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James B. Wilson for the degree of ' Doctor of Philosophy

in the Department of Mathematics to be taken June 2008

Title: GROUP DECOMPOSITIONS, JORDAN ALGEBRAS, AND ALGORITHMS FOR
P-GROUPS

Approved:

Dr. William M. Kantor

Finite p-groups are studied using bilinear methods which lead to using nonassociative
rings. There are three main results, two which apply only to p-groups and the third which applies
to all groups.

First, for finite p-groups P of class 2 and exponent p the following are invariants Qf fully
refined central decompositions of P: the number of members in the decomposition, the multiset
of orders of the members, and the multiset of orders of their centers. Unlike for direct product
decompositions, Aut P is not always transitive on the set of fully refined central dec;)mpositions,
and the number of orbits can in fact be any positive integer. The proofs use the standard semi-
simple and radical structure of Jordan algebras. These algebras also produce useful criteria for a
p-group to be centrally indecomposable.

In the second result, an algorithm is given to find a fully refined central decomposition of
a finite p-group of class 2. The number of algebraic operations used by the algorithm is bounded
by a polynomial in the log of the size of the group. The algorithm uses a Las Vegas probabilistic
algorithm to compute the structure of a finite ring and the Las Vegas MeatAxe is also used.
However, when p’is small, the probabilistic methods can be replaced by deterministic polynomial-
time algorithms.

The final result is a polynomial time algorithm which, given a group of permutations,
matrices, or a polycyclic presentation; returns a Remak decomposition of the group: a fully refined
direct decomposition. The method uses group varieties to reduce to the case of p-groups of class

2. Bilinear and ring theoryr methods are employed there to complete the process.
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CHAPTER 1

INTRODUCTION

I present three theorems in three chapters. The central theme of each is the use of bilinear
maps and algebras to answer questions about p-groups. This would be unremarkable if stated
for bilinear forms and, simple groups or simple algebras. For instance, the work of E. Artin, C.
Chevalley, T. A. Springer, and J. Tits uses nondegenerate bilinear forms to explain many of the
structures of classical and non-classical groups. On the algebra side the same was done by I. N.
Herstein, I. L. Kantor, M. Koecher, and N. Jacobson to understand the structure of simple Lie
and Jordan algebras. In this work I apply precisely the opposite philosophy.

Unlike bilinear forms, bilinear maps have a rich and complicated structure owing partly
to the enormous number of non-isometric bilinear maps of any fixed dimensions. There is no hope
to classify or broadly study individual isometry types of bilinear maps. My approach useés groups
and algebras to study bilinearity, in contrast to the goals of earlier works. Starting with a bilinear
map, associate to it a natural associative *-algebra, a Jordan algebra, and a Lie algebra. Also
define the group of isometries and conformal maps, just as is done with bilinear forms. Only now
the perspective is to use the structure theorems of these algebras and groups to inform us about
the structure of bilinear maps. With these tools I will show that bilinear maps have an unexplored
“radical and semisimple structure” — where radical here is not the usual radical of a bilinear map.
By recognizing this structure and its translation to p-groups it is possible to discover new theorems
and algorithms for these groups and other groups.

The use of Bilinear maps to studying p-groups I believe began with Baer [6], and my use
is similar. These methods have lost favor due to the stronger connections between p-groups and
nilpotent Lie algebras. However, sometimes it is best to trade a hard problem for p-groups for
an easier problem for bilinear maps, rather than an equivalently hard problem for nilpotent Lie

algebras. Indeed, the results in this dissertation can be applied also to nilpotent Lie algebras.



CHAPTER 11
DECOMPOSING p-GROUPS VIA JORDAN ALGEBRAS

II.1 Introduction

For finite p-groups P of class 2 and exponent p the following are invariants of fully refined
central decompositions of P: the number of members in the decomposition, the multiset of orders of
the members, and the multiset of orders of their centers. Unlike for direct product decompositions,
Aut P is not always transitive on the set of fully refined central decompositions, and the number
of orbits can in fact be any positive integer. The proofs use the standard semi-simple and radical
structure of Jordan algebras. These algebras also produce useful criteria for a p-group to be
centrally indecomposable.

A central decomposition of a group G is a set H of subgroups in which distinct members
commute, and G is generated by H but by no proper subset. A group is centrally indecomposable if
its only central decomposition consists of the group ifself. A central decomposition is fully refined
if it consists of centrally indecomposable lsubgroups.

We prove:
Theorem II.1.1. For p-groups P of class 2 and exponent p,

(i) the following are invariants of fully refined central decompositions of P: the number of mem-
bers, the multiset of orders of the members, and the multiset of orders of the centers of the

members; and

(i) the number of Aut P-orbits acting on the set of fully refined central decompositions can be

any positive integer.

Central decompositions arise from, and give rise to, central products (cf. Section I1.2.1),

and hence Theorem II.1.1.(%) is a theorem of Krull-Remak-Schmidt type (cf. [49, (3.3.8)]). That



theorem states that the multiset of isomorphism types of fully refined direct decompositions
(Remak-decompositions) is uniquely determined by the group, and the automorphism group is
transitive on the set of Remak-decompositions. Theorem I1.1,1.(i) points out how unrelated the
proof of Theorem I1.1.1.(%) is to that of the classical Krull-Remak-Schmidt theorem. Moreover,
inductive proofs do not work for central decompositions. For example, a quotient by a member
in a central decomposition generally removes the subtle intersections of other factors and so is of
little use. Similarly, automorphisms of a member in a central decomposition usually do not extend
to automorphisms of the entire group.

We conjecture that under the hypotheses of Theorem II1.1.1, even the multiset of isomor-
phism types of'aﬁ fully refined central decomposition of P is uniquely determined by P. For details
see Section I1.8.1.

While the literature on direct decompositions is vast, little appears to have been done
for central decompositions. For p-groups, results similar to Theorem II.1.1 have concentrated on
central decompositions with centrally indecomposable subgroups of rank 2 and 3, with various
constraints on their centers [1, 2, 55, 56]. Using entirely different techniques, our setting applies
to groups of arbitrary rank at the cost of assuming exponent p.

The methods used in this paper involve bilinear maps and non-associative algebras, but not
the nilpotent Lie algebras usually associated with p-groups. We introduce a *-algebra and a Jordan
algebra in order to study central decompositions. The approach leads to a great many other results
for p-groups and introduces a surprising interplay between p-groups, symmetric bilinear forms, and
various algebras. Most of these ideas will be developed in subsequent works. As the algebras we use
are easily computed, in [60] we provide algorithms for finding fully refined central decompositions
and related decompositions — even for p-groups of general class and exponent (including 2-groups).
In {63] we prove there are p2n3 /27+Cn? centrally indecomposable groups of order p™, which is of the
same form as the Higman-Sims bound on the total number of groups of order p™ [18, 53]. In [63]
we also prove that a randomly presented group of order p™ is centrally indecomposable, and we
charagterize various minimal centrally indecomposable p-groups by means of locally finite p-groups,
including those p-groups with P’ & Z%. Finally, in [62] we address central decompositions of 2-
groups, p-groups of arbitrary exponent, and p-groups of arbitrary class, by means of an equivalence

on p-groups related to the isoclinism of P. Hall [16].



II.1.1 Qutline of the Proof

Section I1.2 contains background and notation for central decompositions of groups and
orthogonal decompositions of bilinear maps.

Section I1.3 translates p-groups P of class 2 and exponent p into alternating bilinear maps
on P/P’ induced by commutation. This approach is well-known and appears as early as Baer’s
work [6] and refined in [28] and [58]; however, such techniques have been upstaged by appealing
to various associated Lie algebras of Kaloujnine, Lazard, Mal'cev and others [32]. By contrast,
the bilinear approach translates unwieldy central decompositions into natural-looking orthogonal
decompositions, and automorphisms into pseudo-isometries (Theorem I1.3.6).

In Section I1.4 we introduce two algebraic invariants of bilinear maps: the associative *-
algebra of adjoipt operators, and the Jordan algebra of self-adjoint operators. The first of these
encodes isometries, while the second encodes orthogonal decompositions via sets of pairwise or-
thogonal idempotents (Theorem I1.4.29). We use these algebra;s to give criteria for indecomposable
bilinear maps and centrally indecomposable p-groups (Corollary I1.4.35 and Theorem 11.4.36). We
also prove the first part of Theorem II.1.1.(3).

In Section II.5 we prove that a certain subgroup of isometries acts on suitable sets of
idempotents of our Jordan algebra with the same orbits as the full isometry group. Using the radical
theory. of Jordan algebras and the classification of finite dimensional simple Jordan algebras we
identify the orbits of the isometry group acting on the set of fully refined orthogonal decompositions
(and therefore the orbits of Cayus p(P’) on the set of fully refined central decompositions of P) (Cor-
ollary 11.5.16).

In Section I1.6, semi-refined central decompositions are introduced. These are derived from
properties of symmetric bilinear forms and then interpreted in the setting of p-groups, leading to
the proof of Theorem I1.1.1.(%).

Section I1.7 proves Theorem I1.1.1.(#f). We also build families of centrally indecompos-
able groups of the types in Theorem I1.4.36. These examples are only a sample of the known
constructions of this sort and the proofs provided are self-contained versions of broader results in
[63].

Section II.8 has concluding remarks.



11.2 Background

Unless stated otherwise, all groups, algebras, and vector spaces will be finite and p will be
an odd prime. We begin with brief introductions to central products and central decompositions

of groups, followed by orthogonal decompositions of bilinear mé.ps. V

11.2.1 Central Decompositions and Products

Let H be a central decomposition of a group G (cf. Section II.1). The condition [H, K] =1
for distinct H, K € H shows that H N (H — {H}) < Z(G) for all H € H. Whence, the members
of H are normal subgroups of G.

Central decompositions can be realized by means of central products. Fix a set H of
groups and a subgroup N of H = Ilzen H such that NN H =1 for all H € H. The central
product of H with respect to N is ﬁ/N . If H is a central decomposition of a group G, then define
r:H - G by (xH)ﬁeﬁ — J]gex . Then G = ﬁ/ ker . These two treatments are equivalent
[5, (11.1)].

In an arbitrary central decomposition H of a group G, in general H N K and H N J are

distinct, for distinct elements H, K, J € H.

Definition I1.2.1. Given a subgroup M < G and a central decomposition H of G, we call H an
M -central decomposition if M = HN K for all distinct H,K € H. The assoctated central product

is an M-central product.

Every central decomposition induces a Z(G)-central decomposition
HZ(G) = {HZ(G): H € H}.

Some authors write Hy x---+ H; or Hyo---0 H, for a Z(G)-central product. These notations still
depend on the given N < Hj x --- x H,. We require a precise meaning in the following specific

case: .

; J
where N :=((1,...,2,1,...,z741,.. )1 <i< j<n,z € Z(H)).



11.2.2  Central Decompositions of p-groups of Class 2 and Ezponent p

Using standard group theory, we show that central decompositions of a finite p-group P of
class 2 and exponent p reduce to central decompositions of a subgroup @ where P/ = Q' = Z(Q)
and P = QZ(P). Furthermore, we show that for our purposes we may consider only Z(Q)-central

decompositions (cf. Corollary 11.2.9).

Definition 11.2.2. An automorphism ¢ € Aut P is upper central if Z(P)zyp = Z(P)z, for all
z € P, and lower central if P’z = P'z, for all z € P. The group of upper central automorphisms

we denote by Aute P and the lower central automorphisms by Aut, P.

As P has class 2, Aut., P < Aut¢ P. Furthermore, every o € Aut, P is also the identity

on P’

Lemma 11.2.3. (i) There are subgroups Q and A of P such that Z(Q) = Q' = P', A < Z(P)
and P =Q x A.

(it) Given subgroups @ and R of P such that Z(Q) = Q' = P' = R' =Z(R) and P = QZ(P) =
RZ(P), if A is a complement to Q as in (i) then it is also a complement to R so that

P =@Q x A= R x A. Furthermore, there is an upper central automorphism of P sending Q)
to R and identity on Z(P).

Proof. (z) Since P/P' is elementary abelian, there is P! < @ < P such that Q N Z(P) = P’ and
P = QZ(P). Furthermore, P’ - [QZ(P),QZ(P)] = Q and [P,Z(Q)] = [QZ(P), Z(Q)] - 1, so
Q<2Q<QNZP) =¢.

Also, Z(P) is element;ary abelian, so there is a complement 4 to P’ in Z(P). Whence,
P=QZ(P)=QAand QNA<QNZ(P)NA=P' NA=1. As Aiscentral in P, P=Q x A.

(7). Fix two subgroups @ and R as described in the hypothesis. So there is a complement
Ato Q asin (i). Since QN Z(P) =P = RNZ(P) it follows that P = @ x A = R x A. Let
7 ; P — P be the projection of P to R with kerpel A. Restricting 7 to Q gives a homomorphism
@ : @ — R. Furthermore, P = QA so « is surjective, and @ N A =1 so « is injective. Hence « is
an isomorphism. Indeed, Q' = P’ = R’ and = is the identity on R, so « is the identity on Q' = R/.

Then f=ax14:Q x A— R x Ais a upper central automorphism of P sending @ to R. O

Definition I1.2.4. If H is a central decomposition of P, then define Z(H) = {H ¢ H : H <
Z(P)}.
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Lemma I1.2.5. Let H be a fully refined central decomposition of P. If @ = (H — Z(H)) and
A=(Z(H)), then P=Q x A, Q' = Z(Q) and Q'A = Z(P).

Proof. Certainly A < Z(P) and P = QA. Also P’ = Q' and Z(P) = Z(Q)A. As H is fully
refined, every H € ‘H — A is centrally indecomposable and so also directly indecomposable. By
Lemma I1.2.3 it follows that H' = Z(H), for all H € H — Z(H). As a result, @' = Z(Q). Thus
P=QxA. g

Definition I1.2.6. Two central decompositions H and K of a group G are exchangeable if, for

each J C H, there is an a € Aut G such that Ja CK and (H - J)a=H-J.

For instance, if G = H, 0.0 H, = K; o---0 K are exchangeable decompositions, then

s=tand, foreach 1 < <s,
G==H10---0HioKi+1o---o.Kt.

Replacing o with x we recognize this as the usual exchange property for direct decompositions.
The Krull-Remak-Schmidt theorem states that all fully refined direct decompositions (Remak-
decompositions) are exchangeable [49, (3.3.8)]. In light of Theorem 11.1.1.(ii), a general p-group of
class 2 and exponent p will have fully refined central decompositions which are not exchangeable.

Subgroups in Z(H) can only be exchanged with subgroups in Z(K), and similarly for the

complements of these sets.

Lemma I1.2.7. If H and K are two fully refined central decompositions of P such that H—Z(H) =
K —Z(K), then H and K are exchangeable.

Proof. Set Q@ = (H~Z(H)), A=(Z(H)), R= (K- Z(K)) and B = (Z(K)). By Lemma I1.2.3.(3)
it follows that P = Q x A = R x B and by Lemma I1.2.3.(4¢), P = Q x B as well. The projection
endomorphism 7 from P to B with kernel ) makes & = 1g X 7 an automorphism sending A4 to B
and identity on Q. Since A and B are abelian, any fully refined central decomposition is a direct
decomposition so (Z(H))« is exchangeable with Z(K) by automorphisms of B. As Aut B extends

to Aut P inducing the identity on @, it follows that H and X are exchangeable. O

Theorem 11.2.8. IfH and K are two fully refined central decompositions of P such that HZ(P) =
KZ(P), then H and K are exchangeable.



Proof. 1t suffices to prove that a single subgroup of H can be exchanged with one in K. Let
M =Z(P)and fix H e H—~Z(H). As HM = KM there is a K € K such that HM = KM. Since
H is not contained in Z(P) neither is K. If J € K such that HM = JM then J < (K, M), and so
K — {J} generates P. As K is fully refined this cannot occur. So K is uniquely determined by H. 7

By Lemma I1.2.3.(¢) and the assumption that H and K are fully refined, it follows that
H' =Z(H) and K' = Z(K). As Z(HM) = M = Z(KM) it follows that HZ(HM) = HM =
KM = KZ(KM). So by Lemma I1.2.3.(7) there is an automorphism a of HM = KM which
is the identity on M and maps H to K. Extend a to P by defining « as the identity on all
J € H — {H}. This extension exchanges H and K. ' O

Corollary I1.2.9. Let P be a p-group of class 2 and ezponent p.
(i) Aute P is transitive on Remak-decompositions.

(it) Given two fully refined central decompositions H and K of P, there is a ¢ € Aut¢ P such
that He = K if, and only if, HZ(P) = KZ(P).

Proof. (4). This is the Krull-Remak-Schmidt theorem.
(¢¢). Suppose that He = K for some ¢ € Aut¢ P. Given H € H set K := Hy. Then
HZ(P)/Z(P) = (HZ(P)/Z(P))p = KZ(P)/Z(P) so HZ(P) = KZ(P). Thus HZ(P) = KZ(P).
For the reverse direction, let HZ(P) = KZ(P). Then by Theorem II.2.8 there ié apE
Aut¢ P sending H to K. g

I11.2.8 Bilinear and Hermitian maps, Isometries, and Pseudo-Isometries
In this section we introduce terminology and elementary properties for bilinear maps which
we will use frequently. Throughout, let V and W be vector spaces over a field k.

Amapb:V xV — W is k-bilinear if it satisfies
b(su + v/, tv +v') = stb(u,v) + tb(v',v) + sb(u,v") + b, v")
for all u,w',v,v' € V and s,t € k. Given X,Y C V define

B(X,Y) = (b(u,v) 1 u e X,veY).
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For convenience we assume all our bilinear maps have W = b(V,V). Whenever X <V we can

restrict b to

bx 1 X x X — b(X, X). (I1.2)

The radical of b is
radb:={u €V :b(u,V)=0=5b(V,u)}.

If rad b = O then b is non-degenerate. A k-bilinear map b : V x V — W is called §-Hermitian if

# € GL(W) and
b(u,v) = b(v,u)8, Yu,v € V. (I1.3)

As W = b(V,V), 6 is an involution (which in this paper will mean 6% = 1 and allow = 1).
Furthermore, 6 is uniquely determined by b (assuming W # 0) and so it is sufficient to say b is
Hermitian.

If @ = 1w we say that b is symmetric and if § = —1ly we call b skew-symmetric. As
we work in odd characteristic it follows that every skew-symmetric bilinear map is equivalently
alternating in the sense that b(v,v) =0forallve V.

Given two k-bilinear maps b: VXV — Wand V' : V! x V! — W’ a morphism from b to

b is a pair (o, ) of linear maps «: V — V' and §: W — W' such that
V(ua,va) = b(u,v)8, VYu,veV. (I1.4)

When « is surjective it follows that W’ = b'(Va, Va); so, 8 is uniquely determined by . In this
case we often write & for 8. If & and & are isomorphisms then we say b and b’ are pseudo-isometric.
The term isometric is reserved for the special circumstance where W = W/’ é.nd & = lw.

The pseudo-isometry group is

Isom*(b) :={(a, &) € GL(V) x GL(W) :
: (11.5)

b(ua, var) = b(u,v)a,Yu,v € V},

and the isometry group is

Isom(b) := {a € GL(V) : b(ua, va) = b(u,v),Vu,v € V}. (I1.6)
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(The decision to write the isometry group as a subgroup of GL(V) rather than GL(V) x GL(W)
is to match with the classical definition of the isometry group of a bilinear form.) When b is a
bilinear k-form (i.e.. W = k), the pseudo-isometry group goes by various names, including the

group of similitudes and the conformal group of b. The following is obvious:

Proposition I1.2.10.  (3) If (¢, ®) is a pseudo-isometry from b to b’ then Isom*(b) = Isom™ (V)

via (o, &) — (o®,&?), and Isom(b) = Isom(b') via o+ a®.

(¢) Ifb:V xV — W is a bilinear map, then (o, &) — & is a homomorphism from Isom™(b) into

GL(W) with kernel naturally identified with Isom(b).

In light of Proposition I1.2.10.(é) we will view Isom(b) as a subgroup of Isom*(b) and
Isom™(b)/ Isom(b) as a subgroup of GL(W).

11.2.4 1.-Decompositions

Definition I1.2.11. Letb: V x V — W be a k-bilinear map.

" (i) A set X of subspaces of V is a L-decomposition of b if: (a) b(X,Y) =0 for all distinct
X,Y e X and (b) V=(Y) for Y C X if, and only if, Y = X.

(ii) A subspace X of V is a | -factor if there is a L-decomposition X containing X. Furthermore,
define
Xto=(x - {X}).

(ii) We say b is L-indecomposable if is has only the trivial 1 -decomposition {V}.

(iv) A L-decomposition X of b is completely refined if bx is L-indecomposable for each X € X
(cf. (11.2)).

When b is Hermitian it is also reflerive in the sense that b(u,v) = 0 if, and only if,
b(v,u) =0, for u,v € V. Also, X+ = {z € V : b(X,z) = 0}.

Let X be a L-decomposition of b and take X € X. For each x € X N (¥ — {X}) we
know b(z, (X — {X})) = 0 and b(z, X) = 0; thus, b(z,V) = 0. Hence, X N (X — {X}) < radb.
Thus a fully refined L-decomposition is also a direct decomposition of V' (and more generally any

1 -decomposition, if the bilinear map is non-degenerate.)
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The pseudo-isometry group. (I11.5) acts on the set of all .L-decompositions, but méy not be
transitive on the set of all fully refined decompositions. This fact can already be seen for symmetric

bilinear forms (see Theorem I1.5.5).

I11.2.5 Symmetric Bilinear Forms

Various parts of our proofs and examples require some classical facts about symmétric
bilinear forms over finite fields.

Let K be a finite field and w € X a non-square. By [4, p. 144], every n-dimensional

non-degenerate symmetric bilinear K-form is isometric to d : K™ x K™ — K defined by
d(u,v) = uDv*,Yu,v € K™; (IL.7)

where D is I, or I,,_; ®[w]. If n is odd then these two forms are pseudo-isometric, but they are not
pseudo-isometrié if n is even. If A € GL(n, K) then d(uA,vA) = u(ADA*)v*. The discriminant
of d is

discd = det D = det ADA® (mod (K*)?), (11.8)

for any A € GL(n, K) [4, (3.7)]. The discriminant distinguishes the two isometry classes of non-

degenerate symmetric bilinear forms of a fixed dimension.
Lemma I1.2.12. Letd: K? x K% — K be defined as in (IL7).

o
(i) If discd = [1] then g ,w | €Isom*(d), wherew = o? + B € K.
g —o

0 1
(i) If discd = [w] then yw | € Isom*(d).
w 0

Proof. In both cases ADA? = wD for the given matrix and scalar pair (4,w) and D asin (IL.7). O

Proposition I1.2.13. Let d be as in (IL.7). Then (by definition) Isom(d) is the general orthogonal
group GO(d). Also,

(i) ifn is odd then Isom*(d) = {(o, 1), (sI,,, $%) | @ € GO(d), s € K*); hence, Isom*(d)/ Isom(d)
(B*)%;



12

(i) if n is even then Isom*(d) = {(a, 1), (sl,,s?),(p,w) | @ € GO(d),s € K*) where ¢ :=
PD - DOD U, (,w) 15 as in Lemma I1.2.12.(1) and

(a) if discd = [1] then (u,w) is as in Lemma I1.2.12.(); and

(b) if discd = [w] then (u,w) is as in Lemma II.2.12.(ii).
In particular, Isom* (d)/Isom(d) & K*.

Therefore, |Isom*(d)| = e(q — 1)| GO(d)| where ¢ = |K|, € =1/2 if n is odd, and e = 1 if n is

even.

Proof. By Proposition I11.2.10.(i7) we start knowing Isom*(d)/Isom(d) < K*. Furthermore,
Isom™(d) = {(4,s) € GL(V) x k* : ADA* = sD}. Hence, for each (A4,s) € Isom*(d) we must
have s™ = (det A)2. (3). If n is odd then s must be a square. Hence, Isom*(d)/ Isom(d) & (K*)2.
As (sl s%) € Isom*(d) it follows thét Isom*(d) = {(o, 1), (s, s?) | @ € GO(d),s € K*). (ii).
If n is even, then (p,w) € Isom*(d). Thus Isom*(d)/Isom(d) = (s?,w : s € K*) = K* and
Isom*(d) = ((a, 1), (s, 5%), (p,w) | @ € GO(d),s € K*). O

11.3 Bilinear Maps and p-groups

In this section we transform fully refined central decompositions into L-decompositions,
automorphisms into pseudo-isometries, and back (Proposition 11.3.3 and Theorem I1.3.6).

The proofs use a well-known method to convert p-groups of class 2 into bilinear maps
explored as early as [6], compare [28], and [58, Section 5]. The method is closely related to the
Kaloujnine-Lazard-Mal’cev correspondence (see [32, Theorems 10.13,10.20]).

Our notation is additive when inside elementary abelian sections.

II.3.1 The Functor Bi
Let P be a p-group of class 2 and exponent p, V := P/P’, and W := P’. Then V and W
are elementary abelian p-groups, that is, Z,-vector spaces. The commutator affords an alternating

Zy-bilinear map Bi(P) : V x V — W where b := Bi(P) is defined by

b(P'z, P'y) :=[z,y], Vz,y€P. (IL9)
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The radical of bis Z(P)/P'. If a: P — @ is a homomorphism of p-groups of class 2 and exponent
p, then

Bi() = (a|p/p: : P'x — Q'za,alp : T+ 20) (I1.10)
is a morphism from Bi(P) to Bi(Q) (cf. (IL.4)). .

Remark II.3.1. We have refrained from using V := P/Z(P) and W := Z(P). A homomorphism
a: P — @ of p-groups need not map the center of P into the center of @ so with W = Z(P) we
cannot induce a morphism Bi(e) of Bi(P) — Bi(Q). Moreover, using P' we have W = b(V,V).

The penalty is that b may be degenerate. We avoid this difficulty by means of Lemma I1.2.3.(3).

Given another homomorphism 3 : ¢ — R then Bi(aﬁ) = Bi(a)Bi(8); so, Bi is a functor.
Finally, if o, 8 : P — @ are homomorphisms then Bi(o)) = Bi(8) if, and only if, a|p/p = B|p/p/
(which forces also a|p: = f|p). '

Finally, subgroups @ < P are mapped to bgpr/pr (see (11.2)). If Q' = Z(Q) (as in Lemma
I1.2.3.(¢)) then Q' < QNP < QNZ(P) < Z(Q) = Q' so that QN P’ = Q'. Hence, QP'/P' =2 Q/Q’

and bgp:/p: is naturally pseudo-isometric to Bi(Q).

Proposition I1.3.2. If H is a central decomposition of P, then Bi(H) := {HP'/P': H € H} is a

L -decomposition of b.

Proof. Let H and K be distinct members of H. As [H, K| = 1 it follows that b(HP'/P',KP'/P’) =
0. Furthermore, H generates P and so X' := Bi(H) generates V = P/P’. Take a proper subset
Y Cc X. Define J :={H € H: HP'/P' € Y} C 'H. Note Y = Bi(J). Since ) is a proper subset of
X, it follows that J generates a proper subgroup @ of P and thus )V generates QFP'/P’. We must
show QP'/P' # P/P’, or rather, that QP # P.

Suppose that QP’ = P. For each K € H~ 7, K is not contained in @ by the assumptions
onH. Now [P: P|=[Q:QNPI<[QK:QNP|<[P:P]so QK =@Qand K <Q. Thisis

impossible. Hence @ is proper. O

I1.8.2 The Functor Grp

Suppose b: V x V — W is an alternating Zp-bilinear map. Equip the set V x W with the
product
1
(u,w) * (v,x) 1= (u—}-v,w +z+ 5b(u,v)> , V(u,w), (v,z) € V x W.
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The result is a group denoted Grp(b). If (o, &) is a morphism from b to &' : V! x V! — W’ (see
(I1.4)), then Grp(a, &) : Grp(b) — Grp(¥) is (v, w) — (va, wad).

By direct computation we verify that Grp(b) is a p-group of class 2 and exponent p with
center rad b X W and commutator subgroup 0 x W. Furthermore, Grp is a functor. Compare with
[58, Theorem 5.14] and [6, Theorem 2.1].

If ¢ € Aut,, P (cf. Definition I11.2.2) then ¢ induces the identity on V = P/P' and W = P'.

So write ¢ — 1 for the induced Zp-linear map V' — W defined by P'z(p —1) = 27 (zp).
Proposition I1.3.3. Let P = Grp(b). All the following hold:
(i) Aut, P = hom(V,W) via the isomorphism ¢ — ¢ — 1, for all ¢ € Aut,, P.

(i) Aut P = Isom*(b) x Aut, P, with (14 ¢)(®% = 14 a~1pd for each ¢ € hom(V,W) and

(e, &) € Isom™(b).
(iii) Causp(P’) =2 Isom(b) x Aut. P.
Proof. These follow directly from the definition of Grp(b). g

If U <V then define Grp(by) as U x b(U,U) < Grp(b). It is evident that this determines
a subgroup. Similarly, gi\}en a set of subspaces X of V define Grp(X) = {Grp(br) : U € X}.

Proposition I1.3.4, If X is a L-decomposition of b then Grp(X) is a central decomposition of
Grp(b). .
Proof. Let X and Y be distinct members of X. Set H := Grp(bx), K := Grp(by) and P = Grp(b).
Since b(X,Y) = 0 it follows that [H, K] = 1. Also, V is generated by X, and V x 0 generates P,
so that P is generated by H := Grp(X).

Let J be a proper subset of H. Define Y = {X € X : Grp(bx) € J}. As J #H it
follows that X # ) and therefore U := (Y) # V. Furthermore, (J) = Grp(by) = U x b(U,U) #
V x b(V,V) = P. So indeed, H is a central decomposition. |

11.8.8 Equivalence of Central and Orthogonal Decompositions

Here we relate fully refined central decompositions to fully refined .L-decompositions.

Proposition I1.3.5. Let b: V x V — W be an alternating Zy-bilinear map and P a p-group of

class 2 and exponent p.
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(i) There is a natural pseudo-isometry (7,7) from b to b’ := Bi(Grp(b)).

(it) Every function { : P/P' — P to a transversal of P/P' in P, with 0 = 1 determines an

isomorphism @; : P — P where P := Grp(Bi(P)).

Proof. (i). Let b: V xV — W be an alternating bilinear map. Set P = Grp(b) and &' = Bi(Grp(b)).
Recall P/ = 0 x W and define 7 : V — P/P by vr = (v,0) 4+ 0 x W and # : W — 0 x W by
w? = (0, w). This makes (7,7) a pseudo-isometry from b to b’. It is straightforward to verify that
(7,7) is indeed a natural transformation.

(i¢). Now let P be an arbitrary p-group of class 2 and exponent p SetV:=P/P' W =P,
b := Bi(P) and P := Grp(Bi(P)). Given a lift £: V — P with 0¢ = 1, define z¢p, := (Z,z — Z{)

where Z := P'z. The group P has the presentation
(VE,W | [uf, vf] = b(u,v), exponent p, class 2)
and P has the presentation
(V x0,0x W|[(u,0),(v,0)] = (0,b(u,v)), exponent p, class 2).
Evidently ¢, preserves the exponent relations. Furthermore,
[z, ylpe = [2¢, §lloe = b(Z, §) e = (0,b(Z, 7))

for each z,y € P. Hence, w,; preserves all the relations of the presentations and so ¢, is a

homomorphism, indeed, an isomorphism.

a

Theorem I1.3.6. Let P be a p-group of class 2 and exponent p such that P! = Z(P), and let H

be a central decomposition of P.
(i) P is centrally indecomposable if, and only if, Bi(P) is L-indecomposable.
(i) H is a fully refined if, and only if, Bi(H) is fully refined.

(iii) if K is a central decomposition of P, then
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(a) there is an automorphism a € Aut P such that (HP"Ya = KP' if, and only if, there is a
(8, 8) € Isom*(Bi(P)) such that (Bi(H))8 = Bi(K).

{b) there is an automorphism a € Cay p(P') such that (HP)a = KP' if, and only if, there
is a B € Isom(Bi(P)) such that (Bi(H))8 = Bi(K).

Proof. (i). Let P be a centraliy indecomposable group and take b := Bi(P), V = P/P', W = P".
Suppose that X is a L-decomposition of b. It follows that {X x b(X,X) : X € &} is central
decomposition of Grp(Bi(P)) Proposition I1.3.4. By Proposition I1.3.5.(i%) we know P is isomorphic
to Grp(Bi(P)) so that Grp(Bi(P)) must be centrally indecomposable. Therefore, X x b(X,X) =
Grp(Bi(P)) =V x W so that X =V, for each XVG X. Since no proper subset of X' generates V' it
follows that X = {V'} and b is L-indecomposable. |

Next suppose that b is 1-indecomposable and that P = Grp(b). Suppose that H is a fully
refined central decomposition of P. Then {HP'/P': H € H} is a L-decomposition of Bi(Grp(b)),
Proposition I1.3.2. Proposition I1.3.5.() states that b is pseudo-isometric to Bi(Grp(b)) and so
HP'/|P' = P/P', or rather HP' = P, for each H € H. Hence H' = P’ for each H € H. Since
P’ # 1 there is an H € H which is non-abelian. Furthermore, H is centrally indecofnposable
so that by Lemma I1.2.3.(3), H' = Z(H). Therefore, HP' = H & A for some A < Z(P) such
that H'A = P’, Lemma I1.2.3.(1). But H' = P’ forces A = 1. Thus H = P, and P is centrally
indecomposable.

(#1). This follows from Proposition II.3.4, Proposition 11.3.2 and (z). Finally, (i?) follows

from Proposition 11.3.3. O

Example 11.3.7. If H is p-group of class 2 and exponent p with b = Bi(H) then

n

———
(cf. (IL1}). Furthermore, the canonical central decomposition {Hy,...,Hn} of Ho---0 H corre-

—N—
sponds to the canonical L-decomposition {Vi,...,Vpo} of b L--- L b.
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I1.4 Adjoint and Self-adjoint Operators

In this section a structure theorem for isometry groups (Theorem 11.4.17) is proved. Also
a criterion is introduced for groups/bilinear maps to be indecomposable (Theorem I1.4.36), and a
stronger version of the first part of Theorem II.1.1 (Theorem I1.4.32) is proved.

Throughout this section let b : V' x V — W be a non-degenerate Hermitian bilinear map
over a field k (cf. (I1.3)). We associate to b a *-algebra, and a Hermitian Jordan algebra of self-
adjoint elements. The isometry group of b is a subgroup of the group of units of the x-algebra
and 1-decompositions are represented by sets of pairwise orthogonal idempotents of the Jordan

algebra.

I1.4.1 The Adjoint x-algebra Adj(b)
Definition I1.4.1. (i) A map f € EndV has an adjoint f* € EndV for b if

b(uf,v) = b(u,vf), Yu,v € V.

Write Adj(b) for the set of all endomorphisms with an adjoint for b.

(i1) A *-algebra is an associative k-algebra A with a linear bijection % : A — A such that (ab)* =

b*a* and (a*)* = a for all a,b € A.

(i) A homomorphism f : A — B of *-algebras is a x-homomorphism if a*f = (af)* for all

a € A
(iv) The trace of A zs T(z) = x + x* for all x € A.
A (v) The norm of A is N(z) = zx* for all z € A.
Proposition I1.4.2. Adj(b) is an associative unital x-algebra; in particular, adjoints are unique.

Proof. Let f € Adj(b) and f’, f” € EndV where b(u,vf’) = b(uf,v) = b(u,vf") for all u,v € V.
As b is non-degenerate, vf’ = vf" so that f' = f”. If f,g € Adj(b) then b(u(fg),v) = b(uf,vg*) =
b(u,v(g*f*)) for u,v € V; so, fg € Adj(b) with (fg)* = g*f*. Since b(u,v) = b(v,u)d for -
u,v € V, it follows that b(uf*,v) = b(v,uf*)0 = b(vf,u)d = b(u,vf) for every f € Adj(h). Hence,
f* € Adj(b) and (f*)* = f. O
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Proposition 11.4.3. Letb: VXV — W and b' : V! x V' — W’ be non-degenerate Hermitian

maps.

(i) A pseudo-isometry (a, B) from b to b' (cf. (I1.4)) induces a *-isomorphism
f f(a,ﬁ) =a"fa

of Adj(b) to Adj(t'). In particular, Isom*(b) acts on Adj(b).

(it) Let ¢ € GL(V) and s € k*. Then (p,slw) € Isom*(b) tf, and only if, ¢ € Adj(b) and
pp* = sly. Hence,
Isom(b) = {p € Adj(b) : py* = 1y}

Proof. (i) We have

Y (uf@P 4) = b (ua fo,va~ ) = blua~ fva™ 1)

= b(ua'l,va“lf*)ﬁ = b'(u, U(f*)(a,ﬁ))’

for each u,v € V' and f € Adj(b). Hence f(® e Adj(b') with (f@M)* = (f*)(P),
(i5) Take (¢, slw) € Isom*(b), s € kX. Then

b(uep, v) = bup, v~ ) = sb(u, v~ ) = by, svp™1), Yu,v € V.
Hence ¢ € Adj(b) with ¢* = sp~1. Conversely, if ¢ € Adj(b) with ¢@* = sly then
blup, ve) = b(u, vee*) = sb(u,v), Yu,v € V.
- Thus (¢, s1w) € Isom*(b). ' O

I1.4.2 Simple x-algebras and Hermitian C-formsd:V xV = C
In this section we summarize in a uniform manner the known results of finite simple

x-algebras (Theorem 11.4.4) and the corresponding finite classical groups (Proposition 11.4.13).

Theorem I1.4.4. For a finite simple x-algebra (A, *) over a field k of odd characteristic, there is
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an n € N and a field extension K/k such that (A, *) is #-isomorphic to one of the following:

Orthogonal case M, (K) with the X — D™1X*D as the involution, for X € M,(K), where D

is either I, or In_1 ® [w] and w € K is a non-square (compare (I1.7)).

Unitary case M, (F) with involution X — X', where F/K is a quadratic field extension with

involutory field automorphism z— %, x € F', applied to the entries of X € M, (F).

Exchange case M, (K ® K) with involution X — X*, where (z,v) = (y,z) for (z,y) e K ® K,
defines an involution on K @ K which is applied to the entries of X € M,.(K & K),

Symplectic case M, (M,(K)) with involution X — X, where

-1

a b d —b 0 1]]a b] 0 1
. _ (IL.11)

¢ d - a -1 0| |le d] |-1 O

defines an involution on My(K) which is applied to each entry of X € M, (M2(K)).

Proof. See [25, p.178] restricting consideration to finite fields. (Compare with Theorem 11.4.7,
Proposition I11.4.11, (I1.7), and Corollary 11.4.12.) : O

The above description of these algebras will allow us to give uniform proofs later; however,

there are simpler and more standard descriptions, for example:

Remark II1.4.5. The exchange type *-algebras can also be described as Mn(K) & M,(K) with
(X, V)= (Y4, X?) for (X,Y) € Mp(K) ® M, (K).
The symplectic type x-algebras are *-isomorphic to Mo, (K) with involution X* = JXtJ 1,

0 1
for each X € My (K), where J :=1, ® [25, p. 178].
-1 0

Definition I1.4.6. [27, Definition 6.2.2] A *-algebra C is an associative composition algebra over

a field K (where by convention z* is denoted T) if
(i) K={zxeC:2=27%} and
(7)) zax =0 for all a € C implies x = 0.

Theorem I11.4.7. [27, Theorem 6.2.3] Over a finite field K of odd characteristic each associative

composition algebra C is x-isomorphic to one of the following:
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(i) K with trivial involution,

(i) o quadratic field extension F/K with the involutorial field automorphism,

(iit) K @& K with the exchange involution (z,y) = (y,z) for (z,y) e K® K, or
(iv) Ma(K) with the involution (I1.11).

In particular these algebras are simple x-algebras and with the exception of (ii%) also simple algebras.

Norms (cf. Definition I1.4.1.(v)) behave as follows: N(C) = K if C > K otherwise, N(K) = K2.

Definition 11.4.8. Let C be an associative composition algebra and V' be a free left C-module.
We call a K -bilinear map d : V xV — C a Hermitian C-form if, for u,v € V and s € C, it follows

that:

(1) d{u,v) = d(v,u), and
(i) d(su,v) = sd(u,v) and d(u, sv) = d(u,v)s.
The rank of d is the rank of V' as a free left C-module.

Note that a Hermitian C-form is also a Hermitian K-bilinear map and the usual definitions
of (pseudo-)isometries apply. It is most émportant to note that d(z, ) = d(z, x); hence, d(z,z) €
K, forallz e V.

Let C be an associative composition algebra over K and D € M,(C) where D = D*.
Then dp(u,v) := uD@t, for u,v € C™, determines a Hermitian C-form dp : C™ x C™ — C. Here

adjoints f, f* € Adj(dp) can be represented as matrices F, F* € M,(C) such that:
uFD3 = dp(uf,v) = dp(u,vf*) = uD(F*)'5t, Yu,v € C™.

Hence, FD = D(F*)!. As D is invertible, Adj(dp) *-isomorphic to M,,(C) with involution defined
by
F*:=DF'D™!,  VF e M,(C). (I1.12)

Likewise, if d : V x V — C is a Hermitian C-form and X is an ordered basis of V" as a
free left C-module, then setting D, := d(z,y), for all z,y € X, determines a matrix D in M, (C),
n = |X|, such that D = D' and the Hermitian C-form given by D is isometric to d. Furthermore,

d is non-degenerate if, and only if, D is invertible. So we have:
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Corollary 11.4.9. Fvery simple x-algebra is x-isomorphic to Adj(d) for a non-degenerate Hermi-
tian C-form d: V xV — C.

In the cases where C has orthogonal or unitary type we have the usual symmetric and
Hermitian forms, respectively. Suppose instead the C = Mj(K) and that d: V x V — C is the
non-degenerate Hermitian C-from d(u,v) 1= u®®, where V = C™. There is a natural submodule U .

of V defined by:

Furthermore, d(U, U) & K; hence, the restriction.dy : U x U — K is a bilinear form. It is easily
checked that dy is alternating and non-degenerate. The case when C has exchange type is not
usually handled as a form but for a uniform treatment we find it convenient. In particular we may

state:

Definition I1.4.10. Given a non-degenerate Hermitian C-form d: V xV — C, an elementz € V

is non-singular if d(v,v) # 0 end dim Cv = dim C.

Proposition 11.4.11. Every non-degenerate Hermitian C-form d:VxV = C has an orthogonal
C-basis X (i.e.: X is a C-basis for V and d(z,y) = 0 if x # y, z,y € X ). Furthermore, every
fully refined L-decomposition of d determines an orthogonal basis and so every L-indecomposable

has rank 1.

Proof. First we show that there is always a non-singular vector z € V.

Suppose otherwise: d(z,z) = 0 for any x € V such that dim Cx = dim C. Immediately,
d(v,v) =0 for all v € V and thus —d(v,u) = d(u,v) = d(v, u) for u,v € V.

For each v € V, Cd(u, V) 4+ d(V,u)C is a bar-ideal of C. As C is a simple bar-algebra
(Theorem 11.4.7), Cd(u, V) + d(V,u)C =0 or C. If Cd(u, V) + d(V,u)C = 0 then Cd{u,V) =0
and d(V,u)C = 0; hence, u € radd = 0. Thus, C = Cd(u, V) +d(V,u)C for allu € V — {0}. We
divide into two cases. | '

If C' = Cd(u,V) then 1 = d(su,v) for some s € C and v € V. Then 1 =1 = d(su,v) =
—d{su,v) = —1, so char K = 2, which we exclude. Similarly, d(V,u)C # C.
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Now suppose C # Cd(u,V),d(V,w)C. Then Cd(u,V) is a proper ideal of C. By Theo-
rem 11.4.7 we see that C' = K & K with the exchange involution. Without loss of generality,
take Cd(u,V) = K & 0. Hence (1,0) = sd(u,v) for some s € C and v € V. Thus, (1,1) =
d(su,v) + d(su, v) = d(su,v) — d(su,v) = 0, which is false. Therefore, there exists a non-singular
vector x € V.

As 0 # d(z, ) = d(z, ) it follows that d(z,z) € K*. Then d (v - ZEZ :337 a:) =d(v,z) -

d(v,z) d(v,x)

jg:z;d(x,x) =0, for v € V. That is, v — jéu z;x € z*; hence, v = FICr R ( mm) shows

that V = Cx + a:l Since Cz Nzt =0 it follows that V = Cz & z1. Restrict d to z and induct

to exhibit an orthogonal basis X for d on zt. Thus & U {z} is an orthogonal basis of don V. [

Notice in the caée of type symplectic type, if {z1,...,z,} is an orthogonal C-basis for
d,then V. =Czq L - L Cx,;. Translating to the associated alternating bilinear form d’, the
orthogonal basis becomes a hyperbolic basis: U = H; L --- L H, where each H; is a hyperbolic
line (cf. [4, Definition 3.5]). In the case of exchange type, a natural orthogonal basis is given by
{(z,z) : x € X} where X isa K-basisof Uand V =U & U, U = K™

Corollary 11.4.12. IfC does not have orthogonal type then d has an orthonormal C-basis (i.e.:
a basis X where d(x,y) = gy, for all z,y € X). In particular, d is pseudo-isometric to the C-dot

product d: C™ x C™ — C where d(u,v) := u@®, for allu,v € V.

Proof. From Theorem 11.4.7, N(C) = K whenever C > K. Therefore if v € V such that d(v,v) # 0
then d(v,v) = N(s) = s for some s € C*. Let u = s~ !v so that d(u,v) = s71d(v,v)57! =
s7IN(s)57! = 1. By Proposition I1.4.11, we have an orthogonal basis X for d. Replace each

x € X with sz so that d(s;1z,s;1z) = 1 and {s7 !z : 2 € X'} is still an orthogonal C-basis. [J

Proposition I1.4.13. Letd: V xV — C be a non-degenerate Hermitian C-form. Then Adj(d) =
EndV 2 M, (C) as an algebra, and the following hold:

Orthogonal type C = K and Isom(d) = GO(d);
Unitary type C = F and Isom(d) = GU(d);
Exchange type C = K & K, Isom(d) 2 GL{U), V=U®U, and

Symplectic type C = M3(K) and Isom(d) = Sp(U), V=UaU.
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Proof. The first two cases are by definition alone. If C = K ¢ K then Adjo(d) Z EndU & EndU

with (f @ ¢)* = g ® f. Hence, the isometry group is:

Isom(d) ={fdyg E.GL(U) SGLU): (fog)(fR9)* =1D1}

={faft:feGLU)}=GLU).

Finally, if C = My(K) then Adj(d) = Adj(d’) where d’ is the non-degenerate alternating K-bilinear
form on U, Remark 11.4.5. Therefore Isom(d) & Isom(d’) as both are the set of elements defined

by ¢* =1 (Proposition 11.4.3.(i1)). The latter group is by definition Sp(U). O

I1.4.8 Radical and Semi-simple Structure of *-algebras

Definition I1.4.14. (i) A x-ideal is an ideal I of a *-algebra A such that I* =1.
(i) specg A is the set of all mazimal *-ideals of A.

(#i) A x-simple algebra is a *-algebra with exactly two *-ideals.

(tv) A x-semi-simple algebra is a direct product of simple *-algebras.
(v) A x-ideal is nil if it consists of nilpotent elements.

Theorem I1.4.15 (x-algebra structure theorem). Let A be a x-algebra with Jacobson radical rad A.

Then
(i) rad A is a nil *-ideal,
(11) A/rad A is *-semi-simple, and
(i1) if A s *-simple then A = Adj(d) for a non-degenerate Hermitian C-form d.

Proof. (1) Since * is an anti-automorphisfn of A, every left quasi-regular element is mapped to a
right quasi-regular element. Thus (rad A)* C rad A. Since A is finite dimensional, the Jacobson
radical is nilpotent.

(#3) We induce * on A/rad A, so that A/rad A is a *-algebra which is product of uniquely
determined minimal ideals. If I is a minimal ideal of A/rad A then either I* =T or INI* =0 so
that (I,I*) = I ® I'* is a minimal *-closed ideal. Thus A/rad A is a product of simple *-algebras.

For (i19) see Section I1.4.2. g
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II.4.4 Isometry Groups are Unipotent-by-classical
We describe the structure of the isometry group of a Hermitian bilinear map. To do-this
we invoke the following generalization of the Wedderburn Principal Theorem for finite dimensional

+-algebras over fields not of characteristic'2 (cf. [37]).

Theorem 11.4.16. [54, Theorem 1] Given a finite dimensional *-algebra A over a separable field
k, there is a subalagebra B of A such that B* = B, A = B®rad A as o k-vector space, and
B> A/rad A.

Recall that the p-core of a finite group G, denoted Op(G), is the largest normal p-subgroup
of G.

Theorem II.4.17. If Adj(b)/ rad Adj(b) = Adj(d1) @ - - - ® Adj(d,) where d; is a non-degenerate

Hermitian C;-form, for some associative composition algebra C;, for each 1 <1i < s, then
Isom(b) =2 (Isom(d;) X - - - x Isom(d,)) x Op(Isom(b)),

where p is the characteristic of Adj(b).

Proof. Let A = A.dj(b).. By Theorem 11.4.16 we have A = B @ rad A where the projection map
m: A — B is a surjective *-homomorphism with kernel rad A. Now set G = {¢ € B : pp* = 1}
and N ={p e A:pp* =1l,p—1€cradd}. Ho=14+27=14+2 € N, 2,2 € rad4,
then ¢ —1 = 24 2' + 22’ € rad A so that ¢r € N. Hence, G and N are subgroups of Isom(b)
and GNN = 1. As 7 is a *-homomorphism, (om)(pm)* = (pp*)r =1 for all ¢ € Isom(b) C A
(Proposition 11.4.3.(i7)). Hence, Isom(b)r = G. Finally, the kernel of 7 restricted to Isom(b)
is N. Thus Isom(b) = G x N. Since B = Af/rad A = Adj(di) & --- & Adj(d,) it follows that
G = Isom(dy) % - - x Isom(d,) (Proposition 11.4.3.(é%)). By Proposition 11.4.13, O,(G) = 1. Thus,
O, (Isom(b)) = N. ' O

I1.4.5 The Jordan Algebra Sym(b} of Self-adjoiﬁt Operators
At last we introduce the Jordan algebras associated to our bilinear maps (and thus to our

p-groups as well).
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"Definition I1.4.18. For a k-bilinear map b:V x V — W, define
Sym(b) := {f € End V : b(uf,v) = b(u,vf),Vu,v € V}

(The notation Sym(b) has no relationship to symmetric groups.) This is an instance of a

broader class of objects (see Theorem 11.4.20):

Definition I1.4.19. Given a *-algebra A, _the special Hermitian Jordan algebra of A is the set
(A, %) ={a€ Aia= a*}

equipped with the special Jordan product z ey = L(xy + yx) (25, pp. 12-13].

Special Hermitian Jordan algebras are part of the family of unital Jordan algebras, which

are algebras J with a binary product e such that:

(i) zey=yeuzx,

2

(ii) z°2 o (y o ) = (z*2 @ y) @ = where z°2 =z o z, and

(ili) zel=1lez =z

for all z,y € J [25, Definition 1.2]. Unless stated otherwise, our use of Jordan algebras is restricted
to finite special Hermitian Jordan algebras. As we deal only with odd characteristic, the definitions
we provide for ideals, powers, and related properties are in terms of the classical z e y product
rather than the quadratic Jordan definitions. This said, we still have many uses for the guadratic

Jordan product which in a special Hermitian Jordan algebra J = $j(4, *) is simply:
yUy :=zyz € J, z,y € J. (I1.13)

Evidently the Jordan product e need not be associative. However, we always have z* e 27 =
(a4 gi¥) = g+, i, j € N (cf. [25, p. 5]). As J = $(A, x) and 1* = 1, the identity of J is the
identity of A. Furthérmore, if z € J is invertible in A then (z7!)* = (z*)~! = z~! proving that
. 7! € J. Hence we omit the ® notation in the exponents of our Jordan algebra products.

From our discussion thus far we have:
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Theorem 11.4.20. For every non-degenerate Hermitian bilinear map b, Sym(b) is the special
Hermitian Jordan algebra $(Adj(b)). Furthermore, Isom™(b) acts on Sym(b) as in Proposition
171.4.3.

Proof. This follows directly from the definitions. O

Definition I1.4.21. [27, 4.1-4.2] Let J be a Jordan algebra.

(i) A subspace I of J is an ideal if I ¢ J C I. Then, in the usual way, J/I becomes a Jordan

algebra.
(¥1) A nil ideal s an ideal that consists of nilpotent elements.
(iii) A subspace I is an inner ideal if JUr = {aUp:a € J,be I} CI.
(tv) The radical, denoted rad J, is the intersection of all mazimal inner ideals [27, 4.4.10].

(v) J is simple if it has exactly two ideals, and semi-simple if it is a direct product of simple

Jordan algebras.

In Jordan algebras, the inner ideals often play the réle that left/right ideals play for
associative algebras. Every ideal of a Jordan algebra is also an inner ideal. As J = $(A, %) (cf.
Definition I1.4.19) each ideal I of A determines an ideal I N J of J. Likewise, if I is a left or right
ideal of A then I N J is an inner ideal. For further details see [27, 4.1-4.2).

We can account for all the special simple Hermitian Jordan algebras (also called special

Jordan matriz algebras) in much the same way as we have describe the simple *-algebras.

Definition II.4.22. [25, IIL.2] Let C be a finite associative composition algebra over a field K
and D = Diaglwi,...,wn] a matric in M, (C) with entries in K*. Then the special Jordan matrix

algebra with respect to D is
H(D)={X € M,(C): X = DX'D™1}

whose product is X oY = (XY + Y X) and where XUy =Y XY for X,Y € (D).

Following Section I1.4.2 we know d(u, v) := uD#t, u,v € C™, determines a non-degenerate

Hermitian C-form and

(D) = H(Adi(d)) = Sym(d). (IL14)
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By [25, p.178-179], $(D) is a special simple Hermitian Jordan algebra (though typically the case

of C = K & K is not specified in this manner).

Theorem I1.4.23 (Hermitian Jordan algebra structure theorem). Let A be a finite x-algebra with
Jacobson radical rad A, and let J = (A, ).

(i) rad J = JNrad A and is a nil ideal of J,
(i) J/rad J is a semi-simple Jordan algebra,

(iii) every special simple Hermitian Jordan algebra is isomorphic to Sym(d) for some non-degenerate

Hermitian C-form d.
(iv) for every I € specg A, JN I is a mazimal ideal of J.

Proof. (iii). This follows from [25, pp.178-179, Second Structure Theorem).

(#2). This follows from (i1%) and Theorem I1.4.15.(i), J/(J Nrad A) = $H(A/rad A, *) is
semi-simple.

(1). By [25, p.161, First Structure Theorem| (interpreted in radical vécabulary in [27,
4.2.7,4.2.15]), rad(J/rad J) = 0 and also rad J = 0 if, and only if, J is semi-simple. Thus, by
(#4d), it follows that J Nrad A = radJ. By Theorem II.4.15.(i), rad A is a nil ideal, and so
rad J = JNrad A is also a nil ideal.

(¢v). This is immediate from (44¢) and Theorem I1.4.15.(i4%). O

I1.4.6 Decompositions, Idempotents, and Frames: £(X)
We show how idempotents of Sym(b) parameterize |-decompositions of a Hermitian k-

bilinear map b: V x V — W. We start with the elementary
Lemma I1.4.24. If f € Sym(b) then b(im f,ker f) = 0.
Proof. Let u € V and v € ker f. Then b(uf,v) = b(u,vf) =0. O

By standard linear -algebra, an idempotent e in End V' decomposes V as ime @ kere. In

light of Lemma I1.4.24, if e € Sym(b) then b(ime,kere) = 0, so we arrive at a L-decomposition

{ker f,im f}.

Definition I1.4.25. [25, pp.117-118] Let J be a Jordan algebra.
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(i) An idempotent is an element e in J such that e? = e. It is proper if it is neither 0 nor 1.

(ti) The Peirce-1-space of an idempotent e is the subspace JU.. The Peirce-0-space is JUi—e.
These are Jordan algebras (in fact inner ideals) with identity e and 1 — e, respectively (cf.

Proposition 11.4.26).
Proposition 11.4.26. Let e € EndV with e? = ¢, E := Ve and F := V(1 —e¢).
(i) e € Sym(b) if, and only if, b(E, F) =0.

(éi) If e € Sym(b) then Sym(b)U, is z'somomhié as a Jordan algebra to Sym(bg) via the restriction
of f € Sym(b)U, to (fU.)|g: F — E.

Proof. (i) Lemma 11.4.24 proves the forward direction. For the converse, since b(E,F) = 0 it

follows that b(ue,v(1 —e)) = 0 = b(u(l — €), ve) for all u,v € V. Hence
b(ue,v) = blue,ve + v(l ~ €)) = blue,ve) = blue + u(l — e),ve) = b(u,ve),

for all u,v E V; thus, e € Sym(b).

For (ii), note that Sym(b)U. C e Adj(b)e and so Sym(b)U, is faithfully represented in
End E by restriction. Furthermore, b(ueze,v) = b(u, vexe) for all u,v € E and z € Sym(b). Thus
the restriction of Sym(b)U, is Sym(bg). | | O

From Proposition 11.4.26.(i) we see that F = E+ (cf. Definition 11.2.11.(4)).
Definition I1.4.27. [25, pp.117-118] Let J be a Jordan algebra.
(i) Two idempotents e, f in J are orthogonal ifee f = fU, =eUy =0 [27, 5.1].
(it) An idempotent is primitive if it is not the sum of two proper orthogonal idempotents.

(iii) A set of idempotents is supplementary if the idempotents are pairwise orthogonal and sum

to 1.
(iv) A frame & of J is a set of primitive pairwise orthogonal idempotents which sum to 1.

Idempotents in special Jordan algebras are idempotents in the associative algebra as well.

If e, f € Sym(b) then e and f are orthogonal idempotents in Sym(b) if, and only if, they are
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orthogonal in Adj(b). To see this, if 0 = co f = %(ef + fe) and efe = fU, = 0 then ef =
ef +efe=e(ef + fe) =0and also fe=0. Ifef =0= fethen eo f = 2(ef + fe) =0 (cf. [27,
p. 5.4]). However, if e is a primitive idembotent in Sym(b) it need not follow that e is primitive
in Adj(b) since there may be orthogonal idempotents in Adj(b) which sum to e but do not lie in
Sym(b).

The following definition is based on standard uses of idempotents in linear algebra.
Definition I1.4.28. Let V be a vector space over k.
(i) Let E(Y) be the set of supplementary idempotents parameterizing a &-decomposition Y of V.

(7i) Let X(F) be the ®-decomposition arising from a set of supplementary idempotents F of
EndV.

Theorem 11.4.29. Let X be a ®-decomposition of V and let £ = E(X).
(i) £(X) C Sym(b) if, and only if, X is a L-decomposition of b.
(i1) X is o fully refined L-decomposition if, and only if, £ is a frame.

(i) Let X be a 1 -decomposition. If (o, &) € Isom*(b), then Xa = X (£ and £(*8) = S(Xa).

In particular, Isom™(b) acts on the set of all frames of Sym(b).

Proof. Part (i) follows from Proposition I1.4.26. Part (ii) follows from observing that an idempotent
e € Sym(b) is primitive if, and only if, by, is L-indecomposable.
For part (iii), if e € £ and z € Vea, then z(e(*%) = ((za~!)e)a = za~'a = x. Therefore

V(el*®) = Vea. O

I1.4.7 Linking Central Decompositions, |-Decompositions, Frames, and Orthogonal Bases: Hj,
Xr, €1, and Xyqy-
We use the following notation repeatedly as a means to track the changes f_rom p-groups,
to bilinear maps, to *-algebras, to Hermitian fdrms, and then back. As usual, we assume that P
has class 2, exponent p, and P’ = Z(P).

Let ‘H be a fully refined central decomposition of P, X a fully refined -decomposition of
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b := Bi(P), £ a frame of J := Sym(b), A := Adj(b), and I € specy A. Define:

Er={ec&:e¢l}, (I1.15)
Xr={XeX:ec&(X),X =Ve}, (I1.16)
Hr={H eH:HP'/P' €Bi(H)r}. (11.17)

Since A/I 22 Adj(d([)) for some non-degenerate Hermitian C-form d := d(I), (Theorem I1.4.15.(ii))),
it follows that J/(I N J) = Sym(d). Hence, I N J is a maximal ideal of J (Theorem II.4.23.(4ii)).

Therefore, £; parameterizes a frame
Eypanny ={INJ)+e:e€ &} (11.18)
of J/(I N J). Furthermore, this gives rise to a fully refined 1-decomposition
Xy == {Uer:ec&r} (11.19)
~of d(I) where 7 : A/I — Adj(d(I)) is a *-isomorphism. Certainly, Xy;) depends on the choice of

7 but we consider 7 fixed. This influences the definition of address in Section II.5.1_.

Proposition I1.4.30. Let H be a fully refined central decomposition of P, X := Bi(H), and
& :=E&(X). The sets Hr, X1, &I, E/unay, and Xq(ry are in bijection.

Proof. This follows from Theorem I1.3.6.(4¢), Theorem 11.4.29.(i%), Theorem I1.4.23.(4i7), and Prop-
osition 11.4.11. a

Proposition I1.4.31. For every fully refined central decomposition H of P with P' = Z(P),
the set {Hr : I € specy Adj(Bi(P))} partitions H. Furthermore, |Hy| depends only on P and
I e€-specy Adj(Bi(P)).

Proof. By Proposition 11.4.30 we know H; is in bijection with £ for each maximal *-ideal of
Adj(Bi(P)). As & is partitioned by &, as I ranges over the maximal *-ideals of Adj(Bi(P)), it
follows that {H : I € specy Adj(Bi(P))} partitibn H. _ |
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I1.4.8 All Fully Refined Central Decompositions Have the Same Size

We now prove the first part of Theorem I1.1.1.(%) — that fully refined central decompositions

of a p-group P of exponent p and class 2 have the same size.

Theorem 11.4.32. Let P be a finite p-group of class 2 and exponent p and H a fully refined central
decomposition. Let Q := (K), K :=H — Z(H). Then H is partitioned into

ZH)U{Ky : I e specg Adj(Bi(@))} (I1.20)

Furthermore, |Z(H)| and |K| are uniguly determined by P, and |H| is uniquely determined by P.

Proof. By Lemma 11.2.3 we know P = Q & A with A < Z(P) and Q' = P’ = Z(Q). Furthermore,
|Z(K)| = |A| = [Z(P) : P']. Therefore, Lemma I11.2.5 and Proposition 11.4.31 complete the

proof. g

I1.4.9 The Five Classical Indecomposable Families

By Theorem I1.4.29, a bilinear map b has no proper {-decompositions if, and only if, 0

and 1 are the only idempotents of Sym(b). But more can be said if Adj(b) is considered as well:

Lemma I1.4.33 (Fitting’s Lemma for bilinear maps). If b is L-indecomposable then, for every
z € Adj(b), T(z) = = + x* is either invertible or nilpotent. In particular, every x € Sym(b) is

either invertible or nilpotent.

Proof. Set y = z + z* and note y" € Sym(b) for all r € N. By Fitting’s lemma there is some
r > 0 such that V = imy" ® kery". By Lemma 11.4.24, b(imy",kery”) = 0. So we have a L-
decomposition of &. Since b is {-indecomposable, y™ = 0 so that y is nilpotent, or ker y" =0 and

imy™ =V so that y is invertible. O

Theorem 11.4.34. [/7, Theorem 2] If (A, *) is a x-algebra over a finite field of odd characteristic.
such that T(x) is either invertible or nilpotent for each z € A, then A/ rad A is an associative

composition algebra.
Corollary 11.4.35. For o k-bilinear map b the following are equivalent:

(1) b is L-indecomposable,
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(ii) Sym(b) has only trivial idempotents,
(152) J/rad J is isomorphic to a field extension of k.
(iv) A= Adj(b) has A/rad A is isomorphic to an associative composition algebra. -

Theorem 11.4.36. A p-group P of class 2 and exponent p is centrally indecomposable if, and only
if, one of the following holds with G := Caut p(Z(P))/Op(Caut p(Z(P))):

Abelian |P|=p,

Orthogonal G 2 O(1,p%) X Zy withp # 3, or p=3 and
C'Aut PoP(P,)/Op(CAut PoP(PI)) = GO:E (2, 38);

Unitary G = U(1,p®) & Zpeya,

Exchange |P|# p and G = GL(1,p°) & Zpe_1, or

Symplectic G = Sp(2, p¢) = SL(2,p%);

Vfor some e > 0.

Proof. This follows from Corollary I1.4.35, Theorem I1.4.17 and Theorem II.3.6. O

In Section II.7 we demonstrate that with the possible exception of the unitary type, each

of these types can occur.

I1.5 Isometry Orbits of |-decompositions

In this section we describe the orbits of Cayt p(P’) In its action on the set of fully refined
central decompositions. To do this, we define a computable Cay p{P’)-invariant for each fully
refined central decomposition called its address. Then we prove that any two fully refined central

decompositions with the same address lie in the same orbit.

II1.5.1 Addresses

Definition I1.5.1. Letd:V x V — C be a non-degenerate Hermitian C-form.
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(i) Given a non-singular x € V' (cf. Definition I1.4.10), the address of X := Cz is
XQ:=d(z,z)N(C*),

as an element of KX /N(CX).

(i) XQ:={XQ@: X € X} (as a multiset indezed by X} for every fully refined L-decomposition
X of d.

From Theorem I1.4.7 we know N(C) = K if C > K and therefore the addresses of
non-singular points of a non-symmetric non-degenerate Hermitian C-form are all equal to K*.
Therefore we ignore this case. However, for non-degenerate symmetric bilinear forms, the address
is a coset of (K*)2. _

Let d: V x V — K be a non-degenerate symmetric bilinear form.

Fix w € K* — (K*)2. Every address of a non-singular point of V is either [1] := (K*)2
or [w] :=w(K*)2 If X is an orthogonal basis of d, then for some 0 < s < n,

n—s 8

—N— N —
x@ = {[1l,..., 1], [w]; .., [«]}, n=dimV.

We write (n — s : s) for the address X @.

The discriminant of Hermitian C-form d is

discd = || X@ (I1.21)
Xex
as an element of K*/N(C*) (cf. (IL8)). In.particular, if d is symmetric then discd = [w®].
Otherwise we can regard the discriminant as trivial.
Let P be a p-group P of class 2, exponent p, and P’ = Z(P). Let H be a fully refined
central decomposition of P, X := Bi(H), and &€ := £(X). Using the notation of Section 11.4.7 and

Proposition I1.4.30, for each maximal *-ideal I of Adj(Bi(P)), assign the address of Hy, A7, 8},
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and £/ as the address of Ay(y). Finally,

£Q = {(I,£,Q) : I € specy Adj(Bi(P))}, (I1.22)
Xa .= {(I,XQ): I ¢ specy Adj(Bi(P))}, (11.23)
HQ@ := {(I,H;Q) : I € specy Adj(Bi(P))}. (I11.24)

Remark I1.5.2. Recall that Xy depends on the choice of non-degenerate Hermitian C-form
d:=d(I): UxU — C. Any other choice is pseudo-isometric to d. Suppose thatd' : U' x U’ — C
is pseudo-isometric to d via (o, B). Let u € U such that d(u,u) € K* (cf. Proposition II.4.11).
Then

d(u,u) 8 = d(ua, ua) = d(ua,ud) = fd(u,u). (I1.25)

Hence, B8 = j3; thus, b€ K*.
The affect is that Xy @B = X3@. Therefore the specific cosets in K* /N(C*) are not
significant. The pseudo-isometry invariant of Xy )@ is the partition into equal cosets. For finite

fields, the notation (n — s : s) records this partition.

Proposition IL.5.3. (i) If X is a fully refined L-decomposition of b and ¢ € Isom(b) then
XQ=XpQ forall X € X.

(%) If H is a fully refined central decomposition of P and ¢ € Cayp(P') then HQ = HpQ for
all H € H.

Proof. (i). Let I € specg Adj(b) and Adj(b)/I = Adj(d), d :=d(I) : U x U — C. By Proposition
11.4.3.(4t), Isom(b) maps into Isom(d). Let X € Xy and Cz, z € U, the corresponding member of
Xyn). The address of X is by definition the address of Cz. As d(z,z) = d(z¢, Ty) it follows that
Crp@ = CzQ and X¢p@ = X@. (4i). This follows from (i) and Theorem II.3.6. 0

We now work towards the converse of Proposition I1.5.3.

I1.5.2  Orbits of Fully Refined L-decompositions of Non-degenerate Hermitian C-forms

The theorems of this section are undoubtedly known, though with different terminology.

Lemma I1.5.4. Letd: V xV — C be a non-degenerate Hermitian C-form and X a fully refined
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L-decompositions of d. Then, for each ¢ € Isom(d) there is a T € Isom(d) which is a product of

nvolutions and such that X = X1, for X € X.

Proof. If the rank of V is 1 then let 7 = 1. So assume the rank is greater than 1. By Proposition
11.4.13, we have the four classical groups to consider. The orthogonal groups are generated by
reflections so take 7 := ¢. In the exchange, unitary, and symplectic cases, the rank of V' excludes
the case GF(¢)*, GU(L,q) and Sp(2,q). Therefore the relevant symplectic groups are generated
by their involutions and again 7 := <p; In the exchange and unitary cases the involutions generate
a normal subgroup N > Isom(d) N SL(V). Therefore ¢ = p (mod N) where 4 is a diagonalizable.
Without loss of generality, Xu = X, so take 7 := u~ ¢ € N. O

Theorem IL1.5.5. Letd:V x V — C be a non-degenerate Hermitian C-form and X and Y fully
refined .L-decompositions of d. Then there is an isometry ¢ of d such that X = Y if, and only if,
XO@ = YQ. Indeed, if o : X — Y is a bijection where X¢p@ = X @ for each X € X, then ¢ can be

taken as a product of involutions where X = X¢, for each X € X.

Proof. Suppose X =) for some ¢ € Isom(d). Given X € X, d(zp,z¢) = d{z,z) for each z € X;
hence, X@ equals X¢@. Thus, the addresses of X and ) agree.

For the converse, suppose we have a bijection ¢ as described above. Fix generators z and
yz for X = Cz € X and X¢ = Cy, € Y, respectively. By assumption, there is an s, € C* such
that d(z,z) = N(s:)d(ys, Ya)-

Define ¢ : V — V by zp = sy, for each X = Cz € X. It follows that d(zp,zp) =
N(82)d(Yz,Yz) = d(z,z) for all X = Cz € X; thus, ¢ € Isom(d). Furthermore, X¢ = ) and

X = X¢. To convert ¢ into a product of involutions, invoke Lemma I1.5.4, O

We also require the following version of transitivity as well.

Theorem II.5.6. Let d : V x V — C be a non-degenerate Hermitian C-form. If XY € V
are non-singular points (Definition I1.4.10), then X =Y for some ¢ € Isom(d) if, and only %,
X@=Ya.

Proof. f X = Y then X@ = Y@.
For the reverse direction suppose that X@ = Y@. Since X@discdy: = discd =
Y@discdy., it follows that discdyx: = discdyr. By (IL7) for the symmetric case and Prop-

osition 11.4.11 for all other cases, there are orthogonal bases X’ of dx. and )’ of dy. such
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that X'@ = {[1],...,[1],[discdx.]} and X'@ = {[1],...,[1], [discdy+]}. Set X = {X} U &' and
Y:={Y}u)'. Then X and ) are fully refined |-decompositions of d. Furthermore,

x@={X@Q,[1],...,[1],[discdx.]} = {YQ,[1],...,[1], [discdy.]} = VQ.

Therefore, by Theorem I1.5.5, there is a ¢ € Isom(d) such that X7 =) and Xp =Y. O

I1.5.3 Orbits of Frames in Jordan Algebras

In this section we determine the orbits of Isom(b) acting on fully refined L-decompositions
of b, for an arbitrary Hermitian bilinear map b: V x V — W. To do this we use frames, radicals,
and the semi-simple structure of the Jordan algebra Sym(b). We caution that we make frequent
use of results from Sections 11.4.5 and I1.4.6, at times without specific reference.

Suppose X is a fully refined L-decomposition of &. By Theorem 11.4.29, £ := £(X) is a
frame of Sym(b). We also know that Isom(b) acts on Sym(b) by conjugation (Theorem II.4.20)
and that £¥ = £(Xp) for each ¢ & Isom(b) (Theorem I11.4.29). Therefore, it suffices to work with
the orbits of frames of Sym(b) under the action of Isom(b). To make use of the Jordan algebra we
also translate the action of Isom(b) into Jordan automorphisms of Sym(b) in the following way.

By Proposition I1.4.3.(i%), every isometry ¢ has the defining property ¢¢* = 1. Hence,

¢ € Sym(b) NIsom(b) if, and only if, ¢? = 1.
Definition II.5.7. Define Inv(J) = {Uz cx € J,x? =1) < GL(J) for a special Jordan algebra J.

We consider only those Jordan algebras J which are subalgebras or quotient algebras
of a special Hermitian Jordan algebra such as Sym(b). Note that if x € J with 2 = 1 then
yU, = o7 lyr = y® for all y € J. Therefore each element of Inv(J) acts both as a product of
U-operators and as conjugation. So Inv(J) is a group of automorphisms of J built from elements

of J.

Remark I1.5.8. The group Inv(Sym(b)) is not contained in Isom(b) and we are careful to dis-
tinguish the action on J 1= Sym(b) by the two groups as follows: if ¢ € Isom(b) then write y¥
(cf. Proposition I1.4.3.(1)), and if ¢ € Inv(J) then use the usual function notation yy, fory € J.

However, Inv(Sym(b)) embeds in Isom(b) by estending Uy — z, = € Sym(b), z? = 1.

By Definition 11.4.25, if e € J, €% = e then JU, = eJe is a subalgebra with identity e.
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Proposition I1.5.9. Let e be an idempotent in J. Then Inv(JU,) embeds in Inv(J) acting as the

identity on JU;_.

Proof. 1t suffices to extend the generators of Inv(JU,) to J. Let v € JU, with v?2 = e. Set
ui=(l—e)+v e J. Asv=1ol, = eve it follows that u? = (1—e)2+(1—e)eve+eve(l—e)+v? =1,
so Uy G’Inv(J). Furthermore, if z € JUe, then zU, = zUU, = ((1—e)+v)ere((1—e)+v) = zU,.
Finally, if ¢ € JU1—, then 2U, = 2U1_.Uy = (1 ~e)+v) (1 —e)z(l —e)((1 —e)+v) =2z. O

Lemma I1.5.10. [25, II1.7,Lemma 4] Let N be a nil ideal in J. If N +u € J/N withu®—1€ N,
then there is a v € J such that N +u= N4 v and v? = 1.

Proposition IL.5.11. (i) If p € Inv(J) then (rad J)p =rad J and @|j/aq 5 € Inv(J/rad J).

(ii) Suppose N €4 J and N is nil (in particular for N C radJ). Then for each ¢ € Inv(J/N)

there is a ¢ € Inv(J) such that o|;/N = @.

Proof. (i) Inv(J) is a subgroup of the automorphism group of J and so maximal inner ideals are
mapped to maximal inner ideals and the radical is preserved. Since involutions of J are sent to
involutions of J/rad J, it follows that Inv(J)| J/radg < Inv(J/rad J).

(ii) By definition Inv(J/N) is generated by the Uj for which 9 is an involution of J/N. For
each 9, by Lemma I1.5.10 there is an involution v € J such that ¢ = v+ N. Thus Uy = Uyyn =

(U/U)IJ/N, UU € Inv(J). O

Lemma I1.5.12. Let e,e’ € J be orthogonal idempotents. If z € J such that 22 =0 and e + 2
is an idempotent, then there is a v € J such that (i) v? =1, (ii) eU, = e+ z and (%) ¢'U, =
e —2¢ ez +e'U,.

Proof. Let v=1—-2e— 2.

(i). Since e + z = (e + 2)? = e+ ez + ze it follows that z = ez + ze. Hence, v? =

1 —4de + 4e® — 22 + 2ez + 2ze + 22 = 1. For (ii) note that 0 = 22 = ez? + zez so that zez = 0.

Thus,

(1 —2e~2)e(l ~2e—2)=((1—-2e~2)e)(e(l —2e—z))

=(e+ze)etez)=et+ez+ze=e+z
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So eU, = e + z. Finally for (iii):

€U, =(1—2—2)e(l —2e—2)= (e —ze') (' —€'2) =¢' -2’ 02+ €'U,.

a

Lemma II.5.13. Let N be an ideal in J such that N2 = 0. If £ and F are both sets of supple-
mentary idempotents of J such that £ = F (mod N), then there is ¢ € Inv(J) such that E¢ = F.

Proof. Take e € € — F and f =e+2 € F, z € N so that 22 = 0. By Lemma I1.5.12.(i,ii), there
is an involution v € J such that el/, = e+ 2z = f. Hence, &' := EU, is a supplementary set
of idempotents of J. By Lemma I1.5.12(iii), £’ = £ (mod N) so that £ = F (mod N). Also,
fe&nkrF.

We now induct on the size of £. In the base case £ = {e} and F = {f},s0 EU, =&' = F.
Otherwise, as £’ is a set of supplementary idempotents, for all e/ € & — {f}, e'Ui_; = € so
E' —{f} = E&'Ur~; — {0} and similarly F — {f} = FUi—y — {0}. So & — {f} and F — {f} are
both sets of supplementary idempotents in JU;_ ¢, where &' — {f} = F — {f} (mod NU;_¢). By
induction there is a 7/ € Inv(JU1—¢) such that (£’ — {f})7' = F —{f}. By Proposition II.5.9 there
is a 7 € Inv(J) extending 7/ to J so that 7 is the identity on JU;. So &7 = F. Thus U,7 € Inv(J)
with EU,T = F. d

Proposition I1.5.14. Two sets of supplementary idempotents of J are equivalent under the action

of Inv(J) if, and only if, their images in J/rad J are equivalent under the action of Inv(J/radJ).

Proof. The forward direction follows from Proposition I11.5.11.(¢). For the converse, let £ and F be
sets of supplementary idempotents of J such that £@ = .7-' (mod rad J) for some @ € Inv(J/rad J).
By Proposition I1.5.11.(i¢) we can replace ¢ with some ¢ &€ Inv{J).

We will induct on the dimension of rad J. In the base case rad J = 0 and the result is
clear. Now suppose N := radJ > 0. By [25, Lemma V.2.2] there is an ideal M of J such that
N2 C M C N. Then £p = F (mod N/M) in J/M z;nd (N/M)? = 0, so by Lemma IL1.5.13 there
is a i € Inv(J/M) such that Epfi = F (mod M). By Proposition I1.5.11.(44), ji lifts to some
p € Inv(J) such that Eou = F (mod M). As M is a nil ideal properly contained in N, using M
in the réle of N and inducting we find a 7 € Inv(J} such that Epur = F. O
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Theorem I1.5.15. Inv(J) is transitive on the set of frames of Sym(b) which have any given

address.

Proof. By Proposition I1.5.14 we may assume rad J = 0. By Theorem II1.4.23.(i%,47), J is the
direct product of a uniquely determined set M of simple Jordan matrix algebras. If e is a primitive
idempotent of J then eJe is a minimal inner ideal of J (cf. [25, Theorem 1.II1]), and so e lies
in a minimal ideal of J, thus in a unique simple direct factor of J. Hence, if £ is a frame of J
. then M N € is a frame of M, for each M € M. Furthermore, Inv(J) restricts to Inv(M) for each
M € M. Thus Corollary I1.5.5 and Remark I1.5.8 show that Inv(J) is transitive on frames with

the same address. |

Corollary I1.5.16. (i) Isom(b) acts transitively on the set of fully refined 1-decompositions

with a given address.

(ii) If P is a p-group of class 2, exponent p, and P’ = Z(P), then Caus p(P’) acts transitively on

the set of fully refined central decompositions with o given address.

Proof. (¢). This follows from Theorem I1.5.15 and Remark I1.5.8. (7). This follows form part (4)
and Theorem I1.3.6. ]

Corollary IL.5.17. Let b : V x V — W be a non-degenerate Hermitian bilinear map. Suppose

that X and Y are two 1 -factors of b.

(i) Then there is a ¢ € Isom(b) such that X =Y if, and only if, X@ = Y@ (which includes
X € X, Y € Yr for the same mazximal x-ideal I of Adj(b)).

(ii) bx is isometric to by if, and only if, XQ =Y Q.

(iii) Let P be a p-group of class 2, exponent p, and P' = Z(P) with centrally indecomposable
subgroups H and K. Then there is a ¢ € Cay p(P') such that Hp = K if, and only i,
H@ = Ka@. '

Proof. The forward direction of (¢) and (¢) are clear. For the reverse, use Theorem I1.5.6, Lemma
- I1.5.4, Remark I1.5.8, and Proposition I1.5.11.(i4) to arrange for £({X, X1}) = £({Y,Y1}). Then
Proposition I1.5.14 completes the proof. (iit). This follows from (i¢) and Theorem II.3.6. O
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I1.6 Semi-refinements and Proof of Theorem II.1.1.(3)

By Theorem 11.5.16.(7), any two fully refined l-decompositions with the same address
have the same multiset of isometry types. This section is concerned with strengthening this result

by involving pseudo-isometries in order to prove Theorem II1.1.1.(%).

II.6.1 The Orthogonal Bases of Symmetric Bilinear Forms
Let d: V x V — K be a non-degenerate symmetric bilinear form and recall the notation

(n —s:s) for addresses, given in Section 11.5.1.

Lemma II.6.1. If X and Y are fully refined L-decompositions of d with X@ = (n— s : s) and
Y@= (n—r:r), then 2|s —r.

Proof. Recall that the discriminant is independent of the basis of V. Hence, we have [w®] =

discd = |w"] so that w®™" =1 (mod (K*)?) and 2|s —r. O

Theorem I1.6.2. Let X be a fully refined . -decomposition with address (n —r :r). There is an
inwolution p € Isom(d) where Xp =X and such that, if S :={X € X : Xp= X} then

(i) if |X| =2m + 1 then S = {X} with X@ = discd,
(t1) if |X| = 2m and discd = [w] then S = {X, X'} with XQ@ = [1], X'Q@ = [w],
(iit) if |X| = 2m and discd = [1] then S =0,
(iv) and for each 0 < s < n, where 2|r — s, there is o fully refined 1-decomposition Y where
(a) Y@=(n—s:53),
(b) (X, Xp) = (YN (X, Xp)) for each X € X.

Proof. We proceed by induction on the size rof X.

IfX ={X}thenlet p=1and Y = X. Hence S = X and discd = X @, as required by
(). Also (iv) is satisfied trivially. |

If X = {X,X'}, X # X’ then discd = XQX'Q. If X@Q # X'Q then take p = 1
and Y = S = & and up to relabeling, (¢¢) is satisfied. Once again, (iv) is satisfied trivially as

s=r=1,
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Suppose that X@ = X'@. By Theorem IL.5.5 there is a p € Isom(d) where Xp = X' and
X'p =X, and indeed we may take p? = 1. Notice S = {} and discd = [1], as required by (iis). For
(iv), either s =7 and we let Y = X or s = 2 — r. By Lemma II.2.12 there is (p,w) € Isom™(d);
hence, YV 1= X satisfies (iv).

If n = |X| > 2 then there are distinct X, X’ € A with X@ = X'@. By induction on
Z = X — {X,X'} we have an isometry 7 of d;z, which permutes Z. We also induct on S to
locate an involution y € Isom(dgy) such that Xu = X'. Set p = 7 ® pu € Isom(d). Hence,
p? =1 and permutes X. Moreover, {X € X : Xp =X} =8 ={Z € 2 : Zr = Z} and
discd = XQ@X'@discd(zy = discd(zy. Therefore, each case of S is satisfied for X with p as it is
satisfied for Z with r. Therefore p satisfies (i), (iz), and (344).

For (iv), let 2|r — s. First assume s > 2. From the induction on Z there is a fully
refined 1-decomposition W of (Z) of address (n — 2 : s — 2) such that (Z,Z7r) = (Y N {Z,Zp))
for each Z € Z. If X@ = [w] then set Y = WU {X, X'} to complete (iv). If X@ = [1] then
use (p,w) € Isom™(d(x, x+)) from Lemma I1.2.12 and set J := WU {X¢, X'p}. Finally, if s <2
then take W to have address (n — 2 : s) and define Y := WU {Xp, X'p} if X@ = [w], and
Y = WU{X, X'} otherwise. O

Corollary I1.6.3. The set of addresses of orthogonal bases of d is

{(n—(c+2k):c+2k);ogksn;c}

where discd = [w°], ¢ = 0,1. In particular, there are 1+ |25<] addresses.

Proof. From Theorem I1.6.2.(iv), there is a fully refined 1-decomposition of d for each address in

the set. By Lemma I1.6.1, these are the possible addresses of d. >

Corollary 11.6.4. Letd : VxV — K be a non-degenerate symmetric bilinear form withn = dimV

and let X and Y be orthogonal bases with addresses (n — s:s) and (n —r :7), respectively.
(i) If n is odd then X =Y for some (@, ) € Isom*(d) if, and only if, s =r.
(ii) If n is even then Xp =Y for some (¢, ) € Isom™(d) if, and only if, s=r or s=n—1.

Proof. Let Xp =Y. Thenas p € KX, p=1orw (mod (K*)?). If z € X, then

Xp@ = d(zyp, zp) = d(z,2)¢p = XQp (mod (K*)?), X = (z).
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Thus Y@ = XQ@¢. If ¢ =1 (mod (K*)?) then s=7. If » = w then s =n —r, and

(discd)fw™] = [] X@p = [] Y@ =discd.
Xex Yey

So, 2|n. This completes the proof of (4).

For the converse, by Theorem I1.5.5 it remains only to consider s = n — r, which means
X'Q@Q = Y@[w], and from above also n = 2m. By Proposition I1.2.13.(i7) there is a (¢, w) € Isom*(d).
Therefore Xp@ = Y@. By Theorem II.5.5 there is a 7 € Isom(d) such that X7 = Y. This

completes the proof of (i7). : O

I1.6.2 Semi-refinements
Definition 11.6.5. A bilinear map b : V x V — W is L-semi-indecomposable if it is either 1-
indecomposable or b has orthogonal type with d fully refined L-decomposition {X,Y} such that
Xe=va. ’

A 1-decomposition is semi-refined if it consists of L-semi-indecomposables and it has no

coarser 1 ~-decomposition consisting of L-semi-indecomposables.

Remark I1.6.6. Suppose that b is o L-semi-indecomposable bilinear map which is not L-indecom-
posable. Then, we have a fully refined L -decomposition {X,Y} of b with X@ =Y @. By Corollary
I1.5.17.(1%), this is equivalent to having an isometry ¢ € Isom(b) in which X¢ =Y. Thus bx is

isometric to by. Hence, if ¢ := bx then b is isometric to ¢ L c.
Theorem I1.6.7. Let b be a non-degenerate Hermitian bilinear map.

(i) Given a semi-refined L-decomposition Z and any fully refined L-decomposition X, there is a

fully refined 1 -decomposition ) with XQ = Y@ and
z=Yll .= [(Y,Yp):Y €V},

where p € Isom(b) is an involution. In particular, |Z| > |X|/2.
(i) Isom(b) acts transitively on the set of semi-refined L -decompositions.

(i) Every fully refined 1 -decomposition of a bilinear map b determines a semi-refined 1. -decomposition

(as in (3)). In particular, semi-refined L-decompositions exist.
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Proof. (i). The idempotents associated to a semi-indecomposable bz, Z € Z, project to the same
simple factor of Adj(b). By Proposition IL4.31, {Z; : I < Adj(b) a maximal *-ideal } partitions Z.
Hence, it suffices to consider Z; for a fixed maximal *-ideal I of Adj(b).

For each Z € Zj, either bz is 1-indecomposable or it has a | -decomposition of size 2 with
equal addresses. As Z; is semi-refined, the set S = {Z € Z : bz is L-indecomposable} has size 1 if
|Z1] is odd, or size 2 with S = {Y,Y’} and Y@ £ Y'@, or S = 0. It follows that Z; is determines

a fully refined 1-decomposition
Vi = (Uzez,{Yz,Yz})US

in which Yz@ = Y@ and Z = (Y3,Yy), for each Z € Z — S. By Theorem 11.6.2 and Lem-
ma I1.5.10, there is an involution p € Isom(b) for which YWl = Z and furthermore, such that
Xr1@ = );Q.

(i5). Let W be another semi-refined 1-decomposition of b. As in (i) we know W = Y]
where U is fully refined and has address equal to that of Y. By Corollary I1.5.16, the bijection
¢:Y — U induces a ¢ € Isom(b) such that Yo = Y'¢ so that Yo = U and Yy =yl

(#31). Let X be a fully refined L -decompositions. From (z), any semi-refined 1 -decomposition
can be fully refined to have the same address of X. By (é¢) is this unique up to an isometry.
Therefore it remains only to prove that there is a semi-refined 1 -decomposition. This follows from

Theorem I1.6.2. [

Definition I1.6.8. A p-group P of class 2 and ezponent p is centrally semi-indecomposable if it
is either centrally indecomposable or P = H o H where H 1is centrally indecomposable of orthogonal
type. _

A central decomposition is semi-refined if it consists of centrally semi-indecomposable sub-
groups and it has no coarser central decomposition consisting of centrally semi-indecomposable

subgroups.

Remark I1.6.9. If P is centrally semi-indecomposable and not centrally decomposable then P =
H o H where H is centrally indecomposable. Thus Bi(P) = Bi(H) L Bi(H). As in Remark IL.6.6,

this is equivalent to having a fully refined central decomposition {H,K} of P where HQ = KQ.

Corollary I1.6.10. Every fully refined central decomposition H of a p-group P of class 2, exponent
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-p, and P' = Z(P), generates a semi-refined central decomposition
HW .= {(H,Hp) : H € H},

for some p € Caus p(P') in which Hp = H. PFurthermore, Caus p(P’) acts transitively on the set

of semi-refined central decompositions.

Proof. Let H be fully refined central decomposition of P. .

As P' = Z(P), b := Bi(P) is non-degenerate. Let X' := Bi(H) (cf. Section IL.3.1). By
Theorem I1.3.6.(7) we know A’ is a fully refined .L-decomposition of b. By Theorem IL6.7 there is
an isometry p which permutes & such that X[? is semi-refined. Let 7 be the automorphism on
H induced by p (cf. Proposition I1.3.3). Thus, HT # H only if H is centrally indecomposable
of orthogonal type (see Definition II.6.8 and Theorem 11.4.36) and H@ = H7@ (cf. Corollary
11.5.17.(444)). Hence, (H, H7) & H o H for each H # Hr, H € H. This makes H!" semi-refined.

Given any other fully refined central decomposition K of P it follows that K can be semi-
refined by an automorphism p which permutes K. Thus, H[™ and K!# have full refinements with
a common address. Therefore Corollary I1.5.16, Theorem II.3.6.(4.b), and Corollary I1.2.9 prove
the transitivity of Cays p(FP'). a

Proof of Theorem II.1.1.(3). First assume that P’ = Z(P). By Theorem I1.4.32 we know all fully
refined central decompositions have the same size. By Corollary I1.6.10, we know that all semi-
refinements of a fully refined central decomposition are equivalent under Aut P. Furthermore, this
also shows that a semi-refined central decomposition has the form Hl?l = {(H, Hp) : H € H} where
p € Aut P. Therefore the multiset {|(H,Hp)| : H € H} is uniquely determined by P. Indeed,
|H| = |(H,Hp)|/[H : Z(H)] is uniquely determined by H and P.

Let K:={H € H: Hp # H}. Then H is partitioned into

{HeH:Hp=H}UKUKp. (11.26)
Hence, the multiset {|H|: H € H} equals

{|H:HeH :Hp=H}U{K|: K e K}u{|K|: K € K}. (1L.27)
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Thus, the multiset of orders of members of  is uniquely determined by P. The similar argument
works for the multiset of orders of the centers of the members of H.

Finally, for the case when P’ < Z(P) we invoke Lemma I1.2.5 and Lemma 11.2.3.(17). O

II.7 Unbounded Numbers of Orbits of Central Decompositions

As indicated in the introduction, the proofs of our main theorem have depended on a study
of Cayt p(P'). Whenever Cay p(P’) is transitive on the set of fully refined central decompositions
(Theorem 11.3.6 and Corollary I1.5.16) this approach is sufficient. However, Cyyt p(P’) ﬁay have
multiple orbits. This occurs only if there are centrally indecomposable p-groups of orthogonal type
(cf. Theorem II.4.36). |

In this section we have two principal aims: first to show how symmetric bilinear forms arise
in the context of p-groups. Secondly, we develop .examples of centrally indecomposable p-groups
of the other types specified in Theorem 11.4.36, with the e_xceptioﬁ of the unitary type.

Most the constructions and theorems in this section are subsumed by more general results

in [63], but the proofs provided here are self-contained and require fewer preliminaries.

II.7.1  Centrally Indecomposable p-groups of Orthogonal Type

In [63] we prove that there are exponentially many p-groups of order p"Awhich have class
2, exponent p, and are centrally indecomposable of type 1. Indeed, we also show that a p-group
of class 2 and exponent p with “randomly selected presentation” is “almost always” a centrally
indecomposable group of type 1. Here we describe just one family of centrally indecomposable

p-groups of type 1.

Lemma II.7.1. Let V be a k-vector space of dimension n > 2. Defineb: V xV — VAV by
'b(u, v) 1 =uAv, for allu,v € V. Then b is alternating and Adj(b) & k with trivial involution, that

s, b is L-indecomposable of type 1.

Proof. Take g € Adj(b). We show that g is a scalar matrix and thus Adj(b) & k. Hence b is
1-indecomposable of type 1 with respect to k.

Let V = (e1,...,en) so that {e;Ae;j: 1 <i<j<n}isabasisof VAV. Fix1<14,j<n,
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1 # j. We have
eig Nej =bleig,e;) = bles,e;9%) =e; Nejg™, 1<i<j<n. (I1.28)
If we take e;g = ) 0, gis€s and e;g* = )i gfier, then

. n n
0=eghe;—eNejg" = Zgw(es Nej) — Zg;t(ei Aep)
s=1 t=1 )
n

n
= Z gis(ea N e;) + (gis — gj;)ei Nej — Z giilei Aet).
s=1,5#1 t=1,t4£]
So we have g;s = 0 for all s # ¢ and gj, = 0 for all ¢ # j, 1 < s,t < n and furthermore g;; = gj;.
As this is done for arbitrary 1 < 4,5 < n, i # J, we have g1 = g3, = ¢i for all 2 < i < n.
Finally, gog = g} = ga3 = 911 so in fact g = g111,, and similarly g* = g11],. As g was arbitrary,

Adj(b) = k. . m

If dimV- = 2 then V AV & k and the k-bilinear map b is simply the non-degenerate
alternating k-bilinear form of dimension 2. This is indecomposable of symplectic type (Lemma

11.7.11) and the corresponding group is the extra-special group of order p® and exponent p.

Corollary I1.7.2. Let V be an F,-vector space of dimensionn >2 and letb: VXV = VAV be
defined by b(u,v) = u Av for all u,v € V. Then Grp(b) is centrally indecomposable of orthogonal
type (see Section I1.3.2).

Proof. This follows from Theorem I1.3.6. |

When ¢ = p, Grp(b) & (ay,...,an | class 2, exponent p). Note that the smallest example
of an orthogonal type group is (a1, az, as | class 2, exponent p) - the free class 2 exponent p-group

of rank 3 and order pS.

I1.7.2  Direct Sums and Tensor Products

Direct sums and tensor products are two natural ways to construct bilinear maps from
others. To use these we must demonstrate that the adjoint algebras of such products are determined
by the adjoints of the components. A full account is given in [63] but here we give only the cases

required and supply direct computational proofs.
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Definition IL7.3. Letb: V XV - W and ¥/ : V! x V! — W' be k-bilinear maps. Let b b’ :
VoV xVeV — W oW be the bilinear map defined by

bab)(ud v, vev) =blu,v)db W, v)

forallu,veV and vw',v € V'.

Proposition I1.7.4. Let b and b’ be two non-degenerate bilinear maps. Then Adj(b®b’) = Adj(b)®
Adj(b'), where the x-operator on the right hand side is componentwise. Hence also Sym(b® V') =
Sym(b) ® Sym(d’).

Proof. Evidently Adj(b)®Adj(b’) < Adj(b@b’). For the reverse, let f € Adj(bdd’) € End(V V).
Givenu,v € V, v’ € V', take (u®0) f = z®z’ and (vdV')f = y®y' for some zdz’, ydy € VoV’

It follows that

b(z,v) ® b'(:z:r', VY =bobt(ud0)f,vev)

= et ) (ud0,vov)f*) =bu,y) ®b'(0,y") = b(uy) ®0.

Therefore b'(z',v") = 0 for all v/ € V'. So 2’ € radb’ =0. Thus (u®0)f e Vo OforallueV.
Similarly (0@ v')f € 0@ V'. So f € (EndV) & (End V).
Let f=g®h and f*=g*® h* for g,¢* € EndV and h,h* € End V", It follows that

b(ug,v) ® 0 = b(ug,v) ®b'(v',0) = bdV)((ud v )f,v®0)

=bobt)(uau,(ve0)f*)=bluuvg") ®b,0).

Therefore g € Adj(b) and similarly h € Adj(b’). So f € Adj(b) & Adj(d'). O

Given two bilinear maps b: V xV - W and ¥/ : V' x V! — W’ we induce a multi-linear

map (bxV): VxV' xVxV' - W®W defined by:
b b)) (u,v,v,v') = b(u,v) b (v,v'), Vu,v € V,u/,v' e V. (11.29)

Let b x & denote the induced linear map VRV'V eV — W W' With this notation we give:
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Definition I1.7.5. Let bQV : VO V' x VOV — W @ W’ be the restriction ofm to
VoV xVRV/, whereb: VXV - W and b : V! x V! — W' are bilinear maps.

Evidently, b ® ¢/ is bilinear. Using tensor products and the following obvious result, we

can convert symmetric bilinear maps to alternating bilinear maps.

Proposition IL7.6. Letb : U XU — W and c: V x V — X be Hermitian maps over k with
tnvolutions @ and T, respectively. Then b® c is Hermitian with involution 8 ® 7. In particular, the
tensor of two symmetric bilinear maps is symmetric, the tensor of a symmetric and an alternating

bilinear map is alternating, and the tensor of two alternating bilinear maps is symmetric.

Proposition IL.7.7. Letd: U x U — C be a non-degenerate Hermitian C-form with k = {z €
C:Z=z}andletb :V xV — W be a k-bilinear map. Then Adj(d ® b) = Adj(d) ® Adj(b) and
Sym(d ® b) = Sym(d) ® Sym(b). '
Proof. Clearly Adj(d) ® Adj(b) < Adj(d ® b). For the reverse inclusion, let & be an orthogonal
basis of d and & = £(X). Take g€ Adj(d ® b). We show that g € Adj(d) ® Adj(b).

If z,y € X with associated idempotents e, f € &, then (e®1)g(f ®1) restricts to (z) @V —
(y) ® V, so there is a g5, : V — V defined by vgs, = v/, where (z @ v)}(e ® 1)g9(f® 1) =y @'
Let (z,y) be the transposition interchanging z and y and identity on X — {z,y}, treated as an

element of End U = Adj(d). Set ez y = e(z,y)f. Thus, (e®1)g(f ®1) = ez,y ® g,y Since

g= (Ze®1)g(2f®1) = (e®1)g(f®1) = )Y ery®@Gay,

ec& fe& e, fe€ z,yeX

it suffices to prove that g, , € Adj(b).
As (e®1)g(f ®1) € Adj(d ®b) with ((e®1)g(f ® 1))* = (f ® 1)g*(e ® 1) it follows that:

L@ b)), v) = d(5Y) ® (vgay V)
=(d®b)((z®v)(e®@1)g(f®1),y®v)
=deb)(zv,y@V)(f®1l)g*(e®1))

= d(z,z) @ b(v,v'gy ,) =1 ® b(v, v'(d(z, )9y .))-

Notice we have used the fact that d(z,z),d(y,y) € k* and that the tensor product is taken over



49

k. Therefore b(vgs y,v') = %(%)Zb(v,v'g;,z) for all v,v’ € V. Hence g,y € Adj(b) with adjoint

‘ZL_Z(;:;) g} 5~ This completes the proof. -

It can be shown that Adj(b® c) = Adj(b) ® Adj(c) for any two bilinear maps b and ¢ [63].

I.7.3  Proof of Theorem II.1.1.(ii)

The best known examples of central products are the extra-special p-groups of exponent p
n .

— —
and rank 2n: p'*+?" = p!*2o... 0 p'*2 [15, Theorem 5.5.2]. It is customary to recognize Bi(p't?")
as the non-degenerate alternating bilinear form b : Zf," X Zf," — Z,. We view this map as d® ¢,
where d : Z3 x Zy — Zy, is the dot product d(u,v) := wvt, and ¢: Z2 x Z2 — Z, N Zy.
This construction generalizes. If H is a centrally indecomposable group then it has an as-

sociated associative composition algebra C := Adj(Bi(H))/rad Adj(Bi(H)) (cf. Theorem II.4.36).

, —
Recall that K := {x € C : ¢ = £} is a field (cf. Definition I.4.6). Set P := Ho---oH and

N

b= Bim. As in Example 11.3.7, b = §|(H) Lol Bi(Hi which we can express com-
pactly as b = d ®k Bi(H), where d : K™ x K™ — K is the usual dot product d(u,v) := uvt,
u,v € K™. Hence, by Proposition IL.7.7, it follows that Adj(b) = Adj(d) ®x Adj(Bi(H)) and thus
Adj(b)/rad Adj(b) = Adj(d) ®k C. Yet, Adj(d) @k C = Adj(d'), where d’ : C" x C™ — C'is
defined by d'(u,v) := ui®, for u,v € C*. If C > K then Corollary II.5.16 proves that all fully
refined central decompositions are conjugate under automorphisms. We now demonstrate that the

same is not generally possible with orthogonal type.

Lemma IL7.8. Let H = (X)) be a centrally indecomposable p-group of orthogonal type over F,

—t——
with X a minimal generating set of H. Set P := Ho.--o H and let Ho = {H1,...,H,} be the
canonical central decomposition given by the central product, so that H; = (z;: z € X) where x;
denotes x in the i-th component,

Letw=a®?+p%¢ Zy, be a non-square. If 0 < m < n/2 then define
Hm = {K1,. B .,K2m,H2m+1,. .o ,Hn}

where

Kojq = (a:g‘j_lng rre X), Kyj:= (a:gj_la:;ja rx € X),
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for 1 < 7 < m. Then every member of Hy, is isomorphic to H and H,, is a fully refined central

decompositions of P with address (n —2m : 2m), for1 <m < n/2.

Proof. As X is a:lminimal generating set of H, if z,y € X with Z(H)z = Z(H)y then ¢ = y.
Therefore, m is mapped injectively into P via the homomorphism 7 : [[gcy H — P
described in Section II.2.1. This makes the groups H;, Ka;j—1, and Kj; well-defined, for each
1<i<nandl<j<n/2 Furthermore, H; & H for each 1 <4 < n and Hy is a fully refined
central decomposition of P.

Set X; = H;/H, = H;P'/P', W =P = H[, 1 <i<n Alsoset L; = (Hyj_1,Hy;) =
(K2j-1,K2;5), 1 £ 7 <n/2 Then L;/L; = X951 ® X3; and ble/L; is b L b where b = Bi(H).
Recall that Bi(P) = d®b where d : k™ x k™ — k is the dot product and X := Bi(Hp) = {X;: 1 <¢ <
n} is a fully refined -decomposition of Bi(P). As Adj(Bi(P)) = Adj(d) ® Adj(Bi(H)) =& Adj(d),
it follows that Xy = {Y1,...,Yn} is fully refined Ll-decomposition of d. In fact, the implied
isomorphism Adj(Bi(P)) to Adj(d) maps f®1 — f, so E(X) is s‘ent to the canonical frame
{Diag{1,0,...},...,Diag{...,0,1}} of Adj(d). So, Ho@ = X4@ = (n: 0).

Define

. ale._ ﬂlx . "
(05, ¢5) = o~ L@+ 821w | € Tsom™* (b, /1s)-

.Blej—1 —a]‘XZj

Set T = Gl’p(goj,@j) S AutLj. Then KZj—l = ng_l’rj and ng = szTj for 1 S ] S n/2

Furthermore, (¢;, ;) induces

«

8 —a

yw | € Isom* ((Ya;j-1, Y25)).

Therefore, K3;_1@ = [w] and K2;@ = [w]. Thus we have proved that H,, has address (n —2m :
2m). 0

At this point we know there are multiple Cayg p(P’)-orbits of fully refined central decom-
positions of P, for any P satisfying the hypothesis of Lemma II.7.8. But we have not worked with

Aut P-orbits yet. We now show that there are multiple Aut P-orbits as well.

Lemma IL.7.9. Given vector spaces U and V, the map a® f — a® 8 from GL(U) ® GL(V) —
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GL(U ® V) has kernel
Z = (sly ®s 'y | s € kX).

and the image s tsomorphic to GL(U) o GL(V) = (GL(U) ® GL(V))/Z.
Proof. To verify that Z is the kernel, fix a baéis for V and consider matrices. ' O

Theorem 11.7.10. Let H := (z,v, z| class 2, ezponent p) (which is centrally indecomposable by
2n

e e,
Corollary 11.7.2), P:=Ho---o H and H,, be as in Lemma IL.7.8. Then all the following hold:
(i) every member of Hy, is isomorphic to H.
(i) Hum is a fully refined central decomposition of P.

(iit) For every fully refined central decomposition K of P, there is is a unique m and some o €
Caut p(P') such that K* = Hom. So there are 14n orbits of fully refined central decomposition

undér the action of Caut p(P’).
(tv) Hpy and Huyy are in the same Aut P-orbit if, and only if, m' = n —m.

Hence there are exactly 1+ |n/2| orbits in the set of fully refined central decompositions of P under

the action of Aut P.

Proof. Let k := Zy,.

By definition, Bi(H) is the map ¢: V x V — W where U = k3, W = k3 A k% = k® and
c(u,v) = uAwv, u,v € V. Hence (¢) and (i) follow from Lemma II.7.8. Furthermore, every possible
address. (see Corollary I1.6.3) of Bi(P) is given by one of the Hn,. Therefore (ii¢) follows from
Corollary I1.5.16 and Theorem II.3.6.

To prove (iv) we start by describing the structure of Isom™(b). Set b := Bi(P) and recall
that b = d ® ¢ where d : U X U — k is the dot product on U := k™. Following Lemma IL.7.9 we
find that

Isom*(d) o Isom*(c) = Isom*(d) ® Isom*(c)/((sly ® s 'lv, lygw) : s € £*)

embeds in Isom*(b). We claim that Isom™(b) equals this embedding.
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By Proposition IL.7.7 we know that Adj(b) = Adj(d) ® Adj(c) = Adj(d). Hence Isom(b) &
Isom{d) = GO(d). Indeed this shows that

Isom(b) = {a® 1y : @ € GO(d)}.

In particular, Isom(b) embeds in Isom*(d) o Isom*(c).

Therefore, following Lemma I1.2.13 we have

(Isom™*(d) o Isom™(c) : Isom(b)] = (v 2‘?%%‘@(')?;?3:?)' = | GL(3,p)|.

As Isom™(b)/Isom(b) < GL(k @ W) = GL(3,.p), we conclude by orders that Isom™(b) =
Isom*(d) o Isom™(c). Hence the orbits of Isom*(b) on fully refined central decompositions are those

of Isom*(d) o Isom*(c), that is, the orbits described in Corollary II.6.4. O

Theorem II.1.1.(i7). This follows from Theorem II.7.10. O

I1.74 Centrally Indecomposable p-groups of Non-orthogonal Type

Centrally indecomposable families of type symplectic are the easiest to construct by clas-
sical methods. Already the extraspecial p-groups p't? of exponent p serve as examples. We
generalize the extraspecial example to include field extensions of Z,. We let k be an arbitrary

field.

U
Lemma 11.7.11. The k-bilinear form d : k% x k? — k defined by d(u,v) = det , for all u,v €
v

k%, has Adj(d) = Ma(k) with the adjugate involution, thus d s L-indecomposable of symplectic

type.
Corollary I1.7.12. Let d : F2 x F2 — F, be the non-degenerate alternating bilinear form of
dimension 2. Then Grp(d) is centrally indecomposable of symplectic type.

Proof. This follows from Theorem II.3.6. ]

Presently we are not aware of any alternating bilinear maps which are centrally indecom-
posable of unitary type. We expect infinite families over any field Fj2 to exist. Our search for such

examples is on-going.
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We next construct a family of centrally indecomposable p-groups of exchange type. This
family furthermore illustrates that there can be a non-trivial Op(Caus p(P')). There are families

of exchange type without this feature but we choose this family for the ease of proof.

Lemma IL.7.13. Let V be a k-vector space of dimension n > 1. Define the k-bilinear map

b:kdV)x(k®V)—-V by

bla®u,fHv) = av — fu. 7 (11.30)
Then b is alternating and
al, h
Adj(d) = :he€homk,V),a,f€k >,
0 pBly

where the multiplication and the action on k @V is interpreted as matriz multiplication and where

the involution is defined by

*

alk h ,Blk —h

0 . ,Blv 0 alv
In particular, Adj(b)/rad Adj(b) = k @ k with the exchange involution and the radical is

: h € hom(k,; V)
00

Thus b ¢s L-indecomposable of exchange type.

Proof. 1t is easily checked that e := 1, @ 0y, f 1= 0, ® 1y € End(k & V) are both in Adj(b) and
furthermore e* = f, €2 = ¢, f2 = f. Fix g € Adj(b). Then ege, egf, fge and fgf lie in Adj(b).
Let u,v € V be linearly independent. Since (0@ u)fge =A@ 0 and 0P v)fg*e=760

for some ), 7 € k, it follows that

AW =bAD0,00v) =b((0du)g,0dv) =b0du,(0dv)g")

=0 u,7H0) =—1u.

However, « and v are linearly independent, and hence A =0 =7 so fge =0 = fg*e.
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Next let (1®0)ege=ad®0and (0D u)fg*f =0 v for some o € k and v € V. Then

au=ba®0,00u) =b6((1®0)ege, 0P u) =b(10,(0 u)g*)

=b(190,00v)="2.

Thus fg*f = 0@ aly where ege = alr @ Oy. Setting (0 u)fgf =0 v and (1®0)eg*e =G0
we similarly find fgf = 0 B1y where eg*e = f1 ® Oy
Finally, set (1 0)egf =0® v and (1 ®0)eg*f = 0 @ v. Then

—u=b0®u,1®0) =b((1®0)egf,1®0) =b(1®0,(1&0)eg*f)

=b(1®0,0®v) =v.
So egf is induced by a k-linear map h: k — V and eg*f is induced by —h. O

Corollary I1.7.14. Let b: (Fy ® F7) x (F, ® Fy) — F} be as in (11.30) with n > 1. Then Grp(b)

is centrally indecomposable of exchange type.
Proof. This follows from Theorem I1.3.6. O

If n = 1 then b is simply the non-degenerate alternating bilinear k-form of dimension 2.
The smallest example of a p-group with exchange type is in fact of order p® with rank 3.

We can use this example as evidence that the radicals accounted for in Section I11.5.3 do
arise for the setting of p-groups. We emphasize that instances of non-trivial radicals are known in
far more general settings than L-indecomposable bilinear maps of exchange type.

The radical in of Adj(b), for b as in (I1.30), intersects Sym(b) trivially. However, if we
definec: (kdV)x (koV)—-V by

cla®u,fdv) :=av+ Pu, Vo, 8, € k,u,v € V; (I1.31)

then Adj(c)/rad Adj(c) = k @ k with the exchange involution. Here rad Adj(c) < Symf(c). To
make this example alternating we may simply tensor by the alternating bilinear map from Lemma
11.7.1. To further make a l-decomposable bilinear map we may tensor with a dot-product. By

Proposition I1.7.7, the result has a non-trivial radical in Sym(b).
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I1.8 Closing Remarks

I1.8.1 Conjecture on Unigueness of Fully Refined Central Decompositions
It remains open whether or not the multiset of isomorphism types of fully refined central
decompositions of a p-group P of class 2 and exponent p is uniquely determined. It suffices to

answer the following:

Let H and K be centrally indecomposable p-groups of class 2; exponent p, and of
orthogonal type. Is it true that whenever H o H 2 K o K then H &2 K7

We conjecture this is true. Because such groups involve symmetric bilinear forms, it is possible
that a solution will divide along the congruence of p modulo 4. Some evidence of this has been
uncovered while attempting to develop counter-examples. It appears that a counter-example would
have order at least 53°.
II.8.2 Further directions

The condition that an endomorphism f € End V lies in Adj(b) (or Sym(b)) is determined by
a system of linear equations. This is the source of polynomial time algorithms for computing central
decompositions of p-groups found in [60]. In contrast, the equations to determine if f € Isom(b)
or Isom™(b) (and hence to determine the automorphism group of a p-group) are quadratic and
generally difficult to solve.

Our theorems apply {at least over finite fields) to central decompositions of class 2 nilpotent

Lie algebras. See also [3] and [9, pp. 608-609].

I1.8.3 Other fields

The use of finite fields removed the need to consider Hermitian forms over non-commutative
division rings in the classification of *-simple algebras, and consequently also the related simple
Jordan algebras (Theorem I1.4.15 and Theorem I1.4.23); therefore, this assumption affects Section
I1.5.2. Furthermore, as finite fields are separable, we are able to apply Taft’s *-algebra version of
the Wedderburn Principal theorem (Theorem II.4.16) in proving Theorem I1.4.36. Evidently our

proofs apply also to bilinear maps over algebraically closed fields of characteristic not 2.
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I1.8.4 2-groups of exponent 4

The omission of 2-groups of exponent 4 in the proof of Theorem I1.3.6 can be relaxed [60].
The known obstacles for 2-groups of class 2 and exponent 4 derive from the usual complications of
symmetric bilinear forms in characteristic 2. We are presently investigating whether or not these

are indeed the only limitations.
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CHAPTER III
FINDING CENTRAL DECOMPOSITIONS OF p-GROUPS

III.1 Introduction

An algorithm is given to find a fully refined central decomposition of a finite p-group of
class 2. The number of algebraic operations used by the algorithm is bounded by a polynomial in
the log of the size of the group. The algorithm uses a Las Vegas probabilistic algorithm to compute
the structure of a finite ring and the Las Vegas MeatAxe is also used. However, when p is small,
the probabilistic methods can be replaced by deterministic polynomial time algorithms.

A set H of subgroups of a group G is a central decomposition of G if H generates G but no
proper subset does, and distinct members of H commute. We say that G is centrally indecomposable
if it has only the trivial central decomposition. A fully refined central decomposition of G is a
central decomposition consisting of centrally indecomposable groups. Such decompositions arise
from to central products in which the centers of the factors need not be the same.

For computational purposes, we assume groups are input and output via generators in a
useful comput_ational representation, such as a set of permu’caﬁons, a set. of matrices, or a polycyclic

presentation (see Section IIL.2.1). We prove:

Theorem IIL.1.1. Assuming a discrete log oracle module p, there is a Las Vegas polynomial time
algorithm which, given a p-group P of class 2, returns a fully refined central decomposition. The
algorithm uses in O(log®[P : P']) time. When p < log®|P|, for some constant c, there is also a

deterministic polynomial time algorithm for the same task.

The discrete log oracle in our algorithm is unavoidable (Proposition III.7.1). Although
Theorem II1.1.1 concerns groups, most of the work of the algorithm is concentrated on computing
the semisimple and radical structure of certain finite rings. Our algorithm introduces methods to

compute the structure of *-rings and constructive recognition of simple *-algebras.
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At a high level, the algorithm proceeds by passing from P to a related bilinear map b;
and it is shown that central decompositions of P correspond to orthogonal decompositions of b,
see Proposition II1.3.1 and Theorem I11.3.2. To find a fully refined orthogonal decomposition of b,
a ring with involution (i.e. a *-ring) Adj(b) is introduced and shown to parameterize orthogonal
decompositions of b via sets of suitable idempotents; see Corollary 111.4.3.

In Section I11.5 we find such sets of idempotents using the semisimple and radical structure
of Adj(b). This structure can be computed efficiently by reducing to rings of characteristic p and
applying the algorithms of Ronyai, Friedl, and Ivanyos for finite Z,-algebras {51, 22, 24]. This
stage uses a Las Vegas polynomial time algorithm for factoring polynomials over finite fields of
characteristic p, such as the methods of Berlekamp or Cantor-Zassenhaus [57, Chapter 14]. We
select [22] as the specific approach to compute the structure of the rings we encounter. This leads
us to use of the Las Vegas MeatAxe [21, 23] in one stage of our algorithm, c¢f. Theorem IIL5.3.
However, for a deterministic algorithm (for small p), both of these Las Veg.as algorithms can be
avoided (Section II1.7.2).

Having found a fully refined orthogonal decomposition Vof b we convert this to a fully refined
central decomposition of P using straightforward group theory (Corollary II1.3.4).

The methods of Theorem II11.1 took root in [69] where central decompositions of p-groups
P of class 2 and exponent p were studied. There the *-ring Adj(b) and its associated Jordan algebra
Sym(b) were used to describe the Aut P-orbits of the set of fully refined central decompositions of
P. Here, the algorithms apply in all exponents and include 2-groups.

A result in a different direction is the development of efficient algorithms to find direct
product decomposition not only of p-groups, but general groups [61]. That work illustrates how
decompositions of p-groups of arbitrary class can be reduced to the case of p-groups of class 2,

where once again bilinear and ring theory methods are introduced to solve the problem.

II1.2 Background

Throughout this work we assume p is a prime. Unless otherwise obvious, all our groups,
rings, modules, and algebras (i.e.: rings over a field) are finite. All our rings are associative and
unital. We express all abelian groups additively and refrain from indicating this elsewhere.

We use A LI B for the disjoint union of sets A and B , and A — B for the complement of
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ANB in A. We measure the efficiency of our algorithms by bounding the total number of algebraic
operations (in a group, module, or ring) by a polynomial in the size of the input, roughly log |P]|.
The probabilistic aspects of our algorithm are of Las Vegas type, which means they return correct

result but with probability € > 0 they may fail to return in the alloted number of steps.

IIT.2.1 Representing Groups for Computation

We assume throughout that P is a finite p-group for a known prime p. We allow P to
be input by various means including via a polycyclic presentation, as a permutation group, or as
a matrix group [20, Section 3.1]. In all cases we assume that P is specified with generators; a
method to multiply, invert, and test equality of elements in P; and a method to test if an element
g € P lies in a subgroup (T), where T C P. That is, we may consider P to be a black-boz group
with a membership test oracle [20, Section 3.2]. For large primes p, membership testing already
assumes an instance of the discrete log problem (cf. Section I11.7.1). We count each of these tasks
as a single algebraic operation though we are mindful that each requires more than constant time.

The assumptions on P give rise to deterministic algorithms which use a polynomial number
of group operations and which: find [(T)| for any T C P; find generators for the normal closure
(T) of the subgroup (T'), T C P; find generators for the commutator subgroup P’ of P; and find

generators for the center Z(P) of P [20, Section 3.3].

Remark I11.2.1.  (3) Though in practice most p-groups are input by polycyclic presentations,
the current methods to multiply in such groups, and to test membership, have exponential

complezity (even when p = 2,3) within the collection process [35, p. 670].

(1) Permutation groups use fast multiplication and membership testing, but various p-groups have

no small degree faithful permutation representations [45, Example 1.1].

(iii) For matriz p-groups, multiplication is efficient and membership testing can be done if p is

small or if p is the characteristic of the ground field [38, Theorem 3.2].

II1.2.2 Abelian p-groups, Bases, Effective Homomorphisms, and Solving Systems of Equations
A basis of a finite abelian p-group V is a subset X' of V' such that V = P »(z). Every
bas.is of V gives a natural isomorphism to Zpe; @ -+ @ Zpe, for ey < --- < e, € Z*. Operating

in the latter representation is preferable to V’s original representation and we assume all abelian
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groups are handled in this way. Each endomorphism f of V can be represented by an integer
matrix F = [Fy;] such that p®~%|F;;, 1 < i < j < s, and furthermore, every such matrix induces
an endomorphism of V' (with respect to X) [19, Theorem 3.3].

We have need in various places to apply homomorphisms and isomorphisms between finite
abelian p-groups, rings, and algebras. -We say a homomorphism is effective when it can be evaluated
efficiently — for instance with the same cost as matrix multiplication — and a coset representative
for the preimage of a point in the codomain can also be found efficiently. This means that effective
" isomorphisms are easily evaluated and inverted.

Suppose we have a system of Z,. linear equations with solutions in'a Zpe-.module.V.
There are efficient deterministic methods to solve for a basis of the solution space of the system
[39, Theorem 8.3]; however, it is essential to note that for large p, this process assumes a discrete
log oracle of p and we must do the same. For simplicity, we use the usual cubic polynomial-time

methods of Gaussian elimination and traditional matrix multiplication.

II1.2.3 Bilinear Maps, L-decompositions, and Isometry

A Zye-bilinear map b:V x V — W is a function of Zpe-modules V and W where’
b(su +u',tv +v') = stb(u, v) + sb(u,v') + tb(u',v) + b(u',v'), (I1L.1)

for each u,vw',v,v" € V and s,t € Zpe .V A L -decomposition of b is a decomposition V of V into a
direct sum of submodules which are pairwise orthogonal relative to b, i.e. b(X,Y’) = 0 for distinct
X, Yev

Let X and Z be ordered bases of V and W respectively. We define B,EZ) € Zype by

b Z S, Z tyy | = Z ZsztyB,(Ez)z, V5z,8y € Lpe,z,y € X. (111.2)
z€EX yeX z,YEX 2€2
Set

Bwy =) B@z  Vz,ycX;
z2€2

so that B = [B,y]s,yex is an n X n-matrix with entries in W, where n = |X|. Writing the elements
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of V' as row vectors with entries in Z,. with respect to the basis A we can then write:
b(u,v) = uBvt, Yu,v € V. (11L.3)

Take f,g € EndV represented as matrices F' and G with respect to the basis & above.
Define F'B and BG® by the usual matrix multiplication, but notice the results are matrices with
entries in W. Evidently, (F + G)B = FB + GB, F(GB) = (FG)B, and similarly for the action

on the right. The significance of these operations is seen by their relation to b:
b(uf,v) = uFBv' and b(u, vg) = uBG*v¥; (I11.4)

forall u,v €V.

An isometry between two bilinear maps b : VxV — Wand ¥ : V/  x V' — W is an
isomorphism « : V — V' such that b (ue, va) = b(u,v) for all u,v € V. Evidently, isometries map
1 -decompositions of b to 1-decomposition éf b

Finally, we call a bilinear map Hermitian if there is § € GL(W) of order at most 2 such
that

b{u,v) = b{v,u)8, Yu,v e V. (IIL.5)

This meaning of Hermitian includes the usual symmetric, b(u,v) = b{v,u); and skew symmetric,
b(u,v) = —b(v, u) flavors of bilinear maps. If W = (b(u,v) : u,v € V) then 8 is uniquely determined

by b and so in that case we make no effort to specify ¢ explicitly.

I11.2.4 Rings
All our rings will have characteristic a power of p and so they are input with a generating
set. Furthermore, each of our rings will be represented in End V for some abelian p-group V' and

thus multiplication is done by the usual matrix multiplication.

III.3  Reducing Central Decompositions to Orthogonal Decompositions

In this section we reduce the problem of finding a central decomposition of a p-group of '

class 2 to the related problem of finding a | -decomposition of an associated bilinear map.
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II1.3.1 Bilinear Maps and p-groups

Let P be a p-group of class 2 and P/ < M < Z(P). Associated to P are various bilinear
maps b = Bi(P,M) defined by b : P/M x P/M — P’ where (Mz,My) := [z,y], for each
z,y € P. We will express the operations in P/M, P’, and b additively. Notice that b is alternating
and skew-symmetric: b(Mz, Mz) =0 and b(Mz, My) = —b(My, Mz) for all z,y € P.

I11.3.2  Central Decompositions from Orthogonal Decompositions

We recall some ideas from [59, Section 4] involving class 2 and exponent p and modify
them to p-groups P of class 2 of general exponent, including 2-groups.

Let H be a set of subgroups of P. Given a normal subgroup M of P we define:

HM = {HM : H € H} — {M}, (IIL.6)

HM/M = {HM/M : H € H} — {M/M}. (II1.7)

A central decomposition H is an M-central decomposition if HN{H —{H}) < M for each H € H.
We may assume that M < Z(P) as every central decomposition of P is a Z(P)-central decompo-
sition. Given an M-central decomposition H, it; follows that HM /M is a direct decomposition of
P/M.

Suppose that V is a direct decomposition of P/M. Define

HOV):={H<P:M<HH/MeV}. (IIL8)

Note that V and H(V) are in a natural bijection. .
Proposition I11.3.1. Let P be a p-group of class 2, P/ < M < Z(P), and b := Bi(P, M).
(i) If H is an M -central decomposition of P then HM /M is a L-decomposition of b.

(#) IfV is a L-decomposition of b then H(V) is an M -central decomposition of P where H(V)M =
HV) and HV)/M = V.

Proof. (i). If H is an M-central decomposition of P then HM/M is a direct decomposition of
V := P/M. Furthermore, if H and K are distinct members of H then [H, K| = 1, which proves
that b(HM/M,KM/M) =0. Thus, HM /M is a 1-decomposition of b.
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(#7). Let V be a L-decomposition of b and set K := H(V). By definition, K = KM and
K/M =V, so that KN (K — {K}) = M for all K € K. Therefore, it remains to show that
K is a central decomposition of P. As V # 0 it follows that X # @. Furthermore, V = (V) so
P=(K,M)=(K),as M < K forany K € K. Since K is in bijection with V, if J is a proper subset
of K then J/M is a proper subset of V and as J/M does not generate V it follows that J does
not generate P. Finally, if H and K are distinct members of K then 0 = b(H/M,K/M) = [H,K].

Thus, K is a central decomposition of P. 0

Theorem I11.3.2. If P is a p-group of class 2, then P is centrally indecomposable if, and only if,
Bi(P, Z(P)) is L-indecomposable and Z(P) < &(P).

Proof. Assume Vthat P is centrally indecomposable.

Let V be a L-decomposition of Bi(P, Z(P)). By Proposition II1.3.1.(i7), H(V) is a central
decomposition of P and therefore H(V) = {P}. Hence, V = H(V)/Z(P) = {P/Z(P)}. AsV was
an arbitrary | -decomposition of Bi(P, Z(P)), it follows that Bi(P, Z(P)) is L—indecomposabie.

iNext let ®(P) < @ < P be such that P/®(P) = Q/®(P) ® Z(P)®(P)/®(P) as Z,-vector
spaces. Set H = {Q,Z(P)}. Clearly [Q,Z(P)] = 1 and P is generated by H. Therefore, H
contains a subset which is a central decorhposition of P. As P is centrally indecomposable and
P # Z(P), it follows that P = @, and so 1 = Z(P)®(P)/®(P), which proves that Z(P) < ®(P).

For the reverse direction we assume that Bi( P, Z(P)) is L-indecomposable and that Z(P) <
@(P). Let H be a central decomposition of P.

By Proposition I11.3.1.(3) we know HZ(P)/Z(P) is a L-decomposition of Bi(P, Z(P)).
Thus, HZ(P)/Z(P) = {P/Z(P)} so that HZ(P) = {P}. Hence, for all H € H, either H < Z(P)
or HZ(P) = P. As Z(P) < ®(P) < P, it follows that at least one H € H is not contained in
Z(P) and furthermore, P = HZ(P) = H as Z(P) consists of non-generators. Since no proper |
subset of H generates P and P € H, it follows that H = {P}. Since H was an arbitrary central

decomposition of P it follows that P is centrally indecomposable. O

Proposition I11.3.3. Suppose P is a p-group of class 2 such that Bi( P, Z(P)) is L-indecomposable.
Then

(i) every central decomposition of P has exactly one nonabelian member, and
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(i1) there is deterministic algorithm using O(log*[P : P']) algebraic operations which returns a
nonabelian centrally indecomposable group Q such that P = Q or {Q,Z(P)} is a central

decomposition of P.

Proof. (i). Let H be a central decomposition of P. Since P # Z(P) and Bi(P, Z(P)) is .L-
indecomposable, there is a nonabelian H € H and HZ(P) = {P} proves that P = HZ(P). If
K € H - {H} then |[K,P] = [K,HZ(P)] = |K, H] = 1, since distinct members of H commute.
Thus K £ Z(P), which proves that H is the only nonabelian group in H.

(). If Z(P) < ®(P) then the algorithm returns P. Otherwise, compute generators for a
vector space complement Q/®(P) to Z(P)®(P)/®(P) in P/®(P), (P) < Q < P. Recurse with
(2 in the role of P and return the result of fhis recursive call.

If we find that Z(P) < ®(P) then Theorem II1.3.2 proves that P is centrally indecom-
posable. Otherwise, Z(P)®(P)/®(P) is a proper subspace of the vector space P/®(P). The
group @ satisfies P = QZ(P). Hence, P' = [QZ(P),QZ(P)] = Q' (so Q is nonabelian) and
[Z(Q),P] = [2(Q),QZ(P)] = 1, so that Z(Q) = QN Z(P) > P’. In particular, the isomorphism
of P/Z(P) = QZ(P)/Z(P) = Q/Z(P)NQ = Q/Z(Q) gives an isometry between Bi(P, Z(P)) and
Bi(@, Z2(Q)) which implies that Bi(Q, Z(Q)) is .L-indecomposable. Thus we may recurse with Q.
By induction, the return of a recursive call is a centrally indecomposable subgroup P/ < R < P
such that Q = RZ (Q) and so P = RZ(P), which proves that {R, Z(P)} is a central decomposition
of P. _

For the timing we note that [Q : Q'] < [P : P’]. Thus the number of recursive calls
is bounded by log[P : P’]. To find a vector space complement amounts to finding a basis of
Z(P)®(P)/®(P) and extending the basis to one for P/®(P) and so it uses O(log®[P : P']) algebraic

operations. Hence, the algorithm uses O(log?[P : P']) algebraic operations. O

Corollary III.3.4. Let P be a p-group of class 2 and V a fully refined L-decomposition of
Bi(P, Z(P)). There is a deterministic algorithm using O(log®[P : P']) algebraic operations, which
returns & fully refined central decomposition H of P such that HZ(P)/Z(P) = V.

Proof. Algorithm. Computing H := H(V). Set K = §). Then, for each H € H, use the algorithm of
Proposition II1.3.3.(i3) to find a nonabelian centrally indecomposable subgroup K < H such that
H=KZ(P) and add K to K. Next, given Z{P) =(S), set 7 :=KU{{z): 2 € §—(K)}. Using a

greedy algorithm, remove the abelian members from J until no proper subset of J generates P.
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Correctness. By Proposition I11.3.1 we know that H is a central decomposition of P
in which every member H has Z(H) = Z(P) and Bi(H, Z(H)) is L-indecomposable. Thus the
algorithm of Proposition II1.3.3.(44) can be applied to H and so the set K consists of nonabelian
centrally indecomposable subgroups where distinct members pairwise commute. Furthermore,
KZ(P) = H. Let Q := (K). We now have P = QZ(P). Thus, at every stage of the greedy
algorithm, the set J generates P, distinct members pairwise commute, and every member is
centrally indecomposable. Thus J contains a central decomposition of P (i.e.: a subset which
generates P and no proper subset does). If £ C J and generates P, then given H € J — L it
follows that 1 = [H,(L)] = [H, P] so that H < Z(P). Hence, the greedy algorithm need only
consider the abelian members of J. The algorithm halts when a central decomposition is found.

Timing. There are |V| calls made to the algorithm of Proposition II1.3.3.(i), which uses
O(log*[H : H']) algebraic operations for each H € H. The greedy algorithm halts after |S| steps

as then it has tested each abelian member of 7. O

IT1.4 The *-ring of Adjoints of a Bilinear Map

We have discussed the necessary group theory and now concentrate on the ring theory
required in proving Theorem III.1.1. In this section we introduce a ring with involution (i.e. a
*-ring [37]) as a means to compute L-decompositions of a Hermitian bilinear map.

Throughout this section we assume that b: V x V — W is a Zg.-bilinear map.

IIT.4.1 Adjoints

The ring of adjoints of b is:
Adj(b) := {({, g) € EndV @ (End V)P : b(uf,v) = b(u,vg),Vu,v € V}. (111.9)
There is a natural subset of Adj(b) of self-adjoint elements:
Sym(b) := {(f,f) € EndV @ (End V)7 : b{uf,v) = b{u, vf),Vu,v € V}. (I11.10)

Remark II1.4.1. Notice that Sym(b) is not an associative subring but rather a Jordan algebra,

quadratic in the case of characteristic 2, cf. [59, Section 4.5]. This is a vital observation for an-



66

swering questions surrounding L -decompositions; however, for algorithmic purposes this perspective

18 not necessary.

If b is Hermitian then (f, g) € Adj(b) if, and only if, (g, f) € Adj(b). Hence, (f,9) — (g, f)
is an anti-isomorphism * (which uses multiplication in (End V)°? in the second variable). Indeed,
* has order 1 or 2 so that Adj(b) is a x-ring.

In general, for a *ring (R, *) and additive subgroup S C R, we define (S5,%) = {s € §:
s* = s} which is again a subgroup of §, as  is additive. (§ is for Hermitian and is a notation

encouraged by Jacobson.)

II1.4.2  Self-adjoint Idempotents

Recall that an endomorphism e € EndV is an idempotent if e? = e. Hence, V = Ve ®
V(1 — e). Indeed, every direct decomposition V of V is parameterized by the set of projection
idempotents & := E(V); that is, for each U € V, ey € £ where ey projects V onto U with kernel
(Vv —{U}). It follows that distinct members e and f of £ are orthogonal (i.e. ef =0 = fe) and
1=3 cece

Note that 1 € Sym(b). All idempotents in Sym(b) are self-adjoint and vice-versa, but to
emphasize this requirement we call these self-adjoint idempotents. The significance of Sym(b) is

the following:

Theorem II1.4.2. A direct decomposition V of V' is a L-decomposition of b:V xV — W if, and
only if, £(V) C Sym(b).

Proof. See [59, Proposition 4.30, Theorem 4.33.(¢)] (whose proof applies in any characteristic). [

A self-adjoint idempotent e € Sym(b) is self-adjoint-primitive if it is not the sum of proper
(i.e.: not 0 nor 1) pairwise orthogonal self-adjoint idempotents in Sym(b). Such idempotents need
not be primitive in Adj(b). A set of pairwise orthogonal self-adjoint primitive idempotents of
Sym(b) which sum to 1 is called a frame of Sym(b). More generally, in a *-ring (R, *), a (self-
adjoint) frame is a set of self-adjoint-primitive pairwise orthogonal idempotents which sum to
1
Corollary I11.4.3. There is ¢ natural bijection between the set of fully refined 1-decompositions

of b and the set of all frames of Sym(b).
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Proof. See [59, Theorem 4.33.(i1)]. O

II1.4.8 Computing Adj(b) and Sym(b)

Let V and W be finite abelian p-groups specified with bases X' and Z respectively. Take
b:V xV — W to be a Zpe-bilinear map. Assume that b is input with structure constant matrix
B with respect to the bases X and Z (cf. (IIL3)).

If End V is expressed as matrices (see Section I11.2.2) with respect to X then
Adj(B) = {(X,Y) € EndV @ EndV : XB = BY'}. (II1.11)
To find a basis for Adj(B) we solve for X and Y such that:

0= XewBS) - YyBY), VryeX zeZz (111.12)

zeX YyEX
This amounts to solving |X'|?| Z| linear equations over Zpe, each in 2|X| variables and can be done
using O(|X|*| Z|) operations in Zye (cf. Section II1.2.2). Computing a basis of Sym(b) can be done

in similar fashion.

‘Remark II1.4.4. If b is Hermitian then the number of equations determining Adj(b) can be
decreased by 2 by considering the ordering of the basis X and using only the equations (I11.12) for

r<y, ¢, yeX and z € Z.

111.5 Algorithms for *rings

In this section we prove effective versions of the classical semisimple and radical structure
theorems for finite *-rings. Most of the work reduces to known algorithms for the semisimple and

radical structure theorems of finite algebras over Z,.

IIL.5.1 A Fast Skolem-Noether Algorithm

Let K be a field of characteristic p. The Skolem-Noether theorem states that every ring
automorphism ¢ of M, (K) has the form X = D~!X?D for (D,0) € GL,(K) x Gal(K/Z,), for
X € M,(K), [10, (3.62)]. Given an effective automorphism ¢, there is a straightforward method
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to find (D, o) which involves solving a system of n? linear equations over K and thus uses O(n®)
field operations. We offer the following improvement by analyzing the proof of the Skolem-Noether
theorem in [26, Chapter VIII].

Proposition II1.5.1. Given an effective ring automorphism ¢ of M, (K), K a finite field of
characteristic p, there is a deterministic algorithm using O(n* + dimgz, K) algebraic operations

which finds (D,0) € GL,(K) x Gal(K/Zy) such that X¢ = D™1X°D, for all X € M,(K).

z

Proof. Define g : K™ — Mnp(K) by z — |0| and 7 : K™ — M, (K) by 27 = zgp. Fix a basis

{z1,...,25} of K™ and find the first 1 < i < n such that z;(z;7) # 0 for all 1 < j < n. Set
zi(217) 7

D = : € M,(K). Induce 0 : K — K by a — [(al,)¢]11, then return (D, o).

Zi(TnT)
We summarize how the steps in this algorithm perform the various stages of the proof of

Skolem-Noether, given in [26, Chapter VIII].

Let I be the image of g. As I is a minimal right ideal, the image J := Iy is also a
minimal right ideal. Thus, there is an 1 < ¢ < n such that x;J # 0. Since z;J is a simple right
M, (K)-module, it follows that z;J & K™. As {x1g,...,Zxg} is a K-basis of I, {z17,...,2,7} is
a K-basis of J and so {z;(x17),...,2:(z,7)} is a basis of z;J. Thus D is an invertible matrix in
M, (K). Finally, (al,)¢ = (ao)l,, for a € K, defines a field automorphisms of K. It follows that
X =D"1X7D for each X € M, (K).

The algorithm searches over the set of all 1 < 4,5 < n and tests whether x;(z;7) # 0, a
test which uses O(n?) field operations in K. The additional task of inducing o uses O(dimg, K)

operations in Z,. d
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II1.5.2 Constructive Recognition of Simple x-algebras
Let A be a finite simple x-algebra of characteristic p. There is an elementary yet highly

useful observation that: "

every simple *-algebra is either simple as an algebra, or
the sum of two simple algebras with the involution exchanging (IIL.13)

the two simple factors.

We call the second case a simple *-algebra with erchange involution, that is, (M, (K) ® M,(K),e)
where (X,Y)* = (Y, X*) for each (X,Y) € M,(K) & M,(K). (Note, we could have treated this
simple *-algebra as Adj(d) for a nondegenerate Hermitian bilinear map d : K?" x K?* - K & K
as in [59, Corollary 4.11].)

When A is a simple algebra it is *-isomorphic to Adj(d) where d : K™ x K™ — K is a
nondegenerate Hermitian form (recall from Section II1.2.3 that our meaning of Hermitian includes
alternating and symmetric as well). The proof of this follows from [26, 1X.10-11] and adapts well

to an algorithm:

Theorem IIL.5.2. Given a x-algebra (A, *) with an effective (easily evaluated and inverted) ring
isomorphism ¢ : A — Mp(K) for some field extension K/Z,, there is a deterministic algorithm
using O(n* + dimg, K) algebraic operations which returns an effective *-isomorphism p : (4, %) —

Adj(d) for some nondegenerate Hermitian formd: K* x K* — K.

Proof. Deﬁnevthe ring anti-automorphism e : X — ((X¢~1)*)y, and the ring automorphism
7:X > (X*)" on M,(K). Apply the algorithm of Proposition IIL.5.1 to 7 to find (D,0) €
GL.(K) % Gal(K/Z,) such that X7 = D71X°D, for X € M,(K). Define d : K™ x K™ — K by
d(u,v) = uDv?, u,v € K™ Return u: (4,*) — Adj(d) defined by au := (ap, ap®).

To see that the algorithm is correct, notice that ¢ is now a *-isomorphism from (A, *) to
(M,(K), ). Furthermore, it is easy to check that d(uX,v) = d(u, vX*) for each X € M,,(K) and
u,v € K™ Thus (M,(K),e) is *-isomorphic to Adj(d) via X — (X, X*). Hence the return uis a
*-isomorphism.

For timing we note that the only computation is in apply the Skolem-Noether theorem

which uses O(n* + dimg, K) algebraic operations. a
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II1.5.8 Computing the *-semisimple and *-radical Structure of Adj(b)
‘We require the following generalization of the algorithm of [22] using effective homomor-

phism (Section 111.2.2).

Theorem II1.5.3. There is a Las Vegas algorithm using which, given R C EndV, for a finite

abelian p-group V, returns a set § of effective ring epimorphisms such that:

(i) for each w: R — Endg W in Q, W is a K -vector space so that Endg W is a simple ring and

ker w is a mazimal ideal of R;
(it) for each mazimal ideal M of R there is a unique w € Q such that M = kern, and

(iti) if x,y € R such that xm = ymw then the representatives &',y € R of the pullbacks to R
of zw and yw given by the effective # € Q, satisfy ' = y' (mod pR). Each evaluation or

computation of preimages of w uses O(rank3 R) operations.
The algorithms use O(ra,nk5 V) algebraic operations.

Proof. Pass to R:= R/pR C EndV, V = V/pV, and using [22, Corollary 1.5] compute a Wedder-
burn complement decomposition R = S @ rad R, where S is a subring of R and § = R/rad R ss
fings (note that the direct decomposition is as vector spaces not necessarily as rings).

Now apply the MeatAxe, [21, 23], to S to find a decomposition of V := V/pV into a sum
of irreducible S'-modulés V=Vi®-.-®V, and express R in a basis exhibiting this decompositipn
so that R is block lower triangular. Use an obvious greedy algorithm to find a minimal subset W
of {V1,..., ¥} such that § acts faithfully on (W). Let 7 : R — S be the projection of Z € R to S
given by the vector space decomposition R = S@®rad R. For each W € W, define ny, : R — End W
by zmw = (z 4+ pR)r|w, for x € R. The coset representative of the inverse image of £ € End W
is created by extending £ to V as 5 acting as 0 on each V; # W, 1 <i < (i.e., 5 has  in the W
diagonal bléck of the matrix and 0’s elsewhere), and then returning a coset representative of 5771,
Thus 7 is an effective homomorphism. The algorithm returns the set {my : W € W}.

First we validate the algorithm. If M is a maximal ideal of R then R/M = Endx W
for some field extension K/Z, and K-vector space W. Hence, R/M is a Z,-vector space and so
R/rad R is a Z,-vector space, which proves that pR < rad R and rad R = (rad R)/pR. Therefore,

it suffices to find the projections of R onto its simple factors.
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Since R/pR C EndV we can apply [22, Corollary 1.5]. Hence, we obtain a Wedderburn
complement decomposition R = S @ rad R. As S is semisimple its action on V is completely
reducible and the MeatAxe [21, 23] finds a decomposition V = V; @ -+ @ V| as above. For each
W € W, the map 7y is a ring homomorphism as 7 is a ring homomorphism and W' is an S-module.
Since W is also irreducible it follows that T := Rmy < § is a simple subring of Endg, W. The
appropriate field of scalars is the center K of 7. Thus W is a K-vector space and m 15 a ring
epimorphism onto Endg W with kernel a maximal ideal of R, proving (i). Since W is minimal
with respect to having S represented faithfully on (W), the returned set of epimorphism has one
epimorphism for each maximal ideal of R, thus proving (7).

Finally, for (iii) we note that the representative matrix for the inverse image under 7™ €
Q, of a point in Endg W.is trivial in every block except the block on which 7 is projected.
Furthermore, to evaluate 7, we compute (z + pR)7 which is done by writing  + pR in the bases
of the block decomposition given by {V4,...,V;} and uses O(dim® V) operations. To compute a
preimage of £ under 7 requires we write ¢ in the basis X7 where X is the fixed basis of R. Therefore
the algorithm returns correctly.

For the timing, we note the significant tasks are computing the Wedderburn decomposition
and the use of the MeatAxe, which use O(dim5 V) and O(dim4 V) algebraic operations, respectively

(22, Corollary 1.4], [21, 23]. 7 O

Corollary III.5.4. Given a *-ring (R, *) where R C EndV for an abelian p-group V, there is a .
Las Vegas algorithm using O(rank® V) algebraic operations which returns a set T = {v: (R, *) —

(T, %)} of #-ring epimorphisms.
(i) There is ezactly one v € T for each mazimal *-ideal M of (R, *), and kery= M.
(it) For each v : (R,%) — (T,%) € T cither:

(a) T = (M (K)® M,(K),e) a simple %-algebra with exchange involution, or

(b) T = Adj(d) for a nondegenerate Hermitian form d : K™ x K™ — K.

(iii) If z,y € (R, *) such that zy = yvy then the representatives =',y' € (R, *) of the pullbacks to

(R, *) of zv and yvy given by the effective v € T', satisfy ' =y’ (mod pR).

Proof. We build T" recursively.
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Let I' = (. Using the algorithm of Theorem III.5.3, compute a representative set of ring
epimorphisms © = {7 : R — Endg W} corresponding to the maximal ideals of R. Take 7 € Q
and set M = kernw. Test if M™* = M. If so then apply Theorem IIL.5.2 to construct an effective
isomorphism ¢ : Endg W — Adj(d). Add ¢ to I' and continue. Otherwise, find n’ € Q where
ker 7/ = M*. Then remove 7’ from Q and definey : R — (Endg W®Endg W, o) by rv := (rm,ra’).
Add v to I" and continue.

Theorem II1.5.3 and (II1.13) prove that the algorithm returns correctly and the number

of operations is dominated by the algorithm for Theorem II1.5.3. I

II1.5.4 Self-adjoint Pullbacks
We need an improvement over Corollary I11.5.4.(4i%) which allows us to pull back elements

which are self-adjoint in the *-simple factors to self-adjoint elements of our *-ring.

Lemma IIL5.5. Assume a discrete log oracle for Z,. Let v : (R,x) — (T,*) be an effective
epimorphism and R a ring of characteristic a power of p. Given t € T such that t* = t, there is

an O(rank® R) algorithm which finds an s € R such that sy =t and s* = s.

Proof. Set M := kervy and compute bases for H(M,x*), H(R,*), and the abelian group J :=
H(R,*)/H(M,*). The map ¢ : H(M,*)+z — M +z embeds J isomorphically into H(R/M, ). Fix
a basis X for J and note that images and inverse images of ¢ are completely determined by the basis
and require O(rank® H(R/M, %)) operations to compute. Therefore, ¢ is an effective isomorphism.

Now take t € H(T,*). As « is effective, compute a coset representative r € R of the
preimage ty~1, that is, t = rvy. Hence, M +r € $(R/M,*) and so (M +r).™* € H(R, *)/5H(M, *).
As 71 is effective we have (M + r)t™! = H(M,*) + s for some s € H(R,*). Thus, s* = s and
sy =rvy =1

The timing of the algorithm is dominated by computing bases for the various abelian
subgroups and quotient groups. This uses O(rank® R) algebraic operations and a discrete log

oracle for Z,, (cf. Section III.2.2). O

II1.5.5 PFinding Self-adjoint Frames
Let (R, *) be a finite ring with involution *. We outline how to find a self-adjoint frame

of H(R,*) = {r € R:r* =r}. To do this we require the following lemma:
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Lemma I11.5.6 (Lifting idempotents). Suppose that e € R such that €2 — e € rad R. Then there

is an n € N such that (€2 —e)™ = 0, and setting

" fom—1 ;
gi=en Y ( ; )en-l-fa Y (II1.14)

=0
it follows that:
(i) &2 =¢,
(it) e = é (mod rad R),
(i) T—e=1~¢, and
(tv) If * is an involution on R and e* = e then & = é.

Proof. (i) through (iii) can be verified directly, compare [10, (6.7)]. For (iv) notice that ¢ is a

polynomial in Z[e]. As 1* =1 and e* = e it follows that é* = é. [

Proposition I11.5.7. (i) Given Adj(d) for a nondegenerate Hermitian formd: K" x K™ — K,

there is a deterministic algorithm using O(n®) operations in K which finds a frame of Sym(d).

(i) If (Mn(K) & M,(K),®) a simple x-ring with exchange involution, then £ = {(Ey4, Ey) : 1 <
it <n} is a frame of H(M,(K) ® M, (K),e).

Proof. (i). By Corollary I11.4.3 we know that the set of frames of Sym(d) is in bijection with the
fully refined |-decompositions of d. As d is a bilinear form the fully refined 1-decomposition of
d are parameterized by standard bases; i.e. a bases X of d such that for each x € X there is a
unique y € X such that d(z,y) # 0. Finding a standard basis of d can be done by standard linear
algebra at a cost of O(n®) operations in K. Given a standard basis X of d, create the fully refined
1-decomposition ¥ := {(z) : * € X} and compute associated projection idempotents £ := E£(V).
" This is the return of the algorithm.

(7). This is obvious from Section I11.5.2. ' O

Theorem II1.5.8. Given a *-m'ng (R, *) with R < EndV, V an abelian p-group, there is a Las

Vegas algorithm using O(ra,nk6 R) algebraic operations which finds a frame of H(R,*).
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Proof. Using Corollary I11.5.4 we compute a set I' of *-epimorphisms onto simple *;algebras, one
for each maximal *-ideal of (R,*). Given v : (R,*) — (T,*) € T, use Proposition IIL.5.7 to

compute a self-adjoint frame &, of (T, x). By Corollary I11.5.4.(ii%), we pullback &, to a set
F,={e+pR:e’>=e (modpR),e* =e (mod pR)}

such that F maps to £ via e + pR + ey + pR. Next, using Lemma. II1.5.5, choose coset represen-

tatives f € R for each e + pR € F such that f* = f so that now:
Fy={f+pR:f*=f (modpR),f"=f}

and Fy = &,. Apply Lemma II1.5.6 to the members of F, to create E={f:fe F,}, which is a
set of pairwise orthogonal self-adjoint primitive idempotents.

Since F., projects onto a unique #-simple factor of (R, *), and there is exactly one y € T’
for each maximal #-ideal of (R, *), it follows that F := Ll,erF, is a self-adjoint frame of (R, *).

Now we consider the number of operations. By using Corollary I11.5.4 we use O(raunk5 V)
algebraic operations. Now fix v : (R,*) — (Ty,*) € I’ with Ty = Endx W,,. Proposition II1.5.7
uses O(ranks W.,y) operations. Since }__ rrank W, is at most rankV, it follows that this stage
takes at most O(rank® V) operations.

Next, the computation applies Lemma I11.5.5 which uses O(raml«:3 T,) operations. Since
the bases computed in Lemma II1.5.5 can be reused for each application with respect to a fixed v, it
follows that the total cost of this stage is O (E ver rank® TA,) =0 (Ea,el‘ rank® WA,) = O(rank® V)

operations. [

I11.6 Proof of Theorem III.1.1

Given a finite p-group P of class 2, compute bases for P/Z(P) and P’ and compute a
structure constant representation of b := Bi(Z, Z(P)) (which is straightforward from the definitions
in Section II1.3.1 and (II1.3)).

Next, compute a basis for Adj(b) (Section 111.4.3). Apply Theorem II11.5.8 to find a self-
adjoint fralme & of Adj(b). Induce a fully refined .L-decomposition V = {(P/Z(P))e:e € £} of b
(cf. Corollary I11.4.3).
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Apply Corollary I11.3.4 to produce a fully refined central decomposition of P.
Since rank Adj(b) < log2[P : Z(P))? < log®[P : P'], the total number of algebraic opera-
tions is at most O(log®[P : P']). O

II1.7 Closing Remarks.

III.7.1 Discrete Logs are Required

The discrete log problem for Zy, is: given two elements z,y in an elementary abelian p-
group, determine if y € () [20, Section 7.1]. That is, can we decide if (z,y) is isomorphic to Z,
Or Zy X Ly

This problem occurs in many fields of computational mathematics. It has no known
polynomial-time solution and is generally regarded as a hard problem. A stronger version of the
discrete log problem asks further for an exponent e such that £® = y and this is the version required .
in Section III.2.2 to use [39, Theorem 8.3] for large primes.

Since the abelian centrally indecomposable p-groups are the cyclic p-groups, we cannot
test if an abelian p-group is centrally indecomposable without solving the discrete log problem,
i.e.: determining if (z,y) is Z, or Z, X Z,. For p-groups of general class the situation does not

improve:

Proposition II1.7.1. The discrete log problem for Z, is polynomial-time reducible to testing if a

central decomposition of finite p-group of class 2 is fully refined.

Proof. Let V' = (z,y) be an instance of the discrete log problem for Z,. Set P := pt? x V,
where p'*2 is the extraspecial p-group of order p® and exponent p, in particular, p!*2 is centrally
indecomposable of class 2.

Evidently P is a p-group of class 2 and H = {p'*? x 1,1 x V'} is a central decomposition
of P. Furthermore, H is fully refined if, and only if, V' = (z,y) is cyclic. O

A version of Proposition II1.7.1 for p-groups P of any class ¢ shows that there exists a

centrally indecomposable p-group of any class c.
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III.7.2 Deterministic Version

Suppose that p is small, for instance bounded by log® |P]. In this case the discrete log
problem can be solved by brute force. Furthermore, by replacing the Las Vegas method of [22]
with the original deterministic methods of [24] in the algorithm of Theorem II1.5.3, we can avoid

all use of nondeterministic methods.

II1.7.3 A Faster Las Vegas Algorithm

Suppose that we are only interested in testing if a p-group P of class 2 is centrally inde-
composable. By Theorem II1.3.2, the key step is to prove that Bi(P, Z(P)) is l-indecomposable.
This means that we must prove that Sym(b)/(Sym(b) N rad Adj(b)) is a field. This can be done
without polynomial factorization as we must only verify that various polynomials are irreducible
(see the algorithm of [24, Corollary 5.2]). Testing irreducibility can be done deterministically {57,
Theorem 14.37]. The use of discrete log oracles could also be avoided in this constrained setting
as we use this only in our pullback algorithm Lemma IIL.5.5. So it appears possible that a deter-
ministic method can prove that a p-group of class 2 is centrally indecomposable. (Note, the same
is impossible for abelian p-groups by Section II1.7.1.)

If we can test if a p-group of class 2 is centrally indecomposable in a deterministic and
efficient manner then there is an alternative approach to proving Theorem III.1.1, with discrete
logs reserved only to determine if abelian central factors are centrally indecomposable. The algo-
rithm would replace Theorem II1.5.8 by a random search for self-adjoint idempotents in Sym(b).
Unfortunately, Sym(b) is a (quadratic) Jordan algebra, and there are presently no known estimates
on the the number of zero-divisors in Sym(b) and therefore finding idempotents at random may

not be easy. These questions are being investigated.

IIL.7.4 Parallel Implementation
The algorithm described here is sequential. Recent investigations have revealed alternative
parallel algorithms for associative algebras, and the algorithms added here can be modified to a

parallel setting [64].
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II1.7.5 Finding Orbits of Central Decompositions

In [59], the action of the automorphism group of a p-group P of class 2 and exponent p
was studied. Though not presented in detail, it is clear that the methods here can be used to find
a representative fully refined central decomposition for each Cay p(P')-orbit as described in [59,
Corollary 5.23.(iii})]. The necessary step is to choose an orthogonal basis in Proposition IIL.5.7 with

the desired address in the sense of [59, Definition 5.1].
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CHAPTER 1V

FINDING DIRECT PRODUCT DECOMPOSITIONS

IV.1 Introduction

A polynomial-time algorithm is provided which, given a group of permutations, matrices,
or a polycyclic presentation; returns a Remak decomposition of the group: a fully refined direct
decomposition. The method uses group varieties to reduce to the case of p-groups of class 2.
Bilinear and ring theory methods are employed there to complete the process.

One of the most elementary methods to create a group is through a direct product of other
groups. This immediately suggests the problem of decomposing a group into a direct product of
nontrivial subgroups or proving that no such decomposition exists. By the classical Krull-Remak-
Schmidt theorem, finding one direct decomposition with maximal size is sufficient to understand
all other direct decompositions, as any two maximal direct decompositions are equivalent up to
an automorphism of the group. However, this does not resolve the problem of finding even one
proper direct factor, should one exist. For finite groups G this is a finite problem, but surprisingly
algorithms to accomplish this task use |G|'8 G170 steps, see Section IV.6.1.} Thus such methods
. are impractical and here we present a substantial improvement as seen in the following special case

of our main theorem:

Theorem IV.1.1. There is a polynomial-time algorithm which, given G = (T) < Sy, returns a

direct decomposition of G into nontrivial subgroups: G = Hy X --- X Hy, with £ mazimal.

As every group G can be represented as a permutation group of degree |G|, this leads to
a polynomial-time, in |G|, algorithm to find a direct decomposition of any group. With a careful

analysis we prove that in fact such an algorithm is nearly optimal:

n this work, all logs are with base 2.
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Corollary IV.1.2. There is a nearly linear-time, O~ (N), algorithm which, given the multipli-
cation table of a group G of order N, returns a direct decomposition into nontrivial subgroups

G = H; x -+ x Hy, with £ mazimal.

We have not pursued every notable optimization in the algorithm of Theorem IV.1.1. How-
ever, much of that algorithm adapts to matrix groups and groups given by polycyclic presentations.
To explain this some vocabulary is required.

Groups and subgroups are given by sets of generators. To decompose a group into a direct
product of nontrivial subgroups it suffices to provide a set of generating sets for the members of
the direct decomposition. A group G is directly indecomposable if its only direct decomposition is
{G} - owing to the fact that we do not allow 1 as a direct factor. A Remak decomposition is a
direct decomposition consisting of directly indecomposable subgroups.

We let G,, denote a class of groups suitable for computation, together with a list of
hypothesized routines available for members of G, which are described in Section IV.2.2. If
G = (S) € G, then G is input by O(|S|n) bits of data, and the algorithm’s complexity is nieasured
in terms of |S|n + log |G|. In some domains Gy, there are no efficient deterministic algorithms
for some of the hypothesized routines, but often there are Las Vegas algorithms or the inherent
obstacles appear infrequently in practical settings. Section IV.2.2 expands on these issues. We can

now present our main theorem:

Theorem IV.1.3. There is a deterministic polynomial time algorithm which, given a group G €

G,,, returns a Remak decomposition of G.

IV.1.1 Outline of the Algorithm of Theorem IV.1.3
Thé algorithm works recursively through the following characteristic series of the given
finite group G # 1:
1<G(G) < R(G)<--- < 06(G) < S(G) <G, (Iv.1)

where (;(G) represents the uf)per central series of G, i € Z*, Og(G) is the solvable radical, and
S(G)/0s(G) = soc(G/Os(@)) is the pullback of the socle of G/Os(G). Using this series we

describe the stages of the algorithm.
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e Case: G > Og(G) = 1. This case is settled in Section IV.5.4, utilizing the unique Remak

decomposition of the socle of G to build the unique Remak decomposition of G.

e Case: G = Og(G) > 1. This case is settled in Sections IV.5.1- IV.5.3 and breaks into five

subcases.

— Subcase: G > (3(G) = 1. This case is settled in Theorem IV.5.4, reducing to the case

of p-groups by means of a Sylow system for the group.

— Subcase: G = (1(G) > 1. This case is settled in Section IV.2.3. Here G is a direct
product of cyclic groups of prime power order. To find such a decomposition is routine

but in general relies on factoring and discrete lbgs.

— Subcase: G > (3(G) = (1(G) > 1. This is settled in Section IV.5.3, using a recursive
call to find a Remak decomposition of G/(1(G). Using the algorithm for abelian groups,

the algorithm lifts and reduces that decomposition to a Remak decomposition of G.

— Subcase: G = (3(G) > (1(G@) > 1. This is settled in Sections IV.4.9 and IV.5.1. This
stage of the algorithm uses the bilinear map of commutation of the group G and the
structure of a certain commutative ring. This translates the problem to one of factoring

polynomials over finite fields.

~ Subcase: G > ((G) > (1(G) > 1. This is settled in Sections IV.5.2 and IV.5.3,
using a recursive call to find a Remak decomposition of G/{;(G). Using the algorithm
for nilpotent groups of class 2, the algorithm lifts and reduces that decomposition to a

Remak decomposition of G.

e Case: G > Og(G@) > 1. This is settled in Section IV.5.5 making a recursive call to find
a Remak decomposition of G/Og(G). Then using the algorithm for solvable groups, the

algorithm lifts and reduces that decomposition to a Remak decomposition of G.

The recursive calls in the third and fifth subcases, and the final case, use the same frame-
work. Indeed, the algorithm handles them uniformly through the use of group varieties. That is

carried out in Section IV.4.1.
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IV.2 Background

IV.2.1 Notation

Unless otherwise obvious, we assume all groups, rings, and modules are finite. We use
A — B for the complement of AN B in A, and AL B denotes a union of disjoint sets. In general p
denotes a prime.

Groups, rings, and modules will be denoted by capital Roman letters, i.e.: G, H, etc. Sets
of subgroups, subrings, and submodules will be denoted with calligraphy, for instance, H, X, etc.
Varieties will be denoted in Gothic letters, i.e: %, N, etc.

The direct product of groups A and B is denoted by A x B, whereas the direct product of
rings or modules A and B is denoted by A @ B. Given a set H of groups we let []z.4 H denote
the direct product of the members of H. Given a set H of normal subgroups of G, we use only the
notation (H) := (H : H \E H) for the product of the members in 'H and thus avoid confusion with
the notation [ g4 H. As we contend with many notions of “product” we take care to include the
adjective “direct” whenever appropriate.

Given a group G, our convention is that g := h~!gh and [g,h] = g~1g", for g,h € G.
Also, [H, K] .= ([h,k] : h€e Hk € K) and Cy(K) :={h € H:[h, K] =1}, for H K < G. We
make repeated implicit use of the following: given normal subgroups 4,B,C of G: [4,B] 4G,
[4,B] < AnB, [A,B] = [B, 4], and [4, BC] = [A, B|[A,C].

Set (@) = Cg(1) and inductively define ¢;41(G) > (@) so that (41 (G)/G(G) =
G(G/G(@)), i € Z7; that is the usual upper central series of G. We say that G is nilpotent of
class c if CC(G) =G > (—1(G).

The derived series begins with G := G and recursively GO+1) = [G® G0 i € N. We
call G solvable of derived length d if G(4~1) > G(9 = 1. The solvable radical of G, Og(G), is the _
largest solvable normal subgroup of G.-

The socle of G, socG, is the subgroup generated by all minimal normal subgroups of G.

IvV.2.2 G, and its Hypothesized Routines
For G,, we have in mind permutation groups, matrix groups, and groups given by polycyclic

presentations. More generally, G,, is a class of groups for which:

(i) given G = (S) € Gy, is input using O(|S|n) bits,
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(ii) if H =(T) < G, G € Gy, then H € Gy, and
(iii) the list of hypothesized routines (IV.2.3-IV.2.12) below, are available for members of G.

The complexity of all algorithms is with respect to |S|n+log |G|. The additional log |G| term allows
for recursion through chains of subgroups of G (which have length at most log |G|). In the examples
of G, above, this is implicit since log |G| € O~ (n). Though we discuss current implementation and
complexities for (IV.2.3-IV.2.12), these algorithm can be taken as oracles in that the algorithm of
Theorem IV.1.3 is a deterministic polynomial-time reduction to these hypothesized routines. In
the context of permutation groups, (IV.2.3-1V.2.12) has a deterministic polynomial-time solution,
which leads to Theorem IV.1.1.

Quotients of Permutation Groups: G, = QPERM,. Here G € QPERM, if, and only if,

G = G/M where G = (S) < Sym(), || =n, and M = (T%) < G.

Remark IV.2.1. Theorem IV.1.1 references permutation groups but the algorithm applies also
to quotieﬁts of permutation groups. In fact, it requires this generality (actually the quotients in
IV.2.7). But a benefit of this requirement is that it allows for larger families of groups. For ezample,
extraspecial 2-groups of order 2'7?™ have no faithful permutation representations of degree less than

2™, However, such groups are obvious quotients of a permutation group of degree 8m.

“Proto” Matrix groups: G, = PRMAT(d, q) with n = d?log g, and ¢ a power of a known prime
p. Here G € PRMAT(d, ¢) if, and only if, G = G/(;(G) for some i € N or G = G/Og(G), where
G = (5) £ GL(V), V a d dimensional vector space over F,.

Remark IV.2.2. Working with general quotients of matriz groups would seem the appropriate
context here; however, algorithms for such general settings do not exist. As they are not required,
this generality suffices, and indeed, it this generality alone that is required for permutation group

. setting.

Polycyclic groups: G, = Pc(p1,...,pq) with n = (d;'l) log max{p1,...,p4}, and p; not neces-
sarily distinct primes, for 1 < ¢ < d. Here

_ i o Ciit1) eq
G={(z1,...,zq4|2l* = zipy e xgt, 0 < ey < py,

: . (Iv.2)
. C N i . .
o =z ad 0 <o) <pr1<i<j<d)



83

It follows that every g € G can be written as
g=zi -z, 0<g<p,l<i<d. (IV.3)

Hypothesized Routines.
IV.2.3. Given z,y € G = (S) € G, compute xy, z*, and test if x = y.
IV.2.4. Given G = (S) € G, return |G|

IV.25. Gven H= (T)<G@=(S) G andz € G, test ifx € H. If x € H then also return x

as a word (or straight line program) in T'.

The routines (IV.2.3-1V.2.5) are interrelated. For QPERM,, and PRMAT(d, ¢) both zy and
x~! can be computed efficiently by obvious means. To test x = y requires testing equality of cosets
in some instances, and is thus essentially equivalent to (IV.2.4) and (IV.2.5).

Deterministic polynomial-time algorithms for (IV.2.3-1V.2.5) for QPERM are in [29, P1].
For PRMAT(d, q), these problems presently require many of the methods of the ongoing matrix
group project, [46]. Many of those methods are nondeterministic Monte Carlo and Las Vegas
routines, and also require large integer factorization and discrete logs (see [57, Chapter 19, p.
569]) — though in practice these are reportedly of little concern.? Deterministic polynomial time
algorithms are known for restricted classes of matrix groups including solvable groups involving
only small primes {38, Theorem 3.2} and other generalizations as in [41].

For groups in Pc, none of these problems have polynomial-time solutions at present. The
most popular method to test equality is through (IV.3). However, the known methods to write
words w(z1,...,%4) as a words of the form (IV.3) have exponential complexity, even in the average
case [35]. An improvement was given for p-groups in [36], but the complexity of that algorithm is
not established. However, the domain Pc has a great deal of successful uses in practice. and is
often the easiest method to input solvable groups. In this case the algorithm of Theorem 1V.1.3

will not be polynomial-time but rather will use a polynomial number of group multiplications.
IV.2.6. Given |G| for G = (S) € Gy, return the primary factorization of |G|.

For G € QPERM,, the prime divisors of |G| are at most n and so the factorization is

always easy. For G € Pc(py,...,pq), following (IV.3), |G| divides p; ---pg. To factor |G| is

2Thanks to C.R. Leedham-Green for communicating the state of these at Groups and Computation V.
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straight forward as the primes {pi1,...,pq} are known. If G € PRMAT(d,q) this routine can

involve the difficult problem of factoring ¢* — 1 for various 1 < i < d.

IV.2.7. Given G = (S) € G, and M € {(1(G),(2(G), ..., 0s(G)}, return H = (T) € Gy, and
an isomorphism ¢ : G/M — H, where f(n) is a polynomial in n independent of G.

For the domains QPERM,,, PRMAT(d, q), and Pc(p1,...,p4), this routine is trivial, with
f(n) = n, as these classes are closed to quotients by these subgroups. If we consider simply the
class of permutation groups (without quotients) then it is not even clear that quotients of this

form have faithful permutation representations of degree a polynomial in n.

IV.2.8. Given M = (T®) QG = (S) € Gy, return Ca(M). Consequently, given G = (S) € G,

and i € Z*, return the i-th upper central series term (;(G).

For QPERM see [29, P7]. This presently depends upon the classification of finite simple
groups. For PRMAT we have not found a treatment of this problem; however, for solvable matrix
groups this is solved in [38, Theorem 3.2.(8)] under the assumption that all primes in the order
of the group are small. That condition can be removed by hypothesizing routines for integer
factorization and discrete logs, and it is possible that methods from the matrix group project

apply for the general matrix group setting. For P¢ see [20, Section 8.8.2].
IV.2.9. Given G = (S) € G,, return the solvable radical: Os(G).

For QPERM see [29, P29]. As the groups in PC are solvable, there G = Og(G) so the
problefn is trivial. For PRMAT this problem has long been studied as part of the matrix group
project, but has not been resolved in general, though in many situations this can be computed;

see [46, Section 1.3].

IV.2.10. Given G = (S) € G, with Og(G) = 1, return a minimal normal subgroup of G. Conse-

guently, also find the socle of G: socG.

See [29] for QPERM and [46, Section 1.3] for PRMAT. For groups G > 1 in P¢, Og(G) =

G > 1 so this problem is not applicable..

IV.2.11. Given a solvable group G = (S) € G, return a Sylow system P = {P1,..., P} of G: P,

o Sylow subgroup of G for 1 <i<t, G=P-- P, and P;P; = P;P; for1 <1i,5 <t.
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For details on the existence and uniqueness of Sylow systems see [11, Section I.4].

For Pc see [13], for QPERM [29, P13}, and for PRMAT [31].

IV.2,12. Given H =(T) < G = (5) € Gy, return K < G such that G = Hx K, or prové that no

such K exists.

(IV.2.12) was solved independently by E. M. Luks and C.R.B. Wright in 2004 in a back
to back lectures given at the University of Oregon. Earlier Holt and Luks independently produced
polynomial-time algorithms to find a complement K .to H in G, though possibly not a direct
complement; see for instance [30, Proposition 3.8]. Their methods are essentially the same and

can be viewed as applications of 1-cohomology. Coupled with the (IV.2.8), this leads to:

Theorem IV.2.13 (Luks, Wright; 2004 (unpublished)). Given a method to find general comple-
ments and solutions to (IV.2.5) and (IV.2.8) in G,, there is a deterministic polynomial time

algorithm which solves (IV.2.12).

Proof. Let G € G,.

Algorithm. Use (IV.2.5) to determine if H < G. If not, then report that H is not a
direct factor of G. Otherwise, use (IV.2.8) to compute Cq(H) and Z(H). Use (IV.2.5) to test if
G < HCg(H) and if not, report that H is not a direct factor of G. Next, find a general complement
K < Cq(H) to Z(H), if one exists, and return K; otherwise, report that H is not a direct factor
of G.

Correctness. Evidently, G = H x J, for some J < G, requires that H < G, Cq(H) =
Z(H)x J,and G = HCg(H). Therefore, a negative return is given only if H is not a direct factor.

Now supbose that H is a direct factor of G. Then every direct complement of H lies in
Cg(H). Furthermore, a direct complement of H is also a direct complement of Z(H) in Cg(H).
As Z(H) is central in G, so also in Cg(H), a complement X < Cg(H) to Z(H) is a direct
complement to Z(H). Furthermore, HNK < HNCg(H) = Z(H),so HNK < Z(H)NK = 1.
Also, HK > HZ(H)K = HCg(H) = G. Finally, [H, K] =1s0 G=H x K.

Timing. The algorithm makes a bounded number of calls to assumed routines. O

Remark IV.2.14. For clarity we point out that the only computational domains considered here
which have deterministic polynomial time algorithms. for each of the hypothesized routines are

quotients of permutation groups and solvable matriz groups whose orders involves small primes.
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IV.2.83  Abelian p-groups, Bases, Effective Homomorphisms, and Solving Systems of Equations

A basis of a finite abelian p-group V is a subset X' of V such that V = D, 5 (z). Every
basis of V' gives a natural isomorphism to Zye; @ <« @ Zpes for e; < --- < e; € Z+. Operating
in the latter representation is preferable to V’s original representation and we assume all abelian
groups are handled in this way. Each endomorphism f of V' can be represented by an integer
matrix F = [Fy;] such that p®~%|F;;, 1 <4 < j < s, and furthermore, every such matrix induces
an endomorphism of V' (with respect to X') [19, Theorem 3.3].

In various places we apply homomorphisms and isomorphisms between finite abelian p-
groups, rings, and algebras. We say a homomorphism is effective when it can be evaluated efficiently
- for instance with the same cost as matrix multiplication — and a coset representative for the
preimage of an element in the codomain can also be found efficiently. This means that effective
isomorphisms are easily evaluated and inverted.

Suppose we have a system of Z.-linear equations with solutions in a Zpe-module V. There
are efficient deterministic methods to find a basis of the solution space of the system [39, Theorem
8.3]; however, it is essential to note that for a large p, this process assumes a discrete log oracle
mod p. However, we have elected to assume (IV.2.5) which incapsulates this problem for iarge D

and so we do not make explicit mention of the discrete log problem below.

Proposition IV.2.15. There is a deterministic polynomial time algorithm which, given an abelian

group in Gy, returns a Remak decomposition of the group.

Proof. Let G € G, be abelian.

Algorithm. Use (IV.2.4) and (IV.2.6) to compute and factor N := |G|. For each prime
p|N, let ﬁp be the p’ part of N, and set G, := G™». Use [39, Theorem 8.3] to find a basis A, for
Gyp. Return | [{(z) :z € X, }.

Cor?tlej;ltness. The subgroups G, are the p-primary components of G and so [39, Theorem
8.3] applies. Furthermore, G =], ~n{Ap), and (X) =]], c»(z) by the definition of a basis.

Timing. The algorithm applies deterministic polynomial time methods. As log|G| < n,

the number of applications of these routines is polynomial in n. O
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IV.2.4 Rings, Idempotents, and Frames

All our rings will have characteristic a power of p and are input with a basis. Furthermore,
each of our rings will be represented in End V' for some abelian p-group V and thus multiplication
is the usual matrix multiplication.

Let R be a finite ring. An element ¢ € R is an idempotent if ¢ = e. The trivial
idempotents are 0 and 1 and all other idempotents are called proper. Two idempotents e and f
are orthogonal when ef = 0 = fe. Given any idempotent e, 1 — e is also an idempotent and is
orthogonal to e, and if f is orthogonal to e then f(1 —¢€) = f = (1 —e)f. A set £ of pairwise
orthogonal idempotents is supplementary if 1 = Y ece € An idempotent is primitive if it is not
the sum of proper pairwise orthogonal idempotents. Finally, a frame is a supplementary set of
primitive pairwise orthogonal idempotents.

As R is finite, it follows that R has a frame and any two frames of R are conjugate under
a unit of R [10, p. 141]. The unique size of a frame we call the capacity of R. If R has capacity 1
then we say R is a local ring. As idempotents are not quasi-regular, they lie outside of the Jacobson
radical J(R) of R. Thus, a frame of R induces a frame of R/J(R). We have occasion to use the

following classic formula for the lifting of idempotenﬂs:

Lemma IV.2.16 (Lifting idempotents). Suppose that e € R such that €2 — e € J(R). Then there

is ann € N such that (e* — €)™ =0, and setting

é:= ”nil (2”; 1) e"17I(1 - e) (1V.4)

J=0
it follows that:
(i) & =é,
(#) e = é (mod J(R)), and
(i) T—e=1-e.
(iv) If € is a frame of R/J(R), then € :={é: e € £} is a frame of R.

Proof. (i)—(iii) are verified directly, compare [10, (6.7)]. For (iv) note that J(R) consists of nilpo-
tent elements as R is finite. By (i), € is a set of idempotents of R. Given e € &£, we have assumed

that 1 —e = Zfeé'—{e} f, and so by (ii7) & is orthogonal to f for all § € & — {e}. Finally, by (i),
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if é is not primitive in R then e is not primitive in R/J(R), which contradicts our assumptions.

Thus & is a frame of R. : (|

Consequently, if R is a finite commutative ring, then R/J(R) is a product of fields and so
there is a unique frame £ of R; that is, {Re : e € £} is the unique direct decomposition of R into
commutative local subrings.

Let R be a finite ring and V a finite (left) R-module. If S is a subring of Endr V then
every idempotent e € S decomposes V into R-modules: V = Ve ® V(1 — ¢). In general a direct
decomposition X of V' determines a supplementary set £(X) of pairwise orthogonal idempotents
which are the projection endomorphisms to the various components. If instead we start with a
set £ C EndrV of supplementary pairwise orthogonal idempotents then the associated direct

decomposition is denoted X (€) := {Ve: e € £}. Notice that £(X(£)) = £ and X(E(X)) = A.

IV.2.5 Biadditive and Bilinear Maps

Let V and W denote finite abelian groups. A map b: V x V — W is biadditive if
blu +u',v + ') = b(y,v) + b(v', v) + b(u, v') + b, v"), (IV.5)
for all u,u'v,v" € V. Define
b(X,Y) = (b(z,y) :z€ X,y €Y) (Iv.6)
for X, Y C V. If X <V then define
bx : X x X — b(X, X) (IV.7)
as the restriction of b to inputs from X. The radical of b is
radb:={v € V:b(v,V)=0=5bV,v)}. (Iv.8)

We say that b is nondegenerate if radb = 0.
If R is a ring, then a biadditive map b: V' x V — W is R-bilinear if V and W are (left)
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R-modules such that
b(ru,v) = rb{u,v) = b(u, rv), VYu,v € V, and r € R. (Iv.9)

We say b is faithful R-bilinear when Anng VN Anng W = 0, where the annihilator of an R-module
Vis Anng V = {r € R: vV = 0}. Every biadditive map is also Z-bilinear. More generally, if R is
a subring of S and b is S-bilinear then b is also R-bilinear. In that case rad b and b(V, V') are both

R- and S-modules.

IV.2.6 Representing Bilinear Maps for Computations
Assume that b: V' x V — W is a Zp.-bilinear map. Let A and Z be ordered bases of V'
and W respectively. We define BSY) € Z,e by

b (Z $4T, Z tyy) = Z Z sxtyBgzy)z, Vg, 8y € Lpe,z,y € X. (IV.10)

zEX yeX T, yEX 2€Z

Set

Bey =Y B@z  VrnyedX;
z€Z

s0 that B = [Bgylz,yex is an n x n-matrix with entries in W, where n = |X|. Writing the elements

of V' as row vectors with entries in Zpe with respect to the basis &’ we can then write:
b(u, v) = uBv?, Yu,v € V. (IV.11)

Take F, G € End V, represented as matrices with respect to the ordered basis X. Define
FB and BG" by the usual matrix multiplication, but notice the result is a matrix with entries in
W. Evidently, (F+ G)B = FB+ GB, F(GB) = (FQ)B, and similarly for the action on the other
side of B. If H € End W then define B¥ by [B¥), , := By H for each x,y € X. The significance

of these operations is seen by their relation to b:
b(uF,v) = uFBv', b(u,vG) = uBG'", and b(u,v)H = u(B¥)vt (IV.12)

forall u,v € V.
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IvV.3 Direcf Decompositions

In this section we develop various properties of direct decompositions. Qur principal aim
is to establish when direct products can be lifted from direct products of a quotient (Subsection

IV.4).

IV.8.1 Normal, Central, and Direct Decompositions

A set H of normal subgroups of a group G is a (normal) decomposition of G if H generates
G but no proper subset does. Evidently, 1 ¢ H. Thus, if G = 1, its the only decomposition is {.

A decomposition H is central if [H, (H —{H})] = 1 for each H € H, or direct if HN{H -
{H}) =1 for each H € H. Direct decompositions are also central decompositions.

If H is a decomposition where [H, K| = 1 for distinct H, K € H, then [H,(H —{H})] =1
so H is a central decomposition.

A subgroup H < G is a direct factor of G if there is a direct decomposition H of G with
H € H. Notice H # 1.

Remark 1V.3.1. Central decompositions are in the internal description of central products while

direct decompositions are the internal description of direct products.
Remark IV.3.2. Suppose that G = (H) = (J) for some sets of subgroups J C H.-
(¢) If [ H,(H —{H})] =1 for each H € H, then K < Z(G) for each K € H - 7.

(it) f HN(H—{H}) =1 for each H € H, then K =1 for any K € H—J. Thus, the definition

of direct decompositions given in the introduction agrees with definition just given.

Proposition IV.3.3. If H is a normal, central, or direct decomposition of G and K is a subset

of H, then K is a normal, central, or direct decomposition of (KC), respectively.

I1V.8.2 Finer and Coarser Decompositions

A sét H of subgroups of a group G is finer than another set K of subgroups of G if

K=(HecH:H<K), VKEeK. (IV.13)
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Note this is not the same as H C K. Evidently this gives a partial ordering on the decompositions

of G with top element {G}. We also say that K is coarser than M, or that H refines K.

Remark IV.3.4. Note that we have not required that H and K be decompositions in the definition

of refinement. This allows us to speak of refinements of induced sets as in (IV.14)-(IV.16), below.

Proposition IV.3.5. Suppose that H is a finer decomposition than K. If H is normal, central,

or direct, then K is central or direct, respectively.

Proof. If every member of H is normal then any group generated by a subset of H is normal; thus,
the members of K are normal. Now assume H is central and fix K € K. As (K - {K}) = (H €
H : H £ K) it follows that

K, (K- {K})] = (H,(HeH:H¢£K):HeHH<K)

< (H(H—{HN:HeH,H<K)=1
So K is a central decomposition. Finally assume that H is a direct decomposition, Note that
Kn(K-{K})y=(HeH:H<K)N(HeH:H%K).

As 'H is a direct decomposition, each g € G is expressed uniquely as g = ]y 91, 95 € H. If
geKN(K—-{K})thenge Ksogy=1forall HL K, H€ H. Also,g € (K~ {K})sogg =1
for all H < K, H € K. Hence, g = 1. O

IV.3.8 Induced Decompositions and Generically Split Subgroups
Let M be a normal subgroup of a group G and H a set of subgroups of G. The following
notation is convenient (coincidences can occur, but the resulting objects are sets so coincidences

are ignored):

HNM := {HNnM:HecH}-{1}, (Iv.14)
HM = {HM:HeH}—-{M}, and (IV.15)
HM/M = {HM/M:HeH}-{M/M)}. (1V.16)
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Remark IV.3.6. If H is a decomposition, it is generally possible to that HNM, HM, or HM/M

is not a decomposition of M, G, or G/M, respectively.

Proposition IV.3.7. Let G be a group with a direct decomposition H. If MG and M = (HNM)

then:
(i) HN M is a direct decomposition of M;

(i) HM = KM for H, K € H implies H K < M (so HM, HM/M, and H—{H € H: H < M}

are in bijection);
(iii) HM/M is o direct decomposition of G/M; and
(iv) if NG with N=((HNN) then MNN=(HNMNN) and MN = (HNMN).

Proof. (i). Suppose that M = (HNM). T HNM € HN M, then HN M < M. Furthermore,
(HNnMYN(HNM - {HNnM}) < HNn(H—{H}) =1. By definition, 1 ¢ HN M, and so HN M
is a direct decomposition of M.

(¢3). Fix HHK € H,H # K. Set J := (H—{H, K}). By PropositionIV.3.5, G = HxKx.J
and by (1), M =(HNM)x (KNM) x (JNM). Thus,

HM

H x (KN M) % (JN M),

KM (HNM)x K x (JnM).

i

IfHM = KM then H=HNM and K = KN M.

(141). As G = (H) = (H, M) it follows that G/M is generated by HM /M and the members
of HM/M are normal in G/M.

Fix H € H. Clearly M < HM N (H — {H})M. Next we reverse the inequality. Set
Ji=(H—-{H}),s0 G=HxJ. SoHM = H x(JN M) and JM = (H N M) x J. Thus
CHMNJM = (HNM)x(JNM) = M. Furthermore, HM is in bijection with H—{H e H: H < M}.
So ‘

(H—{H})M = {KM: K ¢ H, K £ M, K # H} = HM — {HM}.

Thus, (HM/M)N (JM/M) = M/M implies (HM/M)N (HM/M — {HM/M}) =1. As M/M ¢
HM/M (by (IV.16)) it follows that HM/M is a direct decomposition of G/M.
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(iv). Let g € M NN. By (i), HN M is a direct decomposition of M and since g € M,
it follows that g = [[q he for unique hy € HN M, H € H. Similarly, H N N is a direct
decomposition of N and by the ﬁniqueness of the hyr, it follows that hy € H N N, and so
hge HNMNN. Thus MNN<(HNMNN)y<MnNN.

The argument for MN = (H N MN) is equally transparent. O

Definition IV.3.8. A subgroup M <G is generically split if given any direct decomposition H of

G, then HN M is a direct decomposition of M.

Evidently 1 and G are always generically split. Furthermore, Proposition IV.3.7.(iv) show
that the set of all generically split subgroups of G form a lattice. In Section IV.4.3 we uncover a

great number of generically split subgroups but for now we give some simpler examples.

Example IV.3.9. (i} IfG Z3 then the only generically split-subgroups are 1 and G.
(m) In any group, the subgroups ¢;(G) are generically split; see Proposition IV.4.11.(7).
(#3) In any finite group, the solvable radical is generically split; see Proposition IV.4.11.(i1).

Proposition IV.3.10. If M < N are normal subgroups of G such that M is generically split in N
and N is generically split in G, then M is generically split in G. In particular, every characteristic

generically split subgroup of N is generically split in G.

Proof. Let H be a direct decomposition of G. As N is generically split in G, N N H is a direct
decomposition of N. As M is generically split in N, also M N(NNH) = MNH is a direct

decomposition of M. Thus, M is generically split in G. O

1V.8./ Krull-Remak-Schmidt Reduz

We make crucial use of the classical theorem for direct products of groups:

Theorem IV.3.11 (Krull-Remak-Schmidt). Let G be a finite group with Remak decompositions
H and K. Then for each J C H, there is a ¢ € Cawe(InnG) such that T C K and Hy =
(H—-J)UJTe. In particular, there is a ¢ € Cpua(InnG) with He = K.

Proof. See [49, (3.3.8)]. O
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Remark IV.3.12. Theorem IV.8.11 was proved by Remak in his 1911 thesis [48]. Over the
next two years, Remak and Schmidt exchanged successive improvements in the proof concluding in
Schmidt’s 3 page proof [52].

Krull was 12 years old at the time of these results, but 14 years later contributed a version
for modules [33], a simpler but widely used version of the theorem. Modern group theory texts
synthesize both versions into one statement involving operator groups. Incomprehensibly, Remak’s

name is sometimes dropped from the title.

Remark IV.3.13. The Krull-Remak-Schmidt theorem is a hybrid of an exchange theorem (in the
sense of a matroid) and a transitivity theorem. Both of these interpretations are used in the proof

of Theorem IV.1.38.
We need the following consequence:

Corollary IV.3.14. Let G be a finite group, H a direct decomposition of G, and R a Remak

decomposition of G. Then
(i) RM refines HM whenever Z(G) < M <G, and
(7)) RN M refines HN M whenever M <G, M < G'.
Hence, RZ(G) and RNG' are uniquely determined by G, and Aut G acts on both sets.

Proof. (i). Let K be a Remak decomposition which refines # (there always is one). By Theorem
IV.3.11, there is some ¢ € Cawe(InnG) such that R = K. As ¢ € Cane(InnG), [z,¢] €
Z(G) < M (see [49, 3.3.6]) and we have that My = zM for all z € G. So RM =RMyp = KM.
As KM refines HM ,Aso does RM.

(7). The argument is identical to (¢) except that it relies on the fact that [z, y|p = [z,]
forallz,y€ G. SoRNM =Kn M. u

Remark IV.3.15. The sets RM, HM, RN M, and HN M in Corollary IV.8.14 need not be
decompositions in our strict sense; see Remark I V.8.4 and Remark IV.5.6. The special cases
M =Z(Q@) or M = G lead to direct decompositions in the respective subgroups or quotient groups

by Proposition IV.4.11.

Proposition IV.3.16. Let G be a group and Z{G) < M < G such that M is generically split.
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(i) D(M) := {HM : 'H a direct decomposition of G} is a boolean lattice under the partial ordering
of refinement; see (IV.13).

(i) If H = HM is a normal decomposition of G, then there is a direct decomposition K of G
such that H refines KM and so that if H refines TM for a direct decomposition J of G,
then KM refines T M.

Proof. (i). Let R be a Remak decomposition of G. As M is generically split, RM is in a bijection
with R(M) :== R —~ {R € R : R < M}, Proposition IV.3.7.(i1). By Corollary IV.3.14.(¢), this
bijection is induces a lattice isomorphism between D(M) and the boolean lattice of partitions of

(#1). Let S = {K € D(M) : H refines K}. Evidently {G} € 8§ so S # 0. The meet XM of

the members of S satisfies the conclusion. 0

IV.4 Pulling Back Direct Decompositions of Quotient Groups

In this section we develop a method to create direct decompositions of a group G from
direct decompositions of G/M, for selected M < G. The quotients required by the algorithm
for Theorem IV.1.3 (as outlined in Section IV.1.1) are handled uniformly using group varieties.
Sections IV.4.1 and IV.4.2 introduce necessary vocabulary and objects. Sections IV4.3and IV.4.4
develop the relationship between direct decompositions of G/M and direct decompositions of G.
Finally, Section IV.4.6 provides the algorithms to pullback direct decompositions of G/M to direct

decomposition of G.

1V.4.1 Group Varieties 0, Verbal Subgroups W(G), and Marginal Subgroups W*(Q)

In this section we review group varieties, verbal, and marginal subgroups.

Throughout this section let X be a countable set and W # @ a subset of the free group
F(X) on X. Given a group @ and a function f : X — @, define f : F(X) — G as the induced
homomorphism with zf = zf, z € X. If X is enumerated as X = {z1,x2,...} then we may treat
V'w € F(X) as a function in the variables X, denoted w(zl,zg,r. ..),and f: X — G as a sequence
(91,92, - -.) of elements in G where z;f = g;, i € Z+. In this way wf = w(g1,g2,...), compare

[44, pp.3-4].
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The W-verbal subgroup of G is
W(G) = (wflweW,f: X - Q). (Iv.1m)

This is the subgroup generated by all evaluations of the words in W with elements from G.
Given fif' + X — G we form the product ff’ : X — G pointwise. Thus, in the indexed

sequence notation above we have:
wff’ = w(g191, 925 - --) (1v.18)

forw e F[X], g; =a:f and g} =z, f', i € Z™.
The counterpart to verbal subgroups are the W-marginal subgroups introduced by P. Hall
[17].

W*(G) = {a’ €EG l w(gl7" +39i—1,095, Git1y - - -) =w(gly' .. 7gi—lygi’gi+17"')’

(Iv.19)
Vg; € G,i € ZT,w e W}
However, we will prefer the definition in the following equivalent formulation:
Nullxoe(W) = {f": X > G|wfif=wfVf: X — G,Vwe W}, (Iv.20) .
wWH@) = U im f. (Iv.21)

feNullx_,g(W)

Notice f/: X — G has im f' C W*(Q) if, and only if, ' € Nullx_,o(W).
Verbal subgroups are fully-invariant (F. Levi, [17]) while marginal subgroups are in general

only characteristic (P. Hall, [17]).

Example IV.4.1. (i) Let [z1] := z1 and [z1,...,Zct1] = [[21,- 1Ty Tet1], c €N If W, =
{[z1,... ,%}1]}, then W(Q) = vy.4+1(@), the {c+1)-st term in the lower central series. Also,
WX(Q) = ¢((Q), the c-th term in the upper central series of G [49, 2.3].

(it) Let §(z1) = zy and §(z1,...,T9a01) = [6(z1,...,T04),0(Todyy,...,Toa+1)], d € N. If
Wa = {§(z1,...,72)}, then Wgy(GQ) = GD s the d-th derived group of G. It appears

that W*(G) is not generally encountered and has no associated name. However, a philo-
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sophically appropriate title might be the d-th upper derived subgroup of G, since W}(G) is a
solvable group of derived length d. However, it is not generally true that the quotients of the

series Wiy (G) > Wi (G) 2 -+ are abelian.
Proposition IV.4.2, Given a class B of groups, the following are equivalent:
(1) there is a countable nonempty set W of words such that G € U if, and only if, W(G) = 1;

(ii) (P. Hall) there is a countable nonempty set W of words such that G € U if, and onlyvif,
W*(G) =1;

(iii) (G. Birkhoff) 1 € 0 and U is closed to homomorphic images, subgroups, and direct products.

If U satisfies any of these properties then U is called o variety of groups.. Given a set of words,

_the associated variety is denoted B(W).
Proof. See [49, 2.3]. a

Remark IV.4.3. Given sets of words W, W' C F[X], it is be possible that B(W) = B(W') with
W # W'. Therefore, the subgroups W (G) and W*(G) are not necessarily determined by the variety
B(W), but rather by set of words W.

Example IV.4.4. (i) The variety N, := V([z1,...,%c+1]) 45 the class of nilpotent groups of
class at most ¢ (32, Theorem 8.9].

(i) The variety Gq := B(d(z1,...,2)) s the class of solvable groups of derived length at most
d [82, Theorem 3.20].

Definition IV.4.5. A U-subgroup H of a group G is a subgroup contained in the variety U.

Proposition IV.4.6. Let U :=B(W) be a group variety and G a group. If H is a U-subgroup of
G then so is W*(G)H, that is: W*(G)H € 1.

Proof. Let f: X — G with im f C W*(G)H. As each element of W*(G)H has the form ah for
a € W*(G) and h € H, choose functions f’, f” from X to G where im f' C W*(@G), im f” C M,
and f = f/f" (pointwise). By the definition of W*(G), wf = wf'f7 = wf" for all w € W. As
HecY, W(H)=1andsowf" =1forallw ¢ W. Thus, wf=1forallw € Wandal f: X -G
with im f C W*(G)H; that is, W(W*(G)H) =1 and hence, W*(G)H € 0. |

3Peter Neumann informs me that for reasons such as this, marginal subgroups are not generally used except in
the context of nilpotent groups. Indeed, they do not appear in [11].




98

IV.4.2 D-cores: Ogy(G)
Following Remark IV.4.3 we know that W*(G) may depend on the choice of W and
might not be uniquely determined by the variety 2(W). In this section we define a characteristic

subgroup Og(G) of G with properties similar to W*(G) which depends only on U(W), not W.
Definition IV.4.7. Fiz a variety U and a group G.

(i) A subgroup M < G is o maximal normal U-subgroup if whenever M < N <G and N € T,

then M = N.
(ii) The Y-core, Ox(G), of G is the intersection of all mazimal normal Y-subgroups of G.

As 1 € 1, the set of maximal normal 2-subgroups of a group G is always nonempty. It
can be a singleton set, Examples .(it)-(i1), but it need not be, Example .(¢). Also note that U is

closed to subgroups so Og(G) € V.

Example IV.4.8. (i) On,(G) is the intersection of all mazimal normal abelian subgroups of G.
Generally there can be any number of mazimal normal abelian subgroups of G so Om,(QG) is

not a triwial intersection.

(ii) Om, (G) is the intersection of all mazimal normal nilpotent subgroups of G with class at most
c. If e > log |G| then all nilpotent subgroups of G have class at most ¢ and therefore Om, (G)

is the Fitting subgroup of G: the unique mazimal normal nilpotent subgroup of G.

(i11) Similar to (it), O ,(G), d > log|G|, is the unique mazimal normal solvable subgroup of G,

i.e.: the solvable radical Os(QG) of G.
Proposition IV.4.9. Let B := V(W) be a group variety and G o group. Then
(i) W*(G) < Oy (G), and
(ii) if M <G then Oy(G)Og(M) is a normal B-subgroup of G.

Proof. (i). By Proposition IV.4.6, every maximal normal 2-subgroup of G contains W*(G).

(7). As M < G and Og(M) is characteristic in M, it follows that Oy (M) is a normal
$0-subgroup of G. Thus, Oy (M) lies in a maximal normal U-subgroup N of G. As Oy(G) < N
we have Og(G)Og(M) < N € U. As U is closed to subgroups, it follows that Oy (G)Ou(M) is
in 0. a
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Remark IV.4.10. (i) If W,W' C F[X] with B(W) = B(W'), then Ogw)(G) = Ogwn(G)
and (W")*(G) < Ogw)(G). '

(i) It is possible to have W*(GQ) < Ogyw)(G). For instance, with My = B([z1,23]) and G =

S3 x Cy, the marginal subgroup is the center 1 x Cg, whereas the MN1-core is C3 x Cs.

I V.'4.3 Induced Decompositions with Margins and Cores

We now prove that marginal and core subgroups behave well when considering direct

decompositions, Throughout we assume W C F[X] and T = G(W) as defined in Section IV.4.1.
Proposition IV.4.11. Let G be a finite group with a direct decomposition H. Then

(i) HOW*(Q) = {W*(H) : H € H}, this is a direct decomposition of W*(G), and HW*(G)/W*(G)
is a direct decomposition of G/W*(G); and .

(i) HNOw(G) = {Ox(H) : H € H}, this is a direct decomposition of Og(G), and HOx(G)/Ox(G)

is a direct decomposition of G/Og(G).
In particular, margins and cores are generically split subgroups for any set of words and any variety.

Proof. (i). We must show that X N W*(G) = {W*(H) : H € H} and by Proposition IV.3.7
that W*(G) = (HNW*(G)). If H = {G} then these are true trivially. Fix H € M and set
K= (’H—{H}) By induction we may assume that (H—{H})NnW*(K) = {W*(K) : K e H—{H}}
and this is a direct decomposition of W*(K).

As G = H x K, every f : X — G decomposes uniquely as f = fg x fi, where fg :
X — H, fix : X — K. Moreover, if w € W, then wf = wfg X wfk. Take fg X — H with
im f; € W*(H), and fj : X — K with im f. € W*(K), and define f' : X — G by f' = f; x f§-
Thus, by the definition of W*(H) and W*(K), for each w € W:

wif'f = w(fy X i) % Ix) = Wi fa) x Wfjcfx) = (wfn) x (wig) =wf.  (1V.22)

Thus im f* C W*(G) and hence W*(H) x W*(K) < W*(G). Whence, W*(H) < HNW*(G) and
W*(K) < KNW*(G). We now reverse these last three inclusions.

 Fix f': X — W*G). So f' = fi x flc where fiy : X — H, fl : X — K with
im fiy € HNW*(G) and im f, € KNW*(G). Take fy: X - H, fr: X — K, and w € W, and
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compute:

(Wit fr) X (Wi fx) =wf'(fu % fx) =wfy X fx =wfg x wfk. (Iv.23)

As G = H x K, it follows that wf}; fg = wfg and wfgfx =wfk. Thus, HNW*(G) < W*(H),
KnW*(G) < W*(K), and W*(G) < W*(H) x W*(K). So HNW*(G) = W*(H), KNW*(G) =
W*(K), and W*(G) = W*(H) x W*(K). Thus, by induction (%) is proved.

(14). Let H € H and K := (H — {H}). Let M be a maximal normal U-subgroup of
G = H x K. Let My be the projection of M to the H-component. As 0 is closed to homomorphic
images, My € . Furthermore, My < H so there is a maximal normal Y-subgroup N of H such
that Mg < N.

We claim that M N € 0. .

As G =H x K, every g € M has the unique form g = hk, h € H, k € K. As My is the
projection of M to H, h € Mg < N. Thus,g,h€ MNsok € MN. Thus, MN = N x Mg, where
My is the projection of M to K. Now let ¥ = U(W) and fix w € W. For each f: X - MN,
write f = fi X fx where fx : X — N and fx : X — M. Hence, wf_=wm=wf_waf—K.
However, W(N) = 1 and W(Mg) = 1 as N,Mg € ©U. Thus, wf = 1, which proves that
W(MN)=1. So MN € T as claimed.

As M is a maximal normal U-subgroup of G, M = MN and N = My. Hence, HNM =
N is a maximal normal U-subgroup of H. So we have characterized the maximal normal U-
subgroups of G as the direct products of maximal normal U-subgroups of members H € H. Thus,
HNOy(G) = {Ow(H) : H € H} and this generates Og(G). By Proposition IV.3.7, HN Ox(G) is

a direct decomposition of Og(G). 0

1V.4.4 $O-separated Direct Decompositions

In this section we define U-separated direct decompositions. These decompositions are
direct decompositions which can be partitioned into subgroups lying in 2, together with subgroups
with no direct factors in U. This is the key organizatidnal device for the proof of Theorem 1V.1.3,

through the use of Theorem IV.4.22.
Definition IV.4.12. Let U be a variety and G a group with a direct decomposition H.

(i) BNH:={H eH:HecDT}
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(i) H—0 = {H e H: H ¢ B} =H ~ (BNH).
(t11) H is V-separated if each H € H — 0 has no direct factor in 0 (note 1 ¢ H).

() H is V-refined if it is V-separated and every member of H NV is directly indecomposable.

Example 1V.4.13. (i) For the variety Ty of abelian groups, an MNy-separated direct decompo-
sition is a decomposition in which all nonabelian members have no abelian direct factors

(recalling 1 is not o direct factor).

(i1) Given a group G and the variety Gy, d > log |G|, an &y-separated direct decomposition of G

s a decomposition in which the nonsolvable members have no solvable direct factors.
Proposition 1V.4.14. Let ¥ be a variety and G « finite group.

(i) Bvery Remak decomposition of G is U-separated and so every direct decomposition can be

refined to a U-separated decomposition of G.

(n} If H is a V-separated direct decomposition of G then {{H — ), (QT NH)} is a V-separated

direct decomposition of G.

(ii) If H and K are any two U-separated direct decompositions of G then (H — V)L {(BNK) is

a 0-separated direct decomposition of G.

(iv) If 0 =V(W) and H is a V-separated decomposition of G then (T NH) < W*(G).

Proof. (i). Let H be a Remak decomposition of G. As every H € H is directly indecomposable,
the only direct factor of H is H. Thus, the members of H — 20 have no direct factors in 0. So H
is $U-separated.

(43). Let K be a Remak decomposition of G which refines H. As 2 is closed to subgroups,
J={KeK:3HeUnHwith K <H}CUNK. (Iv.24)

Furthermore, every K € K — J lies in some H € ‘H — % and so is a direct factor of H. As H is
Y-separated it follows that K ¢ U, for any K € K — 0. Thus J =0 NK. Set L := (H - V) =
(K=2)=(K-J)and V=(UNK) = (BNH). We claim {L,V} is V-separated.

If L has a direct factor which lies in 2 then, as 9 is closed to subgroups, it follow that

L has a directly indecomposable direct factor M which lies in . However, K — 2 is a Remak
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decomposition of L (Proposition IV.3.3) and so M is isomorphic to a member of K — U (Theorem
1V.3.11) and M € U by assumption. This is impossible as no member of K — 2 lies in 9. Finally,
as U is closed to direct products it follows that V' € 0. Thus {L, V} is Y-separated.

(#31). Let H and K be two U-separated decompositions. Choose Remak decompositions

| J and £ which refine H and X, respectively.

Without loss of generality, assume that (U N J| > |U N L| (we will see shortly these
are equal). By Theorem IV.3.11 applied to YN J € J and L, there is W C L such that
T :=(J—U)uW is a Remak decomposition of G. Thus, T is U-separated by (i). Theorem
I1V.3.11 provides a ¢ € AutC’ such thati (TNJT)e=W. As U is closed to isomorphic images, it
follows that W CUNL. As |TNL| < BNT| = W], TNL=W. Thus, Z =(J — V) I(UNL).

As shown in the proof of (i7), J — U refines H — U, and U N L refines BN K. Thus, Prop-
osition IV.3.5 proves that (H —0) U (B NK) is a direct decomposition of G, and it is Y-separated.

(). Let V := (T NH) and H := (H.—-fU). FixweW, f,f 1 X - Gwithimf'CV.
As G = HxV we write f = fy X fyg for unique fg : X - Hand fy : X - V. AsV €,
1=W({V)={wg:g: X — V,w € W} so that wfl,fy =1 = wfy for each w € W. Hence,

wf'f =w(fy, x 1a)(fv x fr) = wfi fv x wfa = wig = wfg x wfy = wf.

Hence, im f' C W*(G) so that V < W*(G). A O

Proposition IV.4.15. Let ¥ = Y(W), G be a group, such that Z(G) < W*(G) < M <G where
M is generically split in G. If X is a Remak decomposition of M, then then either {G} is U-
separated or there is a nonempty subset W C X and a subgroup H < G, such that G = H x (W),
Furthermore, if H is a U-refined direct decomposition of G, then (HNV)Z(M) = WZ(M).

Proof. If G € 0 then G = W*(G) = M and so any X is a U-separated direct decomposition of G.
Thus we assume that G ¢ 0.

Suppose that {G} is not Y-separated. Then by Proposition iV.4.14.(z'i) there is a direct
decomposition {H,V} of G which is U-separated and 1 # V € Y. Since M is generically split,
{HNM,VNnM}is a direct decomposition of M. By Proposition IV.4.14.(iv), V < W*(G) < M
so that {H N M,V} is a direct decomposition of M. Let H be a Remak decomposition of G. Set
Z:={Y e H:Y <V}, and then extend Z to a Remak decomposition ) of M. From Theorem
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1V.3.11, applied to M and Zz C Y, there is W C X such that (J—Z)LUW is a Remak decomposition
of M. AsV #1,0 < |Z|=|W|. Also, G = (H,V)=(H,Y—-Z,W). As, HN(W) < M, it follows
that HN(W) = (HNM)NW) = (¥ ~-Z)n(W) =1. So G = H x (W). By Corollary IV.3.14.(3),
VZ(M)=((Y-2Z)UW)Z(M), so ZZ(M)=WZ(M). O

IV.4.5 Central Reduction Algorithms
Definition I'V.4.16. A centrally-refined direct decomposition H of a group G is a direct decompo-
sition in which every abelian member is cyclic of prime power order, and every nonabelian member

has no abelian direct factor.

Theorem IV.4.17. There is a deterministic polynomial-time algorithm which, given a group in

G, returns a centrally-refined direct decomposition of G.

Proof. Let G € Gy,.

Algorithm. Use the algorithm for Definition IV.4.19.(2) to compute Z(G). If Z(G) = 1 then
return {G}. If Z(G) > 1, use the algorithm for Definition IV.4.19.(¢i), find a Remak decomposition
X for Z(G). Use (IV.2.12) to build W:={W € X : 3K < G,G = K x W}. Use (IV.2.12) to find
K < G such that G = K x (W). Return {K} LUW.

Correciness. 1f Z (G) = 1 then G has no abelian direct factors and so {G} is a centrally-
refined direct decomposition of G. Now assume Z(G) > 1 and that & is Remak decomposition
of G. By Proposition I1V.4.15, W, G = H x (W) with H having no central direct factor. As
(W) < Z(G) it follows that G = H x (W) and {H}UW is a centrally-refined direct decomposition
of G.

Timing. The algorithm uses O(log |G|) calls to polynomial-time algorithms for G,,.

Theorem IV.4.18. There is a deterministic polynomial-time algorithm which, given G € G, and
a decomposition H of G, returns a centrally-refined direct decomposition K of G such that if HM
refines J M for a generically split abelian subgroup M > Z(G) and o direct decomposition J of G,
then KM refines JM.

Proof. Algorithm. Begin with K := (@ and J := 1 < G. Now loop over each H € 7 and perform the
following steps. Set J := (J, H) and use (IV.2.12) to construct £ := {K € K :3X < J,J = KxX}.
Use (IV.2.12) to compute X < J such that J = (£) x X. Let A’ be the return of the algorithm
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for Theorem IV.4.17 applied to X, and set K 1= £ U X. Then continue with the next term in the
loop. When the loop ends, return K.

Correctness. We claim the following loop invariants: J is generated by a subset of H, K
is a centrally-refined diréct decomposition of (K). At the end of each loop iteration, (K) = J and
so at the end of the loop, J = G and so K is a centrally-refined direct decomposition of G.

The loop invariants are initially true. It is also cleaf that J is generated by a subset of
‘H and the loop ends once J = G. Within the loop, £ C K and so L is a centrally-refined direcf
decomposition of {£). By assumption, X is also a centrally-refined direct decomposition of X. As
J = (L) x X, it follows that £ X is a centrally-refined direct decomposition of J. Hence, K is
maintained as a centrally-refined direct decomposition of (K).

Now suppose that HM refines 7 M for some direct decomposition .7 of G. Suppose that
H € H is the current iterate. By induction we assume that K refines () N 7. By assumption,
there is a unique Jyg € J such that H < JgM. Since H is not contained in (K) it is also not
contained in (£). As Jy is a direct factor of G, J N Jg is a direct factor of J. Furthermore,
Z(G) <M< HM < JM so Z(G) < Z(JM). Thus, H < (JNJg)Z(JM). Therefore H lies in
Y Z(J M) for some (unique) direct factor ¥ of J; see Corollary IV.3.14.(i). By Corollary IV.3.14.(7)
applied to J = (£) x X, and the fact that H does not lie in £LZ(JM), it follows that H < XZ(JM).
As the members of K — L satisfy (IV.13), it follows that X Z(J) < (J N Jg)Z(JM) (inequality is
possible). Thus, the updated K := (LU X)Z(JM) refines (JNT)Z(JM). At the end of the loop,
G = J and so KM refines 7M.

Timing. The algorithm uses polynomial time methods with |H| < log |G| recursive calls.

O

I1V.4.6 Reduction Algorithms

In this section we provide the algorithms to reduce a direct decomposition of G/M(G),
M € {W*,Ogw)} to a direct decomposition of G, see Theorem IV.4.23.

Throughout this section, we assume that U := B(W) is a group variety (Section IV.4.1)

and that G, is a computational domain (Section IV.2.2).

Definition IV.4.19. A computational domain G, is W-computable if there are polynomial-time

algorithms (in n) for each of the following:
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(i) given G € Gy, return generators for M(G), where M(G) is either W*(G) or Ogw)(G), and
(ii) given G € G, with G € U(W), return a Remak decomposition of G.

Example 1V.4.20. Let W = [z,, 22|, s0 U := Y(W) is the group variety of abelian groups and
the marginal subgroups W*(G) are the center of groups G € G,,; see Example IV.4.4.(1). Then any
computational domain G, with the hypothesized routines of Section IV.2.2 (for example: QPERM,

PrMAT, and Pc) are W-computable; see (IV.2.8) and Proposition IV.2.15.

Remark IV.4.21. It is possible that for some words W and computational domains Gy, generators
can be obtained for both W*(G) and Ogw)(G). In such a case either subgroup can be used as

M(G) for the algorithms of this section.

Theorem 1V.4.22. Let G,, be W-computable and V := G(W). Then there is a deterministic
polynomial-time algorithm which: given G € Gy, returns a U-separated direct decomposition H of

G in which |H — 0| <1 and each member of W NH is directly indecomposable.

Proof. Algorithm. Use the algorithm for Definition 1V.4.19.(i) to compute M(G). If M(G) =1
then return {G}. If M(G) > 1, use the algorithm for Definition 1V.4.19.(é), find a Remak
decomposition X for M(G). Use (IV.2.12) to build

W:={W e X:3Z(G) <K <G,G/Z(G) = K/Z(G) x WZ(G)/Z(G)}. (Iv.25)

Use (IV.2.12) to find Z(G) < K < G such that G/Z(G) = K/Z(G) x (W)Z(G)/Z(G). Now apply
the algorithm for Theorem 1V.4.18 to {K} LU W and return the output of that algorithm.

Correctness. If M(G) = 1 then either 1 = Ogy(G) > W*(G) (Proposition 1V.4.9.(3)) or
1 = W*(G); in any case, W*(G) = 1. By Proposition IV.4.14.(7v), if G has a direct factor which
lies in U then that factor lies in W*(G) = 1. Hence, G has no direct factor which lies in U and so
{G} is U-separated.

Now let M(G) > 1 and X be a Remak decomposition of M(G). The set H = {K}UW
is a normal decomposition of G where H = HZ(G). Therefore, the algorithm of Theorem IV.4.18
can be applied. Furthermore, Z(M) is characteristic in M and generically split in Z(M). As M is
generically split in G, it follows by Proposition IV.3.10 that Z(M) is generically split in G. Thus,

Theorem IV.4.18 guarantees that the return is a centrally-refined direct decomposition K of G such
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that if HZ(M) refines JZ(G) for a direct decomposition J of G, then KZ(M) refines JZ(M).
By Proposition IV.4.15, we know HZ(M) refines 7Z (M) for some Y-refined direct decomposition
of G, and thus the return is indeed 2J-refined.

Timing. The algorithm applies polynomial-time algorithms O(log |G|) times. O

Theorem IV.4.23. Let G,, be a W-computable comp@tational domain where W*(G) > Z(G) for
each G € Gp, and U := V(W). Then, there is a deterministic polynomial-time algorithm which:
given G € G, and a normal decomposition H of G, returns a U-refined direct decomposition K of
G such that if HN refines TN for M(G) < N < G with N generically split in G, and J a direct
decomposition of G, then KN refines JN.

Proof. Algorithm. Begin with K ;= and J := 1 < G. Now loop over each H € H and perform the
following steps. Set J := (J, H) and use (IV.2.12) to construct £ := {K € K : 3X < J,J = KxX}.
Use (IV.2.12) to compute X < J such that J = (£) x X. Let X be the return of the algorithm
for Theorem IV.4.22 applied to X, and set K := £ U X. Then continue with the next term in the
loop. When the loop ends, return K.

Correctness. We claim the following loop invariants: J is generated by a subset of H and
K is a Y-refined direct decomposition of (K). At the end of each loop iteration, (K) = J and so
at the end of the loop, J = G and so K is a U-refined direct decomposition of G. ,

The loop invariants are initially true. It is also clear that J is generated by a subset of H
and the loop ends once J = G. Within the loop, £ C K and so £ is a U-refined direct decomposition
of (£). By assumption, X is also a U-refined direct decomposition of X. As J = (£) x X, it follows
that £ L1 X is a U-refined direct decomposition of J. Hence, K is maintained as again -refined.

Now suppose that HM refines JM for some direct decomposition J of G. Suppose that
H € H is the current iterate. By induction we assume that K refines () N 7. By assumption,
there is a unique Jg € J such that H < JyM. Since H is not contained in (K) it is also not
contained in (£). As Jg is a direct factor of G, J N Jy is a direct factor o'f J. Furthermore,
Z(G) £ M(G) < N so Z(G) < Z(JN). Thus, H < (JNJy)Z(JN). Therefore H lies in Y Z(JN)
for some (unique) direct factor Y of J; see Corollary I1V.3.14.(7). By Corollary IV.3.14.(¢) applied
to J = (L) x X, and the fact that H does not lie in LZ(JN), it follows that H < XZ(JN). As the
members of K — £ satisfy (IV.13), it follows that XZ(J) < (J N Jg)Z(JN). Thus, the updated
K :=(LUX)Z(JN) refines (JNJ)Z(JN). At the end of the loop, G = J and so KN refines JN.
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Timing. The algorithm loops over the elements of H and within each loop it uses
polynomial-time methods on a set of size at most [#|. Thus, the algorithm uses O(|H|) polynomial-

time methods. [

IV.4.7 Enrichment

In this section we define the largest ring over which a biadditive map b is faithfully bilinear.
In the next section, we show how this ring parameterizes the direct decompositions of b. This
technique arose in [42, 43] to study the model theory of bilinear maps. Here the definitions are
different (and apply more generally) but they are ultimately equivalent.

Throughout this section let b : V x V — W be a biadditive map of abelian p—grbups |4
and W.

Definition 1V.4.24. Define

Rich(b) := {(f,9) € EndV @ End W : b(uf,v) = b(u,v)g = b(u,vf),Vu,v € V}.

This is the enrichment ring of b.
The title of “enrichment” is justified by the following:
Theorem IV.4.25. Let b.: V xV — W be a biadditive map. Then the follo@ing hold:
(i) Rich(b) is a subring of EndV @ EndW, and V and W are (m’?ht} Rich(b)-modules.

(i) If b is K-bilinear, for a commutative ring K, then K/(AnngV N Anng W) embeds in
Rich(b)°?. Whence, Rich(b) is the largest ring over which b is “faithful” bilinear, i.e.:

AnnRich(b) vn AnnRich(b) W =0.

Proof. (i). Set S := Richg(b). Evidently S is-closed to sums. For composition, let (f,9), (f’,d') €

S. Then for all u,v € V we have

b(uf f',v) = b(uf,v)g’ = b(u,vf)g’ = b(u, v)gg’

buf f',v) = b(uf,v)g’ = blu,vf)g’ = b(, vff").

Hence (ff',99") € S.
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(i1). Let b be K-bilinear. As V and W are K-modules, there are p : K — EndV and
p: K — EndW such that rv = p(r)v and rw = p(r)w for v € V, w € W, and r € K. As b is
K-bilinear, b(ru, v) = rb(u, v) = b(u,v) so (p(r), 5(r)) € Rich(b)?P. O

Proposition IV.4.26. Ifradb =0 and b(V,V) = W then Rich(b) is commutative.

Proof. For all (f,9),(f',¢') € Rich(b) and u,v € V we have

b(ulf, f],v) = b(u, vf f') — bu, vf'f) = b(u, vf f') — bu, vf')g
= b(u, Uffl) - b(’“‘flv U)g = b(ur Uffl) - b(ufla Uf)
= b(ua Uff/) - b(u: Uffl) =0.

This is easily repeated in the second variable to show that v[f, f'] € radb =0, for all v € V. Thus,

[f, f] =0. Also,

b(u,v)[g, ¢'] = b(u, v)gg’ — b(u, v)g'g = b(u,vff) — b(w,vf'f)

= b(u, v[f, f]) = 0.

As W is generated by b(u,v), u,v € V, and b(u,v)[g, ¢'] =0, it follows that [g,¢'] = 0. O

Remark IV.4.27. Ifradb = 0 and (f,9),(f",9) € Rich(b) then f = f'. If W = b(V,V) and
(f,9),(f,9') € Rich(b) then g = ¢'. So if radb = 0 and W = b(V,V) then the first variable

determines the second and vice-versa. In this setting we write (f, f) for elements in Rich(b).

IV.4.8 Direct Products of Bilinear Maps
In this section we define the direct product of bilinear maps and then use the enrichment

ring to parameterize the direct decompositions of a bilinear map.

Let b: VXV - Wand b : V' x V' —» W be two K-bilinear maps. Then form
bt : VoV xVaV -WaoW by

bt ueu,vov) = blu,v)®d b, v). _ (IV.26)

This makes b @ b’ an K-bilinear map. This is the product in the category of K-bilinear miaps.
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We also have a natural internal description. Suppose that b: V XV — W is an K-bilinear
map. Then a direct decomposition of b is a set B C PG(V) x PG(W) (here PG(X) denotes the

set of K-submodules of an K-module X) such that

V=P 2z w= P 2 andbU,U)<2, VYU Z)eB. (Iv.27)
(U,2)eB (U.2)eB
This makes b naturally isomorphic (in the category of bilinear maps) to @(U,Z)es c(v,z), Where
cw,z) : UxU — Z is defined by c(u,v) := b{u, v) for all w,v € U. (Note that b(U,U") < ZNZ' =0
for distinct (U, Z), (U’, Z’) € B so that U and U’ are perpendicular.)

By standard linear algebra, given a direct decomposition X of an R-module V' there
is a corresponding set of pairwise orthogonal supplementary idempotents £(X) which are the
projections of the decomposition. Therefore given a direct decomposition B of an K-bilinear map
b:V xV — W, we define £(B) as the set of ordered pairs (e,€) of projection endomorphisms
e € Endg V, € € Endg W resulting from the direct factors in B. Likewise, given a set £ of

supplementary idempotents of Endx V' x Endg W, then B(E) := {(Ve,We) : (e,¢€) € £}

Theorem IV.4.28. Let b be a non-degenerate bilinear map and B @ direct decomposition of‘ b.
(i) E(B) is a set of pairwise orthogonal supplementary idempotents of Rich(b) and B(E(B)) = B.
(it) B(E) is a direct decomposition of b and E(B(E)) = E.

(iii) B is fully refined if, and only if, E(B) is a frame of Rich(b).

(iv) b is directly indecomposable if, and only if, Richb s a local ring.

Proof. These are readily verified, compare [42, Section 3]. ‘ O

Corollary IV.4.29. Given a biadditive map b:V XV — W where radb = 0 and W = b(V, V),

there is a unique fully refined direct decomposition of b.

Proof. By Proposition 1V.4.26, Rich(b) is commutative. Thus it has a unique direct decomposition
into a product of local commutative rings, that is, it has a unique frame. Thus, by Theorem

IV.4.28.(i%5), b has a unique fully refined direct decomposition. O
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IV.4.9 Finding Direct Decompositions of Bilinear Maps

In this section we give an algorithm to find a direct decomposition of a bilinear map.
The general setting depends on the work of Ronyai [50] on algorithms for associative algebras.
However, the setting we require for Theorem IV.1.3 requires only the work of Berlekamp to factor
polynomials over finite fields [8]. Thus the method is deterministic if the characteristic is small,
otherwise, the method is only Las Vegas.

Let b: V x V — W be a Zpe-bilinear map for which bases X and Z are known for V and

W. Thus b(u,v) = uBv® as in (IV.11). In this notation we have:
Rich(B) = {(F,@) € EndV x EndW : FB = B® = BF'}, (IV.28)

We recognize FB = BY = BF! is a system of linear equations over Zye in the variables Fy + and
G, for z,2’ € X, and 2,2’ € Z. This can be solved deterministically, see Section IV.2.3. Thus

we have:

Proposition IV.4.30. There is is a deterministic polynomial time algorithm which, given a Zye-
bilinear map b: V x V. — W specified by bases X for V, Z for W, and structure constants matriz

B with respect to these bases, returns a basis for Rich(b) as o subring of EndV x End W.

Theorem 1V.4.31. There is a deterministic polynomial time algorithm, assuming an oracle for
polynomial foctorization of a field of characteristic p, which given a Zye-bilinear map b as in

Proposition IV.4.80, returns a fully refined direct decomposition of b.

Proof. Algorithm. Use Proposition 1V.4.30 to compute Rich(b). Then use the algorithm of [50,
5.1] to find a frame & of Rich(b)/J(Rich(b)) and apply the lifting of idempotents formula, Lemma
IV.2.16, to £ to obtain a frame £ of Rich(b). Return {by.: Ve x Ve — We: (e,e) € £}.

Correctness. Let R := Rich(b). As R/J(R) is a semisimple of characteristic dividing p°®, it
is in fact of characteristic p and a Z,-vector space. Thus pR € J(R). Hence, R/pR is a Z,-algebra,
so [50, Section 5.1] can be applied to find a frame of £. As R is finite, J(R) is nilpotent and so
we can apply the lifting of idempotents lemma to produce a frame of R. By Theorem IV.4.28, the
return is a fully refined direct decomposition of b.

Timing. The algorithms of [50, 5.1] are deterministic polynomial-time, up to the factoring

of polynomials over finite fields of characteristic p. |
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Remark 1V.4.32. (i) Berlekamp [7] provided a deterministic polynomial time algorithm to fac-
tor polynomials over finite fields if the characteristic is small compared to the degree. His
later Las Vegas method works in all characteristics, and subsequent algorithms have improved

the timing, see [57, Chapter 14].

(i) The method of [50, 5.1] can be replaced by the nearly optimal Monte Carlo method of [12].
For Las Vegas speedup, observe that Rich(b)/pRich(b) embeds in Mq(Zp) & Ms(Zyp) where
d=rankV and f =rank W. Thus, [22] can be applied as well.

(#1) If radb = 0 and W = b(V,V), then by Proposition IV.4.26, Rich(b) is commutative and
there is a unique fully refined direct decomposition of b, (Corollary IV.4.29). Thus, instead
of [50, 5.1] we may use [14], and in fact the entire problem is naturally equivalent to factoring
polynomials, that is, it does not require the reductions used in [50] using general associative

algebras.

IV.5 The Remak Decomposition Algorithms

In this section we prove Theorem IV.1.3. This relies on five distinct stages. First, in
Section IV.5.1, a proof is given for p-groups of class 2. In Section IV.5.2 the algorithm is extended
to p-groups of any class. Section IV.5.3 addresses solvable groups. Section IV.5.4 deals with almost

semisimple groups, and Section IV.5.5 puts these methods together to prove Theorem IV.1.3.

IV.5.1 p-groups of Class 2

In this section we prove Theorem IV.1.3 for the case of p-groups P of class 2. The algorithm
depends on a bilinear map associated to P, the algorithm of Theorem IV.4.31, and the algorithm
of Theorem IV.4.22 where the variety is 0, , the variety of abelian groups (Corollary ?7).

Write the operations of P/Z(P) and P’ additively. A result of Baer [6] associates to P a bi-
additive map b := Bi(P/Z(P), P') defined by b : P/Z(P)xP/Z(P) — P'where b(Z(P)z, Z(P)y) :=
[z,y], for each z,y € P. Note that radb = 0 and b(P/Z(P), P/Z(P)) = [P, P]. Also, b is naturally

Zpe-bilinear where PP* =1,

Theorem 1V.5.1. There is a deterministic polynomial time algorithm which, given a p-group of

class 2 in Gy, returns a Remak decomposition of the group.
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Proof. Let P be a p-group of class 2 in G,,.

Algorithm. Let b := Bi(P/Z(P),P’). Use the algorithm of Theorem IV.4.31 to find a
central decomposition H = HZ(P) of P such that {bz/zpy : H € H} is the fully refined direct
decomposition of b. Apply Corollary ?? and return the output of that algorithm.

Correctness. Suppose that R is a Remak decomposition of P. Then [RZ(P),(R —
{R}Z(P))] = [R,(R — {R})] = 1, for R € R. By Proposition IV.4.11, RZ(G)/Z(G) and RN P’
are direct decompositions of P/Z(P) and F’, respectively. Hence, D := {brz(p)/z(p) : R € R} is
a direct decomposition of b. As b is nondegenerate and P’ = b(P/Z(P), P/Z(P)), it has a unique
fully refined direét decomposition (Corollary 1V.4.29). Thus the return of Theorem IV.4.31 is this
unique direct decomposition of b and so it refines D. Therefore, H refines RZ(P) for any (thus by
all, Corollary IV.3.14) Remak decomposition of P. Hence, Theorem IV.4.18 applies and returns a
Remak decomposition of P.

Timing. The algorithm uses a constant number of polynomial time subroutines. 0

Corollary IV.5.2. There is a deterministic polynomial time algorithm which, given G € G, and a
decomposition H of G such that H = H(2(G) and H refines T¢2(G) for some No-separated direct
decomposition J of G, returns an Mg-separated direct decomposition K of G where J((G) =

K¢2(G) and in which the members of Mo NK are all directly indecomposable.

Proof. Use Theorem IV.5.1 (together with the obvious decomposition of a nilpotent group into its

Sylow subgroups) and (IV.2.8) to compute {2(G) to satisfy the hypothesis of Theorem IV.4.23. [J

IV.5.2 p-groups of General Class
In this section we prove Theorem IV.1.3 for the case of p-groups. The algorithm is a

recursive use of Theorem IV.4.22 and uses Theorem IV.5.1 as the base case.

Theorem IV.5.3. There is a deterministic polynomial time algorithm which: given a p-group

group in Gy, returns a Remak decomposition of the group.

Proof. Let P be a p-group in G,,.

Algorithm. If (o(P) = P then apply the algorithm of Theorem IV.5.1 to P and return the
result. Otherwise, make a recursive call with P/{1(P) in the rdle of P to obtain a decomposition
of P in which H = H¢(P) and /{1 (P) is a Remak decomposition of P/{;(P). Use the algorithm

of Corollary IV.5.2 on H{>(P), and return the output of that algorithm.
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Correctness. Theorem IV.5.1 validates the return for the case were P has class ¢ at most
2. So assume that ¢ > 2. Thus, P/{;(P) has class ¢ — 1 and by induction the recursive call
returns a decomposition H of P where H = H(;(P) and H/{;(P) is a Remak decomposition of
P/{1(P). Let R be a Remak decomposition of P. By Proposition IV.4.11, R¢(1(P)/¢1(P) is a direct
decomposition of P/¢1(P). Hence, H{1(P/¢1(P)) /{1 (P) refines R (P/¢1(P))/{1(P) by Corollary
1V.3.14.(i) (applied to P/(1(P)). That is, H(2(P) refines R(2(P). Therefore, Corollary IV.5.2
applies and returns a Ma-separated direct decomposition X of G in which K{3(P) = R{2(P) and
every member of MoNK is directly indecomposable. We now show that X is a Remak decomposition
of P.

As R is a Remak decomposition of P it is My-separated. By Proposition IV.4.14.(#i),
it follows that J := (R — 912) U (M2 N K) is a direct decomposition of P. As the members of
J are directly indecomposable it follows that 7 is a Remak decomposition of P. In particular,
RN M| = |KNNy|.

Next, as K{2(P) = R((P) and both are Dg-separated, it follows from Proposition
IV.3.7.(i%) that |K — 9Ng| = |R — My|. Thus,

K| = |~ 9| + M N K| = |R — Ta| + M N R| = [R).

Hence, K is a direct decomposition of G of size equal to the size of a Remak decomposition of P:
K is a Remak decomposition of P by Theorem IV.3.11.

Timing. The algorithm depends on polynomial time algorithms in a recursion of depth
c—2. O

1V.5.3 ‘ Solvable Groups

In this section we prove Theorem I'V.1.3 for solvable groups. The algorithm has two phases.
First if the group has a trivial center then the algorithm uses Sylow system to reduce to the case
of a p-group, where it uses Theorem IV.5.3. The second phase uses a recursion to the centerless

case together with Theorem IV.4.18 and Corollary 1V.5.2.

Theorem IV.5.4. There is a deterministic polynomial time algorithm which: given a solvable

group in G, with trivial center, returns a Remak decomposition of the group.
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Proof. Let G be a solvable group in G,,.

Algorithm. If G = 1 then return . Otherwise, use (IV.2.11) to find a Sylow system
S of G. For each P € S, use Theorem IV.5.3 to find a Remak decomposition P(P) of P. Set
K := |JpesP(P). Then while there are distinct X,Y € K such that [X,Y] # 1, set K :=
(K- {X, Y} u{(X,Y)}. When this loop completes, return K.

Correctness. Assume G # 1 and note that |S| > 1 since G is not nilpotent (Z(G) = 1).
By Theorem IV.5.3 we know P(P) is a Remak decomposition of P for each P € §. Let V :=
Upes P(P) be the set of vertices in a graph where edges are defined between members X and Y
if, and only if, [X,Y] # 1. If X,Y,Z € V are vertices where X and Y lie in the same connected
component and Z does not, then [Z,(X,Y)] = 1. Throughout the loop, K generates G. The
loop ends when the distinct members of K pairwise centralize each other; that is, the loop returns
the subgroups spanned by the connected components of the graph. Therefore, [H, K] = 1 for
H K € K, H # K. Furthermore,

G =(S)=(P(P): PeS8)=(K).

Thus, some J C K is a central decomposition of G. However, Z(G) =1 and 1 ¢ K so J = K.
Furthermore, as H N (H — {H}) < Z(G) = 1 for all H € K, we conclude that K is a direct
decomposition of G.

Now we prove that each K € X are directly indecomposable. Recall K = (Q € V: Q < K).

Suppose that K = A x B, A,B # 1 and take P € S. As A and B are normal in K,
{PNA,Pn B} is a direct decomposition of PN K. Let @ be a Remak decomposition of PN K
refining {P N A, PN B}. Notice that Px(P) := {Q € P(P) : Q@ < K} is a direct decomposition
of PN K cousisting of directly indecomposable groups, thus, also a Remak decomposition of
PNK. As Pr(P) and Q are conjugate under a central automorphism of PN K, we can partition
P (P) to create a coarser direct decomposition {A(P), B(P)} which is conjugate under a central
automorphism to {PNA, PN B}. As this is done for arbitrary P € S it can be done for all P € S.
Now take Q,R € {Q € V: Q < K} such that Q < A(P,) and R < B(Pg) for P4,Pg € S. Then
[@Q,R] < [A,B] = 1. Letting R range over all possibilities we see that {Q € V : Q < K} has at
least two connected components, which contradicts the assumption of how K was built.

Timing. Evidently we require integer factorization to find the primes dividing |G|, but
&
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this is handled by an oracle. The recursion has depth equal to the number of prime divisors of |G|.

Finally, the loop is a transitive closure and so it terminates in polynomial time. O

Corollary IV.5.5. There is a deterministic polynomial time algorithm which: given a solvable

group in Gq, returns a Remak decomposition of the group.

Proof. Let G € G, be a solvable group.

Algorithm. If G is nilpotent then find the unique Sylow system S of G and apply the
algorithm of Theorem IV.5.3 on each P € S to obtain a Remak decomposition P(P) for each
P € S. Return Jpcs P(P).

Now G is not nilpotent. If Z(G) = 1 then use Theorem IV.5.4 and return the output of
that algorithm. Else, if (o(G) = ¢1(G) then use Theorerﬁ IV.54 to find a set H = H(1(G) such
that H/{1(G) is a Remak decomposition of G/¢1(G). Then apply Theorem IV.4.18 to return a
Remak decomposition of G. Finally, if {3(G) > ¢1(G), use a recursive call to find H = H{(G)
such that H/{1(G) is a Remak decomposition of G/Z(G). Then apply the algorithm of Corollary
IV.5.2 to H(2(G) and return the result.

Correctness. If G is nilpotent this is clear, as is the case when ¢1(G) = 1. If (3(G) = (1 (G)
then there is a unique Remak decomposition of G/{;(G) and so H refines R{1(G) for any Remak
decomposition R of G. Thus, Corollary IV.4.18 applies to return a Remak decomposition of G.
Otherwise, G > (2(G) > ¢;(G) and by induction H/¢1(G) is a Remak decomposition of G/¢1(G).
So H(o(G) refines R¢(G) and so Corollary IV.5.2 returns a Remak decomposition of G.

Timing. The algorithm makes at most log |G| recursions using polynomial time algorithms

in the base cases. O

IV.5.4 Almost Semisimple Groups

In this section we prove Theorem IV.1.3 for almost semisimple groups, that is groups G
with no proper normal abelian subgroups, equivalently Og(G) = 1. The proof given is just one of
many natural approaches for this case. Though it is not explicitly necessary in the following proofs,
note that a group with trivial solvable radical has trivial center; hence, by Theorem IV.3.11, the
group has a unique Remak decomposition.

The socle, soc{G), of G is the subgroup generated by all minimal normal subgroups.
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Lemma IV.5.6. IfG is a finite group with Og(G) = 1, then the set of minimal normal subgroups

of G s a direct decomposition of soc(G).
Proof. See [49, pp. 85-88]. O
Theorem IV.5.7. Let G be a finite group with Os(G) = 1 and direct decomposition H. Then
(i) HNsoc(G) =soc(H) for all H € H,
(11) HNsoc(G) = {soc(H) : H € H} is a direct decomposition of soc(G),
(i) if M 1is the set of minimal normal subgroups of G, then M refines H Nsoc(G); and
(iv) H = {Ca(Cq(soc(H))): H € H}.

Proof. Since H is a direct decomposition of G, if H € H and M is a minimal normal subgroup of
H, then M is a minimal normal subgroup of G. Thus soc(H) < H N soc(G).

Now suppose that M is a minimal normal subgroup of G. Since each H € H is normal in G
it follows that HNM is normal in G; hence, HNM is 1 or M. Suppose that HNM = 1 forall H € H.
Hence, [H,M] < HNM =1 for all H € H. Thus, [G,M] = [(K),M] = {([H,M]: He H) =1.
This proves that M < Z(G) = 1. This is impossible as M > 1. Thus, there exists some Hy € H
such that Hy N M = M, that is, M < Hpy. Since Hyy N K =1 for all K € H — {Hp}, it follows
that M is not contained in any K € H — {H} and so Hys is uniquely determined by M.

To prove (i), note that H N soc(G) is normal in G and therefore generated by minimal
normal subgroups of G contained in H. Thus H Nsoc(G) < soc(H).

For (i) and (ii1), H Nsoc(G) = {soc(H): He H} ={(M e M: M < H): H € H}, and
by Lemma IV.5.6, M is a direct decomposition of soc(G). As M refines H N soc(G), H N soc(G)
is a direct decomposition of soc(G), by Proposition IV.3.5.

For (iv), fix H € H. Since G = ﬁx (H—{H}) it follows that Cg(soc(H)) = Cr(soc(H)) X
(H—{H}). Assoc(H)<H, Cg(soc(H))<QH and thus Cy(soc(H)) =1 or Cu(soc(H)). The later
means that Cy (soc(H)) contains a minimal normal subgroup of H and 1 < Cy (soc(H))Nsoc(H) <
Z(soc(H)) = 1, which is impossible. So Cg(soc(H)) = (H — {H}) and Cg(Cg(soc(H)) = H, by
reapplying the argument interchanging the réles of H and (H — {H }) |

Theorem IV.5.8. There is a deterministic polynomial time algorithm which: given an almost

semisimple group in G,, returns a Remak decomposition of the group.
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Proof. Let G be an almost semisimple group in G,.

Algorithm. Use (IV.2.10) to find a minimal normal subgroup N of G. Use (IV.2.8) to
compute Ca(N). If Ca(N) =1 then return {G}. Otherwise, recurse with C(N) in the réle of G
to find a Remak decomposition K of Cg(N). Use (IV.2.12) to create the set £ := {K € K : 3X <
G,G =K x X}. Then (IV.2.12) to find H < G such that G = H x (£). Return {H} U L.

Correctness. Let R be the Remak decomposition of G. As N is a minimal normal subgroup
of G as soc(G) is semisimple, it follows that N is a directly indecomposable direct factor of soc G.
As RNsocG is a direct decomposition of soc G, it follows that N < Ry for a uniqué RyeR. If
Ce(N) =1 then R = {Rny}. As R generates G it follows that G = Ry, or rather that {G} is the
Remak decomposition of G. So now we assume that Cq(N) > 1.

As N is a direct product of nonabelian simple groups it follows that N £ Cg(N) and
s0 Cg(N) is smaller than G. If M < Cg(N) is abelian, then as [N,M] =1, M 4G and so G
has a proper normal abelian subgroup, which is excluded by assumption. Thus, C(N) is almost
semisimple as well. Thus by induction the recursive call returns the Remak decomposition K of
Ce(N) which therefore refines the direct decomposition Cg(N) = Cgry(N) x (R — {Bn}). In
particular, R — {Rny} C K as the members of R — {Ry} are directly indecomposable.

We claim that £ =R — {Rn}. Clearly R — {Rn} < L. However, if K € L — (R — {Bn})
then K is a direct factor of G and also directly indecomposable. Thus K lies in the Remak
decomposition of G, that is, K € R — (R — {Ry}). Thus, K = Ry which contains N. Yet
K < Cg(N), which does not contain N. Thus no such K exists. This proves the claim.

As £ = R — {Rn} it follows that (£) has a direct complement and it is Ry. So the
algorithm returns the Remak decomposition R.

Timing. The algorithm relies on polynomial time routines in a recursion of depth equal
to the number of minimal normal subgroups of G. As the minimal normal subgroups are products
of finite nonabelian simple groups and form a direct decomposition of soc(G), it follows that the

recursion depth is bounded above by loggg | soc(G)|. O

IV.5.5 Proof of Theorem IV.1.3

In this section we prove Theorem IV.1.3 for all groups.

Proof. Let G € G,,.
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Algorithm. Use (IV.2.9) to find Og(G). Use the algorithm of Theorem IV.5.8 to find a
decomposition H = HOg(G) of G such that H/Og(G) is a Remak decomposition of G/Og(G).
Then apply the algorithm of Theorem IV.4.23 to H and return the result.

Correctness. G/Og(G) is almost semisimple, so Theorem IV.5.8 can be applied and the
return is a decomposition H with the properties stated. If R is a Remak decorhposition of G, then
ROs(G)/O0s(G) is a direct decomposition of G/Og (G), by Proposition IV.3.7. As Z(G/Og(G)) =
1 and H/Ogs(G) is the Remak decomposition of G/Og(G), by Corollary 1V.3.14.(1), H/Os(G)
refines ROs(G)/Os(G), that is, H refines ROs(G). As the class of solvable groups has an
algorithm to find Remak decompositions (Corollary IV.5.5), Theorem IV.4.23 can be applied. The
return is a direct decorhposition K ;)f G in which KOg(G) = ROs(G) and every solvable member
of K is directly indecomposable. Therefore |K| = |R| and so K is a Remak decomposition of G.

Timing. The algorithm uses a constant number of polynomial time algorithms. O

1V.5.6 Proof of Theorem IV.1.1 and Corollary IV.1.2

Proof of Theorem IV.1.1. Let G, = QPERM,, in Theorem IV.1.3. O

IV.6 Closing Remarks

" IV.6.1 Nearly Linear-time Algorithm: Corollary IV.1.2
The previous algorithms for finding direct decompositions are part of a family of similar
“NloeN_problems”, N = |G/, such as group isomorphism; see [40].% One such algorithm lists all

‘n-tuples (g1,...,9n) € G, n = |log|G|], and tests if

G=(g1,-+9i) X (Gi+1,---19n) (IV.29)

for some 1 < i < n. That method uses miniscule amounts of group theory and requires |G|'8 1GI+0(1)
steps to prove G is directly indecomposable. Asymptotically the same number of steps can be ex-
pected if G is directly decomposable. For example, a direct product G of two extraspecial p-groups

of order 2'*2™ has fewer than 1/|G|°8|G1-6 elements of G which satisfy (IV.29).

“Thank you to E. M. Luks and G.L. Miller for sharing the folklore of this problem.
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Proof of Corollary I'V.1.2. For a polynomial time algorithm for a group given by its Cayley table
it suffices to use the regular representation of the group in Theorem IV.1.1. To achieve a nearly
linear time bound it suffices to show the hypothesized routines in Section I'V.2.2 have deterministic
nearly linear time solutions. Our use of those methods in Theorem IV.1.3 proceeds through loops
and recursions which are a polynomial in log |G|, and therefore do not affect the soft-O asymptotic
estimates in the timing.

(IV.2.3-IV.2.5) have straight-forward nearly linear time implementation. As we can list
the order of G, we can also factor G in N-steps, thus handling (IV.2.6).

For (IV.2.7) we simply handle an arbitrary quotient of G by listing its multiplication table
via cosets. To find the centralizer of any subgroup H < G can be done from the definition, thus
(IV.2.8) has a nearly linear times solution.

Finding a minimal normal subgroup requires considering the subgroups generated by the
conjugacy class of G, all of which can be listed. Thus the socle can be found in nearly linear
time which handles (IV.2.10). For (IV.2.9), a greedy algorithm can be used which begins with a
minimal normal abelian group, passes to the quotient to recursively find the solvable radical of the
quotient, then pulls back to the whole group.

To find a Sylow system of a solvable group G, we note that Sylow and Hall subgroups
can be built (in nearly linear time) from their usual proofs of existence; see [49, Chapter 9]. This
handles (IV.2.11).

Finally, Theorem IV.2.13 also handles (IV.2.12) in nearly linear time. O

IV.6.2 Decompositions of Nonassociative Rings
The algorithm to find a direct decomposition of a bilinear map can be modified to provide
an algorithm which finds a direct decomposition of a nonassociative ring. For, a nonassociative

finite ring is simply a biadditive map b: A x A — A. Define:
Rich(A) := {f € End A : b(uf,v) = b(u,v)f = b(u,vf),u,v € A}.

(End A here means additive endomorphisms only.) The algorithm of Theorem IV.4.31 can be
applied to the bilinear map of multiplication in b. It is evident that a direct sum decomposition of

b is also direct sum of A as ring. Thus we have:
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Theorem IV.6.1. There is a polynomial-time algorithm which, given o nonassociative finite ring,
returns a Remak decomposition of the ring. The algorithm is deterministic in the characteristic of
the ring plus the size of the input, and Las Vegas for all characteristics, with an oracle to factor

the characteristic.

This result is known for semisimple associative and semisimple Lie algebras over fields
[51] However, those techniques rely on specific theorems about associative and Lie algebras and
do not provide a general purpose algorithm such as Theorem IV.6.1. As a tradeoff, they are far

more efficient.

IV.6.8 A Top-down Approach

The method just used depends on a bottom-up approach proceed from the trivial group
up a characteristic series of marginal subgroups. That method depends on Corollary IV.3.14.(2).
It appears possible (at least for solvable groups) that Corollary IV.3.14.(4¢) can be used along
with verbal subgroups to provide a “top-down” approach from the top of the group proceeding
recursively down a characteristic series. This would likely improve the efficiency of the algorithm

as verbal subgroups are often easier to compute than marginal subgroups.
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