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CHAPTER I
INTRODUCTION

Section I: The Scope of the Present Study

In this work a study of the theory of economic growth under
three different technological assumptions is attempted. The first of
them is the famous Harrod's' model of economic growth which is based on
the assumption of fixed coefficients of production. The seecond is the
neoclassical model that assumes that a given amount of goods can be
produced by varying combinations of different factors of production.
The third model, which is based on that of Johansen,? attempts =
synthesis of the other two by assuming that factor substitution is
possible only at the time when the old capital is replaced by the new
or when new investment is made, whereas for the old plant which is
still operating, the coefficients of production retain the values
planned at the time the plant is newly built.

The above three models, taken together, have many interesting

properties that could be studied with reference to the actual trends

1z, ¥. Harrod, "An Essay on Dynamic Theory," Economic Journal,
XLIX (1939), 1h-33. See also his Towards a Dynsmic Economics (London:
Macmillan and Co., Ltd., 1943).

21, Johansen, "Substitution versus Fixed Production Coefficients
in the Theory of Economic Growth: A Synthesis," Econometrica, XXVII,
Ne. 2 (1959), 157=-76.




of the economy over time., The purpose here is to study those properties
of the models that are basic from the point of view of economic analysis.
The basic properties are those which characterize the equilibrium
pattern of an economy and also reveal the behavior of the economy when
out of equilibrium.

In the study of equilibrium and stability consideration of the
market forces which act through prices of goods and services becomes
necessary. In a multisectoral model the prices of goods could be
studied with some simplification. The present study is concerned wit.h
a one-commodity model except on a few occasions when breakdown of the
economy into sectors becomes necessary. In some places mention will
be made of the effect of changing prices on dynamic equilibrium even
in a one-commodity model.

The study of factor prices will be prominent in this discus-
sion as far as the determination of equilibrium trend of the economy
is concerned. FEconomic literature abounds in controversies as to
whether growth equilibrium exists, is stable, and whether market forces
have stabilizing or destabilizing influences on the economy envisaged
by a given model. Some of the controversies regarding stability in
connection with Harred's model will be considered, which may, however,
be considered as a detour. The influence of market forces as revealed
by the pricing of faetor services consistent with equilibrium growth
will be the main subject matter of this werk.

In this discussion all interpretations of distribution will be

based on the economic models studied. It can be shown that each model



has its more or less definite implications sbout prices in general
which can be derived very simply in some cases, whereas others may
require much more elaborate process, though the basic principles may
be the same. For example, in the models assuming substitutability of
factors the application of the marginal productivity theory is simple
enough to determine income distribution. But in the fixed-cocefficient
models this is not so. Thus a more general theoretical scheme has to
be followed to explain income determination for the models concerned.

Distribution theory is, at present, a controversial subject.
Since the consideration of this in the context of growth equilibrium
is a significant part of the problem, it is thought worthwhile to dwell
on this subject alone by way of clarifying the approach to be taken.
In the next section the basic idea that underlies almost all theories
of distribution will be studied. In later sections some existing
static and dynamic models will be considered which are not studied as
the nnin‘aubjeot matter of this work, but which provide an insight into
the state in which the theory of distribution is at present together
with the theory of equilibrium in general.

The second chapter will be devoted to a study of Harrod's
model of economic growth and neoclassical eriticisms of the model.
The neoclassical model of growth is to be found in the course of the
arguments. In studying Harrod's model Kaldor's Keynesian theory of
income distribution will be considered. The latter theory will be

shown to be inadequate as an explanation of equilibrium.



In the same chapter the constancy of production coefficients in
Harrod's model will be discussed, giving consideration to Samelson's
substitution theorem. The theorem will be studied with the assumption
of profit meximization on the part of the entrepreneurs and the result
will be used to show that if factor prices are flexible, the coeffici-
ents of production will be such that Harrod's equilibrium rate of growth
will equal the nmatural rate of growth determined by the rate of techno-
logical progress and the rate of growth of the labor force. Since this
is the neoclassical line of reasoning, cbjections to it will be
considered in the same chapter.

The third chapter will be concerned with Johansen's model of
economic growth. This model will be studied with various assumptions
regarding the durability or depreciation of capital goods. Though they
will not differ from Johansen's assumptions, the determination of
equilibrium growth of the economy or even the stationary equilibrium
in cases in which they exist will be studied vith additional con-
straints derived from the valuation aspeet of the economy. Also to be
considered is a controversy whether Johansen's assumption that fixed
coefficients of production rule for capital goods slready existent in a
world where productivity of factors is rising is legitimate or not. A
synthesis will be attempted between Johansen's approach and the neo-
elassical approach by using two types of production function in
Johansen's model. The two production functions are those relevant for
short and long periods, respectively, which are assumed to be character-
ized by two distinct sets of parameters. The fourth chapter will pre-

sent conclusions.



Segtion II: Distribution Theory in its Basic Form
is was already indicated, the study of income distribution is a

part of the study of equilibrium growth. That it is an integral part
of the discussions will be appareat. But here it should be mentioned
that any inference made about fector prices in this analysis is in
conformity with the classical marginsl analysis. In this section the
chjeet is to see the basic ideas underlying most of the distribution
theories and particularly to defend the idea that all distribution
theories are varisnts of marginal productivity ideas. & defense of
this basic notion is the central theme of the rest of this chapter.

Perhaps it would not be too bold an assertion to say that
almost all theorstical models dealing with distribution of income Lmply
or explicitly say that pricing of productive services follows the same
rule as that of commodities in general, namely, that all agents of
production are valued agcording to their supply and demand. In the
usuel textbook approach the demand for a factor is determined by its
marginal revenue product. The supply is determined by either purely
exogenous factors, by iastitutiomal fectors, by the choice of the
factor-ouners between income received from employment of the fastor and
satisfaction from aveiding the exertion invelved in such employment, or
by any cosbination of these conditions.

That demand, as determined by tastes, end supply, as derived
from scarcity of mesns, are the determinants of prices, and thus of
distributive shares, is implicit in nearly all theories and are

generally derived by marginal anslysis. For instance, the wages fund




theory employed by the classical economists, although it says that wage
is determined by the amount of wages fund, also implies that the wage
rate in fact tends to equal the marginal product of labor. However,
only in the stationary state do supply and demand of labor reach equality
and marginal product of labor becomes equal to the equilibrium wage rate.
Regarding profit, the argumente are not quite clear. Even many modern
writers have no definite theory of profit. If it is regarded as entre-
preneurial income, namely, the return on the skill of the entrepreneur
and his undertaking of risk in investing capital, the term profit would
include a number of elements. But if the minimum risk premium and the
payment for the skill of management are deducted, the rate of interest
remains to be determined.

In a determination of the rate of interest the marginal analy-
sis holds its own if it is realized that the supply of capital is the
result of the allocation process of income by its recipients and that
demand is determined by the addition which it makes to the total product
of the enterprise. But the idea of merginal productivity has been a
matter of controversy among economists in some instances. Capital, as
an important element of the production process, may or may not be
regarded as a "factor" of production, depending on how one conceives of
a factor of production in economics. Capital consists of a large
variety of intermediate goods which are the result of the productive
activities. If capital is thus conceived as a set of intermediate



goods® waiting to be finished, the idea that it leads to a surplus
value by leading to‘ an increase in the total product of the enterprise
requires explanation. Bohm-Bawerk's eriticiua of the marginal produc-
tivity theory of interest springs mainly from this characteristic of
capital. In his theory Bohm-Bawerk introduces the concept of period of
production as a measure of capital, which is used as a device to evolve
an analytic framework in which rate of interest is determined independ-
ently of the marginal productivity theory. But since the more round-
about method of production involving more use of capital can be used,
according to this theory, only if this results in higher productivity
of the production process, one is again led to explain the rate of
interest along the marginal productivity lines. The achievement of the
Austrian theory, therefore, lies not in repudiating the marginal produc-
tivity theory of interest, but in evolving a new approach of analyzing
the production process of the economy in which capital is closely
entangled with "time,"

Other important attempts at explaining rate of interest are
Fisher's time-preference theory, loanable fund theory, and liquidity
preference thoory.3 The first of these is related to marginal produc-
tivity on the demand side of the determinant of the rate of interest.

lsee E. von Bohm-Bawerk, Positive Theory of Capital, trans.
W. Smart (New York: G. E. Stechert and Co., %), ’ 3.

2For Bohm-Bawerk's eriticism of productivity theories, see
Jo W. Conard, An Introduction to the Theory of Interest (University of
California Press, 1959), ppe 20=30.

3For a discussion of various theories of interest, see J. W.
Conard, ibid.



The latter two theories, the loansble fund and the liquidity preference,
sre not so directly connected with marginal analysis, but various
authors have attempted to show that within the framework of a more
general Walrasian type of model the rate of interest explained according
to one theory is the same as that explained by the other, Without

going into detail, it may be stated that these theories are consistent
with the propesition given abeve.

So far, the other elements which enter into profit, viz., risk
and skill of management have been neglected. Skill of management does
not present any serious difficulty. With regard to the former, risk,
the uncertainty theory of profit which says that profit is the return
on risk-bearing in an unsertain world should be considered. If revenue
is interpreted over and above the costs over a given period as the
return due to the risk undertaken by the investor, it is sure to lead to
some ambiguities. When profit is earned, what sufficlent eriterion is
there to distinguish between the earnings due to the efficiency of the
firm, risk-bearing of the entrepreneur, and cther complexes of evenis
going on in the real world? In the opinion of the writer, the notion
of profit as a phenomenon of uncertainty is misleading. In an uncertain
world, a business enterprise can be regarded as a player in a game in
which there are mixed strategies. The expenditure made by the business
is the cost of playing the game., The knowledge about the probability
distribution of events such as the price of goeds and services, wage
rates, interest rates, and sc on, is presumsbly derived from empirical
study before an investment decision is made. On this basis the course



of action which meximizes expected gain or minimizes expected loss in
some relevant sense is chosen. This is not to say that there is pure
objectivity in calculating chances of gein and loss. But whatever
subjectivity exists, it has an empirical foundation in the experience
of the players. When the enterprise is started the gains or losses are
outcomes of chance. The expected return is the stochastic return on
the plant and is estimated on the basis of available information. A
profit higher or lower than the expected level is liable to affect the
expectation of the entrepreneurs and lead to a change in the declsions
to invest. Hence, profit is the return on capital in the long run,
even in an uncertain world.

Before concluding this section, how the proposition outlined at
the beginning of this section applies to the case of models with contin-
uous subsbitutability of factors and to the one with fixed coefficients
of production will be studied. In the case in which substitution of
factors is allowed, there are three distinct possibilities regarding
the return to scale of output. If it is assumed that there is constant
return to scale, the famous Euler's theorem holds and the payment to
the factors according to their marginal product exhausts the total
product. The return to various factors, their level of employment, or
the level of production of each good and also prices of goods and the
coefficients of production are simultaneously determined by the supply
and demand, The prices of factors determine the proportion in which
they are employed. Level of employment is determined by the demand for

goods.
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When increasing returns to scale prevail, the marginal produc-
tivity theory cannot be spplied as in the previous case. This is one
important reason why it is necessary te consider demand for goods as
playing a significant role in the determination of factor prices in
order to obtain a more general theory of distribution. The scareity of
factors is also important becanse of its bearing on prices. The present
work, however, will be restricted to the case of constant returns to
seale to simplify arguments.

In a fixed coefficient model the factors are assumed to be
employed in fixed preperticns whish cannot be altered. This makes it
impossible to evaluate the marginal product of any factor as in the
previous case by comparing factor-proportions, becausse cne fachor cannot
be increased by keeping others comsbant in order o increase ocutput.
Bubt this absence of substitutilon possibility of factors is ne hindrance
to the application of the marginal theory of distribution. The subsbti-
tution by consumers among various items through cholce becomes the
basis on vhich the theory of distribution can be bullh.

In a2 mlti-commodity case it can be assumed that there are n
cemnodities, each of which is produced by a given technique. In the
hierarchy of commodities existing at any time, various amounts of them
are produced and sold at various prices. In eguilibrium the price per
unit of any good is equal to its unit cost, which in turn is determined
by the prices of factors employed and the coefficients of production
which characterize the technique of producing that commodity. Price of
any particular factor is homogenecus in the economy. In competitive



equilibrium the demand conditions are such that the marginal unit of
output of each good produced finds a purchaser with a price which just
covers its cost of production. The importance of demand becomes cbvious
if the consequence of a change in a particular factor price can be seen.
Assume that equilibrium is disturbed due to the rise in wage rate. The
consequence of this change is to render the existing level of activ-
ities in all sectors unprofitable. In the labor intensive sector
prices will rise more than in others. Thus a reallocation is necessary
in order to restore the equilibrium. Allowing consumer substitution
employment will rise in the capital intensive sector and fall in the
labor intensive sector. Thus in the present model the significant part
of the problem is the determination of allocation of factors in differ-
ent sectors. Such allocation is guided by valuation of consumers. The
existence of valuation with a common purchasing power implies substitu-
tion of some type.

The above discussion reveals that there is similarity between
the model with the fixed coefficient of production and the one with
variable factor proportion. Bubt in the former case the marginal revenue
productivity is determined with reference to consumer pricing only.
This point is illustrated by the following example.

Suppose that there are two goods, A and B. It is assumed that
one unit of A is produced with one unit of capital and two units of
labor. Similarly it is assumed that the production of one unit of B
requires one unit of labor and one unit of capital. It is further
assumed that their demand functions are:



X, = 1oo~pa and

Ty » 50p,
where xlmdxbmqnmbititaot& andEdomndcdandp‘andpbtheir
respective prices. Suppose that the initial equilibrium values were
Py = 25 and p, = 15, with X, = 75 and X, = 35, wage rate = 10 and rate
of profit = 5. It follows that the total labor employed is 185 and
capital is 110. If one unit of capital and two units of labor are trans-
ferred to sector A from sector B the result is X, = 76, which implies
that p, = 24 and in the other sector X, = 33 and p, z 17. The resulting
new wage rate of 7 is the marginal product of lebor, and the marginal
product of capital or the rate of profit now becomes 10. This explains
how new price structure leads to new levels of output of the goods A
and B which become profitable.

However, there are some complications in the asbove illustration.
For instance, one may ask about the missing one unit of capital in the
reallocation process. This would not present any serious problem in a
more general model which considers the allocation of income between
currom consumption and saving. The above example was designed simply
to explain the role of demand in the marginal productivity interpreta-
tion of distribution in the type of model studied here. But one can
easily visualize that the cause of reallocation in the above example is
to be found in the decrease in the supply of capital relative to supply
of labor. Thus 2 new equilibrium with no relative scarcity or super-
fluity of capital is established with new factor-incomes. The effect

of superfluity of capital arising from, say, a change in the time
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preference of the people may similarly be considered as leading to more
capital intensive process.

The theory outlined above can be easily extended to the dynamie
models. There will be occasion later on to consider the distribution
problem relating to the fixed coefficient models. Here it is worthwhile
to make some remarks about the nature of problems that will be confronted
in considering a dynamic model.

In a dynamic model changes are allowed in technology, supply of
resources like labor and capital, in taste of the people, and so on,
which are regarded as given in a static medel. I%t is very difficult
to develop a general dynamic theory capable of explaining all varieties
of change and their implications. But the effect of changing supply of
factors of production on distribution can be explainsd. In a model
based on the assumption of substitutability of factors it is quite
clear that changing supply of factors presents no difficulty in finding
how the economy reacts to the change. The factor-proportions can be
varied according to the availability of variocus factors of production.
Bub in a fixed coefficient model it causes some difficulty. The diffi-
culty is only apparent if consideration is given to a factor such as
capital that can adapt to the supply of other factors and $¢ the demand
for commodiiies by the consumers. If it does not, zerc returns are
implied for some factors and this would have drastic consequences!

The precise way in which capital adapts to the supply of other factors
in a fixed coefficient werld depends upon a variety of circumstances.
Consider, for example, an economy in which only lebor and capital are
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the factors of production. Suppose the supply of labor is outrunning
the supply of cspital. In such a circumstance it is definite that
return on capitel becomes highs Labor can be unemployed and its
marginal product reduced to zerc. But such an awkward situation is
unlikely to occur because the fall in wage means reduction in consump-
tion and inerease in the rate of accumulation. Equilibrium is achieved
if the rate of accretion of the valus of invested capital equals the
rate of growth. If it is higher, accumulation will inerease in rate
and vice versa. Ancther possibility is that labor intensive or capital
saving bechnology will develop and this will restore the equilibrium
between the supply and demand of factors. '

It should be noted that the net inerement of the value of the
product resulting from the investment of an additional unit of capital
is the marginal revemue product of capital. The wage rate at which the
additional labor finds employment as a result of the new addition to
the stock of eapital is the marginal product of labor. In other words,
marginal analysis of distribubicn is possible with fixed coefficients.

The fundamental premise on which the above analysis rests is
that the resourses controlled by an economic unit are scarce and bring
a positive net retwrn. One particular aspect of this premise is that
whenever marginal productivity analysis is used tc explain factor
prices with the assumption of factor substitutability the marginal
productivity of capital is always positive, similar to that of labor.
The realism of this assumpbtion is questionable. But in equilibrium of
2 non-controlled competitive economy it is doubtful that any other line
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of reasoning could provide an adequate analysis of distribution.

It may also be argued that the theory of distribution developed
in this section can be applied only in the case of micro-economics.
For the aggregative models it may be considered inadequate. Perhaps
the dissatisfaction is due to the presence of institutional factors,
among other complications, and also is due to the interpretation of the
marginal productivity theory in its simplest form based on factor sub-
stitution. The purpose of the so-called micro-economic theories of
distribution has been to avoid all the complications introduced by the
details of market forces within the institutional framework of the
economy and also the difficulties arising from the production function
approach to this problem and within these confines to evolve a con-
gistent theory of distribution. One version, that of Kaldor,! will be
considered in the next chapter. It will show that it only gives an
answer to the question as to what part of the total income should go teo
labor and what part to capital under full employment conditions in order
to satisfy equilibrium conditions, and that this is done on the basis of
some arbitrary assumptions which may not be true in general. It will be
shown that the question of factor price determination is not answered
by this model. It may be said that the marginal analysis explained in
this section allows no alternative as a general principle, however much

its precise meaning may vary as assumed conditions vary.

1see W, Kaldor, "Alternative Theories of Distribution," Review
Of EGMQ Studi", mII’ HQ. 61, 9’4-100'




The next sections will be devoted to a survey of ideas about
static or dynamic equilibrium with their implications about income
distribution as they exist today.

Section III: Some Important Economic Models
It is thought desirable to note some basic features of some of

the important economic models that exist at present and see how the
observations about distribution theory apply to them. In order to do
this some scheme of classification is desirable. Although Davis's'
classification of the theories into (a) "Marginal Productivity
Theories," (b) "Magro-economic Theories," and (c) "Institutional
Theories" or "Group Dynamics" could be maintained, a different proced-
ure is intended here. The purpose here is to study the theory of
distribution in the context of economic growth, growth equilibrium,
and its stability. The classificaetion is then based on the general
theoretical scheme developed by various authors in their works. These
are as follows:

1. Static growbth models maintaining the assumption of substi~-
tutability of factors. Neoclassical theories are the best representa-
tives of this class.

1z, M. Davis, "Recent Development in the Theory of Income
Distribution," Pr s of the Thirty-fourth Annual Conference of
the Western Economic Association, IW;I;- 12,
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Bohm-Bavcrk’sl theory of capital, including its modern veraions,z

also belongs to this class. In the sphere of capital accumulation and
optimal resource allocation over time, llmnu:r'o3 model remains a classic
example.

As far as the treatment of multiplicity of technique is cone
cerned Robinson's” model may be classed here. This is true if multipli-
city of technique means variability of the ratio of factors used in
producing one unit of output. Her discussions are predominantly
characterized by the assumptions of fixed coefficients of production,
however.

If it is thought that the alternative processes of production
assumed by von Neumann® in his gemeral equilibrium model are peints in
a production function, this, also, can be classed here.

2. Fixed coefficient models without growth. In this class two

13chm-Bawerk, op. eit.

25, Blyth, "The Theory of Capital and its Time Measures,"
Econometrica, XXIV (1956), L67-79. See also his article "Towards a
More General Theory of Capital," Economica, XXVII (1960), 120-36.

3!‘. P. Ramsey, "A Mathematical Theory of Saving," Economic
Journal, XXXVIII (1927).

bjoan Robinson, Accumlation of Capital (Irwin, 1956). See the
same author's "Production on e Theory of Capital," Review
of Economic Studies, XXI, No. 55 (1953-195k), 81-106.

5J. von Neumann, "A Model of General Equilibrium," The Review
of Economic Studies, XIII, No. 33 (1945-19Lk6), 10-18. TR 0y
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important models, namely the static Leontief modoll and the Walrasian

model of gemeral equilibrium,® may be taken.

3. Fixed coefficient models with growth, Harrod-Domar’ models
belong %o this class. They deal with aggregate gquantities; hence they
may be regarded as one-gommodity models. The study of Harred's model
is the purpose of the second chapter. The mltisectoral generalization
of this class of models is to be found in the dynamic Leontlef nodal.h

i+ Models dealing with unemployment or income-variation condi-
tions In this class lcynuun; theory is prominent. This is predomi-
nantly a shorterun theory. However, some models dealing with economiec
growth may be regarded as an extension of Keynesian theory. This is
true of the Harrod model. In the static level the Keynesian model is
efficiently designed to explain the effect of money demand or prices on
output. The behavior of entrepreneurs with respect to investment and
the whole economy with respect to the purchase of the output of consumer
goods and the disposition of money is the most significant aspect of the
study in this class.

by, Leontief, The Structure of Ameriecan Economy, 1919-1939
(24 ed.; New York: Oxford University Press).

4. Walras, Elements of Pure Feconomics, trans. W. Jaffe
(Irwin, Illinois, 195L).

Harrod, op. cite; E. D. Domer, "Capital Expansion, Rate of
Growth and Employment," Econometrica, XIV (19L6), 137-47.

hu. Leontief, et 2l., Studies in the Structure of the American
Economy (New York: Oxford University Press, 1953), uhap. Lil.

57, M. Keynes, The General Theory of Employment, Interest and
Money (New York, 1936) .
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Here a subalass of economic theory can be noted which is based
on the earlier ideas of Keynes, mentioned by him in the Treatise om
Money' about the determination of profit by an emtreprensur's deeision
to consume and the totality of the decisions of consumers and finaneial
institutions regarding saving, expenditures, lending policies, and so
one. Kaldorz and Robinum:3 belong in this category. One might even
include lalocldh in this subclass for similer reasons. The next section
gives a brief idea of their work, although Chapter II considers Kaldor
in detail.

6. Lastly, mention is made of the model of Johsnsen® which is
in the area of economic growth and shares the assumptions of classes
1 end 3 mentioned above. It has already been mentioned that the
properties of this model will be studied in the third chapter.

The purpose of this classification is to provide a way %o look
at how different theories have sought to explain the forces at work in
the economy with different conceptual tocls. The models listed in the
classification are, it is believed, the ones that are predominant in
the economic analysis. In some form or other their implication

15, M, Keynes, A Treatise on Momey, I (London: Macmillan and
Go., 1930).

2y, Ealdor, "Alternative Theories of Distribution," Review of
Economic Studies, XXIII, No. 3, 63-100, and also "A Model of Economic
Growth," Economic Journal, LXVII, No. 268 (1957), 591-629.

3Joan Robinson, Accumilation of Capitel (Irwin, Illinois, 1956).

by, Kalecki, Theory of Economic Dynamics (London: Allen and
Urwin, 195kL).

5Jolunun, loce cit.



influences the ideas which would otherwise look novel. In all these
models the analysis of equilibrium attempts to study how equilibrium
output, prices of goods, and incomes of factors are determined, to
mention only a few. The determination of all these are closely
interrelated.

It is not claimed that the above classification is exhaustive.
Because of the vast area they cover it is not possible to study care~
fully all the existing theories in a work like this. Even among the
works included in the classification some are not the principal subject
matter of this work. This is true of all the static theories. But for
the present, some remarks about them will be valusble.

Section IV: Some Observations on Static Models

In this section a brief remark on some existing static theories
is attempted without aiming at an exhaustive treatment of the fields
they cover. The gist of the remerk is that the system of equilibrium
envisaged by all such models is consistent with or dependent on the
theory of distribution cutlined in Section II, above. It will be found
that many of the arguments will be repeated, but not, it is hoped,
unnecessarily.

A static theory is distinguished from a dynamic theory by its
assumption of fixity in the supply of factors of production, consumer
taste, and technology. In this framework a variety of theories are
developed, some assuming production function with varisbility of factor
proportions and some assuming fixed coefficients, classes 1 and 2 of the
last section. The former is characterictic of the neoclassical school
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wheress the latter is characteristic of the Walraw-Leontief models.
Keynesian theory may be considered as a static theory. Kaldor-
Kalecki~Robinson theories are designed for dynamics, but their theories
of distribution may be a2pplied in a static system too. Before going on
to these, the first two will be considered.

In a2 neoclassical system with factor substitutability, as
already observed in Section II, the existence of equilibrium coincides
with the determination of factor-prices by marginal productivity., It
is the given theory that an economy with larger capital-labor ratio
has lower marginal productivity eof capital than in the opposite case.
This has an important consequence regarding the stability of equilibrium,
because it implies that excess of any factor relative to the other is
absorbed in the economy by the change in the price of the factors. Thus
the economy is perfectly stable.

The given neoclassical theory is challenged by authors who do
not believe in the working of stabilizing forces. It should be empha-
sized that the marginal productivity theory is an integral part of neo~
classical theory. Robinson, while not objecting to marginal productiv-
ity ideas, finds that the simple comparative statice employed in explain-
ing the two different equilibrium situations is unacceptable. Without
going into the complications of her arguments, the writer notes some of
the obvious facts which are implied by the variation of factor-
proportions in a simple neoclassical medel. Consider two economies, A
and B, with equal aggregate amounts of output as a whole and equal
durability of capital goods. Of these two, A with larger capital-labor
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ratio has a larger proportion of capital gooeds in the total output.
Thus, in this economy the aggregate consumption is lower than in B
having a lower capital-labor ratio. This has some important implica-
tions. In the economy A with low rate of consumption the propensity
to save is higher at the same level of output than in the other economy.
Suppose that in A a low rate of discount of future satisfaction pre-
vails and the rate of interest is low, though savings are high. Assum-
ing zero rate of profit for equilibrium under perfect competition, the
wage rate is higher in A, Much confusion will arise if the high wage
rate is taken to mean high aggregate consumption. This may not be true
theoretically. Aggregate consumption need not rise or it may even fall
and still the real wage rate of labor may be higher. If constant
return to scale is assumed, as has been done here implicitly, and if
both economies are assumed to have the same type of production rahetion,
the proportions of income going to labor and capitalists may be invari-
ant under changes in capital-labor ratio.t Thus any difference in
capital-labor ratio in two economies with the same aggregate output may
be explicable only in terms of time preference or something of this sort.
Further, it may be argued that a higher wage rate in the
economy with the higher capital-labor ratio is liasble to lead to higher
cost of producing capital. But this does not present any serious diffi-
culty if it is realized that in capital goods production the new process
is more capitalistic because of higher wage rate. Cost in real terms

lopis is true if there is unit elasticity of substitution
between factors.
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is the same, Only the breakdown of the total unit cost between amount
of labor and amount of service of capital has changed, while the services
weighted by their price may remain invariant too.

Above, the cost of capital was intended to mean the cost of real
capital assumed to be measured in physical units in which the goods in
general are measured. This may be objected to. If the measurement
fairly represents the productive capacity of a plant this cannot be said
to be unjustifiable. Even if it is admitted that this measure is not
justifisble and the measurement given by Bohm-Bawerk: is accepted in
terms of average period of production or in terms of the cumulants of
the distribution of inputs and cutputs in time given by Blyth,2 no
significantly different conclusion would be reached. In such theories
capital assumes the character of process of production. The decision
of entrepreneurs in choosing a particular time-shape of input and oute
put depends on factor prices and technical conditions. A wage rate
higher than the previous one will necessitate expenditure in fixed
capital and it naturally happens that more expenditure is concentrated
in the beginning and less expenditure is distributed over the lifetime
of a process of production.

The dynamic part of this analysis involves the study of the
process of adjustment and, as Robinson rightly says, it is not easy.

1see Bohm-Bawerk, loc. cit.

23,00 Blyth, "Towards a More General Theory of Capital,”
Eﬂ@no.iu, m (1960), 20"‘360
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From the comparative statics above it is known that in the
model considered here it is slways possible that for any erbitrary
amounts of various factors of production there e§n be a full employment
stationary equilibrium, and factors earn positive rate of return
however small it may be for some of them that are plentiful in supply.
But if a fixed-coefficient model is taken, there is difficulty in obtein-
ing an equilibrium with full utilization of factors for any arbitrary
amounts of them.

In a Walrasian model, for example, with given amounts of
factors, one can determine equilibrium, in general, characterigzed by
excess capacity. The equations relating outputs of goods to the given
factors camnot have solutions with positive outputs of 2ll goods except
by chance. Hence with given production functions and demand functions
for all the goods, equilibrium can exist in which some factors are in
excess supply and can be said to have their marginal productivity equal
to zero. They naturally become free goads.l If this state of affairs
is the result of the persistent long-run tendency in the behavior of
the economy as a whole perhaps such equilibrium is to be regarded as a
genuine long-run equilibrium. Otherwise one cannot accept such a solu-
tion as anything more than market equilibrium. In the long run the
supply of factors should be allowed to vary. Thus with varying supply
of factors it is necessary to consider the effect of the rate of return
on the factors. The writer therefore believes that even in the case of

1see Dorfman, Samuelson, and Solow, Linear Pr and
Economic is (New York: MeGraw-Hill Book Co., inc., ¥s

PPe =~12e
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fixed coefficient of production in the long run each factor remains
scarce.

This analysis in the dynamic setiing will be pursued in the
next chapter. Iﬂ may be observed that from a purely theoretical point
of view the difficulty of obtaining & longerun full employment equi~
librium solution of a fixed coefficient model is very often exaggerated.

Some aspects of the Keynesian model which is a static model as
far as it is concerned with the short period in which factor supply is
fixed, there is no change in the technigque of production and the taste
of consumers also is fixed, may now be considered. The role of invest-
ment in this model is one of generating iucome rather than that of
augmenting the capacity of enterprises. Thus new investment in the
Keynesian model does not increase factor supply.

As far as the determination of factor income is concerned
Keynes does not depart from the marginal productivity theory though
he disagrees with the idea that full employment eguilibrium is always
possible as a necessary state of affairss The role of income variation
as & determinant of change in aggregate demand and, thereforey; of the
supply of goods is the erueiel part of Keynesian theary.l At each level
of income with savings equaling planned investment there is equilibrium
with coarresponding level of employment. This is true for the classical
model as much as it is true for Keynes. But for Keynes when there is
unemployment a reduction in money wage rate does not raise employment in

ll(eyms,‘ General Theory.
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general because this leads to a fall in demand thereby reducing the
profit. This argument is not in confliect with the distributioen theory
outlined in Sectiecn II, above. In accordance with the present analysis
it is through demand and price the marginal products of factors are
realized and even explained in terms of them. Fall in demand in
Keynesian theery lowers the marginal productivity of plant and equip-
ment. In the short run when the stock of capital is given, a low level
of demand is associated with excess of capital compared to the level
of production. But this situation cannot be regarded as normal and
enduring. The writer believes, with Kaldor,! that the unemployment
equilibrium is unstable from the poinﬁ of view of the long-run develop-
ment of the economy. This will become clear in the analysis in the
next chapter.

When demand inereases, the level of production rises as long
as there is possibility of increasing employment. In the short run,
however, increasing employment leads to diminishing merginal produc~
tivity of labore. Keynes says that up to the point when surplus labor
is absorbed "the decreasing return from applying more labour to a given
capital oquipnnt has been offset by the acquiescence of labour in a
diminishing real \ugc."a After this point a rise in employment neces-
sitates a rise in wugi by the equivalent amount the product increases,

15ee N, Kaldor, "A Model of Economic Growth," Economic Journal,
LXVII, No. 268, 5939hL.

25ee Keynes, General Theory, p. 289.
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"whereas the yield from applying a further unit would be diminished
guantity of the product. The conditions of strict equilibrium require,
therefore, that wages and prices, and consequently profits alsc, should
all rise in the same proportions as expenditure, the 'real' position,
+ « o being left mchanged.“l

The above suggests that the merginal productivity theory is
used by Keynes to explain dietribution. It is true that labor does
not always clamour for its marginal product. But in equilibrium at
full employment wage rete is in line with the merginal product. It may
be asked, however, whether marginal product is the only limit to which
wage rate can rise. This is the attitude held by Kall.dm*.2

If marginal product of labor ig regarded as the upper bound of
wage rate it folious that under constant returns to scale the marginal
product of capital is the lower bound for the rate of profit. In the
next chapter it will be seen that with some additional restrictions on
these boundaries, Kaldor's theory of distribution says that the profit
rate and wage rate should lis between these boundaries. The Keynesian
argument above shows that in full employment the marginal product of labor
is 2lso the lower bound for wage. Hence it follows that wage rate must
be equal to marginal product of laber. Further it should be observed
that in a competitive world s rate of profit higher than the marginal
product of capital would induce further investment until it equals the

lryiq.

230¢ N. Kaldor, "A Rejoinder to Mr. Atsumi and Professor Tobin,"
Review of Economic Studies, XXVII, p. 119.
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latter. Thus in full employment the marginal product of capital is the
upper bound for profit because a return higher than this is liable to
be competed away.

The reason for developing a theory of distribution without tak-
ing marginal productivity into account was in the fact that profit and
wage, according to Kaldor, could be anywhere within the limits referred
to above, depending upon the expenditure habits of capitalists and
labor. Kaldor develops a theory of distribution which is based on the
idea given by Keynes in his Treatise on Money that the rate of profit

depends on the consumption decision of labor and enterpreneurs, the
decision of the latter f.o invest and the policy of the banks regarding
credits.l In that same work Keynes mentioned the widow's ecruse doec-
trine according to which the profits of entrepreneurs increases with
the increase in the consumer expenditure of enterpreneurs. As a casual
interpretation the validity of such a theory is dubious. But as will
be seen in the next chapter, Kaldor builds up a systematic theory of
distribution out of these ideas. The same is true of the theory of
Robinson, though quite consistently she does not give up the concept
of marginal productivity factors.

Within this same category Kalecki's theory can be considered.

2

First in his theory of profit, he equates, in his model,” gross profit

to the gross investment plus capitalists' consumption assuming that

]Icynn, A Treatise on Money, I, Chap. VI.

zxa.lecki, Theory of Economic Dynamics, pp. L5=52.
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workers consume all their income. He says that the significance of
the model lies in the fact that it reveals a way to interpret which of
the terms of the equation is under the influence of capitalists'
decisions. He says, "Now, it is clear that capitalists may decide to
consume and to invest more in a given period than in the preceding one,
but they cannot decide to earn more. It is, therefore, their invest-
ment and consumption decisions which determine profits and not vice
vcru."l For explaining economic behavior this idea seems to have
little value, because the more acceptable line of thought would say
that it is the expected profit that determines the investment activities
of the entrepreneurs and their consumption expenditures. Without going
into further eriticism of this theory mention might be made of another
part of Kalecki's theory in which the level of wage is explained with
the help of the d‘w of monopoly arguments.

One formilation of this theory is the measurement of the degree
of monopoly by the ratio of gross profit to the gross proceeds of the
economy. This leads to the conclusion that rise in the degree of
monopoly leads to the fall in wage rate. This is another aspect of the
theory of profit mentioned. It can be observed that for a given output
a rise in profit means a rise in the degree of monopoly and a fall in
wage level. This follows from the identity in which total income is
equated to wage and profit.

lIbid., Pe béa



Another formulation of this theory is by defining the degree
of monopoly as the ratio of aggregate proceeds to wage plus material-
cost. This does not add anything new to the thoétry except that a new
term, material-cost, is introduced and the terms of the equation are
manipulated in a different way. It is obvious that the share of wage
in the total income declines as degree of monopoly increases and/or the
ratio of material cost to wage in the prime cost rises. As expost
identities these ideas are obvious. But as an explanation of the
determination of factor prices they are inadequate. Further discussion
on this point is postponed until the next chapter. It should be noted
that Kaldor's theory and Kalecki's theory are similar.

The above discussion may be summed up by saying that the so-
called macro-theory of distribution does not become meaningful unless
the terms of the equation are represented as functions, behavioral or
otherwise. Demands for labor or investment cammot be explained except
on marginal productivity lines. It is doubtful whether any other
approach can take its place. Consumption demand is essential in
distribution theory, not because of what Kalecki or Kaldor think to be
its role, but because this determines the price of consumer goods and,
therefore, the derived demand for factors.

In passing it should be noted that the Keynesian "general"
theory has many virtues of a dynamic theory. The income variation by
change in the level of investment is a dynamic concept. But the full
elaboration of the dynamics requires the consideration of the effect of
investment on the productive capacity of the economy. Thus a



continuous investment activity does not lead to generation of income
by the multiplier process alone. It also leads to inereasing income
over time by augmenting the supply of capital. In the next chapter
the Harrod model will be found to be one important generalization of
Keynesian theory to cover the dynamics absent in Keymes' work.

The next section will consider in brief some dynamic models
which exist today as an introduction to the present work.

Section Vi Some Dynamic Models
The principal purpose of the study of some dynamic models in

this section is to discuss some important features of the dynamic
theory with reference to income distribution and the concept of
equilibrium growth. It was already noted that a static theory was con-
cerned with the study of forces acting in an economy with fixed supply
of factors and constant taste and technology. In a dynamic model, how-
ever, these are allmd to vary. But the mamner of variation of these
factors is either to be treated as being influenced by economic events
or in some ways that are not directly related to the process of economic
development such that the economist assumes certain regularity or
irregularity about them. The study of economic dynamics with the
closest approximation to reality would have to sacrifice much of
analysis and logic and become a mere history of growth. For analysis
sufficient simplifying assumptions are helpful in deriving logical
econclusions. Comparisons of conclusions derived under different sets of

assumptions reveal many interesting properties of a developing economy.
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At the outset one observation about the dynamic model is
necessary. The preoccupation in such models being to study the overall
development of an economy, the study of price theory in its details
disappears. In multisectoral models one may have price theory for
determining relative prices of goods and services in general. But a
general theory of determination of absolute prices becomes difficult
even in such models. In aggregate models the theory of price becomes a
little awkward, not to speak of relative prices.

The pricing of factor services, however, does not disappear
from the growth models. In fact this assumes more importance. This is
one basic question around which the analysis of equilibrium growth is
to be developed. The classical model of economic growth is perhaps the
best evidence of the value of the growth model for studying income
distribution. In the Ricardian model, for instance, the problem of
capital accumulation and distribution are one. In this theory the
whole process of capitalist development is a closed historic process
except for technological progress which does not have an obvious con-
nection with the rest of the events.

: But modern dynamics differs from the classical in that the
assumptions made by the classical economists, especially by Ricardo,
about, for instance, diminishing returns to land and the Malthusian
theory of population, are no longer considered in the models as basic
facts. However, there are some properties of modern dynamic analysis
that resemble the classical.
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It should be emphasized that in modern economic dynamics the
influence of the Keynesian idea of underemployment equilibrium is
visible. In some of the theories this idea is accepted and given a
more elaborate treatment. This is true of the Harrod model. In this
model unemployment is not only a possibility, but it is regarded as
consistent with long run equilibrium. Full employment is, in this
model, not necessarily equivalent to equilibrium. This idea is held
by Robinson also.

At the other extreme is Kaldor's analysis® which regards unem-
ployment as an unstable and temporary situation. His model disregards
entirely the possibility of unemployment. He evidently attempts to
distinguish between the theory of long run economic development and the
theory of cyeclical fluctuations.

8till another variety of theoretical system exists which con-
cludes that the economic system is perfectly stable. This is the neo~
classical theory. Except for the basic premises on which his analysis
rests Kaldor would belong to the neoclassical school.

Some further observations on these models are desirable at this
point. According to the neoclassical theory, in growth equilibrium
it should be noted that the time pattern of income of all output should
satisfy the decision making units in the economy--the entrepreneurs,
factor-cwners, and consumers. The technological assumption in neo-

classical models was already mentioned in the last section. Under such

13“ Kaldor, "A Model of Economic Growth," pp. 593-9k.
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conditions for all time patterns of supply of factors and technological
advance and even change in consumer preference, the model leads to the
conclusion that equilibrium exists with full employment. The reason
is that distribution of income between factor-owners has a stabilizing
influence. If only the growth of labor supply is taken it will be
shown in the next chapter that a stationary solution for growth rate
can be obtained such that any deviation from this will set forces at
work toward the restoration of equilibrium. This happens because the
earnings of the entrepreneurs become maximum at the equilibrium, A
decline in the growth rate of labor, for example, leads to a higher
wage rate and increased capital-labor ratio.

This fact was noted in the last section on the basis of compara=
tive statles. In dynamics the process of adjustment is to be explained
and it should be admitted that it is hard to visualize clearly. But
some points that are clear should be noted. Assuming that capital and
lebor are the only factors of production, 2 sharp reduction in the
growth rate of labor relative to the growth rate of capital leads to a
higher wage rate. If equilibrium is to continue capital must replace
labor to some deairabic extent. But such a tendency cannot stop unless
the growth rate of capital falls to the same level as that of lsbor.
However, this is quite possible. With a low rate of growth of labor,
output cannot increase at the previous rate. Given constent marginal
propensity to save, the rate of accumulation declines. But this
decline does not lead immediately to the new equilibrium rate. In each
period the economy experiences a growth rate that is lower than in the
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previous period. In mathematical language this leads to an infinite
sequence of decreasing growth rate of output and capital which steadily
converges to the growth rate of labor. The necessary condition for this
to be realized is every time entrepreneurs should move along the produc-
tion function in the direction dictated by the supply of factors of
production. How this happens is a problem which is too complicated to
visualize. The intricate problems as to varicus possible reactions

of the economy during the adjustment are avoided in this work.

In the fixed coefficient models there are difficulties men-
tioned in the previous section in comnection with the statics, There
is the possibility of superfluity of some factors because of the differ-
ence in the growth rates. The question of the existence of full employ-
ment equilibrium in such a case will be studied in the next chapter.
Here it should be noted that the pricing mechanism which is implied in
such models can be a guide for study.

Kaldorl has, by assuming variability of aggregate saving as a
proportion of income, rising capital output with the increased availa-
bility of capital and profit, and also by making the growth rate of
labor depend in some manner on the growth rate of income, made the
system more flexible.

There is one more economic model which is worth mentioning.

That is von Neumann's model of general equilibrium.’ This model has

l1bid.

2Von Neumann, op. cit.
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some interesting properties which require attention. In most models
the possibility of joint products is ruled cut. But in this model no
difficulty arises by allowing joint products. Unlike other models

this one has no primary factors of preduction like land and labor and
no final consumption. All are included within a systematic input-output
scheme so that all goods and factor services are inputs and outputs.
Consumption is an input for the production of labor as its output. Thus
this model may be regarded as a pure production model.

The neglecting of the fixed factors of production by ven Neumann
in his model is mainly for the purpose of studying a growing eocnmy.l
The assumption about technology is that there are alternative processes
of producing a commodity. The choice of any particular process is
determined under equilibrium. Bach process or activity is of the fixed
coefficient variety which implies that constant returns %o scale pre-
vail. Each process has a unit time duration, and if any one has more
then a unit time duration, intermediate stages can be introduced and
the resulting processes would last one unit interval each.

Similarly for services of durable capital goods he devises a
method which says that "wear and tear of caplial goods are to be
deseribed by introducing different stages of wear as different goods
using a separate process for each of 1‘.!10»."2 The non-depreciating

capital good might appear as both input and output or one of many

lguch assumpbion would be unnecessary if the idea of constancy
of growth rate were given up or technological progress considered.

2yon Neumann, ops c¢it., p. 2.
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possible joint outputs.

This model shows the cutputs of one period becoming inputs for
the next porio&. The amount of production at any time is limited by
the available output at that time. All the relationships appear as
inequalities which are characteristic of the linear programming prob-
lems. The solution should rule out the possibility of negative outputs
and prices. Some goods, however, may be in excess of the amount
required as current input. In that case their prices will be zero.

The process of production chosen should bring the maximum amount of
return on capitel invested. Otherwise such a process is not chosen.
Regarding profit rate, the model is based on the assumption of com-
petitive conditions ruling in the economy, and the profit rate is zero.

One feature of the model is that it takes care of both produc-
tion and consumption at the same time. This, however, is subject to
eriticism, to be discussed later.

The solution of the model yields an econony expanding at a
constant balanced rate of growth in which the processes adopted yield
zero rate of profit. This property, as shall be seen later, is shared
by most of the dynamic models. If the equilibrium rate of growth is r
then the nod.cl implies that there is at least one zood which grows at
the rate r. All goods growing faster than at the rate r are freec goods.
Since the ratio of the value of cutput to the value of input gives the
rat'c of growth and the same ratio gives the rate of interest in equi-
librium, it follwa' that the two rates are equal. The proof of
von Neumann shows that the two rates ere equal at only one value. Thus
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growth rate and interest rate are uniquely determined. But for prices
of goods and their amounts there is more than one solution.

It should be noted that the determination of prices in this
medel does not differ from the one in the Walrasien model. There also
it wes cbserved that all excess rescurces become free. But the differ-
ence lies in the explicit introduction of the demand functions in the
Walrasian model which ie not true for the von ileumann model. Thongh
demend is implied in the latter 1t is by way of much idealization.

In the issmmtion that consumption is an input to labor it
resembles the Malthusian model. DBubt it may be noted that in the
von Neumann model wage need not be at the subsistence level though it
will remain at & constant rate because of the constant coefficient
assumption. Further, the model has close similarity to the classical
ideas in that the total cutput of amy time becomes input for another
period, if it is realiged that the total outpul consists of fixed
capital, considered as intermediate goods in von Neumann's medel, work-
ing capital or goods-in-process, and wages-fund represented by the
consumer gzoods assuming that the capitalists do not consume.

The model can be criticized on the ground that it pressents an
extremely "idealized" picture of economic dwulopmnt.l The idea of
equilibrium should in this aodél cover a very wide range of phenomena.

The determination of economic goods and free goods, the determination

lsee Champernowne, "A Note om J. v, Neumana's Article on 'A
Model of Economic Equilibrium,'" Review of Economic Studies, XXIII,
Noe 33, ppe 10-19 for an elaborate expianation of the model and also
some criticisms.
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of economically useful processes and processes worth rejecting are some
of them. In the usual theoretical analysis one is concerned directly
with usable processes and economic goods, so that any solution that
leads to zero value of goods becomes more likely a disequilibrium
situation.

Again it is too bold to use a closed model in which factor
supply is explained by the simple economic factors considered in the
model. In case of labor supply there may be some difficulty in accept~
ing the solution. Moreover the solution becomes entirely unacceptable
when it happens that the supply of labor grows at a rate faster than the
equilibrium rate of growth. Thus it is necessary to exclude some of the
factors from the model, which are considered here as being determined
within the model, and consider them separately. Labor supply could be
studied separately and the pricing of labor might be studied along the
line of the more acceptable theories. The role of interest could be
studied by reference to the behavior of consumers regarding the disposi-
tion of their income between consumption and saving. Some attempts have
been made in recent years to bring the von Neumann model in line with
the usual approach by allowing labor to grow at some finite given rate,
by allowing workers' consumption to depend both on their real income
and prices, and so on.t

1. 6. Kemeny, et al., "A Generalization of the von Neumann
Model of an Expanding Economy," Econometrica, XXIV (1956), 115-135.
Also M. Morishima, "Economic Expansion and the Interest Rate in
Generalized von Neumann Models," Econometrica, XXVIII (1960), 352-363.
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With proper changes in assumptions in the directions followed
by authors like Morishima, one can have a much better approach for study-
ing equilibrium growth. It should be noted in this comnection that in
order to be realistic it is necessary to allow some exogenous trend in
the economy and therefore to introduce a sufficient degree of freedom,

In the above discussion about the von Neumann model it was
noted that in equilibrium certain processes of production are determined
as selected by the economic units. This means that although there are
alternative processes the equilibrium process for any one good exists.
This is similar to the neoclassical conclusion. Later, in the next
chapter it will be observed that under certain circumstances the
coefficients of production become uniquely determined. This is the
content of the so-called substitution theorem. Interpreted within the
framework of pricing of factors this theorem will be shown to have some
valuable implications for the growth models to be studied.

Before concluding this section it should be observed that in the
line of multisectoral growth Johansen has also made a valuable contribu-
tion.l The assumptions sbout technology are neoclassical. However the
more interesting work at present is the one previously mentioned in
which there is an attempt to synthesize the fixed coefficient models
with the substitution models. A multisectoral extension of his work
is most difficult. But satisfaction can be obtained by finding out

1. Johansen, A Multisectoral Study of Economic Growth
(Netherlands: North Holland Publishing Co., 1960).
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various implications of that model with the use of the marginal produce
tivity theory of distribution.

There may be many other growth models but they will, it is
believed, fall into one class or another discussed in this seetion.
In conclusion it may be said that there are, strictly speaking, two
broad categories of dynamic theory, one applying Harrod's assumption
sbout technology, another using the assumption of the neoclassical
theories. Controversies exist about the question whether in the long
run full-employment equilibrium is possible with the working of economic
forces that are often emphasized as characteristic of the freely working

capitalistic economy.

Section VI: Conclusion

A reflection of the arguments and discussions in the preceding
pages will show that the theory of economic growth even in 2ll its
various forms is subject to much controversy. But the complexity of
the real world is responsible for all this. However, for the economist
the value of any particular theory lies not in answering a2ll questions
with which one is confronted in reality, but in deriving conclusions
about the things to which the theory is relevant; and a theory may not
be relevant for all the questions asked. In this work the aim is
neither to develop a realistic theory nor to answer questions about any
practical issue. The object is to find some of the important logical
implications of the models mentioned in the first section of this chapter.
The foremost among them is to find out how distribution of income works

in determining equilibrium growth.



L2

The author's own prejudice is in faver of Johansen's model.
The reason is that it is not only more realistic than others from the
point of view of technological assumptions, but it also gives explicit
recognition to the fact that durability of capital or a production
process, if one may call it, has its role in determining equilibrium,
and it is an important determinant of output. This is not to be taken
to mean that this will resolve the complicated issues about the proper
analysis of the theory of capital with due regard to its complexity.
The most that is hoped at present is that some simple properties that
are not considered explicitly in other models will find explanation in

the one referred to here.



CHAPTER II

HARROD'S MODEL OF ECONOMIC GROWTH AND ITS CRITICISM

Section I: Introduction
The purpose of this chapter is to investigate the properties

of Harrod's model of economic growth. The reasons for the choice of
this model as the center of discussion are: (1) This model has been
the subject of many interesting centroversies and attacks by meny
writers; hence, almost all alternative formulations of the theory of
economic growth can be studied on tho‘ basis of the criticisme advanced
against it. (2) This model has acquired much prominence in the discus~
sion among economists who are concerned with the problem of development
of underdeveloped areas. (3) The problem of economic instability may
be attacked with this type of model or with some modification or exten-
sion of it. (i) This model has its peculiar implications about prices
of goods and factors in general, whose relationship with the problem of
full employment versus equilibrium growth rate is the crucial point to
be discussed.

In the next section Harrod's model will be developed. The third
section is devoted to the concept of instability which is one signifi-
cant part of the model. This is related to the idea of divergence of
actual from equilibrium growth rate which provides, it is held, a basis
for studying cyeclical fluctuations. HMore significant from the point of
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view of the secular trend of the economy is the impact of resources and
technelogicel progress on growth. The model has to suffer much eriticism
on the point that equilibrium growth determined by the usual income
equation and the equation relating saving and investment is unrelated to
the petential growth determined by the inereasing supply of labor, for
instance, and the rate of progrese of lmow-how, though the difference
between the twe may influence the actual development of the economy.

In the fourth section attention is diverted to Solow's eriticism of the
model and to consideration of his contribution te analysis of growth.
The effect of divergence belween equilibrium and actual rates of growth
en the distribution of income and its role in restabilizing the
economy in the long run acquires importance in the discussion. In
regard to income diétribution Harrod's model suffers from lack of
determinacy because it is based on the assumption of a fixed coeffici-
ent of production. The alternstive theory of distribution given by
Kaldor seeks to resolve the problem of income distribution and the
problem of adjustment of equilibrium rate of growth to the maximum
achievable rate of growth at one stroke. In Section V this theory of
distribution will be studied which will be found insdequate to explain
distribution and also it will be shown that it assumes inceme distribu-
tion which is then to be explained by some other theory. Besides, it
will be found that the independence of investment-income ratio assumed
by Kaldor in his distribution theory is arbitrary. One might use the
marginal productivity theory to explain distribution in Harrod's model.
But this does not become precise enough for one commodity model of
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Harrod. In order to keep the exposition simple a three commodity
model is built up instead of a general multisectoral one for explaining
distribution in Section VI, which is the main thesis of the present
chapter. Two of the commodities will be consumer goods and the last
one will be eapital good. Allowing sufficient flexibility of prices
of goods and factors in the market it will be shown that balanced
growth with fuli employment can result. This implies that fixed
coefficient of production is no hindrance to the realization of full
employment growth rate.

In the sevemth section consideration is given to the important
possibility of capital-deepening under certain conditions, which is not
denied by Harrod. Before showing this, consideration is given to the
substitution theorem developed by Samuelson and Morishima which shows
that under constant returns to seale with certain given assumptions it
is possible that a unique ratio between factors becomes observable in
the economy despite the fact that the possibility of substitution
exists. The implication of this theorem for Harrod's model will be
studied, and using a modified dual of this problem it will be observed
that this faet is implied in Harred's theory. However, a discussion
will be presented of the arguments about whether full employment growth
is guaranteed once this idea is intreduced.

In the last section conclusions of the chapter are presented
with a view to the subsequent mclya_is of Johansen's model.



Section II: The Structure of the Model

The fundamental character of Harrod's model is that it is pre-
dominantly Keynesian. It is distinguished from the latter in that
investment is more specifically a dynamic element of the economy. Harrod
gives inwshnx_tb 2 twoefold character, namely, that of creating income

via the multiplier and that of creating additionsl capacity.

It ie assumed that investment in any time is planned by
entrepreneurs in such a way as to maintain a certain constant relation-
ship between change in income, dY/dt, at that time and investment, I(t).
That is, a constant acceleration coefficient is assumed. Thus with
¥(t) as income at ¢ and I(t) as investment (both regarded as functions
of time), and O, as the acceleration coefficiemt:l

IT-1 I(t) = Cp g

The above squation gives the ex-ante investment of the entre-
preneurs. Jt is meant to be behavioral in nature expressing the
inducement to investment proportionate to change in output. It is also
a technological assumption, however, saying that there is a constant
proportion of capital, K, employed per unit of output Y. It is not
necessary that investment expost should satisfy the above relationship
except in oquﬂibrim

lrhe formulation of Harred's model here is based on R. G. D.
Allen's Methematical Economics (London: Macmillan and Co., Ltd., 1957),
pp. 6«69, For similar versions see D, Hamberg, Economic Growth and

Instability (New York: W. W. Norton and Co., Inc., 1956), Chap. I1l.
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Another significant assumption is about the constancy of the
marginal and average propensiiy to save. If s is the savings coeffici-
ent and if 3(%) is saving at time %,

I1-2 S(t) = sY(t)

This is the equation for the planned saving for the community
as a whole. All the plans for saving out of current income ave assumed
%o be reslised.

Equilibrium requires that ex-ante saving should equal ex-ante
investment at all levels of inecome. That is, with a given savings
coefficient there should be at any time a rate of investment which
will insure a sufficient level of demand "to leave producers content
with what they have done." The equilibrium condition is:

11-3 s¥(t) = c,.%

This is a simple differential equation whose sclution is:

II-h 7(t) = ke®/Cpt
where k is determined by initial conditions and '/Gr = Gw is called the
warranted rate of growthe It shows that hmqn has to grow at the
exponential rate of 8/C,. This gives the equilibrium time path for
output and eapital as well. The rate s/C, is sn equilibrium rate
because "if it is realized it will leave all parties satisfied that
they have produced neither more nor less than the right amount. Or,
to state the matter otherwise," to gquote Harrod, "it will put them in a
frame of mind which will cause them to give such orders as will maintain
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the same rate of gronth."l

In sctuality, however, the equilibrium so defined may not exist
and the rate of growth may not equal the warranted rate of growth. The
precise explanation of this statement will occupy the next section.

But in Harrod's line of reasoning the difference between the warranted
rate and actuel rate of growth resvlts from the fact that sctual
capital-cutput ratio and the desired capital-output ratio may be differ-
ent. The totality of events in the economy mey result in a capital-
output ratio, C, in the comminity whereas the required ratio is C.. If
C = G, equilibrium exists and is self-perpetuating. If there is
inequality between the two the actual growth rate, G, is different from
G,» The equations for G and G, are then given as

II-5 G = 8/C

II-6 a, = I/Gr

From the above equations it ecan be seen that il G has a higher
vailue than G, with s constant, C will have a value below G, which
means that on balance producers and traders find the goods in the pipe~
line or the equipment insufficient to sustain existing burmover.’
Regarding this as an extraordinarily simple and notable demonstration
of an advancing system Harrod argues that "around the line of advance,

which if adhered to would alone give satisfaction, centrifugal forces

liarrod, “An Essay in Dynamic Theory," Eccnomic Journal, 1939,

Pe 16.
2jarrod, Towards a Dynamic Economics (London, 1948), p. 85.
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are at work, causing the system to depart further and further from the
required line of advance, "t

Section 1il: Instability

At the outset of this dlscussion the explanation of the term G,
is considered worth repeating, because of its relevance to the explana-
tien of instability. Considering C, as a term in the production func-
tion meaning thal one unit increment of output requires Or unit inecre-
ment of capital it 18 clear that with less than Gr unite of increment
of capital the production of an additional unit of output cannot be
aghieved. Take the following two relationships

Ii-7 and

d!ol a O
@ IE)

11-8 (- O N N

where I(t) is the ex-ante investment and I(t) is the expost investment.
It is hard to distinguish between I and I, along the line in which the
accelerator is defined. By introduecing lag, however, one can explain
the divergence between warranted rate and actual rate. The following
arguments are subdivided into special cases depending on the assump-
tions made in explaining instability. In cases A and 5 the arguments of
other writers are given and in C some other possible explanations are
discussed.

lIbid-, Pe 86.
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Case A. Here are summarised the arguments of R. U. D. Allen.t
If all the squaticns are put in the pericd form,

119 I(8) = © 5%(8) » 0 [X(E) - X(t=1) 7

Thie investment 1(t) may not be realised. If saving has one
period lsg and 8(¢) = s¥(t~l), because 5(t) is exactly reslised expost,

T1-10 §7(t=1) = 1{t) = investment expost.

The difference between I(t) and I(¢) bas an impsct on business
conditions by generating greater or less pressure on demand than would
be in equilibrium when the two were equal. If the difference is written
88,

1111 B(e) = 1(8) = I(t) = & { X(6)=T(b=1)f= s¥(bed).

5 positive value of D(t) means that there is an exvess demand
for investment goods in period t, the megnitude of this excess being
determined by the value of I(t) and I(t). If D(t) is negative there
is surplus of saving or excess of investment supply.

If 4t is sesumed that in perdod t+1 output is plasned in such a
way as te fill up the deficiency or remove the surplus,

1412 T(69) 3 X(8) + (L) = X(8) + Cp{ X(B)-Y(b-1)} -s¥(tel)

= X(8) (140)=¥(=2) (G, + )

In this formulation it should be noted that output in ¢+l wae
meant just o £ill up the deficiencies of the past income or remove the
surplus, if there were any, and if D(t) were szero the output at t%1
would be naturslly at the stationary level in which it was in t. The

1alden, op. cite, ppe Th=78.
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fallacy of this argument is cbvicus. [However, the result may be seen.
11«12 is a sscond order difference equation whose charscteristic roots
depend on the values of C, end s. Allen’ suggests that for lkely
values of C_ between l-s and 14276 the course of Y(t+1) given by II-12
iz an explosive oseillation.

Another model formulated as an improvemant of the one given
sbove is built up on the assusption that output at ¢+l grows at the
mrumanh. Thus the model takes inte considerstion that whereas
output grows at the warranted rate any discrepandy of the previous
period ig also sought to be removed. Thus,

11-13 (e} = (39G,) 7(e) + B(s).

s (140) 1(8) + 0, [¥(6)=1(ted)_7 ~s¥(twl)
s (140,+C )Y (%) = (Cpee)¥(t-1)

This is another second order egquation whose sclutions are
140, and C.. Agein 1t is sald that for likely values of s and G, the
path of 7(t) is noa-cseillatery end explosive.?

This leads to the conclusion arrived at by Harred, though by a
different route, that the dynamic system is unstable.’ Henss & slight
departure from squilibrium is likely to be explesive. In such a case

11vide, pe 76+

21uide, pe 773 the details of the solution and the discussion
about the varicus possibilities of the behavior of Y(t) need not detain
one here. :nunuuac,ummmhmummmm
sion reached above.

3¥er similar proof of instability see D, Hawberg, op. eit.,
P 202-20k.
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the only explanation about the stabilization of an economy should turn
on the possibility of the limiting forces acting on the parameters of
the system. Thus an economy may be thrown out of one regime--one
regime being that in which one particular set of values of parameters
rule--to another. This possibility cannot be accepted for a model which
is based on the assumption of fixed values of the parameters.

Cese B, Another interpretation of instability may be considered.
In this case the concept of equilibrium requires some explanation. It
is held that the very nature of warranted rate of growth is that this
is the resultant of all forces that drive the various components of the
economy into equilibrium relationships with one another and describe a
time path for them that the relationships hold forever unless some
external forces disturb them. In such overall development of the
economy an external disturbance that drives the economy out of equilib~
rium path may generate forces that lead the economy away from equilib-
rium. But as time passes such forces may be swamped by the equilibrium
tendency of the economy. In such case the economy may be perfectly
gtable. | As an important representative of this class of instability
analysis the arguments of Jorgenson may be considered.l The substance
of Jorgenson's argument is as follows:

When investment expost is less than ex-ante investment there is

excess demand. In such a case the entrepreneurs react Lo excess demand

1D. We Jorgenson, "On Stability in the Sense of Harrod,”
Economica, XXVII, No. 107 (1960), 2h3-52.
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by ordering more investment goods and at the same time they maintain
the warranted level of output. If D(t-l) is defined as excess demand
at time t-l, it can be conceived that it may grow in the next period.
This is in line with the previous reasoning. However, the growth of
excess demand depends on the nature of the reaction of the entrepreneurs.
Assume that excess demand is growing at the rate k. Then,
II-1h Excess demand at t = D(t) - (1+k)D(t=-1); D is as
previously defined. k is assumed to be greater
than zero. Using II-11,
11-15 Y(t) = CY(t=1) + (s/C)Y(t=1) + D(t)/cr,
Y(t-1) (1*a/cr) + (l*k)/cr D(t=1);
Y(t=1) (1+G,) + (1+k)/C, D(t=1).

i

Thus,
T1-16 D(t=1) = C,{¥(t-1) = Y(t=2)§ =~ s¥(t-2)
Inserting IT-16 in IT-15 and multiplying both sides of II-15
by C, there is by rearrangement of terms,
11-17 Opf§(8) - Y(6-1)F - sT(+-1)}= (1K) /5,
Y(t=l)-Y(te2) -
sY(t=2) 7
This equation can be further rearranged to yleld:
11-18 T(t) = Y(£-1){(14,) +(1+k)} - Y(t=2)(1+k)(1+G,)
This is a second order difference equation with roots 1+G, and l+k.
The solution can be written in the form:
I1-19 ¥(t) = &) (140)% + 2, (140
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vhmhnndlam“‘umhy initial conditions. The course of
¥(¢) is naturaliy determined by the dominant roet. If 0 >k warranted
rate of growth will be arvived atj; this can be regerded as & sufficlent
condition for stability of Harrod's dynamics. It can be conjectured
thet O, is always likely to exceed k. Thus Harrod's conclusion need not
hold for ali situstions where warranted rate ie different from the
actusl rate.

Ferhaps the significant point in the above argument lies in the
fect that for a smell departure of the actusl growth rate freu the
warranted rate of growth the latter remeins dominant in the system and
the stress of excess dewmsnd or excess supply elowly withers eway. In
order to have explosive movement the deviation of the actual rate from
the warranted rate should be such as %o dierupt all balance altogether
between the varicus sectors of the econonmy.

Cne might alse interpret the rcle of k in another special way.
In a disequilibrium situation 4% msy not retain one constant value. As
time advances it may become smaller and smaller. This implies that the
wistakes of the decision-makere will decrease over time. ian the
asighborhood of equilibrium it aay be so. Dub whether it can be so in
:ndmu«».«,mm«m.mmra'rma-bmum
conditions, ie a question which cannob be answered without golag to the
analysis of market mechanism in all phases of the development of the
economy in detail. Among other things, it should be cbserved, although
Jorgenson dves not argue in this line, that the inability of entrepre-
neurs to accumilate stocks or to decumulate them determines the value
of k.
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Although in the above discussion the concern is with the situa-
tion wher there is a departure from the equilibrium, the same argument
can be applied for the condition of restoration of equilibrium of the
economy when it is not in equilibrium to begin with.

There are yet other possibilities for describing the course of
events resulting from the divergence of actual from the warranted rate
of growth. In what follows are presented three different mdels.l

Case C. If it is assumed that increment in output at time ¢
results from the investment in period t as before,

11-20 Y(t)~Y(t=1) .% 1(t).
r

Assume that in period t-1 the capital-output ratio was C#C,, i.e.,
II-21 C § ¥(t=1)-T(£~2)§ = I(t)

The difference in the lags given by the two equations above show the

difference between the desired ratio and the actual ratio of capital

to output in the margin.

11-22 T(t) = I(t-l)(l*-g ) = 6/6,_ T(t-2)
o

The solution of the above yields two roots 1 and C/C.. If
C/Cr'? 1, the economy will grow at that rate; if not it will tend to be
stationary. Another way to depict the situation is to assume that
investment in period t leads to increment in output at t+l. Thus,
instead of I1-20,

11-23 I(t) = Cp {X(t41) - Y(¢)

Lrho following line of reasoning is suggested to the author by
Professor Paul Simpson.



Equating this to II~21,

I1-2l I(t4) = ¥(b) = C/C, {T(b=1)~¥(t~2)} = 0

The above is a third order difference equation which has three
roots, + [C/C,y = JC/Cps and 1. The sclution can be written in the form:

IT-25 Y(t) = &) (NT)Y ¢ 1y (~NTT6)" + 2

In the above solution it may be observed that output will con-
verge to a stationary level if C/C,<1. In the opposite case it may
grow if A1+12> 0, and A1>A2. However, if ‘1 = 12 there is oscillation
and Y(t) becomes explosive for large even value of t.

In the above models it 1s easily seen that if C = C, output in
each period would rise by the same amount as it did in the previous
poriod.l The role of saving is not quite obvious, because what part of
income is saved by the community has not been considered nor its effects.
If a more complicated system is built with equations involving savings,
this would naturally be a more complete model, but the gain in precision
is doubtful. Moreover the above analysis leads to an entirely different
notion which is not consistent with Harrod's analysis. It seeks to
establish a different growth pattern which would be an equilibrium one
with different initial conditions. It is possible that if the assump-
tions underlying the model are not so different as to distort Harrod's
model, the instability would mean merely passage from one equilibrium
to another. This interpretation obviously implies a special meaning

l‘rho series of output describes an arithmetic progression.
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of stability.

The savings function may now be considered, keeping the assump-
tion of Harrod that iami.ngn decision is always fulfilled. Using the
saving~investment identity the following equation is obtained:

11-26 gY(t) « s¥(t-1) = I(%) - I(t-1)

Further, let I(%) and I(t-l) be given by the equations
11-27  © I(tel) = O { ¥(tel)-T(t~2)

and I(t) = C {¥(t) - Y(t=1)7¢

Combining II-26 and II-27 and rearranging the terms the follow-
ing is obtained:

I1-28 (8+C)Y(t)=(8=C=C,) ¥(t=1)<C, X (t=2) = O

This model is straightforwerd enocugh to require no explanation
in particulsr. The roots of I1-28 are 1 and C,/(C+2). The sclution
can be written as

11-29 X(6) = Ay*hy {C /(C-8)} ©
where A1 and ‘2 are determined by initial conditions. This solution
resenbles another growth equilibrium. The term, C./(C~s), can be com-
pared %o the warranted rate of growbth in Harred's model, if C, = C.
In the present case, however, if C-s >C, and C #+ s there will be a long
run tendency for the income to converge to a stationary level. If
Cp >Ces and if C 7 s there may be 2 growth rate that is different from
the varranted rate of growth. This possibility is not without signifi-
cance, It is not impossible to imagine a situation in which preduction
took place in the previous period with full utilization of capacity and
later on excess capacity was allowed as a matter of business pelicy, or



58

the change in cépital-ou’oput ratio was accepted by the entrepreneurs.

But the disequilibrium interpretation of the model is important
for Harrod's case, In a case where '3>t‘.§r excess capacity rules in the
economy and this is undesirable considering the production technology.
Although for C,<C <C,+s there still is growth in the above model the
entrepreneurs are not to be thought of as satisfied with the new
capital-output ratio which is the result, for instance, of the undesir-
able piling of the goods or otherwise. The removal of this from the
point of view of the entrepreneur can be effected by reducing output
which leads to further rise in C. Thus output will conceivably fall
at an accelerated rate. Similarly, one can argue about the case when
<0, which leads to higher and higher output, than under the warranted
rate of growth.

In this kind of analysis of disequilibrium the model of Harrod
does not give any precise notion of how the values of the parameters
react during the process of departure from the equilibrium. It is not
always true to assume that savings decisions are realized, for example.
Perhaps Harrod is not to be blamed for that, because the main objeet in
formulating the model that has been studied here was only to establish
the properties of equilibrium rate of growth. The events that oceur in
disequilibrium were naturally left for trade cycle theory. The notion
of inherent instability that was emphasized and which implied that the
movement away from equilibrium would be explosive is a subject that
requires study in the framework of a model which takes adequate account
of entrepreneurial .expootation and the reactions of the economy as a
whole.
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The above discussions about instability are, however, very
significant. This is so because the equilibrium defined by Harrod may
be realized in reality only in exceptional circumstances. If warranted
rate is different from the actual rate one is naturally inclined to
inquire whether there can be any other form of equilibrium path taken
by the economy. In the short run there are many possibilities for the
economy. But if the warranted rate is to be regarded as long-run trend
of the economy the problem of instability should revolve around the
question of whether equilibrium so determined and experienced is con-
sistent with the long-run trend in the availability of factors, markets
of goods, and technological promn, and so on. When Harrod speaks
of "warranted rate of growth" it is a sort of quasi-long-run equilib-
rium. It does not satisfy the rule of consistency with the other longe
run tendencies of the economy necessarily. This is one reason for the
instability of the equilibrium growth. Moreover if warranted rate is a
genuine long~period equilibrium concept the stability can be expected.

To sum up, Harred's argument about instability says that any
shock in the com leading to actual eapital-output ratio different
from the capital-coefficient or an actual growth rate in capacity
different from warranted growth rate sets up a tendency for disequi-
librium, there being no forces to reconcile the two rates of growth.
However, it is possible in a long-run balanced growth situation for the
economy to be stable, as Jorgenson's argument shows. Because there is
possibility that the force that emerges to drive the economy further
from equilibrium withers away. There is further the possibility for the
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economy to settle down to neutral equilibrium provided the conditions
are favorable for this to happen, as was seen in the last model dis~
cussed above. Harrod's model is not quite conclusive on the point of
instability and' also not very clear. In order to understand this part
of his theory it is necessary to study thoroughly Harrod's picture of
the longerun tendencies of the economy.

Section IV: Warranted Rate and Natural Rate of

Growbth; and Solow's Criticism of Harrod's Model
Warranted rate of growth in Harrod's model is the resultant of
the basic equations relating saving and investment assuming the

behaviors of savers and investors. This growth rate is sufficient to
Justify the actions of producers. But at the same time the economy may
not be in fulleemployment equilibrium.

The rate of growth which the increase of population and the
technological improvements allow is called the "natural rate of growth."
He says that natural rate of growth or "Gn represents the line of out-
put at each point of which producers of all kinds will be satisfied
thet they are making a correct balance between work and leisure." Tt
is the maximum rate at which income can grow at an economy. Looked at
from the point of view of factor supply it may be regarded as a full
employment rate of growth.

lHarrod, Towards a Dynamic Economics, p. 87.
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In Harrod's model fulle-employment rate of growth and warranted
rate of growth can be equal only by chanece. But if warranted rate of
growth is higher than natural rate the actual rate of growth tends to be
lower than the warranted rate most of the time and vice versa. With
the help of this peculiar relationship between G, G,y and G, Harrod
seeks to explain how secular stagnation or secular inflation are pos-
sible. Just in terms of probability it can be seen that the chance of
equality between all the growth rates is negligible!

The independent behavior of G, from Gn is rather doubtful,
because economic equilibrium is liable to be affected by G,» But for
Harrod the influence of G, lies in determining the direction in which
the economy in disequilibrium should move. The direction of movement
is not toward the achievement of full-employment equilibrium but for
the contrary purpose, namely, to intensify disequilibrium.

The difficulty which this kind ef analysis presents is to be
found in the lack of its adequate explanation about how market mechanism
affects the value of the parameters in the model, especially if the
economy does not tend to equilibrium. But the defect of Harrod's medel
most often emphasized is the assumption of a production function with
fixed proportionality of labor and capital or of inputs in general.

The assumption is valid at best in short periods only. Hence Harrod's
model has utilized, in faet, a short period tool for dealing with long
period problems. In the short period when there are fixed types of
capital equipment available in fixed quantity the analysis with Harred's
fixed coefficient assumption is realistic. But in the long run new
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capital goods can take different character. Se¢ it becomes mere realis-
tic to assume that there are & multiplicity of combinations in which
factors can be used to produce a given amount of outpute Thus it may
be 2 better approach to assume a production function which preseribes
various proportions of factors that can be used per unit of output
under 2 given technological enviromment. If there is a change in know-
how or change in the technology it can be represented by change in the
shepe and/or position of the function.

If one assumes variability of proportion of factors it is not
hard to see how one can derive a system under which the growth rates will
converge to the naturel rate of growth, determined by the rate of growth
of factor supply and technological progress. The argument underlying
this possibility is subject to many assumptions, of course. But the
possibility, traditionally used by economists, remains that relative
prices of goods and factors act as forces to drive the economy to full
employment rate of growth. It is said that the lack of possibility of
factor-substitution produces the "knife-edge" situation characteristie
of Harrod's model.

In fact, it is possible to cheoose a number of production func-
tions which fulfill the assumption of factor-substitution and it is not
hard to get one which insures equality between natural and warranted
rate of growth with stable properties. Solow™ in an important article

1g, M. Solow, "A Contribution to the Theory of Economic Growth,"
Quarterly Journal of Economics, LXX, Ne. 1 (1956), 65-99. For a similar
discussion by T« We Swan see "Economic Growth and Capital Accumulation,"
Economic Order, XXXII, No. 63 (1956), 33h-361.
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has not only shown such possibility but also has made explicit the
defects underlying Harrod's model. Hence it is considered werthwhile
to consider his arguments at this point al some length.

The production function may be assumed, according to Solow, as

I1-30 Y » F(K,L)
where Y is the total cutput at time ¢, K, the total stock of capital and
L the total supply of labor at time t. Capital goods asre measured in
physical units. It is assumed that the production given sbove is con-
tinuous throughout.

Agsume that s is the constant marginal and average propensity
to save. At time t the total saving is

II-31 s¥(t) = eF(K,L)

et investment at t is given by dK. The following equilibrium
condition results: "

11-32 %x = sF(K,L)

Assume that labor supply is growing at a constant rate n per
unit of time. Though the introduction of the term for neutral techno-
logical progress does not complicate this model, it is omitted for the
present. With L(0) as the initial supply of labor total supply of
labor at time t is given by the following expression:

11-33 L(t) = L(0)e"™
Inserting II-33 in II-32

II-3L % = sF{K,L( 0)e™ 3
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With Solow one can assume constant returns to scale; this
means that II«30 is homogensous of degree one in XK and L. One can
write this equation in the following form in which X/L = r.

11-35 () = L(0)e™F(r,1)

Since K = Lr = L(0)e"r,

(dr + ar)

Hep %‘é s % 1(0)e™ nrio)e™ o L(e)ont F

Combining II=-32, IT«35, and II-36

I1-37 L(0)e™ (5 + nr) = sL(0)e™ R (x,1)

Cancelling the common factor L(0)e™ the basic equation of this
model is
II"'Ba % + nr = ’r(r’l).

11-38a % = sF(r,1) = nr

The rate of change of capitale-output ratio at each point of
time is %f. This rate of change has its course determined by the terms
on the right hand side of the equation II-38a. The solution may take
any kind of shape depending on the nature of the production function.
If there is a production function such that for some value of r, %’; in
II-38a becomes zero r remains constant at that value. Then capital
will grow at the same rate as labor. This means that warranted rate of

growth equals natural rate of growth. Even though a function of this

type may be found it is not certain whether the value at which g{ N

is unique. Further, there is the question of stability of such point.
If the function F is of the Cobb-Douglas type the solution of II-38a can



be illustrated in Figure 1 by the thick curve.

Figure 1.

In the figure sbove r" gives the solution with $F = O for the
function F. This solution is stable. For the global stability the
condition r>0 is required because r = O is another solution though
unstable. It is st the value r = r* the ratio of capital to labor
remains constant such that the warranted rate of growth of Harrod is
realized and maintained. At any point r>r* or r<r®, sF(r,1) is
either greater or less than nr. This sets up tendencies which ulti-
mately lead to r*. Any point aside from the origin could be chosen as
an initial condition and the forces will operate to stabilize the

dynamic system at the equilibrium ratio r".



The dotted curve in Figure 1 obtained by assuming different
form of the function F = Fl does not possess the property of having any
mm point at which % becomes zero. There are three 'pnsntu at which
r becomes constant, namely ri, r?, r3. At rt there is stability within
some range of r. Point r° is unstsble. Point r3 is stable for the
values of r>r?. l

The existence of a production funetion which allows continuous
variability of factor-proportion does not necessarily produce or
guarantee a unique and globally stable system. One ean have a produc-
tion function which leads to a constant solution for r that might be
unstable even locally. This obviously happens in the case where the sF
curve cuts nr from below. If this possibility is ruled out there are
yet other situwations in which no equilibrium with constant r may exist
at all. In Figure 2 the two functions F = Fp and F = F3 illustrate this.
The curves are adopted from Solow.® The dotted lines used by the
author illustrate the case of linear homogeneous function in which
there is the possibility that if the coefficient of L is zero in the
equation of the type Y = ak#bL the two sides of II-38a will be equal
to zero for all r if sa = n. For £, however, there is a stable unique
point, r*, at which r remains constant.

If F = Fp, sF(r,l)-nr does not tend to equal zero. There is an
ever increasing capital-labor ratio aside from the point r = O. In case
of function F = F3 there is the reverse situation of an indefinitely

1361&, ops cit.
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falling capital-labor ratio. A similar argument holds for the line F'.
In such cases warranted and natural rates of growth cannot be equal.®
~ The gain from the above arguments in demonstrating the possi-
bmwcwdmhmm. The "knife-edge" situation in
which G equalled G, under the assumption of fixed proportionality of
factors was not very plausible. mnm¢mmmmty
assumption about factor proportions, too, a way out was not found
WWW‘MM#M&M&%’RM
could prove that a production function of this type fairly approximates

5 lxtmb.mmmtmmnuecwnmum
may not be realized either.
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reality a case for the inevitability of equality between the two rates
could be justified. Then this would justify that Harrod's warranted
rate would exist. But in most cases the Cobb-Douglas type of production
function has been assumed rather than proved reliable. The use of this
function has been made to explain income distribution or in finding the
nature of technological progress.t

For 2ll varieties of production function implied by the illuse
trations above the movements of the ratio of capital to labor should be
considered as taking place in the framework of market. Choice of any
ratio depends among other things on profitability. Even in a constant
factor~ratio case of Harrod's model if it could be shown that market
mechanisms lead warranted rate of growth toward natural rate of growth
this model would have a stable property. But the contention of Solow
is that in Harrod's model the forces of market as a mechanism for
adjustment of warranted rate of growbth to natural rate is in general
non-existent and moreover factor-prices ecamnot be meaningfully
determined,

To see this a return is made to Harrod's model, again neglect-
ing technological progress. Since fixed coefficient of production is
assumed the isoquant representing the ratio in which the factors can be

lsee A. Smithies, "Productivity, Real Weges and Economic Growth,"

1y Journal of Economies, LXIV (1950), 189-205; R. M. Solow,
%cclmo ogical Progress and Aggregate Production Function," The Review
of Economics and Statistics, XXXIX, No. 3, 312-20. In his book, A
Multisectoral Study of Leonomic Growth (Amsterdam, 1960), Leif Johansen
uses Cobb-Douglas production function. The reasons for this are perhaps
the absence of any other convincing and convenient functions.
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Mfuadm”du%hmchmuu
mm:u mwmmeummwu
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If the amount of output produced were 1, then in Figure 3
.m-wcmm.ubmu«mwm-mm. If availsble
capital were more than this the production would not increase, because
mmm-m Hence the production function can be
written, following Solow, as follews:

I1-39 Y = F(KL) = -u(,.%i
where a and b are positive constants. The meaning of the right hand
term in the above equation is simply that the amount of output is



determined by the scarce of the two factors assuming the respechive
coefficients a and b, If, for instance, labor is relatively scarce then
this would limit the amount of output produced despite the profuseness
of the supply of capital in the economy.

Following the previous procedure the following analogue, accord-
ing to Solow, of equation II-38a for equation II-3% can be written as
follows:

11-40 %asm(.:l !1’) - nr

Since the scarce of the two factors becomes a bottleneck, if

-::< %, the following equation will hold:

dr T
IT-h1 '&'t""('a’ - nr

For% = 0, which is true for Harrod's model, it gives £F « ur,
or n = s/a. The warranted rate of growth in Harrod's model is s/a,
the term a being equal to .. If r/a >1/b, then r >a/b; in which case
the relevant equation should bes

dr s
2 — -
II-h ik nr

For%.O, s/b = nr, “r'%ﬁ'
The situations deseribed above and the properties of Harrod's
model can be graphieally illustrated with the device used by Solow which
is reproduced for reference as Figure L.
In Figure b, sMin(Z,}) has slope s/a from origin omwards until
r = 8/b is reached, At r « a/b none of the factors are bottleneck. For

values of r greater thau a/b the graph of e!ﬂ.n(.}i',%) has its function
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value s/b throughout. It is easily seen that only for some values of r
ncmmumtotummdm But if
nﬁm,h‘ﬁmWMW1£mm'mcm
the equality? Solow argues as follows.

If ns 5}:/:. nr is always greater than Mﬁ.%) which
implies that r will always have the tendency to fall as laber supply
grows. Assume an initisl value of r as r, > a/b. In that case the
equation IT-42 will hold, with n replaced by my. The solution of this
q‘ainhrg(r.-*)o"‘ﬁ". As t increases r will tend to the
mi{,ﬁ,ummumm. It lies to the left of a/b.
The tendency to move teward £/mb persists because when r = a/b is
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reached, movement to the left of a/b occurs and capital becomes bottlee
neck and equation II-Ll begins to hold. The solution of this equation
isr e g‘(s/a * )% = %), Singe s/a<n, r will tend to zero as t
inereases indefinitely.

But if n = ny = s/a, warranted rate is equal to the natural
rate. With an initial value of r = r,>a/b, r decreases to a/b because
labor has become bottleneck. However, it would not fall below a/b
because this will create bottleneck in capital. If r = P a/b
initially there is a superfluity of labor. Capital is accumlating at
the warranted rate s/a. Thus r remains at r, over time "in a sort of
neutral equilibrium."’ Any superfluity of labor that existed initislly
will remain. This illustrates a peculiar situation of equality of
warranted rate to natural rate with unemployment or a2 situation which
Kahn would call a "Bastard Golden Age Economy."?

If n = n3< 8/a warranted rate is higher than the natural rate
of growth. In this case there is value of r = -63!5 at which the economy
is in stable equilibrium. Here the marginal productivity of capital has
fallen to zero. The stability of equilibrium at this value of r is
obvious if the initial condition is assumed to be r >a/. If r <a/,
since s/a> ny, r increases exponentially at the rate s/a - ny; when
r = a/b is reached it tends steadily to l/(lle).

1solow, "A Contribution,” p. 75.

2R, F. Kahn, "Exercises in the Analysis of Growth," Oxford
Economic Papers, XI, No. 2 (1959), 150.
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This equilibrium is not to be interpreted as one characterized
by excess capacity, strictly speaking. As a matter of fact superfluity
of capital under equilibrium conditions means that capital has become a
free good. Similarly any equilibrium point along the thick segment of
the line nyv in Figure L, other than r = a/b, is characterized by
superfluity of labor, and hence labor is a free good. In such cases,
Sclow argues that the marginal product of the scarce factor is the whole
product and that of the superfluous factor is zero. Consequently the
distribution aspect of Harrod's theory interpreted in this fashion
seems too simple to provide an insight into the working of the market
forces. It is alleged that this is the consequence of the assumption
of fixed proportionality of factars.l

Moreover, if in Harrod's model represented as above warranted
and natural rates were equal with r = a/b in Figure L, the distribution
of income between labor and capital remains indeterminate. If S is the
return per unit of capital and w is the wage rate per unit of laber,
the total cost of producing one unit of output becomes a2 § + wb, because
a units of capital and b units of labor have been used for producing
one unit of output. Since the total wage and total return on capital
exhaust the product, the equation a S+ bw « 1 is obtained. Thus any
positive value satisfying this equation is consistent with equilibrium.

lgamuielson has made a similar observation in "Wages and Interest;
A Modern Dissection of Marxian Models," American Economic Review, XLVII,
No. & (1957), 88L4~920. Note especially The short passage: "Ihe case of
a single fixed-coefficient is 2 very peculiar one indeed. Increase
labor by epsilon and its share of the product may go from 100 per cent
to zerol™ p. 906.
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If any production problem, static or dynamic, is considered, it
is generally accopt'od that it has two aspects. One is directly con-
gerned with the finding of various possible outputs under the technologi-
cal conditions given, and furthermore, with the finding of the condition
under which equilibrium of some sort is attained--usually the maximum.
The other is the dual aspect of the problem, namely, finding the value
implications of the various production possibilities. This was the
line adopted precisely in the above anslysis. In a model with variable
factor-proportions the same type of reasoning leads, with the tradi-
tional approach of the neoclassical economists of course, to the
simple marginal productivity theory of distribution.

If the statement that the excess supply of any facter in
Harrod's model leads to its zero marginal productivity is reflected on,
one is naturally inclined to ask, "What is the marginal product of each
factor when none of the factors are in excess supply?" If there were
an answer to this question indeterminacy of factor prices would dise
appear. If there is no answer to this question there seems little
justification for using the marginal productivity concept in deseribing
distribution in any type of equilibrium situation that is worth the
name in Harrod's model. If capital and labor were free goods they
would disappear from the production function too--the whole economic
problem would then cease to exist. If either becomes free, there is
possibly something wrong with the analysis. Capital is not only a
factor to be allocated but it is also a consequence of the allocation
process and it has a real cost involved in produeing it. If it is
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abundant to the degree of superfluity the economy is in disequilibrium.
Similarly if lsbor is getting something less than what can keep it
alive and working there is, disequilibrium.

As will be apparent later, the marginal preductivity theory of
distribution is significant for Harrod's model as for other famous
economic models. Solow's criticism, though it reveals some important
properties of the medel, is not valid as far as distribution is cone
cerned. Lven with the fixed coefficient assumption adjustment of the
werranted te natural rate could be explained as being possible just as
in the neoclassicel model if desired, This will be returned to later.

Distribution accerding to the marginal productivity theory may
not be quite apparent for Harrod's medel at first sight. There are
scme writers who are skeptical about the application of this theory in
wicro-economics. One of the most prominent is Kaldor. His alternative
to the marginal productivity theory is preeminently designed to explain
distribution in aggregete economic analysis and also is used by him in
his own dynamic model.l In the next seetion his theory will be
considered.

Section Vi Kaldor's Theory of Distribution?

and Its Criticism

Given two classes of income-recipients, owners of capital and

lﬂo Kaldor, "A Model of Economic Growth," Economic Journal,
LXXVII, No. 268 (1957), 591-62k.

2y, Kaldor, "Alternative Theories of Distribution," Review of
Economic Studies, XXIII, No. 6, 83-100. See especially pp. 94=100.
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laborers, the pattern of disposition of their respective income between
consumption and saving is significant in the distribution of income
between labor and capital. This is basic among the important premises
on which Kaldor's theory of distribution is developed. In the Keynesian
model, given the marginal propensity of the community to save, total
saving and investment are equalized by the variation of income and
employment. If full employment is assumed and if the level of output
is given, in Kaldor's model saving and investment are equal through
variation in wage and profit if the saving propensities of the two
classes are given. He says that "the prineiple of the multiplier . . »
could be alternatively applied to a determination of the relation
between prices and wages, if the employment and output is given': and
vice versa.

The expost saving-investment identity is S = I. The total
income is divided into wage W and profit P. Thus there is another
equation relating income to distributive shares.

II-k3 T=W+PpP

Wage earners and profit earners have their respective marginal
and average propensities to save equal to g and 'p' From this the

aggregate saving equation becomes

TTwlily S= %W + lpP
It follows that I = apP teWe ap? + a'(I-P); which results in

the basic equation of Kaldor's model:

llbid., Pe 9ho
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P
II-45 = e (:p - 'w)"f + 8,
and
P 1 I
II-h6 - — - . %
Rl 5, - 8, Sp? 8y

For interpreting II-h6 for the purpose of the distribution theory one
important assumption is necessary. It is that the term I/Y should be
independent of savings decisions. If this assumption is made the share

of profit in total income varies with I/Y. If s > 8,5 P/Y varies

®p
directly with I/¥, and in the reverse case the relation is inverse.

For 8,7 8,, it can be seen that P/Y can be negative if s,>1I/Y. Thus,
if labor does all the saving and also finances the consumption of the
capitalists, labor will be exploiting the capitalists! On sueh points
more will be said later. Here it should first be noted that for stabil-
ity, according to Kaldor, By, > 8y though the precise meaning of
stability is not obvious. If the condition was supposed to rule out the
possibility of negative profit and implied that level of profit should
be taken into consideration in determination of I/¥, then a separate
theory of prefit is required. But this is not done.

Another assumption that is required for this theory to be valid
is that there should be fulleemployment; because under conditions of
unemployment there are other forces influencing wage rate and profit
rate.

In the equation IT-46 if s, = O, one special case of distribution
arises. In this case P = I/ap. This says that profit increases if

entrepreneurs' propensity tec save is low. This is deseribed as the
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"Widow's Cruse" theory of distribution.) With s, = O profit being
determined by Sp and I wage becomes a residue.

The above theory is internally consistent only under certain
eonditions, as Kaldor oxplaina.2 Firstly, the theory holds only when
& minimum wage condition is satisfied. This implies that profit ean
grow only within some defined range given the level of output and the
nunber of workers in the ‘cnmny.3 Secondly, the profit rate cannot
be below a certain minimum, determined by uncertainties, or the degree
of monopoly, and so forth. Lastly, profit should not be relsted to
capital-output ratio. That is, eapital coefficient should not be
sensitive to P/Y.

If these anﬂnpt‘.iona are satisfied then according to this

theory Harrod's model acquires some important properties. The first to

1his theory was first mentioned by J. M. Keynes in his book,
A Treatise on Money (London: Maemillan Co., 1930), I, 139. For other
references see above, Chapter I, p.

%Kaldor, "Alternative Theories," pp. 97-99.

3 This is clearly recognized by Joan Robinson whose theory of
distribution is basically similar to the one being discussed here. The
following quotation exemplifies this. "A higher preoportion of investment
wages to consumption-wages entails a higher ratio of quasi-rent to wages
bill in the sales of commodities and a higher share of quasi-rent is
likely to give rise to a higher level of consumption expenditure out of
profits, which, in turn, entails a higher share of quasi-rent . . . the
more the entrepreneurs end renmtiers (taken as a whole) spend on invest-
ment, and consumption, the more they get as quasi-rent.

"But there is & limit to the possible maximum proportion of
quasi-rent to wages, which is set by what we may eall the inflation
barrier. . . . There is 2 limit to the level to which real-w rates
can fall. . « " Joan Robinson, The Accumulation of Capital (Irwin,
Illinois, 1956), p. L8.




be noted is that the income shares are not indeterminate in spite of
the fact that fixed coefficient of production is assumed. The other
property which is important in the light of previous discussions about
the relationship between natural and warranted rate of growth is that
from the present theory it follows that the two rates can be equal.
In fact, Kaldor argues that the warranted rate of growth and the
natural rate of growth "are not independent of one another; if profit
margins are flexible the former will adjust itself to the latter
through a consequential change in P/!."l

In Harrod's model

II-h7 s200, =5 . L -1/t

If the required savings-ratio s, for natural rate of growth is
(I/!’)vc which is not equal to actual I/Y = s, equality between s, and s
can be brought by varistion in P/Y. Difficulty arises in this model
because it does not indicate precisely which way the causation acts.
Consider that G, <G, implying s<s,. Consequently P/Y is lower than
it should be if natural rate of growth were equal to the warranted
rate. Does it mean that P/Y will be expected to rise? The model can-
not answer this question because this requires an explanation of how
the market behaves when u,,can; it is not capable of showing that the
actual rate of growth must rise of necessity. One might be inclined
to justify Kaldor's argument and say that when G <G,y G will have a

1Kaldor, "Alternative Theories," p. 97.
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tendency to rise above Qw’ in accordance with what Harrod has said. In
Harrod's case it happens because demand remains high and investment is
profitable. In Kaldor'a case, however, one may interpret that natural
rate and warranted are not independent because in the long run exogenous
forces like technology and the growth of the lebor force completely die~
tate the flow of output. But in that case the problem of determining
the adjustment mechanism by which the equilibrium growth rate becomes
full employment growth rate evaporates. This interpretation has suffici-
ent ground if we see that the treatment of I/Y as an independent varisble
in the equation II-k6é has justification in case that it is a product of
two factors, G, = % and C, = %.f., as sbove; that is, the first term of
the product is determined exogenously by growth of labor force and so
on and the second is technologically given.l

As an alternative to other distribution theories Kaldor's
theory attempts obviously to avoid using market adjustments mechanism
as explaining distribution. However, I/Y is regarded, by Kaldor, not
necessarily in the long run sense of peculiar character mentioned
sbove. There is apparently some confusion which arises in treating
P/ as dependent and I/Y as independent varisbles. To explain stabil-
ity of Gy at G, one has to explain the course of events when G 7 G,.
When G, is less than Gy if the argument of previous paragraphs is
brought in it is possible that the actual rate mey rise sbove Gy. But
this need not change the proportion of investment to total income.

1mul, Ciie e¢it., p. 15.
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Production of consumption goods might rise as fast as investment. How=
ever it should be noted that this theory is not supposed to be valid
for unemployment conditions, which is true when Gy<G, and the economy
realizes the rate G.

When Gy> G, the theory will have least applicability, because
this presents a case of unemployment more gemuine than the former.

Even in a full employment situation the theory as an explana-
tion of distribution is dubious. The idea that P/Y changes with I/Y in
full employment implies a definite behavior pattern of prices of con-
sumer goods and capital goods. The relative proportion of profit and
wage in national income depends upon the relative change in prices of
consumer goods and capital goods when employment is increased in the
investment goods sector and decreased in the consumer goods sector.
This means that for Kaldor's theory to hold the prices should behave in
a fashion which will raise profit-income ratio with rising investment=
output ratio.

According to Kaldor's assumption, in a full employment situa-
tion there is a given level of output which ean be split into cutput of
consumer goods and investment goods in proportions that can vary within
a definite range, such that his condition for rising profit is satisfied.
Thus the set of wage rate and profit rate that is acceptable is deter-
mined. In order to show that the whole set of investment-output ratio
and the corresponding profit-output ratio is an equilibrium set, one has
to show that the passage from one such ratio of investment-output ratio
to another means behavior of prices in a compatible way. But this may
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not be the case. Under conditions of full employment a variation in the
ratio of investment to output may lead to 2 rise in the prices of
consumer goods quite out of proportion to the rise in price of invest=
ment goods. In such a case one sector of the economy may be running
into losses while the other may be earning huge profits. Moreover a
fall in the ratio of investment to output might lead not to ancther
fullwemployment situation but to unemployment.

It is clear that prices are important determinants of the ratio
of profit to income. Unless the prices are known, income distribution
in Kaldor's model is indeterminate. But the ratios in which various
goods are produced in the economy are independent of prices. It is the
characteristic of the economy that the demand conditions and preduction
functions determine the amount of various goods produces and their
respective prices simultaneously with the prices of factors employed.
Kaldor's approach, however, leaves the determination of prices out of
the secene. He does not show that the acceptable distribution pattern
is always guaranteed by price movements that will occur in desired
direction. If this were possible it would be perhaps worth pointing
out that equiiibrium distribution weould exist at a point where the wage
rate will be at subsistence level beecause that would guarantee the
maximum profit. If it is argued that the achievement of maximum profit
is to be ruled as being beyond the eapacity of an entrepreneur it is
also not possible for entrepreneurs to vary the investment-output ratio
in any way independently of other developments in the economy. Kaldor
does not like to insert any more explanation as to why wage rate and
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prices of consumer goeds should behave in the way he assumes. If this
were done there would be a more genuine theory of distribution.

Keldor's basic notion that multiplier mechanism works towards
raising the level of output and employment if there is unemployment, but
when there is full employment it determines distribution of income
through price variation is confusing. Because even undsr unemployment
conditions multiplier operates through price. At full employment there
can be change in the level of investment relative to the total output
and correspondingly change in the prices toward equilibrium only if the
particular pattern existing before were not the equilibrium one.

Moreover, the theory lacks generality because of the assump-
tions that ap-#:nw and sp> 8o To have a more general theory one might
formulate the theory in a slightly different form which would not only
do away with the above assumption but alsc assume away the independence
of 1/Y and obtain a determinate solution for P and W. In other words,
a distribution theory proper is required to see that the saving-
investment equation in Kaldor's model defined in terms of entrepreneurial
and nonwentrepreneurial consumption and saving behavior is sstisfied
with unique values of P and W.

If Kaldor's savings function for labor and entrepreneurs is
taken, as before, then at any time for a level investment Io equili-
brium requires that s W + spP z Io. For this valve of investment it is
not precise what values P and W will have. If it is said that with
the investment I, there will be a total income T, which will determine
W and P, one is back to Kaldor's model. What hag to be shown is
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that with the investment I, there is a given total inecome Y, and wage
and profit such that equilibrium is determined. One way %o deal with
this preblem is to use Schneider's argument’ which is summarized as
follows.

It is assumed that entrepreneurs plan non-entreprensurial
incoma by sontract. Thus their profit is planned indirectly. In this
case profit becomes & residue which the entrepreneurs seek to maximise.
This assumption makes profit dependent on the total income and wages.
Cne can define the relationship between wages in some way. For ox_uph,
if P¥ is the profit having equilibrium relationship with wage W, one
may write in funotional form:

I1-48 P* o £0H) sa¥; >0

The above equation says that profit varies directly with wage.
Now taking the equation, s,F" + s = I , by substitubing II-b8 in it,
the following is obtained:

TI-k9 FERTT T DYWL S R S

From TI-49 the fellowing results:

1150 P* e &1.;2.‘.,_,;) X

The sbove formulation removes much of the difficulty of Kaldor's
theory, because this provides a solution for all values of npuulu,,
and also I/Y does not have to be assumed independent. In Kaldor's model

1g, Schneider, "Income and Income Distribution in Macro Economic
Theory," 1;;‘”. E. Henderson, in International Economic P » No. 8,
Ppe 1ll=- .
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the classes of income earners are distinguished by their having differ-
ent savings functions.’ In the present case this is not so. Moreover,
in the present case entreprensurial behavior is clearly brought to the
fore.

Despite the fact that the assumption of a functional form in
which ¥ and P can be related fills up the deficiency of the model of
distribution studied at present the question as to what determines the
functional form arises. In using the functionsl form given sbove it
was acoepted that whenever there is a rise in wage profit rises. If
this is based on empirical chservation it is questionable. It is desir-
able to have a theoretical basis for this. A thorough theoretical
treatment of the problem will reveal various forms that £ in IT-h8
would take.

To see this there should be a more elaborate analysis of the
process by which the relationship between P and W is established. It
is true that when a production process starts some factor shares are
fixed by contract. However, it is not to be denied that contractual
incomes are influenced by market forces, as the other residual incomes
are. In the long run contragtual incomes vary with variation in market
conditions. ‘Here only wage is considered as the contrsctual income and
profit as the residue. The contractusl income is influenced by market
conditions.




86

When an entrepreneur makes a decision to invest and employs more
labor, he takes the wage rate determined by the market in a perfectly
competitive system, which is assumed here. The plan for a given amount
of employment involves a plamned total expenditure. The entrepreneur
has an expectation of the total income which he would receive at the
end of the process by the sale of the output. The difference between the
sale proceeds and the total expenditure, which may be called quasierent
or expected profit, may or may not be realized in actuality. But the
motivation of the entrepreneur lies in maximiging this residue.

Let Y* be the real output which the entrepreneur expects at
the end of the period. Assuming labor as the only input the total cost
consists of the wage bill in the enterprise. Let N be the amount of
lsbor employed in the economy and W be the wage level, or w the wage
rate. Then for expected profit P” there is the following relationship:

I1-51 P* e ~wl

But Y* depends upon the amount of labor employed. Hence:

II-52 T* = G(N)

In planning employment of lsbor the entrepreneur is assumed to
maximize P*. Differentiating II-51 with respect to N:

aP¥/aN = /cé(n) -
Setting this derivative equal to zero the following relationship is
obtained:

11-53 B = w
Here it has been taken for granted that the maximum exists. This is in
line with Keynesian reasoning. Equation II-S3 says that wage rate should
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equel the marginal product of labor.

Combining the three equations, IT-51, II=52, and IT-53:

11-5h Mg - Fs{lﬂl

muuxx&amamrmwmr‘mm This
~ean be illustrated by assuming some particular shape of @ . In Figure 5
is illustrated a function @ which is concave for all values of N, and
a funetion @ which is convex for smell values of N and concave for all
larger values of N. Both terms of the right hand side of II~5h are
plotted in the same figure separately by deriving the respective deriva-
tives of the functions and multiplying them by ¥. In Figure 6 the

information given by Figure 5 is used to illustrate the relaticnship

between P* and N, It should be noted that the figures presented below
give only a rough approximation of the shapes of functions assumed. In
!uméitantaﬂmthughtdmmuﬁathmtm}pww




Figure 6.

denote the relationship between wage and profit.l The above analysis
provides the basis for Schneider's assumption that P* is functionally
related to W.

The above illustrations and arguments show that marginal produc-
tivity determine wage rate. This is in line with Keynesian argunent.
MtbquﬂamnawWMlamumtnm
muemmmmummm. The argu-
m.am-mms»anammmnnuuu
model do not stop here. mummuunuwm-mm

hatmnuuwmx.nm "Mr. Kalder's Theory
of Tusono Distribution," Review of Economic Studies, XXVII, No. 73 (1960),
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levels of wage and profit will be in the economy given that marginal
productivity dotornizins wage. In order to know this one should know
what is the level of investment in the economy and what are the pro=
pensities of saving of the two respective classes. The saving-
investment equation lays down the condition for equality between supply
and demand, With this the total wages and total profit are determined
uniquely. All that is required is to solve the simultaneocus equations
as in II-50 for a given investment I,

If distribution is explained by marginal productivity, the use
of multiplier analysis seems unnecessary. However, the value of the
latter lies in determining the level of output at which equilibrium
will be established. Thus a complete deseription of macro-economic
equilibrium, according to the above analysis, is possible by bringing
in two theories together, one for determining distribution of income
and another for determining lpvol of output. Hence as a theory of
distribution multiplier ceases to have any importance.

It should be remarked that in the theory sbove, I/Y is not an
independent variable. If Schneider's wage-profit relationship,

P* & d W, is taken, the term for I/¥ bccouso-s-fg(-:—;‘-' which is obtained
from equation II-50. This ratio may be constant or variable depending
on whether A is a constant or a variable, assuming that other parameters
are constant. In any case, I/Y besides being dependent on & is also

dependent on sp and 8, This appears more acceptable than Kaldor's
a}csuuption.
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It is now necessary to make some observations about the marginal
productivity approach outlined above. It is not known what theory of
distribution has or will ever be valid for explaining distribution of
income. But on the basis of the fact that the marginal preductivity
theory has a micro-economic foundation it is hard to replace it by any
other theory which lacks this and confuses the chain of causation in
economic life by assumpticns which have a weak foundation. However,
there are limitations to the theory which have been often emphasized
by its oritics. The obvious one is that the theory is valid enly in
case the law of diminishing returns is operating.® It may be argued
that in the neighborhood of fulleemployment this law is more likely to
operate. In an unemployment condition neither Kalder's theory nor this
particular theory will hold,

Even if it were true that in the real world st all levels of
output and employment increasing returns would hold there is no reason
why merginal productivity should not explain distribution. If only
the production side is locked at and the output evaluated in terms of
the physical units it will be found that additionsl product due to an
increment of labor employed would be rising more than proportionately.
Whether this is true or not will not be discussed here. But the
writer's srgument is that it is not the physical unit added but the
value of the increment of output thet determines the price of labor.

lsee N. Kalder, "A Rejoinder to Mr. Atsuwnl and Professcr Tobin,"
Review of Economic Studies, XXVII, No. 73 (1960), 121-.22.
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Valuation of goeds is the only legitimate guide in determining
marginal productivity of any agent of production. That pricing of
goods determines allocation of factors and the factor-prices is the
basis of much of our theory.

In brief, one has not a theory of distribution in the so-
called Keymesian theory of distribution, but 2 theory of how in an
economy with a given level of output and employment there are various
profit-wage combinations corresponding to different levels of invest-
ment given the propensities to save of different elasses of income
earners. For Harrod's model this theory has little use, because, as
already seen, this theory is built up on the assumption that warranted
rate is equal to the natural rate of growth, whereas the problem here
is to see the reconciliation of the two growth rates by the adjustment
of prices provided this is possible.

Hence what is required is a study of Harrod's model in the
framework in which the forces determining prices are made explicit. In
the next section the rigid assumption of the fixed proportionality of
factors is kept and the model will be considered with more than one
commodity.

Section VI: Equilibrium in a Fixed-Coefficient

Model and its Price Implication

It was remarked in the last section that Kaldor's theory of
income distribution clearly asserted that in the long run the equili-
brium rate of growth is not independent of the natural rate of growth.
It was also remarked that in the long run such interdependence was
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assured by the independent behavior of I/Y. Thus Kaldor implied that
there must be some process of adjustment of the warranted rate to the
natural rate when he said that with a flexible profit margin this is
possible. It was not, however, explained how the price mechanism should
work for establishing the equality between the warranted rate of growth
and the natural rate of growth. In this section an explanation will

be attempted of the relationship between the two rates taking into
consideration the demand and supply functions for goods and factors.

The production function of the type given by 'Sclow}_' for Harrod's
model is used. In this section the study is based on the assumption
that there is more than one sector in the economy. This would give
rise to a medel of the variety which is called the Leontief dynamic
model.? To keep the exposition simple, only two sectors are assumed
to produce consumer goods and one sector to produce capital goeds. All
natural resources are assumed Yo be free and they are not included in
the preduction functions. Laber is the only factor that has a supply
exogenously MQMd in this model.

Let X and x, be the quantity of consumer goods 1 and 2 pro-
duced, and X3 be the quantity of capital geods. L is the quantity of
labor supply in the economy of which X, is olploygd._ By x“ is denoted
the amount of ith good used in the production of jth goed. o; is used to
denote the amount of ith gooed that is produced per unit of capitai used

lsee Section IV above.

%4, Leontief (ed.) » Studies in the Structure of the American
Economy (Oxford: Oxford University Press, 1953), Chapters 1l and 111.
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in that sector. Similarly, P; is used to denote the amount of ith good
produced per unit of labor employed in that sector. For simplification
it is assumed that o, = 0. All the i's and B's are assumed to be con-
stant positive numbers.

There are then the following production functions:

I1-51 (a) X = o&lxn; X, = ﬁlxhl; for good 1
(b) Xy =lgXan) X, = ﬁtha’ for good 2
(e) X3 = ?31113; for capital goods

For the total amount of labor employed there is the expression:
' 1 1 1

II-52 X =x, ¢ %2 * be - a-ixlié-éxaﬁé;% <L

where L is the amount of labor given exogenously. All the variables
are to be treated as functions of time.

For a full employment situation with L inelastic, II-SZIholds
with strict equality. One of the problems of this section is to find
the implication of an equilibrium situation where full employment
exists,

Since consumer goods are produced with labor and capital in
fixed proportions and since capital can be expressed in terms of labor,
because of II-51 (¢), the production possibility schedule for the two
consumer goods can be written in terms of labor alone., The result, for
instance, is that the total requirement of labor per unit of consumer
good 1 is ‘1 and that per unit of consumer good 2 is Az, respectively,
such that A, = a}ﬁ + i’z}. and A, = ;_;_6 4 315’ With these coefficients as

1
the only parameters the production possibility schedule can be derived



which is written as:

I1e53" Axy +Ax = x'h$h

Equation IT-53 is graphically represented in Figure 7. This
Wmmanmweommmlew;ﬂamwm
uhimdrwwwtmmm«q‘. In fact at any time ¢ with
actual leber force L(3) a production set sablsfying (IT-535 with
x370 (4 = 1,2) cen be found to consist of an infinite number of
m;mmm»mmwmwmmm?. If
mvpmmonmemwucmaummx
and 2, with the indifference curves defined, as usual, to be cenvex, a
mmber of polats of the set OMN satisfy the preference pattern of the
commnity. Bub there mey be a unique point Q that assures optimum for
the economy. Point Q represents the Pareto-optimum st which the produce
tive resources of the econemy are fully ubtilized and the satisfaction of
the people nauholagzaum-d. !x}ununotthttwm

wa
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is determined by the coefficients of production, or more specifically
by the slope of the line M.

The above argument further shows that a part of the labor
force is directed to the production of capital goods and this remains a
constant proportion of the total output of goods for any specific com-
bination of the two goods 1 and 2. If the labor force is growing at
any given rate the line MN shifts to the right, in a parallel fashion.
Similar effect is produced if neutral technological progress is taking
place. If in such a dynamic eituation the preference pattern does
not change the proportion of additional labor allocated to the produc=
tion of capital goods to the total labor employed in producing all
goods remains unchanged. In other words, a fixed proportion of income
is saved in each period. Each point in the line My may be regarded as
consistent with Harrod's natural rate of growth. This rate of growth
is realigzed in the economy for all sectors if the strict assumption
about the preference of the people between present and future consump-
tion is satisfied. The assumption is that the preference function
includes consumption at present and that in the future as two different
things and the function may be assumed homogeneous of degree one. This
 means that with rising output the tobal income saved remains a con-
stant fraction of the aggregate income so that satisfaction increases
proportionately with balanced increase of all outputs. If this is not
satisfied the curve MV in the future should shift in such a fashion that
there is a change in its slope which should assure a changed proportion
in the employment of labor in various sectors of the economy. From this



observation one corollary immediately follows that even if savings
coefficient were constant flexibility of choice between various goods
consumed at present which might assure flexibility in curve PP' can
assure output along the line MN in Figure 7.

The above discussion has one characteristic which requires some
comments. This is that capital goods have been converted into labor
and, hence, they are not dealt with in a way that would bring out their
peculiarities as a factor of production. There is much validity in
this objection because by the present procedure the productive contribu-
tion of capital taken by itself is concealed. Introducing durable
capital does not basically alter the nmature of the problem. It was
said, however, that the consumer allocation of income between future
and present consumption is necessarily the determinant of the amount
of capital being created in the economy at any given time. This pre-
sents the supply side of the problem of capital accumulation. On the
demand side it calls for explicitness on the point that demand for
consumer goods affects the amount of capital produced.

Another important problem which has to be noted in connection
with the above analysis is about equilibrium, assuming the type of
technology noted here. It is undeniable that with the preference func~
tion assumed the point Q is the welfare optimum. But this need not be

the unique equilibrium point for the nm«v.l There may, in fact, be

b1f the equilibrium conditions are not satisfied the point like
Q1 cennot be called an optimum. The point is that an equilibrium may not
be an optimum though the converse of this statement is false.
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many possible equilibrium positions. The point Qq in Figure 7 may be,
for example, another equilibrium situation though characterized by
unemployment. In dynamics the economy may be on the left side of the
ever-shifting MN line. In Harrod's terminology the warranted rate of
growth may be different from the natural rate.

It is also conceivable that equilibrium might exist with an
excess of capital goods. Apparently one may have a high level of
employment of labor but the production of capital goods might outrun
the amount required. However, this situation, if it leads to ever-
increasing excess capacity, camnot be stable. But if a slight excess
capacity exists and contimues at that level it may not be inconsistent
with stable equilibrium.

In order to have a more detailed picture of the economy being
studied here the demand functions are considered for goods and factors
with which a better understanding msy be obtained of how equilibrium
is determined. The demand functions are as follows:

11-5k (a) xf = £X(py, Py, Py, W, ¥, )

(b) xg = £2 (py, pps P3s¥s TyTM)

(e) =5, = £22py, pyy b3, ¥, r.ﬂ)(i__.1 2

(@ =28, 0,0, W nT(G=1,2,3)
In the above equations xd stands for quantity demanded. The amount of
capital (resp. lsbor) demanded by the ith (resp. jth) industry is dencted
by xgi (resp. xgd). Reference to the price of ith good is py+ Other
elements beside the cost of direct inputs may be included in p3. No
other items constituting price of capital are introduced and it is
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assumed that they are included in Pye The rate of interest, wage rate,
and profit rate are r, w, and1(. For profit per unit of goods sold
there are the following equations:
11-55 We py=w/P, -rpy/x,
= pp=u/Py "1'93/‘*9.
e P3~‘|'/ﬂ3 ~%/B
Here it has been assumed that profit rate, wage and interest
are homogeneous for all sectors of the sconmomy. In a perfectly
competitive economy profit rate may be zero, in which case the equi-
librium price of a unit of a good equals its unit cost. This is not
inconsistent with the assumption that producers maximige their profit.
it may also be assumed that consumers' sttempte to maximize their
satisfaction underlies their demand functions.
The equilibrium conditions mey now be written as follows:

IS6 (&) pym= vy ¢ gy
PoXoz WX) o "TP3132

pyx3e w(l+r)x),
The constraints are given by:

1156 (b) p3(x3y *+ x3p) = pyxy
w(xmy * X * x3) = wm, < vl
There are now a complete set of equaticns which have to be
satisfied for equilibrium to exist. But some more remarks are neces-
sary to see how the solutions are obtained, such that they become
economically meaningful. In the type of model here some problems of
bottleneck and negative values might arise. Such possibilities have to
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be ruled cut by assuming that the x's and p's and other variables r and
w camnnot fall below zero. If this fact and the conditions that output
cannot exceed the capacity imposed by the avallability of the factors
are considered the inequality signs have to be used instead of the
equality in the relevant planoa' of the above system of equations. For
the production functions given above, the change indicated here leads
to the following set of inegualities in which 2,4 is the inverse of 4,
‘i! the inverse of , and similarly for the is substituted 9995 8599
and so forth.

I1-57 a13% * 819%Xy = 33 £ 0

o m % g¥p ¢ Agym<L

For other changes it is enough to assume that T\ should be
greater than or equal to zero.

From the theory of linear programming it is known that the
two inequalities represent two linear half-spaces. The intersection
of these two half-spases with the positive orthant of the cartesian
coordinate space results in a convex set, which in this case has the
shape of a prism as illustrated in Figure 8 below.

The interior and the boundary of the prism represent the
feasible set of output.

The space toward the direction of the errow on the plane LQM
represents the second of the inequality II-57 and the space upward
left of the plane denoted by QPR represents the first. It should be
remarked that the plane QRP shifts upward as L increases. It appears
from the illustration that the maximum should lie along the boundary QRP



Figure 8.

of the set. For any positive set of prices of goods it appears that
the economy maximizes the value of goods produced by moving to some
point on QRP. The line RP is the only set of goods produced which
utilizes capital and labor fully. Along QRP all points to the left
of RP denote excess capacity.
Pmtpabmublitnmtht,wﬁhduz&mm

equilibrium, full employment tqumm\u is always possible. The
determination of prices of goods is the dual of the above problem.

It is not intended here to enter into the detailed analysis of the
process by which the existence of equilibrium is to be proved with the
help of all the conditions given above put together. But it is enough
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to indicate that in finding every feasible output and then the optimal
output the demand conditions are put to work. If a solution, which is
an equilibrium solution, is obtained the prices are easily known with
the help of equation II-55 with any two of the six variables assumed to
be determined outside the system so that the number of unknowns is
equated to the mumber of equations, assuming that the rate of profit is
zero, such that the competitive condition is satisfied. If one of the
prices is chosen as a numeraire one has only either wage or interest to
be determined ocutside.

Although this section was begun with the observation that the
analysis was to explain the tendency of the economy that is growing,
the approach to the problem of determining equilibrium was static.

But it was designed for simplicity of analysis by which the purpose
of understanding the nature of equilibrium under the assumed techno-
logical conditions could be achieved. It was found not only that there
can be full employment in this type of economy but also that the prices
of goods and factors are determinate. From equations II-55 the factor
prices can be easily determined with the prices of goods. Full employ-
ment requires that if the rate of interest is given there should be a
certain given set of prices of goods and wage rate which will assure
the employment of capital and labor available. Similarly, if the wage
rate is given other values can be so determined 2s to assure full
employment equilibrium.

The question arises whether the equilibrium so determined
implies that if the economy is outside it there are inherent forces
which drive it towards it. Stability of an equilibrium requires that
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any deviation from it should affect costs and prices in such a way as
to motivate a reallocation of factors and income of the commnity
which would lead to equilibrium. In the present model equilibrium,
although it may be a full employment one, need not be unique. One may
introduce a number of assumptions to have a unique equilibrium. It is
not of interest here. It is held here that if prices of goods and
factors behave as they should there can be full-employment equilibrium
and this is stable whether it is unique or not. If full employment
does not exist, output has to be lows This affects the rate of invest-
ment in the economy. One might conceive that a low level of employment
might as well be consistent with the equilibrium conditions. The
author is inclined to support this idea. But there is one qualifica-
tion necessary for this. A rise in the level of cutput will set a
tendency to raise employment to ite maximum and any movement from 2
point of unemployment equilibrium is indeterminate. Thus any unemploy-
ment equilibrium is to be regarded as unstable and temporary.

In a consideration of the implication of excess capital stock
there are two main conditions of the economy that have to be considered
in which this situation might occcur. One is that the economy might be
in a process of decline with growing unemployment and falling output.
Another is the situation in which employment might have been already
at its maximum. In the former situation the excess will be possibly
depleted as time goes by due to the low rate of saving at low level of
output and a quasi-equilibrium of the kind discussed above might arise.
In the latter case there might be increased demand for labor which
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might raise wage and prices and cause redistribution of income leading
to a fall in the rate of saving. In this case there is another possi-
bility too. The excess stock of capital might lead to a fall in demand
for capital goods and then to a fall in employment. The case of low
rate of capital produetion similarly implies a low level of output.

In such a case full employment depends upon the effect of wage on the
cost structure of the economy. At a low level of employment if there
is a downward pressure on wage rate the labor intensive sector might
benefit from it, other things remaining the same. This might raise the
level of employment.

The above are remarks on some of the likely situations from
a static viq. From the point of view of growth the stability of full-
employment equilibrium has to be studied with reference to the develop~
ment in time of the relationships between the different variables in the
model. The arguments do not differ much in this case from the main
points indicated above. In the following paragraphs some remarks about
Harrod's model are made.

It is known that Harrod's warranted rate of growth will arise
if equilibrium conditions are satisfied, such that a fixed proportion
of total output belongs to the investment goods category, and consumer
goods are in eonstant propertion to each other. This implies, as has
already been seen, that the preference map of the community does not
change. If the preference map changed with increased income it is pos-
sible that the economy would still develop along the equilibrium path
but not at a given constant exponentisl rate s/C.. In such a case the
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savings-coefficient of a commnity might change with changed preference
as between present consumption and consumption in the future; capitale
coefficient also might change for the economy as a whole because of
changing proportion in which various goods are consumed, Although
historical data are often brought to support the idea that both savings-
coefficient and eapital-coefficient have remained fairly constant this
does not rule out the possibility of a changing output composition that
has taken place in the economy. The explanation of constancies should
take account of many other factors besides the given static technology,
which itself might have been in a series of change. However, the
rigidity of the present model is no bar to an understanding of the logic
of the development process.

To reecapitulate the author's idea of the warranted rate of
growth on the basis of the present model: Suppose that the equilibrium
rate were not equal to the full-employment rate. This case presents a
difficulty, because if equilibrium is characteriszed with excess supply
of labor, wage rate has to be zero. In the present model assume that
wage rate is exogenously determined. This assumption is necessary
because it is impossible to have zerc wage rate. With this assumption
equilibrium outputs and prices and interest can still be derived. But
real wage in an unemployment situation does not have any definite
determinant, exeept that in critical conditions it may be said to have
been determined by the subsistence minimum. However, it may be said
here that income dist.ﬂbatica is not a serious problem when there is
unemployment provided there is equilibrium. The relationship between
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G, and Gn may now be seen.

Natural and warranted rate of growth are not independent of
each other if it is understood that the latter has to adjust iiself to
the former, if it is to be realized at all. If the nabtural rate is
determined by purely exogenous factors and if the warranted rete were
different from it either labor or capital will be superfluous. This
renders one of the factors more expensive than the other. Assuming
consumer substitution of goods the price mechanism may work toward
either changing the proportion of variocus goods produced which affects
the capital-gcoefficient on the average and/or the savings-coefficient.
If the natural rate is constant warranted rate should approach this
constant rate. If the former is changing then the latter should change
in the same fashion if equilibrium is to be maintained. Although it is
not the intention of the author to carry the argument too far it appears
to him that the influence of the preference pattern of the consumers
may have much effect on natural rate as well.

Kaldor's argument throws some light on the issue of equality
between the two rates by showing the effect of income redistribution on
the aggregate saving though hie assumption of independent investment-
income ratio is not acceptable. By the redistribution of income from
one class to another the investment-income ratio can be affected if the
saving propensity of the two classes is different. This redistribution
can absorb excess saving or create more saving for the economy and
restore the equality between the two rates of growth.
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The above observations are made on the basis of the simplified
model assumed here. It is not impessible to have a more gemeral model
covering a larger nusmber of sectors in the economy. This is exempli-
fied by the dynamic Leentief modsl,’ which is studied by several authors
in its various aspects. As an exact analogue of Harrod's model it
deserves some mention. In this aspect the closed Leontief model is
to be considered. Labor might be included in the general input-cutput
equation to be given below. Bubt the argument does not change signifi-
cantly by excluding it. The problem of income distribution has been
already dealt with. All that is required is to note the general model
and its implication of prices over time. Regarding relative prices the
above arguments can be used.

For the aggregate output of n goods at time ¢ there is a
vector X(t) whose elements are x;(t); (i « 1, 2 . . « n). Differentiat-
mm&(t)nmnwutumummnmtmmp«
of ith good at time t. This is represented in vector form as X(t) in
which the dot denotes differentiastion with respect to time. The result is

11-58 X(t) = AX(t) + BX(t)
Molhmnm-tmdooafuml”m&muthuuﬂe{
ith good used per unit of goods on the jth sector, household being
considered as one sector; B is the nxn matrix of capital coefficients
bu.whicaimm«tho.mxudmwiluldnth:-tookpor
unit of commodity j. In one commodity case the equation becomes

Lieontief, loe. cit.
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exactly like Harrod's y(t) = (1-s)y(t) + O, -g. 17«58 can be written

ags

II~59 (1-a)X(t) = BE(%)
Assuming B as non~singular
II-60 BMI-)X(t) = X(t)

Assume the vector of initial outputs to be X' and A as the rate of
growth such that xje’" is the solution of the ith oquation:

II-61 B (1-0)X(%) = %SA
fromwhich is cbtained B™>(I-4)X e "%, in which ¢** may be
cancelled. This results in:

I1-62 {50 A 2* 20
where 1 is the unit vector and O is the zerc vector. In equation II-62
B™L(1-4) is the inverse of the non-negative matrix B(I-A)™>. The
interesting property of such a matrix is that it has a positive
characteristic root i with corresponding eigenvectors having positive
elements, X;, Xp» » + X, 88 the solulion of %, and 80 cn.t Thus it
is seen that the initial conditions should be delermined by the eigen-
vectors that are consistent with the solution desired.

The dual interpretation of the ebove sclution gives what prices
of goods and factors will exist. It is sufficient to note that prices

may or may not stay at the stationary level depending upon the nature

li‘harc are many works in which the properties of posgitive
matrices are discussed. Mentioned for reference here is S. Karlin,

Mathematical Methods and Thcﬁ in Games, Programming and Economics,
.m ' .”’ » - -
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of entreprensurial nmpmmim,l especially. If prices are expected
%o change, putting the argument in peried form, differenmtial e quations
are obtained similar to the differential equations encountered above,
but in this case relating prices of goods in peried t to that in period
t-1 for ineluding the appreciation or depreciaticn in the value of
stock due te price change. Price is to include the expenditure made
in input flow and alse change in the value of stock of capitals Thus
the following equation:

1163 p(t)=p(t) & = [p(t)=p(t-1)] B
where 4 and B are as above and p(t) 1s the price vector. Interest and
wage are excluded from this discussion. The solution is cbtained in a
similer way by writing II-63 as:

I1-6l p(t) (I-4+8) o p(t-1)B
or p(t) = P(tv-l)B(I-MB').I
provided I-A+E has inverse. Whother prices tend to be stationary or
keep increasing or decreasing, and so forth, depends on the characteris-
tic roots of the above.?

But it should be mentioned here that this solution does not
include the influence of interest and profit which may change. If they
are allowed to have their influence on II-6L it may as well be the case
that their influence will shift the economy from one initial conditien

lsee ko M. Solow, "Competitive Valuation in & Inpute
Output System," Econometrica, XXVII, No. 1 (1959), 30-53.

23ee Solow, ibide, for the discussions.
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to another. The way the model is set up it says that change in capital
value fully affeets the price development. This is not quite clear,
because the effect of capital gain or loss on price depends on the
entrepreneurs' expectations about the future and not the other way
around in many circumstances. It is not to deny that prices can change
and sometimes may be oscillatory or even explosive. But such changes
are hard to explain with equations of the simple kind used here. In
the next section there will be occasion to mention the equilibrium
relationship of price level, interest rate, and growth rate. Before
passing to the next section the results of this section are summarized.

This section studied a multi-sectoral extension of Harrod's
model in its most rigid form. In the model it was found that adjust-
ment mechanisms are not absent for equalizing G, and G, of Harred's
model. It was found that price mechanisms can be effective if they
have a sufficient degree of flexibility. Allocation of factors is
governed by consumer choice and this also determines the income of fac-
tors together with prices of goods. It was also argued that in the
long run full-employment equilibrium is stable. Equilibrium with
unemployment as a possibility was not disputed above. It was observed
that this kind of situation is unstable in the long run. Also mentioned
were some of the properties of Harrod's warranted rate of growth which
follow from assuming constant capital-coefficient and constant savings-
coefficient. Those arguments need not be repeated here. In brief, the
fixed coefficient model is found to be not as rigid as some writers
with this notion seek to impress.
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However, the approach of assuming a fixed coefficient of produc-
tion with extreme rigidity may not do much justice to Harrod, because
he did not maintain that a given capitalecoefficient is true for all
rates of interest. In his theory capital-output ratio can vary with
veriation in the rate of interest. Thus the idea that with a given
rate of interest that capital-coefficient is chosen which maximizes the
profit of entrepreneurs seems to be present in the theory. This implies
that Harrod's technology also allows substitution. The problem then
arises that if such a possibility exists the interpretation should be
that the failure of market mechanism to induce change in capital-output
ratio leads to disequilibrium.

Similarly in the input-output models the fixed-coefficients may
actually heve been the results of market behavior rather than something
given.

This brings up an important issue, namely, whether the fixed-
coefficient assumed in Harrod's model is cause or effect of the market
phenomena in general. Since Harrod's position is not quite obvious, in
the next section the neocclassical substitution model will be studied in
order to see under what conditions which fixed coefficients are estab-
lished. Then Harrod's model will be considered from the new point of
view.



Section VII: Substitutability of Pactors

and Harred's Model

It is already known that the assumption of fixed proportionality
of factors in the Harrod-Domar model and in the Leontief models is
regarded as unrealistic by their crities. A more realistic way to deal
with the problem of production wonuld be to assume variable proportions
of factors as the opinions say. However, it might have been the case
that the above models might have assumed such variability of factore
proportions, but the working of the economic system would be such that
some given coefficients would necessarily rule. In this section the
problem will be discussed as to what conditions can lead to this type
of situation. First this is discussed in the framework of a static
model and then the method is extended to dynamics.

As in all analyses of competitive equilibrium the arguments
here are based on the postulate that the economic problem is one of
meximizsation of output or minimiszation of cost. This has a elose
resemblance to the programming problems in which the vital question one
faces is about the choice of factor or process combinations which would
result in minimum real cost for a given amount of output or maximum
output per unit of real cost. The choice is made from a number of pos-
sibilities, which may be finite. If some assumptions about the nature
of techniques of production are made one can easily see that such
optimal coefficients of production exist irrespective of the level of
output of each good produced. The most significant assumption that
should be noted here is that there are constant returns to scale.
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One could apply the linear programming technique to study this
problem, as Arrow and Koopmens have done.l This technique leads to
similar conclusions regarding the simmltaneous determination of prices of
goods and factors, and for all levels of output of goods one has the
optimum coefficients of production. However, the argument will be
restricted to the simple version of Smollcn'sz approach.

The static model is now considered, assuming a continuous pro-
duction function which is homogeneous of degree one in the inputs
employed. Labor is regarded as the only primary factor of production.
All other inputs are producible in the system whereas labor is not.
Since labor is the only primary factor, wage is the only cost involved
for the economy as a whole in producing various goods. For the sake of
simplicity only two goods are assumed, namely, consumer good and capital
good denoted by the indices 1 and 2. The respective amounts of these
goods produced are represented by Xy and x5. Labor is regarded as input
denoted by index 3, the total supply or rather the employment of which
is x3. The symbol used to denote the amount of j used in the production
of 1 is X4 (i « 1,25 j = 1,2,3). The following production functions

for 1 and 2 are written as:

II-65 x]. - F(xlz,xl’)
Xp = 0(Xpp,Xpq)

1see 7. C. Koopmans (ed.), Activity sis of Production and
Allocation (New York: Wiley, 1951), Chapters and 1X.

2Ibid., Chepter VII.
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Also:
1I-66 112 + X22 = x2
Yyt ety
If commodity 1 is selected arbitrarily and its amount maximized
using the above equation, the function F is maximized to do this using
the second equation in II-65 and the conditions II-66 as constraints.

The following Lagrangean expression may be formed:
I-67 L MF(XpK,) + 25 {0(Xpp,%,) = X105
¢ 2y iy 23¢
where i (i = 1,2,3) are the Lagrangean multipliers. From II~67 there
are the following maximum conditions:
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On eliminating the M\'s:
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The sclution of these equations gives the ratio in which capital
and labor should be used at any level of output. The amount of output
does not affect the ratio.
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The above is the substance of the substitution theorem which
says that under the conditions assumed above regarding technology there
is a unique ceefficient of production which makes the output maximuam or
which minimizes the zost of production. The dual aspect of the theorenm
is obvious. It shows that the marginal productivity determines the share
of sach factor employed.

This has so far been & statie point of view. However, it has
been a starting point for the dynmamie. To be considered new is the
question whether the substitution theorem holds for the dynamic. If
in the production functions given above 2ll the variables were trested
as functione of time and if saving and investment were sssumed Lo be
going on a» leading to insrement of the stock of capital there would
be a groving economy. It might appear that the theorem would hold even
for this case. In order to see the validity of the theorem the problem
would be approached from the dusl side. That is, the pricing problem
would be explicitly formlated to see whether the theorem thaet under
constant returns to seale there is only one coefficient of production
regardless of the level of output produced at each peint in time. To
do this a one comodity model can be takea, If the model given in
Section IV is taken in which the amount of one commodity X is a fune-
tion of K, as capital, and L, as labor, it way be written using the
present assumpiion regarding the return to scale as:

IT70 P(e,b) = 1, where a s, and b s}

X, Ky and L are time functions.
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One can study the problem from the point of view of entrepre-
neurial behavior; because it is in the interest of entrepreneurs as to
what ratio of factors should be chosen so that the allocation of
resources in the enterprise is efficient. If it is assumed that the
enterprises maximize profit the following price equation would be a
better guide for seeing the effeect of profit maximization on the
various relationships of the variablesi

II-71 p = (argp + wb) (1 +77)
or T(argp +wb) + argp +wb = p = 0
where 77 is the rate of profit, p the price, w the wage rate, r the
rate of interest, and q includes those elements in the value of capital
which are taken into consideration in fixing price and which do not
appear in its cost, interpreted in terms of material or imput cost. To
maximize 77 the following expression is used:

II-72 M (arpq + wb) + arpq + wb = p = MF(a,b)-1} =0
where )\ is the Lagrangean multiplier.

Setting the partial derivatives of with respect to 2 and b
equal to zero:

II-73 AFg(a,b) =T rpe-rpq _ ,
arpq + wb

AFp(ab)=Tw - w
arpq + wb

=0

where l" and rb are partial derivatives of F with respeet to a and b
respectively. From the above equations the conditions for maximum
profit may be written as follows:
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II=7k rpq(1+7) = AF, (a,b)

w(l+T) = AF,(a,b)

The equilibrium conditions in IT-7h say that under competitive
conditions the marginal productivity ratio of the factors employed
should equal their price ratio. If perfect competition is assumed, T
has to be zerc. But for the present argument the positive value of 77
does not introduce any complication. In II-7h there is also the condie
tion that ) has the value 1 because the two incomes, namely the return
on capital and the return to labor, exhaust the total product. If the
present argument is combined with the one given previously there is a
complete picture of how the fastor ratios and their earning ratios are
invariant under any change in the scale of ocutput.

This evidently is not too convineing an argument, because in
II-7h it is seen that the ratio of rpg to w determined 2 and b, In
order to establish the conclusion about the invariance of the coeffici~
ents of production, it is necessary to prove that any change in such
a ratio is impossible if equilibrium is to exist. One should be able
to show that any change in a factor price is compensated by an apprepri-
ate change in other price or prices in such a way that the coefficient
of production is left unchanged.

Before entering into further details of this argument some
observations will be made about the determination of factor prices
according to the equilibrium conditions II-7h. While the rate of profit
does not affect the coefficients of production in II-7h it is clear
from II-71 that it affects price. Hence to have a determinate price
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one should know the rate of profit. Moreover r and p taken together may
be regarded as constituting one term or separate terms. This latter
alternative is valid. Taking the price items there is then one equation,
11«71, in four unknowns taking q as given. Thus if profit rate is
positive there are three degrees of freedom in determining prices. If
competitive profit is assumed to be zero there are two degrees of
freedom, or in case p = 1, there is only one degree of freedom.® Thus
in the former case if any three prices are known and a and b are known
the remaining two can be determined. In the case that profit is zero
the one price has to be known as if it is determined wholly outside the
systeme. If, however, all prices are determined the equations II«7l can
be solved for the coefficients of production, a2 and b, which satisfy
II-7h.

With these observations, if the theory that the constancy of a
and b must obtain at unique values for all variations in output is cone
sidered, there are several remaining assumptions to choose among. But
all such assumptions should lead to the same conclusion that the relation-
ship between w and rpq should be constant. To see what assumptions about
the behavier of the economy are necessary it can be noted what would
happen if equilibrium is disturbed by change in any of the prices in
equation II-7h. Assume that there is a change in the time preference of

1In this case note the similar argument by M. Morishima in
"Prices, Interest and Profits in a Dynamic Leontief System," Econometrica,
XXVI, No. 3 (1958), 358-370., His treatment of the substitution theorem
for a general miltisectoral growth model is of especial interest.
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the people so that the rate of interest is lowered. This might be
considered as leading Yo an increased proportion of income saved.
Further it may be argued that this leads to inereased investment and
increased wage rate. If this happens then, according to II«7h, there
will be a change in the coefficient of production if price remains st
the old level which may be held to be true. There can be 2 restoration
of the coefficients a and b to the older values if and only if there

is a compensatory rise in price which has been assumed away for the
present. If a fall in the rate of interest is compensated only by a
rise in price there is the possibility of constancy of the coefficients
with wage rate at the old level. Similarly one might find mumerous con-
ditions which should held for the substitution theorem to be true. But
the logic of this theorem should indicate that the coefficients rule
over the prices and not the other way around. The disturbance of equi-
librium is, according to this theorem, accompanied by changes in prices
in order to establish the values of a and b.

The above may appear to have slightly distorted the content of
the theorem by ignoring, for example, the explicit discussion of
Morishimal who proves this by saying that if prices are given in the
economy the coefficients are determined by them. This is perhaps to be
regarded as a convincing argument. In this case the coefficients of
production would be regarded as not independent of factor-price ratios.
But the variation of the latter leads to the variation of the former.
This interpretation gives the conclusion that the optimal coefficient

11pid,
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of production for an economy is determined by the condition of prices
of goods and factors, given the production function. If a community
has achieved excessive capital accumulation resulting in low rate of
interest the ratio b, other things remsining the same, must increase
in order that the equilibrium conditions be satisfied. Similarly if
wage rate is very low due to excessive supply of labor and if high rate
of interest prevails, the coefficient, a, must increase. This is so
because at new factor prices the costsof production change and they
can be minimum only with a different combination of factors.

In the above dynamics the price was assumed to be constant for
all time. If price is assumed to change, which may be imagined in
terms of money, there will be a situation in which the determination
of the coefficients of production by reference to factor prices may be
hard. It is worthwhile to see what implications can be derived from a
model that assumes money prices changing.l

Assume that price at time t is equal to the rate of return on
capital (using price at time t-1 for evaluating return for tel), whose
amount per unit of output is a, corrected for capital loss due to
change in price at time &, plui the wage bill per unit of output. One
may assume that all the elements of value of capital are included in
the capital-coefficient, One may also assume real wage is lagging
behind the change in price by one period. This assumption will be

IThis argument is to scme extent based on Solow's model,
"Competitive Valuation in Dynamic Imput-Output System," Econometrica,
XXVII, No. 1 (1959), 30-53.
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made here. Then for price at t:

IT=75 Py = ‘(l*r)l’t-l - ap, ¢ wpt.lb
where w is the real wage. I1I-75 has the following solution:
t
II-76 s P a(l+r) + b
Pt °Y. i va .

where p, is price at time O.

Let the case of stationary price be taken first. For this
a(l#r) *Wb =1 + a, or ar+ wb = 1 is required. Thus in a stationary
condition of prices it is seen that the theory that marginal produc-~
tivity determines prices of sectors holds. If, however, prices are
changing there are two possibilities. One is that ar + Wb<1 in which
case price tends to fall teo zero. The other is that there is the
possibility of an explosive rise in prices if ar + wb >1.> In the twe
possibilities given above it seems that under the technological assump-
tions made here changing prices may be an impossibility.

If the condition is neglected that money wage rate is changing
with one period lag and the equation II-75 is made non-homogeneous by
substituting wb for T;_J‘pt_lb the condition may be obtained for stationary
prices which will be in line with the argument of the previous pages.

In fact the solution of such an equation becomes:

1I-77 b wb a(l+r) wh
Py "Q’o 1+a-a(1+r)) ("%n )‘ " TFasa(i)

IIt should be noted that the argumente given here are the
author's derivation from the model being discussed and the model,
although similar in some essential respects to that of Solow (see
previous footnote), the arguments may differ.
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Thiz is the solution of equation II-75 in which ;bpt-l was
replaced by wb. Stability of price requires that either Py should con-
verge to the last term on the right hand side of II-77 or a(l+r) = (1+a).
The former leads to the price equation of the earlier diacusaion,l
except for the terms q and 71, These arguments indicate that the
substitution theorem may hold only under the assumptions of stable price.
But it should be remarked that there is no reason why price should be
unstable in the above medel. Insbability for II-77 requires that ar =1.
It is doubtful if there can ever be a circumstance in which this situa-
tion may ever occur except for an axsceptionally short interval. The
author would rather hold that price is stable in the long run.

It is not denied, however, that there might be ths pessibility
of price instability. But to deal with this problem the above device
would be inadequate. In the above medel it is assumed that while
prices would change, the rate of interest does not react to it in any
way. This does not seem justifiable. If one may consider all inter-
relations of prices and interest it is through a different type of
approach which should also bring inte the piscture the monetary aspect
of the economy. This is not the seope of the present work. Thus in
the long run price will be assumed to be stable and all rising tenden~
cies that might cecur or should have ogcurred would be assumed to be
explained by exogenous factors. Hence it is assumed here that the
substitution theorem in Morishima's version holds without difficulty

1gee pe 115, equation II-T1.
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for the above model.

The implication of the above analysis for Harrod's model is
worth considering now. It is first noted that Harrod says that a given
capital coefficient rules in the economy, if there is neutral techno-
logical progress and if a given rate of interest exists. If under the
conditions given by Harrod all the conditions discussed sbove hold, it
is apparent that Harrod's argument is proved. But it is not quite clear
how a given rate of interest should be uniquely related to other prices.
If price offsets the variation of the rate of interest, different rates
of interest may exist with the same sapital coefficient according teo
the author's argument. Thus Harrod's proposition seems to have ruled
out the effect of prices. Or, it should imply that price change cannot
offset the effect of change in the rate of interest.

The argument about price will be discussed a little later. Here
the grounds for the condition of constant capital-coefficient given by
Harrod may be made precise. In this connection an argument given by
Greenl will be considered. According to this argument the capital-
coefficient and the rate of interest are functionally related as the
following analysis will show. Assume a production function of the
Cobb-Douglas type as below:

11-78 X(t) = ¥ ab>0 atbsl

1The arguments used here are to be found in H. A, J. Green,
"Growth Models, Capital and Stability," Economic Journal, LXX, No. 277
(1960), 57-73. See especially pp. 57=59.
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where K and L are capital and labor which are time functions, and X is
output. Differentiating the logarithm of both sides of II-78 with
respect to time and using dot on the top of the variable to indicate its
time derivative:

. . .

II-79 ook i
gong Ve

Assuming rate of growth of laber to be n and using the savings-
investment identity sX(t) = X

11-80 4 sX(t)
x-‘ﬁ +bn

Introduce one further cendition in the model, namely that
entrepreneurs equate the present value of the expected income stream
from an investment to the cost of capital. Assume that income expected
from the investment is continuous over the infinite life of capital.
Also assume that an investment is made and the cost incurred is one
dollar. Then the following relation will hold:

II-81 X  _ert
SK e " dt = 1

where the partial derivative of X with respeet to K means the marginal
productivity of capital, which is the return on capital. It should be
noted that this return is not expected to vary. Even if it varies due
to obsolescence which might be expected to take place in a given manner
the argument will not be affected to any significant extent. Thus if
the condition II-81 holds, the equilibrium relation between the capital-
coefficient and interest rate can be determined as follows.
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On solving II-81, 1/vr. g.% = 1. From II-78 it is known that

oX + Therefore, K/ (aX) « 1/r. But K/X s Cp in Harrod's model.

44
I1-82 G = ;
Equation II-82 shows the relationship explicitly between the

rate of interest and the eapital coeffiecient. If this relationship

is used the warranted rate of growth becomes:

11-83 G, = =
The substance of this part of the argument is that II-82 lays
down the rule of substitution and II-83 shows how equilibrium growth

is related to the rate of interest. Using them in II-80 the relation-

ship is obtained between growth rate of output with the equilibrium

growth rate and natural rate of growth, n, which may be written as:

II-8L % & &I_E + bn

It follows that the warranted rate and natural rate of growth
tend to equality by change in the rate of interest. Harrod argues that
the equality between the two rates e¢an be achieved in an economy with
higher warranted rate compared to the natursl rate by progressive lower-
ing of the rate of interest which would lead to the deepening of
capital. This is in line with the neoclassical thinking. But Harrod
suspects that the substitution prineciple might not werk. In this con-
nection the eritics of the neoclassical model hold that the assumption
underlying the principle of substitution is unrealistic. They hold
that the assumption of substitutability of factors implies that the

rate of profit remains positive however large the ratio of capital to
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labor is made.® They hold that for a sufficiently large capital-labor
ratio the rate of profit ean be zero. [Hence ne change in the rate of
interest could be of any avail toward raising capital-labor ratio.

Ancther argument used to show the invalidity of the neoclassi-
cal approach is that even if the rate of profit could remain slways
positive for all capitalelabor ratios the rate of interest may not fall
below a certain minimum. If the rate of interest is shove the marginal
productivity of capital there is no scope of raising the capital-
coefficient.

Before commenting on all these arguments one more contention
should be noted--that the rate of discount used in evaluating the
present value of capital may not be related to the market rate of
interest. But this argument is inadequate if it means that it is true
even under equilibrium. Furthoi, this argument is of little use
because there is no other way to explain investment behavior exeept by
relating it to the demand condition in general and the rate of interest.
The fact that the warranted rate is equilibrium rate and the interest

1in this connection one may note Eisner's argument about
whether the fixed-coefficient assumption of Harrod's model is more
realistic than the implicit assumption of the existence of positive
profit however large the capital-labor ratio in the neoclassical type
of models. He says: "Crities of growth models deal with functions
which impliecitly or explicitly (like the CobbeDouglas illustration
which Solow employs) imply the assumption that marginal net product of
capital is always positive, regardless of how high the eapital-labor
ratio rises; barring demand problems it must always pay to invest.
This indeed, is one of the crucial assumptions on which growth model
eritiques rest. It embodies again the optimistic notion of unlimited
investment opportunities."” "On Growth Models and Neoclassical
Resurgence," Economic Journal, LXVIII, No. 272 (1958), 713-1k.
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rate is such thet this equilibrium is satisfied makes this argumanﬁ
unjustifisble.

The reader 1s now in a position to see the main points that
constitute the argument of the eriticis of the neoclassical growth
model. One is that the production function that assures positive rate
of return on capital is unrealistic. The second is that the rate of
interest as an adjustment chammel is ineffective. Concerning point one
it might be said that there is nothing in a production function of any
type that can explain income distribution in an economy irrespective of
the conditions of demand. In the resl world the possibility of varying
proportions of labor and capital exists and such vari#tiom follow the
rale of profitability. But the precise manner in which this works is
hard to understand. With the Cobb-Douglas function one does not neces-
sarily reach the conclusion that the economy is perfeetly stable and
the profit rate will always remain positive. Whether profit is to go
up or go down depends upon the behavior of prices. In the unspecified
funetion which was used for the purposes of this section varisbility of
factor-proportions was assumed and assigned the property that is
characteristic of the Cebb-Douglas produstion function, namely, that of
homogeneity of degree one. The author, however, did not elaborate upon
the point that even in such a case there is the possibility of price
instability and the profit rate may assume any value. But such possi-
bilities are regarded as not lasting and in the long run there is
stable price and profit is similarly ssable.
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The segond point mentioned above is importarmt. In the second
epsey on dynamic t}wox-yl Harrod says that Cz_ is not responsive %o the
changes in the rate of interest. In the light of the argument outlined
in this section the irresponsiveness of the rate of interest could be
explained as follows. The fall in interest could lead o rise in price
and also rise in wage. The total effeet might then be the change in
the absolute level of these varisbles. But relatively they might remain
invariant. This would leave the capital coefficient invariant. How-
ever, if this kind of argument holds at all it would hold only under
the conditions of full-employment. It would rather seem more justifi-
able to explain the ineffectivensss of the rate of interest by means
of profit expectations. Harrod uses the term natural rate of interest
as determining the capital coefficient and also the natural rate of
growth. Without following Harrod, low natural rate of interest may be
taken to mean low profit expectation. In mcp a case lowering the rate
of interest might not induce change in C, because of the low prospect
of earning. This would imply that the effect of lower interest rate is
offset by other changes.

Harred, however, considers that there is a rate appropriate to
the natural rate of growth which may be regarded as the natural rate of
interest. He says that G, is itself determined to a significant extent
by this rate of interest. Its preecise relationship to the latter is not
unique. In summary, the argument appears to be that since there is a

1R. F. Harrod, "Second Essay in Dynamic Theory," Economic
Journal, LXX, No. 278 (1960), 277«93.
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meximom achievable rate of growth considering the resources and tech-
nology of an economy there is a rate of interest that will help the
economy achieve it, or rather be consistent with the behavior of the
consumers of the economy while at that growth rate, A chenge in the
rate of interest implies that the growth rate should vary assuming the
preference of the individuals in the society. If G, is dependent on
interest and consumer utility maximiszation is also an important element
in determining G, or interest it might appear that market forces should
affect G,. But this ie not true because all these are given relations
and the warket may not establish them. The value of C, is determined by
the technology, the utility condition is given, the rate of interest
and corresponding G, is given at any time. Cy is not lisble to be
affected in the market as long as G, is given. Under these conditions
the achievement of equilibrium at Gn requires that the propensity to
save should be such that G, should equal G,. This means that with the
type of consumer behavior ‘thm is a natural rate of interest which is
appropriate to G, which requires a given propensity to save which may
not be realized under the existing conditions. Then if there is a
difference between the required and actual saving propensity, G, and
G, differ with all the consequences of inflation or stagnation following.
Although there are o number of inconsistensies in the above
arguments only the point concerning the divergence tetwsen the required
and actual saving goefficient will be considered here. It is necessary
to note that the propensity to save of the community s a whele is
dependsnt upon a number of psychological and iastitutionsl facters. To
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assume a constant coefficlent without going into the details as to why
it should be so is at best a simplification of the analysis which helps
an analyst as to what effect of changing value of this parameter on
equilibrium income may be expected. If it is recognized that difference
in the pattern of income distribution can affect the aggregate propensity
to save chronic inflation or secular stagnation naturally affect it. On
this point the author is on the side of Kaldor. In Harrod's model the
instability of G, is due to the fact that entrepreneurs pursue a policy
that is just the opposite of what is required for attaining equilibrium.
This is true because equilibrium determined at less than full-employment
or with excessive capital is unstable, though Harrod's explanation is
different. Thus the natural cure for such instability is the establish-
ment of egquilibrium at natural rate of growth.

In concluding this section the following points may be noted.
Although Harrod seems to allow substitution possibility in his model he
strongly adheres to the assumption of fixed coefficient of production.
In his argument there is obviously a prejudice for showing disequilibrium
without showing adequately the reason for entrepreneurial choice of
coefficient of production and the commnity's choice of any particular
savings-coefficient in the framework of a market economy. It would be
much more appropriate to regard G, as short run equilibrium and G, as
the long period equilibrium. If the two are treated as independent, all
growth rates of Harrod's model will be actual but not equilibrium
because in that case there is no equality between supply of factors to
demand in the long run sense nor does Harrod's explanation show any
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inherent tendency towards long-run equilibrium. Further, if G, is to
be regarded as something dependent on a number of forces that in all
their complexity determine the potemtialities of a society from one
phase of its history to another its value for economic analysis has to
await exploitation until much comparatively easier things have been

known.

Section VIII: Coneclusion

In this section the long controversy about Harrod's model is
concluded with the following summary of this writer's arguments. The
discussions above were mainly concerned with the usually emphasized
properties of Harrod's model. The most important among them was the
so-called inherent instability of the dynamic model which Harrod seeks
to establish and the related questions of independence of equilibrium
growth from the natural rate of growth. As far as instability is cone
cerned, it was observed that the argument of Harred is not sufficient
to prove this. Jorgenson's argument was used to show that the model
might be perfectly stable. Other arguments were used from the present
writer's own formulation of lagged models using Harrod's technological
assumptions end showed that there are possibilities of neutral equili-~
brium in the model.

In the long=run context Harrod's model was found to exhibit the
fact that the warranted rate of growth would in no way approach the
natural rate of growth. Solow's criticism was considered that this con-
clusion in Harrod's model was due to the assumption of fixed propor-
tionality of factors. Solow's argument was studied that with the
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neoclassical type of technological assumption one can have a perfectly
stable warranted rate of growth that equals the natural rate of growth
as a natural course of events. The distributive mechanism implied in
Solow's model contributed to the explanation of stable equilibrium growth
rate at full-employment level. It was also studied that in Harrod's
model income distribution exhibited an unacceptable character or it was
found that there is no way to explain distribution in Harrod's model
which could explain the property of equilibrium with the help of the
pricing mechanism in general. However, recourse could be taken to
Kaldor's theory of distribution in this connection.

Two important points were noted in relation to Kaldor's theory.
One is that the theory can explain distribution if it is assumed that
natural rate of growth is established. The other point is that if the
previous argument is not accepted, Kaldor's theory is inadequate to
explain income distribution. In fact, Kaldor's theory assumes distri-
bution rather than explaining it as other prices are determined. It is
observed here that some other theory is required to explain distribution
in Kaldor's model. For this the arguments of Schneider and Atsumi were
brought in. This writer holds that multiplier is the determinant of
total income and marginal productivity may be used to explain distribu-
tion. Thus was undertaken the task of explaining distribution for a
fixed coefficient model with the help of supply and demand conditions.
The conclusion was arrived at that the assumption of fixed coefficient
of production was no hindrance to the application of a modified version
of marginal productivity theory. A more important conclusion on the
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basis of the theory of multisectoral equilibrium was that there was a
genbine equilibrium which would be realized only at full-employment. Thus
not only the question of indeterminacy of factor shares was answered but
also it was found that under competitive econditions equilibrium required
that warranted rate should equal natural rate although the constancy of
the rate of growth would require assumptions which need not be of con-
cern here. It was also observed that the multisectoral model of the
type discussed would tend to grow at a constant relative rate if the
assumptions required for such constancy are satisfied. In such a case
the model would be similar to Leontief's closed dynamic model which was
chosen to compare with Harrod's model.

In this last section are considered the statement of Harrod
that a given fixed coefficient of production is valid only at a given
rate of interest and if the technological progress is of a neutral kind.
Since at present there is more logical basis for such assertion made by
the substitution theorems the simplified version of them was considered
with Sammuelson's approach. In order to see the impact of prices of goods
and factors on coefficients the dual of the theorem was considered in
which case the author's model was a simplified version of that of
Morishima. The conditions under which such a theorem could hold were
noted. The substitution theorem tells nothing more than what a neo-
classical theory does. For the theorem to hold it is necessary that
changing factor prices or prices of goods should not lead to instabil-
ity in price.
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The theorem in Harrod's model was spplied and also derived on
the basis of Oreen'’s argument of an explieit relationship between rate
of interest and capital coefficient. Although the relationship was in
line with the substitution principle the arguments about the unrealistic
nature of the production function used in the neoclassical approach was
directed toward proving the ineffectiveness of change in the rate of
interest in changing capital coefficient. Thus in spite of the long
argument it was found that Harrod did not believe that the coefficient
of production can change.

Finally, some arguments were noted regarding the absence of any
tendency for G, to equal Gu+ It was noted that G, might be regarded as
a temporary equilibrium if it is different from G,. This argument is
clear from the observations made in Section VI.

The conclusion here is not different in essentisls from those
of Kaldor,! who argues that the underemployment equilibrium is unstable.
Horeover, Kaldor makes the growth rate of population depend on the
actual trend of the economy. This is in contrast with the idea of
Harrod. However, it is not easy to relate the growth of population in
any simple way to the economic trend because this would presuppose a
knowledge of the relationship of all other social factors determining
the change in population with the trend of the economy. Moreover this
assumption is noi essential for the case here. Another important
assumption which appears more realistic than in the case of Harrod's

- Lgee N, Kaldor, “"A Model of Eeonomic Growth," Econcmic Journal,
LXVII, No. 268 (1957), 591-62k.




model is that sbout change in the capital-labor ratio with growing
capital, In this case, however, Kalder thinks that rise in capital
accumlation leads to the increase of capital per unit of labor and
rules out the assumption of neutral technological progress.® The followe
ing figure taken from his article illustrates the relstionship he assunes
between rate of growth and the rate of change in the capital-labor ratio.
The curve shows more like a production functions thruMm

may have against this shape of curve relating innovation to capitel
m«.mmwmmnmnsmwa
Harrod. On the whole, Kaldor's model establishes similar conclusions
as the neoclassical model not actually by using more basic caussl analy-
sis but rather by assuming the conclusions.

1&__‘“' !__Im__;-p pe 597
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The above cberervations complete the discussion regarding the
characteristics of the fixed coefficient medel of Harrod and also the
neoclassical eriticisms From the point of view of realism both these
models are extreme, A fixed coefficient model ie inadequate to explain
growth bacause the assumption is not valid for long period problems.
Simdlarly the substitution medel is inadequate because it is true only
in the long run. In the next chapter Johansen's model which attempts a
synthesls of the two will be studied.



CHAPTER III
JOHANSEN'S MODEL OF ECONOMIC GROWTH

Section I: Introduction

In the last chapter the problems of equilibrium growth were
studied under two different technological assumptions underlying the
production funetions on which the models were based. Harrod's model

was considered as belonging to the class of growth theories in which
fixed proportionality of factors of production is assumed. The class
of models based on the assumptions of substitutability of factors was
regarded as neoclassical. The nmnptionn of both these classes of
theories are extreme and unrealistic. The former of the two theories
mentioned above uses an assumption that is valid in the short period
only, because only in the short period the existing capital stocks do
not permit any substitution between factors. This fact, as noted
earlier, makes the theory of less significance for dealing with long
run growth equilibrium. In the long run the neoclassical assumption
appears to be valid by assuming that there is no restraint imposed on
the entrepreneur in substituting one factor for ancther.

The real world, however, presents a different picture. It is
not true that an entrepreneur is limited by his technological knowledge
or prejudice to any particular proportion of factor inputs. Nor is he
gble to change the proportions at any time, whatever justification he
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may have for the change. Thus it is necessary that in order to be
realistic these facts be clearly recognized. In this chapter the
analysis of economic growth is based on the assumption that when a
capital good is installed the proportion of factors is fixed at the
value which is planned when the decision for such installation is made.
However, when the new capital replaces the old the factor-ratios might
change at the discretion of the entrepreneur. There is, thus, fixed
coefficient ex post and substitution possibility ex ante.

On this assumption a general model of economic growth and
solutions of the model for some particular cases were presented by
Johansen recenuy.l It will be seen later that the conclusions emerg-
ing from the model do not differ significantly from those cbserved in
the case of Harrod's model or the neoclassical model. The rele of dura-
bility of capital goods in the economy is made more explicit, although
Johansen has represented it more as a parameter than a varisble. This
is a major accomplishment, but one with limitations. To assume that
durability of capital is determined exogenously and is unalterable after
the installation of capitel is to assume away one important aspect of
the theory of capital. However, to introduce it as any other variable
of the economic system makes the problem extremely invelved. An
example of the parameter treatment of durability of capital concerns
factor-ratios. The change in factor-ratios may be related in some

15, Johansen, "Substitution versus Fixed Production Coefficients
in the Theory of Economic Growbth: A Synthesis," Econometrica, XXVII,
No. 2 (1959), 157=76.
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unknown way to the durebllity of capital, thus becoming an invelved
variable in entrepreneurisl decisions. Similarly one mey suspect that
many innovations taking place in the economy affect the dursbility of
capital goods which already exist in the economy and of those that are
being produced. The other confusion this leads to is the appropriste
definition of the production function. A complete deseription of the
production process is not sccomplished by simply saying that so much
of output is produced with so much of capital and so much of lasbor and
other inputs. Unless it is specified that the durability of capital
hes such and such effect, in a precise way, the production function
gives but an incomplete and possibly a misleading picture of the
economic structure. Further, the role of market forces in determining
durability of capital is extremely important. These are some of the
problems introduced by considering the new variable in the model of
economic growth. Johansen's treatment deals with these matters only in
@ limited way. Without going into the intricacies of the problems the
objeet of the writer in the present chapter is to restrict himself to
some particular simple cases which are designed to illustrate the
relationships that exist among the rate of growth of output, choice of
production coefficients, life of capital goods, or the rate of depreci-
ation, the rate of iaterest, and factor prices.

It has been emphasized in various places that the present cbject
is to study some properties of equilibrium growth. The purpose of the
present chapter will be to derive some relations between the varisbles
mentioned above on the basis of some simplifying arbitrary assumptions
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regarding the behavior of employment, the rate of depreciation of
capital, the propensity to save, and the production function and
technology. The term variable is used above rather loosely to include
even the parameters when desired. This will be clear later when the
relevant problems are met.

In the second seetion of this chapter a simple general model
is outlined without specifying the nature of functions invelved in
the various structures that may be conceived. In the third section
the case of infinite life of capital goods is studied, where the term
durability of capital is used in a physical sense different from the
one that is economically meaningful. It will be said that a capital
good is infinitely durable if it ean produce a given amount of goods
per unlt of time with an appropriate combination of other factors for
ever. This can be taken to mean the physical durability of capital.
The reason for this choice of definition of durability is to see the
effeet of other variables on the economic life of capital given the
physical durability exogenously. In the section mentioned the various
equilibriun solutions assuming fixed population or laber force will be
elaborated. The solution for the case of a growing labor forece will be
mentioned, however.

In the fourth section a constant finite life of capital is
assumed. The solutions will be obtained for various cases considered
with different assumptions regarding the supply ef labor and the
progress of technology.
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In Section V the case of exponentially depreciating capital
goods will be considered. Other assumptions will be similar to the
ones used in Section IV.

In Seetion VI the main conclusions and eriticisms will be
given. The object of the author in the final analysis is to suggest
a further synthesis of the models of economic growth-~that of Johansen
with the neoclassical model.

Section II: A Simple General Modell
In this section a general model based on some simplifying
assumptions is developed. This chapter will be concerned with a one

commodity case throughout. The single commodity may be considered as
an aggregate or otherwise., All the index number problems are avoided
by considering one commodity in the economy which is used both for
current consumption and as a stock used for further production. The
commodity and the stock of capital are both assumed to be measured in
common physical units.

In the production process it is assumed that there are only two
types of factor inmputs, namely, labor and capital. Since the durability
of capital is introduced in the present model the production process
has to be analyzed with proper recognition of the effect of this vari-
able. This, however, leads to much complication if a realistic deserip-

tion of the production structure is desired. In any particular

1fhe basic models in all cases are similar to Johansen's but
the details of variation in models and equilibrium conditions are all
the author's own. ,
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enterprise there may exist a large variety of ages of capitsl assets.
The same is true sbout the economy as a whole. In such a case it is
rather difficult to obtain a production function of the types studied
in the last chapter. The reason is that the capital installed in each
time period might have embodied in it a different technology and also

a different ratlo of labor and capital might have been planned with the
installation of each new capital equipment. This fact introduces the
difficulty. But this is one of the problems which is to be considered
in detail. In fact this study has to unfold the technological develop=-
ments at the margine. In other words, this discussion has to provide an
answer to the question, "What technology will be adopted and what
direction of movement along a production funetion will be chosen when a
new investment is me;n, given the progress in the knowledge of new tech-
nigques and production functions associated with them, together with the
prices of factors of production?" An exhaustive study of this question
requires a more comprehensive theory of investment.

It is assumed that the gross investment at any time which cen-
sists of the replacement of the wornout eapital goods and the new
addition to the stock of total existing capital reflects a choice of an
appropriate, possibly new, technology and also an appropriate combina-
tion of faetors. Let k(%) represent the gress capital formation in the
economy at time t. This investment might lead to employment of a cer-
tain amount of labor. The amount of laber employed with the capital
k(t), measured in units of goods, is represented by n(t). If it is
assumed that one labor unit utilizes one capital equipment, then n(t)
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would measure the number of capital equipments installed at time t. For
time t, one may represent the production technology in terms of the ratio
of k(t) to n(t), this being true for only the capital installed at t.

Since the possibility of change of the shape of the production
funetion over time with the progress in technology is being considered
here, it is assumed that for time %, Ft will denote the production
function. The function Fy transforms k(t) and n(t) to the gross incre-
ment of output at ¢ which is represented by y(t). The production
function is then written as:

III-1 y(t) s Fy T k(t) , n(e)}

At any time tla!:c is 2 certain age distribution of equipment.
It is assumed that only the oldest of the existing eapital is replaced
when new is being installed. In general, it is assumed that there is
a certain function a(t) which represents the time of installation of
the oldest capital good operating at time t. If all capital goods
installed at interval {t,a(t)] are assumed to be operating at time
and if the contributions made by the gross investments and correspond~
ing allocation of labor, with appropriate production function, at each
point of time in the interval {t,a(t){ are considered, the following
integral would represent the total output at time .

II1-2 x(s) = j:(su {k(u), n(u)} du
where X(t) is the total output at ¢. Similarly, if N(t) and K(t) are
the total volume of employment of labor and the total stock of capital
existing at ¢, the following equations will hold:
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1113 w(t) = §  n(u) @
a(t)
%

TII-h K(t) = | k(u) au
a(t)

In the succeeding analysis it is assumed that the preduction
functions are homogeneous of degree one in n and k.l One production
function differs from ancther in its embodiment of new technology. If
there is no technological change the function remains constent. This
does not mean that F becomes constant for all n and k. The meaning of
constancy in this case is that the shape of the function does not
change nor does the function value shift in time. In case of neutral
technological progress the function f, would be better represented as
a product of two functions, g(t) and f where g(t) would be solely a
funetion of time and f would be the usual production function studied
in static models. The function g(t) may be interpreted as a measure of
technological progress as affecting the incvement of output. Very
often this function is represented by the form c‘t in which g is called
the rate of te;hnalogioul progress. This is neutral in the sense that
it does not affect the relative productivity of the factors employed.
When such progress is taking place the productivity of all factors will
be rising at an equal pace.

If the technological progress is noneneutral the function !'t_
becomes more complicated to describe symbolically. 1In a statie

3"'l’rvaduwtion functions™ is used in the plural because there are
many production functions between the time interval ¢ and a(t).



production function there are some parameters involved in it. The
constancy of such parameters over time would imply the absence of
progress in technique, if neutral progress of the kind discussed in
the last paragraph is ruled out. It is, however, hard to find out how
such parameters change in time. In most of the discussion here only
neutral technological progress is considered. Yet on some occasions
observations will be made about the situations in which noneneutral
technological progress could be analyzed.

One further point which deserves mention regarding the produc-
tion technology is that the equation IIT-2 implies that a eapital good
produced at time a(t) yields a uniform rate of output until time ¢.
This may not be true, because as time goes on the cost of utilization of
old equipment may rise and the producers might operate the old equip-
ment at lower intensity. This would result in decline of output from
that equipment. This, however, will not be considered too important by
itself. In all the models some exogenously determined life of capital
will be assumed. But later it will be necessary to introduce new
assumptions regarding the behavior of firms when productivity is chang-
ing continuously in time. This will lead to the consideration of the
obsolescence resulting from the endogenous forces of the econony .

The model presented above describes mainly the production
aspect of the economy. Equilibrium conditions will now be considered.
One of these is the equality between saving and investment. As before,
a constant marginal and average propensity to save of the economy oub
of current gross income is assumed. One may apply this coefficient to



15

income after deducting the depreciation allowances or to gross income.
Most of the time it will be assumed that the gross saving is a constant
proportion of gross income, In this case the following equation holds:

I11-5 eX(t) = k(%)

In cases where depreciztion formilas are considered the alterna-
tive procedure may be relevant too.

Tt is assumed that the supply and demand for lsbor is always
equal. Full employment of labor is assumed. Labor supply is assumed
to be constant in some cases and inereessing at exponential rate in
some cases. The economy is perfectly competitive, there is no uncer-
tainty and the factors are paid aceording to their marginsl productivity.

This completes a brief general outline of this model. Any
modification or elaboration that may be required will be postponed until
the appropriste contexts.

Section III: Infinite Life of Capital Goods

In this section the case of an economy in which capital goods
are assumed to have infinite life is studied. As an spproximation teo
the real world, it is spparent that this model will not lead one far
enough. It may, however, reveal how an economy of this type utilizes
the possibilities of substitution between various factors that are open
to it.

Before proceeding with the study of such an economy it is
desirable to clarify the meaning of infinite durability of capital. It
is first necessary to understand what Johansen means by it. In order to



do this Johansen's model may be summarized for the present uu.l

: In Johansen's model the term infinite durability is used to
indicate that 2 capital good installed st any time is not only capable

of yielding a uniform rate of output for ever according to the technology
embodied in it, but it is also actually operated at full eapacity by the
entrepreneurs for all time. This implies that if there is net accumula-
tion going on, the effeet of changes in economic circumstances, if any,
will be borne by the new plants only, the old plants being apparently
immine from such effects.

It is assumed that there is no effect of scale of output on the
total amount produced. It is further assumed that there is neutral
technological progress going on in the economy. One may, therefore,
write the function Fy in the form 8%f(k,n) where f is assumed to be of
the Cobb-Douglas type, although Johansen does not assume that the
exponents of k and n add up to 1. Since the life of capital is assumed
to be infinite the function a(t) in the model becomes minus infinity.
Further, labor force is assumed to be inecreasing at an exponential
rate A, such that with N, as the initial supply of labor the total
labor available at time ¢ is lloo“. Full employment of factors is
assumed. Under these assumptions the following equstions are obtained:

-p
II1-6 X(t) = f o‘u{k(u)}p{n(u)}' du
III~7 jt alu)dn = N eA®
~ 0o

Differentiation of III-7 with respeet to t yields:
I11-8 AN 2 n(t)

lJotumnn, ops cit., pp. 165-67.
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Using III-S and III-8 in I1I-6 the solution is found to be:

1-7
1119 X(t) = i‘-—-)—‘—&g)-l:‘;‘b ;p A R 0-R8 o ¢ W1-¢

In the above sclution the possibility of sero rate of technologi-
cal progress and constant labor force should be ruled out. Zero rate
of technological progress would mean static technique, and in such a
case one may accept the solution. If thers is a constant labor force,
first of all, the equation III-6 is undefined because n(t) becomes zero
and the integral is zero. However, considering as a variable and
letting it approach serc as the limit in the solution III-9 output may
be found to be constant. This implies that constancy of labor force
stops innovation of all kinds., It should be remembered that when output
is constant due to constant labor force saving may not be zerc. In such
a case what would happen to the amount of saving coming each period?
Johansen's model deoes not provide an answer. Moreover, his model does
not provide the reason why old capital remains in operation in spite of
the fact that new plants are more productive than the old. By assuming
that old equipment and new eguipment alike have infinite life, all the
complications are avoided.

The economic reason to be given for the possibility, in theory
at least, of infinite life of capital is to be sought in the nature of
technological progress and its rate in the economy and in the behavior
of the entrepreneurs assuming that each capital equipment would produce
a uniform rate of output according to its original efficiency for an
infinite length of time. Johansen assumes the economic life of capital
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to be infinite without going into the reasons that are responsible for
such a possibility. To assume that technological progress is taking
place and the life of capital goods is infinite is to assume that
entrepreneurs cannot distinguish between more productive and less produc-
tive capital goods. When technological progress is taking place labor
and capital in new plants will be earning a larger rate of return and old
plants will obviously be running into losses. Yet Johansen's model shows
that old plants live their full life. The purpose of this argument is
to indicate that Johansen's model is valid only under static technique
and constant relative prices of factors, in general. If constant tech~
nique is assumed and if the supply of labor is fixed infinite durability
of capital should imply zero rate of saving.

In what follows some simple analyses are attempted assuming that
the durability of capital is infinite only in a physical sense. Its
economic life is determined within the economic structure by the market
forces and the technological developments. Further argument on these
points is based on the assumption of a static technology and the effect
of factor prices and interest are noted. Later some observations on
the effect of technological progress on the life of capital goods will
be made. To keep the analysis simple fixed supply of labor is assumed.

Static Technology and Fixed Supply of Labor. Let the amount of

labor available be a constant number N. Since the assumption is made
that there is a fixed proportion of total income saved in each period
and since it is also assumed that the factors of production are fully
employed it is required that some older capital has to be serapped.
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Since a constant technology is also assumed the cause of serapping is
to be discovered in the variation of factor prices mainly. Let it be
assumed that as a result of serapping a fixed mumber of labor, n, is
made available for employment with the new capital each period. From
equation III-3 one has:
t
I11-10 N s j n du
a(t)
From III-10 a(t) is equal to t~j. Using the Cobb-Dougles
type function one obtains:

II1-11 x(t) aJt nl'p{a(u)}Pdn 0<P<l; 0<s<l.
s

The above equation is rather too difficult to solve. However,
one may easily find some important properties that are economically
gignificant. From the point of view of long run development of the
economy one may be interested to see how the total output should behave
given an arbitrary initial condition. If only the growth aspect of the
problem is taken it should be noted that for inereasing output the
derivative of III-1l with respect to time should be positive, which
implies that:

III-12 f of {x{s (8)=x" (t-.g)} >0

The condition for the monotonic increasing function X(t) ean be
found easily with the help of the following diagram. In Figure 10 the
horizontal axis measures time with O taken as the arbitrary origin.

The curve with positive slope represents the function X(t). Along the
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horizontal axis two points t- and t which represent the time interval
given by the equation III-ll are marked. The distance between the two
points is N/n. It is clear from the equation that the height of each
‘point along the curve X(t) is obtained by the summation of the betath
power of the heights of such points times the coefficients mi~ s® over
the interval N/n left to the point being considered. Since the function
X (t) is increasing the height ab t that is raised to the power beta and
miltiplied by the relevant coefficients and summed over the imterval
N/n should exceed that particular height. More precisely one has the
felleving senditions

I11-13 X(t) < N/n =l (4)

In the above equation the relation < is used in order to show
that a stationary maximum level of output is also possible, in case the
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equality holds. By further rearrangement of the terms of III-~13 the -
following condition may be written:
Il X(t) < -{N/n o
From III-lL some interesting properties of the economy being

1/(1-P
psg} /(1=P)

considered may be derived. The condition says that the output in an
economy having static technology and constant finite life of capital,
which in this model is necessitated by the need to employ the available
saving and, therefore, new capital having the same productivity as the
old, is bounded above. The output cannot exceed the limit set by the
right hand side of the inequality III-lh. One might say that the limit
is asymptotically approached by the economy.

It follows that the function X(t) becomes concave as time
increases. This is because of the boundedness of the funetion X(%).
The conclusion regarding the concavity of the function may not hold
if one allows the fact that the equation III-11 need not have only a
solution yielding inereasing X(t). But whatever be the nature of the
solution it is doubtful that output will exceed the limit. It is per-
haps fair enough to approximate X(t) by a conecave function. l& may
also be maintained that for a variety of initial conditions the function
need not be concave throughout the interval (0,00). This is the reason
why it should be said that X(t) becomes concave for the larger value of t.

It is known that the boundary to which output could rise is
determined by the constant terms of the equation III-1. If the boundary
is regarded as the stationary equilibrium one may apply comparative
statics to see the effeet of change in the value of the parameters on
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the output. It is easily seen that high value of & raises the asymp-

tmmm. ¢ mm-frm. The high value of the labor forge
qhnd,!, mmzuulmeummrermmmwtm

new capital lead to higher asymptotic output.

For various values of n one may illustrate the property of the
present model diagresmmeticslly as in Figure 1l. Avmnlnzn).' Cor=
responding to these three values there are three different values of the
mmu&.wtmmmntrm-m.mwmmwwny Lz,
Ly. mz'hrumvurl,xa, mxacmwnzsetmumaﬁu,
values of n are all represented as starting at the same initial output
X, end rising at an increasing rate for some time. The curve for the
lowest value of n 1s shown to spproach its limit less rapidly than the
others. The reason for this is that with low n the replacement of old
capital takes a longer time.




153

From the above analysis it is known that the net saving of the
economy could be absorbed in the preduction process only by :orappi.ng
old capital. This would lead to growth in ocutput until a2 finite limit
is rmhed when the saving available becomes just sufficient for the
replacement of capital. But this argument is hard to accept, beeause
under the assumption of a static technology there does not seem any
Justification for choosing new equipment to replace the old when the
old and new have the same productivity. One might say that when new
capital goods are being produced they are employed relatively with
less amount of labor than in the previous cases. This is true for the
increasing portion of the output function. In this case the familiar
notion that the rate of interest has to decline is implied. This may
be given as one of the explanations for the replacement of old eapital
for new. Even if this were true it is not plausible for saying why
the life of capital goods should be finite. There are other ways in
which the eapital-labor ratio could be raised and the deelining rate of
interest would lead to less and less nmumbers of equipment being replaced
such that ocutput would eventually rise beyond all limit, although at
an ever decreasing rate. The possibility of the convergence of output
to a finite 1limit with constant life of capital is true only if entre-
preneurs have the illusion that new capital would be more economical
than the olde Or it may also happen that the prices of goods are behav-
ing in ways which provide an impetus for production of capital in the
investment sector and its demand in other sectors of the economy, the
balance on the whole being perfectly maintained. If the limiting output
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is reached and investment activity is not maintained at the required
level, profit will decline and output has to decline., To sum up, the
genuine equilibrium in which the entrepreneurs know that there has been
no improvement in technology and still supply and demand are equated

is not possible in the case considered here.

It was mentioned above that the falling interest rate could
lead to a progressive rise in the capitale~labor ratic and the rate of
capital ascumulation. Now the case in which the factor prices move in
such a way that an optimal replacement plan is adopted in the economy
will be illustrated. The optimal replacement plan means that in each
period capital-labor ratio is so chosen that output is increased to its
maximum. The assumption of static technology is maintained and emphasis
is placed on the movement along a production funetion.

Scrapping of Capital for Maximization of Output in Successive

Periods. In the above case it was found that increase in output could
be possible with rising capital-labor ratio. But the constant replace-
ment of capital was not convineing., Now another model is formmlated
which will be put in period form. The general sclution of the model
will not be attempted here. But the arguments will be provided for
showing the nature of the solution in general.

It is assumed that in the initial period there were K(0) units
of capital employed with N units of labor. Each labor is employed with
a given amount of capital so that there is a homogeneous capital-labor
ratio, written as R(0), for all sectors of the economy. Output at
time 1 is assumed to be due to the capital and labor employed at time O.
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Using the Cobb-Douglas production function one has:

I11-15 x(1) = ko)

Of the total output of period 1 the amount sX(1l) becomes avail-
able in the succeeding period as capitals If the decision making body
were the central planning board, it is most possible that it would find
a way of utilizing this ecapital so tha§ in the next period output will
be maximized. It is not clear whether market forces will be faverable
for the entrepreneurs to do so. However, it is assumed that wage rates
were rising in such a way that entrepreneurs desire to increase capital-
labor ratio in a similar ways To see what would be the replacement
policy in the next period it is assumed that n(l) units of labor from
the previous employment are released for working with the new capital.
This involves the serapping of _xig)_ n(1l) units of old capital. The
aggregate output in period 2 is the equivalent of total output of
period 1 plus the net increment of output in period 2, One has: P

16 X(2) = X(1) + {a(1) 1-fefxP) - n) X2 %
where K(0)/N is equal to R(0). Differentiating X(2) with respect to
n(l) and setting it equal to zerc one has the econdition for maximum oute

put at time 2, which is given by the following expression:

m-r K L ) - RO . ey e

The value of n(l) derived from the above equation is given below:
II1-18 n(1) = !{T%;.. (1-0) /P

The generalization of formulas III-17 and III-18 is not
possible, because they do not say when the capital of the past period
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is going to be exhausted. However, it can be conjectured that if at any
period ¥ the amount of saving available is such that it can just replace
the capital of time t-k without lowering the eapital-laber ratio which has
been increasing throughout the past period, the term R(1) in equation III-
17 can be replaced by R(t) and R{0O) by R{tek).

From III-17 it may be argued that in the present case the ecapital-
labor ratie will rise over time. Similarly it can be argued that the
value of n may fall in the long run. This is sure to be the gase, because
as the capital~labor ratio rises the increase in ocutput takes place at a
diminishing rate according to the present technological assumption. Thus
after a long time the difference between the amounts of saving of any twe
congecutive periods tends to be narrowed. Sinece capital-labor ratio will
increase, this inerease can be achieved only by allocating a smaller amount
of labor. As the growth rate of output diminishes it is possible that the
amonnt of labor allocated to new capital tends to sero. This suggests that
a growth model conld he obtained with the static technique assumed here by
giving some appropriate form to the functions n(t) and a(t) in III-2.

Here it will be shown thet this is perfectly possible.
A Model with n(t) as a Diminishing Function of Time. Let it be

assumed that the amount of laber allocated to employment with new capital
at time © i¢ n/t., This form of n(t) is rather hard to sccept at least for
the small value of 4. For illustration, however, one may assume that the
initial point is higher than t = 0. Assuming a fixed laber force, III-3
gives the value of a(t) as t/oN/ ", VUsing these functions in III-1l one
has the following expression for output at time ¢:



157
Il X(t) = jt A o2 e
" /eN/n

This is a somewhat difficult equation to solve. A possible

solution can be found by assuming X(t) = Qt%’ where z is a constant.

By trial it is easy to find that z = B/(1-p), Q is a constant which

can be determined from the integral III-19. Using the value X(t) in
ITI-19 and integrating it one has:

1/(1=P)

* 1
II1-20 Q= il,}'f ofa" (1 ;m'.'mra@

In the present solution there is no finite limit to the output,
There is, however, a definite trend which the rate of growth of output
takes. Thus differentiation of X(t) yields:

IIT-21 Q. B a2Pfiep)
& @

P e
Dividing III-21 by output at time t, Qt / }3), the growth rate at time
t is derived as:

III-22 g(t) =—1-}§f 3

where g(t) is the growth rate at t. Here the rate of growth tends to
zero as time increases indefinitely. Growth rate is not affected by
any parameters other than [ and by t. However, the level of output
is affected by the values of all the parameters and other constants.
Since output is growing at a slower and slower pace it is natural that
with a constant saving coefficient the available saving increases at a
decreasing rate too. But this leads to the production of capital which
is employed with less and less amount of labor. Another significant
property of the model is that as time increases, the life of capital
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also increases. The life of capital at time t is given by t-t/ou/ n’
which tends to infinity as t tends to infinity. In an economy in which
labor supply is increasing the conception of infinite life of capital
with net capital accunmulation is easy. But in cases of fixed labor
supply the infinite life is an asymptote which is theoretically
possible. This is precisely the point which the above argument
establishes. »

As is known, the above argument could be presented in a much
simpler way by assuming that each time depreciation of old capital is
going on and the inerement in output at time ¢, i.e., dX, could be
represented solely as a function of investment at tima-f, the constant
labor force being assumed as in the case in which it is assumed that
the supply of land is given and the output is supposed to depend simply
on labor. Assuming diminishing return to new investment one might
have the following equation:

e §‘3: (sx)

dat

“(at
whose solution iss 1
Py e
I11-2L X(t) = {(1—?) sP ¢ w}l

where C is determined by the initial conditions. The economic interpre-
tation of this model is not essentially different from the previous ones.
8o far a definite type of technology described by the Cobbe
Douglas type of production function is being assumed. BEven in this case
one may have a situation of exponentially increasing output with fixed
population if there were economic reasons which would offset the
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operation of the law of diminishing returns due to the fixity of the
labor supply. One such situation which can be imagined for the model
with static technology is that in which an increase in the scale of
production diminishes the cost per unit of output.

One way to introduce the effect of increasing returns to scale
is to make the aggregate output at any time not only a function of
labor and capital but also of the output itself. As before, it is
assumed that a fixed number n, of labor is-roallocatod to new capital
at time t. For output at time t the following equation is used:

%
T11-25 X(t) = jt v " P
-N/n

XP(u) qQ x%w) du constant

In the above equation the factor oX (t) is supposed to intro-
duce the effect of scale. It is perhaps reasonable to assume in the
present case that & is a positive fraction which remains constant.

One might doubt if the introduction of a scale factor would give
rise to a constant finite life of capital. Such doubt is perfectly
Justified, because it is necessary to assume that the entrepreneur
evaluates the reduction in cost which an increment in investment would
bring about and he might not be led to replace each capital at a con-
stant time interval. However, if it is assumed that a fixed life of
capital has resulted, one may get a solution for the equation III-25
with constant exponential rate of growth ¢ only if A+f = 1. This can
be seen by writing III-25 in the form of a differential equation:

111-26 %gx - P sPq (x"“”{’(t) - X @(t-u/n)}
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Try solution CeS®. This solution holds if o+ = 1. The value
of ¢ is given by:

27 ¢ et 2P(1-e"W/R)

In the present case it is apparent the scale of output has an
offsetting effect against the pressure of diminishing returns which
would otherwise lead to a falling rate of growth of output. This shows
that capital cannot have infinite life in cases in which the effect of
the scale of output toward decreasing the cost per unit of output is
predominant. This might be explained for general cases with the help
of a model. But elaboration of this is not intended here. Further, it
should be noted that the way in which the effect of the scale of output
is introduced in this model may not be the only possible one. In fact
there may be a large number of ways in which this could be done. In
many cases it would be possible to assume that production is homogeneous
of a degree greater than one which might provide a desired model. But
at the moment it is found to be more complicating.

Horeover it does not seem justifiable to assume increasing return
to scale for a very wide range of output. For the present purposes it
is more suitable, perhaps, to maintain the assumption of constant returns
to scale and for any change in the cost by varying the scale of output,
the changes in organization of industry, and so forth, could be brought
as explanation. It should be noted that in the model above the
existence of a changing technology was implied in some Waye

The arguments on the basis of constant returns may now be
resumed. It is worth observing that even in this case one is free to



161

select a type of function and still obtain growing output. This is the
case when, as will be seen presently, the function is linear.

Linear and Homogeneous Production Function. Let the production

function for gross increment, y(t), of output due to capital k(t) and
labor n, which is constant, be defined as follows:

TI1I-28 y(t) = ak{t) + bn a, b, constants > 0
For aggregate output at t one has:

t
111-29 X(t) = 5 (ak(un) + bn) du

t=l/n

On integration III-29 gives
III-30 X(t) = akK(t) + bN
It is being assumed that k(t) = sX(t). Using this equation one

obtains the following expression for the rate of increase of k(t):

I11I-31 dk .gdX = sa dK
="""=
- 2 = - -
or III-3 %{k sa {k(t) k(% N/n)}

I1I-32 is a mixed difference-differential equation whose detailed
solution need not be discussed here. The solution that is of interest
is one that would yield growth. Assume CeS® to be a solution. For o
one has:

III-33 6 » u(l—o'm/ )

The above equation is similar to III-27. However, the nature of
the present solution may be explained. III-33 may be written in the

following equivalent form:

'S
1 5 . N/n

I II"B’J - uS -
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The right hand side of the above equation is denoted by %, and
the left hand side by Zp. In Figure 12 the two curves for Z, and 2,
are drawn. The relevant roots are those values of ¢ at which the two
curves intersect. One such value is obviously 6= 0. There may be one
mmmaa'moshmmwtum-nzlmz,no’.o.
If the two slopes are not equal there is another solution. For positive
solution it is necessary that asi/n 71, which implies that the slope of

aummzmu«x,u 6 = 0. Inthe figure the solution
¢ = ¢ is such that 0<¥< as.

The solution of k(t) may be written as:
III-35  k(t) = Gy * Cues™®
Integration of III-35 over the interval (t, t-N/n) yields:
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III-36  K(t) = Dy +D, 5"
where D, and D, follow from the C's of III-35 and may be determined by
initial conditions. To derive the expression for the total output one
may insert III-36 in IIT-30 which gives:

III-37  X(t) = ab; + aDyeS™® + by

Thus in the present case there is an exponentially growing out-
put. The reason for this is to be found in the type of production tech-
nology assumed. It may be argued that the production function is not
realistic. This is true, because it implies that capital and labor are
perfect substitutes. In such case it can be seen that some nonsensical
situations in which production can take place with only one of the two
factors of production may arise. Changes in factor ratio do not change
the marginal productivity of any factor. Therefore, the above model
cannot be taken too seriously.

However, this type of model is of some value if it is given a
different interpretation. One may easily see that there may be growth
in the type of economy assumed in the present section if there were
innovations going on such that the growing capitale-labor ratio left the
marginal productivity of each factor involved invariant. This leads to
a model in which one should actually assume that there is a set of
functions F, from which the producers are contimuously making choices in
order that a given profit rate is at least maintained., This problem
will be discussed in the next section. In the remainder of the present
section the arguments presented in the preceding diaeuaaion will be
summarized and the conclusions will be given.
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Summary and Conclusion. The discussion in this section was

begun with Johansen's model. It was argued that if infinite life of
capital is to be assumed one has to rule out the improvement of tech-
niques of production concomitant with the installation of a new capital
equipment. The reason for this is obvious. A lowering of the cost of
production due to the installation of new capital would make the previous
capital obsolete. This may be illustrated with the help of a simple
example., Assume that technological progress of a neutral variety is
going on. At time t let the production function for output produced
with capitzal installed be:

138 y = of¥kfal~f
All terms in the above equation are as defined above, The marginal
productivity of capital is then ¢ e8¥kP-151=P hich means that the
total return from this capital is (%“lt:pnl“"3 per unit of time. If the
capital yields this rate of return (which is to be proved false) for an
infinite length of time the value of such capital would be:

I1I-39 V(k) = jz;cm’kpnl") e”™ du

- (eBPulTs) /e

where r is the discount rate. Now assume that instead of keeping this
equipment forever the entrepreneur replaces it at the end of m years of
its life. He replaces it by a new capital of similar amount k. The new
capital produces e5(**™iPul=® por uny of time. Let 4t be assumed that
this latter equipment is kept for all time. In order to calculate the
income stream one should allow depreciation on previcus capital, say,
k/m per unit of time. Now one has the following expression for the
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value of capital: s
III-0 W(k) = Sm (Pegtkpnl"p-k/m)e'mdu" j(peg(tm)k@nl.pe'mdu
0
= g o“kénl"ﬂ.g o‘tk@nl'@e-m(o‘mul) - k/m(1-e""™)

It is obvious that the last two terms in the above equation
represent the net gain due to replacement. One may derive the condi-
tions for maximizing the value of a production process which would
establish the relationship between the rate of interest, m and g. For
the ppunt it is sufficient to note that there are possibilities of
raising the return on capital by replacement. If the cost of operating
a capital equipment some years old increases bscause of changing factor
priooﬁ which progress in technique brings about it is more certain that
capital becomes obsolete.

Even 'if technological progress is neglected, a static technology
considered, changes in factor prices affeet the durability of capital.
Thus the assumption of infinite durability of capital is valid only
under extremely static condition regarding technology and factor prices.

It was seen in the course of this argument that under static
technology and fixed labor cne may have an asymptotic trend toward
infinite durability of capital if the situations become such that at a
given rate of saving the construction of capitel which would increase
the product of the economy takes a longer and longer %ime. This was
the case in which each period a decreasing amount of labor was allocated
to rm‘l capital. In the case of inereasing population this need not be
necessary. If the rate of capital accumulation is equal to the rate of



population growth the infinite life of capital is achieved.

It was also observed that Af an increase in the scale of output
reduces cost the economy might grow even with fixed labor supply if
replacement of capital takes place. Perhaps this situation brings about
a dynamic element as far as technology is concerned. In such a case one
camnot speak of infinite life of capital goods.

If 21l possibilities of technological improvement, increase in
labor supply, economy of seale, and change in factor prices are ruled
out, the determination of equilibrium output becomes a little hard, It
may be possible for the economy to be led into a situation in which
nplracemnt of capitel is made at some regular interval. In that case
equilibrium may be determinate. But under the present assumption on
infinite life of capital it is doubbtful if such equilibrium is worth
the name.

So far an unrealistic case of capital goods having infinite
life has been dealt with. With the help of this case at least some of
the elements of the real economy were known, apart from the destructible
neture of the material goods, that affect the life of capital. This
has importance in the analysis, because in the actusl economy when
choice is to be made among various capital goods of various Gurability
such choice has to be based on the productivity of such equipment,
factor prices at the time of installstion and during the 1ife of the
equipment together with the prices of goods it produces. In the next
section the more realistic case in which capital goods have finite
1life will be discussed.



167

Seection IV: Finite Life of Capital Goods

Introduction. Already some idea has been obtained about the

nature of the problem that would arise if fixed durability of capital
is assumeds In the last section it was assumed in various places that
there is replacement of capital of some given age in order to allow for
the fact that only by doing so or using some alternative method of
replacement of old capitel the saving of the commnity would find its
way into the economy if the labor force is fixed in supply. In this
section it is assumed that capitel goods are perishable.

The assumption of a uniform durability of capital for the whole
econony is somewhat hard to aceept. In one industry of the real world
there are equipment and other sssets that have different durabilities.
For the economy as a whole there are various commodities produced with
capital of different durabilities. The assumption of one commodity is
contimieds. But still there is the possibility that the durability of
capital in any one employment is determined by the technology used.

The choice of any production technique is the choice of any given
durability in eapital form corresponding to it. It is sssumed generally
that durability of capital is a separate property of capital not
determined by technological progress alone. The ¢ase in which durability
-of capital is related to change in technique such that an increase in
productivity is caused by change in technique with corresponding change
in durebility is rather less convincing and may in general turn out to

be less velids However it will be mentioned later thal for maximizing
output there are conditions which relate durability of capital to rate
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of increase in productivity due to neutral technological progress
specifically.

The discussions in this section are divided into five sub-
sections. In Subsection A the case of fixed labor force and no tech-
nological progress is considered. In Subsection B the case in which
both the expansion of labor supply and neutral technological progress
are allowed will be investigated. In Subsection C the arguments will
be based on cost items constituting the total product of the econony
over time, This will yield some results on the basis of which one may
make observations about the technological developments over time. In
Subsection D the case in which the intensity of work in the plant
decreases due to obsolescence as it grows older will be discussed. In
Subsection E conclusions will be given.

In all the arguments below the symbols carry the same meaning
as assigned to them in the previous sections of this chapter unless
otherwise stated. The durability of capital is denoted by the symbol
o as Johansen® has dene.

A. Fixed Labor Supply and No Progress in Technique. Unless

specifically mentioned, the fixed durability of capital should be taken
to mean that capital installed at any point of time ¢t will yield a
uniform rate of output until t + e which implies that the amount of
labor employed with that capitel remains constant at that level throughe
out the life of the capital. Assuming full employment one may then

1see Johansen, op. cit. s PPe 17017k, where the case being dis-
cussed here is dealt wi%g.
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write equation III-3 for the present model as follows:
t
IIT=-h1 S n(u)du = N
t=-0

This equation may be differentiated to yield a constant solu~
tion for n(t)., The constant n(t) satisfying III-Ll is obviously N/0.
Under the present assumption of fixed technology one will get the equa~-
tion for total putput at time ¢t which has the same form as ITI~11l, using
the Cobb-Douglas type of production function, of course.

k2 X(s) = j;(x/e)l'papxﬁ(u) du

This type of equation has already become familiar since the
discussion of the properties of III-ll. However, in the present dis-
cussion emphasis will be on the equilibrium aspect of the solution of
the model. Use is made of the theory that in equilibrium the value of
capital is equated to the cost of capital. The capital purchased and
installed at ¢ is k(%) which earns, according to the marginal produc-
tivity theory of distribution, the amount ¢ kﬁ( N/e) Jb per unit of time
for its whole life @. The entrepreneurs discount this earning at the
rate r which is assumed to remain constant. Thus the following equi-
librium condition is derived using k(t) = sX(t).

-3 eX(t) =): _f ) by orotg,

The solution of the above equation is:

mly o ex(s) = 1 )P a) (1-er®) B

The solution for the output derived from this equation is
designated X(t) and is obtained by simple manipulation of terms in III-Ll.
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The above equation gives the stationary sclution for equilibrium
output which is constant depending only upon the supply of labor and
other parameters of the model. This solution may be regarded as an
asymptote towards which the economy tends in the long run. The reason
for the constancy of ocutput is to be found in the constancy of tech-
nology and the constancy of productivity of capital of all times implied
in the present model.

It is worth noting that if price is introduced and if the value
of eapital in money terms is equated to the cost in money terms using
the money rate of interest the.above solution has to be modified. If
q is the rate of increase of price over time, then in the solution above
r is to be replaeod\by r-q. The reason for taking the change in price
into account is to use the fact that if an entrepreneur wants to sell
the equipment there is reason for him to sell this at a higher price
if the price of the product is going to rise, according to his expecta-
tion, given a constant rate of interest with which he discounts the
product, If this fact is used the solution of the above equation holds
only for r.r'zq. If r = q the effeet is similar to that of the case in
which the rate of discount is zero. In such a case the equilibrium
solution will be as follows: ;

mes X - {eeetl o] VAN

The cases of r greater than or less than q may similarly be
discussed. However, the introduction of price effects is not simple
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enough to handle adequately in the context of long run growth. Moreover
it seems better that in a one commodity model the pricing problem be
entirely avoided.
Now the properties of the solution III-L5 may be discussed.
It should be noted that the constant asymptotic output, if one may call
it, which satisfies III-l2 is:
II-h7  X(8) = {(N/B)
I1I-47 is the output which is technologically feasible. If the

1.,@3 pe } 1/(1-B)

equilibrium exists one should have equality between III-L5 and IIT-L7.
For such equality to hold the following is to be satisfied:
Ik 0 s 18 (e
At © = O III-48 has a solution which does not interest us. The
obher positive solution of @ should satisfy the following conditions
III-L9 Blay
8

The above condition is ususlly satisfied in the real world. The
reason for this which will not be elaborated upon is that B is the
determinant of the share of capital in the total product and s is the
determinant of the part of the product that goes into capital. Hence
if the capital is to be productive the former has to exceed the latter.
This may or may not be generally valid. In the static solution it is
apparent that if s and P were equal it would mean that capital is earning
the amount equivalent to the one which goes inte producing capital. If
discounted, capitalists may suffer loss.
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In the argument so far @ is considered to be a parameter. This
rules out the possibility of seeing how entrepreneurs should choose a
durability of capital., It may, however, be asked whether the entrepre-
neur seeks to maximize output for a given value of 9. If he did one
would have a condition for entreprensurial optimum. Assume that it is
s0. Then by differentiating ITI-LS with respect to @ and setting it
equal to zero one may obtain:

o e
I11-50 e ’1+12‘P

The equation ITI-50 gives the equilibrium relationship between
rand © for a given P . If @ could be changed by the entrepreneurs at
will the relationship between r and @ would be as follows:

III-51 ® r_ g
-

The above equation follows from ITI-50 and states that the
elasticity of © with respect to r is unity. It is quite clear that in
a static economy the inverse relationship between r and © exists. This
implies thet the marginel productivity of lengthening of the period of
production diminishes, from the point of view of the entrepreneur of
course, because of the discounting of the future income; from the point
of view of the economy the diminishing marginal productivity of @ is
obvious from equation III-L7. It shows that increasing @ adds less and
less to the product of the economy.

It should be noted that the asymptotic level of output is higher
the greater the durability of capital.
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From the arguments above it should not be inferred that the
changes in any of the parameters would lead to growth of output or fall
in the output. What is being said here is not related to the dynamics
of growth. The above are simply the arguments that there are relatione
ships between the parameters of the model which have specific economie
meaning. These relationships were studied above on the basis of a
particular equilibrium solution. If there is any change in the value
of any parameter one is in a different model which leads to a different
equilibrium solution. However, it is not impossible to say that the
change in any particular parameter, if not offset by a corresponding
change of others, has effects on the total output which can be easily
understood from the solutions above.

Since the properties of the static model have been studied at
some length and since the interest of the author lies more in the
dynamic problems the next step is to take up the case of changing tech-
nology and expanding labor force together in one model.

B. Expanding Labor Force and Neutral Technological Progress.
Labor forcecis assumed to be growing at the rate A . It is assumed that

the technological progress is taking place at the rate g per unit of
time. Thus if the new capital at time t is k(t) which is employed with
labor n(t), the output due to this combination of capital and labor is
written as:

11152 y(t) = e8¥ kx"(t) . n(t)

The introduction of technological progress leads to some diffi-
cult problems regarding the productivity of capital as a funetion of its
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age. It is clear that a capital good installed at time ¢ incorporates
the latest technology which gives rise to higher productivity of both
labor and capital than in the case of a capital equipment installed
some years ago. One is faced with the question whether capital does
not become obsolete before it has lived & length of time. If so, it
is necessary to find the precise way in which this obsolescence is to
be introduced. It is also necessary to know the pricing of factors
which is not simple when this complication is introduced.

However, in the present subsection a case which appears to be
inconsistent is discussed. It is assumed that a capital good that is
installed at any time lasts for © units of time and is operated with
full intensity. The amount of product it yields remains uniform
throughout its life. In Subsection D a more consistent approach will be
attempted. In the fixed life case, without obsolescence, a simple model

may then be developed as follows:
» The equation III-3 for the present model is written as:

t
II1-53 N ™ o S n(u) du
£-0

It should be noted that full employment is assumed. As a solution of
III-53 the following form of n(t) is obtained:

ISk n(t) = AN /(1-e77) ¥
Then the aggregate output at t is given by: 8

=55 X(t) = j: S /12920 } T B @
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It is easy to obtain a function X(t) satisfying III-55, namely
one which may be written in the form Ce¥%. Such a solution may be
regarded as an asymptotic solution. Here & is the rate of growth of
output which is a constant determined by the parameters g, , and €.
C is a constant involving the constants of the equation III<55. It is
easily verified that C and 6 have the following values:

I11-55 (a) C = La,l- {”o/ o O-Aa)} T 5(1_,;*‘9)]

(b) = g/ (1-8) +A
A more gemeral solution of III~55 would take into account the

1/ 1«8

initial conditions. )loi-cmr, the equation is too complicated for a
complete analysis regarding the various types of solution one may
obtain. However for the present purpose III-56 may be regarded as
adequate for studying the more significant aspects of the model being
discussed from the point of view of long run growth.

From III-56 it is obvious that the rate of growth of output in
the economy is determined by the rate of technological progress and the
rate of growth of population. It should be remarked that in the models
considered in the previous chapter it was indicated that the rate of
growth of output is the sum of the two rates, if natural rate of growth
is realized, of course. But in the present case it is not a simple sum.
As II1-56(b) shows the rate of technological has to be multiplied by
1/(1-p) before adding to the rate of population growth. This implies
that the higher the value of A the higher the growth rate, and, from
IIT-56(a), the higher the levels of total output. Hovﬁor, one may or
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one may not take this conclusion seriously, because although P is a
technical parameter in the long run it may be subject to choice, and
this choice is affected by economic situations that develop in the
long run.

Now the condition of equilibrium may be explored. As before
a situation is considered to be equilibrium if the amount of capital
measured by its cost is equal to the discounted stream of income, which
is determined by the marginal productivity of capital. The application
of this rule here may be questionable because it is assumed that capital
will be earning a uniform rate of return during its life time. Even if
it were assumed that the capitalists were always in a situation to
operate a plant at uniform intensity for its life time, it would be
meaningless to assume that they would earn a uniform rate of return
during the life time of the plant, despite the fact that increase in
productivity is raising the rate of earnings in the new plants. How-
ever, since only the simplest versions of the problem are being studied
in the present subsection the more acceptable line of approach is post-
poned until Subsection D. Thus it is assumed that the rate of return
on k(t) = sX(t) per unit of time is given by @{)\No/(loo')e)} 1=FMA=A
o'1°(8) o5, which 1 wniforn fer 6. If tids amount is disseunted sen-
tinuously for @ at the rate r the following condition for equilibrium

is obtained: :
t y
III-57 sX(t) = jt‘e.g‘ﬁ[xg\/u.-"‘e)} NP _pp s r(u-tie) au

From the above the equilibrium output X(t) is:
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II1-88  X(t) = [1/1-.9 . l.i)\ﬁo/(l-o ”)} B b ”)] 1/(25) st

where & is as in III-56(b) and r#0. It is apparent that the only
difference between III-56 and III-58 is to be found in the constant parts
of the solution. Then if the equilibrium output has to satisfy the
equation III-55 the following equation should be satisfied:

III-59 3]:- (1-0-6'0) z % -f (1_.-1'0)

The equation III-59 shows that the rate of interest has to be an
adjustment factor for the equalization of the two solutions for output.
Since the above argument is based on the assumption of a nonzero rate
of interest a solution of III-59 for this condition alone is sufficient.
The case of negative rate of interest is ruled out. Hence the condition
under which the solution of III-59 exists with positive rate of interest
is given by:l

mbo  EE9.0.57% >

One important observation which has to be made in this connec-
tion is that r could equal ¢ only in the case in which & = s, accord-
ing to III-59. But this condition may not be acceptable. Hence it may
be maintained that r need not equal the rate of growth.? Interest rate

lthe condition III-60 is derived as follows. Multiply both sides
of 11159 by r, to make the matter simple. Plot both sides of the result-
ing equation on a graph with r measured along the horizontal axis. For
the intersection of the two curves for the two functions at a positive r
it is necessary that the slope of the right hand side of the equation is
greater than that of the left hand side at r = 0. III-60 means just this.

2?&11- conclusion may be contrasted with that of von Neumamn.
See von Neumamn, loc. cit.
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in the present model is to be determined with reference to the value of
$s 8, © and growth rate. Moreover, since the durability of capital
is also an important parameter in the model one may derive the relation-
ship between this and the rate of interest from the conditions as well.
The way in which this is beilng done is by studying the condi-
tion for maximum output for any given value of ©, In the Subsection A
above the condition for such maximum was easily found. In the case in
which the labor force is constant but there is neutral technological
progress taking place the condition III-50 would hold. It may be
recalled that such a condition assures the optimal durability of capie
tal from the point of view of entreprensurial equilibrium. This should
be understood as a determinant of the rate of interest and not of the
durability, the latter being assumed in this model as given. If such
an equation is taken with the equation of the type III-~59 one may have
two equations to determine one unknown. But if r and © were variable
it would result in a2 complete system. If it is objectionable to cone
sider © as a variable for the purpose of analysis simply because of the
assumption made here that it is fixed the condition derived for entre-
preneurial optimum will be redundant. However, one might conceive of
two different economic systems such that their difference lies in all
other parameters except for the life of capital goods. The choice of
any one system depends on the effect of durability of capital goods.
This then establishes the optimal condition for durability of capital

goods. Only in such a case the second condition becomes necessary.
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If it is admitted that variation of © would lead to change in
the level of output, other things remaining equal, one might as well
obtain another condition for the maximum output derived from the equa-
tion of the type III-56, when the technological progress is taking place.
Such a maximum exists at some finite value of © in the model considered
here, because a too small 8 would, while allowing the entreprensurs to
take advantage of the latest improvements in technology, reduce the
total product of the economy by reducing net addition to the stock of
capital. If © is too large the economy is accumulating more capital,
but it is not taking advantage of the improvement in the technology
that is taking place in the economy at a certain given rate.

Thus, in the case in which technological progress of the kind
being considered here is taking place, one has two optima. One is for
the technically possible output of the economy. Another is for the
equilibrium output of the economy. The conditions are not written here.
But it may be remarked that in the present model the two optima are
equal if and only if the rate of interest is equal to the rate of growth
of output. However, as argued above, it may not be possible that the
two rates would be equal. If not, one should consider that the optimum
condition derived from the equation for equilibrium output is the rele~
vant one,

Since enough has been said about the model based on an uncon-
vineing assumption above, it is now considered worthwhile to approach
the problem posed by the assumption of the present section from &
different standpoint. In the next subsection the model is studied by
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introducing factor prices into the picture, and with the help of the
conclusions regarding the long run trend of the economy, some inferences
will be derived about the possible trend in the technology of the
economy.

C. Factor-Prices, Growth and Technology. Only a simple case

may be taken now. In this case the entrepreneurs allow a fixed propor-
tion of the capital invested as depreciation, and the price of capital
goods of the same kind does not vary over time. The depreciation
formula is arrived at by allowing the rate of interest. Thus if the
amount of capital invested at time t is k(t), it is assumed that
rk(t)/(e¥®-1) is the depreciation allowed per unit of time throughout
the life time of the eapital. When investment in ecapital k(t) is made,
the entrepreneur is committed to incur certain expenditures spart from
the depreciation. The amount of labor that is employed with the
capital k(t) is assumed to be n(t) which is equal to, say,: nbe’w.
Assume that this level of employment for k(t) is maintained throughout
the life time of the eapital. It is assumed that wage rate is fixed
at w and the other expenditures including the rate of profit is also
assumed to be a constant, equal to v per unit of k(t). The total cost
is assumed to be always covered. Then:

161 y(t) & M) (v + —g&=) + e’

e -1
It is further assumed that net saving at t is a constant frace
tion of net income at t. Under the present assumption the total dopx;o-
ciation at t is equal to rK(t)/(e™®-1), where K(t) is the total stock
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of capital at t. According to the present assumption about saving the
following relation holds:

162 s {x(t)- R(£)} = k(t) -RK(t)
where R = r/(cre-l). III-61 may be integrated over the interval (b, t-€)
to get X(t) and use the integral in III-62, writing wii e"® for the
integrel of wn ¢¥, Rearranging the terms of the equation:

11163 k(%) = K(t) (sveR) + wiige?®

Differentiation of III-6k with respect to t gives:

Tk dk o (evR) { K(8)=k(t-0)] + i

Without entering into a discussion regarding the solution of
the above equation it may be stated that if there is any solution yleld-
ing positive real rate of growth cf capital and of output, it should
vary directly with sv4R and A. If such growth rate is equal to A there
is no innovation of any kind in the economy. But if it is different
from ) there is an innovation going on in the required direction such
that the factor prices are kept constant. It should be noted that the
sbove argument rules out the neutral rise in productivity of factors.

The object of the above argument is to show that if the factor
prices are given and the rate of growth of employment of labor force is
given a rate of increase of output or capital can be greater or less
only if there exist technologies which assure this and if the entrepre-
neurs are motivated to employ such technology. In many works on growth
theories such possibilities have either been assumed or neglected with-
out much explanation. This is not without reason. One camnot single
out some smong a vast multitude of facters snd say that such and such
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factors are mainly responsible for s giwfpn type of irmovation. In the
above znalysis it might be held that if the profit rate v is the
minirmum below which the entrepreneurs would not be willing to invest,
the maintenance of a given (minimum) profit rate might be regarded as a
motivation for innovation. On the whole there msy be some truth in
such an argument. But for any situation the appropriate direction of
immovation is a complex thing to analyze. It is not the intention here
to study any further argument on this subject. There is the case of
neutral technological progress which may be teken up now.

in the preceding analysis of this subsection not only the case
of neutral progress in technique was avoided but also the poseibility
of changes in factor price was argued eway. The reason is that if such
changes are allowed the effect of such changes on the employment of
current input with old capital goods has to be clearly incorporated in
the model. In what follows the author attempts the analysis under the
assumption of neutral technological progress which would raise the
productivity of factors and their prices over time.

D. A More Realistic Approach to the Theory of Growth:

A Suggestion. The object of this subsection is to suggest some modifi-

cation of Johansen's model which has been seen to be extremely rigid in
its ascumptions. The rigidity of the model became apparent when it was
found that rising productivity of the factors has been entirely
neglected in the model as affecting the profitability of a cholce of
factor propertion in the plant which is already in operation.
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It does not secem realistic te disregard the possibility that
when a plant is in operation entrepreneurs are free to some extent to
vary the employment of current inputs of laber and meterials. In such
& sitvation it is necessary to find out how far the entrepreneurs are
able to respond to the changing factor prices to maintain the level of
ectivity that would guarantee a minimum profit rate.

To be specific, it is assumed that productivity of the factors
is increasing exponentially for new capital forms st the rate g per
unit of time., If at any time o new cepital is employed with a given
emount of labor in some given proportion, such proportion may be taken
to be ideal only at a given set of ‘factor prices. Bub when factar
prices are changing the entrepreneurs will be able to change the level
of empleyment of variable inputs. Although one may not know precisely
what rules of behavior should be consistent it may be taken for granted
that when a fixed factor is given, any inerease in the employment of
the variable factors will lead to diminishing returns. Using the con~
tent of this rule it is assumed that when wage rate is rising, the
entrepreneurs will employ less labor with the given stock of capital
and that may lead to a reduction in the output of a plant less than in
proportion to the reduetion in the employment of labor.

It is assumed that the total labor n(t) employed at time t with
the capital k(t) will be reduced at the rate § per unit of time because
of rising wage. Thus at the time of replacement of the capital, there
will be only ¢*3%(t) units of labor employed with k(t). Howsver, this
rate of reduction of labor will not lead to a proporticnate rate of
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reduction of output of the plant. It is assumed that the output is
reduced at the rate A8 where 0<<l., The equation for deriving the
form of n(t) is as follows:

t
m1-65 Nt 2 {7 n(u) ¢ ¥ty
t-6

The solution of III-65 can easily give the value of n(t) as noo)‘t',
N, (6+3)
0

where ng = m@'
The equation for the total output may be written as:
III-66 X(t) 35 {noo } s X (u) ¢ e*5(teu) o
t=0

where we have k(t) = sX(t). By the procedure which will be illustrated
in the next section one may obtain a solution for X(t). If the solution
is taken to be one with exponentially growing output, it shall have an
asymptotic solution of the type which had been given before to be of the
form CeS*, In the present case also the value of o is the same as in
III-56. But the value of C is given by:

III-67 C e §1/(2646) a@%{‘ﬂu«
AS$ 1

-@5 »,6)0)} 1/(1-9)

From III-67 it is clear that depreciation of capital has an
important rele in the determination of output over time. The term
depreciation is nM for here. Now some important points should be
noted about the model designed above.

Two types of situations that exist in the economy are imbedded
in one technological constraint III-66. One is that in the real world
when a new plant is built the proportion of factors is chosen with
proper regard for the existing factor prices and the current technology.
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This is represented by the factor representing technological progress
and the Cobb-Douglas production function. Ancther situation included
msn-mzznmsumshwtmmgmpmum.wt-
put becomes solely the function of current input. One might be inclined
to object to it on the ground that this has closer resemblance to nece
classical model which Johansen's model seeks to improve. But accord-
ing %o the present author the above model does not resemble the neo-
classical situation, because in the latter there is no explicit intro-
duction of short period production function while dealing with long run
growth problems, Furthermore this model is more realistic than that of
Johansen in assuming that short run costs determine the level of utili-
sation of a plant,
nmab.mmmsuuvmumwwtmmm
A which is derived from the short run production function that the
value of § is determined taking account of the technological progress
and therefore the tendencies of the current costs. In other words,
6 should be such that given the parameter o marginal cost is always
equated to price. Although the author does not intend to be too
emphatic one may consider the short run production function to be of
the form, y = n”, both the varisbles being time functions, Teking
logarithm of both sides of this equation and differentiating with
respect to time growth rate of y is found to be equal to < times the
growth rate of n. The negative of such growth rate is the shrinkage
rate used in the above model. Here it is held that o has no relation
at all with P, because they are assumed to belong to two different

universes,
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This completes the discussion of some of the essential feastures
of the model proposed in this seetion. Many problems remain to be dise
cussed, of course. The toughness of the subjeet and limitations of
space and time prohibit the author from emberking on further contro-
versies at present. Before passing to another section some conclusions
of this section are summarised.

E. Conclusions. The main conclusions of this section are as

follows:

l. Johansen's model is very rigid in that, if competitive
assumption regarding the uniformity of facter prices has to be ful-
filled, the changes in factor prices, and therefore, all changes in
technology resulting in the change in productivity of factors, are to
be ruled out. Under the assumption of constant technique and constant
factor prices the case of fixed labor supply was studied and it was
found that, given an initiasl condition, output may grow such that in the
long run it will tend to an asymptote which is finite and determined by
the parameters of the system. It was also cbserved that output at the
asymptotic level is higher, higher the 6. However, it was found that
the rate of interest is related to the value of 6 such that with a
given value of 6 there is a2 rate of interest which determines the
asymptotic equilibrium.

2. Although the introduction of neutral technological progress
in Johansen's model was found to be inconsistent, the effeet of such
introduction along with the assumption of expanding labor force was
studied. It was found that in such case the economy would asymptotically
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econverge to 2 level of output which would grow at a rate determined by
the rate of taohnologicél progress and the rete of increase of labor
supply. The relation between the rate of interest and the durability of
capital was considered. From the point of view of entrepreneurial equi-
librium, the relation does not seem to differ from what was observed in
the previous model, namely that there is an inverse relationship between
the two, The problem that from the point of view of the economy the
rate of technological progress imposes another condition of optimum
output was also discussed. However, this condition was regarded as
irrelevant if one were concerned with equilibrium.

3. The purpose in C was %o discuss the model on the assump-
tion of constant factor prices and by representing the aggregate output
in terms of the earnings of factors. It was found that the rate of
growth in such a case would be determined by the savings coefficient,
quasi-rent and the rate of growth of laber. If the rate of growth so
determined involves change in the factar-ratios, it follows that imno-
vations are taking place in the economy such that the prices of factors
are maintained at constant level. Such a situation would have been
worth considering in some detail. But at the moment it was found diffi-
cult to conceive of a production model that could accomplish the objec-
tive. Moreover, to be realistic one has to pay attention to the rising
productivity and increasing factor prices, which was neglected there.

L. The last section was devoted to the case in which rising
productivity is allowed with an important meodification of Johansen's
model. The author introduced the assumption that after a capital is
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installed the intensity with which it is operated varies with factor
prices. I% was held that capitsl in that case becomes 2 limitational
factor and output becomes a function of current inmput. With this
assumption the model was solved to yleld output level which was
influenced significantly by the rate ef shrinkage of output, or as it
may be said, by the rate of shrinkage of aetivity, related to a given
capital good over time,

These in brief are the conclusions ef the j;resont gection. A
similar problem with a different assumption regarding the productive
life of capital good will be considered in the next section.

Section V: Exponential Depreciation of Capital Goodsl

In this section is studied the case of capital goods that are
depreciating at an exponential rate Y . This implies that of the totel
amount. of capital K(t) at time ¢ only x(t)."/a will be availsble for
use after 2 units of time. Under Johansen's assumption the productiv-
ity of such capital will shrink at the same rate and the amount of laber
employed with the ecapital at any time will alseo shrink at the same rate.

In the present case also there is the problem of finding out
the effect of changing factor prices in the case of rising productivity.
This will be tackled with the same method as the one used in D of the
last section. First the implications of Johansen's model will be dis-
cussed with the assumption that there has been no change in productivity

1’!‘)19 production model in its elementery form is duve to Johansen
but the modifications are the author's owa.



189

of factors of production. This will be the object of Subsection A in
what follows. In Subsection B the assumptions are modified allowing
for increase in the productivity of the factors of production. In C
this section is concluded.

A, Growth without Technological Progress. A consequence of

the present assumption regarding depreciation of eapital goods is that

the capital goods produced at any time live for an infinite length of
time though the proportion of them living decreases exponentially over
time. Thus the amount of labor employed with capital at any time alse
decreases in a similar way. Assuming full~employment of laber the
amount of labor employed at t is distributed to capital goods produced
at different points of time in such a way that the following relation
holds:

t Yt
I11-68 ' Hoo)'t = j n{uk s u)du
-0

The above equation uses the assumption that the labor force is
expanding at the exponential rate. The funetion n(t) is also used to
designate the amount of labor employed with the capital produced at
time t. Since the labor employed with capital of earlier periods is
released for reemployment with the new capital goods the resulting
expression III-68 is derived. It should be noted that lsbor employed
with capital of time u, n(u), is reduced to n(u)e~ "% 4t time t,
(t>u). 1In order to solve the equation III-68 it may be differentiated
at first to yield:

t
II1-69 A NO.” = n(t)-Yxoo""



from which follows:

=70 n(t) = N (oY)

The assumption that k(t) = sX(t) and the use of the Cobbe
Douglas production funetion leads to the following equation for the
aggregate output at time t:

11171 X(t) = jt (n*«?‘")bp Exfiw o o
where n' = N, (2+Y), In ordc; o:o solve the above equation it may be
differentiated first to give:

IIT-72 % ,\t;)l--ﬁ Fil

(t) =Yx(t)

= (n'e

The solution of III-72 is the following:

I1I-73 at $3=0 ¢
X(‘h) = i h +Y
where C is a constant determined from initial conditions. It is easily

1PN | o 1epfy 2300

observed that the growth rate will tend to ) as time passes. For

high Y the asymptotic level of output becomes low. So far the writer

is with Johansen.® Now the other aspect of the model may be observed.
The intention here is to find out the equilibrium rate of output

which satisfies the condition that the value of capital at each point

of time is equated to the amount of saving that is invelved in produc-

ing it. The marginal productivity of eapital k(t) = sX(t) at time ¢

from the production function is to be derived and from it the total

earnings of this capital per unit of time from t to o0 is to be deduced

Lsee Johansen, op, cit., pp. 168=70. The treatment of the prob-
lem above is essentially s to his.
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allowing the shrinksge of this earning at the rate Y . The earning is
then discounted at the rate r. This gives the following equation:
IIT-7h  eX(%) = j Plnredt) 1= fxPrg) o=(r) (ust) 4

By integrating III-7h and rearranging the terms of the result-

ing equation the equation for r follows:

III-75 (5(3"”)1"3 FxP(4) - s¥x(t)
sX(t)

From III-72 it may be seen that the first term in the numerator of the
right hand side of III-75 is equal %o {% +Y x(f.)}ﬁ. Using this in the
equation III-75 one has:

-6 r 23 {Ba(t) +Y(Pe)}

where g(t) is equal to % %, or the growth rate at time t. Since the
equation III-76 contains all other terms, except g(t), that are assumed
to be constant g(t) also has to be constant. Otherwise it has to be
assumed that at time ¢ the entrepreneurs discount their future income at
a rate of interest which would change with the passage of time. If such
is the case the rate of interest will have the same tendency as the
rate of growth of output to approach a constant asymptotic value as the
growth rate will have. However, the author considers it better to
regard the constant rate of growth )\ as the valid solution. One can
see that the integration of the expression in III-75 would give )\ as
the rate of growth of output, provided the rate of interest does not
vary with time, which may be assumed to have been satisfied. In any

case the equation III-76 is the condition which is to be satisfied if
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equilibrium output, defined according to the assumption underlying
IITI-7h, is to be realized.

From III-76 it is apparent that the rate of interest can be
equal to the rate of growth if and only if B = s. This condition was
true in the models considered in the last section also. An economy
with -5>0 experiences 2 higher rate of interest than a similar
economy with 3 = s assuming Y and g to be the same for both of them.

In interpreting III-76 r should be considered as a dependent
variable. Further one should not use the ceteris paribus assumption
in order to explain the effect of change in any of the parameters on
g or r, since all the terms are interrelated.

The case of an economy in which neutral technological progress
is taking place will be investigated now.

B, Neutral Technological Progress and Growbth. The author will

not repeat here the arguments why in a competitive system Johansen's
approach is questionable in the case of increasing productivity of fac-
tors leading to increased factor prices over time. But for the sake of
emphasis it is worth repeating that while new investment in capital
goods is being made, one may be able to choose an optimel factor com-
bination considering the factor prices and prices of goeds though such
choice is not possible after the type of plant is chosen and set in
operation. But after the capital is installed it is not necessary that
it should be used to produce output using the plamned combination of
factors. The fact that a capitel good has to live a certain length of
life prohibits an entrepreneur from introducing new technology whenever
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he desires. But this doos not necessarily prevent him from varying
current inputs whenever the situation necessitates this. This neces-
sity of varying the amount of current inputs arises whenever the prices
of inputs are changing. In the present model when wage rate is chang-
ing it does not pay an entrepreneur to employ the same amount of labor
as planned during the installation of the capital. He has to vary the
amount of labor if he is to produce profitably at all. For an entre-
preneur the fixed capital becomes a limitational factor and the rate of
output becomes a function of the current output.

If this idea is used in the present model one has to consider
a production function which depiets the short run technieal possibil-
ities of variation of output by varying the inputs of labor. It is
misleading to suppose that variation of labor input will propertion-
ately change the amount of output. It is equally misleading to suppose
that the production function which deseribes the poseibilities of vary-
ing output by changing inpus is the same as in the case when fixed
capital outlays are being made and the appropriate choice of factor
combination is made on the basis of the factor prices ruling at a given
time. When new capital is being installed the different eapital output
ratios yielding a given amount of output are examined with the view that
such output results from the normal utiliszation of capacity. Otherwise
a production function has little meaning, when the planning of a pro=-
duction process with an optimal combination of factors is concerned.
But when the amount of capital is given as already in the shape of a
plant in operation the variation of preduct by varying inputs cannot be
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definitely deseribed in terms of a2 production funetion of that type. In
such a case the variation of inputs may reduce or increase outputs more
or less sharply than in the case mentioned above. At the moment the
author does not intend %o elaborate upon this subject. Here the model
that will be developed will utilize the same ideas as in D of the
previous uctioh.

The assumption of the previous discussions that technology of
a neutral variety 1s advancing at a constant exponential rate g is
used here, This advance in technology is leading to a contimuous
increase in the factor prices. The consequence of this is that in
industries which utilize older eapital goods less and less labor is
employed. But the output from such eapital is reduced less than in
proportion to the reduction of labor at each moment of time. 5 and o8
are the respective rates at which laber and output are shrinking,

o is determined by the short run production function and & by o and g
togethers It 1s perhsps reasomable to suppose that O is an inereasing
function of g.

It 1s now clear that there are two types of what one may eall
shrinkage functions. For labar they are Send Y . For oubtput they
are db and Y . One may find the function n(t) by solving the following
integral equation:

I11-77 Nd¥ o St a(u)e"®*N (o) o

o
s <}
Using similar arguments as in the case of III-68 the following

solution is arrived at:
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TII-78 a(t) & o6

where n" = N (Y +245).
For aggregate output the following equation holds:

t » p - + -
II-79  X(t) = 5 (@10 FrBray o o E 8 (bou)

The solution of III-79 may be found by using analogous argument as in

the case of III-~7l. The solution in this case is:

1
3 (1-B)n* -[5'[5 {8+ (1=B)AYt, o =(1=8)(x8+Y) t¢ T2
II1-80  X(t) = Z P + Ce I

The above solution does not differ in form from the previous
solution in III-73. Moreover, as in the model discussed in the last
section, growth rate is determined by the rate of growth of laber
supply and the rate of technological progress in the long rum. But
there are some characteristies in the present solution which require
attention.

In the previous model of this section it could be seen that the
rate of growth of output is not affected in any significant way by the
determinants of such rate of growth. The rate of growth of labor force
could exert some influence on the asymptotic level of output as on the
rate of growth. The rate of physical depreciation of capitel, Y,
could exert downward pressure on the level of cutput in the long run
and also was one important determinant of the speed at which the
asymptote is approached. In the present case, however, the rate of
technological progress not only affects the rate of growth of ocutput
but while exerting downward pressure on the level of long run output
partly by itself and partly by influencing the rate of shrinkage of
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output, due to the obsolescence effect of the technological progress, it
also affects the speed with which the asymptote is reached. Thus g
plays a somewhat complicated role in the above model.

Now the equilibrium condition may be taken as in the previous
subsection. In the place of g(t) write the asymptotic growth rate of
I1I~-80 and use -i-%-ﬁ* 2 in the place of 2 . The following condition
then holds for the present model which is analogous to III-76:

I8 r= g {EGE TN + 4341 (pes)]

The rate r is in this case doubly affected by the rate of tech-
nological progress, firstly as a component of the rate of growth of
output and secondly as a determinant of the obsolescence rate. If pos~
sibly the more realistic situation, B >S5S, is assumed in both ways g
raises r. Similarly, r is raised by d, which may be called short-run-
marginal-cost-coefficient, in the event of its rise.

The validity of the above model depends upon how far the
reality agrees with it. It is not the object of the author to test the
conclusion in the present work. But from a purely analytical point of
view the author believes that the line taken up in the last model
appears to be justifiable both on grounds of consistency and greater
degree of realism.

C. Conclusion. The main conclusions of this section are that

the rate of physical depreciation of capital has dowrward pressure on
the long run development of output. It also affeects the speed with
which the long run asymptotic level of output is reached. It was
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argued, as in the previous section, that the assumption of technological
progress which raises factor prices canuot be valid in Johansen's model
if the existence of short run production funetions, which allows variae
tion in current inputs employed per unit of existing capital goods
without leading %o proportionate variation in output, is denied. This
argument is valid if uniformity of factor prices in all employment is
assumed, which, of course, is the consequence of competitive assumption
which is made throughout the present work. On the basis of this argu-
ment the last model was developed.

Once the assumption that by varying inputs, cutput could be
varied according te the implied operation of the law of diminishing
returns, is introduced an obsolesecence function is derived, the shape
of which is determined by the rate of technological progress (of the
type discussed here), and the coefficient or coefficients of the shorte
run production function. The writer here considered a coefficient X
which, together with g was assumed to determine the rate § which was
considered as the rate at which the employment of laber in capital
installed at any time will decline even if the rate of physical depreci-
ation were zero. The rate of shrinkage of output was similarly defined
to bes o

The consequence of this assumption was that the rate of techno-
logical progress influenced directly the rate of growth and indireetly
both the long run tendency of the economy and the speed of the economy
toward this., Its effect on the obsolesecence of capital is to be
regarded as the important aspect of the last model.
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Now the important features of Johansen's model of economic
growth have been examined. In the next section the present chapter is

concluded with some remarks.

Section VI: Concluding Remarks
In the introduction of this chapter one would find that the

purpose of the chapter was to derive the implications of the growth
model due to Johansen, because of the reslism it wanted to bring in
the technological assumption. The author was in favor of the new type
of model because of its recognition of the fact that capital goods are
durable, and factor substitution or imnovation of any kind is not
possible as long as old eapital goods exists. Changes in technique can
occur and, if desired, one factor can be substituted for another only
at the time old capital goods are replaced by the new. Under these
assumptions various models were studied with varying conditions of
labor supply and technological progress. But, it is needless to repeat
in detail here that the model in the form as presented by Johansen was
found to be so rigid that changing productivity of factars could not be
accommodated in it without saerificing much of the consistency. This
consideration led the author to formulate the last models in the last
two sections.

It should, however, be admitted that the models referred to,
which in the assumption that the short run and the long run production
functions are different and that both of them have to be included in
dealing with the theory of growth, are meant to illustrate the nature of
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the attempted synthesis of Johansen's model with the model of the neo-
clagsical economists. A much more elaborate study of this aspect of
the problem would have produced some more interesting results, perhaps.
But the limitation of time and space relative to the amount of research
required prevented the author from taking up this task.

Since the main conclusions of the different sections above are
already noted at the end of those sections it is found unnecessary to

repeat them here.



CHAPTER IV
SUMMARY AND CONCLUSION

Without going into methodological detail or specific analytiec
technique the arguments of the preceding chapters are summarized below
in a generally simplified manner,

It may be recalled here that the purpose of this study has been
to explain the distribution of income between labor and capital in the
context of the theory of economic growth. It may also be recalled that
the marginal analysis has been used as the means to accomplish the
objective., It is needless to repeat here that the marginal productivity
theory of income distribution is directly applicable to the neoclassi-
cal and Johansen's models of economie growth, whereas this is not the
case with the fixed-coefficient model of Harrod. In the latter case
income distribution could be explained with the help of a multisectoral
model, using the various coefficients of production characteristic of
different sectors of the economy and the demand funetions for the goods.

The purpose of explaining income-distribution for all the
models considered in the present work has been to see whether and under
what conditions fun-owlaynint growth equilibrium exists. It is clear
that growth of output is indeterminate unless the level of employment
of factors and technology is known. Given the state of technology and
the supply of factors, the level of employment of factors and output of
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goods depend upon demand for the total output. Demand and supply of
output are brought inte equality through adjustment of prices of goods
and factors. Keeping these basic and olémnt.uy facts in mind it is
worthwhile to consider how they are applied to the three models dis-
cussed in this work.

In conneetion with Harred's model the discussions centered
mainly around the question as to whether there is any explanation of
factor pricing when there is fulleemployment growth equilibriume In a
one sector model it was not possible to explain this unless Kaldor's
theory was accepted. Another approach that eould consistently be taken
was to have a mltisectoral model based on the assumption of fixed
coefficients of production. The existence of more than one sector with
different techniques of production assures a wide range of output for
which full employment of factors could be achieved. Specifically the
difference between a one sector model and a model consisting of more
than one sector with different techniques lies in the fact that in the
former case there is one and only one resource vector for full employ-
ment to exist at any moment of time, whereas in the latter case there
is a set of infinite vectors of resources for which this is true.

In the approach taken in Section VI, Chapter II, of the present
work capital goods were treated for the most part as intermediate goods.
The treatment of capital goods as stocks of durable goods does not pre=
sent any significantly new problem concerning income-distribution. In
both cases the solutiom of the model will lead to positive fulle
employment output of goods in the long run determined solely by the
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availability of labor and technology. The income distribution part of
the model comes from the demand functions and the equations relating
prices to costs in which the coefficients of production become relevant,
The crucial part of the thesis is that since in the model being consid-
ered the substitution between factors is not allowed on the production
side the existence of full-employment equilibrium for all economieally
meaningful values of preduction coefficients and for all initial values
of the resources and their growth rates, requires that the substitution
of the consumers as between all goods available or that between the
present goods and future ones should be perfectly flexible, Thus the
rigidity of the one side of the economy has to be completely compensated
by the perfect flexibility of the other.

Kaldor has introduced some degree of flexibility in his model
at least by assuming that the propensity to save varies from one group
of factor owners to another. But this is done by assuming that within
one group of fagtor owners there is some constant propensity to save.
This is one step toward explaining the existence of full-employment
equilibrium. However, this is not necessarily the right step. One can
easily imagine cases in which Kaldor's theory is not applicable, not
only in its original version but also in more elaboraite versions applied

1

to more than one sector.” The defects of Kaldor's assumption are

l‘rhc writer came across an interesting and illuminating article
by R. M. Davis, "Income Distribution in a Two Sector Model," Oxford
Economic Papers (forthcoming), when the present work was already com-
m—lﬁ% article Kaldor's theory was applied to a model consist-
ing of consumption goods and investment goods seetors. With given
savings coefficients, there is the problem that though arbitrary initial
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elearly removed by the procedure followed in the present work, in which
savings coefficients are the consequences of the working of the totality
of market forces. The defects referred to are the possibility of
economlically unacceptable prices of factors and goods et full-employment
which can result from the assumption of constant saving coefficients.
The neoclassical theory of economic growth is brought into the
present werk as a contrast to Harrod's model. On grounds of realisnm
the adherents of the neoclassiecal approach assume that the production
function at any state of technique consists of alternative processes
of producing a given output. The variability of ccefficients of pro=
duction which is thus assumed allows any arbitrary amount of factors to
be fully employed with positive rate of return. The factor pricing is
most easily explained if the production cbeys the law of constant
returns to scale. The assumption of consbant returns to scale, besides
leading to convenience in analysis, has an interesting property which
is contained in Morishima's ar Samuelson's substitution theorem. If it
is assumed that facters are employed according to the rule that the
marginal productivity of each factor equals its price then the fixed
coefficient models appear to be assuming thet the relative factor-prices
remain invariant over long periecd. If this is assumed to be true of

endowment of fastors mey lead teo pesitive outputs which grow at the
rate determined by the rate of growth of labor and the parameters of
the production functlons, the existence of positive profit has to
satisfy certain constraints relating the saving coeffieients and the
total available labor. Hence the proposition that perfect flexibility
of consumer behavior is required for full-employment equilibrium is to
be assumed.,
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Harrod's model then it follows that a less than full-employment situa-
tion is due to the rigidity of factor-prices. How far this is true is
not clear from Harrod's model. But in the neoclassical model the
assumption of constant returns to scale results in the conclusion that
stationary growth process at full-employment can be achieved in the
long run.

It is true, as Solow has shown, that the assumption of constant
returns to scale need not necessarily lead to a stationary growth
process, It may also be true that the coefficients of production need
not be determined according to the substitution theorem under condi-
tions of instability. If one assumes, however, a nicely behaved produc~
tion of the Cobb-Douglas type, and if movements of prices and output
fluctuations do not disturb the working of the economic system it is
possible that full-employment equilibrium will be realized. It may be
expected that the fluetuation in output and prices which mey occur in
the short run would be unimportant compared to the effeet of the per-
sistent tendencies in factor supply and technology. Thus a neoclassi-
cal model may be regarded as fairly stable at full-employment. It may
be remarked that in the case of the neoclassical model even if there
are rigidities in consumer behavior the assumption of flexibility on
the production side is sufficient to explain income distribution.

The assumption of variability of factor-proportions in a
neoclassical model appears to be an exaggeration of reality in the
sense that plant and equipment existing at any point of time are of
definite nature and may not allow substitution between factors and alse
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the introduction of new technique. Johansen's model attempts a
synthesis of Harrod's model, which is regarded valid for the short run,
and the neoclassical model by assuming that new techniques or changes
in factor proportions can be introduced only at the time when old
capital is replaced or new investment is made. With some different
simple assumptions regarding the shrinkage or the durability of capital
mathematical models are built which yield solution for the growth of
output over time. But the income distribution aspect of the problem
is entirely left out. This leaves the question as to what conditions
are required for the existence of long run full-employment equilibrium
unanswered.

It has been the purpose of the last chapter of the present work
to formilate Johansen's model with sufficient simplifying assumptions
such that the distribution aspeet of the model could be clearly
~ explained. It was assumed that in the long run the rule of substitution
between fagctors would be the one given by the Cobb-Douglas production
function and regarding the progress of technology it was considered as
resulting in the neutral shift of the production function. The explana-
tion of income distribution is easy once such assumption is made. The
durability of capital, however, posed an additional problem, which will
be noted at the end of this chapter. Using the seme assumptions as
Johansen has done regarding the shrinkage of capital both the produc-
tion and distribution aspects of the model were studied.

As far as the growth of output over the long run is concerned
Johansen's model supplies little additional information which may not be



206

found in the neoclassical theory. In interpreting the distribution
part of the model the marginal productivity theory was applied as in
the case of the neoclassical model. The following equations of which
the first refers to the case of capital goods having finite life and
the second refers to the case in which the eapital goods depreciste at
an exponential rate, show the relationship between the rate of interest
and growth rate and other parameters:

% 6%(1-»"“) -% ‘gﬁ (1-e779)
2. r = % {ee(t) +Y(E-s)}

where ¢ and g(t) are growth rates, r, the rate of interest, 8, the
exponent of the term capital in the production function which measures
the proportion of income going to cepital, s, the gross-saving-
coefficient, Y the rate of depreciation and ©, the durability of
capital.

The above equations show the relationship between the rate of
interest and the other parameters of the model assumed. One may con-
trast the relationship explained by them with the one which von Neumannl
has established in his model and also with the relationship which '?'olc\w2
has explained for Harrod's model. In von Neumann's case the rate of
interest is equal to the rate of ‘growthi, thereby implying that in a

1see J. von Neumann, "A Model of General Economic Equilibrium,”
Review of Economic Studies, XIII (194S-hé), 8.

2R, M. Solow, "A Nete on the Price Level and Interest Rate in
a Growth Model," Review of Economic Studies, XXI (1953-5k), 7h=9.
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stationary economy the rate of interest is sero. In the present case
Equation 1 cannct be used for a stationary condition. However, from
Equation 2 above it is clear that if g(t) is sero r can be gzerc only if
f= s for all acceptable values of Y . Perhaps the important point of
difference between the present position and the pesition of von Neumann
lies in the relation between P and s. If the von Neumann economy is
stationary with depreciating eapital goods, depreciation of capital per
unit of time being taken as constant the return on capital is just
enough to replace it. This would make A =g. But if capital gets more
than the amount just sufficient to cover its cost of production (exclud-
ing interest charge) there exists a rate of interest even in the
stationary state and in the case of a a'wiusgrgheo rate of interest
exceeds the rate of growth. Similar comparison may be made between the
conclusion reached here and that of Solow in whose model too the rate
of interest is equal to the rate of growth of output if the price level
is stationary, which is here assumed to be the case.

The equations 1 end 2 mentioned above are derived from the con-
dition for competitive equilibwrium. Thus for full-employment equilibrium
%0 exist Johansen's meodel requires those conditions to be satisfied.

But there is one more point elaborated in the last chapter though not to
a sufficient length which deserves particular notice. The point is that
in order to present the condition of competitive equilibrium more con-
gistently the present writer had to depart from the assumption of
Johansen regarding technoleogy. The departure is necessitated by the
problem which arises in the case of technological progress, especially,
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when the rise in productivity of factors raises their prices. In
Johansen's model it is assumed that the old plants are always operated
at the plamned level of intensity throughout their life irrespective of
the change in factor prices that might be going on. This is not neces-
sarily true. If in the assumed economy a continucus rise in productivity
is taking place and factor prices are rising it is not profitable for
the old plants to produce at their original capacity. Hence plants
become obsolete simply because of the changing prices of factors. There=
fore some flexibility is necessary in the model if umiformity of factor
prices throughout the economy and the equilibrium of the producing firms
is to be realized.

Towerd thie end the writer has found it helpful to assume a short
run production function which has different parameter from that in the
long run one. The short run production function is defined for any
given fixed plant in terms of current inpubt alone as variable. The
diminution in the product per unit of current input, namely labor in
the model considered, wheu ite employment is reduced and the increment
of the product in the oppeosite case de not follow the same pattern as in
the case of the variation of factor-proportion along the long run pro-
duetion function. With this assumption an obsolescence function was
defined as depending upen the parameter of the short run production
function and the rate of change in productivity occurring exogenously.
The model which has resulted has resemblance with all obher models dis-
cusseds But the equilibrium pattern of output over time is now affected
by the additional factor, namely, obsolescence, which is different from
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the exogenously given physical life or depreciation of capital goods.

It is now clear that there are two aspects of the problem of
factor-price-determination in the new model which might not appear
clearly demarcated in the formulation given in the last chapter. One is
that the long run production function (which includes in it the improve-
ment in technology) explains the change in factor price going on in the
section of the economy in which new plants are being operated. Another
aspect is that the old plants are trying to adapt to such changes con-
timuously by making the best of what they have by possible short-run
adjustments open to them which are desecribed by the short run produc-
tion function. This latter part is more a problem of allecation of
labor among existing fixed items of capital.

One might probably expect a much clearer view of the economic
events if the effeet of technological progress on the structure of the
economy were explained by taking diserete intervals of time. It would,
perhaps, have been much more illuminating if a major structural change
were assumed to havc_tahn place at one interval of time and if its
effect on employment, output, and obsolescence of capital in subsequent
intervals were studied. This would have led to the problem of struc~
tural disequilibrium of the economy.® However, the study of the various
types of disequilibrium and the forces that restore equilibrium lies

1tn this connection one might consider Schumpeter's arguments
about the innovations and their consequences resulting in long waves
of business cycle. See his The Theory of Economic Development
(Cambridge: Harvard University Press, 193L) and Business Oycles
(New York: MeGraw-Hill Book Go., Inc., 1939).
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outside the scope of the present work. The task of the present study
has been solely to study the conditions for contimuous steady equilibrium
growth, This is sufficient to justify the present treatment of the con-
tinuous adjustment process.

Since the points mentioned in the preceding pages summarize the
importent arguments of the present work, it may finally be mentioned
that the three models discussed here describe three aspects of the same
world. Which one of them is more relevant depends upon the issues one
is confronted with.
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