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DISSERTATION ABSTRACT

Jeremiah David Bartz
Doctor of Philosophy
Department of Mathematics
June 2013

Title: Multinets in P? and P3

In this dissertation, a method for producing multinets from a given net in P? is
presented. Multinets play an important role in the study of resonance varieties of the
complement of a complex hyperplane arrangement and very few examples are known.
Implementing this method, numerous new and interesting examples of multinets are
identified. Each of these examples is the degeneration of a net, supporting the
conjecture of Pereira and Yuzvinsky that all multinets are degenerations of nets.
Also, a complete description is given of proper weak multinets, a generalization of

multinets.
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CHAPTER I

INTRODUCTION

The study of resonance varieties of the complement of a complex hyperplane
arrangement is an area of current research. The initial allure of these varieties stems
from their connections with the jumping loci of the cohomology with local coefficients
of the complement. More recently, resonance varieties have played a role in other
areas of arrangement theory such as the cohomology of Milnor fibers and roots of
b-functions.

Resonance varieties can be defined for general topological spaces.

Definition 1.1. Let X be a connected topological space and A(X) = @;>0A; denote
its graded cohomology algebra over C. Each a € A; yields a cochain complex
(A(X),a) given by

0—>A0-—G)A1.—G)A2.—a>...

The first-degree resonance variety of X is

RYX) = {a€ A : H(A,a) # 0}
= {a€ A;:3be Ay where b # Xa, ) € C, and ab = 0}.

The complement of a complex hyperplane arrangement A is one type of
topological space for which deeper results on its resonance varieties are known. For
example, the main result in [6] is that the existence of a nontrivial resonance variety
R(A) is equivalent to several different properties. One of these is that A is a certain
special configuration of points and lines in the complex projective plane P? called

nets and multinets. Another is the existence of a connected pencil of plane curves
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with irreducible generic fiber and at least three completely reducible fibers. These
equivalences provide motivation to study nets and multinets.

The notation introduced here is standard in arrangement theory. A complex
hyperplane arrangement A is a finite collection of hyperplanes in C™ or P". When
n = 2, the arrangement is referred to as a line arrangement and denoted L. For an
arrangement A in P", each hyperplane H € A can be specified by a homogeneous
linear form ay, up to a multiplicative constant, via H = ker ay. It is convenient to
write ay = ofy if ay = cay for some ¢ € C*. The product Q(A) = [ n is
called a defining polynomial of A and referred to simply as () when no confusion arises.
The intersection poset of A, denoted L = L(.A), is the set of nonempty intersections of
elements of A with partial ordering given by reverse inclusion. Two arrangements are
lattice equivalent if there is an order preserving bijection between their intersection
posets. An arrangement A is central if (o H # 0. It is well-known that the
intersection poset of a central arrangement is a geometric lattice with rank given by
codimension. For this reason, L(.A) is referred to as the intersection lattice when A
is central. All arrangements considered below are central.

In this dissertation, the main objects of study are nets and multinets, certain line
arrangements in P2. There has been significant developments in the theory of nets as
seen in [1], [8], [9], [14], [15], and [16]. On the other hand, less progress has been made
regarding multinets, the generalization of nets obtained by allowing multiplicities of
points and lines. Notable advances related to multinets occured in [5], [6], [13], and
[17]. Nevertheless, there remains very few known general results and examples of
multinets.

A generalization of multinets called weak multinets was introduced in [6]. In

Chapter II, the relationships between nets, multinets, and a weak mulitnets are



explored using definitions, basic properties, and a few other tools. Several examples
are given. The main result of this chapter is a complete description of the types of
proper weak multinets.

In Chapter III, a method for obtaining multinets from a given net in P2 is
presented. This is done by intersecting the net by a certain choice of hyperplane.
The procedure is implemented in one case, and the resulting multinets are classified
up to equivalence.

In Chapter IV, an invariant of multinets called graph type is introduced as an
aid to distinguish nonisomorphic multinets. The method from the previous chapter
for obtaining multinets is applied to additional cases, and the resulting multinets
are classified up to graph type. These efforts are rewarded with interesting and
unexpected new examples of multinets, several of which are discussed in greater depth
at the end of the chapter. Appendix A provides examples of each graph type found
in the investigated cases and gives a complete compilation of multinets known at this
time. Each of these multinets is a degeneration of a net, supporting the conjecture

in [13] that every multinet is a degeneration of a net.



CHAPTER II

WEAK MULTINETS, MULTINETS, AND NETS

Nets have a long association with finite geometries, latin squares, quasigroups,
and loops which is discussed in [3]. More recently, it was discovered that nets and
their generalization, multinets, play a special part in the study of resonance varieties
of complements of complex hyperplane arrangements. Nets initially appeared in this
latter context implicitly in [9] and explicity in [16]. Multinets are a fresh notion and
were first defined in [6].

In this chapter, the relationships between weak multinets, multinets, and nets are
explored using definitions, basic properties, and a few other tools. Several examples

are given. The main result is a complete description of proper weak multinets.

2.1. Definitions

Let £ be a line arrangement in P? and m : £ — Z-o be a function assigning
each line ¢ € L a positive integer m(¢) called the multiplicity of the line. The pair
(L, m) is referred to as a multi-arrangement. A multiple point is a point which lies on

at least three lines of L.

Definition 2.1. A weak k-multinet on a multi-arrangement (£, m) is a pair (N, X)
where N is a partition of £ into k > 3 classes L1, ..., Ly, and X is a set of multiple

points called the base locus satisfying the following conditions:
(1) D_ser, m(€) is independent of ;
(ii) for every ¢ € L; and ¢' € L; with i # j, the point £ N ¢ € X;

(ili) for each p € X, >, c,m({) is independent of i.
4



A k-multinet is a weak k-multinet satisfying the additional condition:

(iv) foreach 1 <i < k and any ¢,¢' € L;, there is a sequence of £ = (o, ly,... 0, =

such that ¢;_1N{; € X for 1 <j <.

It is useful to have a geometrical interpretation of these conditions. The first
says that each class £; contains the same amount of lines when multiplicities are
considered. The second states that any two lines from distinct classes intersect at
a point in the base locus X'. The third condition establishes that for each point
p € X, the number of lines ¢ € L; incident with p is independent of the choice of class
when considering multiplicities. The last condition can be viewed as a connectivity
condition in the following way. It says that each class of a multinet is connected when
the multinet is blown up at its base locus X.

It will be convenient to suppress notation and refer to a weak multinet or multinet
simply as £ when no confusion will arise. The common number »_,_ . m(¢), denoted
d, is called the degree of the weak k-multinet. A weak k-multinet of degree d is often

referred to as a weak (k,d)-multinet. Similar statements are made for multinets.

Remark 2.2. Given any weak (k, d)-multinet (M, X') on (£, m), multiplying all m(¢)
by a positive integer ¢ defines a weak (k, cd)-multinet with same £, A/, and X. It will
be assumed that d is always minimal. In other words, the multiplicities of the lines

are assumed to be mutually relatively prime.

Remark 2.3. The base locus X of a weak multinet £ is determined by its partition
N, namely X = {{ N : 0 e L;,l' € L;,i # j}. If £Lis a multinet, X conversely
determines the partition of £. To see this, construct a graph I with vertex set £ and

an edge from ¢ to ¢/ if £ N € X. Then the classes L; are the components of T'.



For each point p € X, the multiplicity of p is the common number » -, . ., m({)

and labeled as n,,.
Definition 2.4. A net is a multinet with n, =1 for all p € X.

In particular, nets necessarily have m(¢) = 1 for all £ € £ by condition (7i7)
of Definition 2.1. That is, the multiplicity of each line of a net is one. There are
other implications of the condition n, = 1. For instance, conditions (i) and (iv) of
Definition 2.1 are direct consequences of the remaining conditions and n, = 1. After

reinterpretating condition (#i7), the definition for nets can be restated as follows.

Definition 2.5. A k-net in P? is a pair (£, X') where £ is a finite collection of lines
in P2 partitioned into k > 3 classes L1, ..., L;, and X is a finite set of points called

the base locus satisfying the following conditions:
(i) for every ¢ € £; and ¢’ € L; with i # j, the point £ N{' € X;

(ii) for every p € X and every i (i = 1,...,k), there exists a unique ¢ € L; such

that p € /.

The next proposition is one of the few general results on weak multinets.
Originally appearing in [6], it identifies relationships between the various numerical

quantities of a weak multinet. Its proof uses the definition and counting arguments.

Proposition 2.6. Let £ be a weak (k, d)-multinet. Then

(i) Zeegm(ﬁ) = dk;

(ili) For each £ € L, > yrynp = d.



It is immediate from these definitions that all nets are multinets, and all multinets
are weak multinets. The next objective is understanding the effects of each additional
condition imposed when transitioning from weak multinets to multinets to nets. With
this goal in mind, the following terminology is introduced. A proper weak multinet
is a weak multinet which is not a multinet. A proper multinet is a multinet which is

not a net. The first issue to address is existence.
Question 2.7. Do proper weak multinets exist?

Question 2.8. Do proper multinets exist?

2.2. Examples of Proper Weak Multinets

Proper weak multinets exist, and two types of examples were exhibited in [6].

Descriptions of these examples are given below after the following definition.
Definition 2.9. A weak multinet is trivial if |X| = 1.

Remark 2.10. Alternatively, a weak multinet is t¢rivial if it is equivalent to a

hyperplane arrangement in P!

Example 2.11. A trivial weak multinet is a proper weak multinet if there exists
at least one class containing two distinct lines. In this situation, condition (iv) of

Definition 2.1 fails for the distinct lines lying in the same class. For example,

Q = [*][y°][(z — y)(z + )]

defines a proper weak (3, 2)-multinet. The three classes are distinguished via brackets,
and exponents indicate the multiplicity of each line. The depiction of this arrangement

in RP? is given in Figure 2.1(a).



To create this proper weak multinet, at least one class contained two distinct lines
of the trivial weak multinet. Then multiplicities of lines were appropriately chosen to
satisfy the conditions of a weak multinet. This type of construction is always possible

when the trivial weak multinet contains at least four distinct lines.

Example 2.12. The Hessian arrangement is a well-known (4, 3)-net. Denote its
classes by Cp, C1, Cy, and C3 and let £ be a primitive third root of unity. The Hessian

arrangement is defined by @) = CyCC5C3 where

Co = zyz
Cr=(z+y+2)(z+&y+&2)(r+ & +§&2)
Co=(x+y+&)(z+&y+2)(z+y+E2)

Cs = (x+y+&2)(x+Ey+&2)(x+ Y+ 2).

Then Q' = [CoC][C3][C3] defines a proper weak (3,6)-multinet. Again, the three
classes are distinguished via brackets, and exponents indicate the multiplicities of
each line.

In the construction of this proper weak multinet, two classes of the (4,3)-net are
combined. Then appropriate multiplicities are assigned to the remaining classes to
meet the conditions of a weak multinet. To see this weak multinet is proper, take
¢ € Cy and ¢ € C;. In Definition 2.1, it follows from condition (ii) that no such
sequence in condition (iv) exists.

The Hessian arrangement is a complex arrangement which cannot be realized in
RP2. A diagram of this arrangement appears in Figure 2.1(b). The four classes are
indicated by different styled lines. More information about the Hessian arrangement

can be found in [2].



- -

(a) (b)

FIGURE 2.1. Examples of proper weak multinets.

Remark 2.13. The curves Cy, Cy, C5, and C5 are four completely reducible fibers of
the Hesse pencil of plane curves, namely u(z® + y® + 2%) + t(xyz) where [u : t] € P!
These curves are the fibers of the pencil corresponding to [0,1], [1 : —=3], [1 : —3¢],
and [1 : —3£?], respectively, where £ is a primitive third root of unity. Pencils of plane

curves and their connection with multinets are discussed in Chapter IV.

2.3. The Matrix () and Refinements

A useful tool in studying weak multinets is its associated matrix ). This matrix
first appeared in [9] in the study of nets and reappeared in [6]. The following is a
summary of the ideas from these two papers relevelent to the current investigations.
These results are used to establish a new theorem regarding the types of examples of
proper weak multinets.

Suppose L is a weak multinet. Let J be its |X| x |£] incidence matrix (a,).

That is, apy = 1 if p € £ and a,, = 0 otherwise. The matrix () associated to L is
9



defined to be the |£| x |£] matrix given by Q = JTJ — E where E is the |L| x |L|
matrix with every entry 1.

The matrix () is a generalized Cartan matrix, symmetric with integers on the
main diagonal and —1 or 0 off of the main diagonal. Consequently, there is a block
direct sum decomposition Q) = Q)1 P - - - B Q) with each (; indecomposable of affine
type with regards to Vinberg’s classification. Define a graph I" with vertex set £ and
edge connecting ¢ and ¢ if N ¢ ¢ X. Then the indecomposable blocks are precisely
the restriction of @) to the connected components of I'. More information on Vinberg’s
classification can be found in [7].

A refinement of a weak multinet (N, X) on (£,m) is a weak multinet (N, X)
on (L£,m’) where N is a refinement of N'. Note that m’ may be different from m.
That is, multiplicities are permitted to be changed in a refinement. Also, there are
numerous refinements of a given weak multinet.

The following result appeared in [6].
Proposition 2.14. Any weak k-multinet refines to a k’-multinet where &’ > k.

In the subsequent work on multinets, the following observation will be useful.
Proposition 2.15. Any trivial weak k-multinet refines to a (k’,1)-net with &’ > k.

Proof. Let £ be a trivial weak k-multinet. Let N’ be the partition of £ consisting
of one line in each equivalence class and m’ be the multiplicity function assigning

multiplicity one to each line. Then (N, X) is a (K, 1)-net and a refinement of L. e

2.4. Results on Proper Weak Multinets

Examples 2.11 and 2.12 exhibit the only two types of proper weak multinets that

occur. This is the main result on proper weak multinets and established below.
10



Lemma 2.16. A proper weak k-multinet refines to a k&’-multinet with & > k + 1.

Proof. By failure of condition (iv) in Definition 2.1, a proper weak multinet
necessarily has a class whose corresponding block in the matrix ) decomposes into

at least two indecomposable blocks in the refinement. e

Theorem 2.17. Any proper weak multinet is either trivial or obtained by combining

classes of a proper 4-net.

Proof. Suppose L is a proper weak k-multinet and consider its k’-multinet
refinement. Since k& > 3, it follows that &' > 4 by Lemma 2.16. If ¥’ > 4, then
the multinet refinement of £ is necessarily a net, and any k’-net with &’ > 4 is trivial
by results in [17]. Since X is preserved during refinement, £ is a trivial weak multinet.
If &/ = 4, then the refined multinet is a 4-net by [17]. Again noting that X is preserved
during refinement, a proper weak 3-multinet only occurs by combining two classes of

the 4-net and assigning appropriate multiplicities to the other two classes. e

Remark 2.18. The Hessian arrangement is the only known example of a 4-net. It
is conjectured that no other 4-nets exist. If this conjecture is true, then the only
examples of weak proper multinets with |X| > 1 are constructed from the Hessian

arrangement.

2.5. Past Examples of Proper Multinets

With a complete understanding of the types of examples of proper weak
multinets, the focus shifts to proper multinets. Falk and Yuzvinsky identified several
examples of proper multinets in [6]. These were the first and only known examples
of proper multinets prior to the subsequent work in this dissertation. A summary of

these past examples of proper multinets is given below.
11



In Chapters III and IV, a method of producing multinets from nets in P? is
introduced and implemented. This results in the discovery of numerous new examples

of proper multinets.

Example 2.19. The first example is a (3,4)-multinet with all lines of multiplicity 1,
one point of X’ of multiplicity 2, and remaining points of X with multiplicity 1. This
arrangement is realizable in RPP? and depicted in Figure 2.2(a). In Chapter IV, it will
be shown that this arrangement has graph type G1(2) and fits into an infinite family

of examples.

Example 2.20. The collection of arrangements defined by

Qn = [(@" —y")2"|[(«" = 2")(y" = 2"2")][(y" — 2")(z" — 2"2")]

where n > 2 gives an infinite family of proper multinets. Each n defines a proper
(3,2n)-multinet which has a unique line of multiplicity n. The remaining lines have
multiplicity 1. Also, two points of X have multiplicity n while all other points of X
have multiplicity 1. Figure 2.2(b) gives a depiction in RP? of this arrangement when

n = 2. Later, it will be shown that these arrangements have graph types Ga(n).

Example 2.21. The collection of arrangements defined by

Qn = [(z" —y")2"|[(z" = 2")y"|[(y" — 2")2"]

where n > 2 gives another infinite family of proper multinets. Each n defines a
proper (3,2n)-multinet which has three lines of multiplicity n. The remaining lines

have multiplicity 1. Also, three points of X have multiplicity n while all other points

12



of X have multiplicity 1. A depiction in RP? of this arrangement when n = 2 is given

in Figure 2.2(c). These arrangements will be shown to have graph types Gs(n).

(@]
O W >»>» WO

A BB A

(a) (b) ()

FIGURE 2.2. Past examples of proper (3,4)-multinets.
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CHAPTER III

MULTINETS FROM NETS IN P3

The central idea in this dissertation is a method to produce multinets from nets in
P3. The definition of nets in P? given in Definition 2.5 involves conditions on lines and
points, objects of rank one and rank two, respectively, in the intersection lattice. It
can be naturally extended to define nets in P" for n > 1 by replacing these conditions
on lines and points with analogous ones involving hyperplanes and intersections of
hyperplanes. In both situations, the defining conditions of a net depend on rank one
and rank two elements of the intersection lattice of the arrangement.

An element of the intersection lattice of an arrangement A is called multiple if

it is contained in at least three hyperplanes of A.

Definition 3.1. Let n > 1. A k-net in P" is a pair (A, X) where A is a finite
collection of hyperplanes in P™ partitioned into k& > 3 classes A, ..., A, and X is
a set of rank two multiple elements of the intersection lattice called the base locus

satisfying the following conditions:
(i) for every H € A; and H' € A; with ¢ # j, the element HNH' € X

(ii) for every P € X and every i (i = 1,...,k), there exists a unique H € A; such

that P C H.

Again, it is often convenient to suppress notation and refer to a k-net simply
as A when no confusion will arise and the space P" is clear from context. The next
proposition generalizes a result for nets in P2

Proposition 3.2. Suppose A is a k-net in P". Then |.4;]| is independent of i.

14



Proof. The definition of k-net in P™ implies that |A;| = |H N X| for every ¢ and

every He A. o

Extending conventions established earlier, the common number |.4;| is denoted
d and called the degree of the k-net. Again, a k-net of degree d is often referred to as
a (k,d)-net.

The method for producing multinets presented in this dissertation utilizes nets
in P3. Tt was shown in [13] that there are no nontrivial nets in P" for n > 4. In
addition, there are no nontrivial proper multinets P" for n > 2. In this context, a
net or multinet is considered nontrivial if it cannot be realized in a lower dimensional
space. Currently, there are no known nontrivial nets in P* and only one known family
of nontrivial nets in P* which appeared in [13].

Let n € Z~. Consider the arrangement in P? given by

Qn = [(&" —y") (2" —w")][(2" = 2")(y" — w")][(2" —w")(y" = 2")].

It was shown in [13] that this arrangement supports a (3, 2n)-net in P3. In addition,
it was observed that intersecting this arrangement by a generic hyperplane produces
a (3,2n)-net in P2. On the other hand, intersecting by the hyperplane defined by

w = 0 yields the family of multinets

Q, = [2"(y" = 2")ly" (=" = 2" [" (" = y")],

one multinet for each n. These multinets are proper when n > 1 and can be viewed as
limits of nets through a deformation process. This family was previously mentioned

in Example 2.21. A closer examination reveals that other examples of multinets can
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be obtained by intersecting the arrangement (Q,, with different choices of hyperplanes.
This is the seminal observation for producing additional examples of proper multinets.

The following terminology will be used throughout the remainder of the
dissertation. The process of intersecting a net in P? with a hyperplane will be called
slicing. The intersecting hyperplane will be referred to as the slicing hyperplane. The
line arrangement in P2 obtained by slicing will be called the slice.

It will be shown that most choices of the slicing hyperplane produce multinets
in P2. However, some choices lead to pathological cases and should be avoided.
Consequently, care must be taken in selecting the slicing hyperplane.

If n = 1, it will be seen that any choice of slicing hyperplane can be made
and yields either the unique (3,2)-net or an arrangement which refines to a trivial
multinet. When n > 1, a sufficient condition to obtain a multinet is that the classes of
hyperplanes in the original multinet structure of ),, are preserved during slicing. This
condition ensures that slicing is done in a manner such that two lines from distinct
classes of (),, do not become identified in the slice. In particular, the slicing hyperplane
cannot be one of the hyperplanes of @), for n > 1. If the hyperplane satisfies these
restrictions on the slicing hyperplane, it will be called allowable. Otherwise, it will
be called forbidden. These notions will be discussed further in Chapter IV.

The overall goal of the upcoming analysis is to extract as many examples of
multinets as possible from allowable slices of (),,. The intersection lattice L,, of the
arrangement (), plays a prominent role in this endeavor. The description of L,
naturally separate into two cases, n = 1 and n > 1. As a result, the analysis of slicing
(), occurs in two phases. Slices of ()1 is the focus for the remainder of this chapter,

and slices of @), for n > 1 are discussed in the next chapter.
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3.1. The Intersection Lattice L;

The arrangement defined by

Q1 = [(z = y)(z —w)l[(z = 2)(y — w)][(z — w)(y — 2)]

is the well-known braid arrangement with Coxeter group of type As. It is convenient

to impose a linear order on the hyperplanes of (); and establish some conventions.

Let

There is a one-to-one correspondence between points and hyperplanes in P given
by projective duality. The bijection associates the point [a : b : ¢ : d] € P? to the
hyperplane az + by + cz +dw = 0. Consequently, a hyperplane in P2 can be described
by its associated point in P> under this correspondence. It will be clear from context
whether [a : b: ¢ : d] € P? indicates a point or hyperplane in P3.

It is common to describe elements of the intersection lattice using set notation
and the arbitrary linear order chosen on the hyperplanes of the arrangement. Let
the singleton {i} denote the hyperplane H;, and let the subset {i,...,ix} denote
the intersection of H;,, ..., H; . Each element of the intersection lattice L; of ); are
described in Proposition 3.3 in two ways, algebraically and via set notation. Arrows
indicate equivalent descriptions.

The symmetric group Sy acts on {z,y, z, w} by permutation. This extends to an
action on Clz,y, z, w] which fixes @; and induces an action of S, on the intersection
lattice L;. The groupings used in the description of L; correspond to the orbits of
this latter action. The choice of names assigned was motivated by the role each orbit

plays in slicing.
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Proposition 3.3. The intersection lattice L; of J; in P? has rank 3. Its elements
consist of P3, hyperplanes, lines, and points. More precisely,

e There are 6 hyperplanes, namely

H=[0:1:-1:0] « {1}
Hy=[1:0:0:-1] « {2}
Hy=[1:-1:0:0] « {3}
Hy=[0:0:1:-1] « {4}
Hs=[1:0:-1:0] « {5}
He=1[0:1:0:-1] « {6}.

e There are 7 lines which consist of the following two types.

o There are 4 [ocus lines given by

[1:0:0:00u+[0:1:1:1]t + {1,4,6}
0:1:0:00u+[1:0:1:1]t + {2,4,5}
0:0:1:0/u+[1:1:0:1]t + {2,3,6}
0:0:0:u+[1:1:1:0]t + {1,3,5}

where [u : t] € PL.

o There are 3 double lines given by

1:0:0:1Ju+1[0:1:1:0)t < {1,2}
[1:1:0:0ju+[0:0:1:1]t « {3,4}

1:0:1:0u+[0:1:0:1)t « {5,6}

where [u : t] € PL.
e There is a unique point P, namely
P=[1:1:1:1] « {1,2,3,4,5,6}.
18



Proof. This is a straightforward computation. Nevertheless, a check is performed.
The Poincaré polynomials of braid arrangements are well-known. Using the
description of Ly given in the proposition, the Poincaré polynomial of (), is computed
directly from its definition and checked for agreement with the its listing in [12].

Considered as a central arrangement in C* in [12], the Poincaré polynomial of
Q1 is

m(Q1,t) = 6t* + 17t + 17> + Tt 4 1
= (14 )%(1+ 2t)(1 + 3¢).

On the other hand, it follows from the description given in the proposition that L,

has the properties found in Table 3.1.

TABLE 3.1. Properties of L.

Lattice element Rank » Number Value of Md&bius function p

P3 0 1 +1
hyperplanes 1 6 —1
locus lines 2 4 +2
double lines 2 3 +1
unique point 3 1 —6

The values of the Mobius function p of the lattice element X are determined from

the recurrence relation

> uy)=0

Y<X
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with initial condition u(P?) = 1. The definition of the Poincaré polynomial, namely

m(A 1) = 37 () (—1) )

XeL
is used to see
m(Q1,t) =63+ 11> + 6t + 1

= (1+¢)(1+2t)(1 + 3t).
These two Poincaré polynomials differ by a factor of 1 4 ¢, reflecting the well-known

effect on the Poincaré polynomial of projectivizing a central arrangement. e

Remark 3.4. The arrangement A defined by @)1 supports the structure of a (3,2)-net
in P? with classes Ay = {Hy, Hy}, Ay = {H3, Hy}, and A3 = {Hs, Hg}. It’s base locus

X consists of the four locus lines.

3.2. Isomorphisms of Multinets

The groundwork for the investigation of slices of ()1 continues by making precise

the notion of sameness of a pair of weak multinets or multinets.

Definition 3.5. Let £; and £, be two weak multinets. A weak multinet isomorphism
¢ : L1 — Lo is a bijection sending N; to N3 that satisfies the following condition: for

every p € A, the point Nicg, ¢(¢;) € Xy where S, = {i : p € {;}.

It is apparent from this definition that weak multinet isomorphisms preserve all
the combinatorial data of weak multinets, namely classes, line multiplicities, and line
intersection relations from the base locus. Also, the collection of weak multinets and
weak multinet isomorphisms forms a category.

Isomorphisms between multinets are of particular interest for the purposes of

this dissertation. As mentioned in Remark 2.3, the partition A of £ can be recovered
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from X when L is a multinet via components of the graph I'. Since ¢ preserves the
intersection relations of the base locus from & to A5, the map from I'; to I'y induced
by ¢ gives a bijection between components of I'y and I's, hence a bijection between
N; and N,. This simplifies the definition of weak mulinet isomorphisms between two

multinets.

Definition 3.6. Let £; and £, be two multinets in P2. A multinet isomorphism
¢ : L1 — Ly is a bijection that satisfies the following condition; for every p € AX;, the

point Nieg, @(¢;) € Xy where S, = {i:p € {;}.

It is not difficult to see that the collection of multinets and multinet isomorphisms
forms a full subcategory of the category of weak multinets and weak multinets
isomorphisms. Now the notion of sameness of a pair of weak multinets or multinets

is made precise.

Definition 3.7. Two weak multinets are isomorphic if there exists a weak multinet
isomorphism between them. Two multinets are isomorphic if there exists a multinet
isomorphism between them. In particular, two nets are isomorphic if there is a

multinet isomorphism between them.

Remark 3.8. Two arrangements that differ by a change of coordinates are called
equivalent. The map induced between two weak multinets or multinets by a change

of coordinates is an isomorphism of weak multinets or multinets, respectively.

3.3. Identifications from Slicing

The structure of the slice depends on the choice of slicing hyperplane H. The slice
is a line arrangement, consisting of points and lines along with the slicing hyperplane

acting as P2. Its lines are formed from the intersections of H with hyperplanes of Q;
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distinct from H. Its points consist of the intersections of H with lines of L; which are
not contained in H. There are several ways for identifications to occur during slicing.

If H is one of the six hyperplanes of 1, then H will act as P? in the slice. The
other hyperplanes of )1 become lines in the slice with possibly identifications being
made. The hyperplanes of ) distinct from H containing a particular locus line or
double line are identified as the same line in the slice exactly when H contains that
particular locus or double line, respectively.

The point P is contained in every hyperplane of ();. When H contains P, any
lines formed from slicing pass through the image of P in the slice. In other words,
the resulting line arrangement consists of concurrent lines. If H does not contain P,
the seven lines of Ly intersect H in distinct points, resulting in seven distinct points

in the slice.

3.4. Classification of Slices of ),

A complete description of the slices of ()1 can now be made up to equivalence.
The key observation is that the identifications made during slicing are completely
determined by the elements of L, contained in the slicing hyperplane. Consequently,

it suffices to identify all possible combinations of coplanar lattice elements.

Theorem 3.9. There are five slices of the arrangement defined by @) up to
equivalence. A slice of () supports either the unique (3,2)-net or a (k, 1)-net where

k=3,4,5,0r 6.

Proof. Assume that the slicing hyperplane H is given by [a : b : ¢ : d] € P3. Using the
same notation as in Proposition 3.3, Table 3.2 gives algebraic conditions describing

when elements of L, are contained in H.
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TABLE 3.2. Conditions for elements of L; to be in slice.

Element of L, Type Condition to be in Slice

{1,2} double line  a+d=0, b+c=0
{3,4} double line  c¢+d=0, a+b=0
{5,6} double line  b+d=0, a+c=0
{1,3,5} locus line a+b+c=0,d=0
{1,4,6} locus line b+c+d=0,a=0
{2,3,6} locus line a+b+d=0,c=0
{2,4,5} locus line a+c+d=0,b=0
{1,2,3,4,5,6} point a+b+c+d=0

If H contains P, the slice consists of concurrent lines and supports a (k,1)-
net structure by Proposition 2.15. To determine the possible values of k, it is only
necessary to know the possible number of lines that can appear in the slice. This
depends on the identifications made in the slicing process.

If H contains a double line or locus line, it also necessarily contains P. There
are limitations on the number of locus and double lines contained in H. If H contains
three locus lines or three double lines, then a = b = ¢ =d = 0 and H is not a valid
slice. Consequently, H contains at most two locus lines and at most two double lines.
Each case is considered separately.

Since H = [a : b:c:d] € P3 at least one of a,b,c, and d is nonzero and can be
assumed to be 1 by scaling. By permuting the coordinates if necessary, assume d = 1.
Permuting the coordinates is a change of coordinates which respects ()1, hence any

slice is equivalent to a slice with d = 1.
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Suppose H contains P and no locus lines. Then a,b,c # 0 by Table 3.2. In
particular, H is not a hyperplane of );. Under these conditions, H contains no
double lines exactly when a,b,c # —1. To see this last assertion, note that a = —1
and a+b+c+1=0 (H contains P) implies b + ¢ = 0, so H contains a double line.
This direction now follows from symmetrical arguments when b = —1 or ¢ = —1. If
H contains a double line, then at least one of a,b, and ¢ is —1 by Table 3.2 since
d =1 is assumed. With no double lines and no locus lines contained in the slice, no
hyperplanes are identified during slicing. The slice consists of 6 concurrent lines and
supports a (6, 1)-net.

If H contains no locus lines and precisely one double line, then exactly one of
a,b, and ¢ is —1. Without loss of generality assume ¢ = —1. Since H contains P,
it follows that a +b = 0, so H = [a : —a : —1 : 1] where a # 0,£1. The only
identification in the slice occurs from the double line which glues two of the original
hyperplanes. Thus, the slice has five concurrent lines and supports a (5, 1)-net.

If H contains no locus lines and two double lines, then exactly two of a, b, and
c is —1. Without loss of generality, assume that a = b = —1. Since H contains P,
it follows that ¢ = 1 and H = [-1: —1 : 1 : 1]. The two double lines contained in
H identify disjoint pairs of hyperplanes of ). As a result, the slice consists of four
concurrent lines and supports a (4, 1)-net.

Next suppose H contains exactly one locus line. Then exactly one of a,b, and
¢ is zero. In particular, H is not one of the hyperplanes of @);. Without loss of
generality, suppose a = 0. Then H = [0 : b : ¢ : 1] with b,¢ # 0 and subject to the
condition b+ c+ 1 = 0 as H contains P. No double lines are possible in this case.
The only identification occurs from the locus line which identifies three hyperplanes

of @;. This slice has four lines and supports a (4, 1)-net.
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Now suppose H contains exactly two locus lines. Then exactly two of the a, b,
and c are zero. Without loss of generality, assume a = b = 0. Since H contains P, it
follows that ¢ = —1so H = [0: 0 : —1 : 1], one of the hyperplanes of (). There is
exactly one double line contained in H. Using the set notation for lattice elements of
Ly, H = {4} contains the two locus lines given by {1,4,6} and {2,4,5} as well as the
double line {3,4}. In the slice, Hy will act as P? and each disjoint pair of hyperplanes
H,, Hs and H,, Hy are identified, producing two lines in the slice. Lastly, the double
line {3, 4} will produce one more line in the slice. Thus, this slice has three concurrent
lines and supports a (3, 1)-net.

Lastly, suppose H does not contain P. Then H does not contain any locus or
double lines, and it is not a hyperplane of ;. There are no identifications in the
slicing process. This slice contains six lines with seven intersections points, namely
four locus points and three double points. It supports a (3,2)-net using the classes
and base locus obtained by intersection each hyperplane and locus line with H. This

establishes the result. o

Depictions of the slices of () in RP? up to equivalence are given in Figure 3.1.

The slices of @,, for n > 1 are the focus of the next chapter.
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(d) (e)

FIGURE 3.1. Slices of Q1.
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CHAPTER IV

SLICES OF Qy FOR N > 1

The main objective of this chapter is to extract as many examples of multinets
as possible from slices of @), for n > 1. With more combinatorial data to
navigate, complete analysis up to equivalence is only achieved for certain special
slices. The majority of the chapter focuses on obtaining results for small n where the
combinatorial data is manageable. These efforts are rewarded with interesting and

unexpected new examples of proper multinets.

4.1. The Intersection Lattice L,

Let n > 1. The arrangement defined by

Qn = [(z" —y")](Z" —w")][(2" = 2")(y" — w")][(z" — w")(y" — 2")]

is the complex reflection arrangement of the monomial group G(n,n,4). This group
is an irreducible reflection group. It contains the reflections x; — x; for ¢ # j and
x; — &*x; where ¢ is a primitive nth root of unity. In the descriptions of these
reflections, the z; are a relabeling of z,y, 2, and w. More information about this
arrangement can be found in [12].

The group G(n,n,4) has a natural action on the intersection lattice L,, of Q,.
The groupings used in the upcoming description of the lattice correspond to the
orbits of this action. The choice of names assigned to elements of L,, was motivated
by the role each orbit plays in slicing. It is convenient to impose a linear order on the

hyperplanes of Q),,.
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Fix n € Z~y and let £ be a primitive nth root of unity. Put

H = y—=z Hopn i1
Hy = y—¢&2 Hop o
Hy = y—&*= Hopnys
H, = y—¢& 'z Hs,
H,\w = 2—w H3pn i1
Hypo = o —Ew Hyppo
Huys = z— 8w Hspis

Hy, = x_fn—lw Hyp

r—=Y

T — &y
x— &%
x_gn—ly
Z—w
z—&w
2z — 2w
z— &l

H4n+1 -
H4n+2 —

H4n+3 -

H5n -
H5n+1 -
H5n+2 -

H5n+3 -

H6n =

x—z
x—E&z
x — 22
x— &1z
y—w
y—&w
y — &w
y— & 1w

As in Chapter III, elements of the intersection lattice are described in two ways,

algebraically and via set notation. Again, arrows indicated equivalent descriptions.

Proposition 4.1. Let n > 1 and £ be a primitive nth root of unity. The intersection

lattice L, of @, in P* has rank 3. Its elements consists of P*, hyperplanes, lines, and

points. More precisely,

e There are 6n hyperplanes, namely

H = [0:1:-1:0] ~ {1}
Hy = [0:1:-£:0] ~ {2}
Hy = [0:1:-£2:0) < {3}
H, = [0:1:=¢""1:0] < {n}

H3n+1 —
H3pnio =

Hi3nis =

H4n =
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1:—=¢]
1:-£7%
1:—¢n 1

< {3n+1}
< {3n+2}

< {3n+3}

< {4n}



Hypw = [1:0:0:-1] < {n+1} Hypyw = [1:0:-1:0]

Hpio = [1:0:0:—=¢ < {n+2} Hypya = [1:0:—=¢£:0]
Hoiz3 = [1:0:0:—¢€7 < {n+3} Hynys = [1:0:—€2:0]
Hy, = [1:0:0: =61 < {2n} Hs, = [1:0:—=¢"1:0]
Hypyr = [1:-1:0:0] < {2n+1} Hsp1 = [0:1:0:-1]
Hopyo = [1:-£:0:0] < {2n+2} Hspyo = [0:1:0:—=¢]
Hopniz = [1:—-€2:0:0) < {2n+3} Hsniz = [0:1:0: €2
Hz, = [1:=€¢"1:0:0] < {3n} Hen, = [0:1:0:—¢"71

e There are 7n? 4 6 lines which consist of the following three types.

o There are 4n? locus lines given by
[1:0:0:0/u+[0: &2 ¢ 1)t
0:1:0:0u+[¢1:0:&7: 1]t
0:0:1:0/u+ €271 0: 71t

0:0:0:Hu+ [T 2671 1:0)¢
where [u:t] € P*, 1 <14, 4, ki, ks <n, and
ki=1i+j—1 (modn)

ky =1—j+1 (mod n).

o There are 3n? double lines given by
[Q;gi—l -1 0]u—|— [éj_l :0:0: 1]t < {i,n—i—j}
(€71 1:0:0u+[0:0: &7 1]t < {2n+14,3n+ j}

[E71:0:1:0u+[0:&71:0:1)t < {4n+1i,5n+j}

where 1 < 4,7 <n and [u: t] € PL.
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{#,3n+7,5n + ki }

{i,2n + j,4n + k1 }

{4n + 1}
{4n + 2}

{4n + 3}

{5n}

{(5n+1}
{5n+ 2}
{5n + 3}

{6n}.

{n+14,3n+ j,4n + ko}

{n+1i,2n+j,5n + ko }



o There are six n-lines given by
1:0:0:0lu+[0:0:0:1J¢t {1,2,...,n}

0:1:0:0lu+[0:0:1:0]t {n+1,n+2,...,2n}

0:0:1:0lu+[0:0:0:1Jt {2n+1,2n+2,...,3n}

[1:0:0:0u+[0:1:0:0J¢t {83n+1,3n+2,...,4n}

0:1:0:0lu+[0:0:0:1J¢ {4n+1,4n+2,... 4n}

r T ¢ T Tz

[1:0:0:0/u+1[0:0:1:0]¢ {n+1,5bn+2,...,6n}

where [u : t] € PL.
e There n? + 6n + 4 points of L consist of the following three types.

o There are n? double points

[¢THaTh=3 ¢ th=2 b= 1] o {i,n 4 ks, 2n + 5,30 4 k, 4n + kg, 5n + ks }

where 1 < 4,7, k, k3, kg, ks < n and
ks=1i4+j+k—2 (mod n)
ky=1i47—1 (mod n)

ks =i+ k—1 (mod n).

o There are 6n intraclass points

€71:1:0:00 ¢ {2n+i,30+1,...,4n)
[€71:0:1:0] < {4n+4,5n+1,...,6n}
[€71:0:0:1] < {1,....,n,n+1}
0:671:1:0] « {in+1,...,2n)
0:&71:0:1] < {4n+1,...,5n,5n+ i}
0:0:671:1] < {2n+1,...,3n,3n+ i}

where 1 <7 <n.
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o There are four n-points

[1:0:0:0] < {l,....,n,3n+1,...,4n,5n+1,...6n}
0:1:0:0 ¢ {n+1,....20,30+1,....4n,4n +1,...5n)
0:0:1:0] < {n+1,....2n,2n+1,...,4n,5n+1,...6n}
0:0:0:1] < {l,....,n,2n+1,...,3n,4n+1,...5n}.

Proof. This is a straightforward computation. As before, a check is conducted. The
Poincaré polynomials of reflection groups are well-known. Using the given description
of L, in the proposition, the Poincaré polynomial of ),, is computed directly from its
definition and checked for agreement with the its listing in [12].

It follows from the description given in the proposition that the intersection

lattice has the properties presented in Table 4.1.

TABLE 4.1. Properties of L,, for n > 1.

Lattice element Rank » Number Value of M&bius function pu

P3 0 1 +1
hyperplane 1 6n -1
locus line 2 4n? +2
double line 2 3n? +1
n-line 2 6 +(n—1)
double point 3 n3 —6
intraclass point 3 6n —(n—1)
n-point 3 4 —(2n* — 2)
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It follows from the definition of the Poincaré polynomial that

T(Qn,t) = (6n® +3n? —6n — 3)t3 + (11n* — 5)t* + (6n — 1)t + 1

=14+ n+Dt)(1+ (2n+ 1)t)(1 + (3n — 3)t).

On the other hand, the Poincaré polynomial of (),, considered as a central

arrangement in C*, is known to be

T(Qn,t) = (613 +3n? —6n — 3)t* + (6n® + 14n* — 6n — 8)¢3
+(11n? + 6n — 6)t* + (6n)t + 1

= (1+)1+(n+Dt)(1+ 2n+ 1)t)(1 + (3n — 3)t).

These two Poincaré polynomials differ by a factor of 1 4 ¢. Again, this reflects
the well-known effect on the Poincaré polynomial when projectivizing a central

arrangement. e

Remark 4.2. For each n > 1, the arrangement defined by @, supports a (3,2n)-
net in P with classes {Hy,..., Hon}, {Hons1,---, Hin}, and {Hyni1, ..., He,}. Its
base locus X consists of the 4n? locus lines. Each class breaks naturally into
two blocks, giving the six blocks {Hq,..., H,}, {Hns1, .-, Hon}, {Hons1, .-+, Han},
{Hspns1,- -, Hyn}y {Hans1,---, Hspn}, and {Hspy1, ..., Hgn}. These blocks will be

referred to below.

Remark 4.3. The actions of reflection groups on the intersection lattice of their
reflection arrangements have been studied in connection with questions regarding
freeness of restriction arrangements. The orbits of these action were computed for

irreducible Coxeter groups and unitary reflection groups in [11] and [10], respectively.
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4.2. Allowable Slices and Identifications

As mentioned in Chapter 111, there are some choices of slicing hyperplane which
lead to pathological cases when n > 1 and should be avoided. A sufficient condition
to ensure a slice yields a multinet is that the classes of the multinet structure of @),
are preserved during slicing. That is, the slice is made in a manner such that two lines
from distinct classes of (),, do not become identified in the slice. These observations

motivate the following definitions.

Definition 4.4. Fix n > 1. A hyperplane in P? is called forbidden if it contains a

locus line of @),,. Otherwise, it is called allowable.

In this new language, it will be shown that allowable slicing hyperplanes always
yield multinets. Forbidden slicing hyperplanes lead to pathological cases and will not
be investigated here. The next observation identifies a restriction on the possible

combination of lattice elements contained in an allowable slice.

Proposition 4.5. Let n > 1. An allowable slice of (),, cannot contain an n-point

and a double point of L,,.

Proof. Let £ be a primitive nth root of unity. Suppose the slice contains a double
point P = [€0: &7 2 £F 1 1] for some 0 < 4,5,k < n and the n-point Q = [1:0:0:0)].
It follows that the slice contains the line spanned by P and (), hence the point
R=1[0:¢&:&":1]. The line Qu + Rt where [u : t] € P? is a locus line, so the slice is
forbidden. The result follows by making symmetric arguments for the other choices

of the n-point (). e

Similar to the situation with @, the structure of the line arrangement in P?

obtained from slicing (),, when n > 1 depends on the lattice elements of L,, contained
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in the slicing hyperplane H. With H acting as P?, the lines and points appearing in
the slice are formed from the intersections of H with hyperplanes and lines of L,, not
contained in H, respectively. There are several ways for identifications to occur in
the slicing process.

Suppose H is allowable. Then hyperplanes of ),, containing a particular double
or n-line are identified as the same line in the slice exactly when H contains that
particular double line or n-line, respectively, of L,. These situations result in lines
of multiplicity 2 or n in the slice. These lines are also referred to as double lines
and n-lines, respectively. Two lines of L,, which intersect and are not contained in H
are identified as same point in the slice when H contains their intersection point. In
particular, points of multiplicity 2 and n occur in the slice when H contains double
points and n-points, respectively, of L,,. Such points of the slice are also referred to
as double points and n-points, respectively.

With the goal of understanding the multinet structure obtained from allowable
slices, the focus is primarily placed on the possible identifications of hyperplanes and
locus lines in the slicing process. These are the identifications which create lines and

points with multiplicity greater than one in the resulting multinet.

4.3. Ceva Pencils of Plane Curves

In this section, the main result is that a slice of ),, obtained from an allowable
hyperplane is a line arrangement which supports a global multinet structure. To
establish this assertion, an equivalent property to the existence of a multinet structure
is used, namely the existence of a certain pencil of plane curves. The equivalence
between these two notions was identified in [6]. A summary of those ideas is given

below.
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Identify a homogeneous polynomial in three variables with the projective plane
curve it defines and refer to either as a curve. A pencil of plane curves is a line in the
projective space of homogeneous polynomials in three variables of a fixed degree d.
Let C, and C5 be any pair of distinct curves in a given pencil. Then the pencil can
be described as the set of curves of the form uC) + tCy where [u : ¢] € P'. A pencil
has no fixed components if C'; and C5 have no common factors. Equivalently, C; and
(5 intersect at a finite set of points, X = C]; N5, called the base of the pencil. Every
pair of distinct curves in the pencil intersect precisely at X.

The two curves C; and C, determine a rational map 7 : P? »— P! given by
p+— [Ca(p) : —Ci1(p)] whose indeterminacy locus is the base of the pencil. The curve
uCy + tCy is the closure of the fiber of m over [u : t]. Each point outside the base
locus lies in a unique such curve. The map 7 is uniquely determined by the pencil up
to a linear change of coordinates in P! and referred to as a pencil when no confusion
will result.

A curve of the form [[_, a;"" where «; is a linear form and m; € Z- is called
completely reducible. Let ¢ : S — P? be the blow-up of P? at the points of X. The
rational map 7 : P? »— P! lifts to a regular mapping 7 : S — P!. The fibers of 7 are
the proper transforms of the fibers of 7 under the blow-up .

A pencil 7 is called connected if every fiber of 7 is connected. Equivalently, 7
is connected if each completely reducible fiber of 7 is not the union of finitely many
proper subvarieties meeting only in the base locus. A pencil of Ceva type or Ceva
pencil is a connected pencil of plane curves with no fixed components and at least
three completely reducible fibers. Lastly, a component R of R'(L) is called a global

resonance component if R is not contained in any coordinate hyperplane in A;. Here is
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the main result of [6] which establishes the relationships between resonance varieties,

multinets, and pencils of plane curves.
Theorem 4.6. Let £ be a line arrangement in P2. The following are equivalent:

(i) £ supports a global resonance component of dimension k — 1.
(i) £ supports a (k,d) multinet in P? for some d.

(iii) L is the set of components of k£ > 3 completely reducible fibers in a Ceva pencil

of degree d curves, for some d.

It is useful to illustrate how to obtain the multinet structure on £ from a given
Ceva pencil with completely reducible fibers (', ..., Cy. The class £; consists of the
lines defined by the factors of C;. Each line ¢ € L is assigned the multiplicity m(¥¢)
equal to the multiplicity of its corresponding linear factor in C;. The base locus X" of
the multinet is the base of the pencil.

Here is the main result of the section.

Theorem 4.7. Let n > 1. The line arrangement in P? obtained from intersecting

@, with an allowable hyperplane supports a (3, 2n)-multinet structure.

Proof. Let H = [a:b: c¢: d] be an allowable slicing hyperplane. Then at least one
of these coefficients is nonzero. By scaling if needed, assume one of the coefficients
has value —1, say d = —1. Then H is the hyperplane given by w = ax + by + cz.

Consider the pencil 7 given by
u[(z" —y") (2" — (ax + by + c2)")] + t[(z" — 2")(y" — (ax + by + c2)")]
where [u : t] € P!. There are three singular values: [1: 0], [0: 1], and [—1: 1]. The

corresponding fibers
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Cr = (2™ —y") (2" — (ax + by + c2)")
Cy = (2" — 2")(y" — (ax + by + c2)")

Cy = (2" — (ax + by + c2)") (y" — 2")

are completely reducible and define the arrangement in the slice via Q) = C1C5C5.

Observe that the pencil of space curves in P given by

ul(@ —y") (" = w")] + (2" = 2")(y" — w")]

where [u : t] € P! has no fixed components. Since classes are preserved during an
allowable slice, it follows that 7 also has no fixed components.

Lastly, the pencil 7 is connected. To see this, suppose £ and ¢’ are from the same
class £; of Q and p=/¢N¥{ € X. From the structure of L,,, p is a double point or an
n-point. If p is an n-point, ¢ and ¢’ are from the same block of £;. (See Remark 4.2.)
For any choice of ¢ € L; in the other block, the sequence of ¢, ¢” ¢ satisfies condition
(iv) in Definition 2.1.

If p is a double point, then ¢ and ¢ lie in different blocks of £;. Examining
the structure of the intersection lattice, there are restrictions on identifications in the
slice made by H containing intraclass points. If H contains a double point, then it
can contain at most two intraclass points impacting each class. Assume H contains
intraclass points impacting £;. Then H contains the double line ¢ € L; passing
through these points, and the sequence of ¢, ¢" ¢’ satisfies condition (iv).

If H contains one intraclass point impacting £;, then all lines of £; have
multiplicity one. Due to the identifications resulting from the interclass point, all
the lines in one block and exactly one line, say ¢’ € L;, from the other block are

concurrent at a point outside of X. The sequence of ¢, ¢”, ¢ satisfies condition (iv).
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Lastly, assume H contains no intraclass points impacting £;. Then the slice has
no double lines and no n-lines. If there are ¢ ¢"" € L; lying in distinct blocks of ¢ and
U’ respectively, with ¢" N {¢" ¢ X' the sequence ¢, ", " (' satisfies condition (iv). If
no such ¢ and ¢ exist, the completely reducible fiber of the pencil corresponding to
L; is not connected in the blow up at X'. As a result, the line arrangement in the slice
supports a proper weak multinet structure. This refines to a multinet structure by
assigning multiplicity two to the blocks of £; and any other classes with disconnected
blocks. It follows that the slice supports a k-multinet structure with k& = 4,5, or
6. By [13], the slice must be a 4-net. Since classes in a net must contain the same

number of lines, this situation is impossible. e

Combining Theorem 4.7, Proposition 4.5, and the observations made about

identifications in allowable slices gives the next two results.

Proposition 4.8. Let n > 1. An allowable slice of @,, supports a (3,2n)-multinet
with locus points of multiplicity 1, 2, or n. Moreover, none of these multinets can

contain both a double point and an n-point simultaneously.

Proposition 4.9. Let n > 1. For multinets obtained from allowable slices of @,

every point of X on a line ¢ with m(¢) > 1 has the multiplicity m(¢).

4.4. Generic Slices of @),

It was observed in [16] that every (3, d)-net in P? can be associated with a d x d
latin square in the following way. Let L£;, Lo, and L3 denote the three classes of
the 3-net. There is a pairing £; X Lo — L3 given by (¢,¢') — ¢"” where ¢" is the
unique line from L3 containing the point ¢/ N ¢ € X. Identify each class with the set

G = {1,...,d}. Then this pairing defines a binary operation on G and gives it the
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structure of a quasigroup whose Cayley table is a latin square. Identifications can
always be made so that G is a loop, an algebraic structure where all group axioms hold
except possibly associativity. See [3] for additional information regarding quasigroups,
loops, and latin squares.

Since the Cayley table of any finite group is a latin square, there has been interest
in which groups can be realized by 3-nets in P2. Building on the results from [13], [15],
and [16], it was shown in [8] that the groups realizable by 3-nets in P? are precisely
Loy, Loy ® Ly, Doy, and the quaternion group (Jgs. On the other hand, it was shown
in [14] that there exists a 3-net whose associated latin square is not the Cayley table
of a group.

The pairing used in associating a latin square to a 3-net in P? utilizes only
combinatorial data. It generalizes naturally to 3-nets in higher dimensional projective
space using codimension one and two objects in lieu of lines and points. As a result,
every 3-net can be associated to a latin square regardless of its ambient projective
space P* for k > 1. In particular, the latin square associated to the (3,2n)-net Q,, in
P3 is computed below. It was mentioned in [1] that the arrangement defined by @,
appearing in [13] defines a net realizing Ds,,. This assertion is proven below and used

to give explicit equations of a net realizing Ds,, in Example 4.13.
Proposition 4.10. The arrangement in P? defined by Q; realizes the group Zs.

Proof. Let Zy = (g). Using the linear ordering imposed on the hyperplanes of ¢); in
Chapter III, the identifications e <+ {1,3,5} and g +» {2,4,6} give the result. o

Proposition 4.11. Let n > 1. The (3,2n)-net in P? defined by Q, realizes the
dihedral group of 2n elements, namely Dy, = (r,s: 1" = s = 1, sr's = v~ for all 7).
Proof. Using the linear ordering imposed on (),, in Proposition 4.1, the classes of

the net are {1,...,2n}, {2n+1,...,4n}, and {4n + 1,...,6n}. Make the following
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associations between hyperplanes in (),, and elements of Dy,,:

rimt e {if {20+ i), {4n + )

rls < {n+i}, {3n+i}, {Sn+i}

where 1 < ¢ < n. Then the group operations agree with the description given of locus

lines which comprises the base locus X of the net. Explicitly,

ritlx pd=l = T2 L 20+ g 4dn + Ky}

rivlx pi=ls = 725« {0, 3n+ 75,50 + ki }
rils xriml = pi7d < {n+1i,2n+j,5n+ ky}
rivls x rizls = pi=J < {n+1i,3n+j,4n + ko}

where

ki =1i+j—1 (modn)
ky=1i—j+1 (mod n)

and 1 S i,j,kl,kQ S n. e

Theorem 4.12. Slicing @), by a generic allowable hyperplane yields a (3,2n)-net in

P? realizing Ds,,.

Proof. A generic allowable hyperplane does not contain any lattice elements of
L,. Such a slice exists since there are only finitely many lattice elements and
infinitely many allowable slicing hyperplanes. By Theorem 4.7, the slice supports
a (3,2n)-multinet structure. Each line and point of X has multiplicity one because
no identifications are made, hence the slice is a (3,2n)-net. The pairing used in
associating the Latin square to (), remains the same in the slice. The result now

follows from Proposition 4.11. e
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Example 4.13. Let n > 1. The slicing hyperplane given by w = 2z + 4y + 8z
is allowable and generic since it does not contain any lattice elements of L,. By

Theorem 4.12,

Q= [(z" —y")(z" — (22 +4y +82)")][(z" —2") (y" — 22 +4y +82)")|[(z" — (2x +4y +82)") (y" — 2")]

realized the group D,,. These arrangements will be shown to have graph type Gj.

4.5. Graph Types of Multinets

It is convenient to develop a way to distinguish nonisomorphic multinets without
wading too deeply through their defining combinatorial data. This provides the
motivation to pioneer an invariant of multinets dubbed graph type.

Each multinet can be assigned a graph with weighted vertices and weighted,
colored edges. Vertices correspond to points P € X of the multinet with m(P) > 1
and are assigned the weight m(P). There is an edge between two vertices if the pair
of associated points in the multinet lie on a common line ¢ of the arrangement. The
edge is colored according to which class contains ¢ and assigned the weight weight
m(¢). By convention, a net is assigned the empty graph, the graph consisting of no
vertices and no edges. Also, graphs differing only by the choice of coloring of the
edges are considered to be the same.

In Table 4.2, several graphs are presented. It will be shown that each of these is
the graph type of certain slices of ),,. To simplify these graphs, several conventions
are employed. Circles and squares indicate vertices of weight 2 and n, respectively. A
single edge between circles signifies the multinet contains two double points which lie
on a common line of the arrangement. A double edge between circles signals that the

double points lie on a double line of the multinet. For the graphs G5(n) and Gg(n),
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TABLE 4.2. Some graph types of Q.
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Gy m Gald) Cis(6) | o

Go(6 G °
Go(n) m=m Go(0) 19 . o

o 11

«
°
°

Gs(n)

R
Gs(n) e« » Gio /\. Gy m
Go(n) & Gis E Gias é
(n even)

oA 0o
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o o o K oe 1]
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only two of the n vertices on each double line are depicted. Edges of weight one
are suppressed in Gg(n). Lastly, a triple line appearing between squares indicates
the multinet has n-points which lie on an n-line of the arrangement. There are no
suppressed vertices in this case. Edges are colored based on the class to which their
associated lines belong.

These graphs encode a sufficient amount of combinatorial data to be an effective
invariant. Clearly, multinets with different graph types are nonisomorphic multinets.
However, nonisomorphic multinets can have the same graph type. For example, the
(3, 2)-nets realizing Z, and Zy@®Zs, both have the empty graph as their graph type, but

are nonisomorphic as multinets since their latin squares are not main class isotopic.

4.6. Infinite Families of Multinets

An infinite family of multinets with graph type Gy was presented in Example
4.13. In this section, infinite families of multinets with other graph types obtained
from slices of @), for n > 1 are identified. There is much interest in examples of
multinets which contain at least one line ¢ with m(¢) > 1 due to recent papers such

as [4].

Definition 4.14. A multinet £ is called heavy if there is a line ¢ € £ with m(¢) > 1.

If m(¢) =1 for all ¢ € £, the multinet is said to be light.

Theorem 4.15. Let n > 1. Multinets obtained from allowable slices of (),, with at

least one n-point have graph types G1(n), Ga(n), and Gs(n).
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Proof. Let n > 1 and consider a multinet obtained from @, by an allowable slicing
hyperplane H with at least one n-point. Since the four n-points of L,, are not coplanar,
H contains at most three n-points.

If H has three n-points, then it is equivalent to H = [0 : 0 : 0 : 1] by a
permutation of coordinates. The resulting multinet contains three n-lines, no double
lines, and no double points. Its graph type is G3(n).

If H has two n-points, then H is equivalent by a permutation of coordinates and
scaling to [0 : 0 : 1 : a] with a # 0. There is another condition on a. For H to be
allowable, a # —&' where £ is a primitive nth root of unity and i = 0,...,n — 1. In
this case, H contains one n-line, no double lines, and no double points. The graph
type of this multinet is Ga(n).

If H has one n-point, then H is equivalent by a permutation of coordinates and
scaling to [0 : 1 : a : b] with a,b # 0. Allowability implies ¢ and b cannot satisfy
1+ &a+ &b =0 for any 4,j. It follows that b # (=1 — £'a)/&7 or equivalently
b# —&'a— ¢ for some (different) 7, 7. In this case, H contains no n-lines, no double

lines, and no double points. Its graph type is G1(n).

Examples of infinite families of heavy multinets with graph type G5(n) and Gs(n)
are produced by choosing the slicing hyperplanes w = 2z and w = 0, respectively.
Scaling () in the former situation yields the two families of multinets exhibited in
Example 2.20 and Example 2.21. The following infinite family of light multinets is

new and constructed using observations from the proof of Theorem 4.15.

Example 4.16. Let n > 1. Slicing ),, by the hyperplane w = = + 3y produces a

(3,2n)-multinet with graph type G1(n) defined by
Q= [(a" —y") (2" = (z+3y)")[(=" = 2")(y" — (x4 3y)")][(=z" — (z + 3y)")(y" — 2")].
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This multinet has one n-point, namely [0 : 0 : 1], and m(¢) = 1 for all lines ¢. This
example was given in [6] for the case n = 2. The n = 4 case is examined further in

Example 4.33.

One consequence of Theorem 4.15 is that heavy multinets obtained from @),, with
at least one n-line have graph types Ga(n) and G3(n). The situation is less clear for
heavy multinets with at least one double line. However, some general statements
can be made. The next sequence of results establishes a maximum on double lines
contained in an allowable slice. Examples will follow, showing these maximums are

attainable.

Proposition 4.17. Let n > 1. An allowable slice of (),, can contain at most two,
respectively three, double lines if n is odd, respectively even. Furthermore, if the slice

contains two double lines and n is even, it also contains a third double line.

Proof. Suppose H is an allowable slice and contains two double lines. It follows
from Proposition 4.1 that the double lines intersect at a point of L, of the form
(€2 ¢ €% 1 1]. By a sequence of rotations and reflections fixing L, it can be
assumed that the two double lines intersect at P = [1 : 1 : 1 : 1]. There are three

double lines through P, namely

Li:[1:0:0:1u+[0:1:1:0]¢
Lo:[1:1:0:0u+[0:0:1:1]J¢

Ly:[1:0:1:0ju+[0:1:0: 1]t

These lines are not coplanar, so H cannot contain all three. Assume H contains L;

and Ly. Then H =[—1:1:—1:1]. Since H is allowable, any additional double line
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in H must belong to the third class and have the form:

Lij: [€7':0:1:0u+[0:&71:0:1)¢

where [u : t] € P for some 0 < i,j < n. Observe that H contains L; ; exactly when
€71 = —1 and ¢! = —1. Both conditions are satisfied for a unique i and j if n is

even. If n is odd, —1 is not a root of unity and there is no solution. e

Example 4.18. Let n > 1. Slicing @,, by the hyperplane defined by w =z +y — z

produces the heavy (3,2n)-multinet defined by

Q=[(2"—y") ("= (z+y—2)")[(="=2")(y" — (z+y—2)")|[(@" = (z+y—2)")(y" —=")].

If n is odd, this slice contains two double lines, 2n — 1 double points, no n-lines, and
no n-points. If n is even, it contains three double lines, 3n — 3 double points, no
n-lines, and no n-points. These multinets have graph type Gg(n). The case n =4 is

discussed in Example 4.36.

There are two additional infinite families of multinets of certain graph types that

can be easily described.

Example 4.19. Let n > 1. Slicing @),, by the hyperplane w = x 4+ 7y — 7wz yields the

heavy (3, 2n)-multinet specified by

Q = [(&"—y") (2" = (z4my—m2)")|[(z" —2")(y" — (z+7y—m2)")][(z" — (z+7y—72)") (y" —2")].

This slice contains one double line, n double points, no n-lines, and no n-points. Its

graph type is G5(n). The case n = 4 is examined in Example 4.35.
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Example 4.20. Let n > 1. Slicing @),, by the hyperplane w = —x — y + 3z produces
a light (3,2n)-multinet given by

Q = [(@" —y") (=" — (—r—y+32)")][(@" — ") (" — (—2—y+32)")][(@" — (=2 —y+32)") (4" — =")].

This slice contains exactly one double point of multiplicity two, namely P = [1: 1 : 1],
and no other points or lines of multiplicity greater than one. Its graph type is Gjy.

The case n = 4 is treated in Example 4.34.

As will be seen later, there exists heavy multinets which have exactly one double
line, say ¢, and double points not on ¢. The next two results explore this situation by
showing at least two or four double points which are not on ¢ can occur. Examples
involving these situations appear as graph types Gy and Gg, respectively.

By a sequence of rotations and reflections fixing L,, one may take the unique
double line contained in the allowable slice H tobe [1 : 0:0: 1Ju+[0:1:1: 0]t
where [u : t] € P'. Then H = [~1:a: —a: 1] with a € C*. The proofs of these next

two propositions are direct verifications.

Proposition 4.21. Let n = 2p + 1 with p > 1 and ¢ be a primitive nth root of
unity. Suppose H = [—1 : a : —a : 1] and contains the point [€¢ : & : €% : 1] where

0<4i,j,k<mn,i+#0,and j # k. Then H also contains the point [£7¢: ¥ &= 1].

Proposition 4.22. Let n = 2p with p > 1 and £ be a primitive nth root of unity.
Suppose H = [-1 : a : —a : 1] and contains the point [¢' : & : ¢ : 1] where
0<i,j,k<mn,i#0,and j # k. Then H also contains the (not necessarily distinct)

points [¢7: ¢kt G 1] [€0: EFFP L GIFP L T) and €70 TR i )
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4.7. Classifying Slices of @),

The ultimate goal is to classify multinets obtained from @), up to isomorphism.
This was accomplished for n = 1 in Chapter III. When n > 1, the first step in
this direction is taken by classifying multinets up to graph type, a weaker notion of
equivalence than isomorphism.

Many choices of allowable slicing hyperplane produce isomorphic multinets from
Q. More precisely, the monomial group G(n,n,4) acts naturally on the intersection
lattice L,, and induces an action on the collection C of linearly closed sets of coplanar
elements of L,,. Associate to each set S € C the collection of slicing hyperplanes which
contain the elements of S and no additional elements of L,,. Two slicing hyperplanes
associated to a given S € C produce line arrangements which are lattice equivalent.
If S does not contain any locus lines, then these line arrangements are isomorphic
multinets by Theorem 4.7.

To classify line arrangements obtained from slicing (), up to lattice equivalence,
it suffices to choose a set of representatives for the orbits of C, say {S;}. Then
select exactly one slicing hyperplane H; associated to each S; and analyze the
resulting line arrangements. Unfortunately, the orbits of C under this action are
not completely understood at this time. In particular, it is unknown how to select a
set of representatives for the orbits of C in a pragmatic way.

On the other hand, the interest in this dissertation lies in classifying multinets
obtained from allowable slices of (),, up to isomorphism, a weaker notion than lattice
equivalence. This classification can be achieved using a closely related group action.

Let L!, be the sublattice of L,, formed by excluding the intraclass points. Then
G(n,n,4) acts naturally on L/ and induces an action on the collection C’ of linearly
closed sets of coplanar elements of L/, which do not contain any locus lines. As before,
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associate to each set S € C’ the collection of slicing hyperplanes which contain the
elements of S and no additional elements of L,,. Two slicing hyperplanes associated
to a given S € C’ yield line arrangements which are isomorphic multinets.

To classify multinets obtained from @), by allowable slicing hyperplanes up to
isomorphism, it is sufficient to choose a set of representatives for the orbits of C’, say
{S;}. Then select exactly one slicing hyperplane H; associated to each S; and analyze
the resulting multinets. There are issues from implementing this approach. The orbits
of C’ under this action are also not well understood at this time. It is unknown how
to efficiently select a set of representatives for the orbits of C'. Moreover, determining
whether or not two arbitrary multinets are isomorphic directly from the definition is
cumbersome.

As a preliminary step, the aforementioned procedure is modified to obtain a
classification up to graph type, giving a practical way to investigate multinets from @),
for small n. This is accomplished by generating a list of elements of C' which contains
representatives from sufficiently many of the orbits of C’ to capture all possible graph
types of the associated multinets. The remainder of this section concentrates on the
procedural details regarding classification up to graph type. This method will be
implemented for small n in the subsequent sections.

As a consequence of Proposition 4.8, a set S € C’' cannot contain both double
points and n-points. Slices of (),, associated to S containing at least one n-point were
considered in Theorem 4.15 and produce multinets with graph types of G1(n), Ga(n),
and G3(n). Furthermore, slices of (),, associated to the empty set were examined in
Theorem 4.12 and yield multinets with graph type of Go. It remains to investigate

situations where S contains at least one double point.
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Since a plane is determined by three non-collinear points, there are three cases
to consider for S € C’' containing at least one double point. Each set S is the linear
closure of either one, two, or three double points. The group action of G(n,n,4) on C’
is useful to limit the S € C’ needed to be considered for determining all possible graph
types. Let & be a primitive nth root of unity. Two types of linear transformations of P3
which leave L, invariant are the rotations p¥ : z; — &"z; and reflections o; ; : z; ¢ x;
where x1, T2, x3, 4 have been identified with z,y, z, w, respectively. All rotations and
reflections mentioned below in this section refer to linear transformations of P? of the
form p and o; ;, respectively. Any pair of sets of C’ related by a sequence of rotations
and reflections produce multinets with the same graph type.

For convenience, impose an order on Z, by [0] < [1] < -+ < [n—1] and write ¢ for
the equivalence class of [i]. Using these conventions, the ordering becomes expressed
as 0 <1< ---<n—1, and statements such as 1 < —1 are made for n > 2.

Suppose S is the linear closure of one double point. That is, S consists of exactly
one double point and no other elements of L! . Applying a sequence of rotations, this
point can be taken to be Py = [1:1:1:1]. By cardinality, there exists an allowable
hyperplane containing P, and no other elements of L/ . This shows S € C’' and
produces a multnet with graph type Gjy.

Next suppose S is the linear closure of two double points, P, and P,. Two
situations arise. The corresponding double points of the associated multinet either
lie on a line formed from a hyperplane from (), or do not. If they lie on such a
line, S can be taken to be the linear closure of the points P, = [1 : 1 : 1 : 1] and
Py=[1:¢:¢& 1] with1<j<|®] and 1 < j <k by a sequence of rotations
and reflections. Thus, P, and P, lie on the line in the slice obtained from = — w of

@n. Note that 7 = 0 and k # 0 produce forbidden slices.
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There are other ways to reduce the number of sets S to consider in this situation.
Applying the rotations p, 7 and ps" followed by the reflection 09,3 takes the points P
and P, to the points P = [1: 7% : ¢ : 1] and Py = [1: 1: 1 : 1], respectively, where
—k < —j. This shows that the two corresponding sets lie in the same orbit of C’,
hence only one needs to be considered. This is accomplished by taking j < k < —j.
Also, all points with 7 = k appear on a common double line of L/ . Consequently, it
suffices to consider only j = k£ = 1 in this situation.

If S contains no pair of double points which lie on a common hyperplane of @,
then one can take P, = [1:1:1:1] and P, = [¢': & : €F 1] with 0 < 4,5,k < n by
a sequence of rotations and reflections. The condition that P, and P, do not lie on a
common hyperplane of @), implies 7, j, and k are pairwise distinct. Using a sequence
of reflections, it is sufficient to consider 0 < i < j < k < n.

Lastly, suppose S is the linear closure of three non-collinear double points, namely
Py, P, and P;. These points completely specify the slicing hyperplane. There are
two situations to consider in this case. The set S either does or does not contain a
pair of double points which lie on common hyperplane of @),,.

Suppose S contains a pair of double points, say P; and P, which lie on common
hyperplane of @),,. Let ¢ denote the corresponding line in the associated multinet and
refer to this situation as the collinear case. The multiplicity of ¢ is one or two.

If m(¢) = 2, then ¢ can be taken to be [1 : 0:0: 1Ju+[0:1:1: 0]t where
[u : t] € P! using a sequence of rotations and reflections. This is the double line
spanned by P, = [1 : 1 :1: 1] and P, = [1 : £ : £ : 1]. Necessary conditions on
Py = [€: ¢ 1 &F 1 1] to ensure the slice is allowable include i # 0 and j # k.
There are additional reductions. Applying a sequence of rotations which fix ¢, the

double points on ¢ are permuted and P; becomes [¢¢ : 1 : ¥ : 1]. The condition
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k" = 0 is required so that the slice is not forbidden. This shows that it is sufficient
to consider P; with j = 0. Also, the reflection oy 4 preserves ¢ and sends a double
point P3 = €' : 1 : &F : 1] off of £ to the point P = [¢7%: £ : € . 1]. Applying
another sequence of rotations which fix ¢, the point P} becomes Py = [67%: 1: &V 1 1]
where k" # 0. As a result, it is sufficient when m(¢) = 2 to only consider P; with
1<i<|3],j=0,and k # 0.

When m(f) = 1, one can take P, = [1:1:1: 1 and P, = [1 : & : & 1 1]
with 1 < j < L"THJ and j < k < —j by a sequence of rotations and reflections.
Note that j = & = 1 implies S contains a double line and was considered previously.
There are conditions on Py = [£% : £% : £° : 1] necessary to obtain an allowable slice
including a # 0. In addition, P3 cannot lie on any n-line passing through P, and P, by
Proposition 4.8. This implies Pj is not one of the points: [¢":1:1: 1], [¢":&": & 1],
(€0t g0 gk ) (€0 gt gR ) € T s gt ) or €0 gitE L gk ] where
t =0,1,...,n — 1. Any remaining choices for a,b,and ¢ produce allowable slices.
Observe the reflection ;4 sends the point Py = [¢0 : & @ &F 1 1] with i # 0 to
Py =617 ¢k 1] and also fixes P, and P,. These define S which lie in the
same orbit of C’; so it is sufficient to consider only one of them.

Finally, suppose S contains at least three double points with the property that
there is no pair of double points lie on a common hyperplane of ),,. Refer to this
situation as the noncollinear case. By a sequence of rotations and reflections, one can
take P =[1:1:1:1]and P, = [ : & : &F 1 1] with 0 < i < j < k < n. The third
point and resulting additional points cannot have the property that any two lie on a
line in (), since those situations were already considered. Thus, it is only necessary

to consider S where each hyperplane of (), contains at most one of the points: P,

P27 and Pg.
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Remark 4.23. Using the above approach results in superfluous slices being
investigated, however it is the most efficient way known at the present time. Further
reductions are possible using the full strength of the group action induced by the

monomial group G(n,n,4) on the intersection lattice L,,.

4.8. Slices of Q)s: (3,4)-Multinets

The method of classifying slices of ), up to graph type discussed in the
previous section is now implemented for small n. The following conventions are used
throughout these investigations. Bold numbers are used to indicated the choices of
P; needed during analysis of the collinear case with m(¢) = 2. The images of the
points in the slice lying off of the line [1:0:0: 1Ju+[0:1:1: 0]t where [u: t] € P!

under the reflection o, 4 are identified as reflection points in the upcoming tables.
Definition 4.24. Write ijk for the point [¢: &7 1 &€F 1 1].

Theorem 4.25. Allowable slices of Qs yield (3,4)-multinets with the following graph

types: Go, G1<2), GQ(Q), and G3(2)

Proof. Here ¢ = —1. Theorem 4.12 shows generic slices produce (3,4)-nets. These
give multinets with graph type Gy. From Theorem 4.15, allowable slices containing
at least one 2-point yield (3,4)-multinets with graph types G1(2), G2(2), and G5(2).
It remains to investigate linearly closed sets S € C' with at least one double point.
By Example 4.20 and Example 4.19, there are slices yielding graph types
G4, and G5(2), respectively. Each choice of P, needed in the method
lies on a double line of L, passing through P;.  There is only one case
to investigate when S contains at least three double points.  The results
are summarized in Table 4.3. All slices in the table contain the point

Py =[1:1:1:1]. The second point P, is indicated in the table using the short-hand
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TABLE 4.3. Collinear case for n = 2.

P, | Additional Points Slice Graph Type

011 101 [—1:—1:1:1] G(2)

notation introduced in Definition 4.24. The third point and any additional points
are indicated in the column labeled Additional Points. The result now follows from

observing G1(2) = G4, G2(2) = G5(2), and G3(2) = G¢(2).

Each multinets obtained from @, is realizable in RP?. Depictions of the
proper (3,4)-multinets obtained from ()2 are given in Table 4.4. Different intraclass
structures occur for slices of graph type G1(2) by choosing slicing hyperplanes
containing different number of intraclass points of Ly. This gives three arrangements
which support a multinet structure with graph type G1(2), but have non-isomorphic
intersection lattices. These three examples are equivalent to slices formed using the

slicing hyperplanes w = —x — 2y + 4z, w = —2x — 3y + 6z, and w = —x — y + 3z.

4.9. Slices of ()3: (3,6)-Multinets

Theorem 4.26. Allowable slices of Q3 yield (3, 6)-multinets with the following graph

types: Go, G1<3), GQ(S), 03(3), G4, G5<3), G6(3), G7, and Gg.

Proof. Let £ be a primitive third root of unity. Theorem 4.12 shows generic slices
produce (3,6)-nets. These give multinets with graph type Go. From Theorem 4.15,
allowable slices containing at least one 3-point yield (3, 6)-multinets with graph types
G1(3), G2(3), and G3(3). It remains to investigate linearly closed sets S € C’ with at

least one double point.
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TABLE 4.4. Types of (3,4)-multinets.

no
—
[\
~
O W >»>» WO

Gs(2)

By Example 4.20 and Example 4.19, there are slices yielding graph type G4 and
G5(3), respectively. For additional graph types of slices involving P; and P, only
the collinear situation via a line of multiplicity 1 is possible. Appendix A gives an
example of such a slice with graph type G7;. Next consider S with at least three
double points. Only the collinear case is possible and needs to be considered for Ps.
A summary of the findings in the collinear case is given in Table 4.5. This completes

the analysis and gives the result. e
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TABLE 4.5. Collinear case for n = 3.

P, | Additional Points | Reflection Points Slice Graph Type
011 022, 101, 202 - [—1:—=1:1:1] Gs(3)
011 022, 102, 212 - [—1:&: =€ 1] Gs(3)
012 102 221 [—1:—1:—=&: &+ 2] Gs

012 121 210 E—1:—¢—1:1:1] Gs

4.10. Slices of Q4: (3,8)-Multinets

Theorem 4.27. Allowable slices of Q)4 yield (3, 8)-multinets with the following graph
typ653 G07 G1(4>7 G2(4)7 G3(4>7 G47 G5<4)7 G6(4)7 G77 G87 G9(4)7 G107 Gllu G127 and
G13.

Proof. Let £ be a primitive fourth root of unity. Theorem 4.12 shows generic slices
produce (3,8)-nets. These give multinets with graph type Go. From Theorem 4.15,
allowable slices containing at least one 4-point yield (3, 8)-multinets with graph types
G1(4), Go(4), and G3(4). It remains to investigate linearly closed sets S € C’ with at
least one double point.

By Example 4.20 and Example 4.19, there are slices yielding graph type G4 and
G5(4), respectively. For additional graph types of slices involving P, and P,, the
collinear via a line of multiplicity 1 and noncollinear situations are both possible.
Examples of such slices are given in Appendix A and have graph types G; and Gy,
respectively.

Lastly, consider S with at least three double points. Table 4.6 gives a summary

of the analysis for the collinear case. It is necessary to check if three double points
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TABLE 4.6. Collinear case for n = 4.

P Additional Points Reflection Points Slice Graph Type
011 | 022, 033, 101, 132, 202, - [1:—1:1:1] Ge(4)
303, 312
011 022, 033, 102, 313 - [€—1:-1:1:&+1] Gy(4)
011 | 022, 033, 103,112, 213, - [1:&:—¢:1] Ge(4)
310, 323
011 022, 033, 201, 232 - [6+1:—-1:1:&—1] Go(4)
011 022, 033, 203, 212 - [-1:&—1:-&+4+1:1] Go(4)
012 101, 133, 202, 303 110, 220, 322, 330 [-1:=6—1:1:&+1] Gy(4)
012 102 331 2:2:&{—-1:—-¢—3] Gsg
012 103, 313 120, 332 [1:-¢+1:¢&: -2 Gi3
012 113, 210, 311, 323 122, 130, 232, 302 [1:—=6—-1:1:&-1] Gy(4)
012 121 310 26—1:—¢—-1:1:—-£+1] Gsg
012 131 320 [E—2:-€6—-1:1:2] Gi2
012 132 321 [2:=&—1:1:€6+2] G1a
012 201, 233 211, 223 E:—2:—€+1:1] Gi3
012 203 221 [-2:=€6—-1:1:£+42] G1a
012 213 231 1:-26:&6+1:&—2] G1a
013 101, 112, 123, 130, 110, 211, 220, 301, [€:—-1:-¢:1] Ge(4)
202, 233, 303 312, 323, 330

013 102, 133 322, 331 [-6+1:1:¢&: -2 Gi3
013 103 332 [1:1:&:-&—2] Gs
013 121 310 E—2:-€:1:1] Gs
013 122, 131 311, 320 [2:—=€:1:&41] Gi3
013 132 321 [~6—2:—€:1:2641] G
013 201, 212, 223, 230 201, 212, 223, 230 [1:6—1:-&—1:1] Gy(4)
013 203 221 l:64+1:&—1:-26—1] Gs
013 210 232 l:—={—1:-¢(+1:26—1] Gs
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of L4 exist with the property of being pairwise noncollinear in 4. Table 4.7 identifies

candidates for this situation.

TABLE 4.7. Candidates for P; in noncollinear case for n = 4.

P | Noncollinear Points with P

000 | 123, 132, 213, 231, 312, 321

123 | 000, 031, 202, 211, 310, 332

Inspecting Table 4.7, there is no point in L, which is noncollinear with both
points [1:1:1: 1] and [ : €2 : € : 1] simultaneously. Thus, there does not exist a
set of three double points with the property that no pair lies on a line of ()4. This

completes the analysis and gives the result. o

4.11. Slices of @5: (3,10)-Multinets

Theorem 4.28. Allowable slices of Q5 yield (3, 10)-multinets with the following graph
typ683 G07 G1<5)7 G2(5)7 G3(5>7 G47 G5(5)7 G6(5>7 G77 G87 G9(5)7 G107 Glla GlQu G137
G, Gis, Gig, and Gi7.

Proof. Let £ be a primitive fifth root of unity. Theorem 4.12 shows generic slices
produce (3,10)-nets. These give multinets with graph type Gy. From Theorem 4.15,
allowable slices containing at least one 5-point yield (3, 10)-multinets with graph types
G1(5), G5(5), and G3(5). It remains to investigate linearly closed sets S € C’ with at
least one double point.

By Example 4.20 and Example 4.19, there are slices yielding graph type G4 and

G5(5), respectively. For additional graph types of slices involving P, and P, the
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collinear via a line of multiplicity 1 and noncollinear situations are both possible.

Examples of such slices are given in Appendix A and have graph types G and Gy,

respectively.

Next consider S with at least three double points. A summary of the analysis

for the collinear case is given in Table 4.8.

TABLE 4.8. Collinear case for n = 5.

Py Additional Points Reflection Points Slice Type
011]022, 033, 044, 101, 202, - [-1:—=1:1:1] G (5)
303, 404
011|022, 033, 044, 102, 414 - [—€+1:1:—1:—-¢£—1] Go(5)
011] 022, 033, 044, 103, 424 - 2 +e+1:1:-1:-¢2—-¢—1] Go(5)
011[022, 033, 044, 104, 214, - [—€*:1:—1:¢% Gg(5)
324, 434
011] 022, 033, 044, 201, 343 - l:64+1:—6—1:—-1] Go(5)
011|022, 033, 044, 143, 203, - [E24e+1:64+1:—¢—1:—£2—¢—1] Ge(5)
313, 423
011] 022, 033, 044, 204, 323 - [€2+1:1:—-1:—-¢2-1] Go(5)
012| 101, 144, 202, 303, 404 |110, 220, 330, 433, 440 L:é+1:—1:—¢—1] Go(5)
012 102 441 [1:1:34+¢:-€3—¢—-2 Gs
012 103, 414 120, 442 [—€2 —x—1:—£6£—1:1:£2+2z+1] Gi3
012 104, 314 231, 443 €% —g—1:1:—¢* 4 ¢ e
012| 113, 214, 310, 411, 423 122, 134, 232, 342, 402 [€2:641:—1:—¢2 —¢ Go(5)
012| 114, 320, 422, 434 133, 140, 242, 403 €3 —€2:—e—1:1:€%+6€2+¢ Gir
012 121 410 [€2+2¢:—¢g—1:1:-£2—¢] Gs
012 124, 331 203, 413 (€3 +€:—€—1:1:6% Gia
012 130 424 €3 +262 426 4+1:—€6—1:1: -3 —-2¢2 —¢—1] G1o
012 131 420 €3 +2e242¢:—¢—1:1:—-¢3—26%2 —¢] Gia
012 132 421 €3 +262 46:—6—1:1:—¢3—2¢?) Gia
012 141 430 €3 +e2+e—1:—€6—-1:1:—-¢%—-¢2+41) Gis
012 142 431 €3 +e2—1:—c—-1:1:-€%—¢2+4+¢+1] Gis
012 143 432 €3 —1:—¢—1:1: -3 4+¢+1] Gis
012 201, 244 322, 334 1:624264+1:-£6—-1:-¢2—-¢—-1] Gis
012 204, 313 230, 332 €2 —1:—€6—-1:1:24+¢+1] Gis
012 210 343 [1:—¢—1:1:¢6—1] Gg
012 211, 223 301, 344 [€:—€2 —2¢6—1:¢41:¢? Gi3
012 213 341 [€2:e2 426 +1:—6—1:—2¢2 —¢] Gia
012 221 304 [€242¢: —€2 —26 —1:£6+1: —¢] Gio
012 224 302 €2 +€:—z—1:1:€7) Gg
012 233, 240 311, 323 €3 +e24+¢6:—€2—26—1:6+1: -6 G13
012 241 324 et +e3+e:—e—1:1:¢* - €3 G11
012 243 321 (€3 —1:-62—26—1:¢641:-34+¢24+¢+1) G111
013| 101, 202, 244, 303, 404 |110, 220, 322, 330, 440 M2 464+1:—1:—-¢2-¢-1] Go(5)
013 102, 144 433, 441 [E+1:62+6+1:—1:—-¢2-2¢-1] Gi3
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TABLE 4.8.

Continued from previous page.

Py Additional Points Reflection Points Slice Type
013 103 442 [€* + €3 et 431 —2e* — 263 — 1] Gs
013 104, 414 120, 443 (e et €31 —2et — g3 1) Gis
013| 112, 240, 302, 344 211, 224, 323, 401 [€2:—g2—¢—1:1:¢ Gi7
013| 114, 210, 311, 324, 412 [123, 233, 241, 343, 403 (€3 :e246+1:—-1:-€3-¢2 ¢ Go(5)
013 121 410 [€3 4262 +2¢6:—€2 —¢c—1:1:—-¢3—¢2 ¢ Gs
013 122, 130 411, 424 €3 +2e24¢: -2 —¢c—1:1:-¢3-¢7% Gis
013 131 420 €3 +262 46 —-1:—€2—¢—1:1:-£3-¢2+41) G1o
013 132 421 €3 4+262 —1:—e2—¢—1:1:-€3 -2 +¢+1) G111
013 133, 141 422, 430 €342 —1:-€2—¢c—-1:1:-€3+¢+1] G13
013 134, 242 320, 423 [€2—1:-€2—¢—1:1:£6+1] Gia
013 140, 243 321, 434 €3 +e2:—e?2—¢—1:1:-€%+¢ Gia
013 142 431 €3 +e?2—¢—1:-€2—¢—1:1:-€342¢+1] G11
013 143 432 €3 —g—1:-€62—¢g—1:1:-€34624+2¢+1] Gis
013 201 334 [1:—g*+e24+¢:—¢—1:¢*—¢? Gis
013 203 331 €2 +e+1:—e* 42 fe:—e—1:6* —2¢2 ¢ Gg
013 204 332 [E2+1:62+€e+1:—1:-2¢2—¢—1] Gis
013 212, 301 223, 340 €2 —€3 —2¢2 —2e —1:¢+41:3+€2 4+¢ Gis
013 214 342 (€2 :6% +2¢% y2c+1: -6 —1:-26% —2¢% —¢] G2
013 221 304 €3 4262 426 —¢3 —2¢2 —26 —1:€6+1: —¢] Gia
013 231 314 (€3 4+e2426:—€2—¢—1:1:-¢3—¢ G1o
013 232 310 (€3 4262 —1:—¢2 —2¢82 —26 —1:€64+1:¢+41] Gg
013 234 312 (€2 —1:-¢® 26 —2¢—1:641:6%+ &%+ ¢+ 1] G2
014| 101, 124, 202, 234, 303 |110, 211, 220, 312, 330 [1:—¢%:—1:¢ G (5)
344, 404 413, 440
014 102, 134 423, 441 [E+1:—¢*:—1:¢*—¢ G4
014 103, 144 433, 442 [E24e+1:—€*:—1:6%—¢2_¢g Gi3
014 104 443 [e*e* 1 —2¢* — 1) Gs
014| 112, 130, 233, 242 311, 320, 401, 424 (34626 :1:¢ Gi7
014| 113, 140, 203, 244 322, 331, 402, 434 [€3:e*:1:6% 4 ¢ Gi7
014 121 410 [—g*—2:¢*:1:1] Gs
014 122, 131 411, 420 (€3 +e2—1:¢*:1:6+1] Gi3
014 123, 141 412, 430 (€3 —1:¢%:1: —¢* - €3 Gig
014 132 421 (3462 —¢c—1:€%:1:2641) G111
014 133, 142 422, 431 (€3 —e—1:6%:1:€2426+1) Gig
014 143 432 (563 +3¢2 +46+3:—¢3—¢2-3:62—2641:—-463-362 -2¢6-1] | Gy
014| 201, 224, 313, 340 212, 230, 302, 334 :e3+e24+e:—¢—1:-€3-¢?2 Gir
014 204 332 €2 +1:—g*:—1:¢% - ¢? Gg
014 210 343 [E241:6%:1: —¢* —¢2 -2 Gg
014 213, 240 323, 341 €3:—e3 -2 —¢c:e4+1:€2-1] e
014 221 304 [€* —2:¢*+1:¢641: —¢] Gs
014 223, 241 301, 324 (€3 —1:e*+1:6+1:¢7 Gia
014 232 310 [€2 —1:¢%:1: —¢* —¢? Gs
014 243 321 B3 +3¢2 446 +3: —¢% —2¢—2:¢%3 —¢2 —g+4+1:-5¢% 262 —¢—2]| G,
023|101, 133, 202, 243, 303, |110, 124, 220, 321, 330 [E+1:e2+641:——1:—-£2—¢—1] G (5)
404, 413 422, 440
023 102, 143 432, 441 (€2 426 4+1:624+6+1:—¢—1:-2¢2 —2¢—1] G1g
023 103 442 (€3 +262 426 4+1:62+6+1:——1:—-€3-362-2¢-1] Gg
023| 104, 113, 410, 424 121, 130, 402, 443 [—e2 —e—1:63462: -3 —¢2—¢:¢2+26+1) Gi7
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TABLE 4.8. Continued from previous page.

Py Additional Points Reflection Points Slice Type
023| 112, 144, 304, 313 221, 230, 401, 433 [e:€62+64+1:—¢—1:-€2—¢ Gi7
023 114 403 €3 —1:e246+1:—6—1:—-¢3—-¢241) Gg
023 120 414 (€3 4262 426 +1:—€2 —c—1:6+41: -3 —¢2—2¢0—-1] Gg
023 122, 140, 302, 343 210, 224, 411