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DISSERTATION ABSTRACT

Max Vargas
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Title: Representations of Partition Categories

We explain a new approach to the representation theory of the partition
category based on a reformulation of the definition of the Jucys-Murphy elements
introduced originally by Halverson and Ram and developed further by Enyang.
Our reformulation involves a new graphical monoidal category, the affine partition
category, which is defined here as a certain monoidal subcategory of Khovanov’s
Heisenberg category. We use the Jucys-Murphy elements to construct some special
projective functors, then apply these functors to give self-contained proofs of results
of Comes and Ostrik on blocks of Deligne’s category Rep(S;). We then study a
restriction functor Rep(S;) — Rep(S;—1) and prove a conjecture of Comes and Ostrik
involving this functor. Finally, we use the restriction functor to verify a criterion of
Benson, Etingof, and Ostrik, thereby identifying the abelian envelope of Rep(.S;) with
the Ringel dual of the category of locally finite-dimensional Par,-modules.

This dissertation includes published co-authored material.
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CHAPTER I
INTRODUCTION

Throughout this dissertation, fix an algebraically closed field k of characteristic
0 as well as a parameter t € k. Chapters II and III both contain material that has
been published and co-authored with Jonathan Brundan in [BV22].

1.1 Overview

In [Del07], Deligne introduced a class of diagrammatic monoidal categories which
generalize a number of classical groups. His motivation was to construct examples
of tensor categories which do not exhibit the property of moderate growth. That is,
he wanted his categories to contain objects X for which the number of composition
factors of X®" should be a super-exponential function of n. The first of these examples
is the category Rep(S;), which may be defined as the additive Karoubi envelope of
the partition category, Par;, presented below. When ¢ is a natural number, the usual
category Rep(S;) of finite-dimensional representations of the symmetric group is a
certain quotient category of Rep(S;) (its semisimplification). For values of t ¢ N,
Rep(S;) can be thought to interpolate between the usual categories Rep(S;). From a
representation theoretic perspective, however, Rep(.S;) remains most interesting when
t € N; otherwise this category is a semisimple abelian category.

This dissertation focuses primarily on the underlying category Par;, which we
now proceed to define via a monoidal presentation. This approach is based on Comes
[Com20, Thm. 2.11]; see also [LSR21, Prop. 2.1]. We use the string calculus for strict
monoidal categories with the convention that vertical composition f o g is given by
stacking f on top of g and horizontal composition f % g is given by placing f to the

left of g.



Definition 1.1.1. The partition category Par, is the strict k-linear monoidal category

generated by one object | and the morphisms

><:|*|—>|*|, A:|*|—>|, Y:|—>|*|, o :l—=1, 41— (111)

subject to the following relations, as well as the ones obtained from these by horizontal

and vertical flips:

-1 KX o
§<:><, >< _ ‘ | (1.1.3)
\</ _ \P/ E; - \/ (1.1.4)
C)\ _ ‘ N _ I (1.1.5)
Q _ ‘ [ -n (1.1.6)

We will sometimes denote the object |** simply by a. Note |** = 1.

Traditionally, e.g. in [CO11, Def. 2.11] or [Del07, § 8|, the partition category is
thought of in terms of set partitions instead of generators and relations as above. In
particular, in loc. cit., the morphism spaces Homg,,, (a,b) are shown to have bases
given by set partitions of {1,...,a,1’,...,0'}. To establish the connection between
their approach and ours, we make use of partition diagrams. By a b x a partition
diagram, we mean the diagram of a morphism f € Homg,,, (a, b) built from vertical and
horizontal compositions of the generators in Definition 1.1.1 which has no “floating”
components (any such component can be removed at the cost of the scalar ¢ by
the “dimension relation” (1.1.6)). Labeling the boundary points (from right to left)
along the bottom and top rows of f by 1,...,aand 1’,..., ¥, such a partition diagram

encodes a set partition of {1,...,a,1’,...,b'}. Here is an example of a 9 x 7 partition



diagram.

9/ 8/ 7/ 6/ 5/ 4/ 3/ 2/ 1/
(1.1.7)

7T 6 5 4 3 2 1

This partition diagram determines the set partition
{1,4,1,2",3 4,6, 8" u{2,6} U{3,5,9 U {7, 5} LU {7}

There is an equivalence relation on the set of partition diagrams where two diagrams
are equivalent if they determine the same partition of their boundaries. For example,
the morphism inside Par, represented by (1.1.7) is equal to the one represented by
the tidier diagram below because they determine the same partition on the labels of

the endpoints.

9 & 7 6 5 4 3 20V

SNVANSK

,,,,,,,,,,,,,,,,,,, (1.1.8)

7T 6 5 4 3 2 1

From the defining relations, any diagrams which are equivalent in this sense are
equal as morphisms in Par;. In fact, the converse holds and one obtains a basis for
Homg,,, (a,b) by fixing a set of representatives for the equivalence classes of b x a

partition diagrams. The special case when a = b = 0 implies that
Endeg,, (1) = k. (1.1.9)

In this dissertation we take a module-theoretic approach to the representation

theory of Par;, working in terms of the associated path algebra:

Par; .= @ Homg,,, (a, b)

a,beN
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Our analysis takes advantage of the fact that Par, has a split triangular decomposition,
following the definition in [BS, Rmk. 5.32]. This is discussed in §2.8 and the key
principle is that for any partition diagram, there is an equivalent partition diagram
which is a composition of various “merges” at the bottom, then crossings, then “splits”
at the top as in (1.1.8). It follows that the category Par;-Modiq of locally finite-
dimensional Par,-modules is an upper finite highest weight category in the sense
of [BS]. In particular, there are standard and costandard modules, indecomposable
projective modules have standard flags satisfying BGG reciprocity, and so on. In fact,
Par, is a monoidal triangular category in the sense of Sam and Snowden [SS22] who
have also developed these ideas in a general setting.

With standard modules in hand, our story follows the ideas presented by
Okounkov and Vershik in their approach to the representation theory of the symmetric
groups [OV05]. In the main part of the thesis, we study an induction functor D
induced by the monoidal operation |x? on Par, given by “multiplication with the
generating object”. This plays analogy to the induction functors in the setting of
symmetric groups indgzﬂ(?) = kS,11®7 : Rep(S,) — Rep(S,41). We introduce a
new monoidal category, the affine partition category, in order to better understand
the Enyang-Jucys-Murphy elements of [Eny13]. These let us split the functor D into
indecomposable constituents. Together with some facts about a new family of central
elements of Par;, this affords a new and self-contained analysis of the block structure
of Pary;. This was originally worked out by Comes and Ostrik, although their proof
ultimately appealed to results about the partition algebras due to Martin [CO11,
§ 6.3].

The final chapters study a well-known restriction functor F} ; : Rep(S;) —

Rep(S;_1). After reinterpreting this in terms of modules over path algebras to



obtain a functor R!_; : Par,_;-Mod — Par,-Mod in the other direction, we prove a
conjecture of Comes and Ostrik. Namely, restriction gives an equivalence between the
principal blocks of the corresponding categories [CO11, Conj. 6.8]. Finally, we study
the behavior of R!_; on tilting modules. This allows us to apply a recent theorem
from [BEO23] to identify the abelian envelope of Rep(S;) with the Ringel dual of
Pari-Modyg in the sense of [BS].

1.2 Organization and main results

Now we go into more detail regarding the layout of the thesis and formulate some
of the main results more precisely. Chapter II is dedicated mostly to introducing
the general techniques that will be used in the sequel. We set up a dictionary to
pass from the framework of k-linear categories and functors to that of modules over
their associated path algebras. Using the theory of highest weights granted by the
split triangular decomposition of Par;, we quickly re-prove a classic result of Deligne
which was also proven by Comes and Ostrik using different methods: the isomorphism
classes of irreducible, indecomposable projective, indecomposable injective, standard,
and costandard modules are all indexed by the set of integer partitions, P. Those
modules corresponding to a partition A € P are denoted by L(X), P(A), I(X), A(N),
and V(\), respectively.

The main content of this disseration starts with chapter III. We pass from the
functor |x? : Par; — Par, to the induction functor D : Pary-Modyqy — Pari-Modygg,
and then show that it respects modules with a filtration by standard objects.
Specifically, we establish the following combinatorial rule for determining the sections
of DA(X). Comes and Ostrik produced a similar result for generic parameter values

in their proof to classify blocks [CO11, Prop. 5.15].



Theorem (See Th. 3.9.1). For \ € P, there is a filtration 0 = Vo C Vi C V, C

V3 = DA(X) such that

Vo= @ A(A+[a]),

acadd ()

wvizame @ @ A -[b])+[al),

bErem(A) aeadd()\*@)

nw= @ a0-[l).

berem(\)

where add(\) is the set of addable boxes to A and rem(\) is the set removable boxes
from .

This chapter also discusses the affine partition category, which we construct as a
certain subcategory of Khovanov’s Heisenberg category. A key feature of 4%Par is its
two new generating morphisms: the ‘left dot’ o—{ and the ‘right dot’ }—o . It turns out
Par, is a “cyclotomic” quotient of APar and the images of the left and right dots under
this homomorphism A%Par — Par, produce elements in the partition category which
are closely related to Enyang-Jucys-Murphy elements for the partition algebras. Much
the same as how Jucys-Murphy elements for the symmetric group algebras provide
endomorphisms (i.e., natural transformations) of the induction functors indZZ“, the
Enyang-Jucys-Murphy elements provide endomorphisms of D. From this we find a
functorial decomposition D = @a’bek Dy, into summands. Each Dy, also respects
standardly-filtered modules, with a more refined combinatorial rule than the one
provided above.

We also construct a family of central elements for the partition algebra in order
to study a Harish-Chandra homomorphism Z(Par;) — Z(Sym) from the center of
Par; to the center of its Cartan subalgebra. This Harish-Chandra homomorphism

allows us to recover Deligne’s result that Par, is semisimple if and only if ¢t ¢ N. In



the non-semisimple case, we use the functors Dy, to rediscover the block structure
of Par;i-Modyq. The classification of blocks is summarized below, but more detailed

statements lie throughout §3.10.

Theorem (See Th. 3.10.5). The locally unital algebra Par; is semisimple if and
only ift € N. In the case t € N, the non-simple blocks of Pary are in bijection with
isomorphism classes of irreducibles in kS;-Modey. All of the non-simple blocks are
Morita equivalent, having infinitely many isomorphism classes of irreducible modules
parametrized by N. If L(n), A(n), and P(n) are the nth irreducible, standard, and

indecomposable projective of some non-simple block, then:
(i) For each n >0, A(n) is of length two with head L(n) and socle L(n + 1).

(ii) P(0) is isomorphic to A(0), while for n > 1 the module P(n) has a two step

A-flag with top section A(n) and bottom section A(n —1).

(iii) For eachn > 1, P(n) is self-dual with irreducible head and socle isomorphic to

L(n) and completely reducible heart rad P(n)/soc P(n) = L(n — 1) @ L(n + 1).

The theorem immediately implies that each non-simple block is equivalent to the
category of finite-dimensional modules over the algebra defined by the following quiver

with relations:

- 1l _2¢ SRR Yoxo = 0, Xi11X; = yiyi+1 = Xiyi — Yi+1%i+1 = 0.

This equivalence was already proven in [CO11, Th.6.4], though the approach here is
independent of the results of Martin.
In chapter IV, we turn our attention to the restriction functor R!_,

Par,_1-Modyyg — Pari-Modyg. Since t is now changing, we use A;(\) to mean the

7



standard Par;-module corresponding to A, and similarly for other families mentioned
above. The main result in this chapter describes the effect of R!_; on standard

modules:
Theorem (See Th. 4.3.10). For A € P, there is a short ezact sequence

0= AN = Rl AN —» D A (A+[a]) =0

acadd(N)

From this point, the remainder of the dissertation focuses on the consequenes
of this filtration. The first is an affirmative answer to the conjecture of Comes
and Ostrik involving the principal blocks of Par;-Modyq and Par;_1-Modyy — the
indecomposable subcategories containing the irreducible module L(@) corresponding

to the empty partition.

Theorem (See Th. 4.4.4). The restriction functor Ri_, induces an equivalence
between the principal blocks of Par;_1-Modyq and Par;i-Modyg.

Finally, chapter V gives an alternate description of the abelian envelope of
Rep(Sy). This was originally constructed in [CO14] by considering the heart of
a certain t-structure inside the homotopy category of Rep(S;), but more general
constructions have appeared recently (eg. as in [BEO23, Cou2l, HS22]). In the case
of Par;i-Mody, we show that the tilting modules familiar in highest weight theory are
the same as the splitting objects of [BEO23, § 2.2]. Proceeding to check the critera
provided in [BEO23, Thm. 2.42] regarding a characterization of abelian envelopes,
this gives our last result:

Theorem (See Th. 5.2.3). The Ringel dual of Pari-Modyy is the abelian

envelope of Rep(St).



CHAPTER II
FOUNDATIONS

Fix an algebraically closed field k of characteristic 0. Many of the definitions in
this chapter make sense over any field, but several results require these assumptions
so we fix them now for simplicity. We also establish the standing assumption that
all categories will be k-linear (and small) and algebras will be over k, unless specified
otherwise. Functors between these categories are also assumed to be k-linear. This
chapter summarizes the general background and theoretical techniques to be used
throughout the rest of the dissertation. This includes a recollection of k-linear
categories and their path algebras, monoidal categories, and finally the triangular
decomposition of the partition category. In the final section, we use the machinery of
this triangular decomposition to provide a quick classification of irreducible modules
for the partition category, first proven by Deligne in his seminal paper [Del07].
Most sections of this chapter (except §§2.1 and 2.4) contain previously published
co-authored material (with J. Brundan) appearing in [BV22].
2.1 Categories and their path algebras

Here we discuss a dictionary between k-linear categories and locally unital k-
algebras. Let A be a locally unital k-algebra. That is, A is a non-unital k-algebra
which is equipped with distinguished system of mutually orthogonal idempotents

{e; € A| i € I} indexed by some set I so that

A= @ €jA6i.

i,j€l

From A, one can construct a k-linear category C(A) whose objects are given by the
indexing set / and whose morphisms are given by Home4(7,7) := e;Ae; for i,j € I.
The identity morphism of the object ¢ € I is given by e;, and composition is induced by

multiplication: for any two morphisms a € Homea(7, j) and b € Homeay(4, k), the

9



composition boa is given by the product ba. Whenever A is locally finite-dimensional,
in the sense that e;Ae; is finite-dimensional for all 4, j € I, then C(A) is locally finite,
in the sense that Home(4)(i, j) is finite-dimensional for all ¢, j € I.

Conversely, if C is a k-linear category then we can construct a locally unital
k-algebra A(C) which we call the path algebra of C. Letting O(C) denote the object
set of C, define A(C) := Dy yco) Home(X,Y). The distinguished idempotents of
A(C) are the identity morphisms 1y for all X € O(C). Given a € Hom(X,Y') and

b € Hom (W, Z), the product ba is defined as below.

boa iHY=W
ba =

0 else.
The full algebra structure on A(C) is obtained by linearly extending the above rule.
Notice that for any X,Y € O(C), 1yA(C)lx = Hom((X,Y). If C is locally finite,
then A(C) is locally finite-dimensional.

Under these constructions, notice that we have C(A(C)) = C and A(C(A)) = A
for any k-linear categories C and locally unital k-algebras A. So, the data of A is
fundamentally equivalent to the data contained in the original category C. Henceforth
we will drop the notation A(C) for the path algebra of C, opting instead to just use
A (or some other symbol whenever appropriate).

Now fix a k-linear category C with path algebra A. Given a left A-module
M = @ yco(e) 1xM, there is an associated covariant k-linear functor I : C — Vec
from C to the category of k-vector spaces. On objects X € O(C), F(X) := 1xM.
Given a morphism a € Hom¢(X,Y'), the linear map F'(a) : 1xM — 1y M is obtained
by acting on the left with a. This construction can be performed in the opposite
direction too. Starting with a (k-linear) covariant functor F' : C — ©Vec, there is an
associated A-module M built as follows. Define for each X € O(C) the vector space

10



IxM := F(X). Then M := ®Xe®(c) 1xM. Given a € 1yAlxy and m € 1M, the
left A-module structure on M is given by

F(a)(m) itX =2

0 else.
The data of the module M is equivalent to the data of the original functor F'. That
is to say, these constructions provide isomorphisms between the category A-Mod of
left A-modules and the category of k-linear covariant functors C — %ec. Because of
this, we will refer to the latter category as the category of left C-modules, denoted
C-Mod.

Imitating the above constructions with right A-modules and contravariant
functors C — Vec yields an isomorphism between the category of right A-modules
and the category of contravariant functors from C to %ec. Following as above,
contravariant functors ¢ — “ec will be called right C-modules and the category
of such modules will be denoted Mod-C.

Restricting our attention to the category Vecyy of finite-dimensional k-vector
spaces, let (C-Modyq (resp. Modjq-C) be the category of covariant (resp.
contravariant) functors C — Vecy. Also let A-Modyg (resp. Modyg-A) be the
category of locally finite-dimensional left (resp. right) A-modules: those A-modules
M for which each subspace 1x M (resp. M1y) is finite-dimensional for all X € O(C).
Then there is an equivalence C-Modgq ~ A-Modyg (resp. Modjgg-C =~ Modg-A).

Finally, there is the category A-Proj (resp. Proj-A) of finitely generated
projective left (resp. right) A-modules. If A is locally finite-dimensional then this is a
subcategory of A-Modygy (resp. Modyg-A). Under the contravariant (resp. covariant)
Yoneda embedding, A-Proj (resp. Proj-A) is equivalent to the Karoubi envelope
Kar(C) of C — this is the idempotent completion of the additive envelope Add(C).

11



2.2 Restriction and induction along functors

Consider a functor F' : 4 — B between two locally finite categories with path
algebras A = EDX,YE@(Q) 1yAlxy and B = @X,Ye())(@) 1y Blg. Precomposition with
F allows us to naturally restrict B-modules G : B — Vec to recover A-modules
GoF : A4 — Vec. This easy construction on the categorical level translates to the

algebra level to give a restriction functor
resy : B-Mod — A-Mod. (2.2.1)
To describe this functor, consider a B-module M = @ .z 1xM. Then define

resp M = 1pM = @ Lpy)M. (2.2.2)
Ye0(Aa)
The left action of A on 1pM is defined so that a € Aly acts on the summand

1pvyM by the linear map F'(a) and zero on all other summands. For a B-module
homomorphism ¢ : M — N, we obtain the restricted A-module morphism resg(¢) :
1p(M) — 1p(N). For the summand corresponding to Y € O(4), resp(¢) just applies
the evident linear map 1py )M — 1py)N,m — ¢(m). Tt is easy to see that resp is
an exact functor.

An analogous construction can be applied to get an exact functor between

categories of right modules:
rres : Mod-B — Mod-A. (2.2.3)

In particular, gres sends a right B-module M to M1p := @YEQ(JZ() M1pyy. An
alternate notation for these functors (e.g. used by Sam and Snowden in [SS22]) is F™*
and (F°P)*, respectively.

View B itself as a (B, B)-bimodule and restrict on the right to get Blp =
@D xcow) Blrx). This is a (B, A)-bimodule, and moreover, the functor resp :
B-Mod — A-Mod is isomorphic to @Xe@)(ﬂ) Hompg(Blpx,—). The tensor-Hom

12



adjunction in the setting of module categories for locally unital algebras (eg. as

in [BS, Lem. 2.2]) gives a left adjoint to resp, namely
indp := Blpr ®4 — : A-Mod — B-Mod. (2.2.4)

Having already remarked that resp is exact, it follows that indp is right exact and
sends projective A-modules to projective B-modules. Choosing X € O(4) and

examining indr Aly, we have
indp Alx ;= Blp®4 Alx = BlF(X).

From this observation along combined with the fact that left adjoints are
cocontinuous, it follows that if M is a finitely generated A-module, then indp M
is a finitely generated B-module. Alternatively, for any such M there is a surjection
@D,c; Alx, — M for I a finite set. Then apply the right exactness of indg.

Here is another construction, starting with a left restriction to get the module
1pB = @Xe@(ﬂ) lpxB. This is a (A, B)-bimodule. Since resg is also isomorphic
to 1pB ®p —, the tensor-Hom adjuction in this setting gives a right adjoint, the

coinduction along F':

coindp := EB Homy(1pBly, —) : A-Mod — B-Mod

Y€O(B)

The functor coindp is right exact and sends injectives to injectives, being a right
adjoint to the exact functor resp. In [SS22, §3.6], the same functors were studied
under the names F, and F,, respectively. Similar constructions can be made with
right modules instead of left modules to recover functors gind and gcoind. These

are called (F°P); and (F°P), in [SS22], respectively.
Lemma 2.2.1. Let F': A4 — B be a functor as above.

(1) If Blp is a projective right A-module then indr and pcoind are exact functors.

13



(2) If 1pB is a projective left A-module then gind and coindg are exact functors.

Proof. This follows from the definitions of these functors and basic properties of

projective modules in abelian categories. O

Lemma 2.2.2. Let 4 be a category (with path algebra A) having additive envelope
= Add(4) (with path algebra A). The natural inclusion I : 4 — 4 extends to an

~

equivalence Kar(I) : Kar(4) — Kar(4) . Hence
ind; : A-Mod — A-Mod

18 an equivalence.

Proof. The first statement follows since Kar([) is fully faithful and dense. By
Yoneda, ind; : A-Proj — A\—Proj is an equivalence. It immediately follows that
ind; : A-Mod — A-Mod is an equivalence (see [BD17, Cor. 2.5]) But this is true by

combining the first statement with the Yoneda equivalence. O]

It follows in the case of Lemma 2.2.2 that the right adjoint, res;, is also an
equivalence. So the right adjoint of res; (being coind;) will also be an equivalence
and ind; = coind;.

Suppose that F, G : 4 — B are functors. A natural transformation o : F' = G
induces natural transformations res, : resp = resg, ind,, : indg = indp and coind, :
coindg = coindp. In particular, restricting to weight spaces, we can explicitly define
these natural transformations as follows. Starting with res,, for any B-module M

and any Y € O(4), we have:

resqo(M) : 1poyM — lay)yM, me> oy - m (2.2.5)

14



For indr and coindp, take any A-module N and objects X € O(A4) and Y € O(B).

Then we have for each 1p(x)-subspace
indq (M) : Blgxy ®a 1xN — Blpx)y ®a 1xN (2.2.6)
b@mm—b-ax @m
coind, (M) : Homa(lgx)Bly, N) = Homa(1px)Bly, N) (2.2.7)
o (b plax -b))
Similarly, o induces natural transformations ,res : gres = gres, ,ind : pind = gind
and ,coind : pcoind = gcoind. Assuming for simplicity! that 4 = B, so that F

and G are k-linear endofunctors of A4, these constructions define k-linear monoidal

functors

res, : Endy(A) — End(A-Mod)™,  ind,,coind, : Endx(A)" — Endy(A-Mod),

(2.2.8)

Jres: End(A)°° — Endx(Mod-A)™, .ind, .coind : Endy(A4) — End(Mod-A).
(2.2.9)
Here, Endy(A) denotes the strict k-linear monoidal category of (k-linear)
endofunctors and natural transformations, “op” means the opposite category with
the same monoidal product, and “rev” means the same category with the reversed
monoidal product.
2.3 Duality
Continue with A and B be the path algebras of locally-finite categories 4 and

B, respectively. There is a contravariant functor

7% A-Mod — Mod-A (2.3.1)

1To formulate analogs of (2.2.8) and (2.2.9) without this assumption, one needs to work in the
strict 2-category of k-linear categories.
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taking V' = @ycg, 1xV to V¥ = Pyeg,(1xV)*, the direct sum of the linear
duals of the “weight spaces” 1xV. The restriction of this to locally finite-
dimensional modules is an equivalence, with quasi-inverse given by the restriction

of the analogously-defined duality functor
®?: Mod-A — A-Mod (2.3.2)

in the other direction. To obtain a duality (= contravariant auto-equivalence) on
A-Modjgy from (2.3.1) and (2.3.2), one also needs a k-linear equivalence o : 4 —
A°°. Restriction along o gives equivalences res, : Modjy-A — A-Modjq and ,res :

A-Modjzg — Modjq-A, hence, we obtain the duality functor
7@ .= res, 0?¥ = ®? o jres : A-Modyg — A-Modgy. (2.3.3)
Given a functor F': 4 — B, we obviously have that
7% oresp & preso?? (2.3.4)
as functors from B-Mod to Mod-A. We deduce that
®? o pind = coindp o®?, ®? 0 pcoind = indp o®? (2.3.5)

as functors from Mod-A to B-Mod.
2.4 Monoidal categories

By a monoidal category, we mean a (k-linear) category C equipped with a
bifunctor * : C x C — C, k-linear in both variables of course, along with associativity
and unit contraints satisfying the pentagon and triangle axioms (see [EGNO15]).
Typically in this dissertation we require that End (1) = k. Usually our monoidal
categories will also be strict monoidal, defined diagrammatically by generators and
relations. Note that we use the symbol x for the monoidal product, reserving the

more traditionally-used ® for the tensor product ®y over the ground field k.
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Given another category 4, we say that 4 is a (strict) C-module category if there
is a (strict) monoidal functor ¥ : C — Endy(A4) (see [EGNO15] for an alternate
definition). A left (resp. right, two-sided) tensor ideal Z of C is the data of subspaces
Z(X,Y) < Homq(X,Y) for all XY € O(C), such that these subspaces are closed
in the obvious sense under the monoidal product on the left (resp. right, two-sides)
as well as composition either before or after with any morphism. Then C/Z is the
category with the same objects as C and morphisms that are the quotient spaces
Hom(X,Y)/Z(X,Y). If Z is a left (resp. right) tensor ideal, then C/Z is a left
(resp. right) C-module category. If Z is a two-sided tensor ideal, then C/Z is again a
monoidal category.

An object X € O(C) has a left dual if there is some XV € O(C') with evaluation
and coevaluation morphisms evy : XV+X — 1 and coevy : I — XxXV satisfying the
zig-zag relations. Nameley, the zig-zag relations state that the following compositions

are the identity on X and XV, respectively.

P LS N G SN GRE SAENS ¢ (24.1)
v Mdxreoevx sy g gV evxridx gy (2.4.2)

There is another notion that X has a right dual if there is some ¥ X with morphisms
xev: X*xYX — 1 and xcoev: 1 — VX x X satisfying similar zig-zag identities. We
say that C is rigid if every object has a left and right dual.

In adopting the diagrammatic notation for categorical calculations in this
dissertation, the identity morphism of X is often represented by |y. Evaluation
and coevaluation are depicted as caps and cups, where the “phase change” between

X and XV occurs at the critical point.

X xV
evx= ), coevx = |

xV X
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The zig-zag equations 2.4.1 turn into the following, explaining the terminology.

= |, = (2.4.3)
X X xV xV

A related notion is that of a pivotal category; this is when (C is a rigid monoidal
category equipped with the data of isomorphisms ay : X = (XY)¥ natural in X €
O(C). Moreover, the morphisms ax must respect the monoidal structure of C, in
that ay.y = ax xay for all X, Y € O(C). For a pivotal category, the notions of left
and right duals coincide. In such a category, assuming also that End (1) = k, the
dimension of an object X is defined by the value of the morphism evxv o(ax ®1xv)o
coevy € k.

By a symmetric monoidal category, we mean a monoidal category equipped with
isomorphisms oxy : X xY — Y % X satistfying the hexagon relation, and moreover,
oy xooxy = idx,y forall X, Y € O(C). See [EGNO15] for the full definition. A rigid
monoidal category C which is also symmetric can readily be equipped with a pivotal
structure. Such a structure can be described by identifying, for any X € O((C), its
left and right duals. In order to perform this identification, it is enough to prescribe
the evaluation map X « XV — 1 and coevaluation map 1 — XV x X. They are

diagrammatically defined as follows:

x xV
evyv = , coevyv =
xV X
In other words, we have evyv = evy oox xv and coevyxv = oxv x o coevy. In this
case, the dimension of X is the value of the morphism 1 — 1 : evyx oox xv o coevy.
2.5 Induction product
Let C be a strict monoidal category with path algebra C'. The monoidal product

* on C extends canonically to the Karoubian envelope, Kar(C). This section describes

a monoidal product ® which makes C-Mod into a (no longer strict) monoidal category.
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It turns out that C-Proj is closed under ® and this product agrees with the extension
of x to Kar(C) through the contravariant Yoneda equivalence. The algebraist’s
formulation of the definition for ® is given in the next paragraph; see also [SS15,
(2.1.14)], [SS22, §3.10], where ® is called Day convolution. Using ®, we can make the

split Grothendieck group Ky(C') of the category C-Proj into a ring with multiplication

[P][Q] := [P®Q)]. (2.5.1)

Its identity element is the isomorphism class of the distinguished projective module
C1y, where 1 € O(C) is the unit object.

Here is the detailed definition of ®. Let C X C be the k-linearization of the

Cartesian product C x C. The objects in C X C are pairs (X7, X2) € O(C) x O(C),

and the morphism space from (X7, X5) to (Y7,Y2) is Hom(X7,Y)) ® Home(Xo, Ys).

We denote its path algebra by

C&C: @ 1Y101X1®1Y201X2~

X1,X2,Y1,Y2€0(C)

Multiplication in C' X C' is the obvious “tensor-wise” product just like for a tensor

product of algebras. If C' is locally finite, so too is C' K C. Given Vi, V5 € C-Mod, let

MR= @ 1xhelnhk
X1,X2€0(C)

be their tensor product over k viewed as a left C' X C'-module in the obvious way.

In fact, this defines a functor X : C-Mod X C-Mod — C' X C-Mod. The monoidal

product on C is a functor x : CX C — C. Let

01* = @ Cle*Xg

X1,X2€0(C)
be the (C, C'K C')-bimodule obtained by restricting the right C-module C' along this

functor. Induction along x, that is, the functor ind, = C1,®cxc : C X C-Mod —

C-Mod from (2.2.4), is left adjoint to the restriction functor res, from (2.2.1). Then
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the induction product is the composition
® := ind, o X : C-Mod X C-Mod — C-Mod. (2.5.2)

Thus, for V1, V, € C-Mod, we have that Vi@V, = C1, ®cre (Vi X V3). Associativity
of ® (up to natural isomorphism) follows from “transitivity of induction”, i.e., the
associativity of tensor products of modules over locally unital algebras. We obviously

have that
01X1®01X2 = Cle*X2 (253)

for X1, Xy € O(C). This justifies our earlier assertion that ® extends the monoidal
product = on Kar(C). It also follows that V;®V5 is finitely generated if both V; and
V5 are finitely generated. The induction product ® is right exact in both arguments,

but in general it is not left exact.

Lemma 2.5.1. If C'1, is a projective right C'XA C'-module then the induction product

® 15 biexact.
Proof. This follows from Lemma 2.2.1. O

Finally suppose that C is a strict symmetric monoidal category, so that there is
given a symmetric braiding . From this, we obtain a braiding ind, making C'-Mod

into a k-linear symmetric monoidal category too.

Remark 2.5.2. There is a second convolution product @ which we call the
coinduction product. This is defined by replacing ind, with coind, in (2.5.2). It is easy
to understand on injective rather than projective modules. It will not often be used
subsequently, but note that the induction and coinduction products are interchanged

by duality.
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2.6 Projective functors
Suppose that C is a strict monoidal category and 4 is a strict C-module category,
denoting their path algebras by C' and A as usual. The data of the functor ¥ : C —
End(A4) is equivalent to the data of a strictly associative and unital k-linear monoidal
functor x : CK 4 — 4. For f € Homq(X, X'), we sometimes denote the evaluation
of the natural transformation W(f) on Y € O(A4) simply by fy : X xY — X' x Y.
The definition of the induction product x from (2.5.2) extends naturally to this

setting, thereby defining a functor
® :=ind, o X : C-Mod X A-Mod — A-Mod (2.6.1)

which makes A-Mod into a (no longer strict) C-Mod-module category. For objects
X € O(C) and Y € O(A4), we have that

Clx®Aly = Aly,y, (2.6.2)

i.e., ® extends x: CX 4 — 4. Using ® to define the action as in (2.5.1), the split
Grothendieck group Ky(A) becomes a left module over the split Grothendieck ring
Ky(C).

Now fix X € O(C) and consider the functor X* : 4 — 4. There is an adjoint

pair of endofunctors (indxy,resy,.) of A-Mod defined by induction and restriction

along Xx:
indy, = Alx, @4 where Aly, = @ Al x,v, (2.6.3)
YeO,y
resyy, = 1lx, A ®4 where 1y, A= @ 1x,vA. (2.6.4)
YeO,

The general properties discussed earlier give that resy, is exact, and indy, is right
exact and sends (finitely generated) projectives to (finitely generated) projectives.

Thus, indy, restricts to a well-defined functor indy, : A-Proj — A-Proj. Note also
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that

indx,(Aly) = Alx,y (2.6.5)
for all Y € O(A4). One can also interpret indx, as a special induction product, thanks
to the following lemma.

Lemma 2.6.1. For any X € O(C), we have that indx, = Clx®.

Proof. This follows from the chain of isomorphisms
Alx, @4V = (Al, ®cra (Clx K A)) @4V
= Al @cma (Clx K A)®@4 V)
= Al ®@cxa (Clx ®V) = ClxaV
for V e A-Mod. O

Lemma 2.6.2. If X has a left dual Y in C then there is an isomorphism ¢ : 1x, A —

Aly, of (A, A)-bimodules given explicitly by

(2.6.6)

Hence, the functors resx, and indy, are isomorphic.

Proof. 1t is easily checked that ¢ is a bimodule homomorphism. It is an isomorphism

because it has a two-sided inverse v defined by

O

Corollary 2.6.3. If X has a left dual Y in C then (indx,,indy,) and (resx,,resy)
are adjoint pairs of functors.
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From the corollary, we deduce that if X is rigid, then both of the functors ind x,
and resx, have both a right and a left adjoint. Moreover, as discussed earlier, both
of these functors are exact and they preserve finitely generated projectives. We will
refer to finite direct sums of direct summands of endofunctors of A-Mod of this sort
as projective functors.

2.7 The symmetric category

It is worth recalling the following basic example. The symmetric category Sym
is the free strict symmetric monoidal category on one object. Our analysis of
the partition category in chapter III is largely motivated by the Okounkov-Vershik
approach to the representation theory of symmetric groups which we review here
[OV05]. In string diagrams, we denote this generating object simply by |; then an
arbitrary object is the monoidal product |*" for some n > 0. Morphisms in Sym are

generated by a single morphism depicted by the crossing

Xilxl—=1x] (2.7.1)

subject to the relations

ij:H }g<:>§( (2.7.2)

Sometimes it is convenient to identify objects in Sym with natural numbers, so that the
object set {|*"|n € N} of Sym is identified with N. For m,n > 0, the morphism space
Homgym(n, m) is {0} if m # n, while if m = n it consists of k-linear combinations of
string diagrams representing permutations in the symmetric group S, i.e., we have
that Endgu,(n) = kS,. Note our general convention here is to number strings by

1,...,n from right to left, so that the transposition (12) € S, is represented by the

3 2 1
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Let Sym be the path algebra of Sym. Thus, we have that

Sym = P kS,. (2.7.3)

n>0

Since k is of characteristic zero, we deduce from Maschke’s theorem that Sym is
a semistmple locally unital algebra. In this case, the induction product ® making
Sym-Mod into a monoidal category is nothing more than the usual induction product

on representations of the symmetric groups: we have that
VoW =indy s (VRW)

for V € kS,-Mod and W € kS,,,-Mod viewed as Sym-modules using (2.7.3). In fact,
the induction product & and the coinduction product ® on Sym-Mod are isomorphic
as indiZ*X’gm = coindii*x’gm (as always for finite groups).

Recall that the irreducible kS,-modules are the Specht modules S(\)
parametrized by the set P, of partitions A = (A1, Ag,...) of n. Hence, the
irreducible Sym-modules are the Specht modules S(\) parametrized by all partitions
A€ P =[],50Pn We sometimes write [A| for the size A\; + Ay + -+ of a partition
A € P, and ((A) for its length, that is, the number of non-zero parts. We will
often identify A € P with its Young diagram. For example, the partition (5,32,2) is

identified with

0(112(34
-1/ 0
—2/-1] 0
—3|—2

The content of the node in row ¢ and column j of a Young diagram is the integer
¢ =7 —1i (as above). Let add()\) be the set consisting of the contents of the addable
nodes of A, that is, the places in the Young diagram where a node can be added

to the diagram to obtain a new Young diagram. Similarly, let rem(\) be the set of
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contents of the remowvable nodes of X\, that is, the places in the Young diagram where
a node can be removed from the diagram to obtain a new Young diagram. Note that
all of the addable and removable nodes of a Young diagram are of different contents
(another of the benefits of working in characteristic zero). For a € add(\), let A+ a |
be the partition obtained by adding the unique addable node of content a to the
diagram. For b € rem(\), let A\ — @ be the partition obtained by removing the
unique removable node of content b from the diagram.

The combinatorial notions just introduced arise naturally on considering
branching rules for the symmetric group. In our setup, the sums over all n > 0
of the usual restriction and induction functors resgz+1 and indLSq:+1 = kS, +1®ks, are

isomorphic to the functors

F :=res|, : Sym-Modsg — Sym-Mody, F :=ind, : Sym-Modg — Sym-Modg,
(2.7.4)

notation as in (2.6.3) and (2.6.4). This follows because the functor
I e I I e I
| Sym — Sym, lI g Il — ll g Il. (2.7.5)

coincides with the natural inclusion S,, < S,,.1 on permutations g € .S,, C End Sym(n)

The canonical adjunction makes (F, F') into an adjoint pair of functors. In fact, these
functors are are biadjoint, i.e., there is also an adjunction making (F,E) into an
adjoint pair. The effect of the functors F' and E on the Specht module S(\) is well

known: we have that

FS(N= @ Sh-b)), ESN = @ S +[al)) (2.7.6)

berem(A) acadd(N)

We finally recall a bit about the Jucys-Murphy elements in Sym. One natural
way to obtain these is to start from the affine symmetric category ASym, which is the

strict k-linear monoidal category obtained from Sym by adjoining an extra generator

25



¢ subject to the equivalent relations

X=X+ KXl e
The path algebra ASym is isomorphic to P, 5o AH, where AH,, is the nth degenerate

affine Hecke algebra. There is an obvious faithful strict k-linear monoidal functor

i Sym — ASym. There is also a unique (non-monoidal) full k-linear functor

p: ASym — Sym (2.7.8)

p ( ‘ %) =0 (2.7.9)

for all n > 1. For 1 < j < n, the jth Jucys-Murphy element of the symmetric group

such that p o7 = Idg, and

S,, 1s

=1

.%Z])(‘%J) :Ji(z‘j)eksn, (2.7.10)

i.e., it is the sum of the transpositions “ending” in 5. Whenever we use this notation,
it should be clear from context exactly which symmetric group we have in mind. Note
r1 = 0 always. We may also occasionally write xy, which should be interpreted as
zero by convention.

The Jucys-Murphy elements zy,...,z, generate a commutative subalgebra of
kS, known as the Gelfand-Tsetlin subalgebra. As concisely explained by [OV05],
for A € P,, each Jucys-Murphy element acts diagonalizably on the Specht module
S(N), and the Gelfand-Tsetlin character of S(A) recording the dimensions of the
simultaneous generalized eigenspaces of x4, ..., x, may be obtained from the contents
of standard A-tableaux. Indeed, Young’s orthonormal basis {vr} for S(A) indexed by

standard A-tableaux T is a basis of simultaneous eigenvectors for x4, ..., z,, with z;
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acting on vr as the content cont;(T) of the node labelled by j in 7. We will assume
the reader is familiar with these ideas without giving any further explanation.

The functor p induces an isomorphism ASym/Z = Sym where Z is the left tensor
ideal of ASym generated by the morphism ¢ . It follows that Sym is a strict left
ASym-module category. The functors E and F from (2.7.4) are also the induction
and restriction functors indj, and res|, defined using this categorical action of ASym
on Sym. The advantage of passing from Sym to ASym here is that the object | of ASym

has the endomorphism defined by the dot, giving us a natural transformation
a:= dx |x=>| *.
Applying the general construction from (2.2.8) to this, we obtain endomorphisms
r:=res, : I = F, r¥:=ind,: £ = E. (2.7.11)

Explicitly, on a kS,-module V', xy is the endomorphism of F'V = resgz_1 V' defined
by multiplying on the left by x, € kS,, while zy, is the endomorphism of EV =
kS, +1®ks, V defined by multiplying the bimodule kS,,;; on the right by x,,11 € kS;41.
For ¢ € k, let F, and E,. be the c¢ eigenspaces of x : F = F and 2V : £ = F,
respectively — x and z are diagonalizable as char(k) = 0. Since z" is the mate of
x and F and F are biadjoint, it follows that E. and F, are biadjoint endofunctors of
Sym-Modgq for each ¢ € k. The description of Gelfand-Tsetlin characters of Specht
modules from the previous paragraph is equivalent to the assertion that the functors
E, and F, take the Specht module S()) to exactly the summands S(\ +[qa|) and
S(A—[b]) in (2.7.6), or to zero if a ¢ add()) or b ¢ rem(X), respectively. It follows

that

F=@hn, E=PE.. (2.7.12)

beZ a€Z
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2.8 Triangular decomposition of the partition category

In this section we return to the partition category defined in the introduction,
expanding on its triangular structure as illustrated by the discussion surrounding
(1.1.7) and (1.1.8). As a preliminary, observe that Par; is a rigid monoidal category.
The justification of this fact requires only to specify the evaluation ev : | x| — 1 and
coevaluation coev : 1 — |*| morphisms for the single generating object of Par;. They

are defined below in terms of the generating morphisms provided in Definition 1.1.1.

ev = m = K : coev = U = Y (2.8.1)

In particular, it can easily be checked using (1.1.5) that these definitions satisfy the
zig-zag identites of (2.4.3).

Let ¢ be a connected component in some partition diagram representing a
morphism in Par;. We call ¢ an upward branch if ¢ has at least two endpoints on
its top boundary and no endpoints on its bottom boundary, and a downward branch

if it has at least two endpoints on its bottom boundary but no endpoints at the top:

=N\ O -
(upward) (downward)

We call ¢ an upward leaf if it has exactly one endpoint at the top and no endpoints
at the bottom, and a downward leaf if it has no endpoints at the top and exactly one

at the bottom:

C = or C = .
(B (upward) ? (downward)

We refer to ¢ as an upward tree if it has more than one endpoint at the top and exactly
one endpoint at the bottom, and a downward tree if it has exactly one endpoint at

the top and more than one endpoint at the bottom:

(upward) o (downward)
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We say that cis a double tree if ¢ has more than one endpoint at the top and more than
one endpoint at the bottom. In that case, it is equivalent to the composition of an
upward tree and a downward tree; for example, the rightmost connected component
in (1.1.8) is a double tree. Finally we say that c is a trunk if ¢ has exactly one endpoint

both at the top and at the bottom:
CcC =

Any connected component of a partition diagram can be represented either as an
upward branch, an upward leaf, an upward tree, a downward branch, a downward
leaf, a downward tree, a double tree, or a trunk.

Let f be an m x n partition diagram. We say f is

— a permutation diagram if all of its connected components are trunks, in which

case we must have that m = n;

— an upward partition diagram if its connected components are trunks, upward
branches, upward leaves and upward trees, in which case we must have that

m > n;

— a downward partition diagram if its connected components are trunks, downward
branches, downward leaves and downward trees, in which case we must have

that m < n.

Let f be an upward m x n partition diagram. We say that it is strictly upward if
m > n. Let ¢q,...,c, be the connected components of f that are either trunks or
upward trees, indexing them so that their bottom endpoints are in order from right
to left in f. We say that f is normally ordered if the rightmost of the top endpoints
of each of ¢,...,¢; are also in order from right to left in f. In other words, f is

normally ordered if it can be drawn so that the right edges of all of the upward trees
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and trunks in f are non-crossing. Similarly, we define strictly downward and normally
ordered downward partition diagrams.

Now we can define some monoidal subcategories of Par,. Let Sym be the
symmetric category as defined in §2.7. There is a strict k-linear symmetric monoidal

functor
i, © Sym — Par, (2.8.2)

sending the generating object and the generating morphism of Sym to the generating
object and the generating morphism of Par, that is represented by the crossing. By the
discussion in §1.1 stating that Par; has basis consisting of partition diagrams, it follows
that this functor is faithful. We use it to identify Sym with a monoidal subcategory
of Pary. In other words, Sym is identified with the subcategory of Par; consisting
of all objects and all the morphisms which can be written as linear combinations of
permutation diagrams.

Next, let Par’ be the strict k-linear monoidal category generated by one object

| and the morphisms

><:|*|%|*|, Y:|—>|*|, b1 — | (2.8.3)
subject to the relations (1.1.2) to (1.1.4) and their flips in a vertical axis. We call
this the upward partition category. The cup can also be defined in Par’ as in (2.8.1).
Any upward partition diagram can be interpreted as a string diagram representing a
morphism in Par’. Moreover, the defining relations in Par’ imply that two upward
m X n partition diagrams which are equivalent in the sense that they define the same
partition of the set {1,...,n,1’,...,m'} labelling the endpoints are also equal as

morphisms in Hom,, »(n, m). There is a strict k-linear monoidal functor

i : Par’ — Par, (2.8.4)
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sending the generating morphisms of Par’ to the corresponding ones in Par,. Note
that any diagram built from compositions and monoidal products of the generating
morphisms (2.8.3) can be interpreted as an upward m x n partition diagram. Hence,
equivalence classes of upward m x n partition diagrams span Hom,, »(n,m). Since
their images in Homg,,, (n, m) are linearly independent too, this functor is faithful.
We use it to identify Par’ with a monoidal subcategory of Par,. In other words, Par’
is identified with the monoidal subcategory of Par, consisting of all objects and all
of the morphisms which can be written as linear combinations of upward partition
diagrams. Also let Par™ be the monoidal subcategory of Par’ consisting of all objects
and all of the morphisms which can be written as linear combinations of normally
ordered upward partition diagrams.

Similarly to the previous paragraph, we define Par®, the downward partition
category, to be the strict k-linear monoidal category generated by one object | and
the morphisms that are the flips of (2.8.3) in a horizontal axis, subject to the relations
that are the flips of the ones for Par’. The cap can also be defined in Par® as in (2.8.1).
Evidently, Par® = (fParb)OP with isomorphism being defined by the flip ¢ in a horizontal

axis. There is a strict k-linear monoidal functor
it Par* — Par, (2.8.5)

sending the generating morphisms of Par? to the corresponding ones in Par,. We have
that zg =0 o0i} o0, so we deduce from the previous paragraph that z% is faithful too.
We use it to identify Par® with a monoidal subcategory of Par,. In other words, Par®
is identified with the monoidal subcategory of Par, consisting of all objects and all

of the morphisms which can be written as linear combinations of downward partition

diagrams. Also let Part be the monoidal subcategory of Par® consisting of all objects
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and all of the morphisms which can be written as linear combinations of normally
ordered downward partition diagrams.

Finally we let Par; be the path algebra of Par,. It is a locally unital algebra
with distinguished idempotents {1, |n € N} arising from the identity endomorphisms
of the objects of Par,. We also have the path algebras Par’, Par~, Sym, Par*, Par®
of Par’, Par™, Sym, Par™, Par®, which we may view as locally unital subalgebras of
Par, via the embeddings (2.8.2), (2.8.4) and (2.8.5). The following theorem is the

triangular decomposition of Pary.

Theorem 2.8.1. Let K := ®n20 k1, viewed as a locally unital subalgebra of Pary.
Multiplication defines a linear isomorphism
Par~ ®x Sym ®x Par™ = Par,. (2.8.6)

Hence, we also have isomorphisms

Par~ ®g Sym = Par’, (2.8.7)
Sym @ Par™ = Par®, (2.8.8)
Par’ @gym Par® = Par,. (2.8.9)

Proof. Any partition diagram is equivalent to a diagram that is the composition
of a normally ordered upward partition diagram, a permutation diagram, and a
normally ordered downward partition diagram; see (1.1.8) for an example of such
a decomposition. Moreover, equivalence classes of these sorts of diagrams give bases
for Pary;, Par~, Sym and Par™. This implies that (2.8.6) is an isomorphism. Then

(2.8.7) to (2.8.9) follow as in [BS, Rem. 5.32]. O
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Theorem 2.8.1 is all that is needed to see that the locally finite-dimensional

locally unital algebra

has a split triangular decomposition in the sense of [BS, Rem. 5.32]. Spelling this out

in the case of Par;, we have:

— distinguished idempotents that are indexed by an upper finite poset. In this

case, N equipped with the ordering reverse to the usual one.
— locally unital subalgebras Par~, Sym, and Par™.

— subspaces Par’” = Par™ - Sym and Par* = Sym - Par™ which are subalgebras,

and not merely subspaces.
— the multiplication map of (2.8.6) is an isomorphism.

— forn,m € N, 1,,Sym1,, is zero unless m = n, 1,,Par~1,, and 1, Par*1,, are zero
unless n < m (with the reverse ordering), and 1,Par~1, = 1,Par*1, = ki,

for all n € N.

The subalgebras Par’ and Par! are referred to as the negative and positive Borel
subalgebras, respectively. Additionally, Sym = Par’ N Par? is the Cartan subalgebra.
We stress that our imposition that the ordering on N be reversed gives an upper finite
poset, conforming to the general conventions of [BS].
2.9 Classification of irreducible modules and highest weight structure
As Par; has a triangular decomposition with Cartan subalgebra Sym being
semisimple, we can appeal to the general results of [BS, §5.5] to obtain the
classification of irreducible Par;-modules. Alternatively, this follows from the results

in [SS22, §5.5], but note that Sam and Snowden use the language of lowest weight
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rather than highest weight categories. Since isomorphism classes of irreducible Par,-
modules are in bijection with isomorphism classes of indecomposable projective Par-
modules, and the latter are identified with isomorphism classes of indecomposable
objects in Kar(®Par,), the results discussed in this section are equivalent to the
classification obtained originally in [CO11, Th. 3.7].

The algebra Par; is Z-graded with 1,, Par;1,, being in degree m —n. The induced
gradings on the subalgebras Par’ and Par? make these into positively and negatively
graded algebras, respectively, with degree zero components in both cases being the
semisimple algebra Sym. It follows that the Jacobson radicals of Par” and Par! are
the direct sums of their non-zero graded components. Moreover, the quotients by
their Jacobson radicals are naturally identified with Sym, i.e., there are locally unital

algebra homomorphisms
7 :Par’ — Sym, 7 :Par® — Sym. (2.9.1)
Let infl* : Sym-Modsy — Parf-Modg and infl” Sym-Modg — Par®~-Modsg be the
functors defined by restriction along these homomorphisms. The modules
{S°(\) == inf’ S(\) | X € P}, {S*(N\) == infl* S(\) | A € P} (2.9.2)
give full sets of pairwise inequivalent irreducible modules for Par’ and Part,
respectively.
As in [BS, (5.13)—(5.14)], we define the standardization and costandardization
functors
ji = indb% oinfl* : Sym-Modg — Par,-Modya, (2.9.3)
Jy = Coindiz:ﬁ oinfl’ : Sym-Modgq — Pary-Modigy, (2.9.4)
where indﬁzz;g := Par;®pg,,+ and coindggz,‘, =P,y Homp,,» (Par,1,,7). From (2.8.6)
to (2.8.8) it follows that Par, is projective both as a right Parf-module and as a left
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Par’-module, hence, these functors are exact. Then we define the standard and

costandard modules for Par; by

A(N) == 51S(\) = ind2t SH()\), V(A) = j.S(A) = ind2 S°(N), (2.9.5)

Part

respectively.

Theorem 2.9.1. The Par;-modules {L(\) | A € P} defined from
L(A) :=hd A(X) = socV(N)

give a complete set of pairwise inequivalent irreducible left Pari,-modules. Moreover,
Pari-Modygq is an upper finite highest weight category in the sense of [BS, Def. 3.84]
with weight poset (P, =), where = is the partial order on P defined by X < u if and
only if either A = p or |A| > |u|. Its standard and costandard objects are the modules

A(X) and V(N), respectively.

Proof. This follows immediately from [BS, Cor. 5.39] using the triangular
decomposition from Theorem 2.8.1 and the semisimplicity of Sym; see also [SS22,

§5.5]. 0

The fact established in Theorem 2.9.1 that Par;-Modyq is an upper finite highest
weight category has several significant consequences. As is the case for any category
equivalent to A-Modyq for a locally finite locally unital algebra A (‘Schurian’ in the
language of [BS]), L()) has a projective cover we denote by P(\) € Pari-Modygg. Let
Par;i-Moda be the exact subcategory of Par;-Modgq consisting of all modules with a
A-flag, that is, a finite filtration whose sections are of the form A(\) for A € P. For
any V € Pari-Moda, the multiplicity (V' : A(u)) of A(u) as a section of some A-flag

in V' is well-defined independent of the flag, indeed, it can be calculated from
(V : A(u)) = dim Hompy,., (V, V(p)). (2.9.6)
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This follows from the fundamental Ext-vanishing property of highest weight

categories, namely, that
dim Extﬁ;aTt(A()\), V(i) = 0i00xp (2.9.7)

for any A\, u € P and i > 0; see [BS, Lem. 3.48]. The definition of highest weight
category gives that P(\) has a A-flag, so that Pari-Proj is a full subcategory of

Pari-Moda. Moreover, from (2.9.6), one obtains the usual BGG reciprocity formula

(P(A) = Ap) = V() - LA (2.9.8)

The functor o : Par; = (Par;)°® defined by flipping diagrams in a horizontal
axis can also be viewed as a locally unital anti-involution of the algebra Par,. It
interchanges the subalgebras Par’ and Parf, and restricts to an anti-involution also
denoted o on the subalgebra Sym. Let 7@ be the duality on Sym-Modgy taking a
finite-dimensional left Sym-module to its linear dual viewed again as a left module
using the anti-automorphism o. Since o(g) = ¢g~! for a permutation g € S,, C Sym,
this is the usual duality on each of the subcategories kS,-Modg. It is well known

that the irreducible kS,,-modules are self-dual, hence,
S(\)® = S\ (2.9.9)

for all A € P. There is also a duality 7@ on Par;-Modgq defined as in (2.3.3). Similarly,
as o interchanges Par® and Par!, we get contravariant equivalences also denoted 7@

between Parf-Modyy and Par’-Modygy. Similarly to (2.3.4) and (2.3.5), we have that
790 infl’” = infl* 0?2, indb%" 0?@ 279 o coindﬁiiﬁ . (2.9.10)

Hence:

70790 4. J,07@ X7@0 4, (2.9.11)

Jio
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as functors from Sym-Mods to Pari-Modyg. Then from (2.9.9) and (2.9.11), we

deduce that
AN)® 2 V(N), VAN® AN, L(N)® 2 L(\) (2.9.12)

for A € P.
The duality 7@ will be called the Chevalley duality on Par,-Modyy, following the

language of [BS, Def. 4.49]
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CHAPTER III
BLOCKS OF THE PARTITION CATEGORY

This chapter contains previously published co-authored material from [BV22].
We introduce an auxiliary monoidal category A%Par, the affine partition category.
We define this as a certain monoidal subcategory of the Heisenberg category Heis,
exploiting an observation of Likeng and Savage from [LSR21]. We then use A%Par to
give a new approach to the definition of the Jucys-Murphy elements of Par;. These
were first defined in the context of the partition algebra by Halverson and Ram [HR05]
and computed recursively by Enyang [Eny13]. We also construct more general central
elements.

The second half of this capter studies these central elements and their
images under an analog of the Harish-Chandra homomorphism. This affords us
a decomposition of Par,-Mod as a product of subcategories, which turn out to be
precisely the blocks. In fact, Par; is semisimple if and only if t ¢ N, while if t € N
the non-simple blocks are in bijection with partitions of t. We also determine the
structure of the non-simple blocks and explicitly show that they are all equivalent,
recovering the results of Comes and Ostrik [CO11]. Our approach is similar to the
Okounkov-Vershik approach to representations of Sym as reviewed in §2.7.

3.1 Schur-Weyl duality
Recall the generators and relations for the partition category from Definition 1.1.1.

The following theorem of Deligne will play a key role in this section; see e.g. [Com?20,

Th. 2.3] for a proof.

Theorem 3.1.1. Suppose that t € N. Let U, be the natural permutation
representation of the symmetric group S; with standard basis uy,...,u;. Viewing

kSi-Modgg as a symmetric monoidal category via the usual Kronecker tensor product
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®, there is a full symmetric monoidal functor i, : Par, — kS;-Modgy sending the

generating object | to U, and defined on generating morphisms by

(X)) U @U — U, @U U @ Uj U @y
Ue(A) : U @ Uy — U, u; @ uj > O ju;
U(Y) : Uy = U, @ Uy, Ui U DUy
W(§): U=k, w— 1,

be(8) k= U, L+

Furthermore, the linear map Homg,,(n,m) — Homyg, (UZ"™, UZ™), f +— U(f) is an

isomorphism whenever t > m + n.

For the next corollary, we assume some basic facts about semisimplification of
monoidal categories; e.g., see [BEEO20, Sec. 2] which gives a concise summary of

everything needed here.

Corollary 3.1.2. When t € N, the functor 1, induces a monoidal equivalence 1),
between the semisimplification of Kar(®Par,) and kS;-Modgy. In particular, Par, is

not a semisimple locally unital algebra in these cases.

Proof. The functor v, extends canonically to a functor Kar(®ar;) — kSi-Modgqg. It
is well known that every irreducible kS;-module appears as a constituent of some
tensor power of U, hence, this functor is dense. Now the first statement follows from
the fullness of the functor i, using [BEEO20, Lem. 2.6]; see also [Del07, Th. 2.1§]
and [CO11, Th. 3.24]. Since Kar(Par;) has infinitely many isomorphism classes of
irreducible objects, it is definitely not equivalent to its semisimplification kS;-Modgq.
This shows that Kar(®ar;) is not a semisimple Abelian category as it contains non-
zero negligible morphisms. Equivalently, the path algebra Par; is not semisimple in

these cases, which is the second statement. O
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Remark 3.1.3. Continue to assume that ¢ € N. By the general theory of
semisimplification, the irreducible objects in the semisimplification of Kar(®Par;)
correspond to the indecomposable projective Pari-modules P(\) of non-zero
categorical dimension. In [Del07, Prop. 6.4], Deligne showed that P(A) has non-
zero categorical dimension if and only if ¢ — |A\| > A\; — 1, in which case the irreducible
object of the semisimpliciation arising from P(\) corresponds under the equivalence

1, to the irreducible kS,-module S(x) where x := (t — [A|, A1, Ag, ... ).

Through the next few sections, our goal is to introduce the affine partition
category. In one sense, this is an extension of the partition category with extra
generators and relations. Though it would be nice to view Par, as embedding into its
affine version, our realization of the affine partition category is as a subcategory of
the Heisenberg category of [Khol4] and does not satisfy the final relation in (1.1.6)
which is dependent on t. So we introduce the generic partition category Par as the
strict monoidal category with the same generating object and generating morphisms
as Par; subject to all of the same relations except for the final relation in (1.1.6),

which is omitted. The morphism
T .= I € Endgy (1) (3.1.1)

is strictly central in Par, so that Par can be viewed as a k[T'|-linear monoidal category.

For t € k, let
evy : Par — Par, (3.1.2)

be the canonical functor taking 7" to t1;. Using the basis theorem for Par; for infinitely
many values of ¢, one obtains a basis theorem for the generic partition category: each
morphism space Homg, (n,m) is free as a k[T]-module with basis given by a set of

representatives for the equivalence classes of m x n partition diagrams. From this,
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we see that ev, induces an isomorphism k ®y ) Par = Par,, where on the left hand
side we are viewing k as a k[T]-module so that T" acts as t. This point of view is
often useful since it can be used to prove a statement involving relations in Par; for
all values of ¢ just by checking it for all sufficiently large positive integers, in which
case Theorem 3.1.1 can often be applied to reduce to a question about symmetric

groups. To make a precise statement, let
¢t = ¢t cevy . Par — kSt-MOdfd, (313)

assuming ¢t € N.

Lemma 3.1.4. If f € Homagp,(n,m) satifies ¢;(f) = 0 for infinitely many values of

t € N then f =0.

Proof. We can write f = >, p;(T) f; for polynomials p;(T) € k[T] and f; running over
a set of representatives for the equivalence classes of m x n partition diagrams. Since
¢u(f) = 0 we have that >, pi(t)¢:(f;) = 0 for infinitely many values of t. By the final
assertion in Theorem 3.1.1, this implies that ), p;(t) ev,(f;) = 0 for infinitely many
values of t > m+mn. By the basis theorem in Pary, this means for each i that p;(¢) =0

for infinitely many values of ¢. Hence, p;(T") = 0 for each i. O

We note that the proof of Lemma 3.1.4 depends on our standing assumption that
the ground field k is of characteristic zero.
3.2 Heisenberg category

Next we recall the definition of the Heisenberg category Heis which was
introduced by Khovanov in [Khol4]. We follow the approach of [Brul8]; Khovanov’s

category is denoted Heis_1(0) in the more general setup developed there.
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Definition 3.2.1 ([Brul8, Rem. 1.5(2)]). The Heisenberg category Heis is the strict

monoidal category with two generating objects 1 and | and five generating morphisms

><:T*T—>T*T, \ L=l x 1, M\t *d=1, Wil =t*), \h*xt— 1,
subject to the following relations:

X
Nl e

@< ~o, O=1, (323
Sl

Here, we have used the the sideways crossings which are defined from

X=X X=X}

It is also convenient to introduce the shorthand

7% ;:}Q, (3.2.5)

which automatically satisfies the degenerate affine Hecke algebra relation as in (2.7.7):

X=X+ K=+l 62

Note by (3.2.3) that

, (3.2.1)

G =00 =0. (3.2.7)

In addition, the following relations hold, so that Heis is strictly pivotal with duality

functor defined by rotating diagrams through 180°:
R XD e
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Then we obtain further variations on (3.2.6) by rotating through 90° or 180° using

this strictly pivotal structure. One more useful consequence of the defining relations

§§<:>§, 3210)

There is also a symmetry o : Heis — Heis®, which is the strict monoidal functor

is that

that is the identity on objects and sends a morphism to the morphism obtained by
reflecting in a horizontal axis and then reversing all orientations of strings.
Khovanov constructed a categorical action of Heis on Sym-Mody =

@nZO kS,-Modgg, i.e., a strict monoidal functor
© : Heis — End(Sym-Modg). (3.2.11)

Explicitly, this takes the generating objects 1 and | to the induction functor £ and
the restriction functor F, respectively, notation as in (2.7.4), and © takes generating
morphisms for Heis to the natural transformations defined on a kS,-module V as

follows (where g is an element of the appropriate symmetric group):

<><)V tKSni2 Qks,yy KSny1 ®ks, V= KSny2 Qks,y KSny1 ks, V,

gR1®@v— g(n+ln+2)®@1®w,

X X
— —— S———
<

kS, @is, , V = kS,i1 ®xs, V, g®@ve g(nntl)®@o,

X

<

g2 @ qrv if g =ga(nn+1)g for g; € S,
1 kSn4+1 ®ks, V = kS, ks, .V, gQv—

0 otherwise,
><V:V—>V, vi—= (n—1n)v,
(Vv kS, @ks,_, V=V, gRv i gu,
())y V= kS, ®s, , V v i(z n)® (in)v,
i=1
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gu ifges,,
)y kSp1 ®s, V=V, gRU >
0 otherwise,

(N V = kSyy1 ®ks, V v 1 ®w,
In

and z,, € kS, from (2.7.10), respectively; the natural transformations here are the

) 1 kSn11 ®ks, V = kS Qks, V, 9@ v grpp1 @,
.
) V=V, UV 0.

the last two formulae, we have used the Jucys-Murphy elements z,1 € kS,

endomorphisms of E and F' denoted x and x" just before (2.7.12). All of the other
formulae displayed here can also be found in [LSR21, §3]. Note in particular that the
clockwise bubble () acts as multiplication by n on any V' € kS,-Mody.

It is known moreover that the functor © is faithful. Indeed, in [KKhol4], Khovanov
uses the functor © to prove a basis theorem for morphism spaces in Heis, and the
argument implicitly establishes the faithfulness of © over fields of characteristic zero.
We will not use this here in any essential way.

3.3 The affine partition category

Now the background is in place and we can make a new definition.

Definition 3.3.1. The affine partition category A%Par is the monoidal subcategory of

Heis generated by the object | :=1 * | and the following morphisms

><::>§§< Jﬂ >< J (3.3.1)
A=A\ Yo=\"/. (3.3.2)

F = L =1, (3.3.3)
] l (3.3.4)

5 -
KAK A | 44%>§§H}ﬂ b5

I
—0—
—

+
—
—



We refer to the morphisms in (3.3.4) as the left dot and the right dot, and the
morphisms in (3.3.5) as the left crossing and the right crossing, respectively. The
other shorthands for the generating morphisms of 4%Par introduced in Definition 3.3.1
are the same as the symbols used for generators of the partition category. This
is deliberate, indeed, the morphisms (3.3.1) to (3.3.3) generate a copy of the generic
partition category Par as a monoidal subcategory of Heis. This important observation
is due to Likeng and Savage; see Corollary 3.4.4 below. For now, we just need
the following, which is proved in [LSR21] by a direct calculation using the defining

relations in Heis.
Lemma 3.3.2 ([LSR21, Th. 4.1]). There is a strict monoidal functor
i : Par — APar (3.3.6)

sending the generating object and generating morphisms of Par to the generating object

and generating morphisms in APar denoted by the same diagrams.

Because of the symmetry of the generators of 4Par under rotation through 180°,
the strictly pivotal structure on Heis restricts to a strictly pivotal structure on A%Par.
The left and right dots are duals, as are the left and right crossings. Moreover, the
cap and the cup making | into a self-dual object are given by the same formula (2.8.1)

as we had before in Par, hence, i is a pivotal monoidal functor. Note also that

T = I =(). (3.3.7)

Also, the symmetry o on Heis restricts to o : APar — APar’®. This just reflects affine
partition diagrams in a horizontal axis, just like the earlier anti-automorphism o on
Par,. Here are some further relations, all of which are easily proved using the defining

relations in Heis:

Y=Y Y=Y, ;;lzl“ N R CE S



Of course, the horizontal and vertical flips of all of these also hold. The next two

lemmas establish some less obvious relations.

Lemma 3.3.3. The following relations hold in APar:

}_.:)‘\3 :\'(p , o= d),\qu‘( (3.3.9)
,><:@<7 ><. _ (3.3.10)

)CR
S S
N S T

Proof. For each of (3.3.9) to (3.3.11), it suffices just to prove the first equality, and

(3.3.11)

then all the others follow using o and duality to reflect in horizontal and/or vertical
axes. For (3.3.9), use (3.3.8) and (1.1.5). To prove (3.3.10), we expand as morphisms

K=o 1 1] R ] x|
IR X

For (3.3.11), we again expand the left hand side as a morphism in Heis:

N T

N

Finally, to prove (3.3.12), the second set of relations follows from the first set of

+

relations by composing on the bottom with a crossing and using (3.3.11). For the
first set of relations, it suffices to prove the first equality, the second then follows by

duality. Expanding both of the left crossings as morphisms in Heis produces a sum

!

of four terms, two of which are zero, so we obtain:

(32.3) (3.2.3) v) (3.2.1)
(3.2.4) + -
N
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O

Corollary 3.3.4. As a monoidal category, the subcategory APar of Heis is generated

by the object |, the five undotted generators (3.3.1) to (3.3.3), and the left dot.

Proof. The relations (3.3.9) and (3.3.10) together show that the right dot and the left
and right crossings may be written in terms of the left dot and the other undotted

generating morphisms. O]

Lemma 3.3.5. The following relations hold:

20O © S NN
R D e G
(%X XY

Proof. To prove (3.3.13), we observe by composing on the bottom with the crossing

(3.3.16)

and using relations from Par plus (3.3.11) that the relation we are trying to prove is

KB XA

Now we expand the left hand side in terms of morphisms in Heis using (3.2.3)

equivalent to

and (3.2.7), then we use (3.2.6) to commute the dot past a crossing in the first

+h§ﬁ+ +3m

and fourth terms:

%5’?%%@%@%




NI

Similarly, the expansion of the right hand side is
X K L KK [ K
SKASASKA LK AR [

where we commuted the dot past a crossing just in the first term. These are equal.

+F€§j+
N

|

+3

To deduce (3.3.14), first apply duality to (3.3.13), i.e., rotate through 180°. Then
compose on the top and bottom with a crossing and simplify using relations in Par
together with (3.3.11).

To prove (3.3.15), we rewrite its left hand side, replacing the right crossing with

a left dot using (3.3.10), then we apply (3.3.13) to push this left dot past the right
hand string:

K08 &

Now we simplify the five terms on the right hand side of the equation just displayed

to obtain the five terms on the right hand side of (3.3.15) (there is no need here to

expand in terms of morphisms in Heis). The following treats the first term:

XK

The second and third terms are easy to handle, we omit the details. For the fourth

and the fifth terms, it suffices by symmetry to consider the fifth term, which we

KD S ¢

Finally (3.3.16) follows easily from (3.3.15) on composing on the bottom with the

rewrite as follows:

crossing of the leftmost two strings and using (3.3.11). O
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Corollary 3.3.6. The category APar has object set {|*™ | n € N} (which we often
identify simply with N) and morphisms that are linear combinations of vertical

compositions of morphisms in the image of i : Par — Heis together with the morphisms

> -{ (3.3.17)

foralln > 1.

Proof. In view of Corollary 3.3.4, we just need to show that one can obtain the
endomorphism of n defined by the left dot on the mth string (m = 1,...,n) by
taking a linear combinations of compositions of morphisms in the image of ¢ and the
given morphism (3.3.17) (in which the left dot is on the first string). This follows by

induction on m using relations (3.3.13) and (3.3.10). O

Remark 3.3.7. We have not attempted to formulate or prove a basis theorem for
the morphism spaces in APar. Creedon and De Visscher do this by combining their
work with results of Khovanov [CD23]. They also show that A%Par is actually the full

monoidal subcategory is Heis generated by the object |.

3.4 Action of APar on kS-Modgg

Suppose that t € N. The restriction of the functor © from (3.2.11) to the
subcategory APar is a strict monoidal functor APar — End(Sym-Modg) sending
the generating object | to the endofunctor E o F' (induction after restriction). Since
E o F takes kS;-modules to kS;-modules, the restriction of © gives strict monoidal

functors
@t : APar — Ena’k(kSt—Modfd). (341)

The functor ©; takes | to the endofunctor indgz_l o resgz_l = kS;®ks, , of kS;-Modyq;

this should be interpreted as the zero functor in the case ¢t = 0. The natural

49



transformations arising by applying ©; to the other generating morphisms of A%Par
may be computed using the formulae after (3.2.11) (taking n := t). Explicitly, one

obtains the following for V' € kS;-Modgy and g, h € S;:
<><) 1 kS; ®ks,_; kSy Qks,_, V — kS; ®ks,_, kS; Qks,_, V,
v
gRhRv— ghh™ & ho,
( ><) 1 kSt ®ks,_, kS ®ks,_, V — kSt Qks,_, kSt Qks,_, V,
v
gRh®v = g@h® (h~1(t) t)v,
(><. )V . kS; ®us,_, kSy Rks,_, V — kS ®Rxs,_, kS; Rus,_, V,

g@h@v gh® (1) t) ® v,

<)\>v : kS; ®xs,_, kS @xs,_, V = kS Qis,_, V., 9@ h @ v = dpp)9h @,
(Y)V 1 kSt Qks,_, V — kSt Qks,_, kSt Qks,_, V, IRV gR1®w,
(T)V:k5t®k5t_1V—>V, gR v gu,
t
( J)>V;v%kst®kst_lv, vr—>2(it)®(it)v,
t
(o), £ kSt Bus s V = KSi B, V. geu Y gt @,
j=1
t
(}—o)v kS ®xks,_, V = kS, ®gs,_, V, g®v»—>Zg®(jt)'U.
j=1

Recall the natural kS;-module U; from Theorem 3.1.1; in particular, U, is the zero
module. Using the Kronecker product, we can consider U;® as an endofunctor of

kS;-Modgg. Also let trivg, be the trivial module.
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Lemma 3.4.1. The functor ©; is monoidally isomorphic to the strict monoidal

functor
O, : APar — Endy(kSi-Modgg) (3.4.2)

which sends the generating object | to the endofunctor U,® and taking the generating
morphisms for A%Par to the natural transformations defined as follows on V €

kS;-Modgg and 1 <i,5 <'t:
(><) LUV 2U,U, YV, U QU QU= Uj QU @,

v

) ZUt®Ut®V—>Ut®Ut®V7 UZ®UJ®U'_>UZ®UJ®<Z]>U;
) . Ut®Ut®V_)Ut®Ut®‘/a UZ®U]®U’—)U]®UZ®(Z])U,

1%
<)\>V:Ut®Ut®V—>Ut®V, Ui @y ® U — 8 O,
(Y) U0V > UU,eV, U RV U @ U @,
Vv
(?> U,V =V, U ® Vv,
Vv
<J>>V:V—>Ut®v, vHZui(X)v,
t
(‘—DviUt®V—>Ut®V, ui®vr—>2uj®z
t
(}—0) U,V UV, ui®U'—>ZUi®Z
1% —

Proof. There is an isomorphism kS; ®yg, , trivs, , — U, g ® 1 — gu,;. Combining

this with the tensor identity, we obtain a natural kS;-module isomorphism
(ozgt))v kS Rps, , VU@V, gR U gup Q@ gu (3.4.3)

for V€ kS;-Modgg. This defines an isomorphism 041 0 kS ®ks, = U,®. Let

alf) = agt) -~oz(t) be the n-fold horizontal composition of ozlt . This is a natural

isomorphism o) : (kS ®ys, ;)" = (U®)°™ whose value on a kS;-module V is given
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explicitly by the map

(ag))v (0 Q@ ® g1 QU Gt @ GnGn—1Ut @ <+ @ Gnfn-1+ " G1Ut @ GnGn-1- " G10.
Now define ®; : APar — End(kS;-Modgy) to be the strict monoidal functor taking
the object n to (U;®)°", and defined on a morphism f € Homggp,, (n,m) by ®(f) :=
ol 00y (f)o (ag))_l. It is immediate from this definition that o = (a,(f))nzo 1Oy =
®, is an isomorphism of strict monoidal functors.

It remains to check that ®; as defined in the previous paragraph is equal to the
functor ®; defined on generating morphisms in the statement of the lemma. So we
need to check for each generating morphism f € Homgg, (1, m) that the formula for
®,(f)y written in the statement of the lemma is equal to ((XSZ))V 0 O(f)y o (ag));l
for V€ kS;-Modgg and t € N. This is a routine but lengthy calculation. We just go
through a couple of the cases.

-1

If f is the crossing, we need to show that ((aét))v 0 O(f)y o (ag))v ) (u; ®u; ®

v) = u; ® u; ® v. Now we consider four cases. If t # i # j # t we have that
<(a§t))v °Oy(f)v o (aét));l) (s ® u; © )
= ((Oé“)v o @t<f)v) (i) (jt) @ (5 t)(i t)v)
= (@), (DG ® () ® (i t))
= u; @ u; @ v.
If i = j we have that
((Oéét))v 0 Oy(f)v o (aé”)?) (u; ® u; @ v)
= (), 0041 (i @10 (i )
= (o), (@16 (itw)

:uj®u,-®v.
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If i =t # j we have that
((0f)y 0 0ulf)v o (af)y" ) (s @ w; @ 0)
= (), c@ulf)v) 1@ (i) @ (G 1))
= (@), (Gt @)
=Uu; Qu; Q.
Finally if i # t = j we have that
(@) 0Ol v o (ad),") (s @ u; @ v)
= (), 00ulf)v) (it (1) @)
= (@), (e i) (it
= u; @ u; ® v.
This completes the check in this case.

If f is the left dot, we have that

((0$), o @il f)v o (ait’);l) (wi@v) = (), 0 Oulf)v) (1) @ (i t))

t t
()Gt @ (itw) =D (1 )(jtyu @ (i t)(j t)(i t)o.
g=1 j=1
If i =t this is Z ® (j t)v which is right. If i # ¢ we pull out the j =7 and j =t

terms of the sum, simplify the three types of terms separately, then recombine to get

the desired expression 23:1 u; ® (i j)v. O
We now have in our hands monoidal functors ¢, from (3.1.3), ¢ from (3.3.6), and

®, from (3.4.2). Let
Act : kS;-Modgq — End(kS;-Modgg) (3.4.4)

be the monoidal functor induced by the Kronecker product, i.e., Act(V) = V® for a

kS;-module V' and Act(f) = f® for a homomorphism f:V — V',
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Lemma 3.4.2. For every t € N, the following diagram commutes up to the obvious
canonical isomorphism of monoidal functors:
APar —25 End (kS ,-Modyy)

1 o

Par L} kS ,-Modsg. (3.4.5)

Proof. The composition ®; oi takes the nth object of 4Par to (U;®)°", while Act o¢,

takes it to U?"®. Let

~

B (Uie)™" = U e

be the canonical isomorphism between these functors defined by associativity of tensor

product. Then g = ( (") : @, 01 = Actog, is an isomorphism of monoidal

)nEO
functors. To see this, we need to check naturality. This follows because the five
formulae defining ¢, from Theorem 3.1.1 tensored on the right with a vector v are

exactly the same as the formulae defining ®; on these five generating morphisms from

Lemma 3.4.1. [l
Now we can prove the main theorem justifying the significance of the affine

partition category. Let
Ev: Enc[k(kSt—Modfd) — kSt—MOdfd (346)

be the (non-monoidal) functor defined by evaluating on trivs,. There is an obvious
isomorphism of functors EvoAct = Idks,-Mod,, defined on V' by the isomorphism

V @trivg, = Vo ®@ 1 — 0.

Theorem 3.4.3. There is a unique (non-monoidal) functor

p : APar — Par (3.4.7)
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such that poi = Idgp, and

» .{ - | $ , (3.4.8)

Moreover, for any t € N, the following diagram of functors commutes up to natural
1somorphism:

APar i} End’k(kS I-MOdfd)

| r

?ar # kSt-MOdfd. (349)

The functor p also maps

A1)

n 2 1 n 1 n

3 2 1 3 21 3 21

Proof. For t € N| let %(f) L UP™ @ trivs, — U2™ be the obvious isomorphism sending

‘ ‘ (3.4.10)

n 3 2 1

n n

U, @ Quy @1 u;, @ - Quy,y. We say that f € Homge, (1, m) is good if there

exists a morphism f € Homg, (n, m) such that

() =8 o Bv(®i(f) 0 (1) (3.4.11)
for all t € N. If f is good, there is a unique f such that (3.4.11) holds for all
t. To see this, suppose that f and f’ both satisfy (3.4.11) for all + € N. Then
Oi(f) = 1 o Bv(@y(f)) o (W)™ = ¢u(F), so that ¢(f — ') =0 for all ¢ € N. In
view of Lemma 3.1.4 this implies that f = f’ as claimed.

Suppose that f € Homgp, (n,m) and g € Homge, (I, m) are both good. Then

fogis good with f o g := f og. This follows because

= -1 -1 -1
01(Fog) = 1 oEV(®(£))o (1) v WoBv(@e(f))o(1”) T = A oEv(@i(fog))o(x”) .
Similarly, sums of good morphisms are good with f + ¢ := f + 7.

In this paragraph, we show that every morphism in A%Par is good. In view of the

previous paragraph, it suffices to show that some family of generating morphisms for
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APar are all good. Hence, in view of Corollary 3.3.6, it is enough to show that i(f)
is good for every morphism f in Par and that the morphisms (3.3.17) are good for

all n. For f € Homg,,(n,m), the morphism i(f) is good with i(f) := f. This follows

from the following calculation using Lemma 3.4.2:

W o Bv(@i(i(f)) 0 (1) =i o Ev(Act(au(£)) o (48)) T = ().
Also the morphism f from (3.3.17) is good for every n. To see this, let f be the
morphism on the right hand side of (3.4.8). Using the definition in Theorem 3.1.1,
é¢(f) is the map u;, ®- - - @u;, +— Z;Zl Ui, @+ - @u;, ®uj. Also using the definition in
Lemma 3.4.1, Ev(®4(f)) is the map u;, @ - @u;; @1+ 23:1 Ui, @ - QU Quy @ 1.
On contracting the final ®1 using fy,(f), these are equal, as required to prove that f is
good.

Now we can define a functor p making (3.4.9) commute (up to natural
isomorphism) for all ¢ € N. On objects, define p by declaring that p(n) = n for
each n > 0. On a morphism f € Hom g, (n,m), we define p(f) := f. The checks
made so far imply that this is a well-defined functor satisfying (3.4.8). The equation

(3.4.11) shows that () = ( o : Evo®, = ¢; o p is a natural isomorphism. We

)n>1
have also already shown that p o i = Idg, and that (3.4.8) holds. Thus, we have
established the existence of a functor p : APar — Par satisfying all of the properties
in the statement of the theorem. The uniqueness of p follows from Corollary 3.3.6.
It remains to check the three properties (3.4.10). These can be checked using the
commutativity of (3.4.9) in the same way as we just established (3.4.8). Alternatively,
and possibly quicker, they can be deduced directly from (3.4.8) using the relations

(3.3.9) to (3.3.11), respectively. We leave the details to the reader. O
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The faithfulness of 7 in the following corollary was already proved in two different
ways in [LSR21]. Our approach is similar in spirit to the first proof given in loc. cit.,

i.e., the argument used to prove [LSR21, Th. 5.2].

Corollary 3.4.4. The functor i : Par — A%Par is faithful and the functor p : APar —

Par is full.
Proof. This follows because p o i = Idg,,. ]

Corollary 3.4.5. The functor p induces an isomorphism A%Par /T — Par where T is

the left tensor ideal of APar generated by the morphism o—| — $ .

Proof. The left tensor ideal Z is the data of subspaces Z(n, m) of Hom gp,,(n, m) for
each m,n > 0 which are closed under vertical composition on the top or bottom
with any morphism and closed under horizontal composition on the left with any
morphism. It is clear from (3.4.8) that p sends morphisms in Z to zero, hence, p
induces a functor p : APar/Z — Par. This is surjective on objects and full. To see that
it is faithful, suppose that f + Z(n,m) € Homap,/z(n, m) = Homags(n, m)/Z(n, m)
is a morphism sent to zero by p, hence, p(f) = 0. In view of Corollary 3.3.6 and

the definition of Z, we may assume that f = i(f) for some f € Homgp,(n,m). Then

f=np(i(f)) = p(f) = 0, so that f =i(f) = 0. O

Composing the functor p : APar — Par with evaluation at any t € k gives a full

functor
p; := evyop : APar — Par, (3.4.12)

such that

, (3.4.13)
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‘ ‘ . (3.4.14)

n 3 2 1

3 2 1 3 2 1 3 2 1

Like in Corollary 3.4.5, the functor p; induces an isomorphism 4®Par /Z; — Par; where

n n n

7, is the left tensor ideal of A%Par generated by T'— t1; and o-I — $ .
3.5 Jucys-Murphy elements for partition algebras

Now we can explain how affine partition category is related to the works of
Enyang [Eny13] and Halverson-Ram [HRO05]. These are concerned with the partition

algebra, which is the endomorphism algebra

P,(t) := Endgy, (n) = 1,,Par1,,. (3.5.1)
By analogy, we define the affine partition algebra to be

AP, := Endap,(n) = 1,AParl,. (3.5.2)

Let us denote the elements of AP, defined by the left and right dots on the jth string

by X[ and X', and the elements defined by the left and right crossings of the kth

and (k + 1)th strings by SF and S&:

J

|, (3.5.3)

st . St e Yool (35.4)

n 1 Kk 1 n H1 Kk 1

for 1 < j <nand1l <k <n—1 We note that {X]-L,Xf’jzl,...,n} are
algebraically independent, so they generate a free polynomial algebra of rank 2n
inside AP, (t); this follows easily from the basis theorem for morphism spaces Heis
proved in [Khol4]. Taking the images of the elements (3.5.3) and (3.5.4) under the

functor p; from (3.4.12) gives us elements of P,(t) denoted

ebi=p(XE), 2l =p(XE, sk = pu(SF), st = pu(SH). (3.5.5)
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The notation here depends implicitly on the values of n and ¢, which should be clear
from the context. By (3.4.13) and (3.4.14), we have that #f =|-- |3, 2ff = ¢, s} =1

and sft = (12) € S, C P,(1).

Theorem 3.5.1. Suppose that t € N and let 1, : P,(t) — Endgs, (UF") be
the homomorphism induced by the functor ¢; from Theorem 3.1.1. The elements

a:f,xf, sk sl e P,(t) satisfy
¢t(%L)(Uzn @@ uy) = zt:%n ® - QUi @ (1 45) [Ui; @+ @ iy @y,
i=1
(3.5.6)
i) (i, @ - @uiy) =Y g, ® - @y, @ (i) [ug,_, ® - @ ug, Dy, |
(3.5.7)

77Z)t(8£)(u7»n ® o ® uil) - U’in ® T ® U’ik ® (Zk Z.k-i-l) [uik,1 ® e ® uig ® uil] ’
(3.5.8)

(s (Wi, @ -+ @ iy) = Uiy @ -+ @ Uiy, @ (i Tpy1) (Ui, @ -+ DUy @ 1)
(3.5.9)

for 1 <iy,... i, <t, where we are using the diagonal action of S; on tensor powers

OfUt.

Proof. This follows from the commutativity of (3.4.9), (3.5.5) and the formulae in

Lemma 3.4.1. ]

Corollary 3.5.2. Identifying P,(t) with the partition algebra in [Eny13] by reflecting
diagrams through a vertical axis to account for the fact that we number vertices from
right to left rather than from left to right, the elements (3.5.5) are related to the

elements L%, Li,... and 03,0 .. of the partition algebra P,(t) defined in [Enyl3]
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according to the dictionary

x]L < Lj, t— xf L1, sp < Opyls SP 4> Oyt (3.5.10)

Hence, by [Enyl3, Th. 5.5], the elements ZL‘jL and t —xf are identified with the Jucys-

Murphy elements introduced originally by Halverson and Ram in [HR05].

Proof. Enyang’s elements are defined by a recurrence relation which is independent
of the value of the parameter ¢. Hence, his elements can be viewed as specializations
at T" = t of corresponding elements of the generic partition algebra Endg,(n). To
identify them with our elements, we can use Lemma 3.1.4 to see that it suffices
to check that they act in the same way on U2" for infinitely many values of the
parameter ¢ € N. This follows on comparing (3.5.6) to (3.5.9) to the formulae in

[Eny13, Prop. 5.2, Prop. 5.3]. O

Remark 3.5.3. Alternatively, one can prove Corollary 3.5.2 inductively, using the
recurrence relations in Lemma 3.3.5 which are equivalent to Enyang’s recurrence
relations [Eny13, (3.1)—(3.4)]. In fact, all of the relations derived in loc. cit. can now

be deduced easily using the relations in A%Par derived in the previous section.

Remark 3.5.4. Recently, Creedon [Cre21] has introduced a renormalization of the

Jucys-Murphy elements, which he denotes by Ny, Ny, ..., No, € P,(t). They are

defined in terms of the Enyang-Halverson-Ram elements simply by No;_; 1= LJ;% — %
and Nyj := L; — % The dictionary between Creedon’s elements and ours is
ah — Lo Ny, L— a2l Ny (3.5.11)

The motivation for such a renormalization will be discussed further in Remark 3.6.5

below.
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3.6 Central elements

By the center of a (k-linear) category A, we mean the (unital) commutative
algebra Z(A4) := Endg(Id4) of endomorphisms of the identity endofunctor of 4. Thus,
an element z € Z(A4) is a tuple (2x)xeo(a) such that zy o f = fozy for all morphisms
f: X — Y in 4. Equivalently, in terms of the path algebra A, it is the algebra

Z(A) =z = (2x) xeco) € H IxAlx |za=azforalla€e A ), (3.6.1)
Xe0(Aa)

interpreting the products in the obvious way. We note that there is an algebra

isomorphism

Endagan (A) = Z(4), (= (C(1x)peom € ] 1xAlLx, (3.6.2)

Xe0(a)

where the algebra on the left is the endomorphism algebra of the A X A°®-module
associated to the (A, A)-bimodule A. If A is locally finite-dimensional, then it
is a locally finite-dimensional A X A°®-module, hence, by [BS, Lem. 2.10], the
endomorphism algebra End sga0r (A) = Z(A) is a pseudo-compact topological algebra
with respect to the pro-finite topology. That is, the topology of Z(A) is such that the
ideals of finite codimension form a base of neighborhoods of 0. Pseudo-compactness
means that Z(A) is isomorphic to Jm Z (A)/J where the inverse limit is over all ideals
of finite codimension.

In the locally finite-dimensional case, Z(A) is isomorphic to the algebra C(A)*
that is the linear dual of the cocenter C'(A). The cocenter is a cocommutative
coalgebra isomorphic to Coendagaer(A) in the notation of [BS, (2.15)]. To define
C(A) explicitly, note that the space D := P ycg, (1xAly)” is naturally an (A4, A)-
bimodule with 1y D1y = (1xAly)*. Also each 1xDl1x is a coalgebra as it is the

dual of the finite-dimensional algebra 1xAlx. Hence, € Xe0, 1xD1x is a coalgebra.
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Then the cocenter is

C(A) = ( D 1XD1X>/J (3.6.3)

where J is the coideal spanned by the elements
{le — f(l ’ X,Y S @A,(I € 1xA1y,f S 1yDlx} .

To identify C(A)* with Z(A), note that the linear dual of the coalgebra
@XEOA 1xD1x is the algebra HXE@A 1xAlx; the annihilator J° of the coideal J
defines a subalgebra of [] .o, 1xAlx which is exactly the center Z(A) according to
the original definition (3.6.1).

In this subsection, we are going to construct a family of elements (z(),>; in
the center Z(APar;) of the affine partition category A%Par;. We start by introducing

some convenient shorthand. Given a monomial z"y* € k[z, y|, we use the notation

o () ) a

to denote the element of Endap,(]) on the right hand side, that is, it is the rth
power of the right dot (represented by x) composed with the sth power of the left dot
(represented by y). It then makes sense to label dots by polynomials f(x) € k[z, y],
meaning the linear combination of the morphisms ¢«7y* just as f(x) is the linear
combination of its monomials. We are also going to use generating functions in the
same way as explained in the context of Heis in [BSW20, §3.1]. For these, u will be a
formal variable which should always be interpreted by expanding as formal Laurent
series in k(u™1), eg., (w—2) ' =ut+utr +u B+

Let

Ou) :=uly — E(u—x)l =uly — E(u—y)l € uly +u ' Endag,(D)[u™']. (3.6.5)
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For r > 0, the coefficient of © ="' in this formal Laurent series is — §:p* ; the 2" here
can be replaced by y" due to the third relation in (3.3.8). Also introduce the rational

function

(u—(r+1))(u—-(z—-1))

ag(u) = (u— 1) € k(x,u). (3.6.6)

The expansion of this as a power series in k[z|[u'] is
ax(u)=1—(u—2)?=1—-u?=20u>—32%u™* — 42’ —---, (3.6.7)
ap(u) t=14+u"? + 200 + (32% + Du™* + (42° +4a)u™ + - - - . (3.6.8)

The following elementary lemma will play a fundamental role in the rest of the article.

It would be hard to formulate this without the aid of generating functions.

Lemma 3.6.1. The following bubble slide relations hold in A%Par:

O(u)

- 204 O, Ow = O §2 (369)

Proof. The two equations are equivalent, so we just prove the first one. When working
with Heis, we adopt the notation of [BSW20, §3.1]: an open dot labelled by 2" means
the rth power of the open dot in Heis, and () (u) is the formal Laurent series from

[BSW20, (3.13)]. Under the embedding of APar into Heis, we have that
O(U + 1) = (u —+ 1)1]1 — E(u—(y—l))l = (u + 1)1]1 — (u_x)_IG = 1]1 +©(U)
The bubble slide relation for Heis from [BSW20, (3.18)] gives that

O(u)‘ J: az<u>%©(u) J: az(uﬁt %%(@1@@) :

According to (3.3.4), the label x on the open dot on the | string translates into the
label x — 1 on a closed dot in A%Par, and the label x on the open dot on the 1 string

translates into the label y — 1 on a closed dot in A%Par. So the relation just recorded
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can be written equivalently as

ay—1(u ay (u+1
Olu+1)| = 2284 Ow+1) = 26283 O +1)
Replacing u by u — 1 everywhere gives the desired relation. O

The rational function ay(u)/a.(u) € k(z,y,w) will also be important later on.

The low degree terms of its expansion as a power series in ! can be computed using

(3.6.7) and (3.6.8):

zyEZ; =14+2(z—y)u?+3(@* =y )u "+ [4(2® — *) + 2(z — y)] u "+ . (3.6.10)
For n > 0, let

= COu = O+ Ofu) ' = H %*am € 1,AParl,[u™"],

= (3.6.11)

where the final equality follows by applying the bubble slide relation repeatedly. Then

we define

=Y C"u Co(1)),s0 € [ [ tnAPar1, Ju™]. (3.6.12)

r>0 n>0

Note by (3.6.10) that C® =1 and CV = C?® = 0.
Theorem 3.6.2. C(u) € Z(APar)[u™!].

Proof. The interchange law immediately gives that

for any f € Homgp, (1, m). H

The proof of the following corollary is similar to an argument used to simplify
some analogous central elements in the quantum Heisenberg category in [MS22,
Prop. 4.3].
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Corollary 3.6.3. For each r > 1, the element Z(") = (Zr(f))nzo € [[,50 lnAParl,

defined from
200 = 3 (XY = (X)) = () e (X)) = (X)) = = ()

belongs to Z(APar) (notation as in (3.5.3) and (3.5.4)). Moreover, the elements
ZW 7@ .. generate the same subalgebra Zo(APar) of Z(APar) as the elements

cC® . CcW .

Proof. Let f(u) = ay(u)/ay(u) for short. Then define g(u) = f'(u)/f(u) =

< (In f(u)) to be its logarithmic derivative. We have that
(-1 21
o= u—(x—1) wu—z u—(r+1)

—(—u_é_1y+u3y—u_é+1ﬂ

=23y —2)u "t +2-6(* —2)u " +2-[10(y° —2*) +5(y —2)|u O .

We deduce for 7 > 1 that the u~"~*-coefficient of g(u) is equal to 2("3?) (y" — ") plus
a linear combination of terms (y* — x*) for 1 < s < r with s =r (mod 2).

The coefficients of the power series C'(u)/C(u) are polynomials in the coefficients
of the series C'(u). Hence, by the theorem, these coefficients are all central. To

compute them, we take logarithmic derivatives of (3.6.11) to obtain the identity

C,’l(u)/Cn(u) = Z .. g(u)+

=1 n i 1

Using the previous paragraph and the definition of Z("), we deduce for r > 1 that the
central element defined by the u™""3-coefficient of C'(u)/C(u) is equal to 2("}*)Z®
plus a linear combination of Z® for 1 < s < r with s = r (mod 2). Finally, induction
on 7 shows that each Z() is central.

The argument just given shows that each Z() lies in the subalgebra generated

by C®),C®W, . ... Conversely, by exponentiating an anti-derivative of the series
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C'(u)/C(u), one shows that each C) can be expressed as a polynomial in
ZW 7@ . Hence, the two families of elements generate the same subalgebra

of Z(APar). O

Taking the images of C'(u) and each Z™ under the functor p; from (3.4.12) give

c(u) = Zc(’")u_r 1= (cn(u)),>0 € Z(Pary)[u™], (3.6.13)

r>0

where ¢, (u) = Z My = py(Ch (),

r>0

2= (Z(T))HZO € Z(Pary), where 2" := p,(Z"). (3.6.14)

The elements ¢y’ and 2. belong to the center Z(P,(t)) of the partition algebra P,(t).

In terms of the Jucys-Murphy elements (3.5.5), we have that

n

0 =3 @) — @) = ) e ) = @) - ) (3615)

=1

From Corollary 3.5.2, it follows that 2 equals z, —nt where z, is the central element
from [Eny13, Th. 3.10(2)]. In fact, 2 is closely related to the central elements of

the group algebras kS; defined by sums of transpositions:

Lemma 3.6.4 ([Eny13, Prop. 5.4)). Ift € N then iy (z5") : U™ — US" is equal to

the endomorphism defined by the action of 32 i<, (1 j) — 1) € Z(kS}).

Remark 3.6.5. After constructing the elements z\) € Z (P,(t)) in the manner

explained above, we came across a recent paper of Creedon which constructs

similar central elements; see [Cre21, Th. 3.2.6]. To explain the connection,
recall that the rth supersymmetric power sum in variables xi,...,Zn, Y1, .., Ym IS
pr(T1, o xplyn, o Ym) = 27 4+ -+ 2] —yl — -+ — vyl . The expression on the

right hand side of (3.6.15) is p.(zF, ... xL|2ft ... 2f). Tt is easy to see that these

rrn

elements belong to Z(P,(t)) for all r > 1 if and only if p,(xf —t/2, ... oL — /2|2 —
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t/2,..., 2k —t/2) € Z(P,(t)) for all r > 1. Moreover, p,(z¥ —t/2,... 2L — /2|2t —
t/2,...,x —t/2) € Z(P,(t)) coincides with the rth supersymmetric power sum
pr(No, Ny, ..., Nop|— Ny, —Ns, ..., —Ns, 1) in Creedon’s renormalized Jucys-Murphy
elements from (3.5.11). Creedon showed that his elements are central in P, (t) by a
direct check of relations. This gives an independent way to verify that the eleemnts
2 = (zr(f))nzo belong to Z(®Par;): Creedon’s calculations show that they commute
with all crossings (a surprisingly hard calculation), and after that it is easy to see

that they commute with all other generators of Par,.

Remark 3.6.6. In [CO11, Def. 4.5], Comes and Ostrik define another family of
central elements w”(t) = (w](t))n>0 which lift the central elements of the group
algebras kS; defined by the sums of all r-cycles. We expect that our elements P
and their elements W’ (¢) are closely related, but we do not know any explicit formula.

In particular, the Comes-Ostrik elements should generate the same subalgebra of

Z(Pary) as our elements.

3.7 Harish-Chandra homomorphism

Although we just explain in the case of Par;, the general development in
this section is valid for any monoidal triangular category, replacing Sym with
the (semisimple) Cartan subcategory and replacing the set P of partitions by a
set parametrizing isomorphism classes of irreducible representations of the Cartan
subcategory.

According to the general definition (3.6.1), the center of the partition category
is a subalgebra of the unital algebra [],., 1,Par;l,. Let K (resp., K~) be the
left ideal (resp., right ideal) of Par; generated by the strictly downward partition
diagrams (resp., the strictly upward partition diagrams). From the triangular basis,

it is easy to see that 1,K*1, = 1,K~1,. We denote this by K,. It is a two-sided
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ideal of the finite-dimensional algebra 1,, Par;1,, and we have that
1, Par:1, = kS, & K,,. (3.7.1)

Equivalently, K, is the two-sided ideal of 1,, Par;1,, spanned by morphisms that factor

through objects m < n. By analogy with Lie theory, we define the Harish-Chandra

homomorphism
HC: [] 1uPar1, — ] kS, (2n)nz0 = (HC,, 20)ns0, (3.7.2)
n>0 n>0

where HC,, : 1, Par;1,, — kS, is the projection along the direct sum decomposition
(3.7.1). It is obvious from (3.7.1) that the restriction of AC to Z(Pary) defines an

algebra homomorphism

HC : Z(Par,) — Z(Sym) = [ [ Z(kS,). (3.7.3)

As each kS, is semisimple with its isomorphism classes of irreducible
representations parametrized by P,,, we can identify the algebra appearing on the right
hand side of (3.7.3) with the algebra k[P] of all functions from the set P to the field k
with pointwise operations. Under this identification, the tuple (z,)n>0 € [],50 Z(kSy)
corresponds to the function f : P — k such that f()\) is the scalar that z, acts by
on the Specht module S(A) for each A € P,,. Then the Harish-Chandra homorphism

becomes a homomorphism
HC : Z(Par;) — k[P]. (3.7.4)

To describe HC more explicitly in these terms, let A € P, be a partition. As we have
that Endpg,, (A(X)) = Endgy,(S(A)) =k, an element z = (z,),>0 € Z(Par,) acts on
the standard module A(\) as multiplication by a scalar denoted x,(z). This defines

an algebra homomorphism

X : Z(Pary) — k. (3.7.5)
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To compute x,(z), note that it is the scalar by which z, acts on the highest weight
space 1,A(X), which is the scalar arising from the action of HC, (2,) € Z(kS,,) on

S(A). It follows that
xXa(z) = HC,,(2,)(A) = HC(2)(N). (3.7.6)

Recall that Z(Par;) is a commutative pseudo-compact topological algebra with
respect to the profinite topology. Let Spec(Z(Par;)) be its set of open (= finite-

codimensional) maximal ideals.
Lemma 3.7.1. Spec(Z(Par;)) = {ker x» | A € P}.

Proof. Points in Spec(Z(Par;)) parametrize isomorphism classes of finite-dimensional
irreducible modules for Z(Par;) Let Ly be the irreducible Z(Par;)-module associated
to xa : Z(Par;) — k. Then we need to show that any finite-dimensional irreducible
Z(Par;)-module L is isomorphic to Ly for some A € P. To see this, we find it easiest
to work equivalently in terms of irreducible comodules over the cocenter C' := C(Par)
defined in (3.6.3). So let L be an irreducible C-comodule and L* be the dual comodule,
there being no need to distinguish between left or right since C' is cocommutative. By
definition, C' is a quotient of the coalgebra D that is the direct sum of the coalgebras
(1,Pari1,)* for all n > 0. Since L* is isomorphic to a subcomodule of the regular
C-comodule, it follows that L* is isomorphic to a subquotient of the restriction of the
regular D-comodule to C'. Hence, L* is isomorphic to a subquotient of (1, Par;1,)*
for some n. So L is isomorphic to a subquotient of 1,,Par;1,,. Now recall that the left
Pari-module Par;1, has a A-flag, and z € Z(Par;) acts on A(\) as multiplication
by the scalar x,(z). Hence, all composition factors of the finite-dimensional Z(Par;)-

module 1,,Par;1,, are of the form L, for A € P. O
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Let =~; be the equivalence relation on P defined by
ARy LS XA = Xp- (3.7.7)

From Lemma 3.7.1, we see that the equivalence classes P/ =, parametrize the points

in Spec(Z(Pary)).

Lemma 3.7.2. The image of HC : Z(Par;) — k[P| consists of of all functions
f € k[P] which are constant on =~-equivalence classes. Moreover, for each subset S

of P that is a union of ~;-equivalence classes, there is a unique central idempotent

lg € Z(Pary) such that

1 ifXeSs,
HC(1g)(A\) = (3.7.8)

0 otherwise.

If S is a single equivalence class then lg is a primitive idempotent, and Z(Par;) =
HSeP/zt LsZ(Pary).

Proof. Tt is clear from (3.7.6) that any function in the image of HC is constant on
~-equivalence classes. Conversely, take a function f € k[P] which is constant on
equivalence classes. For an equivalence class S € P/ =, let Lg be the irreducible
Z(Par;)-module associated to the central character x, (A € S). The previous lemma
shows that these give a full set of pairwise inequivalent irreducible finite-dimensional
Z(Par;)-modules. It follows that the cocommutative coalgebra C'(Par;) decomposes

as a direct sum of indecomposable coideals

where C is the injective hull of Lg. Then we consider the linear map 0 : C'(Par;) —
C(Par) defined by multiplication by the scalar f(A) (A € S) on the summand Cs.

This is a comodule homomorphism. Now we use that

Z(Par;) = C(Pary)" = Ende(par,) (C(Pary))®
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as holds for any coalgebra, e.g., see [BS, Lem. 2.2]. It implies that 6 defines an element
of Z(Pary). The image of this element under HC is the function f € k[P].

To prove the existence of the idempotent 1g for any S that is a union of ~-
equivalence classes, we apply the construction in the previous paragraph to obtain
lg € Z(Par;) such that 1g acts as the identity on the indecomposable summands Cgs
of C(Pary) for all ~-equivalence classes S" C S and as zero on all other summands.
This is an idempotent satisfying (3.7.8), and it is a primitive idempotent if and only

if S is a single equivalence class. We then have that

Z(Pary) = H 1sZ(Pary)
SeP /[~

as this is the algebra decomposition that is dual to the decomposition of C'(Par;) as

the direct sum of its indecomposable coideals. O

For S € P/ =4, the primitive central idempotent 1g € Z(Par;) from Lemma 3.7.2
is not an element of Par;, but we have that 1s = (1g,)n>0 for idempotents 1g,, =
1gl, = 1,13 € 1,Par;1,,. Moreover, for a fixed n the idempotent 1g, is zero for
all but finitely many S, so that 1, = > ¢.p Jay Lsn- The locally unital algebras
1gPar, = @m,nZO lgmParilg, are the blocks of the partition algebra Par;, and we

have the block decompositions

Par, = @ 1sPary, Par-Mod = [ 1sPars-Mod. (3.7.9)
SeP/zt SG’P/zt

Representatives for the isomorphism classes of irreducible 1gPar;-modules are given

by the modules L(A) for all A € S.
Lemma 3.7.3. The following properties are equivalent:
(i) Par; is semisimple.

(ii) All of the ~-equivalence classes are singletons.
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(iii) HC : Z(Pary) — Kk[P] is surjective.
(w) HC : Z(Pary) — Kk[P] is an isomorphism.

Proof. Tf (i) holds, then Par; is a direct sum of locally unital matrix algebras indexed
by the set P that labels its irreducible representations. Hence, its center is the direct
product [T, pkx. It follows easily that HC is an isomorphism, i.e., (iv) holds.

Obviously, (iv) implies (iii).

The equivalence of (ii) and (iii) follows from Lemma 3.7.2.

It remains to show that (ii) implies (i). Assuming (ii), Lemma 3.7.2 shows for
any A € P that there is a primitive central idempotent in Z(Par;) which acts as the
identity on A(A) and as zero on L(u) for all 4 # A\. We deduce that all composition
factors of A(X) are isomorphic to L(A). Since this is a highest weight module we
have that [A(X) : L(A)] = 1, so actually A(A) is irreducible. This is the case for all
A € P, so by BGG reciprocity we deduce that P(A\) = A(X) = L(A) for all A, and (i)

holds. [l

Remark 3.7.4. When Par; is semisimple, the standardization functor j

Sym-Modgg — Par;-Modyg sends the irreducible Sym-modules S(A) to the irreducible
Pary-modules A(X) = L(A) for all A € P. It follows easily that j is an equivalence of
categories in the semisimple case (although it is not a monoidal equivalence). Since
the center is a Morita invariant, it follows that Z(Sym) = Z(Par;) in the semisimple
case. Recalling that Z(Sym) = k[P], this gives another way to understand the

equivalence (i)=-(iv) of Lemma 3.7.3.

Remark 3.7.5. As Par;-Modyg is an upper finite highest weight category, there is
also a canonical partial order on P, called the minimal order in [BS, Rem. 3.68],

which we denote here by >=;. By definition, this is the partial order generated by
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the relation A =; p if [A(X) : L(p)] # 0. As always for highest weight categories,
the equivalence relation ~; defining the blocks of Par; is the transitive closure of the

minimal order >;. We will describe >; explicitly in Corollary 3.10.7 below.

3.8 “Blocks”

In the previous section, we introduced an equivalence relation ~; on P whose
equivalence classes parametrize the blocks of Par;. The relation =; was defined in
terms of the central characters x) : Z(Par;) — k arising from the irreducible Par-
modules L(\); see (3.7.7). On the other hand, in (3.6.13) and (3.6.14), we constructed
some explicit central elements of Par;. Let ~; be the equivalence relation on P defined

from

A~y L& X)\’ZO(Pam) = X,u|Z0(Part) (3.8.1)

where Zo(Pary) is the subalgebra of Z(Par;) generated by the elements {c(") | r>3}
(equivalently, by the elements {z(”) | r > 1}) We refer to the ~;-equivalence classes

as “blocks”. We obviously have that

i.e., “blocks” are unions of blocks. Defining 15 as in Lemma 3.7.2, there are induced

“block” decompositions

Par, = GB lgPary, Par,-Mod = H 1gPar,-Mod. (3.8.3)
SEP/~¢ SeP/~t

In this section, we are going to describe the relation ~; in explicit combinatorial

terms.

Lemma 3.8.1. The images of the elements xf,xf,sé,sg € 1,Parl, from (3.5.5)

under the Harish-Chandra homomorphism AC from (3.7.2) are

HC, (z%) = 5, HC, () =t —j +1, (3.8.4)

J
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HC,(s£) =1, HC,(s8) = (kk+1), (3.8.5)

where x; € kS, is the Jucys-Murphy element from (2.7.10).

Proof. Applying HC,, to the relations (3.3.15) and (3.3.16) (on the kth, (k+ 1)th and
(k 4 2)th strings) we deduce that HC, (s, ;) = (k k+1 k+2)HC,(sf)(k+2 k+1 k)
and HC,(sft;) = (k k+1 k+2)HC,(sf)(k+2 k+1 k). Now (3.8.5) follows by
induction on k, the base case k = 1 being immediate from (3.4.14). Note for this that
(k k+1 k+2)(k k+1)(k+2 k+1 k) = (k+1 k+2).

Applying HC,, to the relations (3.3.13) and (3.3.14) (on the jth and (j + 1)th
strings), using also (3.3.10), we deduce that HC,(z},,) = (j j+1) HC,(2F)(j j+1) +
HC,(sf) and HC, (¢} ,) = (j j+1) HCy () (j j+1) — HC, (s}). Now (3.8.4) follows
using (3.8.5) and induction on j, the base case j = 1 being immediate from (3.4.13).
Note for this that (j j+1)z;(j j+1) + (§ j+1) = xj41. O

Lemma 3.8.2. For A € P,,, we have that

n

= I S (3.8.6)

(0%
=1 t— H—l

where T is some fized standard \-tableau and ozl,(u) is as in (3.6.6).

Proof. Note by (3.7.6) that x(c(u)) = HC,(c,(u))(N) € k[u™']. To compute this, we
use Lemma 3.8.1 and the explicit formula for ¢,(u) = p;(C,(u)) arising from (3.6.11)

to deduce that

HC, (cn(w) =[] () Z(kS,)[u"'].

oy Qi—itl (u)

To evaluate this at A\, we act on the basis vector vr from Young’s orthonormal basis

for S(\), remembering that ;v = cont;(T)vr. O

Lemma 3.8.1 suggests some combinatorics of weights. Let P be the free Abelian

group on basis {A. | c € k}. Let e, := A, — Acyq and o := e, — e._1. We define the
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weight of a rational function f(u) € k(u) to be

Multiplicity of ¢ Multiplicity of ¢
wt f(u) == Z - A.e P. (3.8.7)

cek as a pole of f(u) as a zero of f(u)
For example, wt a.(u) = —A.1 + 2A. — Acy1 = .. For A € P, let wty(\) be the
weight of the rational function appearing on the right hand side of (3.8.6). As the
coefficients of the power series ¢(u) generate the subalgebra Zy(Par;), the equivalence

relation ~; defined by (3.8.1) satisfies

This suggests using elements of P rather than ~;-equivalence classes to index the

“blocks” from (3.8.3): for any v € P, let
S(y) :={AeP| wty(N) =~}. (3.8.9)
Then define
pr, : Pari-Mod — Par;-Mod (3.8.10)

to be the projection functor defined by multiplication by the central idempotent 1g(,)
from Lemma 3.7.2. In other words, pr, projects a Par;i-module V' to its largest
submodule all of whose irreducible subquotients are of the form L(\) for A € P with
wti(A) = 7. The admissible v € P which parametrize “blocks” are the ones with

S(v) # @; if S(v) = @ then pr, is the zero functor.

Lemma 3.8.3. For A € P, and any standard A-tableau T', we have that

n

wti(A) = Z(aconti(T) — Q1) = (Ee—n — ) + (Eny—1 —€—1) + -+ (Eng—k — €—k)
i=1

(3.8.11)
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for any k > (X). Moreover, given another partition p € P, we have that wt,(\) =
wty(p) if and only if the infinite sequences (t— |\, \1 —1,\a—2,...) and (t —|p|, 1 —

1,2 —2,...) are rearrangements of each other.

Proof. The first equality in (3.8.11) follows immediately from Lemma 3.8.2. To deduce
the second equality, take k£ > ¢(\). For 1 < r < k the contents of the nodes in the
rth row of the Young diagram of A are 1 — r,2 —r,..., A\, — r, and we have that
o pFdan =6 —E . AlSoay+ai 1+ -+ Q_pi1 = — E4—n. Now the
desired formula follows easily.

Rearranging the right hand side of (3.8.11) gives that e,y + ex,—1 + €x,—2 +
coten -k =wth(A) ey Feo+ -+ e+ for any £ > £(N). Hence, we have

that wt;(A) = wt;(u) if and only if
Et—|A| +éexn—1teEn,—2+ -+ Exp—k = Et—|p + Eui—1 + Epo—2 + -+ Epp—k

for all £ > 0. This is clearly equivalent to saying that the infinite sequences (¢ —
IA[, A = 1, A0 —2,...) and (t — |p|, 11 — 1, 2 — 2,...) may be obtained from each

other by permuting the entries. O

The final assertion from Lemma 3.8.3 shows that ~; is exactly the same as the
equivalence relation on partitions defined in [CO11, Def. 5.1]. The equivalence classes
of this relation were investigated in detail in [CO11, §5.3]. The following summarizes
the results obtained there. For the statement, we say that A € P is typical if it is
the only partition in its ~;-equivalence class; otherwise we say that X is atypical. Of

course, these notions depend on the fixed value of the parameter ¢.

Theorem 3.8.4 (Comes-Ostrik). If t ¢ N then all partitions are typical. If t € N

then there is a bijection P; = {atypical ~;-equivalence classes} taking k € Py to the
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~i-equivalence class {k©, k™M k3 Y} where
KJ(”) = (K,l + 1, ooy Rp -+ 17 Rn+2, Kn+3, - - ) € Pt_;,_n_,{nJrl, (3812)

i.€., it is the partition obtained from k by adding a node to the first n rows of its
Young diagram then removing its (n + 1)th row. Moreover, still assuming t € N, a

partition \ € P is typical if and only if t — |\ = N\; — i for some i > 1.

Example 3.8.5. For any ¢ € N, the ~;-equivalence class associated to k = (t) € P;
1s

S={a, (t+1), (t+1,1),(t+1,1%),--- }.
For t € N— {0, 1}, the ~;-equivalence class associated to k = (1*) € P, is

S = {(1t_1)7 (2’ 1t_2)7 (22’ 1t_3)7 B (216—1)’ (Qt)ﬂ (Qt’ 1)’ (2t’ 12)7 T } :

As noted in [CO11, Cor. 5.23] (using a different argument for the forward
implication), the first assertion of Theorem 3.8.4 allows us to recover the following
well known result of Deligne [Del07, Th. 2.18]: Rep(S;) is semisimple if and only if

t ¢ N. In terms of the path algebra Pary, Deligne’s result can be stated as follows.
Corollary 3.8.6 (Deligne). Par; is semisimple if and only if t ¢ N.

Proof. We already know that Par; is not semisimple if ¢ € N by Corollary 3.1.2.
Conversely, if t ¢ N, we apply the criterion from Lemma 3.7.3, noting that all =;-
equivalence classes are singletons thanks to (3.8.2) and the first part of Theorem 3.8 4.

]

Remark 3.8.7. When ¢ ¢ N, the above arguments show for A\, u € P with A\ # pu
that there is a central element in the subalgebra Zy(Par;) of Z(Par;) which acts
by different scalars on the irreducible modules L(\) and L(u). It follows in these

cases that Zy(Par;) is a dense subalgebra of the pseudo-compact topological algebra
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Z(Par;)'. We do not expect that this is the case when ¢ € N, but nevertheless
Zo(Pary) is still sufficiently large to separate blocks. This will be established in
Corollary 3.10.6 below, which shows for any value of ¢ that the relations ~; and ~;

coincide, so that “blocks” are blocks, and (3.8.3) is always the same decomposition

as (3.7.9); see also [CO11, Th. 5.3].

3.9 Special projective functors

From now on, we will primarily be interested in parameter values t € N, so that
Par; is not semisimple. Consider the atypical block {©, kM x® . .} associated
to K € P,. From (3.8.12), it follows that k(™ is obtained from ™ by adding
Kn — Kpt1 + 1 nodes to the nth row of its Young diagram, leaving all other rows
unchanged. The partition () is the smallest of all of the ™, hence, it is maximal

in the highest weight ordering from Theorem 2.9.1. It follows that
P(r©) = A(k©). (3.9.1)

The indecomposable projectives A(x(?)) are exactly the ones of non-zero categorical
dimension mentioned already in Remark 3.1.3, with the irreducible kS;-module
associated to the image of A(k®) under the equivalence 1, between the
semisimplification of Kar(®Par;) and kS;-Modgy being the Specht module S(k). It
is also useful to note for t € N and s € P; that the associated block {x@ M ...} is

the set S(v) from (3.8.9) for
voi= (8,{1 - €t> + (8,{2,1 - 671) + -+ (gﬂt*t+1 - E,t) eP. (392)

This is follows easily using (3.8.11) and (3.8.12).

!These algebras are certainly not equal since Z(Par;) =[] rep K is of uncountable dimension.
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In order to understand the structure of the atypical blocks more fully, we are

going to use the endofunctor | x : Par, — Par,. Let
D :=res|, = 1), Par®py,, : Pari-Mod — Pari-Mod (3.9.3)

be the corresponding restriction functor from (2.6.4). This obviously preserves
locally finite-dimensional modules. The object | is self-dual so, by Lemma 2.6.2, the
restriction functor D is isomorphic to the induction functor ind,. By Corollary 2.6.3,
D is a self-adjoint projective functor, so it preserves finitely generated projectives
(and finitely cogenerated injectives). To make the canonical adjunction as explicit

as possible, we note that its unit and counit are induced by the bimodule

homomorphisms
m 1 mHlm 1 2 ntl n
n: Pary — 1, Pary @par, 1 Pary, = ® ‘ ’
T I |
i el e |
e : 1|, Pary ®par, 1| Pary — Pary, ® = ‘\
T I

(3.9.5)

Using (2.3.4), it follows that D commutes with the duality 7@ on Pari-Modgy.

Theorem 3.9.1. For A € P, there is a filtration 0 = Vo C V} C Vo C Vi = DA(N)

such that

Vo= @ A(A+[a]),

acadd(\)

wh=ane @ P A(-[b])+[a),

bErem(A) aeadd()\*@)
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ViVo @ A(M-[b]).

berem(A)

Proof. This follows from Lemma 3.11.2 below, which constructs the filtration

explicitly. The proof of Lemma 3.11.2 is valid over fields of positive characteristic. []

Now we are going to use the affine partition category A%Par to decompose the
endofunctor D as a direct sum of special projective functors Dy,. The approach here
is analogous to the way the affine symmetric category ASym was used to decompose
E and F as direct sums of £, and F}, in (2.7.12). As noted at the end of §3.3, Par,
is isomorphic to the quotient of APar by a left tensor ideal. Hence, Par, is a strict
APar-module category. The self-adjoint functor D is also the restriction functor resy,
arising from this categorical action of APar on Par,. Now the left and right dots give

us natural transformations
a:=lex :|x=|x, Bi= ok k=] x.

Applying the general construction from (2.2.8) to these, we obtain commuting

endomorphisms
xr:=res, : D =D, =resg: D = D. (3.9.6)

Let Dy, be the summand of D that is the simultaneous generalized eigenspace of 2 and
y of eigenvalues a and b, respectively. Explicitly, D = res|, is defined by tensoring
with the bimodule 1;,Par;, and the endomorphisms x and y of D are induced by
the bimodule endomorphisms p and A of 1;,Par; given by left multiplication by
xﬁﬂ and xﬁwl, respectively, on the summand 1,41 Par; of 1, Par; for each m > 0.
Then, Dy, is the functor defined by tensoring with the summand of 1j,Par; that
is the simultaneous generalized eigenspaces of p and \ for the eigenvalues a and b,

respectively. As 1,,,1Par;, = ®n20 lyy1Parel,, with each 1,,.1Par:1, being finite-
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dimensional, these endomorphisms are locally finite, so we have that

D = P Dy (3.9.7)

a,bek

Lemma 3.9.2. For a,b € k, the endofunctor Dy, commutes with the duality 7®, i.e.,

Db\ao?@ =7@4 Dy,

Proof. This follows from the fact that D commutes with the duality 7@, and o fixes

both the left dot and the right dot. O
Lemma 3.9.3. For a,b € k, the endofunctors Dy, and D, are biadjoint.

Proof. The adjunction (Dgjp, Dyje) is induced by the self-adjunction of D. The unit
7 of adjunction comes from the bimodule homomorphism that is the composition of
the unit 7 from (3.9.4) with the projection onto the generalized a and b eigenspaces
of p and A on the left tensor factor and the generalized b and a eigenspaces of p and
A on the right tensor factor. The counit £ of adjunction comes from the composition
of the counit € from (3.9.5) with the inclusion of the generalized b and a eigenspaces
of p and A on the left tensor factor and the generalized a and b eigenspaces of p and

A on the right tensor factor. To check the zig-zag identities, one just needs to use the

relations
=) A=F6). (U= ()=«
i.e., the fact that the left and right dots are duals. O]

When a # b, Lemma 3.9.3 can also be proved a bit more easily using the
description of Dy, given in the following lemma, since the projection functor pr,

commutes with 7@ thanks to (2.9.12).

Lemma 3.9.4. Let pr,, be the projection functor defined by (3.8.10). If a # b then

Dyjo = @ PTyta,—a OD 0PI, -

vEP
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Also @,cppr, oD opr, = D,y Daja-

Proof. Take a module V' in the “block” parametrized by v € P, so that wt;(\) =~
for all irreducible subquotients of V. We need to show that D,V is in the “block”
parametrized by v+, — ;. Since Dy, is exact, we may assume that V' is irreducible,
so V' = L(A) for A € P with wt,(\) =+. The module DV = 1,, Par; ®par, V = 1),V
is generated by the finite-dimensional vector spaces 1,,,1V for all m > 0. Hence,
Dy, V is generated by the simultaneous generalized eigenspaces of 25, and z% ., on
1mi1V of eigenvalues a and b, respectively. Consequently, if L(u) is an irreducible
subquotient of Dy,V, then ¢(u) must act on L(p) in the same way as | * ¢, (u) acts
on a simultaneous eigenvector v € 1,4V for zf | and xf | of eigenvalues a and
b. Also ¢;41(u) acts on v € V' as multiplication by xx(c(u)), the rational function

displayed on the right hand side of (3.8.6). Using (3.6.9), we deduce that

(u)) = 2o

le(w) = S8 o).

Hence, wt, (1) = wty(N) + aq — ap. O
Our main combinatorial result about the functors Dy, is as follows.

Theorem 3.9.5. For A € P and a,b € k, there is a filtration 0 =V, C V; C V, C

Vi = Dy A(X) such that

ViV, ( AN +[a)) if a € add(\) and b=t — |}
\ 0 otherwise,
( AN) & A(N) ift — Al =a=0b¢€rem(\)
A(N) ift—|AN#a=0b¢erem(\) ort— |\ =a=>b¢rem()\)
Va/Vi =
A((A=[b])+]a]) ifa#berem()) anda € add(X —[b])
0 otherwise,
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AN=[b]) ifa=t— |\ +1 and b € rem(\)
Vi/Vo =

0 otherwise.

In particular, when t € Z, the functor Dy, is zero unless both a and b are integers.
Proof. See §3.11 below. m

The following corollary is an immediate consequence of the theorem, but actually

it has a much easier proof which we include below.

Corollary 3.9.6. For A € P and a,b € k with a # b, there is a filtration 0 = V C
Vi C Vo C Vs = Dy A(N) such that

AN +[al) if a € add(\) and b=t — |}
Va/Va &

0 otherwise,

A((A=[b])+]a]) if b € rem(\) and a € add(A —[b])
Vo Vi =

0 otherwise,

AN—=[b)) ifa=t—|A+1 and b € rem(\)
Vi/Vo =

0 otherwise.

Direct proof avoiding Theorem 3.9.5. Let v := wty(\). By Lemma 3.9.4, we can
compute Dy, A(X) by applying pr. ., _,, to the A-flag for DA(A) from Theorem 3.9.1.
This produces a module with a A-flag consisting of all A(x) in the original A-flag
such that wt, (1) — wty(A) = @ — . It just remains to compute wt, () — wty(A) for
the various possible pu. If = X\ + for ¢ € add(\) then, by a computation using
the first equality from (3.8.11), we have that wt,(;) — wt;(A) = a. — a;—5; for this to
equal a, — ap we must have b = ¢ — || and ¢ = a. If g = A —[d] for d € rem(\) then,
by a similar computation, wt; (1) — wt;(A) = ou—jr+1 — aq; for this to equal oy —

we must have d = b and a = t — [A\| + 1. Finally if = (A —[d]) +|c] for d € rem(})
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and ¢ € add(X —[d]) then wt, (1) — wt,(A) = a. — ag; for this to equal a, — oy, we

must have ¢ = a¢ and d = b. O

3.10 Blocks

We assume throughout the section that ¢ € N. We are going to describe
the structure of the atypical “blocks,” revealing in particular that they are
indecomposable, hence, they are actually blocks. Recall from Theorem 3.8.4 that
the atypical “blocks” are parametrized by partitions x € P;, with the irreducible
modules in the “block” being the ones labelled by the partitions {x(®, s, ... }. This
is the set S(v) from (3.8.9) where 7y € P is obtained from  according to (3.9.2).

The first step is to show that all of the atypical “blocks” are equivalent to each
other. The proof of this uses the special projective functors Dy, with a # b. These are
the ones which can be defined just using information about central characters rather
than requiring the Jucys-Murphy elements; c¢f. Lemma 3.9.4 and Corollary 3.9.6. In
view of Remark 3.6.6, this sort of information was already available to Comes and
Ostrik in an equivalent form, and indeed they were also able to prove a similar result

by an analogous argument; see [CO11, Lem. 5.18(2)] and [CO11, Prop. 6.6].

Lemma 3.10.1. Let k and K be partitions of t such that k is obtained from k by
moving a node from the first row of its Young diagram to its (r + 1)th row for some
r>1. Leta = kg —7r+1 and b := k1. Then for all n > 0 we have that

Dy A(k™) 2 A(R™) and DypA(R™) =2 A(kM).

Proof. Let vv,5 € P be defined from x and & according to (3.9.2). From this formula
it follows that ¥y = v + a, — o where a = k.41 — 7+ 1 and b = k; as in the
statement of the lemma. Note that a # b. So we can apply Lemma 3.9.4 to see

that Dy,A(k™) = pr7+%7ab(DA(/§("))) and DypA(R™) = pr%anrab(DA(/%(”))).
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Now we use this description to show that Dy, A(k™) = A(&™). The proof that
DopA(R™) 2 A(k™) is similar and we leave this to the reader.

Fix n > 0 and let B, be the set of 4 € P which are obtained from s by
removing a node, removing a node then adding a different node, or adding a node.
Bearing in mind that a # b, the standard modules A(u) for u € B,, include all of the
ones which are sections of the A-flag from Theorem 3.9.1 which could possibly be in
the same block as A(&™). Now it suffices to show for m > 0 that &™) € B, if and

only if m = n. There are four cases to consider.

Case one: n = 0. We have that k© = (kg,k3,...,K41,...) and &0 =
(Kg, K3, ..., Kpp1+1, ... ), which is (%) with one node added to the rth row of its Young
diagram. We definitely have that #(®) € By. All other u € By satisfy |u| < |F(©)].

Since all #™ with m > 0 have |#™| > ||, none of these belong to By.

Case two: 1 <n < r. We have that £ = (k1 +1, ko +1,..., kp+1,..., Kpp1,... ) and
M = (ki, ko1, ... kp+1,... Kep1+1, ... ), which is K™ with a node removed from
the first row and a node added to the rth row of its Young diagram. We definitely
have that #™ € B,. For m < n, & is of smaller size than £™ and its rth row is of
length #,41 4+ 1. This cannot be obtained from %™ by removing a node since ™ has
rth row of length k,,1. So it does not belong to B,. For m > n, &™) is of greater
size than (™ and its first row is of length 1. This cannot be obtained from ™ by
adding a node since ™ has first row of length x; + 1. So again it does not belong
to B,,.

Case three: n = r. We have that k™ = (k1 + 1L,ke+ 1, .. Kk + 1, Kpgo, ... ) and
™ = (ki, ko +1... Kk + 1,K,49,...), which is £ with a node removed from the
first row of its Young diagram. We definitely have that & € B,. The #™ with
m < n have & | < |E™| — 1 = || — 2 so are not elements of B,. The &™) with
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m > n have (r + 1)th row of length x, 1 + 2, so these are not elements of B,, either
since this is at least two more than the length of the (r 4 1)th row of x(™.

Case four: n > r. We have that k™ = (k; + 1,k + 1,..., k41 +1,...) and
£ = (ki, ko +1,..., K1 +2,...), which is £ with a node removed from its first
row and a node added to its (r 4 1)th row. We definitely have that #™ € B,. The
%™ with m > n are of greater size than s and have first row of length x1; these
cannot be obtained by adding a node to ™. The #™ with r +1 < m < n are
of smaller size than ™ and have (r + 1)th row of length &, ; + 2; these cannot be
obtained by removing a node from ™. The #™ with m < r have first row of length
< k1 and (r + 1)th row of length x,o, whereas these two rows of k(™ are of lengths

k1 + 1 and k.1 + 1 > K,9, so these are not elements of B,. O

Theorem 3.10.2 (Comes-Ostrik). Let k and & be partitions of t, denoting the
associated ~y-equivalence classes by S = {H(O), kW, .} and S = {/%(0), PN }.

There is an equivalence of categories
Y : 1gPari-Mod — 1gPar,-Mod

between the corresponding “blocks” such that L L(k™) = L(&™) for alln > 0. The
functor ¥ is a composition of the special projective functors Dy, (a # b), hence, it is

a projective functor.

Proof. We may assume that & is obtained from s by moving a node from the first
row of its Young diagram to its (r + 1)th row for some r > 1. Thus, we are in
the situation of Lemma 3.10.1. The lemma gives us functors Dy, : 1sPar;-Mod —
1gPari-Mod and Dy, : 13Pare-Mod — 1gPar,-Mod such that Db‘aA(KJ(")) >~ A(kM)
and D, A(F™) 22 A(k™). These functors are also biadjoint thanks to Lemma 3.9.3.
It follows easily that they are quasi-inverse equivalences of categories as claimed in the
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theorem. In more detail, the unit and counit of one of the adjunctions gives natural
transformations Dgjp © Dy, = Id and Id = Dy, © Dy We claim that these natural
transformations are isomorphisms. They are non-zero, hence, they are isomorphisms
on all standard modules. The functors are exact and indecomposable projectives
have finite A-flags, so it follows that the natural transformations are isomorphisms
on all indecomposable projectives. Then we get that they are isomorphisms on an
arbitrary module by considering a two step projective resolution and applying the

Five Lemma. O

The next lemma does use the functors Dy, in the case a = b, i.e., it definitely

requires the full strength of Theorem 3.9.5 rather than merely Corollary 3.9.6.

Lemma 3.10.3. Let k € P, and S := {k© kM ...} be the corresponding ~-
equivalence class. For each n > 0, there is an endofunctor 11, : Pari-Mod —
Pari-Mod such that TL, A(k™) = 0 for m # n,n + 1, and moreover there exist short
evact sequences 0 — A(k™) — ILA(K™) — A(k"D) — 0 and 0 — A(k™) —
I,A(k"Y) — A(k™)) — 0. The functor 11, is a composition of the special

projective functors Dy, (a,b € Z), hence, it is a projective functor.

Proof. In view of Theorem 3.10.2, it suffices to prove the lemma in the special case
that k = (t), when S = {@,(t +1),(t + 1,1),(t + 1,1%),... } as in Example 3.8.5.
Then we take Iy := Doy 0 ---0 Dy © Dy and IL,, := D_,_,, for n > 0. Now it is
just a matter of applying Theorem 3.9.5 to see that these functors have the stated
properties.

The situation for I, is the most interesting. To understand this, let u := [£] and
v:= [L]. Then one checks that Dy ij,_1 00 Dy_1j1 0 Dyo(A(2)) =2 A((u)); each of

these functors adds a single node to the first row of the Young diagram. After that we
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apply Dy, to get a module with a two step A-flag, with a copy of A((u+ 1)) at the
top and a copy of A((v)) at the bottom. Note this is obtained from Theorem 3.9.5
in a slightly different way according to whether v = v (i.e., t is even) or u = v + 1
(i.e., t is odd). Also, this is now a module in an atypical block. Finally we apply
Dojp o Dyjp—1 0+ Dy_1jy41 to end up with the desired two step A-flag with a copy of
A(kD) = A((t + 1)) at the top and A(k(?) = A(@) at the bottom; each of these
functors adds a single node to the first row of the Young diagram labelling the module
at the top and removes a node from the Young diagram labelling the module at the
bottom. This is what Iy is meant to do to A(&). A similar argument shows that
ITHA((t + 1)) has a A-flag with the same two sections. It is also easy to check that
I A(k™) = 0 for m > 1, indeed, Dyjy already annihilates these standard modules.
The functors II,, = D_,_, for n > 0 are easier to analyze. Noting that kM =
A((t+1,1"71)), the module IT,A(x™) has a two step A-flag with A(k" D) = A((t+
1,1™)) at the top and A(k(™) at the bottom; this uses the ¢t — |\| = a = b ¢ rem()\)
case from Theorem 3.9.5. Similarly, II,A(k™*Y) has a A-flag with the same two

sections. Finally, one checks that IT,A(x™) = 0 for m # n,n + 1. O

Remark 3.10.4. In the proof of the next theorem, we will show that the functor II,,
from Lemma 3.10.3 satisfies IT,A(k™) = I, A(k" V) = I, L(s™Y)) = P(k(HD)

for all n > 0.

Now we can prove the main result about blocks. This can also be deduced from
[CO11, Th. 6.10], but the proof of that appealed to results of Martin [Mar96] in
order to obtain the precise submodule structure of the indecomposable projectives,
whereas we are able to establish this by exploiting the highest weight structure and

the Chevalley duality 7@.
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Theorem 3.10.5. Let k € P, and S = {k©@, kM ...} be the corresponding ~-

equivalence class.

(i) For each n > 0, the standard module A(k™) is of length two with head L(k™)

and socle L(k"V),

(ii) The indecomposable projective module P (k) is isomorphic to A(k®)), while
forn > 1 the module P(k™) has a two step A-flag with top section A(k™) and

bottom section A(k™V).

(iii) For each n > 1, P(k™) is self-dual with irreducible head and socle isomorphic
to L(k™) and completely reducible heart rad P(k™)/soc P(k™) = L(k"1) @

L(K(n-i-l))'

Proof. To improve the readability, we write simply P(n),A(n) and L(n) in place
of P(k™), A(k™) and L(x™). For n > 0, Lemma 3.10.3 shows that the module
P, =1,y 0 ---1I; o II,(A(0)) has a two step A-flag with top section A(n) and
bottom section A(n — 1). Since A(0) is projective by the minimality observed in
(3.9.1) and each II; is a projective functor, P, is projective. Since P, has L(n) in
its head, it must contain the indecomposable projective P(n) as a summand, so we
either have that P(n) = P, if P, is indecomposable, or P(n) = A(n) otherwise. In
the former case, (P(n) : A(m)) = 0mn + Omn_1, while (P(n) : A(m)) = 6pp in
the latter situation. Now we apply BGG reciprocity to deduce for any m > 0 that
[A(m) : L(n)] = dpm + dnm+1 if P, is indecomposable and [A(m) : L(n)] = dum
otherwise. Hence, for each m > 0, we either have that A(m) = L(m), or A(m) is of
composition length two with composition factors L(m) and L(m + 1).

We claim for any n > 0 that A(n) = L(n) if and only if A(n+ 1) = L(n + 1).

Suppose first that A(n) = L(n). Since II,, commutes with duality by Lemma 3.9.2,
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this implies that I1,A(n) is self-dual. But this module has a two step A-flag with top
section A(n + 1) and bottom section A(n) = L(n). The only way such a module can
be self-dual is if A(n+1) = L(n+1) (and the module must be completely reducible).
Conversely, suppose for a contradiction that A(n + 1) = L(n + 1) but A(n) 2 L(n).
Then A(n) is of length two with composition factors L(n) and L(n + 1), so that
P(n + 1) has a two step A-flag with top section A(n + 1) = L(n + 1) and bottom
section A(n). Since II,,1A(n) = 0 according to Lemma 3.10.3 and II,,,; is exact,
we must have that I1,, 1 L(n + 1) = 0. Since A(n + 1) = L(n + 1), this implies that
IT,.1A(n + 1) = 0, which contradicts Lemma 3.10.3.

From the claim, we see that if A(n) is irreducible for any one n > 0, then it is
irreducible for all n > 0. Since all atypical “blocks” are equivalent by Theorem 3.10.2,
it follows in that case that the standard modules A(\) for all A € P are irreducible.
This implies that the minimal ordering >; from Remark 3.7.5 is trivial, hence, the
blocks are trivial and Par; is semisimple, which contradicts Corollary 3.8.6. Thus,
we have proved that A(n) must be of length two for every n > 0, and (i) is proved.

Property (ii) follows immediately from (i) and BGG reciprocity as noted earlier.

It remains to prove (iii). Take n > 1. By Lemma 3.10.3, we have that IT,,_1 A(n+
1) = 0. Since II,_; is exact and L(n + 1) is a composition factor of A(n + 1),
it follows that II,,_1L(n + 1) = 0 too. From this, we deduce that II,,_1A(n) =
II,,_1L(n). By Lemma 3.10.3 again, II,,_1A(n — 1) has the same composition length
as II,_1A(n) = II,_1L(n). Also A(n — 1) has L(n) as a constituent. Using the
exactness of II,,_; again, we must therefore have that II,,_1A(n —1) = 1I,,_1L(n). As
observed earlier in the proof, this module is isomorphic to P(n), so using that L(n)
is self-dual and II,,_; commutes with duality, we now see that P(n) is self-dual. We

also know that it has length four with irreducible head L(n), [P(n) : L(n)] = 2 and
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[P(n) : L(n —1)] = [P(n) : L(n+1)] = 1. The only possible structure is the one

claimed. []

Corollary 3.10.6 (Comes-Ostrik). All “blocks” of Pari-Mod are indecomposable,

hence, they coincide with the blocks.

Corollary 3.10.7. The minimal ordering =, from Remark 3.7.5 is the partial order
such that k™ >, g™ for each k € P, and m < n, with all other pairs of partitions

being incomparable.

In general, in an upper finite highest weight category, the standard objects can
have infinite length. Our final corollary, which is also noted in [SS22, Rem. 6.4],
shows that this is not the case in Par;i-Modjy. Consequently, the full subcategory
consisting of all modules of finite length has enough projectives and injectives, indeed,
this subcategory is an essentially finite highest weight category in the sense of [BS,
Def. 3.7].

Corollary 3.10.8. The locally unital algebra Par; is locally Artinian, i.e., the left

ideals Paril,, and the right ideals 1, Par, are of finite length for all n > 0.

Proof. Theorem 3.10.5 shows that all indecomposable projective left Par,-modules
are of finite length, hence, all finitely generated projectives are of finite length too.
This includes all of the left ideals Par;1,,. Since there is a duality 79, it also follows
that all fintely cogenerated injective left Par;-modules are of finite length. This
includes all of the duals (1, Par;)®, hence, each 1, Par; is of finite length as a right

module. O

3.11 Proof of Theorem 3.9.5
It just remains to prove Theorem 3.9.5. In fact, we will prove the following

slightly stronger result, from which Theorem 3.9.5 follows easily on applying the
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functors involved to the Specht module S(A). To state this stronger result, let j :
Sym-Modgg — Pari-Modjg be the standardization functor from (2.9.3), E, and F,
be the refined induction and restriction functors from (2.7.12), Dy, be the special
projective functor from (3.9.7), and pr, : Sym-Modgy — Sym-Modgy be the functor
defined by multiplication by the identity element of the symmetric group S, if ¢ € N,
i.e., it is the projection onto kS.-Modg, followed followed by the inclusion of kS.-Modgy

into Sym-Mody, or the zero functor if ¢ € k — N.

Theorem 3.11.1. For a,b € Kk, there is a filtration of the functor Dy, o ji :
Sym-Modgg — Par;-Modyq by subfunctors 0 = Sy € Sy € Sy € S3 € Sy = Dyja0 J
such that

S4/83 = jio Eyopr,_y,

S3/S2 = jiopr,_,opr,_y,

52/51 = jok, oIy,

S1/So = jropr,_,oF.
(Recall that a subfunctor S of a functor T : Sym-Mody — Pari-Modygq is a functor
S Sym-Mod¢g — Pari-Modyq such that SV is a submodule of TV for all V €
Sym-Modsg and Sf =T f|sv for all f € Homgy,,(V,V’); then the quotient T'/S is the

obvious functor with (T'/S)(V):=TV/SV.)

The proof will take up the rest of the subsection. We begin by constructing a
filtration of the functor Doy : Sym-Mody — Par,-Modjgg. Note that Doji = M®gym,

where M is the (Par;, Sym)-bimodule

M := 1|, Pary ®pg,s infl* Sym. (3.11.1)

92



We also have the (Par;, Sym)-bimodules

Ny = Par; ®pg,s infl*(Sym1},), (3.11.2)
N; := Par; ®pg,: infl* Sym, (3.11.3)
Ny := Par; @ pg, inﬂu(Symlh ®sym 1)Sym) (3.11.4)
N; = Pary Qpg,t inﬂﬁ(thym). (3.11.5)

The functors Sym-Mody — Pari-Modyq defined by tensoring with Ny, N3, Ny and
Ny are isomorphic to jio E, ji, 1o E o F and j, o F, respectively.

For m > n > 0, let B,,, be the basis for 1,,Par~1,, defined by representatives
for the equivalence classes of normally ordered upward partition diagrams. By
Theorem 2.8.1, the vector space M is isomorphic to 1, Par™ ®x Sym, hence, it has

basis
{f®g|m20,n20,m—|—1Zn,feBmH,n,gESn}. (3.11.6)

For any f € By,+1., let ¢(f) be the connected component of the diagram containing
the top left vertex. In the language from §2.8, this component could be a trunk, an
upward tree, an upward leaf, or an upward branch. Then we introduce the following

subspaces of M:

— Let M be the subspace of M spanned by all f ® g in this basis such that ¢(f)

is a trunk.

— Let M5 be the subspace spanned by all f ® g such that ¢(f) is either a trunk

or an upward tree.

— Let M3 be the subspace spanned by all f ® g such that ¢(f) is either a trunk,

an upward tree, or an upward leaf.

— Let My :=0 and M, := M.
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The following is a generalization of Theorem 3.9.1.

Lemma 3.11.2. The subspaces 0 = My, C My C My C My C My = M
are sub-bimodules of the (Pary, Sym)-bimodule M. Moreover, there are bimodule

isomorphisms 0; : N; — M;/M;_y for eachi=1,...,4.

Proof. The fact that each M; is a sub-bimodule of M is easily checked by vertically
composing a basis vector f ® g with an arbitrary partition diagram on the top and
with any permutation diagram on the bottom. One just needs to note that the action
on top involves res,, so that the top left vertex is untouched. This implies that the
type c(f) does not change if it is a trunk or an upward leaf, while if it is an upward
tree it can only be changed to another upward tree or to a trunk.

We show in this paragraph that there is a bimodule isomorphism

for any m > 0,n > 0, f € 1,,Par;1,_1 and g € S,,. This is a well-defined bimodule

homomorphism. By Theorem 2.8.1, N; is isomorphic as a vector space to Par~ ®g

1,,.S5ym, hence, it has basis
{feg|m>n—1>0,f€Buu1,9€ S} (3.11.8)

The vector space M; has basis given by all fi ® g for m +1>n >0, f1 € Bntin

and g € S, such that ¢(f;) is a trunk. As it is normally ordered, any such f; is of the

o

for a unique f € B,,,—1. Moreover, f; ® g = 01(f ® g) for every g € S,,. It follows

form

that 0, takes a basis for N; to a basis for M, so it is an isomorphism.
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Next we show that there is a bimodule isomorphism

for m > O0n > 0,f € 1,Paryl, and g,h € S,. Again, this is a well-

defined bimodule homomorphism. By Theorem 2.8.1, N; is isomorphic to Par~ ®x
Sym1|, @sym 11,.Sym. Also kS, is free as a right kS,,_;-module with basis given by
{(@i+1 --- n)|1<1i<n}, which is a set of S,,/S,_1-cosets. It follows that N, has

basis
{f@@itl -~ n)®g|m>n>0,f€Bp,l<i<ngesS,}. (3.11.10)

The vector space My /M has a basis given by all fo® g+ M; form+1>n >0, f; €

Byi1n and g € S, such that ¢(fs) is an upward tree. Any such fs is equal to

for a unique f € B,,,, and a unique 1 < i < n (the index of the string at which the
component ¢( fy) meets the bottom of f). Moreover, fo®g = 0(fR (G i+l -+ n)®g)
for each g € S,,. It follows that 6, takes a basis for Ny to a basis for My /M, so it is
an isomorphism.

The isomorphism 63 is defined by

form >0, n >0, f € 1,,Parl, and g € S,,. This is obviously a well-defined

bimodule homomorphism. It is an isomorphism because it takes the basis
{(f@g|m>n>0,f€Bung€ S} (3.11.12)

for N3 to the basis for M3/M; consisting of all f3® g+ My form+1>n >0, f3 €

Byi1n and g € S, such that ¢(fs) is an upward leaf.
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Finally, we construct the isomorphism 64. The vector space N, has basis

We define the linear map

L= -]

0, : Ny — My/Ms, ’l 7 I\®yl 7 l‘ o H ®+ Ms,  (3.11.14)
where f ® g is a vector from the basis for N4 just displayed, and ¢’ € S,, and 1 <i <
n + 1 are defined from the equation g = (¢ i4+1 --- n+1)g’. To see that this linear

map is actually a bimodule isomorphism, we construct a bimodule homorphism in

the other direction and show that it is a two-sided inverse of 84. Consider the map

¢: M — Ny, ’l f I\@!I 9 I\l—)ﬂ s l\@

[«
[ 9 | (3.11.15)
]

for m > 0,n > 0,f € 1,,4.1Par;1, and g € S,,. It is easy to show that this is a
well-defined bimodule homomorphism. Moreover, M3 C ker ¢ since applying ¢ to
any basis vector f ® g € Mj produces a downward leaf, a cap or a downward tree
which can be pushed across the tensor to act as zero on infl* Sym. Hence, ¢ induces
a homomorphism ¢ : M, /M3 — Nj. It remains to check that o6y and O, 0 ¢ are

both identity morphisms, which is straightforward. m

In the next two lemmas, we finally need to make some explicit calculations with
the relations involving the left and right dots in the affine partition category. However,
we are working now with Par;, not with A4Par, so all string diagrams from now on
should be interpreted as the canonical images of these morphisms in A%Par under
the functor p; : APar — Par; from (3.4.12). We will also use the notation from
(2.7.10) for an open dot on the interior of a string, meaning the canonical image of
this morphism in 4Sym under the functor p : ASym — Sym from (2.7.8). This is quite

different from an open dot at the end of a string!
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Lemma 3.11.3. Suppose that m > 0,n >0, f € 1,,Par:1,, and g € S,,.

7 e following holds in the bimodule = 11, Fari@pg41n ym jorir=1,...,n:
) The following holds in the bimodule M = 1,,P infl* S =1

'}'l|®|l 7] (mod My).

(i) The following holds in the bimodule M for i = 0,1,...,n (the case i = 0 is

when there are no strings to the right of the dangling dots):

f l|®l:g:] (mod My).

Proof. (i) We proceed by induction on i = 1,...,n. The base case i = 1 follows from
(3.4.13). For the induction step, we take ¢ > 1 and assume the result has been proved
for 1 — 1. Then we apply (3.3.13) to commute the left dot past the string to its right.
This produces a sum of five terms. Ordering these terms in the same way as they
appear on the right hand side of (3.3.13), the induction hypothesis can be applied to
the first term, to produce the right hand side that we are after. It remains to show

that the other four terms lies in M,. These terms are as follows:

® [:I:HL\H

The second and third terms here are zero already in M because, in both of them, the
diagram to the left of the tensor is equivalent to a diagram with a downward tree at

the bottom. It remains to show that the first and the fourth terms lie in M,. For the

97



fourth term, we note that

The left dot can now be absorbed into the morphism f, changing it to some other
morphism f’. The result is a linear combination of morphisms in all of which the
top left vertex is connected to the bottom edge, so that the connected component
containing this vertex is either a tree or a trunk, and it belongs to the sub-bimodule
M,. The reason the first term lies in M, is very similar, one just needs to rewrite
the right crossing using (3.3.10), and then it is easy to see that the top left vertex is

again connected to the bottom edge.

(ii) Again we proceed by induction. The base case i = 0 follows from (3.4.13) using
that 7" = t1;. For the induction step, we consider some ¢ > 0. Then we apply
(3.3.14) to commute the right dot past the string to its right. This produces a sum
of five terms. This time, the induction hypothesis can be applied to the first term, to
produce the vector that we are after but scaled by (¢ — i+ 1) rather than the desired

(t — 7). The remaining four terms are as follows:

In the first term here, the left dot is some morphism in Par;, which has the effect
of changing f to some other morphism f’. After doing that, it is clear that the top
left vertex is still connected to the bottom edge, so the first term lies in Ms. For the

second and third terms, the left and right dots can be commuted across the tensor
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using (3.8.4), then again we see that these morphisms lie in M, since the top left

vertex is connected to the bottom edge again. For the final term, we note that

(3.3.11) (3.3.10) (1.1.3)
N - (1.1.5) :

Making this substitution in the middle of the picture reveals that the final term is
exactly the expression studied in (i). On applying the conclusion of (i), we deduce

that it contributes exactly the needed correction to complete the proof. O

Lemma 3.11.4. Consider the bimodule endomorphisms p and X\ of M defined on
i1 Pard,, ®kS,, by the left action of xﬁH ®1, and x,LnH ® 1, respectively, for each
m,n > 0. These endomorphisms preserve each of the sub-bimodules M; (i = 1,2,3,4),
hence, p and X induce endomorphisms also denoted p and X of each of the subquotients

M;/M;_1. Moreover, for each i, the isomorphism 0; from Lemma 3.11.2 satisfies
00 pi=pob;, f;o N = Aot (3.11.16)

where p;, N\; - N; = N; are defined as follows:

(i) p1 and XNy are the bimodule endomorphisms of Ny defined on the subspace
L, Paryl,,_1®KkS, by the left actions of (t—n+1)1,,®1, and 1,,Qx,, respectively,

for each m > 0,n > 0.

(7i) pa and Ay are the bimodule endomorphisms of Ny defined on 1,, Par1, ® kS, ®
kS, by the right action of 1, ® x, ® 1,, and the left action of 1,, ® 1, ® x,,

respectively.

(11i) ps and Ag are both equal to the bimodule endomorphism of Ns defined on

1nPard, @ kS, by multiplication by (t —n).

(iv) py and Ny are the bimodule endomorphisms of Ny defined on 1,, Pari1,,1®KkS, 1

by the right actions of 1,11 ® T,11 and (t —n)l,11 @ 1,41, respectively.
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Proof. (i) Recall the definition of ¢, from (3.11.7). Take a vector f® g in the basis for
N from (3.11.8). By (3.8.4), we have that 2 = z,, (mod K,,) and 2 = (t—n+1)1,
(mod K,,) where K, is the two sided ideal of 1,, Par;1,, from (3.7.1). Since the strictly

downward partition diagrams which generate K+ are zero on infl* Sym, it follows that

I...I ..
p(91(f®g))=rll‘{_ll® 0 |—L\ ; @ :

—(t—n—l—l)‘l 7 |®|:f:f | =01(p(f ®9)),

A(ﬁ(f@g));‘ll_{'ll@ g l _Jl f ® g l

-] &
:‘\l_{'l@ S )= n e ),

This shows as the same time that p and A both leave M, invariant.

(i) Recall the definition of f from (3.11.9). The argument for A is similar to in (i).

It follows from the calculation

L -1 L---1
A(ez(f®g®h)):1 ﬁ ®+M1:L ﬁ ®+M1

=02(X(f®g®h)),

where f ® g ® h is one of the basis vectors for Ny from (3.11.10). For p, we instead

have that

L] Lo- -]
P(92(f®9®h))i‘ ; |®+Ml¥ ; |®+M1

-]
92( _f; ®
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= 0, g ®

=

:92<y @ [ 9 @[ » \>=92(p2(f®g®h))-
[ o [

(iii) Recall the definition of #3 from (3.11.11). Note that p = A by the third relation

from (3.3.8). For p, we need to show that p(f3(f ® g)) = (t — n)bs(f ® g) for
any basis vector f ® g € 1,,Par:1, ® kS, C N3 from (3.11.12). This follows from
Lemma 3.11.3(ii) taking i = n.

(iv) Instead of working with 6, from (3.11.14), it is easier to use the inverse map ¢
induced by the homomorphism ¢ : M — Ny from (3.11.15). We need to show that
pop = pyo¢. This follows from the following calculations for f®g € 1,,.1 Par1, ®kS,

and m,n > 0:

I..I I...I ..I I...I I II
¢(p(f®g))=¢<! el \) :ﬂ"f \@‘1 ; \:ﬁ ; \@‘1 =
l...l l...l l... l... l...l l...l
Zm:?::‘ﬂ’::%::‘:mf‘ ‘®l’1:{’ | = P(@(f © 9),
oo () e - e
:“‘”)@Hzﬁ— (6 2 9)).

Proof of Theorem 8.11.1. The functor Dy, o ji is defined by tensoring with the

]

bimodule M that is the simultaneous generalized a eigenspace of the endomorphism
p and generalized b eigenspace of the endomorphism A defined in Lemma 3.11.4.
Lemma 3.11.2 defines a filtration of M with sections M;/M; 1 = N; for i = 1,...,4.
Then Lemma 3.11.4 shows that the endomorphisms p and \ preserve this filtration,

hence, the filtration of M induces a filtration of the summand M. Moreover, for each
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i, M; /Mi_l is isomorphic to the summand N; of N defined by the simultaneous
generalized a-eigenspace of the endomorphism p; and generalized b eigenspace of
the endomorphism );. By the descriptions of p; and J;, it follows that NZ'@Sym is
isomorphic to the functor 3,0 E, opr,_;, j1opr,_,opr,_ 4, j1o E, 0 F, or jiopr,_,oF
for i = 4,3,2,1, respectively. It remains to observe that Sym is semisimple, so
every Sym-module is flat. This means that the filtration of M induces a filtration

0=2SyC S CSyC S5 C Sy= Dy,oj such that S; = M;/M;_1®gym = Ni®gym. [
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CHAPTER IV
RESTRICTION FUNCTOR

There is a well-known ‘restriction’ functor F} ; : Rep(S;) — Rep(S;—1) which
interpolates between Deligne’s categories for different parameters of ¢ € k. Comes
and Ostrik conjectured that this restriction functor provides an equivalence of
categories between the nontrivial principle blocks of Rep(S;) and Rep(.S;—1) whenever
t € Z-o. Recall that Deligne’s category Rep(S;) is monoidally equivalent to the
full subcategory Par-Proj of Pari-Modgq consisting of finitely generated projectives.
In this light, the first portion of this chapter provides an interpretation of this
restriction functor in terms of path algebras and bimodules over them. To this
end, we introduce a new intermediate category Par,, along with functors Par, —
Add(®Par; ;) and Par, ; — Add(Par; ;). The composition of these functors, at
the level of module categories, will allow us to induce, then restrict, locally finite-
dimensional Par, ;-modules to get locally finite-dimensional Par;-modules and vice-
versa. This construction gives a module-theoretic version of the restriction functor
R, : Par,_;-Modyyg — Pari-Modyy. After studying R ; and its interaction
with standardly-filtered modules, we show that it gives an equivalence between the
principal blocks of Par;_;-Modyq and Pari-Modyg, thereby proving the Comes-Ostrik
conjecture.
4.1 Phantom partitions

Fix some t € k. Throughout this chapter, it is sometimes useful to distinguish
between objects of Par, (or Pari-Mod) and of Par,_y (or Par,_1-Mod, or any other
category Par, for another value of u € k). In particular, we use subscripts X; €
O(Par;) when there may be potential confusion for which category an object X is

contained in. We also fix the notations |; and 1; € O(Par;) for the monoidal generator
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and unit object of Pary, actually reserving the unscripted | and 1 to mean the monoidal

generator and unit of Par, ;.

Definition 4.1.1. The phantom partition category Par; | is the strict symmetric
monoidal category obtained from Par; | by adjoining a new generating object x and

generating morphisms:

X — 1, 11— X
X .

subject to the relation that these morphisms are two-sided inverses of each other:

SO0 OO0

Remark 4.1.2. The dots appearing in these new morphisms are purely decorative

and serve only to help distinguish the top or bottom of a diagram.

Introducing new nomenclature, a phantom partition diagram is a diagram
obtained by taking a partition diagram, f, and inserting some (perhaps zero) symbols
x along the top and bottom rows of f. Given a phantom partition diagram f, say
that f is a partition diagram with phantoms if it contains at least one symbol x. In
the other case, we say f is phantomless.

Given n € N, let W™ be the set of words in the letters {|, x} of length n and let
W = U,en W™ be the set of all words. Then O(®ar,_ ;) = W. Suppose w and w'’
are any two words with k(w) and k(w’) of the letters being |, respectively. Then the
isomorphism between 1 and x induces an isomorphism Homg,,, ,(|ZF®) |@kw)) =
Homfpartx_l(w, w'). This map is described on a basis of partition diagrams by inserting
phantoms X in the unique way along the bottom and top rows to spell the words w

and w’, respectively. Hence, the path algebra of Par, | inherits a basis consisting of

phantom partition diagrams.
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The restriction functor of the Comes and Ostrik conjecture is defined using
Deligne’s categories Rep(S;) and Rep(S;_1). In order to understand the induced
functor at the level of modules over Par; and Par;_;, we pass through additive
envelopes. Introducing the object | := | ® x € Add(®Par; ), the following special
matrices are crucial for building the restriction functor in this setting. These matrices

are morphisms in Add(®Par; ), i.e., matrices of morphisms in Par ;.

X 0 0 0
| 0 0 0 % 0

| = A I X = k] = ]
X

(4.1.2)
Y 0
A 00 0 0 0
A—Ooox x| = 1. Y—OO | = | *]
O ><><><
(4.1.3)
_ &
T:<? X);Hn, L=1_ ] 1>
(4.1.4)

Remark 4.1.3. In the above definitions, we implicitly make the following

identification

|5l =(@>x)?=(*])®(|*x)® (x*])® (x*x).

More generally, the summands of |*" are words w € W™ for any n € N. The ordering

of the summands comes from the strict monoidal structure on Add(®Par;" ;) which is
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inherited by that on Par; |, described as follows. Consider objects X1 ®...®X,,, Y1 @
L BY, X ... eX, and Y/ ®...aY/, € O(Add(Par; ,)) along with morphisms
[ Xie-- X, - Y1eY,andg: X]®---®dX, =-Y/®---@Y,. The monoidal

product is defined on objects by

(Xi@-eX)x(Xje-aX,)= P XixX],
1<i<n
1<j<n/
where the summands on the right hand side are ordered lexicographically with respect
to the indices (i,7). To compute the product f * g, recall that f is a m X n matrix

whose (p, ¢)-entry is given by a morphism (f),, : X, — Y}, and similarly for g. Then

fxg: @ Xi* X — @ Yix Y
1<i<n 1<i<m
1<j<n 1<j<m/
is a (mm') x (nn') matrix whose entries are given by the monoidal products f, ; * gs.
We refer to this monoidal structure on Add(®Par, ;) as the Kronecker structure as
the product f % g is given by the Kronecker product of matrices. Following the

usual convention with diagrams, the Kronecker product of morphisms introduced in

(4.1.5)-(4.1.8) will be denoted by horizontal juxtaposition.

Remark 4.1.4. Obviously Add(®Par;" ) contains Par, ;| as the full subcategory of
objects being all words w € W (rather than finite direct sums of words). It also

contains Par;_; as the full subcategory whose objects are | = |---| for all n € N.
——

n
So there are faithful inclusion functors

I: Par,_ 1 — Add(Par) ), J: Par] | — Add(Par, ;)
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In performing calculations, it is useful to express the blue morphisms of (4.1.2)-

(4.1.3) in terms of the following elementary matrices:

X 00 0
| 0 0 00 0
| = =, ><: || = | *|
0 0 0 000
0 00 0
Y 0
X0 0 0 0 0
A: x| =, Y: =]
0 00 0 0 0
0 0
4
T = (? 0) | =1, (L = 1|
0

(4.1.5)

(4.1.6)

(4.1.7)

(4.1.8)

These matrices are just another set of special morphisms inside of Add(Par; ).

They allow us to write the blue morphisms of (4.1.2)-(4.1.3) as sums of Kronecker

products of these. Compositions and Kronecker products of any matrices in (4.1.5)-

(4.1.8) are again elementary matrices.

| =1+ X=X+ 7+ X +
? = 0+ L, b = b +
A=A+ 0 Y =Y+

107

(4.1.9)

(4.1.10)

(4.1.11)



Example 4.1.5. As an example, consider the following matrix built from Kronecker
products and compositions of those in (4.1.5)-(4.1.8).
X
b4
This is a matrix with rows indexed by W* and columns indexed by W? with a single
non-zero entry:

) ¢

<1,
Lemma 4.1.6. The object | ® x € O(Add(Par, ,)) is a special symmetric Frobenius

object of dimension t.

Proof. This is straightforward and is mostly relation-checking. The fact that | & x
has the appropriate dimension is simply due to the additivity of dimension. We claim
that | @ x is a special Frobenius object whose structure maps are given by (4.1.9)-
(4.1.11). To prove this, it amounts to checking that these morphisms satisfy the
relations (1.1.2)-(1.1.6). This is straightforward, so we do not scribe the calculations

for each relation — only for (1.1.3).

R = (A1 ° (1X) o (X1)
= ((A+ )+ 1))
o ((I+ ) (X+ % +x + 1))
o ((X+ 7+ x + ) (1+ 1))
=(A1+ A+ K0+ )
o(IX +1% +1INX =+
o(X1+ Ml+ NI+ S+ X5+ %0+ N5+

X X X X
S SN
X X X X X X

108

e+ X+ A+ X+ K

)
)



X = (X) o (IA)
= (X+ x+x +x ) ((1+ 1) (A+20))
=(X 7o X ) e (IA+ 16+ SA s )

X X X X
X LN
X X X X X X

By Lemma 4.1.6 and the universal property of Par;, there is a symmetric tensor

functor F} | : Par; — Add(Par] |) given from the assignment |; — |;_1; & X and

Ftt—l(l) = |a Ftt—1(><) = X (4-1-12)
Ff_1< ? ) = 9, FZ_I( & > = (4.1.13)
Ffﬂ(A) = A: Fttq(Y) = Y (4~1-14)

Remark 4.1.7. It will be useful to know how F} ; is defined in terms of the Kronecker
products and compositions of elementary matrices in (4.1.5)-(4.1.8), generalizing
(4.1.9)-(4.1.11). Suppose for convenience that f € Par; is a partition diagram. Then
F} {(f) is the sum of all matrices obtained by erasing connected components of f,
replacing the erased boundary points on the bottom and top edges by the symbol x

and coloring the resulting picture red. As an example,

t o X X X X
A () = WKW+ o
X X X X X X X X X X X X
+V+ + +
X X X X ?XX X XX

In order to handle some of the calculations in §4.3 involving general partition
diagrams with arbitrary amounts of connected components, it will be convenient to
introduce a bit more notation to deal with the sums described above. Let C(f)

denote the set of connected components of f and let S C C(f) be any subset. Define
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f18~x] as the diagram obtained from erasing those connected components ¢ € S and
replacing the top and bottom boundary points by x. Then F} ,(f) is given by the

following formula.

Po=FL () =) 8 (4.1.15)

Sjeel¢))

4.2 Restriction and induction functors

Having obtained functors F} , : Par, — Add(Par;,) and [ : Par,; —
Add(Par; ), restriction and induction allows us to construct a new functor from
the category of locally finite-dimensional left Par;-modules to the category of locally
finite-dimensional left Par;_;-modules. In the formalism from §2.2, inducing along 1
then restricting along F} ;| defines a functor R:_; : Par,_1-Modjq — Pary-Modygq on
module categories.

Ri_l i=rTespr © ind; : Par,_;-Modyq — Par,-Modigg (4.2.1)
Under this definition, it is obvious that R ; has a right adjoint given by the functor
resyocoindyr and a left adjoint res;oindpe .

Since the functor [ : Par;_; — Add(Par; ) is given by composing an equivalence
(Par,y — Par] ;) with the inclusion J : Par] |, — Add(®Par; ), Lemma 2.2.2
provides that ind; itself is an equivalence. So it has quasi-inverse given by its right
adjoint res;. Consequently, coind; is an equivalence by the same reason and then

ind; & coind;.
Lemma 4.2.1. The functor R._, is ezact.

Proof. This follows since R!_; is a composition of exact functors. O
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Recall the Chevalley duality functor 7@ from §2.9. Following (2.3.4) and (2.3.5),
R! | commutes with duality:
resp:  oind;o?? = resp:  0?@ o coind;
=7@oresp: ocoind;
>7@ 6 resp: oind;
So there is an isomorphism

R;flo?@ ~7@ 4 Rifl (4.2.2)

Let A;_; be the path algebra of Add(®Par; ;). The functors F} ; and I provide

A,y with a (Pary, Par,_1)-bimodule structure. Then define
M =1p Al (4.2.3)

Lemma 4.2.2. There is an isomorphism of functors

th‘!l(_) =M Qpar, , —
Proof. Recall that there are natural isomorphisms below, for any N € Par;_;-Mod
and any N’ € A;_;-Mod.

ind; N = Ay 117 ®par,_, N, respe | N’ = lpe A1 ®a, , N’

Hence for any N € Par;_1-Mod,

Rl |N = lpr A1 ®a,, Aol @par,y N
= EB 1Ftt71At—11X X4, EB IyAialr | ®par, s N
XeO(Add(Par] ,)) Y e€O(Add(Pary”_ ;)

@ <1F571At—11X> R1yay a1y (IxAio1lr) @par, , N
XeO(Add(Par[ ,))

I

& 1Ftt71At*111 QPars_, N

=M ®Part_1 N
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[]

Going back to the definition restriction as in (2.2.2) and (2.2.3), observe that
there is a vector space decomposition as below where 1,, := 1j«». Therefore, M has a

vector space decomposition

M= P 1,41, (4.2.4)

n,meN

Viewing M as a left Par;-module, we can cut with any of the local units 1,, € Pary,

n € N. Obviously, 1,M =1, M.

Lemma 4.2.3. Let m,n € N and let v = |---| € W™. With the lezicographical
~——

ordering on W™, the subspace 1,Al,, of M Tl;as a basis consisting of elementary
column vectors (0,...,0, fu,0,...,0)T of length |W"| = 2" with a single nonzero
entry corresponding to some word w. Fizingw € W™ and collecting the basis elements
whose nonzero entries lie in the w-th entry, those f,, form a basis of HomTartxil(m, w).
Such a basis for 1,,M1,, is identified with a set of phantom partition diagrams whose

top row is a word of length n and bottom row is v.

Proof. Starting with (4.2.4), fix some n, m € N. By definition,

1n*’élt—l I, = HomAdd(Tar;il)(l*mu |*n)

= HomAdd(fart{l)(rma (e x)™)

= HomAdd(."PlthX_l) (l*ma @ w)

weWwmn

= @ Hom y gqpar ) (", w)

weWwn

@ Homl’ar,il (l*m7 w)

weWwn

1%
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All that remains to note is that each summand Homg,, (|*™, w) has basis consisting
of phantom partition diagrams f with bottom row spelling v = |---| and top row

spelling the word w. O]

Remark 4.2.4. For any t € k and s € N, one can just as well define more
general restriction functors F} | with the assistance of a new category Par,”%. This
category Par,”% can be constructed from Par;_, by adjoining s new generating objects
Xy 1, X4_9 ..., X4_s which are all isomorphic to 1;_4, and then taking the additive
envelope. Then the functor F} _ : Par; — Add(®Par,}) is defined by sending |; to
li—s B X¢—s ® -+ B X4_1. Similar to (4.1.15), applying this functor to any partition
diagram f results in a sum over all ways of erasing connected components of f while
replacing the boundary points of an erased component by phantoms with a common
index. Then one obtains functors R:_, : Par,_-Modjq — Pary-Modygq.

For a pair s, € N, F/~° has an canonical extension to the additive envelope,

named with the same symbol by an abuse of notation:

F/72 o Add(Par;3) — Add(Par 31T

t—s—r t—s—r
This functor sends |;—s — |i—s—r B Xt_sr B -+ X4_s1 and X;_; +— X;; for i =
1,...,s. It is easy to see that there is a natural isomorphism F} . = F/=° o F! .

t—s—r

Consequently, Rt _oRI"5 =~ R!

P t ... Later on, the functors R’ ; will be of particular

interest for t € Zxy.

4.3 A filtration on restriction

This section studies R! ; and its behavior on standard modules. Let A; :
Sym-Modyq — Par;i-Modjy denote the standardization functor (2.9.3). Fixing m €
N, the main goal of this section is understanding R! A, 1(kS,,) as a (Pary, Sym)-

bimodule.
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By (2.8.7), along with the fact that Par~ has a k-basis comprised of normally
ordered upwards partition diagrams, it follows that A; ;(kS,,) has basis indexed
indexed by pairs (f, o) where o € S,,, and f is a normally ordered upwards partition

diagram.

Lemma 4.3.1. Fizm € N. Then R_A;_1(kS,,) has a basis over k indezed by pairs
(f,0) where o € Sy, and f € M1, is a phantom partition diagram whose underlying
partition diagram is normally ordered and upwards. Hence, as a free right S,,-module,
R (A 1(kS,,) has basis consisting of phantom parition diagrams whose underlying

partition diagram is normally ordered and upwards.

Proof. Given w € W™ for some n € N, let 1, be the idempotent which is the

identity on the summand w of |. There is a decomposition 1, = > 1,, into

weWwn

mutually orthogonal idempotents. From this, we recover the following decomposition

of Rl A, 1(kS,,) making use of Lemma 4.2.3.

theflAtflakSm) =M ®Pm’t,1 A2571(]]§‘S'm)

= (@ lnM> ®@par,_y Di—1(kSm)
= (@ @ 1wM) ®Pam_1 At—l(ksm)

neN weWwn

o~ @ @ (1wM Q Pars_1 At_l(]kSm))

neN weWn

- EB @ (]-wM @par,_, Par;_1 @ pgys infl? ]kSm)

neN weWn

=~ P (1M @pq: infl'kS,,)

neN weWn
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Fixing some n € N and w € W", let k(w) denote the number of letters | appearing
in w. Then there is an isomorphism of right Par,_;-modules 7 : 1,M = L) Pari—y
defined by erasing all phantom x’s. Making use of the triangular decomposition

Par,_; & Par~ @k Sym @k Par™, we recover an isomorphism
1oM ®pgs inflf kS, = Liw)Par™ ®k Par® @pg¢ infl*kS,,
= 1wy Par™ 1, @ kSp,.
Observing that 1y, Par~1,, ® kS, is nonzero if and only if k(w) > m,

R A (kSn) =P P (Lew Par 1, @ kS,,)

neN weWn

k(w)>m
In conclusion, for every word w with k(w) > m, there is a nonzero summand
Lgw)yPar~1, ® kS, which has basis indexed by pairs (f,o) where o € S,, and f

is a normally ordered upwards partition diagram. Since the isomorphism ~ was just

given by erasing the phantom x’s, the result follows. O

The notation B,, will denote a chosen basis for A;(kS,,) corresponding to pairs
(f,o0) with o € S,, and f € Par~1,, a normally ordered upwards partition diagram.
The basis element corresponding to some (f,0) is just the composition fo € B,,.
Similarly, B will denote a chosen basis for R_,(kS,,) corresponding to pairs (f, o),
this time with f € M1,, a phantom partition diagram which is normally ordered
and upwards. Once again, fo € B, is the basis element corresponding to some pair

(f,0). Diagrammatically,

[T
0= T-]
[ o |

Notice that the bases B,, and B, do not depend on t.

Remark 4.3.2. There is always an evident inclusion B,, — B given by sending

some fo to the same diagram in B). There is also another map ¢ : B, — B,,, where
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((fo) is the (phantomless) partition diagram obtained by erasing all phantoms; ¢ just

picks out the underlying partition diagram of fo.

Example 4.3.3. The weight space 15R!_;A; 1(kSs) = 15M1,®kS5 has the following

vector-space decomposition,

IR, Ar1(kSy) = P Tigw)Ar1(kS,)

weW?
k(w)>2
A k-basis for the summand corresponding to the word | x || x is given by the following
set of diagrams, where o runs over S,, for a total of 12 basis elements.
IJ;I X X(B X éX%X X X X X X X
The proofs of the next few lemmas make use of several linear maps, the first
of which is defined here. These will only be homomorphisms over k, not as Par-

modules. There is a surjection ¢ : Rf_;A;_1(kS,,) = Ay(kS,,) defined as follows. Let

fo € B be a basis element corresponding to a pair (f,o) as in Lemma 4.3.1. Then

fo if fo is phantomless
p(fo) = (4.3.1)
0  otherwise

Proposition 4.3.4. For m € N, there is an injection of Par,-modules
0 — A(kS,,) = R A1 (kS,,)
Proof. Consider the Sym-modules 1,,A;(kS,,) and 1,, R ;A 1(kS,,). Since the only
word w € W™ with k(w) > m is w = |- -|, there is an isomorphism
LnRi 1A 1(KSn) 2 1,,M @par, , Ar-1(kSm) = 1,41 (KS,,)

Hence, as right Sym-modules, the spaces 1,,A:(kS,,) and 1, Rl A, ;(kS,,) are
isomorphic. Additionally, it is an easy observation that any vector in these subspaces
is a highest weight vector. It follows that there is a homomorphism A;(kS,,) —

R A, 1(kS,,) which is an isomorphism on the 1,,-weight spaces.
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To see that ¢ is injective, consider a basis element fo of A;(kS,,). By the action

of Par; through (4.1.15), it follows that

(fo)=(fo) - (|---])

—~—
- (fo)!5 0 (]--)
Scczo‘cr) el

= fo+ (fo)d(]--+)

S%(;o) e

Each term in the final summation apart from fo contains a partition diagram with

phantoms. With (4.3.1), it now follows that ¢ o ¢ = ida,ks,,)- S0 ¢ is injective. [

Observe that, by Lemma 4.3.1, R! A, 1(kS,,) has a vector space filtration 0 =

N_1 Q NQ Q N1 Q Q Rifl where
N;:=k(fo € B}, | f has at most ¢ phantoms.) (4.3.2)
There are projections p; : Ri_;A;—1(kS,,) — N, defined on basis elements by ps(fo) =

fo if fo € Ny and py(fo) = 0 otherwise. Letting N, = Ny/N,_, and p, be the

composition of p, with this quotient, the next graded decomposition is immediate.

Rl A, 1(kS,) = PN, (4.3.3)

£eN

Let @ := Rl A, 1(kS,,)/t(Ay(kS,,)) and also let w : R ;A 1(kS,,) — @ be

the quotient map.

Lemma 4.3.5. The quotient () has basis given by the images of fo € B, where f

has at least one phantom. Denote this set by BS,

Proof. By Lemma 4.3.1, the images of all fo € B certainly span the quotient.
Additionally, since p, : R! ;A 1(kS,,) — Ny is defined by killing all diagrams with

phantoms, it follows that all those fo € B with 7(fo) € BY lie in the kernel of p,.
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Also, the composition By ot : Ay(kS,,) — Ny is an isomorphism as it sends a basis to
a basis. Since the k-span of those fo where f has phantoms isomorphically projects

onto @P,-, Ny, it follows that > ,., P, is an isomorphism.

Pot>¢>1D — —
(AKS,)) + Ker(y) ZEE = T (GB Nﬁ)
>1

~

By (4.3.3), we conclude there is an internal decomposition R! ;A; 1(kS,,)

L(A¢(kSy)) @ ker(p,). The result now follows. O

Although Lemma 4.3.5 allows us to identify B? with B, we choose to keep the
two distinct. However, whenever speaking of some 7(fo) € B2, we allow ourselves
to access the associated phantom partition diagram fo € B

Now enters the next linear map with the aid of Lemma 4.3.5. Given 7(fo) € BY,
define f5 € B,.:1 to be the unique (phantomless) partition diagram obtained by
collecting all phantoms of fo into a single tree, connected to the bottom left corner

of fo. The new diagram has m + 1 components attached to the bottom row. This

assignment produces a linear map

¥ Q — Ay(kSp1), w(fo) — fo (4.3.4)

Example 4.3.6. Consider the summand of 15 RA;_1(kSs) corresponding to the word
w = | x || x from the previous example. Then v is defined on this subspace as follows.

There are decoratory gray lines above which is the normally ordered f and below

()@ w4
COE)-E ) B
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Lemma 4.3.7. For all n € N, the dimensions of 1,Q and 1,A;(kS,,+1) over k are

equal.

Proof. Notice first that for 7(fo) € B9, it is true that 7(fo) € 1,Q if and only if the
word along the top row of fo is of length n. So, it follows that ¢ is a weight-space
preserving linear map.

With the above consideration in mind, it is enough to provide a two-sided inverse
to ¢. Given fo € B,,11, let f& € B/ be the unique phantom partition diagram
obtained by erasing the connected component of fo attached to the bottom left
corner of fo, replacing those erased boundary points along the top row by phantoms.
Now define ¢ : Ay(kS;11) — @ on a basis by fo — W(f&) for fo € B,,y1. It is
casily seen that for any 7(fo) € B9, (& o)(m(fo)) = w(fo). Similarly, for any

fo € Bupa, (Yoih)(fo) = fo. O

Before getting into the next proposition, here is a summary of the previous
handful of results. By working with explicit bases, proposition 4.3.4 and Lemma 4.3.5
allow us to view A;(kS,,) and @ as complimentary linear subspaces of R:_;A;_1(kS,,).
Then Lemma 4.3.7 shows that 1 is a weight-space preserving isomorphism
Ay(kSpy1) = Q by constructing an inverse ¢ which lifts through Rf | A,_1(kS,,),

making the following diagram commute.

At(ksm) —> R;_IAt—l (kSm)

L
d >~
4

Q T——— A(kSpy1)
v
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The next proposition shows that 1 can be replaced by a proper isomorphism of Par;

modules.

Theorem 4.3.8. For m € N, there is a short exact sequence of (Pary, Sym)-

bimodules

0— AykS,) = R A 1(kS,) & AE(kS,,) — 0

Proof. Throughout this lemma, we remind ourselves that n(fo) = fo + im(:) for
any 7(fo) € BY. Thanks to Lemma 4.3.7, it is enough to exhibit a surjection
Ay(kS,,) = @Q as Pari-modules. First, it is easily seen that (4.3.4) restricts to an

isomorphism of left kS,,1-modules 1,,11Q = 1,,11kS;41.

Lns1p: LnnQ — kS, ] + im() —~ i .

Frobenius reciprocity now gives a homomorphism of Par;-modules ¥ : A(kS,,11) —
(2 which restricts to an isomorphism between the 1,,,; weight spaces.

Before proving surjectivity of W, here is some notation. Let f be a phantom
partition diagram with ¢ letters | along the bottom row. If we want to erase the
connected component attached to the ith letter | and replace the erased boundary

points by x, we will denote this by placing a symbol x at the bottom of the ith letter

s

2

x. Hlustratively, the diagram

denotes the phandom partition diagram obtained from f by erasing the component
labeled ‘¢’, and replacing all boundary points by x.
The proof of surjectivity of ¥ is inductively for each weight space. Fix some

n € Zs,, and define subspaces 1,Q[p] C 1,Q for m < p < n as below, recalling

120



Remark 4.3.2.
L,Qp] :=k(fo € 1,Q NB. | {(fo) has at most p connected components)
This provides a vector space filtration
0C 1L,Qm]CL,@Qm+1C---C1,Qn—1]=1,0Q.

Now enters the inductive argument. Consider first 1,,Q[m]. For any basis element
fo € 1,Q[m|N B, ((fo) consists entirely of upwards trees and trunks. Recycling

the construction in (4.3.4) and using (4.1.15) shows that

U(f5) = fu(5)

Suppose now that for some m < p < n — 1, it is known that 1,Q[p — 1] C im(WV).
Choose one of our basis elements fo € 1,Q[p] N B,. Without loss of genereality,
suppose ((fo) contains exactly p connected components. Let Cy(f) € C(f) be the

set of components of f which are branches or leaves. A similar calculation as the base

case shows
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Every term appearing in the final summation is a diagram with less than p connected
components. So the summation is in the image of ¥ by the inductive hypothesis and

hence there is some g € A;(kS,,11) for which

+ im(¢)

Finally, it follows that fo +im(:) = ¥(fs — g). The case that p = n — 1 completes

the proof. O

Corollary 4.3.9. There is a short exact sequence of functors from Sym-Mody to

Part —MOdlfd.

0> A= R 01 - ANoE—0
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Proof. The functors here are given by tensoring with the bimodules appearing in

Theorem 4.3.8. [

Theorem 4.3.10. For A € P, there is a short exact sequence of (Pary, Sym)-

bimodules

0— A\ = R A (V) — @ A, (/\ +@) -0
acadd(\)

Proof. Immediate from Corollary 4.3.9 and the fact that the bimodules appearing in

Theorem 4.3.8 are flat right Sym-modules, seeing as Sym is semisimple. O

Recall that a module N has an standard flag if there is a filtration 0 = Ny C
Ny C ---N;, = N with N;/N;_; =2 A()\) for all i = 1,...,¢ and some partitions
Ay ey A

Corollary 4.3.11. If N is a left Par,_1-module with a standard flag, then Rt _|N is

a Par;-module with a standard flag.

Proof. This follows from Lemma 4.2.1 and Theorem 4.3.10.

4.4 The Comes-Ostrik conjecture

We are now in a position to prove the Comes-Ostrik conjecture. Assume that
t € Z-o. Here is a general (yet specific) lemma to the case at hand. Recall that an
essentially finite algebra is a locally unital algebra A so that each 1;A and Al; is

finite-dimensional.

Lemma 4.4.1. Let A and B be essentially finite algebras and suppose there is an
equivalence F' . A-Modgyg — B-Modgy. If there is an exact functor F A-Modgyy —
B-Mod so that FL~FL for all irreducibles L € A-Modyy, then F is an equivalence

too.
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Proof. We first note that Fis fully faithful. To see faithfulness, take any nonzero A-
module homomorphism f : V' — W so that F (f) =0. Let L C W be an irreducible
submodule in the image of f and let V' = f~!(L). There is a surjection g : V' — L
and an injection h : L < W. The restriction f|y, has a factorization fy» = ho g.
Either F(h) = 0 or F(g) = 0. But since F is exact and FL 2 FL, this would be
impossible. So F has to be faithful. Consequently, it is also full since Hom-spaces in
these two categories are of the same (finite) dimension due to F' being an equivalence.

Now let P; be the projective cover of the irreducible module L € A-Modg.
Similarly, let Pz, be the projective cover of FL € B-Mody. We claim that
FpP, = Pz, . Since F is fully faithful, Homp(FP,, FL) = Homu(Py,L) # 0. So
FPy is indecomposable (by exactness) and has FL = FL as an irreducible quotient.
Consequently, there is a surjection Pp; —» FP;. But in the Grothendieck group
of B, ﬁPL and F'P;, =2 Ppp are equal. So the surjection Prj —» fPL must be an
isomorphism as both modules have the same dimension.

It now follows that F is essentially surjective when restricted to the subcategories
of projective A- and B-modules. Hence it is an equivalence since it is fully faithful
too. Knowing that F restricts to an equivalence A-Proj — B-Proj, we deduce the

full equivalence A-Mod — B-Mod (see [BD17, Cor. 2.5]). O

The rest of this section has a bit of bookkeeping, so here is some setup. Let
pry, denote the projection of Pari-Modyy onto the principal block containing the
irreducible module L;(2), as in (3.8.10). Also let (Pari-Modjs)o be said principal
block. Taking the partition x; = (t), the indecomposable projectives in (Par;-Modyq)o
are given by P,(n) := Pt(/sﬁ")) as described in Theorem 3.10.5 and ordered by
Corollary 3.10.7. So nﬁo) = @,/{S) = (t+ 1),/{%2) = (t+1,1), and so on. Similarly,
let Ay(n) = Ay(k!™). Also let Ly(n) = Ly(x™) be the nth irreducible module in the
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principal block. Recall that A;(n) is indecomposable with two composition factors:

irreducible socle Ly(n + 1) and irreducible head L;(n) for n > 0.

Lemma 4.4.2. For any n € N,
(Pro oRi_1)(Ap-1(n)) = Ay(n).

Proof. This is a case analysis using the combinatorial rule provided by
Theorem 4.3.10. If n = 0 then /il(to_)l = @ and the A-factors of R! ;A; 1(n) are
Ay(2) and A((1)). Since t > 0, only A4(@) = A4(0) is in the principal block. So
(pros o Ry 1)(A:-1(0)) = A(0).

If n =1, then /{E@l = (t) and the A-factors of Rt _; A, 1(1) are A;((t 4+ 1)) and
Ay((t,1)). Only Ay((t+ 1)) = A4(1) is in the principal block.

If n > 1, then (™) = (£,1""?) and the A-factors of R!_ A, 1(n) are A,((t +
1L, 177h), Ay((¢, 1771, 1)), and Ay((¢,1")). Only Ay((t + 1,1"71)) = Ay(n) is in the

principal block. [

Lemma 4.4.3. For anyn € N,
(pros oR;_y)(Le-1(n)) = L(n).

Proof. Suppose for the sake of contradiction that (prg, oR{_;)(Li—1(n)) 2 Li(n) for
some n € N. Let £ € N be minimal so that (pro,oR{ ;)(L¢—1(£)) % L(¢). From
Lemma 4.2.1 and Lemma 4.4.2, there is an exact sequence

0 = (proyoRy 1)(Le-1(0+ 1)) = Ay(l) = (pro, oRy 1) (Le-1(£)) = 0.

Since A;(€) has length 2, either (prq, oRj_|)(Li-1(¢)) = 0 or (pry, oR;_;)(Li—1({)) =
A¢(0). In the first case, it follows that (pro, oRj_,)(Li—1(¢ + 1)) = Ay(¢). But there

is also an exact sequence

0 = (proy oRty )(Li—1(€+2)) = Ayl + 1) = (proy oRty )(Li—a (€ + 1)) — 0.
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These last two observations show there is a surjection A;(¢+ 1) — A;(¢), impossible.

In the case where (prq, oR;_;)(Li—1(€)) = Ay(£), one has (prg, oRj_)(Li—1(¢ +
1)) = 0. Repeating the above argument would give a surjection A;(¢+2) — A (£+1),
another contradiction. So it must be that (prg, oR; ;)(Li—1(n)) = Ly(n) for all n €

N. m
Theorem 4.4.4. Fort > 1, the composition

pro, oR;_; : (Pari—1-Modia)o — (Pare-Modig)o
18 an equivalence.
Proof. By Theorem 3.10.5, there is an equivalence (Par;_;-Modgq)g — (Pari-Modgq)o
and both these categories are essentially finite, in that they are equivalent to

categories of finite-dimensional modules over essentially-finite algebras (see [BS,

Cor. 2.20]). Now apply Lemma 4.4.3 and Lemma 4.4.1. O
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CHAPTER V
THE ABELIAN ENVELOPE

This chapter provides an alternate perspective of the abelian envelope of Rep(S;)
involving tilting modules and Ringel duality. After briefly reviewing some basics
about abelian envelopes and splitting objects, we use the restriction functor R!
from chapter IV to show that tilting modules for the partition category can be
identified with splitting objects. This allows us to connect the Benson-Etingof-Ostrik
construction of abelian envelopes in [BEO23] to tilting theory and Ringel duality
studied in [BS].
5.1 Review of abelian envelopes

Throughout this section let C be a locally-finite Karoubian rigid monoidal
category with End-(1) = k. Generally, C is not abelian and so is not a full-fledged
tensor category in the sense of [EGNO15]. However, one can ask to find an abelian
envelope of C if it exists. Such an abelian envelope is the data of a tensor category
D and a monoidal functor F : C — 9D so that for any other tensor category 2,
composition with F induces an equivalence between the category of faithful monoidal
functors ¢ — D’ and the category of exact monoidal functors D — D’'. That is, for
each G : C — 9 there exists a unique functor (up to isomorphism) G’ : D — 2
making the following diagram commute up to isomorphism:

7 D

\ e , G is faithful monoidal, G’ is exact monoidal.
G x’ 3¢

C

N

Q)’

Any two abelian envelopes of C are equivalent, so we often speak of the abelian

envelope of C.
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Remark 5.1.1. In the case of Deligne’s category Rep(SS;), Comes and Ostrik were the
first to construct the abelian envelope by examining the heart of a certain ¢-structure
on the homotopy category of Rep(S;) [CO14]. Later, the abelian envelope of Rep(GL;)
was constructed by Entova, Hinich, and Serganova by clever use of inverse and direct
limits of representations of the general linear supergroup GL(m|n) with m —n =t
[EHS18]. More recently, Harman and Snowden build abelian envelopes for a class of

Oligomorphic groups as a kind of completed group algebra [HS22].

The Benson-Etingof-Ostrik construction (and also Coulembier’s approach in
[Cou21]) of abelian envelopes involves the use of splitting objects. With C as above,
an object S € O((C) is splitting if for each morphism f: X — Y in C, the morphism
f®idg : X®5 — Y ®S issplit. That is, f ®idg is the direct sum of a zero morphism
and an isomorphism.

It is proven in [BEO23] that the splitting objects of C form a thick tensor ideal;
the full subcategory consisting of splitting objects of C is Karoubian and closed
under taking tensor products with arbitrary objects of C. Let (S;);cr be a family of
irredundant representatives for the isomorphism classes of indecomposable splitting
objects and suppose the following finiteness property: for any splitting object .S, there
are finitely many i € I for which Hom(S;,S) is nonzero. Under this assumption,

Benson, Etingof, and Ostrik build the coalgebra C' := @), ..; Hom,(S;,S;)* and

ijel
a functor F : ¢ — C-Comod¢y from C to the category of finite-dimensional C-
comodules.

After proving that C'-Comodg has a monoidal structure, Benson, Etingof, and
Ostrik show that under certain conditions, C'-Comod¢y is the abelian envelope of
C. The first condition is that C must be of finite type: there exists a splitting
object S € O(C) so that every indecomposable splitting object S; (i € I) appears
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as a summand of X ® S for some X € O(C). The second condition is that C is
separated, meaning that F is faithful. Lastly, C must be complete, meaning that F(C)
is equivalent to Kar(F(C)). Their main theorem on abelian envelopes is summarized

below. More details can be found in [BEO23].

Theorem 5.1.2 (Benson-Etingof-Ostrik). Let C be a monoidal category with the
finiteness property (as well as the other properties listed at the beginning of this
section). Also suppose C is of finite type. Then C admits a fully faithful monoidal
functor E : C — D into a (multi-)tensor category D with enough projectives if and
only if C is separated and complete. Moreover, in this case there exists a tensor
embedding E' : C-Comodgg — D so that E = E' o F' and C-Comodgy is the abelian

envelope of C.

5.2 Ringel duality and the abelian envelope

Since many of the projective modules for Par; are self-dual (Theorem 3.10.5),
they have a standard flag and (finite) costandard flag. Hence, they are tilting
modules*. A classification of indecomposable tilting modules up to isomorphism is
provided by Brundan and Stroppel [BS, Thm.4.18]. In the setting for Par;-Modyyq,
the classifcation states that there is exactly one indecomposable tilting module T'(\)
for each partition A € P, up to isomorphism. Specifically, T'(\) is characterized
uniquely by the property that it has A(\) as the bottom section in any standard flag.
Recalling the definition (3.8.12), the tilting module for Par,-Modyg corresponding to

the partition A\ € P is:

P(km)) X = k(™ for some k € P, and n € N
T\ = (5.2.1)

P,()\) otherwise.

'In a general upper-finite highest weight category, tilting modules potentially have infinite
‘descending’ costandard flags.
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Note that whenever X is not of the form ™ for some x € P, and n € N, P,(\) = L()\)

is irreducible.
Lemma 5.2.1. If T € Par, -Modyy is tilting, then R:_,T is tilting too.

Proof. This follows from (4.2.2) and Corollary 4.3.11, noting that standard flags turn

into costandard flags upon applying Chevalley duality. O]

In the next lemma, we make use of the restriction functors R* | : Par_; -Modjyq —
Par;-Modg as in Remark 4.2.4. Tt is an easy consequence of the fact that F} | is

monoidal that
(|&x)* F_y(=) = F_ o (]*-).
More generally,
(I®xa@-@x)x FLy(=) = FLyo(|x-).

Bringing back the functor D; : Par,-Mod — Par;-Mod of (3.9.3), it follows that there
is a natural isomorphism
DioR =R [ o(D1@ld®---@1d), (5.2.2)
—_——

t+1
where Id denotes the identity functor on Par;_;-Mod. Letting D} = D;o---0 Dy,
———

n
we have

D? o) Ri—l = Rt_1 © (@(D£_1)@(?)(t+l)(n_@> (5'2'3)

£=0

Lemma 5.2.2. An indecomposable X € Par-Proj is splitting if and only if it is

tilting.

Proof. We start by showing that every tilting is splitting. Since every projective
appears as a summand of a direct sum of finitely many @Q;(n) := Par1,, it is enough

to check that tiltings split morphisms f : Q;(n) — Q¢(m) for any n,m € N. By
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the combinatorial rule provided in Theorem 4.3.10, the module V' := R* ;A_;(&) has
a section A(@). Since V is tilting by Lemma 5.2.1, it follows from (5.2.1) that V'
contains the tilting module T;(2) as a summand. Consider the following commuting

diagram, using Lemma 2.6.1:

Q/(n)®V === (D"oR' )A_i(2) —— R'_, ((@LO(D"_ 1 A_l(g))@(;)(,ﬂ)(n_e)))

] l

Qi(m)®V ——= (D" oR_,)A_1(2) — R, ((@Z;O(Df_lA_l(@))®('?)(t+1)<'"—">))

The right-most vertical arrow, given by the natural isomorphism (5.2.3), is split as
Par_1-Mod is semisimple. Hence, it follows that V' is a splitting object and so is
T;(2), being a summand of a splitting object. Moreover, since splitting objects form
a thick tensor ideal, all T;(\) for A € P are splitting since they appear as a summand
of D"V = Qi(m)®V for a suitable m € N.

It remains to see that those indecomposable projectives which are not tilting are
also not splitting. First consider P,(@) = A(@). This is the unit with respect to ®.
Since there is a non-split map f : P,(@) — P,(@V), it is immediate that 15, ®f = f
is not split. So P,(2) is not a splitting object. Consider now P;(k(®)) for any x € P,
and look at the morphism 1p,.0\®f : P(k?)®P(@) — P(xV)®P (V). By
Lemma 3.10.1, DI*P; (k@) = Q;(m)®P,(x®) will contain a summand of P,(2) for an
appropriate m and we get a commuting diagram below, where the first two vertical

arrows are non-split. Consequently, P;(x®) cannot be a splitting object.

P/(@) —=— P,(@)®P,(0) —2— 0:(m)®P;(x)®P;(2)

lf \Ll@f J/l@ l®f

P(20) — P,(2)oP,(2V) <2 0,(m)@P,(x)eP,(2M).
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Lemma 5.2.3. The category Par,-Proj has the finiteness property.

Proof. By Lemma 5.2.2, any splitting object .S if a finite direct sum of indecomposable
tilting modules. It follows from Theorem 3.10.5 that there are only finitely many 7;(\)

with Hompg,, (T'(A), S) being nonzero. O

Consider now T := €, p Ti(\) and the algebra B := Endpg. (T)? =
<®/\,u€73 Hompy,, (T1(A), Tt(u))op. In the language of [BS], T is a tilting generator.

Equipping B with the profinite topology, Brundan and Stroppel build the coalgebra
Coend(T') := {f € B* | f vanishes on some two-sided ideal of finite codimension}.

There is an identification Comodyy- Coend(7") = B-Modgy. Brundan and Stroppel also
construct the Ringel duality functor G : Par,-Mod — Comodg- Coend(T"), defined

on any N € Par;-Mod below.

G(N) — {f c HomPart (N, T)* | f vanishes on a submodule }

of Hompgy, (N, T) with finite codimension

We can now show that B-Modgy, equipped with the functor G, is the abelian envelope

of Par;, and hence, also of Rep(S;).

Theorem 5.2.4. The Ringel dual B-Modgg of Pari-Modyq is the abelian envelope of

Rep(S;).

Proof. Asusual, identify Rep(S;) with Par;-Proj by means of the Yoneda equivalence.
We just need to check the conditions provided in Theorem 5.1.2. The first is that
Rep(Sy) is of finite type. We claim the module T3(@) is a generator for the splitting
ideal. From Lemma 3.10.1 and Lemma 3.10.3, any splitting (=tilting) object in a
nontrivial block of Pari-Modjgy is a summand of D"T(@) = Q¢(n)®1;(2) for some
n € N. For those tiltings T;(\) in a trivial block, the same is true and is easily
deduced from Theorem 3.9.1.
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The other conditions we have to check is that Rep(S;) is both separated and
complete. Let G : Pari-Modyq — B-Modg be the Ringel duality functor and let
T = G(Rep(S:)) be the image of this functor. Completeness amounts to showing
that 7 is equivalent to its Karoubi envelope, and separatendess requires us to show
that F' is faithful. This, however, is true by [BS, Thm.4.27]. So Rep(S;) is separated

and complete. O
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