially can

be seen in Figure 6.

@

>

ANV

Una e e S

~

Figure 6: Ladders intersecting A = (4,3, 1,1) non-trivially.

Observe that ¢y = 7, since the lowest ladder that intersects A non-trivially is L7. The intersections
for each of the ladders Ly,..., Ly are \N Ly = {(1,1)}, AN Ly = {(1,2)}, An Lz = {(2,1),(1,3)},
ANLy ={(2,2),(1,4)}, A\nLs = {(3,1),(2,3)}, A\NLg = &, and ANL7 = {(4,1)}. Thusri(}) =1,
ra(A) =1, r3(A) = 2, 74(A) = 2, 75(A) = 2, 76(X) = 0, and r7(\) = 1. <&
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In Example I11.3.1, we observe that the bottom ladder L; actually intersects the bottom
removable node of A. It is true in general that the bottom ladder is exactly the ladder that
intersects the bottom removable node.

A ladder L, is bottom complete for X if whenever a node A = (a,b) € L, belongs to ),
all other nodes (a’,4') € Ly, with @’ > a also belong to A. The following result of James describes

a nice feature of the shape of any e-restricted partition.

Lemma II1.3.2. [J2, 1.2] Let A € Py. Then X is e-restricted if and only if all ladders are botiom

complete for X.

Let A € Py. For a removable i-node A in A we define the degree of A to be:

da(X) := #{addable ¢-nodes below A}

—#{removable ¢-nodes below A}.

There is a notion of degree for an addable i-node B ¢ X as well. We define the degree of B to be:

d®B(\) := #t{addable i-nodes above B}

—+#t{removable i-nodes above B}.

We also define, for each ¢ € I,

d;(N) := #{addable i-nodes of A\} — #{removable i-nodes of A\}.

Example II1.3.3. Consider the partition A = (9,7,6,5%,3,1) with e = 3.

0(1/2]0]1]2]0][1]2]
2(0]1[2]0]1 2
112/0/1]2]0
0/1]2]0]1
2]ol1]2]0
1(2]0]112

0[1]2

2]

Figure 7: The residue diagram for the partition A = (9,7,6,5%,3,1).
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Observe that if we consider the removable 2-node A; = (8, 1), then there are no addable
or removable 2-nodes below A, hence da,(A) = 0. If we take the removable 2-node A; = (2,7)
instead, then there is one addable 2-node below A, at (4,6) and three removable 2-nodes below
As at (6,5), (7,3), and (8,1) respectively. Thus da,(\) =1 — 3 = —2. Similarly, if we take the
addable 0-node B = (7,4), then there are two addable 0-nodes above B at (1,10) and (2,8) and
one removable 0-node above B at (3,6). Hence, d®(\) = 2 — 1 = 1. Finally, there is one addable

2-node in A and five removable 2-nodes, which implies that do(A) =1 -5 = —4. &
I11.4 Tableaux
Let A € Py. A A-tableau, T, is obtained from the Young diagram of A by labeling the nodes
by the integers 1,...,d without repeats. Each A-tableau T then has an associated residue sequence
i = (i, ..., iq) € I%,

where 4, denotes the residue of the node labeled by  in T (1 <7 < d).

Example I11.4.1. Let A = (4,3,2,1) and e = 3. Figure 8 gives the residue diagram for A.

o|1]/2]0]
2001
12
0

Figure 8: Residue diagram for A = (4,3,2,1) with e = 3 again.

3/5/2/6]
41719
18
10

Figure 9: A (non-standard) A-tableau for A = (4,3,2,1).

The A-tableau T in Figure 9 has the associated residue sequence i* = (1,2,0,2,1,0,0,2,1,0). %

A A-tableau, T, is row-strict if its labels increase from left to right within each row.

Similarly, T is column-strict if its labels increase from top to bottom within each column. T is
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standard if it is both row- and column-strict. The tableau in Example I11.4.1 is not standard. We
denote the set of all standard A-tableaux by 7 (). Let T denote the A-tableau in which the nodes

have been labeled sequentially by 1,...,d along each row and from top to bottom. We then set

Note that the symmetric group ¥4 acts on the complete set of A-tableaux on the left by permuting
the labels; i.e. if m € ¥4 and T has label 74, on each node (a,b) € A, then 7-T will be the A-tableau

with label 7(rs 5) on the node (a,b) for each (a,b) € A.

Example I11.4.2. Let A = (4,3,2,1), then Figure 10 shows the standard A-tableau T*.
3
7

Figure 10: The standard A-tableau, T*, for the partition A = (4,3,2,1).

SO

BRI

Thus, refering again to the residue diagram in Figure 8, we have Pt =T = (0,1,2,0,2,0,1,1,2,0).

Figure 11 then shows the A-tableau 7 - T* in the case when 7 = (35)(48)(67 10) € 310.
1]
3

4
6

5|8
10

O NN

Figure 11: The A-tableau 7 - T* for A = (4,3,2,1) and 7 = (35)(48)(6710) € X1p.

This new A-tableau happens to be standard, and i"'TA =(0,1,2,1,2,0,0,0,2,1). Note, however,

that if T is standard and « € 34, then 7 - T is not standard in general. &

Let T € J()). For s € Zs>p we denote by T<, and sh(7<,) the tableau obtained by
retaining the nodes of T labeled by the numbers 1,...,s and its shape respectively. Observe
that since T is standard, it follows that sh(T<,) is a partition in Pg for all 0 < s < d. Thus,

T<s € T (sh(T<,)) for 0 < s < d.
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Example I11.4.3. Let A = (4,3,2,1) and let T be the A-tableau in Figure 12.

2|58

| h W=
O

Figure 12: A standard A-tableau for A = (4,3,2,1).

Then T<7 is the tableau in Figure 13.

VbW =

Figure 13: The tableau T<7 as created from the tableau T in Figure 12.

It has shape v = sh(T<7) = (3,2,12). Observe that residue sequence iT<7 = (0,1,2,1,2,0,0) is

exactly 17 = (0,1,2,1,2,0,0,0,2,1) with the final three residues removed. &
Let T € J()A) and let A be the node of A labeled by d in T. Following [BKW], we define

the degree of T inductively by:

dA(/\) + deg(T<d_1) if d > 0,
deg(T) = -

0 itd=0.

Example II1.4.4. Consider the partition A = (3,2,12) and the M-tableau T given in Figure 14.

12| 1/2]5]

BENE
(&)
W
~

Figure 14: Left: The residue diagram for A = (3,2,12). Right: A standard A-tableau T.

To calculate the degree of tableau T we must inductively calculate the degree of each node

in T starting with the node labeled by 7 and working backward.
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Starting with the O-node A; = (2,2) which is labeled by 7, we can see that there is one

removable 0-node below (2,2) and no addable 0-nodes below it. Hence d4, = —1.

We then remove this node from the diagram and consider the 0-node Ag == (4, 1) labeled by

6. There are no addable or removable 0-nodes below this, hence d4, = 0.

Next, we remove Ag and consider the 2-node A5 = (1, 3) labeled by 5. There are no addable

or removable 2-nodes below Ag, hence d4, = 0 also.

After removing As we must consider the 1-node A4 = (3,1) labeled by 4. There are no
addable or removable 1-nodes below Ay that are left in the diagram (since we have removed

A5, Ag, and A7), thus dA4 =0.

Now we remove A4 and consider the 2-node Az = (2,1) labeled by 3. Once again, there are

no addable or removable 2-nodes below As, so da, = 0.

Next we have the 1-node Ay = (1, 2) labeled by 2. There are no addable or removable 1-nodes
below As, thus da, = 0.

Finally, we are left with the single O-node A; = (1,1) labeled by 1. There are no addable or

removable O-nodes below A;, hence d4, = 0.

Having gone through this process, the degree of the tableau T is exactly

7

deg(T) = ZdA; =-1.

=1
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CHAPTER 1V

GRADED REPRESENTATION THEORY

In this chapter we lay the foundation for stating the main problem which this paper strives
to solve. In Section IV.1, we discuss the graded representation theory of a Z-graded algebra in
general. In particular, we explain the connection between graded representation theory and the
usual one. In doing so, we discuss the categories of finite dimensional graded representations and
finitely generated projective graded representations.

Then, in Section IV.2 we study the (ungraded) representation theory of Hy by defining a
set of explicitly defined Specht modules and explaining that the complete set of finite dimensional
irreducible Hg-modules can be realized as quotients of these Specht modules. We add the Z-
grading to the story in Section IV.3 and explain how to ‘grade’ the Specht modules and the finite
dimensional irreducible modules so that we may study their structures as graded Hg-modules.

In Section IV.4, we define the graded character of a graded Hy-module. We also describe
the graded character of each explicit Specht module. Then, in Section IV.5 we define the graded
decomposition numbers for Hy and state some known results about them. We then carefully state

the main problem that this paper solves.

IV.1 A General Picture

The main drive of this paper is to study the graded representation theory of the group
algebra of the symmetric group and the Iwahori-Hecke algebra. It is known that all of the
irreducible modules over finite dimensional Z-graded algebras are ‘gradable.” Thus, in studying the
graded irreducible modules we ‘do not lose any information,” but actually gain additional insight
into the structure of the ungraded irreducible modules. To be more precise about this, we will

briefly discuss graded representation theory in more generality.
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We will always use the term ‘grading’ to refer to a Z-grading. Let H be a graded F-
algebra and let H-Mod denote the abelian category whose objects form the set of all graded
left H-modules, and whose morphisms are degree-preserving module homomorphisms, denoted by
Hom. Let Rep(H) denote the abelian subcategory of all finite dimensional graded H-modules and
Proj(H) denote the additive subcategory of all finitely generated projective graded H-modules. We
denote the corresponding Grothendieck groups by [Rep(H)] and [Proj(H)]. We can view [Rep(H )]

and [Proj(H)] as Z[q, ¢~ ']-modules by setting

where V{m) denotes the graded H-module obtained by shifting the grading up by m so that
V<m>n = VYn—m>

for each m,n € Z.

For any graded H-modules, V and W, and any integer n € Z we let
Homp(V,W), := Hompg(V{(n), W) = Homg(V, W({—n))

denote the space of all homomorphisms that are homogeneous of degree n. Thus, if § €

Homg (V, W), then 0(Vy,) C Wy, for all m € Z. We then set

HOMp (V, W) := @5 Homy (V, W),
necz

Given any finite dimesional graded vector space V = &P Vin, we define its graded dimension

mecZ

by an explicit Laurent polynomial

qdim V := 3 (dim Vi, )g™ € Zlg, 7).
meZ

Then, there is a canonical Cartan pairing

(-, .) = [Proj(H)] x Rep(H)] — Zg,q7"],  {[P],[V]) = adim HOMg (P, V).
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Note that the Cartan pairing is sesquilinear (meaning that it is anti-linear in the first position and
linear in the second).

‘We denote the category of finite dimensional ungraded H-modules (resp. finitely generated
projective ungraded /{-modules) by Rep(/) (resp. Proj(/)) and we denote the morphisms in these
categories by Hom. Given a graded H-module V, we write V for the ungraded module obtained

by forgetting the grading. Then for V,W & Rep(H) we have

Homy (V, W) = HOMpy (V, W).

LN

In addition to this nice fact, the following standard lemmas show, informally, that in studying
graded representation we do not lose any information from ungraded representation theory, but

actually gain information from the additional structure.

Lemma IV.1.1. [NV, Theorem 4.4.6 and Remark 4.4.8] If V is any finitely generated graded

H-module, then the radical of V is a graded submodule of V.

Lemma IV.1.2. [NV, Theorem 4.4.4(v)] If L ¢ Rep(H) is irreducible, then L & Rep(H) is

irreducible as an ungraded module as well.

Lemma IV.1.3. [NV, Theorem 9.6.8], [BGS, Lemma 2.5.3] Assume that H is finite dimensional.
If K ¢ Rep(H) is irreducible, then there exists an irreducible L &€ Rep(H) such that L = K.

Moreover, L is unique of to isomorphism and grading shift.

IV.2 Representation Theory of Hy

In [GL], Graham and Lehrer introduced the concept of cellular algebras. They also showed
that the Kazhdan-Lusztig basis for Hy is a cellular basis thereby proving that Hy is a cellular
algebra. Dipper, James, and Mathas [DJM], then exploited the cellular structure to reconstruct a
special family of Hg-modules {S(u) | pt € Py}, labeled by the partitions of d, called Specht modules.
The original construction goes back to Dipper-James [DJ], although the Specht modules defined

in [DJ] are different from those in [DJM]. Here we follow the conventions of [DJM].
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For a more complete treatment of the following, please refer to [DJM]. There is a cellular

basis for Hy as an IF-module, different from that defined by Kazdhan and Lusztig,
M= {mry | T,U € T (u); p € Pat,

which is in bijection with pairs of standard p-tableaux for each p € P4. In the special case when
T and U are both taken to be T#, we denote the basis element s 1 by m,,.

For each partition p € Py, we define an F-submodule of H, denoted by N* that is spanned
by {mry | T,Ue T(\);A € Py A2 p}. Set z, = (my -+ N¥)/N”, to be the coset representative of
m, in Hy/N". The Specht module, (1), is then the submodule of Hy/N" given by S(u) = 2, Hy.

The Specht modules are examples of cell modules which implies the existence of a nice

cellular basis

{CrlTe T(W} (ke Pa)

parametrized, in this case, by the set of standard u-tableaux. In Section IV.3, we will see a different
cellular basis which is well-suited to the task of ‘grading’ the Specht modules.

Since Hy is a cellular algebra, the cellular structure also provides an explicit bilinear form
{,) which acts on cell modules, hence on Specht modules. Let rad S(p) denote the radical of S{u)
under this bilinear form. We define D(u) := S(u)/rad S(x). In the case when D{u) # 0, the
quotient D(p) forms the irreducible head of S(u).

If ¢ = 0, then D(p) = S(u) for all p € Py and the set of Specht modules, {S(u) | 4 € Pa},
is a complete irredundant set of the irreducible Hg-modules. In the more interesting case e > 0,
the head D(u) of S(u) is non-zero (and therefore irreducible), provided 1 € RPg4, and the set

{D(u) | £ € RPg} is a complete irredundant set of the irreducible Hy-modules.

IV.3 Graded Representation Theory of Hy

As seen in Section I1.4, the algebra H, has an explicit grading (see also [BK1]). Therefore
we may speak of graded Hy-modules. Theorem I[1.4.1 also implies that H,; has a graded anti-
automorphism

®: Hqy — Hy, 6(1) = €(i), Yr = Yp,  Ys Vs
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for all admissible 7, s, and 4. In [BK3, §2.7], this anti-automorphism leads to the introduction of
a graded duality, denoted by ®, on the set of finite dimensional graded Hy-modules, sending each
module V' to

Ve .= HOMg(V,F),

with the action defined by

(zf)(v) = f(vz®) weV, feV® xcH,.

Since Hy is a finite dimensional graded algebra, it follows from the discussion in
Section IV.1 that each irreducible module D(u) can be graded uniquely up to a grading shift.
Khovanov and Lauda [KhL, §3.2] point out that there is a preferred choice of grading which makes

each module self-dual with respect to the graded duality ®. This leads to the following result:

Theorem IV.3.1. [BKS3, Theorem 4.11] For each p € RPg4, there exrists a unique grading on

D(p) which makes it into a graded Hg-module such that

D(u)® = D(p).

Moreover, the set of modules

{D(u){m) | p € RPa, m € Z}

forms a complete irredundant set of the finite dimenstonal irreductble graded Hz-modules.

In [BKW], Brundan, Kleshchev, and Wang exhibit a new explicit (cellular) basis for each
Specht module
for [Te Z(T)} (k€ Pa)

There are two major advantages which the vectors vr enjoy, which the natural cellular basis vectors

Cr do not. First, the vectors vy are actually weight vectors:

Lemma IV.3.2. [BKW] Let p € Pg and T € (). Then vy is an element of the weight space
S()ir = e(i')S(p).
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Secondly, they are homogeneous with respect to a grading of S(u) as an Hg-module. Recall
the notion deg(T) which defined the degree of a standard p-tableau (see Section II1.4). We can

then define the degree of vr to be

deg(vr) := deg(T).

With the grading defined on S(4) in this way, the natural projection S{u) — D(u) is actually a
degree zero map for all y € RP,. The following result also shows that this grading of S(u) as a

vector space is compatible with the grading on Hy.

Lemma IV.3.3. BKW] Let p € Py and T € T (p). For each r, the vectors yrvr and vy are

homogeneous, and we have that

e(t)ur = 6; vt (iel?),
deg(y,vr) = deg(y,) + deg(vr) (1<r<d),
deg(yrvr) = deg(wre(iT)) + deg(vr) (1<r<d).

In particular, our grading makes S{(p) into a graded Hg-module.

While we may realize the finite dimensional irreducible H; modules as quotients of
the explicit Specht modules, there is, as yet, no nice way of describing irreducible modules
independently. More specifically, there is no known basis for D(u), nor is even the dimension
of D(u) known in general. Certainly we would like to find answers to these questions. Oné nice

way of approaching these problems is through a study of graded characters.

IV.4 Graded Characters

Recall that for V = P Vin € Rep(Hy), we defined the graded dimension of V to be

mezZ
qdimV = % . (dimV,,)¢™ ¢ Z[g,q" '] . Let € be the free Z[g, ¢~ ']-module on I¢. Given a

finite dimensional graded Hz-module V', we define its graded character to be
chy V=Y (qdimV;)-4€ %,
el

The graded character of an Hy-module formally keeps track of the graded dimension of each

weight space of the module. Observe that grading shifts can also be kept track of via the graded
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character as chy V(m) = ¢™ch, V for all V € Rep(H). The graded character of D(u) keeps track
of more information than simply the dimension of D(u). Thus, we will answer the first of our main
questions by finding the graded character of D(u) for each u € RPy.

The homogeneous basis and associated grading of Specht modules described in Section IV.3

implies that the graded characters of Specht modules are as follows:

Theorem IV.4.1. [BKW, §4.3] Let u € Py. Then

chy S(p) = Z qes™gT,
TET (1)
Remark IV.4.2. In particular, observe that ch, S(it) depends only on 1 and e as these are enough
to completely determine the set 7 (u) and the degrees deg(T) for each T € J(n). Thus, given
two Hecke algebras with the same quantum characteristic e, the graded character chy S(u) will be

exactly the same for each.

Example TV.4.3. Let i = (2,1%). Then there are exactly 5 standard p-tableaux as parametrized

by the label which appears on the node (1,2), see Figure 1 below.

112] [1]3] [114] [1]5] [1]6] 0]1]
3] 2] 2 2 2 2]
4 4 3 3] 3 nl
=1 =1 5 4] @ 0]
6] 6] 6] 6] 5 2]

Figure 1: Left: The set 7 () for u = (2,1%). Right: The residue diagram for u = (2, 14).

On the right of Figure 1 we also have the residue diagram for ;. Labeling these tableaux Ty, To, Ts,
T4, and T from left to right then the residue sequences for these tableaux are it = 0,1,2,1,0,2),
i =(0,2,1,1,0,2), 4" = (0,2,1,1,0,2), i"* = (0,2,1,0,1,2) and i"® = (0,2,1,0,2,1). We may
also calculate the degree of each tableau, following Example I11.4.4, to find that deg(T1) = 0,
deg(T2) = 1, deg(Ts) = —1, deg(T4) = 0, and deg(Ts) = 1. Thus, the graded character for S(u) is

chy S(p) = (0,1,2,1,0,2)+(g+q ') (0,2,1,1,0,2)+(0,2,1,0,1,2)+4(0,2,1,0,2,1). &
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By extending the bar-involution from Z[g,q7!] to € so that 1 = 4 for all 4 € I¢, we may
interpret graded duality & as the bar-involution on graded characters, i.e chq V® = ch, V. The

fact that each irreducible module D{u) was self-dual implies that:
Theorem IV.4.4. [BK3, Theorem 4.18(3)] Let A € RP4. Then chy D(X) is bar-invariant.

Since each Specht module is an explicit finite dimensional graded Hg-module, it is also
natural to ask how each Specht module decomposes into a sum of irreducible D{u)’s. Answering

this question is equivalent to finding the graded decomposition numbers.

IV.5 Graded Decomposition Numbers

For p € Py and A € RPy, we define the corresponding graded decomposition number to

be the Laurent polynomial

dup = dup(9) = Y amd™ € Lxolg, 47",
mEZ

where ap, is the multiplicity of D(A)(m) in a graded composition series of S(u). We refer to
{dux | 4 € Pg, A € RPy} as the graded decomposition numbers for Hy. We are now prepared to

state the main problem which this paper solves.

Main Problem IV.5.1. Cualculate the graded decomposition numbers for Hy:
{dp,,,\ l o e ’Pd, AE R’Pd}.

In Section V1.2 we describe an algorithm for solving this problem in general. We can relate

the graded characters of S(u) and D(\) for A € RPy4 via the system of equations:

chg S(u) = > duachy D) (n € Pa). (IV.1)
AERPy

Note that the graded decomposition numbers are g-analogs of their ungraded counterparts,
meaning that d,, »(1) is the usual (or ungraded) decomposition number. The following result then
easily follows from well-known facts in the ungraded setting and the fact that the natural map

Sy — D(u) is of degree zero. Recall that M (1) is the set of moves for u (see Section 111.2), then:
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Theorem 1V.5.2. Let A € RPg and u € Py. Then
(i) dpy = 0 unless A € M(u).

(ii) dy o = 1.

By Theorem IV.5.2, the graded decomposition matrix (d,, ») is unitriangular. Thus, the
knowledge of the graded decomposition numbers actually implies the knowledge of the graded
characters of the irreducible Hg-modules. The converse is also true since the graded characters
of the irreducible Hy-modules are linearly independent, see e.g. [KhL, Theorem 3.17]). Thus, in
decomposing the Specht modules, we will also be finding the graded characters and dimensions of
the irreducible Hg-modules.

The following key fact is special for the case char[F = 0. This is the important additional

fact which allows us to run our algorithm in characteristic zero, but not in characteristic p.

Theorem IV.5.3. [BK3, Theorem 3.9 and Corollary 5.15] Let charF =0, A € RP, and u € Py.

If p # A, then dyx € gZ>olq].
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CHAPTER V

THE LADDER WEIGHT

In this chapter we define the ladder weight for an e-restricted partition A and describe its
nice properties. To do so, we start in Section V.1, by defining the bottom removable sequence for
A. Then, in Section V.2 we prove the main dominance lemma for e-restricted partitions and their
bottom removable sequences. It is this structural lemma which provides the basis for the useful
properties of the ladder weights.

In Section V.3, we give the explicit definition of the ladder weight, 7 | for any e-restricted
partition A and then prove that it has several nice properties. In particular, we also define the
explicit Laurent polynomial ry which gives the exact multiplicity of 3 * within the graded characters
of both the Specht module S(A) and the irreducible module D()). Finally, in Section V.4, we set up
the notation for the multiplicity of 7 * in any graded Hg-module V and collect the nice properties

of j)‘ into statements about its multiplicity in various graded characters.

V.1 The Bottom Removable Sequence of A

Fquation IV.1, which we hope to solve for the graded decomposition numbers, is actually
a system of equations for u € Py and the various weight spaces ¢ € I¢. The complete system is
somewhat difficult to get a handle on, so we need a way to reduce to special weight spaces which
make the system of equations simpler, but still keep track of the decomposition information. More
precisely, we need to reduce Equation IV.1, which relates graded characters, to an equation which
only relates Laurent polynomials. The special weights which allow us to do this are called the
“ladder weights.”

Recall the notion of ladders laid out in Section I11.3. For A € RPy, let t = ¢, be the index

of its bottom ladder, and r;(\) = |A N L;|. Denote the set of nodes of A that lie on ladder L; by
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ANLy = {A,,..., Ay} Order the nodes of this set so that A, is below A; whenever u < s.
Observe that all of the nodes in this set are actually removable. In fact, the bottom node in this
set, A1, is the bottom removable node of A (see Section III.1).

For the purpose of induction, it is natural to remove this bottom removable node. However,
if X is e-restricted, then the new partition A4, = A\ {41} may not be. Looking at a few examples,
we can quickly see that A4, will still be e-restricted if and only if A; is the only node in the set
AN L. It follows that, if we wish to maintain the “e-restrictedness” while removing the bottom
removable node, then we must actually remove the entire set of nodes A N L;. We therefore refer
to the sequence A = (Ay,..., A, ())) as the bottom removable sequence of A. Recall that since all
of these nodes lie on a single ladder, Ly, they all have the same residue which we refer to as the

residue of the bottom removable sequence.

Example V.1.1. Let A = (8,7%,6,5,3,1) with e = 3. Figure 1 shows the residue diagram for .

ol1]2lo[1]2]0]1]
2|0[1]2]0[1]2
112[0[1]2]0 1
o|1]2]o[1][2]o0
2/0/1]2]0 1
112]0]1]2
0[1/2

2]

Figure 1: The residue diagram for the partition A = (8,7°,6,5,3,1).

Let A, = (8,1), Ay = (7,3), and A3 = (6,5) be the 2-nodes in the bottom ladder. Thus, the
bottom removable sequence for A is A = (A;, Ag, A3) and the residue of the bottom removable
sequence is 2. Observe that if we wish to remove A;, the new partition A4, will no longer be
e-restricted because (A, )7 — (Aa,)s =3 —0 =23 £ e. This can seemingly be ‘fixed’ by removing
the next 2-node A, as well. However, this simply shifts the problem from the difference between
rows 7 and 8 to that between rows 6 and 7. Thus, we must also remove the final 2-node, As, as

well if we wish to maintain the property of being e-restricted. <&
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V.2 A Dominance Lemma

The bottom removable sequence for an e-restricted partition A € RPy is compatible with
the standard dominance order ‘<’ in a fundamental way. We can make this statement more
precise with the following technical result, which generalizes Lemma 1.1 in [KS]. As alluded to at
the beginning of this chapter, it is this fundamental result which provides the foundation for all of

the useful properties of the ladder weights.

Lemma V.2.1. Let A € RPy and p € Py, with Adu. Let A = (Ai,...,A,) be the bottom
removable sequence for A, and i be its residue. If B = {By,...,B,} is any set of r removable

i-nodes for u then Aadup

Proof.  Let Ag < pup. We need to show that A <. Let A,, be in row j,, of A, and let B, be in
row Iy, of pfor m =1,...,r. By our convention j,, = j1 — (m — 1) for 1 < m < r. We may also
assume that Iy > --- > [,.

Let A™ = AM\{4m+1, ..., 4Ar} and g = u\{Bm+1,..., By} for 0 < m < r. Then it suflices
to show by induction on m = 0,1,...,r that A™ < ™, with the induction base case, m = 0, being
our assumption.

Let m > 0 and assume by induction that A™~! < z™~1, Note that

ox (A1) k< i,
O'k(/\m) =

oA 41 i k> G,

ok (™) if k<1,
or(p™) =

o™+ 1 i k>,

Since ™1 <4 ™1 we deduce that

or(u™) > o (™) (for k>l or k < jm).

Observe that since A was the bottom removable sequence, it follows that j; is the bottom
non-empty row in A. Since A is e-restricted, we know also that res (7; +1,1) # 4. Furthermore, we

have that row j; 4+ 1 is empty in A 4, which implies that it is empty in up as well since Ag Jup.
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Since B, is an addable i-node for up, it follows that I; < j; + 1. Since jp, = 51 — (m — 1)
and I, < [,_1 for all 1 < n < r, it follows that I,, < 7,,. Thus, for all k, we have that either
k < jm or k > I, which gives us that o,(u™) > 05 (A™) for all & > 0. Hence p™ > A\™ which

completes the proof. O

Informally, the bottom removable sequence A = (A4,..., A,.) for A is the ‘lowest addable’
sequence of (exactly 7) i-nodes for A 4. That is, there is no way to add exactly r i-nodes to A4 and
arrive at a partition v with v <4 A. From this point of view, the lemma is quite natural. If Aa <pup

then certainly we should have A <Q u since the set A is the lowest addable sequence of r i-nodes.

V.3 Definition and Properties of jA

Let A € RP,4 have bottom removable sequence A = (A, As,..., A,) and define the ladder
weight j* = (71,...,Ja) inductively as follows: jg = res A, and (j1,...,J4-1) = 4247, Thus, if
1 = res A is the residue of the bottom removable sequence, then j * has i as its final r residues.

Note that the idea that ladders play a fundamental role also appears in [LLT, §6.2].

Example V.3.1. In practice, we find the ladder weight 7 A by reading off the residues along each
ladder, starting with the top ladder and working our way down. That is, if Ly,..., L; is the set
of ladders for A, 7, = rp(A) = AN Ly, and iy, = ves Ly, for each m = 1,...¢, then the ladder
weight §* will be

A L . L
J :(Zl>7'27~'~7Zm7-~>7'm71m+1,~~):
e —

Tm times
where the residue i, appears r,, consecutive times for each m.

Recall the partition A = (4, 3,2, 1) which has the residue diagram given in Figure 2.
2|0
1

Figure 2: The residue diagram for the partition A = (4, 3,2,1).

N O
O | —

—
N

=]

By reading off the residues along each ladder from top to bottom, we end up with the ladder weight

3 =(0,1,2,2,0,0,1,1,2,0). &
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Of course, we are interested in the ladder weight j’\ because it has a few remarkable
properties. Informally, the set of ladder weights {j’\ | A € RPy4} is actually enough to encompass
all of the graded decomposition information. To see this more explicitly, we first need the following

result, which shows that j’\ exhibits a nice triangularity condition.

Theorem V.3.2. Let A € RP4 and p € Py, with piEX. Then 37 does not appear in chy S(u). In

particular, if p is e-restricted, then j> does not appear in chy D(p).

Proof.  We apply induction on d, the base case d = 0 being clear. Let d > 0 and suppose for a
contradiction that ¥ = j* for some T € Z(y). Let A = (4y,...,A,) be the bottom removable
sequence of A and let 7 = res A be its residue. Let B = {By,..., B;} be the nodes of u labeled in
Twithd,d—1,...,d — 7+ 1. Since i* = j’\ we have that res By = -+ = res B, = 7. Thus, B is
a set of r removable i-nodes in u. Let T € J(up) be the tableau obtained from T by removing
Bq,...,B.. Then 7= j’\A, whence j’\A appears in chy S(ug). By the inductive assumption,

uB > Aa. Now, by Lemma V.2.1, u B> A, which is a contradiction. 0

This triangularity condition works in conjunction with the triangularity condition on the
graded decomposition numbers to imply that, in fact, 4> does appear in chy D(A). The hope is thus
to use various ladder weights as ‘indicators’ of whether ch, D()) appears in the decomposition of
chy S(). Unfortunately, the weight 4% can (and does) appear in other graded characters chy D(v)
for v A, so we actually need a little bit more information. More specifically, we would like to know
the multiplicity of 7 X in chy D(A) explicitly. An explicit multiplicity is obtainable, and follows from

the following technical result.

Lemma V.3.3. Let A € RPy and set t =tx, 1oy = m(A), By =711+ + 7, and A(m) = AN

(LyU---ULy,) form > 0. IfT € F(\) hasi" = j* then for each m > 0 we have sh(T<g, ) = A\(m).

Proof.  We apply induction on m > 0 with the induction base m = 1 being clear ag 7, = 1.
Let m > 1 and assume that sh(T<g, ,) = A(m — 1). Letting B denote the set of nodes in
sh(T<g,,) \ sh(T<r,,_,), it suffices to prove that B = AN L,,. Since |B| = |AN0 L,,| = 7, it is
enough to prove that B C AN L,,. Observing that B is contained in X it then remains to show that
B C L,,. Observe that the nodes of B must have residue res L,, since 4° = 5. We know also that
none of the nodes in B belong to any of the ladders Ly, ..., Ly, since sh(T<pg,, ,) = A(m —1).

We conclude that B C L,,, completing the inductive step. O
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This technical result describes how a standard A-tableau, T € Z (1)), must be labeled in
order to have its residue sequence satisfy i* = j)‘. Any such tableau must label the nodes so that
ifAc AN L, and B € AN L, with n > m, then the label on A must be less than the label on B.
In other words, while labeling a A tableau T, the ladder L,, must be completely labeled (in any
way) by the lowest labels available, before moving on to the next ladder L,, 4.

Let A € Py and set t = ¢y and 7, = 7, (A) for m > 0. We define
Ty = [rl]; [rg]; [’I‘t];. (V.1)

Theorem V.3.4. If A € RPy then j’\ has multiplicity ry in chy S(A).

Proof.  We must describe the complete set of A-tableau {T € F(\) | i* = 5*}. Lemma V.3.3
implies that for any tableau T in this set, the numbers d,d — 1,...,d — r, + 1 must appear in
the bottom removable sequence A = {A,,..., A4, } for \. Moreover, within this ladder, all r;!
possible permutations of those labels are valid. Since ) is e-restricted, Lemma I11.3.2 implies that
all ladders are bottom complete for A, and thus the possible labelings of A give a contribution of

exactly [rt]; to the multiplicity of 5* in ch, S()). The result then follows by induction on d. O

Corollary V.3.5. If A € RP, then j has multiplicity ry in chy D(A).

Proof. By Theorem V.3.4, j)‘ appears in ch, S(A) with multiplicity r5, and by Lemma V.3.2, i
does not appear in ch, D{p) for p <t A. By Theorem IV.5.2, the composition factors of S()) are of

the form D(p) for g < A, thus the result follows. ni

In two special cases, where we have further restrictions on the shape of the partition A,

we can be more explicit.

Corollary V.3.6. Let A € Py be a partition with \; < e. Then 7 has multiplicity 1 in chg S(A)
and in chy D(A).

Proof. Observe that \; < e implies that r,, < 1 for all 1 < m < t). The result then follows

directly from Lemma V.3.4 and Corollary V.3.5. O

Corollary V.3.7. Let A = [k , lkz, ...) be an e-restricted partition with [y = e and l; > l;11 for
1 sl2

i > 1. Then the multiplicity of 7 in chy S(\) and in chy D(N) s ([2)4)%.
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Proof.  Use Lemma V.3.4 and Corollary V.3.5 and the fact that A has exactly k; ladders of size

2, the remaining ladders of A having size at most 1. O

For each A € RPg4, we now have an explicit multiplicity ry for 5 * in chg S(A) and
chy D()). This will allow us to take the explicitly calculated multiplicity of * in ch, S() and find
complete copies of r) within it. Recall the system defined by equation IV.1 which expresses the
decomposition of S(u) in terms of graded characters. Using this idea, we now reduce this system

to solving a single equation for each of the distinguished ladder weight spaces.

V.4 Ladder Weight Multiplicity

Let V be a finite dimensional graded Hy-module. For any A € RP4 define m (V) to be

the multiplicity of 4 in ch, V. We then collect the important properties of the function my.

Theorem V.4.1. Let A € RPy, it € Py, and V be a finite dimensional graded Hy-module. Then:
(1) ma(V) € Zxolg, g7,
(i) if ma(V) = 0 then [V : D(X)] = 0;
(i) ma(S(A)) = ma(D(N)) = 7,

(iv) ma(S(u)) = 0 unless A € M(u);

(v) if p € RPy, then my(D(u)) =0 unless A € M(p);

(

Vl) ( ( )) = Z du,um/\(D(V)) + du,)\'r'/\~

PERP4NM (1)), v#£M
Proof.  Recall that the graded character of a graded Hy-module is a formal sum of weights with
the coefficient of a weight 2 equal to the graded dimension of the weight space V;. As such, it is
clear that the multiplicity of any particular weight must be in Zx[g, ¢ '] proving (i).

Part (iii) is a restatement of Theorem V.3.4 and Corollary V.3.5. Now, (i) and (iii) imply
that if D()) is a composition factor of V', then 4 must appear in chy V' proving (ii).

To see (iv), assume that A ¢ M(u). Then either A % u or Adp. In the first case it
follows from Theorem IV.5.2 that my(S(p)) = 0, and in the second case the same follows from
Theorem V.3.2. Now (v) follows directly from (iv) and (i).

Finally, (vi) follows from (i), (iil), (v), and Theorem IV.5.2 |

Theorem V.4.1(ii) and (iii) make precise the way in which we may think of the ladder

weight % as an ‘indicator’ for the irreducible module D(X). Note that part (vi) is exactly the
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reduction of equation IV.1 to the j’\—weight space that we were after. In the next section, we
introduce our main algorithm which allows us to solve this system of equations for the graded

decomposition numbers by induction.
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CHAPTER VI
THE ALGORITHM

In this chapter we describe the Main Algorithm which solves the problem of computing
the graded decomposition numbers for Hy in general. Our algorithm gives an inductive process by
which we may reduce the problem to solving a single equation in the ladder weight space 7 *. This

type of equation can be solved more generally as explained in Section VI.1 below.

VI.1 Basic Algorithm

Our Main Algorithm will ultimately reduce to solving the following basic problem, thus

we will begin by describing an easy algorithm for solving this problem.

Problem VI.1.1. Suppose d(q) € qZ[q], and m(q),r(q) € Z[q,q~*] are such that m(q) = m(q),

r{g) =7r(q), and r(q) # 0. If d(q)r(q) + m(q) is known and r(q) is known, find d(q) and m(q).
Remark VI.1.2. It is easy to see that Problem VI.1.1 has a unique solution.

We now explain an inductive algorithm to solve Problem VI.1.1. Clearly, if we have
d(g)r(q) + m(q) = 0, then d(q) = m(q) = 0 by uniqueness. If d(q)r(q) + m(q) # O then we can

write it in the form
M
d(g)r(g) +m(g) = > ang® (-N<M;a_.n#0,ay #0).
n=—N

Note that the assumptions imply that M > 0 and M > N (but we might have N < 0if m(q) = 0).
The algorithm proceeds by induction on the pairs of non-negative integers (M, M + N) ordered
lexicographically. The induction base is the pair (0, 0) where d{(¢q) = 0 and m(q) = ag by uniqueness.
Let (M, M + N) > (0,0). This implies M > 0. We denote the top term of 7(q) by bg”, and note

that R > 0 since r(q) is bar-invariant. We now consider two cases.
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Case 1: M > N. As m(q) is bar-invariant, the term ap¢™ must come from d(q)r(q).

Thus ¢£¢™~# is a term in d(q). Setting

we are reduced to solving the basic problem for d’(g)r(q) +m{q). Note that the conditions required
in Problem VI.1.1 still hold since d’(q) € ¢Z[q|, but for this new equation we have M’ < M, so we
are finished by induction.

Case 2: M = N. As d(q) € qZ[q], the term a_ng~ " must therefore come from m(q).

Since m(q) is bar-invariant, a-. ¢ must be a term in m(q) also. Setting
m'(q) = m(q) — (a_nvg " + a-ng"),

we are reduced to solving the problem for d(g)r(g) + m'(¢). Note that the conditions of Prob-

lem VI.1.1 still hold, since m/(q) = m’(q), but we now have M’ < M and M’ 4+ N’ < M + N, so

we are again finished by induction.

Example VI.1.3. Suppose that r(q) = ¢ + ¢~ %, d(q) € qZ|g], m(q) = m(q) and that
d(g)r(q) +m(q) =6¢ 72+ 272 + ¢ 1+ 4+ 2¢ + 6% + 7¢°.

To start, M = N = 3, thus the term 6¢3 must come from m(q). Since m(q) is bar-
invariant, the term 64> is also part of m(q). Setting m/(q) = m(q) — (673 + 6¢>) and we are left
with solving

d(Q)r(q) + m'(q) =2¢ 2+ 4+ q+6¢> + ¢

Now M =3 and N = 2, so the top term ¢* must come from d{(q)r(q), so gqf = q? is a term
in d(g). Thus, the term ¢%(q + ¢~ !) = ¢ + ¢ is a term in d(q)r(q). Setting d’(q) = d(q) — ¢* we
are left with solving

d'(g)r(q) + m'(q) = 2¢7% + 44 6¢°.
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Now M = N = 2, so the term 2¢™2 must come from m/'(q), meaning that the bar-invariant

term 2¢7% + 2¢* is in m/(q). Setting m”(¢) = m’(q) — (2¢72 + 2¢?) we are left with solving

d'(q)r(g) +m"(q) = 4+ 4¢°.

Now M = 2 and N = 1, so 4¢% must come from d'(¢)7(q). Meaning that 4q is a term in
d'(q). Thus 4q(q+q~1) = 4¢% + 4 is a term in d’(q)7(q). Setting d”(¢q) = d'(q) — 4q we are left with
d"(q)r(g) + m”(q) = 0. Thus d”’(g) = 0 = m”(g) by uniqueness. We therefore have d(q) = ¢* + 4q
and m(q) = 673 +2¢7% + 2¢% + 64°. &

Remark VI.1.4. The condition that a given Laurent polynomial a(q) € Z[q,q '] can be de-
composed in the form a(q) = d(g)r(q) + m(q) where d(q), r(q), and m(q) satisfy the conditions
of Problem VI.1.1 is non-trivial. More specifically, if 7(¢) is taken to be a bar-invariant Laurent
polynomial that is not a constant polynomial, then most arbitrary Laurent polynomials a(q) will

not satisfy this condition and therefore cannot have the algorithm applied to them.

VI.2 Main Algorithm

From now on we assume that charIF = 0. If e = 0, then the Specht modules are irreducible,
so we also assume that we are in the interesting case e > 0. That is, we deal with the case of the

th oot of unity.

Iwahori-Hecke algebra over a field of characteristic zero with parameter a primitive e
Under these assumptions, we now describe an algorithm for computing the graded decomposition

numbers of Hy.

Remark VI.2.1. The algorithm relies heavily on Theorem IV.5.3, which is why we need the

critical assumption that charlF = 0.

Let u € Pg and A € RP4. We will compute d,, by induction. However, this induction
requires us to keep track of some extra information. By Theorem IV.5.2(1), A & M(u) implies
dyx = 0, so we assume A € M(u). We now calculate d, » and mx(D(x)) by induction on the
distance {(u, M) (see Section I11.2). Of course, my(D(u)) only makes sense when (4 is e-restricted,
so we interpret this term as zero if ugRP4. Induction begins when [(¢, A) = 0, hence p = A, and

we have d,,, = 1 by Theorem IV.5.2(ii) and m,(S(u)) = r, by Theorem V.4.1.
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Let I(p, A) > 0, so u>A. By induction, we know the graded decomposition numbers d,, ,, for

v
all v € RPN M(u, A) with v # X and the multiplicities my(D(v)) for all v € RP4N M (p, A) with
v # p. To make the inductive step we need to compute d, » and, if u is e-restricted, my(D(w)).

If 14 is not e-restricted, then by Theorem V.4.1(vi), we have

1
dup = — | ma(S()) - > duamr (D)) |
A VERP4NM (p,A), v£EA
where all the terms in the right hand side are known by induction and Theorem IV.4.1.

Let u be e-restricted. By Theorem V.4.1(vi), we have

ma(D()) + du,ara = ma(S(w) — > dpma(D(v)),
VERPLNM (p,A), v£EN, v#p

where all terms in the right hand side are known by induction and Theorem IV.4.1. Note r) is
non-zero and bar-invariant, d,, x € ¢Z>¢[g] by Theorem IV.5.3, and mx(D(y)) is bar-invariant by
Theorem 1V.4.4. Hence, we are in the assumptions of Problem VI.1.1 with m(g) = mx(D(y)),
d(q) = d, x, and r(g) = r». Now we apply the Basic Algorithm described in the previous section

to calculate mx(D(u)) and d, » and complete the inductive step.

Remark VI.2.2. Inour algorithm, to calculate d,, » and m»(D(u)) one only ever needs to compute
dy,x and.m(D(v)) for pairs (v, k) such that {(v,x) < I(u, A) and v,k € M(p, A). For an example

of this type of calculation, see Section IX.2.
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CHAPTER VII

APPLICATIONS

The problem of calculating a closed form for the graded decomposition numbers is quite
difficult in general. However, we can calculate the graded decomposition numbers in a few special
cases. Here we will specifically treat the case of 2-column partitions which has also been studied
(in the ungraded setting) by James [J1]. In fact, in this situation we can also compute the
adjustment matriz which describes how to make precise the ‘reduction modulo p’ from the graded
decomposition numbers of Hy to those of the symmetric group algebra FX;. Note that work
has been done using this algorithm in the case of 3-column and 4-column partitions as well. For
examples of this work we refer the interested reader to [L].

In Section VII.1 we review the language of moves for two-column partitions and introduce
some new notation for this specific situation. More specifically, we introduce the definitions of
the size of a move as well as good and bad moves. We also introduce notation for keeping track
of various important residues. Then, in Section VII.2 we prove a few important technical results
regarding the multiplicity m(S(u)) when X is a good move or bad move for p.

Section VII.3 contains the description and proof of the graded decomposition numbers for

th_root of unity.

the 2-column partitions in the case of Hy(lF,£) when charF = 0 and £ is an ¢
Finally, in Section VII.4 we use some results of James [J1] for the group algebra of the symmetric
group in characteristic p to make sense of the ‘reduction modulo p’ alluded to in Section I1.3. We are
thus able to describe exactly how the irreducible modules over Hy(C, €2™"/P) split when passing to

FXY4 (where charF = p). This means that we can fully describe the graded decomposition numbers

for FX4 in this situation as well.
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VII.1 Two-column Partitions

A 2-column partition p € Py is a partition whose Young diagram has at most two non-
empty columns, thus it can be written in the form pu = (27,197%7) for some 0 < j < 4. Observe
that we choose to include the partition u = (1¢) in the set of 2-column partitions. Given any
2-column partition g = (27,197%7), we let 11(it) := res (d — j,1) and 49(p) := res (4,2) denote the
residues at the bottom of columns 1 and 2 respectively. It is also useful to keep track of the number
b() defined from 0 < b(u) < e and b(u) = ia(p) —i1(p) (mod e).

Observe that, if 4 = (27,147%) is a 2-column partition, then all of the moves for p are
also 2-column partitions and moreover, each move must be of the form A = (2%, 19-2k) for k < j.
Thus we may think of each move A € M () in terms of the number of nodes moved from column 2
in p to column 1 in A. We define the size of the move A to be |u, A| := j — k. The set of 2-column
partitions actually forms a totally ordered set under the standard dominance order. Thus, given
A € M(u), the set of moves between A and p is exactly the set of moves for p of smaller (or equal)
size, i.e. M(p,A) ={v e M(u)| |pv| < |u A}

We say that A € M(u) is a good move if |u, A| Z 0 (mod e), otherwise we say A is a bad
move. Observe that |y, A| = 43 (X) —41(u) (mod e). Thus a move A for y is a good move if and only
if 41 (A\) # 41(u). Note that every 2-column partition p admits a bad move, namely pu itself, but
not every partition admits a good move. The fact that the set of 2-column partitions is a totally
ordered set implies that if 4 admits a non-trivial move (i.e. M{(u) # {p}) then there’is a unique
non-trivial minimal move for u. We refer to this unique non-trivial minimal move as the smallest
move for . Moreover, if 1 admits a good move, which is necessarily non-trivial, then the smallest

move for u is a good move.

VII.2 A Few Technical Lemmas

To apply our algorithm to the case of 2-column partitions we need a few technical lemmas
describing the multiplicity m,(S(1)) as dependent on whether X is a good or bad move for p. To
start, given any e-restricted 2-column partition A, we describe a major portion of the labeling for

any 2-column tableau T such that % = j)‘ in the following corollary.
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Corollary VIL.2.1. Let ) := (2% 1972%) be e-restricted, with t 1= ty, 7 1= Tm(N\), Ry =
ri+eeetr,, and A(m) = AN (LU U Ly,) form >0 (as in Lemma V.3.3). Let u € Py be a
2-column partition, with u™> X and p(m) =pN (L U---U Ly,) form > 0. Setn:=1+k(e—1).

If T € F(u) is such that i* = §* then sh(T<g, ) = u(m) for all 1 <m <n.

Proof.  The important observation to make is that n is the exact index such that L, passes
through the node (k + 1,1). Thus, for all 1 <m <n we have u(m) = A(m). The result is now a

direct consequence of Lemma V.3.3. O

Remark VII.2.2. Corollary VII.2.1 implies specifically that for any 2-column partition u and

any standard p-tableau T with 4% = 47, we have sh(T<ok+1) = (25, 1).

Let p be a 2-column partition which admits a good move and let v be the smallest good
move. By computing a few examples, one can then observe that any other good move A for u
is necessarily a bad move for v. Conversely, any bad move for v is, in fact, a good move for u
as well. The smallest good move v for u turns out to play a dominant role in the decomposition
of S(u). The following result makes this statement more precise by describing a way to relate
the multiplicity m(S(u)), for an arbitrary good move A, to the multiplicity m(S(v)), where v

denotes the smallest good move for .

Lemma VII.2.3. Let u be a 2-column partition that admits a good move. Let v be the smallest

good move for u and let X = (2F,1972%) be a bad move for v. Then mx(S(n)) = q - mA(S(v)).

Proof.  Set b := b(\) and note that since A # (2%2), the final b residues in j* are exactly
ia(A) — 1,ia(A) — 2,...,41(A). Thus, for any standard A-tableau which gives the residue sequence
47, it must be the case that the numbers d,d—1,...,d—b-1 appear in the final b nodes of column
1. So we define A\° := (2k, 19-2k-b)

As X is a bad move for v, we have i;(A) = 41(v) and i2(A) = ix(v). If there exists a
tableau T € 7 (v) with 37 = § then the numbers d,d —1,...,d — b+ 1 must appear in the nodes
0, F = 1,1),...,(w¥ — b+1,1) respectively. As these are all nodes in column 1, it follows
that deg(T) = deg(T<q-s) for all such T. If we denote v’ := sh(T<4_p), then the previous discussion
shows that m)(S(v)) = m (S(¥'))

As v is a good move for u, we have 41(v) = ia(p), 12(v) = 41(p), and i1(v) # i2(v). Note

that since 41 (A) = 41(r) and i2(A) = i2(v), we have b > 0 and moreover, b is exactly |u, v|. If there
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exists a U € I (u) with ¢° = 4* then the numbers d,d — 1,...,d — b+ 1 must appear in the nodes
(ud,2), (pd~1,2),..., (uf —b+1,2) respectively (the final b nodes in column 2). Observe that these
nodes contain the residue io(A) —1 = 41 (1) — 1 exactly once. Hence we have deg(U) = ¢-deg(U<4_p)
for all such U. If we denote p' := sh(U<g—p), then this shows that m(S(u)) = ¢-mxe(S(1')). Since

b= |u,v|, it follows that v* = p’. Hence my(S()) = q - mx(S(v)). 0

Lemma VIL.2.4. Let A = (28, 1972%) and u = (27,197%) be partitions with A a bad move for .

Then mx(S(u)) is bar-invariant.

Proof.  Since A is a bad move for i, we have that i1(\) = i3 (u) and ia(A) = i2(u). Let T € T ()
be such that 47 = §*. From Corollary VIL2.1 we know that sh(T<gy 1) = (2¥,1). Moreover, the
possible ways of labeling (2%,1) and obtaining the proper start to j * produces the bar-invariant
coeflicient 7(o 1. Thus it suffices to show that deg(T) = deg(T<2x+1)-

Let a := i3(A\) + k mod e. Observe that res (k +1,2) = i5(A\) — 1 and this residue does not

appear in the set of a residues, {—k —1,...,—k —a = 42(u1)}, where k denotes k (mod ¢). This
forces the numbers 2k + 2,...,2k + 1 + a to appear in the nodes (k +2,1),...,(k+1+a,1) of T
respectively. Since these are all in column 1, we have that deg(T<or+1+4¢) = deg(T<ok+1). Observe
that starting with the (2k + 1 4 a) + 1** residue, the sequence j’\ proceeds sequentially starting
with the residue 42(u) — 1 = i3(A) — 1 and continuing downward.

Set b := b(1x) and note that b = b(\) also. Thus the final b residues of j* are exactly
ia(p) — 1,42(p) — 2,...,41(x). Hence, the numbers d,...,d — b + 1 must appear in the nodes
Wl n),...,(uf — b+ 1,1) of T respectively (the final b nodes in column 1). Since these are in the
first column, deg(T) = deg(T<g—p).

Since A is a bad move for u, by definition |g, A| = 0 (mod e). It follows that the nodes
(k+1,2),(k+2,2),...,(4,2), form a series of e-bricks with residues (ig(A) —1,i2(A) —2,...,i2(A)).
Note that the nodes (k+1+a+1,1),(k+1+a+2,1),...,(d—35—b,1), form a series of e-bricks
with the residues (i(A) — 1,...,42(A)) as well.

These two sets of e-bricks contain all of the nodes in T<y_p \ T<ort144. Since j’\ proceeds
sequentially, i¥ = j A implies that each e-brick must contain consecutive numbers in T. Thus by
Lemma 3.1.15 part (ii) from [BKW] (applied here in the transpose setting), none of these complete
e-bricks affect the degree of T. Therefore, we have shown deg(T) = deg(T<4_p) = deg(T<or+1+4a) =

deg(T<or+1) as required. O
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VIIL.3 Graded Decomposition Numbers for Two-column Partitions

Lemma VII.2.3 and Lemma VI1.2.4 and the algorithm in Section VI.2 allow us to prove

th

the following result in the case where £ is an e¢™-root of unity (recall that the algorithm requires

that we have charF = 0):

Theorem VIL.3.1. (Graded Decomposition Numbers for 2-column Partitions)

Let 1 be an e-restricted 2-column partition. Then

ch ¢ D(u) if o admits no good mowves,
ch ¢S(n) =
ch ¢D(p) + gch ¢D(v) if p admits a good move,

where in the second case, v denotes the smallest good mowve for u.

Proof.  We prove the theorem using our algorithm from Section VI.2. Specificially, we show that

for any e-restricted A < 1 we have

g if X is the smallest good move for p,
dur =191 if A=y,

0 otherwise,

and
0 if X is a good move for u,
mx(D(p)) =
ma(S(u)) if Ais a bad move for u.

As in our algorithm, we proceed by induction on the distance I(u, A). The induction
base is A = u where we have mx(D(A\)) = ma(S(A}) = r» by Theorem V.4.1, and dy» = 1 by
Theorem IV.5.2.

Let A # p. Theorem V.4.1(v) gives us that

ma(D()) + dyara = ma(S(p)) — > dyyma(D(v)). (VIL1)
VERPINM (,\), V#EXN, viu

Now we consider various cases:
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Case 1: X is a bad move for u. Let v € RPyN M(u, A) with p> v > A, This implies that
I, v) <Il(p,A). Thus, we know d, ,, and mx(D(v)) by induction. If v is a bad move for 4, then
dy,» = 0 so none of these terms will appear in the sum. If v is a good move for u, then we know
that A is a good move for v as well. Thus, we have that m)(D(v)) = 0, so none of these terms
appear in the sum either.

The above argument reduces equation VIL1 to mx(D(u)) + duary = ma(S{(n)). From
Lemma VIL.2.4, we know that mx(S(p)) is bar-invariant and thus our Basic Algorithm from
Section VI.1 implies that d,, y = 0 and m(D(n)) = ma(S(w)).

Case 2: X is the smallest good mowve for . Since the smallest good move for p must have
size < e, there are no v € RPyNM (i, A) with pt>v > A. Thus, there are no terms in the summation
in equation VIL.1 and we are left with my(D(p)) + dyara = ma(S(u)).-

Applying Lemma VII1.2.3 with v = A gives us that my(S(u)) = ¢-ma(S(N)) = ¢-rx. Thus
dux = ¢ and my(D(u)) = 0 by the uniqueness of the solution to Problem VI.1.1.

Case 3: X is a good move for p with |, A| > e. Let v € RPgN M {u, A) with u> v > A
If v is a bad move for p, then by induction d,,,, = 0 and none of these appear in the sum. If v is
a good move for p and A is a good move for v, then by induction my(D(r)) = 0, so these do not
appear in the sum either.

Suppose v is a good move for p and A is a bad move for v. If v is not the smallest good
move, then by induction dy ., = 0, so take v to be the smallest good move for . By induction we

have that d,, , = ¢, so equation VII.1 may be reduced to

ma(D(p)) + duara = ma(S(p)) — g - ma(D@)).

Since v is the smallest good move for p, Lemma VII1.2.3 implies my (S(p)) = ¢- ma(S(v)).
Moreover, since A is a bad move for v, by induction my(D(v)) = mx(S(v)). Thus equation VII.1
may be reduced to ma(D(u)) + dyara = 0 which gives ma(D(p)) = 0 and d, » = 0 by the

uniqueness of the solution to Problem VI.1.1. ]

The one situation not considered in Theorem VII.3.1 is the only case where a 2-column
partition is not e-restricted, i.e. when = (2%/2) and e = 2. In this case, of course, D(1) does not
make sense. In fact, in this situation our algorithm and the discussion in the proof above imply

that chy S (24/2) = ¢ - chy D (2¢/271,12).
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VII.4 Two-column Partitions for IFS; in Characteristic p

Let IF be a field of characteristic p. Recall that the group algebra of the symmetric group,
Fq = Hy(IF, 1), and the Iwahori-Hecke algebra over C at a ptP-root of unity, Hg(C, e*™*/?), both
have quantum characteristic e = p. From the discussion above in Section IV.2, we know that in both
situations there is a set of Specht modules {S(u) | & € P4} and that they have irreducible heads
D(u) which are non-zero if and only if p is e-restricted. Thus, we have the sets {D(X) | A € RP4}
(for H4(C,e?™/P)) and {D(A) | A € RPy} (for FX4) that are complete irredundant sets of the finite
dimensional irreducible representations for each algebra. Finally, we know from Remark 1V.4.2
that the graded characters for our Specht modules are the same for each algebra as well.

We can thus make sense of the irreducible representations D()\) for F4 as “reductions
modulo p” of the irreducible representations D()) for Hy(C,e?"/?). In this reduction, some of
the irreducible modules for Hd((C,eQ"i/p) split. In the 2-column case, we can use the work of
James in [J1] as well as our results above to write down an explicit formula for these splittings.
The adjustment matriz is a matrix which, when multiplied by the graded decomposition matrix for
Hy(C, 62”/7’), gives the graded decomposition matrix for F34. Thus, by describing the splitting, we
will have described the portion of the adjustment matrix corresponding to the 2-column partitions.
In this way, we will also have found the graded decomposition numbers for 2-column partitions in
the case of the symmetric group in characteristic p.

First we recall some combinatorial definitions from James in [J1]. Given two non-negative

integers a and b we write their prime power decompositions

a=ag+ap+---+ap" (for 0<a;<p,ar#0),

b="bo+bip+---+bsp® (for 0<b; <p,bs #0).

Then we say that a contains b to base p if m < n and for each 7 we have b; = 0 or b; = a;. We

then for any non-negative integers n and m we define the function

1 if n+ 1 contains m to base p,
fp(nv m) =

0 otherwise.
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A result of James regarding the case of the symmetric group IF,%; is the following theorem which
appears also in [J2] and[J3]. Here we state the result in the transpose setting where it still holds
since [J1, Theorem 8.15] implies that D(\) = D(A\T) ® sgn, where sgn is the well-known sign

representation for 3.

Lemma VII.4.1. [J1, Theorem 24.15] The multiplicity of D (2¥,1472%) as a factor of S (27, 19727)
is fo(d—2k,5 — k).

In the case of the Iwahori-Hecke algebra at a ph-root of unity, Hy(C, e2mi/p),
Theorem VII.3.1 shows that the decomposition of any Specht module S{u) has at most two factors.
However, for ¥, Lemma VIL.4.1, shows that many Specht modules S(u) have more than two
factors in their decomposition. Since the Specht module S(u) has the same weight spaces in
each case (although, over different fields), it follows that some of the irreducible modules in the
decomposition of S(u) over Hd((C,ez’”/p), must ‘split’ when viewed as F3;-modules. Our goal
now, is to describe this splitting. To do so, we need a little bit more notation.

For simplicity, given two 2-column partitions A = (2%,1972%) and v = (27,19-%/) such that
k < j we define

sp(V, A) = fpld — 2k, 5 — k).

So sp(v, A) = 1 if and only if D(A) appears in the (ungraded) decomposition of S(v). We set
B(v)={X € RPqnN M(v) | Ais a bad move for v and sp(v, ) = 1}.

The following result makes precise the reduction modulo p for 2-column partitions.

Theorem VII.4.2. (Reduction Modulo p for 2-column Partitions)

For v e RPy we have

chy D(v) = Y chy D(N).

reB(v)

Proof.  We denote the graded decomposition numbers for Hy(C, e2m/P) by d, x, while denoting
their counterparts for FX; by El,)\. Let A € B(v), then s,(v,A) = 1, which implies that D(\)
appears in the decomposition of S(v) as an FX.;-module. Thus d,, xch, D()\) appears in ch, S(v)
and d,  # 0. Since my(D()\)) # 0 we now have that my(S(v)) # 0. But X is a bad move for v,

thus Lemma VII.2.4 implies that my (S(v)) is bar-invariant.
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We now have that each chy D(p) is bar-invariant and that my(S(v)) and my(D())) are

bar-invariant. It follows that E,,, » 18 bar-invariant which implies that 8,,, achy () is bar-invariant.

Thus d,, xchy D()\) appears in chy D(v) and not in ch, D(v).
Evaluating d,,» when g = 1 gives the ungraded decomposition number which is known

from [J1] to be 1. The fact that d,, ) is bar-invariant now implies that d,, » = 1 as well. This proves

that ch, D(\) appears in ch, D(v) and not in chy D(v).

Conversely, if X is a good move for v, then the proof of Theorem VII.3.1 gives us that

mx(D(v)) = 0. Thus chy D(A) cannot appear in chy D(v). Similarly, if s,(v, A) = 0, then the

ungraded character ch D(A\) does not appear in ch S(v), which implies that chy, D()\) does not

appear in ch, S(v) either. O

By knowing the graded decomposition numbers for Hy(C,e?™/?) and the way each
irreducible module D(A) splits when ‘reducing modulo p’, we have effectively computed the graded
decomposition numbers for the symmetric group FY; in characteristic p. Specifically, the matrix
of graded decomposition numbers for FX4 is the product of the matrix for Hy(C,e*™*/?) and
the adjustment matrix which describes the splitting. Theorem VIIL.4.2 proves that, in the 2-
column case, this adjustment matrix is an integer matrix with all entries being either 0 or 1. This

observation supports the conjecture that the adjustment matrix is an integer matrix in general.
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CHAPTER VIII

CONNECTION TO LLT

There is a famous algorithm due to Lascoux, Leclerc, and Thibon [LLT] for calculating
global crystal bases for various Fock spaces. It was later proved by Ariki [A] to also calculate the
graded decomposition numbers for the Iwahori-Hecke algebra. While our algorithm is different
from the LLT algorithm, it is actually equivalent. Our approach comes directly from the graded
representation theory of Hy rather than more formal calculations within Fock spaces.

In this chapter, we briefly describe the LLT algorithm and discuss how the two algorithms
are related. The advantage to our approach is that it allows us to interpret several formal objects
that appear in the LLT algorithm in terms of the graded representation theory of H;. We make
this statement more precise in what follows.

In Section VIII.1, we define the quantized enveloping algebra and revisit the Grothendieck
groups of the categories of finite dimensional and finitely generated projective graded
representations (see Section IV.1). For the Grothendieck groups, we look this time at the more
specific case of the ITwahori-Hecke algebra Hy. We also reinterpret the graded decomposition
numbers in terms of the isomorphism classes of modules within these Grothendieck groups.

Next, in Section VIII.2 we define the Fock space which plays a fundamental role in [LLT].
We give a basis for it as a Q(g)-vector space and describe an action of the quantized enveloping
algebra on it, making it into a module. Then, in Section VIIL.3 we describe a special set of
graded projective Hgz-modules which are graded representation theoretic analogs of the formal
‘first approximations’ A(A) appearing in the LLT algorithm. Finally, in Section VIIL4, we explain
how our algorithm is equivalent to the LLT algorithm despite our very different approach using
graded representation theory. We also interpret a family of formal coefficients which appear in the

LLT algorithm as multiplicities of various ladder weights.
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VIII.1 The Quantized Enveloping Algebra U,(g) and Grothendieck Groups

Let g be the Kac-Moody algebra corresponding to the Cartan matrix (II.1) described in
Section 113, s0 g = 5[,(C) if e > 0 and g = sleo(C) if e = 0. Let U,(g) be the quantized enveloping
algebra of g. So U,(g) is the Q(g)-algebra generated by the Chevalley generators E,, F;, and Kij:1

for 7 € I, subject only to the usual quantum Serre relations (for all admissible 7,7 € I):

KlKJ - K]K’La K’L_K’;l = 1’
KB K = q*E; K,F;K; ' = q %3 Fy,
K, — K;!
[Ez,FJ] = 6i’jﬁ’

(adg F2;)' =% (E;) =0 (i#]),

(adg Fy)' " (F5) =0 (i #J),

where (ad, z)"(y) is defined by:

Now, to compare the two algorithms, we must first recast some notions from [LLT] and
[BK3|. Recall that [Rep(Hy)| (resp. [Proj(Hg)]) denotes the Grothendieck group of the category
of finite dimensional (resp. finitely generated projective) graded Hg-modules. [Rep(Hy)| is a free
Zlq,q™']-module with basis {[D())] | A € RPq} (the isomorphism classes of irreducible graded
Hy-modules). For each A € RPy, let P(A) be the projective cover of D()); in particular there
exists a degree preserving surjection P(A) — D(A). Then [Proj(Hy)] is a free Z[q,q~']-module
with basis {[P(A\)] | A € RPg4}.

Recall that the Cartan pairing is a natural pairing of [Proj(H,)] and [Rep(Hy)| and is
defined by ([P],[M]) = qdim HOMpg, (P, M) for P € Proj(H,;) and M € Rep(H;). We denote
[Rep(H)] = @,s0[Rep(Ha)] and [Proj(H)] = @y5o[Proj(Ha)] and then extend the pairing to
[Proj(H)] x [Rep(H)] so that ([Proj(H.)], [Rep(Hg)]) = 0 for ¢ # d.
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By definition of the graded decomposition numbers d,, », for every p € Py, we have

[Sl= > dualDO)]

AERP4

in [Rep(Hg)|. Moreover, from [BK3, Theorem 3.14, Theorem 5.13] it follows that we have:

(PO = Y dunlS()] (A€ RP). (VIIL1)
nCPa

in [Rep(Hy)] as well. These two statements can be interpreted as (graded) Brauer reciprocity.

VIII.2 Fock Spaces

For more complete treatment of the following, see [BK3]. Given a partition p € Py, recall
the definitions of da(p), d®(p), and d;(u) from Section IT1.3. Following the work of Hayashi [H]

and Misra and Miwa [MM], we define the Fock space, §, to be the Q(qg)-vector space on basis

{My|pe @pd}v

d>0

which is referred to as the monomial basis. The Fock space can be made into a Ug(g)-module by

defining the action of the generators via:

EM, =Y ¢ M,
B
FiM, =Y ¢*%M,,,
A
KiM,, = q% WM,
where the first sum is over all removable i-nodes B for i, and the second sum is over all addable
1-nodes A for p. We denote the divided powers of these generators by

o _ B oy g KD
' [rlq ' [rlq ’ Ilq

In general, § is not irreducible, but the submodule of F generated by the vector Mg
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(corresponding to the empty partition) is the irreducible highest weight U,(g)-module V{(Ao).
There is a canonical U,(g)-module homomorphism 7 : § - V(Ao), see [BK3, (3.29)]. We can, and
always will, identify

[Rep(H)] X) Q(g) =V(Ao) C 5.

Z[g,q~']
This identification is the result of a categorification of the module V(Ag). Under this identification,
we have m(u) = [S(u)] for each p.

Given any e-restricted A € RP4 with ¢t = ¢ and rp, = 7 (A) for m > 0, we define
Fy = Ft(jﬁl)Ft(ftz—l) . Fl(rz)Fé?“l)_

Observe that the residue sequence formed by taking the lower indices of F) in reverse order is
(07,172, ..., (t—1)") which is exactly 4. Moreover, the product of the denominators coming from
T1—1

the divided powers is exactly 7). Hence, we may write F) = %Flfleth - F[?F§*. Following

[LLT] we define, for each A € RPg, the ‘first approximation’ A(\) by
AN = F\Mg.

Observe that if we identify each basis vector M, with the Young diagram for y, then it is
possible to keep track of extra information while applying F). Each successive F; has the effect of
adding an 4-node to each p in the sum. If we keep track of the order in which nodes are added,

then we may think of each particular partition u as a standard p-tableau.

Example VIII.2.1. We can better explain this idea within the framework of an example. Consider

the case of d = 5 and e = 2 with the partition A = (22,1). Then j(gz’l) = (0,1,1,0,0) which means

that Fia2 ;) = " i )FOFOFlFlFO, where 72 1y = [2]g - [2];- When applying Fiz21) to My we
2<.1

first apply Fy. With only one way to add a 0-node to the empty partition we immediately obtain

FoMg = M(1y. Next, apply Fy to the previous result M(y). There are two ways to add a 1-node.

Taking degrees into account we have,

FlM(l) = q]\/f(Q) + ]\/[(12).
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Applying I again there is exactly one way to add a 1-node to each partition. Hence,
Fy (M) + Mp2y) = (¢ + ¢~ )My = [2M2,1y.
Now we apply Fy. There are three ways to add 0-nodes to the partition (2,1). Thus,
Fy ([2leM2,n) = ¢*[2]eMz,1) + a2leM(22) + [2]oM(2,12).
Finally, we apply Fy one more time. There are two ways to add 0-nodes to each partition. Thus,
Iy (QQ[Q]q]W(s,U + q[2]g M22y + [2]g M2, 12)) =¢*2 la[2lgMz,2) + q[2l4[2]g M(3,12) + [2]4[2]q Mi22 1)

Observe that each term does, in fact, contain a factor of 7(32 ;). Hence, after dividing by this
factor, we find that A(22,1) = Fg2 y\Mg = ¢*M3,2) + ¢M(312) + M22 1.

Now, if we keep track of the order in which nodes are added we can view each term in
the sum as a standard tableau. Figures 1 - 3 show the various tableau generated by this process,
starting with the first application of F}. At each stage, the tableau are ordered so that all those

generated from the same tableau in the previous step will be grouped together.

1 12 13

30 2

124 12 1.2 134 13 1.3
3 34 3 2 2.4 2.
4 4

Figure 2: The tableau of FyIy Fy FoMy.

By construction, the set of tableaux in Figure 3 is exactly the complete set of standard
2
tableaux of any shape which have residue sequence j CEDR Moreover, one can check that, for each

tableau T, the degree deg(T) is exactly the coeflicient obtained through the application of Fg2 1.
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1204 125 125 134 135 (135
35 34 3 25 24 2

4 4
124 12 1 2] 13[4 13 13
3 34 35 2 24 2.5
5 5 4 5 5 4

Figure 3: The tableau of FyFoFy1 Fy1FoMy.

From this perspective, it follows that, in general, F)\Mg exactly produces the set of
standard tableaux of any shape with corresponding residue sequence j)‘. In practice, the basis
vectors {M,,} only encode partition data, not particular standard tableau. However, in view of

Example VII1.2.1, it is easy to see that

AN = — > ma(S(u)M, € 3. (VIIL.2)

VII1.3 Projective Hgzg-modules

Recall from Section I1.3 that for each ¢ € I¢ there is a unique idempotent e(z) € Hy
(possibly zero) such that e(¢)V = V; for any finite dimensional Hg-module. Moreover, for each
weight 4 such that e(¢) # 0, we have a corresponding projective module Hye(3). In the special case
when 1 is a ladder weight, we have:

Lemma VIIL3.1. If A € RPg, then Hye(57) = @ ma(D{(u))P(u).
IJ«ERPd

Proof.  Recall that if M and N are graded Hg-modules, then HOMy, (M, N is the graded vector
space which consists of all, and not necessarily homogeneous, Hg-homomorphisms from M to N
(see Section TV.1). Now, the graded multiplicity of P(u) in Hge(§) is exactly equal to result of

the Cartan pairing of P{u) with Hde(j)‘). Thus, the graded multiplicity is
(P(u), Hae(3")) = qdim HOM g, (Hae(5*), D()) = adim e(5%)D(p) = ma(D(n)),

as required. O
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It turns out that the Grothendieck group element [Hde(j’\)] can be expressed in several

different ways, as evidenced by the following corollary.

Corollary VIIL3.2. For A € RPy, we have in [Rep(Hy)]:
() [Hae(i)] = 3 uerp, ma(D)P ()],
(i) [Hae(1M)] = 3 ep, ma(S(1))[S (1),
(iii) [Hae(3™)] = 3 serp, ma(P)D(W)].

Proof. (i) is a restatement of Lemma VIIL.3.1 in the Grothendieck group. (ii) follows from (i)

and equation (VIIL.1) since:

D maDE)PW] = Y ma(D(w) Y duulSW)]

HERPy HERPy vEPa

-y ( S m(D(u))du,ﬂ) S = 57 mA(SE)ISw).

vEPy \pERP4 vEPy

Similarly, (iii) follows from (ii) and equation (VIIL.1) since:

Yo (SIS = D malS(w) D duu[DW)]

HEPy HEPy vERP

VERPy \REPy vERP,

= (mesw))d#,u) D)= 3 mAPE)ISW).

This completes the proof. O

Using equation VIIL.2 and Corollary VIII.3.2(ii) we may connect the first approximation

A(X) to the element [Hge(j)] via the equation
m(raAQN) = [Hae(5)]-

Thus, we have an explicit connection between the formal sum A()\) € § and the graded

representation theory of Hy.
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VIIl.4 Comparing the Algorithms

Consider the following system of equations over Z[g, ¢7!]:

mA(S(w) = D duuma(D)) (A€ RPy, p € Pa), (VIIL3)
VERPy

with unknowns d, , and my(D(v)) for u € Py and A\, v € RP4. Note that m»(S(n)) are known
from Theorem IV.4.1.
The algorithm described in Section VI.2 allows us to solve system (VIIL.3) and relies on

the fact that it has a unique solution under the following conditions:
(i) all mx(D(v)) € Z[q,q '] are bar-invariant and m(D()\)) = 7a;
(i) dy,, =0 unless v < p, dy,, = 1, and d,, ,, € gZ[q] for p # v.

It turns out that the LLT algorithm also relies on being able to solve system (VIIL.3). In
[LLT], the vector A(A) for A € RP4 is a first approximation to the canonical basis element G(A),

which calculates a column of the decomposition matrix:

G\ = > duaM,. (VIIL4)
HEPy

Since the set {G(\) | A € RP4} forms a basis for the Fock space, one may write

AN = D baG) (VIIL5)

VERPy

for some bar-invariant coefficients b ,. Combining equations VIIL.2, VIII.4, and VIIL5 we have:

> ma(S(u)M, = > i > duuM,.

HEPy VERP, neEPy

Now, fixing ¢ (i.e. fixing a row of the matrix) we are left with solving

ma(S(p) = Z bl

vERPy

for each y € Pg and A € RPy4. Since conditions analogous to (i) and (ii) are known to hold in the
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Lascoux-Leclerc-Thibon setup [LLTY], we are left with solving the same system of equations under
the same conditions. Moreover, the by , appearing in the LLT algorithm can now be interpreted

as the graded weight space multiplicities my(D(v)) for each A\,v € RPgq.
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CHAPTER IX

EXAMPLES

In this chapter we use the algorithm to compute a few examples. In Section IX.1 we
describe a step by step process to compute the full matrix of decomposition numbers for Hy in
the case when d = 6 and e = 3. Then, in Section IX.2, we describe how to compute a particular
decomposition number. Finally, in Section 1X.3 we give the matrix of decomposition numbers for

Hg in several cases.

I1X.1 Graded Decomposition Numbers for H; with d =6 and e = 3

To compute the matrix of graded decomposition numbers (d,, ’\)ueps; AeRP, USING our
algorithm, recall that at each stage we calculate d,, y and (if p is 3-restricted) m(D(p)). Recall
also that dy» = 1 for all A € RPg while d, » = 0 unless A € M{(u) thanks to Theorem IV.5.2.
We order the matrix in reverse dominance order with all 3-restricted partitions appearing before
any that are not 3-restricted. Under this ordering, we only need to compute the entries that are

strictly below the diagonal. The complete set of partitions in Pg is
{(6),(5,1),(4,2),(4,1%),(3%), (3,2, 1), (3,1%),(2%), (2%,1%), (2,1, (1%)},

while RPs = {(4,2),(3,2,1), (3,1%),(2%), (22,1%), (2, 1%), (1%)} is the set of 3-restricted partitions.
The algorithm proceeds in reverse dominance order, starting with the partition (1°). The

set, of moves for (1%) is M(1¢) = {(1°)} and the ladder weight is j(lﬁ) =(0,2,1,0,2,1). In fact,

d(lﬁ),(lﬁ) =1 and m(ls)(D(IG)) = m(le)(5(16)) = 7'(16) =1.
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Of course, Theorem IV.5.2 was sufficient to impart the knowledge of all entries in the first
row of the matrix. Here we simply illustrated some of the information we must keep track of as the
algorithm proceeds. For one, we must keep track of the ladder weights 3 > for each A € RPy. From
here on, we will omit discussion of the entries on the ‘diagonal’ and will only maintain information
that is important for the induction.

Next, we proceed to the partition (2,1%). The set of moves is M (2,1%) = {(2,1%), (15)}.
The ladder weight is j(2’14) = (0,1,2,1,0,2) and my14y(D(2, 1) = T(2,14) = 1. One calculates

that m16)(S(2,1%)) = ¢. Hence, using the Basic Algorithm, we find that
d(2y14))(16) =q and m(le)(D(Q, 14)) = 0,

completing the second row of the matrix.
In the case of the partition (22,12), we have that M (2%,12) = {(22,12)}. The ladder

weight is 71"

=(0,1,2,0,1,0) and (92 12y = 1. The fact that there are no non-trivial moves
for (22,12) implies that the Specht module S(22,1%) is, in fact, irreducible. Hence, all of the
off-diagonal entries in the third column of the matrix are 0.

The partition (2%) has ladder weight j(23) =(0,1,2,0,1,2) and r(9sy = 1. The moves for
(2%) are M(2%) = {(2%),(2,1%),(1%)}. One computes that ms 14)(S(2%)) = q. Hence, the Basic

Algorithm implies that
d(23y,(2,10) = ¢ and m(2’14)(D(23)) =0.
Next, one computes that m(16)(5(2®)) = 0, which implies that
dipsy,aey =0 and  mey(D(2%) =0,

completing the fourth row.
The partition (3,1%) has ladder weight j(?”ls) =(0,1,2,2,0,1) and 73 13y = ¢ + g~ ' The
moves for (3,1%) are M (3,1%) = {(3,1%),(2,1%), (1°)} and one computes that m 14)(S(3,1%)) = ¢

and m(15y(S(3,1%)) = 0. Hence, similar to the previous case,

d(3’13)7(2’14) =g; m(2714)(D(3, 13)) =0 and d(3,13),(15) =0, m(ls)(D(?),ls)) = (.
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The partition (3,2,1) has ladder weight j(3’2’1) = (0,1,2,2,0,1) and 733y = ¢ + g h
The moves for (3,2,1) are M(3,2,1) = {(3,2,1),(3,1%),(2%),(2,1%),(1%)}. One calculates that
m(3,12(5(3,2,1)) = ¢* + 1. This is exactly ¢ - 7319 = q(¢ + ¢”'), meaning that the Basic
Algorithm implies that d(s 2 1),(3,12) = ¢ and m313y(D(3,2,1)) = 0. For the other moves one can

compute that mos(5(3,2,1)) = q, mp2,14(5(3,2,1)) = ¢, and m6)(5(3,2,1)) = q. Hence,

d3,2,1),(2%) = d(3,2,1),(1) = ¢ and d(3,2,1),(2,14) = 7,

while mx(D(3,2,1)) =0 for all A € M(3,2,1)\ {(3,2,1)}. This completes the sixth row.

The next 3-restricted partition is (4,2). It has ladder weight j(4’2) =(0,1,2,2,0,0) and
T(4,2) = q®> +2+q 2 As it turns out M(4,2) = {(4,2)}, which implies that the Specht module
S(4,2) is irreducible. Hence, all of the off-diagonal entries in the seventh row are zero.

Now we move onto the partitions which are not 3-restricted, again in reverse dominance
order. None of these partitions will have associated ladder weights or ‘diagonal’ entries in the
matrix. The partition (3%) has moves M(3%) = {(3%),(3,2,1),(3,1%),(2%),(2,1%),(16)}. One
computes that ms21)(S(3%) = ¢*> +1 = q(g+ ¢7') = q - r(3,0,1), while m(315(5(3%) = 0,
M) (S(3%)) = 0, m2,14)(S(3?)) = 0, and m16)(S(3%)) = ¢*. Hence,

d@2),3,2,1) =@ d32),3,1%) = d(32),22) = d(32),(2,14) = 0, and d(z2),(15) = ¢*.

Of course, since (32) is not 3-restricted, D(32), and therefore m(D(32)), do not make sense.
The partition (4,12) has moves M(4,1%) = {(4,1%),(3,2,1), (3,1%), (2%), (2,1%), (1%)}. One

computes that mz 2 11(5(4,12)) = ¢* +1 = q(qg+q71) = q-r3,2,1) and m312)(S(4,1%)) = ¢ +q =

qg+qa )y =4¢* 7(3,18), while mgsy(S(4, 12)) = 771(2:14)(5(4, 1?)) = miey(S(4, 1)) = 0. Hence,

d4,12),3,21) = 4 d(a,12y,(3,13) = ' and d4,12),(22) = d(4,12),(2,14) = d(4,12),6) = 0.

The partition (5,1) has M(5,1) = {(5,1),(4,12),(32), (3,2, 1), (3,12), (2%), (2, 14), (15)}.
Note that we need not check (4,12) or (3%) as these are not 3-restricted. One calculates that

m321)(505,1) = ¢ +q = ¢*(@+q ") = ¢® r@e1 and msy(S(5,1)) = ¢, and also that



65
m(3713)<5(5, 1)) = m(2,14)(5(5, 1)) = m(lﬁ)(5(5, 1)) = 0. Hence,
dis 1y, 3.2.0) = @ d(s,1),(2%) = and d(51),(3,13) = d(5,1),(2,1%) = d(5,1),(15) = 0.

Finally, we must check the partition (6). It has moves M(6) = {(6),(5,1),(4,1%),(32),
(3,2,1),(3,1%),(2%),(2,1%), (15)}. Actually, ch, S(6) = ¢2(0,1,2,0,1,2) which is exactly ¢25*".

Hence, m3y(S5(6)) = ¢, while all other multiplicities are zero. Hence,

dey) =¢>  and  dig),@21) = de),(3,1%) = dis,1),210) = d(5,1),(28) =0

The matrix of graded decomposition numbers is then given in Table 1.

ENA A0 12,10 ] (2%,17) | (2%) [ (3,17 | (3,2,1) | (4,2)
(1%) 1 0 0 0 0 0 0
(2,14 q 1 0 0 0 0 0
(22,12) | o 0 1 0 0 0 0
(23) 0 q 0 1 0 0 0
(3,13) || © q 0 0 1 0 0
(3,2,1) q q° 0 q q 1 0
(4,2) 0 0 0 0 0 0 1
(3%) q’ 0 0 0 0 q 0
(4,1%) 0 0 0 0 q° q 0
(5,1) 0 0 0 q 0 q? 0
(6) 0| o0 0 7* 0 0 0

Table 1: The matrix of graded decomposition numbers with d = 6 and e = 3.

Remark IX.1.1. The previous example was somewhat simplified because of the fact that, in this
case, my(D(u)) = 0 whenever A # p. This occurs only in cases where d is ‘small’ - a notion which
depends directly on e. In the following example we will see how having my(D(u)) # 0 makes the

computation slightly more complicated.
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IX.2 Computing a Particular Graded Decomposition Number

Consider the case when d = 8 and e = 3 and suppose one wants to compute the
graded decomposition number d(3 92 1y,(15)- The moves for the partition (3, 22.1) are M(3,22,1) =
{(3,22,1),(3,2,13),(23,12), (1%)}. Using the algorithm here we proceed to induct on the distance
between the partitions. Hence we start with the closest move to (3,22, 1), namely (3,2,13). One

(3,2,1%)

computes that m(z212(5(3,2%,1)) = ¢* + 1 = q(¢ + ¢7!) = qrz2,12). Since j could not

have come from any other moves, it follows that
d(3,2,13),(3,22,1) =4q and m(3,2,13)(D(37 22, 1)) =0.

Next, consider the move (2°,1%). One computes that mss 12)(5(3,22,1)) = ¢* + 1, while
T(23,12) = 1. It is possible that j(23’12) appears in ch, D(3,2,1%), hence we must also calculate
Mz 12)(D(3,2,1%)). Calculating mos 12)(S(3,2,1%)) = ¢, one finds that m(gs 12)(D(3,2,1%)) = 0.

Hence, j(23’12) does not appear in ch, D(3,2,1%), and we have

d(gs}lz),(&gzyl) = q2 and m(23712)(D(3, 22, 1)) =1.

2°.1%) actually appears in the graded character of D(3,2%,1) with a

Observe that the weight j (
non-zero (and necessarily bar-invariant) coefficient.

Finélly, we must consider the desired move (1%). One computes that m.(1#)(5(3,22,1) = ¢°.
Again, it is possible that 1) appears in either D(3,2,1%) or D(2%,12). One computes that
ma(9(3,2,1%)) = 2¢ and that m(;5)(D(23,1?)) = 1, which implies that ms)(D(3,2,1%)) = 0
and m5(D(2%,1%)) = 1. Hence, the factor gch, D(2%,1?) appearing in the decomposition of

chy S(3,22,1) actually contains the copy of q2j(18) appearing in ch, S(3,22,1). Thus,
dasy,22) =0  and  mas(D(3,2%,1)) =0,

despite the fact that m5(5(3,22,1)) was non-zero and not bar-invariant.



IX.3 Matrices of Graded Decomposition Numbers

INA (%) (2,1) | (2%,1)
INA () 12,15 | a8y | 0 0
ol INA ) D aYy |t 0 @13 o 1 0
(1) 1 0 (2,13 || 0 1 22,1 | 0 0 1

(12) 1
(2] 0 1 @) | q 0 || (31%) | ¢ 0 q

(2) || ¢
(@) || g 0 1) | a ¢ (3,2) | O 0 ¢
@) | ¢ 0 (4,1) | 0 q 0
(5) q* 0 0

Table 2: The matrices of graded decomposition numbers with e = 2 and d = 2, 3,4, 5.

N (%) (2,1 [ (25,17) ] (3,2,1)
(15) 1 0 0 0
(2,1%) q 1 0 0
(22,1%) || © q 1 0
(3,2,1) || 0 0 0 1
(2°) 0 0 q 0
B || ¢ | & q 0
(3%) 0 0 q? 0
4,1%) || ¢ | ¢ ¢ 0
(4,2) 0 q° g 0
(5,1) q° q° 0 0
(6) q* 0 0 0

Table 3: The matrix of graded decomposition numbers with e =2 and d = 6.
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NIIEN
pNA | (1%) | (2)

13 | 1 0
(12) 1 0

(2,1) q 1
@ (o |1

m) 0 g

Table 4: The matrices of graded decomposition numbers with e = 3 and d = 2, 3.

PN (%) [ (2,1%) 1 (2%,1) | (3,1%) | (8,2)
INA L) (2,17 (2 ] (3,1) (15 || 1 0 0 0 0
(1%) 1 0 0 0 (2,13 0 1 0 0 0
(2,12) ] 0 1 0 0 (22,1)| o q 1 0 0
(22) q 0 1 0 (3,1 | 0 0 0 1 0
(3,1) || 0 0 0 1 3,2) | ¢ 0 0 0 1
(4) 0 0 q 0 (4,1) | o 0 0 0 q
(5) 0 0 q 0 0
Table 5: The matrices of graded decomposition numbers with e = 3 and d = 4, 5.
pNA () (2,10 125,12 1 (2Y) | 3,1%) | (3,2,1) | (4,2)

(1%) 1 0 0 0 0 0 0

2,1 | ¢ 1 0 0 0 0 0

(22,13 ]| 0 0 1 0 0 0 0

(2%) 0 q 0 1 0 0 0

(3,13 || 0 q 0 0 1 0 0

(3:2,1) | ¢ g° 0 q g 1 0

(4,2) 0 0 0 0 0 0 1

(39) q° 0 0 0 0 q 0

(4,12) || © 0 0 0 q? q 0

(5,1) 0 0 0 q 0 q? 0

(6) 0 0 0 q° 0 0 0

Table 6: The matrix of graded decomposition numbers with ¢ = 3 and d = 6.
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: i %) e | @)
BNA | (%) [ (2)
(1%) 1 0
(1% 1 Q
{2,1) 0 0
(2) 0 1
(3) 0 1
Table 7: The matrices of graded decomposition numbers with e = 4 and d = 2, 3.
ENA (%) 1(2,1%) 1 (251) | (3,1%) | (3,2) | (4,1)
PNA A (2,1 @) [ G a8y || 1 0 0 0 0 0
(1% 1 0 0 0 (2,13 ] o 1 0 0 0 0
(2,12) q 1 0 0 (22,1) q 0 1 0 0 0
(29 0 0 1 0 (3,12 || o 0 0 1 0 0
(3,1) 0 q 0 1 (3,2) 0 q 0 1 0
(4) 0 0 0 q (4,1) Q 0 0 0 0 1
(5) 0 0 0 0 q 0

Table 8: The matrices of graded decomposition numbers with e =4 and d = 4, 5.

PNA | (19 12,17 (22,12) | (2°) | (3,1%) | (3,2,1) | (3%) | (4,1%) | (4,2)
(15) 1 0 0 0 0 0 0 0 0
(2,14 || o 1 0 0 0 0 0 0 0
(22,12) (| © q 1 0 0 0 0 0 0
(2%) q 0 0 1 0 0 0 0 0
(3,1%) || o 0 0 0 1 0 0 0 0
(3,2,1) || 0 0 0 0 0 1 0 0 0
(3%) 0 0 q 0 0 0 1 0 0
(4,12) 0 0 0 0 0 0 0 1 0
(4,2) 0 0 0 q 0 0 0 0 1
(5,1) 0 0 0 0 0 0 0 0 q
(6) 0 0 0 0 0 0 q 0 0

Table 9: The matrix of graded decomposition numbers with e = 4 and d = 6.




70

APPENDIX

LIST OF SYMBOLS

AB Nodes in the Young diagram of a partition A..........cooiiieinnn.. 14
A(XN) The “first approximation’ to the canonical basis element G{(A) .......... 56
A A set of removable nodes for a partition .......... .. ..o 15

The bottom removable sequence for A ... .. ... ... il 33
B A set vof addable or removable nodes for a partition ..............oc.n.. 15
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da(X) The degree of a removablenode Ain A ... 18
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dy Graded decomposition numbers for FXy when charF=p ............... 51
deg(T) The degree of a standard tableau T ... 21
D(X) The irreducible Hg-module corresponding to A € RPg «oocvvvvievnninnn. 26
DY The irreducible FX4-module when charF=p ............... ... 50
e The quantum characteristic given the choice of £ € F* ................. 6
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{E;, F;, KXY} The Chevalley Generators for Ug(g) o vvvvvvveiiiiniiiniiiiiaiinnn, 54

F An algebraically closed field ...... ..o il 6
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Ha(F,€)
Hye(i)

Hom

Homp (V,W)n,
HOM ;(V, W)

Bl

A,y vV
A~p
Al

The Fock space ... e

The ‘ladder’ monomial in U,(g) which generates A(A) ..................

The Kac-Moody Lie algebra sle(C) or 5le(C) von

The canonical basis element of § corresponding to A € RPy ............

A Z-graded F-algebra ..o e
Short form of Hg(F,£) oo
The Iwahori-Hecke algebra of ¥, over I, with parameter £ .............
A projective ‘weight’ Hg-module (or zero) ................coviiiiin...
The set of degree preserving graded H-module homomorphisms ........
Graded H-module homomorphisms from V to W of degree n ...........

Graded H-module homomorphisms from V to W of any degree ........

1 :=7Z/eZ, the set of integers modulo e ................. . ... ...
The residues at the bottom of columns 1 and 2of 1 .....ooooiiiiin. .

A tuple of integers modulo e, i.e. 4 € I% ... ... .

The residue sequence associated to a tableau T .............. oo ot

The ladder weight corresponding to A € RPyq . v vviiiiiiiinn. ..

The integer k considered (mod e) ............ .. ... i,

Various partitions of d ...
A and p have the same residue content ............ .. ... ...
The size of a partition A ... ... . e
The transpose partition associated to A ......... ... ... ..l
The partition obtained from A by removing the nodesin A .............
The partition obtained from A by adding the nodesin B ...............

The partition obtained by intersecting A with the first m ladders .......



mx(V)

M(p)

M(p, A)
H-Mod

|12, Al

DY

Tm(A)

res A
Rep(H)
[Rep(H)]

The distance between ppand A ... ...

The mt ladder ... .. oo
One of the Jucys-Murphy elements in Hg .....c.coivviiiiiiiiiint,

The multiplicity of 7 in c¢hy V... oo
The set of Mmoves for 4 ..cooove e
A basis element for the Fockspace § ...,
The set of moves for y which have Aasamove ................... . ...
The abelian category of all graded left H-modules ......................

The size of the move A for p in the 2-column case ......................

Quantum integer corresponding to m ... i i

The form of an eigenvalue for a Jucys-Murphy element, L, .............

The set of partitionsof d .......c. .
The (graded) projective cover of D(A) ...
The projection from §F onto Vi(Ao) ..o
Additive category of finitely generated projective graded H-modules ...
The. Grothendieck group of the category Proj(H) ......................

Part of a different generating set for Hy ...,

An indeterminate . ...

The graded dimension function on Z-graded vector spaces ..............

The explicit multiplicity of 7 in chy DAY oo
The number of nodes in the intersection of A and Ly, ..................
The number of nodes of A appearing in the first m ladders .............
The eresidue of anode A ...
The abelian category of all finite dimensional graded H-modules .......

The Grothendieck group of the category Rep(H) .......................
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17

38
16
55
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24
45

13
54
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24
24
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RPa The set of e-restricted partitionsof d ..........c i,

Sp The simple transposition (1,7 + 1} € Xg oovniiiiiiiiii i
sp(v, A) The number of copies of D()\) appearing in a decomposition of S(v) ....
sh(T<s) The associated partition shape of the tableau T<, .............coooi ...
Tk A function on partitions defined by o4 (A) = Z?:l Ai e
2d The symmetric group on d letters ...............cooiit B
S(p) The Specht module corresponding to the partition g1 ...................
ta The index of the lowest ladder which intersects A non-trivially ..........
T A A-tableau for a partition A ... .
T The ‘row sequential’ standard A-tableau .............. ... ...
T<s A standard tableau obtained from a standard tableau T ................
T, One of the standard generators of Hy ...,
T(A) The set of standard Atableaux .. ...vovrre e
U A standard A-tableau ... .. ...
Uq(g) The quantized enveloping algebra of g ....... ... i
vr An element of an explicit basis for S(u) when Te T (u) ............ ...
|4 A finite dimensional (graded) Hy-module ........................... ...
Ve The graded dual of the graded Hg-module V .............c.oooiiiio.
Vi The i-weight space of V.. i
V{m) The graded Hz-module obtained from V by shifting the grading by m ..
V(Ao) The irreducible highest weight §-submodule generated by Mg ..........
£ A parameter in P2 e
Yr A nilpotent element in Hy that is part of a different generating set .....
> The usual dominance order on the set of partitions Pg .................
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