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DISSERTATION ABSTRACT
Elisa Bellah
Doctor of Philosophy
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Title: Linear Recurrence Sequences in Diophantine Analysis

Diophantine analysis is an area of number theory concerned with finding
integral solutions to polynomial equations defined over the rationals, or more
generally over a number field. In some cases, it is possible to associate a well-
behaved recurrence sequence to the solution set of a Diophantine equation, which
can be useful in generating explicit results. It is known that the solution set to
any norm form equation is naturally associated to a family of linear recurrence
sequences. As these sequences have been widely studied, Diophantine problems
involving norm forms are well-suited to be studied through their associated

sequences. In this dissertation, we use this method to study two such problems.
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CHAPTER I

INTRODUCTION AND BACKGROUND

1.1. Motivation

Diophantine analysis is an area of number theory concerned with finding

integral solutions to Diophantine equations; that is, equations of the form

where F'is a polynomial defined over the rationals, or more generally over a
number field. Given such a Diophantine equation, typical problems include (1)
determining the existence of solutions, (2) studying their distribution, and (3)
giving explicit descriptions of the solution set and its arithmetic properties.
Possibly the most famous Diophantine problem is on the existence of solutions to

the Fermat equation

4yt =2" (1.1.1)

where n is some fixed positive integer. Conjectured by Fermat in the 17th century,
and then only recently proven in the 1990s, it is now known that there are no
positive integer solutions to (1.1.1) when n > 3. The solution set in the remaining
nontrivial case, when n = 2, make up the Pythagorean triples. It is classically
known that there are infinitely many Pythagorean triples, opening up further
Diophantine problems. Explicit problems on the distribution of Pythagorean
triples (as in [3] and [21]) and their arithmetic properties (as in [25] and [31]) have

been widely studied. It is often the case that explicit Diophantine results such as



these lead to applications in cryptography and information security (see [18] for
applications of Pythagorean triples in cryptography, for example).

In some cases, it is possible to associate a well behaved recurrence sequence
to the solution set of a Diophantine equation. This strategy can be useful in
generating explicit Diophantine results. One example of this is the use of Elliptic
Divisibility Sequences, defined below, to study integer points on elliptic curves

defined over Q; for example, integer solutions to the cubic equation

y* =2° +ax +b. (1.1.2)

By Siegel’s theorem, we know that there are only finitely many integer solutions
to (1.1.2) (see Chapter 9 of [27], for example). However little is known about
the structure of the solution set. In [34], Ward showed that rational points on
elliptic curves are associated to the terms of the nonlinear recurrence sequence {h,}
satisfying

PonsnPom—n = Bms1Pm—1h2 — hpy1hn_1h?. (1.1.3)

More precisely, Ward showed that for any rational point P on an elliptic curve

(1.1.2), we have

z(nP) = Z—%,
for some integer sequence {a,} and x(nP) denoting the z-coordinate of the point
obtained from adding P to itself n times using the usual group law on elliptic
curves. The sequence {h,} is called an Elliptic Divisibility Sequence (EDS) and has
several nice arithmetic properties as outlined in [34]. In particular, {h,} satisfies

the divisibility property given in Definition 1.3.3 of Section 1.3. This association

has led to several Diophantine results. For example, Hindry and Silverman studied
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bounds on the number of integral multiples of points on elliptic curves in [16].
More recently, work has been done to bound the size of the largest n so that nP
is integral. In [17] Ingram found a uniform bound on n by studying the sequence of
valuations of an EDS, which was later improved by Stange in [30].

In this dissertation, we focus on Diophantine problems coming from norm
form equations, which we discuss in detail in the next section. It is known that
all rational reducible forms are integrally equivalent to a constant multiple of
a product of norm forms (see Theorem 2 in Section 2.1 of [7], for example).
Furthermore, as we’ll see in Chapter II, the solution set to any norm form
equation is naturally associated to a family of linear recurrence sequences. As
these sequences have been widely studied, Diophantine problems involving norm
forms are well-suited to be studied through their associated linear recurrence
sequences. In this dissertation, we use this method to study two such problems.
In the following sections, we provide the background on norm form equations and
linear recurrence sequences used throughout this manuscript, and conclude the

chapter with an outline of this dissertation.

1.2. Background on Norm Form Equations

Let K be a number field, and W = {wy,...,w,} a Q-linearly independent

subset of K. The norm form associated to the set W is given by



Note that Fyy is in fact a rational form. To see this, let o4, ..., 0, denote the

embeddings 0, : K — C fixing Q. By definition,

n

Fy(Xy,..., X,) = [[(Xi0i(w) + - + Xp0i(wn)).
i=1
So Fy is homogeneous of degree n. Now, let &; be an element in Gal(K /Q)
extending o;, where K denotes the Galois closure of K. If we act on Fyy by any

oj, we have

n

oiFw(Xy,..., X,) = H(Xl5j0i(w1) + -+ X oj0i(wy)),

i=1
which only reindexes our product. So, ¢;Fw = Fy for each j, implying our
coefficients must be rational.

Given a norm form Fyy, it then is a classical Diophantine problem to ask for

integer solutions to equations of the form
Fw(Xl,...,Xn) = C, (125)

where ¢ is a fixed nonzero integer. We consider two simple examples.

Example. Let D be a nonsquare integer. If we let W = {1,v/D}, then the
corresponding norm form defined over Q(v/D) is Fy (X,Y) = X% — DY, In this

case, we see that (1.2.5) is a Pell-type equation.

Example. If W is an integral basis for a number field K, the set of solutions to
(1.2.5) with ¢ = £1 gives a complete list of units in K. So, the problem of finding

units in a number field can be interpreted as such a Diophantine problem.



Given a QQ-linearly independent set W, let M be the Z-module in K
generated by W. Observe that if T" is another basis for M, the norm forms Fy,

and Fr, which are defined in (1.2.4), are integrally equivalent. That is, there exist
((Iﬁ) € GLn(Z) so that if

n
Y = E aij Xj,
j=1

then we have Fyy (Xy,...,X,) = Fr(Y1,...,Y,). So, integer solutions to (1.2.5)
can be found by instead studying the elements in the associated module M of fixed
norm ¢. The characterization of solutions to (1.2.5) depends on whether or not the
associated module M is full in K (that is, whether rank M = [K : Q)).

Characterization in the case that M is full. Let
Oy ={a€eK|aM C M}

denote the coefficient ring of the module M. It is known that when M is full in K,
the coefficient ring Oy is an order in K (see Theorem 3 in Section 2.2 of [7], for
example), and furthermore that M contains only a finite number of nonassociate
elements of fixed norm ¢ (see the Corollary to Theorem 5 in Section 2.2 of [7], for
example). So, the set of elements in M of fixed norm ¢ can be written as a disjoint

union of finitely many families
Qg Z/I]\J}, o ,aﬂ/{;[,

where

denotes the positive unit group of M.



Characterization in the case that M is not full. While the characterization
in the full case is well-known, the characterization in the nonfull case was more
recently provided by Schmidt in [23] and [24]. We give an overview of these results

below. For each subfield L of K, let

M*:={a € M |V\ € L, 3z € Zy so that zAa € M},

and observe that M’ is a submodule of M. As above, we let Oy, denote the
coefficient ring of M*, and U, the units in Oy of positive norm. In [23],
Schmidt showed that O, is an order in L, and furthermore that the solutions
to (1.2.5) are contained in finitely many families of the form

ply,

ML

for some p € K and subfields L C K. The methods in [23] do not give an explicit
method to construct all such families, but the following Lemma tells us when these

families are finite.

Lemma 1.2.1 (Section 5 of [23]). M’ is nonzero if and only if M’ contains a

submodule of the form aN, where N is full in L and o € K.

We call M nondegenerate when MY = {0} for every subfield L of K that is
not rational or imaginary quadratic. By Lemma 1.2.1 and Dirichlet’s unit theorem,
there are only finitely many solutions to (1.2.5) in the nondegenerate case. In [24],
Schmidt provided explicit upper bounds on the number of these solutions. We state

this result below.



Theorem 1.2.2 (Theorem 1 of [24]). Suppose that Fy is a norm form with
associated module M that is nondegenerate. Then, the number of solutions to
(1.2.5) is upper bounded by

mln(r230n , 7“02 (n) )’

where ¢3(n) = (2n)"2""" and r = [K : Q).

The results of Chapter I will focus on studying the arithmetic of the

solutions to (1.2.5) obtained from families of the form

+
ally;

where U, is the positive unit group of an order in a number field not equal to

the rationals or an imaginary quadratic, as in the full and degenerate cases. By
Dirichlet’s unit theorem, U} is a finitely generated abelian group with positive
rank. So, for any nontorsion element ¢ of Uy, we can generate an infinite sequence

of elements in M of fixed norm ¢ given by

alk) = Be*, where k € Zs.

So, if we write

a(k) = x1(k)wy + -+ + zp(k)wp, (1.2.7)

then we obtain infinitely many solutions (x;(k), ..., z,(k)) to (1.2.5). Furthermore,
the characterization above implies that all infinite families of solutions to (1.2.5)
are obtained in this way. In Chapter II we study the arithmetic of the sequences

{zi(k) : k € Z>o}, which are known to satisfy a linear recurrence relation.



1.3. Background on Linear Recurrence Sequences
An integer sequence {b(k) : k € Z>o} is said to be a linear recurrence sequence
(LRS) if it satisfies a homogeneous linear recurrence

b(k+d)=s1b(k+d—1)+ -+ ssb(k), (1.3.8)

for s; € Z and d € Z>o. We say that b(k) has order d if (1.3.8) is minimal. The

characteristic polynomial of b(k) is given by

fX)=XT— 5 X4 — o — sy,

and the roots of f are the characteristic roots of b(k). When b(k) has order d, f(X)
is called the minimal polynomial of b(k). For a linear recurrence sequence b(k) of
order d, we call b(0),...,b(d — 1) its initial conditions. The following result tells us

how to construct explicit formulas for linear recurrence sequences.

Proposition 1.3.1 (Chapter 1 of [9], for example). Let b(k) be a LRS of order d

with characteristic roots a1, ..., @, and write the minimal polynomial of b(k) as
FX) =T[(X =™
i=1

As suggested in Proposition 1.3.1, linear recurrence sequences are known to

grow exponentially. Since we will only consider sequences that are nondegenerate

8



with distinct characteristic roots we state the result on growth of these special
families below. Note that similar results hold for more general families of linear

recurrence sequemnces.

Proposition 1.3.2 (Theorem 2.3 of [9]). Let b(k) be a LRS with distinct
characteristic roots a; so that a;/ca; is not a root of unity for any ¢ # j. Suppose
that oy has maximal absolute value. Then, there is a constant A € R and for all

e > 0 there is a constant ko = k() so that

a7 < [b(k)] < Alal”,

for all k > k.

While it is challenging to obtain arithmetic results on linear recurrence
sequences in general (see Section 6.1 of [9] for a survey of such results), it has been
found to be more tractable to study the arithmetic of sequences with the following

divisibility property.

Definition 1.3.3. A linear recurrence sequence b(k) is a linear divisibility sequence

(LDS) if b(k) has the following property: for all n,m € Z,

n|m= b(n) | b(m).

For example, the fact that Lucas sequences, which we discuss below, are
divisibility sequences was used in [6] to study their primitive divisors, and in [29] to
study their index divisibility sets, as well as in many other results throughout the

literature. Elliptic Divisibility Sequences, discussed in Section 1.1, are examples of



nonlinear divisibility sequences. Similar results for these sequences have also been
found, such as in [28] and [32].

The characterization in Proposition 1.3.7 below shows that Lucas sequences
are fundamental in studying linear divisibility sequence. We first give some
background on these sequences.

Let P, be nonzero coprime integers. The Lucas sequence with integer
parameters (P, Q) is defined to be the order 2 linear recurrence sequence uy =

uk(P, Q) with initial values uy = 0, u; = 1, and recurrence

Upg2 = Pugyr — Quy.

For example, the Fibonacci sequence is the Lucas sequence with integer parameters
(1,—1). Let 0,8 be roots of the polynomial X? — PX + Q. Using Proposition 1.3.1

and the initial conditions of u, we can write

Note that Lucas sequences are sometimes defined by the parameters (6, #), rather

than the integer parameters (P, Q).
Lemma 1.3.4. Every Lucas sequence is a LDS.

Proof. Let P,(Q be nonzero coprime integers, and consider the matrix

P —
A= “
1 0

10



Observe that for any positive integer k, we have

i Uk+1 —Quy,
AY = ,

up  —Qug—1
where uy, is the Lucas sequence with integer parameters (P, (). Now, take any
positive integers m,n. Then we have

U —Qup, %
AT = i = (mod ).

Um _Qumfl 0 x

On the other hand, we have

Amn _ Umn+1 _Qumn

Umn - Qumnfl

Comparing the lower left hand entries, we see that w,, | wy,, for every m,n € Z-o.

So, uy is a LDS. O

Characterization of Linear Divisibility Sequences. Determining precisely
which linear recurrence sequences are linear divisibility sequences is an open
problem. We give a survey of some of the current characterizations below.

Note that an order one linear recurrence sequence b(k) with initial condition
b(0) = c takes the form b(k) = ca®. So, every nonzero order one linear recurrence

sequence is a linear divisibility sequence. In order two, we have the following.

Proposition 1.3.5 (Theorem 1 of [15]). Let b(k) be an order two linear recurrence

sequence. Then b(k) is a linear divisibility sequence if and only if (0) = 0.

11



Using Proposition 1.3.1, we obtain that the only linear divisibility sequences
in order two are of the form

c-uy or ¢ kakfL,

where u;, is a Lucas sequence, and a, ¢ € Zy.
The order three case was studied by Hall in [14]. The main result of this

paper is as follows.

Proposition 1.3.6 (Theorem 4 of [14]). Let b(k) be a linear recurrence sequence of

order three with b(0) = 0 and characteristic polynomial

F(X)= X3 — 5 X% — 5,X — s3.

If f(X) is an irreducible cubic with ged(sq, s3) = 1, then b(k) is not a linear

divisibility sequence.

It is conjectured that the only order three linear recurrence sequences b(k)

with 6(0) = 0 that are linear divisibility sequences are of the form

c-kE2* Y e kuy, ore- ug,

where uy, is a Lucas sequence, and ¢, « € Zy, (see Section 3.4 of [5], for example).
For higher order sequences, little explicit information is known. The best known
result in this direction tells us that the terms of a linear divisibility sequence
must at least divide a product which generalizes the the conjectured order three

characterization.

Proposition 1.3.7 (Section 1.3 of [5]). Let b(k) be a linear divisibility sequence

with 6(0) = 0. Then, there exists «;, 5; € C and nonzero integers ¢, ¢ so that if we
12



write

ok — gk
a(k) =c k[ (—051_61)

i

then we have b(k) | a(k) for all k € Zs.

1.4. Organization

This dissertation is organized as follows. In Chapter 1T we show that for
certain families of quartic norm form equations, there exists integrally equivalent
forms making any one of coordinate sequences defined in (1.2.7) a linear divisibility
sequence. The results in this chapter provide new families of order 4 linear
divisibility sequences, as well as some further arithmetic structure to the solution
set of certain quartic norm form equations.

In Chapter III we discuss how to translate the question of monogeniety of
a number field to a Diophantine problem through the use of index forms. We
then discuss ongoing work to use the methods from a paper of Gaal, Peth¢ and
Pohst to obtain explicit information about monogenizers in certain families of
biquadratic fields by studying near squares in an associated order two linear

recurrence sequermnce.

13



CHAPTER II
NORM FORM EQUATIONS AND LINEAR DIVISIBILITY SEQUENCES
In this chapter, we show that for certain families of norm form equations
defined over quartic fields, we can find an integrally equivalent forms so that one

of the sequences {z;(k) : k € Z>o} defined in (1.2.7) is a linear divisibility sequence.

The families we consider are motivated by the following theorem of Kubota.

Proposition 2.0.1 (Theorem 1 of [19]). Let K be a real biquadratic field with
quadratic subfields L;, and let ¢; be a fundamental unit of L;. Then, K has a

system of fundamental units of one of the following forms, up to relabeling:
(i) e1,€9,¢3
(ii) \/€1,€2,¢€3
(ii) /21, /22,63
(iv) \/Ei€2,€3,¢€3
(V) VEiE2: VB3,

(Vi) /2182, /€263, \/E3E1
(Vll) \/E1€2€3,E2,€3
(viii) /21623, €2, €3, With Ng, (g;) = —1 for i = 1,2, 3,

where /2 denotes any element € K with n? = ¢, and the ¢; in cases (i) to (vii)
appearing under a radical have Np,(¢;) = 1. Furthermore, there are infinitely many

K of each type.

14



Proposition 2.0.1 tells us that to study solutions to a norm form equation
Fy (X, Xo, X3, Xy) = ¢
defined over a real biquadratic field, it suffices to understand the coordinates of the
sequences (k) = n* where 7 is of one of the following three types:
(a) 7 is a unit in quadratic subfield of K,
(b) n? is a unit in a quadratic subfield of K, or

(c) m is a product of units of types (a) and (b)

Our main results concern the sequences a(k) = Bn* where 7 is type (b). In
fact, our results hold for quartic fields containing a unit of type (b) more generally.

We will show the following.

Theorem 2.0.2. Let K be a quartic field with a real quadratic subfield L
containing a quartic unit 1 of positive norm, so that n? is a unit in L. Fix a
nonzero element 8 € K, and write (k) = [nF. Then, there is a choice of basis
W = {wy, wy, w3, wys} for the module M’ = 5 Z[n], which we construct explicitly, so
that if we write

alk) =z1(k)wy + - - + z4(k)wy
then {z1(k) : k € Z>o} is a LDS.

Theorem 2.0.3. Let M = Z[/m,+/m + 1], where m and m + 1 are non-square
integers. Then, n = /m + v/m + 1 is a unit in the positive unit group U, with

n* a unit in a quadratic subfield of K = Q(n), and there is a choice of basis W =

15



{wy, wa, w3, ws} for the module M, which we construct explicitly, so that if we write

’I’]k = [lﬁ'l(k’)llh + -+ $4(k)lU4,

then {z1(k) : k € Z>o} is a LDS.

Remark 2.0.4. Note that Theorems 2.0.2 and 2.0.3 hold for the sequence

{z;(k) : k € Z>o}

for any fixed i € {1,2,3,4}, just by changing the basis to reindex our coordinates.
However, we show in Sections 2.2 and 2.3 that there does not exist a choice of basis
for the modules M’ and M in Theorems 2.0.2 and 2.0.3 so that the coordinate

sequences 1(k), x2(k), x3(k), x4(k) defined in (1.2.7) are LDS simultaneously.

This chapter is organized as follows. In Section 2.1, we show that the
sequences {z;(k) : k € Zx} defined in (1.2.7) are linear recurrence sequences,
each with characteristic polynomial equal to the minimal polynomial of our unit
€. In Section 2.2, we discuss how to use Lucas sequences to study norm forms
defined over real quadratic fields. In Section 2.3, we prove Theorems 2.0.2 and
2.0.3. In Section 2.4, we discuss a related sequence proposed by Silverman in [26],

and provide examples where Conjecture 9 of this paper holds.

2.1. Coordinate Sequences

Let M be a full module in a number field K, and € a nontorsion element in

the positive unit group Uy, defined in (1.2.6). For 3 € M with Ng(8) = c, set

16



a(k) = ek, If we choose a basis W = {wy, ..., w,} for M, and write

a(k) = x1(k)wy + -+ + zp(k)wy, (2.1.1)

then we obtain tuples of solutions (z1(k),...,z,(k)) to the corresponding norm

form equation Fy (Xy,...,X,) =c.

Definition 2.1.1. We call the integer sequences {z;(k) : k € Z>o}, where z;(k)
is defined in (2.1.1), the coordinate sequences of (k) with respect to our choice of

basis W.

In this section, we show that the coordinate sequences {x;(k) : k € Z>o} have
characteristic polynomial equal to the minimal polynomial of €. We also provide
sufficient conditions so that the minimal polynomial of the coordinate sequence

{z;(k) : k € Z>o} is equal to the minimal polynomial of .

Proposition 2.1.2. Let K be a number field, and take v € K and ¢ € Ok.

Consider the sequence z(k) = Trq(76%).

(a) The sequence z(k) satisfies a linear recurrence with characteristic polynomial

equal to the minimal polynomial of 6.

(b) Let L = Q(0). If Trg/r(7y) # 0, then the minimal polynomial of the sequence

x(k) is equal to the minimal polynomial of 6.

Remark 2.1.3. Suppose that 6 has minimal polynomial

fX)=XT— 5 X4 — o — sy,

17



for s; € Z. Then, Proposition 2.1.2(a) implies that the sequence z(k) = Try g(76")

satisfies the recurrence
r(k+d) =siz(k+d—1)+ -+ sqz(k).
However, it is possible that this recurrence is not minimal. For example, take

K =Q(v2,v3,V5),

0 =2+ /3 and v = /5. Then, Proposition 2.1.2 (a) implies that x(k) satisfies an
order 4 recurrence, but we can check that z(k) = 0 for k = 0,1,2,3. So, z(k) is a
constant sequence, while degf = 4.

There does not appear to be a complete characterization for when the
sequence (k) is exactly of order deg in the current literature, so Proposition 2.1.2
(b) gives a new result in this direction. We note that Proposition 2.1.2 (a) follows
from known results on generalized power sums (see Chapter 1 of [9], for example),

but we provide a more elementary proof below.

Proof of Proposition 2.1.2. Let n = [K : Q] and 0; : K < C be the n distinct
embeddings fixing Q. Set v; := 0;(y) and 6; := 0;(0), for i € {1,...,n}. Then, we
can write

(k) = Trip(10%) = > %Y. (2.1.2)
=1

Let

f(X) =X -5 X1 — . — 5y

18



be the minimal polynomial of 8 over Q. Since # € Ok we have s; € Z. Then,

d d n
Y osjk+d—j)=> Y 567 by (2.1.2)
j=1

=1 i=1

n d

=D b)Y s
i=1 j=1
=1

where the final equality follows because each 6; is a root of f(X). So, our sequence
satisfies the recurrence z(k 4+ d) = Z;l:l s;x(k + d — j), which has characteristic
polynomial equal to f(X), which proves part (a).

Next, suppose that x(k) satisfies an order m recurrence for 0 < m < d, say

x(k+m)= erx(k +m —j),
j=1
where 7; € Z. Then, we have
Trijo(v0™) =D vy Trieo(10*7),
j=1

and by linearity of the trace, we get Try (C6* - v) = 0, where

m

C=0"=) r""

i=1

Order the embeddings so that o1(0) = 6y,...,04(0) = 04 are distinct, and

0i(0) = Tam+i(0)

19



form=1,2,...,¢. Then,

TTK/Q(CQk y) = 01(6’9’“) (01(7) + oas1(y) + -+ 0war1(7))

+ 02(00"?) (02(y) + Gara(y) + -+ + uar2(7))

+ 04(CO%) (04(7) + 02a(7) + -+ + o(411a(7))

where n = ({ 4+ 1)d. Fori=1,...,d. Set

Si = 0i(y) + oari(y) + -+ owari(y)-
Then, we can write

a1 (CO°%) -+ 0q(CH%) Sy 0
=|:1, (2.1.3)

01<09d_1) Jd(CHd_l) Sy 0

Without loss of generality, suppose that o1(6) = 6. Then,

Sy = TrgL(7),

where L = Q(6). If C' # 0 then the set {C,C0,...,CH '} would be Q-linearly

independent, and we would have

o1 (CO% - 0,(CH)
det : : = disc(C, CH,...,CHHY2 L.

o1 (COY) - gg(CHTY)
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But this contradicts (2.1.3), since S; # 0 by assumption. So, we must have C' = 0,

and so 6 is a root of
m

X" =N "r X" € Z[X]

=1

But since 0 is degree d, and m < d we get m = d. Hence, the recurrence

x(k+d):Zij(k+d—j)

7j=1
is minimal, and so f(X) is the minimal polynomial of the sequence z(k). O
We have the following Corollary to Proposition 2.1.2.

Corollary 2.1.4. Let K be a number field and M a full module in K. Suppose

that ¢ is a nontorsion element in U,;. For a fixed nonzero 3 € M, let

and {z;(k) : k € Z>o} be a coordinate sequence of (k) with respect to some
basis, as defined in (2.1.1). Then, {z;(k) : k € Z>¢} is a linear recurrence sequence
with characteristic polynomial equal to the minimal polynomial of €. Furthermore,
if dege = [K : Q] then the minimal polynomial of this sequence is equal to the

minimal polynomial of e.

Proof. Let W = {w,...,w,} be any basis for M, and write
a(k) = z1(k)wy + - - - + xp(k)wy,.

Since M is a full module, W is a Q-basis for K. So, there exists a dual basis W* =

{wf,...,w} to W with respect to the trace pairing. That is, W* is a basis for K,
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and we have

Trgjg(w;w;) = 04

for all 7, j, where

1 ifi=j
0 ifi#j.
Let v = w} . Then we have

zi(k) = Trgo(veh).

Note that if dege = [K : Q] then Q(¢) = K. So

Trgo () =~ #0.
Hence, the result follows from Proposition 2.1.2 (b). ]

2.2. Norm Form Equations over Real Quadratic Fields

Suppose that K is a real quadratic field, and let M be a full module in K.
For any 3 € M and € a nontorsion element in U}, let a(k) = Be* as before. Since e
is degree 2 over QQ, Corollary 2.1.4 implies that the coordinate sequences of «(k) are
order 2 linear recurrence sequences. Such sequences have been well-studied, and so

Corollary 2.1.4 implies some immediate consequences.

Proposition 2.2.1. Let K be a real quadratic field and M a full module in K. Fix

a nonzero element 3 € M and write a(k) = Be*. Then, there is a choice of basis
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W = {wy,wy} for M, which we construct explicitly, so that if we write

Oé(k’) = a:l(kr)wl + CEQ(k’)wz

then the sequence x;(k) is a LDS.

Recall from Proposition 1.3.5 of Chapter I that order two linear divisibility
sequences must initialize at zero. So, given «(k) as in Proposition 2.2.1, it is not

possible to find a basis for M so that z1(k) and x2(k) are LDS simultaneously.

Proof of Proposition 2.2.1. By Proposition 1.3.5, it suffices to find a basis {wy, wy}
for M so that z1(0) = 0. Let {¢;,t2} be any basis for M, and B be the matrix given
by

B . th

pe to
Note that 3C' € GL3(Z) so that BC is lower triangular. So, we can define a new
basis {vy,vs} from {¢1,%5} by change of basis matrix C~'. Then,

6] a 0 v
. ', (2.2.4)

pe Q21 Q22 U2

for some a;; € Z. Now, let W = {w;, wy} be the basis defined by

w1 11 U1

Wo 1 O (%)
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We claim that we can take W as our desired basis. To see this, observe that

0 a1 w1 a1 0 U1

Q22 (A21 — Q22 %) 21 A22 V2

So, if we write a(k) = x1(k)wy + z2(k)ws then by (2.2.4) z1(k) has initial conditions
21(0) = 0 and z1(1) = ag. So, x1(k) = auy, where uy is the Lucas sequence with
parameters (¢,&). By Corollay 2.1.4 we know that x;(k) is an order 2 recurrence

sequence, and so we must have agy # 0. Hence, x1(k) is a LDS. O

2.3. Norm Form Equations over Quartic Fields

Let K be a quartic field, and M a full module in K. Choose an element 3 in
M, and suppose there exists a unit n € Uj; of degree 4 over Q. By Corollary 2.1.4,
the coordinate sequences of a(k) = Bn* are order 4 linear recurrence sequences.
Unlike in the order 2 case, much less is known about higher-order linear recurrence
sequences, and so it is generally quite challenging to determine when an arbitrary
order 4 linear recurrence sequence is a LDS.

Suppose that 7 is a quartic unit with n? =: € a unit in a quadratic subfield
of Q(n). Recall, by Proposition 2.0.1, this is one of the three cases needed to
understand solutions to norm forms over real biquadratic fields. Let K be the
Galois closure of K. Observe that for ¢ € Gal(K/Q) we have o(¢) = o(n)%. So,

the conjugates of n are of the form

+ /e, £VE, (2.3.5)

24



where € denotes the conjugate of €. Since 7 is of degree 4 over Q, it has minimal
polynomial

fX)=X'—(e+2)X*+ 1. (2.3.6)
So, Corollary 2.1.4 implies that the coordinate sequences x(k) of a(k) are order 4
linear recurrence sequences satisfying

x(k+4) =Tz(k+2) —x(k), (2.3.7)
where T" = ¢ 4+ £. The following Proposition gives sufficient initial conditions for
x(k) to be a LDS, and will be used to prove our main results.
Proposition 2.3.1. Let (k) be an order 4 linear recurrence sequence with initial
conditions z(0) = 0, z(1) = 2(2) = a, (3) = a(T + 1), and recurrence

z(k+4)=Tz(k+2) —x(k),

where a and T are nonzero integers. Then, z(k) is a LDS.

Proof. Note that it suffices prove our claim for a = 1. Let uj denote the Lucas
sequence with integer parameters (7', 1). Since we assumed that z(0) = 0 and

x(2) = 1, we have z(2n) = u, for every n € Zo. Consider the matrix
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Recall from the proof of Lemma 1.3.4 that we have the identity

A" = , (2.3.8)

and so we have

an z(2n+2)  —z(2n) | (2.3.9)

z(2n)  —x(2n —2)
for every n € Z~o. Using the recurrence for z(k), we observe that

PO I R (2.3.10)

x(1) z(2n+1)

Combining (2.3.9) and (2.3.10) yields

z(2n + 3) B z(3)z(2n +2) — z(1)x(2n)

z(2n +1) z(3)x(2n) — xz(1)x(2n — 2)

That is, we have x(2n + 1) = z(3)z(2n) — z(1)x(2(n — 1)) for any positive integer n.

Recalling that (1) =1, (3) =T + 1 and z(2n) = u,,, we obtain

z(2n+1) = (T + 1)uy, — up—y

= Upt1 + Uy,

where the final equality follows by using the recurrence for ug. So, we have

Up, if k=2n
x(k) = (2.3.11)

Ups1 + Up, ifk=2n-+1,
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for any k € Z>(. Note that we need to show z(k) | z(k() for every k,{ € Z>y.
Suppose that k& = 2n. Then, z(k) = u, and x(kf) = u,,. So, by Lemma 1.3.4
we have x(k) | z(kf). Next, suppose that & = 2n + 1 and ¢ = 2m. Noting that
A = (A™)?, and using identity (2.3.8) we have
2
Uon+1  —U2n Up+1 —Un

Uon —U2p—1 Uy, —Up—1

After squaring the matrix on the right, we compare the upper left-hand entries to

get the identity ug,11 = uZ,, — u2. So, we have

r(2k)  x(2(2n+1))
z(k)  x(2n+1)
U2n+1

Up+1 + Uy,

= Upy1 — Uy € 2.

Hence, z(k) | (2k), and by the previous case we have

Now, suppose that &k = 2n + 1 and ¢ = 2m + 1. Let ¢, £ denote the roots of X? —

TX 4+ 1. Recall from Section 1.3 we can write
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for every k € Z>(. So, we have

x(2n+1) = upi1 + uy

e"e+1 —€+1(1+5)
N e—¢&
el el
T e—z  entd

This gives

z(2n+1)2m+1)) z(2(2nm+n+m)+1)

z(2n +1) B z(2n +1)
£2@nmtntm)+1 _ 1 gntl
c2nmAntmt1 c2ntl _
contn@mi) 1
- c2ntl _ Com(@2ntl)”

To see this value is in Z, let o = €?**!. Then, from above we obtain

z(2n+1)2m+1)) o>t —-1 1

x(2n + 1) - a—-1 am
e S R
a’m

=@ 4+a ™)+ +(a+a )+ 1.

Since a = 2" and Ng(e) = 1, then a and a™! are quadratic conjugates. So, we

have of +a~t € Z for every t = 1, ..., m. Hence,

z(2n+1) | z((2n+ 1)(2m + 1)),
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and so z(k) is a LDS.

Theorem 2.0.2 will now follow from Proposition 2.1.2. Recall that K is a
quartic number field containing a quartic unit n of positive norm so that 7? is a

unit in a quadratic subfield of K.

Proof of Theorem 2.0.2. Note that the module M’ = [Z[n] has basis

{/87677757727ﬁ7]3}' Define the set W = {w17w27w37w4} by

0 010 w1 16
1 0 0 1 Wo Bn
1 00 0] | ws - Sn? ’
T+1 1 0 0 wy pn3
N . _

where T' = ¢ + &. Note that A € GL4(Z), and so W is a basis for M. Since 7 has
minimal polynomial

f(X)=X*"-TX?+1,

then by Corollary 2.1.4 we know that the sequence x;(k) is an order 4 linear
recurrence sequence satisfying (2.3.7). Moreover, if we write a(k) = [e* in terms

of the basis W, then

.131(0) = 0, 1’1(1) = x1(2) = 1, and .731(3) =T+ 1.

So, by Proposition 2.3.1, z1(k) is a LDS.
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In the following Corollary, we provide explicit formulas for the coordinate
sequences of a(k), with respect to the basis constructed in Theorem 2.0.2, in terms

of Lucas sequences.

Corollary 2.3.2. Let W = {wy, ws, w3, w4} be the basis for the module SZ[n]

constructed in Theorem 2.0.2, and a(k) = Bn* be as above. If we write

a(k) = x1(k)wy + - + z4(k)wy,

then for any integer k£ > 3 we have

U, ifk=2n 0 ifk=2n
.771(]€> = xQ(k) =
Upt1 +u, ifk=2n+1, u, ifk=2n+1,
—Up—q ifk=2n 0 if k=2n
l’g(l{?) = .T4<k’) =
0 it k=2n+1, —Up—1 ifk=2n+1,

where w,, is the Lucas sequence with parameters (e, ), defined in Section 2.1.

Proof. Recall, by Corollary 2.1.4 we know that all of the coordinate sequences z;(k)

of a(k) satisfy the order 4 recurrence

zi(k +4) =Tx;(k+2) — x;(k), (2.3.12)

where T' = ¢ + £, and by construction of our basis W these sequences have initial

conditions
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k| zi(k) xa(k) ws(k) za(k)
0 0 0 1 0
1 1 0 0 1
2 1 0 0 0
3|1 T+1 1 0 0

From (2.3.11) in the proof of Proposition 2.3.1 we see that (k) satisfies the
desired formula. Next, let y;(n) = z;(2n + 1) for i = 2,4 and y3(n) = x3(2n). By

(2.3.12) we have that y;(n) satisfies the order 2 recurrence

yi(n +2) = Tyi(n+ 1) — 4i(n).

Since y2(0) = 0 and y2(1) = 1 we get

z9(2n + 1) = ya(n) = u, for all n > 0,

where u, is the Lucas sequence with integer parameters (7', 1). Since y3(1) = 0 and

y3(2) = —1 we have

r3(2n) = y3(n) = —u,_4 for all n > 1.

Similarly, since y4(1) = 0 and y4(2) = —1 we have

x4(2n+1) = ys(n) = —u,_q for alln > 1.
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Remark 2.3.3. Let M be an arbitrary full module in our quartic field K and

let a(k) = fn* as above. Note that M’ = (Z[n] is a finite index submodule of
M containing «(k) for every k € Zsq. So, we can always write the coordinate
sequences for a(k) in terms of the basis constructed in Theorem 2.0.2. It turns
out to be more challenging to apply Proposition 2.3.1 to find a basis for the entire
module M. The following Proposition provides sufficient conditions for when this

can be done.

First, we set some notation. For a basis {t1, ts, t3,t4} of M, write

B 131

8 '

"1-B|"|. (2.3.13)
Bn? ts
B’ 21

Writing B in Smith normal form, we know that there exists X,Y € GL4(Z) so that
XBY = diag(6,, ..., 0,) (2.3.14)

with 07 | -+ | d4. Let X = (x;;). Then, we have the following.

Proposition 2.3.4. If there exists a matrix X € GL4(Z) satisfying (2.3.14) and

1)
ged <X4,5—j> =1,

where x; = @0 + x;3 + (T + 1)x4, and T = € + &, then there is a choice of basis W
for the module M so that the coordinate sequence z1(k) of a(k) with respect to the
basis W satisfies the initial conditions of Proposition 2.3.1.
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Proof. Suppose that we have a basis W = {wy, we, w3, ws} for M as above. Set

T T
'sz (wl w4> and t = (tl t4) .

Then, Aw = Bt, where B is defined in (2.3.13) and A is a matrix with first column

(oo airen)

Let X be any matrix satisfying (2.3.14), which we know exists by writing B is
Smith normal form. Write D = diag(dy,...,d4). Observe that ged(x1,...,x4) = 1,

since if there were a prime p dividing every Y;, then we would have

q1 T11 Z12 T13 T14

p-|l =001+ :|+|:+T+D)]| |,

q4 T41 42 L43 L44

where ¢; € Z. But then the columns of X would be (Z/p)-linearly dependent, which

contradicts the fact that X € GL4(Z). Now, let

.
o o— | 94 d 0.
1 <g><1 SX2 5 X3 x4> :

It is known that any lattice element can be extended to a basis precisely when it is
primitive (see Chapter 1 of [8], for example). Since &; | --- | 44, and we’ve assumed

that ged(x4,04/01) = 1, then we have
0y 04 O3
ged | =X, X2 X3 Xa ) = 1
617 0g

5y

33



So, there is a matrix C' € GL4(Z) with first column equal to ¢;. Next, let A =

X~'DC. Then, A has first column

N
a=<054@ @@+U).

Furthermore, D' XA = C € GL4(Z). Let Z = YD 'X A € GL4(Z), and define a
new basis W = {wy, wo, w3, ws} from {ti,ts, 13,14} by change of basis matrix Z 1.
Since Z = B~ A, we have

wq p

Wy s
So, if we write a(k) = x1(k)wy + -+ + x4(k)ws, then z,(k) satisfies the initial

conditions z1(0) = 0, x1(1) = 21(2) = &4, 21(3) = 64(T + 1). O

Theorem 2.0.3 provides a family of modules satisfying the conditions
of Proposition 2.3.4. An interesting future direction could be to provide a

characterization of all such modules.

Proof of Theorem 2.0.3. Recall that M = Z[/m,v/m + 1], and n = v/m + v/m + 1.
Observe that n = /¢, where ¢ = 2m + 1 +2y/m(m + 1). Let K = Q(v/m,vm + 1),
and L = Q(y/m(m +1)). A short computation shows that Ny (¢) = 1 and n € Uy;.

Next, observe that

1 1 0 0 0 1

n 0 1 1 0 vm

2l lam+1 o 0 2 M1

7’ 0 4m+3 4m+1 0 m(m + 1)
B
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We can compute X BY = diag(1, 1, —2,2) where

1 0 00 10 0 0
0 1 0 0 01 —-10
X = ,and Y =
0 —4Am -3 0 1 00 1 0
—2m —1 0 10 00 0 1

Hence, x4 = 1 and so Proposition 2.3.4 applies. That is, there is a basis W so
that the coordinate sequence (k) of a(k) with respect to the basis W satisfies the

initial conditions of Proposition 2.3.1. So, z1(k) is a LDS. [

Remark 2.3.5. Note that the proof of Proposition 2.3.4 provides an algorithm
for computing our desired basis in Theorem 2.0.3 explicitly. We demonstrate this
computation. Note that

TI"L/Q<€> =4m + 2.

Recall that we need to find a matrix C' = D 'X A in GL4(Z) with first column

being a primitive vector and A € Mat4(Z) with first column

cY:(o a a a(4m+3))T

. We compute the first column of C' to be
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So, we choose @ = 2 and the rest of the entries of C' so that C € GL4(Z). For

example, we can take

Then, we compute A = X 1DC, where D = diag(1,1,—2,2), to get

0 1 0 0
2 0 1 0
A=
2 2m+1 0 0
8m + 6 0 dm+3 =2
So, setting Z = B7'A, and using Z~! as our change of basis matrix from

{1,v/m,v/m+1,/m(m + 1)} we obtain basis W = {wy, wy, w3, ws} for M given
by
wy = vm, wy =2+ vVm+1—+/m(m+1),

ws =/m(m+1), wy = 1.

So, if we write n* = x1(k)w; + -+ - + 24(k)wy, we can check that (k) satisfies the
initial conditions z1(0) = 0, z1(1) = x1(2) = 2, 1(3) = 2(4m + 3), and so by

Proposition 2.3.1 we have that x;(k) is a LDS.

Remark 2.3.6. If o(k) is as in Theorems 2.0.2 and 2.0.3, the coordinate sequences
{z;(k) : k € Zs>¢} contain order two subsequences {z;(2k) : k € Zx¢}.

By Proposition 1.3.5 in Chapter I, an order two linear recurrence sequence must

36



initialize at zero. So, it is not possible to find a basis for the corresponding module

that makes x(k), xo(k), z3(k), z4(k) LDS simultaneously.

2.4. Powers of Algebraic Integers

We conclude this chapter by discussing a related sequence studied by
Silverman in [26], and show how methods from the previous sections might be used
in its analysis.

Given a € Z, define the sequence

dp(a) = max{d € Z | o* = 1(mod d)}. (2.4.15)
where the congruence o = 1(mod d) means that there is an element 3 € Z with
o =144dp.

In [26], Silverman proved that di(«) is a divisibility sequence, and showed that,
except for some exceptional cases, this sequence grows slower than exponentially.

We record this Theorem below.

Theorem 2.4.1 (Theorem 1 of [26]). Let a € Z. Then,

1

n—oo n

=0

4

unless o € Z for some ¢ € Z, or o' is a unit in a quadratic extension of Q.

In the exceptional case where « is an element of Z[v/ D] for a nonsquare

integer D > 2, and Nk («) = 1, it is shown in Theorem 7 of [26] that dj := di(«)
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satisfies the order 4 linear recurrence

s = Tdys — dy, (2.4.16)

where T' = a + a.
Let 1 be an algebraic number of degree 4 with n? quadratic. Choose an

integral basis {wy, wq, w3, wy} for L = Q(n), and write

0" =z (K)wy + - - + z4(k)wy. (2.4.17)

Then, by Corollary 2.1.4 we have that the x;(k) also satisfy the order 4 linear
recurrence

We have the following observation.

Proposition 2.4.2. Let o be a nontorsion unit of positive norm in Z[v/D] for a
nonsquare integer D > 2, and let 1 be any algebraic integer satisfying n? = . Let

L =Q(n). If O = Z|n)|, then there exists a choice of basis for Oy, so that

di () if di(a) =1
l’l(k) =

dp(a)/dy () if dy(a) # 1,
where di(a) and x;(k) are defined as in (2.4.15) and (2.4.17), respectively.

Proof. By (2.4.16) and (2.4.18), we know that x;(k) and di(«) both satisfy the

same recurrence. So, it suffices to find a basis for Oy, so that the initial conditions
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of x1(k) match those of dp(«). Let

T
&':(do dl dg dg) .

If di(«) = 1, then @ is a primitive lattice element in Z* and so there exists

A € GL4(Z) with first column d. Let {w, wsy, w3, ws} be the basis obtained from
{1,\/a,/a’,/a’} by change of basis matrix A=, Then (k) has the desired
initial conditions. If d;(«) # 1, then we replace the sequence di(a) by dy(«)/di ()

in the argument above. [l

Remark 2.4.3. Since the coordinate sequence {z;(k) : k € Zso} of B* for any

B € Z defined in (2.4.17) are linear recurrence sequences with distinct characteristic
roots, then by Proposition 1.3.2 they grow exponentially. So Theorem 2.4.1 implies
that if z;(k) = di() for some o € Z and fixed index i, then o must be in one of the
exceptional cases. That is, we must have a power of « either in Z or a quadratic
unit. It would be interesting to know when a result like Proposition 2.4.2 holds in

the other exceptional cases.

We finish this section by discussing how the recurrence for the coordinate
sequences {z;(k) : k € Zso} of oF, for some a € Z, could be used to study the
sequence di(«) defined in (2.4.15).

By definition, we have that dy(«) is the largest positive integer satisfying
o —1 € di(a)Ok. (2.4.19)
Let {1,ws,...,w,} be an integral basis for K. If we write

o = z1(k) + 2o (k)wy + - - - + x,(k)w,.
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Then we have

dp(a) = ged(z1 (k) — 1, 29(k), ..., zp (k). (2.4.20)

Furthermore, by Corollary 2.1.4 each of the sequences z;(k) has characteristic
polynomial equal to the minimal polynomial of o. As in the previous sections,
we can change the initial conditions of x;(k) by changing the basis of Ox. We use

these observations to study the following conjecture.

Conjecture 2.4.4 (Conjecture 9 of [26]). For a € Z, suppose one of the following
holds:

(a) [Q(a"): Q] >3 forallr > 1, or
(b) [Q(a") : Q] > 2 for all r > 1 and Nk () # +£1.
Then, the set {k > 1| d(a) = di(a)} is infinite.

The following proposition can be used to construct examples where

Conjecture 2.4.4 holds.

Proposition 2.4.5. Let o € Z have minimal polynomial
fX)=X"—s5 X"~ — 5,

and set K = Q(«). If there exists a positive divisor ¢ > 1 of n so that s; = 0
Vi & tZ, then we have di(a) < |Ok/Z[a]| for all k € 1 + tZ. In particular, if

Ok = Zla], then dy(a) = dy(a) =1 for all k € 1+ tZ.

Proof. Let A = |Ok/Z[a]|, and dj, denote the largest integer with

d
af —1¢ ZkZ[oz].
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Since Ok C xZ[c], then by (2.4.19) we have
k dy,
a" — 1€ d,Ox C —Zla.
A
So, dj, < dj.. Next, write
o =y (k) 4+ ya (k) + - + yn (k)"
Then, similar to (2.4.20) we observe that
dr, = Aged(yi (k) — 1,ya(k), ..., ya(K)).
If s; =0 Vi & tZ, then by Corollary 2.1.4 we have

yi(k+n)=su(k+n—1t)+ -+ spy(k+n—Llt).

Since y; (k) has initial conditions y1(0) = 1,31(1) = --- = y1(n — 1) = 0, we see that

y1<1 + ét) = 0 fOI' any g (— Zzo. SO7 dk S Jk = A D

We give an example to demonstrate how to use Proposition 2.4.5 to generate

examples where Conjecture 2.4.4 holds.

Example 2.4.6. Let o be an algebraic number of degree 4 so that 8 = a? is

quadratic. Observe that the minimal polynomial of « is of the form

J(X) = X* = Tr0(8)X? + Nijo(B),
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where L = Q(f3), and so by Proposition 2.4.5 we have that

di(@) < |0k /Z]o]|

whenever k is odd. So, Conjecture 2.4.4 holds whenever

Ok = Z|a] where K = Q(«). (2.4.21)

Number fields K satisfying (2.4.21) are called monogenic, and elements « satisfying

(2.4.21) are called monogenizers of K.

We searched for elements « as in Example 2.4.6 that are monogenizers of
K = Q(«). Using Sage to check whether Ox = Z[a], we searched the first five real

quadratic fields (ordered by discriminant), and found the following list of examples:

V2 4+ V2,V 1+ V3, /L5 4+ v5), V1 +V6,V1+ V7.

It would be interesting to provide a characterization of all monogenic quartic
fields with generator of the form o where o? is contained in a quadratic subfield,
as this would provide a family of examples where Conjecture 2.4.4 holds for the
sequence di(«) and could improve the results of Section 2.3. In the following
chapter, we study the monogenizers of certain biquadratic fields through their

associated index forms.
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CHAPTER III

INDEX FORM EQUATIONS OVER BIQUADRATIC FIELDS

Let K be a number field and O an order in K. That is, O is a Z-module in K
of rank [K : Q] that is also a ring with unity. We call O monogenic if there exists
an element & € O with O = Z[a]. In this case we call a a monogenizer of O.
Note that if « is a monogenizer of O, so is o & ¢ for any integer c. We define the

equivalence

a~f s atfeZ (3.0.1)

and call each equivalence class a monogenization of O. It is well-known that
every order is contained in the ring of integers Ok of K, and so we will say that
K is monogenic whenever Ok is, and that « is a monogenizer of K when « is a
monogenizer of Og. In Remark 2.3.3 and Example 2.4.6, we saw that the results of
Chapter II could be improved when our quartic field K has monogenizer o with o
contained in a quadratic subfield of K.

A biquadratic field is a quartic field of the form Q(y/m,/n) where m and
n are distinct nonsquare integers. In [11], Gadl, Peth6 and Pohst give a method
to algorithmically search for monogenizers of certain biquadratic fields, which we
expect will lead to further theoretical results. In this chapter, we give an exposition
of the methods outlined in [11]. Our main contribution is a rewriting of this
algorithmic paper in order to motivate further theoretical results.

This chapter is organized as follows. In Section 3.1 we give some background
on index form equations, which translate the question of monogeneity of a number

field K to a Diophantine problem. In Section 3.2 we use the results of [11] to
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reduce this Diophantine problem to solving a system of norm form equations. In
Section 3.3 we outline how the authors of [11] associate the monogenizers of a
biquadratic field to near squares of an associated linear recurrence sequence. We
then discuss ongoing work to use this result to obtain bounds on the height of

monogenizers in biquadratic fields.

3.1. Background on Index Form Equations

Let K be a number field and a an element of Of. Note that Z[a] is finite
index in Ok when dega = [K : Q], and that « is a monogenizer precisely when
the index is equal to 1. We use this observation to translate the problem of finding
monogenizers of K to a Diophantine problem.

Let o; be the distinct embeddings of K — C fixing Q. For any m-tuple
of elements oy, ..., q,, in K, the discriminant of a1, ..., a,, is defined to be the
quantity

Dr(ay, ..., ap) = det(oi(a;))?.

For an element o € K of degree m, the discriminant of « is given by

Dk(a) == Dg(1,a,...,a™").

Let {1,wy,...,w,} be an integral basis for K so that [K : Q] = n + 1. For an

element o € O of degree [K : Q] write

a =T+ r1Wwy + - - + THpWy, (3.1.2)
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with z; € Z. Let oy, ...,0, be the distinct embeddings K — C fixing Q, and

suppose that oy is the identity embedding. We have

1 « e a”
D) = aet | 1 T ey
1 op(a) -+ ou(a)”

This is a Vandermonde determinant, and so we get

Dr(a) =[] (oi(@) —o;(a))*.

0<i<j<n

For convenience, we denote X := (Xj,...,X,). If we write a as in (3.1.2) we see

that Dy (a) does not depend on zy. For the linear form
UX) =Xy + - +w, X, (3.1.3)
in K[X] we define the discriminant of /(X)) in K to be

Dic(ex) = ] (@:t(X) = o) (314)

where the embeddings o; act on ¢(X) in the usual way. That is,

0i(U(X)) = oi(w1) X1 + - - + oi(wn) X
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For any a € Ok we have the following well-known identity

Di(a) = |Ox/Z[a]|* Dk, (3.1.5)

where Dy denotes the discriminant of K'; that is,

DK = DK(l,wl,...,wn) (316)

(see of Remark 2.25 of [20], for example). We define the index form Iy (X) with

respect to basis W by the equation

D (((X)) = Iiy(X) Dk (3.1.7)

By identity (3.1.5) we have that a = zg + xjw; + - - - + z,w, is a monogenizer of K

precisely when the integer tuple (x1,...,z,) is a solution to the following equation
Iy (X) = £1. (3.1.8)
The following Lemma tells us that finding integral solutions to (3.1.8) is in fact a

Diophantine problem.

Lemma 3.1.1. The form Iy (X) defined in (3.1.7) is an integral form (that is, a
homogeneous polynomial with integer coefficients) of degree n(n + 1)/2, where

[K:Q]=n+1.

Proof. Define F;;(X) to be the polynomials in K [X] given by

P(X) = Foj(X) + Fij(X)wy + -+ + Foj(X)w,,
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where ¢/(X) denotes the product of /(X) = X jw; + - -+ + X,,w, with itself j times.
Observe that each F;;(X) is of homogeneous degree j, and since {1, wy, ..., w,} is

an integral basis, each Fj;(X) is in Z[X]. So, for any oj, we have

o (Fij(X)) = Fi;(X).

From the definition of the discriminant form given in (3.1.4), we have

2

1 ((X) (X)
Dr((x) = det | 1 &) X))
1 on(6(X)) -+ on(0"(X))

Setting wy = 0 we use the notation above to write

1 Yo FnXw - Yy Fn(X)w
D)) =t | | TP T Pl
LY Fa@maw) - Sy Fa(X)ra(w)
1wy - wy i 1 Fn(X) - Fou(X) i
et 1 oi(w) - o1(wy) o 0 Fu(X) - Fin(X)
Uoalw) o)) \0 FuX) o Fu(X)
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By definition of the field discriminant Dy given in (3.1.6) we have

1 Fp(X) - Fon(X)
Drelt(X)) = D -det | © T Pl
0 Fu(X) --- Fu(X)
Using definition (3.1.7) this gives
1 Fp(X) - Fon(X)
Ie(X) = 4deg | 0 THE) o &)
0 Fu(X) - Fp(X)

Since each Fj;(X) is in Z[X] with homogeneous degree j, we conclude that Iy (X)

is an integral form with

n

deg Iy (X) = > j=n(n+1)/2. O

J=0

It is known that every index form equation (3.1.8) has only finitely many
integral solutions, which implies that there are only finitely many monogenizations
of Ok for a given number field K. An effective upper bound on the number of
integral solutions to (3.1.8) was given by Gyéry in [12]. While this bound has since
been improved (see [13] for a survey of these results), it is generally too large to be
computationally feasible. Current research aims to improve these bounds in special
cases. For example, in [10], the authors use a number of reductions to show that

integral solutions to index form equations over quartic fields imply solutions to a
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cubic Thue equation and a system of quadratic equations (see Proposition 3.1 of [1]
for details of this result). In [1], Akhtari uses this result to provide a new proof for
the best known upper bound on the number of monogenizers in quartic fields up to

the equivalence given in (3.0.1). In particular, Akhtari shows the following.

Proposition 3.1.2 (Theorem 1.1 of [1]). Let K be a quartic number field. Then,
the number of elements a € Ok with Ok = Z|a] up to the equivalence defined in

(3.0.1) is at most 2760.

In fact, Akthari proves this bound for the number of monogenizations of any
quartic order O, which we recall is always finite index in Og. Improvements on this
bound are also given based on the size of the discriminant of O.

In [11], Gaél, Pethé and Pohst study index forms defined over biquadratic

fields with class number one by using the special integral basis due to Pohst below.

Lemma 3.1.3 (see [22]). Let K be a biquadratic field with quadratic subfield L =
Q(y/m) having class number 1. Then, there is a non-square element y in L so that

we can write K = Q(,/z). Furthermore, let

vm it m=2,3(mod4)

%ﬁ if m = 1(mod 4)

so that O, = Z[w]. Then there exists o, f € Oy, so that if ¢ = (a + 3,/11) /4 then

{1, w, ¥, wip} (3.1.9)
forms an integral basis for K.
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Using this basis, the authors of [11] give a number of reductions in order to
algorithmically find small solutions to (3.1.8) over fields of this type. The following
sections outline these reductions, which we plan to use to obtain further explicit

results such as those in Theorem 3.1.2.

3.2. Reduction to Simultaneous Norm Form Equations

Let K be a biquadratic field containing a quadratic subfield L with class
number 1 as in Lemma 3.1.3. We let X = (X3, Xs, X3) and ¢(X) be the linear
form given in (3.1.3) with respect to the basis W = {1,w, 9, wy} from Lemma
3.1.3. That is,

From Lemma 3.1.1, we know that Iy (X) is a degree 6 integral form. In this
section, we show how to reduce the index form equation

Iy (X) ==+1

to a system of norm form equations. We combine Proposition 1 and Theorem 1 of
[11] to obtain the following result, and provide an alternate proof to that given in

[11] using the language of algebraic number theory.

Proposition 3.2.1. Let K, L, p and w be as in Lemma 3.1.3. The index form

equation Iy (X) = +£1 has an integer solution z = (1, 2, z3) if and only if

NL(Z’Q + .7)3&)) = :|:1, and

Np(Z(z)) = £(w —w)*
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where L' = Q(y/N(p)) and Z(X) € Op,[X] is the fixed quadratic form defined in
(3.2.11).

Proof. Write L = Q(y/m), and label the embeddings o; so that oy = id and

o1 Vm e —/m, \/ﬁl—>\/ﬁ

o2 vVm e m, e =/
o5 v/m— —/m, \/ﬁl—>—ﬁ

where @ denotes the quadratic conjugate of an element o € L. For convenience, set

05(X) = 0,(0(X)) — 0,(U(X)). (3.2.10)

By the definitions given in (3.1.4) and (3.1.7) we get

Using the integral basis W, we compute the discriminant of K to be

Di = ((w—@)* (¢ — o) (1 — ¥3))?,

and we observe that

lo2(X) = (¥ — ) (Xo + wX3)

(13(X) = (Y1 — ¢3)( Xz + 0 X3)
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where 1¢; = 0;(¢). So, we have

1
Iy (X) = £7— (Xo + wX3)(Xy + WX3) H iy (X).
(w—w) 0<i<j<3
(4,9)2{(0,2),(1,3)}

Since (X3 + wX3)(Xy + 0X3) € Z[X,, X3] is monic in Xy, and (w — @)? is divisible

by m, then by above we must have that (w — ©)? divides

I .

0<i<j<3
(4,9)€{(0,2),(1,3)}

So, = (1, %2, x3) is a solution to Iy (X) = £1 precisely when
(x9 + wrs)(wy + wWxs) = £1, and

lor () 1o (z) boz () bo3(z) = £(w — @)%

Define
L(X) = Lo1(X)la3(X). (3.2.11)

Note that the coefficients of £ (X)) are algebraic, since we assumed w, 1) are

elements of an integral basis of K. So, to complete our proof, we need to show that
Z(X) e L'[X]

and that .Z(x) has conjugate ¢15(z)lp3(z) in L' = Q(y/Nr(p)). For the first claim,

note that the nontrivial embedding fixing L’ is 7. To see this, note that Gal(K/Q)
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is Z/2 x Z/2 so every embedding has order 2. This gives us

(V) = 01(01(VR) = Vi

and so o1(y/Ni(1)) = o1(y/m)o1(vVI) = +/Nr(p). By Galois correspondence we

know that L' is fixed by two elements, and so to see whether .2 (X)) has coefficients
in L/, it suffices to show it is fixed under the action by ;. Recalling that 1 is of

the form ¢ = (o + B/p)/4 for a, 3 € L we can check that

o1(1) =, 01(12) = 3 and 01 (Y3) = 1,

which gives

01(501(5)) = —ly (X% 01(523(5)) = —523(5)
Ul(flz(ﬁ)) = 503(&) and 01(503(X)) = 512(&)-

So, we have Z(X) := £ (X)lo3(X) € L'[X] and £15(X)lo3(X) € L'[X]. To see these

two quadratic forms are conjugates, it suffice to show that

09(ZL (X)) = l12(X)lo3(X).

As before we can check that

02(Y1) = V3, 02(Y2) = 1, and o3(v3) = U,

to get 09(lo1 (X)) = lo3(X) and o9(la3(X)) = lp1(X), as desired. O
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Remark 3.2.2. Note that Proposition 3.2.1 implies solutions to the simultaneous
norm form equations

Np(xe 4+ xow) = +1 and

Np(viyi +759;) = £(w — @)%,

for v;,v; € O/, and where y; = z; + ax; and y, = x + bx; for 4, j, k € {1,2,3} and

some fixed a,b € Q. To see this, write the quadratic form Z(X) as

L(X) = (a1 X1 + a13X3) X1 + (a2 Xo + a12X1) Xo + (a3 X5 + a3 X)X,

for some o; € Ops. So, if x = (x1, 29, x3) is a solution to the system of equations in
Proposition 3.2.1 then we have Z(x) = v121 + Y222 + Y323, for 7; € O/ But since

L’ is quadratic, {71, 72,73} are linearly dependent. So we can write

Z(x) =Y + VY5,

where y; = z; + ax; and yo = x5, + bz for 4, j,k € {1,2,3} and fixed rational
constants a, b. So solutions to the system in Proposition 3.2.1 imply solutions to
the system of norm form equations above. It would be interesting to study whether
any explicit information can be gathered from this observation. For example, in [4]
Bennett gives explicit upper bounds on the integral solutions to simultaneous Pell-
type equations. We plan to study whether such a method extends to simultaneous

quadratic norm form equations more generally.
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3.3. Near Squares in Linear Recurrence Sequences

The authors of [11] show that integral solutions to Iy (X) = +1, with W
as in Lemma 3.1.3, can be found by studying terms in an associated order 2 linear
recurrence sequence that are a constant away from a perfect square. We state this

result below and give an alternate proof using language of algebraic number theory.

Proposition 3.3.1 (Section 4 of [11]). Let K, L and W be as above. Suppose that
Iy (X) = +£1 has a solution (1, s, 73) € Z3, and let € be a fundamental unit in

Or. Let G(k) be the order two linear recurrence sequence defined by

G(k+2) =Tr(e®)G(k+ 1) — G(k)

Then, for a fixed constant § there exists k € Z>o and y € Z so that

G(k) =y*+94.

Furthermore, the constant 0 and the initial conditions of G(k) are explicitly

computable and depend on L, x5, x3.

Proof. Let Z(X) be the quadratic form defined by

Z(X) = lo1(X)ls(X)

where £;;(X) = 0,({(X)) — 0;(¢(X)) as in the proof of Proposition 3.2.1. Recall in
this proof that we showed .Z(X) has coefficients in O where L' = Q(1/Ng(u)).
This gives

Trp (Z(X)) € Z[X]
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where here we use the definition of trace given by Trp/(v) = ~ + 7 for an element
~v € L’ and let the conjugate embedding act on our polynomial in the usual way.
Furthermore, since ¢;;(X) is a linear form, then .Z(X) is a quadratic form, and so

we can write

Tr(Z (X)) = a X? + G2X22 + a3X32 + a12 X1 Xy + a3 X1 X3 + a3 X2 X3,

for a;,a;; € Z. Since Tri (£ (z)) € Z then the quadratic

f(Xl) = TI'K(g(X, 2327273)) — TrK(f(xl,xg,xg)) S Z[X]

must have discriminant

Af(l’g, 1‘3) = bgl‘g + bgl‘% + b23$21‘3 + bo (3.3.12)

equal to an integer square, where b; € Z. Next, by Proposition 3.2.1, since z is a

solution to our index form equation Iy (X) = £+1 we must have

Np(zg + wxg) = £1.

From our characterization of solutions to norm form equations from Chapter I, for
a fundamental unit ¢ in Ok we can write (xq,x3) = (z(k),y(k)) for some integer k,
where

e¥ =z (k) +wy(k).

So, (k) and y(k) are order 2 linear recurrence sequences with characteristic roots

g,€. We use Proposition 1.3.1 from Chapter I to find an explicit formula for these
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sequences. Note that y(0) = 0 and so we have

ok _ gk
k) =y(1
ok = y(1) =22
But since € — & = y(1)(w — @) we get
ok _ gk
= . 3.1
yh)=="2 (3:3.13)

Next, we write z(k) = Ae* + B&*, and use the initial conditions of (k) to solve for

A,B € L. We have A+ B =1 and z(1) = Ae + Bg, but also

EwW — EW
1) =¢ — 1) =
o(1) = e —wy() = ==,
which gives
wek — wek
k)= ————. 3.3.14
o) = =2 (3:3.14)

So, plugging (3.3.14) and (3.3.13) in for (x9,z3) in our discriminant formula

(3.3.12), we get

A (9, ) =b 2% 4 w2 200\, e + &% 2
pents) =\ T T mwr) TP \(wmoE T w—w)e

; wek w2k O+ w b
23 @ —w)? $(w—w)2 05

where the option in signs depends on whether € has positive or negative norm. It

can be checked that all summands above are in %Z. Let

G(k) = bgal(k) + bg&g(lﬂ) + bggag(k’) cZ
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where

CLl(k) =4 ((I) — w)Q
g2k 4 z2k
as(k) =4 w_oy
we?* + we?
a3(k) =4 (w _ w)2 )

and each a;(k) € Z. Then we have
G(k) = 44, + 4by,

where Ay = Ag(k) depends on k. Since Ay must be an integer square, there must

exist k € Z>¢ and y € Z so that G(k) = y* + §, where

SbQW(;J 8b3 4b23 ((IJ + Cx.))

= T T )

Now, since a;(k) has characteristic roots €2, 22, each of these sequences satisfy the
order 2 recurrence a;(k + 2) = Trz(e*)a;(k + 1) — a;(k). It is then straightforward to

check that G(k) also satisfies the order 2 recurrence

Gk +2)=Tr (e)G(k +1) — G(k). O

Given an order 2 linear recurrence L(k) and polynomial P(X) over Z, finding

solutions k € Z>o and z € Z to equations of the form

L(k) = P(x) (3.3.15)
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have been widely studied, especially when P is quadratic. For example, in [33]
Walsh explicitly provides solutions to (3.3.15) for a family of order 2 sequences
L(k) and polynomials P(X) of the form P(X) = ¢X? 4 1. As outlined in

[33], the method of Baker from [2] can be used to bound the size of solutions to
G(k) = y* + § from Proposition 3.3.1, which we expect would lead to a bound on

the height of monogenizers over biquadratic fields.
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