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DISSERTATION ABSTRACT
Min Yong Ro
Doctor of Philosophy
Department of Mathematics
March 2015

Title: Approximate Diagonalization of Homomorphisms

In this dissertation, we explore the approximate diagonalization of unital
homomorphisms between C*-algebras. In particular, we prove that unital
homomorphisms from commutative C*-algebras into simple separable unital C*-
algebras with tracial rank at most one are approximately diagonalizable. This
is equivalent to the approximate diagonalization of commuting sets of normal
matrices.

We also prove limited generalizations of this theorem. Namely, certain
injective unital homomorphisms from commutative C*-algebras into simple
separable unital C*-algebras with rational tracial rank at most one are shown to
be approximately diagonalizable. Also unital injective homomorphisms from AH-
algebras with unique tracial state into separable simple unital C*-algebras of tracial
rank at most one are proved to be approximately diagonalizable. Counterexamples
are provided showing that these results cannot be extended in general.

Finally, we prove that for unital homomorphisms between AF-algebras,
approximate diagonalization is equivalent to a combinatorial problem involving

sections of lattice points in cones.
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CHAPTER I
INTRODUCTION
One of the most significant theorem of linear algebra is the spectral theorem
which is often stated in the following way:

Theorem I.1 (Spectral Theorem). Let n > 1 be an integer and let a € M, (C) be
giwven. Then a is a normal matriz if and only if there exist \; € C fori=1,2,...,n

and a unitary matriz w € M, (C) such that

MO 0
) 0 A 0

uau =
0 0 0 X,

In this statement, the spectral theorem is apparently a statement regarding
the algebraic structure of finite-dimensional operators and thus about C*-algebras.
This connection can be made more apparent by noticing that the following

statement implies the spectral theorem:

Theorem 1.2. Let X be a compact Hausdorff space and let n > 1 be an integer.
We denote by C(X) the C*-algebra of complex-valued continuous functions on X
with pointwise operations and supremum norm. We denote by M, the C*-algebra
of n X m complex matrices with operator norm. For every unital homomorphism

¢: C(X) = M,, there exist points & € X fori=1,2,...,n and a unitary uw € M,



such that

for all f € C(X).

Indeed, we can see that Theorem I.1 follows by applying this theorem to the
case where X = sp(a) is the spectrum of a and ¢ is the unital homomorphism
induced by continuous functional calculus. In addition to being a C*-algebraic

statement, this theorem can be proved using C*-algebraic techniques.

Proof. There is the induced injective unital homomorphism ¢: C'(X)/ker ¢ —
M, (C). By Gelfand’s representation theorem, there exists a compact space Y such
that C(X)/ker¢ = C(Y). Since M, (C) is finite-dimensional and ¢ is injective,
C(Y) is finite-dimensional and so Y is finite. So there exists an integer k£ > 1
such that C(Y) = C*. And so ¢ can be written as the composition of two unital
homomorphisms a: C(X) — C* and 3: C* — M,,.

Let m;: C* — C denote the the jth coordinate projection map for j =
1,2,...,k. Since m; o a is a homomorphism from C'(X) to C, there exist points

¢j for i =1,2,...,k such that m; 0o a(f) = f((;) for all f € C(X). So

for all f € C(X).



Let e; denote the jth standard basis vector of C* for j = 1,2,..., k. Since
the projections e; are mutually orthogonal, the projections ¢; = S(e;) are mutually
orthogonal and Z§:1 g =1

Let r; denote the rank of ¢; for j = 1,2,... k. Let s; = Zle r; for
j = 1,2,... k. Also we set s = 1. There exist mutually orthogonal rank one

projections p; for ¢ = 1,2,... n such that

Sj
Z Pi = qj

=851

forj=1,2,... k.

Since
k

o(f) = Blalf) =D (),

J=1

we set & = (j for j =1,2,...,k and ¢ such that s; <i < s;;;. So we have

o(f) = Z J(&)pi-

Finally, there exists a unitary matrix v € M, such that up;u* = e;; for
v = 1,2,...,n, where ¢;; € M, is the matrix with 1 in the 7,7 position and 0

otherwise. So we have

u(f)u” =3 _ f(&)upi’ =




We will return to this homomorphism perspective in a moment, but
considering Theorem 1.1, we notice that this formulation lends itself to a natural
generalization. In particular, if we replace C with a complex involutive algebra A,
we can consider the algebra M, (A) of n X n matrices with entries in A and ask the
question: when is every normal matrix in M, (A) unitarily equivalent to a diagonal
matrix? The converse is obvious, since a diagonal matrix is normal if and only if
each of its entries is normal. This question is particularly pertinent in the case
where A is a C*-algebra due to the prevalence of amplification as a technique in
proofs.

It was with this generalization in mind that Richard Kadison proved the

following:

Theorem 1.3 (Corollary 3.20 of [12]). Let N be a von Neumann algebra and let
n > 1 be an integer. For any normal matriz a € M,(N), there ezxist a; € N for

1=1,2,...,n such that

aq 0 0

0 (05} 0
uau® =

0 0 0 a,

To further understanding in the case of general C*-algebras, Kadison posed
the question: for what topological spaces X is every normal matrix over C'(X)
diagonalizable? In the same year, Karsten Grove and Gert Pedersen gave a full

answer to this question:

Theorem 1.4 (Theorem 5.6 of [8]). Let X be a compact Hausdorff space and n > 1

an integer. For every normal matriz f € M, (C (X)), there exist f; € C(X) for
4



i=1,2,...,n and a unitary matriz u € M,(A) such that

fi 0 0

0 f 0
ufu* = ’

00 0 f

if and only if

1. X is sub-Stonean,

2. dim X <2,

3. HY(Xy, S,) is trivial for every closed subset Xo C X and all m, where Sy,
denotes the symmetric group on m generators, and

4. H*(Xy,7Z) is trivial for every closed subset Xo C X.

Theorem 1.4 suggests that diagonalization is rare in general. Beyond the
restrictive cohomological conditions, X being sub-Stonean corresponds to C'(X)
being a SAW™*-algebra. While a significant concept, it does not reflect the behavior
of more general C*-algebras. For example, the only compact sub-Stonean spaces for
which C(X) is separable are those consisting of finitely many points (Corollary 1.6
of [9]).

With the commutative case as a guide, we should expect diagonalization only
in classes of C'*-algebras related to von Neumann algebras, such as the class of
AW*-algebras or SAW*-algebras. In particular, the proof of Theorem 1.3 is based
on the abundance of projections in maximal abelian self-adjoint subalgebras in
von Neumann algebras, which does not hold in general. In fact, a generalization
of Kadison’s result has been made by Chris Heunen and Manuel Reyes in [10],

where the von Neumann algebra N is replaced with an AW *-algebra, where there

5



is similar behavior in its maximal abelian self-adjoint subalgebras. Conversely,
constructing certain maximal abelian self-adjoint subalgebras with few projections
would be sufficient to show that diagonalization does not generally hold in that
C*-algebra.

As an analytic method, when we know that a certain equation cannot
be solved exactly, we turn to approximations. Following this principle, since

diagonalization seems rare, we consider an approximate version.

Definition I.5. Let A and B be unital C*-algebras and let n > 1 be an integer. A
unital homomorphism ¢: A — M, (B) is approzimately diagonalizable if for every
e > 0 and every finite set F C A, there exist unital homomorphisms ¢;: A — B for

i=1,2,...,n and a unitary u € M, (B) such that

9251((1) 0 0
0 ¢2(a) 0

for all a € F.
A matrix a € M, (A) is approzimately diagonalizable if for every ¢ > 0, there

exist a; € A for i =1,2,...,n and a unitary u € M, (A) such that

aq 0 0
0 a9 0

up(a)u™ — <e
0 0 0 a




Notice that a normal matrix a € M, (A) is approximately diagonalizable if
and only if the unital homomorphism induced by continuous functional calculus is

approximately diagonalizable.

We see that approximate diagonalization applies far more widely than
diagonalization does. Yifeng Xue proves in [30] that if X is a compact metric
space such that dim(X) < 2 and H?(X,Z) = 0, then every self-adjoint matrix
over C'(X) is approximately diagonalizable. If in addition to the conditions above,
HY(X,Z) = 0, then every unitary matrix is approximately diagonalizable.

Also, Huaxin Lin proves in [21] that if X is locally an absolute retract and Y
has dim(Y) < 2, then every unital homomorphism from C'(X) to M,(C(Y)) is
approximately diagonalizable for any integer n > 1.

On the non-commutative side, Shuang Zhang proves in [31] that projections
in a C*-algebra of real rank zero are diagonalizable and that therefore any matrix
that can be approximated by a matrix of finite spectrum. In particular the self-
adjoint matrices are approximately diagonalizable. Unfortunately, when K; is non-
trivial, normal matrices cannot generally be approximated by matrices of finite
spectrum.

We point out that the definition of approximate diagonalization was chosen
to allow the choice of diagonal entries to rely on €. This is the notion used in all of
the previous work. But there are times when a slightly stronger version holds. To

explain, we make the following definitions.

Definition 1.6. Let A and B be two unital C*-algebras. Two unital

homomorphisms ¢: A — B and ¢: A — B are approximately unitarily equivalent if



for every € > 0 and every finite set F C A, there exists a unitary v € B such that

[¢(a) — wip(a)u’| < e

for all a € F.

So a homomorphism being approximately unitarily equivalent to a diagonal
homomorphism is equivalent to being approximately diagonalizable where the
diagonal homomorphisms do not depend on the choice of e.

The main tool for this dissertation comes from the classification of
homomorphisms from AH-algebras up to approximate unitary equivalence,
which we discuss in Chapter II after reviewing some basic definitions for C*-
algebras and the invariants used in the classification of C*-algebras. In Chapter
ITI, we review some partially ordered abelian group theory. In Chapter IV, we
prove that homomorphisms from commutative C*-algebras to C*-algebras of
tracial rank at most one are approximately diagonalizable, which implies the
approximate diagonalization of normal matrices over those C*-algebras. We also
show that certain homomorphisms from commutative C*-algebras to C*-algebras of
rational tracial rank at most one are approximately diagonalizable, but that these
homomorphisms are not generally approximately diagonalizable. In Chapter V,
we show that approximate diagonalization holds generally when the domain has
a unique tracial state or when the codomain has divisible K. We finally show
that for AF-algebras with finitely generated K, approximate diagonalization is

equivalent to a combinatorial problem involving lattice points in cones.



CHAPTER II

C*-ALGEBRAS AND THEIR INVARIANTS

Basic C"*-Algebra Theory

For the sake of completeness, we include some of the basic definitions of C*-

algebras. The primary references used for the material in this section are [13] and

3]-

Definition I1.1.1. A Banach algebra is a pair (A, ||-||) of an associative algebra
A and a submultiplicative norm ||-|| on A such that the metric induced by ||-|| is
complete.

A Banach algebra A is a C*-algebra if there exists an operation a — a* on A
such that

1.

ot

. |la*al| = [lall®
for all a,b € A and \ € C.

A subalgebra B of A is called a C*-subalgebra if b € B implies b* € B and B
is a closed set. In other words, B is a C*-subalgebra if B itself is a C'*-algebra. We
say that B is a unital C*-subalgebra if the unit of A is contained in B.

A C*-algebra is unital if it contains a multiplicative identity 1. We note that
1* =1 and ||1]| = 1 follow from the properties above.

A C*-algebra is simple if it has no nontrivial closed two-sided ideals.



A C*-algebra is separable if it contains a countable dense subset.

Based on operator theory language, we have the following notions for

elements of a C*-algebra.

Definition II1.1.2. Let A be a C*-algebra. Let a € A. We say that a is self-adjoint
if a* = a.

We say that a is normal if a*a = aa™.

We say that a is a projection if a = a* = a>.

When A is unital, we say that a is unitary if a*a = aa® = 1.

We say that a is positive if there exists b € A such that a = b*b.

Furthermore, we denote the set of self-adjoint elements of A by Ag,, the group
of unitaries of A by U(A), and the set of positive elements of A by A;. For a € Ay,
we will write a > 0.

We define a partial ordering on Ag, by a < bif and only if b —a € A,. A
C*-subalgebra B of A is called hereditary if for any a € A and b € B, the inequality

0 <a<bimplies a € B.

While an algebraic homomorphism between Banach algberas may not be
continuous, an algebraic homomorphism between C*-algebras that preserves the

adjoint operation is even contractive.

Definition II1.1.3. Let A and B be C*-algebras. A function ¢: A — B is a

homomorphism if

L ¢(a+b) = ¢(a) + ¢(b),

2. 6(Aa) = Ad(a),
3. ¢(a*) = ¢(a)*, and
4. ¢(ab) = ¢(a)p(b)

10



for all a,b € A and A € C. If in addition A and B are unital, a homomorphism

¢: A — Bis unital if ¢(1) = 1.

Often, homomorphisms are too restrictive. At the same time, linear maps are
too general and do not reflect any of the algebraic properties of the C*-algebra.
One of the proper balances is to use positive linear maps and in particular, the

positive linear functionals.

Definition I1.1.4. Let A and B be C*-algebras. A linear map ¢: A — B is
positive if p(Ay) C By.

If A is a unital C*-algebra, a positive linear map o0: A — C is a state if
o(1) = 1. A state 7 is a tracial state if T7(ab) = 7(ba) for all a,b € A.

The set of tracial states of A is denoted T'(A) and is called the tracial state

space.

An important method of construction for C*-algebras is to consider inductive
limits (in categorical language, colimits) of well-known C*-algebras. More precisely,
an inductive limit of C*-algebras is a colimit in the category of C*-algebras or
unital C*-algebras indexed by the category whose objects are positive integers and
for which a morphism from m to n exists if and only if m < n.

Put concretely, for any sequence of C*-algebras (A,,) with homomorphisms
On: Ap — Aniq, there exists a C*-algebra A, unique up to homomorphism, and
homomorphisms ¢, o : A, = A such that ¢,, .o = @ni+1.00 © @y, for all n, and A is the
smallest such C*-algebra in the sense that for any C*-algebra B and any sequence
of homomorphisms ,,: A, — B such that v¢,, = 1,1 o ¢, for all n, there exists a
unique homomorphism from ¢: A — B such that 1 o ¢,, oc = ¥, for all n.

When a C*-algebra is isomorphic to an inductive limit of finite-dimensional

C*-algebras, we say that it is an AF-algebra. When a C*-algebra A is isomorphic to
11



an inductive limit of C*-algebras of the form pM,, (C(X))p, where p € M,(C(X))
is a projection and X is a finite C'W-complex, we say that A is an AH-algebra.
We note that every compact metric space can be written as the inverse limit of
finite CW-complexes by using the geometric realizations of the nerves of finite open
covers. As a result, every separable, commutative, unital C*-algebra is a unital
AH-algebra. Also by taking finite sets for X, we see that every AF-algebra is an
AH-algebra.

We will consider the AF-algebra Q particularly. This algebra Q is defined as

the inductive limit of M, with connecting maps defined by

a 0 0

0 a --- 0
ars :

00 0 a

where the latter is a block diagonal matrix consisting of n + 1 square blocks of size
nl.

Our main interest will be in tensoring Q with other C*-algebras. Generally,
tensor products are complicated in C*-algebras, but in the case where are tensoring
with an AF-algebra, we can described the situation concretely. Namely the C*-
algebra A ® Q is isomorphic to the inductive limit of M,,(A) with analogous
connecting maps to the ones above.

We will also be considering the Jiang-Su algebra, denoted Z. The Jiang-

Su algebra is isomorphic to the inductive limit of certain C*-subalgebras of
C([0,1], M,,) known as dimension drop interval algebras. See [11] for a proper

definition and more information. We briefly mention the definition to note that as

12



with @, the tensor product with Z is well-defined even without the general theory
of tensor products.

Of particular interest are the C*-algebras for which tensoring with Z gives
us the same C*-algebra up to isomorphism. We will say that A is Z-absorbing if
AR Z = A.

Critical to understanding C*-algebras are the various notions of rank, which
try to generalize the notion of covering dimension for topological spaces. The most
important for this dissertation is the tracial rank, but its connection with real rank

and stable rank are worth mentioning.

Definition II1.1.5. Let A be a C*-algebra. For any integer n > 0, the real rank of
A is at most n, written RR(A) < n, if for every n+1 elements ay, as, ..., a,11 € Asa
and € > 0, there exist n + 1 elements by, bo,...,b,11 € As, such that > biby is

invertible and
n

> (ar — be)(ax — by

k=1

We write RR(A) = n if RR(A) < n and RR(A) £ n — 1, and say that A has

< E.

real rank n.

The case n = 0 is of particular interest. A C*-algebras has real rank
zero if the invertible self-adjoint elements are dense in the self-adjoint elements.
A C*-algebra having real rank zero is equivalent to the property FS, i.e. self-
adjoint elements with finite spectrum are dense in the set of self-adjoint elements.
See Theorem 3.2.5 of [13] or Theorem 2.6 of [1]. This is why projections being
(simultaneously) diagonalizable in a C*-algebra of real rank zero implies that self-
adjoint matrices are approximately diagonalizable in the same C*-algebra as noted

in Chapter 1.

13



As stated above, real rank is a generalization of covering dimension of a
topological space. In particular, if X is a compact metric space, then RR(C'(X)) =

dim(X) (see Corollary 3.2.10 of [13] or Proposition 1.1 of [1]).

Definition I1.1.6. Let A be a C*-algebra. For any integer n > 0, the (topological)
stable rank of A is at most n, written tsr(A) < mn, if for every n elements

ai,as,...,a, € Aand e > 0, there exists n elements by,by,...,b, € A such that

> biby is invertible and

n

> (k= bi) (ax — by

k=1

<E.

We write tsr(A) = n if tsr(A) < n and tsr(A) € n — 1, and say that A has

(topological) stable rank n.

Notice that a C*-algebra has stable rank one if the invertible elements are
dense in the C*-algebra. We will be exclusively concerned with the stable rank one
case. In particular, C*-algebras of stable rank one are stably finite in the following

sense. See Propositon 3.3.4 of [13].

Definition I1.1.7. Let A be a unital C*-algebra. We say that A is finite if 2*x =1
implies zz* = 1 for all z € A. We say that A is stably finite if M, (A) is finite for

every integer n > 1.
Finally, we define the notion of tracial rank.

Definition I1.1.8. For every integer n, we denote by Z,, the class of C*-algebras
consisting of unital hereditary C*-subalgebras of C*-algebras of the form C(X) ® F
where X is a finite CW-complex with dim(X) < n and F is a finite-dimensional

C*-algebra.
14



Let A be a unital simple C*-algebra. For any integer n > 0, the tracial rank
of A is at most n, written TR(A) < n if for any € > 0, any finite set 7 C A and
any nonzero element a € A, , there exist a nonzero projection p € A and a unital
C*-subalgebra B € Z,, of pAp such that

L. |lpr —xp|| < e for all z € F,

2. inf{||pzp —y||: y € B} < ¢ for all x € F,

3. 1 —p ~ q (see Definition II1.2.1 below) for some projection ¢ € aAa.

We write TR(A) = n if TR(A) < n and TR(A) £ n—1 and we say that A has

tracial rank n.

We note that if TR(A) < oo, then RR(A) <1 and tsr(A) = 1 (Theorem 6.9 of
[13]).

Elements of K-Theory

From the noncommutative topology viewpoint of C*-algebras, we consider the
K-theory of C*-algebras, which is closer to topological K-theory than to algebraic
K-theory. We will consider a version of algebraic K-theory in Section 11.4.

Let A be unital C*-algebra. We denote by M (A) the algebraic inductive
limit (in other words, the sequential colimit in the category of normed involutive

algebras) of M, (A) with connecting maps

a 0
a

Definition I1.2.1. Two projections p and ¢ in an involutive algebra A are Murray-
von Neumann equivalent, and we write p ~ g, if there exists an element v € A such

that p = v*v and ¢ = vv*.
15



We say that two projections p and ¢ in M, (A) are stably equivalent if there

exist integers m,n > 0 such that

p 0 qg 0

0 le(A) 0 1Mn(A)

Let V(A) denote the stable equivalence classes of projections in M (A). We
denote the equivalence class of p by [p]. Then V(A) is a semigroup with addition
defined by

We define Ky(A) to be the Grothendieck group of V(A). Further, by
considering V' (A) as a cone in Ky(A), we can consider Ky(A) as a pre-ordered
abelian group (i.e. Ky(A) has a translation-invariant pre-order). When A is stably
finite, Ko(A) is a partially ordered abelian group. Also, when A is unital, it is
easy to see that [14] is an order unit, since by definition of addition, we have
n[1a] = [1as,(a)]. See Definition II1.1.1.

Ky is a functor from the category of unital stably finite C*-algebras
to the category of partially ordered abelian groups with order units. For a
unital homomorphism ¢ between unital C*-algebras, we denote by Ky(¢) the
homomorphism induced by the functor Ky. More generally, K is a functor from
the category of C*-algebras to the category of preordered abelian groups.

For every integer n > 1, we denote by U™(A) the group of unitaries in M, (A).
Let Uy(A) denote the connected component of U(A) containing 14 and let UJ'(A)
denote the connected component of U™(A) containing 1y, (4). We note that Ug(A)

is a normal subgroup of U™(A).

16



We define K;(A) = limy U™(A)/UJ(A) with connecting homomorphisms
U™ (A)/Ug (A) = U™ (A) /U5 H(A)

defined by

u 0
U +—

0 1

We note that K;(A) is an abelian group. Also when A has stable rank one,
the stabilization is unnecessary in the sense that U(A)/Uy(A) — K;(A) is an
isomorphism. For a unital homomorphism ¢ between unital C*-algebras, we denote
the induced homomorphism

K; is a functor from the category of C*-algebras to the category of abelian
groups. For any unital homomorphism ¢ between C*-algebras, we denote by K (¢)
the homomorphism induced by the functor K;. More generally, K is a functor

from the category of C*-algebras to the category of abelian groups.

Tracial State Spaces

When considered as a subspace of the dual space A* of bounded linear
functionals and equipped with the weak-* topology, T(A) is a compact, convex set.
Futhermore, T'(A) is a Choquet simplex (see Theorem 3.1.18 of [28]), an infinite-
dimensional generalization of a classical simplex. We refer the reader to [26] or
Chapter 10 of [6] for more information about Choquet simplices. Some categorical

considerations will be necessary for the tracial state space.

17



Definition I1.3.1. Let K; and K, be convex subsets of real vector spaces V and

W. A function ¢: K; — Ks is affine if for all A € R with 0 < A < 1, we have

Az + (1= Ay) = Ap(x) + (1 = A)o(y)

for all x,y € Kj.
Let K be a convex subset of a real vector space V. We say that x € K is an

extreme point of K if for all y, z € K and X such that 0 < A < 1 and

Ay + (1 =Nz =z,

we have xr = y = z. The set of extreme points of K is denoted by 0.K. It is clear

that affine functions map extreme points to extreme points.

The category of compact convex sets is the category whose objects are
compact convex subsets of real Hausdorff locally convex topological vector spaces
and whose morphisms are continuous affine functions. See Chapter 5 of [6] for more
details.

There is a contravariant functor 7'(e) from the category of unital C*-algebras
to the category of compact convex sets that maps a C*-algebra A to the tracial
state space T'(A) and that maps a homomorphism ¢: A — B to its pullback
¢T: T(B) — T(A), which is defined by ¢ (1) = 70 ¢ for 7 € T(B).

Definition I1.3.2. A real vector space V which is also a partially ordered abelian
group (see Definition I11.1.1) is a partially ordered vector space if for all A € [0, 00)

and z € V., we have \z € V..

18



There is also a contravariant functor Aff(e) from the category of compact
convex sets to the category of real partially ordered Banach spaces that maps
a compact convex set K to the space of real-valued positive continuous affine
functions on K denoted Aff(K), with pointwise operations and supremum norm
and which maps a continuous affine function ¢: K; — K> to its pullback from
Aff(K,) to Aff(K7), defined by f+— fo¢ for all f € Aff(Ks).

We note that for a Choquet simplex K, the restriction from Aff(K) to
C(0.K,R) the real vector space of continuous functions on J.K is an isometric
isomorphism. See Corollary 11.15 of [6] for more details.

There are several orderings that one could put on Aff(K). The one that we
will usually use is the pointwise ordering in which f < g if f(z) < g(x) for all
x € K. When dealing with simple C*-algebras, we also use the strict ordering in
which f < g if f(z) < g(x) for all z € K.

By composing these functors, one obtains a covariant functor from the
category of unital C*-algebras to the category of real partially ordered Banach
spaces. Given a unital homomorphism between unital C*-algebras ¢: A — B,
we denote the induced homomorphism by ¢y: Aff(T'(A)) — Aff(T(B)), which is

defined by
Gy(f)(1) = f(T00)

for f € Af(T'(A)) and 7 € T(B).

In fact, the functor Aff(7'(e)) maps the category of unital C*-algebras to the
category of pointed real partially ordered Banach spaces. This category is defined
by taking the objects to be pairs (X, zq) consisting of a real partially ordered
Banach space X and a distinguished point zy € X. The morphisms from (X, zy)

to (Y, yo) are positive bounded linear maps L: X — Y such that L(zg) = yo. We
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will call these maps wnital. For Aff(K), the distinguished element is the constant
function 1.
Furthermore, there is a natural transformation p, from Ky(e) to Aff(7(e)).

Given an integer n > 1 and a projection p = (p;;) € M,,(A), we define

n

= 7(pu)-
i=1

We will denote the sum by (7 ® Tr)(p). Given another unital C*-algebra C' and a
unital homomorphism from C' to A, by naturality, we induce a commutative square
from this pairing. To consider a pair of morphisms induced from a C*-algebra

homomorphism, we make the following definition.

Definition I1.3.3. Let C' and A be unital C*-algebras. Let a: (Ky(C),1¢) —

(Ko(A), 14) be a normalized positive group homomorphism and let
v: Aff(T(C)) — Aff(T(A)) be a unital positive continuous linear map. The pair

(v, ) is a compatible pair if py o v =y 0 pc.

Bivariant KL Groups and the Algebraic K; Group

Let A be a C*-algebra. Following Marius Dadarlat and Terry Loring in [2], we
define the K-groups with Z/k coefficients by K;(A;Z/k) = K;(A ® Cy), where Cy, is
a commutative C*-algebra with Ky(Cy) = Z/k and K;(Cy) = 0. We also make the
convention that K;(A;Z/0) = K;(A). We write

K(A) = Ko(A)® K1 (A) & é Ko(AZ)k) & Ki(A;Z/k)).
k=2
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Dadarlat and Loring prove in [2] that if C' is a C*-algebra satisfying UCT and A is
separable, then

KL(C, A) = Hom, (K(C), K(A)),

where we mean Z/2 & Z graded group homomorphisms that preserve certain
exact sequences induced by the so-called Bockstein operations. We will take this
isomorphism to be our definition of the K L groups. In particular, we will identify
Hom(K;(C), K;(A)) as a subgroup of KL(C, A).

We also note that a unital homomorphism ¢: C — A induces an element of
K L. We will denote this element by K L().

The only fact that we will need about KL groups is the UCT. To state this

fact, we first make some definitions.
Definition II.4.1. Let G be an abelian group. A subgroup H is pure if for every
integer n > 1 and every g € GG, we have ng € H implies g € H. An extension

0—-H —-—G— Hy—0

is pure if Hy is a pure subgroup of G. Let Pext(Hs, H;) denote the subgroup
generated by the equivalence classes of pure extensions in Ext(Hs, H;). We define

ext(Hs, Hy) = Ext(Hs, Hy)/ Pext(Hy, Hy).

We have a KL version of the UCT (see equation 2.4.9 of [27]) when C

satisfies the UCT:

0 — ext(K,(C), K,41(4) = KL(C, A) & Hom(K, (C), K.(A)) = 0,
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Note that we use I" instead of the more standard v for the group homomorphism
KL(C,A) — Hom(K,(C), K«(A)) due to our use of .
Following the notation found in [16], [20], and [22], we make the following

definitions.

Definition I1.4.2. We denote by K L.(C, A)™* the set of K € KL(C, A) such that
R(Ko(C)"\ {0}) € Ko(A) \ {0} and #([1c]) = [La].

Let K € KL.(C,A)"™" and let v: Aff(T(C)) — Aff(T(A)) be a unital positive
continuous linear map. We say that (k, ) is a compatible pair if the restriction of k

to Ko(C) and v are compatible.

For any unital C*-algebra C, let CU(C') denote the normal subgroup

generated by the group commutators of U(C'). More precisely,
CU(C) = {uwvu™v*: u,v € U(C)}
and define CUy(C) = CU(C) N Uy(C). We also define

U=(C) = lim U"(C),
UgE(C) = i UZ(C),
CU>(C) = liy CU(C), and

CU(C) = lig CUG (C),
where, as before, we use the connecting homomorphisms

u 0
U >
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Also for every unitary u € U(C'), we denote the equivalence class in U(C)/CU(C)
of u by u.

If A is a unital, simple C*-algebra with TR(A) < 1, then the map

U(A)/CU(A) - U>(A)/CU>(A) is an isomorphism. See Corollary 3.5 of [17].

For each 7 € T(C), each u € U§*(C'), and each piecewise smooth path
¢ € C([0,1], U5~ (C))

with (0) = 1 and (1) = u, we define

20 = [ (e (“0¢10) an

As shown in [29], this induces a continuous homomorphism

A: U (C)/CUG(C) = AI(T(C))/ pe(Ko(C)),

which provides a natural short exact sequence:

0 = AF(T(C))/po(EKo(C)) = UX(C)/CU>(C) — Ki(C) = 0.

Since Aff(T'(C))/pc(Ko(C)) is injective, this short exact sequence splits, though
unnaturally. We denote by m¢ the quotient map U>(C)/CU>(C) — K, (C).
Given a unital homomorphism ¢: C — A, we denote by ¢* the induced

continuous homomorphism
Pt U(C)/CU>(C) — U*(A)/CU=(A).

23



Definition I1.4.3. Let C' and A be unital C*-algebras. Let k € KL.(C, A)*", let
v: Aff(T(C)) — Aff(T'(A)) be a unital strictly positive continuous linear map, and
let n: U®(C)/CU=(C) — U®(A)/CU>=(A) be a continuous group homomorphism.
We say that (k,~,n) is a compatible triple if

1. (k,7) is a compatible pair,

2. the restriction of 1 to AfF(T(C))/pc(Ko(C)) is equal to the homomorphism

induced from ~, and

3. the restrictions of  and & to K;(C) are equal.

Approximate Unitary Equivalent Classes of Homomorphisms

In certain classes of C*-algebras, the invariants defined above are
complete invariants. In other words, homomorphisms of the invariants induce
homomorphisms on the C*-algebras. And consequently, C*-algebras with
isomorphic invariants are isomorphic as C*-algebras.

The first major result of this kind is due to George Elliott in [5], where it is
shown that unital AF-algebras are classified in this sense by their ordered K, group
with order unit. Elliott conjectured that a large class of simple C*-algebras can be
classified by their K-theory, which gave rise to what is often known as the Elliott
program.

A related question is that of classifying homomorphisms up to approximate
unitary equivalence from AH-algebras to a class of classifiable C*-algebras.

Given the natural transformations involved, a unital homomorphism ¢
between C*-algebras induces a compatible triple (K L(¢), ¢4, ¢*).

This compatible triple identifies the unital homomorphism ¢ uniquely up to

approximate unitary equivalence.
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Theorem II.5.1 (Theorem 5.10 of [22]). Let C' be a unital AH-algebra and let A be
a unital separable simple C*-algebra with tracial rank at most one. Let ¢: C' — A
and y: C — A be two unital injective homomorphisms. Then ¢ and ¢ are

approximately unitarily equivalent if and only if

KL(¢) = KL(y),
¢Ii = @Dﬁ, and

¢i — wi_

We note that the tracial rank zero case is found as Theorem 3.4 of [15], where
the last equation is no longer necessary. Also the same theorem with the additional
assumption that C' satisfy the UCT is found as Corollary 11.8 of [20].

A more relaxed version of this uniqueness theorem will be needed as well:

Theorem I1.5.2. Let C' be a unital AH-algebra and let A be a separable simple
unital C*-algebra with tracial rank at most one. Let ¢: C' — A be a unital, injective
homomorphism. For every e > 0 and every finite subset F C C, there exist 6 > 0, a
finite subset P C K(C'), a finite subset U C Ux(C), and a finite subset G C C, such
that for any unital homomorphism . C' — A, if

1. KL(¢) = KL(¢)) on P,

2. dist(¢H(2),v*(2)) < 0 for z €U, and

3. [Todlg) —Tov(g) <d forgeg,

then there exists a unitary u € A such that

[ug(f)u" = (f)ll <e
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forall f € F.

This is simply Corollary 11.6 of [20] without the condition that C' has
Property (J). The same proof works in light of Theorem 5.8 and Lemma 5.7(2)
of [22].

In addition to the fact that compatible triples determine the approximate
unitary equivalence class of a unital homomorphism, every compatible triple arises

from a unital homomorphism. More precisely:

Theorem I1.5.3 (Theorem 6.10 of [22]). Let C' be a unital separable AH-algebra
and let A be a unital infinite-dimensional separable simple C*-algebra with tracial
rank at most one. For any k € KL.(C, A)™, any unital strictly positive continuous

linear map v: Aff(T(C)) — Aff(T(A)), and any continuous group homomorphism

n: U®(C)/CU>(C) — U>®(A)/CU>®(A) such that (k,7,n) is a compatible triple,

there exists a unital homomorphism ¢: C' — A such that

KL(¢) = r,
¢y =, and
ot =1

In a relatively recent development, the class of classifiable C*-algebras has
grown to include simple unital C*-algebras for which TR(A ® Q) < 1. See [19] for
more details. The quantity TR(A ® Q) is called the rational tracial rank of A. This
expanded class of C*-algebras includes the limits of generalized dimension drop
algebras, including the Jiang-Su algebra Z, which plays a major role in the Elliott

program (see [18]).
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The related question of determining the approximate unitary equivalence
classes of homomorphisms from AH-algebras to C*-algebras of rational tracial rank
at most one has also been answered by Huaxin Lin and Zhuang Niu in [24] and

independently by Hiroki Matui in [25] for the case of rational tracial rank zero.

Theorem I1.5.4 (Corollary 5.4 of [24]). Let C be a unital AH-algebra and let A be
a separable simple unital Z-stable C*-algebra with rational tracial rank at most one.
Let ¢: C — A and : C — A be unital injective homomorphisms. Then ¢ and 1

are approximately unitarily equivalent if and only if

KL(¢) = KL(v),
(bti = wu, and

¢i — ¢1'

There is also an existence theorem for these homomorphisms, though there is

a restriction on the K group of the domain.

Theorem I1.5.5 (Theorem 6.10 of [24]). Let C' be a unital AH-algebra such that
K, (C) is free and let A be a separable simple unital Z-stable C*-algebra with
rational tracial rank at most one. For any k € KL.(C,A)™", any unital strictly

positive continuous linear map ~v: Aff(T(C)) — AfH(T(A)), and any continuous

group homomorphism n: U®(C)/CU>(C) — U®(A)/CU>(A) such that (k,v,n) is

a compatible triple, there exists a unital homomorphism ¢: C — A such that

KL(¢) = r,
b5 =, and
ot =1



Unfortunately, the invariants of these C*-algebras are not as well-behaved (see
Section II1.4). This prevents approximate diagonalization generally for C*-algebras

with rational tracial rank one, as we will discuss in Section IV.3.
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CHAPTER III

PARTTALLY ORDERED ABELIAN GROUPS

Riesz Interpolation Property

We adopt the language and notation for the material in this section from [6].

Definition ITI.1.1. An abelian group (G, +) together with a binary relation < on
G is a pre-ordered abelian group if

1. a < a (reflexive),

2. a <band b < ¢ implies a < ¢ (transitive),

3. a+c¢ < b+ cimplies a < b (translation invariant),
for all a,b,c € G.

If in addition, @ < b and b < a implies a = b, then (G, +, <) is a partially
ordered abelian group.

The set of ¢ € G such that ¢ > 0 is called the positive cone of G and is
denoted G. Often, the order structure of a pre-ordered abelian group is defined by
designating a cone as its positive cone. If the cone is strict, the resulting group is
partially ordered. This is done for example in the case of Ky(A), where the positive
cone is the image of V(A).

If G, is a cofinal set in GG, or equivalently for every a € G there exist b, c €

G such that a = b — ¢, then G is directed.
We note that the Ky group of a unital C*-algebra is always directed.

Definition III.1.2. A positive element u € G of a partially ordered abelian
group G is an order unit if for all g € G, there exists an integer n > 1 such that

—nu < g < nu.
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Often, we consider partially ordered abelian groups with distinguished order
units. For example, for a unital, stably finite C*-algebra A, we consider not only
the directed group Ky(A) but also include the class of the identity [14]. This means
that we also want to preserve these distinguished elements in the homomorphisms

we consider.

Definition III.1.3. Let G and H be partially ordered abelian groups. A group
homomorphism ¢: G — H is positive if p(G) C Hy. Let w € G, and v € H, be
order units. We say that a positive group homomorphism ¢: G — H is normalized
if p(u) = v. To keep track of the order units in consideration, we will also write

¢: (G,u) = (H,v).

Definition III.1.4. A partially ordered group G satisfies the Riesz interpolation
property and is called an interpolation group if for all x1, xo,y1,y2 € G such that
x; <yj;fori=1,2and j = 1,2, there exists z € G such that z; <z <y, fori =1,2

and j =1, 2.

Definition ITI.1.5. A partially ordered abelian group G has strict interpolation if
for all 1, x9, y1, y2 € G such that z; < y; for all ¢, j, there exists z € G such that

x; < z <yj for all 7, 5.

Strict versions of the Riesz decomposition properties follow with proofs

analogous to those of Propositions 2.1 and 2.2 of [6].

Proposition 111.1.6. Let G be a partially ordered abelian group. The following are
equivalent:

(a) G has strict interpolation.

(b) If x,y1,y2 € G satisfy 0 < x < y1 + ya, then there exist x1, x5 € G4 \ {0}

such that x1 + xo = x and z; < y; for1=1,2.
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(c) If x1,29,y1,y2 € G4 \ {0} satisfy x1 + x2 = y1 + Yo, then there exist
zij € Gy \ {0} fori,j = 1,2 such that x; = z1 + zi2 and y; = 21 + 22 for

ij=12.

Proposition II1.1.7. Let G be a partially ordered abelian group with strict
interpolation. Then the following hold:

(a) If x1, 29, ... 2 and y1, Y2, ..., Yk are in G and satisfy x; < y; for all i, j,
then there exists z € G such that x; < z < y; for all,j.

(b) If x,91,y2, ..., yn € G\ {0} satisfy x < y1 + Yo + ... Yn, then there exist
1, .., Ty € Gy \ {0} such that x =21+ -+ + x, and z; < y; for alli.

(c) If 1, .., 2n, 1, ...,y € G4 \ {0}, then there exist z; j € G4 \ {0} fori=

L,2,...,nand j=1,2,...,k such that x; = z;1 + -+ 2z and y; = 215+ -+ -+ 2 5.

Considering an ordered abelian group as a Z-module, it is clear by induction
that multiplying by a positive element by a positive integer gives a positive
element. It is not true that if the multiple of an element by a positive integer is
positive, that the original element is positive. To ensure, this we make the following

definition.

Definition III1.1.8. A partially ordered abelian group G is unperforated if for every
x € G, if nz > 0 for some integer n > 1, then x > 0.
A partially ordered abelian group G is weakly unperforated if for every x € G,

if nx > 0 for some integer n > 1, then z > 0.

We note that weakly unperforated groups only differ from unperforated

groups by allowing the possibility for torsion.

Definition ITI.1.9. A partially ordered abelian group G is a dimension group if G

is directed, unperforated, and satisfies the Riesz interpolation property.
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The K, group of an AF-algebra is a dimension group and, conversely, every
countable dimension group is the K, group of some AF-algebra. But it turns
out that for more general classes of stably finite C*-algebras, we want to replace
“unperforated” with “weakly unperforated.” Despite its widespread use, the author
was unable to find a name in use for such a group. So, given its close relation to

dimension groups, we make the following definition:

Definition II1.1.10. A partially ordered abelian group G is a weak dimension

group if GG is directed, weakly unperforated, and satisfies the Riesz interpolation

property.

We note that the Ky group of a separable simple unital C*-algebra with finite

tracial rank is a weak dimension group. See Theorem 6.11 of [14].

Affine Representation of Partially Ordered Abelian Groups

Definition IT1.2.1. Let (G, u) be a partially ordered abelian group with order
unit. A positive homomorphism o: G — R such that o(u) = 1 is called a state. The

set of states of (G, u) is denoted S(G,u).

We note that S(G,u), just like the tracial state of a C*-algebra, is a compact
convex set. In particular, when G is an interpolation group, S(G, u) is a Choquet
simplex. See Theorem 10.17 of [6]. We will call the extreme points of S(G,u) pure
states.

As with the tracial state space of a C*-algebra, we have a covariant functor
Aff(S(e)) from the category of partially ordered abelian groups with order units to
the category of pointed, partially ordered real Banach spaces. Given a normalized

positive group homomorphism «: (G,u) — (H,v), the functor maps « to
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a,: Aff(S(G,u)) — Aff(S(H,v)), defined by

a,(f)(1) = f(roa)

for all f € Aff(S(G,u)) and 7 € S(H,v).

Let U be the forgetful functor from the category of pointed partially ordered
Banach spaces to the category of partially ordered abelian groups with order units.
There is a natural transformation from the identity functor on partially

ordered abelian groups with order units to the functor U (Aff(S(e))). For a

partially ordered abelian group with order unit (G, u), we define pg: (G,u) —

(Aff(S(G,u)), 1) by

for o € S(G,u).
For a stably finite C*-algebra A, we note that pg,(4) is closely related to the
map p4 discussed in Section I1.3. We will abbreviate S(K(A), [14]) as SKy(A4). A

tracial state 7 € T'(A) induces a state 7, € SKy(A) defined by

7.([p]) = (r @ Tr)(p)

for all p € My (A) and extending linearly. The map 7 — 7, is an affine continuous

map from T(A) to SKy(A). This induces a continuous positive unital linear map

from Aff(SK,(A)) to Aff(T'(A)).
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Let C' and A be unital C*-algebras. Given a unital homomorphism from C' to

A, we have the following commutative diagram:

Ko (C) Ky (A)
LPKO(C) PKqo(A) L
pe (AFF(SKo(C)) — AF(SKo(A) | pa

| |

AFE(T(C)) AfE(T(A)).

A normalized positive group homomorphism a: (Ko(C), [1¢]) — (Ko(A),[14])
will necessarily induce a commutative square with pg,4) 0 a = a, o pgy(c)-

As a result, for a: (Ko(C),[1lc]) — (Ko(A),[14]), a normalized positive group
homomorphism and for v: Aff(T(C)) — Aff(T'(A)) a continuous positive unital

linear map, if the square

AfF(SEo(C)) —2= Aff(SKo(A))

| |

AB(T(C)) —— AH(T(4))

commutes, then (o, ) is a compatible pair. We will consider the following short
exact sequence often:

0 — ker pe = G — pa(G) — 0.

Note that this is often not a sequence of partially ordered groups since ker pg is not
necessarily an order ideal, nor even a partially ordered group.

We note that when G is finitely generated, the image pg(G) is a finitely
generated torsion-free group. Thus the group is free and we see that this short

exact sequence splits.
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In Chapter V, we will need to consider groups for which ker ps = 0. We

therefore make the definition.

Definition II1.2.2. A partially ordered group G is archimedian if for every z,y €

G such that nz <y for all positive integers n > 1, we have = < 0.

The notion of archimedian is used differently in different contexts. As
suggested previously, being archimedian is equivalent to pg being an injective
positive group homomorphism. See Theorem 7.7 of [6] for more details. Since
we can identify G as an ordered subgroup of Aff(S(G,u)), we see that the order
structure of an archimedian group is given by its states in the sense that g > 0 if
and only if 7(g) > 0 for all 7 € S(G,u).

Finally we note that for any partially ordered abelian group G, the group

pc(G) is an archimedian group.

Simple Partially Ordered Abelian Groups

Definition III1.3.1. A subgroup H of a partially ordered abelian group G is an
order ideal if Hy = G N H is directed and for all g € G and h € H,if 0 < g < h,
then g € H.

A partially ordered abelian group G is simple if the only order ideals are 0
and G.

Note that the Ky group of a stably finite, simple C*-algebra is a simple
ordered group. See Proposition 3.3.7 of [13].

We note a useful concrete characterization of simple partially ordered groups
is that every nonzero positive element is an order unit. This follows from the fact

that an order ideal generated by a single positive element is the whole group if and
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only if the element is an order unit. This makes positive elements of simple ordered
groups well-behaved. For example, since for any order unit v, we have o(v) > 0
for every state o € S(G,u), it follows that for a simple ordered group, o(g) > 0
for every nonzero positive g € GG,. Also if in addition to being simple, G is weakly
unperforated, then the converse holds: if o(g) > 0 for all ¢ € S(G,u), then g is a

nonzero positive element of G.

Definition II1.3.2. Let S be a partially ordered set with a least element 0. An
element x € S is called an atom of S if there is no element y € S for which 0 < y <

x.

In the Ky group of commutative C*-algebras, we will see that atoms play an
important role in generating pe(G). In contrast, when a partially ordered abelian
group G is simple, GG, has either one or no atoms. The former only occurs when
G is cyclic (see Lemma 14.2 of [6]). As a result, we have to treat Z separately. For
example, an interpolation group without atoms will satisfy strict interpolation. As
a result, noncyclic simple interpolation groups satisfy strict interpolation.

Simple dimension groups can be constructed from triples consisting of an
abelian group G, a Choquet simplex K, and a group homomorphism ¢: G —
Aff(K) with dense range. The ordering on G is determined by g > 0 if either
g = 0Oor(g) > 0. In fact, these triples completely characterize noncyclic
simple dimension groups. See Chapter 14 of [6] for the proof and more details.

For our purposes, we mention this as a natural source of examples. In particular,
we will often look at dense subgroups of Aff(K'), where K is a classical simplex, as

examples of simple dimension groups.
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Tensor Products of Partially Ordered Abelian Groups

The K, groups of C*-algebras with rational tracial rank one are weakly
unperforated, but will not necessarily have the Riesz interpolation property. They

will have the following weaker version of the Riesz interpolation property:

Definition ITI.4.1. A partially ordered abelian group G has the rational Riesz
interpolation property if for any x1,x9,y1,y2 € G with z; < y; fori = 1,2 and

j =1,2, there exist z € G and integers m,n > 1 such that
mz; < nz < my;

fori=1,2and j =1,2.

See Section 5 of [23] for more details.

A useful characterization of rational Riesz interpolation is available if we
consider tensor products. The tensor product of two partially ordered abelian
groups G' and H can be made into a partially ordered abelian group by taking the

positive cone

(G®H)+—{Zgi®hi:gi€(}+ and h; € Hy, fornZlandi-l,Z...,n}.

=1

See Section 2 of [7] for more details.

It is clear that if u € G, and v € H, are order units, then u ® v is an order
unit for G @ H.

If oy € S(G,u) and 0y € S(H,v), then o1 ® 09, defined by

(01 ® 02)(9 @ h) = a1(g)oa(h),
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is a state on S(G ® H,u ®v).
When G and H are partially ordered abelian groups, the pure states of G @ H

are the pure tensors of pure states of G with the pure states of H. To be precise:

0.5(G® Hu®v) ={0 ®0y: 01 € .5(G,u) and oy € 0.5(H,v)}.

This is shown as Lemma 4.1 of [7].

So when GG and H are simple weak dimension groups, we have a nice
computational characterization of the positive elements of G ® H. Namely, a pure
tensor g ® h is positive if and only if either g ® h = 0 or (01 ® 02)(g ® h) > 0 for all
o1 € 0.5(G,u) and o9 € 9.5(H,v).

It is shown in Proposition 5.7 of [23] that a countable weakly unperforated
simple partially ordered abelian group G has the rational Riesz interpolation
property if and only if G ® Q is an interpolation group.

As an example, we consider Z? with the strict ordering. The group Z? is
simple since every non-zero element is an order unit and unperforated since Z is

unperforated. Also Z? is not an interpolation group since we have

(1,0) <« (2,2),
(1,0) <« (2,3),
(0,1) < (2,2), and

(0,1) <« (2,3),
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but there is no element (z1, 29) € Z? such that

(1,0) < (z1,29) < (2,3) and

(0,1) < (21, 22) < (2,2)

since this would require 1 < z; < 2 and 1 < 25 < 2.

As an abelian group, we have Z? ® Q = Q? with an isomorphism satisfying
(r,y) @ r — (ar,yr). We claim that when Q? has the strict ordering, this map
is an isomorphism of partially ordered groups. To check that the map is positive,
by definition, it suffices to check for pure tensors. If (z,y) > 0, then z > 0 and
y > 0and so if r > 0, then zr > 0 and yr > 0 and so (z,y) @ r — (zr,yr) >
0. Take (a,b) € Q2 and suppose that a > 0 and b > 0. Then there exists an
integer n > 1 such that na and nb are positive integers. So the inverse maps (a, b)
to (na,nb) ® 1/n, which is a pure tensor with (na,nb) > 0 and 1/n > 0.

Since Q? with the strict ordering is a simple dimension group, Z? with the

strict ordering is a simple partially ordered group with rational Riesz interpolation.
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CHAPTER IV

APPROXIMATE DIAGONALIZATION OF NORMAL MATRICES

Ordered Ky Groups of Commutative C*-Algebras

The main obstruction to approximate diagonalization, as we will see shortly,
is the ordered K group. The other invariants can either be extended from
other invariants as with the trace maps and the algebraic K; group, or can be
decomposed in a rather trivial manner.

Let X be a compact metric space. Since X can be written as an inverse
limit of finite CW-complexes, Ky(C(X)), as an abelian group, can be written
as the inductive limit of finitely generated abelian groups. So it is a relatively
straightforward matter to define homomorphisms from Ky(C'(X)). But the
ordering of Ky(C'(X)) is not easily determined. For example, the group may have
perforation.

Fortunately, if the target of the homomorphism is a simple weakly
unperforated group, then the order structure on Ky(C(X)) can be managed and we
can define the positive group homomorphisms we need. There are a few properties
of Ko(C(X)) that contribute to this relatively good behavior of homomorphisms,
which we describe now.

By the Riesz Representation Theorem, T'(C'(X)) can be identified with the
set of regular Borel probability measures. Given g € Ky(C(X))", there exists an
integer n > 1 and a projection-valued continuous function p: X — M,,(C) so that

[p] = ¢g and we have

pox)(9)(T) = / Tr(p) dpes,

X
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where p, is the measure induced by the Riesz Representation Theorem and 7. Also,

since the extreme points of T'(C(X)) are given by Dirac point masses and since

I

AF(T(C(X))) = C(O0T(C(X)))sa = C(X)sa,

we see that on the Dirac point mass d, and with g and p as above,

peco()6.) = | Titp) di. = Te(pla) €2,

since the trace of a projection is equal to its rank. As a result, the range of pc(x) is

isomorphic to C(X,Z). Consequently, the short exact sequence:
0 — ker pe(x) = Ko(C(X)) = C(X,Z) = 0

splits. In fact, C(X,Z) is a free abelian group, but one can consider an explicit
splitting map from C(X,Z) to Ko(C(X)), where a function f is mapped to the
vector bundle such that the restriction to any connected subset is trivial and has
rank f(x) at each point z. Furthermore, we will only being applying this to the
case where X has finitely many connected components, where it is apparent that
C(X,Z) is a finitely generated free abelian group.

The implied distinguished order unit of Ky(C'(X)) is the constant function
1. When X has finitely many connected components, this means that the
distinguished order unit can be written as the sum of the atoms of Ky(C(X))"
without any repetition. This is particular useful when applying the Riesz

decomposition property.
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We now prove the main results about partially ordered abelian groups that
we will need for approximate diagonalization of homomorphisms from commutative

C*-algebras.

Lemma IV.1.1. Let G be a partially ordered abelian group such that
G = ker pg & pg(G)

and Gy has finitely many atoms xi, s, ..., xy, which generate pa(G), and so that
u= Z?Zl x; is an order unit.

Letn > 1 be an integer and let H be a simple, non-cyclic weak dimension
group with order units v; fort1=1,2,... n.

For any normalized positive group homomorphism a: (G,u) — (H,> " v;)
such that ker N pe(G) = 0, there exist normalized positive group homomorphisms
a;: (Gyu) — (H,v;) fori = 1,2,...,n such that ker oy; N pg(G) = 0 for all 1,

ker pg C keray; forv > 1, and
a=0a)+ag+ -+ .
Proof. We have

alzy) +a(z) + -+ alzg) = a(u) =vy +ve+ -+ + vy,
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with a(z;) > 0 since kera N ps(G) = 0. Therefore, by strict decomposition, there

exist nonzero z;; € Hy fori=1,2,... ,nand j =1,2,...,k such that

n
Z 2 ; = o(z;) and
i=1

k

E Zi,j = V;.

Jj=1

We define o;: G — H by setting «o;(z;) = 2;; for all i and j, and by setting

alg) ifi=1
a;(g) =
0 ifi#1
for g € ker pg. Since the set of atoms is Z-independent (Lemma 3.10 of [6]), «; is a

group homomorphism for all 2. By construction, ker pg C ker «; for ¢ > 1.

Since
n
E a; = 0] = o
i=1

on ker pg and

we have

E a; = (.

i=1
Let x be a nonzero, positive element of GG. There exist integers m; > 0 for

j=1,2,... k, at least one of which is nonzero, and g € ker pg such that

k
r=4g -+ ijl'j.
j=1
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Take 7 € S(H, ) v;). Since 7 o «; is a scalar multiple of a state in S(G,u), we

have 7(a;(g)) = 0 for all ¢ and so
(ai(r)) =Y myT(z;) > 0,
j=1

since at least one m; is nonzero and 7(z; ;) > 0 for all ¢ and j. So we have a;(z) >

0, and so «; is a positive group homomorphism for all 7. Also

a;(u) = o (Z $j> = Zai(:vj) = Zz” = ;.

So «;: (G,u) — (H,v;) is a normalized positive group homomorphism for all . [

Lemma IV.1.2. Let Gy and Gy be partially ordered abelian groups such that for
s=1,2,

Gs = ker pg, ® pa.(Gy),

G and G5 have finitely many atoms 1, T, ..., 2k and y1, Y, . . ., Ym, which
generate pa, (G1) and pe,(Ga), respectively, and such that vy = Z?Zl z; and
Uy =Y 1o Y are order units.

Let n > 1 be an integer and let H be a simple non-cyclic weak dimension
group with order units v; fort1=1,2,... n.

Let a: (G1,u1) — (Ga,us) be a normalized positive group homomorphism such

that ker a N pg, (G1) = 0 and

(O_/ o pGl)(Gl) - pGQ(G2)'
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Fors = 1,2, let By: (Gs,us) — (H,> 1 v;) be normalized positive group
homomorphisms such that ker Bs N pg.(Gs) = 0. Further, assume 51 = a o fs.
If there exist By;: (Gi,u1) — (H,v;) fori = 1,2,...,n such that ker 51,; N

pc, (G1) =0 for all i, ker pg, C ker By, for i > 1,

> Bui= 5,
=1

then there exist Bo;: (Go,uz) — (H,v;) fori = 1,2,...,n such that ker By, N

pc,(G2) =0 for all i, ker pg, C ker Bo; fori > 1, p1; = Pa 0« for all i, and

Z Poi = Ba.
i=1

Proof. Since « is a positive homomorphism, a(u;) = ug, and («a o pg, )(G1) C
pc,(Ga), for each j = 1,2,..., k there exists a non-empty subset S; C {1,2,...,m}

such that

Zyt

tesS(y

Furthermore, S; N S; = @ if i # j and U?:l S;={1,2,...,m}. So we have

> Balye) = Bala(zy)) = iz;) = Z/@“xj

tes;
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Since f2(y;) > 0 and Sy ,(x;) > 0 for all 4, ¢ and j, by strict decomposition, there

exist nonzero z;; € Hy fort € S; and i = 1,2,...,n so that

E 2ir = Pr,i(x;) and
tes;

n

Z Zit = B (yt)-

i=1
We define 35 ;: Go — H by setting B, (y:) = 2, for all 4,¢ and by setting

Palg) ifi=1
Bai(g) =

0 if i £ 1.

We see that [y, is well-defined since the sets S; partition {1,2,...,m} and By, is a
group homomorphism since atoms are Z-independent and the infinitesimals of Go
split. Since S; is non-empty and z;; > 0 for all ¢ and ¢, ker 85; N pg, = 0 for all 7.
By construction, ker pg, C ker 85, for 7 > 1.

As before,
> Bri=Pan =B
i=1

on ker pg, and
D Boily) =D zis = Balw)
i=1 i=1

for all t. So

> B =P
=1
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Notice that for all 0 € S(Ga,us), we have 0 o a € S(G1,uq), so if g € ker pg,,

then (0 oa)(g) =0 for all o € S(Ga,us). So a(g) € ker pg,. So

ﬁl,i =0= 52,1‘006

on ker pg, when ¢ > 1, and

51,1:51252004:ﬁ2,10a-

Also

Ba,i(a Z Bai( (ye) = Z Zit = 51,¢($j>

tesS; tes;

for all 4, j. Thus py; = B2, 0 « for all i. Further, since a(u;) = ug, we have

52,1(162) = 51,z‘(U1) = U;.

Let x be a nonzero, positive element of GG5. So there exist integers r; > 0, at

least one of which is nonzero, for t =1,2,...,m and g € ker pg, so that

$:9+Z7‘tyt-
=1

Take 7 € S(H, > !, v;). Since 7o f5; is a scalar multiple of a state in S(G, u),

we see 7(f2,(¢g)) = 0 and so

522 E rtT Zzt 7

since at least one 1 is positive and 7(z;;) > 0 for all ¢ and ¢.
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So the maps f2;: (Ga,u2) — (H,v;) are normalized positive group

homomorphisms with the required properties. O]

Matrices over C*-Algebras with Tracial Rank One

First, to construct the necessary trace maps, we prove some elementary facts
about projections in a C*-algebra of stable rank one that the author could not find

in the literature.

Lemma IV.2.1. Let A be a unital C*-algebra with stable rank one, letp € A a
projection, and let g € Ko(A)T satisfy g < [p|. There exists a projection q¢ € A such

that ¢ <p and [q] = g.

Proof. There exist projections ¢1,7 € My (A) such that [¢; & r] = [p]. Since A
has cancellation there exist an integer n > 1 and element v € M, (A) such that

v'v=¢q @ r and vv* =pPH 0. So

V(g @0 <v(g®r)v =pad0.

Notice that

V(g1 ®0)(q1 @ 0)v* = v(g1 ® 0)v* and

(1 ®0)v* (1 ®0) =q & 0.

So [v(q1 @ 0)v*] = g.
Also since v(g; @ 0)v* is in the hereditary subalgebra generated by p @ 0, there
exists a projection ¢ € A such that v(¢q; & 0)v* = ¢ @ 0. So ¢ is the projection with

the properties that we want. O
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Lemma IV.2.2. Let A be a unital C*-algebra with stable rank one. For any

projection p € A and elements g1, ga, - . ., gn € Ko(A)T such that

G g+ 49, =p,

there exist mutually orthogonal projections q1,qo, - .., q, € A such that

Gq1t+tet+--+qg,=p

and [q;) = ¢; for alli=1,2,... n.

Proof. We proceed by induction on n. If n = 2, then by the previous lemma, there

exists ¢; < p with [¢1] = p. Let g2 = p — ¢;. Notice that

q192 = Q1(p—Q1) =qp—q=q —q =0,
[@2] = [p] = [@1] = [p] — 91 = g2, and

Ght+ee=qgq+p—q=0n,

and so the result is true for n = 2.
Suppose the result holds for n. We wish to show it holds for n+ 1. By Lemma
IV.2.1, there exists a projection ¢; in A such that [¢;] = ¢ and ¢; < p. By the

induction hypothesis, and since

p—ql=g2+ g3+ + Gni1,
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there exist mutually orthogonal projections ¢, gs, . . ., gnt1 such that [¢;] = g¢; for
1=2,3,...,n+ 1 and

P—q =q+q+ -+ qpyr-
So the result holds for n + 1. Thus by induction, the result holds for all n. O

Lemma IV.2.3. Let C be a unital nuclear stably finite C*-algebra and let A be a
unital separable stably finite C*-algebras. Assume we are given:

1. a normalized positive group homomorphism a: (Ko(C),[1c]) = (Ko(A),n -
[14]),

2. a strictly positive unital linear map ~v: Aff(T(C)) — Aff(T'(A)),

3. an element Kk € KL.(C, M,(A))™ such that k restricted to Ko(C) is a,
and

4. a group homomorphism n: U(C)/CU>(C) — U(A)/CU(A) such that the
triple (k,v,n) is compatible.

Suppose there exist normalized positive group homomorphisms
a;: (Ko(C),[1c]) = (Ko(A),[1a]) and strictly positive linear maps v;: Aff(C) —
Aff(A) fori = 1,2,...,n such that the pairs (a;,;) are compatible fori =
1,2,....n and

a=a+ay+ -+ a,, and

T=ntrt ot

Then there exist elements k; € KL.(C,A)™ and continuous group

homomorphisms n;: U*(C)/CU>(C) — U(A)/CU(A) fori = 1,2,...,n such
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that the triple (ki, i, ;) is compatible,

K =K1+ Ko+ -+ Ky, and

N=m+n+-+nn

We note that the restrictions on C' and A are only to ensure that the
invariants exist as written. With the appropriate modification, this lemma likely

holds in greater generality.

Proof. Let f: Ki(C) — K;(A) be the restriction of k to K;(C). We define group

homomorphisms f;: K;(C) — K;(A) by

B ifi=1
B =
0 ifi#l

fori=1,2,...,n. So

> Bi=pi=5

i=1
For 1 < i < n, by the UCT, there exist x; € KL(C,A) such that I'(k;) =

(o, B;). We set
n
K1 =K — Z K.
i=2

Notice that

n

[(k1) = (o, B8) = ) (i, Bi) = (cu, ).

=2
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Since «; is a positive, normalized group homomorphism, compatible with ~;, it

follows that x; € KL.(C, A)™" is compatible with v;, and by construction,

K1+ Ko+ -+ Kp =K.

The compatible pair (k;,7;) induce the group homomorphism

ny+ A(T(C))/pc(Ko(C)) — AE(T(A))/pa(Fo(A)).

Recall that for any unital C*-algebra B, we have a split exact sequence

0 — AE(T(B))/ps(Ka(B)) — U (B)/CU=(B) " K\(B) - 0.

So we extend 7Y to a homorphism

n;: U*(C)/CU>(C) — U(A)/CU(A)

by setting

n(u) ifi=1
mi(u) =
0 if 7 £ 1.

for u € K;(C). By naturality, we have

maom = Bome = fomg,

and so (k1,71) is a compatible pair. Since 5; = 0 = n; on K;(C) for i = 2,3,...,n,
(ki,m;) is a compatible pair for i = 2,3,...,n. By construction, (y;,1;) is a

compatible pair for ¢ = 1,2,...,n. We see that the triple (k;,7;,7;) is compatible
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fori = 1,2,...,n. Since n; restrict to 3; on K;(C) and 7; is induced from ~; on

AfE(T(C))/pc(Ko(C)), we have

Mm+mn+-+n=7

on U®(C)/CU>=(C). O

Theorem IV.2.4. Let X be a compact metric space with finitely many connected
components. Let A be a separable simple unital C*-algebra with tracial rank at most
one. Let n > 1 be an integer. Any unital injective homomorphism ¢: C(X) —

M, (A) is approzimately unitarily equivalent to a diagonal homomorphism.

Proof. Since X has finitely many connected components, C(X,Z) is generated by
the atoms of Ky(C'(X))4, which are the characteristic functions of the connected
components of X. We denote the characteristic functions of the connected

components of X by x; for j =1,2,...,k and so

Ko(O(X)) = C(X, Z) b kerpc(X).

Also, since ¢ is injective, ker Ky(¢) N C'(X,Z) = 0. So by Lemma IV.1.1, there exist
normalized group homomorphisms o;: (Ko(C(X)), [lex))) = (Ko(A), [14]) such

that kero; N C(X,Z) = 0 for all 4, ker o = ker po(xy for i > 1 and

ar +ag+ -+ a, = Ko(o).

Since A has stable rank one, by Lemma IV.2.2, there exist non-zero, mutually

orthogonal projections p; ; € M,(A) for i =1,2,...,nand j = 1,2,..., k such that
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[pij] = ci(x;) and :
me‘ = d(x;)-
We define 7;: C(X)sa — Aff(T(A)) such that
Yi(f)(T) = Z T(Pigo(f)pij)-

Since the projections p; ; are non-zero and mutually orthogonal, v; is a positive

linear map with ker~; = 0. For all 7 € T(A) and j,, we have

k
(X3 (T) =Y 70100 )pig) = T(Pigo) = T(pali(xs0)))
j=1
and so («y,7;) is a compatible pair for i = 1,2,...,n.

By Lemma IV.2.3, there exist x; € K L.(C(X), A)*" such that
K,1+l€2—|—"'—|—l€n:KL(¢)
and group homomorphisms 7,: U®(C(X))/CU>(C(X)) — U(A)/CU(A) such that

oA A, = O

and (k;,7;,7;) are compatible triples for i =1,2,... n.
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So by I1.5.3, there exist unital homomorphisms ¢,;: C(X) — A for ¢

1,2,...,n such that

KL(”%’) = Ky,

T(¥i(f)) = v(f)(7), and

7»53 = T1-
Let
o1 0 0
o= 0 Qb‘z 0
0 0 0 o,

We can see that

KL(y) = ZKLW = Z ki = KL(¢),

T(W(f) =) T(ei(f) = Z %)) = T(6(f)), and

=1

?/fi = Z@i = Zm = <Z5¢‘
i=1 i=1

So by Theorem I1.5.1, ¢ and v are approximately unitarily equivalent.

Theorem IV.2.5. Let X be a compact metric space. Let A be a separable simple

unital C*-algebra with tracial rank at most one. Let n > 1 be an integer. Any unital

injective homomorphism ¢: C(X) — M,(A) is approzimately diagonalizable.

Proof. Let ¢ > 0 and let F C C(X) be a finite subset. By Theorem I1.5.2; there

exist & > 0, a finite subset F C C(X), a finite subset P C K(C(X)), and a finite
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subset U C U*(C(X)) such that for any unital homomorphism ¢: C(X) — M, (A),
if

1. KL(¢) = KL(¢) on P,

2. dist(¢*(2),¢*(2)) < § for z € U, and

3. [Tod(g) —Tod(g) <dforgeg,

then there exists a unitary u € A such that

lug(fu” —¢(f)ll <e

for all f € F. Recall that for every unitary u € U(C'), we denote the equivalence
class in U(C)/CU(C) of u by .

Since X is a compact metric space, there exist finite simplicial complexes X,
for m € Z>( and unital homomorphisms s,,: C(X,,) = C(X,,+1) such that C(X) =
ligC(Xm). Let spoo: C(Xin) — C(X) denote the homomorphisms induced by
the inductive limit. Let k(m) denote the number of connected components of X,
and let x7 the characteristic functions of the connected components of X, for j =
1,2,...,k(m). We may assume that s,,(x7,) # 0 for all j.

Since G is finite, there exist an integer M and a finite set G' C C(X)sa such
that for every g € G, there exists ¢’ € G’ such that ||g — s (¢')| < 6/2.

Furthermore, by taking a possibly larger value of M, there exists a finite set
U CU>(C(Xp))/CU>(C(Xy)) such that for every u € U, there exists uy € U’
such that dist(u, sfw’oo(ﬂo)) <0/2.

We proceed in the exact same fashion as in the proof of Theorem IV.2.4.

Since X has finitely many connected components, C(X,, Z) is generated by the
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atoms of Ky(C'(Xp))+ and so
Ko(C(Xm)) = C(Xur, Z) ® ker po(xyy)-

In addition we see that since ¢ is injective, ker Ko(¢p) N C(X,Z) =
0. So by Lemma IV.1.1, there exist normalized group homomorphisms
Q5 M (KQ(C(XM)), ]‘C(XI\/I)) — (Ko(A), 1A) such that ker QG A N C(XM,Z) =0

for all 4, ker oy py = ker pc(x,,) when @ > 1 and

Since A has stable rank one, by Lemma IV.2.2, there exist non-zero mutually
orthogonal projections pf‘/][ € M,(A) fori =1,2,...,nand j = 1,2,..., k(M) such

that [pM] = o0 (x),) and

¢(3M00 XM sz]

We define ;a0 C(Xar)sa — Aff(T(A)) by

k(M)

Vi (f)(T) = Z T(P%¢ © SM,oo(f)p%)‘

j=1

Since the projections p% are non-zero and mutually orthogonal, v; s is a positive,

linear map with ker~; ar = ker sps . For all 7 € T(A) and jy, we have

k(M)
i (XK Z (M b (sa0e OANIPES) = T(P25) = T(pals(X3)))-
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So (v, vim) is a compatible pair for i = 1,2,... n.

We inductively apply Lemma IV.1.2 to construct normalized positive group
homomorphisms «; ,: Ko(C(X,,)) — Ko(A) for i = 1,2,...,n and m > M so that
Ko(¢ 0 Smoo) = Doy Qi With ¢ = i1 © Sy, and ker oy, N C(X,,, Z) = 0 for
all © with ker a; ., = ker pc(x,,) when 7 > 1.

As before, there exist non-zero mutually orthogonal projections pf; € M, (A)

fori=1,2,...,nand j =1,2,...,k(m) such that [pj*;] = a;m(x},) and

¢ © Sm,oo(Xin) = szh;
=1

We see that v; ., is a positive unital linear map with ker v; ,, = ker s,, .. The pair

Qims Yim) 18 compatible by a computation identical to the case where m = M.
Let a; be the homomorphism induced by the inductive limit and the

homomorphisms «; ,,, and let 7; be the linear map induced by the inductive limit

and the linear maps 7, ,,. Since
Ko(¢ 0 Smoo) = Qi + Qom + -+ + Qpms
by the uniqueness maps induced by the inductive limit, we have
Ko(¢) = a1 +as+ -+ + ay,.

Since ker o, N C (X, Z) = 0, it follows that ker a; N C(X,Z) = 0 for all i. Also ;
is injective, since kery; , = ker s, 0. And since (@ m,Vim) is a compatible pair, we

have that (a;,7;) is a compatible pair.
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By Lemma IV.2.3, there exist x; € K L.(C(X), A)t" such that

H1—|—I€2+"'—|—I€n:KL(¢)

and group homomorphisms 7;: U*(C(X))/CU>(C(X)) — U(A)/CU(A) such that
Mt =

and such that (k;, s, ;) is a compatible triple for i = 1,2,... n.

We note that

n
Z ni © S}E\/Loo = (¢o SM,OO)i
=1

on U*(C(Xu))/CU(C(Xn)).
By Theorem 4.5 of [22], there exist unital injective homomorphisms

¢i: C(X) — A such that

KL(¢i) = Ky,
7(¢i(f)) = v(f)(7), and

¢§ = -

for all f € C(X)s, and 7 € T(A). Let

¢ 0 -+ 0
oo 0 ¢ --- 0
0 0 0 o,
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So
KL) =Y KL(¢:) = = KL(g).

In particular, this holds for P.
Let f € G and 7 € T'(M,(A)). There exists f' € G’ so that ||f — saeo(f)| <

d/2. Note that

Consequently,

7(6(f)) = T (NI < I7(8(f)) = T(D(sar.00 (/)]
+1m(0(s5100(f)) = T(¥(sa1.00(f)))]
+ T (sar00 () = T(&(f))]
<|lmoell (6/2) + o[l (5/2)
= 4.
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Let uw € U. There exists uy € U’ such that dist(u, sfwm(ﬂo)) < §/2. So we have

dist(¢¥ (), v (@) < dist(¢F (@), (¢ 0 sp1.00)())
+ dist (¢ © sar00) (@), (¥ © s11,00) (1))
+ dist((¥ 0 sare0) (@), (7))
<0/2+0+6/2

=0.
Therefore, there exists a unitary u € M, (A) such that for all f € F,

¢p(f) 0 -0

Corollary 1V.2.6. Let X be a compact metric space and let A be a simple
separable unital C*-algebra with tracial rank at most one. Let n > 1 be an integer.

Any unital homomorphism ¢: C(X) — M,(A) is approximately diagonalizable.

Proof. There exists a metric space Y such that C(Y) = C(X)/ker¢. Let
Y: C(Y) — M,(A) denote the induced injective homomorphism and let

m: C(X) — C(Y) denote the canonical quotient. By Theorem IV.2.5, there exist
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unital homomorphisms v,,: C(Y) — M, (A) and a unitary u € M, (A) such that

dn(g) O oo 0

for all g € w(F). So for all f € F,

W) 0 e 0
wir(pye — | 0 0
000 )
So by setting ¢; = 1 o 7, we obtain the result. 0

Corollary IV.2.7. Let A be a simple separable unital C*-algebra with tracial
rank at most one. For any integer n > 1, every normal matriz a € M,(A) is
approzimately diagonalizable. Furthermore, when sp(a) has finitely many connected

components, a is approrimately unitarily equivalent to a diagonal matrix.

Matrices over C*-Algebras with Rational Tracial Rank One

Since we have a classification of homomorphisms from AH-algebras to C*-
algebras with rational tracial rank one, we can use similar methods to prove
approximate diagonalization results. Without the Riesz interpolation, however,

approximate diagonalization won’t hold in general.
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Theorem IV.3.1. Let X be a compact, connected, metric space such that

K, (C(X)) is free. Let A be a simple separable unital Z-stable C*-algebra with
rational tracial rank at most one. Let n > 1 be an integer. Any injective unital
homomorphism ¢: C(X) — M,(A) is approximately unitarily equivalent to a

diagonal homomorphism.

Proof. Since X is connected, C'(X,Z) = Z and so

Ko(C(X)) =7 & ker PC(X)-

Also [1¢(xy] = (1,0) in this decomposition. We define normalized group
homomorphisms o;: (Ko(C(X)), lox)) — (Ko(A),14) by a;(lex)) = 1a on
C(X,Z) and
Ko(p) ifi=1
a; =

0 ifi#1

on ker po(x). One can readily see that

ar +ag+ -+ a, = Ko(o).

We define v;: C(X)sa — Aff(T(A)) by

fori = 1,2,...,n. Since po(x)(C(X)) is cyclic and ~; is unital, (o, ;) is a

compatible pair for t =1,2,...,n.
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By Lemma IV.2.3, there exist elements k; € K L.(C(X), A)™ such that

H1—|—I€2+"'—|—I€n:KL(¢)

and group homomorphisms 7;: U*(C(X))/CU>(C(X)) — U(A)/CU(A) such that

Mo+ 1 = ¢F

and (K4, 7:,7;) is a compatible triple for i = 1,2,...,n.
So by Theorem I1.5.5, there exist unital homomorphisms v;: C'(X) — A for

1=1,2,...,n such that

KL(%‘) = Ky,

(i (f)) = 7(f)(7), and

¢f = 1.
Let
¢ 0 -+ 0
o 0 ¢o -+ 0
0 0 0 o,
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We can see that

KL(y) = Z KL(¢) = Z ki = KL(¢),

(W) = 2 7(6i(N) = D_u()(r) = (6(f).

i=1

and ¢ = anezﬁ ~ Zn = ¢t.
i=1 =1

So by Theorem I1.5.4, ¢ and 1) are approximately unitarily equivalent. O]

Corollary 1V.3.2. Let A be a simple, separable, unital, Z-stable C*-algebra with
rational tracial rank at most one. For any integer n > 1, every normal matriz

a € M,(A) is approximately diagonalizable if sp(a) is connected and K,(C(sp(a))
1s free. In particular, self-adjoint matrices with connected spectra are approximately

diagonalizable.

Unfortunately, the condition that X is connected is essential to Theorem
IV.3.1.

To construct a concrete counterexample, by Theorem 6.8 of [23], there exists a
simple, separable, unital C*-algebra Ay with TR(A ® Q) < 1 such that Ky(A) = Z?
with the strict ordering and with order unit (2,2), K1(A) =0, and T(A) = [0, 1].

As we've seen in Section II1.4, the group Z? with the strict ordering tensored
with Q is isomorphic to Q? with the strict ordering. Since Q? with the strict
ordering is a simple dimension group, it follows that Z? satisfies the rational Riesz
property.

There exists a projection p € Ms(Ap) such that [p] = (3,1) in Ky(Ap). We

note that [p] is an atom, since if g € G is a nonzero positive element with g < [p],
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then, writing g = (x,y), we have y > 0 and (3 —z,1 —y) > (0,0). So1 —y > 0, or
0 <y < 1, which is impossible.

So we see that not even projections are necessarily approximately
diagonalizable.

We see that this example fails when the K group of the codomain is not an
interpolation group. When the the K group of the codomain is a weak dimension

group, approximate diagonalization holds generally.

Theorem IV.3.3. Let X be a compact metric space such that K1(C(X)) is free.
Let A be a separable simple unital Z-stable C*-algebra with rational tracial rank
at most one such that Ko(A) = Z. Let n > 1 be an integer. Any unital injective

homomorphism ¢: C(X) — M, (A) is approzimately diagonalizable.

Proof. Let g € Ko(A), denote the unique atom of Ky(A),. There exists a unique
positive group isomorphism 0: Ky(A) — Z such that 6(z) = 1. Since ¢ is injective,
we have Ky(¢)([x]) # 0 for any projection x € C(X). We see that X has no more
than m = 6(n[14]) connected components. Otherwise, there would exist mutually

orthogonal projections y; for i =1,2,...,m + 1 such that

m+1

Z Xi = lox),
=1

and we would have

m+1

m = nlLs) = Ko(@)([lewo) = 3 Ko(@)(x) = m + 1

a contradiction. So C'(X) has finitely many connected components. Enumerate
the connected components of X by X, for 5 = 1,2,..., k. Let x; denote the

characteristic function of X; for j =1,2,..., k. Note that C'(X) = @5:1 C(X;).
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Since ¢ is unital, we have

D> Ko@) (D)) = nlLa)

So by the Riesz interpolation property, there exists z; ; € Ko(A); fori =1,2,...,n

and j = 1,2,...,k such that

n

>z =[x;) and
=1

k
>z =14
j=1

Fori=1,2,...,n, we define

N(i) ={j: z; # 0} and
N'(i) = {j: z1; = 0}.
We also denote C; = @y ;) C(X;) and identify C; as a subalgebra of C'(X)
fori =1,2,...,n. Since ), 2;; = [1a], for each j, there exists i such that z;; # 0

or equivalently i € N(j). Let

m(j) = inf{i: j € N(i)}.
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Let o Ko(C;) — Ko(A) be defined by We define o;: G — H by setting

a;(z;) = #,; for all i and j, and by setting

Ko(¢)(g) if i =m(j)

0 if i % m(j)

a;(g) =

for g € ker pc(x;) C ker po(x). We note that a; is a strictly positive, normalized
group homomorphism for ¢ = 1,2, ..., n. By extending «a; to group homomorphisms

a;: Ko(C(X)) — Ko(A) by setting a;(g) =0 for g € @ j € N'(1)C(X;), we see
Ko(¢p) =ar+as+---ay

Since A has stable rank one, by Lemma IV.2.2, there exist non-zero, mutually
orthogonal projections p; ; € M,(A) fori = 1,2,...,n and j € N(i) such that
[pij] = ci(x;) and

sz‘,j = o(x;)

We define v;: (C;)sa — Aff(T'(A)) such that

%’(f)(T) = ZT(pi,j¢(f)pi,j>-

Since the projections p; ; are non-zero and mutually orthogonal, v; is a positive

linear map with ker; = 0. For all 7 € T(A) and j, € N (i), we have

k
i (X0 ) ( ZT pii®(Xjo)Pij) = T(Pije) = T(pal@i(Xjo)))
j=1
and so (a;,7;) is a compatible pair for : =1,2,... n.
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By Lemma IV.2.3, there exist elements x; € K L.(C;, A)™" such that

H1—|—I€2+"'—|—I€n:KL(¢)

and group homomorphisms 7;: U*(C(X))/CU>(C(X)) — U(A)/CU(A) such that

m+ne+ A0, = ()

and (K4, 7:,7;) is a compatible triple for j =1,2,...;kand i =1,2,... n.
So by Theorem I1.5.5, there exist unital homomorphisms v,;: C'(X) — A for

1 =1,2,...,n such that

KL(%‘) = Ky,
(i (f)) = 7(f)(7), and
?P} = -

We set ¢; =0 fori=1,2,...,nand j € N'(i). Let

P 0 0
. 0 w.Q 0
0 0 0 4,
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We can see that

KL(y) = Z KL(i) = KL(¢),

(W) = 2 W) =7(o(f)),

n k
and ¢t =3 > 0l = o

i=1 j=1
So by Theorem I1.5.4, ¢ and 1) are approximately unitarily equivalent.

In particular, self-adjoint matrices over the Jiang-Su algebra are

approximately diagonalizable.
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CHAPTER V

APPROXIMATE DIAGONALIZATION OF HOMOMORPHISMS

Approximate Diagonalization When Domain Has Unique Trace

As noted in Section IV.1, the K, groups of commutative C*-algebras
have nice properties that enable general approximate diagonalization results.
Unfortunately, the Ky groups of general AH-algebras are more diverse. In
particular, the infinitesimals do not always split and the natural choice of order
unit is not as amenable to the use of the Riesz decomposition property.

But this diversity does lead to a well-behaved class of AH-algebras for our
purposes which is nearly disjoint from the commutative C*-algebras, namely
those AH-algebras with unique tracial state. Since the extreme tracial states of a
commutative C*-algebra correspond to the points of the space, as shown in Section
IV.1, the only commutative C*-algebra with a unique tracial state is C. In contrast,
many AH-algebras have unique tracial state. Every UHF-algebra, for example, has

a unique tracial state.

Lemma V.1.1. Let (G,u) and (H,v) be partially ordered abelian groups with
order units. Suppose that G has a unique state, that H is simple, and that there
is a normalized positive group homomorphism from (G, u) to (H,v). Then for any
/nteger n > 1 and any normalized positive group homomorphism o (G,u) —
(H,nv), there exist normalized positive group homomorphisms «;: (G,u) — (H,v)
such that

a1 +ag + -+ o = .
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Proof. Let B: (G,u) — (H,v) be a normalized positive group homomorphism.
Let o0 € S(G,u) denote the unique state. Since G has a unique state,
Aff(S(G,u)) = R and so {pg(u)} is a basis for Aff(S(G,u)). So for any positive
group homomorphism from G to H, the induced map from Aff(S(G,u)) to

Aff(S(H,v)) is determined by where u is mapped. In particular, we have

a, =np,,

since a(u) = nf(u) = nv. Now we define «o;: G — H by

a—(n-1)p ifi=1

o; =

3 if i £ 1

fore=1,2,...,n. It is clear that «; is a group homomorphism and

o t+og+ oy = o

By construction, «;: (G,u) — (H,v) is a normalized positive group homomorphism

for: =2,3,...,n. It suffices to show «; is normalized and positive. Note that

So ay: (G,u) — (H,v) is normalized.
Let g € G,. Since g is positive, o(g) > 0. We first assume that o(g) > 0.

Note that for any 7 € S(H,v), 70 8 = o since 7o 5 € S(G,u) and o is the unique
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state of G. So for any 7 € S(H,v), we have

Now suppose that g € G, Nkero. As we've seen just now, for any 7 € S(H,v),
we have 70 8 = 0. So it follows that 7(5(g)) = 0. So (g) € Hy with 5(g) € ker pg.
Since H is simple, it follows that §(g) = 0. Similarly, we have 7 o & = no and so
it follows that 7(a(g)) = 0. So a(g) € Hy Nker py and so by simplicity, a(g) = 0.

Hence a;(g) = 0. So oy is a positive homomorphism. ]

Theorem V.1.2. Let C be a separable, unital AH-algebra with a unique tracial
state and let A be a separable, simple, unital C*-algebra with tracial rank at most
one. Suppose there exists a unital homomorphism from C to A. Letn > 1 be an
integer. Any unital, injective homomorphism ¢: C — M, (A) is approzimately

unitarily equivalent to a diagonal homomorphism.

Proof. Let 8: C — A be a unital homomorphism. The induced map Ky(0) is a
normalized positive group homomorphism. Also since C' is exact and has a unique
tracial state, Ko(C') has a unique state. By Lemma V.1.1, there exist normalized

positive group homomorphisms «;: (Ko(C), 1) = (Ko(A),14) such that

ag +ag+ -+ a, = Ko(o).
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Let o0 € T'(C') be the unique tracial state. Since C' has a unique tracial state,
AfE(T(C)) = AfE(S(Ko(C)), [1c]) = R,

and so there exists a unique unital linear map ~: Aff(T'(C)) — Aff(T(A)), which is
strictly positive unital and continuous.
As noted in Section II1.2, to show compatibility it suffices to show that the

square

AF(SKo(C)) 22 Af(SKy(A))

| |

AfF(T(C)) —— Aff(T(A))

commutes for each ¢, but by uniqueness we have («a;), = K¢(#), and v; = 6;. So the
diagram does commute.

By Lemma IV.2.3, there exist x; € KL.(C(X), A)*" such that
Ii1+/€2+"'+/in:KL(¢)
and group homomorphisms 7;: U*(C(X))/CU>(C(X)) — U(A)/CU(A) such that

mAne 4+, = ¢t

and the triple (k;,7;, ;) is compatible for i = 1,2,... n.
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So by I1.5.3, there exist unital homomorphisms ¢,;: C(X) — A for ¢

1,2,...,n such that

KL(”%’) = Ky,

T(®:(f)) = %(f)(r), and

Let
o1 0 0
0 oo 0
= _
0 0 0 o,

We can see that

KL(Y) = Z KL(¢) = Z ki = KL(9),

n

(W) = D_m(@i(£) = D_ulF)(r) = 7(&(f)),

=1

and ¢ = ancbf = Zn = ¢t.
=1 =1

So by Theorem I1.5.4, ¢ and 1) are approximately unitarily equivalent.

Approximate Diagonalization When the Codomain Has Torsion-Free

Divisible K|

Theorem V.2.1. Let C' be a separable unital AH-algebra and let A be a separable

simple unital C*-algebra with tracial rank at most one such that Ko(A) is torsion-

free and divisible. Let n > 1 be an integer. Any unital injective homomorphism

¢: C— M,(A) is approximately unitarily equivalent to a diagonal homomorphism.
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Proof. Since, as a torsion-free divisible group, Ky(A) is a rational vector space, we

can define group homomorphisms «;: Ko(C) — Ky(A) by

fori=1,2,...,n and g € Ko(C).

It is clear that

ai(le) = %Ko(ﬁb)(lc) = % n-ly =1y,

and so «; is normalized. It is clear that «; is strictly positive.

We define v;: Aff(T(C)) — Aff(T'(A)) by taking

1
Yi = _¢Iia
n

which, as a scalar multiple of an induced map, is strictly positive unital and linear.

By construction, we have

Y1+ Ye+ Y =
As we saw in the computation showing «; is positive above,

palas(P))(r) = 2r(6(0)) = 7u(pe(p)(7)

n

for all p € M (A) and 7 € T(A). So (a;,7;) is a compatible pair for i = 1,2, ...

By Lemma IV.2.3, there exist x; € K L.(C(X), A)*" such that

Fi+ Ko+ R = KL(9),
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and group homomorphisms 7;: U*(C(X))/CU>(C(X)) — U(A)/CU(A) such that

MmN+t = ¢

and (K4, i, 7;) is a compatible triple for i = 1,2,...,n.
So by Theorem I1.5.3, there exist unital homomorphisms v,;: C'(X) — A for

1=1,2,...,n such that

KL(%‘):"%,

T(i(f)) = % (f)(7),
wf =T

Let
o1 0 0
0 9 0
o= 00

0 0 0 o,

We can see that

KL(W) =3 KL(@) = Y ki = KL(©),

T(W(f) =) _7(@i(f)) = Z%(f)(T) = 7(o(f)),

i=1

and ¢f = anaﬁ = Zn = o',
=1 =1

So by Theorem I1.5.1, ¢ and 1 are approximately unitarily equivalent. O
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Counterexample to Approximate Diagonalization

In this section, we will be considering two paricular AF-algebras to
demonstrate that approximate diagonalization does not hold generally and to
illustrate the ideas in the next section.

Let Gy be the subgroup of R? generated by (1,0), (0,1), and (v/2,/3) with
order induced from the strict ordering on R2. Take u = (1, 1).

Let Hy be the subgroup of R generated by 1 and v/2 + v/3 with order induced
from the usual ordering of R. Let v € Hy be an arbitrary order unit. We will see
that approximate diagonalization will depend on the choice of v.

We note that Gy and Hj are countable simple dimension groups by Theorem
14.16 of [6]. By the Effros-Handelman-Shen Theorem (see Theorem 2.2 of [4]),

there exist unital simple AF-algebras Cy and By such that

(Ko(Cy), Ko(Co)+, 1)) = (Go, Gy, (1,1)) and

(Ko(Ao), Ko(Ao)+, [1a,]) = (Ho, Hy ,v).

For this and the next section, we wish to consider appropriate group
homomorphisms as elements of a group. Since positive group homomorphisms do
not form a group and the group of all group homomorphisms does not take into

account the order structure, we make the following definition.

Definition V.3.1. Let (G, u) and (H,v) be partially ordered groups with order
units. We denote by Hom.(G, H) the set of group homomorphisms a: G — H such

that there exists a continuous linear map §: Aff(S(G,u)) — Aff(S(H,v)) such that

pr oo =[opg.
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We note that Hom,.(G, H) is a subgroup of Hom(G, H) and that every
positive group homomorphism from G to H is an element of Hom, (G, H).

We also note that in general, different group homomorphisms can induce the
same linear map. But if the domain of the homomorphism is archimedian, then

pc is injective and so different group homomorphisms in Hom, (G, H) will induce

different linear maps from Aff(S(G,u)) to Aff(S(H,v)).

Returning to our specific example, we note that by Elliott’s classification
of AF-algebras (see Theorem 1.3.3 of [27]) and since we are considering finitely
generated groups, we see that approximate diagonalization is equivalent to
decomposing normalized positive group homomorphisms as the sum of normalized
positive group homomorphisms on the K, groups.

The next few propositions show that positive group homomorphisms from
Gy to Hy are associated with rational approximations of an irrational number.
Furthermore, the choice of order unit v associates normalization with a bound
for the denominator of these approximations. So approximate diagonalization is
equivalent to the condition that certain rational approximations can be written as
the sum of other rational approximations, which is not often the case. This will be

made precise in Proposition V.3.5.

Proposition V.3.2. There is a one-to-one correspondence A: Z* — Hom,.(Gy, Hy)
such that (z,y) = a, where a((1,0)) = y + 2(v/2 +V3) and a((0,1)) =y — 2(vV2 +
V3). Furthermore, A(z,y)(u) € 27Z for all z,y € Z.

Proof. First we need to prove that A is well-defined. Given z,y € 7Z, we have a
linear map #: R? — R defined by 8((1,0)) = y + z(v/2 + v/3) and £((0,1)) =

y — 2(v/2 + v/3). The restriction of 3 to G is a group homomorphism from G to H
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if a set of generators of G maps to H. By construction (1,0) and (0,1) map to H.

Finally, consider

B((V2,V3)) = V2(y + 2(V2+ V3)) + V3(y — 2(vV2 + V3))
= V2 + 22 + V6 + yV3 — V6 — 3z
:—x+y(\/§+\/§)€H.

So the restriction of § to G is in Hom.(G, H).

It is clear that A is injective. Now fix & € Hom.(G, H). There exist integers
T1, T2, Y1, Y2 such that a((1,0)) = y1+21(v2+v3) and a((0,1)) = yo+22(v/2+/3).
There exists a linear map 8: R? — R? such that the restriction of 8 to G is «.

Consider

a((V2,V3)) = B((V2,V3))
= V25((1,0)) + V35((0,1))
= v2a((1,0)) + v3a((0,1))
= V2(y1 + 21 (V2 + V3)) + V(12 + 22(V2 + V3))
= y1V2 + 221 + 21V6 + 42V3 + 22V6 + 31y

=221 + 322 + y1\/§+ yz\/§+ (331 + .732)\/6

So y; =y and 1 = —x5. So A is surjective.
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Fix x,y € Z. Notice

Az, y)((1,1)) = Az, »)((1,0)) + Az, )((0, 1))
=y+a(V2+V3)+y—z(V2+V3)

= 2y.

So A(z,y) € 2Z. O

Proposition V.3.3. For (z,y) € Z?*, the homomorphism A(x,y) is positive if and
only if y > x(vV2++/3) and y > —x(vV2+/3).
Proof. Let o = A(x, 7). We see that y > 2(v/2 + v/3) and y > —2(v/2 + v/3) if and
only if a((1,0)) > 0 and «((0,1)) > 0. So if « is positive, then y > z(v/2 + v/3) and
y > —z(vV2+V3).

Let B: R?> — R denote a linear map such that /3 restricted to G is a. If

a((1,0)) > 0and a((0,1)) > 0, then for all (a,b) € G§, we have a > 0 and

b>0. So
a((a,b)) = B((a,b))
= aﬁ«lv O)) + bﬁ((ov 1))
= a((1,0)) + ba((0,1)) > 0.
So « is positive. O

For every z € R, let |z] denote the largest integer not exceeding .

Proposition V.3.4. For every integer n > 1 and every v € 2Z N Hy, if
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then for every normalized positive group homomorphism a: (Go,u) — (Hp,nv),
there exist normalized positive group homomorphisms o;: (Go,u) — (Hp,v) for
1=1,2,...,n such that

apt+ag+ oy = .
Conversely, if
) < 7]
nl——— | < | ——— |,
2(vV2 4+ V/3) 2(vV2 4+ V/3)
then there exists a normalized positive group homomorphism a: (Go,u) —

(Hy, nv) such that o cannot be written as the sum of n normalized positive group

homomorphisms from (Go,u) to (Hop,v).

Proof. First, assume

\svara) = lavaa)

By Proposition V.3.2, a is determined by a((1,0)) = y + z(v/2 + v/3). From

the proof of the proposition, we have 2y = nv and from Proposition V.3.3, we have

] < — 0

2(vV2+3)

Since x € Z, we have

< | vs ) = v

So there exist integers x1, z9, . .., z, such that r = x1 + 29 + - - - + x,, and

< | A
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for all i. So there exists a; € Hom,(G, H) such that o;((1,0)) = v/2 + z;(v/2 + V/3).
Furthermore, «; is a positive group homomorphism by Proposition V.3.3 satisfying

a;(u) = v. Since

a1((1,0)) + 0a((1,0)) + -+ + 0 ((1,0)) = Y (0/2 + 2:(V2 + V3))

=1

= /2 + (V2 + V3)
= a((1,0)),

we have o = a1 + ag + -+ + .

Now suppose that

v nv
n|l—m-—\1 < | —1.
{2(\/§+\/§)J {2(\/§+\/§)J
There exists a normalized positive group homomorphism a: (G,u) — (H,nv) such

that

a((1,0)):m;/2+{ J(f+f)

(f V3)

Any normalized positive group homomorphism g: (G,u) — (H,v) has 5((1,0)) =

v/2 + 2(v/2 + V/3) with z € Z and

1< |y )

The sum of n such integers will be at most

\svreva)

So the sum of n normalized positive group homomorphisms cannot equal a. O
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Proposition V.3.5. Letn > 1 be an integer. Every unital homomorphism

¢: Co — M, (Ap) is approzimately diagonalizable if and only if

n\‘ [1A0] J _ \‘ n[le] J
2(v2+/3) 2(vV2++3) ]
where we make the identification Ky(Ay) C R.

Proof. Since Ko(¢): (Go,ug) — (Hp,n[la,]) is a normalized group homomorphism,

by Proposition V.3.4, there exists a;: (Go, uo) — (Ho, [14,]) such that
K0(¢) :Oél—FOéQ—F"'—FOén.

By Proposition 1.3.4(iii) of [27], there exist unital homomorphisms ¢;: Cy — Ay

such that Ko(¢;) = a; for i = 1,2,...,n and by Proposition 1.3.4(i) of [27], ¢ and

o1 0 0
0 o 0
0 0 0 ¢

are approximately unitarily equivalent. So ¢ is approximately diagonalizable.

Conversely, suppose

o vm ) < e e

Let a: (G,u) — (H,nv) be the normalized group homomorphism such that

_ n[lAO] n[le]
a((1,0) = = +{2(\/§+\/§)J(\/§+\/§).
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By Proposition 1.3.4(iii) of [27], there exists a unital homomorphism ¢: Cy —
M, (Ap) such that Ko(a) = ¢. Note that there exists a projection p € Cjy
such that [p] = (1,0). Suppose towards a contradiction that ¢ is approximately
diagonalizable. Then there exist unital homomorphisms ¢;: Cy — Aq for

i=1,2,...,n and a unitary u € M,,(Ag) such that

Gip) 0 0
0 ¢afp) --- 0

So we have

Ko(0)((1,0)) = Ko(¢1)((1,0)) + Ko(¢2)((1,0)) + - - - + Ko(¢)((1,0)),

but

> Ko(¢0)((1,0)) < n{%J V34 V)

< Ko(0)((1,0)),

a contradiction.

Homomorphisms between AF-algebras and Lattice Points

First we recall the notion of Minkowski sum and introduce some notation for

taking the n-fold sum of a set.
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Definition V.4.1. Let M, N be subsets of a vector space. We define M + N to be
the set

M+N={z+y:xe€ MyecN}.

For any subset S of a vector space, we denote by "S5 the n-fold sum of

elements in S, or, more precisely,

Y19 =S and

NS ={x+y:x e XS,y S}

Lemma V.4.2. Let G be an archimedian dimension group with finitely many pure
states. Let H be a finitely generated simple dimension group.

There exists a finite dimensional real vector space V', a discrete group L C V,
and a bijection

0: L — Hom,.(G, H).

Moreover, there exists a cone LT C L such that (L) = Hom, (G, H).
Furthermore, for each pair of order units uw € G and v € H,, there exists an
affine subspace S C V' such that (LY (G, H) N S) is the set of normalized positive

group homomorphisms from (G, u) to (H,v)

Proof. Since, by Theorem 7.9 of [6], the rational span of pg(G) is dense in
Aff(S(G,u)), there exists a set B C G such that pg(B) is a basis of Aff(S(G,u)).

Since G has finitely many pure states,

AFE(S(G,u)) = C(9.5(G,u),R) = R?,
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where s > 1 is the number of pure states of G. So B contains s elements and we
label the elements B = {by, bs, ..., bs}.

Since H is a finitely generated, torsion-free abelian group, there exists some
integer k such that H = Z* as groups. Fix a group isomorphism ¢: H — Z*. We
set V = R**,

Let

L={(Coa(b),Coalb),...,Coalb)) € Z*: a € Hom,(G, H)}.

There is the group homomorphism

O(a) = (Coa(by),Coalbs),...,Coalby)).

By construction, 6 is onto. We note that « € ker6 if and only if «(b;) for
i=1,2,...,s. Since pg(B) is a basis for Aff(S(G,u)), we have that the map from
S(G,u) to S(H,v) is 0 and so « = 0. So € is an isomorphism.

We note that £ is a subgroup of Z**. So L is a discrete group.

Since H is finitely generated, H has finitely many pure states and so
Aff(S(H,v)) = C(0.5(H,v),R) is finite-dimensional. Consider pg o (7': Z* —
Aff(S(H,v)). By tensoring with the identity on R, we obtain a linear map A\: R*¥ —
Aff(S(H,v)). We denote by \,,: R¥ — R the linear functionals by composing \
with evaluation at a pure state for m = 1,2,...,t. So we see that A > 0 if and only
if either h =0 or A\,,(C(h)) > 0 for m =1,2,...,t.

Since G is archimedian and H is simple, we see that « € Hom.(G, H)

is a positive group homomorphism if and only if the induced linear map
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p: Aff(S(G,u)) — Aff(S(H,v)) satisfies (8(0;))(7,) > 0 for the pure states
o; € S(G,u) and 7,,, € S(H,v) where i = 1,2,...,sand m = 1,2,...,t.

Since pg(B) is a basis for Aff(S(G,u)), there exist a;; € R such that

S

0i =Y _ai;pn(b;).

J=1

So a € Hom,(G, H) is positive if and only if

Z a; jTm (b)) > 0

foralli,j=1,2,...,sand m=1,2,...,t.
We define linear functionals p;: R®* — Rforv = 1,2,...,s and

(x1,29,...,2s) € R® by

s
[Li(<l'1, To, ... ,.’L’S)) = Z ai,jmj.
j=1

Define the linear functionals w;,,: V — Rfor¢v =1,2,...,s, m =1,2,...,t

and (vy,vs,...,vs) € V where each v; € R* by

wi((v1,v2, ..., 05)) = ai(Am (1), A (V2), - oy A (vs)).

By construction, we have that « € £* if and only if w; ,,(0(a)) > 0 for i =
1,2,...,s, m=1,2,...,tif and only if « is a nonzero positive homomorphism.

Finally we note that u = )77, ¢; ;b;. So we set L} to be
Lr (G H)={(v1,v2,...,v5) € L7(G,H): Zciﬁj/\(vi)} = pu(v).

=1
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And we see that 0(«) € L7, if and only if a(u) = v. O
This results in the following:

Lemma V.4.3. Let G be an archimedian dimension group with finitely many pure
states. Let H be a finitely generated simple dimension group. Let uw and v be order
units of G and H.

Let n > 1 be an integer. There exists a finite dimensional real vector space V.,
a discrete group L C V', a cone LT C L and an affine subspaces Sy, Sy C V such
that every normalized positive group homomorphism «: (G,u) — (H,nv) can be
written as the sum of n normalized positive group o;: (G,u) — (H,v) if and only if

Y"LTNS =5,

Proof. Take V', L, LT to be the same as in V.4.2 and S; to be the affine subspace
associated with the order units v € Gy and v € H,. Take S5 to be the affine
subspace associated with the order units u € G, andv € H,. Let 0: L —
Hom,(G, H) be the isomorphism in V.4.2. We see that ("Lt N Sy) is the set

of sums of n normalized positive group homomorphisms from (G,u) to (H,v). O

Theorem V.4.4. Let C be a unital separable AF-algebra with finitely many pure
tracial states such that Ko(C') is archimedian. Let n > 1 be an integer. Let A be
a unital separable simple AF-algebra such that Ko(A) is finitely generated. There
exists a finite dimensional real vector space V, a discrete group L C V', a cone
LT C L and an affine subspaces S1, Sy C V such that every unital injective
homomorphism ¢: C — M, (A) is approzimately unitarily equivalent to a diagonal

homomorphism if and only if X"LT NS = Ss.

Proof. Take V, L, L", S}, Sy as those in Lemma V.4.3. Suppose that "Lt NS =

S. By Lemma V.4.3, there exists normalized positive group homomorphisms
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a;: Ko(C) — Ky(A) such that

a1+ g+ oy = Ko(¢).

By Proposition 1.3.4(iii) of [27], there exists a unital homomorphism v;: C' —
A such that Ko(¢;) = a; fori =1,2,... n.

Let
¢ 0 -+ 0
0 ¢ --- 0
w: .
0 0 0 o,
Since

Ko(v) = Ko(¥:) = Ko(9),

i=1
by Proposition 1.3.4(i) of [27], ¢ and 1 are approximately unitarily equivalent.
Suppose that X"L*t NS} # S;. By Lemma V.4.3, there exists a normalized
positive group homomorphism «: (Ko(C), [1¢]) — (Ko(A),n[la]) that cannot
be written as the sum of n normalized positive group homomorphisms from
(Ko(C), [Lc]) to (Ko(A), [14]).
By Proposition 1.3.4(iii) of [27], there exists a unital homomorphism ¢: C' —

M,,(A) such that Ky(¢) = a. Suppose, toward a contradiction, that there exist
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unital homomorphisms ;: C' — A such that

¢1 0O 0
. 0 @ 0
0 0 0 ¢,

is approximately unitarily equivalent to ¢. Then by Proposition 1.3.4(i) of [27], we

have

o = K0(¢) = ZKO(%‘),

which contradicts the fact that o cannot be written as the sum of n normalized

positive group homomorphisms. O
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