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DISSERTATION ABSTRACT

Christophe Dethier

Doctor of Philosophy
Department of Mathematics
June 2020

Title: A Special Family of Binary Forms, Their Invariant Theory, and Related
Computations.

In this manuscript we study the family of diagonalizable forms, a special
family of integral binary forms. We begin with a summary of definitions and
known results relevant to binary forms, diagonalizable forms, Thue equations, and
reduction theory.

The Thue—Siegel method is applied to derive an upper bound on the number
of solutions to Thue’s equation F(z,y) = 1, where F'is a quartic diagonalizable
form with negative discriminant. Computation is used in the argument to handle
forms whose discriminant is small in absolute value. These results are applied to
bound the number of integral points on a certain family of elliptic curves.

A proof is given for an alternative classification of diagonalizable forms using
the Hessian determinant. Algebraic restrictions are given on the coefficients of a
diagonalizable form and divisibility conditions are given on its discriminant. A
reduction theory for the family of diagonalizable forms is given. This theory is used
to computationally verify that F(x,y) = 1, where F' is a quintic diagonalizable form

with small discriminant, has few solutions.
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CHAPTER I

INTRODUCTION

1.1. Binary Forms

A binary form of degree r is a homogenous polynomial of degree r in two

variables, perhaps
F(z,y) = apx" +arx" 'y + ...+ ap_1oy™ " + any”,

with ag,aq,...,a,_1,a, € C. In this manuscript we are particularly interested in
integral binary forms, those binary forms for which ag, a4, ..., a,_1,a, € Z. For
each binary form F'(x,y) we associate a univariate polynomial f(x) = F(z,1), and
for each univariate polynomial f(x) we associate a binary form 3" f(x/y). These
associations are inverse and can be used to translate many definitions for univariate
polynomials to binary forms. The following two definitions are examples of this.

A binary form F' splits into linear forms over the complex number as the
corresponding univariate polynomial f(x) = F(z,1) splits over the complex

numbers. Thus F' can be written as

F(z,y) = (z — aqy)(z — agy) ... (z — apy),

and these aq, ..., q, are called the roots of F'. The roots of F' are the exactly the

roots of f(x) = F(x,1). The discriminant of F' is then given by

AF = CL(Q)T_Q H(Oél — Oéj)2,

i<j

1



where ag is the leading coefficient of F', as above. As the roots of F(x,y) are
exactly the roots of f(x) = F(x,1), the discriminant of F' is exactly the
discriminant of f(z) = F(z,1).

An integral binary form F is said to be irreducible if there is no
decomposition of F' as F(x,y) = G(z,y)H(x,y), where G and H are integral binary
forms of degree at least one. A binary integral form is irreducible over Z exactly
when the associated univariate polynomial F(z,1) is irreducible over Z.

Suppose that F is an integral binary form and S is a subgroup GLy(C). If the

matrix

Qoo  Aa10
isin S,
Qo1 a1l

then we say that the form

G(z,y) = F(agpx + a1y, a1 + a11y)

is an S-substitution of F', or that the forms F' and G differ by an S-substitution. In
the special cases S = GLy(Z) and S = SLy(Z), we say that F' and G are equivalent
or properly equivalent respectively.

An invariant Z is a homogeneous integral polynomial in the coefficients of a
binary form which changes by a determinental factor under GLy(C) substitution.
That is, if ago, a10, ao1,a11 € C with agpa; — ar0aer # 0, and G(z,y) = F(agex +

a0y, a1 + a11y), then 7 satisfies

I(G) = (CLO(]CLH - aloagl)kI(F) (11)



for some positive integer k, called the weight of Z. The ring of such invariants was
famously shown to be finitely generated by Hilbert in his celebrated basis Theorem.
Generators for the invariant ring are known in small degree. The quadratic
and cubic invariant rings are generated by the quadratic and cubic discriminants
respectively. The quartic invariant ring is generated by two invariants, I and J of

weight 2 and 3 respectively. If F'(x,y) has coefficients
F(z,y) = aox” 4+ a12°y + ao®y? + aszy® + agy’,
then

]F = CL% — 30,1613 + 12(10&4

and

Jrp = 2a§’ — 9ajasas + 27a%a4 — T2apaza4 + 27a0a§.

The invariant ring for binary quintics is generated by the four invariants with one
relation. Not even the number of generators is known in high degree.

We conclude with an important definition. The Hessian determinant of F' is

H(x,y) = Hp(z,y) = (%) <<§TZ§) - @27];)2.

1.2. Diagonalizable Forms

given by

A diagonalizable form of degree r is an integral binary form which has the

shape

F(z,y) = (ax + By)" — (yz + y)" (1.2)



for some «, 3,7v,6 € C with

j=ad—fy#0.

Furthermore, there is a constant x such that
(ax + By) (v + 6y) = x(Ax® + Bay + Cy?).

The linear forms u(x,y) = ax + By and v(x,y) = yx + dy are sometimes referred to
as the resolvent forms of F.

Sylvester’s canonical forms given in [1] and [2] show that every quadratic and
cubic form is diagonalizable. For this reason, we restrict ourselves to r > 4.

We turn to the question of how one might determine whether an arbitrary
integral binary form is diagonalizable, and if so, what resolvent forms it may be
constructed from. A general method for answering the first question is through
Gundelfinger’s result, proved in [3], which has, as a special case, that F is
diagonalizable if and only if G5[F] = 0. Here G5[F] is the second Gundelfinger

covariant, which is the 3 x 3 determinant

N*F >

Gundelfinger’s result in full generality allows one to determine when a form can be
expressed as a sum of a fixed number of rth powers of linear forms.

Although Gundelfinger’s result is sufficient for practical purposes, we pursue
this issue further. One should be able to describe restrictions like diagonalizability
on the shape of the form in terms of the vanishing of certain generators of the

invariant ring. For example, a quartic binary integral form F' is diagonalizable if



and only if Jr = 0. This result is stated in [4, p. 29], and shown explicitly in [5]. If

the Hessian Hp of F' is written

270 92 2
", O°F 0°F (8F

2
T 02 92 (%cay) = Aoz’ + Avr®y + Aga®y? + Asay’ + Awy’,

then in [5] it was shown that

F(z,y) (& (z.y) —n'(zy), (1.3)

1
- 83IpA,

where £* and n* have coefficients in Q ( Aolr/ 3). Furthermore if I > 0 then &
and 7 are complex conjugates.

Every diagonalizable form is determined by a GLg(C)-substitution of the form
" —y". We see from (1.1) that the invariants which vanish are not altered by such
substitutions. Thus we may evaluate the generators of the invariant ring for the
form z" — y" to see that, for example, every quintic diagonalizable form has the
same three generating invariants vanish. Although we suspect that this vanishing is
a sufficient condition for diagonalizability, it has not been shown. One can perform
similar computations in every degree for which generators of the invariant ring are
known.

For the second question, determining the possible values of «, 3, v, and
in the diagonalization (1.2) of F', we turn to the Hessian. Computing the Hessian

of (1.2), we see that

Hp(z,y) = r(r —1)5%((azx + By) (v + 6y))" 2. (1.4)



Thus one can determine the resolvent forms of a diagonalizable form by factoring

the Hessian. Interestingly, the converse of this computation also holds.

Theorem 1.2.1. Suppose that F(x,y) € Z[z,y] is an integral binary form of degree
r with nonzero discriminant. Then F' is diagonalizable if and only if Hr is the r —2

power of a quadratic form with non-proportional linear factors.

1.3. Thue Equations

Suppose that F(x,y) is a binary integral form whose irreducible factors are of

degree at least three, and h € Z is nonzero. Thue proved in [6] that the equation

F(z,y) = (1.5)

has finitely many solutions (x,y) € Z?. Such equations are called Thue equations.

It follows that inequalities of the form

0<|F(z,y)| <h (1.6)

also have finitely many solutions (z,y) € Z?. Such inequalities are referred to as
Thue inequalities. We note that if F' in any of these equations is replaced by an
equivalent form, then the number of solutions does not change.

Although Thue proved finiteness, giving bounds on the sizes of the solutions
or on the number of solutions is of particular interest. In Chapter II we pursue
the latter for a specific family of forms. To do this, we use the Thue-Siegel
method of approximating binomial functions using Padé approximation. This
method was developed by Thue, see for example [7]. The approximating functions

were identified by Siegel as hypergeometric functions in [8]. The specifics of our
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application of this method are derived from the work of Akhtari, Saradha, and
Sharma found in [9].

A primitive solution to Thue’s equation or inequality is a solution (x,y) for
which z > 0 and ged(x,y) = 1. Throughout this manuscript we only count
primitive solutions.

Akhtari applied the Thue-Siegel method in [5] to show that |F(z,y)| = 1
has at most 12 solutions when F' is a diagonalizable quartic form with positive
discriminant. In [10], Akhtari gives further results concerning the diagonalizable
case with positive discriminant. In [11], Siegel shows that 0 < |F(x,y)| < h, where
F' is diagonalizable quartic with negative discriminant, has at most 16 solutions
when D < 0, at most 8 solutions when D > 0 and F is indefinite, and at most 1
solution when D > 0 and F is definite, all provided that |Ap| > 29413

Akhtari, Saradha, and Sharma applied similar methods in [9] to give similar
bounds on the number of solutions to |F(x,y)| = 1 when F' is diagonalizable of
degree at least five. Quartic Thue inequalities have been studied by others, notably
Wakabayashi in [12] and [13].

Chapter II concerns the case when F' is diagionalizable quartic with negative
discriminant using the methods of [5] and [9]. Using gap principles from [9] we
prove that 0 < |F(z,y)| < h has at most 2k solutions under roughly the condition

h <y 2710/7| |07,

Theorem 1.3.1. Let F' be a diagonalizable quartic form with negative discriminant,
and k an integer satisfying k> 3. Suppose that h < |j|* and h <

Ca(2, k, 0)]j %240, where

110 - 3* — 1278
77 - 3F + 378

7

E2(27 k? 0) =




and Co(2,k,0) = 29, where

~1081og,(3) — 6066 — 110 - 3¢

)
378 + 77 -3k

Given these assumptions on h, the Thue inequality 0 < |F(x,y)| < h has at most 2k

primitive solutions.

We refer to the exposition preceeding Lemma 2.3.1 for the complete definition
of Cy(n, k,g) and Ez(n, k, g) where n, k, and g are integers satisfying n > 2, k > 3,
and g =0, 1.

Applying Theorem 1.3.1 in the case when h = 1 and £ = 4 yields the

following:

Theorem 1.3.2. Let F' be a diagonalizable binary quartic form with negative

discriminant. The equation |F(x,y)| = 1 has at most eight primitive solutions.

Our method of proof for Theorem 1.3.2 is to use Theorem 1.3.1 when h = 1.
However this does not apply to forms with small |A], so we compute the solutions
to |F(x,y)| = 1 for the remaining forms. Using k = 4 instead of k& = 3 results in
a more feasible computational problem. We refer the reader to Section 2.5 for the
details of the computational methods used and some remarks on the results of these
computations.

Diagonalizable forms are useful because if one can give an upper bound
on the number of solutions to the Thue equation (1.5) with o = 1 and F
diagonalizable, then one can give an upper bound on the number of solutions to
the equation (1.5) with A € Z nonzero and F' is diagonalizable using a reduction of

Bombieri and Schmidt found in [14]. See Proposition 2.7.1 for our specific version



of this. If given a diagonal form, that is one of type
F(l‘,y) = az" — byna (17)

the Bombieri-Schmidt reduction will not necessarily return diagonal forms, but will
return diagonalizable forms.
Applying the Bombieri—-Schmidt reduction to Theorem 1.3.2 gives the

following result:

Theorem 1.3.3. Let G be a diagonalizable quartic form with negative discriminant.

Then |G(z,y)| = h has at most 8 - 4" primitive solutions.

We finish this chapter by applying this result to give an upper bound on the

number of integral points on the elliptic curve
Y2=X*+NX (1.8)

where N is a positive integer. We use the reduction found in [15]. In that paper,
Tzanakis uses norm-form equations to give a method of finding the integral points
on (1.8) but does not give an explicit upper bound on the number of such points.
Tzanakis also gives a reduction for the same family of elliptic curves with N a
negative integer (corresponding to a positive discriminant of the resulting forms),
which Akhtari applied in [10] using the results from [5]. We have shown the

following result using these methods:

Theorem 1.3.4. Let N be a positive square-free integer. The equation (1.8) has at

most
w(N/d) 63/2

215/2\/—2 2 -

dIN
9



integral points, where €q is a minimal unit in the ring Z[\/E]

Reducing questions about integral points on an elliptic curve to solving
a number of quartic Thue equations is a classical idea. See [16] for a recent
computational example which uses the correspondence between integral points on a

Mordell curve and the solutions to certain cubic Thue equations.

1.4. Reduction Theory

A reduction theory for a family of binary forms should consist of three things,
a definition of what it means for a form to be reduced, a reduction algorithm
which takes an arbitrary form and gives a properly equivalent reduced form, and
a generating algorithm for producing all reduced forms up to equivalence with
prescribed values for the generators of the invariant ring. That is, a reduction
theory should describe a convenient family of forms, the reduced forms, to
serve as a fundamental domain for proper equivelance of binary forms, and all
computational methods required to work with this family of reduced forms.

The reduction theory of binary quadratic forms is classical, dating back
to Gauss. A reduction theory for binary quartic forms was given by Birch and
Swinnerton-Dyer in [17]. A reduction theory for binary cubic forms and an
improved reduction theory for binary quartic forms was given by Cremona in [18].
However, we note that a small family of forms is not produced by the generating
algorithm of these reduction theories, those whose reduced proper equivalent has
vanishing leading coefficient. A convenient notion of reduced and a reduction
algorithm was given for forms of higher degree by Julia in his treatise [19] although
his definition is not explicit. More recent and explicit results are due to Cremona

and Stoll in [20]. A generating algorithm is not known in degree five and higher.
10



In Chapter III we give a generating algorithm for the family of diagonalizable
forms, Algorithm 3.5.1. Although generators of the invariant ring for all forms
in arbitrary degree are not known, the invariant ring for diagonalizable forms
is determined by the discriminant. Thus our algorithm instead produces all
diagonalizable forms up to equivalence with a given discriminant.

An implementation of this algorithm in Sage can be found on the author’s
website:

https://cdethier.github.io.

We end Chapter III with some computational examples that were produced using
this code. In particular, we have verified that Theorem 1.4 in [9] holds with r = 5,
h =1, and m = 5 if the assumption on the discriminant is dropped. The results of

these computations can also be found on the author’s website.
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CHAPTER II

DIAGONALIZABLE QUARTIC THUE EQUATIONS WITH NEGATIVE
DISCRIMINANT

2.1. Gap Principles

Suppose that F(x,y) € Z[x,y] is a binary integral quartic form with resolvent
forms ¢ and n which satisfy (1.3). There are multiple choices for £ and 7, for
example if £, n is one choice then —¢&, 47 is another. For the remainder of this
chapter we fix a pair with real coefficients and define the corresponding scaled
forms u and v so that F' = u* + v* and (1.3) both hold. Again there are multiple
ways to do this, so we fix a pair v and v with real coefficients.

We define

Z = Z(x,y) = max{[u(z,y)], [v(z, y)[}-

and

|F(2,y)|
ZM(z,y)

¢=((x,y) =
When we are considering multiple solutions (x;,y;) indexed by 4, for convenience
we will frequently use the notation ¢; = ((x;,v:), Z; = Z(xi,y:), & = (x4, yi),
etc. Furthermore, we will denote the solution to the inequality 0 < |F'(z,y)| < h
for which ¢ is largest by (xo, 7). We also treat (x,y) and (—z, —y) as the same
solution, because Z only depends on |u| and |v].

The following is a result from [9], see the remark in that paper following

Definition 5.3. We recall the proof here:

12



Lemma 2.1.1. If |j| > 2Vh and the primitive integer pair (x;,v;) # (o, Yo)

satisfies 0 < |F(x;,y;)| < h, then ((x;,y;) < 1.

Proof. Suppose to the contrary that (z;,v;) # (xo, yo) is a solution to this equation

with ¢; > 1. Then

UeV; — U;Vg = (045 - 57)(%% - xiyo) = j(ﬂﬁoyi - Iz'?/o) # 0.

From this we conclude that

|.7| < |UOU7L| + |U¢U0| < 2747;.

which we can use as follows:

F 1/4 F'il/4
mgzzozl:z| ol ZIELT o

1/4 /4 =
0 i

because (o, ; > 1. Tt follows by contraposition that |j| > 2v/h and (z;, ;) #

(x07y0)’ then C(xzayz) < 1. L

Suppose that w is a fourth root of unity. For our fixed pair of resolvent forms

n and &, we say that the solution (z,y) to 0 < |F(z,y)| < h is related to w if

= min
0<k<3

e

E(z,y) |

2kmi/d n(z,y) ‘

As £ and 1 were assumed to have real coefficients, any solution must be related to
one of the real fourth roots of unity.
Motivated by the previous lemma, we exclude the solution with largest (. We

define S, to be the set of solutions related to w, and S/, the collection of solutions

13



related to w, excluding the solution whose (-value is largest. We index the elements
of S!, as (z1,v1),- .., (Tk, yx) and once again adopt the notation Z;, (;, u;, etc.
Further, we may order the solutions in S/, to have decreasing (-values. That is,
Gr1 < (Gforall 1 <i:<k-—1

The following lemma originates in [11] and provides useful gap principles. We

use the statements found in [9, Lemma 5.6] and [9, Lemma 5.7]

Lemma 2.1.2. Assume that |S,,| > 2 and h < 1|j|>. Let (zo,y0) € S., with largest

C-value and (x,y) € S., a different solution. Then

7]
Z(z,y) > TRV (2.1)
and
zi> g (2.2)
¢ =gp Tt

Under the assumption h < %[j|?, it follows that all elements of S, have (-
value less than 1 by Lemma 2.1.1, so we used that assumption rather than the

assumption (;_1 < 1 given in [9].

Lemma 2.1.3. By convention, we label the elements of S, as (x1,vy1),- .., (Tk, Yr)
and order them by decreasing (-value. Suppose that |S.| > 2 and h < 1|j[>. Under

these assumptions

(2.3)
where the constants ai(k) and as(k) are defined as follows:

3k—1

al(k‘) = 5 + 3k_1
38 —1 3!
CL2(]€) = 5 + T

14



Proof. We begin by applying (2.2) repeatedly to Zj:

5] % " e
@;n—@ﬁz(—qAﬁﬁz”.z(—) VA

— 2h 2h 2h
where
k-1
o3k —1
b(k) = 3=
(k) Z:; 5

Finally, we apply (2.1) to Z; to obtain

-\ bk . 3k—1 . - a
7 s (BN (i N 1] S V] L
"=\ 2n 2h1/4 Ob(k)+38—1 ph(k)+ 2 201 (k) paz(k)”

2.2. Some Constants and Lemmas

Following [9], we define the constants ¢, 4, ¢1(n, g) and c2(n, g) for n € N and

g € {0,1} as follows:

n+ 2 1=9
Cn,g ‘= 4" (12@) ! <—>

X
C1 (na g) = 2% 2 |Cn,g|

n+l—g n

(")

(nfg+1/4) (n—1/4> ‘

2h> —1(2n+1—g)

ca(n, g) == 2”+1_g|cn’g| (1 —
1

We state some bounds for ¢i(n, g) and c3(n, g) given in [9] which we will use:

|01 (n’ g)l < 23n+242(29+3n)+1 |j|2(g+n)+1 (24)

|CQ(TL, g)l < 2n+342(2g+3n)+1|j‘2(g+n)+1' (25)

15



These can be found in equations (60) and (61) in that paper.
We need some further results from [9] which explain the significance of

c1(n,g) and ca(n, g). The following is [9, Lemma 7.3].

Lemma 2.2.1. Let F be a diagonalizable binary quartic form. Let (xq1,y1) and
(x2,y2) be two solutions related to a fixed fourth root of unity, say w, with (s < (.

Assume that Z} > 2h and 3, , # 0. Then
c1(n, Q)hZII9 753 4 oy(n, g)h2 9z A e 7 S (2.6)

And this is Lemma 7.4 from that paper.

Lemma 2.2.2. Ifn € N and I € {0,1}, then at most one of {X,0,Xn+11} can

vanish.

2.3. Strengthening the Gap Principle

Throughout this section, we assume that S/, has k elements, indexed as
(x1,y1),- -, (zk,yg). Our aim is to show that under certain conditions this is a
contradiction, in order to conclude that |S/| < k — 1.

We begin by defining the constants C; and E; for i = 0,1, 2. Throughout

these definitions, n > 2 and k > 3. The E’s are given as follows:

o 4(11(1{7 — 1)
Bo(k) := 173 day(k — 1)
29+ @+ ga(k—1)
Bl 9) = 0 gaae— 1)
By(n. k. g) = —8n—14+2g+ (8n — 5+ g)a;(k — 1)

6n+4+ (8n—5+ g)ag(k — 1)

16



and the C’s are given as C; = 29, where

o . —L—da(k—1)
O 1t dag(k— 1)
—24—-8g—(4+g)ai(k—1)
@1 =
4 4 (4 + g)ag(k — 1)
o, 3logy(3) — 54n — 66 — 8g — (8n — 5+ g)as (k — 1)
9 = .

6n+4+ 8n—5+g)ag(k —1)

Lemma 2.3.1. Suppose that k > 3 is fixed integer, and that h satisfies

I
h < Z|j|2 (2.7)
as well as
. ) . El
h < Join, Cilj (2.8)
foralln >2 and g =0,1. Then
Zp > (0.75)27 13713 j|2n-dp el gzt (2.9)

for all n € N.

Proof. During this proof we will frequently use Lemma 2.2.1 applied to Z;_; and
Zj. This Lemma requires the assumption that Z; | > 2h. This is always the case,

as

4 |j|or =) !
Zy-1 2 (2a1<k1>ha2<k1>) > 2h

using (2.3) and our assumption in (2.8) that h < Cy(k)|j|Fo).

17



This argument is a proof by induction. Beginning with the base case, n = 1,

we cube (2.2) and rearrange to fit the first term of the left side of (2.6):

A%
zi> (ﬁ Z,

her(1,9) 2722079 < en(1, )| ~228h4 2,40

Now we apply (2.4) to ¢1(1,g) and (2.3) to Zx_;:

—35—g 4631 :1=3 (05 A4g+T| : 12943 j|er kD) o
hei(1,9) 2" 2,1 < h*2°]j] (2 AN Vi ) <2a1(k1)ha2(k1)>

= 2
where the exponents di, do, and d3 are given as follows:

di =22+8g+ (4+g)ar(k —1)
dy =29 — (4 + g)ar(k — 1)

ds =4+ (44 g)az(k —1).
Because of our assumption in (2.8) that h < C(k, g)|j|***9) | it follows that

c1(1,9)h 232,79 < 0.25.
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According to Lemma 2.2.2, ¥ 5 and X;; cannot both be zero. We choose whichever

21,4 is nonzero and apply Lemma 2.2.1 to Z; and Z,_; to conclude that!

(1, 9)h*~922 " Z), > 0.75.

Rearranging and applying (2.5) to c2(1, g), we see that

Zy > (0.75)2718789| j| =293 p9=3 7139

> (0.75)27%|j|°h 32,

This last inequality required that h > 1, |j| > 1, which follows from h < %\ 7|2
in (2.8), and Z;_; > 1, which follows from (2.1) and h < 1[j|*. Since this is (2.9)
with n = 1, this completes the base case.

We begin the induction argument by cubing the induction assumption and

rearranging towards the first term of the left side of (2.6) with n + 1:

Z}j > (0.75>32739n739|j|76n79h76n732113q

hCl (n + 1’ g)Z;;‘sZ;i‘ff’ S (0'75)7301 (n + 1’ 9)239n+39‘j‘6n+9h6n+4zg:fn+g.

The left hand side is now the first term in (2.6), so we attempt to show that the
right hand side is less than 0.25. To do this, we first make use of (2.4) applied

to c1(n + 1,g), then (2.3) applied to Z;_;. Doing this second step requires the

Tt is possible to make these arguments with 0.25 replaced by any 0 < « < 1. However, a =
0.25 maximizes the expression a1 — «)® which appears in our Cy constant.
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assumption h < 1[j|%.

cl(n + 1,g)hZ;;3Z:Tf5_g < (0‘75)—3254714-89-1-58|j|8n+2g+12h6n+421;§?—4

< (0.75)7%2%|j| % h,

where the exponents dy, ds, and dg are given as follows:

dy =54n +8g+ 58 + (8n+ g —5)a(k — 1)
ds =8n+29g+12+ (5—-8n—g)ai(k —1)

de¢ =6n+4+ (8n+g—>5)ax(k —1).

By our assumption (2.8) that h < Cy(n, k, g)|j|#2"*9) it follows that

ci(n+1,9)hZ3 25579 < 0.25.

According to Lemma 2.2.2, ¥, and ¥, ; cannot both be zero. We choose
whichever ¥, 4 is nonzero and apply Lemma 2.2.1 to Z;, and Z;_; to conclude
that

co(n + 1, g)h2H3=9 7 479 7, (.75,

Rearranging and applying (2.5), we see that

Zk > (0'75)2—13n—8g—18|j|—2n—2g—3hg—2n—3Z;lﬁJlr773g

Z (0.75)2713n726 ’j|72n75h72n732£7_1<1k4
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Once again, we have used h > 1, |j| > 1 and Z;_; > 1. These follow from h <
171* in (2.8) and (2.1). Since this is (2.9) with n — n + 1, we have completed the

induction argument. O]

We will show that the value of k for S/, leads to a contradiction. Before doing

this, we first define two more constants, E3(k) given as follows:

—2+4ay(k — 1)
Es(k) = .
() 2+ das(k — 1)
and Cs(k) given as C3(k) = 2 where
13— day(k—1)
T 24 das(k — 1)

Lemma 2.3.2. Suppose that, in addition to (2.7) and (2.8), we also assume that

h < Cs(k)|j|F®). (2.10)
Then then inequality

0 < |F(z,y)| <h

has at most 2k solutions.

Proof. 1t suffices to show that under (2.10) that Lemma 2.3.1 leads to a
contradiction, as we built that Lemma assuming that |S/| = k, and S/, contains
all solutions related to a particular fourth root of unity except the one with largest
(-value. As we have noted, solutions can only be related to two of the fourth roots

of unity because u and v have real coefficients, as Ir < 0.
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To derive a contradiction, we will show that the right side of (2.9) goes to oo

as n — o0o. To do this, we rearrange (2.10):

h < Cs (k)| %®

p2Haz(k=1) _ 913—dai(k—1 ’—2+4a1(k—1)

g
1 < 2713‘ .|—2h72 |j|a1(k_l) !
J a1 (k—1) fyas(h—1)

1< 2785 2h 22} .

In the right side of (2.9) this quantity is being raised to the nth power, which will

go to oo. O

2.4. Reduction of Coefficients

Proof of Theorem 1.3.1. We complete the proof of Theorem 1.3.1 by
comparing the constants C; and F;. We aim to show that for a fixed & > 3,
Ey(2,k,0) is minimal among the E; and Cy(2, k,0) is minimal among the C; with
i=0,1,2,3,n>2,and g = 0,1. This will show that h < C5(2, k, 0)[j|®>*0) is the
most restrictive constraint between (2.8) and (2.10), hence the only necessary one.

To do this we need to show several inqualities of the form E;(ni,k, g2) <
E;(na, k, g2) and similar with the exponents of the C;. This amounts to verifying

several inequalities of the form

S tma(k—1) _ &+ mpa(k—1)
91 + 7’]1@2(1{3 — 1) - 92 + 7’]2@2(/{3 — 1)

(2.11)

Where =+ is taken to be + for the E’s and — for the C’s. The constants &, 1y, 61,

&9, M9, and 6, may depend on n or g, but not k. To do this, we clear denominators

22



and organize by the coefficients of 1, a;(k—1), and as(k—1). Noticing that the ajas

term always cancels, we define ® as
D = (&b — £102) + (M6 — mb2)ar(k — 1) + (§&am — &mp)az(k — 1)

and check that ® > 0 because this implies (2.11). For notation, we use ¢ ,; when
checking the inequality F»(2,k,0) < FE; and ®¢; when checking the inequality
Co(2,k,0) < C;. We use the notation ¢ = log,(3) and expand in terms of 3% to

obtain the following expressions for ¢:

1805 = 685 - 38 — 1017
90, =225 — 198g + (130 + 27¢)3"
gy =110 — 55n — 2g + (—842 + 421n + 131g)3* 2
Bops=—108+79- 3"
3600 = —5688 4 108¢ + (4265 — 841/¢) 3*
360, = 3816 — 216/ — 5868¢ + Hdlg + (2824 — 844 + 4429 — 21/() 3*
36® ¢ = 13536 + 432 — 6768n — 216nf — 5868 + Sdgl+
+ (—9932 + 336¢ + 4966n — 168nl + 4429 — 21g¢) 3"

BPez = —598 + (493 — 12¢) 3",

One may verify that each of these expressions is non-negative, using the restrictions

n>2 g=0,1, and k > 3 where appropriate. 0
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2.5. Proof of Theorem 1.3.2, Forms with Small Discriminant

The method for this proof is to apply Theorem 1.3.1 with h = 1. The bounds
on h in terms of j lead to upper bounds on A using A = —4*;j'2. These in turn
lead to upper bounds on I using 27A = 4I% — J?. We then find all forms F with
Jr =0 and Ir down to this bound and solve |F'(z,y)| = 1 for each form.

Unfortunately, using k& = 3 requires that we solve |F(x,y)| = 1 for all forms
with (approximately)

0> Ip>—2.4x10°

which far exceeds our computational resources. Using k = 4 gives more reasonable
bounds, (approximately)

0> Ir > —2600.

Of course, this gives a weaker result. We see no reason why Theorem 1.3.2 should
be false with eight replaced by six, but showing that statement is out of reach of
our computational resources using this method.

Our presentation of these methods was inspired by [16].

Proof of Theorem 1.3.2. Applying Theorem 1.3.1 with £ = 4 and h = 1 shows
that |F(z,y)| = 1 has at most eight solutions for forms F' with I < —2593. The
remaining forms are handled by direct computation.

To find all such forms, we use an algorithm given by Cremona in [18,
Section 4.6]. This algorithm misses the family of forms whose leading coefficient
is zero when reduced. This issue is explicitly highlighed in [17] where Birch and
Swinnerton-Dyer describe a similar algorithm.

These forms can be handled separately. If F'(x,y) has a leading coefficient

of zero, then F(z,y) = yC(z,y), where C(z,y) is a cubic form. The equation
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yC(z,y) = £1 requires y = £1 and C(z,y) = £1 with the same sign, as y and
C(z,y) are both integers. Putting these together, we arrive at C'(z, £1) = +1,
which describes the roots of two cubic polynomials. Thus, F'(z,y) = =1 has at
most six solutions.

Here we give a brief description of Cremona’s algorithm for the case I < 0

and J = 0. To find all forms
F(z,y) = az* + b’y + cx®y? + day® + ey?,

with Jr = 0 and a given negative value for I, we loop on a, b, and ¢ using the

bounds for a and b given by

2
al < —+v/—1
||_3\/§

—2lal <b<2
and the bounds on ¢ derived from the definition of the seminvariant H:
H = 8ac — 3b* (2.12)
and the following bounds on H:
4 .
max {51’ —Ba} < H < min{0, B, }

where B, is given by

2
B, = g\/—AIN—AJ — 27a2.
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These can be found in [18, Proposition 14]. Given a, b, and ¢ one can find the

seminvariant H using (2.12) and the seminvariant R using the identity

H? — 481a*H + 64Ja®> = —27R2.

Then one can calculate d and e using the definition of R:

R = b + 8a%d — 4abe

and the definition of [:

I = 12ae — 3bd + ¢,

checking for integrality of R, d, and e after calculating each. Note that this
algorithm is simplified by observing that when J = 0 it follows that [ is divisible by
three.

The results of these computations can be found on the author’s website:

https://cdethier.github.io.

The file forms.pdf contains a list of forms with Jp = 0 and 0 > Ir > —3000,
organized in descending order of Ir. We claim that the list of forms in this pdf
contains at least one form in each SLy(Z) orbit, however we do not claim that these
forms are distinct up to SLy(Z) action.

Now that we have obtained a presentation of all forms of interest, we compute
the solutions to F((z,y) = 1 and F(z,y) = —1 using PARI. The solutions of each

equation are also given in the file forms.pdf. Table 1 lists the number of forms
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TABLE 1 The number of Forms with a given number of solutions to the Thue
equations F(x,y) =1 and F(x,y) = —1.

F(z,

N—
I
—_

F(x,y

~—

= —1 | # Forms
7346
1003
97
)
1003
146

WNN R~ P~ROOOo oK

SO ON O WNDRHFEO

with Jp = 0 and 0 > Ir > —3000 with a given number of solutions to F(z,y) = 1
and F(z,y) = —1:

Crucially, none of these forms have more that eight primitive solutions to
|F'(z,y)| = 1, which completes the proof. O

We continue with some remarks about our computations. None of the forms
discovered have more than three primitive solutions. These computations are
consistent with observations, for example in [5], that most upper bounds for the
number of solutions to a Thue equation are not sharp. Furthermore, all forms
which have exactly three primitive solutions are diagonal, that is, they have shape
ax* + by*. The fact that these forms have more solutions than the rest is due to the
fact that we count (z,y) and (z, —y) as separate solutions, which we would not do
when studying the family of diagonal forms in even degree.

This upper bound on the number of solutions with a diagonal form is not
unexpected, see [21] for example. However, it is unexpected that this bound would

hold for all quartic diagonalizable forms with negative discriminant.
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2.6. Reduction of Elliptic Curves

Now we show how to bound the number of integral points on the elliptic

curve

Y2=X34+ NX =X(X*+N) (1.8)

by bounding the number of solutions of a certain family of quartic Thue’s
inequalities. This reduction is due to Tzanakis and can be found in [15]. The case
with NV < 0 can be found in [9]. We recall it here to establish notation and to be
self-contained.

Let N be a positive square-free integer. We consider the integral points on the
elliptic curve (1.8). As X and X? + NX are integers and Y? is a square integer, the
square-free parts of X and X? + N must be the same. Conversely, and X with X
and X?+ N having identical square-free parts will lead to an integral point on (1.8).

We will use the notation

X =dy?, and X? — N = dz?.

From their definition x and y satisfy the equation 2% — dy* = %. We may now focus

on the quartic equation

X% —dy* =k, (2.13)

where N and k are positive integers, and d > 1 is a positive square-free integer.
Conversely, a solution to (2.13) also produces an integral point on (1.8) with N =
kd.

Since it was assumed that N is square-free, the integer £ is also square-free

and is relatively prime to d. Let U; be the number of solutions to equation (2.13).
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Then the summation

> U (2.14)

dIN
provides an upper bound for the number of solutions to (1.8). We calculate these

upper bounds by counting integral solutions to the equation
X2 —dy?*=k (2.15)

and detect those where Y is a square.
We begin by studying the structure of the solutions of this equation. Suppose

that (X,Y) € Z? with XY # 0 is a solution to (2.15). Define
a=X+YVd,

and for ¢ € Z, define X;,Y; € Z as follows:
X, +Yivd = e

where ¢4 is the fundamental unit in the order Z[v/d)].

Defined in this way, (X;,Y;) € Z? is also a solution to (2.15). We refer to
the set of all such (X;,Y;) as the class of solutions of (2.15) associated to (X,Y).
Walsh in [22] showed that there are at most 2¢ classes of solutions to (2.15) under
the assumption that k is square-free and D > 0, see Corollary 3.1 in that paper.
So we concern ourselves with bounding the number of solutions in a fixed class of

solutions, C.
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Let Yy be the least positive value of Y which occurs in C' and let X be the
corresponding integer from C' so that X2 — dYZ = k. We call X + YoV/d the
fundamental solution of the class C.

Now suppose that (X,Y) is a solution to (2.13), so that (X,Y?) is a solution
to (2.15). If X + Yy/d is the fundmental solution of the class of solutions of X +
Y2V/d, then

X+ Y2V = <X0+Y0\/E> eg (2.16)

for some 7. Then there are integers 7, s,t such that
X+ V= (s+vVd) F (2.17)
by taking either

s+tvVd= X, + YoVd when i is even, or

s+tVd= <X() + Yo\/c_l> €4 when 7 is odd.

Now suppose €, = m + nv/d. Then we have m? — dn? = 1 and expanding (2.17) we
see that

Y2 = tm? + 2smn + tDn?.

Multiplying this identity by ¢, completing the square, and using the fact that s* —
dt?* = k, we obtain

—(tm + sn)® + kn® +tY? = 0. (2.18)

The following is [15, Lemma).
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Lemma 2.6.1. Let a, b, c be nonzero integers with ged(a,b,c) = 1, and such that

the equation

aX? +bYP* +c3* =0 (2.19)

has a solution in integers X,%), 3 not all zero. Then there are integers Ry, Sy, Th,

Ry, S5, Ty, and z1 depending only on a, b, ¢ satisfying the relations

R1T2 + R2T1 = 251»92,
S2 — RoTy = —acz?

S? — R\Ty = —bcz?

and a nonzero integer 0, also depending only on a,b, ¢ such that for every nonzero

solution (X,9),3) of (2.19), there exist integers Q,x,y, and a divisor P of 6 so that

PX = Q(RLTQ - Slxy + lez)

PY) = Q(Rox® — 2Syxy + Thy?).

Moreover if ged (X,9), 3) is bounded, then an upper bound for QQ can be found.

Furthermore, Walsh showed in [22] that the integers Ry, Ty, Ra, Ts satisfy
RiTy — R, =0.

Applying Lemma 2.6.1 to (2.18) with a = —1, b = k, and ¢ = t, we conclude
that producing a solution to (2.18) is equivalent to producing a primitive solution

to

F(u,v) = (Pt/Q)?, (2.20)
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where F(z,y) = A(z,y) — A%(z,y) if we define A; and A, as

Al(QT, y) = (Rl — SRQ)[L'Q — 2(51 — SSQ)IIZ'y + (Tl — STQ)QQ

Ay, ) == Rota® — 2Sstay + Toty?.

We summarize some properties of this particular Thue equation in the

following proposition:

Proposition 2.6.2. Let F(x,y) be the quartic form with coefficients given above.

Then

1. F(x,1) has exactly two real roots and no repeated roots,

3. IF = 48kt3T2RQZ%d,
4. Ip < 0.

Proof. 1) Solving F(z,1) = 0 is equivalent to solving

Ay(z,1) = £VdAy (2, 1).

We make the substitution w = s + tv/d, and this becomes

p(:(:) = (Rl - ’UJRQ)JJZ - 2(51 - wSQ)x + (Tl - sz) =0.
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To check if the roots of this polynomial are real, we must check positivity of the
discriminant of p(z). We do this using the identities from Lemma 2.6.1.
1 2
ZAP = (51 —wS2)* — (R — wRy) (T — wTy)
= 5% —2wS, Sy + w?S? — BTy +wR\ Ty + wRyT, — w?RyTh
= —kt2? + wtz}

= tz2(w® — k).

As t and z? are both positive, we must determine whether w? — k is positive,

negative, or zero:

w? — k= S% + 2stVd + t3d — s* + #3d
— 9282d + 2stVd
= 2V d(tVd £ ).

Now we must determine whether tv/d + s is positive, negative, or zero. To do this,
we note that

(s +tVd)(—s + tVd) = —s* + dt* = —k < 0,

which implies that exactly one of s 4+ tv/d and —s + ¢\/d is negative, the other is
positive, and neither are zero. In fact, —s + tv/d < 0 as s,t > 0. Thus we see that
F(z,1) has two real roots and two non-real roots, as well as no repeated roots.

2) is proved in [22], while 3) is shown in [9].

4) It follows from 1) that Ap < 0, which implies that /r < 0 from the identity

2TAp = 413 — J2

33



2.7. Bombieri-Schmidt Reduction

Proposition 2.7.1. Let & be the set of quartic forms F(z,y) € Z|x,y| that are
wrreducible over Q with Ip < 0 and Jp = 0. Let N be an upper bound for the

number of solutions of quartic Thue equations

F(x,y) =

as F wvaries over the elements of . Then for h € N and G(z,y) € &, the equation

G(z,y) = (2.21)

has at most

4w )
primitive solutions.

Proof. This is a special case of [14, Lemma 7]. In that proof (2.21) is reduced to
certain other Thue equations with other forms in & by reducing G(zx,y) through
the action of certain matrices from GLy(Z). These new forms will have Jp = 0
because applying this action to a diagonalized form clearly yields a diagonalized

form. Furthermore, the matrix

a b

will act on a root o by
a-a+b
c-a+d
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From this it is clear that real roots will map to real roots and nonreal roots will

map to nonreal roots. Thus these new forms will also have I < 0. O]

2.8. Proof of Theorem 1.3.4

Proof of Theorem 1.3.4. Tracing back through our reduction of the elliptic

curve, the number of integral points on (1.8) is at most

Z Ud7

dIN

where U, is an upper bound for the number of solutions to the Thue

equation (2.13). Every two of these solutions is derived from one solution to (2.15)
as Y is squared. The solutions to (2.15) split into classes of solutions. As k is
square-free, Walsh showed in [22] that there are at most 2“*) such classes. The
number of solutions in each class is the number of solutions to the quartic Thue
equation (2.20), which is at most 8 - 4°(P***/@*) applying Theorem 1.3.3. Akhtari in

9] gives the following upper bound for w(P?*?/Q?) (see the proof of Corollary 5.1):

P22 log (6(31/2\ / \K\/2d>
w <2+

( Q)? ) log4
where K = N/d. Hence it follows that (1.8) has at most

gw(N/d) 63/2

d U< 2PNy

dN d|N

integral points. 0
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CHAPTER III

COMPUTATIONAL THEORY OF DIAGONALIZABLE FORMS

3.1. Proof of Theorem 1.2.1

Proof. If F' is a diagonalizable form of degree r, then it follows from the
computation in (1.4) that Hp = (Ly(z,y)La(z,y)) >, where L; and L, are linear
forms proportional to the resolvent forms of F', aax + Sy and yx + dy. If Ly and Lo
were proportional, then the resolvent forms of F' would be proportional, implying
that Ar = 0, which contradicts the assumption Ag # 0 for diagonalizable forms.
Conversely, suppose that F(x,y) € Z[z,y| is a binary integral form with
nonzero discriminant whose Hessian Hp is the r — 2 power of a quadratic form with
non-proportional linear factors. We will prove that F' is diagonalizable. Suppose

that the two linear factors are £(z,y) and n(z,y), given by

{(x,y) = ax + By and n(x,y) = yr + dy.

Since £ and 7 are not proportional, one may write

r = pé+qn

y=s§+1n

for some p, q,s,t € C. In fact, these can be given explicitly by inverting the implicit

linear substitution matrix. We use ag, ay, . .., a, for the coefficients of F' in & and 7,
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and ® the form F viewed with this perspective:

F(x,y) = F(p€ + qn, s€ + tn)
= a" + a4+ a & an”

= (&, n).

We use Ay, Ay, ..., Ag._o for the coefficients of the Hessian of F' in & and n. We

note that it satisfies

H@(f,n) :A0£2r_2—|—Alf2r_377+...—|—AQT_35772T_3+AQT_2772T_2

= (pt — sq)°Hp(2,y) = (pt — s9)*(€n)" 7,
as the Hessian is a degree two covariant. Thus we conclude that
AOZ...:AT_3:AT_1:...:AT:O and Ar_gz(pt—S(DQ.

We will use explicit calculation of the Hessian coefficients of ® (the Ay) in terms of
the coefficients of ® (the a,,) to show that a; = as = ... = a,_; = 0. This will show

that F'is diagonalizable. We begin with

®(E,m) = al ™,
=0
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from which we calculate the second order partial derivatives of ®:

2o 2 ‘ o
e = 2 =i i Dag Ry
1=0
8_772 = Z(l)@ — ]_)aigr—z?,/z—Q _ (Z + 2)(Z + 1)ai+2€7"—2—2nz
=2 i—0
82(13 -1 r—2

G_&ZZ(T_Z)() grzlzl ZT’—Z—l Z+1)al+1§TZ2T]Z

i=1 =

We have reindexed these sums so that each summand has the same power of £ and

7. This leaves us with the following expression for the Hg:

r—2 r—2
Hq):(Zr—z r—z—l)aﬁ’“lQl) (Z]—i—? (j+ 1D)aj 26" 2 )
=0

r—2 2
- ( (r—i—1)(+ 1)ai+1§7"_i_277i> :

1=0

(]

We now collect terms by the resulting powers of ¢ and 7, because Ay, is the
coefficient of n* in Hg. This yields the following identity:
Av= > [r=r—i=1)+ 1)+ 2)aa;e

0<i o2 (3.1)

—(r—i=10)0+ 10 —j—1)+ Daiyia;41].

It will be convenient for the rest of this argument to assume that ag # 0 or

a, # 0. First we assume that ag = 0 and a, = 0 to arrive at a contradiction. First

we assume 7 is odd, then (3.1) with k£ = 0 is

0 =2r(r — Dagag — (r — 1)%a3
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which shows that ag = 0 forces a; = 0. Using ag = a; = 0 in (3.1) with £ =2 is

0 = 12r(r — 1)agas + (6r — 6)ayas + 4(r — 2)%a2 4+ 2(r — 2)(r — 3)a’

which shows that a; = 0. One may inductively show that a,, = 0 using the identity
Agpm_o = 0 up to 2m — 2 = r — 3 (one must be sure that the coefficient of a2, is
nonzero — this can be checked explicitly in general). Similarly, (3.1) with k = 2r—4
shows that a, = 0 forces a,_; = 0. One may also inductively build downwards to
show that a,, = 0 using Ay,,_2 = 0 down to 2m — 2 = r — 1 (again, checking that
the coefficient of a,, is nonzero). Thus, if r is odd and ay = a, = 0, then a,, = 0 for
0 <m < r. This means F' = 0, so Hr = 0 which contradicts our assumptions.

If 7 is even, the same argument applies. However, it fails to show that a,/, =
0, as A,_ # 0. This implies that F has the form F(z,y) = a,/2(¢£n)"/%. However,
this form has Ap = 0, so it is ignored by our assumptions.

So we may thus assume that ay # 0 or a, # 0. As (3.1) is symmetric under
the permutation m ~— r — m of the subscripts of the a,,, we will only make
our argument in the case where ag # 0. The case where a, # 0 can be argued
symmetrically.

We will use (3.1) to solve for successive values of a,, in terms of a; and aq,
starting with solving Ay = 0 for as, and proceeding inductively by solving A = 0

for agyo. We claim that this leads to the following presentation of a,, for 2 < m <

r—1:
-1 ... (r— 1 m
gy = =D rmmt ) af (3.2)
rm—lm| ag’

Before arguing this claim, we begin by showing that if a;, a;11, aj+1, a;42 all have

this presentation, then the 7, j term of the sum in (3.1) is equal to 0. This will be
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useful in the proof of (3.2) and after. To show the i, j, term of the sum is 0, we

compute both expressions directly. Here is the first:

(r=0—i-10G+1D0{+ Daiaje =
(r—=1)...(r—i+1) a}

=(r=)r—i-D{+1)0[+2)

ri—1q! ag’l.
(7“—1)...(7‘—]’—1)@{1r2
riti(j + 2)! aé“
(r—1)...r—i—1)(r—1...(r—j—1)d7"
e ’I"H_]Z']' CLE—H .

And the second:

—(r—i=100G+1)(r—j—1G+Dai1aj41 =
(r—l)...(r—z’)ailﬂ_
ri(i 4 1)! ab

=—(r—i—-1)GE+1)(r—7-1)@F+1)

.(r—l)...(r—j) i+l
n(j+ 1)! ag
—(r=1...r—j =D =1 ...(r—j—1)a/7*

ritijljl o+

These expressions cancel, showing that the 7, 7 term of the sum is 0, provided
as, .. .,apr1 have the presentation given in (3.2).
Now we can show that (3.2) is the case. Of course we will argue this claim by

induction. For the base case, Ay = 0 is the identity

2r(r — 1)agag — (r — I)Qaf =0,

which we solve to obtain




which is (3.2) when m = 2.

For the induction step, suppose that we have used the equations up to Ay_; =
0 to solve for ay, ..., ary; and we are now proceeding to solve Ay = 0 for ap o. The
first term of the sum in (3.1), the term with ¢ = 0, contains the only value of a,,
which we have not solved for, ag,o. The remaining terms of the sum contain only
values of a,, that we have solved for. Hence, as we have shown, all terms except the
first are 0. Now that the first term of the sum is the only one remaining, we may

solve for ag.o:

r(k + 2)agagio = (r — k — )ajag_q

(r—1)...(r —k)af™

rk(k +1)! a}
C(r=1)...(r—k-1)a}*

A2 = 7,.k+1(k: + 2)[ a]g+1 .

r(k+ 2)agagss = (r—k — 1)ag

Hence by induction the a,, all have this presentation. We may continue this
induction argument up to solving for a,_; in the equation A,_3 = 0.

Now we assume that a; # 0 and hope to reach a contradiction. We skip
k = r — 2 for the moment and proceed to solve A,_; = 0 for a,. As we have shown,
all terms with values of a,, given in (3.2) are 0. The only remaining term is the
one containing a,, which we use to solve for a,. Note that this requires a; # 0 for

cancellation:

r(r—1)(r —2)a1a, = 2asa,_1
r—1lat(r—1)...(2)a;™"
2r ap r'2(r—1)! a2

,
1 aj

r(r—1(r —2)aa, =2

— 5 r—1°
T )
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This we have shown that a,, has the shape given in (3.2). However, moving
back to A,_» = (pt — sq)* shows that (pt — sq)? = 0 as every a,, in (3.1) has the
shape given in (3.2).

Hence we have contradicted the assumption that Q(z,y) has non-proportional
linear factors, showing that in fact we must have a; = 0. Examining (3.2), we see

that in fact a; = ... = a,_1; = 0. This shows that F'is diagonalizable. ]

3.2. Preliminaries

This section further introduces the notation of diagonalizable forms and
covers some known results concerning the coefficients which are required for our
reduction theory. Where possible we have used the notation of [9].

A diagonalizable form may also be presented as

F(z,y) = au(z — f1y)" — n(z — dry)", (3.3)

with the corresponding restriction

J = 04171(51 - 51)T #0

If F' is to have integral (or rational) coefficients, then «, 3,7, or alternatively
a1, B1,71, 61 must satisfy certain algebraic conditions. The following lemma gives

such conditions for (3.3).

Lemma 3.2.1. Suppose that F' is a diagonalizable form with rational coefficients

that has been diagonalized as in (3.3). Then one of the following must be the case:

a) ai,Bi,m,6 € Q
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b) [Q(F1) : Q] = 2 and 6y is the algebraic conjugate of 5. Furthermore oy, —vy, €

Q(B1) and are also algebraic conjugates.

Suppose that F(x,1) has integral coefficients and Q(f1) = Q(v/D). Let O = Og(vp)
be the ring of integers in Q(v/D). Then the coefficients of

r(r— 1)\/5a1(x — by)" and r(r— 1)\/5’}/1($ —61y)"

are in O. In particular, r(r — 1)v/Day, r(r — 1)v/Dy, € O.

The first part of this lemma is due to Voutier, and can be found as Lemma
4.1 in [23]. The second part of this lemma is due to Akhtari, Saradha, and Sharma,
and can be found as Lemma 3.2 in [9].
We also note that j is similar to the discriminant of F', which we notate A =
Ap. Explicitly,
A= (—1) =), (3.4)

This can be found as equation (17) in [9]. Furthermore, there is a constant y € C
such that

(ax + By) (v + 6y) = x(Az® + Bay + Cy?), (3.5)

where A, B, C' € 7Z. The discriminant of this integral quadratic form we will call D,
D = Dr = B> — 4AC.

We may further assume that ged(A, B,C') = 1 as otherwise their greatest common
divisor could be included in x. This assumption ensures that A, B, C', D, and y
are uniquely defined. To be explicitly clear, we follow this convention even in the

special case that two of A, B, and C' are zero, which ensures that the third is +1.
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Computing the quadratic discriminant of both sides of (3.5) gives

Choosing arbitrary rth roots of a; and ~;, we see that
x(Aa® + By + Cy*) = ay /" (@ — 1) (@ = 60), (3.7)

it follows that (1,01 € @(\/5) which justifies our repeated use of D from
Lemma 3.2.1. We note that all of this information can be found in [9].

The Hessian of F' is a covariant of F' defined as

O*F\ (0*F ?F\*
Hay) = (o) (55 ) - (2=)
&) <3x2) (&?ﬂ) (f%y)
When defined this way, it is clear that the Hessian of a binary integral form will

itself have integral coefficients. Computing the Hessian of the diagonalizable form
F(z,y) = (ax + By)" — (yx + 0y)" (1.2)
and using the definition of x in (3.5), we see that
H = —r*(r —1)%%"2(A2* + Bay + Cy*)" 2 (3.8)

As A, B, and C are relatively prime and (Axz? + Bzy + Cy?)"~? includes terms with

coefficients A2, B"2, and C"~2, we must have

r(r—1)%*"*€Z (3.9)
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for the Hessian of F' to have integral coefficients. This observation is originally due

to Gauss, as noted by Siegel in [11].

3.3. The Discriminant of a Diagonalizable Form

Suppose that F(z,y) € Z[z,y| is a diagonalizable form of degree r. Not every
integer is a possible value for the discriminant Ap. One can give restrictions on the
value of Ar which we discuss in this section.

Suppose that r is even, we consider the expression

7"2<7" . 1)2Xr72j2D(r72)/2 _ 7,2(7, . 1)2jr- (310)

As D € Z, it follows from (3.9) that

r*(r —1)*" € Z. (3.11)

When r is odd, we consider the expression

ri(r — DN 20D 2 =t (r — 1) (3.12)

Again, as D € Z, it follows that from (3.9) that

ri(r —1)** € Z. (3.13)

From (3.11) and (3.13) we build the following result, which is a useful

necessary condition for diagonalizability.
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Lemma 3.3.1. Suppose that F' is a diagonalizable form of degree r > 4 with
integral coefficients. Then x" € Q.
When r is even there is an integer D such that A = rD"'. In addition, j

must satisfy rj" € Z. In fact, D can be taken to be
D= (-1,

and conversely these two identities uniquely determine D and j" for a given A.
When r is odd there is an integer D such that A* = r?>D"L. In addition, j

must satisfy r2j*" € Z. In fact, D can be taken to satisfy

Dl =[],

and conversely these two identities uniquely determine D and 72" up to sign for a
given . Furthermore j* and D have the same sign. If r = 1 mod 4 then A > 0

and if r =3 mod 4 then A and D have opposite signs.

Proof. We will verify each of these statements in order. For the first statement, it

follows from (3.7) that

_(XA)T = —0q71-

According to Lemma 3.2.1, there are two possibilities. If aq,v; € Q, then x" € Q as

AeZ. If[Q(p) : Q] =2 with ay, —y; conjugates in Q(f;), then

—(xA)" = —a1y1 = Nm(a) € Q,

from which it follows that x" € Q.
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We proceed with r even. We define D by

D = (—1)"+D/2pgm, (3.14)

It follows from (3.11) that D € Q. It also follows from (3.4) that A = rmD"~1.
Let D = p/q with p,q € Z and ¢ > 0. Then A = rD"~! € Z implies that ¢"~!|r.
However, ¢ > 2 and 2"~ > r for r > 4 give a contradiction, showing that D € Z.

The proof when r is odd is similar. We again define D by

D = r?j*, (3.15)

It follows from (3.13) that D € Q. It also follows from (3.4) that A? = r?D !, Let
D = p/q with p,q € Z, and ¢ > 0. Then A? = r*D"! € Z implies that ¢"~!|r?. As
r is odd, we must have ¢ > 3. However, 3"~! > 72 for r > 5, so it must be the case
that D € Z.

For the final statements, we note that when r is odd (3.13) shows that j*" €
Q. Furthermore, taking rth powers of (3.6) gives 52" = x?" D" which shows that j*"
and D have the same sign, as x" is rational and r is odd.

If r=1 mod 4, then (3.4) becomes

A = 7Ar(j27")(r71)/2’

from which we conclude that A > 0 as (r — 1)/2 is even. When » = 3 mod 4,
then (3.4) becomes

A = _,,,,r(jQT)(r—l)/Q’
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from which we conclude that A and D have opposite signs, as (r — 1)/2 is odd and

4% and D have the same sign. O

Lemma 3.3.2. Suppose that F' is a diagonalizable form of degree r. Then D =1 if
and only if F is properly equivalent to a diagonal form, see (1.7).
Suppose r is even. If r(r — 1)*D is not divisible by any (r — 2)/2 powers, then

F is diagonal. Furthermore, if F' is diagonal with coefficients as in (1.7), then

D = (—1)"?rab.

Suppose 1 is odd. If r*(r — 1)*D is not divisibile by any r — 2 powers, then F

is diagonal. Furthermore, if F is diagonal with coefficients as in (1.7), then

D = r?a®bh?.

Proof. For the very first statement, if F' is a diagonal form, then (3.5) shows that
A = C = 0. By our convention in the definitions of x and D, we have B = +1,
hence D = 1. Conversely, suppose that D = 1. By the classical reduction theory of

quadratic forms, if D is square, then the collection of quadratic forms given by

Q(z,y) = Az® + Buay,

where B = £v/D and 0 < A < |B| is a set of representatives for the family of
quadratic forms with discriminant D up to equivalence. As D = 1 we may assume
up to equivalence that A = 0 and B = +1. However, examining (3.5) shows that
this is clearly only possible if @« = § = O orif § = v = 0. In either case F is
diagonal.
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Suppose that r is even. Then according to (3.10) and (3.11), it follows
that DU=2/2 divides r?(r — 1)?;7. According to Lemma 3.3.1 however, D =
(—1)+2)/2p-57 . Combining these shows that DU=2/2 divides r(r — 1)?D, so if
r(r — 1)*D is free of (r — 2)/2 powers, then D = 1 implying that F' is equivalence
to a diagonal form by the first statement. The proof when r is odd is similar, using
the corresponding identities for when r is odd.

The remaining two statements about the discriminant of a diagonal form may
be computed directly from the identities relating A and D in Lemma 3.3.1 and the

following well-known identity for the discriminant of f € Z[z],

Ap = (=17 2a5 Res (f, f)

where Res indicates the resultant of two polynomials, and ag is the leading

coefficient of f. O

3.4. Reduction Lemmas

Lemma 3.4.1. Suppose that D is a positive non-square integer, and u = a; + b;v/D
is a unit in Ogp- Let
u" = a, + bn\/ﬁ.

Then for any m € Z, there is an s € Zxy such that as,bs € Z and m|bs.

Proof. We consider the sequences a,, and b,. These sequences can be defined

recursively, in the sense that a,, and b,, satisfy the following pair of recursive
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identities:

Qp = Ap—109 + bn—lbOD

by, = an_1bo + by_100,

as well as the following pair of descending recursive identities:

Ap—1 = AnpQgy — bnboD

bn—l = —anbo + bnao.

When we say these pairs of recursive identities are inverse, we mean that replacing
a,_1 and b,_1 in the first pair of identities with the second pair of identities yields

a, = a, and b, = b,. Specifically,

an = (anag — bpboD)ag + (—anby + brag)boD = ay(aj — b3D) = ay,

by, = (anag — byboD)by + (—anbo + buag)ag = by(af — bgD) = by,

as ag + boV/D is a unit.

These sequences take values in %Z, so we may consider their values in the
additive group %Z /Z. (Note that, although these recursive sequences are defined
with multiplication which %Z isn’t closed under, we may still reduce the values of
the sequence modulo m.) Suppose that a,, and b, have values [a,] and [b,] in the
group :7Z/Z. We define ¢, = ([a,), [b,]). Using our relations, ¢, can be calculated
from ¢, as well as from ¢, ;1.

As ¢, = (a, mod m,b, mod m) can only take on (2m)? possible values,

¢, eventually contains a repeat, after which point it is periodic. Then, as ¢, _; is
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determined by c¢,, we deduce that ¢, is not just eventually periodic, but completely
periodic. Because ¢g = (1,0), there must be another power s € Zs, such that

¢s = (1,0). For this s we have as € Z and by € Z with m/|b,. O

Lemma 3.4.2. Suppose that we have a diagonalizable form F which has been

diagonalized as

F(r,y) =a1(x = B1)" =z — )"
Further suppose that for this F, one has that D is a positive non-square integer and
u = ag + boV/'D is the fundamental unit in Q(v/D). We adopt the notation

Fo(z,y) =u"ai(z — f1y)" —u "m(r — o1y)".

Then there s a power s € Zsy of u such that the forms F,, and F, s are properly

equivalent for all n > 0.

Proof. To show this, we produce an SLo(Z) matrix and an s’ € Z> which has the
effect of multiplying the linear forms of F by u*. That is, we show that there are

a,b,c,d € Z and an s’ € Z such that the substitution

r=aX +bY

y=cX +dY

satisfies ad — bc = 1 and yields

x— by = uSI(X — (1Y)

z— 6y =u"(X —8Y).
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Then the statement will follow for s = rs’. We may further assume that u has
positive norm, as replacing v by u? may be accomplished by doubling s'.

Before producing this substitution, we must establish some notation. We
know from Lemma 3.2.1 that 1,6, € Q(v/D). We also know from (3.7) that 3,
and J, are algebraic conjugates, and the roots of Ax? + Bxy + Cy?. So there are

u, v € Q such that

61:,U+V\/5
51:,u_1/\/57

and 2Au, 2Av € 7 by the quadratic formula. So there are p/,v’ € 7Z such that
p= 347 and v =75
We choose s" using Lemma 3.4.1. It follows from this Lemma that there is an

s’ € Z>g such that u® = ay + byV/D satisfies ay, by € Z as well as 241/ |bs. For our

linear substitution we use the matrix

byt by p?
g — a a — bS/I/D
) v ’; : (3.16)
ul da + Qg
14 1%

This matrix has determinant one as « is a unit with positive norm:

2 - /
(o5 (5w ) - (-] ()
v v v v

= (av)’ - <bi”>2 + (bj;”)z — (be)’D =1.
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Furthermore, this matrix has integer entries. To see this,

by  2Aby by bo! byu®  by(u)?
= e _ bt bei” b ()"
v v v v V2 2AV

which all follow from the conditions on ay and by guarranteed to us by
Lemma 3.4.1. This shows that our substitution represents an equivalence of binary

forms.

Finally, this matrix represents multiplication by u* and u=*":

r— Py = (as bS/M) X + (bs/u2 S/I/D) Y
1% 1%
_(,u+u\/5) {(—ﬁs/)X+<bs;u ) Y]

= (as’ + by\/ﬁ) X — (asf + by@) (,u + 1/\/5) Y

u’ (X = BY
r—nNY = (Gs ) /VD) Y

(%
) [(2) 5o ()
:(as,—bs,\/ﬁ)X—(aS,—bs,\/E) (u—u\/ﬁ)y

=u™¥ (X —mY).

This completes the proof. n

3.5. Reduction Theory

This section gives an algorithm for producing all diagonalizable forms up to
(proper) equivalence with a given discriminant. A summary of this algorithm is

given in Algorithm 3.5.1. One should first find D using the identities with A given
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in Lemma 3.3.1. Note that when r is odd D is assumed to be positive. One should

now find all diagonal forms (if any) with this D. Working towards a diagonal form

F(z,y) = ax" + by",

one must simply use the identities relating D, a, and b given in Lemma 3.3.2 to find
a complete list of possibilities for a and b. Note that when r is even the following

forms are properly equivalent:

ax” +by" ~ bx" + ay".

When r is odd the following forms are properly equivalent:

ax” +by" ~ —bx" +ay" ~ —ax" —by" ~ bx" — ay".

Now that we have obtained the family of diagonal forms, we proceed to find
the forms which are not properly equivalent to a diagonal form. One should follow
the identities in Lemma 3.3.1 to find j” when r is even, and 72" when r is odd.
Note that when r is odd, j?" is only determined up to sign by these identities, so
one must proceed with both possibilities.

Next one should find a list of possibilities for D. In doing this, treat r even
and r odd separately. When r is even, note from (3.10), (3.11), and Lemma 3.3.1
that DU=2/2 divides r(r — 1)*D. When r is odd, we note from (3.12), (3.13), and
Lemma 3.3.1 that D™"2 is a divisor of 7?(r — 1)*D. This gives a complete list of
possibilities for D. Furthermore, one may ignore the case D = 1 as such forms are

properly equivalent to diagonal forms by Lemma 3.3.2, and one may assume that
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D = 0,1 mod4as D = B? - 4AC. Finally, when 7 is odd Lemma 3.3.1 gives
information on the sign of D in terms of the sign of j2"*. However, for r even one
must consider positive and negative values for D.

One should next solve for x" by taking j* = x2D to the r/2 or r depending
on the parity of r. The specific values of x and j are not needed for this algorithm.
In fact, 5" or 5" is not even needed beyond this step. This simplifies calculations
greatly, as x" is rational and j” or j?" is rational while y and j are not necessarily
real.

Given D nonzero, one can produce a finite list of quadratic forms Q(z,y) =
Ax? + Bxy + Cy? up to equivalence with discriminant D. As the case when D is
square is not often included in the literature, we simply note that the list of forms
F(x,y) = Az® + Bay with B = +v/D and 0 < A < |B| suffices. Furthermore,
for square D one may ignore the possibility A = 0, as such forms are properly
equivalent to diagonal forms.

By (3.7), we may take (3; and 0; to be the roots of Q). In the search for a list
of possibilities for oy and 7, there are now three meaningful cases which one must

treat separately. Ordered by complexity, they are:
i) D is square with A # 0.

ii) D <O0.

iii) D > 0 and D is not a perfect square.

We note that D is square with A = 0 does not need to be considered, as this would
give one A = C' = 0, hence a diagonal form.
First we consider the case when D is a square but A # 0. It follows from

Lemma 3.2.1 that oy and 7, are rational, and r(r — 1)v/Day and r(r — 1)v/ Dy
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are integral. Furthermore, it follows from (3.7) that a;y; = (xA)", from which we

conclude that the divisors of
r*(r — 1)?Dayy; = r*(r — 1)’D(xA)" € Z

gives a complete list of possibilities for n(n — 1)v/Day and 7(r — 1)v/D,.
In the two remaining cases, it follows from Lemma 3.2.1 that oy, —y; are

conjugates in Q(v/D), and that
r(r — DV Da, r(r — 1)V Dy, € Og(v/D)-
It follows that v Da; and v/ Dy, are conjugates, and hence that
Nm(r(r — 1)vVDay) = r*(r — 1)?Dagy, = r*(r — 1)2D(xA)" € Z.

A complete list of possibilities for n(n — 1)v/Day can thus be found by searching for
a complete list of integers in Og /5, with the norm given above. Fortunately, PARI

has the function
bnfisintnorm(bnfinit(x~2 - D),N)

which gives the elements of (9@( vp) Which have norm N up to multiplication by
units in OQ(@). If one would like to do this manually, the Lagrange-Matthews—
Mollin algorithm may be applied. This algorithm is described in [24].

When D < 0, the unit group of Og, /5, is {£1}, which, along with this PARI
command, allows one to give a complete list of possibilities for r(r — 1)v/Day.

Taking the conjugate of a; then gives —v;.
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In the remaining case, when D < 0, the unit group of (’)Q( /D) is generated by
—1 and some fundamental unit u, which can be found using either PARI or Sage.
To find a complete list of possibilities for 7(r — 1)v/Day, one must therefore only
indicate the highest power s of the fundamental unit necessary. Then multiplying
the output of the PARI code by +u' for 0 < t < s gives a full list of possibilities
for r(r — 1)v/Day. To do this, find the smallest positive integer s’ which makes the
matrix given in (3.16) have integer coordinates and determinant +1. Then rs’ — 1 is
the largest power of u that one must consider.

Finally, one should check that all forms generated have integer coefficients
and the appropriate discriminant. Multiplication by units when D < 0 in the
previous step frequently yields forms with incorrect discriminant.

This algorithm is summarized in the following:

Algorithm 3.5.1. To find an exhaustive list of diagonalizable forms with a
given discriminant, follow the following algorithm. For further explanations and

justifications for any of these steps, we refer the reader to the preceding exposition.
(1) Find D using Lemma 3.3.1.

(2) Find all diagonal forms using Lemma 3.3.2.

(3) If r is even find j7, and if 7 is odd find j*', both using Lemma 3.3.1.

(4) When 7 is even D"=2/2 is a divisor of the integer expression r(r — 1)>D. When
ris odd D"~? is a divisor of the integral expression 72(r — 1)D. Ignore D = 1

in both cases.

(5) Find x" using j% = x*D.
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(6) Find all possible quadratic forms Q(x,y) = Az? + Bxy + Cy? with discriminant

D using classical quadratic reduction theory. For square D ignore A = 0.
(7) The roots of @ are B; and 4.

(8) If D is square then r(r — 1)v/Day and r(r — 1)y/Dy, are integers whose product

is r?(r — 1)2Dx" A", completing the algorithm for these D.

(9) Otherwise, use the PARI code
bnfisintnorm(bnfinit(x~2 - D),N)

with N = r?(r — 1)2D(xA)".

(10) If D < 0, multiply the results of this PARI code by 1 to obtain a complete
list of possibilities for r(r — 1)v/Day. Then —v; is the conjugate of o,

completing the algorithm for these D.

(11) If D > 0, find the smallest positive integer s’ for which the matrix (3.16) has
integer coordinates and determinant +1. Multiplying the output of the PARI
code by +u! for 0 <t < rs’, where u is the fundamental unit in Q(+v/D), gives a
complete list of possibilities for r(r — 1)\/5041. Then —~, is the conjugate of oy,

completing the algorithm for these D.
(12) Check that all forms have integer coefficients and the correct discriminant.

We finish with some remarks which can reduce the computation time
necessary for running this algorithm. First, if the discriminant does not satisfy
the conditions in Lemma 3.3.1, then there are are no diagonalizable forms with that

discriminant.
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Furthermore, in step 2, diagonal forms are not possible if 7 ¥ D when r is
even, or r*>{ D when r is odd by Lemma 3.3.2.

When finding D, we note that as

D = B? — 4AC

for integers A, B, and C, reducing modulo four implies that D = 0,1 mod 4.
Furthermore, according to Lemma 3.3.1 if » = 3 mod 4, then the sign of D is
opposite that of the discriminant and if » = 1 mod 4, then the sign of D is the
same as that of j".

One may require the the coefficients of Q = Ax? + Bxy + Cy? are relatively
prime, as a common factor in 3.5 could be included in y. In particular, this means
that if D is square and A = 0, one only need consider the quadratics zy and —xy.

When one is carrying out this algorithm for a large number of discriminants
in the same degree, it can help to handle values of D which come up often in
Algorithm 3.5.1. This is exemplified by Lemma 3.3.2 and Lemma 3.6.1.

Finally, as most applications involve Thue equations, we note that the number
of solutions to the equation F(z,y) = h with 2,y € Z does not change if F is
replaced by an equivalent form. Hence for such applications, one does not need to
verify that the matrix in (3.16) has determinant +1. In addition, one ignore B < 0
when producing a list of quadratic forms with discriminant D. Lastly, the following

diagonal forms are equivalent when r is odd for every choice in each +,

+ax" £ by" ~ +bx" + ay”.
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3.6. Computational Example

In this section, we use our algorithm to verify that a special case of one
theorem in [9] holds when the assumption on the size of the discriminant is

removed. Before proceeding with this computation, we prove a Lemma.

Lemma 3.6.1. Suppose that F' is a quintic diagonalizable form. If Dp = 4 then F'

18 equivalent to the form
(g + g) &+ 5baty + 2002°y? + 40022y° + 40bay + 16by°
for some choice of a,b € Z. This form has
D = 25600a°h”.
If D = —4 then F is properly equivalent to the form
ax’® — 5baty — 10ax’y? + 10bz%y® + Saxy* — by®

for some choice of a,b € Z. This form has

D = 1600(a” + b*)*.
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If D = 8 then F' is properly equivalent to one of the following forms:

Fi(z,y) = az® + (5a + 5b)x'y + (30a + 20b)2°y* + (70a + 50b)z?y*
+ (85a + 60b)xy* + (41a + 29b)y°
Fy(x,y) = ax’ — (5a — 5b)x*y + (30a — 20b)2*y* — (70a — 50b)x*y®

+ (85a — 60b)xy”* — (41a + 29b)y°

for some choice of a,b € Z. Both of these forms have

D = 12800(2a” — b*)*.

If Dp = —8 then F' s properly equivalent to the form

ax® — 5bxt — 20az® + 20bx? + 20ax — 4b

for some choice of a,b € Z. This form has

D = 12800(2a* + b*)*.

Proof. To obtain each of these, we used the classical reduction theory of quadratic
forms to produce a list of possibilities for Az? + Bxy + Cy?. From this we obtained
By and ;. We then let o, = @/ + ¥'v/d and —v} = o’ — V/\/d, where d is the square-

free part of D. We then expanded

aj(z— Br)’ =i (x = 61)°

61



and used integrality of the coefficients to obtain bounds of the denominators of o’

and b'. Using these denominators, we let a and b be the numerators of a’ and ¥/,

then let oy = a + bv/d and —y; = a — bV/d, and finally expanded

ar(z — A1)’ — (e —6)°.

Improper equivalence is stated as otherwise there other forms with D = 4. O

The purpose of this Lemma is to demonstrate that certain values of D which
commonly as a possibility in Algorithm 3.5.1 with n = 5 in fact do not lead
to diagonalizable forms very frequently. Thus one may frequently ignore these
possibilities.

We used Algorithm 3.5.1 to produce a complete list of quintic diagonalizable
forms up to improper equivalence with D < 255137. We were able to ignore several
choices of D for most values of m using Lemmas 3.3.2 and 3.6.1. We proceeded to
solve the Thue equation |F(x,y)| = 1 for each form, and considered the solutions
(z,y) and (—z, —y) as the same. The results of these computations can be found in

the file QuinticForms.pdf on the author’s website:

https://cdethier.github.io/research.html.

Crucially, none of these equations have more than four solutions. Thus we have
verified that Theorem 1.4 in [9] holds with r = 5, m = 5,and h = 1lin
the indefinite case if the assumption on the size of the discriminant is removed.
Checking this theorem for r = 5 and h = 1 with m = 3 or m = 4 appears to
be out of computational reach. For example, m = 4 would require one to check

approximately all forms with D < 1.05 x 10°.
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9] S.
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