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The Fock-Tani (unitary) transformation of the second-
quantized Hamiltonian gives a representation which treats
reactants and products symmetrically, and composites
exactly. Each term in the Fock-Tani potential corresponds
to a specific physical process and contains terms
orthogonalizing continuum states to the bound states. The
difficulty in carrying out this transformation can be
lessened by working in a center of mass system, giving
(n-1) reduced mass particles.

After a general analysis of such systems, the Fock-
Tani transformations in the 3+2-body case are carried out

for the reactions

a*+(b*c7)+(a*c7)+b* : (1)



iv
and
a~+(b*c7)+(a’b*)+c” . (2)

It is found that for (2) the transformation in the
symmetrical reduced mass system can easily be carried out,
but the Jacobi reduced mass system requires the more
complicated d-matrix approach. This transformation has not
yet been attempted in the full 3-body system but is likely
to be as difficult as that for (1).

First order differential and total cross sections are
computed for resonant charge transfer in (1) for a proton-
hydrogen initial state. The Fock-Tani T-matrix for the
initial-state Jacobi system is fdund to be identical to
that for the full 3-body system. That for the symmetrical
reduced mass system gives an error of order 1l/m,.,; in the
incident wave vector.

A comparison of the Jacobi version and a previous
special case Fock-Tani transformation, where the proton
mass is taken as infinite, is also made. Cross sections
for (ls+1ls) positronium formation in positron-hydrogen
collisions, calculated using the same program as for the
proton-hydrogen case, are found to disagree with the
previous Fock-Tani result, probably due to lack of
convergence of the ppevious result. Cross sections for
reactions (1) involving muons in hydrogenic isotopes (of

interest in quantum electrodynamics and catalyzed fusion)



are also calculated.

Finally, extension of the results to higher order is
considered. Polarized Schrodinger wave functions for a
system containing a hydrogenic atom and a fully kinetic
external charge are found to first order. These would be
used in the Fock-Tani matrix elements to account for some
initial- and final-state effects. Calculations of
distorted second-quantized states and second and third

order T-matrix elements are also outlined.
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CHAPTER I
INTRODUCTION

Atomic 3-body systems provide an ideal testing ground
for theories of scattering incorporating bound states
because the wave functions are known. One of the most
severe tests lies in the ability to account for virtual
rearrangement processes in the intermediate states of any
given process. A recent calculation! has shown that
virtual positronium formation is the leading contributor to
the dynamics of elastic scattering of positrons from
hydrogen in its ground state at energies below the thresh-
old for positronium formation. The problem of virtual
rearrangments is difficult to handle using conventional
representations which have different Hamiltonians for the
different arrangements. Thus a representation that can
accurately account for various arrangements simultaneously
would be of great utility.

A representation (Fock-Tani) has been developed? which
does give a Hamiltonian that treats reactants and products
symmetrically and composites exactly. This representation
involves a unitary transformation of the second-quantized
Hamiltonian to a Hilbert space in which creation and
annihilation operators corresponding to bound states

satisfy elementary commutation relations and therefore are



kinematically independent of the unbound states. The
potentials between the latter have orthogonalization terms
subtracted from them so that there is not enough energy to
bind (this binding being already accounted for in the
creation and annihilation operators for the composite
states). An added benefit is that each term in the Fock-
Tani potential corresponds to an immediately identifiable
and specific physical process. All interactions are of
smaller magnitude due to terms orthogonalizing continuum
the states to the bound states. Therefore the Born series
in Fock-Tani representation is more convergent than the
Born series in Fock (or Schrodinger) representation and the
reliability of first-order approximations should be
improved. 1In fact, this has been shown for resonant charge
exchange in proton-hydrogen collisions by Ojha et al.?

The drawback of the Fock-Tani representation is the
difficulty in actually carrying out the transformation.
The transformation has been done for a full 3-body system.
This is useful for a variety of problems but certainly
should not exhaust the potential of the Fock-Tani approach.

The first goal of this dissertation is carrying out
the Fock-Tani transformation starting in center-of-mass
coordinate systems in which the degrees-of-freedom have
been reduced by the coordinates and momenta of one

particle, a 3+2-body, reduced-mass system. If such systems



give the same physical result as the full 3-body system,
they would be of great utility in actualizing the Fock-Tani
transformation for 4 bodies.

In Chapter II two methods for reducing an n-body
Hamiltonian to (n-1) bodies are re-derived as an aid in
understanding the physics of such systems. For reduced
systems in which one particle is fixed at the origin, the
inertial potentials arising in these accelerated systems
are analyzed to determine the regions in which they may be
neglected. A fortuitous result of the generation of
asymptotic states for such systems is a direct relation
between these symmetrical reduced-mass systems and the more
conventional unsymmetrical (initial- and final-state)
center-of-mass systems. This immediately gives a relation
between the initial- and final-state Jacobi systems.

In Chapter III the Fock-Tani transformations for both
the symmetrical and Jacobi 3+2-body systems are derived to

account for arrangement channels of the reaction

at+(b*cT)+(a*c7)+b* . (1.1)
This transformation is an almost trivial extension of that
derived by Girardeau" for the infinite-mass special

case. It is found that the Fock-Tani Hamiltonian derived
in the Jacobi system gives a first-order T-matrix for
charge transfer which is identical to that for the Fock-

Tani Hamiltonian derived for the full 3-body system. But



the Hamiltonian derived for the symmetrical reduced-mass
system gives a first-order T-matrix with error (in atomic
units) of order 1/my.oton in the initial state. This

error, which is not negligible for impact energies of order
5 keV, is a result of the sequestering of terms of the
Fock-Tani Hamiltonian into the various physical processes.
The inertial potentials which would presumably correct this
error do not appear in the first-order term which gives the
charge transfer T-matrix.

Next, the Fock-Tani transformation for the reaction
a~+(b*cT)+(a"b*)+c” (1.2)

is carried out in the symmetrical reduced-mass system, and
is found to be much easier than that for (1.1) because
both a and ¢ are bound to the particle fixed at the origin
so that the operators corresponding to the bound states of
one species commute with all operators associated with the
other species. The transformation for the Jacobi initial-
state system must be done by the much more complicated
d-matrix method. The Fock-Tani transformation for (1.2)
has not yet been carried out in the full 3-body system, but
is expected to be as difficult as that for (1.1). Given
the small error in the T-matrix for reaction (1.1) noted
for the symmetrical reduced-mass system in Fock-Tani
representation, one should closely examine the initial

state before using this Hamiltonian and make ad hoc



corrections at the matrix element level to-bring the
initial state in line with what is physically expected.
In any case the value of reduced-mass systems is clearly
demonstrated.

In Chapter IV the T-matrix for (1.1) is analytically
reduced to a tractable numerical problem and the differential
and total cross sections for (abc) = {(ppe), (epe), (upu),
(udu), and (utu)} are calculated. A comparison with the
Fock-Tani result for (ppe) given in Ojha et al.® shows that
their approximations give an error of order 10 percent. A
comparison with the Fock-Tani resulf for (epe) given by
Ficocelli Varrachio and Girardeau® shows that the present
result does not agree with theirs. The discrepancy is
attributed to a lack of convergence in their calculations.
The Fock-Tani total cross sections for (upu) are compared
with those for the first Born and distorted wave Born
approximations 6f Ma et al.® and to the classical-trajectory
Monte Carlo result of Ohsaki et al.” It is found that the
Fock-Tani and distorted wave results are in excellent
agreement near the peak of the cross section and in good
agreement for other energies. Finally, the differential
and total cross sections for (upu), (udp), and (utu) are
compared. Differences among these isotopes are found near
the energy threshold for these reactions, which is near the
peak in the total cross section, but they give essentially

the same cross sections at higher energies.



the same cross sections at higher energies.

Because the first-order Fock-Tani total cross section
for resonant charge transfer® does not fit the data well
at energies less than 10 keV, and because the differential
cross sections at 25, 60, and 125 keV do not fit the data
for large angles, one must consider higher-order effects.
One would expect that polarization effects would be
important at lower energies, where such effects would have
more time to develop in a scattering process, and at larger
angles corresponding to smaller impact parameters. In
Chapter V the first-order wave function for a system
containing a hydrogenic atom and a fully kinetic external
charge is found. The method is easily extended to higher-
order. This wave function would be used as a better
approximation to the Lippmann-Schwinger in-state than the
asymptotic eigenstate (a plane wave multiplied by a
hydrogenic wave function) used previously.

The adiabatic limit of this wave function is found to
match the adiabatic wave function of Dalgarno and Stewart.®
The kinetic terms are found to depend directiy on the
magnitude of the momentum of the external particle, rather
than inversely, so that these wave functions do not have
the expected energy dependence. As a check on this
dependence, the polarization potential is calculated from
the virial theorem and compared with the non-abiabatic

polarization potential found by Seaton and Steenman-Clark®



and by Drachman.!® Kinetic effects in the present result
enter at a slightly lower order in 1/R than in previous
results, k/R® rather than k?/R®, but show the same
qualitative sort of energy dependence.

Chapter VI is an outline of a method for including
higher-order effects within the second-quantized Fock-Tani
representation. It is shown that the differential equation
for distorted waves can be solved approximately, but to
infinite order in the distortion, for large R. This
solution is to be matched to the numerical solution for
small R, resulting in a significant savings in computer
time and probably reducing roundoff errors. The use of
this approximate distorted state in the reduction of first-,
second-, and third-order terms (in the remaining potential)
of the T-matrix is discussed.

Chapter VII contains a summation of the present
work and explores directions that show promise for the
future.

Atomic units (M=mg=e=1l) are used throughout.
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CHAPTER I1I

THE REDUCED HAMILTONIAN

Introduction

A technique for eliminating the motion of the nucleus
from the dynamics of an (n-1)-electron atom was introduced
in 1930 by Hughes and Eckart.! The explicit derivation,
given in Bethe and Salpeter,? involves a change of
variables in the general n-body momentum operator, to the
center-of-mass coordinate and the relative coordinates
between the (n-1) electrons and the nucleus. This introduces
cross-terms in the momenta of the electrons which are
referred to as "mass polarization terms"® or "specific mass
shift terms"" in the literature. These terms produce
shifts in the observed spectra“ of isotopes of atoms in
addition to the normal mass shift due to replacing the
electron mass by the reduced-mass. Girardeau® has given a
derivation for arbitrary masses based on a unitary
transformation.

Because the momentum cross-terms lead to inertial
forces in the equations of motion for this accelerated
reference frame, it seems more appropriate to refer to them
as "inertial potentials," their physical meaning, rather than

specific mass shift terms, their spectroscopic effect. Mass
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polarization refers to the dominant physical process for
the ground state of 2-electron atoms? so this label is not
general enough.

This chapter is devoted to a deeper understanding of
these inertial potentials so that their inclusion or
neglect may be justified on physical grounds for the
scattering processes considered. A comparison is also made
to the discussion for bound systems in Bethe and Salpeter.
Next a general derivation of the asymptotic states is
given. And finally the relations between this symmetrical
reduced-mass system and the inertial reduced-mass systems
(which contains no intertial potentials) are examined.
These latter, unsymmetrical, Jacobi coordinates were
recently found to simplify a calculation by Drachman® of
the fine-structure splitting of the Rydberg states of
helium.

The Fock-Tani transformations in Chapter 3 are greatly
simplified by reducing the Hamiltonian from 3- to 2-bodies

using these reduced-mass systems. A comparison of their

relative merit in the Fock-Tani case will be given in the
next chapter, where it will be shown that for electron

capture reactions, the Fock-Tani Hamiltonian can be derived
in both the symmetrical and inertial systems. Whereas the
latter gives the same result as the full 3-body

s 7 .
calculation,’ the former gives an error of order 1/m, . ¢on

in the initial state energy and in the initial momentum



11

wave function of the first-order T-matrix. It is shown in
Chapter III that the Fock-Tani transformation divides the
potential into 10 (for the inertial system) or 11 (for the
symmetrical system) terms corresponding to the possible
physical processes. Because it is a second-quantized
representation, only one term in the potential contributes
to a given process at first-order because of the coupling,
or lack thereof, of the creation and annihilation operators
to the initial and final states. So it is not surprising
that some term that would make the correspondence between
these two systems might be seques tered at first-order from
the process at hand.

Finally, it is shown that the Fock-Tani transformation
for the process p~ + (e”p*) » (u7p*) + e is greatly
simlified when the symmetrical reduced-mass system is used,
while the transformation for the inertial reduced-mass
system still-requires half the work of the full 3-body

transformation.

Reducing the N-body Hamiltonian to (N-1l)-bodies

Girardeau's unitary transformation method of finding
the n-body symmetrical reduced-mass Hamiltonian, (2.11), is
outlined first, but with a little more detail. Next, a
derivation is given which is essentially equivalent to
that of Bethe and Salpeter? except that it is for arbitrary

masses.,
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One starts with the n-body Hamiltonian with transla-

tion invariant potential,

n 2
H= ] Pas+vE,....5) , (2.1)
a=1 2m
a
where
> > > <> =S >
V(rl+ ayoo.'rn+ a) = v(rl,.o.’rn) o

By using Taylor's theoren,

eXP(g'Vj)f(;llooo’?jyo-o) = f(;l'.."-;j"- 3,---) ’

where 5j= -iVj, one can remove the Hamiltonian's depend-

ence on the first coordinate by the unitary transformation,

n
. -> s -> _z v >
S = exp(-iA) , A =r,°(p - p;) =1, éﬂpb, (2.2)

in that

- >
S 1V(?l';2'Dol,rn)s¢(?1'-o-,;n) =

-+ 2 > -+
= V(O,rz,...,rn)¢(rl,...,rn) . (2.3)

This, together with the commutation relations

3

B, (ia)™' , m>0, (2.4)

coam > .
(A7, B] = ey

b

I .~

gives
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1 _ P -> > - >
S™'HS I Za +Vv(0,r,,...,T ) + W(py,..-sby) fi2r51)
a=] Al
a
where
W= my o, and M= el for a > 1. (2.6)
m_+ m;

The 2-body momentum-dependent potentials in which the

remaining particles move,

> -»> af g o* n 52 .*
W(plynoapp ) = - 2 pl pa + z pa pb ’ (2-7)
n B e
a=2 ml 2<a<b<n m 1

arise from the accelerated coordinate system in which the
first particle is at rest, and give rise to inertial forces
in the equations of motion.

Energy and total-momentum eigenstates of the original

Hamiltonian, ¥ such that

>

HY = EY and pY = qv¥ , (2.8)

can be written in the general form

)"3/2

¥ = (27 exp[ia-f(;l,...,?n)]u(?l,...,? ) (2.9)

n

where u is an eigenfunction of total momentum zero, and is

therefore translation invariant, and t is a weighted average.
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The conventional choice is T = ﬁcm . The corresponding
eigenfunctions, with the same eigenvalues, in the

transformed representation are

=1

=S Y=

= (2n)'&qexp{i[§'?l+ 3'3(0,?2,...,?n)]}u(o,?z,...,?n) ,

(2.10)

which are products of eigenstates of 51 by states depending
only on ?2"";n' As noted by Girardeau (for T = ?l),s this
is what one would expect since S 'HS commutes with 5]_- The
momentum operator of the first particle in the transformed
system therefore takes on the meaning of the total momentum
operator of the original system.

Starting with the center-of-mass system, in which E=0,
the corresponding ¢ states are eigenstates of the

(n-1)-body reduced Hamiltonian obtained by setting 51= 0,

+

n 2 =
> -»> o
Hred= 2 —?2 + V(O’rzloo-’rn) + 2 a % . (2.11)
a=2 2ua 2<a<bsn M4

Now to a re-derivation of (2.11) from a coordinate
transformation approach is given that is equivalent to

the derivation of Bethe and Salpeter,? but generalized to
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arbitrary masses.

Starting with (2.1) one changes variables to

-+ >
Pg =Ty~ Ty » for a>1,
and
T n
R= J Ma'a, where M= Jm . (2.12)
a=1 M a=1

Then the Vra transform as

n
Vr = flVR - JV , and V. =TaV_ + ¥ for a > 1 .
1 M a=2 Pa a ™ Pa

(2R e
But a transformation of the metric of the original coordi-
nate system to that of the new system® using these
relations gives off-diagonal terms in the new metric which
are non-zero except for those with index 1 . Because this
transformation is given by inner products of pairs of
partial derivatives, the only possible structure for each
of these terms is the paired cross-term form of (2.7).
This gives the final term of (2.11), apart from constants.
The equation of motion for such a metric? contains inertial
force terms reflecting the accelerated frame.

In a notation where a = —iVR and a = -iV ,
a Pa
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m 2 n m 2m
2_ 1 2 _ 71 >, > 2 _ _a 2 a > > 2
= e d L a azzqa pand  pp = T —=d09, * g,
for a>1. (2.14)

Substituting these expressions into the momentum terms of
(2.1), and setting the total momentum q equal to zero,
(2.11) is reproduced if if the q's are renamed as p's.
One might sense a contradiction inherent in a zero-
total-momentum coordinate system in which one particle is
fixed at the origin. Can momentum be zero in such a
system? In the familiar case of the transformation from a
2-body system to the reduced-mass system, one is left with
a single "fictitious particle" moving in a potential
centered at the origin. How can one "particle" conserve
momentum? This is resolved by noting that in a
relative/center-of-mass decomposition, the choice of

® Choosing

internal (relative) coordinates is not unique.!
internal coordinates relative to the position of one
particle or a geometrical center (a choice which also
results in momentum cross-terms!®) is as reasonable as
choosing them relative to the center-of-mass. Once the
total momentum has been accounted for, there need not be
any further restrictions on the relationships among the

particles other than reducing the degrees of freedom by

three through some choice of internal relations.
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The Inertial Potentials

Considering the complication of the Hamiltonian (2.11)
due to the intertial potentials, one would like to know in
which regions they can be neglected. The W's arise,
physically, from the passage to the rest frame of the first
particle, which is being accelerated, through the
V-interactions, by all other particles. It is for this
reason that they are refered to as "inertial potentials"”
(the physical meaning) rather than "specific mass shift
terms” (the spectroscopic effect) in this dissertation.

Given this physical meaning for these momentum depend-
ent potentials, one can examine their importance for various
regions. First, if all other particles are infinitely
separated from the first, assuming that the V-interactions
go to zero at infinite separation, all forces on particle 1
go to zero, and hence the inertial potentials should also.

Suppose particle 2 is bound to particle 1, and all
others, {j}, are at infinity. Since any correlation
between 2 and any j is established through the Coulomb
interactions (V), which go to zero at infinite separation,
the dot product of the momenta of 2 and {j}, representing
their correlation or average in the time dependent
formalism, should go to zero in the time independent
formalism.

Suppose more than one particle is bound to the first
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particle, say {2,...,%2}. Again dot products of {2,...,2}
with the other {&+1,...,n} would be expected to be zero if
the latter are at an infinite distance from the former.
And if the W arise solely from the acceleration of the
first particle, one would expect the dot products among the
{2+1,...,n} , even if some are clustered together, to
go to zero (in the time independent formalism) if these
clusters are infinitely removed from particle 1 . If some
terms in W arose partially from some additional peculiarity
in the choice of coordinates, then the latter assertion
might be false. But the second derivation of (2.11)
clearly shows that the only peculiarity of this system is
that it is the accelerated rest frame of the first particle.
Finally, the dot products of the momenta of pairs of
particles bound to 1 can be zero in the time independent
Hamiltonian formulation only if the probability densities
of their wave functions are spherically symmetrical (so that
these products would average to zero in the time dependent
formalism). For Fermions, the Pauli exclusion principle
additionally dictates that these products are zero only for
two particles, {2,3}, bound to 1 in an s-state. The exclu-
sion of the third and fourth bound particles, {4,5}, from
the ground state is a correlation mechanism. So even if 4
and 5 reside in an s-state, the dot products of the momenta
of 4 and 5 with the momenta of 2 and 3 are expected to be

non-zero.
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Bethe and Salpeter? examine the case of {2,3} bound to
particle 1 in more detail. 1Initially ignoring any
polarization effects, they examine the energy shift due to
the Pauli interaction of 2 and 3. If the solution, U, of
(2.11) is approximated by a sum of products of eigenfunctions
belonging to the individual (non-interacting) electrons,

U = 27"2[u(1)v(2) ¢ u(2)v(1)], then the energy shift (in

atomic units) is
€)= glf(vlu*(l))v*(z).[u(l)vzv(z) + v(1)¥,u(2)ldt dr, .

But the first term is zero since the expectation value of
the momentum of a bound electron, in any direction, is zero.

The second term,

€2
is the optical transition probability for going from one

R W S
= tmllfVu vdt|“ ,

occupied state to another. Since one of the electrons is
in the 1s state, €3 is zero except for p states. This
supports the reasoning, above, that if both electrons are
in spherically symmetric states, this term is zero.

Turning to the correlation effect due to polarization,
produced by the electrostatic repulsion of the electrons,
Bethe and Salpeter note that the exact wave function would
not be of the above form, but would depend on the inter-
electron distance. For excited states the largest contribu-

tor would again be the & = 1 term (due to the dipole
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symmetry of the problem). But because of the close proxim-
ity of the electrons, the ground state polarization cannot

be neglected . A recent calculation'! of the specific mass
shifts between *He and “He, agreeing well with experiment",
shows the s, p, and d state frequency shifts in the propor-
tion of 2200, -1100, and 0 MHz, respectively.

For scattering problems it is important to know the
range of R (the projectile-target distance) for which the
inertial potentials are negligible. It is shown in Chapter
V that they can be neglected in calculating the first-order
enerqgy shift of a hydrogenic atom due to the presence of a
free charge at R > 1/(2m3).

The range of projectile momenta in which the intertial
potentials can be neglected might also be considered. As
noted by Girardeau, these terms are suppressed by a factor
of 1/m; relative to the potentials V, for all values of the
radius vectors. Calculations’ for the reaction
pt + H(1ls) » H(1ls) + p* have revealed that one can generally
neglect terms of this order for projectile energies = 5 keV
or smaller, and this is precisely the region in which
polarization effects should be important.

However, despite these considerations, correlation
between the projectile (s) and the atomic electron (s) is
the mechanism of polarization, so neglecting these terms in
a determination of polarized asymptotic states, as in

Chapter V, would seem to be inconsistent. It is found that
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an additional coordinate transformation from this acceler-
ated system to the inertial center-of-mass system (in which
no momentum cross-terms appear) is useful for a calculation
of such effects, as well as for a calculation of the
asymptotic energy eigenvalue. It should be noted that if
the W terms of the reduced systems are neglected, a
transformation to the coordinates appearing in the asympto-
tic states, in order to calculate quantities of physical
interest, produces cross-terms in the new momenta of the
same form as the original W's rather than an inertial
system. It is therefore important not to neglect these
terms too early in a calculation, even when such an

approximation is physically justified.

The Asymptotic States

Next is a general derivation of the asymptotic states.

For the reaction of two composites with component transfer,

(2,2+41,...,n) + (1,2,...,2-1) >
> (3,3+1,...,%,...,n) + (1,2,...,3-1) ,
in the original total-center-of-mass system, one can also

define the centers of mass of the composites,

B S
R = E Mmily . M = Z m. , (2.15)
S 1

i=ag Mg i=ag
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where ag = 2,1,3,1 and bs = n,%-1,n,j-i for composite
label, s, equal to projectile-initial (pi), target-initial
(ti), projectile-final (pf), and target-final (tf), respec-
tively.

Then the zero-total-momentum eigenstates of the orig-

inal Hamiltonian are

v, = (2n)<y2exp[iﬁi°(§pi— ﬁti)u(?l,...,?n) (2.16)

and

>

r.) . (2.17)

n

_ -3/2 P _ >
Yf = (2m) expflkf (ﬁpf ﬁtf)u(rl,...,

The reaction in the reduced system is represented by
(l,£+1,'o¢,n) r ((1)721000'2-1) >

+ (3,3+1,...,%,...,n) + ((1),2,...,j-1) ,

where the notation for the ghosted particle, fixed at the

origin, is (1). The corresponding reduced states are

e-1 >
= =372 P . - m.r > >

o, = (2w) exp[1ki (ﬁpi ) Ta é)]u(rz,...,rn) (2.18)
a=2 Mt1

and

8. = (21) explik, « (R .- ] Mata)lu(? 20 (2.19)

f f pf - 2'o|o' n . .
a=2 Mif

For the 3-body atomic charge transfer reaction
(3) + ((1),2) » (2,3) + ((1)) , the reduced asymptotic

states are
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>
0. = (2w)c3/2exp[iﬁi'(?3 - MT2 )1lu

<>
q 22 (rz) (2.20)
1 2

nm

and

> >
o, = (2ﬂ)_&qexp(iif°(m2r2 P38y Ju .o (Fy- Ty) , (2.21)
figt My

To check this the variables in the 3+2-body reduced

Hamiltonian,
3 2 PR s 4
H. 4= L Pa+v(o,7,7, +P2’P3, (2.22)
a=2 <Zi m
a 1
are changed to
> b - -»>
R, = 7,5 - Mar2 and r. =T, , (2.23)
m+ my
or
m,T., + m,r > > >
Re = 1272 © 373 and T, =T, - T, . (2.24)
m + m
2 3

Using (2.23) and (2.24), the relations between initial-
and final-state coordinates, which are not all obvious from

a graph of the system, may be written down as
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§f= R + 1T, ?f= Yr - R,
and
- >

R = Aﬁf— F, T o= ZT.+ ﬁf 3
where

m m
C=m3mr n=m+2m,

3 2 3 2

m m

2

Y=mimr >\=m+m:

il 2 1 2
and
1 = ZA+N . (2.24)

The momentum cross-terms. exactly cancel in the new
coordinate system, giving initial and final Hamiltonians
for coulomb potentials (easily generalizable to other types

of potentials)

2 2 Z AN &
H="'ZB- v_r-;A-+ AP = = ——P—-:— ’ (2.25)
M m r | R+c(1-v)T] |R-cvr ]

where



or

(]
]

of initial and final states (in atomic units), are

i -5 SO

+1 ,

m3(m2+ ml)

o Rl

ml(m2+ m3)

, and

, and

25

(2.261)

(2.26f)

For later reference, the asymptotic energy eigenvalues
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2
- G (2227}

2
2n a0

E =k

2
2M

where ag = 1/m.

If Girardeau's approximate eigenstates, in which mj is
neglected, had been the starting point, there would have
been an error in E of order mz/ml, which is negligible.
However, in this approximation, conservation of energy
would give a much more complicated expression for the
relation between initial and final momenta than does the
exact energy relation.

Equations (2.25) are just the relative initial and
final Hamiltonians for the standard (Jacobi) center-of-mass
system. The present derivation starts from a system in
which the first particle is at the origin, so the relations
defining the inter-cluster and intra-cluster coordinates,
(2.23) and (2.24), do not contain the coordinates of
particle 1 that appear in the standard derivation of this

coordinate system (see, for example, C. J. Joachain'?).

The Relation to Inertial Coordinates

In calculating initial and final polarized states, as
in Chapter V, the inertial coordinate system is the most
convenient one to work in because the arguments of the mo-

mentum and atomic wave functions of (2.18) and (2.19) are
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independent variables. The transformation for the 3-body
case is given in (2.23) and (2.24). A discussion of the
relative merit of the two types of systems and a look at
the feasibility of finding transformations to inertial
coordinates in the general case follows. Although trans-
formations for n>3 will not be used in the present work,
specific examples of these will be presented for complete-
ness. As noted earlier, these relations comprise a very
direct tool for finding a relation between initial- and
final-state coordinates. Such relations for complex
systems are not easily found by other methods.

The standard Jacobi center-of-mass Hamiltonian is
in two dynamic variables, r and p in the notation of
Joachain's (19.20), and an energy conserving delta function
appears as a prefactor of the matrix elements of physical
interest. Equation (2.22) is also a Hamiltonian in two
dynamic variables with energy conservation accounted for.

Given the essential equivalence of both approaches,
and the problems with the 3-body Lippmann-Schwinger

* it would be expected

equations noted for the Jacobi form,'
that the symmetric Hamiltonian, (2.22), would lead to the
same problems. Indeed, the trace of the Born Kernel is
infinite in this case also, due to integrals over squares
of delta functions of the momenta which do not participate

in a given interaction, such interactions existing between

particles 2 or 3 and the origin.
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One might ask what has been gained by the trans-
formation to obtain (2.22). It is found in Chapter III
that carrying out the Fock-Tani transformation for the
system containing two negative charges and one positive
charge is greatly facilitated by starting with the Fock
version of (2.22). A more convoluted method of finding
the Fock-Tani Hamiltonian!®* would have to be used if the
Jacobi 3+2-body or a full 3-body Fock Hamiltonian were the
starting point.

An attempt at realizing a coordinate transformation
which would eliminate the momentum cross-terms from the
n+»(n-1)-body Hamiltonian could not succeed due to the
impossiblility ofsolving (ngl] non-linear (momentum
cross-term) equations in (n-1)? unknowns (the coefficients
of the old to new coordinate relations). For a specific n,
the problem can be reduced somewhat by inducing that one
new coordinate is the projectile-target relative coordinate
and that the remaining (n-2) new coordinates are intra-
cluster relative coordinates for which all coefficients of
the old coordinates except for one, in each such relation,
may be set to unity. Finally, pattern recognition from
simpler systems gives the general form for a trial set of
equations for a given n. However one must still solve non-
linear equations. It is found that this approach succeeds
for both 3-body sytems, (2.23) and (2.24), two 4-body sys-

tems and one 5-body system for all masses. For the special
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case of all projectile masses being equal, solutions exist

for the remaining 4-body system, one 5-body system and one

6-body system (for which three target masses are also

equal). Systems of 7-bodies and higher were not explored.
In each of the following cases, one new coordinate is

the projectile-target relative coordinate which appears in

the momentum wave function of (2.18) or (2.19),

R=R_- kYma;a ’ (2.28)
P a2 ™Mp

where k is the number of target particles. The intra-

cluster relative coordinates are as follows:

For the 4-body system (3,4) + ((1),2) ,

33 = ?4— ?3 and 31= ?2 , (2.29)
and for (4) + ((1),2,3) ,
By-t,-%,  ad  P- 1, . (2.30)

For the 5-body system (4,5) + ((1),2,3) ,

= ?2- ?3 , and 32= r.+ T (2.31)

Pg = Iy~ Tg +  P3

For the special cases of equal projectile masses in

equation (2.25), a solution exists for the 4-body system
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(2,3,4) + ((1)) ,

<> > <>
R = (1/3)(F,+ T3+ T)) :
33 = ?2— ?‘3 and -54= -;2"' -1!3— 2;4 ’ (2.32)

and for the 5-body system (3,4,5) + ((1),2) ,

>
R = (1/3)(?2+ ?3+ ?4) - TeBy ’
By
2 = ?2 : 33 = ?2— ?3 , and 34= ?2+ ?3- 2?4 ) (2.33)

For the 6-body system, with mg= mg and my= Mma=m, ,
(5,6) + ((1),2,3,4)

> < > -+ -
R = (1/2)(Tg+ Tg) - (1/4)(F+ T+ F))
< > > 3 -+ < -+ > > > >
g =BT 04~ Tyt Pam Ty o Ay Tat Ty Tgu 46
32= ;3+ ?4- ?2 o (2.34)

These are transformations from the accelerated, zero-
total-momentum coordinate system to coordinate systems in
which the.effects of acceleration, the momentum-dependent
cross terms (W), are absent. Hence, these new systems must
be the inertial center-of-mass systems for 4-, 5- and

6-bodies. The equations are similar to transformations
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directly from the Hamiltonian of (2.1), in which the
coordinate of the first particle is not zero. 1In such a
transformation some of the relations for R and the 3‘5
would be modified by an ?1 term. As with (2.24), relations
(2.28) through (2.33) constitute a very direct method of
finding a relationship between initial- and final-state
systems in 4- and 5-body systems. Such relations would be
virually impossible to discern correctly from a graph of
the system.

There is a final consideration in the use of the term
"(n-1l)-bodies". 1If the ghosted particle, (1), were truly
eliminated from the reduced Hamiltonian, (2.11), one would
expect that if a transformation to inertial coordinates
could be found from the system containing 3 projectiles and
(0+1) target particle, (3,4,5) + ((1),2) , then a
transformation from the system containing 1 projectile and
(0+3) target particles, (5) + ((1),2,3,4), could also be
found. Likewise, if a transformation to the inertial
system from the system (5,6) + ((1),2,3,4) exists, then
one would expect a transformation from the system
(4,5,6) + ((1),2,3) . But this symmetry does not hold,
implying that the n»(n-1)-body system is not a true
(n-1)-body system in all its facets. A similar implication
was noted previously arising from a consideration of the

V-interactions in the Born Kernel.
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CHAPTER III

THE FOCK-TANI TRANSFORMATION

Introduction

Fock-Tani representation!'? has been shown® to be a
very convenient one to work in for rearrangement reactions
because reactants and products are treated symmetrically,
and composites exactly, within a single Hamiltonian. These
composites are kinematically independent from the unbound
states, and interactions between the latter are reduced by
orthogonalization corrections so that they can no longer
support bound states. Furthermore, the physical meaning of
the various terms in the Hamiltonian is transparent and
their inclusion or exclusion from a specific process is
automatic due to the coupling (or lack thereof) to the
creation and annihilation operators of the asymptotic states.
In a field-theoretic optical potential approach to elastic
scattering of positrons by hydrogen, at energies above the
threshold for positronium formation, Ficocelli Varracchio
has shown" that the inclusion of Fock-Tani corrections
should give a good fit to the benchmark variational
calculations of Bhatia et al.® Finally, a first-order
calculation of the cross sections for the charge transfer

process p¥+ H » H + p* in Fock-Tani representation® matches
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the data’ for energies greater than 10 KeV and for
differential angles less than 1 mrad.

The cost for this convenience is the task of actually
carrying out the (Fock-Tani) unitary transformation of the
Fock Hamiltonian. Such a transformation has been done on
the subspace of the Fock-Tani state space containing one
electron and two positive particles starting with the full
3-body Fock Hamiltonian® and also starting with the
special case of the 3+2-body Hamiltonian, (2.22), with
mi+» .’ In this chapter the latter is generalized to allow
for finite masses. The transformation starting from the
initial-state Hamiltonian, (2.25) is done and compared to
the full 3-body Hamiltonian approach.

Finally, the transformation is found for the case of
one positive particle fixed at the origin and any number
of negatively charged particles of two types. The proton
fixed at the origin is a "ghost" particle--one only sees
its coulomb field. Therefore, each bound state involves
the creation operator of only one particle, which anti-
commutes with that for the other (unbound) particle, so
that the transformation is formally much easier than
previous transformations®'® (although one must still keep
careful track of variables). Furthermore, in this case
the transformation needs no restriction on the number of
negatively charged particles of either species, a

restriction required for the previous cases.¥'® This
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demonstrates the full power of the reduced Hamiltonian

approach of Chapter II.

Fock Representation

The nonrelativistic Fock Hamiltonian for an electron
with creation operator g*(?), a particle of charge Z4
with creation operator 3*(?), and a particle of charge Zp

fixed at the origin is

Ho= [a%a' (D)E_()ad) + fayet Pu_(Pred
+ faxayat et (v, &) + w  Gh))e@a) . (3.1)

The notation convention will be that X = (?a,ca), where o

]

is the spin of the particle, and [dX gfd?a , except

where the context determines otherwise. A similar convention
is used for y. The Schrodinger operators in (3.1) are

given by (2.22), with labels {1,2,3} » {b,a,e}. It is
assumed the charge of e is -1 but the mass is arbitrary
(although labeled "e," it may be a negative muon). Also it

is assumed that a and e are distiguishable. Atomic

units are used throughout (M=Mmgectron=€=1).
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Z3Zp - Zp
H_(x)= Ta(x) * , He(y)= Te(y) =
T (F)= - o V2, T ($)= - 5 V2,
a Mg e He ¥
v_ (xy)= - i d W, (xy)= - L §.¥ (3.2)

Equation (2.6) gives

m_m
u_ = ——%—%— , and u, o= (3.3)

First consider the case where a has positive charge.
The creation operators for an electron bound to the origin

and bound to particle a are, respectively,

>4 +> E,+» ., >

E, = Jdyuy(yle (y) (3.4)
and

X: - fdid%ﬁ(i;);*(;)é*(;) : (3.5)

The final state wave function is

> > >
o = (27)3/2tke (Tx + “Y’u’:’@ ~ %y (3.6)

where u = {k,v},
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m m

a e
C R n = [ (3.7)
a+ e ma+ me

and where the functions u) are orthonormal, free orbitals
for the bound states of A or E. In Girardeau (1982)% it was
stated that these could also be distorted orbitals, but in
Chapter 5 it is shown that u® would also have to depend on
the position of the distorting particle, a.

The electron and a fields satisfy the standard anti-

commutation relations

fe(y),e (3)1=6(3-F")=8(Fa-Ta')8gg" »
{a(x),aT(%')}=6(%-%") , and
fe(3),e(¥)}=1{a(¥),a(X)}={e(P),a(X)}={e(P),a" (F)}=0 ,

(3.8)
whereas the bound state fields satisfy extremely complicated
(anti-) commutation relations with the free particles and
among themselves.® For this reason a transformation to a

new representation in which all of the fields satisfy

elementary (anti-) commutation relations is done.

Fock-Tani Representation

The Fock-Tani transformation involves enlarging the
state space so that the Fock space F, the physical space,

will be isomorphic to the subspace Ip of the enlarged space



38

. ~ ~t
One defines operators €y and a,

as representing the
composite states of an electron bound to the origin and to

the particle a, respectively. They are to be kinematically
independent of the free particle states so that the commutation
([,]1) and anti-commutation ({,}) relations involving the

"ideal" composite states are

AA+—A A-'-:
{su,ev}—[au,av] Gu '

AYJ
A A en A 2yt A(H) 3y
{eu.ev}—{eu,e (y)}—{eu,a (x)}=0 , and

A A _ A A(.l.) > _ A A(.'.) o - A A(+) -
[au,av]-[au,e (y)]—[au,a (x)] [au,sv 1=0 . (3.9)

Initially these ideal composites have no physical content

on the subspace I,

NIl >=0 if | > is in Iy , where N = )8

for B= {a,e} . (3.10)
One then transforms the physics on the enlarged space
I from the subspace I, to the subspace I. on which these
ideal® composite operators represent the physical composite
states and the fields 3*(?) and g+(§) are continuum states
that will not have enough interaction energy for binding.
The Hamiltonian is transformed by means of the unitary

operator?
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>

D
n
(=P

JUg + where U = exp(iFa) » Fy ZjAvav aA)

A _ 1‘.,\ A _ A+A _ A.'.A
and , U= exp(fFe) , P = %(Evsv e E,) - (3.11)

The Fock-Tani Hamiltonian is given by

I
(=P

H HU)U=H0+\7. (3.12)

The states are transformed as

_ A.{. _ A_.‘/\-'.
[va)= avlo> =RUN Avl0>
and
_ A.'. - A_1/\¢'-
|ve)= E\)|0> = U_ Ev|0> . (3.13)

The ordering of the U's is critical since they do not
commute in general.? For the opposite ordering, the second
equation of (3.13) is violated unless a and b are identical
particles, in which case the ordering gives the post-prior
discrepancy familiar in scattering theory.®

The mechanics of the transformation are given in detail
in Gilbert? (who has the opposite sign for all terms due to
his sign in the equivalent of (3.11)) and in Girardeau.?

The explicit result, below, differs somewhat from Girardeau's
equations (34) through (42).!° The rightmost y's in the second
and fourth matrix elements in his equation (41), which should

be y’' and yj, respectively, are given correctly in (3.23)
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below. The a-a matrix elements (¥-¢y in his notation) which
are diagonal in label are zero. In fact those which
involve two labels of the same parity are zero. Hence the
corresponding energy E, in the unperturbed Hamiltonian, Hg,
is not renormalized as in his equation (38), and the lack
of terms of the same parity in V is indicated below by a
prime on the summation sign. And finally, the momentum
dependent potential, W of (3.2), is included below.

There are no bound state terms in W included in Hg
since operating with the bare terms in W (a given matrix
element excluding the orthogonalization corrections) which
are diagonal in species (whether diagonal in label or not)
on the asymptotic bound states gives zero.

The free-electron/free-positron (species diagonal, of
any energy label) bare matrix element containing W is non-
zero but still is included in V rather than Hp because, as
discussed in Chapter II, this term goes to zero asymptoti-
cally. When particles a and e are both far from the proton
fixed at the origin, whether moving with correlated motion
or not, the acceleration of the proton (the source of W)
goes to zero. If either particle is near the origin while
the other is at infinity, the coulomb potentials between
these two, which would establish correlated motion, go to
zero and hence W should also go to zero. Finally, if both
free particles are near the origin W could be large, but

such an asymptotic state is unstable and therefore would
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not be found in experiment, nor could it be considered a
viable Lippmann-Schwinger asymptotic state.!!

The potentials V and W are spectators to the unitary
transformation of second-quantized operators in (3.12), so
W may be added to V of Girardeau's equations (21) through
(26).° These equations are simplified using the
eigenvalue relations [the latter a finite mass generaliza-

tion of Girardeau's equation (26)],

H_(P)W(Y) = B ui(Y) , (3.14)

-> - > > A > A >>
(Ta(x) + Te(y) + Vae(xy) + Wae(xy))¢u(xy) = Eu¢u(xy) '

(3.15)
where
m (m_+ m_)
b
E =k +E |, M = a S , (3.16)
oM . s ER e

and Ej) is the bound state energy of the atom of type A or

E.

The resulting terms in the Fock-Tani Hamiltonian are
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2:2 + $E afa + fd§8*<§)%e<§)8(§) + fd;5*<i)Ta<i>3(i)
H
(3.17)

and

ZaZ -~

v = Jayay et (9 (FIv 177 e(3) + faka ()22 a(%)

+

£f aT(uivi iy a+ ffaxay(al (uIv 1%9) "e(Pal(X) + H.c.)
wy * P Y g Wb

<+

>+ > ., 0 >
ggfdx(au(ulvblxv) e,a(x) + H.c.)

>, >

+ jd§d§d§'d§'a*<;)e*<§)<§§|Hae|x v') 'el(y)alx’)

4+

[faxdgax’ (aT et @ G 1X V) e aR) + H.cl)
v

+ %gfdidi’;+(});I(§vlﬂael§’r)';T;(E’) : (3.18)
where H.c. stands for "Hermitian conjugate” and § implies
a sum over discreet variables and integration over the
continuous variables in the a-state label. The primed
matrix elements are renormalized by orthogonalization to
the a bound states. Those doubly primed are also orthogo-
nalized to the € bound states. In order of appearance

they are
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(FIV 1) = - ;95(§-§') - éEvui(§)ui*(§') , (3.19)
(ulvply) = [akagel” (xy)T(xy) o3 (3.20)
(WIV 139 "= (ulv 1% 7 - Jay A% (3, P (v IX§7) ", (3.21)
(ulvy1%xv) "= [y (ulVy1%Y) "ul(¥) (3.22)

>> (22 >, > E,> > > >,>, 0,
(xylHaelx v') (xyIHaeIx y')'- [dy,A (y,yl)(xyllHaelx v')

fay, GIIE_ 1)) "85 F, .3

+

[ay ¥ ,0%(3, %) Gy, 15 _1%°7,) 8% (},,¥")
(3.23)

>,

[ay " (RyIH 1% ) 05(F")

(XyIH 1% V) "

>,.> E,» »> >> >,%>,.,.E,>,
fdy’dy,a (y,y,)(xy, 1H, 1x°y") o (¥y") ,
and

-+ >, . > >, E¥ > >> -+,
(xvlH_ Ix'7) "= [dydy'u] (y)(xylH__Ix

where
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(ulv 159 = ¢:*(§§)T(xy)

- J'd}'d;wﬁ*(}'?')T(x'y')A"(i'?',i{z) ¢ (3.26)

-b,)

(RF1H_1XF") = (V (3Y) + W (%7))8(X-X")8(¥-Y

14

x
CE QG ('Y + GyIv_Ix‘Y) . (3.27)
MU H b
M
and
(FFIv 1E°F) = -(T(xy) - T(x'y’) )ANEY,X'Y)
+ fda%,a¥ AR T )T(x,y DANE T XY

(3.28)

The potential arising from the coulomb field of the charge

Zp is

T(xy) = - =2 (3.29)

and the ¢ and a bound-state kernels are, respectively,

F %*
A5(Y,¥) = %P§;§)u§ (¥") (3.30)
and

MY, XY = ﬁfﬁ;§§)¢;f(§'§') ) (3.31)
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Girardeau® has shown that the bound-state kernels are

diagonal in spin indices.

Comparison to Schrodinger Representation

The initial asymptotic states for the charge transfer

reaction a*+ (b*te”) » (a*te™) + b* are
19) = (zn)'3/2jdxexp(iﬁi-i)a*(})eglo> , (3.32)

with energy eigenvalue

E.= k? + E_, (3.33)
1 iu— P
a
and
(o1 = <0lay , ‘ (3.34)

with energy eigenvalue given by (3.16). The result in
(3.33) is not equal to the initial state energy eigenvalue
found in Chapter II due to the mass denominator uz which
differs from the correct value Mj by a factor of 1/mp .
Such an error in energy is acceptable for proton masses,
but an additional error in the exponents of the initial
momentum wave function is found, which is not negligible
for incident kinetic energies greater than 5 keV.

The first-order approximation to the T-matrix for this

reaction is
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1 _ - 1B 10
Tt = (¢fIVI¢i) = Tgy + Tes (3.35)
where

]
|

Ju (y)exp(lk °X) {3,36)

%? = (27) 3m,]’dxdyc»“* Xv) azb zb
Y

X

and

T%? o _(2‘“_)‘3/2J'd;d'§g'x’ld‘y’,¢l\*(§l‘y’r)( a'b - _b]
X y’
xAA(§'§',§§)UE(§)exp(iKi-§) ’ (3.37)

Substituting (3.6) into (3.36) and changing variables

to
rT=y-% (3.38)
gives

- ~iCer 2.2 Z ] 'o-’
TiB = (21) %fddFe i ruA*(r)(—é—-k—’— = —Q]uE(y)e1§ Y,
fl v > > o)
ly-r y
(3.39)
where o = {kg¢,u},
_? _ . P T _
¢ = k- ¢k, B k.- kg, (3.40)

and ¢ is given by (3.7). Apart from factors of 2w, this
would equal the post form of the first Born term found by

Jackson and Schiff!! [their Equations (12) and (8°')], and
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would also equal the result from the Fock-Tani Hamiltonian
derived from the full 3-body system [Equation (4.6) of
Appendix Al], if k; in B’ had a coefficient mp/(mp+mg) .
The first Born result of Massey and Mohr!? also contains
this approximation in B’, but they were calculating cross
sections for electron capture from hydrogen by an incident
positron of energy 6.8 to 100 eV. At these energies such
an error is negligible. For the incident energies of order
10 to 100 keV appearing in Jackson and Schiff's cross
sections and those in Appendix B, for reasonant charge
transfer in proton-hydrogen scattering, ki is large enough
that the error from such an approximation is not negligible.
It has been shown that the first-order matrix element
for charge transfer of the present Fock-Tani Hamiltonian
does not contain the correct initial momentum eigenstate,
nor does the initial asymptotic eigenstate give the correct
energy. One is led to wonder whether the Fock-Tani
Hamiltonian corresponding to the specialized initial-state
Schrodinger Hamiltonian, (2.25), would correct these

problems.

The Initial-state Version of the Fock-Tani Hamiltonian

The Fock-Tani Hamiltonian derived from the initial

state form of the Fock Hamiltonian, (2.25), is
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Ay, = JaRaT(R)T_(B)a(®) + fatet (Brm (Pre(?)

+ fakataT®el(®) (v (&) + v @))e®a® ,  (3.41)

where
Zp
> -
He(r)= T (r) - =
T (R)= - =i V2 T (F)= - == V2
a 2M R ' e 2m r '’
VA Z Z
a’b
v (Rf)= - —2— |, and v . (RE) = =——— , (3.42)
ae | R-y2| ab | R+AT |
where A and y are given in (3.49) below. Equation
(2.26) gives
m_(m + m_) m_m
M= ma+ ﬁ = ; and m = ﬁ—%—%— (3.43)
a b e e b

Equation (3.41) differs physically from (3.1) in that a
is a fictitious particle with a 3-body reduced mass rather
than a 2-body reduced mass. Also the Schrodinger operators
in the first and third terms are slightly different.

The Fock creation operators for bound species are as

in (3.4) and (3.5),
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] = farE(Hret () | (3.44)
and
R: - [aRatel(®D)at Rt (E) (3.45)

except that the coordinates for the latter bound state
orbital must be transformed from the natural set, {R¢f,rf},
to the set {R,r} appearing in (3.45) using the relations

given in (2.24%)

Re= ok +1F temvi- R,
and
R = xﬁf- t?f , and T = ;?f+ ﬁf - (3.46)
where
m m
a e
e n=—, (3.47)
a e
m m .
b e
Y = ——, A = ——— , and (3.49)
mb+ m, m+ m
1 = ZA+n . (3.50)

The wave function is,
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P (BE) = (2 )~3/2 iﬁ'ﬁf A > 2
u(RE) = (27 e u,(re) =

- (21r)°3/2eii.(tiﬁ » 1r)u::(y? - R, (3.51)

where p = {k,v} .
The electron and a fields satisfy the same anti-

commutation relations as in (3.8),

fe(r), et (F)1=8(2-2")=6(Fa-Fe' ) 8gq”

{a(r),aT(&")1=6(R-%") , and

{e(¥),e(F)1={a(R),a(R ) I={e(d),a(B)}1={e(®),at(®)}=0 .

(3.52)
Again, the bound state fields satisfy extremely complicated
(anti-) commutation relations with the free particles and
among themselves.
As in (3.9) one defines ideal bound state creation
44 and &*

operators ¢, u such that
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AA+—A A.’-:
{eu,ev}—[au,av] Guv A

&S o A(4) cmiy oA A(H) mu
{Eu,ev}-{eu,e (r)}-{eu,a (R)}=0 , and

A

A A - A A(-‘-) 3 L A A(.‘.) ; A (-'-) 2
[a 0 1=la e " (F)]=la ,a " (R)]=la e, "1=0 . (3.53)

The Fock-Tani transformation is the same as (3.11)

through (3.16), although (3.14) and (3.15) need to be

rewritten
*\ E 2y _ E, >
He(r)uv(r) = Evuv(r) (3.54)
and
-> S e A >+ >
(T (R) + T_(F) + v, (RF))e, (RF) = Eu¢:(Rr) A (3.55)

The operators in the last expression can be expressed in
{R¢,T¢} to give the right-hand side.
The resulting Fock-Tani Hamiltonian is given by
H =38 cTe + fE ata + fateT(D)T (Pre(?) + [faRaT (BT (®)a(®)
0 vV VYV TR TR T e a
v H
(3.56)
and
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v = Jaratret (B (FIv 1E ) e(®)

+ ;ﬁ'&:(ulvbly)&Y+ ﬁjdﬁd?(az(ulvblﬁ?)";(?);(ﬁ) + H.c.)
nyY u

+

ﬁgIdﬁ[QI(ulvb|ﬁv)'2v§(§) + H.c.)

+

faRafak’a? at (et (B) @l 1R F) re(FHai®)

+

] faRataR’ (" (R)et(®) (RE1m,_1R"v) " "c a(R') + H.c.)
Y

+

e ik 4 TR e
%%fdﬁdﬁ & (ﬁ)ev(ﬁleaelﬁ T) eTa(ﬁ ).

(3.57)

The matrix elements are
(FIlV_IT")’= zbs(* ) - JE oS (B)ET(E) ( )
YTt = =8 (T % YyUy(tluy (r ‘ 3.58
(ulvyly) = faRaFe}” (Rr)T(Rr)OS(RE) , (3.59)

(RIV IRE) " "= (ulV IRE)" - JaE AR (F,T) (ulV IRE")" ,  (3.60)

(ulvblﬁv)'= fd?(ulvblﬁ?)'uv(?) , (3.61)
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(RE1H, IR'T") " =(REIH,IR'F") '~ [dF A°(F,7 ) (RF IH, IR'F")’
- Jar (R¥Im_IR'F ) A°(F,,T")
+ Jar aF A% (F, 7)) (RE, 1H__IR'F,)"A°(F,,F") ,
(3.62)

(REIH, _IR"v) " = faF" (RF|H__IR'F") o5 (F")
- JaF'dF AR(F,F ) (RF IH_IR'F')e5(F)

(3.63)
and

(RvlH_ IR"1)'= [drdr'u (r)(ﬁrln JRT)W(E) , - (3.64)
where
(ulv |RE) " = A*(ﬁr)r(nr)
2 fdﬁ'd;'¢;*<§';')T(R'r')AA(ﬁ';', %),
(3.65)
(REIH_IR'F") "= (Vv (RF) + v_, (RT))S(R-R")s(F-T") ,
A >> A¥ > o s -+ >
- fE ¢ (Rr)¢ (R'r’) + (RrIV IR'r’)’ , (3.66)
Tt u b

U

and
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(RFIV,IR'F") "= -(T(Rr) - T(R'r’))ANRE,R'T")

+ [dR df AS(RE,R T )T(R;r DAMR T ,R'F") .
(3.67)
The potential arising from the coulomb field of the charge

Zp is

T(Rr) =

z Z z
RN b (3.68)
r

|R+AT |

and the € and a bound-state kernels are, respectively,

25(,%) = Z\)ui(?)ui*(?') (3.69)

and

AVRE,R'EY) = :¢‘;(§?)¢‘r‘n*(ﬁ'?'> . (3.70)
m

This differs from the Fock-Tani Hamiltonian, (3.17)
and (3.18), derived in the symmetrical coordinate system.
The mass denominator of Tz in Hp is changed from uz; to M .
The second term in V of (3.18) does not appear in (3.57).
The physical content of this term appears in (3.66)
instead, replacing the inertial potential of (3.27) (which
does not appear in this inertial system).

The initial asymptotic states for the charge transfer

reaction a*+ (b*te™) +» (ate™) + bt are
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19,) = (zn)'3/2jdaexp(iKi-ﬁ)S*(ﬁ)E‘;lw 1 (3.71)

with energy eigenvalue

E.= k¥ + E , (3.72)

1 ™M o

and

(¢f| = <0|ao 2 (3.73)

with energy eigenvalue given by (3.16). The result in
(3.72), unlike that for the non—speéialized Fock-Tani ver-
sion, (3.35), is equal to the initial state energy eigen-
value (2.27).

The first-order approximation to the T-matrix for this

reaction 1is

g .. # _ .lb 10
where

Z2.Z A

1B -3/2 > A* > a®b by E,> . >

T:: = (27) dﬁdr¢ (Rr) (2 = 2]y (r)exp(lk--ﬁ)
£i I b [Iﬁ+x?| r) P .

(3.75)

and
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Z_Z Z
759 = -(2n) " faRataR aF ¢A (R F) (22— - D)
o IR’ +AT" | r
xAA<§'?',§?)ui(?)exp<iﬁi-§) . (3.76)
Substituting (3.51) into (3.75) and changing variables
to
T’ = yr - R (3.77)
gives

ZaZ iBe7

LB >, Z
T!® = (Zﬂ)_afd?'are_la'r AR e (22— - B)tire ,
fi v > >, 0]
r-r’| r
(3.78)
where o = {kf,v},
= > _ W _
¢ = k- tk, B = vk, - kg (3.79)

and ¢ is given by (3.7).

Apart from a factor of 27w, this equals the post form
of the first Born term found by Jackson and Schiff!!
[their Equations (12) and (8’)] and equals the result from
the Fock-Tani Hamiltonian derived within the full 3-body
system [Equation (4.6) in Appendix Bl. Although (3.41)
is the prior Fock Hamiltonian, the order of the unitary
transformations in (3.12) produces the post form of the
T-matrix, as in the symmetrical Fock Hamiltonian (3.1)

case. Given the opposite ordering in (3.12), the prior
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form of the T-matrix would result from transforming either
the symmetric Fock Hamiltonian, (3.1), or the initial-state
Fock Hamiltonian, (3.41).

The equivalence of post and prior forms of the first
order T-matrix is well known.!® It seems reasonable that
a first-order T-matrix derived from the non-specialized
Schrodinger Hamiltonian, (2.22), [or Fock Hamiltonian,
(3.1)] would also be equivalent to the first-order T-matrix
derived from the post and prior Schrodinger Hamiltonians,
(3.25) [or prior Fock Hamiltonian, (3.41), and its post
equivalent]. This equivalence must be true for the exact
T-matrix because of the equivalence of frames of reference.
Furthermore, the T-matrices derived from the post form of
the Fock-Tani Hamiltonians, produced by the ordering in
(3.12), and the prior form, given by the opposite ordering
in (3.12), should be equivalent provided one starts with
the same Fock Hamiltonian in both cases. However, as
demonstrated by the differences between (3.40) and (3.78),
the Fock-Tani transformation of the various Fock Hamil-
tonians does not necessarily produce equivalent first-order
T-matrices. In fact one can not even set up the trans-
formation of the post Fock Hamiltonian in the present
reduced-mass scheme because the crucial definition of the
Fock composite state consisting of the electron bound to
the origin would not be of the form of an integral over one

variable, as in (3.3) and (3.44).
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The Fock-Tani transformation mixes terms according to
the Fock-space operators, not the Schrodinger operators, so
that the inertial potential W, containing the effects of
the accelerated coordinate system, (3.1), does not appear
in many of the terms in the Fock-Tani Hamiltonian, (3.17)
and (3.18), which represent the various physical processes.
One would have to go to the second-order T-matrix (or
higher) before the effects of W would be present in a
given process.

It is found that this neglect in first-order is accept-
able for projectile momenta not greater than the mass of the
particle fixed at the origin. With this restriction in
mind, the Fock-Tani transformation of a system of
negatively charged particles of two kinds and a positive

charge fixed at the origin will be derived.

The Fock-Tani Hamiltonian for a~ + (b*e”) » (a’b') + e~

To illustrate of the full potential of the symmetrical
3+2-body reduced Hamiltonian, (2.22), the Fock-Tani
Hamiltonian for a system consisting of one particle of
positive charge (Zp) fixed at the origin and a negatively
charged particles of each of two species with creation
operators ;+(§) (with unit charge and reduced mass ue), and
at (%) (witn charge -Z5 and reduced-mass Ha) is found.

The Zp will be kept general but states of more than one

particle (a or e) bound to the origin will not be considered.



The Fock Hamiltonian is
H= [dXa' (D)m (DaX) + [aye’ (DH_(Pe(d)

+ fakayat Dt P (v G + W E))edah

where
ZaZb
-+ >
Ha(x)— Ta(x) o~ Py n
1
T (X)= - == ¥ ,
a Zua X
P
Vae(xy)= , and
| x-yl
and where
m_m
s a'b
Ha = m_+ m, and

The number operators

N_= Id§a+(§)a(§)
and

N_= faveT(Pra(})

are not necessarily equal to one.

DS

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)
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The creation operators for particles e and a bound

to the origin are, respectively,

= [ayu (et (3.85)
and

Al = Jaxd(at(® (3.86)
where

H ut (W) = E ul(W) (3.87)

for (b,B,w) = {(a,A,X) or (e,E,¥)}.

The e and a fields satisfy the anti-commutation
relations (3.8) and the Fock bound state fields, (3.85) and
(3.86), satisfy non-elementary commutation relations with
the free particles.

As with (3.11]) the Fock space is enlarged to include

bound state operators e: and a:

, which satisfy the
elementary (anti-) commutation relations (3.9). The
Hamiltonian and the states are transformed to the subspace

e and a have physical content using

A—/\/\ A— EA A= A-'-A_A.,.A
u=uu. , Us= exp(zFB] , Fg Z\)(BVB\) B,B,) .

(3.88)
where a generic notation, B = {A or E} and B8 = {a or €},

is introduced for convenience. The states are transformed

as in (3.13) and the transformed Hamiltonian is given by
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H= U FU = U_ (U, HFUA)UE= HO +V + X . (3.89)

In the present case the ordering of (3.89) is not

important since
[Fa,Fe] =0 . (3.90)

Because the nucleus of both bound states is fixed to
the origin and, therefore, does not enter the dynamics one
can bypass the lengthy "d matrix" approach to the trans-
formation for the a bound states, given in Gilbert® and
Girardeau,?® in favor of their approach for the € bound
states for both species.

For a generic operator B of either type (a, A, a, e,

E, or ¢), define the transformed operator as

SEEpINNTEEG

B (3.91)

B(t) = e

14

where Fg is given in (3.88). This is solved using the

corresponding "equation of motion,"

aB(t) _ (2 A
5t = [B(t)'FB] . (3.92)

The explicit equations for the relevant operators are

3B (t) .
-—a-%———"= B\)(t) ’ (3.93)
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aﬁv(t) "
5t - “Byl(t) (3.94)
and

ab(w,t)

— B2\~
ot = ; uT(w)bT(t) . (3.95)

Equations (3.93) and (3.94) have solutions, satisfying the

initial condition B(t) = B ,

Bv(t) = B, cost - Bv51nt
and
Bv(t) = Bv51nt + Bvcost . (3.96)

Substituting these into (3.95), taking the indefinite integral

of both sides, and setting t=m/2 gives

u;‘a(})uA = a(X) - [fax'A™%, %X )a(x’) + Zug(})ar (3.97)

and

ul'e(PIU = e(¥) - [ay a5 (T, ¥ e(F) + Tui(Pe . (3.98)
n

Because of (3.8) and (3.9),

0 'a(H)u = a(%) and U'e($)0 = e(P) . (3.99)
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Defining the functional

~ A

OlX7] = H.(X) + [dye (I (V__(F}) + w__ (FFNe(F) ,  (3.100)
a ae ae
the first part of the transformation (3.89) is

U;'H U, = faye™ (Hra_ (e + fax(at ) torx1a(R)

[dx’olX¥1a% (%, %" )a(k") + JolXyluy(X)a } + H.c.)
v

[a%ax’a% at (X)) A% (%, H)OIFF1aM(E, %) a(k")

+

I fakax’ falut* (H)OIXF1AA (X, % )a(X") + H.c.)
A%

B

2% A% > . AT
zgfdxaTuT (x)olxyluj(X)a (3.101)

Upon changing variables in the integrals and substituting

(3.100) this becomes



64
A_1A ~ A'r ~ > 'l\ , 'A ,
U HU, = zgaT(TIHaiv)a + [dxdx’a (?:)(}IHali )'a(x’)

+ fd§e+(§)(ZZuI(TIVWIv§)av + Zd§aI(TIVWI§§)'a(§)
TV T

+ H (P) + Jaka®'a" (R GFIwWIZ' T ) a®))ed

(3.102)
where
(rlHalv) = ETGTV , (3.103)
> >, _ > >, _ A, >y AX, >,
(lealx )} = HaS(x x') %Evuv(x)uv (x') , (3.104)
(tFIvwivy) = [kl (D TGRIAE) (3.105)
(tylvwixy)’ = uQ*(§)T(}§) - jdi'u:*(}')r(}'§)AA(§',i) ,
(3.106)

(XyIVWIX'Y) " = T(XY)8(X-X") - [T(Xy) + T(X'¥y)1r%X,x")

+ Jax, AM(x,x)T(x,7AMNE, LX)
(3.107)
and
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T(Xy) = vae(§§) + wae(§§) . (3.108)

Equation (3.89) has been to simplify these. It should

be noted that there is no aza(ﬁ) term in (3.102) because

(tlH_1%) " = w¥ (OH_ (%) - Jax ud" (X)E (X)8%F %) = 0 .

(3.109)

The second transformation in (3.89) gives the final

Fock-Tani Hamiltonian,
Hy= %Evavav+ ;EAEA€A+ fdxa (x)T_(x)a(x) + Jdye ()T (y)e(y)

(3.110)



= Jaxax'at (%) (RIv_ %) a(x’) + [ajay’e’

(y)(ylvel

+ 22[d§d§'ure+(§)(1§|lev§')'e(?')av
TV

+

B

+

+

nA

-’-'I)l'

J Jaydy dx[a e (y)(rylVWl
T
2]d§d§d§'[a+(§)e+(§)(§§lvwl§'x)"
X

z;Id§d§[aIe+(§)(T§IVWI§X)"eka(i)
T

[axdyax’dy at (Xe (P (ZFIVWIX T

and

x>

+

Zzzza e (TniIvWivi)eya,
TNVA

ZZXIdX[“ c (rnlvwlxx) e a(x) O
TNnA

ZZZIdY[“ e (Y)(TYIlevX) €,a, + H.
TAV

e(?'

+ J1fakax a" el GnlvwiE ) e al®)

ya(%) + H.c.]
QAQ(E') + Hoc.]

+ H.c.]

‘e(y)alx’) ,

c.]

c.l .
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3 ) ed)

(3.111)

(3.112)
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The terms in § involve a superposition of both a and
e bound to the origin. These terms must be considered as
very rough approximations to the scattering, creation, and
breakup processes for the (a"b*e”) molecular state,
respectively.

The matrix elements are

Z_.Z

*

(RIv 1% = 2P sx-3) - EREC (3.113)
(yiv_1y')’ = 2 §(3-37) - JE,E(PIE (F) (3.114)
Yay Y y-y )\)\ukyu)\y ’ .
(tylvWlvy’) ' = (tylvWivy’')8(y-7")

- [(tyIvWIvy’) + (13’ IVWIvy) 1A% (Y,7")

+ [dy A% (3,¥,) (ty, IVWIvy ) A% (Y,,¥") ., (3.115)
Gnlvwix )’ = fajul () GF w9 S(@) (3.116)
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(tylvwIxy’) '’ = (tylvwixy’) ' 8(3-3")

- [(tFIVWIXy") " + (13’ IvwIxy) " 1a5(Y,¥")

+ fay, 05,7 ) (17, IVWIXY ) A5 (T, 7)), (3.117)

(XFIVWIX'A) " = [(XYIVWIR'Y)”

[QyaA* G, 7)) G Wiz ) 1wy, (3.118)

(tyIvWIx‘A) " = [(tylvwix’'y)’

[AyaA® (3,3 ) (7 IR Y) " Tu(F) . (3.119)

(XYIVWIX' Y ) "’ = (xyIVWIX'Y") ' 8(¥y-¥")
- [(ZYIVWIX Y + (X7 IvWIX P 17 Aa5(F,7")

+ [ay A%(3,¥,) (xy IvWIxy' ) 'A5(Y,,¥") , (3.120)

(talvwivn) = fa§u® () (rFIvwivHu§d) (3.121)
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(enlvWIEA) © = JaFul () (FIvWIZ) uy(d) (3.122)
and
(tylvWwlvr)’ = [ty IvWIvy) "

- JAyaS (3,7 (I T ) (3.123)
where
T(EY) = v (RF) + W (FD) . (3.124)

Using (3.103) through (3.107) one can show that this
Fock-Tani Hamiltonian is completely symmetric if all
functions, functionals, and operators associated with the
a and a fields are interchanged with those associated with
the ¢ and e fields. This symmetry is a consequence of the
commutation relation (3.90).

Considering the discrepancy (of order 1/mp) between
the initial state energy and the initial momentum eigen-
state of the Fock-Tani Hamiltonian, (3.17) and (3.18),
[which was derived from the symmetrical reduced-mass Fock
Hamiltonian, (3.1)] and those found in Schrodinger
representation®, one is cautioned to look for such
discrepancies in the present Fock-Tani Hamiltonian, (3.10)
through (3.12).

The transformation for a system containing a positive
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charge fixed at the origin and negative charges of two types
(where no 3-particle bound states have been considered) is
thus done with relative ease. That the complicated method

2'3 can be bypassed is a direct

of previous calculations
consequence of working in the symmetrical 3+2-body reduced-mass
system.

Notice also that, unlike the previous approach, the
present transformation has no restriction on the number
of particles of types a and e. However, there is a
restriction on the asymptotic states arising from the
definition of the unitary operator (3.88). All particles
must be well separated. 1If one wanted to calculate cross
sections for reactions of the present type in a plasma of
negatively charged particles, for instance, the generalized
unitary operator recently found by Girardeau,!'® which
allows finite densities in the asymptotic states, should be
used instead of (3.88).

Starting, instead, with the initiai—state Fock
Hamiltonian, (3.41) with Z3 + ~ Z5, in defining the final
bound state, the simple three-dimensional integral form of
(3.86) would not be possible. The reason is that the
final-state wave function written in initial coordinates
would depend on both §iand ?i‘ Using the same method as
that leading to (2.23) and (2.24),one can show that for the

present arrangements
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- - >
ﬁf = (1—J\r)ri - rﬁi and re = ﬁi - xri , (3.125)
where
m m
a &
T = —— and A = —, (3.126)
ma+ mb ma+ me

Because the simple properties of the present
transformation are dependent on the creation operators
describing one bound species (anti-) commuting with all
annihilation operators (bound state and continuum)
associated with the other species, the initial state system
cannot be transformed in this way. One would have to
resort to the more complicated d matrix method.?'?

In this Chapter it has been shown that the symmetrical
reduced-mass coordinate system, derived in Chapter 1II,
greatly facilitates the process of creating a representa-
tion that fully accounts for bound states. The discrepancy
of order 1/mp in the initial energy and the initial
asymptotic momentum eigenstate of this Fock-Tani Hamilton-
ian is well compensated by this facility. And it is likely
that ad hoc adjustments can be made at the Schrodinger
level of the T-matrix for a given processes [like those
that would produce (3.79) from (3.40)] that would yield a
result in conformance with the Fock-Tani Hamiltonian found

by transforming the full 3-body Fock Hamiltonian.
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CHAPTER IV

EVALUATION OF THE T-MATRIX AND FIRST-ORDER RESULTS

Introduction

To test the reduced-mass Fock-Tani representation, the
differential and total cross sections for the reactions
p*+ H(1s) » H(1ls) + p* and e*+ H(1ls) » Ps(ls) + p* will
be calculated, where Ps is the positronium atom, (e‘e”).

The T-matrix! (transition matrix) is
2 +

where the final asymptotic state, (¢f¢l, is given by (3.73)

and the Lippmann-Schwinger in-state?, '*;)' is given by

W) = 18;) + GgvIv) , (4.2)

and V is given by (3.57). The latter equation contains the

initial asymptotic state, |¢j), given by (3.71), and

85 = (E - ﬁ0+ ie) , (4.3)

where the limit ¢+0" is implied and Hg is given by (3.56).
The differential cross section for rearrangement
collisions contains reduced masses for both initial and

final momentum states, given by (2.26), and both
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center-of-mass momenta, related by (2.27). It is

fg ITe 12 (4.4)

ky

2(04) = (2m)* M.M,

The coefficient, (27)%2 larger than Davidov's,?

)‘3/2

is consistent with the present (27 momentum wave

function normalization. The total cross section is

G = Idn q(66) . (4.5)

The First-order T-matrix

The calculations of this chapter will contain the
approximation IWI) =~ |¢;). A formal analysis of higher-
order corrections is included in Chapters VI and VII. The
first-order approximation to the T-matrix, given in (3.74)

through (3.79), is
o= a R L
Tei= (0gIVIe) = TE, + TE; .« (4.6)

The first term is

Z 2 Z
1B - (2m) 3/2Id§dr¢ (RY) (——— - - —E)uS(?)exp(iKi~§)

i
fi |R+AT] r
(4.7)
. *>, ZZ Z . >
= (Zn)—afd?'d?e-la'r uA*(r')(—E—Q—— - —E)UE(r)elﬁ =
¥ lr-r’| y e

where o = {kg,v}. (4.8)
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We define

@ P> > >
¢ = k;- tk; and B = vk, kg, (4.9)
where
M3 Ty
= 32 __ - e .1
4 T my and Y = omg (4.10)

This is the post form of the first Born term found by
Jackson and Schiff® [their equations (12) and (8°)]. The
second term in (4.7) is the Brinkman-Kramers® (BK) term
given explicitly by?

BK _ B? E A%
Te; = ( 5— - Ep) up(B)uU (c) , (4.11)

where mj is given by (2.26). (Note that Jackson and Schiff

set -E = €.) The convention

£(R) = (2m)7%2fdaw e 1K Ve (w) (4.12)
and
£(W) = (272 faw e 1KV £(x) (4.13)

will be used for all Fourier transform pairs. The hydrogenic

1s momentum wave function is

>y o 2/2
us(P) = = Py (Py? + p*)2 -

(4.14)



76

For ease of notation define

_ oE _ E oA A
@ = Py =2Z,/a; and B =Py= Za/a0 , (4.15)

where ag is the initial- or final-state Bohr radius given
by 1/m of (2.26). With the normalization in (4.11) the

ls-1s BK term, (4.10), becomes

3/2_5/2
BK _ 487" "a
Tis,1s = ~ . (4.16)
’ m2(B% + B2)(a? + C2)2

The first term in (4.7), for p=vu=ls, is given by
Equation (II.3) of Jackson and Schiff’, but with the
expression for A generalized to allow B # and with the

alternate normalization of (4.11),

JS1 2 1 2 1
T = 4/7% [ dx x(1-x)( +
lS,lS (0] AS(A_qZ)1/2 AZ(A_q2)3/2

* A(Aféi)S/z ’ (4.17)
where
A = g% + x(a? - 8% + C*) + (1-x)B? (4.18)
and
g = xC + (1-x)B . (4.19)
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The orthogonalization term, the second term of (4.5),

is
Z_Z Z
T3 = -faRataR-at el (R'E") (22 - D)
1 o ’ "I ’
IR +A2" | &
A" (R'F,RE)u(Flexp(ik -R) . (4.20)
Now change variables to
< + > > >
R = YT, - 1T, T = By T (4.21)

for both primed and unprimed variables, where

m m
b =
¥ W m— A = ——, (4.22)
m+ mg m o+ mg
r and y are given by (4.9), and
1 = CA+n . (4.23)

Then the final state wave function, (3.51), becomes simply

SAEE) = (2m)7¥2eKTs Wi(r)) (4.24)

Integration over the momentum variables in the corre-

sponding bound-state kernel, (3.70), gives

aMRELRE) = 8(F, - TOLVEIIGE (4.25)

so that (4.20) becomes
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10 _ _ -3 > > >, -]'.E'?s A¥X >, . A,>,\ A¥* 6>
Te; = (2m) ;fdrldrsdrle u, (rl)uT(rl)uT (r))
.2 2 . > >
- ab b E, > > -i1tkser
" (I-’ j3d ) [T+ +r|)up(r3+cr1)e R (4.26)
B Bl e

where €, given in (4.8), equals g, of Equation (4.8a) of
Ojha et al.’ (Appendix A) , and 1, given in (4.23), equals
m of their Equation (4.8b). Then the identification
between (4.26) and Equation (4.7) of Ojha et al. is exact.
Therefore the Fock-Tani transformation of the initial-state
reduced-mass Fock Hamiltonian, (3.41), is entirely equivalent
to the Fock-Tani transformation of the full 3-body Hamiltonian
(given by Ojha et al.). It can be shown that the Fock-Tani
transformation of the symmetrical reduced-mass Fock
Hamiltonian, (3.1), will have identical form except that
the quantity m would differ slightly (to order 1/mp) from
1. For this case 1 in (4.26) is replaced by n. As
mentioned in Chapter III, this difference becomes noticeable
at projectile energies of order 5 keV.

In calculating the cross sections for p*+H » H + p* ,
Ojha et al. note that the denominator of the first term in
each of T1B and 710 can be approximated by rz. Since n is

small these two terms cancel. This cancellation fulfills,
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at first order, Wick®'s expectation that the internuclear
potential should make a negligible contribution to the
exact T-matrix.

For the reaction e* + H » Ps + p* , n can not be
neglected because myz=me. But because of the similarity of
the form of the two terms in (4.26), the analytical reduction
of the first term follows exactly the proceedure Ojha et al.’
used for the second (see Appendix A). In fact, for the
positronium case the two terms are identical in magnitude.
They are of the same sign for 2 odd, so that they add, and
they differ in sign for even 2, so that they cancel. The

generalization of their result [their Equation (5.10)] is

10 _ o] _ _ (o] ,

TO*lS - zaszo+ls( me/ma) szG*lS(l) ’ (4.27)
where

(o] ) £ . 2 7

T (G —— § (22+1) fdpde sine —E— R’ (p)
NS kgels S T T e fe Bg,l ™

> <> >
cp-(p+q2) 2

> >
x I n2[Ic(p+q2)|] P

Ns, 3/2

plc(p+q ) || (A%-B?)
2
(4.28)
where 7 is given in (4.9) and all other quantities are
given in Ojha et al. (or Appendix A). In their results

they included only terms through n=2. It would be desirable
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to check the accuracy of this by including higher-order
terms. For the positronium case, because the centers of
mass and charge are identical, the even 2 terms in (4.27)
cancel so the 3p terms might be important.

The radial momentum wave functions R, in (4.28) are
well known®. A general formula for the Fourier
transform of the product of wave functions

. >
ke * > >

=y -i
I,.(K) = fdw e u, (Wu_(w) (4.29)

is also be useful. For vu=ls (easily generalizable to higher
s-states), a finite series solution is found by expanding ug
in Laguerre polynomials before integrating. The resulting
expression is formally given? in terms of Legendre
polynomials. A more useful form my be had by using

recursion relations!® repeatedly. The final expression is

(K) =1 ()Y, (k) , (4.30)

Ils,nzm 1ls,n® Lm

where

-2-1 s
ot ) : e (-1)°(20+s+2)
Ils,nl(k) = (-1) n[ﬂ(n+2)!(n-2-l)!] 2 h-2-1)!s!
s=0
s+3, -2 t 2r
s i s T S (4.31)
(wz+b2 ) L+s+2 =y Lsr w

w = (n+l)/2 b = nk/2Pg , (4.32)

4



(s+2)/2
t=

(s+3)/2
D 5 Csr

for s even

A8 (2(ger)-

sr 8-1,r

sl

Then

864/3?[16(p/90)2 + 27(p/P0)“]

for s odd
1)1
SCs—2,r—l £
and c,

Ils,3s(p) =

(p) =

(16 + 9(p/p0)2]“

-i/6w 576(p/Py)[16 + 27(p/Pj)?]

1s,3p

and

-13824/307 (p/P )?

[16 + 9(p/P0)2)“

0

Is,3a(P)

5[16 +9(p/po)2]“

’

(4.

(4.

(4.

(4.

(4.

(4.
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First-order Results

The general form of the first-order Fock-Tani T-matrix
for the reactions a*t + (b*c™) » (a*c™) + bt , [(4.16),
(4.17), and (4.27) substituted into (4.6)] was used for a
calculation of the differential and total cross sections.
The integrations were none numerically using 16 point
Gaussian quadrature. The upper limit of the p-integration
and the number of sub-regions were varied until a
consistent result was found. This program was run for
(abc) = {(ppe), (epe), (uwpu), (udu), and (udp)}. The first
two reactions in this set are used to check the results of

previous Fock-Tani calculations.’'!!

p* + H(1ls) » H(ls) + p' Results

To check the approximation made in Ojha et al.’ in
which the internuclear potential was neglected for the
reaction p* + H(ls) » H(ls) + p* , the present program was
run with and without such contributions. The latter
reproduces the result of Ojha et al. to order 1/my., . This
small difference is presumed to arise from their approxima-
ting the Bohr radius by 1. The difference between the

differential cross sections for exclusion or inclusion of

the internuclear potential was of order 10 percent. At an

incident (C.M.) energy of 25 keV, the differential cross

section of the former was found to be 12 percent larger
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than the latter at zero mrad and 18 percent smaller at
3 mrad. Since the experimental differential cross sections

2 are for capture into all states, one

of Martin et al.!
should multiply the cross section for capture into n=1 by
1.2 (to account for -the 1/n® excited population) which
moves the present (corrected) result back into good
agreement with the data for angles .2 to 1. mrad at 25 keV,

.2 to .8 mrad at 60 keVv, and 0. to 1. mrad at 125 keV.
Furthermore, the inclusion of the p-p term removes the
slight oscillations found in Ojha et al. in these regions.

The present total cross section including p-p terms is

18 percent larger than when these terms are neglected. 1In
contrast, the first-order Jackson and Schiff® total cross
section, including the internuclear potential, is 1000
percent larger than the Brinkman-Krammers® result which
excludes this potential. Thus the orthogonalization correc-
tions inherent in the Fock-Tani representation, in addition
to giving a first-order total cross section which agrees
with experiment for a wide range of energies (greater than
10 keV), produces agreement at first order between |
experiment and Wick's expectation® that the internuclear
potential should play a negligible role in exact calcula-
tions of this process. It is interesting to note that
Bates!® predicted in 1958 that accounting for orthogonal-
ization would give such a resolution.

A check on the inclusion of the 3s, 3p, and 3d
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orthogonalization gives a difference of order 1 percent.
At 25 keV the differential cross section including these
terms was 1 percent smaller at zero mrad and 3 percent
larger at 3 mrad. The total cross section including these
terms was 0.3 percent smaller.

Finally, Girardeau'!" has raised the question of
whether the standard neglect of proton exchange is a valid
approximation. One can argue that the de Broglie wavelength
for these energies and masses is so small that exchange
would occur only in a direct p-p hit, giving a contribution
only at 180 degrees (CM),!® called a "knock-on" process.
This is illustrated in Fig. 1 for a semi-classical analogue
of electron (charge cloud) transfer between a pair of charged
spheres, seen in the lab frame. For impact parameters
greater than the bulk of the electron cloud the projectile
is hardly deflected by the nearly neutral atom. At such
distances the protons are clearly distinguishable. As the
impact parameter gets smaller, the projectile is deflected
further until the p-p direct hit limit, in which case the
projectile (plus electron cloud) is scattered at 180 degrees.
It is in the latter case that exchange becomes important
because the proton wave functions may have finite overlap
at closest approach. One can see from the experimental
differential sections of Martin et al.!? that the cross
section is sharply peaked around zero degrees so it is

plausible that the knock-on process is negligible.



85

FIGURE 1. Electron (charge cloud) transfer between a pair
of charged distinguishable spheres in the Lab
frame.
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However the statement, "exchange effects in electron
transfer occur only when the projectile is scattered at 180

* questions

degrees,” contains a contradiction. Girardeau!
how one could know that it is the projectile (plus electron
cloud) that is scattered back at 180 degrees, and not the
target proton (plus electron cloud) or a mixture, if the
two protons are indistinguishable. Exchange may have a
small cross section, but so does electron transfer.

Support for this concern and a prediction comes from
considering what an experimentalist observes in the zero
degree direction. If she sees a hydrogen atom traveling
with the same momentum as the incoming proton, the cross
section should contain interference between contributions
from electron transfer to a proton with large impact
parameter (distinguishable as proton 1), elastic scattering
of the target (plus electron) in the forward direction, and
a term identical to that for elastic scattering but with
the target and projectile exchanged, a rather novel method
of electron transfer. This is illustrated in Fig. 2.

If Fig. 2 accurately reflects the quantum process
then one would expect a discontinuity in the slope of the
experimental data very near the forward direction due to
exchange contributions to elastic scattering, in addition
to a smoother change due to direct elastic scattering
contibutions . The reason for an abrupt transition is that

there should be no exchange for "moderately small" angles



FIGURE 2.

Charge transfer including exchange in the lab
frame. The three boxed processes produce a

fast hydrogen atom moving in the forward
direction.

87
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because small angle scattering corresponds to large impact
parameters. As the angle gets smaller the associated
impact parameter gets larger so exchange is even less
important. As long as the impact parameter is nonzero one
would expect that the protons could recoil to avoid overlap
of their wave functions (presumed to be well bounded)
through the Coulomb interaction. But once the impact
parameter is "precisely zero" exchange effects should
"turn on" due to proton wave function overlap at a turning
point and through the possibility of tunneling. Of course
the terms "moderately small” and "precisely zero" are not
well defined in quantum mechanics. One should look for such
slope changes in the data at small angles to better define
these intuitive quantities. It is possible that the large
impact parameter scattering contribution could be large
enough to mask the direct elastic scattering, and the
latter could be large enough to mask the exchange elastic
scattering contribution. However, interference effects
(in the square of the T-matrix) might appear in the cross
section even if the magnitude of the latter is very small.
On the other hand, a theory which neglects direct and
exchange elastic scattering but is perfect in every other
respect would match the data at (experimentally defined)
moderately small angles but not at very small angles. The
theory would have no change in slope near 6=0, sudden or

otherwise.
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Figure 4 of Ojha et al.’ (Appendix A) shows the
experimental differential cross section of Martin et al.!?2
and what appear to be the best current theories for this
reaction at small angles, the Fock-Tani result and the
two-state atomic expansion (TSAE) of Lin, first published
in Martin et al. (Also Fig. 5 of Ojha et al. shows
excellent agreement with the experimental total cross
section of McClure!® for energies greater than about 10 keV
and the TSAE of McCarroll!’ match at even lower energies.)
Additionally, Fig. 3, below, is a reproduction of the
figures in Martin et al., include the continuum distorted
wave (CDW) and coupled-state (MS) theories. What is most
striking about these graphs is the universality of the
divergence between these theories and experiment for very
small angles at 25 keV and 60 keV. The theoretical curves
for all but the CDW are within the error bars at 125 keV so
that no conclusion can be drawn for that energy. Figure 4
is a linear-linear plot of the result of Ojha et al., the
TSAE ,and the present Fock-Tani result (including the
internuclear potential and the 3s, 3p and 3d orthogonaliza-
tion terms) for forward angles at 25 and 60 keV.

The theoretical results are nearly linear in this
region (although the result of Ojha et al. shows small
oscillations which are removed with the additions of the
present Fock-Tani calculation). The experimental points

are
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upwardly curving and perhaps showing signs of a sharper

slope discontinuity, depending on one's bias. The divergence
of experimental and theoretical curves in forward scattering
is marked enough to warrant a more critical examination of

the theories even if this divergence is not due to exchange.
et + H(1s) » Ps(1ls) + p' Results

Consider the reaction e* + H(1ls) » Ps(ls) + p* .
The differential cross sections at energies of 10.2, 20,
50, and 100 eV are given in Figures 5, 6, 7, and 8,
respectively. Figure 9 shows the forward scattering cross
section over this range of eneries. A comparison is made
between the present first-order Fock-Tani result (FT), that
of Ficocelli Varracchio and Girardeau (EFV),!! the first
Born approximation (FBA), and the distorted wave approxima-
tion (DWA) of Mandal et al.!®

The present result and that of Ficocelli Varracchio
and Girardeau do not agree. The results given in Ojha et al.’
for the reaction p* + H(1ls) » H(1ls) + p* were calculated
by three independent methods. In addition to the method
outlined in Ojha et al., the quantity A, of (4.22), can be
set to zero for energies less than 5 keV. This simplified
(4.26) so that Dr. Ojha was able to integrate analytically
for t from 1ls to 3d. In the third method, I wrote a program
based on (4.30) and the A=0 approximation, which gave

numerical results matching the other two. Because the
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present program is capable of reproducing the
pt + H(1s) » H(1ls) + p* reaction, it is also likely to
give the correct result for e* + H(1ls) » Ps(1ls) + p* .

Equations (24) and (27)in Ficocelli Varrachio and
Girardeau!! contain errors. 1In the former the
coefficient of B2 should be 8 rather than 2, and in the
latter the overall coefficient should be 2 rather than 8.
But mimicking these by altering the present program does
not reproduce their result. In any case, Professor
Ficocelli Varracchio has assured me that the program he
used has the correct values and that the discrepancy is
probably due to a lack of convergence of their integrals
and sums. (The program they used required much more
computer time than the present one because it could be used
for arbitrary initial and final atomic states.) Support
for this interpretation comes from an examination of
Figures 6 and 7. 1In the 100 to 180 degree region their
results show oscillations characteristic of convergence
problems.

Examining the total cross section, Fig. 10, it may be
seen that the present Fock-Tani calculation gives a larger
cross section than the first Born approximation, whereas
the result of Ficocelli Varracchio and Girardeau is less
than the FBA. 1In examining the differential cross sections
it appears that the present result should fall between their

result and the FBA. But a logarithmic graph can be deceiving
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because the fluctuations are compressed. A calculation of
the partial cross sections for the angles where FT > FBA,
FT < FBA, and the transition region show the expected
behavior. The sums of the results from these three regions
add up in such a way that the total cross section for the
FT result is greater than for the FBA except at 8.704 eV
(where the ordering is FT < FBA < EFV).

Comparing the FT differential cross sections with the
DWA and FBA results shows the former to be intermediate
between the latter two. The first-order Fock-Tani T-matrix
contains more physics than the non-orthogonal first Born
approximation. In subtracting terms from the FBA T-matrix
to make the incident plane waves orthogonal to the bound
states, the Fock-Tani result accounts for some of the
distortion that these incident (momentum) states should
contain. Therefore it is not surprising that the Fock-Tani
result is intermediate between the first Born and distorted
wave approximations.

The total Fock-Tani cross section is not between the
FBA and the DWA. There is a larger deficit for the DWA
differential cross section relative to the FT result at
large angles than for the FT relative to the FBA. And the
surplus for the DWA relative to the FT result at small
angles is roughly comparable to the surplus for the FT
relative to the FBA result. Thus, the integration over

scattering angles gives a total cross section for the DWA
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which is less than the FBA even though the FT result is
greater than the FBA.

As a final note, the addition of the 3p orthogonaliza-
tion term results in changes of order .1 percent. The 3s
orthogonality corrections to each of the two potential
terms are of the same order as the 2p corrections, but

since the former cancel each other they don't contribute.
(u*u~) from Muonic Hydrogen, Deuterium, and Tritium

A parallel to the formation of positronium, a bound
state of an electron and its anti-particle, is the formation
of the bound state (p*u™). This has been given the name
"mumuonium" because the more consistant name, "muonium”
was used in the naming of the (p*e”™) bound state.!® The
muon is believed to be identical to the electron in all
respects except that it is much more massive,

(my = 206.76859(29)me 2°), so that no hadronic interactions
cloud the tests of electromagnetic interactions involving
muons and electrons. Measurements of the Zeeman effect in
the ground state of muonium have provided the most précise
determination of the magnetic moment of the positive muon,

a key test of quantum electrodynamics (QED).?! But because
the Bohr radii for mumuonium (.00967265ag), muonic hydrogen
[(p”p*), .00538094], muonic deuterium [(p~d*), .00510877ag],
and muonic tritium [(u~d*), .00501824ag]?? are so much

smaller than that for muonium (.99518605), one would expect
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QED effects to be much larger. Indeed, the magnification
of the differences between energy levels in these muonic
isotopes might allow greater sensitivity in measuring
atomic hyperfine structure. Because the muonic hydrogen
Bohr radius is only 100 times the proton radius, Hughes and
Wu?® have noted that a state of the art?* calculation of
the ground state splitting, together with a precise measure-
ment, would be sensitive to models of proton structure. But
a consideration of the correspondence between the Bohr
radii of mumuonium and muonic hydrogen leads to an even
more intriguing parallel. Would such a calculation and
measurement process for mumuonium show that the muon is not
a structureless Dirac particle? The calculation would be
more difficult because one would have to consider the
question of structure for both muons.

Muonic hydrogen isotopes are also of importance in
catalyzed fusion, again because of the small Bohr radius.
One of the most interesting processes from the Fock-Tani
standpoint is the initial formation of (du), subsequent
formation of (dud)*, followed rapidly by nuclear fusion.
The muon is then free (f=87%) to catalyze another fusion.?2%
Charge transfer cross sections involving the (ped)*
intermediate state have been studied in Fock-Tani

6

representation by Hsu.? His techniques may be useful in

the catalysis reaction.
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The generalized program developed for the present
calculation could be used for a full set of reactions
involving positrons, electrons, muons, proton, deuterons,
and tritons at a later date. For the present consider only

the reactions

ut + (uph) > (wtu7) + pt, (4.39)
pt o+ (uTd*) - (wtu7) + at , (4.40)
and

pt o+ (uTth) > (wtuT) o+ et (4.41)

Figures 11 and 12 show the differential cross sections
for these processes at C.M. energies of 2.2024 keV and
25 keV, respectively, in first-order Born (FBA) and Fock-Tani
(FT) approximations. The former is near the energy of the
maximum in the total cross section for the proton case
(2 keV_pg). A comparison to the FBA and FT graphs
in Fig. 5, the differential cross section at an energy near
the positronium formation cross section maximum, 10.2eV,
shows many similarities. Likewise, a comparison of the
muonium differential cross section at about ten times the
formation maximum, 25 keV, and the corresponding positronium
differential cross section at about ten times the forma-
tion maximum, 100 eV (Fig. 8), shows similarities in overall

shape. Note that the Fock-Tani and FBA differential cross



0 &

10* g+ - p)=(n*u)+ p*
il R " " d.. "wow d,
..E — e e " "' | ] f’
..‘t}
~ B e B
33 __.__‘.-F...r."m"‘: Foa s
o 5 & — e e ® em— ﬂg:
10 FTi*
2 KeV Lab p*
2.090l Labd*
2.2024 KeV cm
e 195 KeVLabt*
10
167 e

20 30 40 50 60 70 80 90 (00 IO 120 130 140 150 160 I%O FBO
Ocm(deg)
FIGURE 11. Differential cross section for mumuonium formation at 2.2024 keV.

The solid, dashed and dot-dashed curves are for muonic hydrogen,
muonic deuterium, and muonic tritium, respectively.

10

¥0T



i0°

FBA and FT results are indistinguishable at this scale

25 KeV

— et ) ()’
———— ¥ " " now d*

ol yre—} o " u [

10 20 30 40 50 60 70 80 90 100 10 120 130 140 150 160 (70 180
0., (deg.)

FIGURE 12. Differential cross section for mumuonium formation at 25 keV.

The solid, dashed and dot-dashed curves are for muonic hydrogen,
muonic deuterium, and muonic tritium, respectively.

SOT



106

sections for mumuonium are indistinguishable at these
scales at 25 keV. This correspondence is not sur-

prising considering the mass-scaling property demonstrated
for the FBA total cross sections by Ma et al.?’ and by
Ohsaki et al.?® using a classical-trajectory Monte Carlo
(CTMC) method.

As a final note on the differential cross section for
these reactions, running the progrém at threshold (to error
of order 0.00001 keV) produces an essentially constant
value for all angles in both the FT and FBA theories. This
is physically reasonable since at threshold the final
momentum is zero and one has difficulty in even defining an
angle between incident and final momenta. What is
surprising result is that the FT result, 3.1x107°

"1 | by three orders

exceeds the FBA result, about 2.x10
of magnitude. A check on the positronium formation

reaction produced FT and FBA threshold (.00680 eV) values of
2.x1072 and 5.x10™% , respectively. The cross section

for muon capture from muonic hydrogen by a positron at
threshold (2.5172 keV) gave FT and FBA values of approxi-
mately 3.6x10°8 and 3.7x107% , respectively. So the
relative values appear to be mass-dependent. A broad

survey of charge transfer reactions of this type could give
a resolution of this dependence. Until this is done one

should be cautious in accepting these threshold values.

Table 1 shows a comparison of the present first-order
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Fock-Tani and FBA total cross section to the first-order

? and to

distorted-wave approximation (DWBA) of Ma et al.,?
the CTMC of Ohsaki et al.2?® The present FBA agrees with
the result of Ma et al. except at 1.13 keV. This is probably
because the energy they list is rounded to three places
from the energy they calculated with, the cross section
being very sensitive near threshold.

The FT and DWBA give remarkably good agreement for
energies 1.7 through 7. keV , the range spanning the
maximum in the cross section . This is much better
agreement than for the positronium case, perhaps due to a
somewhat different choice of distorting potentials.

Table 2 compares the muonic hydrogen, deuterium, and
tritium cases. The total cross section is sensitive to

variation among the heavy isotope initial states only

near the threshold energies, which are

1.12189 keV 55 (1.23544 keViy) for muonic hydrogen,
1.25729 keV g (1.32434 keVyy) for muonic deuterium, and

1.30465 keV pg (1.35195 keVcy) for muonic tritium.

(Ma et al. use 1.13 for the hydrogen case.)

Therefore, since the differences in the momenta of the
bound muon will be small, the ratio of projectile momenta
to the probability of capture will be nearly the same
except near threshold. A graph of the results of these

tables is given in Fig. 13.
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Total Cross Sections for Reaction (4.39).

Lab Energy of FBA FT DWBA 2’ cT™C”
Projectile Tag?
1.12190 1.090-10 1.608-7
1.13000 9.928-7 1.285-5 1.47-10
1.20000 2.445-5 5.234-5 4.80-5
1.70000 1.617-4 1.772-3 1.79-4
2.00000 1.768-4 1.869-4 1.89-4
2.40000 1.670-4 1.738-4 1.75-4 4.-5
3.60000 1.046-4 1.085-4 1.09-4 3.8-5
5.00000 5.667-5 5.890-5
6.00000 3.745-5 3.893-5
7.00000 2.538-5 2.638-5 2.79-5 1.8-5
10.00000 9.057-6  9.402-6
20.00000 7.506-7 7.878-7 9.76-7 4.8-7
100.00000 3.467-101 3.471-10 6.02-10

*Estimated from graph?®.

TThe value given by Ma et al.?? is 3.48-10 .

The notation 1.234-5 means 1.234x10°
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TABLE 4.2 Total Cross Sections for Reactions
(4.39), (4.40), and (4.41).

100.00000

3.467-10T7 3.471-10

6.02-10

hydrogen deut?rium tri?ium
Lab Energy of F% FéA F+ FéA F}
Projectile mag?
1.70000 1,7%2-3 1.075-4 1.173-4 2.456-5 7.133~5
2.00000 1.869-4 1.367-4 1.468-4 1.232-4 1.317-4
2.40000 1.738-4 1.420-4 1.513-4 1.323-4 1.421-4
3.00000 1.240-4 1.317-4 1.192-4 1.276-4
3.60000 1.085-4 1.005-4 1.066-4 9.834-5 1.051-4
5.00000 5.890-5 5.819%5 6.159-5 5.840-5 6.222-5
6.00000 3.893-5 3.970-5 4.193-5 4.03345 4.,285-5
7.00000 2.638-5 2.760-5 2.309-5 2.831-5 3.000-5
20.00000 7.878=7 9.459-7 9.975-7 1.026-6 1.084-6
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CHAPTER V

POLARIZED WAVE FUNCTIONS FOR A HYDROGEN ATOM

COUPLED TO A KINETIC EXTERNAL CHARGE

Introduction

The wave functions used in the first-order calculations
ignore the distortion effects present in a system
consisting of an atom and a charge. A comparison of the
results of Ojha et al.! (see Appendix A) to the
experimental data shows a lack of fit in the low energy
region, where polarization feedback effects have more time
to develop, and at larger angles, corresponding to smaller
impact parameters, where all interactions should be
greatest.

‘There has been much research done on the polarization
problem. The polarized-orbital method was introduced by
Bethe,? and revived by Temkin® and Callaway.* It is
continually being modified and extended by various
authors.® The essential approach is to calculate the
polarized wave function of an atom in the presence of a
fixed charge,®'’ and from this the polarization potential
in which the projectile moves. The wave function of the
projectile is then found by numerical’ or analytic®

techniques. Seaton and Steenman-Clark,? using a
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close-coupling scheme, and Drachman,'? by means of Feshbach
projectors, have been able to include non-adiabatic effects
in the polarization potential.

A self-consistant field theoretic approach!! shows
great promise and has been applied within the Fock-Tani

? His preliminary

representation by Ficocelli Varracchio.'®
calculations of the s-wave phase shifts for elastic
positronium scattering from hydrogen!® show qualitative
agreement with the benchmark variational calculations of
Bhatia et al.!* Further agreement might result from, among
other refinements, inclusion of distortion in the propagator
for the projectile.

In this chapter, a wave function will be found which
contains distortion effects in both the atom and a moving
projectile. It should be useful for refinement of both the
polarized-orbital and field theoretic methods, as well as

for refinement of the first-order Fock-Tani results of

Chapters III and IV,

The Kinetic Equation

The problem involves a solution to the continuum
Schrodinger equation for a system comprised of a moving
charge and an atom in its ground state when the charge is
at infinity. One cannot use bound state perturbation
theory for this system since there is no energy shift in

the system as a whole. But one can turn to scattering
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theory to solve for the Lippmann-Schwinger in-state,!®

+ +
Ix;> = 16;> + GgVIx;> 4 (5.1)
where
Gt = (E - H, + ie) o (5.2)

0~ 0 ! :
E = Ei = Ef o (5.3)

and where the asymptotic state is defined by

in the limit € » 0%. The out-state is similarly defined,
but with the opposite sign for e.

Upon iterating (5.1), one produces the Born series

+ + . +
|¢i> + GOV|xi> + GOVG0V|¢i> + ... (5.5)

>
e +

v

1]

(1) (2)

19> + Ix; 7>+ Ixg7>+ ... (5.6)

Equating these two forms, term by term, produces the

set of differential equations to be solved, (5.4) with
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. (M. _

(Ei - Hy + 1e)|xi > = V|¢i> (5.7)
. (w) =

(Ei - HO + IE)IXiw > = lef,lw P >, for w>1 . (5.8)

Note that if one adds a term proportional to |¢;> to the
left-hand sides of each equation in (5.9) one still has a
solution [because of (5.4)]. These proportionality

constants are chosen so that
<p. 1x™")> =0 . (5.9)
i Y 55 "

To solve (5.7) a position dependent Dalgarno and

Lewis® operator, F, is introduced, defined such that

{[F,Hol + isF}I¢i> = Vl¢i> . (5.10)
Then
{FEi - HyF + ieF} = vl¢i> ; (5.11)

(5.7) and (5.9), give
(e = -
|xi > = F|¢i> <¢i|F|¢i>|¢i> . (5.12)

The Dalgarno and Lewis approach avoids the infinite
sums and integrals one gets with an eigenfunction expansion
of (5.7). In addition, solving the differential equation
(5.10) is generally easier than solving (5.7) because F
commutes with all potentials in Hg on the left-hand side of

(5.10). Furthermore, one can operate with Hg and factor out
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the common |¢j> from both sides giving

{AM[R]+LI[T]}F =

IMVE + 28p V) + (V2 + 2§rj-vr)}F(§.r)
= -2P,V/Z, , (5.13)

where A = m/M , POE ZAm (m=1/ao), and where the G-operators

are defined by

- = . .. (5.14)
693 = (1/¢J)Vp¢]

In particular, for the present case (2.20), (2.21), and

(2.23) give

3>
<Rfl¢.> = (2m) /21K *R(g)-1/24-Por (515}
so that
Gg i = (iK-RIR and G, 100 (“Pgr . (5.16)

Chapter II contains a generic initial- or final-state
Hamiltonian, (2.25) together with (2.26), for which we define
V as the second two terms. It is convenient to scale the R

coordinate vectors in this equation as

> § -»> ﬁ
Rp = c(1-v) and Ry = &5 (5.17)

where for initial states
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1 d L (5.18)
c = +1 , an v o= - .
m* my
and for final states
m3
c = -1, and T e (5.19)
my+ m,

Now one can expand the generic V in spherical harmonics,

2 2 ')
ﬁ + _ @® 4T ZAZP(_l) S< _ ZP t< * (ﬁ)Y (A)
V(R,r) = z +1 2+1)Y2m am T/ v
2=0 m=-2 22+1 (l-u)sj vt

(5.20)

where s_ (s ) is the lesser (greater) of R, and r and

t. (t)) is the lesser (greater) of R, and r. Notice that

for R > vr > (1-v)r, the monopole terms of V exactly cancel
if Za = 1 , since
_ al.c0 0 -
ZAZP( 1 R Zpr zp(zA 1)

(1-v) IR/[c(1-v)11' ~ wIR/(cv) It - ' (5.21)

so that the largest contribution from the inhomogeneous
source in (5.13) arises from the dipole (2 = 1) term in V.
In fact one would expect, physically, that an external
charge would induce a dipole moment in a spherically

symmetric charge cloud.
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The Large R Solution for the Multipole Terms

Equation (5.13) is solved by superposing the solutions
for each source term of. Consider first the solution due
to the multipole terms of V for the region Rj > r . The

equation to be solved is

(V2 + 2§Rj-vR) + (V2 + 2§rj-vr)}F>(§,?) = {AM[RI+L[T]}F =

VA e 2

L 9%
P 47 u'r X e -
-2P N5— ) —— == v, (R) Y, (r) , (5.22)
07Zp 921 m=-g 2¢+1 gL AT AW
where
n=1{2a, -1} , wu={-1, +1} , and R = {R],Rp} (5.23)

for the first and second terms of V, respectively.

If the angular parts of F>(§,?) are expanded in
spherical harmonics with indices #m and LM, one finds that
only the 2=L and m=M terms contribute, and that the

radial part is independent of m, so that

Z ® '3
> >y _ P 4
F. (R,T) = 2P N>

B A 2=1 m=-2 22+1

Yo (Ror)Y, (R r
M cv R>r Ylm(R)YQm(r) 7
(5.24)
where 1 is shorthand for the dependence on {nukPg} and
v=t%. Substituting (5.24) and (5.15) into (5.23),

operating on the spherical harmonics with V2%, equating

left- and right-hand sides, what remains is
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)
= - L ___
{va[R] + Lv[r]}cv(R>r) = T (5.25)
where
2 PS
M IR] = 2 4 (1 4+ jR.r)d - R(84D) (5.26)
9R? R oR R?
and
2
L lr] = R S PO)E— o A(e+l) (5.27)
or? r or r?

The method of solution is to expand ¢ in the
arbitrary parameter A [given by the mass ratio m/M of
(2.26)], equate equal powers of A, and solve the resulting

additional perturbation series order by order. Let

z = g% agMse a2y L (5.28)

Then one has the set of equations

)

Lv[r]cg”(R>r) - ek (5.29)
2+l

and

Llrlz{ (Ror) = - M[R1Z{"" (R>r) , for  w>0 . (5.30)

6 contains

Bound-state double perturbation theory,}
energy shift integrals to be calculated at each order for
each perturbation expansion. Such coupled expansions must
be solved simultaneously, to the same order. 1In contrast,

the nested perturbation approach of the present method,
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expansions (5.2) and (5.28), contains no such energy terms
so that an infinite-order solution of this expansion is
possible. 1Indeed, an infinite order solution is realized
for the present case of kinetically polarized s-state wave
functions.

Equations (5.29) and (5.30) can be solved by defining
(w) ~ (W) (w)
Zy (R>r) = g (r)fv (R) . {5.31)

Then (5.30) separates into the set

(0) _
Lv[r]gv (r) = r’, (5.32)
o if £V (r) =0

(w) J
L [rlg (r) = for w>0 , (5.33)
Vv v
—g(wq) (r) otherwise
£00)(g) = & and (5.34)
v L+l °
R
£ (R) = M[R]f{j"”(n) , for w>0 . (5.35)

The r-Dependent Solution

Because the solution to (5.32) generates a source for

the w=1 equation (5.33) that is a polynomial, and the
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solution to the latter, in turn, generates a polynomial
source for the w=2 equation (5.33), one should solve an

equation for a generic monomial source,
(w) _ _ A+w
Lv[r]hv (r) = -r . (5.36)

and then superpose to obtain the solutions to (5.32) and
(58331

The indicial equation associated with (5.36) has roots
r = & and -2-1. Each differs from w + & +2 by an integer,
admitting a particular solution containing an 1n? term, a
logarithm multiplied by a series and a pure series!’. One
must eliminate the logarithmic terms on the physical
grounds that the wave function should be non-singular at
r=0. It will be shown in (5.41) that the coefficients of
the remaining series are greater than the corresponding
coefficients of the expansion of exp(+2PgR), so the
exponential fall-off of the hydrogenic wave function, which
multiplies the polarization correction, is not sufficient
to guarantee that the resulting function is finite for
large r . We must therefore truncate the series at some
point. Because (5.36) gives a two term recursion
relation, this truncation causes all coefficients of terms
with an exponent j>w+l to be zero.

Let
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(Y

(w) & w _+q (5.37)
h"'(r) = ) a_ r . :
i g0 *
Then
(w) T a¥ 2+ q( +20+41)r %= 2P (2+q)r 1} =
L 83" r) = %)aq r qlq o{2*q
qa

where we have used the identity,
q(q+22+1) = (2+q) + 2(2+q) - 2(&+1) .

Equating powers of r on the left- and right-hand sides, one

has

a;= 0, for q > w+l , (5.39)
W 1

Au+l ~ ZPO(z+w+1) , and (5.40)

(g+l) (g+28+2)

w

w 1
aq = aq+l 2P0(1+w) ’ for q < w+l . (5.41)
To solve for the zeroth- and first-order g's, one needs
0l
0 0 2%+1 1
% = 21 2p0 = 2p28 Gewh!
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1 —1
82 5 2P, (8+2) (5.44)
. 1 _2(22+3) 20+3
%17 %2 2P (e+1) T 2Py %(R+1) (R+2) (5.45)
and
1 1 20+2 20+3
8 = 3 2P % T 2P, (8+2) (5.46)

Then the solution to (5.32) is immediate:

(0) _ n(0) _ .02 0_2+1 _ 0.2 0_2+1
g, (r) = hv (r) = apr- + ajr = Dyr™ + Dir

L r2.+1

Tt =) - (5.47)

1
2P

(E
0 Fo
Substituting (5.47) and (5.34) into (5.31), substituting
the resulting expression into (5.24), and setting n = -1
and 4 = +1 (t for the second term of (5.20)) gives

Zp

)

rz r2+1 1
1[§ai i R22+1P2(cose) ' (5.48)

@®
> -+
Fo(R,,T) = )
which is the adiabatic result of Dalgarno and Stewart.'?®
Note that in the limit mj; + «» (so that R} + =) ,
Fi(ﬁl,?) + 0 . It is shown in (5.72) that fS”(R) =0
for w>0 if the momentum vector, K, is zero. Then (from

(5.33)) g;y)(r) =0 for w > 0. So the (present)
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non-adiabatic exterior solution has the proper adiabatic
(and infinite nucleus mass) limit.

Now the first-order equation (5.33),

Oy L M Ly L ORI 1
Lv[r]gv (r) = - g, (r) = Dygr'+ Dir ; (5.49)

has a solution, given as a superposition of solutions to

(5.36),
(1) o i ae) 0,.(1) - (5.50)
g, (r) = Dohv (r) + Dlhv (r) .
Pt O S O N !
0_1_2 0_1_82+1 0.1 _2+2
+ Djagr” + Djajr + Djayr (5.51)
» 1. R 1 o+1
Eokgpr - v b ¥
1.2 1 _2+1 1 2+2
+ Clor + Cllr + Cyor (5.52)
= D%rz + Dir2+l + D%rm+2 < (5.53)

This pattern also continues for w > 1 , so that the

general solution to (5.33), for non-zero f's, is
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w+1
(w) = w _L+t
ge WEL * ] DEHERE, (5.54)
t=0
where
Bis el 0 _ _0 '
DO = ao ’ Dl = al ’ _ (5.55)
w - w
BEVE R B for w > 0 , (5.56)
u=t-1
w -
C_1 ¢ = ;1 (5.57)
and
w _ w-1lu 5
Cyt = D, "a; . for u > -1 . (5.58)

The a's are given by (5.40) and (5.41). The Pp and %
labeling for the a's, C's, and D's has been suppressed for
simplicity.

The solution for the ns wave function, n>1, follows
this pattern but with (5.39), (5.40), (5.41), and (5.55)
altered due to the changes in the sources and in (5.14).

Using these definitions,

(5.59)
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€10 = 21%0 ~ 4P *e(2+1) (2+2) (5.60)
1
T ey
o1 = 2021 T 4pyta(g+l) (5.61)
2P+3
g
€11 = 2121 ~ 4p*(2+1) 2(2+2) ° (5.62)
and
1
kr. SO} &
€12 = 2122 7 4p 2 (2+1) (242) ° (5.63)
These give
1 1 1 20+3 302+60+2
G $'& 4P0“2 (g o (1+1)(g+2)) - 4PO“12(2+1)(1+2) : (5.64)
TR T TrTOUN § 28+3 302+68+2
Dl = 4?03(20"'1) [2 + (z+l)(z+2)] = 4P032(2+1)2(2’+2) ’ (5.65)
and
5
Dy = C;5 (5.66)

which is given by (5.63).
Substituting these coefficients into (5.54) gives the

r-dependent part of lowest-order kinetic contribution to
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the polarized orbitals (5.2),

1 38246442 rv A1 g+2

(1) ¥
g, (r) = 4P, 2 (8+1) (2+2) { Pyt [poz 7512 S

(5.67)

Note that the term in square brackets is proportional to
g;?)(r) , but this pattern does not hold for w>l. This result
multiplied by the ground-state wave function is proportional
to the function given in Seaton and Steenman-Clark® (their

Equation 4.7) from a similar iterative solution for only the

r-dependent part.

The R-dependent Solution

Solutions to (5.35) generate operands for the next-
order solution which are sums of inverse powers. Again one

starts by defining a generic solution:

I;f)(R) £ M[R];E%; = (5.68)

_ (2+w) (2iK°*R) . w(w+20+1) - 2(8+w)
R2.+w+1 R9,+w+2

(5.70)

A\ \\4
el _Cwez (5.71)
R2,+w+1 R2.+w+2 3 -

Note that the second term is zero for w=1l, so that the
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R-dependent part of the lowest-order kinetic contribution

to the polarized orbitals is

(1) e S (2+1) (2ik°R)
£0(R) = L (5.72)

>

For k = 0 , (5.35) gives fS“ (R) = 0 for w0 . Then from
(5.33), gS")(r) = 0 for w>0 , which is the conventional
adiabatic result'? in the limit m; » = .

In applying (5.35) for successive w's, one can see that

the general-order solution is

(w) 22w % 1

£ (R) = B " (5.73)
> v=w+1 o R L+v

where

By =a by (5.74)
w+l w w+l ' ¥
Wkl Cg-2 W=lsg=d

By =B > bq * Bgo1 bq ’ for w+l<g<2w , £5.75)

-1 2w-2

B, ~ By sy BELET for w>1 , (5.76)
and

Bg = 1. | (5.77)

The b's are given in (5.70). The k and & labeling of
the B's and b's has been suppressesd for simplicily.

Substitution of (5.73) and (5.54) into (5.31), (5.28)
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and (5.24) gives the complete series solution to the
large-R part of the kinetic polarized orbital problem. A
computer can easily handle the calculation of coefficients.

One must still consider whether the series converges.
In the region r<ag<R (ag=1/Pg) succeding terms go as
[Ak(ag)2/RI¥ (or as k[)\(ao)Z/Rzlw for small k), in leading
order. For a hydrogen bound state and a positron external
charge, A = m/M = 1-e? (e=1/my.) and ag = l-e. For a
positronium bound state and a proton external charge
A = 1/4 and ag = 2 . For charge transfer the final
momentum is of the same order of magnitude as the initial
momentum so the solution for both cases must be restricted
to the region R > agp’k . The range of incident kinetic
energies in the lab frame (= the CM energy) for charge
transfer are 6.8 eV to about 50 eV, corresponding to k = .7
and 2., respectively, in atomic units. So the series
converges within the same region in which the particle at R
can (semi-classically) be said to be outside of the atomic
cloud, self-consistant with the region in which the
solution was developed from (5.22).

For a proton incident on a hydrogen atom, A = 2e. So
the series converges for R>ag?k/918. For resonant charge
transfer, the first-order cross section is appreciable for
lab kinetic energies < 100 Kev, or for k< 2. 1In such a
case the series converges rapidly, requiring at most the

w=1l term. In fact, the series converges at energies to
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774 MeV, far beyond the range of validity of a non-
relativistic theory. Indeed, one would expect that the
corrections to the momentum eigenstate, of one proton
relative to the other, would hardly be affected by atomic
polarization over a wide range of high energies.

What is surprising in the present result is that the
polarization corrections to the R and r parts of the wave
function increase rather than decrease with k . However,
Seaton and Steenman-Clark?® and Drachman!® calculated the
non-adiabatic correction to the asymptotic effective dipole
polarization potential (in the close-coupling and Feshbach
projector methods, respectively), and obtained a result

which is also proportional to k? .

The Kinetic Polarization Potential

The quantal virial theorem'® will be used to
calculate the lowest-order non-adiabatic correction to the
polarization potential for the present formulation. In
deriving the set of perturbation equations (5.4), (5.7),
and (5.8), an energy shift was not defined because in a
scattering process the energy of the system as a whole does
not shift. However it is correct to say that there is a
change in the energy of the atom as long as one sees that
this energy shift is compensated for elsewhere. The change
in energy of the atom will be calculated as a function of

the distance to the external charge.
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The standard first-order energy shift for the atom is
found by taking the expectation value of the potential
between zeroth-order wave functions and integrating only
over the atomic coordinates (the momentum wave functions

cancel),

eV (R) = <4, 1VIg.>_

il

<u [Viu > . (5.78)
nim nim

This is just the static potential for elastic scattering.

For n=1, this is given by

0'1s

Z,Z 1s Z 1s
g (R) = v (B - 1§up PWis(R)) _ Up PoWig (R,) . (5.79)

where R;, Ry, and v are given by (5.17) through (5.19), and

=1 - L
P, ls( p) = 5 exp( ZPOp)(P0 + p) . (5.80)
If one takes the limit m; - ®, then v > 1 and
z,Z z ls
BV(R) » AP _ BPW(R) (5.81)

R v

which is Robinson's result?? for the static potential. In
addition to this limit, Dalgarno and Lewis® also neglected
the exponential terms in their result. For Zp = 1 ,the 1/R
terms cancel, leaving only the exponential terms, as in

21

Joachian's version for Zp = -1 .

One can check the importance of the the inertial
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potentials, W, of Chapter II by calculating this energy
shift starting with the symmetrical reduced Hamiltonian,
(2.22), but neglecting W. One recovers (5.20) because u3
of (2.22) equals m of (2.25), and since the kinetic energy
of the external charge does not enter in. This approxima-
tion differs from the exact result in that the exponential
in R} is neglected. So for such a problem one can conclude
that the momentum dependent potentials can be neglected for
external charge radii of order R > 1/2m, .
It is interesting that for the case of positronium,
(e*e”™), and mumuonium, (u*up~), atoms, Zp=1 so that the
monopole terms of (5.20) cancel. Furthermore u=1/2 gives
Rj= Ry, so that the exponential terms also cancel, giving a
zero first-order energy shift for positronium and mumuonium.
Dalgarno and Stewart!® noted that the ntP-order wave
function gives the (2n+1)St-order energy shift. The
expectation values of the positions of electron and atomic
nucleus are two diffuse spheres superposed with a common
center. For the positronium case the spheres are identical,
whefeas for hydrogen they are of different sizes. A semi-
classical snap-shot would show, on the average, positions
for the two particles which are not charge symmetric
relative to the average center-of-mass for the hydrogen
system, the origin of the two spheres. But positronium has
the added symmetry of a balanced charge distribution, on

the average, relative to the center-of-mass. Consider a
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classical analogue consisting of two oppositely charged
particles fixed to the ends of a rigid rotor of constant
angular velocity, pivoting about the center-of-mass. The
inverse-square force between these charges and an external
charge would yield a net attraction for the case of unequal
(rotor) masses, in a time average, and no net attraction
for the equal mass case.

Equation (5.78) is a positional average of the
attraction of the "external" charge to the system decribed
by the zeroth-order wave function, so that in cases where
the centers of mass and charge are identical, one would
expect no first-order energy shift. Furthermore, since the
first-order wave functions contain polarization, which is
eight times larger for positronium than for hydrogen, one
would expect second- and third-order energy shifts to be
larger for positronium. This is confirmed in (5.85).

The second-order energy shift is given by the
expectation value of the potential between zeroth- and
first-order wave functions. Again we want this as a
function of R so integration will be only over the r
coordinates (the momentum wave functions cancel). Then

the polarization energy is
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B2 (R) = <o, IVIx}"

= <un2m|V(F - a)lu (5.82)

>
nm ’

where

a=<¢ IFlo > . (5.83)
1 1

In the limit m) + «», and neglecting any terms in exp(-R)

arising from the part of the r-integrals where r>R,

2, @ 2 2+1
P r 3 1
F(R ,F) = = y I + ]
Zy 921 Py2 e+1 R¥+1
L 2+1 L A
A 32+62+2, r r 2+2, ikeR
< P, (2+2){ Py2 [Pol i =3 LI (RN ;Iri]Pg(COSG)
(5.84)
and
@®
V(R,r) = - 2 L+l P, (cos@) . ' (5.85)

Then the lowest-order kinetic contribution to a of (5.83)
will be of order 1/R" (2=2) and is, therefore, neglected in
comparison to the lowest-order kinetic contribution from F
(2=1) . Then the second-order (polarization) energy (in

the large R approximation) is
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7 2 g 3 > A
g2 (R) = - 203 _ 1297 ikeR, (5.86)

" & 2 5
ZA 4R 12P0 R

As noted earlier, the second-order energy shift is
eight times larger for positronium (where ag=2) than for
hydrogen. The first term (when multiplied by 2 to change

9 These

to rydbergs) is given in Dalgarno and Stewart.'
authors previously!® showed that the quantal virial theorem
is satisfied by the zeroth- and first-order wave functions

so that the potential energy is given by

_ 3E
W(R) = 2E + R TR* (5.87)

Then the polarization potential in which the projectile
moves is given by the second-order term in this expression

divided by the charge of the projectile:

Z_.a 3 .->."
P70 9_ _ 1291 ik°R, (5.88)
2R* 4P02 RS

v(2)(R)

Zp

The first term is the well-known adiabatic polarization
potential, where Zp= -1 in Seaton and Steenman-Clark? and

© Like these authors' results, the present

in Drachman.!
non-adiabatic correction is an increasing function of k and
leads to a repulsive force, which is an indication that the
k-dependence of (5.73), though counter-intuitive , is

qualitatively correct. However, the present non-adiabatic
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correction enters in at a slightly lower order in 1/R and

is dependent on k rather than k? .

The Small R Solution for the Multipole Terms

One can formally develop the R<r multipole solution
using the same expansion, (5.28), as for the R>r solution
by interchanging R and r in the source terms of (5.22)
through (5.35). However, (5.35), in which there are no
boundary-condition choices to be made (no constants of
integration), inevitably gives terms which are singular at

the origin of R. The function

. P

£V(R) = 2i 2 - 2(a+1) (5.89)

R

B

is singular at R=0 unless %2=1. Furthermore, for %=1,

£2°(R) = -4iK-R/R? (5.90)

is singular. Because succeeding w's are even more singular
this approach doesn't bear fruit unless the dipole approx-
imation is valid and A is small enough to neglect terms
with w>1 .

An alternate possibility would be to interchange the
roles of L and M [(5.26) and (5.27)] so that one can choose

boundary conditions for the f's. This is done by expanding
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z< = gO% 1/ M 1z D% L, (5.91)

and defining
(w) - < <
gy (Rer) = ¢S (0)£™)° (R) (5.92)

The solution is then given by the replacements

g;w)<(r) - £ (R and  £9° (R) = g (r) (5.93)

>

0 -ik*R -ik*R 0
where the % dependence is not shown.

However, this solution also has its problems. The
expansion coefficient 1/\ is greater than one. And one
would expect the adiabatic limit (k+0) to be the ground
state of the H; molecule. In fact the adiabatic limit
diverges term by term as 1/k2V !

It should be noted that the expansion in A, (5.28), is
not the only way to solve the large R equation, (5.25).

One can expand ¢ in a series of increasing powers of 1/R,
with coefficients that are functions of r. The first two
terms in this series are identical to the first two of
(5.28) because the second term of (5.71) is zero. However,
higher-order terms involve mixing of the g!*)'s so that
discerning a general series would be much more difficult
than the decoupled (product) solution, (5.31).

Likewise, for the small-R case, the alternate expansion
of ¢ in powers of R with coefficients that are functions

of r gives the same result and, hence, the same problems.
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The small-R part of the multipole problem appears to
be unsolvable by obvious means. So one must be satisfied,
at present, to approximate the polarization part of the
wave function with the R>r solution restricted to the
region essentially outside of the densest part of the
atomic electron cloud; R>5ag . A number of authors?? use an
adiabatic wavefunction which is cut off in this way. So

the final, approximate solution is
F(R,T) = FO(R,DoR-T) , (5.94)

where 0@ is the Heaviside step function.

Higher-order Terms

The solution to (5.7) in the large R (external charge
coordinate) limit, effectively useful for R>5ap, is now
complete. The solution was explicitly labeled initial,
but is the same for final states as well, with the alternate
definition of v in (5.19). Because there are no energy
shift terms to calculate the present machinery can easily
be applied to the solution of the second-order equation,
(5.8) with w=2 . Define a position-dependent Dalgarno and

F(2)

Lewis® operator, , such that
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([F?, 1] + ieF}lo,> = Vixi" > . (5.95)

One can again factor out the exponential parts of the wave
function on both sides and solve for the rest. The seed
equations, (5.32) and (5.34), will have more complicated
sources. But using the superposition principle, together
with the generic equations, (5.37), (5.38), and (5.68), the
problem is reduced to a matter of efficient bookkeeping.
And given this solution to (5.8) for w=2, one can solve for
w=3 and so on. Thus continuum perturbation theory is
necessary for a solution to this problem. But since it
generates no energy shift terms (found in bound state
perturbation theory), this form of perturbation theory

actually facilitates a solution to arbitrary order.
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CHAPTER VI
HIGHER-ORDER EFFECTS IN FOCK-TANI REPRESENTATION

Introduction

The first-order Fock-Tani results! for the reaction
pt + H+» H + p* match the experimental data?'® well for
differential angles less than 3 mrad and for energies
greater than 10 keV., The improvement over the first Born
approximation is due to the inclusion of higher-order
effects within the first order Fock-Tani T-matrix. Because
the orthogonalization.corrections of the Fock-Tani theory
remove the double counting of the plane-wave states
superimposed over the bound state, which occurs in conven-
tional representations, the Fock-Tani T-matrix may be
considered as a type of distorted wave T-matrix. It would
be desirable to account for additional sources of distortion.

In this chapter the framework for a distorted-wave
T-matrix is developed, and the solution to the equation fdr
the distorted states, which includes some additional effects
to infinite order while neglecting others, is outlined.
Finally, a method for including these neglected terms to

second- and third-order is considered.
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The Distorted-Wave T-matrix

Girardeau's development® of a distorted-wave
T-matrix, which accounts for some initial- and final-state
effects to infinite order and the remaining terms to arbi-
trary order, is presented. However, the result is extended
to the case where there may be different distortion poten-
tials for initial- and final-states. One starts with the

general definition of the T-matrix from Chapter IV:

N+
Tei= (61VIV]) (6.1)

where the final asymptotic state, (¢fl, is given by (3.73),
the Lippmann-Schwinger in-state, lw;), is given by

+ A4D L+
and V is given by (3.57). In this equation the initial

asymptotic state, |¢j), is given by (3.71) and

80 <k = §0+ ie) , (6.3)

~

where the limit e+0% is implied and Hg given by (3.56).

If the full potential is split into initial-state distortion
terms and a remainder,

¥aV,+0

d (6.4)

d 14

then one can define a distorted initial state by
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+ +d)

oValx; ) - (6.5)

Ixi%) = 16;) + &

One may also split the potential into final-state

distortion terms and a remainder,

V=V, + U, (6.6)
where b may or may not equal d. Then one defines the final

distorted state as

_bl

_ __b A Ay

Substituting (6.7) and (6.2) into (6.1) and rearranging

terms gives the conventional two-potential T-matrix,°®
_ _dA + _d/\
Tep = (GO0 10D + (GE IV 1e,) (6.8)

Since ionization and recombination terms are allowed in
the distorting potential, the second term is not zero.
Equating l¢3) in (6.2) and (6.5), using the operator rela-

tion (AB)™' = (B"')(A”') one can show that

lv])

1

(E - Hy -V + ie)"(E - Hy = Vg + ie)lx;d)

~+d” -1, +d
(1 -6 Uy 'Xi)

~+dn ~+d” ~+dn +d
(1+6 Ug+G UG Ug+ .. dix; ), (6.9)
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where the distorted-wave Green's operator is given by

¢td - (& - ﬁo - Vg o+ i) (6.10)

Then the distorted wave T-matrix, which now includes
distortion interactions to infinite order in the initial,
intermediate, and final states and in the distorted-wave

propogator 8+d , is given by

_ (o-bin +d -b, & -b;n a+ds | _+d
Teo = OGRIO IS + (XE2IT 18,0 + (xp210,6740,1x(D)

+ (xgD10,6' 90,6, IxiD + . . .. (6.11)

The choice of what to include in Vp and Vg is
physically motivated. It is found that some terms that are
initially included in Vp and Vg must later be neglected.

These should be shifted to Up and Ug, respectively.

Determining the Distorted States

First the Fock-Tani potential is rewritten in a short-
hand form, where the left and right hand subscripts indicate
the creation and annihilation operators found in that term
of V [e represents a continuum electron, & an electron
bound to the origin, a a free a-particle, and a an (a%*e”)

bound statel:
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<>

(aevsa +aevea) * ac’ea ° (6.12)

If one iterates (6.4), the only non-zero terms are

L ToagRal 1o

16,) + GgUgle,) + GgVgGoVqles) + . . .

Ix{d)

16;) + Gyl )14,)

+
ae €a ae ea

A

G (ae €a aevea aevea aevea+eve)G (ae ea ae Ea)|¢ )

+

L . (6.13)

A A

if the charge transfer terms, (avae N, T G aeva) ’
are excluded. Note that if one had started with the Fock-
Tani Hamiltonian, (3.18), derived from the non-specialized
Fock Hamiltonian, (3.1), Gd would have had a aGa term.
The contribution from this process is included in each of
the present V's as the monopole part in the expansion of
the first term of (3.68).

To find the distorted initial state one must solve the

equation



148

tdy, =

(E - Hy - vd)lxi p (6.14)

subject to outgoing boundary conditions (e+0%). The
solution follows the non-pertubative approach of Tripathy
and Rao®, but will differ in substance. The primary
differences are that continuum states are included in the
present expansions and the internuclear potential is not
neglected. The former slightly complicates the formulas.
The latter fundamentally alters the result because this
potential cancels the monopole term that is their largest
source of distortion.

First a complete set of {bound, continuum} states, is

defined by

{lgg)} = {2:|o>, (2m)"¥2[azei9 Tet(2) 105 (6.15)

using a generic label G for either y or g, and

likewise H for either n or h . The energy of the state, Eg,
stands for either Ey , given by (3.54), or g?/2m , given by
(3.42) and (3.43). The total energy of the system is

E=E + k%/2M , (6.16)
1s

for an 1s initial bound state, where k is the initial

momentum vector and M is the 3-body reduced mass, (3.43).
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The normalization condition is

(ggleg) = 8gg = 8., or §(3-h) . (6.17)
If one expands X in this complete set,
I - £1d§1x§d<§lﬁ)a*<ﬁl)|gH) : (6.18)

substitutes into (6.14), and multiplies from the left by

(egla(R) , one gets the equation

[E - E

+d, 2> ~ @ d >
o= T4 (R Ixg(RR) = gfdﬁl(EGIa(ﬁ)vda (R g ) x (R R)

(6.19)
Using the definition of the distortion potential,

(6.13) and (3.57), this splits into two sets of coupled

equations:

-

[k? - 2M(Els - EY) - vzlx;d(ﬁk) =

= ZMEIdﬁl(ﬁylHaelﬁln)'x;d(ﬁlﬁ)

¢ 2M(2m) 23 fahaR, aF (Ryln, 1R, D)7 e 1B Ty d(BER)
(6.20)

and
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[k? - 2M(E, - h?/2m) + V21 4 (RRR) =

2M(21) "/2z [aRk ate BT (& n_ & n) x (R k)
n 1 ae 1 n 1

> >

. > .
2M(2n)—3Id§d§ld?d?1e-lﬂ.r(§?lHaeIﬁl?l)"elg F1y*9(3RR)

(6.21)

+

The source terms on the right hand side simplify if one

neglects the non-local orthogonality corrections, giving

>

[k? - (B - B ) + V21O (RR) =

- ﬁuYn(ﬁ)x;d(ﬁﬁ) + jdﬁu:(ﬁﬁ)x*d(ﬁﬁﬁ) (6.22)
and

[k? - 2M(B;, - h2/2m) + V21X 9 (RRK) =

- ;UY(Kﬁ)x;d(ﬁﬁ) + [a3u(BdR) x A (3RR) (6.23)
where
+> E* » <+ -+ -+
UYn(ﬁ) = 2MIdru§ (F) (v, (RF) + Vae(ﬁr))ui(r) . (6.24)
u (BR) = 2M(2n)-&QId?e_{ﬁ.r(Vab(ﬁ?) + V (RE) Jul (F)

(6.25)
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-+

U(ghR) = 2M(2")—3Id?(vab(§?) + Vae(ﬁ?)]e‘i(h'g)'r . (6.26)

Z2_2 yA

v (XF) +v_ (RF) = —3b _ _"a (6.27)
e ae 1Z+AZ]  |R-vE
b d e (6.28)
WS e 5 A = — 6.28
mb+ me mb+ me

If one expands (6.27) in spherical harmonics one notes
that the monopole terms cancel for R>r and Zp=1] . The
dipole potential terms is then dominant in this region, as
one would expect. But Tripathy and Rao® neglected the
internuclear potential, Vap, in their Hamiltonian [their
equation (21)] so that this cancellation did not occur.
They were left with a monopole term as dominant.

Given the cancellation of the bare internuclear poten-
tial by the corresponding term in the orthogonalization

1

potential noted by Ojha et al.,"' for the reaction

p+ + H-> H + pt , an approximation confirmed to give only 10
percent error in Chapter IV, one might wonder if such
cancellation might occur between the bare terms included in
(6.22) and (6.23) and the presently neglected orthogonality
corrections. In fact, in this approximation, such a

cancellation occurs only between V_, in UY(ﬁﬁ) , (6.25),

and the corresponding orthogonality correction for the
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E-bound states. However, the monopole term of Vze in
(6.25), for R>r, is also canceled by the monopole term in
the orthogonality correction, so one is still left with the
dipole potential dominant.

Satapathy, Tripathy, and Rao, in a later paper’,
improved their calculations for p* + H » H + p* by intro-
ducing a screening parameter to account for the neutrality
of the atom. The present potential, in which the dipole
term is dominant, rests on firmer physical ground and con-
tains no arbitrary parameter. It is shown that the dipole
case also yields a solution.

The coupled equations (6.22) and (6.23), could be
solved numerically. However, "infinity" of the radial
integrals must typically be taken to be several hundred
Bohr radii. This increases computer time and accumulates
roundoff errors.? To avoid this, an analytic solution
is found in the region R>Rpsx, where the latter is an
intermediate value chosen by trial. Tripathy and Rao® were
able to find an analytic solution in this region for the
monopole potential; a Coulomb wa?e. However in subsequent
calculations they also appear to have used this function
for small values of R . The use of an asymptotic solution
for a monopole potential might be justified in the R<r
region, since the dominant term in the latter region is of
monopole form, although involving the electron radius, r,

rather than the projectile radius, R . But using the
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asymptotic solution for a dipole potential as the solution
for small R for the present system would not be a good
approximation since monopole terms dominate for R<r.

Since the dipole potential generated by an atom arises
from virtual transitions between the ground state and bound
and contiuum states with angular momentum one, it is
consistent to restrict the U's in (6.22) and (6.23) to such
transitions. Any e R terms arising in 2=1 part of (6.24),
(6.25), and (6.26) are also neglected. Then the coupled

equations become
2 2 +d > ~

> +d -»>-» > ¥ 3o +d +>+->
= LU (R)x__(Rk) + [dhu_ (hR) x (hRk) , (6.29)
np 1s,np np 1ls o

2 _ _ 2 +d <+ -
[k 2M(E - By ) + ¥ ]xnp(ﬁk) =

+d, 2>
= Upp 15 (R (RE) (6.30)
and

[k? - 2M(E,_ - h?/2m) + V2] "9(RRR) =

- ulgﬁﬁ) X, (RK) . (6.31)
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The outgoing boundary condition implied in (6.14)

gives an asymtotic form for the solution of (6.29),

+d »» ik+R eikR

X1g(Rk) -gp3z-> Ale + £15(00)7R ) (6.32)
for which

v I3BKR) -z55-> ~kIxo(RK) + O(1/R%) . (6.33)

Following the discussion in Tripathy and Rao, for

potentials U ~ 1/RP*' , one considers the relations

>

k)] = xV2U + 2Vu-Vx + UV%x =

+d
V2[U(R) x (R

1]

uv2yx + O(1/RP*2)

H

—sz(ﬁ)ng(ﬁﬁ) , (6.34)
where the last relation comes from (6.33). If

+d, 2>
[k? - 2M(E - Enp)]Uls'npxls(ﬁk) (6.35)

is added to both sides of (6.34) and if Ux on the
right-hand side of the resulting equation is replaced with

the left-hand side of (6.30), one obtains
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+d 22y L
[k? - 2M(E _ - Enp) + v’]U1 (§)xls(§k) =

s,np

+d , 2>
[k? - 2M(E - Enp) - k2Ju (ﬁ)xls(ﬁk)

1s,np

~ _ 2 _ _ 2 +d , 2»
= [2M(Enp E; ) 10k 2M(E Enp) + v ]xnp(ﬁk)
(6.36)
or
"2 (i) “15,np®) < (R (6.37)
2M(Enp E; )
By a similar process, one can show that
S
U. (hR)
+d A »>> 1s =1 +d >
x (hRk) = X1s(Rk) . (6.38)
2M(h?/2m - E, )
(S
Inserting (6.37) and (6.38) into (6.29) one obtains
2 2 Eg +d »>-»
(k? + V2 + R“)xls(Rk) =0, (6.39)
where
B 2
R
R" |Uls n (®) |2 > lUls(h )}2—1
@ = =— e + R*[dh—— ' (6.40)
2M np lEnp - Elsl VRS lElsl]
R

is the conventional dipole polarizability® (if the e~
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terms in the U's are neglected) plus a term with the same
interpretation arising from virtual transitions to the con-
tinuum. A minus sign was factored out from these terms
(where E<0) to indicate the attractive nature of the poten-
tial in (6.39). If the e R terms in the U's are neglected
then a is independent of R and the integral may be
calculated prior to other numerical integrals. In this
case the computation time is not significantly increased.
The solution to (6.39) for all R has been given by
Holzwarth®, but the asymptotic expansion found by Hunter
and Kuriyan® is more useful for the present purpose
because it consists of simple triginometric functions
multiplied by a 1/R series, so the need to determine
characteristic exponants is avoided, and it is non-iterative.

If one expands ¥

© L

+d
XlS(Rk) = z z
2=0 m=-4

* e

X(Rk) ~
Y {R)Y gp(k) (6.41)

the solution to (6.39) and (6.41) is, for z=kR,

X(z) = y(P(z)cosz - Q(z)sinz) + B(P(z)sinz + Q(z)cosz)

(6.42)

where y and B are arbitrary constants to be determined by
equating the numerical solution of (6.22) and (6.23), for

small R, to (6.42) at some intermediate value of R, Rpay,
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chosen so that variations in Rpzx give variations in the
result that are less than the tolerable error. The

functions P and Q are series in 1/z ,

(6.43)

S 0233 I 1Ca
P(z) = | (-1) sz(z) y Q(z) = z{‘fl)1T2j+l :

J=0 : J

where Tg is an arbitrary normalization constant which may

be set equal to one, and where

2zT1 = E(2+1)T0 2
4zT, = [e(o+1) - 2]T1 , and
. e o O o 2 2
ZJsz = [2(o+1) j(] l)]Tj_l + Mak Tj_3/z : (6.44)

Ma is the numerator in (6.39). The & indices on P, Q, and
the T's have been suppressed.

Hunter and Kuriyan® found that for terms with j>30, the
contribution of subsequent terms was less than the toler-
able error. Their criterion was sufficient to guarantee an
accurate solution for moderate to large R even if (6.43)
are asymptotic series.

The asymptotic limit is

X(Rk) -z=---> ycosRk + BsinRk . (6.45)

If one substitutes the asymptotic solution to (6.41), which



158

contains a factor of 1/R, and the 1/R? potentials into the

right-hand sides of (6.30) and (6.31) then, by a dimensional

argument, x;g(ﬁﬁ) and x+d(ﬁ§ﬁ) also go as 1/R asymptotic-
ally. However, even if one uses the full formula for X(z),
(6.30) and (6.31) are just wave equations for a series of
(acosRk+ BsinRk)1/R3*J sources, so their solution is
straightforward. An approximate solution for the initial
distorted state is now complete. The solution for the
final distorted state follows the same format. From these
the first-order distorted-wave T-matrix in (6.11) can then

be evaluated.

The Second- and Third-order Distorted T-matrices

Madison!? has developed a method for calculating
an exact second-order T-matrix element, and the extension
to third-order is obvious. One could calculate a second-
order undistorted T-matrix element, but this is essentially
equivalent to the first order term of (6.8), with ¥
replaced by ¢. To include higher-order effects one should

begin with the second- and third-order terms of (6.11),

2 +d» | +d)

Te; = (xf lu, G Ugl X; (6.46)

and
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G et Gl Apsa +d
Te; = (xf IUbG U4G Udlxi ) . (6.47)

The intermediate states in these expressions involve
multidimensional integrals. The standard approximation,!'?
replacing the energy variable in the denominator of such
integrals by an "average" energy, is not acceptable for a
process allowing transitions to the continuum. How does
one define the average of energies ranging to infinity?
Instead the problem is transformed to the solution of
differential equations, a general method pioneered by

1

Dalgarno and Lewis.'® If one defines

+d, _ A+d; +d
Ici ) = G Udlxi ) (6.48)

and

¢*td (6.49)

(2P = (xpR18,67¢

the second- and third-order T-matrix elements are reduced

to integrals over a single set of variables:

2 _ -b +d, _ -bd & +d
and
3 _ -bd | +d

There are no intermediate loops to integrate over.

Equation (6.50) has 4 or 6 fewer dimensions to be integrated
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over or summed (depending whether the intermediate state is
bound or continuum, respectively) than (6.46). The
reduction in going from (6.47) to (6.51) is 6 or 12 fewer
integral dimensions (or sums). The tradeoff is the need to

solve the differential equations

(B - Hy - ¥ 125D = T41x D (6.52)
and
(B - Hy - V127> = O Ixg™ (6.53)

which generally requires less computer time than does
multidimensional integration. Madison has demonstrated
that the an exact calculation of (6.50) is a tractable
problem, whereas an exact calgulation of (6.46) would be
extremely difficult. It is possible that the techniques of
the previous section could yield an approximate solution

for the third-order T-matrix.
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CHAPTER VII
CONCLUSION

The primary goal of this work was to more closely
examine 3-body scattering so that an extension of the
Fock-Tani transformation to larger systems would be
firmly grounded. It has been shown that the difficulty of
carrying out this transformation can be considerably
reduced by working in reduced-mass coordinate systems. The
choice of whether to use the symmetrical center-of-mass
system, with one particle fixed at the origin, or to use
either the initial- or final-state inertial center-of-mass
system is shown to depend on the application.

A transformation using the symmetrical system is
greatly simplified for "knock out" reactions in which there
are two types of particles that can bind to the origin. It
has the drawback of giving a first-order T-matrix with an
error of 1/m,.oion in the initial state momentum wave
function. However, an examination of the physics of the
reaction easily leads to an ad hoc correction. The Fock-
Tani transformation using the inertial reduced-mass system
is much more difficult than that using the symmetrical
reduced-mass system for this reaction.

It was also found that setting up any problem in the
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symmetric n»(n-1)-body system initially , for n<6, may
facilitate eventual calculations done in the inertial
systems because this may be the easiest coordinate trans-
formation path to the latter. In the process, relations
between initial- and final-state inertial systems are
generated. Finding such relations by other methods may be
much more difficult.

The first-order results were examined in detail and
computer programs giving differential and total cross

sections for reactions of the type
a* + (b*c”) » (a*c™) + b, (7.1)

for arbitrary masses, were generated . It was found that
the inertial 3+2-body systems gave the same result,

in first-order, as the full 3-body Fock-Tani transformation.
This transformation can be done with half the work of the
3-body transforation.

Results for (abc) = (ppe) were compared to Fock-Tani
results of Ojha et al.! Their neglect of the inter-
nuclear potential was found to give an error of order 10
percent, but their neglect of 3s, 3p, and 3d orthogonality
corrections was found to give an error of only one percent.
The more general, present result removes small oscillations
found in their differential cross sections at small angles.

Present results for (abc) = (epe) and the previous

Fock-Tani result of Ficocelli Varracchio and Girardeau?
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were found to disagree, probably due to lack of convergence
in the previous result. Fock-Tani cross sections for

(abc) = (upu) were also calculated and compared to first
Born, distorted-wave®, and classical-trajectory
Monte-Carlo* calculations. It was found that the Fock-Tani
and distorted-wave results are in excellent agreement for a
wide range of energies. Finally, Fock-Tani results for
(abc) = {(upu), (uwdp), and (utp)} were compared with each
other and found to be somewhat different near threshold and
nearly the same for larger energies.

Because the Fock-Tani results for resonant charge
transfer in proton-hydrogen collisions agreed with the
experiment for energies greater than 10 keV and for
differential angles less than 1 mrad at 25, 60, and 125 keV,
but did poorly outside these regions, it was thought that
including higher-order effects in the calculations might
give a better overall result.

For this reason a solution was found to the equation
for the first-order wave function for a system containing a
hydrogenic atom coupled to a kinetic external charge. The
solution is easily extended to higher orders. The lowest-
order kinetic correction to the much-used adiabatic wave
function was found to depend on k/R*®, where k is the
momentum and R the coordinate of the external (R>5ag)
charge. In a subsequent calculation of the polarization

potential, using this wave function and the virial theorem,
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the lowest-order kinetic contribution was found to be of a
similar form to the result of Seaton and Steenman-Clark’®
and Drachman,® but was shown to enter in at a lower order
in (large) R, depending on k/R° rather than kZ/R®.

Techniques for evaluating the distorted-wave Fock-Tani
T-matrix were also developed. The equation for the
distorted states was shown to give an approximate analytical
solution for large R, to be coupled to a numerical
solution in the smqll—R region. The solution of the
second- and third-order distorted-wave T-matrices was
outlined.

It is my intention to apply the polarized wave
function and distorted-wave techniques to the reactions
calculated at first-order in this dissertation. 1In
addition, the general-mass computer programs of Appendix B
could provide differential and total cross section theoret-
ical results for reactions (7.1) not presently available in
the literature.

Also the techniques and understanding gained
throughout the work on this dissertaion will be used in
calculating the differential and total cross sections for

charge transfer in the 4-body scattering problem
es + H » Ps(nf&) + H(1ls) (7.2)

during the coming year under the auspices of a National

Research Council-NASA Research Associateship, for which I
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am very grateful.

The significance of this dissertation from my perspec-
tive lies not so much in the specific answers generated for
the present problems, even though they should be very
useful to researchers in this field, but, rather, in the
refinement of a style of perceiving, thinking, and
imagining which will be of benefit to my future research.

I have learned that science, like any other art, requires
two things: a willingness to clearly see and acknowledge
the world as it presents itself; and the technical skills

necessary to share such understanding with others.
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THE 3-BODY RESULTS OF OJHA ET AL.
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A unitary (Fock-Tani) transformation of the second-quantized Hamiltonian breaks the interaction
into its component parts, ¢.g., clastic scattering, inelastic scattering, rearrangement interaction, etc.
The interaction for a particular process is “weaker” than the overall interaction; this is reflected in
certain orthogonality corrections which appear in a pesturbation expansion of the T-matrix clement.
As a result, the internuclear potential makes a negligible contribution of order m,/m, to the first-
order amplitude for charge transfer. We find very good agreement with experimental and the best
available theoretical results for the total cross section for the reaction p +H(1s)—H(1s)+p for en-
ergies greater than 10 keV and for the differential cross section at 25, 60, and 125 keV in an angular

range of ~ | mrad about the forward direction.

L. INTRODUCTION

Atomic physics provides the ideal setting for testing
new approaches to the quantum-mechanical scattering
problem mainly because the interaction potential is known
but also because of the variety and richness of phenomena
open to investigation. This paper is part of a broader pro-
gram to investigate the suitability of one such approsch

based on unitary (Fock-Tani) transformation of the’

second-quantized Hamiltonian. The motivation for this
transformation is discussed and its basic features illustrat-
ed for the simple case of potential scattering in Sec. II; the
mathematical details relevant to present application are
given in Sec. III and the complete result is enumerated in
Appendix A. Here we merely note the final result that
the interaction is broken into its component parts, e.g.,
elastic scattering, inelastic scattering, rearrangement in-
teraction, etc. This gives one considerably more latitude
in introducing physically motivated approximations, for
example, in 8 Born series expansion of the scattering am-
plitude. The effective interaction for a particular process
is, in a sense, “weaker” than the overall interaction which
is the sum of all interactions. It is found that to each or-
der in the perturbation, certain orthogonality corrections
to the usual (Fock) scattering amplitude appear. In this
paper we restrict ourselves to a first-order (Bom-type) ap-
proximation, in which case the orthogonality correction
becomes negligible at high energies. We therefore expect
the Fock-Tani formalism to extend the range of validity
of the first-order approximation to lower energies.

This formalism has been applied previously to the cal-
culation of the scattering amplitude for positronium for-
mation' and for positron-hydrogen elastic scattering? in
collisions of positrons with hydrogen atoms. The aumeri-
cal results of the second of these papers clearly demon-
strate the superiority of the Fock-Tani representation over
close-coupling representations in some cases where chan-
nel coupling plays an important role. In this paper we
consider the closely related problem of resonant charge
transfer,

33

p+H(1s)—H(Is)4p , .y

with the understanding that at collision energies under
consideration (relative velocities of order | a.u.) proton-
proton exchange plays no role. This problem, in spite of a
long history of quantum-mechanical uulrus going back
to the early days of quantum mechanics,”* is still under
vigorous investigation as indicated by a recent review arti-
cle® and numerous other publications. An early difficulty
was caused by the Coulomb repulsion of the nuclei. This
was neglected by Oppenheimer’ and Brinkman and Kra-
mers* on physical grounds but the resulting cross sections
were too large by a factor of 3 or 4. Its inclusion in s

-mathematicslly consistent first-order theory®’ brought

the total cross section in line with experiment but clashed
with the physical argument that the internuclear potential
cannot significantly affect the cross section for charge
transfer. In Sec. IV we show that in the Fock-Tani for-
malism, as a consequence of the orthogonality correction,
the Coulomb interaction of the nuclei contributes a negli-
gible term of order m,/m, to the first-order reaction am-
plitude, a result pleasingly consistent with an observation
about the exact scattering amplitude originally made by
Wick (see footnote in Ref. 6).

The first-order orthogonality correction is reduced to a
numerically tractable form in Sec. V, and computed dif-
ferential and total cross sections are compared with exper-
iment and the best available theoretical results (two-state
atomic expansion introduced by Bates’) in Sec. VI. In
Sec. VII we summarize our resuits and outline possible fu-
ture extension of this work.

II. POCK-TANI TRANSFORMATION
FOR POTENTIAL SCATTERING

The basic idea behind Fock-Tani transformation and its
consequence for scattering are best explained for scatter-
ing of a single particle from a fixed potential ¥(r) which
is sufficiently strong to support 8 number of bound states
{18) p=1,2,3,... | with energies [¢,, u=1,2,3,...].

112 ©1986 The American Physical Society
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This formulation was first considered by Tani® but_the
following summary is closer in its mllhen:mal ‘detail to
the generalization due to Girardeau.'®

We begin with the second-quantized form of the Ham-
iltonian (Fock Hamiltonian)

Hp= [ ded e Tin)+ NnJatn) @.n
where T'(r) is the kinetic-energy operator and @) and
a(r) are “clementary™ creation and annihilation operators
defined in the Fock space . These satisfy canonical
commutation relations

(a(r),a(r))=(d "(r),d ()] =0
and

[@(r),3 "(¢)]=8(r—r) . 2.20)

If the wave functions {¥,(r), u=1,2,...} of the bound

states are known, one may introduce *“bound-state”

creation and annihilation operators
b= fdri,lr)‘c"(r)

2.2a)

(2.30)

and
= [ drelinidin . (2.3b)

Note that the commumlm relations of these operators
with @(r) and & '(r) are not always simple. In particular,

(G(r ¢ ]=,(r) Q4a)
and
(3 "(e),8,)=—w3(n) 2.4b)

are noncanonical. This complicates the mathematical
analysis whenever one has to make explicit the existence
of bound states of the system.

It is therefore desirable to introduce operators which
can be associated with the bound states and which satis{ly
canonical commutation relations instead of (2.4). With
this in mind, we introduce an “ideal-stste™ space & m
which creation and annihilation operitors |b' b,,
u=12,...| are defined. Thaemfuhamumedto
satisfy the followin; commutation relations:

(8,.5,)=[8,.5.)=0 @2.50)
and

15,.0,)=8,, . @2.50)

We next construct the direct-product space

¥ u7eA4. In this space all annihilation and creation
operators previously mlmdnced are def:ned. However,
the “ideal-state™ operators By, b, etc., unlike the “real-
state” operators &,. &,. etc., commute with the elementa-
ry operators d(r) and @ tex:

{aterd, )=(atr1b,]
=[a"tr),b,)=(a "tr),5 ) =0. 2.6

The subspace # 4 C # defined by the condition

25 5,1X)=0 iff |[X)EXF Qn

is quite obviously isomorphic to the Fock space . Any
calculations in 7 may as well be done in . We will,
however, mnkeaummytnnsfommon which will give
thephynalmngofdnmlm#,lw to the ideal
states 5! »10). This transformation will carry the sub-
space )’,C)‘ to the Fock-Tani subspace s rC ¥ in
which all calculation with the transformed Hamiltonian
should be done. This transformation, schematically indi-
cated in Fig. 1, is defined via the unitary operator

B l; z«s;s,-sgs,,] . 2.8
The transform § ~'G O of any operator is evaluated us-
ing the Campbell-Hausdorfl formula. It is easily verified
that the transformed Hamiltonian (Fock-Tani Hamiltoni-
an) is given by

’n. 0 -lr'-o
=3 b5, + [ ded ' TUn + Vin)ate)
”

~- 3¢ [drdrd' o iwieiie), 29
and that ;
0-5,0=-9, (2.100)
and
0-'3,0=b, . (2.100)

From (2.10) it is clear that the role of 5, and ¥, is inter-
changed. In fact, a weaker condition [which holds in the
general case of scattering from targets with internal struc-
ture even when (2.10) does not)

$L100=5)10),
i.e., a real state $,’.,|o) is transformed into an ideal state

@@

FIG. 1. Schematic connection between various thiliwrt spaces
defined in the text. Fock-Tani transformation is effevied ty the

operator O - which carrien 74 into 744,
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|0), is sufficient proof that the transformation gives
phyuul meaning to the ideal states.
The subsidiary condition (2.7) transforms to

Apa

2&,&,]1’)-0 iff |X)ENgy. 2.11)
Equlnon (2.9) may be viewed as a formal aprusmn of
the following operator identity:

A= 3 ep,+1-PAO-P), @12
»

where the projection operator P,=|u){u| and
P=3 P,

In Eq. (2.12) [as well as (2.9)] the Hamiltonian is divid-
ed into a bound-state part (first term) and a scattering
part (remaining terms) with the understanding that in
considering (1~ P){1—P) one ignores the states |u)
which formally are its cigenfunctions of zero energy. The
subsidiary condition (2.11) appears because the Fock space
F was initid!y expanded to accommodate ideal-state
operators 3,,, b ",, etc., and merely serves to restrict us to
the appropriate subspace of the enlarged space &. There
is no analogous condition when considering (2.12).

In the case of realistic scattering or reaction problems
where the bound states are composites (atoms, molecules,
etc.), the one-particle Fock-Tani representation outlined
above can be straightforwardly generalized'' and leads
naturally to a separation of the Hamiltonian into portions
representing physically distinct processes (elastic scatter-
ing, inelastic scattering, various rearrangement processes).
Such a swoadcquanuuuon representation also has other
advantages over scparation based on projection operators,
in that powerl'ul field-theoretic techniques Pmnouly
found useful in electron scattering from atoms'* now be-
come applicable to reactive scattering. A review of the
field-theoretic formulation of three-particle reactive scat-
tering in terms of the Fock-Tani npracuuuon has been
given recently by Ficocelli Varracchio.”

Normally, imposition of the subudnry condition (2.11)
would make the solution of any practical problem difficu-
It and we would have merely traded the difficulty inherent
in the noncanonical commutation relations of the real-
state operators t,. i,. etc. [see Eq. (2.4)], for something
equally difficult. However, an enormous simplification
which makes the rigmarole of the Fock-Tani transforma-
tion worthwhile occurs if we consider scattering from a
time-dependent point of view. At f— — e we construct a
wave packet infinitely far away from the scattering center.
It is orthogonal to all bound states by virtue of their finite
spatial range, and the subsidiary condition (2.1!) is satis-
fied in the limit 1— — . Now, since 2,#,&,
mutes with the Hamiltonian .O'" (tlus is casily seen fot
the corresponding operators 2 b and A before the
transformation), Eq. (2.11) is umﬁed at all times and
may be ignored altogether. This essential simplification is
then justified for the time-independent view of scattering
in the usual manner.

The Hamiltonian in (2.9) can be divided as usual into
an unperturbed pant Ho, [one possibility is
Ao=3,65,6, + [dra(e)T(0)8(r)] and a perturba-

tion ¥ and the full scattering function | X'%') may be ex-
panded in powers of P. Since a truncated expansion
| X)) is defined in terms of the creation operator @ '(r)
ouly, it is orthogonal to all bound states (6110,
b= 1,2,...}. This is quite unlike the perturbation expan-
sion in the Fock space where an approximate scattering
function is no¢ orthogonal to the bound states and this
lack of onho;omlity introduces an error in the scattering
nmplltude which is tolerably small at sufficiently high en-
ergies only. Forcing appropriate orthogonality on the ap-
proximate scattering states | Xi3)) leads to orthogonality
corrections to the Fock-spcee scattering amplitude—
mathematically these arise from the last term in (2.9)—
which serve to extend the range of validity of the pertur-
bation approximation to lower energics. In fact, our ap-
proach can be regarded as a ;aleuhuuon of Weinberg's
“quasiparticle method™* to which it is closely related
both in concept and in the form of orthogonalization
corrections. Weinberg showed, within the context of one-
particle scattering from a potential supporting bound
states, that such orthogonalization greatly improves the
convergence of the Born expansion. We expect a similar
benefit in the case of the composite-particle generalization
employed here.

An important proviso must be added to the remarks of
previous paragraphs. We are justified in ignoring the sub-
sidiary condition (2.11) only as long as we calculate the
exact scattering state |X'*'). The approximate state
|1Xi3)) does not lic entirely in the Fock-Tani subspace
)’n but contains an admixture of states outside & ;-.»
Thus, truncation of the perturbation expansion for | X'*')
in the Fock-Tani space introduces an error in the scatter-
ing amplitude analogous to the error in the truncated
Fock-space amplitude. It is not possible to make any de-
finite general statement about the relative magnitudes of
these errors. However, such numerical evidence as is al-
ready available? indicates that this representation can
yield rather sccurate results for rearrangement processes
even in first order. We take this as sdequate justification
for use of this approach herein. Additional a posteriori
evidence is supplied by the ‘accuracy of our calculated
cross sections.

II. FOCK-TANI TRANSFORMATION
FOR REARRANGEMENT COLLISIONS:
1+Q3)—(12)+3

A similar transformation was previously considered by
Girardeau'* for scattering of positrons from hydrogen
atoms. In that case the transformation was somewhat
simplified because the nuclear coordinate was frozen by
virtue of the (supposedly) infinite mass of the nucleus. In
the more general case of charge transfer, one may still el-
iminate a coordinate from consideration; the center-of-
mass coordinate is the most convenient choice. We there-
fore introduce demcmry annihilation and creation opera-
tors {8;(r;), 3,(1’,). i=1,2,3] for the particles 1, 2, and 3.
These are mumed to be distinguishable so that we may
require 3;(r;), @ ,(r,). etc. to satisfy boson commutation
relations.

Assuming pairwise interaction, the Fock Hamiltonian
is
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3
Bp= 3 [ drglu)Tonae)

=]

d fro it
+'z‘f‘l’ﬁl’ulal(l’ﬁaln(flu)

X Vit o 181581 4 1)8; 4.1(5; 40 08)(8)) , 3.1)

where the subscript 4 is to be regarded as 1.

The interactions ¥|; and V,; are assumed sufficiently
strong to support a number of bound states. In analogy
with Eq. (2.3) we introduce the following bound-state
creation operators:

@5, =20)27 [ dr,dyéf (r,)
Xexplike-Ro ) [, 18 J(g))
am(ij)=(12)or (23). (3.2)

In our notation, the superscript @=(ij) labels the pair of
particles, r, and R, are the relative and center-of-mass
coordinates of the pair, and u, is a collective label for the
internal state I, and the center-of-mass momentum k.
Annihilation operators are defined by Hermitian conjuga-
tion of (3.2). The commutation relations of these opera-
tors are obtained from ’the commutation relations for the
clementary operators @ ;(r;), 3)(r;), etc. o

We next introduce “ideal-state™ operators b § and (53)'
for a=(12) and (23) and define the following unitary
operators in analogy with Eq. (2.8):

O%=ep |3 TILB5 -6 )90 ). 03
L

The Fock-Tani transformation is now made by successive
application of the transformations gencrated by 0% gnd
U2, but unlike (2.9) there are now two possibilities. Al-
ternative transformations,

- - Oy =y grany-1 9,0"”9 an (3.42)

and
ﬁm _(gcm)-t( pn= ﬂrﬁmmm) . (3.40)

are not identical because [§ 12!, 03040, In this paper
we work with (3.4a) because for the reaction under con-
sideration, 1 + (23)—(12)+3, the corresponding first-
order amplitude is casily interpreted; it is a sum of the
first-order Fock amplitude and an orthogonality correc-
tion, much as in the case of potential scattering. The
zeroth-order wave functions for all possible initial and fi-
nal states are now orthogonal, thus satisfying the same
orthogonality relation as the exact scattering states. The
first- and higher-order wave functions are, however, not
exactly orthogonal due to the possibility of rearrangement,
but exact orthogonality is restored at infinite order. We
leave the investigation of the implication of this for future
work when we shall extend our analysis to higher pertur-
bative corrections. We note here only that the orthogonal-
ity obtaining in first order in our approach is a distinct
improvement over approaches in which such orthogonali-

ty is violated.

The transformed Hamiltonian is rather lengthy to write
and we have relegated the complete expression to Appen-
dix A. Parts of the Hamiltonian relevant to this paper are
the zeroth-order Hamiltonian

)
Bo= 3 & 055 + 3 [ drg )Ty aie)
ap, I

(3.52)
and the rearrangement interaction

Vean= 3 [ desdr(® 3% Yey)(urats | V| pony)
"l"‘l

x8(r)b ¥ +Hee. , (3.5b)

12

where the interaction (1,383 | ¥ |uysr,) is given in (AS)
and H.c. denotes Hermitian conjugation. The first-order
approximation to the T matrix is then given by the matrix
clement Of ¥ e between appropriate cigenstates of .

IV. FIRST-ORDER T-MATRIX ELEMENT
FOR REARRANGEMENT

We will use three alternative sets of coordinates, shown
in Fig. 2: (i) ), 15, and r), which are coordinates of the
particles 1, 2, and 3, respectively, in a fixed coordinate
system; (i) R (center-of-mass coordinate), i, [vector
from particle 3 to the center of mass of (1,2)], and r,;, [rel-
ative coordinate of (1,2)]; and (iii) R,ra, [vector from the
center of mass of (2,3) to particle 1] and r,; [relative coor-
dinate of (2,3)]. .

The initial and final-state wave functions

|9)=(2m)~2 [ driexplik,-r})

' -~
xa@ {5, X6 ;20" 0) “.1a)
and
197) =(20)7 [ drjexplikyr})
xa Y6t 0) @.1b)

2(7)

37y

F1G. 2. Alternative coordinates for the three-particle system.
The vector from the origin (not shown in the figure) to a speci-
fied point is indicated in parentheses beside the point in ques-
tion. Thus, r, is the vector from the origin to particle 1, etc.
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are cigenfunctions of A and represent plane waves of &
impinging on bound states of a. We recall that the label
Hq, includes the internal state 7 of the pair @, and its

center-of-mass momentum k.
The first-order T-matrix element is given quite simply
by

T sy =97 | Veearr | 91)
=(20)"? [ drydrie
X (viaty | ¥ [upr)e™™  42)

~iky-ty

and splits into a sum of two terms arising from the
[8(r; — £} )8(13 —13) — A'¥(r},r3;1,,13)] factor in the defini-
tion of (uy30y| ¥ |psry) [see Eq. (AS)]). It will emerge
later that the first term gives the Jackson-Schiff-Bates
Dalgamo (JSBD) approximation to the T matrix and the
second term represents orthogonality corrections charac-
teristic of the present formalism. Thus

n
r"ﬂ"“’-‘ =l + 1:‘::"1) 3 @3
In substituting (A5) into (4.2) we note that
VA, ry)=(20) " Rexplik, Rip)ty 2Ary)  (44a)
e |

Tty =20 8K~ Ky) [ dese dtuespl—iky )

[
x [y l Vis lf:-,— m_:'_'z;;'n I+ £ ["‘l+ ;ﬁ:'“ ]

X ¢('nl

I'h"f' my+m; 1 $7] Iup

and

Woey )= (20) - explik,-Ry)¥y (rn) . (4.40)
In this equation k, and k, are the center-of-mass momen-
ta of the pairs a;=(23) and @, =(12), respectively. As a
first step in factoring the overall center-of-mass momen-
tum, we replace the momenta k, and k, by k; [relative
momentum of particle 1 and pair (23)] and the overall
center-of-mass momentum K,,

K, -k|+k'
and
h-[(ﬂh +m3)ky—m |k,]/(m|+m1 +my), (4.5b)

where m; denotes the mass of the ith particle. Similarly,
the pair (kj,k,) is replaced by (k,,K,) with obvious physi-
cal significance.

The first term Tf,’;,?,n, which is written as an integral
over 1, Iy, and r;, can be simplified by switching to
(R,ryq,12) coordinates. Integration over the center-of-
mass coordinate R gives a factor 8(K;—K,) which
expresses conservation of center-of-mass momentum.

The final result

(4.52)

my mylm,+ma+my) .
lll1+llgu-' (m;+my;Xmy+my) g

'k,'

4.6)

is just the matrix element considered by Jackson and Schiff* and Bates and Dalgamo.” In Eq. (4.6) we have written coor-
dinates ryy, 1y, and 15 explicitly in terms of integration variables ry,, and ry; by referring to Fig. 2.
From Eq. (4.2), the second term T, is given as an integral over the coordinates 1y, fy, £ f;, and rj. The first

step in its simplification is to replace (ry,r;) by the relative and center-of-mass coordinates (ry;,R;;) for the pair (12) and
(r}.r3) by (r}3,R}z). The bound-state kernel,

AY3gl r3ir, 0 m SR — Ry3) 3 642Ur {9 2 r)]
Fy
is then seen to contain a & function and integration over R;; is inmediste. We then revert to (r},r}) before introducing

new coordinates (R’,riq,, 1}y instead of (r},r2,1y) in analogy with (R,ry 1) in Fig. 2. Integration over R’ then yields a
5 function in initial and final center-of-mass momenta K, and K,. The final form of the orthogonality correction is

o, = —29)7'8(K, - K,) ‘{, [ dridviy dripexpl —iqy-rig ¥y ria)]*

m " my
o R |

1
— 4.
| z l’u] 4.7

XU 9 (r1)] "expl —i m Kyordé |rig, +



n

with

q=k,~ ety k (4.82)

and
may(m,+my+m;)
(my+maXmqy4+my) ;

In this expression A ranges over all bound states of the
pair (12) and all coordinates have been written in terms of
integrition variables with reference to Fig. 2.

The orthogonality correction can be interpreted in two
alternative ways. It arises from a potential, say Vooare:
which must be subtracted from the overall potential to
give the rearrangement part of the interaction, Vg
V soare consists of a sum of terms, each associated with a
bound state of (12). The A=¥ term, i.e., when the inter-
mediate state is the same as the final bound state of the
composite (12), is just the static interaction in the final
channel. Remaining terms, arising from other intermedi-
ate states, give nonlocal contributions t0 V... Alterns-
tively, 1‘,’:‘5,,” can be regarded as correcting for the lack
of orthogonality between the initial state and al/l possible
final states, the A=V term corresponding to the particular
final state in question.

In the special case of charge transfer, particles 1 and 3
are nuclei and particle 2 is an electron. Then m; <<m,,
my and m,~m;. We note that it is 8 good approxims-
tion to neglect all terms of order m,/m, unless they are
multiplied by a nuclear momentum k which may be large.

T3, also coasists of two terms. The second term

(4.8b)

12 | [=Valry))

my
my+m;
alone constitutes the Oppenheimer-Brinkman-Kramers
(OBK) approximation.** The first term

Vs [fk‘ +
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mpmenu‘ internuclear interaction and it is very nearly

canceled by the first term in (4.7). To see this, note that
to a very good approximation we can replace

Vi [r',.'- i (.,]—.V.,(r’,,. 4.9)
in Eq. (4.7) and also make a corresponding approximation
in (4.6). Integration over t’“mtheﬁmwmof“'l)thm
gives §,, and only the A =¥ term makes a nonzero contri-
bution in the sum over A. Substituting (4.8a) and (4.8b)
for q, and m. respectively, in the resulting expression, a
simple rearrangement of terms and comparison with the
first term in (4.6) shows that the two cancel. In making
the approximation (4.9), we incur a small error of order
my/(m, +m3)~m,/m, so that the cancellation is not ex-
act but ne-tly s0. In llght of the observation made by
Wick (quoted in a footnote in Ref. 6) that the internuclear
potential makes s negligible contribution of order m,/m,
to the exact reaction amplitude, our result for the <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>