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DISSERTATION ABSTRACT

Alonso Delfin Ares de Parga
Doctor of Philosophy
Department of Mathematics
June 2023

Title: C*-Correspondences, Hilbert Bimodules, and their L? versions.

This dissertation initiates the study of LP-modules, which are modules over
LP-operator algebras inspired by Hilbert modules over C*-algebras. The primary
motivation for studying LP-modules is to explore the possibility of defining LP
analogues of Cuntz-Pimsner algebras.

The first part of this thesis consists of investigating representations of
C*-correspondences on pairs of Hilbert spaces. This generalizes the concept of
representations of Hilbert bimodules introduced by R. Exel in [10]. We present
applications of representing a correspondence on a pair of Hilbert spaces (Ho, H1),
such as obtaining induced representations of both £4(X) and K4(X) on H;, and
giving necessary and sufficient conditions on an (A, B) C*-correspondences to
admit a Hilbert A-B-bimodule structure.

The second part is concerned with the theory of LP-modules. Here we
present a thorough treatment of LP-modules, including morphisms between them
and techniques for constructing new LP-modules. We then use our results on
representations for C*-correspondences to motivate and develop the theory of LP-

correspondences, their representations, the LP-operator algebras they generate, and

v



present evidence that well-known LP-operator algebras can be constructed from LP-
correspondences via LP-Fock representations. Due to the technicality that comes
with dealing with direct sums of LP-correspondences and interior tensor products,
we only focus on two particular examples for which a Fock space construction

can be carried out. The first example deals with the LP-module (¢, ¢2), for which
we exhibit a covariant LP-Fock representation that yields an LP-operator algebra
isometrically isomorphic to O, the LP-analogue of the Cuntz-algebra O, introduced
by N.C. Phillips in [21]. The second example involves a nondegenerate LP-operator
algebra A with a bicontractive approximate identity together with an isometric
automorphism ¢4 € Aut(A). In this case, we also present an algebra associated

to a covariant LP-Fock representation, but due to the current lack of knowledge of
universality of the LP-Fock representation, we only show that there is a contractive
map from the crossed product FP(Z, A, p4) to this algebra.

This dissertation includes unpublished material.
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CHAPTER I

INTRODUCTION

Broadly speaking, the principal goal of this work is to initiate the study of
modules over LP-operator algebras, taking Hilbert modules over C*-algebras as
a starting point. We refer to these objects as LP-modules (see Definition |5.1.1)).
The main motivation for examining such objects was to answer the question of
whether there is an analogue of Cuntz-Pimsner algebras (see [24] and [14]) for LP-
operator algebras. To attempt to answer this question, we developed the theory of
LP-correspondences (see Definition , their representations, and the LP-operator
algebras they generate. While more work is needed to fully answer the motivating
question, this work presents evidence that some well-known LP-operator algebras
can be constructed from LP-correspondences. Furthermore, we believe that the use
of LP-modules as a tool to study LP-operator algebras can be compared to the use
of Hilbert modules to study C*-algebras (e.g., Morita equivalence and K-theory).
Therefore, part of this work also presents a thorough treatment of LP-modules,
including morphisms between them that generalize the notions of adjointable maps
between Hilbert modules, and also presents techniques to get L” modules from old
ones such as direct sums and tensor products.

Given the nature of this work, it can be separated into two main components.
The first component is C*-algebraic in nature and is discussed in Chapters [lIj and
11, The second component uses some of the theory developed in the C* scenario
to motivate definitions for the L? case, which is discussed in Chapters [V] and [V}
We have also included a chapter which covers preliminary results on L” operator

algebras; see Chapter [[V] Most of these results are known and already established,
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but will be needed throughout the LP component of this work. In Chapter [[V], we
have also provided a brief introduction to multiplier algebras for Banach algebras,
which will be only used for LP-operator algebras but was worth presenting in its

full generality. Finally, in Chapter [VII, we describe some future directions of work

related to LP-modules.

C*-component

Chapter [[]] contains basic definitions and known results about Hilbert
modules and bimodules that will be needed throughout this work. We also present
a key proposition that will be used later on, but that we did not find in the
current literature (see Proposition and Remark . Similarly, we have
recorded in Chapter [[I| basic definitions regarding C*-correspondences, their Fock
representations, and both the Toeplitz and Cuntz-Pimnser algebra generated by the
universal Fock and covariant Fock representations of a C*-correspondence. We have
included detailed proofs of some instances in which Toeplitz and Cuntz-Pimnser
algebras are isomorphic to well known C*-algebras. In particular, this chapter also
contains a detailed analysis of the Fock correspondence of a C*-algebra A, together
with ¢ € Aut(A), via the standard Hilbert module ¢*(Zso) ® A. This approach will
provide a framework that will be utilized in our attempts to get an LP-version of
the isomorphism O(A, p) = C*(Z, A, ¢) from Example

We then turn to Chapter [T, which is based on [§]. The main goal of the
chapter is to generalize the notion of representations of Hilbert bimodules on pairs
of Hilbert spaces to the general setting of C*-correspondences. If A and B are C*-
algebras, a representation of a Hilbert A-B-bimodule X on a pair of Hilbert spaces

(Ho, H1) was defined by R. Exel in [I0] as a triple of maps (w4, 75, 7x), where



4 is a representation of A on H,, mp is a representation of B on Hg, and 7y :
X — L(Ho, H1) is a linear map, such that mx(X) has the Hilbert (m4(A), 75(B))-
bimodule structure where both module actions and both inner products are given
by multiplication of operators. See Definition for more details. That such
representations do exist is shown in Propositions 4.7 and 4.8 of [I0]. In Theorem
3.3.2] we represent an (A, B) C*-correspondence on a pair of Hilbert spaces in a
way that generalizes representations of Hilbert bimodules. The methods we use
differ significantly from those used in [10] and [29] for analogous results for Hilbert
bimodules and Hilbert modules. In particular, our methods do not rely on the
linking algebra but can be easily adapted to work in the Hilbert bimodule setting,
making our notion of representations of C*-correspondences more general. Indeed,
in Theorem we adapt our methods from the C*-correspondence case to show
the existence of a representation (74, 7g, mx) for any Hilbert A-B-bimodule X on
a pair of Hilbert spaces (Hg, H1). In contrast with the results from [10], we give
an explicit formula for the map mx. This explicit formula is crucial in our proof
of Theorem [3.3.7} where we give necessary and sufficient conditions for an (A, B)
C*-correspondence to admit a Hilbert A-B-bimodule structure.

A main advantage of having a right Hilbert module represented as a subspace
of L(Ho, H,) is that, assuming some nondegeneracy conditions, the C*-algebras

of adjointable maps and compact-module maps of the module can be faithfully

represented on ;. Indeed, this is shown in Propositions [3.1.4} [3.1.5 and [3.2.8]

These representations have not been studied in the current literature. However,
they play an important role in our definitions for morphisms between LP-modules,

which in turn allow us to define LP-correspondences.



LP-component

Chapter [[V] contains all the necessary background and references for LP-
operator algebras. This includes the main tools needed to define O, the L?
analogues of the Cuntz algebras introduced by Phillips in [21]. Here, we also
present some basic constructions needed to get new LP-operator algebras from old
ones, such as the spatial tensor product ®, and the crossed products F?(G, A, a),
and FP(G, A, «) from [22]. We also provide proofs of analogues of some basic well
known results for C*-algebras that also hold when a nondegenerate LP-operator
algebra has a contractive approximate identity. Examples of this include statements
about multiplier algebras for Banach algebras (Proposition m, Theorem m,
and Proposition , and also the fact that every nondegenerate representation
C.(G,A, o) — L(LP(u)) which is L'-norm contractive is contractive with respect
to the universal norm of F?(G, A, a) (Proposition [£.5.2). All these results play
important roles when dealing with LP-operator algebras generated by LP-Fock
representations of an LP-operator algebra A.

In Chapters[V] and [V we take advantage of our results from Chapter [[T]] for
representations on Hilbert modules and C*-correspondences to naturally define
LP-modules and LP-correspondences. The main idea is that we are replacing
Hilbert spaces with LP-spaces. Indeed, roughly speaking, our Definition [5.1.1
for an LP-module (X,Y) comes by looking at the conditions satisfied by the pair
(mx(X), mx(X)*) in Definition [3.2.5] A consequence of this definition is that any
LP-module (X,Y) over an LP-operator algebra A comes equipped with a pairing
Y x X = A. Those LP-modules for which their norm can be recovered using such
pairing are called C*-like LP-modules, so that any Hilbert module over a C*-algebra
A is actually a C*-like L?-module. We then further develop the general theory of

4



LP-modules by presenting their finite direct sums, countable direct sums, external
tensor products, and finally the notion of morphisms from an LP-module to itself,
which we denote by £4((X,Y)); see (5.5.1)). The algebra £4((X,Y)) is also an L?-
operator algebra and is a natural generalization of the adjointable maps for Hilbert
modules. Similarly, in we define K4((X,Y)), a generalization of compact-
module maps in the Hilbert module setting. The definition of “adjointable” maps
from an LP-module to itself naturally gives rise to the concept of LP-correspondence
(Definition . Since we have shown that representations of C*-correspondences
on pairs of Hilbert spaces are, in some sense, well behaved with respect to the
interior tensor product (Theorem , we deduce from there an analogous
interior tensor product construction for the L” case (see Definition [6.2.1). Having
all these tools at our disposal while working with LP-correspondence provides
evidence that we should be able to carry an analogue of Fock representations
(Definition and the Fock space construction (see Definitionf2.4.4) for L?-
correspondences.

We introduce the concept of LP-Fock representation and its covariant version
in Definition and Definition [6.3.5] Thus, considering universal representations,
we can also make sense, at least in principle, of both Toeplitz and Cuntz-Pimsner
LP-operator algebras for LP-correspondences. However, given that our current
definition of countable direct sums of LP-modules (Definition is not easy to
deal with for an abstract correspondence, we did not attempt a general analogue
of the Fock space construction. Instead, we focused on two particular examples
for which the countable direct sum is tractable and show that a Fock space
construction can be carried out for those examples. The first example deals with

the LP-module (¢4, (), where d € Zss and ¢ is the Holder conjugate for p. This



module can be made into an LP-correspondence for which we exhibit a covariant
LP-Fock representation via a Fock space construction. Furthermore, in Theorem
we show that the algebra generated by such a representation is actually
isometrically isomorphic to OF. It still remains open whether this comes from

the universal LP-Fock covariant representation as in the C*-case. The second
example comes from considering a nondegenerate LP-operator algebra A with

a bicontractive approximate identity. In this case the pair (A4, A) is a C*-like
LP-module and can be made into an LP-correspondence by adding an isometric
automorphism ¢4 € Aut(A). We use the fact that, for this correspondence, the
direct sum of the tensor correspondences can be computed in a simple fashion

as a tensor product (in fact both external and internal constructions coincide

for this particular case, as pointed out by Remark to define a Fock space
(FP(A), F1(A)). Moreover, with some care, we can actually mimic the C*-situation
(presented in Proposition and its Corollary to define a covariant LP-
Fock representation of ((A, A), p4). The main question that arises at this point is
whether the LP-operator algebra generated by this representation is isomorphic to
the crossed product FP(Z, A, ¢4). In order to attempt to answer this question, we
have defined a contractive algebra homomorphism from F?(Z, A, p4) to this algebra
(see Definition and the map ~ defined after it). Thus, for a positive answer,
it still remains to find a contractive algebra homomorphism in the other direction
that is inverse to 7. In Proposition [6.3.51} we give a covariant representation

of (Z, A, p4) on the multiplier algebra of the algebra generated by the LP-Fock
covariant representation of ((A4, A),4). This can be thought as a crucial step
required for the construction of the inverse map of v, but since we have not

established the universality of the Fock space construction, it is not an easy task



to show that any other nondegenerate covariant representation of (Z, A, p4) factors
through the one presented in Proposition [6.3.51] It might be possible to do this
without universality if we add some extra assumptions to A, and this is discussed

with more detail in Remark [6.3.52] at the end of Chapter [V1]

Notational Conventions

We end our introduction by establishing some of our notational conventions.

Linear Maps

Let a: Vo — Vj be a linear map between vector spaces. We follow the
common convention of suppressing parentheses for linear maps and write a& for the
action of a on & € V. However, if X and Y are vector spaces that are also modules
over an algebra A and t: X — Y is a linear module map, then we write ¢(x) for
the action of ¢t on x € X. This is needed to avoid potential confusion when both
x and t(x) happen to also be linear maps between vector spaces, which will occur
frequently in this work.

If X is a subspace of linear maps between vector spaces V; and Vi, the
product XV} is defined as the linear span of elements in X acting on vectors from
Vb, that is

XVy =span{z{: z € X and € Vp} C V.

The space of bounded linear maps between two Banach spaces Fy and E is
denoted by L(Ep, F1) and comes equipped with the usual operator norm ||a|| =
supji¢=1 llaél|. For a Banach space E, we write L(E) instead of L(E, E). Similarly,
KC(Ey, Ey) denotes the subspace of L(Ey, E) consisting of compact operators and

we write K(F) instead of K(E, E).



Hilbert modules

We fix some terminology for Hilbert modules over C*-algebras. The A-valued
right inner product for a right Hilbert module will be denoted by (—, —)4. The
map (z,y) — (x,y)4 is assumed to be linear in the second variable and conjugate
linear in the first. Similarly, the A-valued left inner product for a left Hilbert
module will be denoted by a(—, —). The map (x,y) — a{x,y) is assumed linear
in the first variable and conjugate linear in the second. If X is any right Hilbert
A-module, we use L4(X) to denote adjointable maps from X to itself. For each
x,y € X we have the “rank one” operator 0,, € L£4(X), given by 0, ,(2) = z(y, 2)a
for any z € X. We write K 4(X) for the compact-module maps from X to itself,

which are defined as the closed linear span of the “finite rank” operators. That is,

Ka(X) = span{0,,: x,y € X}.

We regard Hilbert spaces as right Hilbert C-modules. For this reason, our
convention for inner products of Hilbert spaces is the physicist’s: they are linear in

the second variable and conjugate linear in the first.

LP-spaces

If (Q,9, 1) is a measure space, we define L°(Q, 9, ;1) to be the space of
complex valued measurable functions modulo functions that vanish a.e [p]. If
p € [1,00) U {0}, most of the time will write LP(u) to mean LP(2, 90, ).

If vy is counting measure on a set I, we write ¢?(I) instead of LP(I,2!, vy).

In particular, when I = {1,...,d} for some d € Zs;, we simply write £ to mean

e({1,...,d}).



CHAPTER II

PRELIMINARIES ON HILBERT MODULES

Hilbert Modules

We start by establishing basic definitions, basic notation, and some key

results on Hilbert modules that will be needed throughout this work.

Definition 2.1.1. Let A be a C*-algebra and let X be a complex vector space

which is also a right A-module. An A-valued right inner product on X is a map

XXX — A

(,y) = (2,9)a
such that for any z,y,y1,y2 € X, a € A, and o € C we have
L (x,y1 + aya)a = (z,y1) 4 + a{x, y2) A
2. (z,ya)a = (x,y)aq.

3. (2, y)a = (v, 7)a.

=

(r,z)4 > 0in A.

ot

(x,x)4 = 0 if and only if z = 0.

The definition of an A-valued left inner product on X is almost identical, we
start with a left A-module instead and modify conditions (1) and (2) above in

the obvious way. In this case, the A-valued left inner product will be denoted by

A<_7_>'



Definition 2.1.2. Let A be a C*-algebra. A right Hilbert A-module is a complex

vector space X which is a right A-module with an A-valued right inner product

Xx X — A

(z,y) = (2,9)a

such that X is complete with the induced norm

[ = [[{z, ) all"/*.

The definition of a left Hilbert A-module is obtained after replacing every
instance of the word right by the word left in the previous definition.
A main difference between Hilbert modules and Hilbert spaces is that not

every bounded linear map between Hilbert A-modules has an adjoint.

Definition 2.1.3. Let X and Y be right Hilbert A-modules. A map ¢: X — Y is
said to be adjointable if there is a map t* : Y — X such that for any x € X and
yevy,

(t(x),y)a = (2,7 (y))a.

The space of adjointable maps from X to Y is denoted by L£4(X,Y) and we write
L4(X) for L4(X,X).

It standard to verify that adjointable maps between Hilbert modules are
automatically linear, bounded and module maps. It is also well known that £4(X)
is a C*-algebra when equipped with the operator norm. We will have special

interest in a particular case of adjointable maps, those of “rank 17:
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Definition 2.1.4. Let X and Y be right Hilbert A-modules. For z € X and y € Y,

we define a map 6,,: Y — X by

Opy(2) = 2(y, 2) .

One checks that 0,, € L4(Y,X) with (0,,)" = 0,, € L4(X,Y). The maps
0., give an analogue of the of rank-one operators on Hilbert spaces. So, we define

an analogue of the compact operators by letting

Ka(Y,X) :=span{f,, :x € X,y € Y} C L4(Y,X).

We call IC4(Y, X) the set of compact-module maps from X to Y. Moreover,
Ka(X) = Ka(X,X) is a closed two sided ideal in £4(X), whence K 4(X) is also a
C*-algebra.

We record the following Lemma, which is a well known fact that will be used

repeatedly throughout this document.

Lemma 2.1.5. Let A be a C*-algebra and let X be any Hilbert A-module. Then for

any t € L4(X) and any x € X, we have (t(x),t(z))a < ||t]|*(z,x)a.
Proof. See Proposition 1.2 in [17]. [ |

Let A be a C*-algebra, let X be any right Hilbert A-module, and let n € Z>;.
The direct sum X" is usually regarded as a right Hilbert A-module in an obvious
way. However, X" can also be identified with M ,,(X), the row vectors with n
entries in X. This identification makes X" a right Hilbert M, (A)-module, with the

action that comes from the formal matrix multiplication M; ,(X) x M,(A) —

11



M ,(X). That is,

n
(X1, ) - (Qij)i (E :v,azl,...,g a:iam).
i=1

The M, (A)-valued right inner product comes from the formal matrix multiplication

My 1 (X) x My (X) = My(A). That is,

(v1, -+ n), (1 - - 7yn)>Mn(A) = ({4, yj>A)i,j
The following result should be well known. We include a complete proof as we
couldn’t find one in the current literature.

Proposition 2.1.6. Let A be a C*-algebra, let X be any right Hilbert A-module,

and let n € Z>y. For each t € L4(X), we define a map k(t): X* — X" by

K(E) (21, .., 2n) = (Hx1), ..., t(zn)).

Then k(t) € L) (X"), and the map t — k(t) from Lo(X) to Ly, a)(X") is a

*_isomorphism.

Proof. Firstly we show that x(t) € Lyg,(4)(X"). Indeed, an immediate calculation

shows that

<I<d(t)<£€1, s ,l‘n), (Z/l, e 7yn)>Mn(A) = <(x17 s ,In), K(t*)(ylv s 7yn)>Mn(A)'

Therefore, k(t) € L, a)(X") and £(t)* = k(t*). It is now easily checked that s
is in fact an injective *-homomorphism. Thus, to be done, we only need to show

that k is surjective. We establish some notation first. For any x € X and any j €
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{1,...,n}, we denote by d,x the element of X" with x in the j-th coordinate and

zero elsewhere. Thus,

n
(Il, PN ,l’n) = Zéjxj.
j=1

Now, take any s € L, (4)(X"). We have linear maps sy, ...,s,: X* — X such that

S(xy,y .., p) = (sl(xl,...,xn),...,sn(zl,...,xn)).

For each i,j € {1,...,n}, we define a linear map s, ;: X — X by letting s; ;(z) =

s;(0;z) for any = € X. Therefore,

n

S(xy,y ..., Tp) = Z(sm(xj), e sng(Tg).

J=1

Since s is adjointable, we have a map s*: X® — X", which in turn gives, for each

i,j € {l,...,n}, alinear map (s*);;: X = X. The equation

<8<ZZ'1, <. 7xn)7 <y17 v 7yn)>Mn(A) = <(l’1, s ,l’n), 8*(y17 s ,yn>>Mn(A)7

becomes

((mtan),) = ((m30mon),) - e
i,j 2

In particular, let I,m € {1,...,n} be distinct. Take any x,y € X and notice that
the (I,1) entry in (2.1.1)), applied to the elements d,,x € X" and &,y € X", becomes

the equation

(s1m(2),y)a = (0, (") 1(y))a = 0.

Thus, for each [,m € {1,...,n} with [ # m, we have shown that s;,, = 0. An

analogous computation also shows that (s*);, = 0 when [ # m. Then (2.1.1)
13



implies
(sii(zi),yj)a = (@i, (57);,4(y;)) a

for all 4,5 € {1,...,n}. It now follows at once that, for all i € {1,...,n}, s;; €
L4(X) with (s;;)* = (s*);;. Furthermore, this also proves that s;; = s;; for all
i,j € {1,...,n}. It is now clear that x(s;;) = s for any i € {1,...,n}, which

finishes the proof. [ |

Remark 2.1.7. On page 39 of [I7] it is claimed, with no proof, that £4(X™) =
L, (4)(X™). Proposition m shows that the claim is false in general. Indeed, if
A =X = Candn € Zs,, then it is clear that Lc(C") = M, (C). However, by

Proposition we have Ly, ) (C") = L¢(C) = C.

Hilbert Bimodules and C*-correspondences

Definition 2.2.1. Let A and B be C*-algebras. A Hilbert A-B-bimodule is a

complex vector space X that is a left Hilbert A-module and a right Hilbert B-

module (see Definitions [2.1.1| and [2.1.2)) such that for all x,y, z € X,

alz,y)z = 2(y, 2)p. (2.2.1)

Example 2.2.2. Let A be a C*-algebra and X any right Hilbert A-module. Then
X is also a left Hilbert IC4(X)-module with the obvious action and with left inner

product given by

Ka(X) <ZE, y> = Qx,y-

Remark 2.2.3. For the definition of Hilbert A-B-bimodule, some authors also

require that A acts on X via (—, —) g-adjointable operators and B acts on X via
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4(—, —)-adjointable operators. That is, for alla € A, b € B, and =,y € X the
following holds (az,y)p = (z,a*y)p and 4(z,yb) = A{(xb*,y). However, this is

redundant as it already follows from ([2.2.1)); see comments after Remark 1.9 in [2].

Definition 2.2.4. Let A and B be C*-algebras. An (A, B) C*-correspondence
is a pair (X, ¢), where X is a right Hilbert B-module and ¢: A — Lp(X) is a *-
homomorphism. We say that A acts nondegenerately on X whenever ¢(A)X is dense

in X. Whenever A = B, we say (X, ) is a C*-correspondence over A.

We observe that Remark implies that any Hilbert A-B-bimodule, as in
Definition 2.2.1] is in fact an (A, B) C*-correspondence with ¢ given by the left
action of the bimodule. In fact, if X is Hilbert A-B-bimodule, then it is well known
that A always acts nondegenerately on X. However, not every C*-correspondence
is a Hilbert bimodule. Thus, C*-correspondences are a generalization of Hilbert
bimodules.

We will need the interior tensor product of C*-correspondences. This is a well
known construction. We only list some of the basic properties that will be needed
below. We refer the reader to Proposition 4.5 in [17] and the afterwards discussion
for more details. Let A, B, and C be C*-algebras, let (X, px) be an (A, B) C*-
correspondence and let (Y, ¢y) be a (B, (') C*-correspondence. We consider the
algebraic B-balanced tensor product of modules X ®5 Y which has a C-valued right

pre-inner product given on elementary tensors by

(T1 @Y1, 22 @ y2)o = (W1, v ({21, T2) B)Y2) C- (2.2.2)

The completion of X ®p Y under the norm induced by the C-valued right pre-inner

product from equation ([2.2.2)) is a right Hilbert C'-module, which we denote by
15



X ®,y Y. It is useful to keep in mind that, by construction, if z € X, b € B, and
y €Y, then

bRy =12 @y(b)y. (2.2.3)

Furthermore, A acts on X ®,, Y via (—, —)c-adjointable operators and the action

ox: A= Lo(X®y, Y) is determined by ¢x as follows:

Px(a)(r ®y) = px(a)r @y, (2.2.4)

fora € A,z € X, andy € Y. All this makes (X ®,, Y, px) into an (4, C)
C*-correspondence, called the interior tensor product of (X, @x) with (Y, pv).

Whenever X =Y and A = B = (', we will find it convenient to write g0§<2 ) instead of

©X.

We now present the notion of morphisms between C*-correspondences.

Definition 2.2.5. Let A, B,C, and D be C*-algebras, let (X, px) be an (A, B)
C*-correspondence, and let (Y, ¢y) be a (C, D) C*-correspondence. A morphism
from (X, px) to (Y, py) consist of a triple (m, 7., m) where the maps m;: A — C,
m: B — D are *-homomorphisms, and 7: X — Y is a linear map such that for all

a € A, and x,x1, 72 € X, the following two conditions hold
L 7m(px(a)z) = py(m(a))m(2),
2. m.((z1,22)B) = (m(x1), 7(22)) -

We will sometimes write (7, 7w, 7): (X, ox) — (Y, py). If the maps 7, 7, are *-
isomorphisms and the map = is invertible, then we say (X, ¢x) is isomorphic to
(Y, ¢y) and write (X, ox) = (Y, py) or simply X = Y when the left actions are

understood by context.
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Remark 2.2.6. When using morphisms between C*-correspondences, we might
encounter cases in which A = C' and B = D. In these cases, the maps 7, and 7,

will usually be id4 and idpg.

Remark 2.2.7. It is worth mentioning that any morphism (7, 7., 7): (X, ox) —

(Y, ¢y) between C*-correspondences will automatically satisfy a third condition:
3. m(xb) = w(x)m.(b) for any x € X, b € B.

Indeed, let y = w(zb) — w(x)7m,(b) € Y. Now using condition 2 in at the third

step and that m,.: B — D is a *-homomorphism at the fifth one yields

lyll* = ll{m (2b) — 7 (), (b), 7 (wb) — m(2)m: (b))
= [[{m(2b), w(xb)) p — (w(xb), 7 (2)m (b)) b — (7 (@) (b), m(2b)) b + (7 (2)me(b), 7 () (b)) |
= ||m({xb, 2b) p) — 7, (b, 2) p) 7, (b) — 7 (b7) ({2, 2b) B) + 0, (b )7, (2, 2) )0, (O)
= ||m (b"(x, 7) gb) — m (b (2, ) ), (b) — 7 (b°) 7, (2, %) Bb) + 70 (b°) 7 ({2, ) ) (B) |
= [lm (0" (z, ) pb) — 7 (0", ) p)b) — 7, (b" (2, ) D) + 7 (b7 (2, ) D)

=0,

proving the desired third condition.

Remark 2.2.8. Observe that if (m, 7., 7): (X,¢ox) — (Y, py) is a morphism
between C*-correspondences, then the map 7 is automatically bounded. Indeed,

if x € X, then using condition 2 on Definition [2.2.5 at the second step yields

lx(@)II* = [{m(2), 7)) ]| = llm (2, ) )| < {2, 2)all = [l
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Cuntz Algebras

Let d € Z>5. Recall that the Cuntz algebra Oy, defined in [5], is the universal

unital C*-algebra generated by d isometries s1, ..., sy satisfying

D sy =1 (2.3.1)

It is well known that Oy is a simple C*-algebra with the following universal

property: If A is a unital C*-algebra containing elements ay, ..., aq satisfying
d
aja; =1 and Zaja;'f =1,
j=1

then there is a unique *-homomorphism ¢: Oy — A such that ¢(s;) = a;.

Definition 2.3.1. For d € Zs,, look at the generating isometries sq,..., 8411 €
Q4.1 and let &; be the C*-algebra in Oy, 1 generated by si,...,s4. That is, &; is
the universal unital C*-algebra generated by d isometries, whose orthogonal ranges

do not add up to 1.

Since Oy has elements satisfying the relations of &y, there is a surjective map
&q — Oy. The kernel of this map is the ideal in £; generated by sqy18),, = 1 —

Zd sjs5, which we denote by Jy. Then £;/Jq = Oy.

j=1
Cuntz-Pimsner Algebras

The following is a minor modification of Definition 2.1 in [14].

Definition 2.4.1. Let (X, ¢) be a C*-correspondence over a C*-algebra A. A Fock
representation for (X, ) consist of a triple (B, 7, mx) where B is a C*-algebra,

ma: A — B a *homomorphism, and mx: X — B a linear map satisfying
18



1. mx(p(a)z) = ma(a)mx(z) for all a € A, z € X,

2. ma({x,y)a) = mx(z)*7x(y) for all x,y € X.

We denote by C*(B, ma, mx) to the C*-subalgebra in B generated by m4(A) and
Wx(X).

Remark 2.4.2. Below Definition 2.1 in [I4], it is shown that whenever (B, w4, 7x)

is a Fock representation for (X, ¢), then a third condition is automatically satisfied:
3. mx(za) = w(x)ma(a) for all z € X, a € A.

This is a particular case of situation already addressed in Remark for

morphisms of C*-correspondences.

Definition 2.4.3. Let A be a C*-algebra and let (X, ¢) be a C*-correspondence
over A. We define T (X, ¢), the Toeplitz algebra of (X, ¢), as the universal C*-
algebra algebra generated by Fock representations. That is, there exists the
universal Fock representation (C, pa, px) such that T (X, ) = C*(C, pa, px) and
for any other Fock representation (B, w4, mx) there is a surjective *-homomorphism

o: T(X,¢) = C* (B, ma,mx) satisfying 74 = 0 0 py and mx = 0 o px.

We now give an explicit construction of the universal Fock representation for

a C*-correspondence (X, ) over A.

Definition 2.4.4. Given (X, ¢) a C*-correspondence over A, the Fock space of X is

the Hilbert A-module given by

F(X) = Pxer,

n>0

where X® = A4 and X¥" =X ®,, ... @, X.

~—_———
n times
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An arbitrary element of F(X) is a tuple (k,)n>0 Where each &, is an element
of the n-th degree tensor product of X. For each n € Zsg, (X&", ™) is a C*-

correspondence over A where ™ : A — £ ,4(X®") is given by
go(o)(a)(b) = ab, Va,b e A,
and determined by
o™ (a)(z ® 2) = pla)r @ 2z, Vo € X,z € XBM=D,
when n > 1. Thus, we can define p*°: A — L(F(X)) by letting
sow(a)<(f”vn)n20> = (" (@)rn) 2y

This makes (F(X), »>) into a C*-correspondence over A. For a fixed x € X and any

n € Zs1 we have a creation operator c(x): X&" — X®(+1) given by
c(z)(y) =z ®y, Yy e X"
Ifn=0wesetc(zx): A—>X
c(x)(a) = za, Ya € A

Each c¢(7) is an adjointable map. In fact, if n € Zs;, c(z)*: X2+ 5 X is the

annihilation operator, satisfying

() (y @ 2) = o™ ((z,y)a)2, Yy € X,z € X®",
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and c(x)* : X — A is simply

c(x)*(y) = (z,y)a, Yy € X.

Notice that ¢(z) increases the degree by one, whereas c(z)* decreases the degree by
one. For any x,y € X and n > 0, we record the following important properties for

the map c(x)*c(y) : X&" — X®" and c(x)c(y)* : X2+ 5 X®0+1),

c(z)*e(y) = o™ ((z,y)4) € LA(XZ),

c(x)e(y)' = 09(07";“1) € ,CA(X®(”+1)).

For any x,y € X, we abuse notation and consider the elements c¢(x), c(y)* as

elements of £4(F (X)) acting coordinate-wise. That is,

() ((kn) o) = (0, (e@) (k) 120 )

and

(y)" ((kn)nzo) = (cly)" () )

n>1
The following important result was shown by Pimsner (see Theorem 3.4 in

[24]) for the particular case when ¢ is injective and extended to the general case by

Katsura (see Theorem 6.2 and Proposition 6.5 in [14]).

Theorem 2.4.5. (Pimsner-Katsura) Let A be a C*-algebra and let (X, ) be a C*-
correspondence over A. The triple (La(F (X)), >, c) is the universal Fock space
representation of (X, ). That is, T (X, ), the Toeplitz algebra of (X, ), is the C*-

subalgebra in La(F (X)) generated by the creation operators ¢(X) and by p>(A).
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Remark 2.4.6. It is clear that the map o : A — L£4(A) is injective, whence
we may identify A with its image in T (X, ¢) given by a +— ¢>(a). Notice that

if X is full as Hilbert A-module, then T (X, ¢) is solely generated by the creation
operators. Indeed, since > ({(x,y)a) = c(x)*c(y) € T(X, ) for any z,y € X,
fullness implies that ¢>°(A) is already in the C*-algebra generated by the creation

operators.
The following is an easy consequence of the universal property for 7 (X, ¢)

Proposition 2.4.7. Let (B, w4, mx) be any Fock representation for (X, ). Then

ma: A — B has a unique extension 7: T (X, @) — B that sends c(z) to mx(x).

Proof. We claim that o: T(X,¢) — C*(B, 74, 7x), the natural surjection given by
universality, is the desired extension. Clearly o(c(x)) = (0 o ¢)(x) = mx(z) and also

o(p>®(a)) = (0 0¢™>)(a) = ma(a), which shows that o extends 74. [
The following is Lemma in 2.2 in [I3]

Lemma 2.4.8. Let (B, ma,mx) be any Fock representation for (X, ). Then there is
a *-homomorphism mic: Ka(X) — B that satisfies m(0,,) = mx(z)mx(y)* for all

x,y € X

Definition 2.4.9. For a C* correspondence (X, ¢) over A, we define Katsura’s ideal

Jx to be

Jx = o HIKa(X)N(ker(¢)): = {a € A: p(a) € K4(X) and ab = 0 for all b € ker(p)}.

Definition 2.4.10. A Fock representation (B, w4, mx) for (X, ¢) is said to be

covariant if

mic(p(a)) = mala) Ya € Jx.
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Definition 2.4.11. Let A be a C*-algebra and let (X, ¢) be a C*-correspondence
over A. We define O(X, ¢), the Cuntz-Pimsner algebra of (X, ), as the universal
C*-algebra algebra generated by covariant Fock representations. That is, there
exists the universal covariant Fock representation (D, 74, 7x) such that O(X, ¢) =

C (D, T4, 7x) and for any other covariant Fock representation (B, 74, mx) there is a
surjective *-homomorphism o: O(X, p) — C*(B, 7, mx) satisfying m4 = 0 o 74 and

X = O O TX.

We now give an explicit construction of the universal covariant Fock

representation for a C*-correspondence (X, ¢) over A.

Lemma 2.4.12. Let (X, ) be a C* correspondence over A. Then Jx is indeed a

closed ideal in A, F(X)Jx is a Hilbert Jx-module, and

K s (F(X)Jx) = 5pai{fuar: 5,7 € F(X),a € Jx} < La(F(X))

Proof. Follows from Corollary 1.4 in [15]. [

We will also need the quotient C*-algebra Q4(X) = L4(F(X))/K 5 (F(X)Jx)
together with the quotient map ¢: L4(F (X)) — Qa(X).

The following important result was shown by Pimsner (see Theorem 3.12 in
[24]) for the particular case when ¢ is injective and extended to the general case by

Katsura (see Theorem 6.4 and Proposition 6.5 in [14]).

Theorem 2.4.13. (Pimsner-Katsura) Let A be a C*-algebra and let (X, ) be a
C*-correspondence over A. Then (Q4(X),q o ¢, q o ¢) is the universal covariant
Fock representation for (X, ). That is, O(X, p), the Cuntz-Pimsner algebra of X, is

the C*-subalgebra in QA(X) generated by q(c(X)) and by q(¢™>(A)).
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Remark 2.4.14. Just as before, we identify A as a subset of O(X, ¢) via a +»

q(¢>(a)). Similarly, if X is full, then O(X, ¢) is generated solely by ¢(c(X)).

The following is an easy consequence of the universal property for the Cuntz-

Pimsner algebra O(X, ¢).

Proposition 2.4.15. Let (B, w4, mx) be any covariant Fock representation for

(X,9). Then ma: A — B has is a unique extension ma: O(X,p) — B that sends

q(c(x)) to mx(x).

Proof. Just as in the Toeplitz case above, the natural surjection given by

universality is the required extension. [

We now present some examples of C*-correspondences (X, ) together with

their Toeplitz and Cuntz-Pimsner algebras.

Example 2.4.16. Let d € Zs, and regard C? as a Hilbert C-module. Let ¢ : C —
Lc(C?) by given by
pc(2)(Crs- -5 Ca) = (261, - -5 2Ca)-

Then (C%, pc) is a C*-correspondence. We claim that T(C? pc) = &,. For
simplicity we only show this when d = 2 as the proof is essentially the same for

d > 2. We start by showing that 7 (C?, ¢¢) has elements satisfying the relations

of &. Indeed, consider v; = ¢((1,0)) and vo = ¢((0,1)). We have to check that
vivy = vivy = 1 in L¢(F(C?)). We only do viv; = 1, the other one being analogous.

For n =0, take z € C

(v1v1)(2) = ¢((1,0))"(2,0) = ((1,0), (2,0))c = 2.
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For n > 1,

(viv1) = ¢((1,0))"e((1,0)) = wc({(1,0), (1,0))c) = ¢(1) = 1 € Lc(F(C?)).

By universality of &, there is a unique *-homomorphism v : & — T (C?, oc), which
sends the s; to v; for j = 1,2. Notice that 9 is surjective because vy, v, generate
T(C?, ). We still need to show that it is injective. Let ¢ : C — & be given by

mc(z) = 2+ 1 and 7we2 : C? — & be given by

me2 (€1, G2) = G151 + (oo

It is obvious that 7¢ is a *-homomorphism and that 72 is a linear map. Moreover,

using that s7s; =1 we get

me2 (G, G) ez (1, m2) = (G + Gme)1 = me(((C1, &), (1, m2))c)

Finally,

me(2)me2 (€, G2) = 21(Cis1 + Gas2) = 2151 + 2Case = ez (9(2)(C1, C2))

Hence, (£, mc, me2) is a Fock representation of (C?, o) and therefore Proposition
gives a #-homomorphism 7 : T(C? ¢) — &, sending c(x) to mcz(x) for any
x € C2. Since mc2(1,0) = s; and me2(0,1) = sy, it follows 7 is a left inverse for
1, whence 1 is injective. We also claim that O(C% pc) = Og4. As before, we only

prove this for d = 2. We first show that O(C?, ¢¢) fits the universal property for
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Oy. Let wy = q(c((1,0))) and wy = q(c((0,1))). As before, we have

wiw, = wiwy = q(1) = 1 € Qc(C?).

Also, notice that since ¢ is injective and L¢(C?) = Kc(C?). Hence, in this case the
Katsura ideal is Jc2 = C. Therefore 6(100,..),1,00..) € K, (F(C?)Jgz2). Thus, we
find

wlwf + wzwé = C_I(l - 9(1,0,0,...),(1,0,0,...)) = Q(l) =1le QC(CQ)-

Hence, universality of O, gives a surjective x-homomorphism Oy — O(C?, ¢¢)
sending s; to wj, for j = 1,2. Since O, is simple, such homomorphism has to be
injective and we are done. More generally, let d € Zso, let A be a C*-algebra, and

think of A¢ as a Hilbert A-module. Let p4: A — L4(A%) by given by

vala)(ay, ... aq) = (aay, ..., aaq).

Then (A% p4) is a C*-correspondence over A. Similar arguments as those presented

above show that T (A% p4) 2 A® & and O(AY p4) 2 A® O,.

Example 2.4.17. Let A be any C*-algebra and let ¢ € Aut(A) be an
automorphism of A. Then A is a right Hilbert A-module. Notice that A acts via

adjointable maps on A by left multiplication by ¢. Indeed, for any a,b,c € A

{pla)h, c)a = (pa)b)"c = b p(a”)c = (b, p(a”)c) a.

That is, ¢(a) € La(A) for any a € A, whence (A, p) is a C*-correspondence. In

fact, for any n € Z, (A, ¢") is a C*-correspondence, where by convention ¢° = id 4.
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Lemma 2.4.18. Let A be a C*-algebra. Then (A®, A, p?) =2 (A, ¢?) in the sense
of Definition[2.2.5
Proof. Let n € Z>1 and aq,...,ay,b1,...,b, € A. Then using equation (2.2.2)) at

the second step gives

2 n

— | 3= vretasan|

Gk=1

= Z<aj®bj’ak®bk>AH
g k=1

= Zaj@)bj

J=1

|3 sta,

2

Furthermore, since the assignment 7(a ® b) = p(a)b € A clearly satisfies 7(a ®
¢(ar)b) = 7(aa; ®b), it follows that it can be extended to an isometry 7: A®, A —
A. Since 7 is clearly surjective, it is in fact an invertible linear map. Finally, we
claim that (id4,ida, 7): (A ®, A, @) — (A, ¢?) is an isomorphism as in Definition
[2.2.5] We only need to check conditions 1-2 in Definition and it suffices to do

so for elementary tensors. Let a,ay,as, by, by € A and notice that

(o (a)(ar ® a2)) = T(p(a)ar @ az) = p(p(a)ar)ar = PP(a)7(ar @ as),

proving condition 1. Finally, since

(a1 @ ag, by @ ba)a = ajp(ajaz)by = 7(a1 @ az)*7(by @ ba),

condition 2 also holds, proving the claim. We are done. [ |

Corollary 2.4.19. Let A be a C*-algebra and let n € Zso. Then (A®", o) =

(A, ") in the sense of Definition [2.2.5,
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Therefore, the Fock space of A is

F(A) = GBA = {(an)foi an € A, Za:}an converges in norm} .

n>0 n=0

This makes F(A) into a C*-correspondence over A with right action given

pointwise and left action given by

P> (a)(an)nZo = (" (@)an)nZo-

For each a € A, the creation operator c(a) € L4(F(A)) is given by

c(a)(an)nZo = (0, (9" (a)an)io)- (2.4.1)

Similarly, its adjoint c(a)* € L4(F(A)) is

c(a) (an)nzo = (¢"(a")ant1)nlo- (2.4.2)

Since ¢ is injective and A = K4(A), the Katsura Ideal for (A4, ¢) is J4 = A, and
since A is full as a Hilbert A-module, we only need to look at images of creation
operators in L4(F(A))/Ka(F(A)) to get O(A, ) (see Remark [2.4.14). That is, if
q: LA(F(A)) = LA(F(A))/Ka(F(A)) is the quotient map, then O(A, ¢) is the
C* subalgebra of L£4(F(A))/Ka(F(A)) generated by the set g(c(A)). The following

lemma will help us do computations on O(A4, ¢).

Lemma 2.4.20. Let a,b € A. Then
1. q(¢>(a*b)) = q(c(a)*c(b)),

2. (> (¢~ (ab*))) = q(c(a)c(b)*).
28



Proof. A routine computation shows that ¢*>°(a*b) = c(a)*c(b), proving part 1. For
part 2, let K = (¢~ (a),0,0,...) € F(A) and 7 = (p=1(b),0,0,...) € F(A) and
observe that

P (e~ (ab")) = c(a)e(D)” = b € Ka(F(A)).
Applying ¢ to the previous equation finishes the proof. [ |

It has been pointed out that O(A, ¢) is isomorphic to C*(Z, A, ¢), see for
instance Example (4) of [24]. However, we have not found complete details for this.
Below we construct a map from O(A, p) — C*(Z, A, ¢) and show that it is actually
an isomorphism. It is important to keep in mind that, since A is a full Hilbert A-
module, O(A, ¢) is solely generated by ¢q(c(A)). Also, recall that we regard A as a
subset of O(A4, ¢) via a — q(p>(a)).

We now introduce some notation first. If a € A and j € Z, we define the
function au;: Z — A by letting au;(j) = a and au;(k) = 0 for any k # j. It is clear

that au; € C.(Z, A, ¢). Furthermore, notice that for any a,b € A and any j,k € Z

(auy) (bux) = ag’ (D)ug+;, (2.4.3)

(multiplication on LHS is twisted convolution) and

(au;)* = o~ (a*)u_;. (2.4.4)

We define my: A — C*(Z, A, ¢) by

mo(a) = auyg,
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and m1: A — C*(Z, A, @) by

It is easily checked that 7y is a x-homomorphism, that 7 is a linear map, and that

for any a,b € A, the following holds
1. m(p(a)b) = mo(a)m (b).
2. m(ab) = m(a)mo(b).
3. mo({a, b)) = 1 (a)*m (D).
4. (e~ (ab*)) = i (a)m (b)*

Then since J4 = A, conditions 1, 3, and 4 above show that (C*(Z, A, ¢), mo, m1) i8

a covariant Fock representation for (A, ¢) (see Definitions [2.4.1] and [2.4.10]). Thus,

by Proposition , the map 7 extends to a x-homomorphism 7y: O(A, p) —
C*(Z, A, ¢) such that g(c(a)) gets mapped to m,(a) and whose range contains both
mo(A) and 7 (A). Since my(A) and 7 (A) generate C.(Z, A, ), a dense subalgebra
of C*(Z, A, p), it follows that 7y is surjective. We still need to show that 7y is
injective. To do so, it suffices to show that 7y admits a left inverse. First we need a

useful lemma:

Lemma 2.4.21. Letn € Z>; and ay, ... ,a, € A. Then

le(ar) -~ e(an) |l = Il (ar) -+~ @(an-1)an|
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Proof. Notice that for any (by)p>, € F(A),

() el be)izo = (0,0, (P (6™ @) - plan-1)an)bi) )

n

The desired norm equality now follows immediately. [

We are now ready to define a map v: C.(Z, A, ). First of all, for each a € A,

we set

Y(au-1) = q(c(p(a))). (2.4.5)

We claim that this is enough to uniquely determine a *-homomorphism v :
CAZ,A,p) — O(A, ). Indeed, looking at and taking adjoins in both sides
of equation forces v(au;) = q(c(a*)*) for any a € A. Therefore, following
the multiplication (2.4.3), we must put y(aug) = ¢(¢>(a)) for a € A. All this,
together with (2.4.3)), allows us to define y(au;) for any j € Z. Indeed, let a € A,
let j € Z-o, and use the Cohen-Hewitt factorization theorem (Theorem 1 in [4] is

enough) to find a4, ..., a; such that

*

a=ajp(as)...o" ' (a})

Then since we want 7 to be an algebra homomorphisms, ([2.4.3|) forces us to set

Yn(au;) = q(c(ar)” - -~ c(a;)”).

Furthermore, Lemma [2.4.21| implies that the definition of v, (au;) is independent
of the factorization used. Finally, taking adjoints will also give a formula for each

Yn(au_;) that is independent of the factorization. Thus, for any finite subset J C
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Z and any finite sequence (a;)jes of elements in A, we define (3, ; a;u;) to be
Zje] v(ajuy).
Lemma 2.4.22. Let J be a finite subset of Z and let (a;)jc; a finite sequence of

elements in A. Then

Hw(jze;ajuj) < >l

Proof. This will follow if ||y(a;u;)|| < |la;|| for any j € Z. This is in fact
an immediate consequence of the definition of v and Lemma [2.4.21] Indeed, for

instance when j € Zso and a = ajp(a}) ... " (a}),

[v(ajus)|l = llg(clar)” - - e(az) )|
< |[(e(ay) - -+ e(ar))”|
= [[¢" " (ay) - - - @(az)an ]

= llaip(az) -~ " H(a)ll = llall.

An analogous calculation (or an argument via adjoints) shows that ||y(aju_;)| <

|lal|, so we are done. |

It follows from Corollary 2.46. in [28] that a direct consequence of Lemma

2.4.22|is that for any f € C.(Z, A, )

[YON < NI flle@z,a.)-

Therefore v extends to a *-homomorphism 75 : C*(Z, A, ¢) — O(A, ¢). Now notice

that 7 o my acts as the identity on ¢(c(A)). Indeed, let a € A,

3 (Folale(@)) ) = F(mi (@) = 3@ (@u-1) = a(c(a))
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Therefore, since g(c(A)) generates O(A, ¢), it follows that ¥ o 7y = ido(a,,), Which

shows that 7, is injective as we wanted to check.

Remark 2.4.23. One of the purposes of this example is to carefully look at a proof
of the fact O(A, p) = C*(Z, A, ) in order to generalize it in later chapters to the
LP setting. However, in that setting it is more convenient to exploit the fact that
(F(A), p>) is isomorphic to ((*(Zso) ®c A, p) as C*-correspondences over A. This

statement is made more precise in the following proposition.

Proposition 2.4.24. Let A be any C*-algebra and let ¢ € Aut(A) be an
automorphism of A. Let (*(Z>0) @c A be the interior tensor product of £?(Z0),
regarded as a C*-correspondence over C, with A, regarded as a (C, A) C*-

correspondence in the obvious way. Then there is a x-homomorphisms p: A —

LA(0?(Z>0) @c A) that satisfies, for any & € (*(Z>g), a,b € A,

a)(§® D) Zf (a)b, (2.4.6)

where {8,: n € Zso} is the canonical orthonormal basis for (*(Z0). Furthermore,
((2(Z>0) ®c A, ) is a C*-correspondence over A that is isomorphic (in the sense
of Definition to (F(A), ™), the C*-correspondence over A defined below

Corollary [2.4.19, via the map determined by £ @ a — (£(n)a)32

n=1"

Proof. We first establish the existence of p. Take a,b € A, £ € (*(Z>g) and m, k €

Z>o with m > k. Then

| et @ @] = || 3 e e @by @y < lalP I It
n=~k

n= n—=
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Thus, since £ € (?(Z>0), the right hand side of equation ({2 defines an element
of £2(Z>0) @c A. Now fix k € Z~g, let a,by,...,by € A, and let &, ..., & € (3(Zso).
We claim that for any n € Zs,,

ko k

DD (@& )by, " (@)&(n)bi)a < Nlal* Y- D (&5 (n)bs, &(n)bi) a.

j=1 i=1 7j=1 =1

To prove the claim, first set b = (by,...,by) € A*. We consider the isomorphism

Kt La(A) = Lo, a)(AF) from Proposition and we use Lemma[2.1.5] to get
(£("(a)b, K(¢"™(@))b)as(a) < [l¢™ (@)1 (b, basyay < llall*(b, b)as, ),

which becomes ({¢™(a)b;, p"(a)bj)a)i; < llal*({bi,b;)4)i; in Mi(A). Now let (ex)rex
be an approximate identity for A and define &, = (&1 (n )61\/2, o &k(n)e 1/2) e Ak,

Then working with the obvious action of My(A) = K4(A*) on A*, we have

(" (@)bi, 9" (@)bs) )i i€, Exda < llall*(((bi, bj)a)i g€, €x)as

which becomes

k k k k

S (" (@) )by, (@) (i) aen < Nal? 7S )by, Ei(n)b) acr.

j=1 i=1 7j=1 =1

The claim now follows after taking lim, on both sides of the previous equation.

Thus, using the inequality from the claim at the second step we find

HZZ& oo = | 353 Y @ (@6

j=1 n=0 n=0 j=1 i=1




SR DISIPWADIRAGIIN|
= llall?| 3= D26 6 by, bia
SR

This implies that, for each a € A, the formula extends to a well defined
linear map $(a) : £2(Zso) @c A — (*(Zp) Q¢ A satistying ||p(a)| < ||a]|. Let a € A,
to check that @(a) is indeed an element of £4(¢*(Z>o) ®c A), it suffices to check
adjointability on elementary tensors. To do so, let &1,& € (3(Z>g) and by, by € A

and observe

o

(B(a)(& @ br), &2 © boha = 3 (€1(0)60, E2) (" (@)b1, bo)

n=0
o

= D (81,8200) (b1, ©"(a")b2) 4

n=0

= (&1 ®@ b1, 90(a") (€2 @ b2)) .

Hence,  : A — LA((*(Zsy) @c A) is a *homomorphism which makes
(*(Z>0) ®c A, P) into a C*-correspondence over A. It only remains to show
that it is isomorphic to (F(A), p>). For each ¢ € ¢* and a € A we define
T ®a) = (£(n)a)?,. Notice that

> (E(n)a)é(n)a = a*ali¢])»,

n=0
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and therefore 7(£ ® a) € F(A). Furthermore, if k € Z~q, &1,...,& € (*(Z>p), and

ai,...,a € A, then

2

2 H

=1 i

<£j> fi)a*a

1

k

| é@j(manz&l | Zg -

Thus, T extends to an isometric linear map 7: (*(Z>o) ®c A — F(A). To show that
7 is also surjective, take any (a,)5, € F(A) and observe that for k,m € Z>, with

k < m we have
m 2 m
[0 0u =[S s
n=k n=k

Thus, Y7 (0, @ a, € (*(Z>o) ®c A and gets mapped to (a,)22, via 7, showing

that 7 is onto. Finally, we claim that (id4,ida, 7): ((2(Zs0) @c 4, 9) = (F(A), ™)
is an isomorphism as in Definition [2.2.5] We only need to check conditions 1-2 in
Definition and it suffices to do so for elementary tensors. Let a,b € A and

¢ € (*(Z>p), and notice
T(@(a) (€ @ b)) = > (€. (K)e" @)y = (¢"(@)é(n)b)rzy = ¢™(a)T(E @ ),

n=0

proving condition 1. Finally, if &, &, € (3(Z>0) and by, by € A we compute

(T(61®b1), 7(E2 @ by)) = Z(fl(n)bl)*&(n)bg = (£1,62)01ba = (§1 ® b1, & @ by).
n=0
proving condition 2 and thus finishing the proof. [
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Corollary 2.4.25. Under the isomorphism from Proposition (2.4.24], the creation

operator (see equation ) on (?(Z>o @c A) is determined by

o)

c(a)(E@b) =) (s6)(n)d, © " (a)b (2.4.7)

n=1

where s € L((*(Zso) is right translation. Similarly, its adjoint (see equation
(2.4.9)) is determined by

o0

c(a)* (E®@b) =Y (t&)(n)d, @ ¢"(a*)b (2.4.8)

n=0
where t € L(0*(Z>o) is left translation.
Proof. Let T be as in the proof of Proposition [2.4.24] The first formula follows
by appropriately composing the formula in (2.4.1)) with 7 and 7=! Form

there, checking that everything is well defined needs analogous arguments and

computations as the ones used in Proposition [2.4.24] for the map . [ |
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CHAPTER III

REPRESENTING MODULES ON PAIRS OF HILBERT SPACES

Concrete Hilbert modules

In this section, we describe a concrete example of a right Hilbert module X
over a concrete C*-algebra A C L(H,) for a Hilbert space Hy. We provide useful
representations for the C*-algebras £4(X) and K4(X). In section [3.2| we will see

that any right Hilbert A-module can be represented in this fashion.

Example 3.1.1. Let H,, H; be Hilbert spaces and let A C L(H,) be a concrete
C*-algebra. Suppose that X C L(Hg, H;) is a closed subspace such that xa € X for
all z € X and all a € A, and such that z*y € A for all x,y € X. For each z,y € X
we put

(x,y)a =z"y € A. (3.1.1)

Proposition 3.1.2. Let X be as in Fxample[3.1.1. Then X is a right Hilbert A-
module with A-valued inner product given by equation and ||{z, z)4||V/? =

]l

Proof. 1t is clear that X is a right A-module. It is easily checked that (z,y) —
(x,y) a satisfies all the axioms of an A-valued inner product on X. We claim that
X is complete with the induced norm ||z|[4 = ||(z,z)4|/"/?. Indeed, elements of
the C*-algebra L(Ho @ H1) can be written as 2 x 2 operator valued matrices and
L(Ho, H1) is isometrically isomorphic to the lower left corner of L(Ho @ H1), while

L(Hp) is isomorphic to the upper left corner. Hence, if z € X, the C*-equation at
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the second step yields

[Edl :‘

Gl

The claim now follows because X is closed in £(Hg, H1). Thus, X is indeed a right

‘ = [la"zl = [l=]l%-

Hilbert A-module. [ |

Remark 3.1.3. Thanks to Proposition above, when X is as in Example [3.1.1},
we are free to not make any distinction between the norm x € X has as an element
of L(Hy,H1) and the module norm ||x| 4. Thus, from now on we drop the subscript

A and simply write [|z]|.

Next, we will show that the compact-module maps and adjointable maps of
the Hilbert module in Example above can be realized as closed C*-subalgebras

of L(H1), provided that some nondegeneracy conditions hold.

Proposition 3.1.4. Let X be the right Hilbert A-module described in Example
above. Suppose that XHg is dense in Hi. Then there is a x-isomorphism from
]CA(X) to

span {zy*: x,y € X} C L(H,)
which sends 0, to xy* for x,y € X.

Proof. Let K1 = span{zy*: xz,y € X} C L(H;) and let Ky =
span{f,,: .y € X} C K4(X). Recall that K5 is dense in K4(X). Let n € Zs,

and let z1,...,2,,y1,...,Y, € X. Then for any z € X

Hi ewj,yj<z)
j=1

(3
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This implies

. 3.1.2
L(H1) ( )

n
=1

Let ¢: K3 — K4(X) be the linear extension of the map which sends zy* to 6, for

<
Ka(X) ; i

x,y € X. That is,
(D) = S b
j=1 7=1

That ¢ is well defined follows from ({3.1.2). In fact, (3.1.2)) gives |[c(k)]| < ||k

for all k € K. Thus, we can extend ¢ by continuity to a map i: K; — Ka(X)
such that [|Z(s)|lc,00 < [Isllegy) for all s € Ki. Our goal is to show that 7 is
a *-isomorphism from K, to K4(X). Notice that 7 is already a *-homomorphism
between C*-algebras. We will show that 7 is injective, which in turn will make 7 an
isometry. Since i maps K; onto K3, a dense subset of K 4(X), proving injectivity
will automatically show that 7 is a *-isomorphism and this will finish the proof.

Take any s € K, and fix z € X. We claim that the element sz € L£(Ho, H1)
is actually in X and that it is equal to 7(s)(z) € X. Indeed, for any k € K, the
element kz € L(Ho, H1) is an element of X (because 125z € XA C X for all
x1, 29 € X) and it coincides with «(k)(z) € X. Thus, by continuity it follows that
st = I(s)(x), as claimed.

Finally, to prove that 7 is injective, let s € K satisfy i(s) = 0 in K4(X). We
have to show that s = 0 in £L(#;), but since XH, is dense in H;, it is enough to
prove that s(z€) = 0 for all x € X and £ € Hy. Indeed, thanks to our last claim, we

have

s(x€) = sz(§) = [i(s)(x)]€ = 0.

This finishes the proof. [
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Proposition 3.1.5. Let X be the right Hilbert A-module described in Example

above. Suppose that XHg is dense in Hy. Define B C L(H1) by
B={be L(H1): bx,b"z € X for all x € X}.

For each b € B we get a map 7(b): X — X, given by 7(b)(x) = bx. Then B is

x-isomorphic to L4(X), via the map that sends b € B to 7(b).

Proof. For any b € B and any x,y € X, we have

(b, y)a = (bz)"y = 2" (b"y) = (x,b"y) a.

Thus, 7(b) € L4(X) and 7(b)* = 7(b*). It is also easily checked that 7 is *-
homomorphism. Furthermore, it follows from density of XH, in H; that 7 is also
injective.

We will finish the proof if we show that 7 is surjective. Take any ¢ € L(X).

We have maps t: X — X and t*: X — X satisfying

t(z)'y = x"t"(y) (3.1.3)

for all z,y € X. Thus, if n € Z>4, x1,...,2, € X, and &,...,§, € Ho, then we find,

using (3.1.3)) at the final step,

n

=D (Hapg Gy =D 0 (ot t)(2;)6,&).  (3.1.4)

j=1 i=1 j=1 i=1

2

Hi t()&;

Recall from Proposition that X" can be viewed as a Hilbert M,,(A)-module
and that £4(X) = Ly, a)(X™) via the map ¢ — «(t). Applying Lemma to
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k(t) € L, a)(X™), we get

(27 () (5))ig = ((t(0), t(25)) )i < IO (i, 25) )iy = N (25 25)ig. (3.1.5)

Therefore, if we let & = (&1,...,&,) € H{, and consider the obvious action of M, (A)

on Hy, then we get, using (3.1.5)) at the second step,

ZZ () ()&, &) = (7 (E)(25))i ;€. €)

Jj=1 =1

< N ((f 5)i 56, €)

= 1117 Y0 (& wica)

j=1 i=1

n 2
= 12> w5t
j=1

This, together with (3.1.4)), shows that

(3.1.6)

S ttae | < 1w |

We can now define b;: XHo — Hy by letting b, (z€) = t(z)é € Hi, and extending

linearly to all of XHy. That is,

n

by (i %‘5;‘) = Z t(z)&;-

Notice that shows that b; is well defined and that ||b:(n)|| < ||t||||n]|, for all
n € XHy = span{zf: v € X and £ € Hp}. Thus, we extend b, by continuity to all
of Hy, and get a well defined map b, € L£(H;) such that ||b:(n)|| < [|||||n]| for all

n € Hi. Let x € X. Since for all £ € Hy, we have (b,x)é = by(x€) = t(x)E, it follows
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that byx = t(z) € X. Similarly, for any =,y € X, we have z*t(y) = x*byy = (bjz)*y

and therefore

{t"(x),y)a = (2, t(y))a = 2"t(y) = (bjx)"y = (bjx,y)a.

Hence, bjx = t*(x) € X. Thus, by € B and since 7(b;)(z) = byx = t(x), surjectivity of

7 now follows, finishing the proof. [ |

We end this section with a lemma that only needs familiarity with Example
and Proposition but that will be needed later to show that our
definition of infinite direct sums of I” modules agrees with the known definition

of Hilbert modules when p = 2; see Theorem [5.3.3|

Lemma 3.1.6. Let Ho, H1, Ha, ..., H, be Hilbert spaces. Let H = @?:1 H; and for
each j € {1,...,n}, let v; € L(Ho,H;). Then the norm of the matriz (v;x7)7,—, €

L(H) is given by

L(Ho)

n
sl = || D252
j=1

Proof. For each j € {1,...,n}, define X; = L(Ho,H;) and think of it as a
right Hilbert £(Ho)-module as in Example [3.1.1] With no loss of generality, we
may replace H; by m. Hence, x; € X; for each j € {1,...,n}. Consider

the direct sum Hilbert module X = X; & --- @& X,,. Then X is a right Hilbert
L(Hp)-module and it is a closed subspace of L(Ho, H) satisfying the assumptions
of Example m Furthermore, XH, is dense in H (because X;H, is dense in H;
for each j) and therefore the hypothesis of Proposition is met. Thus, for any

x = (71,...,7,) € X, we now have (z;73)7,_; = Opa = zx* € Ka(X) C L(H).
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Hence,

1(z527)f ezt | = [0z

n
=l = | Y g
j=1

as we wanted to show. [ |

)
A

Representations of Hilbert bimodules and Hilbert modules

The main purpose of this section is to state known results for representations
of Hilbert modules and bimodules. Our main contribution here is Proposition [3.2.8
where we use Proposition and Proposition above to characterize the
adjointable and the compact-module maps for a representation of a right Hilbert
module. Such representations are guaranteed to exist by Corollary below.
Roughly, this corollary states that for any right Hilbert A-module X, there are
Hilbert spaces Hy and H; and an isometric linear map mx: X — L(Hq, H1) such
that mx(X) has the right Hilbert module structure from Example above. We
start by establishing what a representations of a Hilbert bimodule is. The following

comes mostly from Definition 4.5 in [10].

Definition 3.2.1. Let X be a Hilbert A-B-bimodule. A representation of X on
a pair of Hilbert spaces (Ho, H1) consists of a triple (ma, 7p, Tx), where 74 is a
representation of A on Hi, wp is a representation of B on Hg, and mx: X —

L(Ho, H1) is a linear map, such that for alla € A,b € B, and z,y € X, the

following compatibility conditions are satisfied.
1. mx(ax) = ma(a)mx(x),
2. mx(zb) = mx(x)mp(b),

3. malalz,y)) = mx(x)mx(y)*,
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4. m({z,y)B) = () T (V).
If mx is an isometry, we say the representation (74, 7g, mx) is isometric.

Remark 3.2.2. The map mx in Definition [3.2.1] is required to be bounded in
Definition 4.5 in [I0]. However, since both 74 and 7p are *-homomorphisms,
boundedness of wyx follows either from compatibility condition or . Indeed,

for instance, compatibility condition gives

lmx (@)I* = llmx(@)mx (@) = [waalz, )| < falz, 2)|| = [

Similarly, Proposition 4.6 in [I0] shows that (w4, 75, 7x) is an isometric
representation of a Hilbert A-B-bimodule X whenever either 74 or 7 is faithful.
Indeed, for example, if 7 is isometric, then by the compatibility condition we
have

I

lex(@)[I* = llmx(z) 7x (2)]| = l75({z, ) )l = |z, )5l = ||l=]*.

The following theorem establishes the existence of representations for any

Hilbert A-B-bimodule.

Theorem 3.2.3. Let A and B be C*-algebras, and let X be a Hilbert A-B-bimodule.
Then for any nondegenerate representation g of B on a Hilbert space Hy, there
are a nondegenerate representation wa: A — L(H1) of A on a Hilbert space Hq and

a bounded linear map mx: X — L(Ho, H1), such that (ma, 7p,Tx) is a representation

of X on (Ho, H1).

Proof. See Proposition 4.7 in [10]. |

45



Corollary 3.2.4. Let A and B be C*-algebras, and let X be a Hilbert A-B-
bimodule. Then there is an isometric representation (wa, mp,mx) of X on some pair

of Hilbert spaces (Ho, H1)-

Proof. Let mp: B — L(H,) be the universal representation of B. Then 7p is

faithful and nondegenerate. Hence, this follows at once from Theorem [3.2.3] and

Remark 3.2.2 [ ]

We now present the definition for a representation of a right Hilbert module,
which comes from looking at the conditions in Definition that only deal with

the right action and right inner product.

Definition 3.2.5. Let A be a C*-algebra and let X be a right Hilbert A-module. A
representation of X on a pair of Hilbert spaces (Ho, H1) consists of a pair (74, 7x)
such that 74 is a representation of A on Hy, and 7x: X — L(Ho, H1) is a linear
map, such that for all @ € A, and all z,y € X, the following compatibility conditions

are satisfied.
1. mx(za) = mx(x)ma(a),

2. ma((@,5)a) = 7x () mx(y).
If 7y is an isometry, we say the representation (w4, mx) is isometric.

The map 7y in Definition [3.2.5|is always bounded and this follows exactly
as in Remark [3.2.2] Similarly, faithfulness of 74 is sufficient for (74, 7x) to
be isometric. The following result establishes the existence of (isometric)

representations for right Hilbert modules.

Corollary 3.2.6. Let A be a C*-algebra and let X be a right Hilbert A-module.

Then for any nondegenerate representation wa of A on a Hilbert space Hq, there
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are a Hilbert space Hy and a linear map mx: X — L(Ho, H1) such that (7wa, )
is a representation of X on (Ho, H1) as in Definition m Furthermore, if wa
is faithful, then (w4, wx) is isometric and in this case wx(X) has the right Hilbert

wa(A)-module structure from Example|3.1.1|

Proof. 1t is well known that a right Hilbert A-module X is also a Hilbert K 4(X)-
A-bimodule. Hence the desired result follows at once from Theorem B.2.3l The

isometric part of the statement follows from Remark [3.2.2]

Remark 3.2.7. There is a quite different approach to prove Corollary that
does not depend on Theorem Indeed, one can take mx to be the restriction
to X of the map U from Theorem 2.6 in [29]. We are thankful to Julian Kranz for

pointing out this reference to us.

We end this section by observing that our main results from Section [[T]] can

be stated using the language of Definition [3.2.5]

Proposition 3.2.8. Let A be a C*-algebra, let X be any right Hilbert A-module,
and let (mx,ma) be a representation of X on (Ho, H1), with w4 faithful. Suppose
that mx(X)Ho is dense in Hy. Then the C*-algebras KCA(X) and L4(X) can be

represented on Hy via the maps described below.

1. There is a x-isomorphism from IC4(X) to

span {mx (z)mx(y)*: x,y € X} C L(H4),

which sends 0, to mx(x)mx(y)* for z,y € X.

2. We define

B ={be L(H): brx(z),b*mx(x) € mx(X) for all x € X} .
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For each b € B we get a map 7(b): mx(X) — mx(X), given by 7(b)(nx(x)) =
brx(z). Then B is x-isomorphic to L4(X), via the map that sends b € B to
1

my o 7(b) o mx, where 7T;1 15 interpreted as the inverse of the linear bijection

X - X — Wx(X).

Proof. Since 74 is faithful, mx is isometric. The result now follows immediately

after replacing A with its isometric copy ma(A) and X with its isometric copy mx(X)

on Proposition for part (1), and on Proposition for part (2). |

Representations of C*-correspondences

In this section we define representations of C*-correspondences and present
the main result of this paper, Theorem [3.3.2] which we will see is actually a
generalization of Theorem [3.2.3] We then give two applications of this theorem.
The first one, contained in Theorem |3.3.7] gives necessary and sufficient conditions
for a general (A, B) C*-correspondence to admit a Hilbert A-B-bimodule structure.
The second one, given in Theorem |[3.3.12 shows that the interior tensor product of
correspondences admits a representation as the product of suitable representations
of the factors.

Recall that C*-correspondences are a generalization of Hilbert bimodules.
Our goal is then to find a general version of Theorem that works for the
general C*-correspondence setting. For this, we need first to define what we mean

by representations of C*-correspondences.

Definition 3.3.1. Let A and B be C*-algebras, and let (X, ¢) be an (A, B) C*-
correspondence. A representation of (X, ) on a pair of Hilbert spaces (Ho, H1)

consists of a triple (74, 7p, mx) where 74 is a representation of A on H;, 7p is a
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representation of B on Hy, and mx: X — L(Hg, H;) is a linear map, such that for

all a € A, and all x,y € X, the following compatibility conditions are satisfied.
L mx(p(a)r) = ma(a)mx(z),
2. mx(xb) = mx(x)mp(b),

3. mp((@,y)B) = mx(x) mx(y)-
If 7y is an isometry, we say the representation (w4, mg, Tx) is isometric.

As in Remark [3.2.2] the linear map 7x from Definition [3.3.1] is automatically
bounded and faithfulness of 7 is sufficient for (74, 7g, mx) to be isometric.

We point out that Definition |3.3.1] agrees with the definitions of
representations of C*-correspondences in the literature. Indeed, suppose that (X, )
is an (A, A) C*-correspondence and that (w4, 74, 7x) is a representation of (X, ¢)
as in Definition [3.3.1] Then (74, 7x) is a representation of (X, ¢) on £(H,) in the
sense of Definition 2.1 in [14] and an isometric covariant representation of (X, ¢)
on H, in the sense of Definition 2.11 in [I§]. More generally, suppose that (X, ¢) is
an (A, B) C*-correspondence and that (74,7, 7x) is a representation of (X, ¢) on
(Ho, H1) as in Definition [3.3.1] Then letting C' = L(Ho ® H1), we get obvious maps
7a: A — C,m5: B — C,and mx: X — C induced by 74, g, and mx. It is clear
that (74, 7p, Tx) is in particular a rigged representation of (X, ¢) on C' in the sense

of Definition 3.7 in [3].

Main results.

The following theorem establishes the existence of representations for any

(A, B) C*-correspondence.

49



Theorem 3.3.2. Let A and B be C*-algebras and let (X, ) be an (A,B) C*-
correspondence. Then for any nondegenerate representation wg of B on a Hilbert
space Ho, there are a representation ma: A — L(H1) of A on a Hilbert space
Hi and a bounded linear map wx: X — L(Ho, H1), such that (ma, 7p,7x) is a
representation of (X, ¢) on (Mo, H1) as in Definition[3.3.1. If in addition A acts

nondegenerately on X, then w4 is nondegenerate.

Proof. Notice that (Ho, 7p) is a (B, C) C*-correspondence. Let H; = X ®,, Ho
be the interior tensor product of (X, ¢) with (Ho, 75), which is in particular a right
Hilbert C-module, that is, a Hilbert space. The representation of A on H; comes
from the left action of A on H; gotten from equation in the interior tensor
product construction. Indeed, Proposition 2.66 of [25] gives m4: A — L(H1), a

representation of A, such that for each a € A, each x € X, and each £ € H,,

mala)(r® &) = p(a)r @ E. (3.3.1)

Furthermore, it is also shown in Proposition 2.66 of [25] that 74 is nondegenerate
whenever A acts nondegenerately on X. We now establish the existence of mx. This
is motivated by the Fock space construction in [24]. Indeed, for each z € X, let

mx(z): Ho — H; be the creation operator

() =1 ®E. (3.3.2)

Then it is clear that © +— 7x(z) is a linear map from X to £(Ho, H1). As in
Remark [3.2.2] boundedness of mx will follow once we check the compatibility
conditions from Definition [3.3.1] which will in turn prove that (74,75, 7x) is indeed

a representation of (X, ) on (Ho, H1). First we check condition (I). If a € A,
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x € X, and £ € Hy, then

mx(p(a)r)€ = (p(a)r) @ & = ma(a)(z @ ) = mala)mx(2)¢.

That is, mx(p(a)z) = ma(a)mx(x) as desired. Now for b € B, x € X, and & € Hg, we

use equation (2.2.3]) at the second step and find

mx(2b)§ = (b)) ® § = x @ mp(b)§ = mx(x) TR (D).

This shows that mx(zb) = mx(z)7p(b), proving condition (2)). Finally, notice
that equation (2.2.2)) shows that mx(x)*: H; — H, is the annihilation operator

satisfying, for any z € X and £ € H,,

() (z ® &) = mp({z,2)B)E. (3.3.3)

Thus, for any £ € H,,

(@) mx(y)€ = mx(2)"(y © §) = 75({z, y) B)E,

whence mx(z)*mx(y) = m5((z,y)p), which is compatibility condition (3)), so we are

done. -

The method we used in the proof of Theorem can be easily adapted to
produce a different proof of Theorem |[3.2.3. Thus, we present below a restatement

of Theorem followed by a proof along the lines of the proof of Theorem (3.3.2

Theorem 3.3.3. Let A and B be C*-algebras, and let X be a Hilbert A-B-bimodule.
Then for any nondegenerate representation g of B on a Hilbert space Hy, there
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are a nondegenerate representation wa: A — L(H1) of A on a Hilbert space Hy and
a bounded linear map mx: X — L(Ho, H1), such that (ma, 7p,Tx) is a representation

of X on (Ho, H1) as in Definition[3.2.1]

Proof. We get the Hilbert space H; = X ®,, Ho exactly as in the proof of Theorem
3.3.2l Since A acts on X via (—, —) p-adjointable operators (see Remark [2.2.3), we
use Proposition 2.66 of [25] to get ma: A — L(H,), a representation of A, such that

for each a € A, each x € X, and each & € H,,

ma(a)(z ©§) = (ax) @&

Furthermore, since X is a left Hilbert A-module, it follows that A acts
nondegenerately on X. Thus, Proposition 2.66 of [25] also guarantees that w4 is
nondegenerate. Finally, compatibility condition from Definition is shown
exactly as compatibility condition from Definition was shown in the proof
of Theorem . Since compatibility conditions and from Definition m
coincide with compatibility conditions and from Definition , we only
need to make sure that compatibility condition (3) of Definition is satisfied.

Indeed, for any z,y, 2z € X, and any £ € Hg, using equation (3.3.3)) at the first step,

equation (2.2.3) at the second step, and equation (2.2.1]) at the third one, we get

mx(2)mx(y)" (2 @ §) = v @ 7((y, 2)B)E
= x<y7Z>B ®€
= aA{z, )z ®¢

= mala(z,y))(z ® ).
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Thus, mx(x)7x(y)* = ma(a(x,y)), as wanted. [

We give three remarks about the last two results. On those we explain how
these results are useful to apply the main result of Section [3.2] and also how the

proofs of these theorems compare to those known in the current literature.

Remark 3.3.4. The construction of the Hilbert space H; given in the proofs

of Theorems [3.3.2| and [3.3.3| above clearly implies that mx (X)#H, is dense in H;.

This is also true for the Hilbert space H; obtained from Theorem Indeed,
according to the proof of Proposition 4.7 in [10], the space #; is defined as follows.
Let L be the linking algebra of X and +: X — L the inclusion of X as the upper
right corner of L. Then H; is defined as the closure of 7 (:(X))Ho, where 7 is a
suitable representation of L on a Hilbert space H that contains Hy. For each x € X,
the operator mx(x) € L(Hg, H1) is then defined as the restriction of 7(¢(x)) to Ho,
so it follows that mx(X)H, is dense in #H;. This shows that the map mx, no matter
from which construction presented so far was obtained, satisfies the nondegeneracy

condition on the hypothesis of Proposition [3.2.8|

Remark 3.3.5. The proof of Theorem [3.2.3| given in [10] does not appear to have
an obvious modification to make it work for the C*-correspondence case. This is
due to the fact that their proof relies on the linking algebra of the bimodule X,
which does not exist in the general C*-correspondence setting due to the lack of
an A-valued left inner product. We also believe that the arguments used in [29] to
prove our Corollary can’t be modified to produce a proof of Theorem |3.3.2,
Finally, we point out that the methods we employed to show Theorem differ
from those used in [29] and [10]. In particular, we have obtained in equation (3.3.2))

a concise formula for mx that might be useful to produce concrete representations
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of both Hilbert bimodules and modules. In particular, our formula for 7y has an

immediate application presented in Theorem below.

Remark 3.3.6. Suppose that the representation wg in the hypotheses of
Theorem [3.3.2] (or in Theorem is faithful. Then (74, 7p, mx) is an isometric
representation and a sufficient condition for the faithfulness of 74 is for A to act
nondegenerately on X (this is always true in the Hilbert bimodule case). Indeed,
for the sake of a contradiction, suppose that there is a nonzero a € A such that
ma(a) = 0. By nondegeneracy, we find a nonzero x € X such that ¢(a)x # 0 (for
the Hilbert bimodule case we interpret ¢(a)z as azx). We can find nonzero elements
y € X and b € B such that z = yb (see for example Proposition 2.31 in [25]). Then

for any & € Hy, using (2.2.3)) at the third step,

0=ma(a)(z®E) = pla)yb © £ = p(a)y @ mp(b)E.

Since p(a)x # 0, it follows that ¢(a)y # 0 and therefore m5(b)¢ = 0 for all £ € H.

Hence, faithfulness of 7z implies that b = 0, a contradiction.

We now present two applications of Theorem [3.3.2] The first application
answers the problem of determining when a C*-correspondence can be given the

structure of a Hilbert bimodule.

Theorem 3.3.7. Let A and B be C*-algebras, and let (X, ) be an (A, B) C*
correspondence such that A acts nondegenerately on X. Then there is an A-valued

left inner product on X making it a Hilbert A-B bimodule if and only if Kp(X) C
p(A).
Proof. Suppose first that there is an A-valued left inner product on X making it a

Hilbert A-B bimodule. That is, there is a map 4(—, —): X x X — A such that for
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any z,y,z € X we have p(4(x,y))z = x(y, 2) 5. Since x(y, 2)p = 0,,(2), this proves
0.y € ¢(A) for any z,y € X, which in turn implies Kz(X) C p(A).

Conversely, assume that g(X) C ¢(A). Let m15: B — L(H,) be the
universal representation of B, which is faithful and nondegenerate. Then since A
acts nondegenerately on X, Theorem together with Remark above gives
the existence of a nondegenerate faithful representation m4: A — L(H;) of A on a
Hilbert space H; and a linear map mx: X — L(Ho, H1), such that (w4, 75, mx) is an
isometric representation of (X, ¢). Furthermore, the proof of Theorem tells us
that H; = X ®,, Ho and 7x(z) is the creation operator by z € X. Let z,y,z € X

and & € Ho. Then by our assumption, there is a € A such that 0,, = ¢(a) and

therefore using equation (3.3.3)) at the first step, equation (2.2.3)) at the second
step, and equation (3.3.1]) at the fifth step, we get

mx(@)mx(y)" (2 ® §) = @ 75((y, 2) B)S
=x(y,2)p ®¢
= 024(2) ® ¢
= pla)z®¢

= ma(a)(z ®¢).

This proves that 7x(z)mx(y)* = 7(a). Therefore, mx(z)mx(y)* € ma(A) for any

x,y € X. Thus, for each z,y € X we use the map 7;': 74(A4) — A to define

alz,y) =7 (mx(z)mx(y)¥). (3.3.4)
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It is immediate to check that (z,y) +— a(z,y) is indeed an A-valued left inner

product on X. Furthermore, if z € X, then

Lade, )| = llmx(z)mx(2)"[| = [lmx(@)]* = [|=]-

Hence, X is indeed a left Hilbert A-module. We now only need to check that this
makes X into a Hilbert A-B-bimodule by verifying equation (2.2.1)). That is, we

need to prove that

@<A<x7 y>)Z = £C<y, Z>B'

for all z,y,z € X. To do so, we use the fact that (w4, 7p, Tx) is a representation of

(X, ¢) and notice that

mx (e(alz, y))z) = malalz, y))mx(z)
= ma (" (mx(@)mx (y)*) )7 (2)
= mx(x)mx(y) mx(2)

= mx(2)75((y, 2)B)

= mx(2{y, 2)B)

Since 7y is an isometry, this gives ¢(4(z,v))z = z(y, 2) g, as we wanted to check to

finish the proof. [

Remark 3.3.8. Suppose that we apply the proof of the “if” part of Theorem [3.3.7
to a Hilbert A-B-bimodule regarded as an (A, B) C*-correspondence. Then notice
that the left A-valued inner product defined in (3.3.4)) coincides with the left A-

valued inner product already carried by X. Indeed, this follows at once from looking
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at the proof of Theorem [3.3.3 in which it is shown that m4(4(z,vy)) = mx(x)*7x(v)

if the representation (74, 7, Tx) was obtained using Theorem (3.3.2

Remark 3.3.9. Recall that for a C*-correspondence (X, ¢), the map ¢ is not
required to be injective. However, if we require injectivity of ¢ in the hypotheses
of Theorem [3.3.7], then the proof is straightforward and does not depend on the
results of this paper. Indeed, it suffices to define the left A-valued inner product

using the map ¢~ ': = 1(A) — A, by letting

alz,y) = ¢ (0uy),

instead of using equation (3.3.4). We are not aware of any result in the literature

like Theorem [3.3.7] either with or without the assumption of injectivity of ¢.

As an application of Theorem [3.3.7, we give below an easy proof that a
Hilbert space of dimension at least 2, thought of as a (C,C) C*-correspondence,

can’t be given the structure of a Hilbert C-C-bimodule.

Example 3.3.10. Let H be a Hilbert space with dimension at least 2. Clearly

H is a right Hilbert C-module, Lc(H) = L(H), and Kc(H) = K(H). For each

a € C, we define p(a) = a -idy. Then p: C — L(H) makes (H, ) into a (C,C)
C*-correspondence. Furthermore, it’s clear that ¢o(C)H = H, so the left action

is nondegenerate. We claim that IC(H) Z ¢(A). Let (&;)jes be an orthonormal
basis for H. By assumption card(J) > 2 and therefore we can find j, k € J with
J # k. Notice that 0¢, ¢, (§x) = &;, whence O¢, ¢, # ¢(a) for all @ € C, proving the
claim. Therefore, Theorem implies that (X, ) can’t be given the structure of
a Hilbert C-C-bimodule.
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Remark 3.3.11. A direct sum of Hilbert A-B-bimodules is not, in general, a
Hilbert bimodule again. However, it is an (A, B) C*-correspondence. It is not

hard to see that the C*-correspondence in Example is a direct sum of
Hilbert C-C-bimodules. We have not investigated which C*-correspondences can
be decomposed as a direct sum of Hilbert bimodules, but we believe Theorem [3.3.7]

might be a useful tool to tackle this problem.

We conclude this chapter with a second application of Theorem [3.3.2]
which deals with how to get a representation for the interior tensor product of an
(A, B) C*-correspondence (X, px) with a (B, C') C*-correspondence (Y, py) using
particular representations of the C*-correspondences (X, ¢x) and (Y, ¢y). The main
point is that we can always make the representation of the C*-algebra B from the

representation of (X, px) agree with the representation of B from the representation

of (Y7 SOY)

Theorem 3.3.12. Let A, B, and C be C*-algebras, let (X, px) be an (A,B)
C*-correspondence, let (Y, py) be a (B,C') C*-correspondence such that B acts

nondegenerately on'Y, and let 7o: C' — L(Ho) be any nondegenerate representation

of C'" on a Hilbert space Hy. Then:

1. There are Hilbert spaces Hi,Ha, maps ma: A — L(Hs), np: B — L(H1),
mx: X = L(Hi,Ha), and mv: Y — L(Ho, H1), such that (ma, T, Tx) S a
representation of (X, ¢x) on (Hi,Hsa) and (7, 7o, Ty) is a representation of

(Y, @y) on (Ho, H1).

2. For every pair ((ma,7p,7x), (7p, 7c,Ty)) as in (1), there is a map m: X @,
Y — L(Ho, Hz) satisfying m(x @ y) = mx(z)my(y) and such that (ma, mc, ) is

a representation of (X @y, Y, px) on (Ho, Ha).
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3. The map m from (2) is an isomorphism from X ®,, Y to mx(X)my(Y).

4. If in addition w¢ is also faithful and A acts nondegenerately on X, then

(T4, e, ) is isometric.

Proof. Since m¢: C' — L(Ho) is nondegenerate and B acts nondegenerately on Y,
Theorem (3.3.2| gives a Hilbert space H;, a nondegenerate representation mg: B —
L(H1), and a bounded linear map my: Y — L(Hg, H1) such that (7, 7o, my) is a
representation of (Y, py) on (Ho, H1). Hence, a second application of Theorem m
gives a Hilbert space Hs, a representation m4: A — L(Hs), and a bounded linear
map mx: X — L(Hi,Hs) such that (w4, 75, mx) is a representation of (X, ¢x) on
(H1,Hso). This takes care of part (1). For part (2), we first prove the existence of
the map 7. First, fix n € Z>q, 21,...,2, € X, and y1,...,¥y, € Y. Then, using
the fact that (7wp, 7o, my) is a representation at the second and third steps together
with equation at the sixth step, we find

N n
= s 3 () ()€ () (9)€)

ligll=1 j,k=1

Hzn: mx(25)my (y;)

= sup Y (mv(y;) my (ov (@), o) B)UR)E, )

€ll=1 g k=1

= sup Z<7TC(<yj,¢Y(<$j>xk>3)yk>c>§v£>

lel=1 j,k=1

n

> mel(y ¢Y(<$j,$k>3)yk>C)H
k=1

Z (s, v ({zj, wk)B)yk>cH

jk=1

WSmen S nen) |
j=1 k=1 ¢
=Dz ®y 2
j=1
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Moreover, a straightforward computation gives mx (zb)my(y) = mx(x)my (py(b)y) for
any x € X,y € Y, and b € B. Therefore, we can extend the map z®y — mx(x)my(y)
to a well defined bounded linear map 7: X ®,, Y — L(Ho, Hz). To finish part

(2), It only remains to check that (74, ¢, 7) is indeed a representation of the
correspondence (X ®,, Y, ¢x) on (Ho, Hs). This follows from three immediate
computations on elementary tensors using the fact that both (74,75, 7x) and

(mp, Tc, my) are representations. Part (3) is now immediate from definition of 7.
Finally, to check part (4), since B acts nondegenerately on Y and 7¢ is faithful,
Remark then shows that 7p is faithful. Finally, since A acts nondegenerately
on X, it follows again from Remark that 74 is faithful, but as in Remark [3.2.2]

this is enough for (74, 7o, 7) to be isometric. |
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CHAPTER IV

PRELIMINARIES ON L OPERATOR ALGEBRAS

We start the chapter with a brief section on multiplier algebras for Banach
Algebras, presenting basic definitions and results that will be useful later on. We
then define LP operator algebras, give examples of them, and state well known
results that will be needed later. We also briefly discuss spatial partial isometries
acting on L? spaces in order to introduce the LP-Cuntz algebras OF. This chapter

includes, with no proof, some results from both [22] and [21] for future reference.

Multiplier Algebras

We briefly look at the multiplier algebra of a Banach algebra and some of
its properties, which will come on handy in Chapters [V] and [VIl The following

definition comes from section 2.5 in [6].

Definition 4.1.1. Let A be a Banach algebra. A double centralizer for A is a
pair (L, R) with L, R € L(A) satisfying L(ab) = L(a)b, R(ab) = aR(b), and
aL(b) = R(a)b for all a,b € A. We define M (A), the multiplier algebra of A, to be
the subset of £(A) x L(A)° (equipped with the max norm) consisting of double

centralizers.

It is clear that M(A) is a unital Banach subalgebra of L(A)xL(A)°P. If Ais a
C*-algebra, an equivalent definition for M(A) is as the set of two sided multipliers
for A on any Hilbert space as long as A acts nondegenerately on it; see Definition
2.2.2 in [27] for instance. This will be also the case for Banach algebras that have

contractive approximate identities and that can be nondegenerately represented on
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a Banach space. To prove this, we first state some precise definitions and prove a

useful lemma.

Definition 4.1.2. Let A be a Banach algebra and E a Banach space. A

representation of A on E is a continuous homomorphism 7: A — L(E).
1. We say that 7 is contractive if ||7(a)|| < ||a|| for all a € A.
2. We say that m is isometric if ||7(a)|| = ||a|| for all a € A.

3. We say that 7 is separable if F is separable, and that A is separably

representable if it has a separable isometric representation.

4. We say that m is nondegenerate if
m(A)E = span({m(a){: a € A and {E}),

is dense in F/, and that A is nondegenerately representable if it has a

nondegenerate isometric representation.

Definition 4.1.3. Let A be a Banach Algebra. We say that A has a contractive
approzimate identity (c.a.i.) if there is a net (ey)rea such that |ley]| < 1 for all

A€ A and for all a € A,
li —all =1 —all =0.
lim ||aey — all lim llexa —al| =0
Lemma 4.1.4. Let A be a Banach algebra with a c.a.i. Then for any a € A,
lall = sup [[ab] = sup [|bal|.
lloll=1 llbl|=1
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Proof. Let (e))xea be a c.ai. for A. Then for any a € A,

lexal

lall = sup [|bal| > sup > sup [lexal| = [al|.
I5=1 aeh lleall ™ xea
The other equality is proved analogously. [ |

Proposition 4.1.5. Let A be a Banach algebra with a c.a.i., and let (L, R) €
M(A). Then ||L|| = ||R||. Furthermore, the map v: A — M(A), given by t(a) =
(La, Ra), where Ly(b) = ab and R,(b) = ba, is isometric, and t(A) is a closed ideal
in M(A).

Proof. Lemma [4.1.4] gives
I1L(a)[l = Sup, IbL(a)]] = sup. [R(b)all < | R]l||all

Thus, ||L|| < ||R||. Similarly,

[B(a)|| = sup [[R(a)bl] = sup [laL )] < [la][||L]],

l[of|=1 [lof|=1
whence |R|| < ||L|| and therefore | L]| = ||R]||. Once again Lemma [1.1.4] gives
|Lall = ||Ral] = |la||, showing that ¢ is isometric and that ¢(A) is closed in M(A).

Finally, direct computations show that for any a € A and any (L, R) € M(A),
t(a)(L,R) = «(R(a)) and (L, R)t(a) = ¢(L(a)), whence ¢(A) is indeed an ideal in

M (A), finishing the proof. |

We are now ready to prove an important result, which implies that when A is
a nondegenerately representable on a Banach space E' Banach algebra with a c.a.i.,
then, just as in the C*-case, the algebra of two sided multipliers is independent of

the Banach space F on which the algebra is nondegenerately represented.

63



Theorem 4.1.6. Let A be a Banach algebra with a c.a.i. and that is
nondegenerately represented on a Banach space E via w: A — L(FE). Then M(A) is
isometrically isomorphic to {t € L(E): tr(A) C n(A),n(A)t C n(A)}, the algebra of

two sided multipliers for A.

Proof. For convenience, we identify A with its isometric copy 7(A) in L(E). Let
B={te L(F):tA C A, At C A}. For any t € B, we define D(t) = (L, R;) where
Li: A— A, R;: A— Aare given by Li(a) = ta and R;(a) = at. For any a,b € A,
we easily check that L;(ab) = Li(a)b, R;(ab) = aR(b), and aLi(b) = Ri(a)b.
Hence, D(B) C M(A). Furthermore, we check below that t € B implies that
|L¢|| = ||R¢]| = ||t]|]. This will be done using the fact that that A has a c.a.i, say
(ex)aea, and that A sits nondegenerately in £(F). Indeed, that ||L:|| < ||¢]| and

| Re]| < ||t|| is obvious. For the reverse inequalities, notice first that for any n € AE

with ||n]| = 1 we have
[texll = [[texn]l and [lext[| = [lextn|-

However, since n € AE and (e))aea is an approximate identity for A, it follows that

both (teaxn)aea and (extn)aea converge to tn in E. Thus,
i t > ||t d I th > ||t
Lim [[tex] = fl#nl| and lim [[ext[} = [|tn],
and since AF is dense in E and ||n|| = 1, this gives at once

li t > ||t d li t| > ||t]].
lim tes]| > 1]} and lim flext]] > |1
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Now, for any A € A, we clearly have ||L|| > ||tes||, and ||R;|| > ||ext||, whence the
reverse inequalities also hold. Therefore, || D(t)|| = ||t||, making D: B — M(A) an
isometric map. It remains to show that D is surjective. Fix an arbitrary (L, R) €
M(A). For any £ € E, we claim that the net (L(ey){)xrea converges in E. To prove
the claim, notice that by nondegeneracy, it suffices to show that (L(ey)an)ea is a
Cauchy net in F for any a € A and any n € E. Let € > 0. Then there is \g € A

such that ||aey, — aey, || < for all A, Ao > Ag. Hence,

e
ILIflmll+1

[1L(ex, Jan — Liex,)an|| = [|L(ex,a — ex,a)nl| < [[L[llaex, — aex, [llln]] < e,
proving the claim. Thus, we can define an element ¢ty € L(E) by letting
toé = }\Ig/% L(ey)é,
for any & € E. Moreover, for any a € A and ¢ € E, we find
(toa)€ = lim L(ex)ag = lim L(exa)§ = L(a)¢,

whence tgpa = L(a) € A. Similarly, using that aL(e)) = R(a)ey we get atg = R(a) €
A. Therefore, it now follows at once that t, € B and that D(ty) = (L, R), proving

surjectivity as we wanted to show. [

Corollary 4.1.7. Let A be a Banach algebra with a c.a.i. and let m1: A — L(FE)
be a contractive nondegenerate representation of A on a Banach space E. Then w

induces a nondegenerate contractive representation 7: M(A) — L(E) such that, if ¢

is as in Proposition then m=Tou
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Proof. Let (e))xea be a c.ai. for A. For each (L, R) € M(A) we define 7(L, R) €

L(E) by letting, for any £ € E,
7(L,R)¢ = %\1& m(L(ex))E.

That 7(L, R) is well defined is verified exactly as for the map #, in the proof of
Theorem when surjectivity of D was established. It follows now from standard
verifications that 7: M(A) — L(FE) is a nondegenerate contractive representation of

M (A) satisfying m =7 o ¢. |

We will need a final result that gives a map from the multiplier algebra of A

to the multiplier algebras of quotients of A.

Proposition 4.1.8. Let A be a Banach algebra with a c.a.i. and let I C A a
closed two sided ideal. Then the quotient map qo: A — A/I induces a contractive

homomorphism qo: M(A) — M(A/I).

Proof. Let (e))xea be an approximate identity for A and let (L, R) € M(A). Then

for any b € I we have
L(b) = liin L(exb) = liin L(ex)b e I.

From here it follows that L(I) C I and an analogous argument shows that R(I) C
I. Thus, we get well defined linear maps L: A/I — A/I and R: A/I — A/I such
that Logy = qoo L and Rogy = goo R. Furthermore, for any a € A with ||go(a)|| = 1,

we have

IZ(go(@))ll = llao(Z(a))]| = Lim [lgo(L(exa)) || < lim [lgo(L(ex))l[llao(@)]| < [IL]]
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whence ||Z|| < ||L|| and similarly ||R|| < ||R||. Thus, L, R € £(A/I) and, moreover,
direct calculations show that (L, R) € M(A/I). Therefore we have shown that the
map Go: M(A) — M(A/I) given by Go(L, R) = (L, R) is contractive. Another
direct computation shows that ¢o(L1, R1)qo(Le, Ra) = qo(L1Ly, ReRy) for any

(L1, Ry), (Lo, R2) € M(A), whence ¢ is indeed a homomorphism, as wanted. [ |

LP-operator algebras.

If (Q,9M, 1) is a measure space, we define L°(£2, 9, 1) to be the space of
complex valued measurable functions modulo functions that vanish a.e [u]. If
p € [1,00) U {0}, we sometimes write LP(u) for LP(2, 91, ). Also, if vy is counting
measure on a set I, we write £P(I) instead of LP(I,2! vy). In particular, when

I ={1,...,d} for some d € Zsy, we simply write ¢ to mean ¢*({1,...,d}).

Definition 4.2.1. Let p € [1,00), let (2,901, 1) be a measure space, let A be a
Banach algebra, and let m: A — L(LP(u)) be a representation of A on LP(u). We
say 7 is o-finite if (2,9, u) is o-finite, and that A is o-finitely representable if it

has a o-finite isometric representation.

Remark 4.2.2. If A is separably representable on an LP-space, then it is o-
finitely representable. Indeed, let (2,901, ;1) be a measure space such that LP(u)
is separable. Then we claim that there is a o-finite measure space (€2, My, 110)
such that LP(u) is isometrically isomorphic to LP (). To verify the claim, let

{&.: n € Z>1} be a countable dense subset in LP(u) and put

QO == U Supp(£n)7 mo = m’Qo; and MO = ,u|9ﬁo

n=1
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Since, for each n € Zs1, &, € LP(u), it follows that supp(§,) is o-finite with respect

to p and therefore )y is o-finite with respect to py.

Definition 4.2.3. Let p € [1,00). A Banach algebra A is an L” operator algebra if

there is a measure space (2,91, 1) and an isometric representation of A on LP(u).
Example 4.2.4. Let p € [1, 00).

1. For any measure space (£2, 90, i), the algebra L'(Lp (,u)) is trivially an LP-

operator algebra.

2. For any measure space (2,90, 1), the algebra K(Lp(u)) of compact operators

on LP(u) is an LP-operator algebra.

3. Any C*-algebra is an L? operator algebra. However, a general L? operator

algebra is a not necessarily a self-adjoint algebra.

4. Equip M, the set of n X n complex matrices, with the operator norm from
acting on (C",|| — ||,). Then M, is equal to L(¢*({1,...,n})). To emphasize
the dependence on the p-norm, this space is denoted by MP and it is clearly

an LP-operator algebra.

5. For j,k € {1,...,n}, let e;;, € MP be the matrix whose only non-zero entry
is the entry (j, k) which is equal to 1. Then the set T? = span{e;; : 1 < j <
k < n} of upper triangular matrices is a subalgebra of M?, which is also an

LP-operator algebra.

6. Let © be a locally compact topological space. Then Cy(£2), with the usual

supremum norm, is an LP-operator algebra.

The following result is part of Proposition 1.25 of [22].
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Proposition 4.2.5. Let p € [1,00), and let A be a separable LP operator algebra.

Then A is separably representable.

Spatial Tensor Product

For p € [1,00), there is a tensor product, called the spatial tensor product and
denoted by ®,. We refer the reader to Section 7 of [7] for complete details on this
tensor product. We only describe below the properties we will need. If (Qq, My, po)

is a measure space and F is a Banach space, then there is an isometric isomorphism
LP(po) ®p B = LP(po, E) = {g: Qo — E measurable: [, ||g(w)|[” duo(w) < oo}

such that for any & € LP(ug) and n € E, the elementary tensor £ ® 7 is sent to
the function w +— &(w)n. Furthermore, if (21,9, 1) is another measure space and

E = LP(uy), then there is an isometric isomorphism

LP(po) ®p LP (1) = LP(Qo X Q, pro X p1),

sending £ ® 7 to the function (wp,w1) — &(we)n(wy) for every & € LP(ug) and
n € LP(py). We describe its main properties below. The following is Theorem 2.16
in [21], except that we have removed the the o-finiteness assumption as in the proof

in Theorem 1.1 in [11].

1. Under the identification above, span{{ ® n: £ € LP(ug),n € LP(u1)} is a dense

subset of LP(Qy x Qy, po X p1).

2. [l€@nllp = llllpllnlly for every & € LP(po) and 1 € LP ().
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3. Suppose that for j € {0,1} we have measure spaces (€2;, M, 11,), (A;, N, v;),
a € L(LP(u), LP(v9)) and b € L(LP(u1), LP(11)). Then there is a unique map

a®be LILP(uo X p1), LP(vg X v1)) such that

(a®b)(E®@n) =al®bn

for every & € LP(uo) and n € LP(uy). Further, ||a ® b|| = ||a||||b]].

4. The tensor product of operators defined in (3) is associative, bilinear, and

satisfies (when the domains are appropriate) (a3 ® by)(as ® be) = ajas & bibs.

Definition 4.3.1. Let p € [1,00) and let A C L£(LP(u)) and B C L(LP(v)) be LP-
operator algebras. We define A ®,, B to be the closed linear span, in E(Lp (1 x 1/)),

ofalla®bfora € A and b € B.

Spatial partial isometries.

We start by introducing some language and notation. This comes mostly from

Sections 5 and 6 in [21].

Definition 4.4.1. Let (Q, 9, 1) and (21,91, v) be measure spaces. A measurable

set transformation is a map S: M — N, defined modulo null sets, such that
(i) For any E € M, v(S(E)) = 0 if and only if u(E) = 0.
(ii) For any E € M, S(Q \ E) = S(Q2) \ S(E).
(ili) For any pairwise disjoint £y, By, ... € M, S(U;Z, E;) = U2, S(E)).

Remark 4.4.2. Since a measurable set transformation is defined modulo null

sets, we are in fact abusing notation in the definition above. Indeed, when we
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say S(E) = F we really mean that the class [E] = {£' € IM: p(E'AE) = 0}
gets mapped by S to the class [F] = {F' € : v(F'AF) = 0}. Thus, we must
specify the measure when dealing with a measurable set transformation. For this

reason, from now on, we will write S: (Qo, 9, 1) — (1, M, v) instead of simply

S — .

Remark 4.4.3. Let S: (Q, M, 1) — (1,91, v) be a measurable set
transformation. Then ran(S) = {S(E) € IM: £ € M} is a sub o-algebra of N

and S is surjective if and only if ran(S) = 9.
The following is part of Proposition 5.6. in [21].

Proposition 4.4.4. Let S: (Q, M, 1) — (21,M,v) be a measurable set

transformation. Then there is a unique linear map Sy: L°(u) — L°(v) such that
1. S.(xg) = xs) for all E € M.

2. If (£,)°, is a sequence of measurable functions on Qg converging pointwise

a.e [u] to &, then Si(&,) — S«(§) pointwise a.e [v].

Moreover,

3. Su(€-m) = 5.(6) - Su(n) and S.(§) = 5.(€).

4. (L)) = L°(Vran(s))

5. S, is injective if and only if S is injective.

6. S((B)) = S.(§)"Y(B) for any Borel set B in C.

7. If T: (0,9, v) — (22,8, \) is another measurable set transformation, then
(T'oS)y=T,0S5,.
71



Definition 4.4.5. For a measure space (2,9, 1) we define ACM(£2, 90, 1) to be

the set of all measures on (2,90%) that are absolutely continuous with respect to p.
The following is part of Lemma 5.9. in [21].

Proposition 4.4.6. Let S: (Qo, M, ) — (1, M, v) be a measurable set
transformation. Then there is a unique well defined map S*: ACM(Qy,M,v) —
ACM(Q0, MM, 1) such that if E € M, F € N satisfy S(E) = F, then

whenever A € ACM(Qq, M, v).

We really need to push measures forward rather than pull them
back. For this, we require S: (Qp, M, u) — (21,M,v) to be an injective
measurable transformation. In this case, we get a measurable transformation
S (Q,ran(S), V|rancs)) — (0,9, ). This allows us to define the
pushforward on ACM (g, 9, 1) induced by S as follows: S,: ACM(Qo, M, u) —

ACM(Qy, ran(S), V|ran(s)) is given by

Corollaries 5.13 and 5.14 in [21] give important properties of this pushforward of
measures for biyective measurable set transformations, which we present in the

following proposition.

Proposition 4.4.7. Let (o, M, 1) and (21, M, v) be o-finite measure spaces and

let S: (Qo, M, 1) — (L1, N, v) be a bijective measurable transformation.
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1. If h = [%y‘)} and & € L°(u) is nonnegative or if one of the integrals in the

following exists (in which case they all do), then

Qoﬁduz/ﬂl S.(€) dS*(u)z/Ql S.(&)h dv

2. If X € ACM(Qo, M, 1) is o-finite, then so is S.(N).

3. If M, Ao € ACM(Q, MM, 1) are mutually absolutely continuous, then
dS.(A1) A\
=5 |-—— e [Su(A
[ds*()w)] ° ( LD\J ) we [5:(%)

Furthermore, if T: (1, M, v) — (Q22,P, \) is an injective measurable set

transformation, then (T o S), = T, o S,.

The importance of injective measurable set transformations is that they give

rise to isometric operators between LP-spaces, as shown in the next lemma.

Lemma 4.4.8. Letp € [l,00), let S: (0,9, ) — (1, M, v) be an
injective measurable set transformation such that v|an(s) is o-finite, and let g be
a measurable function on €y such that |g| = 1 a.e. [v]. Let s: LP(u) — LP(v) be

given by
dS.(n)
dV|ran(S)

5(6) = [ } " 5.0

Then s € L(LP(u), LP(v)) and ||s(€)|l, = |[€]lp, that is, s is an isometry.

dS. (n) ]

dV‘ran(S)

Proof. 1t is clear that s is a linear map. One then easily checks that [
is non-negative. The rest is a direct computation using the properties of the

pushforwards on L°(x) and on ACM(§, M, ) stated on Propositions and
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[4.4.7 Indeed,

Isce)ly = [ (M)mw Wi = [ S0l d5.0) = el

dv ‘ ran(S) X
as wanted.

Lemma gives rise to a more general type of operator known as

semispatial partial isometries, which we define below.
Definition 4.4.9. Let (Q, M, 1) and (21,91, v) be o-finite measure spaces.

(1) A semispatial system for (2o, 9, u) and (21,MN,v) is a quadruple (E, F, S, g)
in which £ € M, FF e M, S: (E,M|g, ulg) = (F,N|p,v|r) is an injective
measurable set transformation with v|;an(s) o-finite, and g: F¥ — C a 9|p-
measurable function such that |g| = 1 a.e. [v|p]. If in addition S is bijective,

we call (E, F,S,g) a spatial system.

(2) If p € [1,00), a linear map s: LP(u) — LP(v) is said to be a (semi)spatial

partial isometry if there is a (semi)spatial system (E, F, S, g) such that

1/
(%2) 7 s.(6l)g on F
s(€) = 4 V"

0 on y \ F

If in addition p(€ \ E) = 0, we say s is simply a (semi)spatial isometry.

As in Lemma |4.4.8 we see that if s is a (semi)spatial partial isometry, then
s, = €]l Thus, any (semi)spatial isometry is actually an isometry. The
following theorem (due to Lamperti [10]) states that for p € [1,00) \ {2}, any

isometry s € £(Lp(u), Lr (V)) is a semispatial isometry. However, Lamperti’s
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original statement is slightly in error. For a complete proof we refer the reader to

Theorem 3.2.5 in [12].

Theorem 4.4.10. (Lamperti) Let p € [1,00)\{2}, and let (o, M, p) and (21,0, v)
be o-finite measure spaces. If s € L(LP(u), LP(v)) is an isometry, then s is a
semispatial isometry. If in addition s is an isometric isomorphism, then s is a

spatial isometry.

We will mostly need spatial partial isometries, that is those that come from
bijective measurable set transformations. The following is part of Lemma 6.12 in

[21].
Lemma 4.4.11. Let (0, M, ) and (21, N, v) be o-finite measure spaces. Let p €
[1,00), and let (E, F, S, g) be a spatial system for (Qo, M, p) and (1, N, v).

1. There is a unique spatial partial isometry s € E(Lp(,u), Lp(l/)) whose spatial

system is (E, F, S, g).

2. Furthermore, there is a unique spatial partial isometry t € L(LP(v), LP(p))

whose spatial system is (F, E,S™ (S71).(9)™").

Definition 4.4.12. The element ¢ from part (2) in Lemma [4.4.11]is called the

reverse of s.
The following result is part of Lemma 6.18 of [21].

Lemma 4.4.13. Let (2,9, 1) be a o-finite measure space. Then an idempotent
e € L(LP(p)) is a spatial partial isometry if and only if there is E € MM such that

e =m(xg)-

The next proposition provides a mostly algebraic criterion to check that,

for p € [1,00) \ {2}, an element in £(LP(X, u)) is a spatial partial isometry. We
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give a complete proof here as we believe there is not one available in the current

literature.

Proposition 4.4.14. Let (Q,9, u) be a o-finite measure space and let p € [1,00) \
{2}. Then s € L(LP(u)) is a spatial partial isometry if and only if there ist €

L(LP(n)) and there are idempotents e, f € L(LP(u)) such that:
1. e and f are spatial partial isometries.
2. st=f and ts = e.
3. fse=s andetf =t.
4. Isll <1 and |t|| < 1.

Proof. Suppose first that s is a spatial partial isometry. For this direction we do
not use p # 2. Let (E, F, S, g) be the spatial system of s, and let ¢t € L(LP(u)) be
its reverse, both guaranteed to exist by Lemma [{.4.11] That [|s|| < 1 and ||¢]| < 1
is a consequence of Lemma , so part (4) follows. Define f = st and e = ts.

We claim that f = m(xr) and e = m(xg). Indeed, using the properties of the

pushforwards on L°(x) and on ACM(€, 9, i) stated in Propositions 4.4.4] and [4.4.7]

respectively, we find that for any £ € LP(u) and any w € F,

[dSu(ulg), 1"
((t6)) (w) = _W(“’)} S, (HE)]5) W) g()

150le) )] s, ([ A5 ) ” (57 (€leg™) ) @)g(e)

- 1/p
| (dS(ulR) " dplr " N
- () >(ds*m|E>>( )] el

= (¢lr)(w),
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whereas if w ¢ F it is clear that (s(t€))(w) = 0. Thus, f = m(xr). An analogous
argument shows that e = m(yg), so the claim is proved. It follows from Lemma
that e and f are indeed idempotent spatial partial isometries. Since e is
multiplication by xg and clearly s(§) = s({|g), it follows that se = s. Similarly,
tf =t. Hence, fse = se? = se = s and etf = tf> = tf = t, giving part (3). This
finishes the forward direction.

Conversely, assume that there is ¢t and that there are idempotents e, f
satisfying (1)-(4) in the statement. By Lemma [£.4.13] there are E, F € 90 such
that e = m(xg) and f = m(xr). Notice that (2), (3) and (4) say that s is an
isometric isomorphism from Range(e) = LP(E, u|g) to Range(f) = LP(F, u|r) with
inverse ¢. Since p # 2, it follows from Theorem (Lamperti’s Theorem) that
S|tr(B )t LP(E, plg) — LP(F, pu|r) is a spatial isometry, and therefore s is a spatial

partial isometry. [ |

Corollary 4.4.15. Let (Q,9M, 1) be a o-finite measure space and let p € [1,00) \
{2}. If s,t € L(LP(n)) satisfy (1)-(4) of Proposition|4.4.14), then both s and t are

spatial partial isometries.

Proof. This is immediate from the fact that the statement of Proposition [4.4.14] is

symmetric in s and . [

Remark 4.4.16. It was shown by Phillips and Viola, see Lemma 5.8 in [23],

that for (2,9, u) a o-finite measure space and p € [1,00) \ {2}, an idempotent
e € L(LP(u)) is spatial partial isometry if and only if e is a hermitian idempotent.
Since it is possible to define hermitian idempotents for any unital Banach algebra,
Proposition above could be taken as the definition of a spatial partial

isometry in a unital Banach algebra.
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Definition 4.4.17. Let d € Z>,. We define the Leavitt algebra L to be the
universal complex unital algebra generated by elements si,...,sq, t1,...,ts subject

to the relations:

1. For any j € {1,...,d},

2. For j #kin {1,...,d},

tjsk = 0.

d
Z Sjtj =1.
j=1

Definition 4.4.18. Let d € Z>, and let B be a non-zero Banach space. A
representation of Lq on B is a unital algebra homomorphism p: Ly — L£(B). If

p € [1,00) and B = LP(u) for a o-finite measure space (€2, 9, ), we say that p is a
spatial representation if for each j € {1,...,d} the element p(s;) is a spatial partial

isometry with reverse given by p(¢;).
The following are Theorem 8.7 and Definition 8.8 in [21] respectively

Theorem 4.4.19. Let d € Zsq, let p € [1,00), let (Qo, M, 1) and (1, N, v) be
o-finite measure spaces, and let p: Ly — L(LP(u)) and p: Lg — L(LP(v)) be spatial

representations. Then the map p(s;) — @(s;) and p(t;) — ¢(t;), for j € {1,...,d},

extends to an isometric isomorphism p(Lq) — ©(Lg).

The previous theorem justifies the following definition.
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Definition 4.4.20. Let d € Zs, and let p € [1,00). We define the LP Cuntz
algebra OF to be the completion of Ly in the norm a +— |[|p(a)|| for any spatial

representation p of Ly on LP(u) for a o-finite measure space (€2, 9, ).

I[P-Crossed Products

The following material is taken mostly from Section 3 of [9] and Section 3 of
[22].

Let A be an LP-operator algebra, let G be a second countable locally compact
group with left Haar measure v, and let @ : G — Aut(A) be an isometric action
(i.e., for each g € G the map a(g) = a,: A — A is isometric and for each a € A,
g — agy(a) is a continuous map G — A). The triple (G, A, «) is called an isometric
G-LP-operator algebra or an LP-dynamical system. We denote by C.(G, A, «) the

space L'(G, A) = L'(G,v) ®; A equipped with twisted convolution:

(2 %) (g) = /G e(h)an(y(hg))dv(h).

It is known that L'(G, A, @) is a normed algebra that contains C.(G, 4, ) as a
dense subalgebra. Let (G, A, @) be an isometric G-LP-operator algebra and let
(2,90, 1) be a measure space. A covariant representation of (G, A, ) on LP (1)

consists of a pair (7, u) where
1. 7 is a representation of A on LP(u),

2. u: G — Inv(LP(p)) is a group homomorphism with g — u(g)§ = u.€ a

continuous map for all £ € LP(u),
3. m(ay(a)) = ugm(a)u,* for all g € G, a € A.
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A covariant representations (7, u) induces a representation of L*(G, A, «) on LP(u)
via

((7r X u)x)§ = /Gﬁ(x(g))ugfdu(g).

for any & € LP(u). A contractive representation my of A on LP(u) induces a

contractive covariant representation (m,v) of (A, G, «) on LP(v x u) given by

(m(@)n)(g) = mo(a, " (a)) (n(9))

for n € C.(G, LP(u)) C LP(v x p), and

(v4€) (h,w) = &(g™ " h,w)

for any £ € LP(v x p).

Definition 4.5.1. Given an isometric G-LP-operator algebra, we define a seminorm

on C.(G, A, ) by

o) = sup (> )|
(w,u) is a o-finite, nondegenerate,
contractive, covariant representation of (G, A, &)

The full crossed product FP(G, A, «) is the completion of C.(G, A, ) /ker(o) with

respect to || — ||, the norm induced by o,. Similarly, we define a seminorm by

or(x) = sup [(7 > v)|]
mo is a o-finite, nondegenerate,
contractive representation of A

Then we define F}(G, A, «), the reduced crossed product, to be the completion of

C.(G, A, o) /ker(o,) with respect to || — ||y, the norm induced by o,
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It is now known that FP(G, A, «) is isometrically isomorphic to F,(G, A, «)
when G is amenable. A proof of this is analogous to the C*-case and will appear in
an updated version of [22].

The following result is an analogue of a well known fact about C*-crossed

product and follows essentially by the same arguments.

Proposition 4.5.2. Let A be an LP-operator algebra with a c.a.i. and let (G, A, «)
be an isometric G-LP-operator algebra. If m: LY(G, A, ) — L(LP(n)) is a
nondegenerate contractive representation, then |7(z)|| < ||x||« for all z €

LYG A ).

Proof. Since both A and L'(G) have c.a.i.’s, essentially the same arguments
presented in the proof for the converse of Proposition 7.6.4 in [20] (ignoring *-
preserving and replacing unitary by invertible), show that = = 7y x u for a covariant
representation (m, u) of (G, A, «). Then ||7(z)|| = [[(mo x uw)(z)]| < ||z]«, as

wanted. m
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CHAPTER V

LP-MODULES OVER L” OPERATOR ALGEBRAS

In this chapter we initiate the study of a type of module over LP-operator
algebras that generalizes Hilbert modules over C*-algebras. The definitions here are

motivated by our results from Chapter [[TI]

LP-modules and C*-like L”-modules

For our main definition, it is worth revisiting Example from Chapter
11} Recall that if A C L(H,) is a concrete C*-algebra, then any closed subspace

X C L(Ho, H1) satisfying
1. zae Xforallz € X, a € A,
2. z*y € Afor all x,y € X,

is a right Hilbert A-module. Furthermore, observe that the space X* = {z*: z € X}

is a closed subspace of L£(H1,H,) satisfying
3. aye X*forallae A, ye X"

Finally, by standard Hilbert module arguments we also know that the norm of an
element z in any right Hilbert A-module X can be computed as an operator norm
of the map y — (x,y)4 which is in L4(X, A) with adjoint given by a — za. In

Example [3.1.1} this is equivalent to

4. ||z|l = SUPyex+ |lyl|=1 |yx|l, and ||z*|| = SUPyexX,|lyll=1 |z y].

The next definition is motivated by the behavior we just described for the pair

(X, X*) coming from Example (3.1.1}
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Definition 5.1.1. Let (9, 9o, po) and (€21, 9%, 111) be measure spaces, let p €
[1,00), and let A C L(LP(uo)) be an LP operator algebra. An LP-module over A is
a pair (X,Y), where X C L(LP(uo), LP(p1)) and Y C L(LP(p1), LP(110)) are closed

subspaces satisfying
l. zae Xforallz € X, a € A,
2. yre Aforallz e X,y €Y,
3.ayeYforallyeY, ae A
If in addition for every z € X and y € Y we have
4. |zl = SUDyey,||yll=1 lyz|| and [ly|| = SUPgeX, ||z||=1 [zd®
then we say that (X,Y) is a C*-like LP-module.

Notation 5.1.2. If (X,Y) is an LP-module over A, it comes naturally equipped
with a pairing Y x X — A via (y,z) + yx. It will be convenient to sometimes

denote the operator yx : LP(uo) — LP(po) by (y | ) a.
We now present examples of LP-modules.

Example 5.1.3. Let A be a C*-algebra and let X be any right Hilbert A module.
If (74, mx) is an isometric representation of X on a pair of Hilbert spaces (Ho, H1)
as in Definition then (mx(X), mx(X)*) is clearly a C*-like L*-module over
ma(A).

Example 5.1.4. Let p € [1,00), let (2,9, 1) be a measure space, and let A C

L(LP(n)) be an LP operator algebra. Then (A, A) is trivially an L? module over A.
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However, (A, A) is not always C*-like, as condition does not hold in general for

non-unital A. Indeed, if

L { (0 ) e c} C ME(T) = £(e({1,2})),

0 0
01 0 2\ /0 1
=1>0=sup .
0 0 ==11\0 0/ \0 0

Nevertheless, if A has a contractive approximate identity (ex)aea, then (A, A) is

then

C*-like. Indeed, in this case condition holds thanks to Lemma [4.1.4]

Example 5.1.5. Let (2,9, 1) be a measure space, let p € (1,00), and consider the
LP-operator algebra A = L(£}). Observe that A can be identified with C via a
a(1) and that ||a|]| = |a(1)| for any a € A, whence the identification is isometric.
Now let X = LP(u), which we isometrically identify with £(¢}, LP(u)) via & +—

(z = 2€) for any € € LP(u) and z € ¢, Similarly, if ¢ is the Holder conjugate of
p, then Y = L9(u) is isometrically identified with £(LP(u), ¢}) via the usual dual
pairing n — (§ — (n,€) = [,nédp) for n € LI(u) and & € LP(pu). Under these
identifications, we claim that (X,Y) is a C*-like LP-module over A. Clearly X and
Y are closed subsets of L(¢, LP(u)) and L(LP(u),}). We check that conditions
(1)-(4) from Definition hold. Let ¢ € X and a € A. Then the composition
€a : 0§ — LP(p) is clearly a bounded linear map, proving condition (1). If n € Y
and £ € X, the composition (n | {)a: § — £} agrees with (n,£) as an element
of A, so condition (2) follows. Similarly, for @ € A and n € Y, we note that the

composition an: LP(u) — ¢4 is a bounded linear map and therefore condition (3) is
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done. Finally, it’s well known that for any £ € X and n € Y |[][, = supyp,. =1 [{n, §)I,

so condition (4) also follows.

Example 5.1.6. Let d € Z>y, let p € [1,00), and let g be the Holder conjugate
of p. As particular instance of Example [5.1.5, we see that (¢4, ¢2) is a C*-like LP-
module over C. Notice that we are now able to include p = 1 because the dual of £}

is (.

Example 5.1.7. Let (2,91, 1) be a measure space, let p € (1,00), and consider the
LP-operator algebra A = K(LP(1)). We can switch the modules in Example
and still get an LP-module but over K(LP(u)) instead of C. Indeed, let X = L9(u),
identified as before with L(LP(u),#}), and let Y = LP(u) which is identified again
with L(], LP(u)). For any a € L(LP(u)) there is a’ € L(L%(n)) given by (a'n,§) =
(n,a&) and it is clear that za = o'z € X for any x € L%(u), whence condition

(1) in Definition follows. Condition (2) also holds, for a direct calculation
shows that yz = 6,, € K(LP(n)) = A. Condition (3) follows at once from the
fact that A naturally acts on LP(u) on the left as bounded operators. Finally, since

10,1l = llyllpllzllq, it is also clear that (L?(w), LP(1)) is a C*-like module over

KLP (1)

Example 5.1.8. Let d € Z>1, let p € [1,00) and let ¢ be the Holder conjugate of p.
As particular instance of Example we get that (¢4, ¢4) is a C*-like LP-module

over L(¢7) = MY. We are again able to include p = 1 because the dual of £} is (5°.

Example 5.1.9. In this example we combine, via the spatial tensor product,
Example |5.1.6| with Example [5.1.4] This is a particular case of the external tensor
product construction discussed in Section below. Let d € Zss, let p € (1,00),

and let (2,90, 1) be a measure space. If v, is counting measure on {1,...,d}, then
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we have the following isometric isomorphisms
8 @y T (1) 2 D (v X 1) = D ()™

The last one comes from & — (&, ...,&) where, for each j € {1,...,d}, § € LP(p)
is given by &;(w) = £(j,w), and the norm on LP(u)? is given by ||(¢1,...,&)|[P =
Z?Zl 1€;11P. Now let A C L(LP(p)) be an LP operator algebra. We define X C
L(LP(n), LP(1)?) and Y © L(LP(p)¢, LP (1)) by

X=Llg®, A= LG ;) ®, A and Y =l5®, A= L({5,17) ®, A.
Observe that X is identified with A¢, with norm given by

/p
o, aa)l = sup (3 laselr) .

1€]=1 j=1

where the supremum is taken over £ € LP(u). Similarly, Y is also identified with A%,

but equiped with the norm

d
|(b1,...,bq)|| =  sup bi&ill,
(€)1 ; ™
where the supremum is taken over (&;,...,&;) € LP(u)?. Since X and Y are closed

by construction, we automatically have the closure conditions of Definition [5.1.1}

For condition (1), take z € ¢4 and a1, as € A. We have

(z®a1)as = 2z ® aras € X.
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Therefore the composition xa is in X for all z € X and all a € A. Similarly, to verify

condition (2), notice that for w € ¢4, z € %, and ay,a; € A, we have

d

(w®a)(z®ag) = <Z w(j)z(j)) aias € A.

Jj=1

Hence, it follows that (y | 2)4 € A for all y € Y and all € X. Condition (3) follows

similarly. Indeed, if a1, as € A and w € £§ we get
a(w®ay) =w®aas €Y,

whence ay € Y foralla € Aandy € Y. Thus, (X,Y) is an L? module over A.
We suspect that (X,Y) is C*-like whenerver (A, A) is, but we haven’t been able to
prove this or find a counter example. We will say more about this example and its

potential C*-likeness in Chapter

Finite Direct Sum of LP-modules

Let p € (1,00). Example can be realized as the direct sum of d copies
of the L module from Example [5.1.4 We now describe such direct sum in its full
generality. Let p € [1,00), let d € Z>,, and for each j € {1,...,d} let (X;,Y;) be an
LP module over an L? operator algebra A C L(LP(u)). For 7 € {1,...,d}, we have
measure spaces (§2;, 05, u;) such that X; is a closed subspace of L(LP(uo), LP(p;))
and Y; is a closed subspace of L£(L”(u;), L*(1o)). Consider the algebraic direct

sums X = @?:1 X;and Y = @;l:l Y4. The pair (X,Y) has a natural structure of
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LP module over A. Indeed,
d
X C L£(1 (o), @D L' (1)),
j=1
where each (z1,...,24) € X acts on £ € LP(ug) by

(1, .., xq)€ = (1€, ..., 24b).

This endows X with the operator norm satisfying

.....

Even though in general neither equality is true, this shows that X is a closed

subspace of L(LP (o), @;l:l LP(y;)). Similarly,

d

Y C c(@ LP(Q, p5), LP(Qo, uo))

Jj=1

where each (y1,...,yq) € Y acts on (11,...,74) € @?:1 LP(u;) by

d
Wy (s ma) = >y
j=1

Thus, the operator norm inherited by Y satisfies

.....

where ¢ is the Holder conjugate for p. Once again, equality in both ends of the

last inequality does not always hold, but it follows that Y is a closed subspace of
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E(@?zl LP(pj), LP(po)). For each (z1,...,24) € Xand a € A, it is clear that
condition (1) in Definition holds:

For condition (2), if (y1,...,v4) € Y, we get

d

Wi, - ya) (@1, -, ) = Z(y] | ZEj)A e A

Jj=1

We now check condition (3). Indeed, it is clear that if (y,...,y4) € Y, a € A, then

ay; € Y; for each j € {1,...,d}, and therefore we have

a(yi, ... ya) = (ay1,...,ayq) €Y,

Hence, (X,Y) is an LP-module over A. As before, we conjecture that (X,Y) will be

C*-like whenever A has a c.a.i. and (X;,Y;) is C*-like for each j.

Countable Direct Sums of LP-modules

We start by discussing a naive attempt of a definition of countable direct
sums of LP-modules that generalizes the finite dimensional case. We then give an
example to show why this fails in general. We finish the section with the correct
definition and a result that shows that this definition generalizes direct sums of
Hilbert modules.

Let p € [1,00). Suppose now that we have measure spaces (£2;, 9, u1;) for
each j € Zxo and that we have countably infinitely many L” modules ((X;,Y;))32,

over A C L(LP(pp)) where, for each each j € Zs;, the module X; is a closed
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subspace of L(LP(uo), L (1t;)). An immediate generalization from the finite case

will be to consider the pair (X, Yy ) where

Xy = {(il?j)ﬁili r; € X, sup Y flag|]P < OO} ,

ll€ll,=1 j=1

Y, = {(yj);il: yi €Y, sup Y;n; , < oo} ,
1

S22 Inglip=1 1 4=

where the supremum for elements in X, is taken over elements £ € LP(f) and the
one for elements in Yy, is taken considering elements n; € LP(u;) for each j € Zxo.
If we equip EB;’; LP(y1;) with the usual p-norm, then X, is a closed subspace of
L(LP(po), D, LP(p;)) and Yy, is a closed subspace of £( D2 L7 (1), LP(uo))
(this will follow from Theorem [5.3.3). Furthermore, we can check that (X, Yy)
satisfies conditions (1) and (3) in Definition [5.1.1] However, condition (2) might
fail. Indeed, in the following example we will see that, in general, it is not true that

requiring (z;)52, € X, and (y;)p2; € Y, implies that

o0

W)y (2)32 = > (y; | 7))

i=1
converges to an element of A.

Example 5.3.1. Let p € [1,00) and consider (¢4(Zx1), ?(Z>1)), which is a
C*-like LP-module over K(¢7(Z>1)), as shown in Example [5.1.7] (we are able to
include p = 1 because the dual of ¢*(Z>;) is (*°(Z>1)). For each j € Zs; we let
(X;,Y;) = ({4(Z>1),?(Z>1)) and consider X,, and Yy, as above. For each j € Zx;
define z;: (P(Zx1) — (7 by x;§ = £(j) and y;: €7 — (P(Zx1) by y;¢ = (;, where

{0;: j € Z>1} is the canonical basis of ?(Z>1) (notice that for p = 2, y; is actually
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x;‘) Then z; € X; and y; € Y; for each j > 1. Furthermore,

sup Zmap— sup [[p =1,

lel=1 = lellp=1

and

_sup HZyCH sup ZICJI”

21 1G1p=1 25 lGIP=1
Therefore ()52, € X, and (y;)52, € Y. Moreover, for each j € Zx; we
clearly have y;z;£ = £(j)0; and therefore y;x; = 05,5, € K((P(Z>,)). However,
1325, 05,6;]| = 1 for any m > n > 1, and therefore 3 7% | yz; = 22 05,5, does

not converge in IC(P(Zx1)).

Thus, in general (X, Yy) is not an LP-module over A. We actually need to
work with subspaces of X,, and Y,, to make things work. The motivation for the
following definition for countable direct sums of LP-modules will be clear once we

introduce the external tensor product in Section and prove Proposition |5.4.2]

Definition 5.3.2. Let p € [1,00), for each j € Zx¢ let (2,90, 11;) be a measure
space, and let (X;,Y;)52, be a countable family of LP-modules over A C L(LP(u))
such that for j € Zs;, the module X; is a closed subspace of L(LP(ug), LP(115)).

Then we define 2, (X;,Y;) to be the pair (X,Y) where

X = {(%)?1 Xy Jm - sup, ZII%SI”Z }
p=1 j=n

Y = {(yj);”il €Yy: lim sup H Zyjn]

s
e OO ] 521 Injllp=1

-

In Theorem below we show that P72, (X;,Y;) is indeed an LP-module

over A that agrees with the usual definition of direct sums of Hilbert modules
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when A is a C*-algebra and X; is a right Hilbert A module represented on the pair

(Ho, ;) for each j > 1.
Theorem 5.3.3. Let (X,Y) = D[2,(X;,Y;) be as in Definition . Then:

1. (X,Y) is an LP-module over A.

2. Letp = 2, let A be a C*-algebra, and for each j > 1 let X; be a Hilbert A-
module isometrically represented in (Ho, H;) via mx,: X; — L(Ho, H1), as in

Definition[3.2.5, with X;Hq dense in H;. Then

((mx; ()21, (mx, (25))521) € @D (x, (%), 7, (X))

j=1

when Y7 (x5, 1) 4 converges in A.

Proof. To prove the first statement, we first check that X is a closed subspace of
L(LP (o), D72, L7 (1)) and that Y is a closed subspace of L( @72, LP(u;), LP(10))-
To do so, let ()% | be a Cauchy sequence in X. Then a direct check shows that
n)) °, is a Cauchy

for each j € Z>,, ||x§") - xgm)H < ||z — 20| and therefore (:Cg

sequence in X;. Thus, by completeness, we get for each j € Z>; an element x; € X;
such that chn) — x;as n — o00. Define z = (;)2,. We claim that (z(")22,

converges to . Let ¢ > 0 and choose N € Zs; such that ||z — 2(™|P < ¢

whenever m > n > N. Now take any £ € LP(u0) with ||£]| = 1, and observe that
Z I = 2™l < o) = P <e.

Letting m — oo on both ends of the previous inequality gives

ZII — el <,
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and taking supremum over all ||£|| = 1 yields ||z — z|| < & whenever n > N.

o0

Thus, 2™ converges to x. Similarly, if we let (y™)°°, be a Cauchy sequence in Y,

for each j we see that (y: )2,

; is a Cauchy sequence in Y; and therefore we get an

element y; € Y; such that yj(") — y;. A similar argument shows that, if we define
y = (y;)32,, then y™ converges to . We still need to check that z € X and y € V.
For any £ € LP(ug) with ||¢]] = 1 and for any m > n > 1 we repeatedly apply

Minkowski’s inequality (both for LP(y;) and for R™™") to get

(S lesel) " < (Sthog —Pel)” + (S helr)

Jj=n
- k 1/p . 1/p

< (D lse = Pelr) "+ (3 el
j=n j=n

n k 1/p
< Jlz— 2@+ (3 1aMelr)
j=n

Then, since z¥) € X, the previous inequality can be used to show that z € X,
proving closure of X. Similarly, if (1;)52; is a norm one element of 77, L7(y;) and

m >n > 1, a direct application of Minkowsky’s inequality in LP(ug) gives

| S| < || D = wmil| + | 30 0 m | <y =1+ | 3 o,
j=n j=n j=n j=n
Hence, using the previous inequality and the fact that y*) € Y, implies that y € Y,
proving that Y is also closed.
It still remains for us to check that conditions (1)-(3) in Definition [5.1.1]
are satisfied. Condition (2) is the only one that requires some work. Let
(7;)2, € Xand (y;)52, € Y. We claim that 37 (y; | x;)a converges in

j=1

A. If we prove the claim, the element to which this series converges is in fact

93



((wi)521 | (25)32)a: LP(po) — LP(po), and condition (2) will follow. Let K =
D oot | 3555 ] and for each m = n > 1let Myn(€) = 7, €[
Then K < oo and limy, n—e0 SUP|jgj =1 M,.m (&) = 0. Now for any £ € LP(up) with

€]l = 1, we find

Hence,

from which it follows that (3 7_, y;7;)72, is a Cauchy sequence in A and therefore
convergent, proving our claim.

For the second statement, we identify A with its isometric copy in £(H,) and
similarly for each j € Z>; we identify X; with its isometric copy in £(Ho, H;) so

that X7 C L(H;,Ho). We have to show that convergence of > °2 | x¥x; in A implies

the following two conditions

(a) sup ZII%SIIQ <ooand lim sup lexyélb

l€ll2=1 =7 il I P

b) s [ Sam,
j=1

Zjo 1 njllp=1

To check condition (a), let £ € LP(ug) have norm 1 and let m > n > 1. Then,

] =n

< oo and lim sup H Zx;nj =0
2

—
IO 3221 nglip=1

Z €13 = Z € 230i6) = <g,zx 5i€) < | Zx 1

and also
(o] (e.)
> llasel < | 2 g
j=1 j=1

*z; in A does imply condition (a). For condition (b),

Hence, convergence of > % | 7

let (1;)22; be a norm 1 element of 72, H;. In addition, for fixed m > n > 1,
94



define n = (N, ..., 1m) € D), H;. Observe that ||n|| < [|(n;)32,]| = 1. Then

=

NE

m m
* * *
H E L ;15 LM, E Scmk>
Jj=n k=n

n

MSK,;
NE

<77j7 $j$277k>

bl

n k=n

.
I

= (M, (2520) fh=n)

< (i) Frznll-

Both statements in condition (b) now follow at once from the convergence of

> 2y ¥z and Lemma which guarantees ||(z;23)7_, |l = | 227, @525l

External Tensor Product of LP-modules

We now present an analogue of the external tensor product for Hilbert
modules. This generalizes the construction from Example Moreover,
Proposition below was in fact the main motivation for the definition for
countable direct sums presented above (see Definition [5.3.2)). The external tensor
product will also be used later in Definition [6.3.30} although it is then shown in
Remark that we could have simply used the correspondence version from
Definition [6.2.1]

Definition 5.4.1. For j = 0,1, let (€, 9%, ;) and (A;,M;, ;) be measures
spaces, let p € (1,00), let (X,Y) be an LP-module over an L” operator algebra

A C L(LP(pp)) with X C L(LP(po), LP(11)), and let (V, W) be an LP-module over
an LP operator algebra B C L(LF(vy)) with V. C L(LP(ug), LP(p1)). Using the

spatial tensor product for operators acting on LP-spaces, we define the external
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tensor product of (X,Y) with (V,W) by letting
(X,Y)®, (V,W) = (X®, V,V®,W).

It is routine to check that all the conditions in Definition needed to

make (X ®, V,V ®, W) an LP-module over A ®, B are met.

Proposition 5.4.2. Letp € (1,00) and let (X,Y) be an LP-module over A C

L(LP(19)) with X C L(LP(po), LP(p11)). Then

o0

(7(Z31),(Z1)) &, (X, Y) = EP(X, ).

j=1

Proof. Recall that @72, (X,Y) = (Zx, Zy) where

Zx = {<x]~>§°1: ryeX, lim | sup 3 el = o} C £( (o). D L (1)),

and

>y

< lmsliz=1" =

Zy = {(yj)]‘?‘;l: y; €Y, lim sup

T,1M—+00 D

. o} c £( @ rim). ().

Let tx and ¢y be the following natural inclusions:
i (L) @ X = L(L7(10). @D L (1) ).
j=1

and

vy U1(Zx1) @, Y — ﬁ(é”(m), Lp(m))-

i=1
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It suffices to show that the image of tx is Zx and that the image of vy is Zy. For
any ¢ € 7(Z1), any @ € X, and any € € L (o) we have 1x(¢ @ )¢ = (C(7)x€)32, €
@;2, LP(m). Furthermore,

tim_ sup 3 ISl = o] lim 3 €)1 =
m,n—00 _1“ m,n—00 <
Jj=n Jj=n

From this it is clear that ix(§ ® x) € Zx. Since Zx is closed in
L(LP(po), @72, L(11)) (see Theorem [5.3.3), we conclude that ix(¢7(Z>1) ®,
X) C Zx. For the reverse inclusion, suppose that (r;)32, is in Zx. We claim that

> 5210 @ is an element of (P(Z>;) ® X. Indeed, for any m >n > 1 we have

S8 (k) (;€) ()| dpnr(w) = sup Z ;€7

j=n H_]n

After taking the limit as m,n — oo and using the fact that (r;)32, is in Zx, we see
that (3°7_, 0; ® ;)72 is a Cauchy sequence in (#(Z>;) ® X, so our claim follows. It
is immediate to check that ix(} 72, 6; ® ;) = ()32, and therefore we have shown
that wx (¢P(Z>1) ®, X) = Zx as wanted. Similarly, notice that for any v € (4(Z>,),

y €Y, and ()2, € D)2, LP(11) we have

v (v @ y)( = v(i)yn;-
7j=1

Hence, using the finite dimensional version of Hélder’s inequality we see that for

m>n>1,

Z(ym

< ||y||(2|v )"

sup
Z] 1 ||7IJHP_1
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Thus, taking limit when m,n — oo shows that ty (v ® y) € Zy. Since Zy is closed,
this is enough to show that ¢y (¢4(Z>1) ®, Y) C Zy. For the reverse inclusion, once
again it suffices to show that > 7% ; @ y; defines an element in (9(Z>1) ®, Y when

()52, € Zy. Let m > n > 1 and notice that

H Z@' ® Yj
j=n

=  sup H ii@(k)ymkH = sup H iy’m’“H‘
— k=n

oz llmellp=1 ez llmellp=1

Thus, letting m,n — oo shows that (3 7_, 6; ® y;)p2, is Cauchy in £7(Z>,) ®,Y and

we are done. [ |

Morphisms of LP-modules

Let (0, Mo, p1o) and (4,91, 1) be measures spaces, let p € [1,00), and let
(X,Y) be an LP-module over an L? operator algebra A C L(L”(jp)), as in Definition

b.1.1L Motivated by Proposition |3.1.5 we set
La(X,Y)={te L(LP(11)): tx € Xand yt € Y forallz € X,y € Y}.  (5.5.1)

It is clear that £4((X,Y)) is an L? operator algebra. For each x € X and y € Y the
composition xy € L(LP(u1)) satisfies (zy)z = z(y | 2)4 € X for all z € X and also
w(zy) = (w | z)ay € Y for all w € Y. Therefore, zy € L4((X,Y)) for any = € X and
y € Y. We will sometimes denote the operator xy by 6,, € L(LP(;11)) and think of

it as a “rank one” operator on X:

Opyz = (vy)z =2(y | 2)a € X
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for all z € X. Moreover, these operators are also module maps, that is, 0, ,(za) =
O,y(2)a for x,2 € X, y € Y, and a € A. Since span{f,,: v € X and y € Y} is closed
under multiplication (because 0, 4,015, = 0, (y122),5.), Motivated by Proposition

[3.1.4] we define the Banach algebra

Ka((X,Y)) =span{l,,: x € Xand y € Y} C L(LP(111)). (5.5.2)

Thus, K4((X,Y)) is naturally an LP-operator algebra and by definition
Ka((X,Y)) € La((X,Y)).

Proposition 5.5.1. KA((X,Y)) is a closed two sided ideal in L4((X,Y)).

Proof. By construction, K4((X,Y)) is a closed subset of L4((X,Y)). Let z € X,
y € Y,and t € L4((X,Y)). Then it follows at once that 8, ,t = 6,,: € Ka((X,Y))
and t0,, = i, € Ka((X,Y)). [

Below we will compute £4((X,Y)) and K4((X,Y)) for some of our known

examples.

Example 5.5.2. Let A be an LP-operator algebra and let (A, A) be the LP-
module over A from Example [5.1.4] Furthermore, suppose that A has a c.a.i..
Then the Cohen-Hewitt factorization theorem (in fact, we only need Theorem 1
in [4]) implies at once that K4((A, A)) coincides isometrically with A via the map
6, — ab. If, in addition, we require that A sits nondegenerately in £(LP(u)) (i.e.,

ALP(pu) is a dense subset of LP(u)), then there is an isometric isomorphism between

L4((A,A)) and M(A) from Definition |4.1.1} Indeed, notice first that equation
(5.5.1)) becomes

LA((AA) ={te L(LP(u)): ta€ A at € A for all a € A},
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Hence, Theorem [4.1.6] shows that M(A) and L£4((A, A)) are isometrically

isomorphic.

The previous example also gives an answer to when the multiplier algebra of

an LP-operator algebra is also an LP-operator algebra.

Corollary 5.5.3. Let A be an LP-operator algebra with a c.a.i. that is

nondegenerately represented on LP(u). Then M(A) is an LP-operator algebra.

Proof. Identify A with its isometric copy in £(LP(u)). The desired result follows at
once from Example [5.1.9[in which we saw that M (A) is isometrically isomorphic to

L4((A,A)) C L(LP(n)), which is an LP-operator algebra. |

Example 5.5.4. Let (2,901, 1) be a measure space, let p € (1,00), and let
(LP(p), L9(p)) be the C*-like LP-module over A = L(#}) presented in Example

b.1.5] Then L£a((LP(p), L9(p))) = L(LP(p)). Indeed, in this case equation (5.5.1)
implies that Lc((LP(u), L9(p))) is defined by

{t € L(LP(p)): t& € LP(p) for all € € LP(n) and nt € LI(p) for all n € LY (u)}.

For any t € L(LP(u)), there is t' € L(L%(n)) given by t'(n)(§) = (n,t(§)). Thus,
it is clear that if ¢ € LP(u) and n € L%(u), then t§& = ¢(§) € LP(u) and nt =
t'(n) € LY(w). This proves that Lc((LP(u), L (p))) = L(LP(u)). We now claim that
Ke((LP (), L(p))) = K(LP(p)). Indeed, since LP(u) has the the approximation
property (see Example 4.5 in [26]), then K(LP(u)) is the closure of the finite rank

operators. Any rank one operator on LP(u) is given by a pair (£,n) € LP(u) x L)

via & = £(n,&o) = O¢n&o. Thus,

Ke((LP(p), L (p))) = spanibe - § € L(u),n € La(p)} = K(LP (1),
100



as wanted.

The symmetry between Example [5.1.5 and Example [5.1.7]is actually a

particular case of the following result.

Proposition 5.5.5. Let p € [1,00), let A C L(LP(uo)) be an LP-operator algebra,
and let (X,Y) be an LP-module over A with X C L(LP(po), LP(11)). Then (Y, X) is

an LP-module over K4((X,Y)) C L(LP(u1)).

Proof. We only need to verify conditions (1)-(3) in Definition [5.1.1] For any ¢ €
Ka((X,Y)) we have t € L4((X,Y)) and therefore yt € Y for any y € Y, and tx € X
for any x € X. This proves both condition (1) and (3). Finally, since zy = 0,, €
Ka((X,Y)), condition (2) holds and we are done. |
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CHAPTER VI

LY CORRESPONDENCES AND THEIR L OPERATOR ALGEBRAS

In this chapter we define the extra structure needed on LP-modules to obtain
LP-correspondences. We then present an interior tensor product construction for
these correspondences and the remainder of the chapter is devoted to the LP-
version of Fock representation and the algebras they generate. This should be

compared with section 2.4 in Chapter [}

LP-correspondences

Having defined the morphisms for an L” module in the previous chapter, we
are now ready to give a definition for correspondences over LP motivated by the

framework of representations of C*-correspondences on pairs of Hilbert spaces.

Definition 6.1.1. Let (Q, Mo, o), (1, My, p11) be measure spaces, let p € [1,00),
let A be an LP-operator algebra, and let B C L(LP(uo)) be a concrete LP operator
algebra. An (A, B) LP-correspondence is a pair ((X,Y), ) where (X,Y) is an L?

module over B with X C L(LP(ug), LP(p1)) and ¢: A — L((X,Y)) is a contractive
homomorphism. When A = B we say that ((X,Y), ) is an L correspondence over

A.

We now look back at our examples of LP-modules and make them into LP

COI‘l"QSpOIldGIlCeS.

Example 6.1.2. Let (A, A) be the LP-module from Example |5.1.4, Let p4 be a

contractive automorphism of A. Notice that for any a,b € A, pa(a)b € A and
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bpa(a) € A. Therefore, pa(a) € L4((A, A)) for all a € A. Thus, ((A, A),pa) can be

regarded as an LP-correspondence over A.

Example 6.1.3. Let (2,90, 1) be a measure space, let p € (1,00) with Holder
conjugate ¢, and let (LP(u), L9(p)) be the C*-like LP-module from Example [5.1.5]
For each z € C, define p¢: LP(u) — LP(n) by ¢c(2) = 2z - idp(y. Then it is
clear that oc(2)§ € L(6, LP(u)) and noc(z) € L(LP(n),¢)) forall z € C, & €
L(¢7, LP(w)), and n € L(LP(p), £7). Hence, pc(2) € Lo((LP(u), L(p))). Finally,
since ||¢oc(2)]| = |z], it follows that ((LP(u), LI(w)), pc) is an LP-correspondence

over C.

Example 6.1.4. Let p € (1,00), let let p € (1,00) with Holder conjugate ¢, and
(€5, 0%) be the C*-like LP-module from Example [5.1.6] For each z € C let p4(2) :

05 — % be given by

wa(2)(C(1), ..., C(d)) = (2¢(1), ..., 2¢(d))

Then this is a particular example of Example [6.1.3] so it follows that ((¢, %), pq) is

an LP-correspondence over C.

Example 6.1.5. Let (¢} ®, A, (? @, A) be the LP-module from Example [5.1.9, For

each a € A let p(a) : LP(Q, )¢ — LP(Q, )¢ be given by

@(a)(gla cee 7511) = (agla cee >a€d)

Then it is clear that p(a)z € ¢ ®, A and yp(a) € (1 ®, Aforallz € (f ®, A
and y € (4 ®, A. Since |[¢(a)|| < |lal|, it follows that ((¢ ®, A, 5 ®, A),¢) is an

LP-correspondence over A.
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Tensor Product of LP-correspondences

We define an interior tensor product motivated by Proposition for the
C* case. Before giving our definition for the LP-case, we briefly recall the setting
for the C*-case guaranteed by Proposition If (X,px) is an (A, B) C*-
correspondence represented by (74, 7p, mx) on (Hi, Hs), and (Y, ¢y) is a (B, C)
C*-correspondence represented by (7g, 7, my) on (Ho, H1). Then given some
nondegeneracy conditions, (X ®,, Y, px) can be represented on (Ho, Ha) via
r®y — mx(z)my(y). Furthermore, in this scenario, if £ is the isomorphism from
Lrevy(my(Y)) to Lo(Y) given by part 2 in Proposition [3.2.8] then it is not hard to

check that

v ({1, 72)B) = Ko(mx (71) X (22)).

This essentially means that, at least for the concrete version, the left action ¢y
acts as the identity on (X, X)p. Translating all this to the LP-case gives rise to the

following definition.

Definition 6.2.1. Let p € [1,00) and for each j = 0,1,2 let (Q;,9;, 11;) be a
measure space. Set E; = LP(u;) for j = 0,1,2 and let A be an LP-operator algebra,
and let B C L(E;) and C C L(Ey) be concrete LP-operator algebras. Suppose
((X,Y),¢) is an (A, B) LP-correspondence with X C L(E4, Ey) and Y C L(Es, Ey).
Suppose also that ((V,W), p) is a (B, C) LP-correspondence with V. C L(Ey, E),
W C L(E,, Ey), and such that p((y | )g) = yz for all x € X and y € Y. Then we

define an (A, C')-L* correspondence

((X,Y),9) @, (V; W), p) = (X@p V.Y @5 W), 9)
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by lettmg X ®B V = W g E(E(),EQ), Y ®B W = W g ,C(EQ,E()), and QAD/ A —

Lo(X®@pV,Y ®W)) be determined by

P(a)é = p(a)t,

for any £ € Es.

We now check that the objects defined in Definition form indeed an
(A, C) LP-correspondence. We first check that (X ®p V,Y ®p W) is indeed an
LP-module over C. By Definition XV and WY are closed subspaces of bounded
operators of L(Es, Ey) and L(FEy, E>). We now check all the conditions in Definition
.10 Let z € X,v € Vand ¢ € C. Then we know that vec € V and therefore
z(ve) € XV. This is enough to see that XVC' C XV, giving condition 1. For
condition 2, take x € X, v € V, y € Y and w € W. Then since yr € B satisfies

p((y | x)p) = yz, it follows that

(wy | 2v)o = (wy)(zv) = wp((y | 2)p)v € WV C C,

because p(b)v € V for any b € B. Finally,ifc € C,y € Y and w € W we get
c(wy) = (cw)y € WY, from where condition 3 follows. We still need to check that
o(a) € Lo((X®@pV,Y ®@p W)) for any a € A. Indeed, it is clear that for any = € X

and v € V

and also that for each y € Y and w € W

(wy)@(a) = wlyp(a)) € WY.
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Finally, since ||p(a)|| = ||¢(a)], it now follows that ¢(a) € Lo((X ®@p V,Y ®p
W)). Therefore, the ingredients in Definition do give rise to an (A4,C) LP-

correspondence.

LP-Fock representations

The main purpose of this section is to investigate the analogue of Fock
representations (see Definition [2.4.1)) for LP-correspondences. This in turn will give

rise to potential L? version of the Toeplitz and Cuntz-Pimsner algebras.

Definition 6.3.1. Let p € [1,00), let A be an LP-operator algebra, and let
((X,Y),¢) an LP-correspondence over A. An LP-Fock representation of ((X,Y), )
consist of (B, w4, mx, my) where B is an LP-operator algebra, m4: A — B a
contractive homomorphism, and both 7x: X — B and my: Y — B are contractive

linear maps satisfying the following conditions:
1. mx(za) = mx(z)ma(a), and 7x(p(a)z) = ma(a)mx(z), for all z € X, a € A,
2. my(ay) = ma(a)my(y), and my (yp(a)) = mv(y)ma(a), for all y € Y, a € A,
3. ma((y | ®)a) = my(y)mx(z), for all z € X, y €Y.

We denote by FP(B,ma, x,my) to the closed subalgebra in B generated by m4(A),
mx(X) and my(Y).

Remark 6.3.2. Observe that by construction, FP(B,ma, mx, Ty) is an LP operator
algebra. Furthermore, if (Y | X)4 = span{(y | 2)a: z € X,y € Y} is a dense subset
of A, then condition 3 in Definition implies that FP(B,ma, x, my) is simply

generated by mx(X) and my(Y).
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Definition 6.3.3. An LP-Fock representation (C, pa, px, py) for ((X,Y),p) is
the universal LP-Fock representation if for any other LP-Fock representation

(B, 7, x, Ty) there is a contractive homomorphism o: F?(C, pa, px, py) —
FP(B,ma,mx, my) such that o o pg = 7g, for any E € {A,X,Y}. Such universal
representation exists, and we define the Toeplitz LP-algebra of ((X,Y), ¢) by

Tp((x7 Y)? @) = Fp(oa PA, PX; PY)

We now define an LP-version of Katsura’s ideal (see Definition [2.4.9)).
Definition 6.3.4. Let ((X,Y), ) be an LP-correspondence over an LP-operator
algebra A. We define

Jxv)y={a € A: p(a) € L4((X,Y)) and ab=0 for all b€ ker(p)}

Just as in the C*-case, the following three statements follow directly from

Definition [6.3.4t
1. Jix,y) is a closed double sided ideal of A,

2. Jix,y) the largest ideal I of A with the property that ¢|;: I — Ka((X,Y)) is
injective,
3. if ¢ is injective, then Jixy) = ¢ 1 (Ka((X,Y))), and if in addition ¢(A) C

}CA((X,Y), then J(X7y) = A.

Definition 6.3.5. Let p € [1,00), let A be an LP-operator algebra, and let
(B, w4, mx, my) be an LP-Fock representation for a LP-correspondence ((X,Y), ¢)

over A. We say (B, 7, mx, Ty) is covariant if there is a contractive homomorphism
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mie: Ka((X,Y)) — B satisfying

Tk (0zy) = mx(@)my(y) forall x € X,y €Y, and mx(p(a)) = ma(a) forall a € Jixy)

Definition 6.3.6. A covariant LP-Fock representation (D, 74, 7x, 7y) for ((X,Y), ®)
is the universal covariant LP-Fock representation if for any other covariant

LP-Fock representation (B, w4, mx, my) there is a contractive homomorphism

o: FP(D,7a,7x,7v) — FP(B,7a,mx,my) such that ¢ o 7g = mp, for any

E € {A,X,Y}. Such universal representation exists, and we define the LP-Cuntz-

Pimsner algebra of ((X,Y), ) by OP((X,Y), ) = FP(D,Ta, Tx, Ty).

In the next two subsections, we will show that the LP-correspondences

from Examples|6.1.2| and [6.1.4] admit (covariant) LP-Fock representations and

we will compute the algebras these generate. In both examples, ((X,Y), ¢) is an
LP-correspondence over an LP-operator algebra A for which ¢ is injective and

©(A) € Ka((X,Y)). Thus, Jixy) = A and the covariance condition from Definition

becomes mic(¢(a)) = ma(a) for all a € A.

LP-Cluntz algebras come from covariant LP-Fock representations

Let p € (1,00), d € Zsy, and let ((¢5,49), ) be the LP-correspondence
form Example We will show that ((¢4,¢%), pq4) admits a covariant LP-Fock
representation and that the LP-operator algebra generated by such representation is
actually isometrically isomorphic to O from Definition

First of all, in order to safely use that Jy» sy = C, we make sure that ¢q :

C — Lc((65,02)) is injective and that pg(C) C Kc((€4,¢%)). Injectivity of ¢ is clear.

Now, for any j € {1,....d}, let 6; : {1,...,d} — {0,1} be given by d,(k) = 0,

108



so that J; is interpreted as both an element of ¢4 = L(¢7, ¢5) and of ¢2 = L(¢5, (7).
Then for each j,k € {1,...,d}, we can interpret expressions of the form 0,05 by
regarding d; € ¢4 and 0, € €4, whence 0,0, = 05,5, € Kc((€4,£5)). Thus, if z € C, it
is clear that

d
90d<2> = Z 95]',53‘2 € ’CC((ﬂ;gZ))

j=1
Hence, ¢q(C) C Ka((€4,05)) as wanted.

We are now ready to construct a covariant LP-Fock representation for
((€4,€2), pq) as in Definition [6.3.5] What follows is a modification of the usual Fock
space construction for C*-correspondences from Definition In order to define
the corresponding Fock modules, we will use the following lemma that allows us to

tensor the LP correspondence ((€4, (3), ¢q4) with it self n times via Definition [6.2.1]

Lemma 6.3.7. Letn € Zs;. Then we can make sense of the expression

((€5,€2), pq)®™ via Definition[6.2.1 Furthermore

(€5, €3) 0a)*" = (€ L), $ar)

Proof. The case n = 1 is obvious. Next, we verify n = 2. To make sense of

(€5, 02), p4)®? we first notice that the module (£, ¢%) can be represented in different
LP-spaces, which will allow us to perform the tensor product computation from
Definition [6.2.1] Indeed, let X, = ¢ = L(}, %) and Y, = 4 = L(£, (1) where the
identifications are exactly as in Example That is, (X,,Y,) is an L” module
over the LP-operator algebra C = L({}). Now, recall that ¢} ®, ¢/, = (%, and let

Xy = 0 C L(£, 05,) via the isometric map z +— (§ — = ® £). Similarly, we let

Y, =08 C L, 0]) via the isometric map y — (£ ®n — (y,£)n). Then (X;,Y;) is an

LP-module over the LP-operator algebra C C L(¢4), where the image of C in L(¢%)
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is given by scalar multiplication. Now notice that for any = € X; and any y € Y; we

have wq((y | x)c) = yz € C C L(#). Thus, we can follow the construction from

1y l 77£d2 Pd s l 77£d2 dz’ d Y Iéd2

where (5, = L({},0%;) and (%, = L({%,,¢]). The general case n € Zx; follows by

repeatedly applying the argument above. [ |

The previous lemma suggests the following convention

((657 63)7 Spd)®0 = ((gll” 63)7 @1)’

Furthermore, the previous lemma also allows us to define LP-Fock modules.

Definition 6.3.8. We define the sets FP and F? as the p and ¢ direct sums of the
ingredients on the tensor product correspondence from Lemma[6.3.7, To be more

precise

FP = {("fn)nzo = (Ko, K1,...): K € £§n,z [Rnllh < oo} ,

n=0

and

oo
Fi= {(Tn)n>0 = (70,71, )1 T € L5, Y |ITalle < oo} :
n=0

We equip F? and F? with the obvious p-norm and ¢g-norm, respectively.

In what follows, we will use I to denote the index set

I=| {123, ..,d", (6.3.1)

n>0
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where LI denotes disjoint union of sets. The importance of the index set [ is
that it allows us to identify F? with ¢7(I) and F? with ¢9(I). This is useful for
computations but also to check that (F?, F?) is a C*-like LP-module. We record all

this in the following proposition.

Proposition 6.3.9. Let p € (1,00), let d € Zso, let FP and F? be as in Definition
and let I be the index set from equation . Then FP is canonically
identified with (°(I) and F? is canonically identified with £4(I). Furthermore,

(FP, F?) is a C*like LP-module over C = L({}) with

oo d"

(T 1K) =YY mk)r(k) € C (6.3.2)

n=0 k=1

for any T € F? and k € FP.

Proof. The natural identifications follow from observing that any element in either
FP or F?is also a function I — C. Indeed, for instance if K = (k,)n>0 € FP, where,

for each n > 0, K, = (k,(1),...,k,(d")) € C?". Then

k= (ko K1 , Ko , ... EFP

= (ko(1), k1 (1), -, K (d), 2 (1), .., Ro(d?),...) € EP(I).

It is clear that the norm of x regarded as an element in F? coincides with its norm
when thought of as an element of ¢7(I). Thus, from now on, we will safely use F? =
(P(I) and F? = ((I). This automatically makes, exactly as in Example [5.1.5]

(FP, F1) a C*like LP-module over C = L(¢7) and the usual pairing between ¢7(I)

and ¢P(I) translates precisely into equation (6.3.2) via the above identification. W
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Corollary 6.3.10. Let p € (1,00), let d € Z>s, let FP and F9 be as in Definition

0.3.8. Then
1 Le((FP,F9)) = L((D)), and Kc((FP, F1)) = K(°(1)).
2. Lc((FP,F1)) is a o-finitely representable LP-operator algebra,
3. Lc((FP,F1))/Kc((FP,F1)) is an LP-operator algebra.

Proof. Let vy be counting measure on the index set [ from equation . Then
(I,2%,vy) is o-finite and therefore the first assertion is in Example . Also,
Lc((FP,F1)) = L(LP(vr)), proving the second assertion. Finally, by Proposition
[6.3.9 we have

Le((FP, F0)/Ke((FP, F1) = L(1) /K (1)) = QP (T)).

The conclusion for the third assertion now follows from part (1) of Lemma 4.5(1) in

. ]

Remark 6.3.11. From now on, we regard the sets 77 and P(I) as equal, as well
as F? = (4(I). Similarly, for each n > 0, we think of elements z € C?" also as a
functions z: {1,2,3,...,d"} — C. For some arguments (see for example the proof of
Proposition below) we will need to work with subsets of /. For instance, if J
is a subset of {1,2,3,...,d"}, it makes sense to consider the multiplication operator

m(xs): C*" — C?" in the obvious way. That is, if j € {1,2,3,...,d"}, then

‘ o z2(5) if jeJ
(m(xs)2)(J) = xs(1)2(J) =
0 if jé&.J
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Thus, if for each n € Zs( we have a subset J™ C {1,2,3,...,d"}, and we define
J = I—'nZO J™_ which is a subset of I, then the usual multiplication operator

m(xy): P(I) — (P(I) acts as

m(x7)(Fn)nzo = (M(X 50 )n)nz0-

We will define 4 maps to the LP-operator algebra Lc((FP, F9))/Kc((FP, F7))

that will yield a covariant LP-Fock representation. To do so, notice first of all that,

under the identifications of Lemmas [6.3.7 and [6.3.9] any element x = (ky,)n>0 € FP

is such that for each n € Z>,, k,, can be written uniquely in the form
d
Kn = Z 0j © ZJ('n) € Ly @p Lgn-s,
j=1

where, as before, dy,. .., 04 is the canonical basis for ¢4. This fact will be used

repeatedly below to define linear maps on FP and several other computations.
Definition 6.3.12. Let p € (1,00) and let d € Zss. For each x € ¢, we define
c(x): FP — FP by

c(2)(k) = (0, (2 ® Kp)nzo) = (0,2 @ Ko, 2 @ K1,...) € F? (6.3.3)

for any k = (kp)n>0 € FP. We call this the creation operator by x on FP.

Lemma 6.3.13. Letp € (1,00) and let d € Z>s. For each x € X, c(x) € L(FP)
and |lc(z)|| = [|z|l,- In fact, c(x) = ||z|,u where u : FP — FP is an isometry.

Furthermore, ¢ : 0% — L(FP) is a bounded linear map.
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Proof. That ¢(z) is linear is clear form definition. Let m € Z>,. For any z € (£ | we

have ||z ® z[[P = ||=|]b[|z|P. Therefore,

00 e
le@)(R)IP = llz @ kalls = )2 llalls = [l
n=0 n=0

Thus, c¢(z)(k) € FP and |c(x)| = ||z|/,, as wanted. Finally, if = 0, it is clear that

c(x) = ||z||p1zr, where 1£s(x) is the identity map. Otherwise, for x # 0, we have

actually shown above that u = ; c(x) is an isometry. Finally, it’s clear that for

|zl

any z1,22 € ¢ and A € C we have c(z1 + Az2) = c(x1) + Ae(x2) and therefore

c: 05 — L(FP) is indeed a bounded linear map. This finishes the proof. |

Recall that for any x € ¢4 and y € ¢, we have the pairing

d

(] z)e =Y y)z(j)

Jj=1

By Holder, |(y | z)c| < ||yllqllz]l,- Moreover, it’s well known that

lylly = Sup (y | z)c] (6.3.4)
For n € Zsy, x € 0% and w € {gn-1, we define

v(y) (@ @ w) = (y | z)cw € X¥Y.

This extends linearly to a well defined map v, (y): &, — ¢, _,.
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Definition 6.3.14. Let p € (1,00) and let d € Zs,. For each y € (% we define

v(y): FP — FP by

v()(8) = (0n(¥)(Kn)) 15y = 1Y) (K1), v2(y) (K2),...) € F7 (6.3.5)

We call this the annihilation operator by y on FP.

Lemma 6.3.15. Let p € (1,00) and let d € Zss. For eachy € (5, v(y) € L(FP)

and |[v(y)|| = lylly- Furthermore, v : €% — L(FP) is a bounded linear map.

Proof. That v(y) is linear is clear from definition. Then notice that when n € Z> 1,
Un(y) - y ® idzzn—l : gfl ®p KZ"*I - gllj ®p gsn 1= EZTL 1

Hence, it follows that ||v,(y)|| = ||ly||,- Finally, for any & = (k,)n>0 € FP we have,

oo
[o(y)(K)[I” = Z [[on(y) (Ka) [l < HprZ lsnll? < 19l nllE = llylEllslP-
n=0

Thus, v(y)(k) € F? and ||v(y)]| < |ly|l,- To prove equality, let € > 0, and use
equation to find z € ¢4 such that [|z], = 1 and |(y | )c| > [ly|l; — . Now
let k € FP be given by k1 = z and k, = 0 for any n € Z>o with n # 1. It’s clear
that ||x|| = 1 and that ||v(y)(k)|| = |vi(v)z] = |(y | z)c| > ||lyll; — €. This shows
that |[o(y)|| = ||y, as desired. Finally, if y1,y2 € ¢4 and A € C, we clearly have
v(y1 + Ay2) = v(y1) + Av(yz), proving that v : 2 — L(FP) is in fact a bounded linear

map. [ |

Definition 6.3.16. Let p € (1,00) and let d € Zs,. For each z € C we define
©>®(z): FP — FP by

0™ (2)(Kn)nz0 = (an (2)kn)n>0 (6.3.6)
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Lemma 6.3.17. Let p € (1,00) and let d € Z>y. For each z € C, p*>®(z) € L(FP)

and ||p>®(2)|| = |z|. Furthermore, > : C — L(FP) is a bounded homomorphism.

Proof. All the assertions follow at once by observing that ¢>°(z) is actually

coordinatewise multiplication by z on ¢?(I). That is, p>(z) = z - idz». |

Ifn€Zsy, t € L),z andw e, |, wegetamapt™: (£, — 4, by

linearly extending the assignment
r@w et (z@w) = (tr) @ w

to all of ¢4, = (4 ®, (", . Furthermore, ¢t € L({,) with [[t™ || < |¢]|.

Definition 6.3.18. Let p € (1,00) and let d € Zsy. For each k € K¢ ((£4,0)) we

define ©(k): FP — FP by
O(k) (kn)nzo0 = (0, (k" kp)nz1). (6.3.7)

Lemma 6.3.19. Let p € (1,00) and let d € Zss. For each k € Kc((65,02)),
O(k) € L(F?) and ||O(k)|| < ||k||. Furthermore, © : Kc((£5,05)) — L(FP) is a

bounded homomorphism.

Proof. Let k € Kc((65,01) and £ = (Kn)n>0 € F9. That O(k) is linear is clear.
Now,

1OK)R]P = > NIk kb < [IF]17]I%]IP,
n=1

whence ||©(k)|| < ||k||. The homomorphism part consists of a straightforward
verification that ©(k;)O(k2) = O(k1ks) and O(ky + Ak2) = O(ky) + AO(ks) for any
ki, ko € Kc((€5,¢%)) and any A € C. |
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Proposition 6.3.20. Letp € (1,00), let d € Zso, let I be the index set from
and let qo: L(P(I)) — Q(P(I)) be the quotient map. Consider the maps
c: 5 — L(FP) from (6.5.9), v: €4 — L(FP) from , > C — L(FP) from
6.5.4), and © : Kc((¢5,03)) — L(F?) from (6.3.7). Then (L(FP), o, c,v) is an
LP-Fock representation of ((¢5,02),¢q4), and (Q(P(I)),qo © Yoo o © ¢, G0 © V) iS a

covariant LP-Fock representation of ((¢4,0%), va) via the map qo o ©.

Proof. We first check that check that (L(FP), puo, ¢, v) satisfies the conditions on
Definition Clearly L£(FP) is an LP-operator algebra. For condition 1, let = €

X, z € C and k € FP, then

c(wz)r = (0, (pa(2) ® fin)nzo) = (0, (z @ @j(2)kn)nz0) = c(x)9™(2)x,

and since in this case xz = p4(2)z and c(z) commutes with ©*>°(z), we have also
shown that c¢(¢4(2)z) = ¢*(2)c(z). Similarly, for condition 2 we find for any y € Y

and z € C
v(zy) = ™ (2)v(y) = v(Y)p™(2) = v(ypa(2)),

as wanted. Finally, to check condition 3, let z € X and y € Y and observe that for

any Kk € F?

v(y)e(@)r = v(y)(0, (z @ Kn)nz0) = (U [ ¥)ckn)nzo = = ((y | ©)c)k,

whence v(y)c(z) = ¢>®((y | )c). Now we check that gy o © makes (Q(¢*(I)), qo ©
Yooy G0 © €, Go © V) a covariant LP-Fock representation. Indeed, we already showed in
Corollary [6.3.10| that Q(¢P(I)) is an LP-operator algebra. Furthermore, since ¢q is

an algebra homomorphism, it follows that (Q(¢*(I)), o © Yoo, o © ¢, qo © v) is also
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an LP-Fock representation. It only remains to show that is covariant according to
Definition [6.3.5] First of all, we claim that for any n € Z>; we have (z ® v,(y))k, =

0\ k.. To see this, we write

d
Fin = Z @z € f®, b1
k=1

so that

Il
—~
>
8
&
>,
ES
SN—
®
RO
)
I
=X
)
=
g

proving our claim. Therefore,

c(z)v(y)k = c(z)(vn(y)kn)nz1 = (0, (2 @ va(y))kn)nz1 = (0, (0;733’€n)n20) = @(efc,y)“'

This proves that (go0©)(6.,) = (g0 oc)(x)(gov)(y). Finally, for any z € C we have

O(wa(2))k = (07 ((@d)(n)’{n)nzl) = (0, (pan (2)En)nz1) = Poo(2)(0, (Kn)nz1)-

Hence, if ¢ = (1,0,0,...) is regarded as both an element of ¢*(I) and ¢9(I), we

immediately see

O(pa(2)) = $oo(2) = 0., € K(£7(1)).
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Therefore, (o © ©)(¢a(2)) = (4 © ¢o0)(2) proving that indeed (Q((I)), gy © ooy o ©

¢, qo © v) is covariant. [ |

Since ((¢€4, %), ¢q) admits a covariant LP-Fock representation, we get an L?
operator algebra FP(Q(¢P(I)),qo © Yoo, qo © ¢, qo © v) which we denote for short
OP (oo, ¢,v). Notice that the set {(y | z)c: x € €4,y € (4} is in fact equal to C.
Hence, following Remark and for further reference, we record below a precise

definition for OP(¢u, ¢, v).

Definition 6.3.21. Let p € (1,00),let d € Zso, let I be the index set from
equation (6.3.1)), and let ¢: L(¢*(I)) — Q(¢P(I)) be the quotient map. We
define OF(¢wo, ¢, v) as the closed subalgebra in Q(¢P(I)) generated by go(c(¢4)) and

qo(v(£3))-
We are finally ready to state a main result:

Theorem 6.3.22. Letp € (1,00), let d € Zso. Then OP(puo, ¢, v) is isometrically

isomorphic to OF.

The idea of the proof is to produce a spatial representation of the Leavitt

algebra from Definition [4.4.17 on OP (¢, ¢,v). We break this into several steps.

Proposition 6.3.23. Let p € (1,00) and let d € Zsy. Let dy,...,04 be the usual

basis for 05, which is also the usual basis for (2. Then

1. Forany j € {1,...,d},

U((Sj)C(éj) = id]-‘p,

2. For j,k in {1,...,d} with j # k,

’U((S]QC((%) =0.
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3. Regard 1 = (1,0,0,...) as an element of both FP and F9. Then

Z c(8;)v(6;) = idze — 6,

7j=1
Proof. By Proposition [6.3.20, (L(F?), ¢, ¢, v) is an LP-Fock representation and
therefore we have

v(0x)e(0;) = 0™ ((0k | 65)c) = (0 | 0;)c - idzs.

This proves both 1 and 2. Finally, to show 3, let k = (ky,)n>0 € FP(X). For each

n € Z>1, recall from before Definition [6.3.12 that we can write
d
Ky = Z 0 @ z,(fn) SR
k=1

Since we know from Proposition that c(z)v(y) = O(6,,), we compute

d

(ic(aj)v(aj)),@ — @(29@.@.),{

j=1

-0 (X))

(o (:f;iw@,m o) )
(o (jf;kf;@@ RISEEOID
~ o (25 o4") )= (0.6
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On the other hand, 6, ,x = (¢ | k)c = (kKo,0,0,...) € FP. Thus, (id;p — 9L7L)/<; =

(0, (Hn)nzl), yielding part 3. This finishes the proof. [ |

Proposition 6.3.24. Let p € (1,00) \ {2}, let I be the index set from equation
et d € Zso, and let 0y, . ..,0q be the usual basis for ¢4, which is also the
usual basis for 05. Then, for each j € {1,...,d}, the operators c(d;) and v(d;),

regarded as elements of L((P(1)), are spatial partial isometries as in Definition
.49

Proof. Fix j € {1,...,d}. We will show that ¢(d;) satisfies the properties for s in
Proposition [4.4.14] with v(d;) playing the role of ¢. This will automatically show

that both ¢(d;) and v(d;) are spatial partial isometries. That ||c(d;)|| < 1 and

|lv(d;)]] <1 follows immediately from Lemmas [6.3.13] and [6.3.15] Set e = v(d;)c(d;)

and f = ¢(6;)v(d;). By part 1 in Proposition [6.3.23] e = ids), which is

clearly an idempotent and a spatial isometry. We next show that f is a spatial

partial isometry using Lemma [4.4.13| That is, we will find a set I; C I such that
f =m(xy,) (notice that this will automatically prove that f is also an idempotent).
Since d > 2, for each n > 1 we write the set {1,2,3,...,d"} as the disjoint union of

d subsets each of size d"~! in the following way:
d
{1,2,3,...,d"} = |_| {(k—1)d" ' +1,... ,kd" '}
k=1

For each k € {1,...,d}, we define I,g") = {(k—1)d"' +1,...,kd"}. Now we

define I; C I as

L= I = | J{G-va " +1,...ja""}.

n>1 n>1

121



We claim that f = m(xy,;). To prove this claim we will need the notation

introduced in Remark [6.3.11] Let k = (ks )n>0. We have

m(XIj)H = (07 (m<XIJ(_"))"€n)n21)-
As before, we can uniquely write for each n > 1
d
b= @2 €00, 0, ..
k=1
By definition of T J(") we find
m(x o )i = 0; @ 2™
Ijn) n j o
On the other hand, as in the proof of part 3 in Proposition [6.3.23, we get
f5= e(0;)u(05)(5) = (0,55 @ " uz1) = (0, (M0 )in)az1).
The claim follows. Finally, since e = v(6;)c(d;) = ide(s), we have

fe(d5)e = fe(d;) = (c(d5)v(8;))e(d;) = c(d)e = c(6;),

and

Thus, all the conditions from Proposition are satisfied, finishing the proof.
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Remark 6.3.25. Notice that OP(p, ¢, v) is a unital algebra as it contains the
element g(v(61))q(c(d1)) = q(ide(r)), which is the identity element of Q(¢P(1)).

Henceforth, we denote the unit OP(¢., ¢, v) simply by 1.

Proposition 6.3.26. Let p € (1,00) and let d € Z>s. Let 01,...,04 be the usual
basis for 05, which is also the usual basis for (%, and let go: L(P(I)) — Q(¢P(I)) be

the quotient map. Then
1. For any j € {1,...,d},

4o(v(d;))qo(c(6;)) = 1.

2. For j,kin{1,...,d}, with j # k

> wle(d)av(6) = 1.

Proof. This is a direct consequence of Proposition 6.3.23] Indeed, parts 1 and 2 are

immediate. For part 3 we have

d d
> n(c0)an(0(6)) = an (3 c0)0(8) ) =l = 0.) = lidinc) = 1
=1 =1
where the second to last equality follows because 6,, € K(¢*(1)). |

Proposition 6.3.27. Letp € (1,00) and let d € Zss. Then OP(ps,c,v) is a

o-finitely representable LP operator algebra.

Proof. That OP(¢., c,v) is an LP operator algebra is clear by definition.

Furthermore, OP(p, ¢, v) is finitely generated as a Banach algebra and therefore
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is separable. The desired result follows from Proposition [4.2.5 and the fact pointed
out in Remark that a separably representable LP operator algebra is is o-

finitely representable. [

From now on we can and will identify OP(¢., ¢, v) as a closed subalgebra of

L(LP(u)) for a fixed o-finite measure space (€2, 9, u).

Proposition 6.3.28. Letp € (1,00) \ {2}, let d € Z>s, let 6y,...,6q be the
usual basis for £, which is also the usual basis for (%, and let Lq be the Leavitt

algebra from Definition fp: Ly — L(LP(n)) is the algebra homomorphism

determined by

p(s;) = q(c(d;)) and  p(t;) = q(v(d;)),
for each j € {1,...,d}, then p is a spatial representation.

Proof. That p is indeed a representation of Ly (in the sense of Definition
follows from Proposition . Fix j € {1,...,d}. By Proposition , both
c(d;) and v(d;) are spatial partial isometries. Since ¢: L(FP) — Q(FP)is a
contractive homomorphism, the elements ¢(c(d;)) and g(v(d;)) satisfy the conditions

in Proposition 4.4.14] (because ¢(d,) and v(d;) do), whence p is indeed spatial. [

We now have all the tools to prove Theorem [6.3.22}

Proof of Theorem[6.3.24 Ifp = 2and j € {1,...,d}, we see that
q(c(6;))* = q(v(d;)). Then it follows from Proposition that the elements
q(c(61)), .-, q(c(dq)) € OP(poo, ¢, v) satisfy the universal property of Oy. Thus, by
simplicity of Os, we must have OP(p,, ¢,v) = O,. Phillips showed below Definition
8.8 of [21] that 0% = O,. So the case p = 2 is done.

Suppose now that p # 2. Let p be the spatial representation of Proposition

6.3.28 above. It follows from Theorem {4.4.19| and Definition [4.4.20| that p(Lg)
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is isometrically isomorphic to O. On the other hand, by Definition , the

algebra p(Lg) is equal to OP(pus, ¢, v), and we are done. [ |
Given that when p = 2, the C*-algebra O*(¢w, ¢, v) is both the universal

Cuntz-Pimsner C*-algebra for (¢2, ¢4) and also O, (see Theorem and

Example [2.4.16|), the following question arises

Question 6.3.29. Let p € (1,00) and let d € Zss. Is O = OP(pu, ¢, v)
isometrically isomorphic to OP((€4, (%), p4)? In other words, is (Q(¢*(I)), go© Yoo, o ©

¢, go o v) the universal covariant LP-Fock representation for ((¢4, (%), p4)?

Do LP-crossed products by Z. come from LP-Fock representations ¢

Let p € (1,00), let (2,9, 1) be a measure space, and let A C L(LP(u)) be
an LP-operator algebra with a contractive approximate identity (e))xea. At some
point, will also need assume that (ey)aea is bicontractive, that is |[idir(,) — e <
1 for all A € A, which makes A a biapproximately unital algebra in the sense of
Definition 4.2 in [I].

We start by showing that ((A, A),a4), the LP-correspondence over A from
Example has a LP-Fock representations and a covariant one. To safely use
that Ja4) = A, we only need to make sure that p4(A4) € Ka((4,A4)) (¢4 is
already injective being an automorphism). Let a € A and notice that, since A
has an approximate identity, the Cohen-Hewitt factorization theorem implies that
v(a) = apay for some ag,a; € A (in fact, Theorem 1 in [4] suffices here). Then for
any b € A, p(a)b = apa1b = ap(ay | b)a = 04y.4,b. Hence, p(a) € Ka((A, A)) for any
a € A, and therefore p4(A) C K4((A, A)), as wanted.
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Our first goal is to get an LP-Fock representation for ((A, A),¢4). This
time, we will not follow the usual Fock space construction. Instead, we will take

advantage of the results from Proposition [2.4.24] in the C*-case.

Definition 6.3.30. Let A C L(LP(u)) be an LP-operator algebra with a
contractive approximate identity and let v denote counting measure on Zs,. We
use the external tensor product of LP-modules (see Definition to to define
(FP(A), FU(A)) = ((P(Zo), 0 (Z>0)) ®p (A, A) regarded as an LP-module over
C®, A = A. Thatis, FP(A) = P(ZL>o) ®, A C L(LP(p), LP(v x p)) and
FU(A) = 11(Zsp) ®, A C L(LP(v x p), LP(11)) after making the usual identifications

p (
)
(
L(P(Zx0), 7).

UP(Zso) = L7, 0P(Z>p)) and 9(Zso) =
Remark 6.3.31. Is worth mentioning that the pair (FP(A), F4(A)) from Definition
can be equivalently defined using the tensor product of LP-correspondences
introduced in Definition Indeed, identify ¢?(Z>o) with a subspace of

L(LP(p), P(Z>o) @, LP(pn)) via § — x ® £ for any © € (P(Z>o) and £ € LP(p).
Similarly, identify ¢4(Z>q) with a subspace of L(*(Z>o) ®, LP(u), LP(p)) via

r® & (y,x)¢ for any y € (1(Zsp) and & ® £ € (P(Zso) ®, LP(n). Then, under
these identifications, ((7(Z>o),{%(Z>)) is a C*-like L? module over C C L(L*(u)),
where C is identified with the operator given by scalar multiplication. Further, if
we let Yo (2) = 2 - idpp(uxy for any z € C, then (((P(Z>0),(*(Z>0)),c) becomes
an LP-correspondence over C. Now let (A, A) be the LP-module from Definition

and make it a (C, A) LP-correspondence via p: C — L4((A, A)) defined as

p(z) = z -idrs(u). Then, using Definition [6.2.1} we get

((6"(Z20), t1(Z20)), c) ®, (A, A), p),
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a (C, A) LP-correspondence. It’s not hard to check that the underlying L? module
over A for this correspondence is actually the pair (FP(A), F?(A)) defined in
Definition [6.3.30

To define maps from specific sets to L4((F?(A), FI(A))), we will adopt a
general strategy. While we provide a detailed account of this strategy for the map
©% defined below, we omit it for the maps ca, va, ©4, and several others as the
arguments for these maps are almost identical.

As before, {0,,: n € Z>o} is the canonical basis for ¢(Z>g). For each a € A,

each x € (P(Z-0), and each £ € LP(u) we define

pa(a)(z®§) = Z z(n)do, @ ¢(a)é. (6.3.8)
n=0

This formula is motivated from the one in equation (2.4.6)) for the C*-case. We
claim that o™ (a)(z ® &) € LP(v x p) for any a € A, and any 2 @ £ € LP(v x u). To

see this, take any m, k € Z>o with k < m,

|3 at05, o e - f) A ixm)aj(n)w/zmm(w) "dn(w)

/ () (@)€) (@) Pdp(w)

I
.MS

Il
e

()P leh(@El

J

< allPlllly > ()"

J=k

Since x € (P(Z>o), this proves that the series in the RHS of equation (66.3.8)

converges to an element of LP(v X pu).
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Lemma 6.3.32. The assignment x @ & — ¢%(a)(x ® &) given by equation

extents to a bounded linear map in L(LP(v X p)), also denoted by % (a), satisfying

le% (@)l = llall

Proof. Take k € Zsy, let xy, ..., 2 € (P(Z>o), and let &y, ..., & € LP(u). Then

HZ;%% " ® o Z/ Zix (@8 @) du(e)
=Z_/ Z (@8] du(e)
=3 [ fent ij )

=S et oy
m=0 j=1
<l 3 | s
m=0 j=1
Xk:%‘ og
j=1 P

= [lal”

Therefore, we can first extend the assignment in equation by linearity to
sums of elementary tensors and then to all of LP(rv x p) to get an element ¢ (a)
in L(LP(v x p)) satisfying || (a)(n)|| < [lall[|n]| for all n € LP(v x ). Hence,
leX(a)]] < |la]|. For the reverse inequality, take zo = (1,0,0,...) € ¢?(Z>) and

¢ € LP(u) with [|£]|, = 1. Then ||zo ® &||, = 1 and therefore

I (@)l = [l (a)(zo @ I = llag]l;

proving that || ()| > [|al| u
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Proposition 6.3.33. Let (FP(A), FP(A)) be the L module from Definition |6.3.30.
Then, for each a € A, p*(a) € LA((FP(A),F(A))). Furthermore, o : A —

LA((FP(A),FP(A))) is an isomelric algebra homomorphism

Proof. First we show that, for any a,b € A, x € (P(Z>o), and y € (9(Z>y), the

compositions

¢ (a)(x @b): LP(p) = LP(v x )

and

(y @b)p% (a): LP(v x p) — LP(u)

are in FP(A) and F9(A) respectively. To do so, notice that a similar computation

to the one shown above Lemma [6.3.32 shows that

S a(n) (a)b € FP(A),

and it is clear that this operator coincides with ¢%(a)(x ® b). Similarly, one checks

that
E:y On © b" ()

is an element of F?(A) that coincides with (y ® b)p% (a). That || (a)| = |al
was shown in Lemma [6.3.32| and that ¢% is an algebra homomorphism is a direct

computation done on elements of the form = ® £ € LP(v X p). |

We now have established the following.

Corollary 6.3.34. Let (FP(A), FP(A)) be the LP module from Definition |6.3.30.
Then ((FP(A), F1(A)), %) is an LP-correspondence.
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By analogous arguments to those presented for Lemma [6.3.32| and in its

preceding discussion, now looking at equations (2.4.7)) and (2.4.8)), for each a € A

we define operators ca(a),va(a) € L(LP(v x u)), with norm equal to ||al|, such that

when z € (P(Z>), and & € LP(u),

[e.o]

cala)(z @ &) =) (sz)(n)d, ® ¢ (a)e, (6.3.9)

n=1
where s € L(P(Z>y)) is right translation; and

[e.o]

va(a)(z ®&) = (tx)(n)d, @ @i (a)é, (6.3.10)

n=0
with t € L(P(Z>0)) given by left translation.

Proposition 6.3.35. Let (FP(A), FP(A)) be the LP module from Definition |6.3.30,
Then, for each a € A, ca(a),va(a) € LA((FP(A),FI(A))). Furthermore, the

following conditions hold for any a,b € A.
1. ca(ab) = ca(a)pX (b), and ca(pa(a)b) = o (a)ca(b),
2. va(ab) = ¢ (a)va(b), and va(apa (b)) = vala)g (b),

3. va(a)ea(b) = 3 (ab).
Proof. That ca(a),va(a) € La((FP(A),FI(A))) with norm equal to ||al| follows
from similar arguments as those used in the proof of Proposition [6.3.33] We now
only need to check that for any a,b € A, parts 1-3 in the statement hold. Since
all operators are elements in L(LP(v x p)), suffices to check each equality only by

acting on elements of the form x ® £ € LP(v x u). Indeed, for part 1 we get,

(e 9]

ca(@eT (D) ©€) = eala) (D a(n)dn © ¢ ()¢)

n=0
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NE

> " x(n)(s6,) (k)0 @ ¢ (a) 2 (b)€
k=1

z(n —1)8, ® ¢’ (a)¢’ ' (b)¢

3
Il
=)

hE

3
Il
—_

(52)(n)on ® @i (ab)é

NE

3
I

= ca(ab)(z ®¢),

and

For part 2, we find

@5 (@ualb)(z © €) = ¢ (a) ( 3 (tw)(n)dn @ " (0)¢)
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and

val@)pF (0)(@ @ €) = vala) (Y 2(n)dn @ " (b))

n=0

> a(n)(t6,) (K)o @ i (a)h ()€

k=0

z(n+1)6, ® ()i ()¢

NE

I
o

n

NE

3
I
o

hE

(tz)(1)dn © 4 (apa(b))€

N
I
o

—~

= va(apa(h))(z ® §).

Finally, to show part 3 we compute

e}

val@)ea(v)(z @ €) = vala) (D (s2)(n)dn @ 95 (0)€)

n=1

This finishes the proof.

We have now proven the following statement:
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Corollary 6.3.36. Let (FP(A), FP(A)) be the LP module from Definition
[0.3.30. Then (La((FP(A), FP(A))), %, ca,va) is an LP-Fock correspondence for
((4,4),04).

For convenience and future use, we record below a precise definition for
FP(LA((FP(A), Fi(A))), p%X,ca,v4), the LP-operator algebra generated by the LP-
Fock representation from Corollary [6.3.36] Since (A | A)4 = A, recall from[6.3.2]

that in this case we only need c4(A) and v4(A).

Definition 6.3.37. Let p € (1,00), let (2,90, 1) be a measure space, and let

A C L(LP(u)) be an LP-operator algebra with a contractive approximate identity.
We define TP(o%, ca,va) as the closed algebra in L4((FP(A), F(A))) generated by
ca(A) and va(A).

Remark 6.3.38. Let 77 (p%, ca,v4) denote the complex algebra generated by
©X(A), ca(A), va(A) in L(LP(v x p)). Then, using the relations from Proposition
6.3.35, we see that any element in 7 (%, ca,va) is a linear combination of

elements of the form % (ab) = va(a)ca(b) with a,b € A and of the form

calar) - -calan)va(by) -+ va(by)

where n,k € Zsy and ay,...,a,,b1,...,by € A. Then TP (9%, ca,va) C
LA(FP(A), Fi(A)) and T{(p%, ca,va) is dense in TP(¢%, ca,va),
Next, we establish that the LP-operator algebra T?(¢%, ca,va) just

defined has a c.a.i. and is nondegenerately represented as long as A has both

characteristics.

Proposition 6.3.39. Letp € (1,00), let A C L(LP(n)) be an LP-operator

algebra with a ¢ a.i., and assume that A sits nondegenerately in L(LP(u)). Then
133



the LP-operator algebra TP(¢X, ca,va) from Definition has a c.a.i and sits

nondegenerately in L(LP(v X p)).

Proof. Let (ex)xea be a c.ad. for A. We claim that (¢ (ey)) is a c.a.i. for
TP(0%, ca,va). By Remark [6.3.38] suffices to prove that (¢ (ey)) is an
approximate identity for the algebra 7 (¢%, ca,v4) and this follows at once
from conditions 1 and 2 from Proposition [6.3.35] so the claim is proved. Next,
we show that TP(p%, ca,va)LP(v X p)is dense in LP(v X p). Since linear
combinations of elementary tensors x ® £ € LP(rv x pu) are dense in LP(v X p),

and since A sits nondegenerately in LP(u) it suffices to show that 2 ® af is in

TP(eX, ca,va)LP(v x p) for any x € (P(Z), a € A and any & € LP(u). Thus, fix
x € P(Z),a € A, & € LP(u), and for each n € Zsy, let x,, € (P(Z>() be given by
xn, = x(n)d, and let ¢, € TP(pX, ca,va) be given by ¢, = X (¢ "(a)). Then, for

each k € Z>o, we get

k n
Z:L’(n)5n ® a& = Ztn<xn ®E&) € TP(eX, ca,va)LP (v x p).

n=0 k=0

Since the the sum in the left hand side of the previous equation converges to z ® a&,

we have shown that © ® a& € TP(p%, ca,va)LP(v X p), as we needed to do. [

The following Lemma shows that the norm of a product of c4’s (and
also vy’s) still follows the same pattern as the C*-case (see Lemma [2.4.21)).

Furthermore, it provides a tool for us to easily perform calculations in

/Tp(qff,CA7UA).
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Lemma 6.3.40. Let cq,va € L(LP(v X p)) as defined in (6.5.9) and (6.5.10). If

n,m € Zsy and ay, ..., 0y, b1, ..., by € A, then for any x ® € € LP(v X p)

ca(ar) -+~ calan)(z ©€) =Y (52) (k)i @ 9" (9" (@) - plan-—1)an)é,

k=1
(6.3.11)
va(b1) - va(by)(z® &) = Z (k)Ok—(m-1) ® phm= 1)(17190(52) " (b)) )E,
k=m—1
(6.3.12)

ca(ar) - ca(an)va(b) - valbm)(x @ &) = Y (t0)(F)S-mint1 @ "V,

(6.3.13)

where ¢ = ayp(as) -+ - " an)bip(by) -+ - @™ (by). In particular,

lea(a) -+~ calan)ll = 9" (a1) - - p(an-1)anll,
la(bs) - va(bm)ll = bro(b2) - 0™ (bi) .

lea(ar) -+ - calan)va(by) - - va(bm)[l = el

Proof. Recursive applications of the formulas from and ( give the first

three equations. The desired norm equalities follow at once by the same methods

used in Lemma [6.3.32] to show that ||¢>(a)| = ||a]|. |

Next, we define the necessary maps to obtain a covariant LP-Fock
representation. Yet again by the same techniques used in Lemma [6.3.32 and in

its preceding discussion, for each a € A we get a map O4(a) € L(LP(v x p)), with
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norm bounded by a, such that whenever x € P(Z~) and £ € LP(u),

(x@&) => x(n) ()t (6.3.14)

Recall from Example that K4((A, A)) is identified with A.

Proposition 6.3.41. Let (FP(A), FP(A)) be the LP module from Definition |6.3.30.
Then the map a — ©(a) defines a contractive homomorphism Ka((A, A)) —
LA((FP(A),Fi(A))). Furthermore, ca(a)va(b) = ©4(ab) for any a,b € A.

Proof. Let a € K4((A, A)) = A. That ©4(a) € L4((FP(A), Fi(A))) and that ©,4
is a homomorphism follows by the same reasoning used for ¢°%°. We now only need
to check that for any a,b € A, ca(a)va(b) = ©a(ab) as elements in L(LP(v x p)).
As before, it is enough to check equality by acting on elements of the form x ® & €

LP(v X p):

er(@ua)(e @ ) = eate)( () n)b, © ¢3¢

n=0

NE

ca(a)((tz)(n)on @ ¢ (0)€)

0

3
|

(ta) (1) (s6,) (k) @ i (a)¢lh ()€

NE
NE

k=1

3
I
o

2(n 4+ 1)3,(k — 1)d ® O (a) (D)€

NE
NE

3
I
=
=~
I

1

(k)0 @ i (ab)é

NE

e
Il

1

= 0O4(ab)(z ®E).

This finishes the proof. |
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Proposition 6.3.42. Let (FP(A), FP(A)) be the LP module from Definition |6.3.30.
Then LA((FP(A), F1(A)))/Ka((FP(A), Fi(A))) is an LP-operator algebra.

Proof. We will show that IC4((FP(A), F(A))) has a bicontractive approximate
identity. The desired result will then follow from part (1) of Lemma 4.5 in [I]. For

each n € Z>o, let p, € L(P(Z>p)) be the projection onto the subspace spanned by

{60, ...,0,}. That is, for any x € (?(Z>y),

n

Pn = Zm(])dj

=0

It’s well known that (p,),>0 is a bicontractive identity for K(¢?(Zxp)). Recall that
A has a bicontractive approximate identity (ey)aea. First of all, we check that p, ®
ex, which lies in L(LP(v x pu)), is an element of K4 ((FP(A), Fi(A))). Indeed, for
each A € A, we use the Cohen-Hewitt factorization theorem (again Theorem 1 in
[4] is enough), to find uy, vy € A such that uyvy = e). Then, for each n € Z>( and

A € A, we have

Pn @ €\ = 295j®uA75j®UA € ICA((JTP(A)MF(](A)))
=0
Furthermore, |[p, @ ex[| = [lpnllllexll <1, and [[idrxpy — (pn @ ex)|l = [[iderz.q) —
Pullllidre(uy —exll < 1. Thus, it only remains for us to show that (p, ®ex)an)eaxz,sq
is a an approximate identity for K4 ((FP(A), Fi(A))). To do so, we show first that
for any k € FP(A), the net ([[(pn @ ex)rk — K) (xm)eaxz,, converges to 0. By

density, suffices to show it when rg = %

j=12j @ ay, for xy,... xy € (P(Z>o) and

ai,...,a; € A. Let ¢ > 0 and for each j € {1,...,k} choose \; € A and n; € Zx
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such that, whenever (\,n) > (A;,n;),

g g
Jaser =l < /5. lowzs = w5l < |5

Then for (A, n) > max;<j<x(Aj,n;),

k

1 ® ex)io = Kol <> Ipnw; — zjlllajer —all < e
j=1

as wanted. Finally, for k1,...,k, € FP(A)and 7,...,7, € FUA)let t, =

m
> iy Or; r;- Then we have

120 @ e)to = toll = || 3= Omserres nym | < 3 1 ® x5 = w5l
j=1 j=1

whence the net (||(pn, ® ex)to — toll) (A n)eaxz,5, converges to 0. This shows that, for
any t € Ka((FP(A),FI(A))), the net (|[(pn ® ex)t — t||)an)eaxz,s, converges to 0,

finishing the proof. |

Remark 6.3.43. The proof of Proposition [6.3.42 relies on the fact that
Ka((FP(A), F1(A))) has a bicontractive approximate identity which was produced
by bicontractive approximate identities of K(¢?(Z>()) and A. This works because
IKCa((FP(A), F1(A))), as a subspace of L(LP(v x p), is equal to (¢ (Z>o)) ®, A.
Indeed, this follows at once from the Cohen-Hewitt factorization Theorem and the
fact that O,g4yep = 01,y ©@ ab for any x € P(Zsy), y € (4(Z>), and a,b € A.
Therefore, this gives another analogue of a well known result for Hilbert modules,

in which the compact module maps of the standard Hilbert A-module are given by

K& A.
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Let’s write Qa((FP(A), Fi(A))) for LA((FP(A), F1(A)))/Ka((FP(A), Fi(A)))
and let go: L4((FP(A), F1(A))) = Qa((FP(A), F(A))) be the quotient map. We

are now ready to provide a covariant LP-Fock representation.

Proposition 6.3.44. Let p € (1,00), let (2,9, ) be a measure space, let A C
L(LP(un)) be an LP-operator algebra with a bicontractive approximate identity, and

let (FP(A), F1(A)) be the LP-module from Definition|6.53.30. Then, via the map © 4

from (6.3.14), (Qa((FP(A),F1(A))),q © %X, qo © €a,qo © va) forms a covariant
LP-Fock representation for ((A, A),¢4), as defined in Definition[6.3.5,

Proof. Using Corollary [6.3.36 Proposition [6.3.41], and Proposition [6.3.42] we see
that it only remains to prove the covariance condition for ¢y o © 4. That is, we
only need to show that go(©4(pa(a))) = qo(¢%(a)) for all a € A. In other words,
we are to establish that ¢ (a) — Oa(pa(a)) € Ka((FP(A),F1(A))). Fixa €

A and use the Cohen-Hewitt factorization theorem (Theorem 1 in [4] is enough)
to find ag,a; € A such that a = aga;. We claim that p%(a) — ©a(pala)) =
Oso0a0.6000; € Ka((FP(A),Fi(A))). As usual, it suffices to prove the equality for

elementary tensors z ® £ € LP(v X p), so we compute

(¢ (a) =Oalpa(a)(x®€) = Y w(n)d,@¢"(@)é =) x(n)s,@¢"(a)é = z(0)d @ ak.

On the other hand,

Oso0a0,609a1 (T @ E) = (do ® ag) (0o @ a1 )(z @ &) = (0o ®@ap)(z(0) ® a1§) = 2(0)d ® apai&,

which proves the claim and therefore finishes the proof. [ |

139



Given that ((A, A), p4) admits a covariant LP-Fock representation, we get an
LP-operator algebra FP(Qa((FP(A), F1(A))),q0 © ¢, qo © ca,qo © v4), which we
denote for short OP(¢%, ca,v4). Furthermore, since (A | A)4 is clearly equal to A,

we follow Remark and record below a precise definition for OP (%, ca,v4).

Definition 6.3.45. Let p € (1,00), let (2,90, 1) be a measure space, let A C
L(LP(n)) be an LP-operator algebra with a bicontractive approximate identity, and
let qo : LA((FP(A), Fi(A))) = Qa((FP(A), F1(A))) be the quotient map. We define
OP(p%,ca,v4) as the closed algebra in Q4((FP(A), Fi(A))) generated by qo(ca(A))

and qo(va(A)).

Remark 6.3.46. Observe that OP(¢%, ca,va) is the quotient of TP(p%, ca, va)
from Definition |6.3.37] and the ideal TP(¢%, ca,va) N KA((FP(A), F1(A))). We still

denote the quotient map by qo: TP(©%, ca,v4) = OP (%, Cca,v4).
An analogous question to Question [6.3.29| arises in this situation:

Question 6.3.47. Let p € (1,00), let (2,901, 1) be a measure space, and let A C
L(LP(1)) be an LP-operator algebra with a bicontractive approximate identity. Is
mathcal OP (%, ca,v4) isometrically isomorphic to OP((A, A),¢4)? In other words,
is (Qa((FP(A), F1A))),q © ©%X,q0 © ca,qo © v4) the universal covariant LP-Fock

representation for (A, A),a)?

Without having universality of (Qa((FP(A), F1(A))),q0 © ¢%X,qo © Ca,qo © Va),
the question on whether OP(¢%, ca,v4) is isometrically isomorphic to FP(A,Z,p4)
also remains unanswered. The final goal for this chapter is to present the initial
steps needed to potentially show the existence of such an isometric isomorphism.

At this moment we should also impose the extra assumption that go;ll is also

contractive. This is needed to make sense of the crossed product FP(A,Z,p4).
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If we would like to work instead with a more general crossed product of Banach
algebras, we could follow Definition 3.1 in [9], and require the existence of a
function M: Z — [0, 00) such that M is bounded on finite subsets of Z and
™| < M(n) for all n € Z. Nevertheless in what follows we will stick to M =1
(that is, following Definition , which implies that ¢"} is contractive for all
n € Z and therefore that ¢ is an isometric automorphism of A.

Following the C*-case, we need an analogue of the map defined by equation
. Without an involution, we also need to determine where an element of the
form au, is being mapped. Since v4(a) takes the role of ca(a*)*, the desired output

is forced on us. Indeed, with notation as in (2.4.3)), for each a € A we define

to(au—) = ca(pa(a)),

Yolauy) = va(a).

Exploiting the Cohen-Hewitt Factorization theorem and the multiplication rule
(2.4.3)), this automatically defines a rule for vy(au,) for any n € Z. Indeed, for any

a € A we have to set

Yo(aug) = ¢ (a).

For n € Z-1 and a € A, by the Cohen-Hewitt Factorization theorem we can choose

factorizations of a of the form

a = alcp’l(aQ) o go’(”’l)(an)

= bip(ba) ... " (bn)
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Thus, to make v a homomorphism, we are forced to set

Yolau_n) = ca(palar))ca(palaz)) - calpalan)),

Yo(au,) = va(by)va(by) - -va(by).

Furthermore, Lemma [6.3.40] shows that the definitions for vo(au_,) and vo(au,,) are

independent of the factorizations of a chosen.

Definition 6.3.48. We have defined an algebra homomorphism ~: C.(A,Z, p4) —

TP(p%X,ca,v4). such that, when J C Z is a finite subset of Z,
> aup = > yo(auy)
jeJ jed

An immediate consequence of the definition of vy and together with Lemma

6.3.40| implies that ||yo(au,)|| < ||a|| for any n € Z and any a € A. Hence,

| > otau|| < 3 Nl
jeJ jeJ

and therefore, since TP(¢%, ca,v4) is sits nondegenerately in LP(v x u) (see
Proposition , Proposition implies that vy extends to a contractive
map Yo: FP(A,Z,p4) — TP(¢%X,ca,va). We then define a contractive algebra
homomorphism v: FP(A,Z, pa) = OP(¢%, ca,va) by letting v = go © 7Yo.

The main complication in this situation arises when trying to construct a
contractive map in the other direction that is an inverse for +. Since we have not
established that (Q4((FP(A), F1(A))),q © ¥%,q0 © ca,qo © va) is the universal
covariant LP-Fock representation for ((A, A), v4), we cannot follow an analogue

path as the one used in the C*-case (see Example [2.4.17). We can, however, get
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a covariant representation of (Z, A, ¢4) on M(OP(¢%°, ca,v4)) which will be a
good candidate to induce any other nondegenerate covariant representation of
(Z,A,pa) (see Remark below for a precise discussion). To do so, we need
to add an extra assumption: we now require that the LP-operator algebra A sits
nondegenerately in £(LP(4)). The main reason for this extra assumption is that,
by Proposition [6.3.39 the algebra T?(¢%, ca,v4) is nondegenerately represented on
LP(v x ) and therefore, by Theorem [1.1.6] we can see M(TP(¢%, ca,va)) as the set
of two sided multipliers for T?(¢%, ca,va) on LP(v X ).

There are several steps needed to get the desired covariant representation.
First one is to get a map ugz: Z — M(TP(¢%,ca,va)). Foreachn € Zand s ® £ €

LP(v x ), we put

t"r®E& ifn>0
uz(n)(x ®§) = : (6.3.15)

sT"r®E ifn<0
where as before, t € L((P(Zx)) is left translation and s € L(P(Zs)) is right

translation.

Lemma 6.3.49. For each n € Z, the assignment from extends to a norm 1

linear map uz(n): LP(v x p) — LP(v x p), and satisfies the following conditions
1. ug(n)e3 (a)uz(—n) = ¢3 (#h(a)) for alln =0,
2 uz(=n)p% (a)uz(n) = X (94" (a) — Xhog 5,00 @ ¥y "(a) for alln > 1,
3. uz(n)uz(m) =uz(n+m) if n >0 and m € Z or if n,m <0,

4. uz(n)uz(m) = uz(n +m) — <Z;:"O 05j75j+n+m> ®idr( if n < 0 and m > 0

with n +m > 0,
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5. uz(n)uz(m) = uz(n +m) — <Z;":_Ol 05.“_”_%5].) ® idze( if n <0 and m >0

J

with n +m < 0.

Proof. Let k € Zsy, let z1,...,xp € (P(Z>g), and let &y, ..., & € LP(u). Direct

computations show that for any n € Z,

Y

| imn)m ®¢;)

<|Snes
j=1

and we get equality for n < 0. Thus, uz(n) extends to all of LP(v x u) and satisfies
|luz(n)|| < 1. In fact, since ||uz(n)(0, ®E)|| = |00 @£ = ||€]| for any n > 0, it follows
that ||uz(n)|| = 1 for all n € Z. We now check conditions 1-5. It suffices to show

that they hold when the operators act on elementary tensors x ® £ € LP(v x u). If

n >0,

(") (k)"0 ® la(a)é

NE

uz(n)¢F (@)uz(—n)(r ® &) =

i
o

(k= n)dp—n ® i(a)

I
NE

il
3

z(k)or @ 5T (a)€

|
1

(#a(a))(z @),

I
©
=8

proving 1. Forn > 1

uz(—n)ex (a)uz(n)(z ® §) = ) _(1"x)(k)s"dr @ s (a)¢

NE

e
Il
o

@k + )0k @ Pla(a)é

[
K

e
Il
o

(k)0 ® ¢l " (a)€
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= (o Zefsk A O)CETS)

so condition 2 is proved. Conditions 3-5 are direct routine calculations involving

left and right translation. For instance, if n > 0 and m = —n
uz(n)uz(—n)(z ®@§) = (t"s"r) @ { = ® .

Similarly, if n > 1
uz(—n)uz(n)(z @ ) = (s"t"z) ®E = Yy x(j)d; ®,

but on the other hand,

n—1 o]
(id”’(zzo) - Ze5jv5j>$ =T Zx(j)@- - Zx(j)5
j=0 j Jj=n

which yields a particular instance of condition 4. [

Lemma 6.3.50. Let p € (1,00) and let A be an LP-operator algebra that sits
nondegenerately in L(LP(11)) and has a c.a.i. Then uz(n) € M(TP(o%,ca,v4))

for every n € Z.

Proof. Proposition implies that T?(p%, ca,v4) has a c.a.i and sits
nondegenerately in LP(v x p). Hence, using Theorem it suffices to show that
for each n € Z, uz(n) € L(LP(v x p)) is a two sided multiplier for TP(o%, ca,v4).
To do so, in view of Remark and Proposition [6.3.35] we only need to verify
that uz(n)ca(a), ca(a)uz(n), uz(n)va(a),va(a)uz(n) € TP(e%,ca,va) for all n € Z

and a € A.
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We start with the computations for c4. Let @ € A and let n € Z. It is clear
that uz(0)ca(a) = ca(a)uz(0) = ca(a) € TP(eX,ca,v4), so the casen = 0
is done. We first prove that uz(Zo)ca(a) € TP(p%,ca,va). Let n > 1 and let

x®& € LP(v x ). Then

Uz( )CA 37 ® 5 Z 5k+n & 90];1_1(&)5

k=1

On the other hand, using the Cohen-Hewitt factorization theorem, we find a

factorization of A of the form
a=¢"(a1) - (an)an1,
and using equation (6.3.11]) from Lemma|6.3.40| we find

(52) (k)0rsn @ " 19" (a1) - - - (@) ang1)€

NE

clar)...clap)(x®@E) =

>
Il
—_

(52)(k)Oksn ® " (a)S.

[
NE

>
Il
—_

This shows that uz(—n)ca(a) = c(ay) ... c(ant1) € TP(9X, ca,va) when n > 1. We

now check that uz(Zsg)ca(a) C TP(p%, ca,v4). First,
u(Dea(a)(z @ &) =Y x(k)d @ " (0" (a)é = X (¢4 (a)),
k=0

whence u(1)ca(a) = pX (03" (a)) € TP(p%X, ca,va). If n > 2, then,

uz(n)ea(a)(z @ &) = Y (s2)(k)dhn © 9" (a)

k=n
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o0

= 3tk D @ 66

= N (t2)(k)dh—uozy @ "D (0" (a)).

k

n—2

Now choose a factorization
©" Ha) = arp(az) ... " *(an_1),

so that equation (6.3.12) from Lemma [6.3.40] now yields

k—(n—2)(

va(ar) - -va(an1)(z®@§) = k)oi— (n—2) @ @ arp(as)--- <Pn_2(an—1))§

5:3
P

2 ® """ Ha))E,

proving that uz(n)ca(a) = va(ar) - va(an-1) € TP(P%X,ca,va) when n > 2. Next,

we verify that ca(a)uz(Z<o) € TP(¢X, ca,v4). On the one hand, for n > 1, we get

ca(@)uz(—n)(z ® §) = Y _(52)(k)drn © 9" (¢"(a)).

k=1

Thus, if we choose a factorization for ¢"(a) of the form

p"(a) = ¢"(ar) - plan)ania,

it follows from equation (6.3.11)) in Lemma [6.3.40| that cs(a)uz(—n) =
calar)---calans1) € TP(pX,ca,va) when n > 1. To finish with the calculations

for ¢4, it remains to show that ca(a)uz(Zso) C TP(¢%, ca,v4). For any n > 1 we
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first find
ca(@uz(n)(z @ &) = D (t2)(k)dj_np2 @ ' " (a)€.

k=n—1

Thus, choosing a factorization for a of the form
a = arbyp(by) - - " (bn),

it follows now from equation in Lemma that ca(a)uz(n) =
ca(ar)va(br) - -va(bn) € TP(9X, ca,v4) when n > 1.

We now check it for vy. It’s clear that uz(0)va(a) = va(a)uz(0) = va(a),
so the case n = 0 is done. If a = ajas, then the computation from the proof of

Proposition [6.3.41] gives

uz(—Dva(a)(z ® &) =Y x(k)d @ " (ara) = calar)va(asz)(z @ &),

and therefore uz(—1)va(a) = ca(ar)va(az) € TP(¥X, ca,v4). For a general n > 1,
notice that uz(—n)va(a) = uz(—n + Dugz(—1)va(a) = uz(—n + 1)ca(ar)va(as)
and we already proved above that uz(n — 1)ca(ar) € TP(¢%X, ca,v4). Thus, we have
shown that uz(Z<g)va(a) C TP(e%X, ca,va). We now check that uz(Z-g)vala) C

TP(pX,ca,v4). Indeed, for n > 1,

o0

uz(n)va(a)(z © €) =Y (tz)(k)or—n © ¢* (" (@))€

k=n

Now choose a factorization
¢"(a) = arp(az) ... ¢"(ant1),
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so that equation (6.3.12) in Lemma [6.3.40| gives

(t2) (k) dp—n ® Q" (arp(az) - - - " (ans1))€

NE

valar) -+ va(an) (T ®@§) =

B
Il
3

(t2) (k) Sk—pn ® ©" " (¢"(a))E.

[
WE

=
Il
3

This proves that uz(n)va(a) = va(ar)---valans1) € TP(pF,ca,v4) for any n > 1,

as wanted. Next step is to verify va(a)uz(Z<o) C TP(¢%X, ca,va). If n > 1, we find

[e.e]

va(a)uz(—n)(z ® &) = Y (s2)(k)dsn—2 ® 9" (" (a)).

k=1

Thus, for n = 1 we immediately see that va(a)uz(—1) = ¥ (a). For n > 2, we

choose a factorization of A of the form
@n_l(a) = Qpn_2(a1) e 90(%—2)%—1,

whence using equation (6.3.11)) from Lemma [6.3.40| gives v4(a)uz(—n) =
calay)---calan—1) € TP(eX,ca,va) for n > 2. This proves that va(a)uz(Z<y) C

TP(¢%,ca,v4) and finishes the proof. |

We are now ready to exhibit a covariant representation for (Z, A, p4) on

M(Op<90?407 CA, UA))'

Proposition 6.3.51. Letp € (1,00), let A C L(LP(u)) be a nondegenerate LP-

operator algebra with a bicontractive approximate identity, let % : A — L(LP(v X

1)) be as defined by (6.3.8), let uz: Z — L(LP(v x ) be as defined in , and
let qo: TP(©X,ca,va) = OP(©X, ca,va) be the quotient map (see Remark|6.3.46]).

Consider the map qo: M(TP(o%,ca,va)) = M(OP(¢%X, ca,v4)), from Proposition
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let 0% = o 0 %, and let Uz, = Gy o uz. Then the pair (9%, 4z) is a covariant

representation of (Z.A,pa) on M(OP(¢%X, ca,v4)).

Proof. For a € A, let pX(a) = (Lo, Ry) € M(OP(0%, ca,v4)). By construction of g

(see proof of Proposition 4.1.8)), we have for any w € T?(p%, ca,v4) that

Lo(qo(w)) = qo(v% (a)w)

Ro(qo(w)) = qo(we (a))

Hence, conditions 1-2 in Lemma [6.3.49 imply that the covariance condition will
hold for (@O,&E), provided that we show that for any w € TP(p%,ca,v4), n > 1

and a € A,

w(nz_:le(sk,gk X ipA ) (Zgék 5 @ SOA ))w € Ka((F7(A), F1(A)),

but this follows at once from the fact that K4 ((FP(A), Fi(A)) is a closed two sided

ideal of L4((FP(A), Fi(A))) (see Proposition which is equal to K(¢?(Zso)) ®,

A (see Remark [6.3.43).

Similarly, for n € Z, let uz(n) = (L1, R1) € M(OP(¢%, ca,va)). Thus, for each

w € TP(pX, ca,v4), the construction of gy now implies that

Li(qo(w)) = qo(uz(n)w)

Ri(qo(w)) = qo(wuz(n)).

Hence, thanks to conditions 3-5 in Lemma [6.3.49] we see that the map uz(n): Z —

M(OP(p%,ca,v4)) will be a group homomorphism if we prove that for any w €
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TP(oX,ca,v4), if n <0 and m > 0, we have

w(ZQ(;j,ngrner X id]ﬁ(@), (Zegj,(;jﬂm X ide(#)>w S ICA((FP<A),FQ(A)),

=0 j=0

when m 4+ n > 0, and

m—1 m—1
(2053+1 S ®1dLP(M> <295J+1 S ®1de(M )w c ICA((.FP(A),.FQ(A)),
Jj=0 7=0

when n + n < 0. All instances will follow if we show that for any x € #(Z>),

y € (1(Z>p) and a € A,

(0, @ idre()cala), 0y ® idre)vala) € Ka((FP(A), F1(A)),

ca(a)(lpy @idrr(), va(a)(0py @ idre) € Ka((FP(A), FI(A)).

To do so, we fix x € P(Z>g), y € 4(Z>o) and a € A. For each z € (P(Z>g),

¢ € LP(u) we define

Le(z26) =Y y(k)0,s, ,(2) @ " H(a)é,
k=1
and
Z®£ :Zy $5k+1 ® @ ( )5
k=0

Notice that, for 0 < n < m, Hoélder inequality gives

p

dp(w)

HZ?/ 06, (2) @ "~

Z / 1Zy ~ 1) (@) w)

< [l=li3 Zly )Izk = 1) (@) )] da(w)
I
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< ||x||P||y||p(Z| P [ 16 @) au))
< ||x||z||y||5||a||ﬂ’||suzZ |2 (k —
k=n
and therefore [.(z ® £) is in LP(v X u). A similar computation shows that I,(z ® )

is also an element of LP(v x p). Furthermore, if m € Zsq, 21,..., 2m € P(Z>p), and

&1y, &m € LP(u), then Holder inequality now gives

| Y uE o6 = || 3 X vtkbas, () 0 @ (@8]
j=1 k=1 j=1

m

= ol | 300093 50— 0

< llellzlol; | Z | fj () )|
- \lel§||y||’q’; / \(wk*(@(ézj(k - 18)) @)| dp(w)
- quzuyuzi Hso“m)(gzj(k - 1)
< ||x||z||y||§||a||p§%))jilzjw)@- Z

Zzy‘@fj Z

Jj=1

dp(w)

dp(w)

= [lzlIZlylIgllal”

This shows that [. extends to well defined bounded linear map [, € L(LP(v x p))
with ||| < |lzllpllyll4llall. An analogous computation shows that [, extends to
well defined bounded linear map [, € L(LP(v x p)) with ||I,|| < ||z],]lyll4]]al-

Furthermore, these calculations also show that

S Y, © @) =0

k=1
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and

lim

S U0, & ) =0

Therefore, both [, and [, are norm limits of elements in IC4(¢*(Z>¢)) ®, A,

which is equal to K4((FP(A),F?(A))) as pointed out in Remark Finally,

a direct computation acting on elementary tensors in LP(v x pu) shows that

(0py ®idpe)cala) = 1. € Ka((FP(A), Fi(A))) and that (0, @ idre)vala) =1, €
Ka((FP(A), F1(A)). Now, for each z € (P(Z>p), £ € LP(u) we let

re(z@&) =Y a(k = 1)fs,4(2) ® ¢ (a),
k=1

and

Z®5 ZZB eéky )®§0k(a)€'
k=0

A similar analysis as to the one done for /. and [, now shows that r. and r, extend
to bounded linear maps on all LP(v x p), that ca(a)(bpy ® idpr) = re €
KA((FP(A),Fi(A))), and that va(a)(lry @ idrew) = rv € Ka((FP(A), FI(A)),

finishing the proof. |

Remark 6.3.52. As a final remark, we present an outline for the final step that
would be needed in order to get the sought inverse map for v from Definition
6.3.48] The main point is to be able to show that any nondegenerate covariant
representation of (Z, A, p4) on a LP-space E factors through the covariant
representation (¢, uz) from Proposition . That is, if 7: A — L(F) and
u: Z — L(E) are such that (7, u) is a nondegenerate covariant representation
of (Z,A,p4) on E, then we want to construct a contractive nondegenerate

representation p: OP(0%, c4,v4) — L(E) such that 1 = po o% and u = po ug
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where p: M(OP(¢%,ca,v4)) — L(E) is the map from Corollary [1.1.7] The
importance of showing that p actually exists is that, by similar methods as those
used in the proof of Raeburn’s universal property for C*-crossed products (see
Theorem 2.61 in [28]), we would be able to produce the desired contractive map

OP (%X, ca,v4) — FP(Z, A, p4) that is an inverse for 7. The initial steps to define p

are clear: For any a € A we are forced to set

It s easy to check that (p 0 o0 PY,POqoOUa,POGyO cA) satisfies the LP-Fock
covariant conditions and therefore p can be linearly extended to qo(7; (0%, ca,v4a))
(see Remark [6.3.38)), which lies dense in OP(¢%, ca,v4). However, we have not
been able to further extend p to all OP(p%, ca,v4) due to not being able to show
(without universality) that ||p(go(w))]| < llgo(w)] for any w € TS (0%, ca,va).
Given that universality has been established when p = 2 (see Chapter , a Riesz-
Thorin interpolation argument could be used to show that p actually extends to
all values of p € [1,00), provided that we manage to also establish the extension
for p = 1. This is more or less immediate to implement when A = Cy(€) for a
locally compact Hausdorff space Q2. The advantage here is that Cy(Q2) is an LP-
operator algebra for each p € [1,00). In hopes of a more general result, this would
require us to introduce (and precisely define) an extra assumption that A belongs
to a “continuous” one-parameter family of LP-operator algebras (parametrized by
p € [1,00)) such as for instance MY and OF. The “constant” family Cy(Q2) should

be a particular case of this potential scenario.
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CHAPTER VII

FUTURE WORK

LP-bimodules and Morita equivalence

We take advantage of Theorem in the C*-case to define a notion of A-B

LP-bimodules via (A, B) LP-correspondences:

Definition 7.1.1. Let A and B be LP operator algebras. An LP A-B-bimodule is
an (A, B) LP-correspondence ((X,Y), ) for which Kg((X,Y)) C ¢(A).

As in the C*-case, any LP-module over an LP-operator algebra B is naturally
an L? Kp((X,Y))-B-bimodule by letting ¢ be the inclusion Lp((X,Y)) <
Lp((X,Y)).

Having a definition for I” A-B-bimodule induces a working concept for

Morita equivalent LP-operator algebras.

Definition 7.1.2. Two nondegenerate L? operator algebras A C L(LP(u1)) and
A C L(LP(up)) are said to be Morita Equivalent if there is an LP A-B-bimodule

((X,Y), ¢) such that
L Ks((X,Y)) = ¢(A).
2. Y| X)s=B
The following immediate initial questions arise:
Q.1 Do we need to add that XLP(ug) dense in LP(u1) and YLP(puy) dense in LP ()

in Definition [7.1.2F

155



Q.2 Is Definition the same as having (X,Y) a right L? module over B which

is also a left LP-module over A, with dense compatible pairings:

Al@|y)z=xz(y | 2), (W|2)pw=ya(z|w)

for z,z € X and y,w € Y?

Q.3 Is this a particular case of Morita equivalence of Banach algebras as defined

in [19]7

Q.4 Can we translate the results in either [I0] or [19] for computations of K-

theory and K K-theory of LP-operator alegebras?

C*-likeness of some LP-modules

Explore in detail the C*-likeness for particular cases of A in Example [5.1.9|
A particular example is to take A = MZ(C) and d = 2, so that the C*-like
condition on (X,Y) = (/4 ®, A, (3 @, A) becomes the following problem.

Equip M(C)? with two different norms:

ai,a = max ai&l|p, ||axé ,
larali= _max ol laxcl)l,

and
bi,ba)|ly = max Hblfl + b6
It )l {&1,82€5: (€l E2llp) =1} p
Conjecture 7.2.1.
[(a1,a2)|lx = max [|bia; + baasl[,

[|(b1,b2)[ly=1

156



This conjecture is true when p = 2, but still is an open problem when
p # 2. For p = 1, the Simplex method is certainly a good tool to look for a
counterexample or increase the evidence that the conjecture holds. If It holds for

both p =1 and p = 2, some interpolation argument might give the result for any p.

LP-Fock representations and Universality

There are two instances in the definitions of LP-Fock representations that are,

in some sense, automatic in the C*-case:

1. The first equalities in both conditions 1 and 2 of Definition [6.3.1] are

redundant in the C*-case. See Remark 2.2.7 and Remark 2.4.2

2. The map mx from Definition [6.3.5] always exists in the C*-case. See Lemma
24y

We have not investigated whether this two instances still apply for the LP-
case, and it is likely that they will not hold in general. Furthermore, our current

results from Chapter [VI| suggest the following lines of work

L.1 Answering both questions regarding universality posed in Question [6.3.29| and

6.3.471°

L.2 A more targeted project is to work on the universality of the representation
from Proposition [6.3.51] for particular parametric families of LP-operator

algebras, as pointed out by the end of Remark [6.3.52]

L.3 Finally, a more general attempt (but also more technical) is to attempt a
Fock space construction for any LP-correspondence using in full generality
Definition to obtain the tensor correspondences and for the direct

sum of these.
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