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Non-singular and singular flat bands in tunable phononic metamaterials
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Dispersionless flat bands can be classified into two types: (1) non-singular flat bands whose eigenmodes
are completely characterized by compact localized states, and (2) singular flat bands that have a discontinuity
in their Bloch eigenfunctions at a band touching point with an adjacent dispersive band, thereby requiring
additional extended states to span their eigenmode space. In this study, we design and numerically demonstrate
two-dimensional thin-plate phononic metamaterials in which tunable flat bands of both kinds can be achieved.
Non-singular flat bands are achieved by fine tuning the ratio of the global tension and the bending stiffness in
triangular and honeycomb lattices of plate resonators. A singular flat band arises in a kagome lattice due to the
underlying lattice geometry, which can be made degenerate with two additional flat bands by tuning the plate
tension. A discrete model of the continuum thin-plate system reveals the interplay of geometric and mechanical
factors in determining the existence of flat bands of both types. The singular nature of the kagome lattice flat
band is established via a metric called the Hilbert-Schmidt distance calculated between a pair of eigenstates
infinitesimally close to the quadratic band touching point. We also simulate a phononic manifestation of a robust
boundary mode arising from the singular flat band and protected by real-space topology in a finite system. Our
theoretical and computational study establishes a framework for exploring flat-band physics in a tunable classical
system, and for designing phononic metamaterials with potentially useful sound manipulation capabilities.
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I. INTRODUCTION

A flat band is a constant energy or frequency band for
all values of the crystal momentum in the Brillouin zone
of excitations of a periodic structure. Originally proposed in
electronic systems [1–10], flat-band models have also been
investigated in optical [11–17] and acoustic [18–21] systems
as a novel means of manipulating light and sound in artificial
structures. Potential applications of flat-band physics in optics
include lasing [17], distortion-free image transmission [22],
logic [23], slow-light propagation [24], and mode conversion
[25]. Acoustic structures with flat bands enable functionalities
such as cloaking [18], lensing [19], wave-front manipulation
[20], and addressable localized states [21]. These diverse
applications primarily exploit the dispersionless character of
flat bands and the consequent existence of compact localized
states (CLSs)—a set of states belonging to the flat band, each
of which is sharply localized with nonzero weight only on a
finite subset of sites.
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Compact localized states are guaranteed to exist in flat
bands arising from lattice models with finite-range interac-
tions between sites [26,27]. However, they are not always
guaranteed to form a complete spanning set for the space of
Bloch eigenfunctions belonging to the flat band. If the flat
band touches another band at a particular crystal momen-
tum, the point of band touching can induce a discontinuity
in the Bloch eigenfunctions of the flat band when treated
as a function of the momentum, which serves as a topo-
logical obstruction to finding a spanning set of CLSs [28].
Flat bands can be classified as singular or non-singular
based on the presence or absence of such a discontinuity;
the Bloch eigenspace of singular flat bands under periodic
boundary conditions is spanned by combining CLSs with
extended lattice-traversing eigenstates called noncontractible
loop states (NLSs) [26,27]. For finite systems, these NLSs
manifest as modes that form closed loops along the system
boundary and are strictly localized to it [26]. These so-called
robust boundary modes (RBMs) cannot be disrupted through
local perturbations and serve as a manifestation of boundary
effects protected by the real-space topology of the underlying
lattice [26,28], in contrast to the more widely established
momentum-space topological protection [29–31]. Besides the
existence of RBMs and real-space topological phenomena,
singular flat bands also generate unusual features in the energy
spectrum of electrons in a magnetic field [32].

To date, the exploration of singular flat-band physics has
primarily been advanced using photonic lattices, which can
be fabricated in desired geometries via laser writing [33–36].
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However, photonic lattices and their resulting band struc-
tures cannot be tuned after fabrication. By contrast, many
techniques exist to tune the vibrational spectra of artificial
acoustic and phononic structures through external electromag-
netic or mechanical actuation [37], enabling dynamic control
of band dispersion towards and away from a flat band. In a
previous theoretical and computational study, we introduced
a design for a one-dimensional phononic metamaterial based
on plate resonators, with a phonon band which can be dy-
namically tuned to be dispersionless by applying a global
tension [38]. Our work demonstrated that dynamic tuning
of a flat band can be exploited to stop and reverse a sound
pulse. However, flat bands in one dimension are guaran-
teed to be non-singular [26]. The realization of singular flat
bands in higher-dimensional tunable phononic metamateri-
als could open up a highly adaptable platform to investigate
singular flat-band physics, and also provide design strategies
for novel sound manipulation and processing in mechanical
metamaterials.

As a step towards this goal, in this study we propose a
class of thin-plate phononic metamaterials in which flat bands
of both singular and non-singular type can be realized. Our
designs are based on the triangular lattice and its derivatives,
the honeycomb and kagome lattices (Fig. 1). The dispersion
relations of the vibrational band structures strongly depend
on the lattice geometry as well as the in-plane tension within
the plate, a parameter which can be tuned postfabrication
using electrostatic [39,40] or thermally induced [41] stresses
in micromechanical resonator arrays [42]. By mapping the
mechanical response of the continuum plate resonators to a
discrete model of masses connected by springs [38] (green and
yellow balls in Fig. 1), we elucidate the separate mechanisms
for flat bands of different types to arise in our model, identify
the conditions on system parameters that generate flat bands
in the three lattices, and show that the honeycomb and kagome
lattices can harbor doubly and triply degenerate flat bands,
respectively. We verify the discontinuity in the Bloch eigen-
functions of the flat band in the discrete kagome lattice model,
thereby establishing the singular nature of the band. We build
a boundary mode from states belonging to the singular flat
band and demonstrate its robustness against perturbations in
dynamical simulations. We wrap up with a brief discussion
of potential experimental platforms and of possible future
directions.

II. THEORETICAL FRAMEWORK

A. Model of coupled plate resonators

Our analysis uses the model of elastic plate resonator
assemblies introduced in Ref. [38]. We model a continuum
elastic plate (gray region in Fig. 1) with clamped external
and internal edges (solid black lines) that impose the cho-
sen plate geometry. We study three lattice geometries that
are assembled by joining identical hexagonal plates with
rounded edges along prescribed boundaries to generate a tri-
angular, honeycomb, or kagome lattice [Figs. 1(a), 1(b) and
1(c), respectively]. The equation of motion for the transverse
displacement field u(x, y) of the plate with mass per unit
area ρ, bending modulus D, and uniform in-plane tension T ′

FIG. 1. Unit cells of the three lattices: (a) triangular, (b) hon-
eycomb, and (c) kagome. Discrete spring-mass models for coupled
fundamental modes of the continuum thin-plate resonator metamate-
rial are superimposed. (a) A single resonator as a building block has
a length of a, with the chosen junction length of 0.4a. An example
of the displacement field in the triangular unit cell is shown in the
bottom panel of (a). The masses in the corresponding discrete model
have vertical springs acting as anchors along with coupling springs.
The bold black edges around the plates signify Dirichlet or clamped
boundary conditions. On the bottom panel, a, b, and c show the
extended version of the respective lattices.

is [43]

ρ
∂2u

∂t2
+ D∇4u − T ′∇2u = 0 on domain,

u = ∇u = 0 on boundary. (1)

Note that Eq. (1) differs from the Schrödinger and
Schrödinger-like equations that govern excitations in the elec-
tronic and photonic systems used in prior investigations of
flat bands: it is second order (not first order) in time and
includes a biharmonic operator in addition to the Laplacian
operator. As mentioned previously, the tension is an externally
imposed prestress which can be tuned, whereas the other pa-
rameters and the geometry are fixed at fabrication. Modulating
the tension adjusts the balance between the biharmonic and
Laplacian terms, which imparts a high degree of tunability
to the mode structure and excitation spectra of the phononic
system.

The continuum plate equations can be nondimensionalized
by defining the dimensionless variables x̄ = x/a, ȳ = y/a, and
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t̄ = t
√

D/(ρa4). In terms of these variables, Eq. (1) becomes

∂2u

∂ t̄2
+ ∇̄4u − T ∇̄2u = 0 on domain,

u = ∇̄u = 0 on boundary. (2)

For a particular boundary geometry, Eq. (2) shows that under
appropriate length and time units, the system depends on
a single dimensionless parameter—the rescaled tension T ≡
T ′a2/D, which serves as the tunable physical quantity in our
study. In the remainder of this manuscript, the bar is dropped
for clarity; the variables x, y, t and the gradient operator ∇
refer to the rescaled coordinates from here on.

Oscillatory solutions to Eq. (2) can be written as a superpo-
sition of normal modes ui(x, y)e−iωit , where the eigenfunction
ui(x, y) and oscillation frequency ωi of the ith mode solve the
eigenvalue problem

∇4ui − T ∇2ui = ω2
i ui (3)

under the prescribed boundary conditions. We use finite-
element analysis to compute normal mode eigenfunctions and
frequencies (details are provided in the Appendix). While
a true continuum system has infinitely many degrees of
freedom, and thus an infinite number of normal modes per res-
onator, we focus in this work upon collective modes that arise
from combinations of the lowest-frequency or fundamental
mode of each individual resonator [schematically depicted in
Fig. 1(a)]. Since modes of an individual resonator with higher
wave numbers are significantly higher in frequency than the
fundamental mode, a system of N coupled resonators will typ-
ically have its N lowest normal modes composed primarily of
combinations of fundamental modes on individual resonators,
such as the modes shown in Figs. 2(c) and 2(d). For an infinite
periodic lattice, the eigenmodes are Bloch functions defined
on a unique set of crystal momenta, termed the Brillouin zone,
and the corresponding eigenfrequency surfaces are the bands;
here, for a unit cell with n resonators, the lowest n bands can
be identified as being built primarily from the fundamental
modes on individual resonators. The fundamental mode fre-
quency ω0 for a single resonator is used as the frequency
scale for mode frequencies and band structures evaluated
numerically.

B. Discrete model of coupled
fundamental modes

The collective excitations built from couplings among
fundamental modes can be described by a simpler
“tight-binding” description of discrete oscillators with
finite-range couplings, derived in Ref. [38] and summarized
here. The key elements are shown as balls connected
by springs in Fig. 1 (top view of different lattices) and
Fig. 2(a) (side view of a minimal unit comprising a pair
of coupled resonators). The primary degrees of freedom
are the fundamental modes of individual resonators, each
of which is modeled as a harmonic oscillator of mass
m confined to the vertical direction (yellow balls), with
spring stiffness k̃1 (red spring). To correctly model the
effect of variable tension T on the coupling between
fundamental modes of adjacent resonators, we introduce

FIG. 2. Crossing between the bonding and the antibonding
eigenmodes at threshold tension T ∗ that can be tuned by changing
the junction length in the continuum model. (a) Spring-mass discrete
model describing the spring stiffnesses and the vertical displace-
ments of the vertical springs and the angular displacement of the
torsional spring. (b) Honeycomb ring with the dimensions for which
the eigenmode crossing is shown in (e). The (c) antibonding and the
(d) bonding modes of the 6-site honeycomb ring along with the dec-
orated 12-site decorated honeycomb discrete model. (e) The crossing
between the bonding and the antibonding mode for the junction
length l = 0.46a of the honeycomb ring. The modes associated with
the results are shown in (c) and (d), along with the 12-site spring-
mass model that gives agreeable analytical fits (solid lines). The
fundamental eigenmode used for the normalizing frequency ω0 is
shown in Fig. 3(b). The change in the threshold tension T ∗ as a func-
tion of the junction length l demonstrates the geometric tunability as
shown in (f). The open square markers are results from simulations
and the dashed line is a fit to an exponentially decaying function
A + B exp[−Cl], with A ≈ −23.10, B ≈ 2233.14, and C ≈ 7.95.

an additional, secondary degree of freedom, also a ball of
mass m, which encodes the vertical displacement of the
plate at the junction between two resonators (green ball and
spring) with spring constant k̃2. Since the junction between
resonators is narrower than the resonator diameter, the
secondary degree of freedom has a stiffer spring k̃2 > k̃1.
The junction mass is coupled to the fundamental mode
masses by harmonic springs (dark gray) which are prestressed
with a tensile force τ̃ , and a torsional spring (red) which
induces the two tensile springs to be collinear. If y1 and y3

correspond to the vertical displacements of the resonator
degrees of freedom and y2 to that of the junction, the
effect of the tensile and torsional springs is captured in
potential energy contributions Us = τ̃ [(y1 − y2)2 + (y2 −
y3)2]/a and Ub = κ̃ (1 − cos θ ) ≈ 2κ̃ (y1 − 2y2 + y3)2/a2,
respectively.
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Newton’s equations of motion for the coupled spring-mass
system can be written as

m
d2y
dt̃2

+ K̃y = 0, (4)

where y = {y1, y2, . . . } is the vector of vertical displacements,
and K̃ is the stiffness matrix whose entries are obtained by
taking derivatives of the total potential energy in the on-site,
tensed, and torsional springs. For the three-site model of a
coupled resonator pair shown in Fig. 2(a), the stiffness matrix
reads

K̃ =

⎛
⎜⎜⎝

k̃1 + τ̃
�

+ κ̃
�2 − τ̃

�
− 2κ̃

�2
κ̃
�2

− τ̃
�

− 2κ̃
�2 k̃2 + 2τ̃

�
+ 4κ̃

�2 − τ̃
�

− 2κ̃
�2

κ̃
�2 − τ̃

�
− 2κ̃

�2 k̃1 + τ̃
�

+ κ̃
�2

⎞
⎟⎟⎠, (5)

where � is the horizontal spacing between the masses. To build
a discrete model with dimensionless parameters that can be
related to the continuum system, we rescale time and dis-
placements by ω−1

0 and a, respectively. The distance between
primary degrees of freedom yi and yi+2 is also set to be a, so
that � = a/2. In terms of the rescaled time t = ω0t̃ , spring
stiffnesses ki = k̃i/mω2

0, the tension τ = 2τ̃ /amω2
0, and the

torsional stiffness κ = 4κ̃/a2mω2
0, Eq. (5) reduces to

K =

⎛
⎜⎜⎝

k1 + τ + κ −α κ

−α k2 + 2τ + 4κ −α

κ −α k1 + τ + κ

⎞
⎟⎟⎠, (6)

where α = τ + 2κ is the aggregated nearest-neighbor cou-
pling strength. The torsional springs generate next-nearest-
neighbor couplings with strength κ . The nondimensionalized
equation of motion is

d2y
dt2

+ Ky = 0, (7)

and the normal modes uie−iωit of the discrete system are
obtained from solutions of the eigenvalue equation

Kui = ω2
i ui. (8)

For a continuum system with a given set of physical parame-
ters, the parameters of the corresponding discrete model are
obtained by matching the normal mode frequencies of the
modes arising from the fundamental resonator excitations of
the continuum system [38]. The structure and symmetries of
the discrete stiffness matrix provide insights into the spectral
features of the continuum system and their relationship to the
geometry and tunable parameters.

C. Tunable mode-crossing mechanism

The stiffness matrix for arbitrary networks of coupled res-
onators can be built by overlapping blocks of the form of
Eq. (6). As an example of matching discrete and continuum
models which elucidates the mode-crossing mechanism that
generates tunable flat bands, we consider a six-resonator ring
[Fig. 2(b)], which is a recurring motif in the honeycomb and
kagome lattices. We expect the continuum eigenmodes with
the lowest six eigenfrequencies to derive primarily from the
fundamental modes of the individual resonator. For T = 0, the

lowest eigenmode is shown in Fig. 2(c) and can be interpreted
as a combination of fundamental modes in an “antibond-
ing” configuration with displacements on adjacent resonators
bearing opposing signs. The sixth eigenmode is a “bonding”
configuration, shown in Fig. 2(d). The intermediate modes
involve other combinations of the six fundamental modes.

Upon increasing the tension, the antibonding and bond-
ing modes approach each other in frequency, as shown in
Fig. 2(e). At a threshold tension T ∗, the frequencies of the two
modes become degenerate with each other and with the four
intermediate modes. When the tension is increased further,
the bonding mode becomes the lowest in frequency, as dic-
tated by the maximum principle when the Laplacian operator
dominates the plate equation, given by Eq. (2) [38,44,45].
The degeneracy in the coupled modes at T ∗ demonstrates
one mechanism for generating flat bands in a periodic two-
dimensional (2D) array of resonators.

The balance of bending and stretching energy that gives
rise to the mode crossing is made evident in the correspond-
ing discrete model. The discretized six-resonator ring has 12
harmonic degrees of freedom, whose dynamics are dictated
by the 12 × 12 stiffness matrix

K =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

φ1 −α κ . . . . . . κ −α

−α φ2 −α . . . . . . . . . 0
κ −α φ1 −α κ . . . 0
0 0 −α φ2 −α . . . 0
...

. . .
. . .

. . .
. . .

...
...

κ . . . . . . κ −α φ1 −α

−α . . . . . . . . . . . . −α φ2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (9)

where φ1 = k1 + 2τ + 2κ is the on-site net stiffness of the pri-
mary mass and φ2 = k2 + 2τ + 4κ is the on-site net stiffness
of the junction mass. Out of the 12 eigenvectors of the discrete
model, displacements corresponding to the antibonding and
bonding modes can be readily identified [masses and springs
in Figs. 2(c) and 2(d)] and the corresponding eigenfrequencies
are, respectively,

ω2
1 = k1 + 2τ,

ω2
2 = k1 + k2 + 4(τ + 2κ ) − √

U

2
,

(10)

where U = (k1 − k2)2 + 16(τ + 2κ )2. We use these expres-
sions to fit the discrete model to the eigenfrequencies of the
continuum mode. Specifically, we treated k1, k2, and κ as
constants across all tension values, and assumed a linear re-
lationship T = cτ , where c is a constant parameter. Given the
exact frequencies of the discrete model, given by Eq. (10), the
parameter value k1 = 1.01 is fixed by equating it to the square
of the antibonding mode frequency from the continuum model
at T = τ = 0. The complete relationship between frequency
and prestress (tension) for this mode is then quantitatively
recovered by setting c = 95. Having set these two parameters,
the remaining parameters k2 = 10 and κ = 0.018 were fixed
by fitting the analytical form for ω2 from Eq. (10) to the
bonding mode frequency curve from the continuum model.
Through this procedure, we found that the discrete model with
four fit parameters quantitatively captures the dependence of
the normal mode frequencies on the varying tension measured
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in the continuum model [compare symbols to solid lines in
Fig. 2(e)].

The lowest six modes in the discrete model become degen-
erate when the coupling constants satisfy the relation

τ =
√

(2κ )2 + κ (k2 − k1) − 2κ.

For fixed values of the stiffnesses k1, k2, and κ , a tension
can always be found to generate a mode crossing provided
k2 > k1. This constraint on the effective parameters tends to
be satisfied by coupling regions that are narrower than the
typical extent of an individual resonator. Physically, tuning
the relative strength of the tension and bending in the system
has the effect of flipping the sign of the effective interaction
between the primary masses in a tight-binding description;
our model realizes a mechanical analog of a method proposed
for sign control of coupling terms in tight-binding models in
Ref. [46], which also uses a third degree of freedom between
the primary sites to mediate the sign change. As a design
principle, it useful to consider the fundamental mode on each
resonator as a degree of freedom in a tight-binding model.
Each degree of freedom is coupled to degrees of freedom on
neighboring resonators. The strength and sign of the effective
coupling are controlled by the global tension on the plate.
At the degeneracy point, the coupling strength is effectively
zero as bonding and antibonding pairs have equal vibration
frequency; as a consequence, we expect a degeneracy among
all fundamental modes present in the assembly. This mecha-
nism, when applied to an infinite lattice of coupled resonators,
suggests that flat bands will generically be present at special
values of the in-plane tension.

The threshold tension T ∗ occurs at a particular value for a
given geometry, and also sets the frequency of the degeneracy.
Once the geometry is fixed, the system can be moved towards
or away from the degeneracy point, but the frequency of the
degenerate modes cannot be changed. To tune the threshold
tension and the degenerate frequency for a particular resonator
geometry, we can adjust the junction length J relative to the
resonator size a. In Fig. 2(f), we show that the threshold
tension value of the mode crossing in continuum simulations
can be varied significantly by changing the junction length.
Therefore, the changing tension allows dynamical tuning and
the changing geometry allows the threshold tension tuning,
providing two types of tunability in the system. Whereas we
will focus on the effect of changing tension for fixed lattice ge-
ometries in the next section, we mention here that the junction
geometry could also be chosen in advance to target particular
tension ranges or frequency values for the flat band.

III. RESULTS

A. Band structures

We now investigate the consequences of the mode-crossing
mechanism for infinite periodic lattices of resonators. We
restrict ourselves to lattices based on the triangular Bravais
lattice, namely, the triangular, honeycomb, and kagome lat-
tices (Fig. 1) as both non-singular and singular flat bands are
observed within this set of lattices.

We first define variables which will be used among all
lattices. The triangular Bravais lattice is defined by two

FIG. 3. Band structure of the triangular lattice for three different
tension values. (a) Unit cell with the corresponding discrete model
superimposed. (b) The fundamental mode of a circular clamped
plate (r ≈ 0.54a) with frequency ω0 ≈ 34

√
Dρ/a4 for T = 0 and

D = 1. The frequency ω0 is used as the normalizing frequency
throughout this study. (c) Dispersion relation of the lowest band
from finite-element computations for the continuum model (sym-
bols) and analytical evaluation of the discrete model with parameters
obtained by a fit to the continuum model (solid curves/surfaces).
Values are shown along line segments connecting the high-symmetry
points on the left, and for the entire hexagonal Brillouin zone on
the right. The high-symmetry points �, M, and K, and the seg-
ments connecting them, are shown on the surface plot of the band
at T = Tfb for which the band is completely flat. Discrete model
parameters κ = 0.19 and k2 = 2.62 are held constant for all ten-
sion values. The fit parameters τ and k1 for different tensions T
are T = 1 → {τ, k1} ≈ {0.39, 0.36}, T = 95.6 ≡ Tfb → {τ, k1} ≈
{0.59, 1.06}, and T = 240 → {τ, k1} ≈ {0.73, 1.78}.

primitive lattice vectors a1 = (a, 0) and a2 = (a/2,
√

3a/2).
For convenience, we define the third vector a3 = a2 − a1 =
(−a/2,

√
3a/2). The vector q = (qx, qy) denotes the crystal

momentum. The following variables allow us to succinctly
present stiffness matrices for the discrete models: γi = eiq.ai

and ζi = 1 + γi, with γ∗ and ζ∗ denoting their respective
complex conjugates.

1. Triangular lattice

In the thin-plate continuum metamaterial system, the tri-
angular lattice is a Bravais lattice and can be transformed
into either the honeycomb lattice or the kagome lattice by
removing subsets of sites, as seen in Fig. 1. The Brillouin zone
of the triangular lattice is a hexagonal region in momentum
space, and the bands have three high-symmetry points marked
as �, M, and K; see labels in Fig. 3(c) and Fig. 5(b). The unit
cell in the continuum model has a single resonator [Fig. 3(a)]
and therefore the lowest-frequency band is associated with
the fundamental modes on individual resonators, as we verify
by examining the numerically computed eigenfunctions for
states from the lowest band. The continuum dispersion rela-
tions were calculated by sampling 31 evenly spaced points
along the segments connecting the high-symmetry points in
the Brillouin zone [symbols in Fig. 3(c)].

At low tension [T = 1 in Fig. 3(c)], the q = 0 mode
has the largest frequency in the band, consistent with the
“bonding” configuration being of higher frequency than the
“antibonding” configuration because the displacements on all
resonators have the same phase at q = 0 [38]. At high tension
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FIG. 4. Band structures of the honeycomb lattice for three dif-
ferent tension values. (a) Unit cell with the corresponding discrete
model superimposed. (b) An example eigenmode of the unit cell
at the symmetry point M of the Brillouin zone is shown along
with the corresponding discrete model. The discrete model also
has a torsional spring which is activated due to the bending at the
junction replicating the bending stiffness of the continuum model.
(c) Dispersion relations of the lowest two bands from the con-
tinuum (symbols) and discrete (curves/surfaces) models at three
different tension values. Values are shown along line segments
connecting the high-symmetry points on the left, and as a surface
plot over the entire hexagonal Brillouin zone on the right. Note
that there are two bands in all three surface plots, but they ex-
actly coincide for T = Tfb. Parameters κ = 0.19 and k2 = 2.62 are
held constant. The fit parameters τ and k1 for different tensions
T are T = 1 → {τ, k1} ≈ {0.39, 0.74}, T = 82.1 ≡ Tfb → {τ, k1} ≈
{0.59, 1.28}, and T = 200 → {τ, k1} ≈ {0.68, 1.91}.

(T = 240), the relative frequencies at the band center and
the band edges have flipped, and q = 0 now bears the lowest
frequency, consistent with a flip in the order of bonding and
antibonding configurations. At a specific value of the tension
T = Tfb = 95.6, the band is completely flat across all sampled
points, showing that the degeneracy mechanism observed for
the six-resonator ring gives rise to a flat band at a fine-tuned
parameter value. Since the lowest band is isolated from higher
bands and does not touch any other band, the flat band at Tfb is
a non-singular band, as a singularity can only occur at a band
touching point.

While the continuum model is in the triangular lattice form,
the discrete model is a decorated triangular lattice since an
extra lattice point is required to model the junction between
each resonator, as shown in Fig. 1(a). The unit cell of the
discrete model has four degrees of freedom, resulting in four
frequency bands. The 4 × 4 matrix describing the Bloch bands
of the periodic lattice in the discrete model is

KT(q) =

⎛
⎜⎜⎜⎜⎝

V1 − 2κ
∑

cos q.ai αζ∗
3 αζ∗

2 αζ∗
1

αζ3 V2 0 0

αζ2 0 V2 0

αζ1 0 0 V2

⎞
⎟⎟⎟⎟⎠

, (11)

FIG. 5. Band structures of the kagome lattice for three different
tension values. (a) Unit cell with the corresponding discrete model
superimposed. (b) Brillouin zone of the kagome lattice, with high-
symmetry points marked. (c) Band structures from the continuum
model (symbols) and discrete model (solid curves/surfaces) show
that there is always one band that is flat (circular red open markers)
for all values of tension. At the threshold tension of the crossing point
between the bonding and the antibonding eigenmode, all three bands
become degenerate and flat. Parameters κ = 0.19 and k2 = 2.62 are
held constant. The fit parameters τ and k1 for different tensions
T are T = 1 → {τ, k1} ≈ {0.39, 0.48}, T = 87.5 ≡ Tfb → {τ, k1} ≈
{0.59, 1.08}, and T = 220 → {τ, k1} ≈ {0.71, 1.79}.

where V1 = k1 + 4τ + 6κ is the on-site stiffness for the pri-
mary degree of freedom and V2 = k2 + 2τ + 4κ is the on-site
stiffness for the secondary degrees of freedom. The frequency
bands are then solved via |K(q) − ω(q)2I| = 0, giving rise to
four bands. When k2 > k1, the lowest band includes eigen-
vectors whose displacements are significantly larger for the
primary degree of freedom than for the secondary degrees
of freedom, consistent with our assignment of the resonator
and junction displacements with the primary and secondary
oscillators, respectively.

To fix the discrete model parameters, we used a fit of
the analytical form for the lowest eigenfrequency from the
discrete model to the numeric nondimensionalized frequen-
cies ω/ω0 for the lowest band from the continuum model
along the line segments connecting the symmetry points �,
M, and K. The numerically obtained frequencies from the
continuum model (symbols) are compared to the fitted an-
alytical solution for the lowest eigenfrequency of Eq. (11)
(curves) in the left column of Fig. 3(c), showing good agree-
ment at all three tension values. We were able to obtain
a quantitative fit across the Brillouin zone by keeping the
parameters κ and k2 fixed across all values of T , and al-
lowing both k1 and τ to vary at each T value (see caption
to Fig. 3 for fit parameter values). The variation in both the
tensile force and the on-site harmonic stiffness in the discrete
model reflects the fact that changing the continuum tension
modifies the fundamental mode frequency on each resonator,
and also influences the coupling between modes on adjacent
resonators.
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In the discrete model, the lowest band becomes completely
flat (i.e., the eigenfrequency has no q dependence) at a pa-
rameter value τ that is related to the other discrete parameter
values via

τ =
√

(3κ )2 + κ (k2 − k1) − 3κ. (12)

If we treat the stiffnesses k1, k2, and κ as fixed and the
spring tension τ as a variable parameter, we can find a real
value of τ that generates a flat band as long as k2 > k1.
This requirement tends to be satisfied for fits of our dis-
crete model to continuum data across different geometries
and tension values, and reflects the physical constraints to
the model for narrow junctions: displacements at the junc-
tions cost more elastic energy than the same displacements
at the center of the resonators, which translates to a higher
stiffness for the junction degrees of freedom in the discrete
model.

2. Honeycomb lattice

The honeycomb lattice is built by decorating the triangu-
lar Bravais lattice with a two-resonator unit shell, shown in
Fig. 4(a). Consequently, the lowest two bands in frequency are
associated with the fundamental resonator modes. We expect
a dispersion similar to that of the tight-binding honeycomb
lattice, used as a basic model for electrons in graphene [47]:
the two bands touch each other at the six corners of the
Brillouin zone and exhibit a linear dispersion in the vicinity
of the band touchings [Fig. 4(c)]. At low tension, the effective
coupling between the fundamental modes is negative, and the
lowest-frequency mode of the lowest band at q = 0 is an
antibonding state where each sublattice of the honeycomb lat-
tice shares in-phase displacements of the fundamental modes,
but the two sublattices have displacements of opposite sign
compared to each other. Upon increasing the tension, we cross
through a point T = Tfb = 82.1 at which the effective cou-
pling of the fundamental modes becomes zero. At this point,
the two bands become flat and degenerate. As the tension
is increased further, the bands again separate, but the lowest
band is now associated with a bonding configuration with all
displacements in-phase at q = 0, analogous to a tight-binding
model with positive couplings.

The discretized version of the resonator lattice is a dec-
orated honeycomb lattice, as shown in Fig. 4(a). The 5 × 5
stiffness matrix encapsulating the coupled discrete degrees of
freedom in the decorated honeycomb lattice is

KH(q) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

VH1 α −κ (ζ∗
2 + γ∗

3 ) αγ∗
2 αγ∗

3

α V2 α 0 0

−κ (ζ2 + γ3) α VH1 α α

αγ2 0 α V2 0

αγ3 0 α 0 V2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(13)

where VH1 = k1 + 3τ + 3κ is the on-site term for the primary
degrees of freedom. When k2 > k1, the two lowest-frequency

bands are well separated from the three higher bands and
represent the modes for which the primary degrees of freedom
have much larger displacements than the secondary degrees
of freedom. The analytical expressions for these two bands
[solid curves in Fig. 4(c)] are fit to the numerically computed
frequencies from the continuum model (symbols) for points
along the line segments connecting the high-symmetry points
in the Brillouin zone. In the discrete model, two degenerate
flat bands occur when the parameter τ satisfies

τ =
√

(5κ/2)2 + κ (k2 − k1) − 5κ/2. (14)

The change in lattice topology gives rise to a different expres-
sion for flat bands compared to that for the triangular lattice,
given by Eq. (12). As with the triangular lattice, a real value
of τ can be found which satisfies the above condition as long
as k2 > k1.

3. Kagome lattice

The flat bands in the triangular and honeycomb lattices
require fine tuning of the global in-plane tension on the
resonator system: the bands in question generically have a
nonuniform dispersion relation and become dispersion free
only at a special tension value for a particular geometry.
This behavior is anticipated by the tight-binding dispersion
relations of the same lattices, which display flat bands only
when the nearest-neighbor coupling is set to zero. Such flat
bands do not arise from the real-space lattice topology and are
non-singular. By contrast, the kagome lattice is an example
of a lattice which, in a tight-binding description, generically
exhibits a flat band due to its lattice topology. The flat band
is singular by virtue of a discontinuity in its Bloch eigen-
states at a quadratic band touching with its neighboring band
[26,28].

To replicate this mechanism in our mechanical system, we
built a kagome lattice of resonators using a three-site unit
cell, shown in Fig. 5(a); the bands of interest are the three
lowest-frequency band. Consistent with the tight-binding ex-
pectation, we find a flat band guaranteed by the lattice
topology at all tension values in the continuum system [high-
lighted in orange in Fig. 5(c)]. The flat band touches the
adjacent dispersive band at q = 0, whereas the third band and
second band touch at the six corners of the Brillouin zone. The
band structures at low and high tension are consistent with that
of a tight-binding kagome lattice model with a change in sign
of the hopping term between T = 1 and T = 220, so that the
flat band shifts from the bottom to the top in order of frequen-
cies. At the point of the sign change, the effective coupling of
the three primary degrees of freedom becomes zero, and we
observe three degenerate flat bands at T = Tfb = 87.5.

The kagome lattice in the continuum model corresponds to
a decorated kagome lattice in the discrete model with three
primary and six secondary degrees of freedom in the unit
cell, as shown in Fig. 5(a). The corresponding 9 × 9 stiffness
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matrix is

KK(q) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

V1 α −κζ∗
2 0 αγ∗

2 0 αγ∗
1 −κζ∗

1 α

α V2 α 0 0 0 0 0 0

−κζ2 α V1 α α α 0 −κζ3 0

0 0 α V2 0 0 0 αγ3 0

αγ2 0 α 0 V2 0 0 0 0

0 0 α 0 0 V2 0 α 0

αγ1 0 0 0 0 0 V2 α 0

−κζ1 0 −κζ∗
3 αγ∗

3 0 α α V1 α

α 0 0 0 0 0 0 α V2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (15)

where the on-site terms V1 and V2 for the primary and
secondary sites are the same as for the triangular lattice.
The lowest three bands of the discrete model display the
same behavior as of the continuum model: a flat band ex-
ists at all tension values and touches a dispersive band at
q = 0. At low values of τ , the flat band has the lowest
frequency; at high values of τ , the order of the lowest
three bands is inverted and the flat band has the highest
frequency of the three bands (albeit still lower than the
frequencies of the other six bands in the discrete model).
The threshold separating these two situations occurs when

τ =
√

7κ2 + κ (k2 − k1) − 3κ. (16)

At this value of the tensile force in the discrete model,
the three bands become degenerate and dispersion free,
giving rise to a triply degenerate flat band. The thresh-
old τ value is always real when k2 > k1. However, it can
be negative if k2 < k1 + 2κ . Note that negative values of
the tensile force τ in the coupling springs of the dis-
crete model are physically allowed, just as negative values
of the tension T are allowed in the continuum model.

B. Flat-band singularity and Hilbert-Schmidt distance

The band structure of the kagome lattice is distinct from
that of the triangular and honeycomb lattices in exhibiting
a degeneracy between the flat band and the dispersive band
that is nearest in frequency at the crystal momentum q = 0.
The adjacent band has a quadratic dispersion relation near
the touching point, and the degeneracy is termed a quadratic
band touching (QBT). QBTs of flat bands can be classified as
singular or non-singular depending on the presence or absence
of a discontinuity in the Bloch eigenfunctions of each band at
the touching point, which cannot be removed through a local
gauge transformation [26].

A signature of a singular QBT is that Bloch eigenstates of
different crystal momenta that are close to the QBT do not
overlap, but instead differ from each other by a finite amount
even as the momenta at which they are evaluated become
arbitrarily close to each other. This difference is quantified by
the Hilbert-Schmidt distance [27,32],

dq1,q2
=

√
1 − |〈vq1

|vq2
〉|2, (17)

where vq1
and vq2

are two eigenstates from the same band
at momenta q1, q2 that are infinitesimally close to each other
near the QBT. As the distance between the two momenta tends
to zero, in the absence of a singularity the Hilbert-Schmidt
distance should tend to zero as well since the inner product
of two identical normalized eigenstates is unity. However, for
singular flat bands, the metric becomes nonzero due to the
immovable discontinuity in the Bloch eigenstates at the QBT.
For quantum mechanical states, the Hilbert-Schmidt distance
represents a distance between eigenstates using the metric de-
fined by the real part of the quantum geometric tensor [48]; the
imaginary part of this tensor is the Berry curvature [49]. In the
quantum context, the Hilbert-Schmidt distance (also termed
the quantum distance) is a geometric feature of Bloch states
in the Hilbert space with measurable physical consequences.
In particular, the maximal value of dq1,q2

evaluated for all
possible momentum pairs for the flat band has been shown
to dictate the spread of Landau level energies in a magnetic
field [32].

To investigate whether the flat band of the kagome lattice
in our phononic system also exhibits a singular QBT, we
numerically evaluated the Hilbert-Schmidt distance between
Bloch eigenvectors at q1 = (q, 0) and q2 = (0, q) as q → 0
for the lowest three bands of the discrete model [see inset
to Fig. 6(a) for the position of the momenta]. For discrete
model parameters corresponding to T < Tfb [Fig. 6(a)], the
flat band (band 1) and the next-highest band (band 2) both
exhibit the maximal possible value of dq1,q2

= 1 as the QBT
at q = 0 is approached, showing that the QBT is singular. By
contrast, the third band exhibits a Hilbert-Schmidt distance
between the two states that approaches zero as q → 0, which
is the expected behavior in the absence of a singularity. When
the tension is increased beyond the point where three flat
bands arise [T > Tfb; Fig. 6(b)], the flat band is now third in
order of frequency (band 3) and touches band 2 at the origin;
the corresponding Hilbert-Schmidt distances again remain at
one even as q → 0, whereas the separated band (now the
lowest band, band 1) is non-singular. We can confirm that the
singularity follows the QBT by tracking the Hilbert-Schmidt
distance of the three bands for q close to zero in a discrete
model with τ varied near the value corresponding to Tfb;
the maximally singular QBT is apparent on either side of the
transition. Exactly at T = Tfb, the three bands are degenerate
at all values of q and numerical evaluation generates arbitrary
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FIG. 6. Hilbert-Schmidt distance computed from the lowest three bands of the discrete kagome lattice model, which correspond to
the vibrational states built from the fundamental modes of the three resonators in the unit cell. Bands 1–3 are ordered according to the
eigenfrequency value; the legend is shared by all panels. (a) Discrete model corresponding to T < Tfb in Fig. 5, for which band 1 is the flat
band which touches band 2 at q = (0, 0). Inset: The two crystal momenta (blue dots) at which the eigenstates are compared; the singular point
is approached by setting the radius q of the circle arbitrarily close to zero. (b) Discrete model corresponding to T > Tfb in Fig. 5, for which
band 3 is the flat band which touches band 2 at q = (0, 0). (c) Hilbert-Schmidt distance of the three bands with q = 10−5a when the discrete
tension value τ is varied near the value corresponding to the flat band T = Tfb.

superpositions of Bloch eigenvectors from the three bands, so
the Hilbert-Schmidt distance of each individual band cannot
be computed.

C. Robust boundary modes

The calculations of the maximal Hilbert-Schmidt distance
in the vicinity of the band touching at q = (0, 0) show that the
discrete kagome lattice model harbors a singular flat band at
tension values away from Tfb, and therefore supports robust
boundary modes (RBMs) as the boundary manifestation of
noncontractible loop states (NLSs) [26]. We therefore hy-
pothesize that the continuum model also supports RBMs. To
test this hypothesis, we constructed RBMs in the continuum
model and investigated their dynamics according to the plate
equations, given by Eq. (2). RBMs were constructed in the
kagome lattice by placing a CLS [Fig. 7(a)] throughout all
the lattice sites of a finite section of the kagome lattice, as
shown in Fig. 7(b). In the bulk, individual CLSs interfere
destructively, leading to net zero displacements, with the dis-
placements surviving only at the edges.

Dynamical simulations reported in the top row of Fig. 7(c)
show that the RBM remains confined to the boundary over
hundreds of cycles, even though the system harbors many
additional states in its interior at the same frequency ω0

(the flat-band frequency). This robustness arises because the
RBMs are vestiges in a finite system of noncontractible loop
states (NLSs)—linelike flat-band states that loop around peri-
odic directions in the absence of boundaries [26]. Whereas the
CLSs form a spanning set for the space of eigenstates in a non-
singular flat band, they do not span that space when the flat
band is singular; additional NLSs are required to completely
span the space of eigenstates belonging to the flat band. In a
finite section of the lattice with a boundary, the NLSs man-
ifest as closed edge states which loop around the boundary;
these are the RBMs. The RBMs cannot be disconnected by
adding or subtracting CLSs around the boundary; a closed
loop of resonators oscillating with alternating phases is always
maintained.

Motivated by explorations of RBMs in photonic systems
[34], we verified the robustness of the RBM against being
disconnected by initializing the full-wave simulation with a
perturbed version of the boundary mode, with the displace-
ment set to zero on two adjacent resonators [bottom row of
Fig. 7(c)]. Despite this large perturbation of the initial state
at two sites, the RBM is still recovered at long times and the
perturbed sites initiated with zero displacements recover their
displacements without the RBM falling apart or leaking en-
ergy to the bulk. These results suggest that singular flat bands
can be exploited to generate robust edge modes in phononic
metamaterials.

IV. DISCUSSION

We have theoretically and numerically investigated the
vibrational properties of planar resonator lattices whose
phononic spectra are designed to harbor non-singular and
singular flat bands. The phononic band structures of the lat-
tices can be dramatically modified by changing the in-plane
mechanical tension, which enables the structures to be tuned
to a state with an isolated flat band (for the triangular lattice),
two degenerate flat bands (honeycomb lattice), or three de-
generate flat bands, one of which remains flat at all tension
values (kagome lattice). The behavior of the relevant bands is
captured in a reduced discrete model of harmonic degrees of
freedom on individual resonators, coupled to their neighbors
via auxiliary degrees of freedom. The discrete model eluci-
dates the mechanism underlying the lack of dispersion for
certain bands at particular tension values, and establishes the
singular nature of the persistent flat band in the kagome lattice.
We demonstrated the presence of robust boundary modes,
which derive from extended states belonging to the singular
flat band that are guaranteed to exist by topology, in a finite
section of a kagome lattice.

Our study indicates that engineered plate resonator ar-
rays could serve as a versatile tunable platform for exploring
flat-band physics. Despite the formal differences between the
governing equations of the mechanical system that we have
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FIG. 7. Robust boundary mode (RBM) created by placing the compact localized states throughout the kagome lattice. (a) The compact
localized state is a flat-band state and is derived from eigenmode analysis. (b) Placing such modes around the sites labeled 1–16 in the finite
section of the kagome lattice creates the RBM. The destructive interference in the bulk leads to nonzero displacements only on the boundary
resonators. (c) Dynamical evolution of the energy density during full-wave simulations starting from the initial displacements in (b) (top), and
with a perturbed initial condition in which the displacements on two resonators are set to zero (bottom). The tension is set to T = 1 in the
dynamical simulations. Snapshots are shown at intervals of 250 units of the rescaled time t̃ .

studied [Eq. (1)] and the Schrödinger-like equations govern-
ing light propagation in photonic waveguide lattices under the
paraxial approximation [33–36,50], our discrete model reveals
that the mechanical system harbors flat bands whose singular
nature and edge mode behavior parallel those of the photonic
systems. The tunable balance between the biharmonic and
Laplacian contributions to the governing equations, absent in
photonic systems, enables the tuning of the resonator system
toward and away from the flat-band state postfabrication, as
our computations demonstrate.

Experimental implementations of our proposal would re-
quire thin-plate or membrane resonator arrays with patterned
boundary constraints and tunable in-plane tension; these
have been achieved in micromechanical systems [39,42] with
lattice spacing of the order of microns. Single- or few-atomic-
layer graphene membranes (corresponding to the gray areas
in Fig. 1) are suspended over voids fabricated in semiconduc-
tor substrates with the desired metamaterial geometry (blank
areas in Fig. 1), and the edges are restricted by the adhesion
of the membrane to the substrate at the void boundaries (black
curves in Fig. 1). A two-dimensional membrane-based system
with patterned fixed boundaries was realized in Ref. [51]. Ten-
sion modulation could be achieved via electrostatic [39,40]
or thermally induced [41] prestresses. Alternatively, res-
onators based on MXenes with thermally responsive rigidity
[52] and stiffness greater than graphene [53] could serve
as possible candidates for micromechanical experimental
realizations.

At larger scales (lattice spacing of the order of millimeters),
it could also be experimentally feasible to recreate the desired
boundary geometry by embedding stiff, massive inclusions in

the shapes of the voids of the lattice pattern (blank areas in
Fig. 1) into an elastic plate [54], thereby suppressing vertical
deflections in the void regions to approximate the clamped
internal geometries of the desired lattices. Arrays of stiff,
massive pillars with bases shaped like the voids and adhered
onto the plate could exert a similar influence [55]. The global
plate tension could be modulated by applying edge loads
to the outer plate boundary or by thermally expanding or
shrinking the plate while keeping the outer boundaries fixed.
Since the inclusion or pillar boundaries would only provide
an approximation of the strict clamped boundaries assumed in
our work, the mapping to the discrete model would have to
be modified to incorporate the true boundary conditions, but
we expect that the predicted tunability of the band structures
could still be achieved in such plate metamaterials provided
the vibration suppression due to the void-shaped inclusions or
pillars is sufficiently large.

While we have highlighted robust boundary modes as a
specific example of exotic flat-band physics in our system,
our platform could be used or modified to investigate other
properties of flat bands as well. As we have shown, our system
exhibits degenerate pairs and trios of flat bands for certain
geometries and tensions. The quantum geometry of degener-
ate flat bands is known to harbor unusual properties such as
nonadditivity of the quantum metric [56]; our system provides
a classical platform in which to investigate the consequences
of such nontrivial geometry of the Bloch eigenfunctions. The
effect of a gauge potential, particularly a magnetic field, can
be synthesized in the vibrational spectrum of mechanical
systems via spatial modulation of the resonator geometry
or tension [57–61]; using such techniques, the interplay of
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magnetic fields and singular flat bands [32] could be inves-
tigated in mechanical resonator networks.

Beyond questions of fundamental interest, the exotic vi-
brational states enabled by flat bands could serve as the basis
of phononic metamaterials with useful properties. The ability
to tune the dispersion towards and away from a flat band
using tension modulation could be used to manipulate or arrest
the motion of sound pulses [38]. Periodic modulation of the
background tension near the flat-band value could be used
to parametrically amplify vibrations in flat-band states [62];
since all states in the flat band would resonate at the same
parametric modulation frequency, multispectral signals could
be amplified without loss of fidelity. The doubly degenerate
flat bands in the honeycomb lattice can be used to engineer
vibrational states with spinlike degrees of freedom that ex-
hibit non-Abelian responses, which have been proposed as a
platform for mechanical computation [63]. More generally,
our work suggests that the collective vibrations of coupled
resonators can be used to implement mechanical analogues of
two-dimensional tight-binding models [64], with the possibil-
ity of controlling the strength and sign of the coupling terms
[46] through tension modulation after fabrication.
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APPENDIX: FINITE-ELEMENT ANALYSIS
OF CONTINUUM MODEL

Finite-element analyses were done in the commercially
available package COMSOL MULTIPHYSICS. The general form
pde module was used to define an eigenvalue problem based

on a fourth-order partial differential equation describing thin-
plate elasticity,

∇ · [(uxxx + 2uxyy − Tux )x̂ + (uyyy − Tuy)ŷ] = λu, (A1)

where subscripts denote partial derivatives of u with respect
to those coordinates. The Dirichlet boundary condition u = 0
and Neumann boundary conditions ux = uy = 0 satisfy the
clamped boundary condition. Simplifying the equation (A1)
gives ∇4u − T ∇2u = λu, which is the desired eigenvalue
problem. The simulation methods were tested by comparing
numerically derived eigensolutions for the square Laplacian
plate (setting D → 0) and circular clamped biharmonic plate
(setting T → 0) to known analytical results.

The continuum thin-plate resonator model has infinitely
many bands, of which a subset is obtained numerically. In
this study, we focused solely on the bands corresponding
to the fundamental modes, which are built primarily from
the lowest-frequency modes of individual resonators. This is
apparent from the mode shape of the Bloch eigenfunction in
the continuum model which mirrors the mode shape of the
single-resonator fundamental mode.

The full-wave dynamical simulations were performed by
adding the second-order time derivative term to the partial
differential equation,

∂2u

∂t2
+ ∇4u − T ∇2u = 0. (A2)

Mesh details for the finite-element analysis. A custom
mesh in COMSOL was used for the finite-element analysis.
Element-size parameters for the mesh are as follows: maxi-
mum element size = 0.08, minimum element size = 1.5 ×
10−4, maximum element growth rate = 1.2, curvature factor
= 0.25, and resolution of narrow regions = 1.

A time step of 0.01 was used in the time-dependent solver
called the generalized alpha.
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