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DISSERTATION ABSTRACT
Wei Zhang
Doctor of Philosophy
Department of Mathematics
June 2022

Title: Moduli Space of A-Infinity Structures and Nonreduced Curves of Genus 0

In this thesis, we study A.-structures arising from derived categories of
certain algebraic curves. More precisely, we consider pairs (O¢,Op), where C' is an
irreducible projective curve over a field k& with H°(C,O¢) = k and H'(C,0¢) = 0,
and D c C'is a Cartier divisor of degree 2, supported at one point. They satisfy
certain categorical properties encoded in the notion of an R-pair (of genus 0),

(E, F), which we will define. In particular, E is exceptional and F' is R-spherical
which is a version of the notion of a 1-spherical object defined in the work of Seidel
and Thomas. The main result of this thesis is to prove the equivalence between the
moduli of the R-pairs and that of certain filtered algebras which permit a simpler
description, i.e. given by the quotient stack of a closed subscheme of A3 for some

action of G,.
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CHAPTER I

INTRODUCTION

In this thesis we study a class of A.-algebras arising from derived categories
of certain algebraic curves. Derived categories of coherent sheaves can be viewed
as refining various cohomological invariants associated with an algebraic variety,
such as usual cohomology or Chow groups. While a lot of important studies have
been done viewing derived categories as triangulated categories, in many recent
applications one has to take into account the natural enhancement of this structure,
which can be understood as that of a dg-category or of an A.-category. Roughly
speaking, the dg-enhancement is obtained naturally when calculating morphisms in
derived categories using resolutions. An A.-enhancement can be obtained from a
dg-enhancement using the homological perturbation lemma (see Lemma 2.1.10).

A more specific motivation for us is to study examples in which looking at
Ao-structures one gets some information about the moduli spaces of varieties
in question. One can imagine that associating an A.-structure to a derived
category can be viewed as a kind of algebraic period map. More concretely, we
are looking at geometric situations where the derived category D has some natural
generator, i.e., an object G generating D. Then the entire information about the
derived category is encoded in an A.-enhancement of the endomorphism algebra
®D; Hom%(G ,G). For example, if G is a coherent sheaf, the latter algebra is the
Ext-algebra

E(G) = @Ext'(G,G).
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This point of view was successfully applied in the works of Polishchuk [7], [8],
where he considered reduced projective curves C' with marked points py,...,p,, and
picked

G=00@ e"@ 0,

as a generator of the perfect derived category of C'. Under certain conditions on
(C, p.), the associative algebra E(G) either does not depend on the geometric
data, or it depends in a very simple way. This means that the entire geometric
information is encoded in the higher products of the A-enhancement on E(G).
Furthermore, it was shown in loc. cit. that one gets an isomorphism from the
relevant moduli space of pointed curves to the moduli space of A.-structures on
E(G) considered up to gauge equivalence.

In this work we work out the simplest example of a similar picture where we
allow the curve C' to be nonreduced and replace marked points by (not necessarily
reduced) divisors. Namely, we consider pairs (C, D), where C' is an irreducible
projective curve over a field k with H°(C,0¢) = k and H(C,0¢) = 0 (so C'is
of arithmetic genus 0), and D c C'is a Cartier divisor of degree 2, supported at
one point. Thus, if C' is smooth (and k is algebraically closed) then C' = P! and
D =2p for some point p. At the other extreme, C' can be a doubled line in P? (with
the ideal (I?) where [ is a linear form), and D c C'is the intersection of C' with a
different line in P2. We take

GZOC@OD

as a generator. Note that in this situation we have

Hom(Op,Op) = H(C,0p) ~ R = k[t]/(t?),



so many relevant spaces become R-modules.

Note that A.-algebras are objects of the noncommutative world, so one can
expect that studying A.-structures arising in some geometric setup one would
encounter their noncommutative deformations. This is known to happen in the
study of exceptional collections on surfaces (see e.g. [3], [2]). This turns out to be
the case for our setup as well.

To study the arising A..-algebras, we include our geometric setup into a more
abstract homological context. Namely, we axiomatize some properties of the pair
(Oc,Op) as above in the following notion of an R-pair of genus 0. By such a pair
we mean a pair of objects (F, F') in a minimal A,-category over k, such that E is
an exceptional object, i.e., Hom*(E, F) = k -idg, while F' is an R-spherical object (a

notion to be discussed later), which in particular means that

Hom’(F, F) = Hom'(F, F) = R, Hom"(F, F) =0 for i #0, 1.

Furthermore, we require that Hom'(E, F) = 0 for ¢ # 0, Hom’(F, E) = 0 for j # 1,
and

Hom"(E, F) = R, Hom'(F,E) = R,

such that all reasonable compositions are given by multiplication in R.

The notion of an R-spherical object is a version of the notion of a 1-spherical
object defined in the work of Seidel-Thomas [10]. Similarly to the case of 1-
spherical objects, with each R-spherical object F' one can associate the spherical

twist functor Tx which is an autoequivalence. We also impose a technical condition



on our R-pair (E, F'): we require an isomorphism of functors

TR~ S[-1].

where S is the Serre functor.

Note that in our geometric setup the twist functor associated with the R-
spherical object Op is the functor X ~ X (D). Furthermore, we show that one has
an isomorphism

Wp X Oc(—D)

which implies the above relation between T and the Serre functor.
The main idea (borrowed from [8]) is that starting with a pair (E, F') one can

construct and study the graded associative algebra

RTF,E = @ HOHI(E, T}LE),

n>0

where the associative product uses composition and 7%. We will show that Ry, g is

the Rees algebra of some filtered algebra (A, F,A) such that

grpA~ B = klu, 2]/ (2%), (1.0.1)

i.e. Rrpp ~ @nso FrnA. The main result is that passage from (E, F') to R, g,
or equivalently, to the corresponding filtered algebra (A, F,A), is an equivalence.
Thus, in particular, we can recover the original A.-structure on the Ext-algebra of

(E, F) from the much simpler data of the filtered algebra A.



Note that for the pair (£ = O¢, F = Op) arising from the geometric setup we
get the algebra
—_1; 0
A=limH*(C,0(nD))

with its natural filtration F,,A = U, H'(C,O(iD)). As is well known one can
recover the curve C' (and the divisor D) applying the Proj construction to the Rees
algebra of A.

Thus, it is not surprising that in general to go back from a filtered algebra
A to an R-pair of genus 0, we use the noncommutative Proj construction of [1] for
the Rees algebra R(A). Recall that the latter construction produces an abelian
category qgr — R(A) (as the quotient of finitely generated graded modules by the
subcategory of torsion modules) which is an analog of the category of coherent
sheaves. We show that certain natural objects in this category form an R-pair of
genus 0.

Finally, we completely resolve the moduli problem corresponding to filtered
algebras A such that grpA ~ B. We construct a family of such algebras depending
on a parameter in some subscheme S c A3, and show that the corresponding moduli
stack is the quotient stack [S/G,] for some natural action of the additive group
G, on S. And we observe that the filtered algebras A in our family are not all
commutative, which is in line with the general principle that A.-structures may

uncover noncommutative deformations.

This thesis is organized as follows. Chapter II contains some preliminaries.
First, in Sections 2.1 and 2.2 we review basic results on A.-structures and some
results from noncommutative projective geometry that are relevant for us. Then in

Sections 2.3 we discuss the twist functors associated with R-spherical objects.
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Chapter III introduces R-pairs of genus 0. We give the abstract context in
Section 3.1 and then discuss the geometric context with curves in Section 3.3. In
Section 3.4 we give a sample computation of the A,-structure on the Ext-algebra
arising from a double point on the smooth curve of genus 0.

We start discussing the connection with moduli of filtered algebras in Chapter
IV. We classify all relevant filtered algebras in Section 4.1. Section 4.2 contatins the
first main technical result, Theorem 4.2.1, which states the graded algebra Ry, g
is the Rees algebra of a filtered algebra A satisfying (1.0.1). Next, in Sections
4.3 and 4.4 we study the bimodule over R = Ry, r formed by the Hom'-spaces
between ThE and E. Assuming the compatibility of our R-pair with Serre duality,
we identify this bimodule with the restricted dual of R up to a shift of grading.

In Chapter V we work out the opposite construction via noncommutative
projective geometry: we get an R-pair from a filtered algebra satisfying (1.0.1).
First, in Section 5.1 we check the AS-Gorenstein property of the Rees algebra
associated with a filtered algebra satisfying (1.0.1), which is a technical property
needed for the noncommutative projective geometry results. Then in Section 5.2 we
give a construction of an R-pair of genus 0 in the noncommutative Proj category of
the Rees algebra R(A).

Finally, we prove the main result on the equivalence of different moduli
functors in Chapter VI.

Throughout, we fix a field & of characteristic 0. We denote by x(e1,...,e,)

the k-linear span of linearly independent vectors ey, ..., e,.



CHAPTER II

PRELIMINARIES

2.1. Basic constructions of A.-structures

In this section, we recall several basic definitions and theorems about A..-
structures. Our main source is [9, sections 1.1 and 1.3] and we follow the sign
convention therein. For an element z in a graded k-vector space, we denote by |z

its degree.

Definition 2.1.1. A (non-unital) A.-category A over k consists of the data:
— a set ObjA of objects,
— a graded vector space hom 4 (X, X7) over k for each pair Xy, X; € ObjA, and

— compositions (higher products):

p% s hom ((Xy_1, X4) ® -+ ®;, hom 4 (X, X;) — hom (X0, X4)[2 - d],

for all d > 1 and X, ..., X; € ObjA.

The compositions satisfy the quadratic A.-associativity equations:

213m§d7()£nsd_m(_1)bn/,bi‘_m*—l(ad ® st ® an+m+1 ® /,Lzl(an_}.m ® M ® a'I”L+1) ® an ® M ® al) = 0

for all d > 1 and homogeneous a; € hom ,(X;_1, X;) (1 <i<d), where », :=|aq|+---+

la,| - n.

In the above definition, the notation », appears quite often involving signs in

the context of A.-structures. Hence we introduce the following:
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Standing Assumption: Suppose aq, ..., a, are homogeneous elements in a

situation as in Definition 2.1.1 (i.e. they appear in a tail). Then

b= lag| 4+ |ag] - n.

Proposition 2.1.2. For an A -category A, there is an associated cohomology

category H(A) (which is a non-unital linear graded category) that consists of the

data:
— ObjH(A) := ObjA,

— Homy4)(Xo, X1) = H'(hom 4 (Xo, X1), 1tly) for each pair Xo, X1 € ObjH(A),

and
— compositions [as] - [a1] = (=1)l9l[p? (ar ® a1)].

There is a subcategory H°(A) ¢ H(A) consisting of the degree O piece of the

hom-spaces.

Definition 2.1.3. (1) A (non-unital) A.-functor F : A — B between Ag-

categories A and B consists of the data:

— amap F : ObjA — ObjB, and

— a homogeneous morphism

hOl’Il:A(Xd_l, Xd) ®r -+ O hOIIl:A(XQ,Xl) —> hOIl’lB(on,le)[l — d]

for all d > 1 and X, ..., X4 € ObjA.



They satisfy the equations:

Y212, 4t sy =dlg (F(ag ® - ® Ugg,41) ® - ® F¥1(a,, ® - ®ay))

= Z13m<d 0<n<d7m(_1)>nfd_m+1(ad - ®Uptm+1 ® ,U/ﬁ(aner ®--® an+1) 0, ® & CL1)

sa,usns

for all d > 1 and homogeneous a; € hom 4(X;-1, X;) (1 <i<d).

(2) The induced non-unital graded linear functor H(F) : H(A) — H(B) is
given by
H(F)([a]) = [F'(a)]
for any a € hom 4(Xo, X7).

Definition 2.1.4. An A.-algebra is an A.-category with one object and an A,-

morphism between A.-algebras is an A.-functor between them.

Definition 2.1.5. (1) Given an A-category A, a non-unital right A.-module M

over A consists of the data:
— a graded vector space M(X) over k for all X € Obj(.A), and

— action maps

,u(/i\/l : M(Xd,l) Ok hOHl:A(Xd,Q,Xd,l) R - - O hOHl:A(XO,Xl) —> M(Xo)[2 — d]

for all d > 1 and Xy, ..., X4_1 € ObjA.

They satisfy the equations:

sa,usns

(2.1.1)



Wy, ifn+m=d
where p™ = , for all d > 1 and homogeneous b € M(X,_1) and

uy, ifn+m<d
a; € hOl’Il:A(XZ'_hXZ') (]. <i1<d- ].)

(2) There is a non-unital A-category @ := nu-mod(A) = mode — A of

non-unital right A.-modules over A that consists of the data:

— Obj(nu-mod(A)) is the set of non-unital right A.-modules over A (defined

as above),

— homy (M, M,) is the graded vector space over k of pre-module
homomorphisms for each pair My, M; € ObjQ, where each homogeneous

t € homg (Mo, M;) is a sequence ¢ = (t,¢2,...) with

td : ./\/lo(Xd_l)@)khom'A(Xd_g, Xd_1)®]f"'®kh0m;4(X0,X1) — Ml(X[))[|t|_d+1]

for d > 1, and

— compositions (higher products):

po(t)(b®as1® - ®ar) =

Yonca-1 (D)F (0@ ag 1 @ ® Gni1) @y ® - ® ay)

+ Yoenza-1 (1) #Ft (b (b ® g1 ® -+ ® Upy1) ® Uy ® -+ ® 1)

+ S (CD)FE (0@ g1 @+ @ Wi (A ®  ® Upp1) ® Ay ® -+ ® ),
pp(ta®t1)i(b®ag1®---®ap)

= Yoenea-1 (1) #5 (AT (0® g1 ® - ® Gps1) ® A, @ -+ ® 1),

pily =0 (for all 1 >3),

where # = |ap1|+ -+ |ag1| +|b| —d+n+ 1.
10



(3) A pre-module homomorphism ¢ is a module homomorphism, if g (t) = 0.

In the following, we define the notion of a twisted complex in an A.-category
A in 2 steps: first, the A-category of additive enlargement XA of A; then, the

Ac-category TwA of twisted complexes.

Theorem 2.1.6. /9, (3k)] There is an Ao -category, the additive enlargement LA

of A, that consists of the data:

— ObjXA is the set consisting of triples of the form (I,{X"},{V?}), where I
is a finite set, X* € ObjA and V' is a finite-dimensional graded vector space

(i e I) (write such a triple as a formal direct sum ®;e;V?i® X?).

— homi 4 (Byer, Vi ® X, Djer, Vi ® X7) = @, ; homj, (Vi, V{) @ hom 4 (X§, X7)

with the natural grading.

— The compositions (higher products) are given as follows: Write an element in

hone (Vi 5. W 0 X])

iEIO jEIl

as a matriz a = (@) (i € Iy,j € I ) where each a’ is a finite sum o/t =
Y69t @ 2l e homy, (VE, VY) @ hom (X3, X7). We may suppress a¥' to be of

the form a’’ = ' @ &7t for simplicity. Then, for d>1,
d o A d 1 d (. d 1
P (g ® - ® a1 )iyig = By (F1)200 i Di iy @ (T ® @y L),

where A =S,|¢0 |- (|2l . |-1). Extend ps 4 for all maps by linearity.

Ipyip-1 1q,ig-1

11



There is an embedding of A into XA by identifying each X € ObjA with the
triple ({*},{X},{k}) € ObjEA where the one-dimensional space k in this triple sits

in degree 0.

Definition 2.1.7. Let A be an A.-category.

(1) A pre-twisted complex in A is a pair (X,dy) with X € ObjXA and a
differential (or connection) dx € homs, ,(X, X); sometimes we write X instead of
(X, dx).

(2) A sub-complex of a pre-twisted complex (X = @;; Vi ® X, 0x = (%))
with 0% = ;071 ® 29 is a pair (X = @ Vi® X053 = 5X|)_(), where each Vi c Vi is
a subspace that is preserved by all ¢;;.

(3) Given a subcomplex (X = @;; Vi ® X7 65), there induces a quotient

complex @;.; Vi/Vi® X with the induced differential.

Definition 2.1.8. A twisted complex is a pre-twisted complex (X, dy) with two

properties:

— Oy is strictly lower-triangular, i.e. there is a finite decreasing filtration by
subcomplexes X = F9X > F1X 5 ... 5 F?X = 0 such that the induced

differential on the quotients F*X/Fi*1X is 0.

— Ox satisfies the Generalized Maurer-Cartan Equation: E;ZlugA((SX ®--®Ix) =

0.

In the above definition, the Generalized Maurer-Cartan Equation makes

sense, i.e. is a finite sum, because dx is strictly lower-triangular.

Theorem 2.1.9. [9, (31)] There is an Ao -cateogry TwA of twisted complexes in A

that consists of the data:
12



— ObjTwA := {twisted complezes in A},
— hompy, 4(Xo, X1) = homy, 4(Xo, X1) for X, X1 € ObjTwA, and

— compositions (higher products) are given by all the possible deformations by

differentials:

dig+tig

[y 4(@a ® - ® ar) = Spgy

(0x,®  ®0x,®0,®0x, ,® - ®x, U1 ® - ®a1 ®x,® - ®Ix,)

where the sum is over all iy, ...,iq with i, many copies of dx, (0 <r <d) in this

sum.

Lemma 2.1.10 (Homological Perturbation). [6, section 6.4] Let (A,d) be a dg-
algebra over a field k. Let I1: A — A be an idempotent which commutes with d. If
there is a homotopy operator (Q on A such that id — II = dQ + Qd, then there is an

Aoo-structure on B :=im(I1) with higher products given by the formula:

pp(by ®---®b,) = Xp £myp(by,...,by)

for by, ....;b, € B (n > 3). Here T runs over all oriented planar rooted 3-valent
trees with n leaves (different from the root) marked by by, ...,b, and the root marked
by 11 which is the projector. For such a tree, leaves by, ..., b, are at the top level
from left to right and the root at the bottom level, every inner vertez (i.e. not a leaf
or the root) has two edges in-coming from above and one edge out-going below, .
Then my(by, ...,by,) is obtained by going down from leaves to the root, applying the

multiplication in A at every inner vertexr and applying the operator Q) at every inner

13



edge (i.e. its two vertices are inner vertices of the tree), and finally applying the

projector 11.
Remark 2.1.11. The sign for each my(by,...,b,) is determined by the tree T'. Here
we omit the sign for simplicity by simply writing +.

Example 2.1.12. Given three elements by,by,b3 € B, there are two oriented
planar rooted 3-valent trees. For each tree T below, we apply the Homological

Perturbation procedure to obtain mq(by, ba, b3) at its root:

bs
N/
blbg . .b2b3
Qlbiby) Q(b2bs)
® Q(b1by)bs ® b1Q(babs3)
o[1(Q(b1b2)bs) o[1(b1Q(b2b3))

See Section 3.4 for a calculation of some p3 using homological perturbation.

Proposition 2.1.13. (/9, Lemma 3.34]) Let F : A — B be a cohomologically
full and faithful A -functor. Assume that B is a triangulated Ao -category, and

that the objects in the image of F generate it. Then there is a quasi-equivalence

F: TwA — B whose restriction to Ac TwA is isomorphic to F in HO(fun(A,B)).

Proposition 2.1.14. (/9, Corollary 4.9]) Let B be a split-closed triangulated Ao, -
category, and let A c B be a full subcategory which split-generates it. Then there is

a quasi-equivalence II(TwA) — B, which induces an equivalence of triangulated

categories HO(B) ~ D™ (A).

14



2.2. Basic constructions of noncommutative projective geometry

In this section, we recall a few definitions on noncommutative projective
schemes of [1]. Let S be a noetherian commutative ring and let B be a Zy-graded
noetherian algebra over S. Consider the category gr — B of graded finitely generated
right B-modules. There is a full subcategory tors of gr — B of torsion modules. Let
qgr — B be the Serre quotient of gr — B by the subcategory tors, considered as the

noncommutative projective scheme.

Notation 2.2.1. (1) Given a graded B-module M, for any j € Z, M(j) is a graded
B-module given by M(j), = M., (n€Z).

(2) Denote by O(j) the image of B(j) in qgr — B.

(3) HI(=) = Extgy, (0, -); (=) = @iezHi(-).

(4) Ext%n (M, N) = @;zExtn_o, (M, N(j)).

2.3. Abstract twist functor

Let A be any k-linear A..-category and let Y € ObjA. We will construct an
Ao —functor Ty : mod,, —A — mod., — A, the abstract twist associated with Y. This
functorial abstract twist construction is needed in Section III to define the spherical

twist for an R-spherical object F', namely TFp.

15



Given M € Obj(mod,, — A), define Ty (M) as follows: for each X € ObjA,

Ty(M)(X) = M(X)
@
M(Y) &, hom (X, Y)[1]
@
M(Y) ®;, hom’(Y,Y) ® hom (X, Y)[2]
@
M(Y) ®; hom’(Y,Y) ®; hom’(Y,Y") ®; hom (X,Y)[3]

@

where we label M(X) as the 1st component, M(Y) ®; hom (X,Y)[1] the 2nd
component, so on and so forth; and for each Xy, X1,...,X; 1 € ObjA (I > 1),

homogeneous maps
IU’ZTY(M) : Ty(M)(Xl_1)®kh0m.(Xl_2,Xl_1)®k"'®kh0m.(X07X1) — Ty(M)(Xo)[2—l]

are given by:

— forl =1,

'u%’y(./\/l)(bd®' o ®b1) =

En+m§d(_1)’nbd ®---® bn+m+1 ® ﬂm(bn+m ® - ® bn+1) ® bn ® - ® b1>

16



where by ® -+ - ® by € Ty (M)(Xp) is an element in the d-th component, and

MY ifn+m=d

o ifn+m<d;
— forl1>1,

Wy oy (ba® - ®@b) @ a1 ® - ®ar) =

Yicn<abg® - @by @ (b, @ - @b ®a; 1 ® - ®ay),

where by ® -+ - ® by € Ty (M)(X)_1) is an element in the d-th component and

d+l-1 : _
ifn=
n+l-1 . 'uM n=d

U
piH=t if no<d.

Proposition 2.3.1. Ty (M) together with ,ulTy(M) (I > 1) as above is a right Ae-

module, i.e. equation (2.1.1) is satisfied

Proof. We need to check that for any Xj,..., X;_1 € ObjA and any
b®a_1®---®aj € Ty(M)(Xl_l) ®r hom'(Xl_g,Xl_l) ®p - O hom'(XO, Xl)
with b=b,®---®b; an element in the d-th component of Ty (M)(X;-1) (d>1,1>1),

Emmg(—l)’mlfj}j\}l)(b®al_1®---®an+m+1®Mm(an+m®---®an+1)®an®---®a1) =0. (2.3.1)
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Case 1. When [ = 1, equation (2.3.1) becomes ulTy(M)(ulTy(M)(b)) =0 which we can

write

11y o) Iy () (b ® - @ 1)
= En-ﬁmgd(_l)»n/i%ﬂy(/w)(bd ®--® bn+m+1 ® ,um(bn+m ®---® bn+1) ® bn ®---® bl)

= Snomsa[ S + 85 + 57,
where

an’m) = E7”+5§d,7“2n+m(_1)’nJr»T_erlbd ® - ® br+s+1

U (bris® - ®br1) ®D, @ ® b1 ® P (bpm ® -+ ®ps1) ® b, ® - @ by,

Sémm) = Er+s$d7m+l,TSn,32n+1fr(_1)’n+’r bd ®---® br+s+m
® Ms(br+s+m—1 ®---® bn+m+1 ® ,um(bn+m ®:---® bn+1) ® bn ®---® b'r+1) ® b'r’ ®:---® bla
S?En,m) = Z1’7‘<n,s<fn+1—'r(_]-)’Tﬁ—»rbd @ --® bn+m+1

QU (b ® - ®bpy1) @b, @+  ®byrysi1 @ ¥ (byys ® - Qb)) D, @+ @ by.
Here, in an’m),

»r-m+l = |br| +eet |bn+m+1| + |,um(bn+m ®---® bn+1)| + |bn| t+ee-t |b1| - (T -m+ 1)

T T

Note that the terms in EmdeSf"’m) are in a one-to-one correspondence with the
terms in EmmgdSén’m). For a term in the former given by n = ng,m = mg,r =rg, s =
so with sign

(_1) PngtPro-mo+l — (_1)(|bn0|+'~'+\b1|—n0)+(|br0 [+++|b1|-ro+1) 7
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the corresponding term in the latter is given by n = rg,m = $o,7 = ng, s = mgy with

sign

(_1)’7"0""”0 - (_1)(|b7-0|+--~+|b1|—7‘0)+(|bn0|+~~~+‘b1|—n0)'
Since these two signs cancel out, EmmgdSl(n’m) + En+mgds?()n7m) = 0. Also,
megdSé"’m) = 0 by looking at the middle quadratic terms for a fixed segment,

using the quadratic equation of either M or A.

Case 2. When [ > 1, the left hand side of equation (2.3.1) can be written as

Smnst(=1)"" oy (D@1 ® @ Uit @ P (A @+ @41 ) ® 0, ®-+-® a1 ) = 51+,
where

Sp = Emz(—l)’”u’}fw)(ulffw)(b® AU 1@ ®Uy) ®U, @ ®ay)
= 17y () (i (g (D8 a1 @+ @ 1))
(1) (1 (D) @1 @ @ )
+ Bocnct-1 (=1)" 15y (W g (0@ 11 @ - @ ant) ® @, @ -+ @ )
= Zlgngdu;yw)(bd ® Qb @u (b, ® @0 ®a;_1® - ®ay))

+ 25+m£d(_1) P-1tvs

ulTy(M)(bd®~-~®bs+m+1®um(bs+m®-~®bs+1)®b5®~-®b1®a1_1®~-®a1)

+ 20<n<l—1,1$m£al ( -1 ) .

15y (Da ® - @ b1 ® (b, @ @ b1 ® 411 B+ ® Upy1) ® A, B B ay)
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and

52 = 2m+n<l(_1)’nlfll_nl_'—l (b XA 1®®Uprms1 @ ,uﬁ(aner ®--® an+1) U, ® -

Ty (M)

= Zm+n<l,1£r§d(_1)’n
bd®-~'®br+1®/ubl_m+r(br®"'®b1®al—1 ® B Upm+1®

PR (O, ® - ® Gpy1) ® Uy ® -+ - ® a1 ).

Write S; = Si1 + Sig + Si3 with Sy; the j-th sum in the above expression of S;

(7=1,2,3). We can further write

Si =S + S

Slg = Sg) + Sg)

20

®CL1)



Here,
(1) >
511 = Z1£n<dzr+s§d—n+1,1”21(_1) "
ba® @ 1 (Dparss—1 @  ®bpiy) @+ ®bpy1 @ " 1(b, @ @b ®0a;1 @~ ®ay),

Sff) = Yl<nsdDissd-n+1

ba® ® 115(bpss 1® - ®bp1 @ u1(b,® - 001 ®a;, 1 ® - ®ay)),

Sf;) = Es+m£d,1"23+m(—1) Pl_1tPs

ba® @ (b, @ ® byl ® W (bsym @ ®bsi1)®bs®- Qb1 ®a; 1 ®--®ay),

ng) = 25+m£d,1£7“35(_1)’l—1+>3

ba® @ bsimi1 @ U (b ® - ®bg1) @ @u (b, @ @b ®a; 1 ® - ®ay),

>n

513 = Z0<n<l—1,1sm£d,rzm(_1)
bd ® - ® Mr—m+n+1(br R ® bm+1 ® Mm+l—1—n(bm R ® bl ®a-1Q---® Cln+1)

®a,® --®ay),

and the signs are given by

b= ol 4t o] =,
o1 =lageg |+ aa [ = (U= 1),

by = |bs| + -+ [be| - s,

> = |bnrt| + o F b |+ [N (0, @ @90 @A 1 ® - ®ay)| -7

= |bparoa| + o F by + ba] + o+ |01] + |+ a |+ 2= (n+l=-1) =7

= |bpirt| + -+ o]+ ai |+ |ar | +3-n—-1-r.
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Now it is easy to verify that SS) + SS) + 513 + 52 = 0 (by looking at terms with a
fixed head) and S{} + 52 = 0. O

Let us now define the effect of Ty on morphisms.

— For 1 =1, T} : hom (Mo, M) — hom (Ty (M), Ty (M;)) for Ae-modules

M and M is given by:

x d=1:

(TE(E)" Ty (Mo)(X) — Ty (Mo)(X)[[#]] (X € ObjA)

c®b,® - ®b > Vs, ™1 5(c®b, @ ®bgy1) @b, ® - @ by
* d>1:

(Til/(t))d : Ty(Mo)(Xd_l) Q hom'A(Xd_g,Xd_l) Qp -+ - O hOIIl.A(Xo,Xl)
— Ty (M) (Xo)[[t| - d +1]
c®b,® @b ®ag1® Qa1 (c®b, ® b1 ®ay1® - ®ay)
— For [>1, T, =0.

Since T3* vanishes, all that we need to check for Ty to be an As-functor is

pH (1Y) = Ty (n'(1))

2 (Ty(t2) ® Ty (1)) = Ty (p*(t2 ® 1)) -

(2.3.2)

This is a straightforward check.
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CHAPTER III

R-PAIRS OF GENUS 0

3.1. Definition of R-pairs of genus 0

Let C be a strictly unital minimal k-linear A,-category.

Suppose F € ObjC is an object such that Hom"(F,F) = R -idp as k-algebras.
Since C is strictly unital and minimal, the p? gives natural R-module structures on
Hom"*(F, X) and Hom* (X, F) for any X € ObjC. If, in addition, Hom'(F, F) ~ R as
R-R-bimodules, then z2 : Hom'(X, F') ®, Hom'"(F, X) — Hom'(F, F) is actually
R-bilinear for all 4. To see this, let r € R, f € Hom'(X, F) and g € Hom'*(F, X),

then

(2 (r-idr® f) ® g)

=p?(r-idp @ p?(f®9)) (because pu! =0)
=p2(p3(feg)er-idp) (because Hom'(F, F') ~ R as R-R-bimodules)
=p?2(feu*(ger-idr)). (because u! =0)

So, there induces a map, also denoted by u?,

Hom'(X, F) ®z Hom'*(F, X) — Hom'(F, F).

Definition 3.1.1. An object F' € ObjC is R-1-spherical (or simply R-spherical), if
— Hom'(F,F) =0 fori#0,1;
— an isomorphism of k-algebras Hom"(F, F) ~ R-idp is fixed;

— Hom'(F, F) ~ R as an R-R-bimodule; and
23



— for any X € ObjC, hom(X, F') and hom(F, X) are perfect complexes of R-
modules, and the pairings x2 : Hom'(X, F') ® g Hom'™(F, X) — Hom'(F, F)

are perfect.

We are interested in pairs of objects (F, F') of special kind such that F'is R-
spherical. Note that morphism spaces Hom'(E, F) and Hom'(F, E) have natural

R-module structures given by post-composing and precomposing with End(F') ~ R.

Definition 3.1.2. An object E € ObjC is exceptional, if Hom™(E, E) =

Hom’(E, E) ~ k.

Definition 3.1.3. A pair of objects (£, F') in C is an R-pair of genus 0 if E is

exceptional, F'is R-spherical, and

Hom*(E, F) = Hom®(E,F) ~ R, Hom*(F,E)=Hom"(F,E)~R

as R-modules.

Let us denote by 7: R — k the k-linear map given by 7(1) =0, 7(¢) = 1. Note
that the k-linear pairing
RxR-k:(x,y) v~ 1(xy)

is nondegenerate. This implies that for any perfect R-linear pairing

b:PxQ —R

of finitely generated free R-modules, the induced k-linear pairing

Th: Px@Q -k
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is also perfect. This gives a way to identify the dual to a perfect complex of R-
modules over R with the dual over k.

Next, we formulate a condition on an R-pair that will be relevant for us.

Compatibility with Serre duality. Assume S is a Serre functor on the
cohomology category H(C) over k. We say that (E, F') is compatible with Serre
duality if an isomorphism

Tr(E) ——~ SE[1]
is given, such that the composition
hom(E, F) —=+ hom(TrE, TpF) ~ hom(SE[1], F) — hom(F, E[1])",
where the last arrow is given by the Serre duality, coincides with the isomorphism

induced by the R-spherical structure on F'.

To give an R-pair of genus 0 is equivalent to giving a minimal A.-structures
(up to gauge equivalence) on the following graded category Cr(0) over k with
two objects F and F' (it can be also viewed simply as a graded k-algebra). By
definition,

Hom*(E, E) = Hom’(E, E) = k,
Hom’(F, F) = Hom'(F,F) = R,
Hom’(E, F) = Hom'(F, E) = R,

and all interesting compositions (not including Hom"(E, E)) are given by the

multiplication in R.
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One can define the corresponding moduli functor in a standard way by
considering arbitrary k-algebras S and minimal S-linear A.-structures on
Cr(0) ®; S (see [7]). Our goal is to relate this moduli functor (or rather its
subfunctor corresponding to R-pairs compatible with Serre duality) with a certain

moduli space of filtered algebras, which is much easier to study.

3.2. Computation of the spherical twist by F

Let (E, F') be an R-pair of genus 0. We compute explicitly the twist functor

Tr on the twisted complexes

with n copies of F' (n > 0) where the differentials are given by dr : F — F and
§: F —s E, R-generators of Hom'(F, F) and Hom'(F, ).
For each A,-module M over R, there is a twisted complex B(M, F') (also

denoted by M ®p F'):

["'—>M®kR®kR®kF[2]—>M®kR®kF[1]—>M®kF]

where the differentials are given by the usual formulas of a bar resolution. For any

twisted complex C" in the A.-category < E, F' >, consider the evaluation map

eval : B (hom' (F,C"),F) — C".

Then we have
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Proposition 3.2.1. For each n, Cone (eval :B (hom'(F, E,), F)— En) ~ Tp(E,).

3.3. R-pairs from curves of arithmetic genus 0

Proposition 3.3.1. Let C be an irreducible Cohen-Macauley projective curve over
k of arithmetic genus 0 (not necessarily reduced) with h°(C,O¢) = 1. Let D c C
be an effective Cartier divisor of length 2 supported at one point p. Consider the
DG-enhancement of Perf(C') and view it as an A -category (with vanishing higher

products =3 =0). Then the pair (Oc,Op) is an R-pair of genus 0.

Proof. Work locally near p. Since [(Op) = 2, there is a short exact sequence:
0—0,—0p—0,—0,
where O), is the skyscraper sheaf at point p. Note that there is a splitting
1:H(0,) — H'(Op),
given by the constant map. So,
H°(Op) ~HY(0,) @ H°(0,) ~ k@ k

as k-vector spaces. Let I = ker(H°(Op) — H%(O,)) ~ k. Then I? = 0. Choose t € I
such that I = k-t. Then H°(Op) ~ k[t]/(t?) = R. We may assume D = (f) for some
function f near p.

The short exact sequence
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0 Oc 4 Oc Op 0,

induces a long exact sequence

0 — Home,.(Op,Oc) — Home . (Oc, Oc) — Home,, (Oc, Oc)
— gXt%QC(OD, Oc) — SthQC(OC, Oc) =0.

Since Home . (Oc, O¢) = O¢, we see that ExtéC(OD,OC) ~ coker(f : Oc — O¢) ~
Op.

There is a 1st-quadrant cohomology spectral sequence

By ~ HP(C, Exty (Op,Oc)) = Ext(Op, Oc).

Since C'is a curve, E¥? =0 for p> 1. Also Home_.(Op,O¢) =0. So, the Ey-page is

2nd row: HO(Cv SXt?QC(ODv OC)HI(O7 gXt%’)c(OD7 OC)) 0 0
1st row: HO(Cu OD) Hl(C, OD) 0 0
Oth row: 0 0 0 0

Hence the E%? ~ ED? for all p,q. So,

Exto,, (Op,0c) ~H(C,0p) ~ R.
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There is a left exact sequence

0— Hom@C(OD,wc ®0c OD) —> Hom@C(Oc,wc ®0c OD)

— HOIII(QC(O(—D),WC ®OC OD)

The last arrow induced by f is 0. So, Home . (Op,wc®o0,.Op) ~ Home,. (Oc,we®o,

Op). Now, by Serre Duality, Ext'(Op, Op) ~ Ext'(Op, O¢). O

We have the following two examples in which conditions of Proposition 3.3.1

are satisfied.

Example 3.3.2. We can take C' to be a smooth curve of arithmetic genus 0, i.e.,

C =P! and consider the nonreduced divisor D = 2p (where p € C).

Example 3.3.3. Let 7 : C' := Spec (Opi ® Opi(—l)) — P} be the nonreduced
curve over P; given by the obvious embedding Opi > Op}c ® OPIIC(—l) of sheaves of k-
algebras, where the algebra structure of Op1 ®Op1 (-1) is (a,m)-(b,n) = (ab, an+bm).
Let p € P} and set D = 771(p). Then h°(C,0¢) = 1, h'(C,O¢) = 0, and D is an
effective Cartier divisor of length 2 supported at p. So, it gives rise to an R-pair of

genus 0, (O¢, Op).

3.4. Computation of the A, -structure associated with the double point

on a smooth curve of genus 0

The results of this section are not used anywhere else in the text. They
are presented here, so as to give an example of explicit computation of the A.-

structures we are studying that arise in the geometric context.
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Specifically, we will use the construction in Lemma 2.1.10 (Homological
Perturbation) to compute some products u? associated with the pair (C,2p), where
C =P pe Cis a point. We want to apply the Homological Perturbation to a
certain dg-algebra computing Ext*(G,G), where G = O¢ & O,,. We follow an
approach similar to the one in [7, Sec. 3|: we use an analog of the Cech complex
corresponding to the covering of C' by the open subset U := C'\ {p} and the formal
neighborhood of p in C.

For every coherent sheaf F on C' we can consider the two-term complex

K*(F) = K3(F) with

K%(F) =limH(C, F/F(-np)) ® H'(U, F),

K'(F) = ling lim HO(C, F (mp) | F (~np))

m n

and the differential

d(so,5) = r(s) = t(s0),

where we use natural maps ¢ : HO(C’, ]—"/T(—np)) - KY(F) and k : HY(U,F) -
K'(F).

The construction of K*(F) immediately generalizes to the case when F
is a bounded complex of vector bundles (by taking the total complex of the
corresponding bicomplex). Furthermore, if A is a complex of coherent sheaves
equipped with a structure of an O-dg-algebra then we can equip the complex

K*(A) with a structure of a dg-algebra by using the natural componentwise
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multiplication on K°(A) and using the multiplications

K°%(A) @ KY(A) - KY(A): (so,s) - u=1t(so) - u,
K1(A) @ K°(A) > K'(A) :u-(so;8) =u-k(s),

(3.4.1)

where on the right-hand side we use the natural product on K!(A).
Since Oy, is not locally free, it is convenient to replace this sheaf by the

following resolution:

P:=[0(-2p) — 0],

where we view P as a complex concentrated in degrees —1 and 0.
We replace our generator G = O¢ ® O, with the complex Oc® P, and consider
the sheaf of dg-algebras
A:=End(Oc @ P),

so that the hypercohomology algebra H*(C,.A) is identified with Ext* (G, G). This

hypercohomology is computed as the cohomology of the dg-algebra
E% = K*(A).
We fix a formal parameter ¢ at p. This choice gives isomorphisms
E[[t] — l(iTmHO(C, Oc/Oc(-np)),
k(#) —— lim limH°(C, Oc (mp)/Oc(-np)).

m n
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Hence, for any integer n we have an identification of K 1((’)0(np)) with k((%)).

For an element a(t) € k((t)) we denote by [a(t)] the corresponding element of

Kl((’)c(np)).

We have a direct sum decomposition

E% = Ko @Ko,p@KRO ®KP,P7

where Ko = K*(O) and Kp, p, = K*(P, ® P)). We denote (local) sections of the Oth
term of P by e- f, where f € O, and local sections of the —1st term of P by u- f,
where f € O(-2p).

We denote elements of Ko as

v+ f+][a],

where v € tk[[t]], f € O(U), a € k((t)), v and f have degree 0 and [a] has degree 1.

The differential on Ko ¢ is given by

do(v+ f+[a]) =[f-v],

where on the right-hand side we use the projection

O(U) - K'(Oc) = k(1))

to view f as an element of k((t)).

The summand Ko p decomposes as a graded space as

u- (CE[t] e O(U)) [1] @ u-k((t) @ e- (k[t] © O(U)) @ k(t)[-1].
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We will write elements of Ko p as formal sums

u-v+u-f+u-la]+e-w+e-h+e-[b],

where v € 2k[[t]], w € k[[t]], a,b € k((t)), f,h € O(U). Here we treat a,b,v,w, f,h

as having degree 0, and use the convention that deg(u) = -1, deg(e) = 0 and

deg([z]) = deg(zx) + 1.

Similarly, elements of Kpo are formal sums

*

v-ut+ fout+a]-uttw-et +h-et +[b] e,

where deg(u*) = 1, deg(e) =0, v € t2k[[¢]].

Elements of Kpp are formal sums

U (Vg + fuu ¥ [@un]) 0" + € (Ve + feu + [Gen]) 0" + 0 (Vye + fue + [aue]) €7+

*

€- (Uee +fee + [aee]) €,

where v, € k[[t]], Veu € t72E[[t]] and vy, € 2E[[t]].
The product on K (0970 is simply that of the direct sum of rings. The remaining

products and the differentials are determined as follows.

Product rules:

Differentials:
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d(u)=e, d(e)=0, d(e*)=-u*, d(u*)=0.
The cohomology algebra of K (End(Oc®P)) can be identified with Ext*(Oca®
Oa,). We have the following

Cohomology representatives:
K, lo:=(1,1) e KJ .

Ky p Ar=u[l]+e-1e Ky p,

Ap=uft]+e-te Kp p.

- 174 4 1% 1
Kpo: Bi=[¢le*+iur e Kp,,

B
Tl * 1% 1
B :=[zler + zut e Kp,.

. . — 1 * l * 1
Kpp: Y2 =e[;le* +e-;-ure Kpp,

eop1=u[lle*+u-1-u +e-1-e € K} p,

eopr=uftler +u-t-ur+e-t-e* e Kpp.

Note: Since g = h'(O) =0, the short exact sequence
0—0—0(p) —0,—0

gives h°(O(p)) =2 and h°(O(np)) =n+1 (n > 1) by induction. We can then choose

f[n] e HY(U,O¢) (n>1) such that
H(O(np)) =<1, f[1],..., f[n] >
and that, at p, f[n](t) = 3 + (regular part).

To run the homological perturbation we use the following
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Homotopy Operator () on K'(End(O¢ @ P)):
Ky ot imd = Kp .
Q([v]) = —v (v e k[[t]]),
Q([]) = f[nl(t)s0 - 1+ f[n] (n21).
Ko pi imd =K 0 {ulv]ve-o | v e k{[t]]}o {-u-d(f) +ef | f € H(U.0)).
Q(e[b]) = ufb],
Q(ula]+e-v+e-f)=u-vsm+u-f.
Kpo: imd= K3, {[vle*+v-u* | vek[[t]]} ®{d(f)e* - fu* | feH'(U,0)}.
Q([a]ur) = [aler,
Q([ale* +vu* + fu*) = —vype* — fe*.
Kpp: imd =
K

o{e[a]e* + evu* + efu* + u([v] - d(f) - [a])u* | v € E[[t]], f €

HO(U,0), [a] € k((1))}

®{eve* + u[v]e* + uvu* + efe* —ud(f)e* + ufu* |vet?-k[[t]], f €

HO(U, 0)}.

Q(e[aeyJu*) = ufag, Ju*,
Q(elace]e +ufay, Ju+evg,u+efo,u*) = U aee— (Vey ) <o]€* +U(Vey ) s
+uf.,u*,

Q(ufaye]e* + uv,,u* + uf,,u* + evee* +efee*) = u(ve)s2e* + ufe.er.

Projection via Il := Id - d@) - Qd onto the cohomology representatives:

Koo M) =TI([v]) = 0 (v e k[[t]]),
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(f[n]) =0 (n21),
I(1y) = 1o (1y e H(U,0)),

I([7]) =0 (n>1).
Ky pt Tl(ufa] +ev+ef) =e(v —vs) +ufv —vsa] =v(0) - Ay +v/(0) - Ay

Kpo: H([ale* +vu* + fu*) = [v-wvyle* + (v —vy)u* = Res™ (v) - By +

=

-2) ().
Res'™ ™ (v) Btl2 ,
where Res(™"(v) is the coefficient of Tinw

and Res(?(v) is the coefficient of % in .

Kp p: [I(e[ac.]e* + u[ay, Ju* + eve,u* + ef,u*)
= €(Veu = (Veu)20)0* + €[Vey = (Veu)s0]€”
= Res(fl)(veu) -Y% + Res(72)(veu) -Yt%,
[I(ufayele* + uv,,u* + uf,,u* + evee* +ef.e*)
= W(Vee = (Vee)22) 0" + €(Vee = (Vee)22)€" + U[Vee = (Vee)s2]€”

= Vee(0) - €2p,1 + VL (0) - €2p -

Computing ;2 of the A,-structure on Ext*(Oc®O,,) ~ H* (K (End(Oc®
P))):

In the following, we first apply the homotopy operator () on the two-term

products of the cohomology representatives.

0O—0—0:

lo- 1o = 1o, Q(lo-10) = 0.

Other products are 0.
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O—0—PF:

0O—P—O0O:

P—0O—O0O:

O— P — P:

A 1o = Ay, Q(A; -10) = 0.
At'l(g :At7 Q(Atlo) :O.

BiA=[l,  QBiA)=0.

Ay = [ti?]’ Q(Bt%Al) =0.

BlAt = [1]7 Q(B%At) = —]_.
ByAc=[4],  Q(ByA)=0.

loBi=B1,  Q(loB1)=0.
loBy =By,  Q(loB.)=0.
Yl Al = e[%], Q(Yl Al) = U[%]

eop1 A1 = Ay, Q(ep141) =0.
€2p,tA1 = Ay, Q(€2p,tA1) =0.

Y%At = e[l], Q(Y%At) = 11[1].

Vidi=e[d],  Q(YyA)=ult]
€2p,1At = Ay, Q(€2p,114t) =0.
62p7tAt = u[tQ] + etZ, Q(egp’tAt) = th.
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P—0O—P:

AlB% ZY%, Q(AlB%) =0.
AiBy =Y, Q(AlB%)zO.
AtB%ze[l]e*+e-1-u*, Q(AtB%):u[l]e*+u-1-u*.
jéltBL2 ZY%, Q(AtB%) :O.
P—P—O:

BiYi=0,  Q(B.Y1)=0.

BiYy =0,  Q(B1Y1)=0.
Biey, = Bi, Q(Biesp) =0.
Biegy: =[1]e* +1-u*, Q(Biegp) =-1-e*.

B,Y1=0, Q(B4Y1)=0.
B,Y, =0, Q(Bt%Yt%) =0.
Bt%eng:Bt%, Q(Bt%e%l):o.

By eyt =B, Q(Byegpy) = 0.
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P—P—P:

YiYi=0,  Q(¥1Y1)=0.
ViYy =0, Q(iYy)=0.
Y%€2p71 = Y%, Q(Y%egpyl) =0.

Yiey, = e[lle*+e-1-u*, Q(Y%emt) =uf[l]e*+u-1-u*.

YiVi=0,  Q(YyY1)=0.
ViV =0,  Q(YyY1)=0.

2 2

Yt%62p71 = Yt%, Q(Yt%@m) =0.

Y%egp,t = Y;, Q(Yiegm) =0.

t t t2

€2p’1Y% = Y%, Q(€2p71Y%) = 0

€2p71YL2 = Y%, Q(62p71YL2) =0.
t t t

€2p,1€2p,1 = €2p.1, Q(€2p,1€2p,1) =0.

€2p,1€2p,t = €2t Q(ezp€apt) = 0.

egptY1 =e€[lle* +e-1-u*, Q(egpiY1) =u[l]e* +u-1-u*.
t t

€2p,thL2 = Y%, Q(egpﬂfYt%) = 0

€2p.t€2p.1 = €2p Q(eapreap1) = 0.

eapreaps = U[t?]e* + ut?u* + et?e”, Q(egpreapt) = ute*.

Now, we compute x? on the cohomology using the tree formula

1P (x,y, z) = I(2Q(xy)z + 2Q(yz)),
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where x,y and z are cohomology representatives.
O—0—0—0: u?=0.
0O—0—0—P: p?=0.
O—0—P—0O: u?=0.
O—0O—P—P: 1i2=0.
O—P—0—O0: pu*=0.

O — P — O — P: The nontrivial p? are

NS(AMB%;AIS) = +(-A1),
/,Lg(AhB%’At) = :i:(—At).

O—P—P—0O: i2=0.

O — P — P —> P: The nontrivial u3 are

M?’(Y%, Cap,t, At) = A4,

MS(Yt%a Cap,t) At) = iAl‘

P—0—0—O0: u?=0.

P—-0—0O—P: pu?=0.
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P — O — P — O: The nontrivial u3 are

,u?’(B%,At,B%) = :i:(—B%) :I:B%,

WA(Bs. Ay By) = +(-B.).

3 -
M (Bt%,At,B%)—:l:Bt%.

P — O — P — P: The nontrivial u? are

-

Y

MS(Yl7AtaBl) = :l:Y

o+

,u3(Y%2,At,B%) =+Y.

2

P—P-—0—0: 13=0.
P — P — O — P: The nontrivial p? is

MB(Ata B%a €2p,t) = i(_e2p,t)-
P — P — P — O: The nontrivial u? are

p(Bi, ez, Y1) = #(-B1) = By,
pH( By, e, Y1) = #(=B1),
M3(B%7Y%7 e2p,t) = iB%?
:ug(Bt%7Y%u 62p,t) = iBé?

/LB(Bt%,eng,Y%) = :i:Bt%.
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P — P — P — P: The nontrivial u3 are

pA (Y1, eap4, Y1) = £Y1,
N3(Y% ,€ap.ts €2pt) = ECop ¢,
MB(Y%7Y%762p,t) = :tY%v
M3(Yt%7y%a Copt) = th%’
u?’(Yt%,er’t,Y%) = :I:Y%27

3 —
2 (Yt% y€apity 62p,t) - ie?p,l-
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CHAPTER IV

FILTERED ALGEBRAS ASSOCIATED WITH R-PAIRS

4.1. Moduli space of filtered algebras

Recall that we denote R = k[t]/(t?). Let us define the non-negatively graded

commutative k-algebra B by setting

By=k and B, =R forn>1.

The algebra structure for @,,50B, is given by the rule that all multiplications

Bi®kBj_)Bi+j with ¢>0,7>0

are given by the multiplication in R (the multiplication with By = k is clear). If we
take u = 1,z =t as a k-basis of By then B is generated by u and ¢ as an associative

k-algebra and has defining relations

(4.1.1)

In other words, we have an isomorphism B ~ k[u, z]/(2?).
We consider the stack Mg, of filtered algebras A = U,50F, A (with an
increasing exhaustive filtration such that F_; A = 0), together with an isomorphism

of graded k-algebras

grpA=~B. (4.1.2)
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To define this stack over k, we consider the corresponding functor on commutative
k-algebras S, where we consider filtered S-algebras with an isomorphism grpA =~
S B.

Given such an S-algebra A, let us choose generators «, 5 € F}A such that,

under the above isomorphism,

a mod FyAr~u, [ mod FpAw 2.

We then have relations in A of the form

af - Pa=aa+bp+c,
B=da+eB+f

for some a,b,c,d,e, f € S. Note that (o, fa™ | n > 0) form an S-basis of A. By

comparing coefficients of the basis components of the identity (82)8 = 5(52), we get

ad=0
bd =0
cd =0.
Similarly, from (af)8 = a(f?), we get
2a4=0

a2+ 2bd = ae
ab+2c+be=0

ac+2bf = ce.
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Since 2 is invertible in .S, the above equations become

a=0
bd =0
cd=0

be+2c=0 (c=-%

2bf —ce = 0.

It is easy to see that the changing of § to 8 + A, where A € S, will change the
coefficient e to e + 2\. Hence, we can eliminate the ambiguity of the choice of 3
by considering the unique 3 for which the coefficient e is zero. Note that for this

choice the relations in A take form

af - Ba=bp,
B2 =da+f

From this we see that there is a natural homomorphism of the additive
group G, to the group of automorphisms of A as a filtered algebra with a fixed
isomorphism grpA ~ B. Namely, for every c € S, we have an automorphism ¢, given
by
do(a) = a+be,
¢(B) = 5.

The fact that this is an automorphism follows from bd = 0. Note that the definition

(4.1.3)

of ¢. does not depend on a choice of a.
There is no canonical way to fix the ambiguity in a choice of «a, so instead we
will just consider this as a part of the data. We consider the moduli stack M fa,0

of filtered algebras A with a fixed isomorphism grpA ~ B and a choice of a. Note
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that we have a natural action of the additive group G, on M fa,0 corresponding
to changing the choice of « to @ + A (not to be confused with the above family of
automorphisms!). This does not change the coefficients b and d but changes f to
f—=Ad.

From the above discussion we get the following result.

Proposition 4.1.1. The moduli stack ./’\\/l/fap 15 1somorphic to the closed subscheme
Zy c A? with coordinates b, d, f, giwen by the ideal (bd,bf). The natural action of

G, on Mfa,o corresponds to the action of G, on Zy given by automorphisms

¢A:(bvdaf)'_)(bvdaf_)‘d)a

where A € S. The stack Mg, is equivalent to the quotient stack Zy|G,.

Example 4.1.2. Let C' be an irreducible projective curve over k of arithmetic
genus 0 (not necessarily reduced) with h°(C,O¢) = 1, and let D c C be an effective

Cartier divisor with H°(D,Op) ~ k[t]/(t?). Then the filtered algebra
A= li_r)nHO(C, O(nD))

is an example of such a filtered algebra defined in this section.

4.2. From R-pairs of genus 0 to filtered algebras

Theorem 4.2.1. Let (E, F) be an R-pair of genus 0 with fized trivializations

Hom'(F,F)~ R, Hom(E,F)=~R.
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Let T =Ty be the spherical twist by F. Let E; = T(E) € Tw(C) and let R = Ry =
®.soHom(FE, E,). Consider the graded associative algebra structure on R given by

ab=T(a) ob with be Hom(E, E;) and a € Hom(E, E;). Then

Hom*(E, E,) = Hom’(E,E,) forn>0,

and R is canonically isomorphic to the Rees algebra of a filtered algebra (A, F,A)

satisfying grpA ~ B (see equation 4.1.2).

Proof. Let L = Hom'(F, F) and write ML := M ®g L®# for an R-module M.
Let V = Hom(E, F) and set V¥ = Homp(V, R). By the perfect pairing, we have
Hom'(F,E) ~VVL.

Step 1. We first give an explicit twisted complex representing FE; := T(E).

Let E; be the following complex:

Hom'(F,E)L" '@z F —> --- — Hom'(F,E) ®y F — E,

where the last map is the evaluation map and the other maps are induced by the
evaluation maps L ® g F' —> F'. These maps all have degree 1. Note that F; =
T(E) = Cone(hom(F,F) ® g F — E) which can be identified with the complex
Hom!(F,F) @ F — E[1]. So, Ey = T(FE) ~ E;. We now show that there is a
homotopy equivalence

Em = T(Ez) ~T(E;) = iy,

where the last equivalence is by induction. Since hom(F, E;) can be written as
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Hom'(F,E)Li' ®zidp ~ Hom'(F,E)Li2®zidp Hom'(F,E) ®p idp

Hom'(F, E)L Hom'(F, E)Li! T Hom'(F, E)
where the first row has degree 0 and the second row has degree 1, we see that the
complex hom(F, E;) has cohomology Hom'(F, E)Li in degree 1. It is easy to see
that the natural embedding Hom'(F, E)Li[-1] = hom(F, E;) and the natural

projection hom(F, E;) — Hom'(F, E)L{[-1] are homotopy inverses to each other.

So,
T(EZ) = Cone (hom(F, EZ) op F — EZ)
= Cone (Hom'(F, E) i ® F[-1] — E;)
= (Hom'(F,E)Li ® F —> E;)

= Lj+1-

Step 2. The complex hom(F, E;) can be written as
(eiHom'(F, E)L7 ® Hom(E, F)) @ Hom"(E, E)

in degree 0 since E is exceptional. So,

Hom*(E,E;) =Hom’(E,E;)
~ (@é:IVVLj ®r V) ®Hom(E, E)

~ (®_,Endp(V)L7) ® Hom"(E, E)

for all 7 > 0.
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Step 3. For n =0, there is a natural projection (given by identity)
7o : Hom"(E, Ey) - Hom®(E, E) ~ k,
and for n > 1, there is a natural projection
7, : Hom®(E, E,,) - Endg(V)L".
The induced map
7= (m,):R = ®oHom’(E, E,) » Hom’(E, E) & (&, Endz(V) L")

is a homomorphism of graded algebras.
Step 4. Let v € Hom(E, E)) ~ Endg(V)L @ Hom"(E, E) be the element
represented by idp € Hom"(E, E). Then for each i > 0, T%(v) is represented by the

following map between complexes:
VVIi@r F — VVLl@r F —— - VVLer FF — F

bk

Vv L+l ®p F — VVLi ®pF — VVvLi-1 QprF —

We then have, for each ¢ > 1, an exact sequence

V-

0 Hom’(E, E;_;) Hom’(E, E;) —— Endg(V)L! —— 0.

It follows that R is generated by elements of degree 1.
Step 5. Let a € Endz(V)L < Endz(V)L ® Hom"(E, E) ~ Hom"(E, E;). Thus

we can view a as a map Y — FEj represented by
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E

a

VVL®gF

E

where, as we recall, the second row represents ;. We want to calculate the map

T'(a): Cone (hom(F,F) ®r F' — E) — Cone (hom(F, E,) @ F — E).

To do so, it remains to find the map hom(F, F) — hom(F, E;) induced by a. It
suffices to find its effect on cohomology. Let x € Hom'(F, E)[~1]. Then z is sent
to xp?(a® x) £ 43(d1 ® a ® x). In this sum, denote the first term by a.(z) and the

second term by m,(x) Now it is easy to see that T'(a) is represented by

01
VVL®gr F E
o ®1id
Ch@idph w
01
VVI?@r F VVL®gp F E.

2

Step 6. We are now ready to check that v € R is in fact a central element. Since R
is generated by degree 1 elements, it suffices to show that, for any a € Endg(V)L <
R1, av = va. Note that av =T(a) ov and va = T'(v) o a both are represented by

E

a

01

VVL2 @R F VVL®r F E.

So, v € Ry is a central element. It follows that R is the Rees algebra of the filtered

algebra (A := U;»0R;, FLA), where each F;A = R;, such that grpA ~ R/(v) is the
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desired graded algebra. Since R/(v) is generated by two elements of degree 1, it

follows that R is generated by three elements of degree 1. O]

4.3. Two perfect pairings

Fix trivializations L := Hom'(F,F) = R-dp and W := Hom'(F,E) = R - 0.
Choose € € Hom' (F, E) s.t. Hom'(F, E) = (6,¢). Let V = Hom’(E, F). Note that

the pairing given by u?

Hom’(E, F) ®, Hom'(F, E) — Hom'(F, F)/,.(67) ~ k

can be identified with the perfect pairing R ®, R — R/k ~ k. So, there are dual

elements e, f e Hom"(E, F') such that

prle®d)=1, p*(e®e)=0, p*(f®d)=0, p*(f®c)=1.

For each n > 1, we can write F,_; = [F — --- — F — E] with (n - 1) many F’s

where the arrows are given by 0 € Hom'(F, F) and 6 e Hom'(F, E). Note that

Hom*(E7En—1) = HomO(EaEn—l) = k(idEaelafla' : '7€n—17fn—1)7

where e; = e, fi = f € Hom"(E, F') are maps from E to the i-th F in the complex

E,_1 (counting from the right). Similarly, we easily compute

Hom*(E,, E) = Hom"(E,,E) = (e1,€2,02, €, 0p),
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where €; = € € Hom'(F, E) is the map from the 1st F in E, (counting from the
right) to E, and ¢; = €,8; = § € Hom'(F, E) are maps from the i-th F in E, to E.

In particular, we have

Hom*(E,, E) = Hom'(E,, E) = Hom'(F, E)/d(idg) = Hom' (F, E)/x(6) ~ k - €,

where d = p! : hom?(Ey, E) — hom'(Ey, E) is the differential.

Proposition 4.3.1. For each n > 1, the pairing

Hom’(E, E,_,) ®; Hom'(E,, E) — Hom'(E,, E,_1) ~ Hom'(E|,F) ~k-e~k

is perfect.

Proof. First, let us analyze

Hom!(E,, E,_1) = coker(d : hom"(E,,, E,_;) — hom'(E,, E,_1)).

For this, we set the following notations:

e V(j):=V is the homo—space from E in E, to the j-th F'in E, 4
e R(m,l):= R-idp is the homo—space from the m-th F' in E,, to the [-th F in E,,_;
e W(45) =W is the hom'-space from the j-th F in E, to E in E,_,

o L(m,l):=L is the hom'-space from the m-th F in E, to the l-th F in E,_;.

Then
hom®(E,, E,.1) = (&,V (k) ® (&,,,R(m,1)) @ k-idp

hom'(E,, E,_1) = (&:W (k) ® (&myL(m,1)).
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For a moment, let us consider the differential

d:hom’(E,,,,E,) — hom'(E,,,,E,).

Note that d sends R(n +1,1) isomorphically onto its image W (n + 1):

[ F F o F E | =FEun
R(n+1,1)
[ F— F E] =E,
‘R(n-%—l,l)

So, W(n +1) chom'(E,.1, E,) is in the coboundary.

Since d|,,., ,, factors through L(n+1,1) @ W(n +1) ¢ hom'(E,.1, E,) and
W(n + 1) is already in the coboundary, it is clear that L(n + 1,1) is also in the
coboundary. Fixing the source of the arrow at the outmost F' and moving its target

to the left one step at a time, we see that
B=(W(nm+1)eLn+1,1)®---®L(n+1,n-1)) Chom'(E,.., E,)

is in the coboundary, i.e. d-!(B) — B is surjective.
We now have the following commutative diagram with exact rows where we
denote the last column by hom' (E,1, E,)/ ~.
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0 —— d"Y(B) — hom’(E,.1, E,) —— hom®(E,.1, E,)/d(B) — 0

|

0 B homl(En+17 En)

d

hom'(E,.1, E,)/B—— 0

By the Snake Lemma, Hom'(E,, 1, E,) ~ H (hom (E,,1, E,)/ ~).
There is a natural embedding of chain complexes hom' (E,,, E,,_1) <

hom'(E,41, E,)/ ~ and we have the following commutative diagram with exact rows.

0 —— hom’(E,, E,_1)

hom'(E,, E,_,)

Hom'(E,, E,.1) — 0

0 — hom’(E,,1, E,)/d"(B) 4 hom'(Ep.1, E,)/B — H'(hom' (Ey41, E,)/ ~) > 0

Note that
hom'(E,.1, E,)/B
hom'(E,, E,_1)

=L(n+Ln)®---®L(l,n)

and

Rn+1,n)e @ R(n+1,1) cd(B).
We have the following calculations for the induced map

“hom’(E,;1, E,)/d1(B) . hom'(E,.1, E,)/B

d 0 1
hom"(E,, E,-1) hom™ (E,, E,-1)
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L(n+1,n) [mod hom'(E,,E,)® B]

. R(n,n)

rp-idp —— 2r,-0p (r,€R)

. R(n-1,n) d L(n,n)®L(n+1,n) [mod hom'(E,,E,1)® B]

Tp1-1dp ——%7,_1 Op + ,u3(7“n_1 drp®d0F ® (SF) (7””_1 € R)

. R(1,n) L2,n)® L(3,n)® --®L(n+1,n) [mod hom'(E,, E, ) e B]
Tl'idF *—’irl’épiﬂ3(rl'idp®5p®(5p):I:"':I:[j,n+1(’l“1'idF®5F®"'®5F)
. V(n) L(l,n)®L(2,n)® --®L(n+1,n) [mod hom'(E,, E, ) e B]

r 22 (r®0) £ (r-r®0®0p) 2" (r-r®0Q0p®---®0p)

Then

hOmD(En+1,En)/d_1(B) )
hOmO(En, E'n_l) = R(n,n) @ R(n - l,n) P R(l,n) ® V(n)

and the induced map

hom®(E,,1, E,)/d"Y(B)  hom'(E,.,E,)/B
hom®(E,, E,_1) hom'(E,, E,_1)

is an isomorphism. Therefore,
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~

Hom'(E,, E,_,)

H!(hom'(Ey.1, En)/ ~)

~

Hom'(E,.1, E,)

and the composition gives an isomorphism

P:Hom'(E,.1, E,) ~ Hom'(E,, E,_)

for each n > 1.

In the complex

[hom (Ep.1, E,)/ ~] = [d:hom®(E,., E,)/d*(B) — hom'(E,., E,)/B],

we have the following calculations:

d

e R(n1) W(n)

e R(n2) d L(n,1)® W(n)

. R(n,n-1) d Lin,n-2)®---® L(n,1)® W(n)

. R(n,n) d Lin+1l,n)eL(nn-1)&---& L(n,1)eW(n)

If n = 1, then d(r-id") = 276V £ 160 € HY (hom'(Es, By)/ ~). So,

6V = 1760 € H (hom' (Ey, Ey)/ ~).
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If n.> 2, then d(r - id;?’”)) = ir&}"“’") + rél(,"’”_l) e H'(hom'(E,41, Fy,)/ ~). Hence

7,,6}”*'1’”) = ir&l(:‘n’n_l) € Hl(hom.(EnﬁLl? En)/ N)'

Here, idgf’") is the identity from the n-th F' to the n-th F, 61(;”1’” is the map given

by 0 from the (i +1)-st F to the i-th F (i=n-1,n), 6 is the map from the 1-st
Fin E5 to E in Eq, and r € R.

The above computations show that the isomorphism P has the effect:

P:Hom'(E,.1, E,)

Hom'(E,,E,_,)

. o) ifn=1
T5§;,n+ ;n) _
60D it > 2,
Recall that we have
basis elements: 0,41, €ns1,- -, 02, €2, €1 for Hom' (Ep.q, E),
and
basis elements: e, f,,- -, €1, f1,idp for Hom"(E, E,,).

Under these bases, the pairing

mn

Hom’(E, E,) ®; Hom'(E,,, E) — Hom'(E,,,, E,,) Hom'(E, E) ~ k
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is represented by the following upper-triangular (2n + 1) x (2n + 1) matrix:

My » - - . * *
0 My % - - * *
* *
*
O M2 *
0 0 +1
where
+1 0
M2 =
0 =+1
So, by induction, this pairing is perfect. O

Proposition 4.3.2. The pairing

Hom'(E,, F) ®, Hom’(E,, E,) — Hom'(Ey,E) ~k-e~k

18 perfect.

Proof. As before, let us consider basis elements: e, f,, - €1, fi,idg for Hom’(E, E,).

Under Tr, Hom®(E}, E,,) has basis elements:

TF(en)a TF(fn)a Y TF(€1)7TF(f1)’ TF(ldE)

Note that Tr(idg) can be represented by
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F E
idg idg
F F E
and Tr(e;) or Tr(f;) can be represented by
F E
\ e; or f;
F— - : F F : : F

Now, under the bases

O, €y, 02, €9, €1 for Homl(En, E)

and

TF(en)7 TF(fn)a Ty TF(€1), TF(fl), TF(ldE) fOI' HomO(El, En)7

the pairing

Hom'(E,, E) ®, Hom’(E\, E,) — Hom'(Ey,E) ~k-e~k

is represented by a lower-triangular matrix with diagonal elements given by +1.

4.4. The Hom'-bimodule

In Theorem 4.2.1, we constructed a graded algebra

R :=@Hom(E, E,)

n>0
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with the product a - b = T%(a) o b, where b € R;. We have also seen that

Hom'(E,, E) =0 for n <0, and we have a canonical isomorphism

7:Hom'(E},E) — k (4.4.1)

Now let us consider the graded space concentrated in negative degrees,

M= Hom'(E_,, E).

n<-1
We have a natural structure of a graded R-bimodule on M: fora ¢ R; =
Hom(FE, E;) and m e M; = Hom'(E_;, E), we set

a-m:=T"(aom), m-a=moT " (a).

Note that in the first formula we have a o m € Hom'(E_;, F;) and T takes it to an
element of Hom'(E_;_;, E) = M.
It is clear that the full Hom"-algebra of the collection of objects (F; = T'E);z

is determined by the graded algebra R together with the graded R-bimodule M.

Proposition 4.4.1. Assume that the pair (E, F') is compatible with the Serre

duality. Then we have a unique isomorphism

M ~R*(1),

where R* = @, R*, is the restricted dual of R, compatible with (4.4.1).
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Proof. We showed in Section 4.2.1 that the two pairings

T M4, ®R, > M i~k:m®ar 17(m-a) and

TR, ®M 1 pn>Mi~k:a®me1(a-m)

are nondegenerate. Hence, by [8, Lem. 2.4.3|, there exists a unique graded
automorphism ¢ of R such that M ~ R;[1], where R, is the bimodule which
is equal to R as a right R-module, with the left R-module structure given by

a-b=¢(a)b. Equivalently, ¢ is determined by the condition

n(o(a),m) =1.(m,a).

We need to show that ¢ = id, the identity automorphism of R. Since R is
generated by Ry, it is enough to show that ¢(a) = a for a € R4. Since the pairing
7 : R1 ® M_s — k is nondegenerate, ¢(a) is uniquely determined by the functional

Ti(¢(a),?) on M_,. Thus, it is enough to check the identity

i(a,m) =7.(m,a)

for m e M_5 and a € R,. Equivalently, we have to check the equality

T aom)=moT(a) (4.4.2)

in Hom(E,, E), for m e M_y = Hom'(E,, E) and a € Hom(E, E}).
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Now let S be the Serre functor on the category (F, F') (on cohomology level).

Then for every object X we have a canonical functional

trx : Hom(X,8X) - k

which is an isomorphism if Hom(X, X') ~ k. Furthermore, for a pair of objects X,Y’,

and morphisms a: X > Y, 8:Y - §(X), we have

trx (B oa) =try(S(a) o B). (4.4.3)

For this and other properties of try used below, see [4].

We want to apply the identity (4.4.3) in our situation. We have E[1] ~ S(E))
and Fi[1] ~ S(E3). Furthermore, since Hom(E,, Ey) ~ k, the map trg, :
Hom(E1, Ep[1]) — k is an isomorphism. Hence, we need to check the equality
(4.4.2) after applying trg, to both sides. Applying (4.4.3) to o = m : Ey - E[1]

and f=a:FE - E;, we get

trg,(aom) =trg(S(m) o a).

Note that

S(m)oa=T"m)oa=T"(moT(a)).

It remains to observe that

trp, (T71(2)) = trg, ()
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for z e Hom'(E,, F), and

tre(T(y)) = tre, (v)

for y € Hom'(Ey, E). Indeed, both identities are particular case of the general
identity

trs(x)(S(z)) = trx(x)
for z € Hom(X,S(X)). O

As in [8], for a graded R-bimodule M we consider the bigraded algebra

AR, M, 1) :=R & M[-1], (4.4.4)

where M[-1] is the square zero ideal, and the nonzero products come from the
product on R and the bimodule structure on M. The cohomological grading is
deg(R) =0, deg(M[-1]) = 0, and the internal grading comes from the grading of R
and M.

The above proposition shows that we have an isomorphism of algebras

@ Hom"(E, E,) = A(R, R*(1),1),

n>0

where R = @,0 Hom?(E, E,,). Thus, from a R-pair (£, F) compatible with Serre

duality we get a minimal As-structure on A(R,R*(1),1).
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CHAPTER V

FROM FILTERED ALGEBRAS TO R-PAIRS OF GENUS 0

5.1. AS-Gorenstein property

Let R be a graded algebra and let M, N be graded R-modules. Recall that

(from Notation 2.2.1)

Exty (M, N) = @jezExtn o (M, N(j)).

For a connected graded algebra R over a field k, there is a notion of left Artin-
Schelter Gorenstein (AS-Gorenstein) with parameters (d,m). We will not need the
full force of this property, namely we drop the finiteness of injective dimension.

So, we work with this notion of weak left Artin-Schelter Gorenstein (AS-

Gorenstein) with parameters (d,m):

— Ext% (k,R) is 1-dimensional, concentrated in cohomological degree d and

internal degree m.

Similarly, we define weak right AS-Gorenstein with parameters (d,m).

Recall that B ~ k[u, z]/(2?) with deg(u) = deg(z) = 1.

Proposition 5.1.1. The commutative algebra Blx], with deg(x) = 1, is weak left

and right AS-Gorenstein with parameters (2,-1).

Proof. Since B[z] is commutative, it suffices to show that it is weak
left AS-Gorenstein with parameters (2,-1), i.e. M}[I](/ﬁB[l’]) =
Dnez Xt g (K, B[z](n)) is 1-dimensional, concentrated in cohomological degree 2

and internal degree —1.
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Consider the curve over P}, p: C := Spec(Op ® Opi (-1)) — PP}, given by the
embedding into the 1st component OP}c > O]P,Ilc ® OP}C(—l) of sheaves of k-algebras,
where the latter is equipped with the product (a,m) - (b,n) = (ab,an + bm) for
sections (a,m), (b,n) over a common open set. Let Oc(n) := (Opr ® Op1 (=1))(n)

for n € Z. Then
HO(C, Oc(n)) = H(BL, p.Oc(n)) = H(PL, Opy (n)) @ HO(PL, Opy (n - 1)).

In particular, H(C, Oc(n)) = 0 for n < 0, and H°(C, Oc(1)) ~ H(P}, Opi (1)) ®
HO(P;, Op]lc). Let u,z be a k-basis of the 1st component and z a k-basis of
the 2nd component. Then there is an isomorphism of graded k-algebras

®,ezH(C, Oc(n)) = k[u, z,2]/(2*) ~ B[z]. Note that wp ~ Op1 (-1 -1). So,
pswe = Hompt (p.Oc, wp1 ) = Homp: (Op1 @ Op1 (-1), Op1 (=2)) = Op1 (-2) & Op: (-1).

Note that here the first isomorphism is the standard fact in the Grothendieck-Serre
duality, see [5, Ex. III 7.2]. Therefore, we ~ Oc(-1). By Serre duality on C, we

have

H'(C,0¢(n-1)) ~ Home(Oc(n - 1),we)* = H(C,Oc(-n))*

for all n € Z. So, @,zH'(C,0c(n)) ~ &,2H(C,0c(-n-1))* ~ B[z]*(1), where
B[z]* = @pczHomyg (B[ x],, k) is the restricted dual of B[x].

Now, taking the associated sheaf on P}, we get

(B[z](m)) = @nezH(Py, p«Oc(m)(n)) = p.Oc(m)
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for all m e Z, see [5, Proposition II 5.15]. Let &; be the cochain complex of the

bar-resolution of k by free right B[x]-modules

- — Blz], & B[z]. ® B[x] — B[z], ®; Blz] — B[z] — 0.

Here, the underline in a cochain complex denotes the position in degree 0. Since

k(m) =0 (meZ), applying ~ to €;, we get an exact complex of sheaves of modules

on C

ce—> B[[L’]+ & B[(B]+ ®p Oc(m) —> B[$]+ ®f Oc(m) —> Oc(m) — 0

which we denote by €(m)e°.

For each m € Z, let {Z=5%(m)};4s0 be a Cartan-Eilenberg resolution of
&(m)* by injectives. There are two cohomology spectral sequences {E;it(m)} and
{EI_IS; (m)} associated to the 2nd-quadrant double complex {I'(C,Z=%*(m))}s.t20

such that

El_slt(m) is the vertical cohomology at position ¢ for each column indexed by —s;

E;ff(m) is the horizontal cohomology at position —s for each row indexed by t.

Fix s > 0. Then

®mez Ep5°(m) = 0 HO(C, (B[2],)% @, Oc(m)) = (B[2],)°+ @, Bla];

®uezBpy' (m) = @zl (C, (B[2],)® ®) Oc(m)) = (B[2],)®+* @ B[2]*(1).

So, the @,z Fr,1(m)-page has € in the Oth row and €} ®pp,) Blz]*(1) in

the 1st row, while all the other rows vanish (because C' is a curve). Hence the

spectral sequence {@,,:zE; %' (m)} is biregular and so it strongly converges to the
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hypercohomology
ez H* (I(C, I (m))).

Since each €(m)* is exact, El_jsf(m) =0 for all s, >0. So, ®p,H*(I'(C,Z%*(m))) =
0. It follows that the @,z L7 2(m)-page is

1st row: ®m€ZE;722’1(m) @meZE;lg’l(m) @mezE?:; (m)

-2.1
d1,2

12

|o

Oth row: e 0 0

where d}z’l is an isomorphism and all the other entries are 0 (due to the
convergence to 0 and the fact that the &,,.zF; 3(m)-page is the Ew-page). In other
words, H*(&} ®p[,) B[x]*(1)) = H2(€} ®p[,) B[x]7(1)) ~ k, concentrated in internal
degree 0. So,

H* (€} @[, Blz]*) = H?(€}, ®pp,) Blz]*) ~ k,

concentrated in internal degree 1.
Now, let us compute @};M(k, B[x]). Fix s > 0. Since each degree —n piece

of €.* ®p[,) B[x]* is computed by

(€ ®pa) Blx]*)

= coker[®;urmesn(€:%); @ Blal, @ (Ble]" ) — @pegeon(€), @1 (B2]%),]
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where the map is given by c®b® V' — cb® V' — c ® bb’, we obtain

Homy, ((€,° ®p[s) Bl2]*)-n, k)
> ker[Ilp.q-—nHomy ((€;%),, Bl]-¢) — Ijirim-—pHom ((€°); ®r Bz, Blx]-p)]
~ HomB[m]op_gr(Qgs, B[QS](TL))

= HomBm_gr(@;S, B[ZE] (n))

@%[x] (k, B[z]) =~ @nezH*(Homp(a)-¢: (€}, Blz](n)))
~ ®pnezH(Homy, ((€} ® p[o) Blx]*)-n, k))
is 1-dimensional, precisely when s = 2 and n = —1; and otherwise vanishing. Hence

Blz] is weak left (and right) AS-Gorenstein with parameters (2,-1). O

For the following result, we need to consider the noncommutative projective
scheme over k associated with R, i.e. the quotient category qgr — R of gr — R by
the torsion modules. Denote by O(j) the object in qgr — R corresponding to R(j)
and set H'(-) := Extl,,_z(0,-). We also consider qgr - R and set similarly the

notation H?(—) for this category. (See Section 2.2.)

Proposition 5.1.2. For any filtered k-algebra (A, F,A) together with grp(A) ~ B,

the Rees algebra R = R(A) is weak left and right AS-Gorenstein with parameters

(2,-1).

Proof. Let v e Ry be the natural central element of R. Consider R,, := R[w,z]/(v -
zw) with deg(w) = 0 and deg(xz) = 1. Then R,, ~ B[z] forw = 0 and R, ~ R

as graded k[w]-algebras for w € k*. Fix d > 0. Since deg(w) = 0, we have the
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homogeneous component

(Ruw)d = ®dy+dy=dRa, [w] - 2%/ (v - wz).

Note that Ry, has a k-basis (see the discussion at the beginning of Section 5.2):

v Tl phTly w8202 4 2gh, e wa® Tt wa®™ 72, a®, a7l

S0, (Ruw)d = ®d, +dp=a((w - k[w])@Cd-1) . pdo+l @ k[0]®2) is flat over k[w]. Hence, R,
is a flat family of graded algebras over Al ~ Speck[w].

Now, we show that R is weak right AS-Gorenstein with parameters (2,-1),
that is, Ext%.,(k, R) is 1-dimensional, concentrated in cohomological degree 2 and
internal degree —1. Since R,, is noetherian (see the discussion at the beginning
of Section 5.2), we can resolve k by free right graded R,-modules of finite rank
and denote the resolution by P*. Fix j € Z. The complex Hom,, %, (P*, Ry(J))
has at each cohomological degree a direct sum of finite copies of R, (j) (hence flat

over A}). Let d* be the differential of this complex starting at position s and let

K*® =ker(d®*) and Im® =im(d*!). Let y € Aj. Then

dimyy) [Extzer (k, Ru (7)) k()]

dimk(y) [KS R /{Z(y)] - dlmk(y) [Ims R k(y)]

= dlmk(y) [Homgr,nw (7)_5, Rw (])) ®r k(y)]

— dimy,,) [Im® ®y, k(y)] - dimy, [Im* @ k(y)].
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The first term is constant on A}. Let r € Z. Then
{y e Ag | dimygy[Im* @ k(y)] <7} ={y e Ay | A7 (d° @ idpy)) =0} € Ay
is closed. So,
{y € A} | dimyy) [Extro (k, Ry (7)) @ k(y)] > 7} € A}

is also closed. Let us now consider the various specializations, i.e.

Extpior (, Bl2](7)), ify=0

Extler (k, R(j)), if y € k*.

E(s, )y = Extion (k, R (7)) ®1 k(y) =

For s = 2 and j = -1, since ExtQB[$]op(k:, B[z](-1)) is 1-dimensional, by the upper-
semicontinuity, {y € A} | dimg)E(2,-1), < 1} is open and contains 0 € k
(hence non-empty). So, it also contains some a € k* (assuming k& = k). Then
Ext%., (k, R(~1)) is at most 1-dimensional. For s # 2 or j # —1, we similarly deduce
that Ext%e (k,R(j)) = 0. For a non-algebraically closed field k, these dimension
results still hold since dimensions don’t change after passing to k.

Below we show that Ext%.,(k,R) # 0. Suppose Ext%.,(k, R) were 0.
Since R is noetherian, we have, by [1, Proposition 7.2(1)(2)], that H*(O(j)) =

lim Homg,_ g (Rsn, R(j)) =0 for all j € Z and there is an exact sequence

n—oo

0 — 7(R(j))o — R; — H(O(5)) — lim Exty, »(R/Ran, R(j)) — 0,
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where 7(R(7)) is the torsion submodule of R(j). Since v is a non-zero divisor,

7(R(j)) = 0. By our assumption, Exty,_z(R/Rsn,R(j)) = 0. So, we have an

isomorphism R; ~ HO(O(j)) for all j € Z; a contradiction. Hence, Ext%.,(k,R) # 0.
It is similar to show that R is also weak left AS-Gorenstein with parameters

(27_1)' ]

5.2. R-pairs of genus ( via noncommutative projective geometry

In this section, we work with an arbitrary noetherian commutative ring S.

Let A be an increasing filtered algebra with F ;A =0 such that

grp(A) =@ F A/ Fi A~ Slu, 2]/(2*) ~ Se S[t]/(t*) @ S[t]/ () @,

where S is in degree 0 and deg(u) = deg(z) = 1. So, Fy(A) ~S and F;(A)/F;_1(A)

1R

S[t]/(t?) concentrated in degree i for i > 1. Let R := R(A) denote the Rees algebra
associated with the filtered algebra A. Recall that A has an S-basis {a",a"( | n >
0} with deg(a) =deg(B8)=1. So, Rg~a’- S, Ry~ (a’-S)® (a'-S) @ (5L-9), etc.
Let v:=0a% € Ry, a:=a' € Ry, and b := 1 € R;. Then R is generated by v, a,b as

an S-algebra. Note that v is a central element and that ab—ba € v-R;. We have a
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decomposition for R in terms of basis elements over S:

It follows that R = S-1® S -b® (v-R) ® (Bp15 - a") & (@515 - a™b). Also, since
R/(v-R) ~ S[u, z]/(2?) is commutative noetherian and v is a central element, R is

both left and right noetherian.

Proposition 5.2.1. Let R* be the restricted dual of R. Then:

(i) Ext (S, R) = ExtRo (S, R) = 0 for i # 2; Extz (S, R) and Extz.,(S, R) are
locally free S-modules of rank 1, concentrated in internal degree —1.

(ii) Tor®(S,R*) = Torl(R*,S) = 0 fori # 2; Tork(S,R*) and Tory(R*,S)

are locally free S-modules of rank 1, concentrated in internal degree 1.

Proof. Step 1. S =k is a field.
By Proposition 5.1.2, R is left and right AS-Gorenstein with parameters

(2,-1). Let €* be a cochain complex of free left graded R-modules that resolves
k. Then, for s >0,

Exts (k, R) = @z (Homg_g (€, R(1))) = GnezF* (Homy (R @ €°)_n, k).
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So, H$(R*®% €*)_,, is 1-dimensional precisely when s =2 and n = -1; and otherwise
vanishing. Hence TorX(R*, k) = TorX(R*,k) ~ k, concentrated in internal degree 1.
Similarly, Tor®(k, R*) = Tory(k, R*) ~ k, concentrated in internal degree 1.

Step 2. S is a local ring with maximal ideal m.

Set k := S/m. Since R is noetherian, there is a resolution P* of S by free
right graded R-modules of finite rank. Let Ry := R ®s k. Then (P* ®r R*) ®s k =~
(P* ®s k) ®r, R;. Now, resolve k by a complex Q* of free S-modules. There is a

3rd-quadrant cohomology spectral sequence
E;577 = Tory (Torf (S,R*), k) = H"((P* @r R*) ®5 Q°),
where d;, : E;?77 — E;?""77"1 There is another spectral sequence

o 0, ifp>0
Elﬁ’2qﬁ :>Hn((lp. ®RR*)®S Q.)
H_q((P' ®RR*)®S k), ifp=0
Note that P* — S — 0 is an exact complex of free S-modules. So, P* ®g k is
a resolution of k by free right graded Ry-modules. Then, by Step 1, H™¢((P* ®r
R*) ®g k) ~ H9((P* ®g k) ®g, R;) = Tor?’“(k:,R;;) ~ k precisely when ¢ = 2,
concentrated in internal degree 1; and otherwise vanishing. So,
0, if n# -2
H" :=H"((P*®r R*) ®5 Q°) =~

k (in internal degree 1), if n=-2.

Also, E7o-page looks like (listing only the first few rows)
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Oth row : o Tor{ (TorX(S,R*),k)  Tory(S,R*) ®g k

(-D)st row: - Tory (Torl(S,R*), k)  Torf(S,R*) ®sk
(-2)nd row: - Tory (Tork (S, R*), k)  Tory(S,R*) ®sk
(-3)rd row: - Tor; (TorX(S,R*), k)  Tory(S,R*) ®sk

Since Tory (S, R*) ®g k survives to the E; .-page, it is 0 (because HO = 0).

By Nakayama Lemma, Torz)z(S,R*) = 0. So, the Oth row vanishes. Then
Tor(S,R*) ®s k survives to the E7.-page and it is 0 (because H-' = 0). By
Nakayama Lemma, Tor(S,R*) = 0. So, the (~1)st row vanishes. It then follows
that Tory(S,R*) ®g k survives to the E .-page. Since H2 ~ k (sitting in internal
degree 1), Tory(S,R*) ®s k =~ k in internal degree 1. So, there is a short exact

sequence of S-modules:
0—3J— S — Tory(S,R*) — 0.

Also, Tor? (Tory (S, R*),k) survives to the E; -page and it is 0 (because H-3 = 0).
Then J ®g k = 0. By Nakayama Lemma, J = 0. So, Tory(S,R*) ~ S, concentrated in
internal degree 1. Hence Torg(Torg%(S, R*),k) =0 for p > 1. For ¢ > 3, it is similar
to show first that Tor?(S,R*) ®g k survives to the E; -page and it is 0 (because
H-4 =0 for ¢ > 3), and then Toer(S, R*) = 0 which renders the (—¢)th row vanishing
on E;a-page. So, Tor(S,R*) = Tory(S,R*) ~ S, concentrated in internal degree 1.

Step 3. S is a general noetherian commutative ring.
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Localize at every prime ideal of S and apply the same spectral sequence
argument as in Step 2. We get that Tor(S,R*) = TorX(S,R*) is locally
free, concentrated in internal degree 1. Using R, we get the similar statement
for TorX(R*,S). This proves part (ii). By duality between Ext%, (S, R) and

Tor® (R, S), we get part (i). ]

Now, let us consider the noncommutative projective scheme over S associated
with R, i.e. the quotient category qgr — R of gr — R by the torsion modules.
Again, denote by O(j) the object in qgr — R corresponding to R(j) and set

Hi(-) := Extl, = (O,-). (See Section 2.2.)

Proposition 5.2.2. (i) In the category qgr - R,

H(O(j)) =0 fori+0,1,
H'(O(j)) =0 for j 20,

and there is a natural isomorphism of graded algebras @;50H°(O(j)) ~R.
(ii) Let F' = S[t]/(t?)[z] with deg(S[t]/(t?)) =0 and deg(x) =1 equipped with

a right R-module structure given by
T:R>»>R[/(v-R)=>F, a"wz" a"b2"t (n>0).

Then the multiplication by x induces an isomorphism F ~ F(1) and there is a

natural short exact sequence in qgr —R:

(0N N
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Also, we have canonical isomorphisms:

(a) HY(F) = S[t]/(#?), HO(F) = 0;

(b) Ext!'(F,0) ~ S[t]/(t2), Ext™ (F,0) = 0;

(¢) Hom(F, F) ~ S[t]/(t?) -idp, Ext'(F, F) ~ S[t]/(t?), Ext**(F,F) = 0;
(d) Hom(0,0) ~ S -idy, Ext*(0,0) =0.

Moreover, the composition Hom(O, F) ®¢ Ext'(F,0) — Ext'(F,F) is a perfect
pairing. Hence, the pair (O, F) is an R-pair of genus 0.
(iii) There are isomorphisms O(n + 1) ~ T(O(n)) (n € Z), where
T := Ty s the spherical tunst associated with F'. Hence the graded algebra
Rro = ®n0Hom(O, TE(O)) equipped with its natural central element of degree 1

is isomorphic to (R,v).

Proof. (i) Since R is noetherian, we have, by [1, Proposition 7.2(1)(2)], that
H'(O(j5)) = gl_{{}o EXt;r—R(Rzna R(j)) =~ 7}1_{({10 EXt?gﬂR(R/RZm R(5))
for 4 > 1, and there is an exact sequence
0 — 7(R(5))o — R; — H(0(j)) — lim Exty »(R/Rsn, R(5)) — 0,

where 7(R(7)) is the torsion submodule of R(j).

Since v € R is a non-zero divisor, 7(R(j)) = 0. Now, we show that

TP_I)EIO EXtér—R(R/RZTM R(])) =0.
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Let j > 0. By Proposition 5.2.1, Extér_R(S(m),R(j)) = 0 for all m € Z. Since

R/Rsn=Ro®---®R,_1, using the short exact sequences
0—Rii1— R — Rz’/Riq —0
and the fact that Ry ~ S and R;/R;_1 is S[t]/(t?)(-1), it is easy to see that
Exty z(R/Rsn,R(j)) = 0.

So, R; ~ HO(O(yj)) for j > 0. These maps assemble to an isomorphism of graded
algebras R ~ @;,0H°(O(j)), see [1, Theorem 4.5(2)].
For i 40,1, H(O(j)) ~ lim Extlt! (R/Rsn, R(j)). By Proposition 5.2.1,

Exti e (S(m), R(j)) = 0

T

for all m,j € Z and for ¢ > 2. Now, a similar argument as above shows that

H{(O(j)) =0 for i £0,1.

Since H'(O(j)) = lim Ext?_z(R/Rsn, R(j)) and Ext},_z(S(m),R(j)) = 0
when j —m # -1, it is easy to show that H'(O(j)) =0 for j > 0.

(ii) Since F/(x - F) ~ S[t]/(t?) is torsion, we have F' ~ F(1). The fact that
R/(v-R) < F has torsion cokernel gives the short exact sequence (5.2.1)

O—)O(_l)L’OLF—)O

in qgr - R.
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(a) Shifting the short exact sequence (5.2.1) and using F' ~ F'(1), we get a

short exact sequence

. (z71)om
0—0—2 O(1) F—0

(5.2.2)

Applying H*(-) and using part (i), we get H'(F) ~ H°(O(1))/H°(O) ~ S[t]/(t?)
and H>(F") = 0.
(b) Applying Ext*(—, O) to the short exact sequence (5.2.1), we get a long

exact sequence

0 — Hom(F,0) — Hom(O,0) — Hom(O(-1),0)
—s Ext!(F,0) — Ext'(0,0) — Ext'(0(-1),0)
—s Ext?*(F,0) — Ext*(0,0) — Ext*(0(-1),0) — - -

By part (i), Ext*'(0,0) = 0 and Ext*'(O(-1),0) ~ Ext*'(0,0(1)) = 0. So,

Ext'(F,0) ~ Hom(O(-1),0)/Hom(0O, 0) ~ HO(O(1))/H(O) =~ S[t]/(?)

and Ext’' (F,0) =0.
(c) Applying Ext* (-, F) to the short exact sequence (5.2.1), we get a long

exact sequence

0 — Hom(F, F') — Hom(O, F') — Hom(O(-1), F')
— Ext!(F, F) — Ext' (O, F) — Ext'(O(-1), F)

—s Ext*(F, F) — Ext*(O, F) — Ext*(O(-1),F) — -
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Note that Hom(O, F') — Hom(O(-1), F') can be identified with the map

HO(F) — HY(F(1)) induced by v-: F — F'(1) which is the zero map. So,

Hom(F, F) ~ H°(F) ~ S[t]/(t?).

Also, since Ext'(O, F) = 0 by part (ii)(a), we have

Ext'(F, F) ~ Hom(O, F(1)) ~ Hom(O, F) = S[t]/(t?).

Again, by part (ii)(a), we see that Ext>*(F, ') = 0.

(d) follows from part (i).

It is also clear that the pairing Hom(O, F) ®g Ext'(F,0) — Ext!'(F, F)
can be identified with the multiplication S[t]/(¢%) ®s S[t]/(t?) — S[t]/(t?), and
therefore, it is perfect.

(iii) Shifting the short exact sequence (5.2.2) by n € Z

0—0(n) —0O(n+1)— F(n) —0

gives

O(n+1)[1] = Cone(F(n) — O(n)[1])
~ Cone(Ext'(F(n),0(n)) ®r F(n) — O(n)[1])
= Trm) (O(n))[1],
where R = S[t]/(t?), since Ext'(F(n),O0(n)) ~ Ext'(F,0) ~ R. So, O(n +1) =~
Tr(O(n)) because F ~ F(n). Then Rpp = @nsoHom(O,O(n)) which is also

compatible with algebra structures.
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5.3. Normalization of A.-structures

Let O, F and generators v, a,b of Ry be as in Section 5.2. There is a chain

complex in gr - R:

Y1 =

; o(1) e (9(1)¢2 - (@ _U)O(z) 0

0—0 (5.3.1)

Proposition 5.3.1. The chain complex (5.3.1) is exact in qgr — R.

Proof. Let C = coker(y; : O — O(1)@0O(1)). There induces a map ¢, : C — O(2).
We claim that C' ~ O(2) in qgr — R under . It suffices to show that coker(v, :
C — O(2)) is finite dimensional (thus torsion) and that ¥y : C — O(2) is
injective.

By the decomposition at the beginning of Section 5.2, coker(¢y : C' —
0(2)) = S-1® S5 -b. Now, consider the module M := Im(¢s : C — O(2)) =

(v-R)® (@515 a") & (&,51.5 - a™b) and the map

o:M—0()a0O(1)
vy (0,-y) (yeR)
A-a” > (A-avH0) (MNeS, n>1)

A-ab— (A-a™1b,0) (AeS, n>1).

Let us compute ¢ o 19(p,q) for (p,q) € O(1) @ O(1). We have ¢ o s(p,q) =

o(ap —vq) = ¢(ap) + (0,q). Again, using the decomposition, we can write

p=A-1+X-b+v-y+A3-a"+As-a"™b
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for some y e R, n,m>1and \; € S (i=1,2,3,4). Then ¢(ap) = (A1-1+A2-b+A3-a™+
Ay -a™b,—ay). It follows that ¢(ap) + (vy,ay) = (p,0). Hence, ¢(ap) = (p,0) € C' and
so ¢ oa(p,q) = (p,q) € C. Therefore the induced map 15 : C' — O(2) is injective.

So, the above chain complex is a short exact sequence in qgr — R. ]

Let v € Ext'(O(2),0) be the extension corresponding to the short exact

sequence (5.3.1). The perfect pairing
Ext'(0(2),0) ®s Hom(O(1),0(2)) — Ext'(0(1),0) ~ S
determines a functional
yo-:Ry~Hom(0O(1),0(2)) — Ext'(O(1),0) (5.3.2)

Let 7 € Ext' (O(2),0) be the map represented by

0 p-B-0@)

bN

E

Note that 7 also determines a functional

Fo-:Ry~Hom(O(1),0(2)) — Ext'(0(1),0)

by post-composition.
Proposition 5.3.2. 7 =~.

Proof. Let us first compute explicitly Ext'(O(1),0). Let v’ € Ext'(F(1),0) be the

extension corresponding to the short exact sequence (5.2.1)
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/l).

T F(1)—0.

Applying Ext*(O(1),-) to the short exact sequence (5.2.1), we get a canonical

isomorphism

~":Hom(O(1), F(1))/Hom(O(1),0(1)) =Hom(O(1), F(1))/(n) =, Ext'(0(1),0).

There is a canonical isomorphism

(z71) oo — : Hom(O, O(1))/Hom (0O, 0) —— Hom(O, F)

by applying Ext* (O, -) to the short exact sequence (5.2.2)

(x1) o

F—0.

0— O —— 0(1)

Then Hom(O, F') is generated by (z7!-)omo(a-) = (z7ta-)om =7 and (z71-)omo(b-) =
(z1z-)o (t-m) =t-m. So, Ext' (O(1),0) = (7 o (t-7)). Here t € S[t]/(t?).

There is a commutative diagram of distinguished triangles

o=

’ oyeom 2™ vy T op
= pTy h (z7t)om ‘:
% v o(1) m ) — o]

where pr, is the projection onto the first component. It follows that v =~"o (z7!) 0

7. For any r € Hom(O(1),0(2)), v or is then represented by

!/

g

01y " 02) " F(2) T P(1) O[1].
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So, the functional (5.3.2), v o —: Hom(O(1),0(2)) — Ext'(O(1),0), is
v>0, a~0, and b~ 7 o(t-m) (a generator) (5.3.3)

Here, we identify Hom(O,O(1)) with Hom(O(1),O(2)) under Tz and use the
generators v, a,b of the former.

In the proof of Proposition 5.2.2, we established a canonical isomorphism

Ext'(F,0) ~ Hom(0O,0(1))/Hom(O,0) ~ S[t]/(1?)

o4 — 1.

Now, applying Ext* (-, Q) to the short exact sequence (5.2.1), we get

Ext'(F(1),0) — Ext'(O(1),0)

ty' o Ye(tem).

So, the extension +/ o (¢-m) corresponds to the following map in the A.-category of
the R-pair of genus 0, (£ := O, F):

[F—° . EB]-E -0(1)

N

Recall that generators v,a,b e Ry ~ Hom(FE, E;) are respectively represented by:

E
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where ¢ € Hom’(E, F) is determined by the perfect pairing ¢ o § = §p. Then

Tr(v),Tr(a), Tr(b) are respectively represented by:

)
F FE
idg idg
F F FE
Or )
F 0 E
1-idp
l-c
F F E
OF )
F 0 FE
t-idp
t-c
F F FE
OF )
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In light of (5.3.3), it is now easy to show that v and % induce the same functional
Hom(O(1),0(2)) — Ext'(0O(1),0).

Hence v =7%. [

Now, it is easy to compute (in the cohomology category of twisted

complexes):

— 3 (7® Y@ Y1) = (T @Y ®1h1) =0

— 12(y®1y) = (7 ® 1hy) is represented by

J

N

E

[F

which is the image under p! of the map w; represented by

F—2

E]

idg

E

— W2y ® ) = p2(~Tr(v) ® a) + p2(Tr(a) ® 0) = 0

Picking w; as above and wy = 0, we can compute the Massey product (see [9,

Remark 1.2]) as

<, Yo, 1 >= [P (Y ® P2 @ Y1) + p* (w1 ® Y1) — pP (v @ we)] = [idp] (5.3.4)
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CHAPTER VI

MAIN RESULT

We consider three moduli functors defined as follows: to each noetherian k-

algebra S, assign

(1) the set of equivalence classes of R-pairs (E, F') of genus 0 (or equivalently,
of gauge equivalence classes of S-linear strictly unital, minimal A.-structures on

the category Cr(0) ®; S), compatible with Serre duality:;

(2) the set of isomorphism classes of the data (A, FLA,t, u*), where: (A, F,A)
is a filtered algebra (with F_1A = 0) equipped with an isomorphism ¢ : grf A ~ B,
and p* is a minimal Ag-structure on A(R(A),R(A)*(1),1) (see (4.4.4)) with given

p? and such that p3(y® e ® 1) =1 (up to gauge equivalence);

(3) the set of isomorphism classes of the data (A, F\A,¢) as in (2).
Theorem 6.0.1. The above three functors are isomorphic.

Proof. First, let us explain the constructions relating the three functors.

(1) — (2): Consider the twisted complexes E,, ~ TE(E), for n > 0. Then Theorem
4.2.1 gives a filtered algebra (A, F,A) such that R(A) = @,50Hom’(E, E,).
Moreover, as we have seen in Section 4.4, the algebra @, ,oHom"(E, E,) is
isomorphic to A(R(A),R(A)*(1),1). Now, applying homological perturbation to

the A-structure on the subcategory (E,),s0, we get a minimal A, -structure p* on
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A(R(A),R(A)*(1),1). Then p3(y ® 12 ® 11) = 1 (up to gauge equivalence), see
equation (5.3.4).

Injectivity: Let IITw({E, F'}, u*) denote the A, split-closure of the A,-
category of twisted complexes of ({E, F'},u*). Since ITw({E, F}, u*) is split-
generated by ({F, F'},u®) and there is a triangle £y — E; — F — Ey[1],
we see that [ITw({E, F'},u*) is split-generated by Ey = E and E; as well. So, by
Proposition 2.1.14, the inclusion {E; | ¢ > 0} - HTw({E, F'}, u*) induces a quasi-
equivalence

NTw({E: | i>0}) = OTw({E, F},1*).

Now, if ({E,F},u®) and ({E, F'}, p'*) induce gauge-equivalent A.-structures on

{E; | 1 >0}, then the above quasi-equivalence gives an

O :NTw({E, F},pu*) ~IITw({E, F}, ")

such that H*® restricts to the identity on Hom™(E;, E;) (i,7 > 0).

Note that
— Hom’(E, F) is a summand of Hom"(E, E,)

— Hom'(F, E) is a summand of Hom'(E,, F)

(looking at the Hom!-space from the left-most F' in Es to E).

So, H*® restricts to identity on Hom’(E, F) and Hom'(F, E). The composition
now shows that H*® also induces identity on Hom'(F, F).

Let o : R — R be the automorphism induced by H*® on Hom®(F, F).
For convenience, let § := id : R — R be the automorphism induced by

H*® on Hom’(E, F). Then the left action of Hom’(F, F') on Hom"(E, F) gives
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B(r-r") =a(r)-B(r'") for r,7" € R and so a(1) = 1. Hence H*® also induces identity
on Hom’(F, F).

So, H*® is identity on {F, F'}.

(2) — (3): The forgetful map is injective due to [8, Lemma 5.2.1].

(3) — (1): Consider the the derived category D’(qgr - R(A)) with (E :=
O, F) as in Proposition 5.2.2.

Now, we prove that the composition (3)—(1)—(2)—(3) is identity and so
each map we have constructed between these data is bijective. Let (A, FLA,¢) be
given as in (3). Then we construct (F,F) as in (3)—(1) and consider the filtered
algebra U,soHom’(E, E,,) as in (1)—(2). By Proposition 2.1.13, there induces an
A-functor

Tw{E,F} — D(qer-R(A))

which is a quasi-equivalence onto its image. So,

®,s0Hom’(E, E,) ~ ®n-0Hom(O, TE(O)) ~ R(A),

where the first isomorphism follows from the quasi-equivalence and the second is

Proposition 5.2.2(iii). O
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