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DISSERTATION ABSTRACT

Dylan Rupel

Doctor of Philosophy
Department of Mathematics
June 2012

Title: Quantum Cluster Characters

We define the quantum cluster character assigning an element of a quantum torus to each
representation of a valued quiver (Q,d) and investigate its relationship to external and internal
mutations of a quantum cluster algebra associated to (Q,d). We will see that the external mu-
tations are related to reflection functors and internal mutations are related to tilting theory. Our
main result will show the quantum cluster character gives a cluster monomial in this quantum
cluster algebra whenever the representation is rigid, moreover we will see that each non-initial

cluster variable can be obtained in this way from the quantum cluster character.
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CHAPTER 1

INTRODUCTION

In this dissertation we investigate the relationship between cluster variables in acyclic quan-
tum cluster algebras and the representation theory of finite-dimensional hereditary algebras. Our
primary result will show that each quantum cluster variable is a generating function for counting
the number of points in Grassmannians of subrepresentations inside an exceptional representation.

Our investigations are motivated by the Quantum Laurent Phenomenon of Berenstein and
Zelevinsky [BZ]. This remarkable theorem asserts that each cluster variable, although a priori only
a rational function, can be written as a Laurent polynomial in the variables of any given cluster,

called the initial cluster. This leads to the following natural problem:

Problem I1.0.1. Describe the initial cluster Laurent expansion of each cluster variable in a quan-

tum cluster algebra.

In the classical setting, solutions to this problem have been pursued by many authors. We will
give a brief account of the motivations for and history of solving Problem I.0.1.

Lusztig defined canonical bases of quantum groups using the geometry of quiver varieties
and perverse sheaves [Lul]. This basis has a beautiful positivity property that allowed Lusztig
to solve classical problems in the theory of totally positive matrices [Lu2]. The difficulty of this
approach lies in identifying the canonical basis elements in terms of the standard generators. Thus
an attempt was made to avoid this complicated geometry and obtain the canonical basis in a more
combinatorial way. Cluster algebras were introduced by Fomin and Zelevinsky [FZ1] in anticipation
that quantum cluster monomials would be contained in Lusztig’s dual canonical basis for quantized
coordinate rings of varieties related to algebraic groups. When the algebraic group has a skew-

symmetric Cartan matrix Geiss, Leclerc, and Schroer prove in [GLS] that the coordinate rings of



certain unipotent subgroups and unipotent cells have the structure of a skew-symmetric cluster
algebra. Furthermore they prove that the cluster monomials of such cluster algebras are elements
of the dual of Lusztig’s semicanonical basis. This adds weight to the Fomin-Zelevinsky cluster
conjecture and motivates a thorough study of the quantum cluster monomials.

After the classical Laurent Phenomenon proved in [FZ1], Fomin and Zelevinsky establish
in [FZ2] a simple bijection between the cluster variables and almost positive roots in an associated
root system, thus illustrating another instance of the well-known A — G finite-type classification.
It has long since been recognized [G],[K],[DR],[H2] that the indecomposable representations of an
appropriate quiver/species are also in bijection with a certain root datum, namely the (strictly)
positive roots. To properly explain the bijections of Fomin and Zelevinsky and fully understand the
role of the negative simple roots, the authors of [BMRRT] introduce the cluster category in which
the indecomposable objects are exactly in bijection with the almost positive roots. Moreover, they
observe that there is a bijection, compatible with mutations, between the cluster-tilting objects in
the cluster category and the clusters of the corresponding cluster algebra.

Extending this, Caldero and Chapoton [CC]| introduce cluster characters describing the
acyclic initial cluster expansions of all cluster variables/monomials explicitly as generating func-
tions for Euler characteristics of Grassmannians of subrepresentations in the corresponding quiver
representations. Following the BMRRT approach, they show in skew-symmetric finite types that
the mutation operation for cluster-tilting objects coincides with the seed-mutation of Fomin and
Zelevinsky, thus establishing a relationship between rigid objects of the cluster category and cluster
monomials. Then in [CK] Caldero and Keller generalize these results to give cluster characters
categorifying all cluster algebras with acyclic, skew-symmetric initial exchange matrix.

In both [CC] and [CK] the authors recognize a similarity between multiplication in the clus-
ter algebra and the multiplication in the dual Hall algebra. Building on these observations, Hubery
in his preprint [H1] works towards extending the above results to the acyclic skew-symmetrizable
case, replacing the category of representations of an acyclic quiver with the hereditary category of
finite-dimensional modules over a species. His approach follows a specialization argument which
replaces the Euler characteristics of Grassmannians of subrepresentations with certain sums of Hall
numbers over a finite field. However, this requires the existence of Hall polynomials, which is still

an open conjecture. Nevertheless the computations of [H1] are valid and play a vital role in the



proof of our main theorem.

Our study of the skew-symmetrizable case has led to a new realization of the represen-
tations of classical objects called “valued quivers”. In Section II.1. we introduce a category of
representations over a finite field of a valued quiver which restricts to the well-known representa-
tion theory of the underlying quiver in the equally valued case. Via an equivalence between the
categories of representations of a valued quiver and modules over an associated species, we will
transport many well-developed properties of species to valued quivers. We present these definitions
and results in Section II.2. Chapter II. continues with classical results from the representation
theory of species which will be useful in our study of quantum cluster algebras: reflection functors
at source and sink vertices are defined in Section II.3. and we recall necessary results from tilting
theory for the category of modules over a species in Section II.4. In Section II.5. we associate
a skew-symmetrizable exchange matrix to each local tilting representation, this construction was
originally given in [H1].

The main goal of this dissertation is to extend the categorification results above to acyclic,
skew-symmetrizable quantum cluster algebras. We will present definitions and necessary back-
ground results on quantum cluster algebras in Section III.1. In Section II1.2. we define the quantum
cluster character assigning to each representation of a valued quiver an element of the initial cluster
quantum torus of the corresponding quantum cluster algebra. Chapter III. concludes with a study
of the multiplicative and commutation properties of the quantum cluster characters, presented in
Sections II1.3. and Section II1.4. respectively. Our main contribution to this categorification story

is the following

Theorem I.0.2. The acyclic initial cluster Laurent expansions of all non-initial cluster variables of
a skew-symmetrizable quantum cluster algebra can be obtained by evaluating the quantum cluster

character on an indecomposable rigid representation of a valued quiver.

Partial results in this direction were proven in our paper [Rul] for cluster variables ob-
tained from the initial cluster by sink and source mutations. We present these results in Chapter IV.
The main technical results are presented in Theorem IV.1.1 (Grassmannian recursion) proven in
Section IV.1. and Theorem IV.0.6 (compatibility with sink-source mutations) which is proven

in Section IV.2. The main theorem of [Rul] is Theorem IV.3.1 (almost acyclic cluster variables



are given by the quantum cluster character) presented in Section IV.3. The general case of The-
orem 1.0.2 was conjectured in [Rul]. Shortly after this the particular case with equally valued
quivers was settled by Qin [Q]. The proof of our main result Theorem 1.0.2 occupies Chapters III.
and V. The main results leading to the proof are Theorems II1.3.4 and I11.3.7 (multiplication
theorems), Theorems I11.4.3 and II1.4.4 (commutation theorems), and Theorem V.2.3 (mutation
theorem). These results are given in our paper [Ru2].

Our investigations are most naturally split between two perspectives on cluster mutations.
We will distinguish these as “internal” mutations and “external” mutations. The internal mutations
should be thought of as a recursive process happening inside of a fixed ambient skew-field. This
is the flavor of the mutations in the definition of cluster algebras and is the mutation operation
investigated by the authors mentioned above. Chapter V. focuses on internal mutations. We
follow Hubery’s approach but abandon the specialization. Working instead with quantum cluster
algebras, we show that the internal mutations are merely a shadow of the classical results from the
tilting theory for hereditary categories presented in Section II.4.

The external mutations are algebra isomorphisms between different skew-fields: the skew-
fields associated to neighboring clusters. These are best understood as a mutation of the initial
cluster: we change our perspective and write the cluster variables as Laurent polynomials in the
variables of a neighboring cluster. Chapter IV. focuses on the study of external mutations. Our
main result of this chapter establishes a relationship between the mutation of the initial cluster at
a sink or source vertex and applying the corresponding reflection functor to the representation in

the quantum cluster character.



CHAPTER 1I

VALUED QUIVERS AND SPECIES

This chapter is dedicated to the study of valued quivers. In Section II.1. we define valued
quivers and the category of their representations as well as presenting several definitions and minor
results needed later in this dissertation. Section II.2. is dedicated to showing that this category is
equivalent to the category of modules over an associated species. Sections I1.3. and II.4. present
respectively the theory of reflection functors and tilting theory for species, which according to
the results of Section II.2. can be applied to valued quiver representations. In Section IL.5. we
recall Hubery’s construction [H1] of a skew-symmetrizable matrix associated to each local tilting

representation.

II.1. Valued Quiver Representations

Let F be a finite field and write F for an algebraic closure of F. For each positive integer
k denote by Fj the degree k extension of F in F. Note that the largest subfield of F contained in
both Fy and Fy is Fyeqr,e) = Fr NF,. If k|¢ we will fix a basis of Fy over Fj, and thus we may
freely identify Fy as a vector space over F.

Fix an integer n and let Q@ = {Qo, @1, h,t} be a quiver with vertices Qo = {1,2,...,n}
and arrows 1, where we denote by t(a) and h(a) the tail and head of an arrow

t(a) —2— h(a).

Let d : Qo — Z~¢ be a collection of valuations associated to the vertices of @), where we denote
the image of a vertex i by d;. We will call the pair (Q,d) a “valued quiver”. Since the valuations
will be fixed for all time we will sometimes drop the d from our notation.

Define a representation V = ({Vi}ier Avat ) of (@,d), or a “(d-)valued representa-

a€Q1



tion” of @, by assigning an Fg,-vector space V; to each vertex i € Qo and an Fyeqa,,, )-linear

)+t (a)

map

Ya * Vi) — Vi)

to each arrow a € Q1. Notice that Fy, , and Fg,,  are both extensions of Fgcd(dh(a),dt<a)) and thus
we may view V() and Vj(,) as vector spaces over Fng(dh(a)adt(a))' Let W = ({Wi}ier , {1/1a}aeQ1)

denote another valued representation of () and define a morphism

0 :V—W

to be a collection 6 = {0; € Homg, (V;, W;)}icq, such that 0y 0 v = 14 004(a), i-e. the following

diagram commutes, for all a € Qq:

Pa

Vi(a) Vh(a)

|9t(a) |9h(a)
Ya

Wita) —— Whia) -

Thus we have a category Repp(@,d) of all finite dimensional valued representations of (). For

valued representations V' and W we define their direct sum via

VeWw=({V.e Wi}ieQO {pa ® %]’ate)-

Then one easily checks that Repp(Q,d) is an Abelian category where kernels and cokernels are
taken vertex-wise.

For each i € Qg denote by 5; the simple valued representation associated to vertex ¢,
i.e. we assign the vector space Fg4, to vertex ¢ and the zero vector space to every other vertex.
We will write (Q) for the Grothendieck group of Repp(@,d), that is K(Q) is the free Abelian
group generated by the isomorphism classes [V] for V' € Repp(Q,d) subject to the relations

[V] = [U] + [W] whenever there is a short exact sequence

0 U |4 w 0.

Let a; € K(Q) denote the class of simple valued representation S;. Every representation V €

Repp(Q, d) has a finite filtration with simple quotients, so we may write [V] as a linear combination



of the a;. Thus we may identify [V] with the “dimension vector” of V: v = (dimg, V;)iL; € Z",
where we adopt the convention that for any named representation we will use the same bold face
letter to denote its dimension vector. In particular, taking the «; as a basis we may identify (Q)
with the free Abelian group Z".

Now we introduce some terminology that will be useful for describing valued representa-
tions. A valued representation V is called “indecomposable” if V.= U @& W implies U = 0 or
W = 0. The category Repp(Q,d) is Krull-Schmidt, that is every representation can be written
uniquely as a direct sum of indecomposable representations. A representation V' will be called “ba-
sic” if each indecomposable summand of V' appears with multiplicity one. We will call V' “rigid”
if Ext(V,V) =0. If V is both rigid and indecomposable then we will say V is “exceptional”. Our
main concern will be with basic rigid representations. In particular, we are most interested in
basic rigid representations V satisfying the following locality condition: the number of vertices in
its “support” supp(V) = {i € Qo|V; # 0} is equal to the number of indecomposable summands
of V. These representations will be called “local tilting representations”. A representation V is
called “sincere” if supp(V) = Qp. A sincere local tilting representation will simply be called a
“tilting representation”. We justify this terminology in Section I1.4. Note that we may identify an
insincere representation V with a sincere representation of the full subquiver Q¥ of Q) with vertices
QY = supp(V). Then a local tilting representation V may be considered as a tilting representation
for QV, this explains the adjective local.

For the remainder of this dissertation we assume that the quiver @) is acyclic, that is Q
contains no non-trivial paths which begin and end at the same vertex. For ¢,j € Q¢ denote by n;;
the number of arrows connecting vertices ¢ and j and note that these arrows are either all of the

form i — j or all of the form j — 4. Define a matrix By = B(g,ay = (bi;) by

nijdj/gcd(di, dj) if ¢ —)j c Ql;
bij = —nijdj/gcd(di, dJ) if j 1€ Qq;
0 otherwise.

Let d;; = ged(d;,d;) and di = lem(d;,d;). Notice that since d;d;/d;; = d" we have d;bi; =

nijdij = —djbj; whenever i — j € Q1. Thus we see that DBy is skew-symmetric where



D = diag(d;), in other words Bg is “skew-symmetrizable”. The matrix Bg will be important
in Section I1.2. where we associate an F-species to the valued quiver (@Q,d) and in Section III.1.
where we define a quantum cluster algebra from such a skew-symmetrizable matrix. Note that we
may recover () from the matrix Bg as the quiver with ged(]b;;|, |bji|) arrows from ¢ to j whenever
bi; > 0. This will be useful in Section III.2. where we use the representation theory of a valued
quiver to describe quantum cluster variables.
We now define a symmetrizable Cartan matrix Ag = A(gq) = (ai;) associated to the

valued quiver (Q,d) via

2 if i =7

a;; =

—|bij| if i # 5
where d;a;; = djaj; for all 7,57 € Qo. Let ® denote the root system associated to Ag. We will
identify the root lattice of ® with the Grothendieck group K(Q) of Repy(Q, d) by taking as simple
roots the set {a;}icq,. For each i € @ define the simple reflection s; : K(Q) — KC(Q) to be the

unique Z-linear map defined on generators by

Si(O[j) = 0y — Q4504.

Then we have the following Theorem mentioned in Chapter I.

Theorem I1.1.1 (Gabriel, Dlab-Ringel, Kac, Hubery). The dimension vectors of indecomposable

representations of (@, d) are in one-to-one correspondence with the positive roots of ®.

Example I1.1.2 (Type Bs). Consider the valued quiver @ = o — o with d = (1,2). We compute

0o 2 2 =2
the matrix Bg = and the associated Cartan matrix Ag = . The valued

-1 0 -1 2
quiver (@, d) has four isomorphism classes of indecomposable representations:

e The simple injective representation S; = F — 0 with dimension vector «;.

e The injective hull of Sy is I = F2 % F,, where o identifies Fy as a 2-dimensional vector

space over FF, with dimension vector 2a; + as = s1(a2).

e The projective cover of Sy is P, = F = Fy, where ¢ is any injective map, with dimension

vector ag + ag = s152(a1).



e The simple projective representation S = 0 — Fy with dimension vector as = 518981 ().

This presentation of the dimension vectors will be explained in Chapter IV. O

We introduce the following notation in preparation for Definition I11.2.1. It follows from
the results of Section I1.2. that Repp(@,d) is “hereditary”, that is for all VW € Repp(Q,d) we
have Ext*(V,W) = 0 for every i > 2. For valued representations V, W € Repp(Q,d) we define
(V, W) = dimp Hom(V, W) — dimg Ext*(V, W). Using the long exact sequence on Ext coming from
a short exact sequence of representations, it is easy to see that (V, W) only depends on the classes
of V and W in K(Q). Thus we obtain a bilinear form (-,-) : £(Q) x K(Q) — Z known as the
“Ringel-Euler form”. Note that by the bilinearity of the Ringel-Euler form, it suffices to compute
it on the basis of K(Q):

d; if i =7,
(g, a) = (I1.1)
—[dibij]+ ifi# g,
where we write [b]4+ = max(0,b).
We will write o = d%ai and remark that the skew-symmetrizability of Bg implies (o, o)

and (a;, o) are integers for all i and j. Then for e € K(Q) define *e,e* € K(Q) by

n

n
e = Z(a!,e)ai, e* = Z(e, alVa;.

i=1 i=1

We define two matrices By = (b;;) and Bg = (b;;) as follows:

B , 1 if i = j;
bij =(aj, ;) =

=[]+ ifi#
. , 1 if i = 5;
bij =(aj,qa/) =

—[=bil+ i

It is clear from the definitions that viewing e as an element of Z" we have

‘e=Bgeand e" = Bge. (I1.2)



Also note from equation (II.1) and the skew-symmetrizability of Bg that we have
B, = D(Bg)'D~" and B}, — B, = Bg.

Suppose there exists an n x n skew-symmetrizable matrix A = (\;;) such that BéA =D
and write A(-,-) : Z" X Z™ — Z for the associated skew-symmetric bilinear form. As in Zelevinsky’s
Oberwolfach talk on quantum cluster algebras [Z], we may always replace the quiver @ by Q, where
we attach principal frozen vertices to the valued quiver @), to guarantee that such a matrix A exists.
Note that the compatibility condition for Bg and A implies A(b%,a;) = d;;; where b’ denotes
the i'" column of Bg.

For a valued representation V' define the “socle” soc V' to be the sum of all simple subrep-
resentations of V' and the “radical” rad V' to be the intersection of all maximal subrepresentations

of V. We record the following identities for use in Section III.2.
Lemma II.1.3.
1. For any d € K(Q), A(b%,*d) = (a;,d) and A(d*, b)) = —(d, a;).
2. For any b,d € K£(Q), A(b* —*b,d* — *d) = (d,b) — (b, d).

3. For any b,d,v,w € £(Q). A(~b* —*(v —b),—d* —*(w —d)) = A(*v,*w) — (d,v — b) +
(b,w —d).

4. For any injective valued representation I, [soc I] = *i, where i = [I] € K(Q).
5. For any projective valued representation P, [P/rad P] = p*, where p = [P] € K(Q).

Proof. The identities in (1) are a direct consequence of the compatibility of Bg and A. The identity
in (2) follows immediately from (II.2) and (1). The identity in (3) can easily be obtained from (1)
and (2). There is a unique injective hull and projective cover for each simple representation, the

identities in (4) and (5) follow. O

I1.2. Modules Over an F-Species

In this section we define the F-species associated to a skew-symmetrizable matrix and

show that the category of representations of (@, d) is equivalent to the well-studied category of

10



modules over the F-species associated to Byg.

Just as with ordinary quivers it is useful to consider an equivalent category of modules
over the path algebra. The analog of the path algebra for valued quivers is the notion of F-
species which we define as the tensor algebra of a bimodule over a semisimple algebra. Define
the semisimple algebra 'y = H?:l Fq, and let I'y = @bij <o Lij where we set I';; := Fg,p,, when
bij > 0 and I';; = 0 otherwise. Notice that Fg,p,;, contains both Fy, and F4; and thus we have a
I'p-T'g-bimodule structure on I'y where [y, acts by zero on I';; if ¢ # k and j # k. Then for ¢ > 2
we define T'; inductively by I'; = I'1 ®T';,_;. Now we may define the “tensor algebra” I'q := T, (I'1)
of I'y over I'g as the vector space @;’io I';. The multiplication on I'g is given by concatenation of

tensors:

J22. Fi®Fj Fi+j

(1 ® - Ra)@b1® b)) a1 @ Qa; @b @+ ®Dbj.

A module V' = ({V;},{¢};}) over Tq is given by an Fy,-vector space V; for each vertex i

and an Fg4;-linear map

o Vior, Tij ——V;

whenever b;; > 0. A morphism of I'g-modules

0:V—W

is a collection {0; € Homg, (V;, W;)}icq, such that ;¥ (6; @1d) = 0,0y}, i.e. the following diagram
commutes, whenever b;; > 0:

v
ij

Vi ®r,, T'ij V;

0; ®1d 0;
w

Wi @r,, I';j SRACEN W .

We will write ModI'g for the category of all finite-dimensional modules over I'g.
Proposition I1.2.1. [Rul] The categories Repy(Q,d) and ModI'g are equivalent.

Thus we may apply all results concerning F-species to valued representations.

11



Proof. Let d;; = ged(d;,d;) and d¥ = lem(d;, d;). Suppose b;; > 0. Since d;;|d;b;; we may identify

I'yj = Fa,p,; as a vector space over Fgi; and write I';; = D, Fus = P F 5, where we note

ai—j
that d;lf_jj = gcd(|bisl, |bji|]) = myj is the number of arrows ¢ — j in ()1. Consider the following
isomorphisms:

Homs, (V; ®r,, Tij,V;) = @ Homs, (Vi @5, Fas, Vj),

ai—j

Vi ®r,, Fais = Vi ®@r, (Fa, ®F,, Fq,) =V, ®r,,, Fa;
HomFdj V; ®Fd” Fa;, Vj) = HomFdU (Vi, V).

Combining these we obtain an isomorphism
Homg, (V; ®r,, Tij,V;) = @ Homs, (V; @x,  Fa,,V;) = € Homs, (Vi,V;). (IL.3)
a:i—j a:i—j
For vertices 4,7 € Qo we will write

wij + Homg, (Vi @r,, Tij,Vj) —— Dg.i; Homr, (Vi Vj)

ai—jg

for this isomorphism. Then we may define functors

F : ModTg Repp(Q,d) : G
{Vit {elib) {Vi} {wii (03)})

({‘/z}’ {w;jl((wa)a:i—)j)}) - ({‘/1}7 {@a})

{0; € Homp, (V;, Wi)}icq, < {0:; € Homg, (Vi, Wi)}ieq, -

Indeed, after the identification I';; = @, ) F4i; we can see via restriction that the commut-
ing squares defining morphisms of I'g-modules induce commuting squares defining morphisms of
representations of (@, d). Similarly we see that morphisms of representations of (Q,d) induce
morphisms of I'g-modules. Once defined there is nothing more needed to see that the functors F'

and G are inverse equivalences. O

Remark II.2.2. One might object that the isomorphism (I1.3) is not natural, but the original

assignment of the F-species I'g to the skew-symmetrizable matrix B already required choices.

12



The following Corollary is a consequence of the main result of [DR] obtained using the

reflection functors defined in the following section.

Corollary I1.2.3. The valued quiver (Q, d) has only finitely many indecomposable representations
if and only if the associated Cartan matrix Ag fits into the Cartan-Killing A — G finite-type

classification.

II.3. Functors on ModI'g

In this section we recall several functors acting on ModI'g. Subsection I1.3.1. presents
the theory of reflection functors for the category of modules over a species developed by Dlab
and Ringel [DR]. Subsection II.3.2. defines the Nakayama functor and the Auslander-Reiten
translation. By the equivalence of categories in Proposition I1.2.1 all constructions and results of

this section can be transported to the category Repp(Q,d).

11.3.1.  Reflection Functors

A vertex k € Qg is a “source” (resp. “sink”) if every arrow a € @) incident on vertex k
has t(a) = k (resp. h(a) = k). Note that we assume the quiver @ is acyclic and so there are no
arrows with t(a) = h(a). For a sink or source k of @ denote by p,Q the quiver obtained from Q
by reversing all arrows incident on vertex k. We will call a sequence of vertices k1, ko, ..., kg1

in Q “admissible” if the following hold:
o kg # ksyq foreach 1 <s <
e k1 is a sink or source in Q;
o for each 1 < s <r —1, vertex ks41 is a sink or source in the quiver p, pig, | - i, Q-

Note that k41 is not required to be a sink or a source in the quiver pg, pk,_, - - - i, @. This notion
of an admissible sequence will be used in Section IV.3.

For b;; > 0 define T'j; := HomFdj (I'ij,Fq;). For a module V' over I'q there is a natural
isomorphism

Homg, (T'i;,V;) = V; @, Homg, (Ui, Fa;) =V; @, Tji-
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We also have the standard adjointness isomorphism
Homg, (Vi ®p,, Tij, V;) = Homg, (V;, Homg, (i, V).

Combining these we obtain two natural isomorphisms both denoted by ~:

B HOI’II]Fdj (V; ®]Fdi FZ],V}) — Hom]Fdi(V;;,V} ®[Fdj ].—‘ﬂ) N

These isomorphism will be the necessary ingredient for extending the classical notion of reflection
functors from representations of a quiver to modules over I'g.

For a sink k € Qo we now define the reflection functor X : ModI'g — Mod T, o. For a
module V = (V;, }}) we define £ (V) = W = (W, ¢}}) as follows:

o for i # k we set W; = Vi and o)} = o};
e set W, to be the kernel in the diagram

(Kkj) (%)
0—— Wi —— Djecq, Vi @y, Ljk —— Vi

and when bj; > 0 set QDZZ» =K : Wk ®F,, Ly — Wj.

To get a functor we need to describe the action of E: on a morphism 0 : V — V’'. We define

E;:(@) =w = (w;)ieq, as follows:
o for i £ k we set w; = 0;;

e set wy : Wi, — W,g to be the restriction of
Djcq, (0 ®1d) = Djeq, Vi ®Fu, Lik —— Djcq, Vi ®ra, ik
to W and note that, since # was a morphism of I'g-modules, the image of this restriction
will indeed be contained in W}.

Similarly, for a source k € Qo we define the reflection functor X, : ModI'g — ModI',, o.
For a module V = (V;, <p};) we define ¥,/(V) = W = (W, @fjv) as follows:

o for j # k we set W; =V and @]} = ¢};

14



e set Wy to be the cokernel in the diagram

(¥, (mir)
Vk- *I‘) ®i€Qo ‘/Z ®]Fd7', FLk' *k> Wk — 0

and when by; > 0 set )} = m : W; ®r,, Uik = W
For a morphism 6 : V' — V' we define ¥, (0) = w = (w;)icq, as follows:
o for i # k we set w; = 0;;

e set wy : Wi — W/ to be the map induced by

®i€Qo (ai X Id) : GaiEQo Vi ®]Fdi i > ®ier Vi/ ®]Fd7¢ Tie.

Indeed, € being a morphism of I'g-modules implies that we have such a map between the

cokernels Wy, and W}

We will denote by the same symbols Zf these functors transported to Repp(Q, d) via the equiva-
lence in Proposition I1.2.1.

Let Repy(Q, d) (k) denote the full subcategory of Repy(Q, d) of all representations of (@, d)
which do not contain Sy, as a direct summand. For k € () a source, it is shown in [DR] that the

reflection functors Ef restrict to exact equivalences of categories

¥, : Repp(Q,d)(k) «—— Repp(ux@Q,d)(k) : EZ,'.

Since it will be clear from context which to use we will often drop the * and simply denote both
functors by Xj. The following result proved in [DR] will be essential for our study of external

mutations presented in Chapter IV.
Proposition I1.3.1. [DR, Proposition 2.1] Let V' € Repp(Q, d)(k). Then we have
1. [2xV] = 0x([V]) where o}, denotes the simple reflection on K£(Q);

2. %2V = V.
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I11.3.2.  Other Functors

Let D : ModI'g — Mod I'gor denote the standard F-linear duality, that is D = Homg(—, F),
where QQ°P denotes the quiver obtained from @ by reversing all arrows. We define the “Nakayama
functor” v : ModT'q — ModT'q to be the composition D Homr, (—,I'g). It is well-known that
this functor defines an equivalence of categories from the full subcategory of ModI'¢ consisting of
projective objects to the full subcategory consisting of injective objects.

Our next goal is to define the Auslander-Reiten translation. Let V' be a module over I'g

and consider the minimal projective resolution

0 P Py V 0.

The “Auslander-Reiten translation” 7 = D Tr : ModI'g — ModI'q is defined on a representation

V via the following induced diagram:

0 —— Hom(Py,I'qg) —— Hom(P;,T'g) —— Tr(V) —— 0.

The Auslander-Reiten translation defines an equivalence between the full subcategories Modp I'g
and Mod; ' consisting of objects with no projective summands and no injective summands re-
spectively. The following “Auslander-Reiten formulas” will be essential in the computations to

follow.

Proposition I1.3.2. For any representations V, W there exist isomorphisms:

DHom(V,7W) = Ext' (W, V), (I11.4)

D Ext!(V,7W) = Hom (W, V).

In particular, we have (v,7w) = —(w, v).

It follows from results of [APR] that we have a factorization 7 = Xf --- S where (i1,..., i)

is a complete source adapted sequence of vertices in ). Thus 7 is sometimes called a “Coxeter

functor”.

16



II.4. Tilting Theory for ModI'g

The main result of this dissertation uses the classical theory of tilting modules over an
F-species. We will present those results necessary to define a mutation operation for local tilt-
ing representations. The main result of this dissertation will show that this mutation operation
corresponds with the Berenstein-Zelevinsky mutations of quantum seeds that we will present in
Section ITI.1. We freely abuse the equivalence from Proposition I1.2.1 to go between representations
of (Q,d) and modules over I'g.

We begin with the definition of a tilting module for I'g. For a representation 1" we write
add(T) for the full additive subcategory of Repyp(Q, d) generated by the indecomposable summands

of T'. Then a I'g-module T is called “tilting” if there is a coresolution of I'g of the form

0 Ty Ty Ty 0

with Ty, Th € add(T). In order to define mutation of local tilting representations we need to recall

two well known results from the representation theory of I'g.
Theorem I1.4.1 (Happel-Ringel).

1. If V and W are indecomposable modules with Extl(V7 W) = 0, then any nonzero map

W — V is either a monomorphism or an epimorphism.

2. The dimension vectors of the indecomposable summands of a basic rigid module are linearly

independent in the Grothendieck group of I'g.

3. A basic rigid module T is a tilting module if and only if T" contains n indecomposable

summands.

Note that Theorem I1.4.1.3 implies each local tilting representation 7' of @ is a tilting
representation for the full subquiver Q7 of @ where Qf = supp(7T'). Note that we will consider
the zero representation as a tilting representation for the empty subquiver. A basic rigid repre-
sentation is called an “almost complete tilting representation” if it contains n — 1 indecomposable
summands. The following theorem describes the possible ways to complete an almost complete

tilting representation to a tilting representation.

Theorem I1.4.2 (Happel-Unger). Let T be an almost complete tilting module.
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1. If T is sincere, then there exist exactly two non-isomorphic complements to 7', otherwise

there is a unique complement.

2. Suppose T is sincere and write V and W for the complements to T'. Suppose Ext*(V, W) # 0,
then there is a unique non-split sequence 0 - W — E — V — 0. Furthermore E € add(T)

and dimy End(V) = dimy End(W) = dimg Ext(V, W).

Let T be a local tilting representation of (Q,d). We will use Theorem I1.4.2 to define
a mutation operation on 7" which will produce another local tilting representation. We will only
consider those local tilting representations 7" which may be obtained by iterating mutations starting
from the zero representation. Thus there will be a canonical labeling of the summands of T" by the
vertices in its support and for ¢ € supp(7T) we have End(7;) = End(S;) = Fy4, by Theorem I11.4.2.2.
Given a local tilting representation 7" and a vertex k € Qg we define the mutation p(7')

in direction k as follows:

1. If k ¢ supp T', then by Theorem I1.4.2.1 there exists a unique complement T}; so that px (1) =

Ty @ T is a local tilting representation containing k in its support.

2. If k € supp T, then write T = T/T}.

(a) If T is a local tilting representation, i.e. k & supp T, let ux(T) =T.

(b) Otherwise supp7 = suppT and by Theorem I1.4.2 there exists a unique compliment

Ty % Ty so that ug(T) =Ty @ T is a local tilting representation.
Notice that the definitions imply the mutation of local tilting representations is involutive.

Remark II1.4.3. It follows from results of [BMRRT] that the mutation operation is transitive on

the set of local tilting representations.

Example I1.4.4 (Type Bs). We keep the notation from Example I1.1.2. In particular the valued
quiver Q = o — o with d = (1, 2) has four indecomposable representations S1, Sa, P1, and I5. All of
these representations are rigid since each one is either injective or projective. In Figure I1.4.1 below
we present the mutation graph of local tilting representations where local tilting representations

related by the mutation operation just defined are connected by an edge labeled by the mutation.

O
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2 H1
Sa S1
M1 K2
P @Sy S1@ Iy
X /
Pl

Figure II1.4.1: Mutation graph for local tilting representations of the Type By valued quiver.

I1.5. Matrices Associated to Local Tilting Representations

Here we define the matrix Bp associated to a local tilting representation 7. We will show
in Section V.1. that the matrix Bp is skew-symmetrizable and that the mutation of local tilting
representations induces the Fomin-Zelevinsky mutations of exchange matrices. This construction
was given in [H1], as this work is unpublished we will reproduce Hubery’s arguments.

We will require a little preparation before we can define the matrix By. For a valued
representation V, we will call a morphism V — E (resp. E — V) a “left add(T)-approximation”

(resp. “right add(T)-approximation”) of V if
e F € add(T) and

e the induced map Hom(E, X) — Hom(V, X) (resp. Hom(X, E) — Hom(X,V)) is surjective
for any X € add(T).

In other words, V' — E (resp. E — V) is a left (resp. right) add(T)-approximation of V if every
map to (resp. from) an object of add(T) factors through V' — E (resp. E — V). A morphism
¢:V — E (resp. ¢ : E — V)iscalled “left minimal” (resp. “right minimal”) if any endomorphism
¥ of E satistying ¥ o ¢ = ¢ (resp. p o) = ) is an isomorphism.

For each vertex k of Q our goal will be to define the entries b;, of the k" column of By.

First suppose k is in the support of T" and, using the notation from the mutation of local tilting

representations, suppose supp(7’) = supp(7T'). Write T} for the other compliment of 7' described
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by the mutation. Following Theorem I1.4.2.2 we assume that there is a unique non-split sequence

0 Ty E T 0.
’“ ¥ (IL5)

Proposition I1.5.1. [H1, Lemma 21] The map T} — E is a minimal left add(T)-approximation

of T} and the map E — T}, is a minimal right add(T)—approximation of T.

Proof. By Theorem 11.4.2, E € add(T). Let X € add(T) and note that Ext! (T}, X) = 0 since T is

rigid. Thus applying Hom(—, X) to the sequence (I1.5) gives the exact sequence

Hom(E, X) —— Hom(T},X) —— 0,

and from the surjectivity of this map E is a left add(T')-approximation of T}'. The approximation
T — E factors through any other approximation 7}; — F' and since T}; — E was injective we see

that 77" — F' must also be injective. Define G' by the short exact sequence:

0 Ty F G 0.
b (IL.6)

Since F' € add(T) and T is rigid, applying Hom(T', —) to the sequence (IL.6) gives Ext*(T,G) = 0.
Since Ty — F is a left add(T)-approximation, the map Hom(F,T) — Hom(T},T) is surjective
and applying Hom(—, T) to (IL.6) shows that Ext*(G,T) = 0. Then applying Hom(G, —) to (IL.6)
implies G and hence T'® G are rigid. So we must either have G € add(T &T},) or G € add(T & Ty}),
but F is a non-trivial extension in Ext'(G,T}) and thus G € add(T). Moreover G must contain
Ty as a summand. But E is the unique extension in Ext'(Ty, T}) and so the sequence (IL.5) is a
summand of the sequence (I1.6). To see minimality of E, suppose we have an endomorphism ¢ of

E making the diagram

commute. Then the image of ¥ is again an add(T')-approximation and from the discussion above

we see that E must be a summand, in other words 1 is an isomorphism and FE is minimal. The
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proof for E — T}, is similar. O

Using the Auslander-Reiten formulas of Proposition 11.3.2; the unique extension E from
equation IL.5 gives rise to a unique morphism § € Hom(T},7T). From 6 we get a short exact

sequence

0 D Ty — 1T, TAST —— 0

(IL.7)

where D = ker @, TA® I = coker 0, I is injective, and A and T} have the same maximal projective
summand P4 = Pp,. As in the proof of Lemma II1.3.3 the sequence (II.7) is equivalent to the

following short exact sequences

0 D T; c 0,
k (IL.8)

0 B T, A 0,
g (IL9)

0 c B I 0,
(I1.10)

where B contains no projective summands. The following Proposition will allow us to complete
the definition of the k" column of By in the case under consideration and shows that we are in a

position to apply Theorem II1.3.4.
Proposition I1.5.2. [H1, Proposition 22]

1. The map T}, — A is a minimal left add(T)-approximation of Tj.

2. The map D — T} is a minimal right add(T)-approximation of T} .

3. The objects B and C' are indecomposable.

4. The objects soc I and T have disjoint supports and Hom(A, I) = Hom(D,I) = 0.
Moreover, we have End(B) = End(C) = End(T%) = End(T}}).

Proof. Any automorphism 1) of the image C' of 6 gives rise to another element 0 in Hom (7}, 7T},).
The uniqueness of # implies C' must be indecomposable. Applying the functors Hom(T', —) and
Hom(—,T) to the sequence (IL.8) we see that Ext'(T,C) = Ext!(D,T) = 0 and we get an exact

sequence
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0 —— Hom(T, D) —— Hom(T, T}) —— Hom(T,C) —— Ext'(T,D) —— 0.

Applying the same functors to the sequence (I1.9) gives Ext*(T, A) = Ext*(B,T) = 0 and an exact
sequence

0 —— Hom(A,T) —— Hom(Ty,T) —— Hom(B,T) —— Ext' (A, T) —— 0.

From the Auslander-Reiten formula we see that Hom(T,7B) = Ext'(B,T) = 0. Then applying
Hom(T, —) to the sequence (I1.10) implies Hom(T,C) = Hom(T,I) = 0 and again using the
Auslander-Reiten formula we get Hom(B,T) = Ext!(T,7B) = Ext'(T,C) = 0. Thus from the
Hom-sequences above we get Ext' (T, D) = Ext'(A,T) = 0.

Applying Hom(—, D) to the sequences (IL5), where E € add(T), and (IL.8) shows that
Ext' (T}, D) = 0 and thus Ext'(D, D) = 0. Again using sequence (I1.5) and that Ext'(T,C) = 0
we see Ext'(T}%,C) = 0. Then applying Hom(—,C) to (IL.8) shows Ext'(D,C) = 0 and finally
applying Hom(D, —) to (IL.8) gives Ext'(D,T}) = 0. Thus we see that D cannot contain T} as
a summand and since (IL.8) is non-split D cannot contain T as a summand. We conclude that
D € add(T). A similar computation shows that A € add(T).

Since Hom(B,T) = Hom(T,C) = 0, the Hom-sequences above imply that T}, — A is
a left add(T)-approximation and D — T} is a right add(T)-approximation. As in the proof of
Proposition II.5.1 the injectivity of D — T}¥ and the surjectivity of T, — A imply they are
minimal.

Now since D € add(T) we have Hom(D,C) = 0 and applying Hom(—,C) to (IL.8) gives
Hom(C,C) = Hom(T},C). Since T} is indecomposable it cannot be the middle term of a split
sequence. But Extl(D, T}) = 0 and so by Theorem II.4.1 any nonzero map from 7} to a summand
of D must be surjective. So we must have Hom(T}}, D) = 0 and applying Hom(T}, —) again to the
sequence (I1.8) gives Hom(T}},C') = Hom(Ty};,T}). Similarly one can show that Hom(B,A) = 0
implying Hom(B, B) = Hom(B, T}) and that Hom(A, T}) = 0 so that Hom(B, T},) = Hom(T}, T}).
Then Theorem II1.4.2 implies End(C) = End(T}) = End(T%) = End(B).

Again we note that Ext' (T}, C') = 0 so that (I1.10) implies Ext' (7}, 7B) = 0. Then using
the Auslander-Reiten formula and (I1.9) we see that Hom(7}, 7B) = Ext' (B, T}) = Ext!(Ty, T}),
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which according to Theorem II.4.2 is equal to Hom (T}, T}') = Hom(T}, C). Thus
(TE, I) = Ty, 7B) — (T}, C) = dimy Hom(T};, 7B) — dimy Hom(7},C) = 0.

Now (—,I) is zero on add(T} & T'), but by Theorem I1.4.1 the dimension vectors of the indecom-
posable summands of T} & T form a basis of the Grothendieck group K(Q7). Thus, since the
Ringel-Euler form is non-degenerate, the support of soc I cannot intersect supp(7').

Finally, since A, D € add(T) and Hom(T', I) = 0 we see that Hom(A, I) = Hom(D, ) =0

and thus the hypotheses of Theorem II1.3.4 are satisfied. O

Following Theorem II.4.1 we know that the following elements of K(Q) form a basis:
{[T:]}iesupp 7 U {[Pi]}igsupp - We will consider the k' column b* of Br as an element of K(Q)
via bk = > by[T;]+ Y. bik[Pi]. Then for k € supp(T) = supp(T') we may define the k"

i€supp T i¢supp T
column of By via
b* = [A] + [D] + "7 [1] - [E]
where we write 7 = Y (e,a))[P;] and *fe = Y (a},e)[P)] for e € K(Q). The k"
j¢supp T j¢supp T
column of Brsgr is by definition —bF.
We prove the following consistency result which will be necessary to identify Br as an

exchange matrix.
Lemma I1.5.3. In the above basis, the elements [A] +[D] and [E] of K(Q) have disjoint supports.

Proof. We will show that the coefficients of [T;] in [A] and [E] cannot be simultaneously positive,
the same argument will give the result for [D] and [E]. We argue for contradiction. Suppose [T;]
appears in both [A] and [E] with positive coefficient. Then we have nonzero maps v : T; — Ty
and ¢ : T, — T;. Since Extl(Ti, Ty) = Extl(T;€7 T;) = 0, Theorem I1.4.1 implies each of these maps
is either a monomorphism or an epimorphism. Notice that this implies one of the compositions
v o or ¢ o~ is nonzero. Since End(T;) = Fy, and End(T}) = Fg,, this implies the nonzero
composition is an isomorphism. But then both maps are injective and surjective, i.e. T; = T}, a

contradiction. O

Now consider the situation where T is a local tilting representation with k ¢ supp(7T).
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Write T} for the unique complement of 7. Let I}, denote the injective hull of the simple Sj and

write P, = v~ 1(I}) for the corresponding projective representation.

Lemma II.5.4. [H1, Proposition 26] There exists a unique nonzero morphism P, — T} and a

unique morphism 7} — Ij.

Proof. Let Pj, denote the projective representation of QT,:@T associated to vertex k. Note that
there exists a unique morphism P, — P}, and since T} has support on QT; @7, any morphism P, —
T} factors through a morphism P, — T;. Now recall that k ¢ supp(7’) and thus Hom(Py, T) = 0.

Since 1}, ® T is a local tilting representation we have a coresolution

0—— P, —— (T}) — F —— 0,

where s > 1 and F € add(T). Since Hom(Py, Py) is a field, applying the functor Hom(P, —) to
this coresolution shows s = 1 and Hom(Py, Py,) = Hom(Py, T}), in particular there is a unique (up
to scalar) nonzero morphism Py, — T, . Composing with the unique morphism P, — P, completes

the claim. The analogous claim for Ij is dual. O

Lemma IL5.5. [H1, Proposition 26] The endomorphism rings End(P;), End(P), End(T}),
End(I;), and End(I}) are all isomorphic.

Proof. Since C € add(T) we know Ext! (T}, F) = 0 and according to Theorem IL.4.1 any nonzero
map from an indecomposable summand of F' to T} is injective. But T}’ is indecomposable and
so all such maps must be zero, in particular Hom(F, T;f) = 0. Thus applying Hom(—,T}) to the

sequence

gives Hom(Py, Py) = Hom(Py, Ty) = Hom(T}, T}).
Since P, and Py are both projective covers of the simple Sy, albeit as modules over different
algebras, they have isomorphic endomorphism rings, i.e. End(P;) = End(S;) = End(P;). The

same argument holds for I;, and Ij regarding them both as injective envelopes of Sj. O

As in the proof of Lemma I1.5.4, write F' for the cokernel of the unique map P, — T} and
let P’ denote the kernel. Similarly write G for the kernel of the unique morphism T};; — I, and let

I’ be the cokernel.

24



Proposition I1.5.6. [H1, Proposition 26] The map T} — F is a minimal left add(T)-approximation
of T} and G — T} is a minimal right add(T')-approximation of T}. Moreover, we have Hom(P', F) =

Hom(G, I') = 0 and the supports of soc I’ and P’/ rad P’ are disjoint.

Proof. Since k ¢ supp(T), we have Hom(Py,T) = Hom(T,I;) = 0. Then applying Hom(—,T)

and Hom (T, —) respectively to the defining exact sequences of T} — F and G — T we see that
Ty — F is a left add(T)-approximation and G — T} is a right add(T)-approximation. As in the
proof of Proposition IL.5.1, these are minimal since T} — F'is surjective and G' — T} is injective.
Since P, = Py/P' and I' = I};/I}, neither P’ nor I’ contains vertex k in its support.
Recall that Py can be described in terms of paths beginning at vertex k and I can be described
in terms of paths ending at vertex k. Thus @ being acyclic implies [P’/ rad P'] and [soc I] have
disjoint support.
Now since k ¢ supp(T) we have Hom(Py,T) = Hom(P',T) = Hom(P',F) = 0 and
Hom(T, I;;) = Hom(T', I') = Hom(D, I') = 0. Thus the hypotheses of Theorem II1.3.7 are satisfied.
O

As above we will consider the k" column b* of By as an element of X(Q). Now when T
is a local tilting representation with & ¢ supp(7') we may define the k** column of By via
bt = [F] +[PF —[G] = **[I'].
By definition the k" column of B+ is —b*. Using a similar argument as in the proof of Lemma I1.5.3

we get the following consistency result.

Lemma I1.5.7. Written in the basis {[Ti]}icsuppr U {[Pi]}igsupp 7, the elements [F] and [G] of

K(Q) have disjoint supports.

This completes the definition of the matrix B associated to a local tilting representation
T. We will further investigate these matrices and their relationship to the mutation of local tilting

representations in Section V.1.
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CHAPTER III

QUANTUM CLUSTER CHARACTERS

In this chapter we introduce our main objects of study and present necessary background
material. Section IIL.1. recalls definitions and results related to quantum cluster algebras. We
define the quantum cluster character in Section II1.2. In Section I11.3. we prove multiplication the-
orems for quantum cluster characters and we investigate their quasi-commutation in Section I1I.4.

These will be important in showing that local tilting representations correspond to quantum seeds.

I11.1. Quantum Cluster Algebras

In this section we will define quantum cluster algebras and recall some important structure
theorems which motivate the main results of this dissertation. We begin with an overview of the
construction before getting into the technical details.

As with classical cluster algebras, the generators and relations of a quantum cluster algebra
are not given explicitly but rather are constructed inductively. To start the process we need
a quasi-commuting collection of initial variables X = {Xj,...,X,,} which we call the “initial
cluster”. We will record the quasi-commutation via a skew-symmetric matrix A = (\;;) given
by X;X,; = i X;X;. Fix n < m and call this the “rank” of the quantum cluster algebra. For
1 <k < n we may swap out X}, for a new variable X;. These “cluster variables” are related by
binomial “exchange relations” (I11.2) which may be recorded in an m X n “exchange matrix” B
with skew-symmetrizable principal n x n submatrix B. The remaining variables X, n+1 < k < m,
are constant across the clusters and we call them “coefficients”. We insist that the new cluster
X = {X1,..., X, ..., X;n} U{X}} also be quasi-commuting and this forces a compatibility

between the commutation matrix A and the exchange matrix B.
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Definition I11.1.1 (Compatible Pair, [BZ]). Call a pair (B, A) compatible if B'A = ( D 0 )

where D is an n X n positive diagonal matrix so that DB is skew-symmetric.

When (B, A) is compatible we call the collection ¥ = (X, B, A) a “ quantum seed”.

Write pxA for the commutation matrix of the new cluster piX, we will give an explicit
formula (IIL.5) for s A below. We also define a mutated exchange matrix s, B given by equation
(IT1.3). Then ppX = (X, B, i A) is again a seed which we call the mutation of ¥ in direction
k. We may then think of p;> as our initial seed and iterate the process. We visualize the seed
mutations via a rooted n-regular tree T. The n edges emanating from a given vertex will be labeled
by the set {1,...,n}. We then label each vertex ¢ € T by a seed 3, where the root vertex tg is

labeled by the initial cluster (X, B, A). The labeling of the vertices is not arbitrary but rather we

k
t—t .
require that ¥, = pgpX; whenever in T. The “quantum cluster algebra” A,(B,A)

is the algebra generated by all of the cluster variables from all seeds ¥; subject to the exchange
relations.
A result of Fomin and Zelevinsky [FZ4] asserts that the cluster variables of A,(B,A)

are completely determined by the cluster variables of the principal coefficients quantum cluster

- - B
algebra A(Bp,\’) where Bp = with I the n x n identity matrix and A’ is a compatible
I

commutation matrix. Thus we will always assume we are dealing with an exchange matrix having
principal coefficients.
Now we will fill in the details. Let ¢ be an indeterminate. The initial cluster of our

quantum cluster algebra will form a generating set for an m-dimensional quantum torus
Tag=12 [qi%] (XELXEL XX = XX

The quantum torus has a unique anti-involution, called the “bar-involution”, which fixes each X;

1

and sends ¢ — ¢~ . Let aq,...,qa,, be the standard basis vectors of Z™. For each ¢ € Z™, write

m
¢ = ) c¢;a; and define bar-invariant monomials
i=1

,lZ)\..C.C.
2 ijCiCj
c _ i<j [ Cm
Xe=gq i< X XCm,
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Denoting by A(:,-) : Z™ x Z"™ — Z the skew-symmetric bilinear form associated to A, we have
XPX© = g2hbe) ybie, (I11.1)
In Section III.3. we will use a twisted multiplication #* : Ta 4 X Ta,q4 — Ta,q given by the rule
XPx X = XPte,

Note that 7a 4 is an Ore-domain, i.e. one has a way to convert between right fractions and left
fractions, so we may consider its skew-field of fractions F where the multiplication is well-defined
via this Ore condition. The quantum cluster algebra will be a subalgebra of F.

We need one more piece of notation before we can extract the exchange relations from the
exchange matrix B. Write b% = > bia; and b¥ = 3T —b;ra; for the positive and negative

B 7:bi >0 7:b;. <0 B

entries of the k" column of B, that is if we think of the k** column b* of B as an element of Z™,
then bF = b’i —b*. Now the mutation of the cluster X = {X,..., X,,} in direction k is given

by upX ={X1,..., Xk,..., Xm} U{X}} where
X; = XPioor 4 XDk e F (I1L.2)

Note that X}, has denominator X}, and is bar-invariant.

The Fomin-Zelevinsky [FZ1] mutation of exchange matrices is given by uxB = (b;;) where

_bij lf’L:kOI']:k,
. = (I11.3)

)
bij + [Dik] +brj + birx[—brj]+  otherwise;

where [b], = max(0,b). We may also describe the mutation of B in direction k via upB = EBF

with m x m matrix E = (e;;) and n X n matrix F = (f;;) given by

dij it j # k; dij if i # k;
€ij =4 —1 ifi=j=k; fij =14 -1 ifi=j=k (I11.4)
[=bir]y ifi#j=Fk; [bjle ifi=k#j.
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Then we may compute the commutation matrix pxA of the cluster piX as
urA = E'AE. (I11.5)

Proposition II1.1.2. [BZ] The pair (B, pixA) is compatible.

Thus we see that 2 = (upX, pkB, ur\) is again a quantum seed and we may label the n-regular

tree T as described above.

Definition I11.1.3. The quantum cluster algebra A,(B,A) is the Z [qi%}—subalgebra of F gen-

erated by the cluster variables from all seeds ¥; associated to vertices ¢t € T.

Here we considered mutations as an iterative process occurring inside the skew-field F, we
will call these “internal mutations”. We investigate the relationship between internal mutations
and representations of valued quivers in Chapter V.

It is also interesting to consider an “external mutation” relating cluster algebras with
neighboring initial seeds in the exchange graph. Let F’ denote the skew-field of fractions of the
quantum torus 7, A,q and for ¢ € Z write (X’)¢ for the bar-invariant monomials in 7, A,q. Then

the external mutations uy take the form of bi-rational isomorphisms

pr o F F'oo
Xy ! ()(/)bfifouc + (X/)bli*ak-
XxPhoen g xbl-an | X}

The following Lemma is immediate but essential.

Lemma ITI.1.4. For any cluster variable X € A,(B,A) and 1 < k < n, ux(X) is a cluster variable
of Ay(juxB, i N).

In Chapter IV. we will need to know the image under the external mutation pui of the

bar-invariant monomials (X’)¢. For n,r € Z, r > 0, we define the symmetrized quantum binomial

(" —q~ ") (g g ) (gL gl

(¢"—q=")(g—q~ 1)

q

coefficients mq ), where we note that mq =0ifr>n>

0. By convention we take [g]q =1.
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m
Proposition III.1.5. [BZ, Proposition 4.7] Let ¢ = > ¢;a; € Z™. Then we have
i=1

C k
e (X)) =" [ k} X Fetrbt, (IIL6)
>0 D qiK/2
p=

Recall that the external mutation py, is a map from the skew-field F containing the quantum cluster
algebra A(B, A) to the skew-field F’ containing the quantum cluster algebra A, (uz B, pxA). When
vertex k is a sink or a source, the valued quiver associated to the pair (,ukB, ur\) is exactly the
reflected valued quiver (@, d) defined in Section I1.3. Also recall that the reflection functors Ef
associated to a sink or source vertex k convert between representations of (@), d) and representations
of (up@,d). In Chapter IV. we show that this similarity is not a mere coincidence but that there
is in fact a relationship between external mutations and reflection functors.

The following Theorem of Berenstein and Zelevinsky [BZ] is the first important structural

result concerning quantum cluster algebras.

Theorem ITI.1.6. [BZ, Quantum Laurent Phenomenon] The quantum cluster algebra A, (B, A)

is a subalgebra of Ty, 4 for each vertex ¢ € T.

This says that although the cluster variables a priori are rational functions in the variables from
any seed 3;, cancellations inevitably occur and we actually get Laurent polynomials. In particular,
each cluster variable is Laurent in the initial cluster. Although the Quantum Laurent Phenomenon
guarantees that each cluster monomial is an element of 7 4 it is a non-trivial task to compute
their initial cluster expansions.

We define a valued quiver Q from a compatible pair (37 A) with principal coefficients as
follows. According to the construction in Section II.1. we may associated a valued quiver (@, d)
to the skew-symmetrizable principal n x n submatrix B of B where the valuation d; is the it
diagonal entry of the matrix D occurring in the compatibility condition for (B,A). Then we
attach principal vertices n + i — i for each 1 < i < n and set d,; = d; to obtain Q We will only
be considering valued representations of Q) which are supported on @ and thus we will only refer to
the quiver @ in the discussions that follow, however implicitly all equations/constructions involving
the Grothendieck group K(Q) or local tilting representations are happening inside Repp(Q,d). The

main result of this dissertation is a description of the acyclic initial cluster expansion of all cluster
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variables of A(B, A) using the representation theory of the valued quiver (Q,d). We present the

construction in the following section.

- 0 2 0 1
Example II1.1.7 (Type Bs). Let B = with compatible A = and

-1 0 -1 0
D = B'A = diag(1,2). Then Tp, = Z[¢F2 (X, XF : X1 X5 = ¢X2X1). The cluster variables
of .Aq(B, A) can be labeled Xy, k € Z, defined recursively by

X2 +1 if m is odd
Xm—1X7n+1 = (III?)

¢"?X,, +1 if mis even.

In Figure II1.1.1 we show the exchange graph with vertices labeled by seeds and edges labeled
by mutations. Note the similarity to the mutation graph of local tilting representations from

Example 11.4.4. The cluster variables X} are given below:

Xy = X—otee 4 X,

Xy = X2ter 4 x o 4 x—2ea—as 4 (g1/2 4 om1/2)x 2,
X=X~ 4 X702 4 Xmmmaz

Xo = X217 4 X702

X7 = X% = Xy

Xg = X2 = Xo;

X, =Xp_gforall ke Z.

II1.2. The Quantum Cluster Character Xy

In this section we define the quantum cluster character assigning an element of the quantum

torus 7T q to each representation V' of (Q,d). We will abbreviate ¢ = |F|.

Definition IT1.2.1. For V' € Repp(Q, d) define the quantum cluster character Xy in the quantum
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(b5 1)

Figure III.1.1: Exchange graph for the quantum cluster algebra of Type Bs.

torus Ta q by

Xy = Y q eV oGre(V)[ X"~ (e (IIL.8)
eeK(Q)

where Gre(V) = {U C V : [U] = e} is the Grassmannian of all subobjects of V' with dimension

vector e.

Example II1.2.2 (Type By). We keep the notation from Examples I1.1.2 and II1.1.7.
The representation Sy has unique subrepresentations with dimension vectors a;; and 0. So

applying the quantum cluster character to S7 gives:

Xg, = X~rtez L X~ — X

1

The representation I5 has unique subrepresentations with dimension vectors 2a; + ai, 0 and aq,
and it has 1 + ¢ subrepresentations with dimension vector a; + as. So applying the quantum

cluster character to Iy gives:
XI _ X72a1+a2 _|_Xfa2 +X72a17a2 + (q1/2 _|_q71/2)X72a1 _ X4
) .

The representation P; has unique subrepresentations with dimension vectors aq + as, 0 and as.
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So applying the quantum cluster character to P; gives:
Xp =X L X072 L X~ 7% = X,
3 .

The representation Sy has unique subrepresentations with dimension vectors 0 and as. So applying

the quantum cluster character to Sy gives:
Xg, = X207 4 X~ = X,

Notice how these relate the mutation graph of local tilting representations from Example 11.4.4

and the exchange graph from Example I11.1.7. a

IT1.3. Quantum Cluster Character Multiplication Theorems

In this section we prove multiplication formulas for products of quantum cluster characters.
Our first result is analogous to [H1, Theorem 12], [Q, Proposition 5.4.1], and [DX, Theorem 3.5].
All of their proofs are modeled on that of [H1, Theorem 12] using Hall numbers, we will follow this
approach as well.

Define the “Hall number” FZ, as the number of subobjects U C D with U 2 C and
D/U = B. We also write e5, for the size of the “restricted Ext-space” Ext'(B,C)p C Ext!(B,C)
consisting of those short exact sequences with middle term isomorphic to D. Note that F5 and
el are finite since B, C, and D are finite sets. There are two well-known formulas satisfied by
these quantities. The first one verifies the associativity of the multiplication in a “Hall algebra”

where the Hall numbers are structure constants.

Lemma II1.3.1. For any valued representations B, K, L, and V we have the following “associa-

tivity” relation for Hall numbers:

N FRLFYp =) FiaFiy. (I11.9)
A A’

The second equation, known as “Green’s formula”, verifies the compatibility of multiplication and

comultiplication of the Ringel-Hall algebra. To state Green’s formula we introduce the following
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useful notation:
[V, W]° := dimg Hom(V, W) and [V,W]' := dimg Ext'(V, W), for all V,W € Repp(Q,d).
Lemma III.3.2. For any valued representations V, W, X, and Y

0_ 0_ 0_
S elwFey = Y VWITACT-BDIad pi Bl e X oehp- (II1.10)
E

A,B,C,D

Let V and W be representations of (@), d). From a morphism 6 : W — 7V we get an exact

sequence

0 D w—" v TAST —— 0

(II1.11)

where D = ker 6, TA @ I = coker 0, I is injective, and A and V have the same maximal projective

summand P4 = Py. The following notation will be useful in the proof of the theorem:
Hom(W, 7V)par = {W L 7V : f £ 0,ker f = D, coker f = 7A@ I}

The following Lemma was given in [H1], we reproduce the proof for the convenience of the reader.

For a valued representation C' we write ac for the size of the automorphism group of C.

Lemma IT1.3.3. [H1, Lemma 15] The size of the restricted Hom-space Hom(W, 7V)pas can be

computed in terms of Hall numbers, in particular we have

|Hom(W,7V)parl = Y acFELFYpFi&,

B,C
where B contains no projective summands.
Proof. Define
t
0 Yy ——7Z X 0
PZy = {(s,t) : is exact}
and write PZ, = |P%,|. It is well known that the Hall number F'Z, can be computed as

P)%Y/(J,Xay.
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For any 8 € Hom(W, 7V)par the exact sequence (III.11) can be split into two short exact

sequences:

0——-D—4 . w_°

C 0,

0 c—2 v ! TA® I —— 0,

(11.12)

such that gc = . Thus we get a surjective map || P x PIY s 0 — Hom(W, 7V)pas with fiber
over 6 isomorphic to Aut(D) x Aut(C) x Aut(rA @ I). Since the fibers are all isomorphic for a

fixed C we see that

w 1% w Vv
| Hom(W,7V)par| = E PopPlasrc/arasracap = § ackFepFlagrc:
C C

From the surjective map f : 7V — 7A ® I we get a surjective map ¢ : 7V — 7A. Note that
the kernel of this map contains no injective summands since 7A cannot have injective summands.
Thus we may write ker p = 7B for some B containing no projective summands. Since B contains
no projective summands, Hom(B, Py/) = 0 and applying the inverse Auslander-Reiten translation
77! induces a surjective map V — A with kernel B, where we have used that P, = P,4. Since
img = ker f, we must have img C ker ¢, in particular g defines an injective map into 7B8. The

discussion thus far can be described by the commutative diagram:

0 C TV TADI —— 0
[g Id {771
©
0 B TV TA 0.

Notice that 7A@ I =2 7V/C and 7A = 7V/7B so that I = kerm; = 7B/C = coker g. From this

we see that the second sequence in (I111.12) above is equivalent to the following exact sequences:

0 B 1% A 0,

0 C B I 0,

and so we have
TV _ 1% B
Flagic = E Fiplic.
B

The result follows. O
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Note that by the Auslander-Reiten formula we have Ext'(V, W) = Hom(W, 7V).

Theorem II1.3.4. Assume V and W are representations of (@), d) with a unique (up to scalar) non-
trivial extension F € Extl(V, W), in particular dimg,q(v) Extl(V7 W) = 1. Let § € Hom(W, V)
be the equivalent morphism with A, D, as above. Furthermore assume that Hom(A @ D,I) =

0 = Ext'(A4, D). Then we have the following multiplication formula:
Xy Xy = g2 AV W x4 @AV Wk tvwl =3 ad) Xy x X (I11.13)

When dim Ext*(V, W) > 1, there exist similar multiplication formulas with more terms, see [F]

and [DS].

Proof. Note that we have

|Gre (V)| = Z Fgc

B,C:[Cl=e

and thus we may rewrite the quantum cluster character as
XV—Zq %baFV X b*—a
Then using Lemma I1.1.3.3 the product of the quantum cluster characters Xy and Xy becomes:

_lpa —b*—*a _lidec _d*—*c
XyXw =Y q > F{pxP TEER O e
AB cD

—lipa c —b*—*a,—d*—"*c — *—"(a+c
Z FYpFY g 2 3{die) 3 A(=b"—"a,—d"~"c) xy —(b+d)"—"(a+c)
A,B,C,D

- qQA(*v w) Z FABFCDq(b °>q $(b+d,atc) y—(b+d)" " (atc)
A,B,C,D
Our goal is to show that this equals the right hand side of equation (III.13). We accomplish this

by cleverly rewriting each term on the right. We begin with the following definitions:

E
— fyw
o1:= Z AL 1XE’
E2VeW

HOIn TV DAI| _1l(a *i
ZEDY | Vv]o ) |q 2@ X peax X

D,AT
DEW
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Since there is a unique nontrivial extension E € Ext*(V, W) and a corresponding unique nonzero

morphism 6 € Hom(W,7V), we see that both of these sums collapse to a single term. Since

]D

dimpy,q¢v) Ext'(V, W) = 1, we have e£y, = [Hom(W,7V)pas| = ¢"*¥]" — 1 and thus the right

1

hand side of equation (IT1.13) may be written as gz VW —|—q%A(*V’*W)+%<V’W>02. Observe that

our computation of Xy Xy above combined with the following Proposition complete the proof.
Proposition II1.3.5. We may rewrite o1 and o5 as

q[V’W]l _q[B’C]l b L(b+d V oW b+d)*—*
q{Perg—a (Pt ’a+c>FABFCDX_( +d)"—"(ate)

S

V.V _
AB,C,D gV VI =1
gBr -1 —1(v,w) (b,c), —L(b+d,atc) y—(b+d)*—*(atc)
02 = WFABFCDQ A A X .
Ascop

Proof. We begin with 1. Using Green’s formula (I11.10) we get

ZEXB;WXE: Z ebwq TV, XY X
E EXY
o_ o_ o_ _1 r_*

=Y PGB ad) s brdate) Y Il X Y Xy T

A,B,C,D,X,Y

Z q[V,W]lq<b,c)qf%<b+d,a+c>FXBFg/DXf(b+d)*7"(a+c),

A,B,C,D

where the last equality comes from the identities

1
Zsﬁc = |Ext!(4,0)| = ¢4,
X

S ehp = |Bxt!(B, D)| = ¢BP)".
Y

But the quantum cluster character gives

Xvew = q_%<y’x>F¥$WX—y*—*x
XY
_ 4 Hbrdatel [BO° RV pIY - (bid) = (ate),

A,B,C,D
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Since 6¥%W = 1 we may rewrite o1 as

E
— Cvw
n= ) wemoiiE
Ex2Vew

_ >k E\E/WXE — Xvew
- q[V,V]O — 1

v.wit _
-y ¢

A,B,C,D

q[B7C]1

T %  ° (bc)
q[V7V]0 1 q

qfé(b+d,a+c)FXBFCVVVDX7(b+d)*7*(a+c).

Now we move to oy. Notice that by the Auslander-Reiten formula we have *7b = —b*.

And thus by Lemma II1.3.3 we have

| Hom (W, TV)DAI|qfé(a,d>q[L,X]0,%(l+y,k+x)le?LF)1?YX7(l+y) —* (k+x)+7i

02 = V.V]o
A,D,I,K,L,X,Y gVt —1
D*W
W V. B
_ 3 GCZ chvf}7 AJ_B? IC (- b gL XL~ Ly dckn) pd gDy (hy+b)” = (ckxcte)

A,B,C,D,I,K,L,X,Y
D%W

By assumption Ext' (4, D) = 0 and thus Ext'(L, X) = 0. So o becomes

W Vv B
_ ackgpFapFic —4(ad) (Lx)=§ Ity ktx) pA Dy —(+y+b) —"(ktx+c)
02 = V,VP _ 1 q q KLYXY ‘
ABCDILELXY 1
DEW

In the case D = W, we have A =V and C = B = [ = 0. Thus removing the condition D 2 W we

get
acFY FY FrB . x)_1 x - *_* (k+x
by — 3 q[cVQ/ TADTIC oty =4 (i) i, P (149 4) = i)
A,B,C,D,I,K,L,X,Y
. ﬁ FY, FW, g viw) 1) =3 by det) x—(L4y)" =" (ko).
qt™ -

K,L.X)Y

Now we aim to remove the exponential dependence on A, B, C, D, I, L, and X so that we may

apply the associativity of Hall numbers and another simplifying equality. To that end we claim
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the following identities:

<ka W> + <V7 k> = <k7 d> + <a> k>

(v,y) +(y,w)=(a,y) +(y,d).

Indeed, recall that by assumption Hom(D,I) = Hom(A,I) = 0 and so Hom(K,I) = Hom(Y,I) =

0. Combining these observations with the Auslander-Reiten formulas of Proposition I1.3.2 gives

(k,w—d) =(k,7v—7a—1i)=(k,7v —Ta) = —(v —a, k),
<Y>w7d> = <y77—v77—a7i> = <Y7TV77—a> :7<vfaaY>'

These now give the desired identity:

1 1
_§<aad>+<1?x> _§<I+Y7k+x>

= Slad)+la-kd-y) - gfa-ktyktd-y)

= Sy~ v d) - glkd) — Sk + Slky) +
1 1 1

= *§<V7Y> - §<Y7W> - §<kaW> - §<V,k> +

1 1
:<v_k7W_Y>_§<V_k+Yak+W_Y>_§<V7W>

Now we may rewrite o9 as

w |4 B

_ aCFCDFABFIC (v—k,w—y)— 2 (v—k+y k+w—y)— 3 (v,w)

72 = vvp —1 ¢ %
ABCDILELXY 1

% FII(L‘LF)[()YXi(l+y+b)* —"(k+x+c)
>

q[V,V]0 —

Y FW —3vw) (Lx) =5 (+y ktx) y—(+y)" =" (ktx)
1 KL xv4q q
K,L,X,Y

where the dependence on A only occurs in the product F) F;? 1, and the D dependence only occurs

in the product FX,FE, . In particular, the associativity of Hall numbers (II1.9) applies and oy
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may be rewritten as

D' A 7 vB
oy = Z aCFCXFLBFIC q(v—k,w—y)—%(v—k+y,k+w—y)—%(v,w>

PAGCSE] %

A’,B,C\D'.I,K,L,X,Y
Vv W —(a'+y)*—*(k+d’)
x FY  FY X

P V]lo FY, FW, g viw) 1) =3 (v det) x—(L4y)" =" (ko)
Koxyd T 1

By Lemma III.3.3 and the Auslander-Reiten formula (I1.4) we have

’ ’ ’ 710 ’ 1
Z ZaCFCDXFLBF;—C]‘B = Z |Hom(D', 7A") x 1| = q[D AT = q[A i
I,L,X B,C I,L,X

So that o9 becomes

A/,D/ 1
oy = Z %qwfk,wfy)*%<V*k+y’k+wfy>*%<V7W>FI‘(/A,FZ‘;‘{YX*(a’+y)*J(k+d’)
qgtV>v1lh —1
A'D' K.Y
- Y V]lo FY, W, g3 o) g (L= 4y det) x —(4)" = (ct)
gt =1
K,L,X,Y
q[A/’D/]l v w 1 ra’ 1.7 k+d’ ’ *_*(ead’
= Z WFKA/FD/yq7<V’W>q<a’ )=z (a’+y k+d’) y—(a'+y)* —"(k+d’)
A',D' K.Y
— Z ﬁF}{/LF)‘gfyq—%(v,w)q(l,x>—%(1+y,k+x>X—(l+y)*—*(k+x)
grl =1
K,LX,Y
B,C]* _
_ Z Q[[VV]]O iFXBFCV'VDq—%(v,w)q(b,c>—%<b+d,a+c)X—(b+d)*—*(a+c).
q-” -
A,B,C,D
[
This completes the proof of Proposition I11.3.5 and thus of Theorem III.3.4. O

Our final result of this section is analogous to [H1, Theorem 17], [Q, Proposition 5.4.1],
and [DX, Theorem 3.8]. We again follow the Hall number approach of [H1, Theorem 17]. Let W
and I be valued representations of @, where [ is injective. Write P = v~!(I) and note that P is
projective with soc I = P/rad P, moreover End(/) = End(P). From morphisms § : W — I and

v: P — W we get exact sequences
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where G = ker 6, I’ = coker 6 is injective, P’ = kery is projective, and F' = coker~y. We introduce

the following notation needed for the proof of the theorem:

Hom(W, I)gy = {W LI f#0,ker f =G, coker f = I'},

Hom(P,W)pp = {P L W: f+#0,ker f = P, coker f = F}.

Lemma IT1.3.6. The size of the restricted Hom-spaces Hom(W, I)grr and Hom(P, W) p/p can be

computed in terms of Hall numbers, in particular we have

|Hom(W, Iar| = > aaFiGFf 4, (I11.14)
A

|Hom(P,W)prp| = apFipFip:. (I11.15)
B

Proof. Notice that the 6 exact sequence above can be split into the following two short exact

sequences:

A 0,

0 A I I 0,

where gc = 0. Thus we have a surjective map ||, Pig x P, — Hom(W, I)gp with fiber over a
morphism # isomorphic to Aut(G) x Aut(A) x Aut(I’). Then the identity (I111.14) follows from the
equality

|Hom(W, Igr| = ZPX‘&PII,A/aGaAap.
A

Now notice the v exact sequence above can be split into the following two short exact

sequences:
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where hd = . Thus we have a surjective map ||z Pfp x P}y — Hom(P, W) p r with fiber over
a morphism v isomorphic to Aut(P’) x Aut(B) x Aut(F). Then the identity (II1.15) follows from
the equality

|Hom(P,W)pip| = Php Pip/apapar.
B

O

Theorem II1.3.7. Let W and I be valued representations of Q with I injective. Write P = v~1(1).
Assume that there exist unique (up to scalar) morphisms f € Hom(W,I) and g € Hom(P, W), in
particular dimgyq(ry Hom(W, I) = dimgyq(py Hom(P, W) = 1. Define F', G, I', P’ as above and
assume further that Hom(P’, F) = Hom(G,I') = 0. Then we have the following multiplication

formula:
XX T = g AW X w XV 4 g 3 ACWTDS I e xPT (IIL.16)
Proof. We start by computing the product on the left using Lemma II.1.3.1:
XwX = Zqzyx W EAYT =) oyt =t
= W) Z q% y*y*»*i)q*%(y’X)F)‘(/VYXfy*f*xﬁi

—3A("w," i) Z qfé(y,i)qfay,x)F;VYXfy*7*x+*i.
X,Y

I
Q

Our goal is to show that this is equal to the right hand side of equation (II1.16). We again

accomplish this by cleverly rewriting each term on the right. We make the following definitions

H W, Dar e
oy = Z M){G*)(l7

[r,1° _
G,I q 1
G#W
Hom(P, W) ps -
g9 = Z | [II]O PF|XF*XP .
F,P’
FAW

Since there are unique nonzero morphisms W — I and P — W each of these sums collapses to a

single term. Note that under the assumption dimgyqr) Hom(W, I) = dimgyq(p) Hom(P, W) = 1
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we have |Hom(W, I)¢p| = |Hom(P,W)pp| = ¢"11° — 1 where we have used that End(P) =
End(I). Thus we see that the right hand side of equation (II1.16) may be written as ¢~ 2™ "Dy 4

—$ACw, ") —3[1,11°

q o9. Since [ is injective, applying Hom(—, I) to a short exact sequence

0 Y w X 0

induces a short exact sequence

0 —— Hom(Y,I) —— Hom(W,I) —— Hom(X,I) —— 0.

Since dimpyq(y Hom(W,I) = 1 we see that either Hom(Y,I) = Hom(W,I) = Hom(I,I) or
Hom(Y,I) = 0. Then (y,i) = [Y,I]o either equals [I,I]o or 0. Now observe that our compu-

tation of Xy X ' above and the following Proposition complete the proof.

Proposition IT1.3.8. We may rewrite o1 and o5 as

7l R * *
O S S
X,Y:[Y,1]°=0
1 * * ke

X,Y:[Y,I]0=[I,1]°

Proof. We begin with o;. Using Lemma II1.3.6 we may rewrite o; as

W ol
aaFjcFia 1 v.x) Gy -y — x+*i
1= Z g —1 14 PN X
AGI XY
G#W

Wl
_ Z AAFAGIT A ~Liyx) pG -y =" (cta)+Ti
- q[[)]]o -1 q XY .
AGI XY
G2

Note that by assumption we have Hom(G,I') = 0 and thus Hom(Y,I') = 0. Since G # W, we
have A # 0 and Hom(A, I) # 0. Thus the induced exact diagram

0 —— Hom(A,I) —— Hom(W,I) —— Hom(G,I) —— 0

Hom(Y, I)
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implies Hom(Y, I) = Hom (G, I) = 0. So we get the identity

<y,X> = <y7w_a_Y>

:<Y>W7y>7<y7i7il>

= <y7 W — y>a
and o7 becomes
aAFWFI, 1 _ _ s
o = Z [I’?]gr'illAq 3 (y,w y>ngX y (x+a)+ i

AGI XY
G#W

In the case G = W we have A = 0 and I = I’. Therefore we may rewrite o1 and then apply the

associativity of Hall numbers as follows

aAFW FI, _1 _ ot *s
o = Z T[Lﬁg_lf\ By wy) pC x -y = (eta)tTi
AG,I' XY
1 Ly W) W oy
_Zq[m]”—lq 2V WY PR XY
X,Y

FG I
aaA ’ _1 / B A
— E TATAXTI'A AXIAq 2<y7g>FGW/YX Yy ="g'+"i

AGT XY g1 —1
1 1 T
N Z gl 1° 11 20 gl XY
Xy

Notice that by Lemma III1.3.6 we have

Z ZGAFAG)/(FII/A = Z Hom(G', I)xp = ¢,
rx A X
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so that o1 becomes

’ 0

_l ’ _uF_* ’ *
o1 = Z g 11° — 17 8 pEy XY e
Gy
1 B
—qu 200 iy XY
Xy
[x.0° _q
q _ 1 gk _* %
2 1 20 Ry XY
XY

R )
X,Y:[Y,I]°=0

*

Turning to os, recall that we have p* = [P/rad P] = [socI] = *i. Combining this

observation with Lemma II1.3.6 we may rewrite o2 as

W P
aFppFEp _1(yx) P oy — xtp'*
03 = Z 1 ¢ YR ERE XY P
B,F,P' XY
FAW
W P
aBFpEFEp 1y x) pF  v—(y+b) —*x+*i
— E mq 3 (¥, >FXYX (y+b) )
B,F,P' X,Y
F#AW

Note that by assumption we have Hom(P’, F) = 0 and thus Hom(P’, X) = 0. Since F' # W, we
have B # 0 and Hom(P, B) # 0. Thus the induced exact diagram

0 —— Hom(P, B) —— Hom(P,W) —— Hom(P, F) —— 0
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implies Hom (P, X) = Hom(P, F) = 0. So we get the identity

(y,x) =(w—Db—x,%x)

=(w-x,x) = (p-px)

= <W - X, X>a
and o becomes
W P
aBFppFBp _1iw_xx) mF 3 —(y+b)* —"x+"i
oy = E Wg 2 ’>FXYX (y+b) .
B,F,P', XY
F£W

In the case F' = W we have B = 0 and P = P’. Therefore we may rewrite oo and then apply the

associativity of Hall numbers as follows:

W P
aBFFBFBP’

_1 _ _ *__*x * e
- grne—1 4 2 W) iy X R
B,F,P",X,Y
1 s W vt st
- Z gl 1° —1¢ 2 WX PR XY
XY

F' P
— Z aply pFpp g EE R W T
= XF'

B.F' P XY gt —1
- 1 1]16 1q7%<y’x>F)V(VyX7y*Jx+*i~
g
Xy

Notice that by Lemma III1.3.6 we have

Z ZaBngng, = Z Hom(P, F')pry = gBF’
PLY B Py
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so that o2 becomes

q[P,F/]O g W £
7 m‘fﬂ X X T
F'.X
1 — Yy x) pW -y —"x+"i
_Zq[l’l]o—lq 2 FXYX
XY
PY1° _q
q 1 x v Fx*i
= gL 1*61 2 (v, )F)‘?/YX Y *
XY
S e o S
X,Y:[P,Y]0=[I,I]°
— Z q—%<YVX>F)‘éVyx—y*—*x+*i.
X,Y:[Y,I]0=[1,1]°
O
This completes the proof of Proposition II1.3.8 and thus the proof of Theorem III.3.7. O

II1.4. Commutation and Compatibility

Our eventual goal is to conclude that the quantum cluster character applied to exceptional
representations of (@, d) coincides with the initial cluster Laurent expansion of all non-initial cluster
variables. Recall that the cluster variables fit into quasi-commuting families and thus in this section
we will consider what conditions we need on valued representations V and W so that the quantum
cluster characters Xy and Xy quasi-commute. The following Proposition, inspired by [CC, Prop.

3.6] and [Q, Equation (19)], will be the main ingredient.

Proposition I11.4.1. Let V and W be representations of (Q,d) with Ext'(V, W) = 0. Then

Gre(Vaw)l= > ¢®" Gy (V)|[Gre(W).

b,ceX(Q)
b+c=e

Proof. Denote by w1 : V@ W — V the natural projections and consider W as a subrepresentations

of V @ W via the natural inclusion. Fix B € Gr,(V) and C' € Gr(W) and define

Grec(VeW)={LecGrpse(VOW):m(L)=B,LNW =C}.
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Lemma II1.4.2. The following map is an isomorphism:

¢ : Hom(B,W/C) Grpc(Vae W)

fr———>L ={b+tweVaW:beBweW,fb) =pw)}

where p : W — W/C' is the natural projection.

Proof. Since p is surjective we can find for any b € B an element w € W so that f(b) = p(w) and
thus 7 (L7) = B. Also notice that L’ N W = ker p = C. We define a map
n : Grgc(Ve W) —— Hom(B,W/C)

L fr

where fL(b) := p(w) for any w € W such that b+w € L. If b+w € L and b+ w’ € L then
w—w € LNW = C so that p(w) = p(w’) and 7 is well defined. It is easy to see that no ¢ and

¢ o n are identity maps. O

Define a map

o Gre(VoW) — H Grp(V) x Gre(W)
b+c=e
L i (m (L), LN W).

The fiber over a point (B, C) is Grg,c(V @ W), which by Lemma II1.4.2 is isomorphic to an affine

dim Hom(B,W/C) olements. To complete the proof it suffices to show for B € Gry (V)

space with ¢
and C' € Gre(W) that dim Hom(B, W/C') only depends on the dimension vectors of B and C and
thus all fibers have the same number of points. To this end we will show that Ext(B,W/C) =0

so that dim Hom(B, W/C') = (b,w — c¢). Consider the following exact sequences:

0 B 1% V/B 0,

0 c W w/C 0.

We apply Hom(—, W) to the first sequence and Hom(B, —) to the second sequence to get the

following exact diagram taken from the corresponding long exact sequences:
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Ext'(V, W) Ext'(B,W) —— 0

Ext'(B,W/C)

Since Ext'(V, W) = 0 we get Ext' (B, W/C) = 0. O

Theorem II1.4.3. Let V and W be representations of (Q,d) with Ext'(V, W) = 0, then
Xy Xy = g2V Xy o,

If in addition Ext'(W, V) = 0, we have
XvXw =0V "™ X Xy

Proof. Using Lemma I1.1.3 and Proposition II1.4.1, we have

XvXw = > q 2PV RGr, (V)| x P b
b,ceX(Q)

g zlew—e) |Gre(W)|X ¢~ (w=e)

SN NG (V)||Gre (W) X (W =e)
eeK(Q) b+c=e

—(b,w—c) (b,v—b) l{c,w—c) iA(—b*—*(v—b),—c*—*(w—c))

-q qié qiﬁ q2

_ q%A(*v,*w) q—%<e,v+w—e) IGre(V & W)|X—e*—*(v+w—e)
eck(Q)

1

= qQA(*vv*w)XV@W.

O

Theorem II1.4.4. Let V and I be representations of (Q, d) such that I is injective and supp(soc I)N
supp(V') = 0, then
Xy Xi= q—%A(*v,*i)XV « X
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and

Xy X P =g 2MOVOXTX

Proof. We compute the following products using equation (III.1) and Lemma II.1.3:

XvX*i _ Z q7%<e,vfe> |GTe(V)|q%A(7e*7*(vfe)v*i)X*e***(V*E)ﬁﬁi

eek(Q)
_ q—%A(*V,*i) Z q_%<e,v—e)‘Gre(v)|q%A(*e—e*,*i)X—e*—*(v—e)+*i
eck(Q)
— q—%A(*V,*i) q—%(e,v—e) ‘G’f‘e(V)|q_%<e’i>X_e*_*(V_e)+*i,
eek(Q)
X*iXV _ Z q7%<e,vfe) |GT‘e(V)|q%A(*i’7e***(V*e))X*e***(V*e)Jr*i
eek(Q)
_ q—%/\(*i,*v) q—%<e7v—e> ‘Gre(v)|q%A(*i7*e—e*)X—e*—*(v—e)+*i
eek(Q)
— q—%A(*v,*i) q—%(e,v—e) ‘Gre(vﬂq%(e,i)X—e*—*(v—e)+*i
eek(Q)

For any i € supp(socI) there are no morphisms from V to S; and thus Hom(V,I) = 0. This

implies (e, i) = (v,i) = 0 and the claim follows. O

Remark IT1.4.5. It is clear that for any injective valued representations I and J, we have

i qA(*i’*j)X*jX*i.

In particular, if I = I; and J = I; are the injective hulls of the simples S; and S;, respectively,

then we have

X*iX*j _ q,\in*jX*i.

We see from Theorem II1.4.3 that a family of valued representations Vi, ...,V will have
quasi-commuting quantum cluster characters Xy, ,..., Xy, exactly when V; @ --- @ V} is rigid.
Moreover, Theorem II1.4.3 implies that for any rigid decomposable valued representation V we
may factor the quantum cluster character Xy,. This suggests that we should further restrict
to indecomposable V; such that V; 22 V; for ¢ # j. Since they both give rise to quasi-commuting

families we would naturally suspect that there should be a relationship between clusters of A, (B, A)

50



and basic rigid representations of (Q,d). Now the support condition satisfied by local tilting
representations combined with Theorem I11.4.4 is exactly what is needed to guarantee that we can
obtain in this way a full cluster of n mutable variables. We will make these remarks precise in

Chapter V. when we explicitly construct a seed of A, (B, A) from each local tilting representation

of (Q,d).
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CHAPTER IV

EXTERNAL MUTATIONS

We begin this chapter with an account of the ideas which led us to the main results. In
[CZ], Caldero and Zelevinsky deduce formulas for the Euler characteristics of Grassmannians in
indecomposable representations of the Kronecker quiver with two vertices and two arrows, these
are given by a product of two binomial coeflicients. The work presented in this chapter grew out

of a desire to extend these formulas to describe cluster variables in the quantum Kronecker cluster

. 0 1
algebra associated to the pair B = and A = . A natural analog to replace

-2 0 -1 0

the Euler characteristic is the number of points in the Grassmannians of subrepresentations over a
finite field. Szanto computed these counts in [Sz]. His approach develops a recursion relating the
Grassmannian of subrepresentations in an indecomposable representation with the Grassmannian
of its image under a reflection functor. This recursion can then be solved explicitly using a g-analog
of a classical binomial identity. Using Berenstein-Zelevinsky relations in the quantum Kronecker
cluster algebra one can use Szanto’s formulas to show that the quantum cluster character applied
to rigid objects gives cluster variables in this case. This fact was discovered independently by
Phillip Lampe in [Lam] and so we omit this proof.

Szanto’s recursion relies only on the well-established properties of simple projective and
simple injective representations and the corresponding reflection functors at the sink and source
vertices. Section IV.1. is dedicated to extending the Szanto recursion to this more general set-
ting. We remark that this recursion relates the Grassmannians in representations of quivers with
changed orientation. Thus it is most natural to suspect that they would be related to external
mutations. The remarkable main result of Section IV.2. establishes that the Szanto recursion on

quiver Grassmannians does match the external mutation given by mutating the initial cluster at
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a sink or source vertex. More specifically, mutating the initial cluster at a sink or source vertex
transforms the quantum cluster character of an indecomposable representation to the quantum
cluster character of its reflection.

In this chapter we will be considering the quantum cluster character applied to repre-
sentations of different quivers. To avoid cluttering our notation we will not refer to the specific
quiver corresponding to the initial cluster. However, the underlying quiver is inherent in the rep-
resentation and so this should not lead to any confusion. Thus we may state our main result as

follows.

Theorem IV.0.6. Suppose vertex k is a sink or a source in Q. Then for any V' € Repp(Q, d)(k),
Xy = Xsu,v. In particular, if Xy is a cluster variable in Aq(B,A) then Xs,v is a cluster

variable in A, (ux B, i ).

Thus any cluster variable obtained from the initial cluster by sink or source mutations
can be given explicitly in terms of Grassmannians of subrepresentations. From this observation

we obtain the following consequences.

Corollary IV.0.7. If the valued quiver @ only has two vertices, then each cluster variable of

A (B, A) is of the form Xy for some exceptional representation V € Repp(Q, d).

Corollary IV.0.8. If the valued quiver @) is an orientation of a finite-type Dynkin diagram,
then each cluster variable of AUF‘(B,A) is of the form Xy for some exceptional representation

V € Rep(Q, d).

One naturally conjectures that all non-initial cluster variables are given by the quantum cluster

character. This fact will be established in Chapter V.

IV.1. Recursion on Quiver Grassmannians

Suppose for the remainder of this section that vertex k is a source in the quiver Q). We will
prove a recursion for the Grassmannians of subrepresentations of Repyp(Q,d). It will be necessary
to specify in which category the Grassmannian occurs. We will write Gr® for Grassmannians in

Repp(Q,d). We will also need to consider Grassmannians of Repp(Q,d)(k), denoted Gr@*). We
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will use the following convention for Grassmannians of V' € Repp(Q, d)(k):
Gré®F (VY ={0 =W =V 5 V/W = 0: [W] =e;W,V/W € Repg(Q,d)(k)}.

Theorem IV.1.1. Let V € Repyp(ur@, d)(k) and e € K£(Q). Then we have the following recursion

for the number of points in Gre=?(V):

|GrexQ (V)| =Y g O |Gre, ((m — on(e)r — er) SOIGTS, (¢) eay (EKV) - (IV.1)

c>0
where v = [V] denotes the dimension vector of V.

Proof. The main content of the proof is contained in the following lemmas.

Lemma IV.1.2. For V € Repp(ur@,d) (k) and e € K(Q) we have

Grir @ (V)] = 3 |Grii (m = ex + @) SPIIGTEEL (V)]

acg e—acyg
a>0

Proof. Write S}, for the simple projective representation of Q. Consider the map ¢ : Gri+Q (V) —

11 GriQk >( V) given by U @ aS), — U. This map is clearly surjective. Suppose f : U — V is

e—aay
a>0

an element of Gr“ﬁmk)(V). The fibers of ¢ are given by (~}(U) = {(f,g) : U & aSj, — V}. Since

e—aqy

U e Gr”kQ<k>(V) and S, is projective, the images of such f and g must be disjoint and the fiber

e—aqy

over U may be written as ("*(U) = {g : aS}, — V/U} = Gr#:9((my, — e, + a)S},). Since the fiber

axg

only depends on the dimension vector of U, the result follows. O

Lemma IV.1.3. For V € Repp(Q,d)(k) and e € K(Q) we have

Gre(V) =3 |GrS,, (e + d)Sp)lIGre%, (V).

d>0

Proof. Let @Q* denote the quiver obtained from @ by reversing all the arrows. Note that vertex k

is a sink in @*. We will use the same notation for the linear duality functor (—)* = Hom(—,F) :
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Repp(Q,d) — Repp(Q*,d). The following equalities are immediate:

Gre(V)| = |Grd (V) = S 1GrSs (e + D)SHIGrE S . (v
d>0

=3"16r2.,, ((ex + d)SIIGrEE, (V)]
d>0

=N"16rG, ((ex + SIS (V).

d>0
where the second equality follows from Lemma IV.1.2. O

The following result is well-known, we include a sketch of the proof for completeness.
Lemma IV.1.4. Suppose V,W € Vecty and ¢ € Z~(. Then
Gre(Vaw) = > ¢ 0|Gra(V)||Gry(W)].
a+b=¢

Proof. Write m1 : V@& W — V for the natural projection and consider W as a subspace of V& W

via the natural inclusion. Consider the map ¢ : Gre(V @ W) — [ Gra(V) x Gry(W) given
a+b=¢

by U — (mU,U N W). This map is clearly surjective and the fiber over any point (4, B) €

Gro (V) x Gry(W) is isomorphic to an affine space of dimension a(w — b). The result follows. O

Putting the preceding three lemmas together we get our recursion. Let a = ¢ + d and
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consider the following:

qukc(dk(e)k+c)|G7‘glk((mk — Uk( )k - ek)Sk)HGTok(e)-i-cak (ZkV”
c>0
=D qn NG ((mi — oxl(e)r — ex)S)I|Gra, (or(e)r + (¢ + d))Sk)|x
¢>0d>0
k
|G’I“Q< >+(c+d)(¥k (EkV”

= > gl FNGrE, (i — ok (e)r — en)Sk)IIGTE_ ., (ok(€)k + @) Sk)| X

a>0c>0
k
X< |Gt o SV

_ Z |erk (mg — ex + a)Sk)HGTUk e)+aak(ZkV)\

a>0
=Y 1GrEQ (my, — ex + a)Sp)|Grat S (V)]

a>0
=|Grir@(V)).

To see the second to last equality note that each of Gr&,, ((my —er+a)Sk) and Gris? ((my, — ey, +

aa
a)S}) is just the classical Grassmannian of vector subspaces G (Fy* ™ *) and Gr (e >)+aa (XxV) =
Grh* %Q(V) under the exact equivalence of categories Y. O

IV.2. Relationship to the Quantum Cluster Character

We now show that the recursion on the Grassmannians just obtained matches the recursion

in the quantum cluster algebra obtained by mutating the initial cluster in direction k.

Proof of Theorem IV.0.6. We will prove Theorem IV.0.6 in the case when vertex k is a source
in . This will immediately imply that the theorem holds for mutations of the initial cluster
in a sink direction. Indeed, assume the result holds when k is a source in ui@ and suppose
V € Repp(Q,d)(k). If we begin with Xy, v in A,(ugB, uxA) and mutate the initial cluster in
direction k we will get ppXs, v = Xy, 5n,v = Xv in the quantum cluster algebra Aq(B7 A). But
the mutation of clusters is involutive so starting with Xy and mutating the initial cluster in
direction k gives ur Xv = prprXs,v = Xs,v-

Suppose V € Repgp(Q,d)(k). Our plan is as follows: first we expand Xy via the quantum

cluster character (IIL.8) to get an element of A,(B,A). Then we mutate the initial cluster in
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direction k (apply the external mutation uy) to get an element of the quantum cluster algebra
Aq(uké, urA) which we then show to be X, /. This result holds regardless of whether or not Xy

is a cluster variable. We record the main technical details in the following Lemma.

Lemma IV.2.1. Write B’ = uyB,c = > cio; = *e—e*—*v,and f =3 fia; = ope+rag. Then

we have the following identities:

(a) o) = F;

(b) EB~ = (B')"F;

(c) Ec+rbf = —B'(ore +ray) — (B') " opv;
(d) ek = or(vV)k — or(E)r — fr-

Proof. We write 0% = (Ufj) in matrix form as

1 if i =j # k;

O =y —1 ifi=j=k;
lbig| i i = .
Since vertex k is a source we have |by;| = [bx;]+ = br; and identity (a) follows.

To see the identity (b), we compute the ij-entry of the matrix on each side. Using the

definitions of ¥ and B~ this is given on the left by

U P SN T
> eieby; =
=1

~by; if i = k.

From the definitions of (B’)~ and F on the right we get

nL bij + by gl i # K
> b feg =
/=1

—b if j = k.
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Using that k is a source in @) we see that each of these is equal to

1 ifi=j=k
1 — [=bir] 4 [bril + ifi=j#k;
—big if it #k=7;
brj ifi=Fk+#j;
—[bil+ — [=bikl4[brjl+ i FEkF# ]

The identity (c), can be seen as follows:

Ec+rb¥ = —EBe — EB™v + rb”
= —EBFFe — (B')"Fv +rb*
= —B'Fe — (B) o}v + rb*

= —B'(ore +rag) — (B') opv.

Notice that the k" row of B~ is the negative of the k* row of F and thus (—B~v); =
(Fv)i = 0(V)g. Also the k' entry of —Be = —B(o.f +7ay,) is equal to the k" entry of —Boyf.
But —Boy = —BF = —EEBF = —EB’ whose k' row is the same as the k" row of —B. With
the exception of the k*" entry this is the same as the k*" row of —F since vertex k is a source. So
the k" entry of —Be is the same as the k*" entry of —Ff — frar = —oif — fray. The identity

(d) follows. O

We now expand Xy in terms of the initial seed ({X1,...,X},...,X,},Q). To simplify
notation we will write AQ(V) = ¢~ 2(&v=®|GrQ(V)|. Renormalizing in the recursion (IV.1) we

get:
ARy =% [m’“ k(@) 6’“} A9 (V).
c>0 ¢

02 k(e)+cak

The quantum cluster character applied to V is given by

Xy =2 oG (V)X Ceme = = 3T AZ ()X e,
e e
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We apply the external mutation py given by equation (IIL.6) with ¢ = *e — e* — *v to get
ur Xy in terms of the seed ({X1,..., Xk,..., Xn}, 1k Q):

ooty c ctrbF
Xy = (Z AZ(V)x >> SIS |F| | Asepxeens,
e k

e r>0

Using identity (c) of Lemma IV.2.1 we get

Ck ope+ro OV
uka—ZZ[ ]dw (V)X (—B' (Gretra)—(B)"owv)

e r>0

Now the substitution f = ore + ray and identity (d) from Lemma IV.2.1 gives

k_ak( )k_fk Q —B'(ore+rar)—(B' ) ov
v _ZZ{ ] A () e (SrZRV) X (7B (retran) (B o)

£ r>0 qk/?
k—Uk(f)k—fk- Q oy
—ZZ[ AL 0, BT )X ),
f r>0 q-r

Then we may apply the recursion (IV.1) to get
,UkXV = ZAI%Q E V) ( " ="on(v)) = XE V.

This completes the proof of Theorem IV.0.6. O

IV.3. Consequences

In order to state our next result we introduce some new notation for describing a cluster
variable. Define X[ o] i= X0 in A, (B, A), so the ordered tuple (Xpps- -+ s X)) forms the initial

cluster of A, (B, A). Now recursively define

Q _ Ha, Q
lao;a1,az,...,a] — Ha, lao;ar,az,...,ar_1]
where X{;";Tg azysar 1] is in Aq(uaTB,MGTA) and the birational isomorphism p,, pulls it back

to A,(B,A). Alternatively one could start with the initial ordered seed (X, B,A) of A,(B,A)

and perform the internal mutations in direction ai, then as, etc. to obtain the ordered seed

La, - fla, (X, B, A) then X© th

[ao a1,a2,..., Qar

] is the ap*" variable in the cluster fi,, - - - (1o, X. When it is
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clear from context we will drop the ) from the notation. Here are some simple observations that

follow from this notation:

Q _ y@

lao;a1,az,...,ar] = “Tlao;ai,...,@i—1,ait2,...,ar]"

1. If a; = a;41 for some ¢ > 0, then X

2. If ag # a,, then Xx@

laosai,az,....ar] — “Flaosa1,az,...,ar—1]"

3. If we mutate the seed ({X[?,a1 RIEEE 7X[?m1 M}, B, A) in direction ¢ we get the new seed

Q Q B
(X artrr s X} 1B 1)

4. If we start with X

l[ag;ar,az,...,ar 1]
XMQ
laost,a1,az2,...,ar—1]"

and mutate the initial seed in direction ¢ then we get

Theorem IV.3.1. Suppose k1, ko, ..., k.11 is an admissible sequence of vertices in Q). Let V €
Repp(Q,d) be the unique indecomposable representation of @ with [V] = oy, 04, - - - o, (g, )-

Then in the cluster algebra Ajp, (B, A) we have X[%H,kl Koo ]

= Xy.
Proof. The following Lemma states that the first mutation from the initial cluster is always given

by the quantum cluster character applied to a simple representation.

Lemma IV.3.2. Let @ be a valued quiver. Inside the quantum cluster algebra .AUF‘(B,A), we

have X [2 K= Xg, where S is the simple representation associated to vertex & in Q.

Proof. First note that Sy has only two subrepresentations 0 and S%. So we have

_(¥k+z[bék]+a2 —ak+z[_b£k]+a€
=1 + X =1 .

Xsk = X_O*_*(ak_o) _'_X—CY:—*(ak—ak) - X

But the last expression is just the exchange relation defining X O

Suppose the seed (X, B, A), can be transformed into the seed (X', B’, ), by a sequence

of mutations in directions ky, ks, ..., k.41 such that the corresponding sequence of vertices is

admissible in @, i.e. Q" = pg, . o, - pr, Q-

Bh,yq Q

The cluster variable X} in A,(B', \") may be considered as the cluster variable X v tnikors ]

in Ag(pug, ., B', pi,,, A'). By Lemma IV.3.2 we can write Xk = X, ,, for Sk, €

r1krga]

Repp (i, ., Q',d). Now assume for some i € [1,7] that we have

Xlkpprikigtsekrpt] = szi+1"'2kr(5k7-+1)
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inside the quantum cluster algebra Aq (g, , = fk,yy B, Phipyy = Mk, N) where X, -+ 2 (Sk,,) €
Repg (tk,yy - - ik, @', d). Notice that this representation is indecomposable and, since the se-
quence of vertices was admissible, it does not contain Sy, as a direct summand. Thus mutating
the initial cluster in direction k; gives

X[kr+1;ki,ki+1 ----- krg1] = szizk, =3k, (Sk

it1’ r+1)

in the quantum cluster algebra A, (e, s,y =« [k s B's ki fiks sy -+ fieyis A'). By induction we have

the following equality inside the quantum cluster algebra Aq(pg, -« - pi, o, B s ptiy - piie, N) =
Ay (B, M\):

X[kwlﬂﬁ ks kega] = sz'l Sy (Skpyy)

where X, -+ X, (Sk,.,) € Repp(pn, - - - ik, Q") = Repp(Q, d). This completes the proof. O

We will call a quiver @ “almost acyclic” if there exists ¢ so that the valued quiver p;Q is
acyclic. We will call a seed/cluster of of A‘M(B, A) almost acyclic if the corresponding quiver is

almost acyclic.

Corollary IV.3.3. Suppose the valued quiver @ is acyclic. Then each cluster variable of Ap| (B )

in an almost acyclic cluster is of the form Xy for some indecomposable V' € Repp(Q, d).

Proof. In [CK, Corollary 4], the authors show that all acyclic clusters are connected by sink and

source mutations. The result then follows from Theorem IV.3.1. O
Corollary IV.0.7 immediately follows.

Proof of Corollary IV.0.7. For rank 2 cluster algebras, the valued quiver associated to any cluster

is acyclic. So the result follows from Corollary 1V.3.3. O
We also get Corollary IV.0.8.

Proof of Corollary 1V.0.8. Let ki, ko, ..., k, be an admissible ordering of Q) and C' = ¥y, X, - - - X,

n

be the corresponding Coxeter functor. For each t € [1,n] write Py, = X, 3k, - - - Zk,_, Sk, for the
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corresponding projective representation where Si, € Repp(ur, ik, ,, - - - fix,, @, d) is the simple rep-
resentation associated to vertex k:. By [DR, Propositions 1.9 and 2.6], every indecomposable
representation of () is of the form C" P, for some r.

From Theorem IV.3.1 we see that each Xcrp,, is a cluster variable in Ap (B, A). Following
[FZ2] there is a one-to-one correspondence between non-initial cluster variables of A|1F|(B, A) and
positive roots in the root system associated to ). Since there is a one-to-one correspondence
between positive roots and indecomposable representations of @), we see that every cluster variable

must be obtained in this way. O

In Chapter V. we will extend these results to show that all cluster variables in a quantum cluster

algebra with acyclic initial exchange matrix are given by the quantum cluster character.

IV.4. Open Problems

We have shown that the mutation of the initial cluster at a sink or source vertex coincides
with the action of the reflection functor on representations, however our understanding of these
external mutations is restricted to sink and source mutations. One would naturally hope to remove
this restriction and understand external mutations in arbitrary directions. In the classical skew-
symmetric setting this was accomplished by Derksen, Weyman, and Zelevinsky [DWZ1], [DWZ2]
through a study of the representation theory of a new object called “quiver with potential”. They
introduce “mutation functors” at arbitrary vertices and show that applying a mutation functor
to a representation corresponds to applying the external mutation to the cluster character. It
would be natural to ask for a quantum skew-symmetrizable analog and define valued quivers with
potential. Recent attempts in this direction reveal some obstructions to extending the DWZ story

to valued quivers [Lab].
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CHAPTER V

INTERNAL MUTATIONS

This chapter is devoted to the proof that all non-initial cluster variables of Aq(B, A) are
given by the quantum cluster character applied to exceptional representations of the associated
valued quiver (@Q,d). The results of this chapter rely on realizing the internal mutation of cluster
variables as a shadow of the mutation of local tilting representations defined in Section II.5. The

results of Section V.1. are derived from the arguments of [H1, Main Theorem)].

V.1. Mutations of Exchange Matrices

Here we show that the Fomin-Zelevinsky mutation of exchange matrices associated to
local tilting representations coincides with the mutation operation for local tilting representations
defined in Section II.5.

Since the valued quiver @ has no oriented cycles, according to [Ri2, Section 2.4] the Ringel-
Euler form is non-degenerate. Also by Theorem I1.4.1 the classes of indecomposable summands of
a local tilting representation T are linearly independent in the Grothendieck group K(Q). Since
there are as many non-isomorphic summands of T as simple modules for @7, their isomorphism
classes form a basis of the Grothendieck group K(Qr) C K(Q). Notice that the isomorphism classes
of projective objects P; for ¢ ¢ supp T are linearly independent in £(Q) and the Ringel-Euler form
is non-degenerate when restricted to their span. Moreover, if we consider the isomorphism classes
of summands of T and these projective representations we obtain a basis for all of K(Q). Define

the natural projections mr : K(Q) — K(Qr) and 75 : K(Q) — span{P; : i ¢ suppT'}.
Definition V.1.1.

1. Since the Ringel-Euler form is non-degenerate on K(Qr), for i € suppT we may define left
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and right duals \;, p; € K(Q) and A\, pT in K(Qr) satisfying:

2

mr(X) = A} and 7r(p;) = pj

A1) = 6;5d; and (T, pl') = 6;;d; for all j € suppT.

2. For i ¢ suppT we define left and right duals \;, p; € K(Q), AT, pI' € K(Q7), and XS, p¢ €

span{P; : i ¢ supp T} satisfying the following identities:

mr(X) = A} and 7r(p;) = pj
(i) = Af and w7 (pi) = pf,
<A?,n> = <Si’Tj> and <TjﬂpzT> = <ijsi> for all] € supp 7,

<)\§,Pj> = 5ijdi and <Pj7p§> = 6ijdi for allj Q_f supp T.

Write \; = E Eij [1}] + Z fij [P]} and p; = Z Tij [T]] + Z ’I“ij[Pj]. Note that
jEsupp T jé¢supp T j€supp T jé¢supp T
it still remains to define ¢;; and r;; for ¢ € suppT and j ¢ suppT. We begin with the following

Lemma which motivates that definition.
Lemma V.1.2.

1. The matrices LT = (¢;;) and RT = (r;;) with rows and columns labeled by supp7' are
related by LT DT = (DT RT)! where DT = (d;;) is the diagonal matrix given by d;; = d;;d;

for i,7 € suppT.

2. The matrices L® = (¢;;) and R® = (r;;) with rows and columns labeled by ¢,j ¢ suppT are
related by L¢D¢ = (D°R°)" where D¢ = (d;;) is the diagonal matrix given by d;; = d;;d; for
i,j ¢ suppT.

T

Proof. By pairing A7 and p;f for 7, j € suppT' we see that {;;d; = Tsz'di- Similarly, by pairing A§

and p§ for 4,5 ¢ supp T we see that £{;d; = rf;d;. The result follows. O

Thus we complete the definition of the matrices L = (¢;;) and R = (r;;) by declaring that LD =

(DR)'. Note that this uniquely defines 75(\;) and 75(p;) for i € supp T.
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Suppose k € supp(7T') = supp(T). We will write /\ZT’“, pZT’“, )\Z-T’: and piT’: for the duals with
respect to the Ty @ T-basis and the T ® T-basis respectively. Recall the matrix By = (bg’“) from

Section I1.5. The following Lemma is based upon [H1, Lemmas 24 & 25].
Lemma V.1.3. We may compute 77 (A "), WT(AZ’:), mr(ppt), and WT(pf’:) as follows:

* *

mr(AF) = —mp(AF) = [Ti] — [A] and — mp(pi*) = mr(py*) = [T7] — [D.

We may also compute 75 (A*), 77{,%(/\;’:’: ), m5(pp*), and 7'('%(,0:’: ) as follows:

mhO) = —mh (") = B and w (o) = ~mi (o) = =7 [C],
where we write e*” = Y (e,af)[P;] and "fe =} (aj,e)[P;]. Moreover, for i € suppT
Jj¢supp T J¢supp T

we have

A = NP [0 edi fdp AT and pi* = pT* 4 [<bTE] ydi/dipft,

3

and for ¢ ¢ supp T we have

Ty _ T Ty _ Ty
A =A"and p;* =p;*.

Proof. According to the proof of Proposition I1.5.2 we have (A, T}) = 0 and (A, T}) = (T, T;) for
all j € supp(T), j # k. Since A € add(T) we see that 7 (A*) = [T}] — [A]. Similarly one sees

that WT(pZ’:) = [T};] — [D]. Now notice that

(rr(A\TF) + i (ALF), [T)]) = 0 and

(mpAF%) 4 (AL ), [T]) = di + (rr(Apr ), [E] = [T7)) = dy, — dy = 0,

so that 77 (A * )—|—7TT()\£’: ) = 0 by the non-degeneracy of the Ringel-Euler form on K(Q). Similarly
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we compute

(Ty], 7 (o) + WT(P?:» =0 and

([Tl wr(pFF) + mr (o)) = di + ([E] = [Tf], mr (o)) = di — di = 0,

so that mp(p*) + WT(pf’:) = 0. Assume ¢,j € suppT and 4,5 # k. Then we may obtain identities

relating 7 (A1 %) and wT(AiT’: ) as follows:

(rr(A*) — 7TT()\Z-T’:), [T3]) = 0 and

(e TE) — mp(AT9), [T3]) = —(ap (A1), [E] = [T3]) = —[~b% |4 dis
so that wp(\/*) — 7TT(/\;‘F’:) = —[=bl¥]1di/dpmr(A\L*). We remark that this implies the same

identity holds when we replace mp by m5%. Indeed, for j ¢ suppT we may compute the pairing

(—, W%(p;rk» on both sides of the desired identity as follows:

(T (A7) = (), 7 (0]4)) = (dy — 6 d

— roik d; — roik* d;
= (rr () = wr (). (o)),
(—[=bf 11 di fdim s (), 75 (0 ) = —[=bik ] di i3 d

= —[—bz;;“}eri/dkro,’;dk

= <7[7bz;ﬂ+di/dk7TT(>\Zk),WT(pfk»'

Now notice that the right hand sides of these are equal for all j ¢ suppT by the previously

C

obtained identity. Since the Ringel-Euler form is non-degenerate this implies 75 (A} *) — 7TT(/\;TF’: ) =

— b1 d;i Jd s (ALF). Similarly we obtain identities relating mp(p;*) and ﬂT(p;TF’: ):

(T3], 77 (pT*) — mr(p*)) = 0 and

(T, 7 (pl*) = wr(pi )y = —([E] — [T7), wr(p) ")) = —[~b%] 4 ds,

so that w7 (") —mr(p; ") = [~ 14 di/dxmr (o) and 75 (pF* )~ (o7 ) = — (b1 | di/dr (o)
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as above. Notice that for ¢ ¢ suppT we have

(rp(AT%) — 7 (M%), [T3]) = 0 and
(mr(ATY) — 7 (AT9), [Th]) = (S0, [Ti]) — (Si, [E] — [T}]) = 0,

Ty

so that the non-degeneracy of the Ringel-Euler form implies 7 (A*) — mp ()

) = 0. Similarly one

shows that 7r(p;*) — WT(p?; ) = 0. Note that we may write these identities in the T @ Tj-basis

and equate coefficients of [T}] to get éz,;’“ = —éz,;’“ and riT,f = —rz;c’“, or equivalently r,{f = —r@“
and £} = —é{i’:. In other words, we have 75(p}*) = —W%(p?:) and T5(A\1F) = —77%()\;‘:’:). For

i ¢ supp T we have the following:

* *

(A5 ) (ppt ) = (mr(ATF), (T3] — [D]) = (S5, [T] — [D]) = (54, [C)).

On the other hand this is equal to KZ,;’“ di = r,{f* d; and thus w%(pz’:) = *P[C]. A similar computation
with (mp(ALF), mr(pi*)) gives ([B], S;) = rijdy, = £}}d; and 75.(\1*) = [B]*”. Finally we note that

i)

75 (A\{*) and W%()\ZT’: ) have the same defining equations. Therefore we have 75(A*) = 75()\,

and similarly 75 (pf*) = W%(p?’: ). O
The following Proposition is based upon [H1, Proposition 23].

Proposition V.1.4. Thinking of the k" column b* of By as representing an element of X(Q)
written in the T @ T}-basis, we may write

b* = pik — A"

Similarly, thinking of the k** column b* of BT;I o7 as representing an element of K(Q) written in
the T} @© T-basis, we may write

kE_ Ty Ty
b" = p.F — Ak,
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Proof. According to Lemma V.1.3 we may write

it =N =1D] = (T3] = *7[C] — [Ti] + [A] - [B]**

but this is exactly b*. From above we see that pf’: = —pfk and )\Z’: = —/\?", the result for BT; T

follows. O

Let T be a local tilting representation with k ¢ supp(7T’) and write T' =T & T} where T}
is the unique compliment to 7. We will write )\iT’:, piT’: , ¥ and pf for the duals with respect to
the T & T, & -basis and the T-basis respectively. We again recall the matrix By = (bz;’j ) defined in

Section II.5. The following Lemma is based upon [H1, Lemma 28].

Lemma V.1.5. We may compute ﬂ'T(/\;‘:’:), mr(AF), WT(pf’:), and 7 (pf) as follows:

mr(A\F) = (T3] — [F) and mr(p" ) = [T3] - (G,

rp (M) = —frad Py and mp(of) = [T/ Si].
We may also compute mfp()\f’:), TS (A, W%(p;’:’:), and &, (pf) as follows:

TG ) = =[P and 7 (o) = =" [1',

mH(AR) = [Pe] = *F[I') and 75.(pf) = [Px] — [P']*".
Moreover, for i € suppT we have

mp(AF) = mp (W) + (b |y di fdimr (AF)  and wp(pf) = mr(pr©) + (b | di/dimr(ppt ),

P c\T¥ s c\Iw c ¢y Ty T ¢y Ty
T (D) = 7N F) + (b ledi/den (0F)  and i (pF) = wg (o) + [0 L di/dimg (00,
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and for ¢ ¢ supp T we have
mp(N) = mr () + (= e difdmr (V) and wp(pF) = mr(p*) + [bif Lodi/dmr (o),
c c T Tr c ¢ c T* T .
TE(AF) = 70N ) — byl | di/dems(AF) and  7w5(pf) = 75 (p; ") — [y 1 di /dims ().

Proof. Applying the functor Hom(—, T}) for j € supp(7T’) to the sequence

0 Py T F 0

shows that Hom(F,T;) = Hom(T},T;) and thus (F,T;) = (T}, T;). Similarly we may apply

Hom(T}, —) to the sequence

to see that (T, G) = (T}, T}). From the proof of Proposition II1.5.2 we have that Hom(F,T}) =0

and by a similar argument Hom(T},G) = 0. Since F,G € add(T) we may identify WT(/\:’: ) =
* Ty *

(T3] = [F] and 71 (p,") = [T}] = [G].

Recall that we have the following short exact sequences defining P’ and F:

0 Py T; F 0,

0 P P P, 0.

Applying Hom(P;, —) to the first sequence shows that Hom(P;, P,) = 0 for i ¢ supp7 and thus
applying the same functor to the second sequence gives Hom(P;, P') = Hom(P;, Py;) for i ¢ suppT.
By noting that Hom(Py, P') = 0 we see that &, (pf) = [Py]—[P'] = [Pk]—[P']**. Since k ¢ supp(T)
we have Hom(P;, T) = 0, in particular (P, T) = 0. Thus we see that —(rad Py, T}) = (S, T};) for
j € supp(T) and hence 77(AF) = —[rad Py] € K(Q7).

Similarly we have the following short exact sequences defining G and I':

0 G T I 0,

0 Iy, Iy, r 0.

Applying the functor Hom(—, I;) we see that Hom(I, I;) = Hom(I’, I;) for all j ¢ supp 7. Recall

1

that the inverse Nakayama functor v~ is an equivalence of categories from the full subcategory of
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Repp(Q, d) consisting of injective objects to the full subcategory consisting of projective objects.

Thus we see that

Hom(Py, P;) = Hom (v~ 11, y_llj)

=~ Hom(v~'I',v"'1;) = Hom(v T, P;)

and Hom(v~'I', B,) = Hom(v~'I',v7'I};) = 0. Thus we see that 7&(A\f) = [P] — v 1] =
[Py] — *P[I']. Since k ¢ supp(T) we have Hom(T', I};) = 0, in particular (T, I;) = 0. Thus we see
that —(Tj, I./Sk) = (T}, Sk) for j € supp(T) and hence 75 (p¥) = —[I1/Sk] € K(Q7). To obtain

the remaining duals W%(p:’: ) and 77%(/\:’“ ) we assume ¢ ¢ supp T and compute

* *

(), mr(ppe)) = (e (W), [TE] = [G) = (S, (T3] = [G]) = (Si, [Ia] — [I]) = —(Si, [I']).

On the other hand this is equal to fz,;’“ dy, = rkT;: d; and thus W%(pf’:) = —*P[I']. A similar compu-
tation with (wp (A% ), wr(pit ) gives —([P'], S;) = rok dy, = €15 d; and m6(AfF ) = —[P']*7.

For i € suppT we may compare WT(A?’: ) and 7p(\F) as follows:

(mr(A[F) — 7z (AF), [T3]) = 0 and

(mr (N F) = (W), [17]) = —{mp (A0, (7)) = —(mp(AF), [G)) = ~[=bif 1y ds,
Ty k T i - T
so that mp(\;*) — mp(Af) = —[=b;) ]+di/dimr(X,*). Similarly we may compare mp(p;*) and

7p(pF) as follows:

<[Tj],7TT(PiT':) — ﬂ'T(pf» =0 and

(T3], 7w (pr ) = mr(pk)) = —(T7], 7z (pF)) = —([F), mp(ok)) = —[br 1+ ds,

so that WT(p?’:) —7mp(pk) = —[bz;f]eri/dmrT(pZ’:). Now we suppose i ¢ suppT. Then we may
compare WT(AZT’: ) and 77 (\F) as follows:

*

(rr(A*) — mp(AF), [T3]) = 0 and

(2

(rr(AF) = mp (D), [T3]) = (S, [130) = {mr (W), [G]) = (S, (T3] = [G)) = (S0, I = 1) = —[~byf L4 ds,
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so that WT()\?’:) —mp(AF) = —[—b%]+di/dkﬂT()\Z’:). For j € supp T we consider the coefficient of

[T};] in this identity to get

OF =t = =[=bif s di /At
(i dy = Oy = —[=bif | d /ity d;

Ty kg _ . T% Ty
Tji dl — sz'di =T dz/dkgkj dj

T Ty Ty
T — sz‘ = gk; dj/dkryf
which we may recognize as giving the coefficient of [P;] in the identity F%(p?k) - W%(pf) =

—[bjk]erj/dkﬁ%(pf’:). Similarly we may compare WT(ng) and 75 (p¥) as follows:

(). 7 (o ") — 72(pF)) = 0 and

(T3] e (o)) = mr(pk)) = ((TR), i) = (), mp(oh)) = (1] = [F), Si) = (Py — P', Si) = —[bii | ds,

so that FT(pZT’: )= (pF) = —[ng]eri/dkﬂT (p:’: ). For j € suppT we again consider the coefficient

of [T}] in this identity to get

Ty _ ok _ _ppTe Ty

S —[b;} ]+di/dkrkj

Ty kg _ _nTe Ty
rif dj —rijdy = = by 4 di/diryf d;

CFd — 05d; = 0F di Jdyry s d

Ty ko Tq Ty
gji -4 = Tk dj/dily;

which we may recognize as giving the coefficient of [P;] in the identity W%()\J-T’:) - W%()\?) =
—[—bj;g]erj/dmr%()\f’:). We may also compare w%(AiT’:) and 75 (AF

%) as follows:

(75 (M) — 2 (M), [P]) = 0 and

(2

(TS OF) = G AE) [B]) = (15O ) [B]) = (m (), [P]) = (b | iy

3 (2 (2

Ty

so that 7§(X;*) — w5 (AF) = [b§]+di/dkw%(Al,§). Finally we may compare ﬂ'%(piT’:) and 75, (pF) as
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follows:

([P), 75(p ") = w5(pF)) = 0 and
¢, T c ¢, T _ ¢, TF Ty
([Pe], 75(p: ) — 75(0F)) = ([Pe], w5 (p; <)) = (v ], w5 (pg ™)) = [=byt 14 di,
so that 75-(p; ) — w5 (pF) = [=by¢ L ds /i (of)- O
The following Proposition is based upon [H1, Proposition 27].

Proposition V.1.6. Thinking of the k*" column b* of By as representing an element of K(Q)

written in the T & T} -basis, we may write
k Ty Ty
b" = p.F — Ak,

Similarly, thinking of the k** column b* of Bs as representing an element of X(Q) written in the
T-basis, we may write

b* = pk — AL

Proof. According to Lemma V.1.5 we may write

prt = Ak = (T3] = [G) = "7 [I') = (T3] + [F] + [P']*"

= [F] + [P = [G] =[],
but this is exactly the k*" column of Bp. Similarly we have

P = e = L/ Sk] + [Pe] = [P + [rad Pi] — [P + 7 [I']
= —[I] + [Se] = [PT"" + [Pe] = [Sk] + "7 (1]
= =[]+ [G] = [P]" + T3] = [F]+ (1]
=[G+ 7' = [F] = [P]r,
but this is exactly the k" column of Bx. O

We are finally ready to show that mutation of tilting pairs corresponds to mutation of
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exchange matrices.

Theorem V.1.7. Suppose ui(T) = T’. Then Br and By are related by Fomin-Zelevinsky matrix

mutation in direction k.

Proof. Note that we have shown for any vertex i € Qy we have b’ = piT"‘ — )\iT’“ for k € suppT
and b? = pf — )\f when k ¢ supp(T). In particular, this implies that the matrices By and By are
skew-symmetrizable, i.e. DBr and DBy are skew-symmetric. We will have two cases to consider.
Case 1: Suppose we have k € supp(T) = supp(T). Write Ty % T} for the unique
compliment of 7. We will show that BT@T; = EBrF where the matrices ' and F' are given
by (I11.4). We will consider the j** column b? = B} of Br as an element of K(Q) via b/ =
> bz;’“ [T+ > bz;" [P;]. First note that when j ¢ suppT we have b;";’g >0 and so
ic€supp T igsupp T
(BrF) = b/ + b7, b*
= b/ + [bjk] 4 d; /dib
Ly

— T _ T
=0t =

— i
=B ToT}"
Then since b* := 3> [<bF]L[Ti]+ 30 [~bX]L[Pi] is [E] the short exact sequence
i€supp T i¢supp T
0 ) E T, 0

implies that the change from the T @ Ty-basis to the T @® Ti-basis is given by left multiplication
by the matrix E from equation (IIL.4). Hence the j' columns of Bpgy, and Brgr, are related

by the Fomin-Zelevinsky matrix mutation. Now we suppose j € suppT and make the following
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similar computation:

(BrF)! = b/ + [=bjt] 4+ d;/dib

= o = NP [Ty (o — AT

_ T\
= 0" = A
_ pi
BT@T,:

Again note that the change from the T @ Tj-basis to the T'é T}'-basis is given by left multiplication
by the matrix F from equation (II1.4). This completes the proof in the case k € supp(7') = supp(T).

Case 2: Suppose k ¢ supp(T'). Then T has a unique complement T} such that T} & T
is a local tilting representation and supp(T} & T') = supp(T) U {k}. Note that by the definition
of By and By their k' columns are related by the Fomin-Zelevinsky matrix mutation. Thus our
goal is to show for i, j # k that bf; = b;fg-’: + 53;"* for 6;‘;’: = [b;‘,;f]+bf§ + b;fl;f [—b;‘gg]Jr. We have three

sub-cases to consider depending on the positions of i and j.

1. Suppose j € supp T and i # k. Then according to Lemma V.1.5 we have

E _ Lk k
bi; =i — 45;

ji
= Tsz": + [bJT,f]erj/derf — GF — [0k ] dy fdilyf

T Ty TE T T
= b+ 2o el — [of 1+ G

= bk — [ 1[0 1 + bk ] [ ]+

T T T Tr T Tr Tr Tk TF
= b [0 ]+ (05 1+ — [bad T [0 T 4 [0y 1+ [0k 5 1+ — [=0ig T4 =005 1+
= biF 4 (b e (e — =05 1) + (i 1+ — [=bit 1) [= bt )+

T T T T T
=0, 4 (b |40y + by [=by) ]+

2. Suppose j ¢ supp T and i € suppT. Following Lemma V.1.5 we have

k k k Ty Ty Ty T iy T
bl-j =rj— éjl- = rjf + [bj,’;]+dj/dkrkf — éji’“ — [—bj,’g]erj/dkEkf

and the proof proceeds as in case (1).
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3. Finally suppose 4,5 ¢ suppT. Then Lemma V.1.5 gives

kE _ .k k
= r1F — [=bif)dy Jderts — GF + [0 dy /ditl;

ji

Ty Ty Tic
=br — Tllzz‘[bkj J+ + lezi[_bkj J+

T Ty T T Ty
= bijk + [buf]nL[bk-;]Jr - [—b“jh[—bké?h
s Ty Ty Ty Ty Ty Ty Ty Ty
= bij + [bik ]+[bkj ]+ - [bik ]+[_bkj ]+ + [bik ]+[_bkj ]+ - [_bik ]+[_bkj ]+
T T Ty T Ty T iy
=0, 4 (b |+ (brf |+ — [=byf I+) + (b 1+ = [=00 ]4) [=byj 1+

T TE, T T T
= bijk + [bikk]-i-bk; + bik’f [_bk?]-‘r'

This completes the proof. O

V.2. Quantum Seeds Associated to Local Tilting Representations

In this section we assign a quantum seed X7 = (X, By, A1) to each local tilting repre-
sentation T'. Combining with Theorem V.1.7 we will complete the proof that all cluster variables
are given by the quantum cluster character applied to an exceptional representation of (@, d).

Recall that starting with a principal compatible pair (B,A) we construct the quantum
cluster algebra Ajp, (B, A) with initial cluster {X,...,X,} and a valued quiver (Q,d) with prin-
cipal frozen vertices. For a local tilting representation 7" we define the cluster X = {X1,..., X}

as follows:

) X; ifi ¢ suppT,
X/ =
X, ifiesuppT.

Recall that the exchange matrix By was defined in Section II.5. We will only consider those local
tilting representations which may be obtained from the trivial local tilting representation T = 0

by a sequence of mutations.
Proposition V.2.1. The matrix By, is the initial exchange matrix B.

Proof. Notice that (P;, S;) = d;;d; so that p; = S;. On the other hand we may write
rjidi = (pj, Si) = (8, 8i) = —[d;bjil+ = —[—dibiz]+,
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so that r;; = —[—b;;]+ and ¢;; = r;;d;/d; = —[b;j]+. Following Proposition V.1.6 we may compute

the ij—entry of BT0 as b;l;o =Tji — fji = [bij]+ — [—bij]+ = sz O

Recall that the matrix Ap should record the commutation exponents of the cluster Xr.
In Section II1.4. we have already computed the commutation for the cluster X and thus we have
defined Ar intrinsically in terms of the local tilting representation 7. To give Ar explicitly, we
write I; for the injective hull of the simple valued representation S;, and write i; for its dimension

vector. Also we will write t; for the dimension vector of the summand T; of T.

Proposition V.2.2. Let T be a local tilting representation. Then Ap = (N}

ij) is given by

A(*1;, *ij) ifi,j ¢ suppT,

) —A(*1;,*t;) ifi ¢ suppT and j € suppT,
N =

ij

—A(*t;,*i;) ifiesuppT and j ¢ suppT,

A(*t;, *t;) ifi,5 € suppT.

Following Remark II1.4.5 we have Ar, = A so that ¥p, = (Xr,, By, Ar,) forms the initial
seed for the quantum cluster algebra Am(B ,A). We now obtain the main technical result of this

dissertation.

Theorem V.2.3. Suppose ux(T) = T’. Then the quantum seeds X and X7 are related by the

quantum seed mutation in direction k.
We have the following immediate Corollary.

Corollary V.2.4. The quantum cluster character V +— Xy defines a bijection from exceptional
representations V of (@, d) to non-initial quantum cluster variables of the quantum cluster algebra

Apr| (B ,A).
This completes the proof of Theorem 1.0.2 from Chapter I.

Proof. Note that the multiplication formulas of Section III.3. exactly correspond to the Berenstein-

Zelevinsky quantum cluster exchange relations relating X and Xp/. To complete the proof we
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remark that the compatibility of the pair (B ,A) guarantees that each cluster consists of a quasi-
commuting collection of cluster variables and that the commutation matrices of neighboring clusters

are related by the Berenstein-Zelevinsky mutation rule. O

Since the quantum seed X7, identifies with the initial quantum seed of Ajg, (B, A) we finally
complete our goal of generalizing the classical cluster characters of Caldero and Chapoton to the
quantum cluster algebra setting. Note that since there is a unique isomorphism class for each
exceptional valued representation, the isomorphism classes of rigid objects in the Grothendieck
group K(Q) are independent of the choice of ground field F. This corollary together with the

specialization argument of [Q, Proposition 2.2.3] immediately implies the following

Corollary V.2.5. Let V be a rigid representation in Repp(@,d). Then for any e € K(Q) the

Grassmannian Gre(V) has a counting polynomial PY(q) such that |Gre(V)| = PY(|F|).

Proof. In [Q, Proposition 2.2.3] Qin shows that there is a support preserving surjection from
AQ(B,A), where ¢ is an indeterminate, to .AUF‘(B,A). The quantum Laurent phenomenon [BZ]
asserts that the structure constants of the initial cluster expansion of any cluster monomial live
in Z[g*2]. Thus for each rigid valued representation V there is a Laurent polynomial LY (q) in
q2 which specializes to LY (|F|) = |F|=2(¢V=2)|Gro(V)|. Now since |Gre(V)] is an integer for all
finite fields F, we sce that PY(q) = ¢2(®V=®LY(q) is an honest polynomial in ¢ and PY(|F|) =

Gre(V)]- 0
We conjecture that these polynomials always have positive coefficients.

Conjecture V.2.6. For any acyclic valued quiver (Q,d) and any rigid representation V', the

polynomial PY(q) € Z[g] has nonnegative integer coefficients.

Qin [Q] has settled this conjecture for acyclic equally valued quivers. The positivity of
these counting polynomials in skew-symmetrizable rank 2 Grassmannians follows from the results
of our recent combinatorial description of noncommutative rank 2 cluster variables in [Ru3]. In a
recent preprint [E], Efimov shows in the acyclic equally valued case that in addition the counting
polynomials are unimodular, i.e. they are a shifted sum of bar-invariant g-numbers. We conjecture

that this property always holds.

7



Conjecture V.2.7. In the hypotheses of Conjecture V.2.6, the polynomial PY(q) € Z[q] is uni-

modular.
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